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In AABC the following relationship holds:

_ 2bc (and l0gs)
Sa = 77z (and analogs
ma(b_c)z
Ma=Sa="3 7 = |b—C|

If b = ¢ we have equallty
Ib |(:)";“2|b dcl <:)Zma|b—c|<b2+c
& Zmalb —c| < |b? = c?| true from |b? — c?| < b? + 2.
So, we have a new inequality:

Ifbic::»ma(b C)

1
5 |b — c| = m, — s, (and analogs); (1)

1
EZIb — c¢| = max{a, b,c} — min{a, b, c} =

cyc

max{a, b, c} — min{a, b, c} > Z(ma —54);(2)

cyc
|b—c| > Ng — Ya
But

1 =
EIb—cIZma—sa

3
> |b—c|=n,+m,— g, — s, (and analogs); (3)
Adding these up relations, we get:
1
max{a, b, c} — min{a, b, c} > 3 E(na +m,—g,—S5);(4)
cyc

Elb—clZna+ma—ga—sa;na+gaZZma:na22ma—ga
3
Elb_clsza_ga-l'ma_ga_sa:3ma_29a_sa

|b —c|l == ;M — 29, — S, (and analogs); (5)

Addlng these up relations, we get:

1
max{a, b, c} — min{a, b, c} > 3 Z(Bma —2g,—Sg);(6)

cyc
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. 1 1
max{a, b, c} — min{a, b, c} > 3 (ng +ny +n.) + 3 Z(ma —Ja — Sa)
cyc

Butng+n, +n.=s /4—%then,

1
max{a, b, c} — m1n{abc}>§ s 4——+— Z(ma 9a — Sa)

cyc
So, it follows that:

. 2r
3(max{a, b,c} — min{a,b,c}) > s |4 — ) + Z(ma —9a—54);(7)

cyc
n3 2r, a s

h—é=ﬁ+h—;a'ha=287'=>z=h—a

2
s?2=n2+2r,h, >
a? n? r( 4 analogs)
:}— —_— —_—

2 h2 h and analogs
(a+b+c)(b+c—a)_(b+c)2—a2
4 ( _)2 4
s ) a® (b+c TpTe
a‘ = (b+c) —4n,r; iz 2
ng 2r, (b+c)? mnr
h2  h,  4r2 r?

Tl _Ta—T A 1 1 —

nr.=s(s—a) =

T
R h iR = sin? o) = h_a == (and analogs)

(b+c)? nZ r,—r mnr
bc =1, + 11 ——— =

42 RZ r r2
(b+c)2:n_§+bc—r2:>1+(b+c)2—4bc:n_§
412 hZ r? 412 hZ
So, it follows that:
n; (b —c)?

2 + 57 (and analogs); (8)
— )2 )2
(b—c) > (ng + Mg — ga — Sqa) < n 1)

4 - 9
i+ (b —¢)? S 92 + (ng + My — ggq — Sa)*
412 9r2
n_§>9r2+(na+ma—ga—sa)2
hz — 9r2

So, it follows that:
ng \/9r2+(na+ma ga—Sa)* 1 1 1

3r 'ha+hb+h r

g:‘

|
S
I

|

U
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3 >2\/9r2+(na+ma_ga_sa)2

;(9)
na
cyc
a? na L2 27, - 912 + (ng + My — ga — Sa)? r
4r2 " h2 R, = Or? r
a? - 92 + (ng + My — gag — Sg)* + 911, — 972
41?2 — Or?
a’>  9rr,+ (mg+ng — gg — Sa)?
4r?2 — 9r?
9r2 - 91, + (Mg + Ny — gg — Sa)*
4r? — a?
3 9rr, + (m, + n, — 5,)2
E \/ a —Ja” %a (and analogs); (10)

Summing, we get:

;2 Z\/grra + (ma +ana —Ya — Sa)z ; (11)

cyc

3
Ea > \/9rra + (ng+myg — gg — S)* =

3
E(a+b+c) Zz\/9rra+(na+ma—ga—sa)2

cyc

3s > Z\/9rra +ng,+m, — g, —5,)?%;(12)

cyc

2 =n2+42r,hy > 2r,hy =52 —n2 = (s +ny)(s +ny)
2r,h, 2r,

2 (and analogs) =
na

2r,h
35=na+nb+nc+z -

s+ n,
cyc
So, it follows that:

