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D.M. BĂTINEŢU-GIURGIU, MIHÁLY BENCZE, DANIEL SITARU, NECULAI STANCIU

Abstract. In this paper we present some IMO type inequalities with Fi-

bonacci and Lucas numbers.

Problem 1.
If (Ln)n≥0, L0 = 2, L1 = 1, Ln+2 = Ln+1 + Ln,∀n ∈ N, is Lucas’s sequence, and
a, b, c ∈ R∗

+ such that a+ b+ c ≤ 24, then:
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Proof. We have:
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,∀n ∈ N

where pn = LnLn+1Ln+2,∀n ∈ N. We denote vn =
√
Ln ·

√
L3
n + apn and

Vn = vn+vn+1+vn+2 =
√

Ln·
√
L3
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√
Ln·
√
L3
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√
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We have that:

V 2
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√
L3
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)2 C-B-S
≤ sn(L

3
n + L3

n+1 + L3
n+2 + (a+ b+ c)pn),∀n ∈ N,

where sn = Ln + Ln+1 + Ln+2,∀n ∈ N. Since

(x+ y + z)3 ≥ x3 + y3 + z3 + 24xyz,∀x, y, z ∈ R∗
+ and

V 2
n ≤ sn(L

3
n+L3

n+1+L3
n+2+(a+b+c)pn) ≤ sn(L

3
n+L3

n+1+L3
n+2+24LnLn+1Ln+2)

then

(2) V 2
n ≤ sn · s3

n = s4
n,∀n ∈ N⇔ vn ≤ s2

n,∀n ∈ N

By Bergström’s inequality, and from (1) and (2) we obtain that:

Un ≥
(sn)

2

Vn
≥ s2

n

s2
n

= 1,∀n ∈ N,

so we are done. �
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Problem 2.
If (Fn)n≥0, F0 = F1 = 1, Fn+2 = Fn+1 + Fn,∀n ∈ N, is Fibonacci’s sequences, and
a, b, c ∈ R∗

+ such that a+ b+ c ≤ 24, then:

Fn√
F 2
n + aFn+1Fn+2

+
Fn+1√

F 2
n+1 + bFn+2Fn

+
Fn+2√

F 2
n+2 + cFnFn+1

≥ 1,∀n ∈ N.

Proof.

Un =
Fn√

F 2
n + aFn+1Fn+2

+
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F 2
n+1 + bFn+2Fn

+
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(1)
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=
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F 3
n + aFnFn+1Fn+2

=
∑ F 2

n√
Fn ·

√
F 3
n + apn

,∀ ∈ N

where we denote pn = FnFn+1Fn+2,∀n ∈ N. We denote vn =
√
Fn ·

√
F 3
n + apn,

and

Vn = vn+vn+1+vn+2 =
√

Fn·
√
F 3
n + apn+

√
Fn+1·

√
F 3
n+1 + bpn+

√
Fn+1·

√
F 3
n+1 + cpn,∀n ∈ N.

We have:

V 2
n =

(∑√
Fn ·

√
F 3
n + apn

)2 C-B-S
≤ sn(F

3
n +F 3

n+1 +F 3
n+2 +(a+ b+ c)pn),∀n ∈ N,

where we denote sn = Fn + Fn+1 + Fn+2,∀n ∈ N. Since
(x+ y + z)3 ≥ x3 + y3 + z3 + 24xyz,∀x, y, z ∈ R, and

V 2
n ≤ sn(F

3
n+F 3

n+1+F 3
n+2+(a+b+c)pn) ≤ sn(F

3
n+F 3

n+1+F 3
n+2+24FnFn+1Fn+2)

then

(2) V 2
n ≤ sn · s3

n = s4
n,∀n ∈ N⇔ Vn ≤ s2

n,∀n ∈ N
We apply Bergström’s inequality, and from (1) and (2) we deduce that:

Un ≥
(sn)

2

Vn
≥ s2

n

s2
n

= 1,∀n ∈ N,

i.e. we obtain the given inequality. �

Problem 3.
If (Fn)n≥0, F0 = F1 = 1, Fn+2 = Fn+1 + Fn,∀n ∈ N, is Fibonacci’s sequence and
a, b, c ∈ R∗

+ with abc = 1, then for any m ∈ R+ is true the inequality.

