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1) In AABC the foIIowing relationship holds:
2 - 3s
m, cos 2273
cyc

Proposed by Bogdan Fustei-Romania

. . , . . b A,
Solution. Using Lascu’s inequality: m, > %cos; it follows,

LHS = z ALascu b+c A A b+c A b+c s(s—a)
Mg COS 7 > 5 COS-CoS o = 5 Cos o = > e
cyc cyc cyc cyc
b+c)(s—a)@s 3s b+c)(s—a
=— ( )( ) s -3 = — = RHS, where z( ) ) = 3.
2 bc 2 2
cyc cyc

Equality holds if and only if triangle is equilateral.

Remark. In same class of the problem.

2) In AABC the following relationship holds:

A>9s
Zmacos 523
cyc

Marin Chirciu

. . , . . b A,
Solution. Using Lascu’s inequality: m, > %cos; it follows,

A Lascu b+c A A (b+c) A
LHS = Zmacos - > cos—-cos3§=z 5 cos* = =

2 2 2
cyc cyc cyc
B Z b+c (s(s—a)\ (b+c)(s—a)? @ s? 24R2 + 2Rr —r? — s2 Gerr;tsen
B 2 bc 2 b2c? 2 8R2s
cyc cyc
- 24R? + 2Rr —r? — 4R? — 4Rr — 3r? _ 20R? — 2Rr — 4r? _
=3 16R? =S 16R?
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=5- LOR® — Rr — 21 Eu>lers-2=—s= RHD, where
8R?2 - 8 8 ’
(b+c)(s—a)® Y(b+c)a*(s—a)? 2sr?(24R? + 2Rr —r? —s?)
e b?c? - a?b?c? = 16R?r?s2 -

cyc
B 24R? + 2Rr — r? — 5?2

8RZs , which follows from:

Z(b + ¢)a?(s — a)? = 2sr?(24R? + 2Rr — r? — s2) true from

cyc
Z(b +c)a?(s —a)? = Zsz a’(s —a)? — z a(s —a)? =
cyc cyc cyc

=25+ 2r?[(4R + 1)? — s?] — 2sr%(8R? + 14Rr + 3r% — 5?)
= 251%(24R% + 2Rr — 1% — 52?)
It is well-known that sums: Ya?(s — a)? = 2r2[(4R + r)?> — s?] and Ya3(s — a)? =
2572(8R?% + 14Rr + 3r? — s2). Equality holds if and only if triangle is equilateral.
3) In AABC the following relationship holds:

n

2n+1A 3s /2 r
Zmacos 22 > <3+6_R) ,neN

cyc

Marin Chirciu

Solution. For n = 0 we get Lemma.

Lemma. 4) In AABC the following relationship holds:

3s
Emacos— > >

cyc
Bogdan Fustei
. . , . . b+c A
Solution. Using Lascu’s inequality: m, > —_cos> it follows,
LHS = z ALascu b+c A A b+c 2A
m cos— > COS—: COS— = - COS“— =
a 2 2 2 2 2
cyc cyc cyc
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b+ - b+ c)ls - &
_ c S(S a) zz( C)(S a)(;)f 3—75=RHS,where

2 bc 2
cyc cyc
(b+c)(s—-a) . . P . :
e ZCYCT = 3. Equality holds if and only if triangle is equilateral.

. A B c A B c
Forn > 1 triplets (ma €OSs >, My, COS—, M COS E) and (coszn = cos?™ ot cos?" E) has same

ordered, using Chebychev’s inequality it follows that,

2n+1 A Chebychev s 1
LHS = mg, COS mg, cos — - cos? mg cos = cos?

cyc cyc CyC cyc
n
Ler;mal 3s ZnA_S ( ZA)n(;)S (2+2R) _3S (2+ T)n_RHD
= 372 L 272 €0573) =2 731 T2 37er) T
cyc cyc

24\" Holder 24\" 24)" 24— "
which follows from Zm > (icos 2 = (ZCOS_ ) = ( Z_R) :

1 3n-2(1+1+1) 3n-1 3n-1

Equality holds if and only if triangle is equilateral.
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