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1) In acute AABC:
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Proposed by Marian Ursdrescu — Romania

Solution: We prove.Lemma:

2)If x,y,z > 0 then:

x5
S
Proof: Using Holder S inequality we obtain

Holder Ex?)3 O Fx2)? _
LHS = z ny ny = 2xyny? >Zx22x2 ZxZ—RHS

where (1) © ¥, x2 >Yxy o Y(x — y)2 > 0.We've used Holder’s inequality:
x3 Zx3

= > =)

a;a; ~ YaiYa;

Using Lemma forx =C0SA,y = cosB,z = cosC we obtain:

, Where x, a;,a, > 0.Let’s get back to the main problem.
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We've used Gerretsen inequality in triangle: p? < 4R? + 4Rr + 3r2,
Equality holds if and only if the triangle is equilateral.Remark: The problem can be
developed.

3) In acute AABC:

cos?"tl g - 2 .
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Solution: We prove. Lemma:

4)If x,y,z> 0and n € N* then:

x2n+1
2n-1 = xZ
Yy

Proof: Using Holder’s inequality we obtain:
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2n+1 2n+2 2n+2 Holder (Z xZ)n+1 (1)
LHS = = = >
z nyzn ! ny 2 Ty o
2\n+1
_%: Y x2 = RHS, where (1) © $x2 > Y xy & Y(x —y)? = 0.

We’ve used Holder’s inequality:
xn+1 (Zx)n+1
a;-az ..y~ Xa1Xaz..Nap
Let’s get back to the main problem.
Using the Lemma for x = cosA,y = cos B,z = cos C we obtain:

, where x,a,,a,,...a, >0

C0521”L+1A 2n+1 Lemma - 2 6R2 + 4ARr + 7,.2 _ pZ
LHS = z 0s21g 2n I z z CcoS SR =
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: T N
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We've used Gerretsen’s inequality in triangle: p? < 4R? + 4Rr + 3r2,

Equality holds if and only if the triangle is equilateral.

Note: For n = 2 we obtain Inequality in triangle 2252, proposed by Marian Ursarescu,
Romania, in RMM 11/2020.Remark: The problem can be developed.

5)In AABC:
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Solution. We prove. Lemma:

6) If x,y,z > 0 then:

x5
Z;Zsz

Proof: Using Holder's inequality we obtain

Holder Ex?)3 O Fx2)? _
LHS = z ny ny Z Tayny T Laisar ZxZ_RHS

Where(l)@2x2>2xy<:)2(x—y)2>O
S _Go
2 Xajxa 2

We’ve used Holder’s inequality: Z , where x,a,,a, >0
Let’s get back to the main problem

. A B Cc .
Using the Lemma for x = cos—,y =C0S—,z = COS; we obtain:

5

COS X Lemma
LHS = z 3 2—Z:cos2 _2+ﬁ
cos3

Equality holds if and only if the triangle is equilateral. Remark: The problem can be
developed.
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7)In AABC:
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Solution: We prove Lemma:

8) If x,y,z> 0 and n € N* then:

2n+1

Z 2n1—

Proof: Using Holder’s inequality we obtain:

Zx

T Xx2@yHnt

2n+1 2n+2 2n+2 Holder (Z xZ)n+1 (1)
LHS = z 2n-— l_z 2n— l_z 2n-2 = =
xy Xy -y Y xy(y?)r1

2)n+1

=Y x2=RHS,where(l) @YX x2>Yxy & X(x —y)2 >0

We’ve used Holder’s inequality:

xn+1

(Z x)n+1

a,-az:..

anp — YaiYaz.Yay

where x,a,, a,, ..., a, > 0.

Let’s get back to the main problem.
. A B Cc -
Using the Lemma for x = COS~,y =CO0S-,z = COS_We obtain:

COSZTH'1 A 2n+1 Lemma 5 A
LHS = ZCOSZ" 1~ Lym-1 z _ZCOS _2+ﬁ

Equality holds if and only if the trlangle is equilateral.
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