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1) In acute ઢ࡯࡮࡭: 

෍
࡭૞ܛܗ܋
࡮૜ܛܗ܋

≥ ૚ − ቀ
࢘
ࡾ
ቁ
૛

 

Proposed by Marian Ursărescu – Romania  

Solution: We prove.Lemma: 

2) If ࢟,࢞, ࢠ > 0 then: 

෍
૞࢞

૜࢟ ≥෍࢞૛ 

Proof: Using Holder’s inequality we obtain: 

ܵܪܮ = ෍
ହݔ

ଷݕ = ෍
଺ݔ

ଷݕݔ = ෍
଺ݔ

ݕݔ ⋅ ଶݕ ≥
ு௢௟ௗ௘௥ ଷ(ଶݔ∑)

∑ݕݔ∑ ଶݕ ≥
(ଵ) (∑ ଶ)ଷݔ

ଶݔ∑ ଶݔ∑ = ෍ݔଶ =  ܵܪܴ

where (1) ⇔ ଶݔ∑ ≥ ݕݔ∑ ⇔ ݔ)∑ − ଶ(ݕ ≥ 0.We’ve used Holder’s inequality: 
∑ ௫య

௔భ⋅௔మ
≥ (∑௫)య

∑௔భ∑௔మ
, where ݔ, ܽଵ,ܽଶ > 0.Let’s get back to the main problem. 

Using Lemma for ݔ = cosܣ ݕ, = cosܤ , ݖ = cosܥ we obtain: 

ܵܪܮ = ෍
cosହ ܣ
cosଷ ܤ = ෍

ହݔ

ଷݕ ≥
௅௘௠௠௔	

෍ݔଶ = ∑ cosଶ ܣ =
6ܴଶ + ݎ4ܴ + ଶݎ − ଶ݌

2ܴଶ ≥
ீ௘௥௥௘௧௦௘௡

 

≥
6ܴଶ + ݎ4ܴ + ଶݎ − (4ܴଶ + ݎ4ܴ + (ଶݎ3

2ܴଶ =
2ܴଶ − ଶݎ2

2ܴଶ =
ܴଶ − ଶݎ

ܴଶ = 1 − ቀ
ݎ
ܴ
ቁ
ଶ
 

We’ve used Gerretsen inequality in triangle: ݌ଶ ≤ 4ܴଶ + ݎ4ܴ +  .ଶݎ3
Equality holds if and only if the triangle is equilateral.Remark: The problem can be 
developed. 

3) In acute ઢ࡯࡮࡭: 

෍
ା૚࢔૛ܛܗ܋ ࡭
࡮૚ି࢔૛ܛܗ܋ ≥ ૚ − ቀ

࢘
ࡾ
ቁ
૛

࢔, ∈ ℕ∗ 

Marin Chirciu  

Solution: We prove. Lemma: 

4) If ࢟,࢞, ࢠ > 0 and ࢔ ∈ ℕ∗ then: 

෍
ା૚࢔૛࢞

૚ି࢔૛࢟
≥෍࢞૛ 

Proof: Using Holder’s inequality we obtain: 
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ܵܪܮ = ෍
ଶ௡ାଵݔ

ଶ௡ିଵݕ = ෍
ଶ௡ାଶݔ

ଶ௡ିଵݕݔ = ෍
ଶ௡ାଶݔ

ݕݔ ⋅ ଶ௡ିଶݕ ≥
ு௢௟ௗ௘௥ ௡ାଵ(ଶݔ∑)

௡ିଵ(ଶݕ∑)ݕݔ∑ ≥
(ଵ)

 

≥ ൫∑௫మ൯೙శభ

∑௫మ(∑௬మ)೙షభ
= ∑ ଶݔ = ⇔ where (1) ,ܵܪܴ ଶݔ∑ ≥ ݕݔ∑ ⇔ ݔ)∑ − ଶ(ݕ ≥ 0. 

We’ve used Holder’s inequality: 
∑ ௫೙శభ

௔భ⋅௔మ⋅…⋅௔೙
≥ (∑௫)೙శభ

∑௔భ∑௔మ…∑௔೙
, where ݔ,ܽଵ, ܽଶ, …ܽ௡ > 0 

Let’s get back to the main problem. 
Using the Lemma for ݔ = cosܣ ݕ, = cosܤ , ݖ = cosܥ we obtain: 

ܵܪܮ = ෍
cosଶ௡ାଵ ܣ
cosଶ௡ିଵܤ = ෍

ଶ௡ାଵݔ

ଶ௡ିଵݕ ≥
௅௘௠௠௔	

෍ݔଶ = ෍ cosଶ ܣ =
6ܴଶ + ݎ4ܴ + ଶݎ − ଶ݌

2ܴଶ ≥ 

≥
ீ௘௥௥௘௧௦௘௡ 6ܴଶ + ݎ4ܴ + ଶݎ − (4ܴଶ + ݎ4ܴ + (ଶݎ3

2ܴଶ =
2ܴଶ − ଶݎ2

2ܴଶ =
ܴଶ − ଶݎ

ܴଶ = 1− ቀ
ݎ
ܴ
ቁ
ଶ

 

We’ve used Gerretsen’s inequality in triangle: ݌ଶ ≤ 4ܴଶ + ݎ4ܴ +  .ଶݎ3
Equality holds if and only if the triangle is equilateral. 
Note: For ݊ = 2 we obtain Inequality in triangle 2252, proposed by Marian Ursărescu, 
Romania, in RMM 11/2020.Remark: The problem can be developed. 

