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1) In ઢ the following relationship holds: 


ܜܗ܋
ࢇ

≥
ૢ
ࡲ

 

Proposed by Marian Ursărescu – Romania  

Solution: We prove: Lemma: 

2) In ઢ the following relationship holds: 


ܜܗ܋
ࢇ =

࢙)࢙ + ࢘ − ࢘ࡾ) + ࡾ(࢘ + (࢘
ࡾ࢙࢘  

Proof: Using cot 
ଶ

= ට ௦(௦ି)
(௦ି)(௦ି)

 we obtain: ∑
ୡ୭୲ಲమ
మ

= ∑
ට ೞ(ೞషೌ)

(ೞష್)(ೞష)

మ
= ∑ ௦(௦ି)

మඥ௦(௦ି)(௦ି)(௦ି)
= 

= 
ݏ)ݏ − ܽ)
ܽଶܵ =

ݏ
ܵ

ݏ − ܽ
ܽଶ = 

= ௦
௦
⋅ ௦

మ൫௦మାଶమିଵଶோ൯ାయ(ସோା)
ଵ௦ோమమ

= ௦మ൫௦మାଶమିଵଶோ൯ାయ(ସோା)
ଵ௦ோమయ

, true from: 


ݏ − ܽ
ܽଶ =

ଶݏ)ଶݏ + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ
ଶݎଶܴݏ16  

Let’s get back to the main problem. Using the Lemma we obtain: 

ܵܪܮ = 
cot2ܣ
ܽଶ =

ଶݏ)ଶݏ + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ
ଷݎଶܴݏ16 ≥

ீ௧௦
 

≥
ீ௧௦ ݎ16ܴ) − ݎଶ)(16ܴݎ5 − ଶݎ5 + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ

ଷݎଶܴݏ16 = 

=
(16ܴ − 4ܴ)(ݎ5 − (ݎ3 + 4ܴ)ݎ + (ݎ

ݎଶܴݏ16 =
64ܴଶ − ݎ64ܴ + ଶݎ16

ݎଶܴݏ16 =
16(4ܴଶ − ݎ4ܴ + (ଶݎ

ݎଶܴݏ16 = 

=
(2ܴ − ଶ(ݎ

ݎଶܴݏ =
1
ݎݏ
ቀ2 −

ݎ
ܴ
ቁ
ଶ

=
1
ܨ
ቀ2 −

ݎ
ܴ
ቁ
ଶ

≥
ா௨ 9

4ܴ =  ܵܪܴ

Equality holds if and only if the triangle is equilateral. 
Remark: The inequality can be strengthened. 

3) In ઢ the following relationship holds: 


ܜܗ܋
ࢇ ≥


ቀࡲ −

࢘
ቁࡾ


 

Marin Chirciu  



 
www.ssmrmh.ro 

2 RMM-ABOUT AN INEQUALITY BY MARIAN URSĂRESCU-XVIII 
 

Solution:  Using the Lemma we obtain: 

ܵܪܮ = 
cot2ܣ
ܽଶ =

ଶݏ)ଶݏ + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ
ଷݎଶܴݏ16 ≥

ீ௧௦
 

≥
ீ௧௦ ݎ16ܴ) − ݎଶ)(16ܴݎ5 − ଶݎ5 + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ

ଷݎଶܴݏ16 = 

=
(16ܴ − 4ܴ)(ݎ5 − (ݎ3 + 4ܴ)ݎ + (ݎ

ݎଶܴݏ16 =
64ܴଶ − ݎ64ܴ + ଶݎ16

ݎଶܴݏ16 =
16(4ܴଶ − ݎ4ܴ + (ଶݎ

ݎଶܴݏ16 = 

=
(2ܴ − ଶ(ݎ

ݎଶܴݏ =
1
ݎݏ
ቀ2 −

ݎ
ܴ
ቁ
ଶ

=
1
ܨ
ቀ2 −

ݎ
ܴ
ቁ
ଶ

=  ܵܪܴ

Remark: Inequality 3) is stronger than inequality 1) 
4) In ઢ the following relationship holds: 


ܜܗ܋
ࢇ ≥


ࡲ
ቀ −

࢘
ࡾ
ቁ

≥

ૢ
ࡲ 

Solution: See inequality 3) and ଵ
ி
ቀ2 − 

ோ
ቁ
ଶ
≥ ଽ

ସி
⇔ ܴ ≥  .(Euler’s inequality) ,ݎ2

Equality holds if and only if the triangle is equilateral.Remark: Let’s find an inequality of 
opposite sense. 

