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ABOUT AN INEQUALITY BY MARIAN URSĂRESCU-XVII 
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෍
࢈࢝ ࢉ࢝+

૛ࢇࢎ
≥
૛
࢘

 

By Marian Ursărescu – Romania  

Solution: 

Using ݓ௔ ≥ ℎ௔  we have ܵܪܮ = ∑௪್ା௪೎
௛ೌమ

≥ ∑ ௛್ା௛೎
௛ೌమ

≥
(ଵ)

  where (1) it follows from ,ܵܪܴ

Lemma 1: 

2) In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈ࢎ + ࢉࢎ
૛ࢇࢎ

≥
૛
࢘ 

Proof: We have ∑ ௛್ା௛೎
௛ೌమ

=
(ଶ) ௦రିସ௦మோ௥ି௥మ(ସோା௥)మ

ସோ௥మ௦మ
≥
(ଷ) ଶ

௥
, where (2) it follows from 

Lemma 2: 

3) In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈ࢎ + ࢉࢎ
૛ࢇࢎ

=
࢙૝ − ૝࢙૛࢘ࡾ − ࢘૛(૝࢘ࡾ+ ࢘)૛

૝࢘ࡾ૛࢙૛  

Proof: We have ∑ ௛್ା௛೎
௛ೌమ

= ∑
మೄ
್ ା

మೄ
೎

ቀమೄೌ ቁ
మ = ଵ

ଶௌ
∑ ௔మ(௕ା௖)

௕௖
= ∑௔య(௕ା௖)

ଶ௦௥⋅௔௕௖
= ௦రିସ௦మோ௥ି௥మ(ସோା௥)మ

ସோ௥మ௦మ
,	which 

follows from ∑ܽଷ(ܾ + ܿ) = ସݏ]2 − ݎଶܴݏ4 − ଶ(4ܴݎ +  [ଶ(ݎ

෍
ܽଶ(ܾ + ܿ)

ܾܿ =
ସݏ − ݎଶܴݏ4 − ଶ(4ܴݎ + ଶ(ݎ

ݏݎ2ܴ  

Let’s get back to the main problem. Using the above Lemmas it suffices to prove that 
inequality 3) holds: 

ସݏ − ݎଶܴݏ4 − ଶ(4ܴݎ + ଶ(ݎ

ଶݏଶݎ4ܴ ≥
2
ݎ ⇔ ସݏ − ݎଶܴݏ12 − ଶ(4ܴݎ + ଶ(ݎ ≥ 0 ⇔ 

⇔ ଶݏ)ଶݏ − (ݎ12ܴ ≥ ଶ(4ܴݎ +  :ଶ, which follows from Gerretsen’s inequality(ݎ

ଶݏ ≥ ݎ16ܴ − ଶݎ5 ≥
4ܴ)ݎ + ଶ(ݎ

ܴ + ݎ  

It remains to prove that: ௥(ସோା௥)మ

ோା௥
ݎ16ܴ) − ଶݎ5 − (ݎ12ܴ ≥ ଶ(4ܴݎ + ଶ(ݎ ⇔ ܴ ≥  Euler’s) ,ݎ2

inequality). Equality holds if and only if the triangle is equilateral. 
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Remark: The inequality can be strengthened. 
4) In ઢ࡯࡮࡭ the following inequality holds: 

