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ABSTRACT. In this paper we present some IMO type inequalities with Fi-
bonacci and Lucas numbers.

Problem 1.
If (Lp)n>0,Lo =2,L1 =1,Lp4o = Lyy1 + Ly, Vn € N, is Lucas’s sequence, and
a,b,c € R% such that a + b+ ¢ < 24, then:
L, L, L,
: + A + +2 >1,¥neN
VIZ + L1 Loss \/L‘;‘L Y \/L% o+ clnlni

Proof. We have:
Ln Ln+1 Ln+2

Up = —— + +
VI2 +alni1lny \/Lg 1+ bLnyoLy \/LEL o+ clnlni

(1)
L, L2 L2

Un = = — n ,
Z \/L% + aLn+1Ln+2 Z V Ln . \/L% + aLnLn+1Ln+2 Z \/E . \/m
where p,, = Ly L1 Lny2,¥n € N. We denote v, = /L, - \/L3 + ap, and

Vio = Untont1+vnte = VLo /L3 + apn+/ LA/ L3 + bpp++/ LA/ L3 - cpp,¥n € N

‘We have that:

2 C-B-S
v :(ZLn\/LZ + apn) < sl + Loy + Lo+ (a+b+c)pn),Vn €N,

where s, = L, + Ly+1 + Ly42,Vn € N. Since

Vn € N

(x+y+2)3>a3 4+ 93+ 23 + 24ayz,Va,y, 2 € RY and

Vn2 < Sn(Li +L§L+1 —|—L§L+2 +(a+b+c)pn) < Sn(Lfb —|—L£’L+1 +L§L+2 +24Ly L1 Ly2)
then

(2) Vi<s, s2=stVneN&aw,<s2,VneN

By Bergstréom'’s inequality, and from (1) and (2) we obtain that:

2 2
U, > —(ij) > _ 1 vneN,
: s2

so we are done. O
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Problem 2.
If (Fo)n>0,Fo=F1 =1,F,49 = Fy41 + F,,¥n € N, is Fibonacci’s sequences, and
a,b,c € R% such that a + b+ ¢ < 24, then:

Fn Fn+1 Fn+2
VEFZ +aFpiFors \/ 2 0P F \JF2 + cF B

>1,YneN.

Proof.
Fn Fn+1 Fn+2

+
2
VFZ+ aFpi1Fois \/ 2 +bF,oF, \/ 2 o4 PP

n =

(1)

F?2 F?
= n = N
Z VFZ+ aFnHFn+2 Z VF, \F3+aF,Fyi1Fpi2 Z VF, -\ F3+ apn

where we denote p, = F,Fp11Fn12,Vn € N. We denote v, = VFy, - /F2 + apn,
and

Vi = Untvnp1+vpgio = v Fn\/Fg + ava+\/sz+1' \/ Fs_g_l + bpn+ V Fn+1'\/ FS+1 + ¢pn, Vn € N.

We have:

v2=( VE -V Fap

where we denote s, = F,, + Fy,41 + Fp42,Vn € N. Since

QCBS 3 3
) n(F) +F+1+F+2+(a+b+c)pn) Vn € N,

(x+y+2)3>a® 4+ 9>+ 23 + 24ayz, Ve, y, 2 € R, and

V2 < sp(Fa+FS (+F3 o+ (atb+o)p,) < sn(Fo+F2  +Fo o4+24F, Fyi1Fpio)
then

(2) Vi<s,-s3=stvneNaV,<s?vneN

We apply Bergstrom’s inequality, and from (1) and (2) we deduce that:

2 2
v, > B s _ 1,vn €N,

s2
n
i.e. we obtain the given inequality. O

Problem 3.
If (Fo)n>0,Fo0 = F1 = 1,Fh19 = Fp1 + Fp,,¥n € N, is Fibonacci’s sequence and
a,b,c € R} with abc = 1, then for any m € R is true the inequality.
1 1 1

>
a3m+3(Fn + Fn+1c)m+1 +b3m+3(}7nc + Fn+1a)77L+1 +C3m+3 (Fna + Fn+1b)m+1 — Frﬁzl ?

