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1) In 횫푨푩푪, the following inequality holds: 

ퟐ풓
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≤
풓풃풓풄

풎풃
ퟐ + 풎풄

ퟐ ≤
푹ퟐ

ퟖ풓ퟑ
 

Proposed by George Apostolopoulos – Greece 

Solution: LHS inequality. We prove. Lemma: 

2) In 횫푨푩푪 the following relationship holds: 

풎풃
ퟐ + 풎풄

ퟐ ≥ ퟐ풑 (풑 − 풃)(풑 − 풄) 

Proof: Using 푚 ≥ cos , (Lascu Inequality) we obtain: 
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We obtain: 
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(푝 − 푏)(푝 − 푐) =

푟
2 ⋅

1
푟 =

1
2푟 ≤

푅
8푟 = 푅퐻푆 

Equality holds if and only if the triangle is equilateral.LHS inequality.We prove Lemma: 

3) In 횫푨푩푪 the following inequality holds: 

풎풃
ퟐ + 풎풄

ퟐퟑ
≤ ퟐ(ퟐ푹ퟐ + 풓ퟐ) 

Proof: Using means inequality we obtain: 

(푚 + 푚 ) ≤
∑(푚 + 푚 )

3 =
2
3 푚 =

2
3 ⋅

3
4 푎 =

1
2 ⋅ 2(푝 − 푟 − 4푅푟) = 

= 푝 − 푟 − 4푅푟 ≤ 4푅 + 4푅푟 + 3푟 − 푟 − 4푅푟 = 4푅 + 2푟 = 2(2푅 + 푟 ) 
Using Lemma and the means inequality we obtain: 
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퐸 =
푟 푟

푚 + 푚
≥ 3

푟 푟
푚 + 푚

= 3
푟

푚 + 푚
=

3 푟 푟 푟
∏(푚 + 푚 )

≥ 

≥
3 푟푝

2(2푅 + 푟 ) ≥
3√푟 ⋅ 27푟

2(2푅 + 푟 ) =
9푟

2(2푅 + 푟 ) ≥
( ) 2푟

푅 = 퐿퐻푆 

where (1) ⇔
( )

≥ ⇔ 푅 ≥ 2푟, (Euler’s inequality).Equality holds if and only if the 

triangle is equilateral.Remark: The inequality can be strengthened. 
4) In 횫푨푩푪 the following inequality holds: 
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Solution RHS inequality.We prove.Lemma: 

5) In 횫푨푩푪 the following inequality holds: 
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ퟐ ≥ ퟐ풑 (풑 − 풃)(풑 − 풄) 

Proof: Using 푚 ≥ cos , (Lascu Inequality) we obtain: 
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Equality holds if and only if the triangle is equilateral.LHS inequality.We prove Lemma: 
6) In 횫푨푩푪 the following inequality holds: 

풎풃
ퟐ + 풎풄

ퟐퟑ
≤ ퟐ(ퟐ푹ퟐ + 풓ퟐ) 

Proof: Using the means inequality we obtain: 

(푚 + 푚 ) ≤
∑(푚 + 푚 )

3 =
2
3 푚 =

2
3 ⋅

3
4 푎 =

1
2 ⋅ 2(푝 − 푟 − 4푅푟) = 

= 푝 − 푟 − 4푅푟 ≤ 4푅 + 4푅푟 + 3푟 − 푟 − 4푅푟 = 4푅 + 2푟 = 2(2푅 + 푟 ) 
Using Lemma and means inequality we obtain: 
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퐸 =
푟 푟

푚 + 푚
≥ 3

푟 푟
푚 + 푚

= 3
푟

푚 + 푚
=

3 푟 푟 푟
∏(푚 + 푚 )

≥ 

≥
3 푟푝

2(2푅 + 푟 ) ≥
3√푟 ⋅ 27푟

2(2푅 + 푟 ) =
9푟

2(2푅 + 푟 ) = 퐿퐻푆 

Equality holds if and only if the triangle is equilateral. 
Note: The inequality strengthen Inequality in triangle 2300, proposed by George 
Apostolopoulos, Greece, in RMM 11/2020. 
Remark: Inequality 4) is stronger than inequality 1). 

