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1) In AABC the following relationship holds:

D TR

By Marian Ursdrescu — Romania

Solution:

Wb+W hb+h (1) .
Usingw, > h, we have LHS = ), <> — £ > RHS, where (1) it follows from

Lemma 1:
2) In AABC the following relationship holds:
h, + h, - 2

h:? —r

hb+hc (2) s4—452Rr- 1’2(4»R+r)2 ( )
4R7252

Proof: We have }; where (2) it follows from

Lemma 2:
3) In AABC the following relationship holds:
hy+h, s*—4s*Rr —r*(4Rr +r)?

hz 4R1r?s2
hb +h 25,28 1 «a?(b+c) _ Ya3(b+c) _ s*—4s2Rr-r2(4R+1)? .
Proof: We have Y-2—<=L_c=—-% = = , which
2§ 2S bc 2sr-abc 4R1252

follows from Y, a3(b + C) = 2[s* — 4s?Rr — r?>(4R + 1r)?]
z a*(b+c) s*—4s?Rr —r?(4R +71)?
bc B 2Rrs
Let’s get back to the main problem. Using the above Lemmas it suffices to prove that
inequality 3) holds:
s* — 4s?Rr — r?(4R +1)?
( ) @s —12s?Rr —r?(4R+1)’ >0 &
4Rr2s?
& s?(s? —12Rr) > 1r%(4R +1)?, WhICh follows from Gerretsen’s inequality:
r(4R + 1r)?
, R+r
It remains to prove that: % (16Rr — 512 —12Rr) > r%(4R +1)? © R > 2r, (Euler’s

inequality). Equality holds if and only if the triangle is equilateral.

s2 > 16Rr — 5r% >
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Remark: The inequality can be strengthened.
4) In AABC the following inequality holds:

w,+w, 1 6r 2
>— (11 — —) >—
h? 4r R
Marin Chirciu
Solution: Using w, > h, we have LHS = ZW”+WC >y h”+hc >2 == RHS.
hb+hc __ s*—a4s?Rr- 1’2(4»R+r)2 2(5 —4Rr) 1’2(4»R+r)2
We have }; = T i
72(4R + 1)?] Gerretsen r2(4R + 1)?
= 2 _ _ > — — _
ARz |7 —4Rn) =z > gz |(16Rr 512 — 4Rr) — TR
R+r71
_ [(12Rr — 5r2) — r(R + 1)] = 11Rr —6r> 11R—-6r 1 (11 6r> Euler 2
~ 4Rr? dd 4 AT T4rrz T aRr 4 R/ — r
Equality holds if and only if the triangle is equilateral.Remark: In the same way:
5) In AABC the following relationship holds:
Z m, +m, 2
h? T
Marin Chirciu

Solution: We use m, = w, = h, and see above. Equality holds if and only if the triangle is
equilateral.
6) In AABC the following inequality holds:
2 + R
<N TpTTe

r- h:z 12

Marin Chirciu
Solution: We prove: Lemma:
7) In AABC the following relationship holds:

r,+7r.  s*(2R+3r) —r(4R +r)?
hz 25212

Proof: We have:
S S

n+r Os—b s—c
h2 _ZS (ZS)S c= 4SZ(s—b)(s—c)
1 2[52(2R +3r) —r(4R +1)? ]
" Asr sr
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_ s2(2R+37)-r(4R+71)?

, which follows from:

. 2[s2(2R + 3r) — r(4R + r)?]
z(s—b)(s—C) sr
3 Ya’(s—a) 2r[s*(2R+3r) —r(4R+1)*] _
Z(s—b)(s—c) Mis—a) sr? B
_ 2[s*(2R+3r) —r(4R +1)?]
ST

z a®(s —a) = 2r[s?(2R + 3r) —r(4R + 1r)?]
Let’s get back to the main problem.RHS inequality Using the Lemma we obtain:

T +1; s? (2R + 37") - T(4R + T)Z T(4R + r)z Gerretsen
= - <
h2 2s2r2 (2R +37) -
r(AR+r)*| 1 2r(2R-1)] _
5.2 (2R+3r)_—R(4R+T)2 —ﬁli(ZR"‘BT)—— =
2(2R—71)
1 R(2R +3r) — 2r(2R — r) 2R%? — Rr + 21?2 Eu<ler 2R* R
T orz R 2Rr? = 2Rr?2 2

