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ABSTRACT. In this paper we present some special definite integrals.
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Problem 3.
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Proof.
(14+Inz)sinz +xcoszlnz  (cosz +Inz + 1)(sinz + xlnzx)
sin®z + 22In’z 2cos? x + 222 In’ z
(cosz+Inz +1)(sinz +xlnz) (%)/
2sin® 2 + 222 In” 2 1+ (gpadoing)?
Hence,
5 (14 Inz)sinz +zcoslnz sine+zlnxy |7
— 5 dr = ( arct ni) =
z sin®x + 22 In“ x sinz —zlna/lz
f T 1 s us
+5n% s+ ZInZ
—arctan\/gi3 —arctan% =
Fogmg s-Ehg
3v3+42rIn% 3+mIn%
= arctan ——=————" —arctan .———-
3\f—27rln§ 3—7T1ng
O
Problem 4.

If f:R — R, satisfy f(0) = 2019 and 3f(z) = f(z +y) + 2f(z — y) + y for any
xz,y € R, then:

/ f(z — (7 + e+ 4038)
Proof.
(1) If we take y = x,, then 3f(z) = f(2z) + 2f(0) + =
(2) If we take y = —x, then 3f(z) = f(0) + 2f(z) —

From (1) and (2) we obtain that f(xz) =z + f(0), so f : R = R, f(z) = = + 2019.
Then:
2

/: f(a)da = /:($+2019)dx :(% +2019x) .
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= %(w—e)(w+e)+2019(7r—e) =

:W;e(w+e+4038)

Problem 5.
If f:R — R, satisfy f(z+2019) <z < f(z) + 2019 for any z € R, then

| fa

— (72 + e + 2 — 6057)
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Proof.

(1) We have f(x) +2019 >z < f(x) >« —2019,Vz € R
Also, we have f(z +2019) < z where we take z + 2019 = y, thus
(2) fly) <y—2019,Vy € R, so f(x) <x—2019,Vz € R

From (1) and (2) we obtain f(x) = x — 2019, Vx € R. Therefore,
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/ F(a?)dz = / (22 — 2019)dz :(2 - 20193:)
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Problem 6.
IfaeR,f: R — R, is a strictly increasing function and ¢ : R — R be a function
which satisfy f(g(z + a)) < f(z) < f(g(x) + a) for any = € R, then:

5 T
[( g(x)dx = D (ﬂ - a)
Proof.

(1) We have g(z) +a >z < g(z) >z —a,Vz €R

Also, we have g(x + a) < x, where we take x + a = y, thus

(2) gly) <y—a,VyeR,so g(x) <x—a,Vxr €R

From (1) and (2) we obtain g(z) = — a,Vz € R.
2

Hence, /r’é g(x)dx = [rg(m —a)dx :(% — aac)" =1
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Problem 7.
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Proof. We have
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2

cosz —sin®x — zsinz cosx

(1+zsinz)V/1+ 2zsinz + 22sin’z — 22 — 2asinz — sin® 2
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Also, we have fvj—ﬂ‘ <1& (r+sinz)? < (1+rsinz)? <
rsinz

(2) < 2? +2zsine +a?sinx <14 2wsinz +2?sinz e’ <le -1<r<1
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From (1) and (2) we obtain:

/ZI cosx + 1 — z2 . x+sinx
dx z(arcsm 7)

us
4

z (1 +zsinz)V1 — 22 l+azsinz/l-=
N £ o —Fosinf
= arcsin —arcsin ——————~ =

1421 1— F(sin(—%))
= 2arcsin %4—% :Qarcsinw
1+§.% 8 +2r
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Problem 8.
If f: R — R be a continuous function such that f(0) = 2019 and there exists
t € (0,1) such that f(z) — f(tz) = 22 + z for any real x. Then,

3

/’i foyde = T Lo 20197
z ©648(1 —t2)  288(1 —t) 12

Proof. If we take x = tFy,y € R,k € N, then by f(z) — f(tz) = 2> + = we obtain
that

n—1 n—1

F(tRy) — fEhy) = 2Ry + Py, So, Y (f(tFx) — f(#F ) = ) (PR + ) &
k=0 k=0
_ 42n _n
& J(@) = ft"a) = a* T e S 6 fla) = lim f070) =

2n n
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o
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Problem 9.
If f:(0,7) = R with f/(z) = ©20202 for any real z € (0,7), then

sin x

2 2 2
flx) = 5010 cos 2019z + 5017 cos 2017z + ... + 3 cos 3z + 2cosz + ln’ tan%’ +C
Proof.

Let fn : (0,7) = R, fu(z) = / o8 nwdwﬁm € (0, 7). We have that

sinx

Foia(@)— fulz) = / cos(n + 2)x — cos L _Q/Sin(n+1)xd90 = ni

sinx

1 cos(n+1)z+C, so
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2
(1) frr2(x) = fr(z) + P cos(k + 1)z, Vk € N
2) f(x)—/ ! dx—ln\tanf]+c
0 ) sinz T 2
From (1) and (2) we obtain:
2018 2018
D (frra(z) = fulx) =2 ) cos(k + 1)z < fao20(2) — folz) =
k=0 k=0
2018
= 1
22 k+1cos(k+ JER=
k=0
2018
=4 == 2 S k 1 =
f2020(z) = fo(x) + kz:olﬁ_lwb( + 1z
_ 2 cos 20192 + 2 cos 2017x + +gcos3 +2cosz +1 ‘ta E’JrC’
= 2019 T %017 S St S
Hence,
F@) = —2— 0820192 + —— cos 20172 + . .. + 2 cos 3z + 2 +1)t x‘+c
= S S - 3 S n n —
z) = 5079 €0 R x 5 Cos 32 + 2cos an o
where C' is an arbitrary real constant. O
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