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SOLVED PROBLEMS-II

By D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

1. Ifa,b,c,d € R} such that a® + b3 = u, then prove that

a3m+3 N b3m+3 - um+1 v R
= ,vm €
cm dm (C + d)m +
Solution
3m+3 3m+3 3\ym+i 3\m+1
U= acm + bdm = (ac)m +( d)m and by J. Radon inequality

(a3 + b3)m+1 um+1
c+dm™  (c+dm
2. Ifm,n,x,y,z > 0then show that

1 1 1 xy yz zx
L )
X Yy z/\my+nz mz+nx mx-+ny

U=

\Y

=
m+n

3° X+ +2)(z+x)
(mx + ny)(my + nz)(mz + nx)

Solution

We have:

1 1 1 xy y X xy
Xy ZZmy+nz Zmy+nz Zmy+nz ZZ(my+nz)
cyc cyc cyc

cyc
X xy +yz
Y
my + nz z(my + nz)

cyc cyc

Also, we have:

z x z x? Bergitmm (x+y+2)? (x+y+2)>? -
my+nz Limxy+nxz Yeyc(mxy + nxz) S m+n)(xy+yz+2zx)
cyc cyc

3(xy+yz+zx) 3
“(m4n)(xy+yz+zx) m+n

So, by above and AM-GM inequality yields that:
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3 +33j (c+ ) +2)(z +x)

U=
m+n

(mx + ny)(my + nz)(mz + nx)
3. Show that in any triangle ABC with the usual notations, holds the following
inequality:
re-a*+r,-b*+r. c*>129615
Solution
By Bergstrom’s inequality and well-known Zi = %we have:

V= Z a4ra - Z (ai)z Berg;trom (az +szl+ CZ)Z B (2 iZ)z - (Z az)z r

g Ty r

By lonescu-Weitzenbock inequality, i.e.

a? + b?% + ¢2? > 4+/3S = 4+/3sr, where we used S = sr.
So, V > 48s2r3, and by Mitrinovic’s inequality, i.e. s = 3v3r & s2 > 27r2 we obtain:
V >48-27r% = 12967r°>, Q.E.D.

4. Prove that in any triangle ABC holds the inequality
a? b? c?
t—t——>4
rpre rerg Tolp

Solution

2
S Qa2
TpTe  XTaTh

and taking account by Y a = 2s and Y. ,7, = s2, Q.E.D.

Bergstrém ¥ —
b
5. Prove that in all triangle ABC, with usual notations, holds:

m3 m; m3 3V3

+ + =
R-my+r-m; R-m.+r-mg; R-my,+r-m, R+7r

Solution

We have that:

=Y Y
R-my+r1r-m, R-mg -my+r-mg-m,

cyc cyc

- z (mZ)?
- o R(mZ + m2) + r(m2 + m2)
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where we apply Bergstrom’s inequality and well-known formula:

3
m2 + mi + m? =Z(a2 + b% + ¢?)
We obtain that:

5 (chc mczz)z _ 2 (chc mczl)z

u=>=2- =
R-Y(mZ+m2)+r-X(m2+mZ) 2R-Yym3+2r-Ym3

_ Yeyemi 3 a?+ b+ c?
T R4r 4 R+r

where we use the lonescu-Weitzenbock inequality, i.e. a® + b2 + ¢2 > 453, and we

deduce that:

1 3v3
-45V3 =
R+r \/— R+r

U= S

S w

and we are done.
6. If x,y € R} such that xy = 1, then prove that in any triangle ABC holds the
inequality:
(X1 + 11 + Y1) (Yrory + 11 + x1,17,) = st
Solution
(xryry + 110 + Y1) (Yramy, + 11 + x701,) = 12 + AR + 1A +
1,121 (x + y) + 12 (x + ¥) + 12 (X2 + y?) = r2rE i A A2 +
21,1y + 20,112\ Xy + 2121 rexy = (TaTy + Tyt + 1:7,)?
where we used 7,13, + 1,7, + 7.7, = p? and we obtain:
(x1ymy + 1p70 + y1o1) (Y191 + 11 + x7.7,) = 5%, Q.E.D.
7. Ifx,y € R} and xy = 1, then in any triangle ABC is true the following inequality:
(21 rp + 11 + Y2 ) YPrgry + 11 + X2 o1y) > st
Solution
From xy = 1 and AM-GM inequality we get:
(21 + 11 + V2 ) Vi, + Tt + X2y = AR A A A2 +
+1, 187 (x% + ¥2) + 112 (k% + y2) + 2. (xt + vyt S 2R + i 2 +