Equality holds if and only if the triangle is equilateral .LHS inequality.
Using the Lemma we obtain:

n+71. s2(2R+3r)—71(4R + r)2 r(4R + 1)?] Gerretsen
= - >
hZ 2s2r? 272 |(BR +3n) -
T(4R + T)Z 1 R + 2r Euler 2
> 577 | @R +30) - @R-i-r)] =GR —RAnI= 55 = )
R+r71
Equality holds if and only if the triangle is equilateral.
Remark: In the same way:
8) In AABC the following relationship holds:
E < hb + hc < E
r- h: ~r2
Marin Chirciu

Proof: We prove: Lemma:
9) In AABC the following relationship holds:
hy +h, s*—4s*Rr —r*(4R +r)?
hz 4Rr?s?
2S 2S

hb+hc _wpts 1 ga®(+c) _ TaP(b+c) _ s*—4s?Rr-r%(4Rr+r1)?
Proof: We have ¥ “2=< Z_(E)Cz = AT T ma T T IS

which follows from Z a®(b+c)=2[s*—4s?Rr —r?(4R + 1)?]
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a*(b+c) s*—4s?Rr —r?(4R +71)?
z bc B 2Rrs
Let’s get back to the main problem.RHS inequality.Using the Lemma we obtain:
hy +h, s*—A4s*Rr —r*(4R +1)* _ s*(s®* —4Rr) —r*(4R +1)* _

hz 4Rr?s? B 4Rr?s?
r? (4R + r)z Gerretsen
S—Z S
1 r2(4R + 1)?
_K(4R2+4RT+3T —4R) m =
2(2R—-71)
2r? (2R -7) R(4R2 +3r2) —2r2(2R —71)
+ 37"2) =
] 4Rr? R
1 R(4R*+3r?) - 2r2(2R —r) 4R® —Rr?+2r3 Etier 4R® R
T 4RrZ’ R B 4R?r2 = 4R%2r2  y2

Equality holds if and only if the triangle is equilateral .LHS inequality.Using the Lemma we
obtain:
hy +h, s*—A4s*Rr —r*(4R +1)* _ s*(s* —4Rr) —r*(4R +1)* _
hz 4Rr?s? B 4Rr?s? B
2(4R + r)z Gerretsen 2(4R + T)Z
- < > — — -
2 r (16Rr — 512 — 4Rr) — AR + 1)

) R+r
11Rr — 6r 11R — 671 Euler 2
2y — R + = = > -
5r%) = rl 4R7r? 4Rr T r

Equality holds if and only if the triangle is equilateral.Remark: In the same way:
10) In AABC the following inequality holds:

2 /R r,+r, 4/(R z
He) =l =)
r\r r2 r\r

Solution: We prove: Lemma:

Marin Chirciu

11) In AABC the following relationship holds:

Z ry+7r. 2[2Rs* —r(4R +1)*]
rz s2r2

Proof: We have:

zrb+rc ZS_ m 1 a(s—a)* _ Ya(s—a)® _
B 2 T SLi(G=-b)(s—c) sr-MIis—a)

s—a
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__4Rrs* =2r*(4R +1)* _
B Sr - sr? B
__4Rs?> = 2r(4R +1)* _ 2[2Rs* — r(4R +1)?]
B s - sr? B s2r?
which follows from Y, a(s — a)3 = 4Rrs? — 2r2(4R + r)?
Let’s get back to the main problem.RHS inequality.Using the Lemma we obtain:
zrb + 1 . 2[2R7"S2 - T(4R + T)Z] . 2 2R T(4R + T)Z] Gerritsen

2 s2r? Tr2 52 -
2 r(4R + 1r)?
<—=|2R————| =
r2 R(4R +1)2
2(2R —71)
2 R 2r@R-r)] _4 RZ—T(ZR—T)_4R2—2RT+T2_
T2 R T2 R B Rr? B
R—71)> 4 /(R 2
- A
Rr? R\r

Equality holds if and only if the triangle is equilateral .LHS inequality.Using the Lemma we
obtain:

z T, + 1. _ 2[2Rs? — r(4R +1)?] _ 3 [ZR _ r(4R + r)z] Gerr;tsen
r2 -

r2 5212 52
2 r(4R +1r)? 2 2(R-71) 2/(R
> — —_ | = — — = = | = —
T r2 2R r(4R +1)2 r2 [2R = (R +7)] 2 T (r 1)
R+r

Equality holds if and only if the triangle is equilateral.Remark: In the same way:
12) In AABC the following relationship holds:

2 Zhb+hc R
r r2 r?

Marin Chirciu
Solution: We prove: Lemma:
13) In AABC the following relationship holds:
Z hy+h, s*(4R—1r)—r(4R +1)?
rz Rrs?
p £ Weh z:hb+hc _ Z %"’? _ EZ (b+c)(s—a)? _ 2 Ya(b+c)(s—a)? _
root. Vve have r2 (i)z s bc T osr abc -
2 2r[s*(4R—=7r) —r(4R+71)?*] _s*(4R—r1) —r(4R +71)?
T osr 4Rrs B Rrs?

which follows from:
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z a(b + ¢)(s — a)? = 2r[s2(4R — 1) — (4R + 1)?]