෍
࢈࢝ + ࢉ࢝

૛ࢇࢎ
≥

૚
૝࢘ ൬૚૚ −

૟࢘
ࡾ ൰ ≥

૛
࢘  

Marin Chirciu  

Solution: Using ݓ௔ ≥ ℎ௔ we have ܵܪܮ = ∑௪್ା௪೎
௛ೌమ

≥ ∑ ௛್ା௛೎
௛ೌమ

≥ ଶ
௥

=  .ܵܪܴ

We have ∑ ௛್ା௛೎
௛ೌమ

= ௦రିସ௦మோ௥ି௥మ(ସோା௥)మ

ସோ௥మ௦మ
= ௦మ൫௦మିସோ௥൯ି௥మ(ସோା௥)మ

ସோ௥మ௦మ
= 

=
1

ଶݎ4ܴ ቈ
ଶݏ) − (ݎ4ܴ −

ଶ(4ܴݎ + ଶ(ݎ

ଶݏ ቉ ≥
ீ௘௥௥௘௧௦௘௡ 1

ଶݎ4ܴ
቎(16ܴݎ − ଶݎ5 − (ݎ4ܴ −

ଶ(4ܴݎ + ଶ(ݎ

4ܴ)ݎ + ଶ(ݎ
ܴ + ݎ

቏ 

=
1

ଶݎ4ܴ
ݎ12ܴ)] − (ଶݎ5 − ܴ)ݎ + [(ݎ =

ݎ11ܴ − ଶݎ6

ଶݎ4ܴ =
11ܴ − ݎ6

ݎ4ܴ =
1

ݎ4 ൬11 −
ݎ6
ܴ ൰ ≥

ா௨௟௘௥ 2
 ݎ

Equality holds if and only if the triangle is equilateral.Remark: In the same way: 
5) In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈࢓ + ࢉ࢓

૛ࢇࢎ
≥
૛
࢘ 

Marin Chirciu  

Solution: We use ݉௔ ≥ ௔ݓ ≥ ℎ௔ and see above. Equality holds if and only if the triangle is 

equilateral. 

6) In ઢ࡯࡮࡭ the following inequality holds: 

૛
࢘ ≤෍

࢈࢘ + ࢉ࢘
૛ࢇࢎ

≤
ࡾ
࢘૛ 

Marin Chirciu  

Solution: We prove: Lemma: 

7) In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈࢘ + ࢉ࢘
૛ࢇࢎ

=
࢙૛(૛ࡾ+ ૜࢘) − ࢘(૝ࡾ+ ࢘)૛

૛࢙૛࢘૛  

Proof: We have: 

෍
௕ݎ + ௖ݎ
ℎ௔ଶ

= ෍
ܵ

ݏ − ܾ + ܵ
ݏ − ܿ

ቀ2ܵ
ܽ ቁ

ଶ =
1

4ܵ෍
ܽଷ

ݏ) − ݏ)(ܾ − ܿ) = 

=
1

ݎݏ4
⋅

ଶ(2ܴݏ]2 + (ݎ3 − 4ܴ)ݎ + [ଶ(ݎ
ݎݏ

= 
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= ௦మ(ଶோାଷ௥)ି௥(ସோା௥)మ

ଶ௦మ௥మ
, which follows from: 

෍
ܽଷ

ݏ) − ݏ)(ܾ − ܿ) =
ଶ(2ܴݏ]2 + (ݎ3 − 4ܴ)ݎ + [ଶ(ݎ

ݎݏ  

෍
ܽଷ

ݏ) − ݏ)(ܾ − ܿ) =
∑ܽଷ(ݏ − ܽ)
ݏ)∏ − ܽ) =

ଶ(2ܴݏ]ݎ2 + (ݎ3 − 4ܴ)ݎ + [ଶ(ݎ
ଶݎݏ = 

=
ଶ(2ܴݏ]2 + (ݎ3 − 4ܴ)ݎ + [ଶ(ݎ

ݎݏ  

෍ܽଷ(ݏ − ܽ) = ଶ(2ܴݏ]ݎ2 + (ݎ3 − 4ܴ)ݎ +  [ଶ(ݎ

Let’s get back to the main problem.RHS inequality.Using the Lemma we obtain: 

෍
௕ݎ + ௖ݎ
ℎ௔ଶ

=
ଶ(2ܴݏ + (ݎ3 − 4ܴ)ݎ + ଶ(ݎ

ଶݎଶݏ2 =
1

ଶݎ2 ቈ
(2ܴ + (ݎ3 −

4ܴ)ݎ + ଶ(ݎ

ଶݏ ቉ ≤
ீ௘௥௥௘௧௦௘௡

 

