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Abstract. In this paper we present some special definite integrals.
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Problem 2.∫ π
4
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(1 + lnx) cosx+ x sinx lnx

cos2 x+ x2 ln2 x
dx = arctan
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Proof.

(1 + lnx) cosx− x sinx lnx
cos2 x+ x2 ln2 x

=
(− sinx+ lnx+ 1)(cosx− x lnx)

2 cos2 x+ 2x2 ln2 x
+

+
(sinx+ lnx+ 1)(cosx+ x lnx)

2 cos2 x+ 2x2 ln2 x
=

( cos x+x ln x
cos x−x ln x )

′

1 + ( cos x+x ln x
cos x−x ln x )
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Hence, ∫ π
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Problem 3.∫ π
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Proof.

(1 + lnx) sinx+ x cosx lnx

sin2 x+ x2 ln2 x
=

(cosx+ lnx+ 1)(sinx+ x lnx)

2 cos2 x+ 2x2 ln2 x
−

− (cosx+ lnx+ 1)(sinx+ x lnx)

2 sin2 x+ 2x2 ln2 x
=

( sin x+x ln x
sin x−x ln x )

′

1 + ( sin x+x ln x
sin x−x ln x )
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Hence, ∫ π
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Problem 4.
If f : R → R, satisfy f(0) = 2019 and 3f(x) = f(x + y) + 2f(x − y) + y for any
x, y ∈ R, then: ∫ π

e

f(x)dx =
π − e
2

(π + e+ 4038)

Proof.

(1) If we take y = x, , then 3f(x) = f(2x) + 2f(0) + x

(2) If we take y = −x, then 3f(x) = f(0) + 2f(x)− x

From (1) and (2) we obtain that f(x) = x + f(0), so f : R → R, f(x) = x + 2019.
Then:∫ π

e

f(x)dx =

∫ π

e

(x+2019)dx =
(x2

2
+2019x

)∣∣∣π
e
=
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2
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Problem 5.
If f : R→ R, satisfy f(x+ 2019) ≤ x ≤ f(x) + 2019 for any x ∈ R, then∫ π

e

f(x2)dx =
π − e
3

(π2 + πe+ e2 − 6057)
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Proof.

(1) We have f(x) + 2019 ≥ x⇔ f(x) ≥ x− 2019,∀x ∈ R

Also, we have f(x+ 2019) ≤ x where we take x+ 2019 = y, thus

(2) f(y) ≤ y − 2019,∀y ∈ R, so f(x) ≤ x− 2019,∀x ∈ R

From (1) and (2) we obtain f(x) = x− 2019,∀x ∈ R. Therefore,∫ π

e

f(x2)dx =

∫ π

e

(x2 − 2019)dx =
(x3

3
− 2019x

)∣∣∣π
e
=

1

3
(π2 − e3)− 2019(π − e) =

=
π − e
3

(π2 + πe+ e2 − 6057)

�

Problem 6.
If a ∈ R, f : R → R, is a strictly increasing function and g : R → R be a function
which satisfy f(g(x+ a)) ≤ f(x) ≤ f(g(x) + a) for any x ∈ R, then:∫ π

3

π
4

g(x)dx =
π

12

(7π
24
− a
)

Proof.

(1) We have g(x) + a ≥ x⇔ g(x) ≥ x− a,∀x ∈ R

Also, we have g(x+ a) ≤ x, where we take x+ a = y, thus

(2) g(y) ≤ y − a,∀y ∈ R, so g(x) ≤ x− a,∀x ∈ R

From (1) and (2) we obtain g(x) = x− a,∀x ∈ R.

Hence,

∫ π
3

π
4

g(x)dx =

∫ π
3

π
4

(x− a)dx =
(x2

2
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Problem 7. ∫ π
4

−π
4

cosx+ 1− x2

(1 + x sinx)
√
1− x2

dx = 2arcsin
2(π + 2

√
2)

8 +
√
2π

Proof. We have

cosx+ 1− x2

(1 + x sinx)
√
1− x2

=
cos2 x+ (1− x2) cosx

(1 + x sinx)
√
1− x2 · cosx

=

=
1 + x sinx+ cosx+ x sinx cosx− x sinx− x2 cosx− sin2 x− x sinx cosx

(1 + x sinx)
√

1 + 2x sinx+ x2 sin2 x− x2 − 2x sinx− sin2 x
=

(1) =
(1 + cosx)(1 + x sinx)− (x+ sinx)(sinx+ x cosx)√

(1 + x sinx)2 − (x+ sinx)2
=

( x+sin x
1+x sin x )

