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ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOS-X

By Marin Chirciu-Romania

1) In AABC, the following inequality holds:

R2
Rz_z:mb+m2 8r3

Proposed by George Apostolopoulos — Greece

Solution: LHS inequality. We prove. Lemma:

2) In AABC the following relationship holds:

mZ+m?>2p/(p—b)(p—¢)

Proof: Using m, > wcos— (Lascu Inequality) we obtain:

Lascu a+tc B a+b C AM-GM

B C
> > . — — > — — =
m2 +m? >2mym, = 2 > cos 5 3 cos 5 2 2vacvabcos > cos 5

oy \/_\/p(P b)\/l’(pa =2p/(p - b)(p — ¢)

We obtain:

p Lemma p -0 p—c S _
E= zmb"'mc zZp\/(p b)(p—c) ZZP(P—b)(P—C)_

_z z r 1 _1lsuer R _ oo
2p(p — b)(p—C) 2L.(p— b)(p—C) 2 r2 2r T 8r3

Equality holds if and only if the triangle is equilateral .LHS inequality.We prove Lemma:

3) In AABC the following inequality holds:

i/l_[(m,z, +m2) < 2(2R? +1?)

Proof: Using means inequality we obtain:

’n(mb+m§)<2(mbT+m2) 32 2 3 a2=— 2(p? —r? —4Rr) =

Gerretsen

=p?2—r2—4Rr < A4R*+A4Rr+3r’—-r —4Rr=4R2+2r2=2(2R2+r2)

Using Lemma and the means inequality we obtain:
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E= z 12/ pT, > 33 Ta VTaTpTe >
my, +mg mb + mc mb + mc \/ ]_[(mlz, + mg)
Jrp? Vr-27r2 1) 2

> 3yrp 237’ o Or Z_TZLHS
2(2R2 + r2) 2(2RZ+1r2) 2(2R%+1r?2)
or

2@R 1Y) > 2 2z _ & R > 2r, (Euler's inequality).Equality holds if and only if the

triangle is equilateral.Remark: The inequality can be strengthened.

4) In AABC the following inequality holds:

where (1) ©

or Z 1
2(2RZ +71%) ~ Lami + m2 2r
Marin Chirciu
Solution RHS inequality.We prove.Lemma:

5) In AABC the following inequality holds:

mj +m? > 2p,/(p —b)(p —¢)

Proof: Using m, > % Ccos %, (Lascu Inequality) we obtain:

2 2 >0 La;cu a-+c B a+b C AM-GM
m ms =2mym,. = COS—- =
b C b C 2 2 2 2

> 2\/_\/_cos cos— = 2a\/_\/p(p — b) \/p(pa =2p/(p—b)(p —¢)

We obtain:

:z \/ﬁ Lemmaz p— b p—C z S _
mj +mZ 2p/(p — b)(p—c 2p(p —b)(p —c)

_ r l_l_ g
zZp(p DICED) zz(p Do) 272 27 ™

Equality holds if and only if the triangle is equilateral .LHS inequality.We prove Lemma:
6) In AABC the following inequality holds:

i/l_[(m,z, +m2) < 2(2R? +1?)

Proof: Using the means inequality we obtain:

W<Z(mb+m€) 32 :__ aZZ%'Z(pZ—r2—4Rr):

Gerretsen
=p?2—r2—4Rr < A4R?+A4Rr+3r?—r? —4Rr=4R2+2r2=2(2R2+r2)
Using Lemma and means inequality we obtain:
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z J1Te - 33 T, 3irmr. -
mi+m2 mb+mc mb+mc \/m_
- 33/rp? - 3Vr-27r2 _ Ir
~2(2RZ+712) T 2(2R2 +712)  2(2R%+712)
Equality holds if and only if the triangle is equilateral.
Note: The inequality strengthen Inequality in triangle 2300, proposed by George
Apostolopoulos, Greece, in RMM 11/2020.

Remark: Inequality 4) is stronger than inequality 1).
7) In AABC the following inequality holds:

2r NTpT e

<<
R%Z ~ 2(2R?% + r2) _Zmb+m2 2r = 8r3

= LHS

Solution: See inequality 4) and Euler’s inequality R > 2r.Equality holds if and only if the
triangle is equilateral.Remark:In the same way:

8) In AABC the following inequality holds:

9r b,
2(2R? + r2) ms + m2 2r

Marin Chirciu

Solution: RHS inequality. We prove.Lemma:

9) In AABC the following inequality holds:

mi +m?>2p/(p —b)(p—¢)

Proof: Using m, > %cos %, (Lascu Inequality) we obtain:
Lascu a-+c B a+b C AM-GM

Cc
m:+m?2>2mym, > 2- 5—C0S5 - ——C0s5 2 2+v/acVab cos 5 0S5 =

_ oy \/_\/p(P b)\[l’(pa =2p/(p = b)(p — ¢)

We obtain:

.

my * m ZPW 3 zwbc(p b)(p =
- z = = z (i) L RHS
2p+/be(p — b)(p — ) \/bc(p—b)(p—c) T 2r
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where (2) & ZW ZW vt which follows from CBS
inequality.
Indeed:
z 1 3. 4R +r (i) 1
Jbe(p — b)(p — C) bc(p — b)(p — C) 2Rr2p? p? = 2r?
. 4R+71 L 4R+T 2 2
where (3) & ity 2 O3 g S O R 2 6r*(4R + r), which follows

from Gerretsen’s inequality p? > 16Rr — 5r2.
It remains to prove that:

R(16Rr —57r?) > 6r?(4R+71) © 16R> —29Rr —6r* >0 &
& (R —2r)(16R + 3r) = 0, obviously from Euler’s inequality R = 2r.

, 1 __ 4R+r
We've used ) ber-b)(-0) — ZRr7p?"

Equality holds if and only if the triangle is equilateral .LHS inequality.We prove.Lemma:

10) In AABC the following relationship holds:

i/l_[(m,z, +m2) < 2(2R? +1?)

Proof: Using means inequality we obtain:

’n(mb+m§)<2(mbT+m2) SZmaZZ 3 a2=— 2(p? —r? —4Rr) =

Gerretsen
=p2—r2—4Rr < A4R?+A4Rr+3r? —r?2 —4Rr = 4R? + 2r2 = 2(2R? +1?)
Using Lemma and the means inequality we obtain:
E = z w/hbhc > 33 1—[ 1/hbT'h . 33 ha _ 3,/h hb Lemma
CLmi+m2T m2 +m2 mZ +m2 JTI(mE + m2) =

3 2T2p2 ,
enma VTR @ 2P or
~ 2(2R*+71?) ~ 2(2R? +712) 2(2R%*+71?)
where (4) & 222 ”2 rgeen 2T2(16Rr 51%) _ 2r3(12R 51) BT o3 2 — 27,3
Equality holds |f and only if the trlangle is equilateral.
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