Let’s get back to the main problem.RHS inequality. Using the Lemma we obtain:

h, +h s2(4R — 1) — r(4R + r)? (4R + 1)?2] Gerretsen
Shsthe SR r@RED L,y RO e
12 Rrs? 52
1 r(4R + r)? 1 2r(2R — 1)
< — — - | = — — - | =
<= (4R —71) RGAR+DZ| " ’r [(4R T)
2(2R—71)
1 R(4R —-7)—=2r(2R—71) 1 A4R*—-5Rr+2r? _
“Rr (1§ Rr R B
4R2—5I22r+2r <R where (1) (:) 5}22r+2r2 S R &
R21 R2r
& R3 —4R?r +5Rr? — 213 > O s (R-2r)(R - r)2 >0, obwously from Euler’s

inequality R > 2r.
Equality holds if and only if the triangle is equilateral .LHS inequality .Using Lemma we
obtain:

hy, +h. s?(4R—71)—r(4R+71)*> 1 T7(4R + 1)?] Gerret
z b c _ ( ) ( ) :—(4R—T)— ( ) errgsen
r2 Rrs? Rr 52
1 r(4R +1)? 1 1
> — _— | = — — — = — — =
Z 5 (4R-71) TGREDI| "R’ [AR—-71) - (R+1)] 2y (3R —-27)
R+r71 W
Eul
_ 3R-2r ”>"’T 2 _ 4R%- 5Rr+2r2 < R where (1)/;) —}5:;:+2r < ﬁ o
SR 4R2r + 5Rr - 2r3 > O & (R 2r)(R —r)? = 0, obviously from Euler’s
inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
2 2(R—r) 2/(R
= Z12R~ (R +7)] :#:—(——1)
r r \r
Equality holds if and only if the triangle is equilateral.Remark: Between the sums ), === h”+hc
and ), % the following relationship exists:
14) InAABC:
hb+hc<zrb+rc
h; ~ 3
Marin Chirciu

Solution: Using the above Lemmas we have the sums:
Z hp+h¢ — s*—4s?Rr—r?(4R+71)? and Z Th+Te _ 2[2Rsz—r(4R+r)2]

h% 4R7r2s? e s2r2
The inequality can be written:
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s* —4s?Rr —r?(4R +1)?> 2[2Rs? —r(4R +1)?]
< =3
4Rr2s2 s2r2
& s2(16R%? + 4Rr — s2) > r(8R — r) (4R + r)?, which follows from Gerretsen’s inquality:
16Rr — 572 < s2 < 4R? + 4Rr + 3r?

It remains to prove that:

(16Rr — 5r2)(16R? + 4Rr —4R?> —4Rr — 3r?) >r(BR—1)(4R+ 1)’ &
& (16R — 51)(12R?> = 3r?) > (8R —r)(4R + 1)? © 16R® — 27R?*r — 12Rr? + 413 > 0
& (R — 2r)(16R% + 5Rr — 2r?) > 0, obviously from Euler’s inequality R > 27.

Equality holds if and only if the triangle is equilateral.Remark: Between the sums ), %
and Y, % the following relationship exists:
15) InAABC:
Zhb+hc B Zrb +r,
e ra
Marin Chirciu

Solution: Using the above Lemmas we have the sums:

hp+he _ s?(4R-1)—1(4R+7)? rp+1e _ S?(2R+3r)—r(4R+7)?
Z 2 andz 2 2,2
hg 2s°r

12 Rrs?
The inequality can be written:

s?(4R —1) —r(4R + 1)? - s?(2R + 3r) —r(4R + 1)? o

Rrs? - 2s2r2
& s?(2R? —=5Rr +2r?2) > (Rr — 2r?)(4R + 1)’ &
& s?2(R-2r)2R-7r)=2r(R-2r)(4R +1)? &
S R-2r)[s?@CR—-1r)—r(4R+1)?] =0

Because (R — 2r) = 0, from Euler’s inequality R = 2r and

[s2(2R—71) —1(4R +1)?] = 0 © s%(2R — 1) = r(4R + r)?, which follows from

Gerretsen’s inequality: s? > 16Rr — 5r2 >

2
@. It remains to prove that:

r(4R+1)? 2 . .
T(ZR —1r)=>r(4R+71)? © 2R—1r = R+ r & R > 2r, (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.
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