2r h,
n, +n, +n, +z Z\/9rr + g, +m, — g, —s,)?*;(13)

cyc cyc

s a ng 27,

h, 2r ha+s+na -
\/9rra+(ma+na Ja — Sa)?
2r 3r
n r 9rr,+(m,+n,—g, —S,)>
_a+ a 2\/ a ( a a ga a) ;(14)
h, s+n, 3r
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sind =2 sin oS = sinZE + cos? 5= 1; tan = = =
1
2 sin—cosé cos? 4 2 tané
. _ 2 2 2 2
sin4 = . =
A AT 1 LA
sin“ = cos“ 5 1+ tan“5
7C08"7 — 2
cos? =
2sT, 2
i = a_ .2 _ 2
SlnA—m,S = a+2raha
1 ni+1+2rh, - 2ng1y + 21,hy Mg+ hg
sind 2571, - 2571, B S
So, we have:
1 ng + hg _
— > (and analogs); 2F = bc - sin A
sin A S N
2F 2F +
= bc = > (Mg + ha)

> 2r(ng + hy)

sinA — s R L
ng +
bc = 2Rh, = 2r(ng + hy) = — > ——=2
r h,
:>R—r2\/9r2+(ma+na—ga—sa)2

r 3r
3(R—1r) = \/9r2 +(myg+n,—g,—s,)? (15)
9R? —18Rr + 9r?2 > 91?2 + (ng + my — gq — Sa)*
9R(R —2r) = (ng + My — gq — Sa)*
So, we get:
9R(R—2r) = (ng+m, — g, — 5,)%; (16)

—_2
Now, using : m, — h, = % (and analogs)

a(me —ha) _ (b=)* (b=0) 1

72 2y T o h_(zl — 1 (and analogs)
a(mg — hg) nczl - hczl hczl nczl - 621.
> = —hy) =
272 ~  hZ 272 (mq = ha) 2 a
2 2 2 2
a Nng — ha ng — ha
272 (Ma ~ ha) —( 2F, y 2;17”)
S Ng — he)(Ng + Ng
- —hy) >
r (ma a) - ha
s my—hy, ng—h,; ng s my—h, ng,
—. > - — — S — > — 1
r ng+hg hg hg r ng+hy  hy
So, we get:
s my,—h, >\/9r2+(ma+na—ga—sa)2—3r
r ng+h, 3r
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mg—h, 9%+ (Mg +n,— g, — s,)% —3r
> ;(17)
n, + h 3s
my, JOrZ + (mg +ng — go — 54)> —3r
n, + h 3s
cyc cyc
nZ s nZ s?
2 — o2 _ e _ 2 _ a4 __ _
ng =5t = 2mhg 3t = - 2 = Z b=~ 204R +7)

cyc

n; s?—2r(4AR+1) n, n, 1

e T T
ng €Bs |(nZ n; n? <1 1 1)
4 < < S T
h, = \/(h +hb+hc> TRt
cyc
—>— z\/9r2+(n +m, — g, — S.)?%; (19)

cyc cyc
Js2—2r(4R+1) = 5-2\/91*2 + (ng+mg— g, —S.)?%; (20)

cyc
But: s2 < 4R? + 4Rr + 3r? (Gerretsen) =

Mo _ 4R* +4Rr +3r2 —8Rr — 2r?  |(2R —1)?
hg — r? B r?

cyc
n, 2R-r
Eh—s " =>3(2R—r)22\/91”2+(na+ma—ga—sa)2;(21)
cyc a cyc
We known that: n,g, = m,w,, n, + g, = 2m, and W > mg.

Naga(Mg + ga)
2w,

Ngga(Mg + go) 1
\/ ! az;a ! -TbTCZEIb—CI

1 1
But: m2 =n,1. + Z(b —-c)? > — Tt = Z(b —¢)?

Summing, we get:

n n, +
Z\/ a9a(Mg + ga) -1p7r. = max{a, b, c} — min{a, b, c}; (22)

2w,

5 \/nagag:f 92 . . 5 > my -~ 50); (23)

cyc cyc

cyc
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+ 1
Z\/naga(na ga)_rbrc Zg'z(na-}'ma_ga_sa);(zél')

2w,
cyc cyc

n,g,(n, + g,) 1
2\/ 2w, —TpT, 25-2(3ma—29a—sa);(25)

cyc cyc
7, n, T 2R—r>na n, N,

h_ T Th “h h T h
n n
LT NV 2 z\/9r2+(n +m, —g,—5,)%;(26)
h, h,
cyc
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