≤
1

ଶݎ2
൦(2ܴ + (ݎ3 −

4ܴ)ݎ + ଶ(ݎ

ܴ(4ܴ + ଶ(ݎ
2(2ܴ − (ݎ

൪ =
1

ଶݎ2 ቈ
(2ܴ + (ݎ3 −

2ܴ)ݎ2 − (ݎ
ܴ ቉ = 

=
1

ଶݎ2 ⋅
ܴ(2ܴ + (ݎ3 − 2ܴ)ݎ2 − (ݎ

ܴ =
2ܴଶ − ݎܴ + ଶݎ2

ଶݎ2ܴ ≤
ா௨௟௘௥ 2ܴଶ

ଶݎ2ܴ =
ܴ
ଶݎ  

Equality holds if and only if the triangle is equilateral.LHS inequality. 
Using the Lemma we obtain: 

෍
௕ݎ + ௖ݎ
ℎ௔ଶ

=
ଶ(2ܴݏ + (ݎ3 − 4ܴ)ݎ + ଶ(ݎ

ଶݎଶݏ2 =
1

ଶݎ2 ቈ
(2ܴ + (ݎ3 −

4ܴ)ݎ + ଶ(ݎ

ଶݏ ቉ ≥
ீ௘௥௥௘௧௦௘௡

 

≥
1

ଶݎ2
቎(2ܴ + (ݎ3 −

4ܴ)ݎ + ଶ(ݎ

4ܴ)ݎ + ଶ(ݎ
ܴ + ݎ

቏ =
1

ଶݎ2
[(2ܴ + (ݎ3 − (ܴ + [(ݎ =

ܴ + ݎ2
ଶݎ2 ≥

ா௨௟௘௥ 2
ݎ  

Equality holds if and only if the triangle is equilateral. 
Remark: In the same way: 

8) In ઢ࡯࡮࡭ the following relationship holds: 

૛
࢘ ≤෍

࢈ࢎ + ࢉࢎ
૛ࢇࢎ

≤
ࡾ
࢘૛ 

Marin Chirciu  

Proof: We prove: Lemma: 

9) In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈ࢎ + ࢉࢎ
૛ࢇࢎ

=
࢙૝ − ૝࢙૛࢘ࡾ − ࢘૛(૝ࡾ + ࢘)૛

૝࢘ࡾ૛࢙૛  

Proof: We have ∑ ௛್ା௛೎
௛ೌమ

= ∑
మೄ
್ ା

మೄ
೎

ቀమೄೌ ቁ
మ = ଵ

ଶௌ
∑ ௔మ(௕ା௖)

௕௖
= ∑௔య(௕ା௖)

ଶ௦௥⋅௔௕௖
= ௦రିସ௦మோ௥ି௥మ(ସோ௥ା௥)మ

ସோ௥మ௦మ
 

which follows from ∑ܽଷ (ܾ + ܿ) = ସݏ]2 − ݎଶܴݏ4 − ଶ(4ܴݎ +  [ଶ(ݎ
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෍
ܽଶ(ܾ + ܿ)

ܾܿ =
ସݏ − ݎଶܴݏ4 − ଶ(4ܴݎ + ଶ(ݎ

ݏݎ2ܴ  

Let’s get back to the main problem.RHS inequality.Using the Lemma we obtain: 

෍
ℎ௕ + ℎ௖
ℎ௔ଶ

=
ସݏ − ݎଶܴݏ4 − ଶ(4ܴݎ + ଶ(ݎ

ଶݏଶݎ4ܴ =
ଶݏ)ଶݏ − (ݎ4ܴ − ଶ(4ܴݎ + ଶ(ݎ

ଶݏଶݎ4ܴ = 

=
1

ଶݎ4ܴ ቈ
ଶݏ) − (ݎ4ܴ −

ଶ(4ܴݎ + ଶ(ݎ

ଶݏ ቉ ≤
ீ௘௥௥௘௧௦௘௡

 

