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ABSTRACT. In this paper we present some new inequalities in convexe poly-
gons.
Theorem 1.
If AjAs ... A,,n > 3 is a regular polygon, M a point on incircle and N a point on
circumcircle of the polygon, then:

Proof. Let O be the center of the polygon and Oy be the system of coordinates
with [Oz) = [OA,,). WLOG we assume that the circumradius is R = 1.

We have A (cos %Tﬂ sin 2k”) k =1,n. Let t and u be the arguments of the afixes of
the points M and N. We have that in radius is 7 = cos 7, so M (cos 7 cost, cos - sin t).
Therefore:
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In (1) we use the fact that the afixes e, = cos 22T + isin %—L’T k =1,n of the points

Ay, are the roots of the equation 2™ — 1 =0, SO that Zk:l er = 0, from where we
deduce that:

Also, we have:

Zn Z 2km\2  — 2km 2
NA2 - ( B ) ( ' B ' ) -
2 . COS U — COS " + E Sinu — sin "

k=1 k=1

2k 2km
2 = -2 7—2 =2
(2) =n+n coschos smqum -~ n

k=1 k=1



2 D.M. BATINETU-GIURGIU, MIHALY BENCZE, DANIEL SITARU, NECULAI STANCIU
By (3) and by Bergstrom’s inequality we have:
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and we are done. O

Theorem 2.
If AjAs... A,y,n > 3 is a regular polygon, M a point on incircle and N a point on
circumcircle of the polygon, then:

ZNA2 > 16(34—00&—) X:NA2

Proof. Let O be the center of the polygon and Oy be the system of coordinates
with [Oz) = [OA,,). WLOG we assume that the circumradius is R = 1.

We have A (cos %Tﬂ sin 2k”) k =1,n. Let t and u be the arguments of the afixes of
the points M and N. We have that mradlus isr = cos I, so M(cos T cost,cos = sint).
Therefore:
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In (1) we use the fact that the afixes e, = cos 22 2’” + i sin %—” .k =1,n of the points

Ay, are the roots of the equation ™ — 1 = 0, so that Zk:l r = 0, from where we
deduce that:

Also, we have:
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By (1) and (2) we deduce that:
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By (3) and by Bergstrom’s inequality we have:
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and we are done. O
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Theorem 3.
If AjAy ... A,,n > 3is a convex polygon inscribed in the circle C(O, R) and circum-
scribed in the circle C'(I,r) such that O € IntA; Ay ... A,. If s is the semiperimeter
of the given polygon, then 2sr < nR2.

Proof. We have that:

OAy - OAp
2

OAyj, - OAj
2

Ay = area(OARAg41) = sin AgOAk1 < Jk=1,n.

Hence, sr:A:ZAk < §ZOAkoOAk+1 =3 ‘n-R* < 2sr <nR
k=1 k=1
and the proof is complete. (I

Theorem 4.
If AjAs... A,,n > 3 be a convex polygon circumscribed to circle C(I,r) and
M € IntA;As ... A,. If ri are the inradius of the triangles M Ax A1,
k= 1,77’1, An+1 = Al then ZZ:l TR > T.

Proof. We denote by A the area of the given polygon and by s the semiperimeter of
the polygon. Denoting Ay the area of triangle M Ay Ar+1 and s, the semiperimeter
of triangle M A, A1k = 1,n. We have that:
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and we are done. O

Theorem 5.
If AjAs...A,(n > 3) be a convex polygon with the semiperimeter p which is
circumscribed to circle C(I,r), M € IntA; A,y ... A, and 7 be the inradius of the

PR n 7‘2
triangle M Ay Ag1, with the area Sip(k =1,n)A,11 = Ay then >, S—’i > %

Proof. Let S be the area of the given polygon and p; be the semiperimeter of
triangle M A Ay1(k = 1,n). By Bergstrom’s inequality we have:

O vy=3 b s ) (T )?

S S Sp S S Sp S r
(2) 7“1+7’2+...+7"n:71+72+...+7>f1+f2+...+f:*:*p:7"
pP1 P2 Pn p p p p p
From (1) and (2) we obtain that U,, > % = ;% = 7, and we are done. O

Theorem 6.
If AjAy...A,,n > 3 be aconvex n - gon with ay the length of the side [AxAk11],
k =1,n, and s the semiperimeter of the polygon, then:
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Proof. By J. Radon’s inequality we have:

where

and by H. Bergstrom’s inequality we deduce that:
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By (1) and (2) we are done. O

Theorem 7.
If AjAy...A,,n > 3 is a convex polygon, and M € Int(A1As...A,), with
Pragae, M =Ty € [AgApya], for any k€ {1,2,...,n}, App1 = Ay, then:

AkAk—H ™
Z MT, >2ntanﬁ

Proof. We denote V = for any and k = 1,n < k € {1,2,...,n}. We first prove the
Lemma. Let A, B, A # B be points in plane and M ¢ AB,T = pragM, then:
AB
MT
where u = u(LAMT),v = (LT M B), are the measures in radians of angles ZAMT
and ZTMB.

=tanu + tanv

Proof of the lemma. We have the cases:

i) T € (AB). We have: tanu = 4= and tanv = 8L so tanu + tanv = £5..
i) T = A. Wehavetanu-%—%—Oandtanv— ﬁ?,sotanu—l—tanv—%.

AB BT _ BB _ _ AB
iii) I" = B. We have tanu = {7 and tanv = 577 = 177 = 0, so tanu+tanv = 7.
From lemma we have:

A%AT’“:l = tan ug+tanvg, Vk = 1,n, where uy, = u(LAMTy), v = u(LTM Agy1),

Vk =1,n and then

Z ArAi = i(tanu + tanvy)

MT, — &~ ¥ i
Since the function f : [0, 5) [0,00), f(x) = tanx is convex on [0, ) we can apply
Jensen’s inequality and we obtain that:

- AkAk+1 ~ 1 2
ITRTTRAL > _
kg 1 X kg 1(tanuk + tanvk) 2ntan<2n ,; 1 U + vg )

n
Because Z(uk + vi) = 27 we deduce that
k=1
n
ALA 27 T
Z k+1 > 2ntan — = 2ntan — and we are done.
P 2n n
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Observation 1. If A; A, ... A, is circumscribed on the circle C(I;7) and M = I,
we have MT) = r,Vk = 1,n, and the given inequality becomes:

1 — 2s 7r T

* - ALA = — >2ntan— & s > tan —
*) r; kAkt1 T_nann s_nrann
The inequality (*) is a generalization of Mitrinovic’s inequality

(M) 5> 3rV3

Observation 2. If A;A3Aj3 is a triangle, then the given inequality becomes:

A1Ay  AsAs | AzAy 7r
oK > 6tan — = 6v3
) at, T, o, 20ty =6V3

For M = I, we obtain (M). |
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