5) In ઢ࡯࡮࡭: 

෍
૞ܛܗ܋ ૛࡭
૜ܛܗ܋ ૛࡮

≥ ૛ +
࢘
૛ࡾ 
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Solution. We prove. Lemma: 

6) If ࢟,࢞, ࢠ > 0 then: 

෍
૞࢞

૜࢟ ≥෍࢞૛ 

Proof: Using Holder’s inequality we obtain: 

ܵܪܮ = ෍
ହݔ

ଷݕ = ෍
଺ݔ

ଷݕݔ = ෍
଺ݔ

ݕݔ ⋅ ଶݕ ≥
ு௢௟ௗ௘௥ ଷ(ଶݔ∑)

∑ݕݔ∑ ଶݕ ≥
(ଵ) (∑ ଶ)ଷݔ

ଶݔ∑ ଶݔ∑ = ෍ݔଶ =  ܵܪܴ

where (1) ⇔ ଶݔ∑ ≥ ݕݔ∑ ⇔ ݔ)∑ − ଶ(ݕ ≥ 0. 

We’ve used Holder’s inequality:  ∑ ௫య

௔భ⋅௔మ
≥ (∑௫)య

∑ ௔భ ∑௔మ
, where ݔ, ܽଵ, ܽଶ > 0 

Let’s get back to the main problem. 
Using the Lemma for ݔ = cos ஺

ଶ
ݕ, = cos ஻

ଶ
, ݖ = cos ஼

ଶ
 we obtain: 

ܵܪܮ = ෍
cosହ 2ܣ
cosଷ2ܤ

= ෍
ହݔ

ଷݕ ≥
௅௘௠௠௔	

෍ݔଶ = ෍ cosଶ
ܣ
2 = 2 +

ݎ
2ܴ 

Equality holds if and only if the triangle is equilateral. Remark: The problem can be 
developed. 
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7) In ઢ࡯࡮࡭: 

෍
ା૚࢔૛ܛܗ܋ ૛࡭
૛࡮૚ି࢔૛ܛܗ܋

≥ ૛ +
࢘
૛ࡾ ࢔, ∈ ℕ∗ 

Marin Chirciu  

Solution: We prove Lemma: 

8) If ࢟,࢞, ࢠ > 0 and ࢔ ∈ ℕ∗ then: 

෍
ା૚࢔૛࢞

૚ି࢔૛࢟ ≥෍࢞૛ 

Proof: Using Holder’s inequality we obtain: 

ܵܪܮ = ෍
ଶ௡ାଵݔ

ଶ௡ିଵݕ = ෍
ଶ௡ାଶݔ

ଶ௡ିଵݕݔ = ෍
ଶ௡ାଶݔ

ݕݔ ⋅ ଶ௡ିଶݕ ≥
ு௢௟ௗ௘௥ ௡ାଵ(ଶݔ∑)

∑ ௡ିଵ(ଶݕ)ݕݔ ≥
(ଵ)

 

≥ ൫∑௫మ൯
೙శభ

∑௫మ(∑௬మ)೙షభ
= ∑ ଶݔ = ⇔ where (1) ,ܵܪܴ ଶݔ∑ ≥ ݕݔ∑ ⇔ ݔ)∑ − ଶ(ݕ ≥ 0 

We’ve used Holder’s inequality: 
∑ ௫೙శభ

௔భ⋅௔మ⋅…⋅௔೙
≥ (∑௫)೙శభ

∑௔భ∑௔మ…∑௔೙
, where ݔ,ܽଵ, ܽଶ, … , ܽ௡ > 0. 

Let’s get back to the main problem. 
Using the Lemma for ݔ = cos ஺

ଶ
ݕ, = cos ஻

ଶ
, ݖ = cos ஼

ଶ
 we obtain: 

ܵܪܮ = ෍
cosଶ௡ାଵ ܣ
cosଶ௡ିଵܤ = ෍

ଶ௡ାଵݔ

ଶ௡ିଵݕ ≥
௅௘௠௠௔	

෍ݔଶ = ෍ cosଶ
ܣ
2 = 2 +

ݎ
2ܴ 

Equality holds if and only if the triangle is equilateral. 
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