≤
1

ଶݎ4ܴ
൦(4ܴଶ + ݎ4ܴ + ଶݎ3 − (ݎ4ܴ −

ଶ(4ܴݎ + ଶ(ݎ

ܴ(4ܴ + ଶ(ݎ
2(2ܴ − (ݎ

൪ = 

=
1

ଶݎ4ܴ ቈ
(4ܴଶ + (ଶݎ3 −

ଶ(2ܴݎ2 − (ݎ
ܴ ቉ =

1
ଶݎ4ܴ ⋅

ܴ(4ܴଶ + (ଶݎ3 − ଶ(2ܴݎ2 − (ݎ
ܴ = 

=
1

ଶݎ4ܴ ⋅
ܴ(4ܴଶ + (ଶݎ3 − ଶ(2ܴݎ2 − (ݎ

ܴ =
4ܴଷ − ଶݎܴ + ଷݎ2

4ܴଶݎଶ ≤
ா௨௟௘௥ 4ܴଷ

4ܴଶݎଶ =
ܴ
 ଶݎ

Equality holds if and only if the triangle is equilateral.LHS inequality.Using the Lemma we 
obtain: 

෍
ℎ௕ + ℎ௖
ℎ௔ଶ

=
ସݏ − ݎଶܴݏ4 − ଶ(4ܴݎ + ଶ(ݎ

ଶݏଶݎ4ܴ =
ଶݏ)ଶݏ − (ݎ4ܴ − ଶ(4ܴݎ + ଶ(ݎ

ଶݏଶݎ4ܴ = 

=
1

ଶݎ4ܴ ቈ
ଶݏ) − (ݎ4ܴ −

ଶ(4ܴݎ + ଶ(ݎ

ଶݏ ቉ ≥
ீ௘௥௥௘௧௦௘௡ 1

ଶݎ4ܴ
቎(16ܴݎ − ଶݎ5 − (ݎ4ܴ −

ଶ(4ܴݎ + ଶ(ݎ

4ܴ)ݎ + ଶ(ݎ
ܴ + ݎ

቏ 

=
1

ଶݎ4ܴ
ݎ12ܴ)] − (ଶݎ5 − ܴ)ݎ + [(ݎ =

ݎ11ܴ − ଶݎ6

ଶݎ4ܴ =
11ܴ − ݎ6

ݎ4ܴ ≥
ா௨௟௘௥ 2

ݎ  

Equality holds if and only if the triangle is equilateral.Remark: In the same way: 
10) In ઢ࡯࡮࡭ the following inequality holds: 

૛
࢘ ൬
ࡾ
࢘ − ૚൰ ≤෍

࢈࢘ + ࢉ࢘
૛ࢇ࢘

≤
૝
࢘ ൬
ࡾ
࢘ − ૚൰

૛

 

Marin Chirciu  

Solution: We prove: Lemma: 

11) In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈࢘ + ࢉ࢘
૛ࢇ࢘

=
૛[૛࢙ࡾ૛ − ࢘(૝ࡾ + ࢘)૛]

࢙૛࢘૛  

Proof: We have: 

෍
௕ݎ + ௖ݎ
௔ଶݎ

= ෍
ܵ

ݏ − ܾ + ܵ
ݏ − ܿ

ቀ ܵ
ݏ − ܽቁ

ଶ =
1
ܵ෍

ݏ)ܽ − ܽ)ଶ

ݏ) − ݏ)(ܾ − ܿ) =
ݏ)ܽ∑ − ܽ)ଷ

ݎݏ ⋅ ݏ)∏ − ܽ) = 
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=
ଶݏݎ4ܴ − ଶ(4ܴݎ2 + ଶ(ݎ

ݎݏ ⋅ ଶݎݏ = 

=
ଶݏ4ܴ − 4ܴ)ݎ2 + ଶ(ݎ

ݏ ⋅ ଶݎݏ =
ଶݏ2ܴ]2 − 4ܴ)ݎ + [ଶ(ݎ

ଶݎଶݏ  

which follows from ∑ܽ(ݏ − ܽ)ଷ = ଶݏݎ4ܴ − ଶ(4ܴݎ2 +  ଶ(ݎ
Let’s get back to the main problem.RHS inequality.Using the Lemma we obtain: 