+21, 12T xy + 21,y r2xy 4 2721y xty? = (rarp + 1T + 101,)?
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and applying 7,1, + 1,7, + 7.1, = s* we obtain:

(x2ryry, + 17 + Y21 (Y21, + 11 + x21.1,) = s*, Q.E.D.
8. Prove that in any triangle ABC is true the following inequality:

1 1 1 9
+ + >
2r2 4+ 5ryr,  2r2+5r.;r, 2r(+5r,r, 2(4R+1)?+ 52

Solution

9
2r2+5rpre 2R TEH+5Y 1Ty

Y72 = (4R + 1)? — 252 respectively Y. 1,7, = s2, Q.E.D.

By Bergstrom inequality we have ). , and by

9. Prove thatin any triangle ABC the following inequality is true:

2 tB tC+b2 tC tA+2 tA tB>42
a” co ZCOZ COZCOZ c”CO 2COZ_ S

Solution
. . . A B
Using Bergstrom inequality and ). tan;tan; =1,

B c 2 b+c)?
Y a? cot;cot5=2 O Gl +C)B, Q.E.D.

B, C=— A
tan--tan- ) tan-tan-

10. Prove that in any triangle ABC the following inequality is true:

2t Bt C+b2t Ct A+ 2t At > 4v°r
a” tan—tan—- an—tan— + c“tan—tan— >
2 2 2 2 2 2 4R+
Solution
Using Bergstrom inequality and )] cot%cotg = 2R47
2 b 2
U=Ya’tanitans=y—— > (at A+C)B , Q.E.D.
2 2 cotz cot Y cotz cot>
11. Prove that in any triangle the following inequalities holds:
i) sin®4 | sin®B | sin®C (sz—4Rr—r2)3_
Vin2B T sinzc ' sinza = 8s2Rt '
iy i 24 L9 .. 2B . 2 . 2C . 2 >(S(2R—T))2' 1
ii) sin” > sin® A + sin” —sin” B + sin” >sin” € = P T @RI
Solution
i) We have:
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sin® A N sin® B sin®C  (sin?4)® (sin?B)3® (sin?()3
" sin2B  sin2C  sin?A  sin?B sin? C sin? A

And by J. Radon’s inequality we obtain that:
(sin? A + sin? B + sin? C)3
(sinA + sin B + sin C)?

Since,

i 2 i 2 i 2 SZ—4RT—T2 . . . S
sin“ A + sin“ B + sin“ C =TandsmA +sinB + sinC ==
we deduce the conclusion.

A A A sin%2 (sinzé)2
i)W = ZsinzAsinZE = 4Zsin2;c0525= 4. —2=4.Y 2
cos24 cos24
2 2
By H. Bergstrom’s inequality, we have:
., A\?
(zsin?3)
Ww=>=4 ——
) 1
A
2
cos? =
2
We use,
. 2A _ 2R-T 1 (4R+71)%+s?
Y sin = S and ), coszg = "

and we obtain the conclusion.

12. Prove that in all triangles ABC the following relationship holds:

cot®s $3
> >
x+ ytang + ztangtan% ((4R +1)x + sy + 3zr)r?

for any positive real numbers x, y and z (the notations are usual and the sum is cyclic).
Solution

We apply Bergstrom’s inequality (or the inequality of Cauchy-Schwarz) and we deduce that:

cot34 cot2 4
e vyt i ) : >
X +ytan§+ztan§tan% xtan%+ytan%tan§+ztan%tan§tan%
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2
(Zcot%)
=
than%+than%tan% + BZtan%tangtan%

Using the well-known formulas

A N A 4R+Tr A B A r
Zcot;—;,Ztan;— Ztan;tan;—land ]‘[tan;—;

s )
by the above we obtain the result.