5) In ઢ the following relationship holds: 


ܜܗ܋
ࢇ ≤


ࡲ ቆ

ࡾ

࢘ −
ࡾ
࢘ +

࢘

 ቇࡾ
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Solution: Using the Lemma we obtain: 

ܵܪܮ = 
cot2ܣ
ܽଶ =

ଶݏ)ଶݏ + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ
ଷݎଶܴݏ16 ≥

ீ௧௦
 

≤
ீ௧௦ (4ܴଶ + ݎ4ܴ + ଶ)(4ܴଶݎ3 + ݎ4ܴ + ଶݎ3 + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ

ଷݎଶܴݏ16 = 

=
(4ܴଶ + +ݎ4ܴ ଶ)(4ܴଶݎ3 − ݎ8ܴ + (ଶݎ5 + ଷ(4ܴݎ + (ݎ

ଷݎଶܴݏ16 =
16ܴସ − 16ܴଷݎ + ସݎ16

ଷݎଶܴݏ16 = 

=
ܴସ − ܴଷݎ + ସݎ

ଷݎଶܴݏ =
1
ݎݏ ⋅

ܴସ − ܴଷݎ + ସݎ

ܴଶݎଶ =
1
ܨ ቆ

ܴଶ

ଶݎ −
ܴ
ݎ +

ଶݎ

ܴଶቇ =  ܵܪܴ

Equality holds if and only if the triangle is equilateral.Remark: We can write the double 
inequality: 
6) In ઢ the following relationship holds: 


ࡲ
ቀ −

࢘
ࡾ
ቁ

≤

ܜܗ܋
ࢇ ≤


ࡲ ቆ

ࡾ

࢘ −
ࡾ
࢘ +

࢘

 ቇࡾ
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Solution: We prove: Lemma: 

7) In ઢ the following relationship holds: 


ܜܗ܋
ࢇ =

࢙)࢙ + ࢘ − ࢘ࡾ) + ࡾ(࢘ + (࢘
ࡾ࢙࢘  

Proof: Using cot 
ଶ

= ට ௦(௦ି)
(௦ି)(௦ି)

 we obtain: 


cot2ܣ
ܽଶ = 

ට ݏ)ݏ − ܽ)
ݏ) − ݏ)(ܾ − ܿ)

ܽଶ = 
ݏ)ݏ − ܽ)

ܽଶඥݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ)
= 

= 
ݏ)ݏ − ܽ)
ܽଶܵ =

ݏ
ܵ

ݏ − ܽ
ܽଶ = 

= ௦
௦
⋅ ௦

మ൫௦మାଶమିଵଶோ൯ାయ(ସோା)
ଵ௦ோమమ

= ௦మ൫௦మାଶమିଵଶோ൯ାయ(ସோା)
ଵ௦ோమయ

, true from: 


ݏ − ܽ
ܽଶ =

ଶݏ)ଶݏ + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ
ଶݎଶܴݏ16  

Let’s get back to the main problem.RHS inequality.Using the Lemma we obtain: 

ܧ = 
cot2ܣ
ܽଶ =

ଶݏ)ଶݏ + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ
ଷݎଶܴݏ16 ≤

ீ௧௦
 

≤
ீ௧௦ (4ܴଶ + ݎ4ܴ + ଶ)(4ܴଶݎ3 + ݎ4ܴ + ଶݎ3 + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ

ଷݎଶܴݏ16 = 

=
(4ܴଶ + +ݎ4ܴ ଶ)(4ܴଶݎ3 − ݎ8ܴ + (ଶݎ5 + ଷ(4ܴݎ + (ݎ

ଷݎଶܴݏ16 =
16ܴସ − 16ܴଷݎ + ସݎ16

ଷݎଶܴݏ16 = 

=
ܴସ − ܴଷݎ + ସݎ

ଷݎଶܴݏ =
1
ݎݏ ⋅

ܴସ − ܴଷݎ + ସݎ

ܴଶݎଶ =
1
ܨ ቆ

ܴଶ

ଶݎ −
ܴ
ݎ +

ଶݎ

ܴଶቇ =  ܵܪܴ

Equality holds if and only if the triangle is equilateral.LHS inequality. Using the Lemma we 
obtain: 

ܧ = 
cot2ܣ
ܽଶ =

ଶݏ)ଶݏ + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ
ଷݎଶܴݏ16 ≥

ீ௧௦
 

≥
ீ௧௦ ݎ16ܴ) − ݎଶ)(16ܴݎ5 − ଶݎ5 + ଶݎ2 − (ݎ12ܴ + ଷ(4ܴݎ + (ݎ

ଷݎଶܴݏ16 = 

=
(16ܴ − 4ܴ)(ݎ5 − (ݎ3 + 4ܴ)ݎ + (ݎ

ݎଶܴݏ16 =
64ܴଶ − ݎ64ܴ + ଶݎ16

ݎଶܴݏ16 =
16(4ܴଶ − ݎ4ܴ + (ଶݎ

ݎଶܴݏ16 = 

=
(2ܴ − ଶ(ݎ

ݎଶܴݏ =
1
ݎݏ
ቀ2 −

ݎ
ܴ
ቁ
ଶ

=
1
ܨ
ቀ2 −

ݎ
ܴ
ቁ
ଶ

=  ܵܪܮ

Equality holds if and only if the triangle is equilateral. 
Note: LHS inequality strengthen the proposed problem by Marian Ursărescu in RMM 
1/2021: 
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In ઢ the following relationship holds: 


ܜܗ܋
ࢇ ≥

ૢ
ࡲ 
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