෍
௕ݎ + ௖ݎ
௔ଶݎ

=
ଶݏݎ2ܴ]2 − 4ܴ)ݎ + [ଶ(ݎ

ଶݎଶݏ =
2
ଶݎ ቈ2ܴ −

4ܴ)ݎ + ଶ(ݎ

ଶݏ ቉ ≤
ீ௘௥௥௘௧௦௘௡

 

≤
2
ଶݎ
൦2ܴ −

4ܴ)ݎ + ଶ(ݎ

ܴ(4ܴ + ଶ(ݎ
2(2ܴ − (ݎ

൪ = 

=
2
ଶݎ ቈ2ܴ −

2ܴ)ݎ2 − (ݎ
ܴ ቉ =

4
ଶݎ ⋅

ܴଶ − 2ܴ)ݎ − (ݎ
ܴ = 4

ܴଶ − ݎ2ܴ + ଶݎ

ଶݎܴ = 

= 4
(ܴ − ଶ(ݎ

ଶݎܴ =
4
ܴ ൬

ܴ
ݎ − 1൰

ଶ

 

Equality holds if and only if the triangle is equilateral.LHS inequality.Using the Lemma we 
obtain: 

෍
௕ݎ + ௖ݎ
௔ଶݎ

=
ଶݏ2ܴ]2 − 4ܴ)ݎ + [ଶ(ݎ

ଶݎଶݏ =
2
ଶݎ ቈ2ܴ −

4ܴ)ݎ + ଶ(ݎ

ଶݏ ቉ ≥
ீ௘௥௥௘௧௦௘௡

 

≥
2
ଶݎ
቎2ܴ −

4ܴ)ݎ + ଶ(ݎ

4ܴ)ݎ + ଶ(ݎ
ܴ + ݎ

቏ =
2
ଶݎ

[2ܴ − (ܴ + [(ݎ =
2(ܴ − (ݎ

ଶݎ
=

2
ݎ
൬
ܴ
ݎ
− 1൰ 

Equality holds if and only if the triangle is equilateral.Remark: In the same way: 
12) In ઢ࡯࡮࡭ the following relationship holds: 

૛
࢘ ≤෍

࢈ࢎ + ࢉࢎ
૛ࢇ࢘

≤
ࡾ
࢘૛ 

Marin Chirciu  

Solution: We prove: Lemma: 

13) In ઢ࡯࡮࡭ the following relationship holds: 

෍
࢈ࢎ + ࢉࢎ
૛ࢇ࢘

=
࢙૛(૝ࡾ− ࢘) − ࢘(૝ࡾ + ࢘)૛

૛࢙࢘ࡾ  

Proof: We have ∑ ௛್ା௛೎
௥ೌమ

= ∑
మೄ
್ ା

మೄ
೎

ቀ ೄ
ೞషೌቁ

మ = ଶ
ௌ
∑ (௕ା௖)(௦ି௔)మ

௕௖
= ଶ

௦௥
⋅ ∑ ௔(௕ା௖)(௦ି௔)మ

௔௕௖
= 

=
2
ݎݏ ⋅

ଶ(4ܴݏ]ݎ2 − (ݎ − 4ܴ)ݎ + [ଶ(ݎ
ݏݎ4ܴ =

ଶ(4ܴݏ − (ݎ − 4ܴ)ݎ + ଶ(ݎ

ଶݏݎܴ  

which follows from: 
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෍ܽ(ܾ + ݏ)(ܿ − ܽ)ଶ = ଶ(4ܴݏ]ݎ2 − (ݎ − 4ܴ)ݎ +  [ଶ(ݎ

Let’s get back to the main problem.RHS inequality. Using the Lemma we obtain: 

෍
ℎ௕ + ℎ௖
௔ଶݎ

=
ଶ(4ܴݏ − (ݎ − 4ܴ)ݎ + ଶ(ݎ

ଶݏݎܴ =
1
ݎܴ ቈ

(4ܴ − (ݎ −
4ܴ)ݎ + ଶ(ݎ

ଶݏ ቉ ≤
ீ௘௥௥௘௧௦௘௡

 