Vn €N

Proof. By J. Radon’s inequality we have:
1 1 1

A, = >
@33 (b + Fypqc)mtl +b3m+3(Fnc—|— Frypra)mtl +C3m+3(Fna+Fn+1b)m+1 =

(1) > 1( ! + ! + ! )m+1v eN
— n
3 \ad(Fpob+ Fryic)  V3(Fpc+ Fpiia)  A(Fpa+ Frib) ’

We also have

1 1 1
B, =

+ + =
a3(Fpob+ Fry1c)  B3(Fhc+ Fpiia)  A(Fpa+ Fuhypb)
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1 1 1

a? b2 2
- VneN
Frab+ Fyoiac | Fabe+ Fppaab T Foac+ Fpogbe’ 0 E 00

where we apply Bergstrom’s inequality, and we deduce that:

B > (T+3+21)2 B (ab + be + ca)? _ ab+be + ca MAMG
"= (Fy+ Fuy1)(ab+bc+ca)  Fnio(abe)2(ab+be +ca) Frio -
MA-MG 3. &/(abc)2
) SR AULD LN B
Fn+2 Fn+2

From (1) and (2) yields that:

1 3 \mtl 3
Anzgim( ) =7m+1,‘v’n€N

Fn+2 n+2

O

Observation. For n = m = 0, i.e. Fy = F; = 1, F, = 2, the given inequality
becomes
* _ 1 1 1
If a,b,c € RY such that abc = 1, then 079 T Pt T Fam
problem at IMO, Canada, 1995, proposed by Russia.
Problem 4.
If (Fu)n>0,Fo = F1 = 1,Fuq0+ Fp,Vn € N, and a,b,c € RY such that abc = 1
then the following inequality is true.
1 1 1 3
3 + 3 T3 E
a(Epb+ Frpic)  V(Fhe+ Fuiia)  A(Fpa+ Fpab) = Fago

Proof. We denote:

> %, i.e. the

,VneN

1 1 1
a?(Fpb+ Fryic)  U3(Fhc+ Fhi1a)  A(Fpa+ Fuiqb)
1 1 1
a” + b2 c? Vn €N

= Fnab+ Fpoaac T Fobe+ Fpoaab |+ Fac+ Fpoibe’
and by Bergstrom’s inequality we have:

B (I+3+1)2 B (ab + be + ca)? _ ab+be + ca MAMG
" (Fp+Fpy1)(ab+bc+ca)  Fpyo(abe)?(ab+ be +ca) Frio -
MA-MG 3. 2 2
S 3 (abe) _ 3 VneN
Fn+2 Fn+2
U

Observation. For n =0, Fy = F; = 1, F5 = 2, and the inequality becomes:
If a,b,c € RY such that abc = 1, then:
1 n 1 n 1
ad(b+c) bc+a) Ala+d)
i.e. the IMO Problem, Canada, 1995.
Problem 5.
If (Lp)n>0,Lo =2,L1 = 1,Ly42 = Lpt1 + Ly, Vn € N, is the Lucas’s sequences,
and a,b,c € R’ such that abc = 1, then:
1 1 1 3
+ + > =
aS(Lypb+ Lyyi1c)?  09(Lnpc+ Lypy1a)?  S(Lpa+ Lp1b)? — L7,

3
> 2
-2

,Vn €N
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Proof. By Bergstrom’s inequality we have:
1 1 1

A, = >
aS(L,b+ Lyt10)? + bS(L,c+ Lpt1a)? + cS(Lpa+ Lpy1b)? —
1 1 1 1 2
> 7( + + ) ¥n e N
= 3\a3(Lpb+ Lyyice)  b3(Lpec+ Lypyia)  A3(Lpa+ Lyid) "
Also, we have:
s 1 . 1 . 1 B
" a3(Lpb+ Lyyic)  b3(Lpc+ Lyyia)  3(Lpa+ Lygib)
1 1 1
= a2 + v + < VneN

L,ab+ Lyiiac  Lpbe+ Lyiiab  Lypac+ Lyy1be
where we apply again, Bergstrom’s inequality and AM-GM inequality and we de-
duce that

B > (L +1+1)2 B (ab + be + ca)? __ab+bc+ca AM;GM
"= (Lp+ Lny1)(ab+bc+ca)  Lpia(abe)2(ab+be+ca)  Lpio -
AM-GM 3. ¥/(abc)2
@) M3 VI 8y e
Ln+2 Ln+2

From (1) and (2) follows that:
1/ 3 \2 3
> —_ = —_—n
A"_3<Ln+2) 2, el

and we are done. O
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