7) In 횫푨푩푪 the following inequality holds: 

ퟐ풓
푹ퟐ ≤

ퟗ풓
ퟐ(ퟐ푹ퟐ + 풓ퟐ) ≤

풓풃풓풄
풎풃

ퟐ + 풎풄
ퟐ ≤

ퟏ
ퟐ풓 ≤

푹ퟐ

ퟖ풓ퟑ 

Solution: See inequality 4) and Euler’s inequality 푅 ≥ 2푟.Equality holds if and only if the 

triangle is equilateral.Remark:In the same way: 

8) In 횫푨푩푪 the following inequality holds: 

ퟗ풓
ퟐ(ퟐ푹ퟐ + 풓ퟐ) ≤

풉풃풉풄
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ퟐ + 풎풄
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ퟐ풓 
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Solution: RHS inequality. We prove.Lemma: 

 

9) In 횫푨푩푪	the following inequality holds: 

풎풃
ퟐ + 풎풄

ퟐ ≥ ퟐ풑 (풑 − 풃)(풑 − 풄) 

Proof: Using 푚 ≥ cos , (Lascu Inequality) we obtain: 

푚 + 푚 ≥ 2푚 푚 ≥ 2 ⋅
푎 + 푐

2 cos
퐵
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퐵
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퐶
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= 2푎√푏푐
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푎푐
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where (2) ⇔ ∑
( )( )

≤ ⇔ ∑
( )( )

≤ , which follows from CBS 

inequality. 
Indeed: 

1
푏푐(푝 − 푏)(푝 − 푐)

≤ 3
1

푏푐(푝 − 푏)(푝 − 푐) = 3 ⋅
4푅 + 푟
2푅푟 푝 ≤

( ) 1
2푟  

where (3) ⇔ 3 ⋅ ≤ ⇔ 3 ⋅ ≤ ⇔ 푅푝 ≥ 6푟 (4푅 + 푟), which follows 

from Gerretsen’s inequality 푝 ≥ 16푅푟 − 5푟 . 
It remains to prove that: 

푅(16푅푟 − 5푟 ) ≥ 6푟 (4푅 + 푟) ⇔ 16푅 − 29푅푟 − 6푟 ≥ 0 ⇔ 
⇔ (푅 − 2푟)(16푅 + 3푟) ≥ 0, obviously from Euler’s inequality 푅 ≥ 2푟. 
We’ve used ∑

( )( )
= . 

Equality holds if and only if the triangle is equilateral.LHS inequality.We prove.Lemma: 
 

10) In 횫푨푩푪 the following relationship holds: 

풎풃
ퟐ + 풎풄

ퟐퟑ
≤ ퟐ(ퟐ푹ퟐ + 풓ퟐ) 

Proof: Using means inequality we obtain: 

(푚 + 푚 ) ≤
∑(푚 + 푚 )

3 =
2
3 푚 =

2
3 ⋅

3
4 푎 =

1
2 ⋅ 2(푝 − 푟 − 4푅푟) = 

= 푝 − 푟 − 4푅푟 ≤ 4푅 + 4푅푟 + 3푟 − 푟 − 4푅푟 = 4푅 + 2푟 = 2(2푅 + 푟 ) 
Using Lemma and the means inequality we obtain: 

퐸 =
ℎ ℎ

푚 + 푚
≥ 3

ℎ 푟ℎ
푚 + 푚

= 3
ℎ

푚 + 푚
=

3 ℎ ℎ ℎ
∏(푚 + 푚 )

≥  

≥
3 2푟 푝

푅
2(2푅 + 푟 ) ≥

( ) 3√27푟
2(2푅 + 푟 ) =

9푟
2(2푅 + 푟 ) = 퐿퐻푆 

where (4) ⇔ ≥ = ( ) ≥ 2푟 ⋅ = 27푟  
Equality holds if and only if the triangle is equilateral. 
Reference: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

 


