R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
ABOUT AN INEQUALITY BY BOGDAN FUSTEI-V

By Marin Chirciu-Romania

1) In AABC:
mg 1 <E+£)<ﬂ+ﬁ)
h, 2 c b/\m, m,
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Solution: We prove: Lemma:

2)In AABC:
m, 1/b c
=)
h, 2\c b
. 25 _ b ., . b%+c? .
Proof: Using h, = —= ﬁ and Tereshin’s inequality m, > 4RC we obtain:
b%+c? b%+c? b%+c? b%+c? mq b%+c? l(b c)
>——=——=h, —— >h, — & 2> =—(=-+=
Mg 2~ 3be h, e , Wwherefromm, = h, e & e 2 7 SCt3)

ha

Let's get back to the main problem.Using the Lemma and the inequality - > i (ﬂ + ﬂ)

me mp

(Adil Abdullayev Inequality) we obtain:

(&)2:&.&21(2+5).1(@+ﬁ):1(2+£)(@+ﬁ)
h, h, hy 2\c b/ 2\m, m, 4\c b/\m, m,

wherefrom it follows that: (ﬂ)z >t (2 + 5) (ﬂ + ﬂ) oM 1\](9 + 5) (ﬂ + ﬂ)

hq 4\c b/ \m; my hg — 2 c b/ \m, my
Adding we deduce the conclusion.Equality holds if and only if the triangle is equilateral.
Remark: In the same way:

3)In AABC:

m, 27R

—_—

h, —2(4R +1r)

Marin Chirciu
Solution: We prove Lemma:

4)In AABC:
m, 1 (b C)
> =4+
h, 2\c b

b2+4c?
4R

we obtain:

Proof: Using h, = % = Z—; and Tereshin’s inequality m, >
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b%+c? b%+c? b%+c? b%+c? mgq b%+c? 1(b c

my = = ——=h, -——, wherefromm, > h, —— & = > :—(—+—)

a 4R Zhﬂ @ 2pc’ a @ 2pc hg 2bc 2\c b
a

Let’s get back to the main problem.Using the Lemma we obtain:
mg 1/ ¢ lma b c l/a b @
LHS=Z—22—(—+—):—(—+—+—)+—(—+—+—) >
h, 2\c b 2\b ¢ a/ 2\b ¢ a

® 1 27R 1 27R 27R . .
=" 2(@R+T) +o 2GReT) = 2GReT) = RHS, where (1) follows from inequality:

a b c 27R

B
b ¢ a 2(4R+r1)

Let’s prove the inequality: % + g + 2 = Z(Zir)

5)In AABC:

a b c 27R

B L —
b ¢ a 2(4R+71)

Proof: We use the algebraic inequality:

6)Ifa,b,c>0
a b ¢ 9(a®+ b?*+c?)
_+_ —
b ¢ a (a+b+c)?

Indeed: The inequality can be written equivalently: (E +24 5) (a+b+c)?=9Ya%? &
a b b
(:)(b+ " )(a”’”)z (b+ " )Za +2)) ab)=
DR RN SO XEEIN
~Lb b b “ “

The inequality can be written:

Z—+Z—+22—+2 a2+32ab292a2@
(G5 )Y (G s )2 7Y -y w s
@za(a—c)z Z4c(a—b)2_zz( e
b(b — a)? 4c(a — b)? b 4c 7
- P YD Sy o Yo (-] 20

C
& Y(a — b)? [% E] > 0, obviously with equality fora = b = c.

Application in triangle.
9(a?+b?+c?) _ 9-2(s2-r?-4Rr) _ 9(s?-r?-4Rr) GerTetsen  p7p

b
a +-+-> = = = .
b ¢ a (a+b+c)? 452 252 2(4R+71)
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Weobtain %+ 2+ &> 278
b ¢ a7 2(4R+7)
Equality holds if and only if the triangle is equilateral.

Remark: The inequality can be strengthened.
7)In AABC:

m, 3s2
R
h, — |r(4R+T)

Marin Chirciu
Solution: We prove Lemma:
8) In AABC:

m, 1/b c

=)

h, 2\c b

. 2S _ b s, . b%+c? .
Proof: Using h, = —= ﬁ and Tereshin’s inequality m, > 4RC we obtain:
b%+c? b%+c? b%+c? b%+c? mq b%+c? 1 (b c)
> = = —_— > . -4 > ==+ =
Ma =47 Zhﬂ ha 2bc , wherefromm, 2 h, e hgy = 2bc 2\c b
a

Let’s get back to the main problem. Using the Lemma we obtain:
mgy 1/ ¢ lma b c lma b c\®
LHS=Z—22—(—+—):—(—+—+—)+—(—+—+—)2
h, 2\c b 2\b ¢ a/ 2\b ¢ a
2

(€Y
23\] 352 +1\] 3s _\] 35 = RHS, where (1) follows from:
r(4R+T) r(4R+7)

2 2 r(4R+71)

3s2 a b c 52
arm s T et Sty (Mateescu-2016)
Equality holds if and only if the triangle is equilateral. Remark: In the same way:

9) In AABC:

h, 2r
b= %)
w, R

2
3

Marin Chirciu
Solution: We prove Lemma:
10) InAABC:
h, b+c A

sin —
w, a 2

Proof: We have:
he B-C _ B C+_B_C_
Wa—cos > —c052c052 S|n25|n2—
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_ |s(s—=b) s(s—c) (s—a)(s—c) (s—a)(s—b)
B ac ab
(S s-—a (&—w@—c) b+c @—bXs—@
"'(E'+ a ) bc

Let’s get back to the main problem Usmg the Lemma and the means mequallty we obtain:

. A
hg b+c b+c A H(b+c)]'[sm§
Z—:z sm—>3 1_[ sm— =

Wy a abc
3|12s(s2+ 12 + 2Rr) - 4R 3 3|s2 + r2 + 2Rr Gerretsen
=3
4Rrs
3 16Rr — 572 +r2 + 2Rr 3 3 18Rr — 472 Euler 3 3 32r2
e 3
3(4r2
YRz T (f)

Equality holds if and only if the triangle is equilateral.
Reference:
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