1

a3m+3(Fn + Fn+1c)m+1
+

1

b3m+3(Fnc+ Fn+1a)m+1
+

1
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,∀n ∈ N

Proof. By J. Radon’s inequality we have:
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,∀n ∈ N

We also have
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=
1
a2

Fnab+ Fn+1ac
+

1
b2

Fnbc+ Fn+1ab
+

1
c2
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,∀n ∈ N,

where we apply Bergström’s inequality, and we deduce that:
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( 1
a + 1

b + 1
c )

2
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3
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From (1) and (2) yields that:
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1
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( 3

Fn+2

)m+1

=
3

Fm+1
n+2

,∀n ∈ N

�

Observation. For n = m = 0, i.e. F0 = F1 = 1, F2 = 2, the given inequality
becomes
If a, b, c ∈ R∗

+ such that abc = 1, then 1
a3(b+c) + 1

b3(c+a) + 1
c3(a+b) ≥

3
2 , i.e. the

problem at IMO, Canada, 1995, proposed by Russia.
Problem 4.
If (Fn)n≥0, F0 = F1 = 1, Fn+2 + Fn,∀n ∈ N, and a, b, c ∈ R∗

+ such that abc = 1
then the following inequality is true.

1

a3(Fnb+ Fn+1c)
+

1

b3(Fnc+ Fn+1a)
+

1

c3(Fna+ Fn+1b)
≥ 3

Fn+2
,∀n ∈ N

Proof. We denote:

Bn =
1

a3(Fnb+ Fn+1c)
+

1

b3(Fnc+ Fn+1a)
+

1

c2(Fna+ Fn+1b)
=

=
1
a2

Fnab+ Fn+1ac
+

1
b2

Fnbc+ Fn+1ab
+

1
c2

Fnac+ Fn+1bc
,∀n ∈ N

and by Bergström’s inequality we have:

Bn =
( 1
a + 1

b + 1
c )

2

(Fn + Fn+1)(ab+ bc+ ca)
=

(ab+ bc+ ca)2

Fn+2(abc)2(ab+ bc+ ca)
=

ab+ bc+ ca

Fn+2

MA-MG
≥

MA-MG
≥

3 · 3
√

(abc)2

Fn+2
=

3

Fn+2
,∀n ∈ N

�

Observation. For n = 0, F0 = F1 = 1, F2 = 2, and the inequality becomes:
If a, b, c ∈ R∗

+ such that abc = 1, then:

1

a3(b+ c)
+

1

b3(c+ a)
+

1

c3(a+ b)
≥ 3

2

i.e. the IMO Problem, Canada, 1995.
Problem 5.
If (Ln)n≥0, L0 = 2, L1 = 1, Ln+2 = Ln+1 + Ln,∀n ∈ N, is the Lucas’s sequences,
and a, b, c ∈ R∗

+ such that abc = 1, then:

1

a6(Lnb+ Ln+1c)2
+

1

b6(Lnc+ Ln+1a)2
+

1

c6(Lna+ Ln+1b)2
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Proof. By Bergström’s inequality we have:

An =
1

a6(Lnb+ Ln+1c)2
+

1

b6(Lnc+ Ln+1a)2
+

1

c6(Lna+ Ln+1b)2
≥

(1) ≥ 1

3

( 1

a3(Lnb+ Ln+1c)
+

1

b3(Lnc+ Ln+1a)
+

1

c3(Lna+ Ln+1b)

)2

,∀n ∈ N

Also, we have:

Bn =
1

a3(Lnb+ Ln+1c)
+

1

b3(Lnc+ Ln+1a)
+

1

c3(Lna+ Ln+1b)
=

=
1
a2

Lnab+ Ln+1ac
+

1
b2

Lnbc+ Ln+1ab
+

1
c2

Lnac+ Ln+1bc
,∀n ∈ N

where we apply again, Bergström’s inequality and AM-GM inequality and we de-
duce that

Bn ≥
( 1
a + 1

b + 1
c )

2

(Ln + Ln+1)(ab+ bc+ ca)
=

(ab+ bc+ ca)2

Ln+2(abc)2(ab+ bc+ ca)
=

ab+ bc+ ca

Ln+2

AM-GM
≥

(2)
AM-GM
≥

3 · 3
√

(abc)2

Ln+2
=

3

Ln+2
,∀n ∈ N

From (1) and (2) follows that:

An ≥
1

3

( 3

Ln+2

)2

=
3

L2
n+2

,∀n ∈ N

and we are done. �
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