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1) In AABC the following relationship holds:

zma - 27
a’? ~ 4(4R+1)

cyc

Proposed by Marian Ursdrescu-Romania
Solution. Lemma 2) In AABC the following relationship holds:

Zma - 3 )8 27r 612
—_— —_ J— _+_
a’? — 32R R R?

cyc

Proof. Using Tereshin inequality, we get:
b? + ¢?

ma>ZT_lzb2+c2>l 3 08 27r+6r2 _
az =~ a? 4R a? T 4R 8 R R?2)
3

cyc cyc

which follows from

z b* +c? s®+s*(r* —12Rr) + s*r?(24R?> + 8Rr —r?) = r*(4R +1)3 _
a? 8R2r2s2 B

cyc
1 r3(4R +1)3
— 4 + 2(2 __ + 2 2 + 2y ‘7 | =
8R%2 [s s?(r* —12Rr) + r*(24R* + 8Rr — r?) 2
1 r3 (4R + r)3 Gerretsen
I >

8R2r2 -

[52(52 + 12 —12Rr) + r?(24R? + 8Rr —r?) — 2

(16Rr — 5r2)(16Rr — 512 + r?2 — 12Rr) + r2(24R? + 8Rr — 1?)

r3(4R+1)?|
T r(@AR+1)2 |~
R+r

>
~ 8R?%r2

[(16Rr — 5r2)(4Rr — 47?) + r?(24R? + 8Rr —1?)
—1r2(R+1r)AR+1r)(4R+1)] =
[(16R —57r)(4R — 4r) + (24R? +8R —12) —(R+1r)(4R +71)] =

- 8R2r?
_ 1
~ 8R2

1
= W[64R2 — 64Rr — 20RT + 20r?% + (24R2 + 8Rr — 7,.2) — AR? — SRy — TZ] _
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_ 84R? — 81Rr + 1812 3 <2 27r 6r2>

— B s
8R? 8 R R?

Let’s get back to the main problem. Using Lemma, it follows that:
€Y 27

E= z g 20 B\ ¢ = RHS
2_32R R R2) T 4(4R+71)

cyc

1) o (28 27r+6r 27 AOR® — BOR%r — 3Rr2 +6r° >0 &
(@9 4(4R D r r re =

(R — 2r)(40R? — 3r2) > 0, which is obviously true from R > 2r (Euler).
Equality holds if and only if triangle is equilateral.
Remark. Inequality can be much stronger.

3) In AABC the following relationship holds:

27r 612
Z?Z—m 8-ty

cyc
Marin Chirciu
Solution. Using Tereshin inequality, we get:
b2 + C
zbz + c? - 1 3 )8 27r+6r2 _
4R a? T 4R 8 R R2)
cyc cyc cyc
=3 (pg_2r, 5 hich follows f
3R =t ) which follows from
z b* +c?  s®+s*(r? —12Rr) +s*r*(24R* + 8Rr —r*) —1r*(4R +1)* _
az 8R2r2s2 B
cyc
1 r3(4R +1)3
— 44 2(p2 _ + 2 2 4 2y N
8RZ,2 [s s?(r® —12Rr) +r?(24R? + 8Rr — r?) 2
1 r3 (4R + r)3 Gerretsen
7 >

[52(52 + 12 —12Rr) + r?(24R? + 8Rr —r?) — oz

"~ 8R2%r2
r3(4R +1)3

B2 B2 2 _ 2 2 2y —
(16Rr — 5r?)(16Rr —5r? + r?> — 12Rr) + r?(24R? + 8Rr —r?) @R +1)?

>—
~ 8R?%r2
R+r

[(16Rr — 5r2)(4Rr — 47?) + r?(24R? + 8Rr —1?)
—1r2(R+1r)AR+1r)(4R+1)] =

ﬁ[(lfBR 57") (4R 4T) + (24R2 + 8R — 7,.2) (R + T)(4R + 7,-)]
= W[64R2 64Rr — 20Rr + 20r? + (24R? + 8Rr — %) —4R?> —S5Rr —r?] =

- 8R2r2
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- 8R? - 8<2 R R2>
Equality holds if and only if triangle is equilateral.
Remark. Inequality 3) is much stronger such inequality 1).

4) In AABC the following relationship holds:

zma> 3 )8 27r+6r2 - 27
a2 ~ 32R R R2)™4(4R+r)

cyc

Marin Chirciu

27r | 6r? 27
Solution. See inequality 3) and . (28 —-= R—z) 2 TR
40R® — 80R? r — 3Rr? + 613 2 O s (R - 2r)(4OR2 — 3r2) > 0 which is true from
R = 2r (Euler). Equality holds if and only if triangle is equilateral.

Remark. Let’s find an opposite inequality.

5) In AABC the following relationship holds:

zma - 3R
a? ~ 8r?

cyc

Marin Chirciu

Solution. Using Panaitopol’s inequality m, < % we get:

1 r r¥\
SZ—<RSZ 3_Rs-64RF 68— 475+ 142 =

cyc cyc cyc
L (oo 47 +14 ® 1 24R_3R
~ 4r S Gar 1 gr2Vhere

72 24R
(1) 68— 47 + 14R— < - © 24R3 —68R?’r +47Rr* — 1413 >0 &
(R — 2r)(24R2 20Rr + 7r?) > 0, which is true from R > 2r (Euler).
Equality holds if and only if triangle is equilateral.
1 3
z < 5—5 Which follows from:

a3~ 8sr
cyc

zl L (65— 47 +14 © 1 24R_ 3 e from:
a3—64RF —64RF - _SSTZ’W ICNh IS true Trom:

cyc
z 1 ¥b3c®  s®+s5*(3r? —12Rr) +3s*r* +r3(4R +1)3 _

a®  a3b3c3 64R313s3
cyc
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1 r3(4R +71)3
~ 64R3r3s [ + PG 12Rn) + 3t G| =
1 r3 (4R + r)3 Gerretsen
= W[( *I LR ST S

r(4R +1)2 |
R+r
= SiRrs [A6R —-5r)(4R —27r)+ 3>+ (R+1r)(4R+1)] =

1 3(4R +71)3
< (16Rr — 5r2)(16Rr — 5% + 3r2 — 12Rr) + 3r* + r*( N
64R313s

= SiRrs [64r% — 32Rr — 20Rr + 1072 + 3r2 + 4R?> + 5Rr + r?] =

= [64R? — 32Rr — 20Rr + 1072 + 3r2 + 4R?> + S5Rr + r?] =
64R3F

__B68R*—47Rr+14r* 1 68 — 47 ., 14 r?

B 64R3F "~ BARF R R?

)

z b3c3 = 5%+ s*(3r? — 12Rr) + 3s?r* + r3(4R +r)3

cyc

6) In AABC the following relationship holds:
3 ( 27r 61?2
2 -

8 + <zma<3R
R R%Z |~ a’? ~ 8r2

32R
cyc
Marin Chirciu
Solution. For LHS, using Tereshin inequality, we get:
b? + c?
ma>ZT_l b2+c2>l 3 )8 27r+6r2 _
az = a2 4R a? T 4R 8 R R2)
cyc cyc cyc

3 27r 6r?
28 —

= 2R R +F>,Wh|ch follows from:

Lemma7) In AABC the following relationship holds:

zb2+c2>3 )8 27r_|_6r2
a2 8 R R?

cyc

z b* +c? s®+s*(r? —12Rr) +s*r*(24R* + 8Rr —1r*) —1r3(4R +1)* _
8R?r2s? B
cyc
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1 r3(4R +71)3
= 8RZ2 [54 + s2(r? — 12Rr) + r?(24R?* + 8Rr — r?) — — 2 |=
1 r3(4R + 1)3] Gerretsen
= s*(s* +r* —12Rr) + r?(24R* + 8Rr — r?) — r @R+ >
8R2r2 s?2

— 2 — 2+ 2 _ + 2 2+ o ae2) -
(16Rr — 5r%)(16Rr — 5r% + r* — 12Rr) + r*(24R?* + 8Rr — r*) T@RTT

r3(4R +r)3‘
R+r

>
~ 8R2r2

[(16Rr — 5r?)(4Rr — 47?) + r?(24R? + 8Rr —1?)
—1r2(R+1r)AR+1r)(4R+1)] =
——[(16R —5r)(4R — 4r) + (24R?> +8R —1?>) —(R+1r)(4R +1)] =

- 8R2r2

8R2
1

ﬁ[64R2 64Rr — 20Rr + 20r? + (24R? + 8Rr — r?) — 4R? — 5Rr — r?] =

84R? — 81Rr + 18r? 3 27r 612

= =—|28 — —+ —

8R? 8 R R?
Equality holds if and only if triangle is equilateral. For RHS, using Panaitopol’s inequality

my < % we get:

Rs

m“<27<Rzl<R L (6g—a7"+147 )=
2 S Liaz = L 3= " 64RF R R2)~
cyc cyc cyc

! (eg— 47 + 14 QL 24R_SR b

64 = 64r r  8r? Where

r? 24R
e 68—47E+ 14ﬁ S—— ©24R°—68R*r +47Rr* —14r° 20 &

(R — 2r)(24R? — 20Rr + 7r?) > 0, which is true from R > 2r (Euler).
Equality holds if and only if triangle is equilateral.

1 3
z 3 < Fye) >, Which follows from:
cyc
1 1 (1) 1 24R 3 L
z 68 — 47 + 14 . = > ,which is true from:

a3 = 64RF = 64RF r 8sr
z 1 Yb33 s®+s*(3r2 —12Rr) +3s*r* +r3(4R+1)® _
a®  a3b3c3 64R3r3s3 B

cyc

cyc
r3(4R +71)3

= m[54 + 52(37"2 — 12RT) +3rt + S—Z =

1

- 64R313s

1r3(4R + 1)3] Gerretsen
[52(52 + 3r?2 —12Rr) + 3r* + % <
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(16Rr — 5r2)(16Rr — 57> + 3r> — 12Rr) + 3r* +

< - - | =
~ 64R373s r(4R +1)2

R+r
[(A6R —=5r)(4R —21r) +3r?+ (R+1r)(4R+1)] =

r3(4R + r)3] B

- 64R3rs

= &4}?—37”5[64TZ — 32Rr —20Rr + 10r? + 3r? + 4R?> + S5Rr + r?] =

= GAR°F [64R? — 32Rr — 20Rr + 107r? + 3r2 + 4R? + 5Rr + r?] =
_ 68R% — 47Rr + 14r? _ 1 <68—47£+ 14ﬁ>
64R3F 64RF R R?
z b3c3 = 5%+ s*(3r? — 12Rr) + 3s?r* + r3(4R + )3
> Equality holds if and only if triangle is equilateral.
8) In AABC the following relationship holds:

27 _ 3 - 27r+6r2 <zma< 1 68 47r+14r2 <3R
4(4R+ 1)~ 32R R R%Z |~ az ~ 64r R R%) ~ 8r2

cyc

Marin Chirciu
Solution. See up these inequalities. Equality holds if and only if triangle is equilateral.
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