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1) In ઢ࡯࡮࡭ the following relationship holds: 

෍
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

≥
૚
૝ቌ

෍
࢈ + ࢉ
ࢇ

ࢉ࢟ࢉ

+ ෍
࢈࢓ + ࢉ࢓

ࢉ࢟ࢉࢇ࢓

ቍ 

Proposed by Bogdan Fuștei-Romania 

Solution. Lemma 1. 2) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
≥
૚
૛
൬
࢈
ࢉ

+
ࢉ
࢈
൰ 

Proof. We have:  
݉௔

ℎ௔
≥

்௘௥௘௦௛௜௡ 1
ℎ௔

⋅
ܾଶ + ܿଶ

4ܴ =
1
ℎ௔

⋅
1
2 ⋅

ܾܿ
2ܴ ⋅

ܾଶ + ܿଶ

ܾܿ ൬
ܾ
ܿ +

ܿ
ܾ൰ =

1
ℎ௔

⋅
1
2 ⋅ ℎ௔ ൬

ܾ
ܿ +

ܿ
ܾ൰ =

1
2 ൬
ܾ
ܿ +

ܿ
ܾ൰ 

Equality holds if and only if triangle is equilateral. 
Lemma 2. 3) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
≥
૚
૛ ൬

࢈࢓

ࢉ࢓
+
ࢉ࢓

࢈࢓
൰ 

Proof. ݉௔ ,݉௕ ,݉௖  can be length sides of a triangle with ܨ௠ = ଷ
ସ
௔തതതത݉,ܨ = ଷ

ସ
ܽ,	 

ℎ௔തതത = 2 ி೘തതതത

௔ത
=

ଶ⋅యరி

௠ೌ
= ଷ

ଶ
⋅ ி
௠ೌ

. Using Lemma 1 in triangle with sides ݉௔ ,݉௕ ,݉௖  we get, 

݉௔തതതത
ℎ௔തതത

≥
௅௘௠௠௔	ଵ 1

2ቆ
തܾ
ܿ̅ +

ܿ̅
തܾቇ =

1
2 ൬
݉௕

݉௖
+
݉௖

݉௕
൰ ⇔

3
4 ܽ

3
2 ⋅

ܨ
݉௔

≥
௅௘௠௠௔	ଵ 1

2 ൬
݉௕

݉௖
+
݉௖

݉௕
൰ 

⇔ ௠ೌ
௛ೌ

≥ ଵ
ଶ
ቀ௠್
௠೎

+ ௠೎
௠್
ቁ. Equality holds if and only if triangle is equilateral. 

Let’s get back to the main problem. Using up these Lemmas, it follows that, 

2
݉௔

ℎ௔
≥

1
2 ൬
ܾ
ܿ +

ܿ
ܾ൰ +

1
2 ൬
݉௕

݉௖
+
݉௖

݉௕
൰ ⇔

݉௔

ℎ௔
≥

1
4 ൬
ܾ
ܿ +

ܿ
ܾ൰ +

1
4 ൬
݉௕

݉௖
+
݉௖

݉௕
൰ 

෍
݉௔

ℎ௔௖௬௖

≥
1
4
ቌ෍

ܾ + ܿ
ܽ

௖௬௖

+ ෍
݉௕ + ݉௖

݉௔௖௬௖

ቍ 

Remark. In same class of the problem. 
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4) In ઢ࡯࡮࡭ the following relationship holds: 

෍
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

≥
૚
૛
෍

࢈ + ࢉ
ࢇ

ࢉ࢟ࢉ
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Solution. Lemma 1. 5) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
≥
૚
૛
൬
࢈
ࢉ

+
ࢉ
࢈
൰ 

Proof. We have:  
݉௔

ℎ௔
≥

்௘௥௘௦௛௜௡ 1
ℎ௔

⋅
ܾଶ + ܿଶ

4ܴ =
1
ℎ௔

⋅
1
2 ⋅

ܾܿ
2ܴ ⋅

ܾଶ + ܿଶ

ܾܿ ൬
ܾ
ܿ +

ܿ
ܾ൰ =

1
ℎ௔

⋅
1
2 ⋅ ℎ௔ ൬

ܾ
ܿ +

ܿ
ܾ൰ =

1
2 ൬
ܾ
ܿ +

ܿ
ܾ൰ 

Equality holds if and only if triangle is equilateral. Using Lemma 1 and summing these 
inequality, it follows that: 