′√
1− ( x+sin x

1+x sin x )
2

Also, we have
∣∣∣ x+ sinx

1 + x sinx

∣∣∣ < 1⇔ (x+ sinx)2 < (1 + x sinx)2 ⇔

(2) ⇔ x2 + 2x sinx+ x2 sin2 x < 1 + 2x sinx+ x2 sin2 x⇔ x2 < 1⇔ −1 < x < 1
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From (1) and (2) we obtain:∫ π
4

−π
4

cosx+ 1− x2

(1 + x sinx)
√
1− x2

dx =
(
arcsin

x+ sinx

1 + x sinx

)∣∣∣π4
−π

4

=

= arcsin
π
4 +

√
2

2

1 +
√

2
2 ·
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4
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−π4 − sin π

4
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4 (sin(−

π
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2
2 ·
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√
2)

8 +
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Problem 8.
If f : R → R be a continuous function such that f(0) = 2019 and there exists
t ∈ (0, 1) such that f(x)− f(tx) = x2 + x for any real x. Then,∫ π

4

π
6

f(x)dx =
π3

648(1− t2)
+

5π2

288(1− t)
+

2019π

12

Proof. If we take x = tky, y ∈ R, k ∈ N, then by f(x) − f(tx) = x2 + x we obtain
that

f(tky)− f(tk+1y) = t2ky + tky. So,

n−1∑
k=0

(f(tkx)− f(tk+1x)) =

n−1∑
k=0

(t2kx2 + tkx)⇔

⇔ f(x)− f(tnx) = x2 · 1− t
2n

1− t2
+ x · 1− t

n

1− t
⇔ f(x)− lim

n→∞
f(tnx) =

= x2 lim
n→∞

1− t2n

1− t2
+ x lim

n→∞

1− tn

1− t
⇔

⇔ f(x)− f(0) = x2 · 1

1− t2
+ x · 1

1− t
⇔ f(x) = x2 · 1

1− t2
+ x · 1

1− t
+ f(0)

Hence,

∫ π
4

π
6

f(x)dx =
( 1

1− t2
· x

3

3
+

1

1− t
· x

2

2
+ 2019x

)∣∣∣π4
π
6

=

=
1

3(1− t2)

(π3

44
− π3

63

)
+

1

2(1− t)

(π2

42
− π2

62

)
+ 2019

(π
4
− π

6

)
=

=
π3

648(1− t2)
+

5π2

288(1− t)
+

2019π

12
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Problem 9.
If f : (0, π)→ R with f ′(x) = cos 2020x

sin x for any real x ∈ (0, π), then

f(x) =
2

2019
cos 2019x+

2

2017
cos 2017x+ . . .+

2

3
cos 3x+ 2 cosx+ ln

∣∣∣ tan x
2

∣∣∣+ C

Proof.

Let fn : (0, π)→ R, fn(x) =
∫

cosnx

sinx
dx, ∀x ∈ (0, π). We have that

fn+2(x)−fn(x) =
∫

cos(n+ 2)x− cosnx

sinx
dx = −2

∫
sin(n+1)xdx =

2

n+ 1
cos(n+1)x+C, so
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(1) fk+2(x) = fk(x) +
2

k + 1
cos(k + 1)x, ∀k ∈ N

(2) f0(x) =

∫
1

sinx
dx = ln

∣∣∣ tan x
2

∣∣∣+ C

From (1) and (2) we obtain:

2018∑
k=0

(fk+2(x)− fk(x)) = 2

2018∑
k=0

1

k + 1
cos(k + 1)x⇔ f2020(x)− f0(x) =

= 2

2018∑
k=0

1

k + 1
cos(k + 1)x⇔

⇔ f2020(x) = f0(x) + 2

2018∑
k=0

1

k + 1
cos(k + 1)x =

=
2

2019
cos 2019x+

2

2017
cos 2017x+ . . .+

2

3
cos 3x+ 2 cosx+ ln

∣∣∣ tan x
2

∣∣∣+ C

Hence,

f(x) =
2

2019
cos 2019x+

2

2017
cos 2017x+ . . .+

2

3
cos 3x+ 2 cosx+ ln

∣∣∣ tan x
2

∣∣∣+ C

where C is an arbitrary real constant. �
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Mathematics Department, National Economic College ”Theodor Costescu”, Drobeta
Turnu - Severin, Romania

Email address: dansitaru63@yahoo.com