≤
1
ݎܴ

൦(4ܴ − (ݎ −
4ܴ)ݎ + ଶ(ݎ

ܴ(4ܴ + ଶ(ݎ
2(2ܴ − (ݎ

൪ =
1
ݎܴ ቈ

(4ܴ − (ݎ −
2ܴ)ݎ2 − (ݎ

ܴ ቉ = 

=
1
ݎܴ ⋅

ܴ(4ܴ − (ݎ − 2ܴ)ݎ2 − (ݎ
ܴ =

1
ݎܴ ⋅

4ܴଶ − ݎ5ܴ + ଶݎ2

ܴ = 

= ସோమିହோ௥ାଶ௥మ

ோమ௥
≤
(ଵ) ோ

௥మ
, where (1) ⇔ ସோమିହோ௥ାଶ௥మ

ோమ௥
≤ ோ

௥మ
⇔ 

⇔ ܴଷ − 4ܴଶݎ + ଶݎ5ܴ − ଷݎ2 ≥ 0 ⇔ (ܴ − ܴ)(ݎ2 − ଶ(ݎ ≥ 0, obviously from Euler’s 
inequality ܴ ≥  .ݎ2

Equality holds if and only if the triangle is equilateral.LHS inequality .Using Lemma we 
obtain: 

෍
ℎ௕ + ℎ௖
௔ଶݎ

=
ଶ(4ܴݏ − (ݎ − 4ܴ)ݎ + ଶ(ݎ

ଶݏݎܴ =
1
ݎܴ ቈ

(4ܴ − (ݎ −
4ܴ)ݎ + ଶ(ݎ

ଶݏ ቉ ≥
ீ௘௥௥௘௧௦௘௡

 

≥
1
ݎܴ

቎(4ܴ − (ݎ −
4ܴ)ݎ + ଶ(ݎ

4ܴ)ݎ + ଶ(ݎ
ܴ + ݎ

቏ =
1
ݎܴ

[(4ܴ − (ݎ − (ܴ + [(ݎ =
1
ݎܴ ⋅

(3ܴ − (ݎ2 = 

= ଷோିଶ௥
ோ௥

≥
ா௨௟௘௥ ଶ

௥
= ସோమିହோ௥ାଶ௥మ

ோమ௥
≤
(ଵ) ோ

௥మ
, where (1) ⇔ ସோమିହோ௥ାଶ௥మ

ோమ௥
≤ ோ

௥మ
⇔ 

⇔ ܴଷ − 4ܴଶݎ + ଶݎ5ܴ − ଷݎ2 ≥ 0 ⇔ (ܴ − ܴ)(ݎ2 − ଶ(ݎ ≥ 0, obviously from Euler’s 
inequality ܴ ≥  .ݎ2

Equality holds if and only if the triangle is equilateral. 

=
2
ଶݎ

[2ܴ − (ܴ + [(ݎ =
2(ܴ − (ݎ

ଶݎ =
2
ݎ ൬
ܴ
ݎ − 1൰ 

Equality holds if and only if the triangle is equilateral.Remark: Between the sums ∑ ௛್ା௛೎
௛ೌమ

 

and ∑ ௥್ା௥೎
௥ೌమ

 the following relationship exists: 

14) In ઢ࡯࡮࡭: 

෍
࢈ࢎ + ࢉࢎ
૛ࢇࢎ

≤෍
࢈࢘ + ࢉ࢘
૛ࢇ࢘

 

Marin Chirciu  

Solution: Using the above Lemmas we have the sums: 

∑ ௛್ା௛೎
௛ೌమ

= ௦రିସ௦మோ௥ି௥మ(ସோା௥)మ

ସோ௥మ௦మ
 and ∑ ௥್ା௥೎

௥ೌమ
= ଶൣଶோ௦మି௥(ସோା௥)మ൧

௦మ௥మ
 

The inequality can be written: 



 
www.ssmrmh.ro 

7 RMM-ABOUT AN INEQUALITY BY MARIAN URSĂRESCU-XVII 
 

ସݏ − ݎଶܴݏ4 − ଶ(4ܴݎ + ଶ(ݎ

ଶݏଶݎ4ܴ ≤
ଶݏ2ܴ]2 − 4ܴ)ݎ + [ଶ(ݎ

ଶݎଶݏ ⇔ 

⇔ ଶ(16ܴଶݏ + ݎ4ܴ − (ଶݏ ≥ 8ܴ)ݎ − 4ܴ)(ݎ +  :ଶ, which follows from Gerretsen’s inquality(ݎ
ݎ16ܴ − ଶݎ5 ≤ ଶݏ ≤ 4ܴଶ + ݎ4ܴ +  ଶݎ3