13. Prove that in all ABC triangles the following relationship holds:

cot2A+ cotzB + cotZC >9
2 2 2

Solution

By Bergstrom’s inequality we deduce that:

A B c\?
COtE'I‘COtE-l'COtE)

U=cot2é+cot22+cot2£2( (1)
2 2 2

3
It is well-known that:
cot2 + cot2 + cots =2 (2)

2 2 2 r
By Mitrinovic’s inequality we have that:
p=3V3-r (3)
From (1), (2) and (3) we obtain:

U>P_Z>M
— 3rz T 3r2

=9, Q.E.D.
The equality holds if the triangle is equilateral.
14. Show thatif m € [0,x),x,y,z,t € (0, ), then in any triangle ABC, with usual
notations (a = BC,b = CA, c = AB, m; = the median from the vertex B, w. = the

internal bisector from the vertex C,S = area ABC) holds

Z (xa® + ymlz,)m+1 - (4x + 3y)m+1 J3s
(zb?% + tw?)m — (4z+ 3t)™
cyc

Solution

We have:
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b -
w, = 2\/_6\/5(5 —a) > w, <+s(s—a) w2 < s(s — a) and other two similar. So,

b+c

witwi+wi<s(s—a+s—b+s—c)=s3s—2s)=s?=

__ (a+b+c)?

" S%(a2+b2+c2)=m§+m§+mg (1)

By J. Radon’s inequality, the inequality (1), and X, mi = %chc a?, we deduce

)m+1

m+1
Z (xa? +ymp)™*  (Leye(xa® +ym§)) —  (xXeyea® +y Yeyema
(zb? +twg)™ — (Beye(zb? + twcz))m (zXeyca? +tYeye Wc%)m

cyc

m+1

3
S (x chc a? + y chc mtzl)m+1 (x chc a® + ZYchc az)

B (Z chc a? + tZCyC mczl)m (Z chc a’+t- % : chc az)

m

_ (ax+3y)™tt 1

L. 2
T (4z430)Mm 4 chca (2)

By lon lonescu — Weitzenbdck inequality we have
a’? +b*+c2>4/35 (3)
From (2) and (3) we obtain:

(xa? + ym2)m+1 - (4x + 3y)m+1
(zb? + tw2)™ — (4z+3t)™

V3S

cyc
15. If n € N*, then in any triangle ABC occurs

a*h® 1 + b"h} 1 + "1 = 2nsnyn 1

Solution
(ahy)™ 1 1 1 s S s
npn-1 _ —oncn | _—_ 4 — 4 " Y_9oncen-1( " 4~ 7\
Z“ ha —Z h, Z° (ha+hb+hc) 2°S (ha+hb+hc)
ah, bh, ch,

= 2"5”"1( ) =2n1sn g+ ph+c)=2"1.sn1. 2.5 =

+—+

2h, 2h, 2h,
= QNypn—lg — PNgnyn—1

16. If m,n € R}, m > n, then prove that in any triangle ABC holds:

a N b N c - 3
mb+c)—na m(c+a)—nmb m(a+b)—nc 2m-—n

Solution
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and by Bergstrom inequality:

- X e
“mY(ab+ac)—nYa? 2mYab—nY a?

U=y————=y——

m(b+c)-na m(ab+ac)—na?

Since,
> a)? =3 abandY a? > Y ab, Q.E.D.
Observation. Form = 1 and n = 0 results the inequality of Nesbitt.

17. If m,n € R}, then prove that in any triangle ABC is true the following inequality:

ma? + nb? mb? +nc:? mc? + na?
+ + >2(m+n)s
a+b—-c b+c—a c+a—»>

Solution
2 2 2 2
U=y m;;ff =m), a+ab_c +n) a+bb_c and from Bergstrom’s inequality
a)? b)? a)?
P 0015 N >1) S o 10
Y(a+b—c) Y(a+b—c) Ya+b—c)
_ ) (a+b+c)?
=(m+n) —o = 2(m + n)s, Q.E.D.

18. Prove that in any triangle ABC the following inequality holds:

Solution

U - Z a’ Z a’bc abcz: _ 2pabc _ pabc _ abc
= Lingh,  Li(bhy)(chy) 452227 Tasz T 2prS 2rS

. b R . .
Since § = % wegetU = 27 From R > 2r yields the conclusion.

19.1f a,b € R}, x € R, then prove that

ia2m+2 2m+2
sin X cos X 1
+ =

am pm T (a+b)m’ vm € R,.
Solution
io2m+2 2m+2 in2 )Mt 2 M+l
E= Smam =+ Cosbm X = (Smai? + (Cosbfn) , and by J. Radon inequality
(sin? x+cos? x)m+1 1
> =
E= (a+b)m (a+b)™’ Q.E.D.
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