It remains to prove that: 
ݎ16ܴ) − ଶ)(16ܴଶݎ5 + ݎ4ܴ − 4ܴଶ − ݎ4ܴ − (ଶݎ3 ≥ 8ܴ)ݎ − 4ܴ)(ݎ + ଶ(ݎ ⇔ 

⇔ (16ܴ − 12ܴଶ)(ݎ5 − (ଶݎ3 ≥ (8ܴ − 4ܴ)(ݎ + ଶ(ݎ ⇔ 16ܴଷ − 27ܴଶݎ − ଶݎ12ܴ + ଷݎ4 ≥ 0 
⇔ (ܴ − 16ܴଶ)(ݎ2 + ݎ5ܴ − (ଶݎ2 ≥ 0, obviously from Euler’s inequality ܴ ≥  .ݎ2
Equality holds if and only if the triangle is equilateral.Remark: Between the sums ∑ ௛್ା௛೎

௥ೌమ
 

and ∑ ௥್ା௥೎
௛ೌమ

 the following relationship exists: 

15) In ઢ࡯࡮࡭: 

෍
࢈ࢎ + ࢉࢎ
૛ࢇ࢘

≤෍
࢈࢘ + ࢉ࢘
૛ࢇ࢘

 

Marin Chirciu  

Solution: Using the above Lemmas we have the sums: 

∑ ௛್ା௛೎
௥ೌమ

= ௦మ(ସோି௥)ି௥(ସோା௥)మ

ோ௥௦మ
 and ∑ ௥್ା௥೎

௛ೌమ
= ௦మ(ଶோାଷ௥)ି௥(ସோା௥)మ

ଶ௦మ௥మ
 

The inequality can be written: 

ଶ(4ܴݏ − (ݎ − 4ܴ)ݎ + ଶ(ݎ

ଶݏݎܴ ≤
ଶ(2ܴݏ + (ݎ3 − 4ܴ)ݎ + ଶ(ݎ

ଶݎଶݏ2 ⇔ 

⇔ ଶ(2ܴଶݏ − ݎ5ܴ + (ଶݎ2 ≥ ݎܴ) − ଶ)(4ܴݎ2 + ଶ(ݎ ⇔ 

⇔ ܴ)ଶݏ − 2ܴ)(ݎ2 − (ݎ ≥ ܴ)ݎ − 4ܴ)(ݎ2 + ଶ(ݎ ⇔ 

⇔ (ܴ − ଶ(2ܴݏ](ݎ2 − (ݎ − 4ܴ)ݎ + [ଶ(ݎ ≥ 0 

Because (ܴ − (ݎ2 ≥ 0, from Euler’s inequality ܴ ≥   and ݎ2

ଶ(2ܴݏ] − (ݎ − 4ܴ)ݎ + [ଶ(ݎ ≥ 0 ⇔ ଶ(2ܴݏ − (ݎ ≥ 4ܴ)ݎ +  ଶ, which follows from(ݎ

Gerretsen’s inequality: ݏଶ ≥ ݎ16ܴ − ଶݎ5 ≥ ௥(ସோା௥)మ

ோା௥
. It remains to prove that: 

௥(ସோା௥)మ

ோା௥
(2ܴ − (ݎ ≥ 4ܴ)ݎ + ଶ(ݎ ⇔ 2ܴ − ݎ ≥ ܴ + ݎ ⇔ ܴ ≥  .(Euler’s inequality) ,ݎ2

Equality holds if and only if the triangle is equilateral. 
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