෍
݉௔

ℎ௔௖௬௖

≥෍
1
2 ൬
ܾ
ܿ +

ܿ
ܾ൰

௖௬௖

≥
1
2෍

ܾ + ܿ
ܽ

௖௬௖

 

Equality holds if and only if triangle is equilateral. 
6) In ઢ࡯࡮࡭ the following relationship holds: 

෍
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

≥
૚
૛෍

࢈࢓ + ࢉ࢓

ࢉ࢟ࢉࢇ࢓
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Solution. Lemma 1. 7) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
≥
૚
૛
൬
࢈
ࢉ

+
ࢉ
࢈
൰ 

Proof. We have:  

݉௔

ℎ௔
≥

்௘௥௘௦௛௜௡ 1
ℎ௔

⋅
ܾଶ + ܿଶ

4ܴ =
1
ℎ௔

⋅
1
2 ⋅

ܾܿ
2ܴ ⋅

ܾଶ + ܿଶ

ܾܿ ൬
ܾ
ܿ +

ܿ
ܾ൰ =

1
ℎ௔

⋅
1
2 ⋅ ℎ௔ ൬

ܾ
ܿ +

ܿ
ܾ൰ =

1
2 ൬
ܾ
ܿ +

ܿ
ܾ൰ 

Equality holds if and only if triangle is equilateral. 

Lemma 2. 8) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
≥
૚
૛
൬
࢈࢓

ࢉ࢓
+
ࢉ࢓

࢈࢓
൰ 
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Proof. ݉௔ ,݉௕ ,݉௖  can be length sides of a triangle with ܨ௠ = ଷ
ସ
௔തതതത݉,ܨ = ଷ

ସ
ܽ,	 

ℎ௔തതത = 2 ி೘തതതത

௔ത
=

ଶ⋅యరி

௠ೌ
= ଷ

ଶ
⋅ ி
௠ೌ

. Using Lemma 1 in triangle with sides ݉௔ ,݉௕ ,݉௖  we get, 

݉௔തതതത
ℎ௔തതത

≥
௅௘௠௠௔	ଵ 1

2ቆ
തܾ
ܿ̅ +

ܿ̅
തܾቇ =

1
2 ൬
݉௕

݉௖
+
݉௖

݉௕
൰ ⇔

3
4 ܽ

3
2 ⋅

ܨ
݉௔

≥
௅௘௠௠௔	ଵ 1

2 ൬
݉௕

݉௖
+
݉௖

݉௕
൰ 

⇔ ௠ೌ
௛ೌ

≥ ଵ
ଶ
ቀ௠್
௠೎

+ ௠೎
௠್
ቁ. Equality holds if and only if triangle is equilateral. 

Let’s get back to the main problem. Using Lemma 2 and summing, it follows that, 

෍
݉௔

ℎ௔௖௬௖

≥
1
2෍൬

݉௕

݉௖
+
݉௖

݉௕
൰

௖௬௖

=
1
2෍

݉௕ + ݉௖

݉௔௖௬௖

 

Equality holds if and only if triangle is equilateral. Remark. The problem can be developed. 
9) In ઢ࡯࡮࡭ the following relationship holds: 

෍
ࢇ࢓

ࢉ࢟ࢉࢇࢎ

≥
૚

૛(૚ + ෍(ࣅ
࢈ + ࢉ
ࢇ

ࢉ࢟ࢉ

+
ࣅ

૛(૚ + ෍(ࣅ
࢈࢓ + ࢉ࢓

ࢉ࢟ࢉࢇ࢓

; ࣅ ≥ ૙ 

Marin Chirciu 

Solution.  Lemma 1. 10) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
≥
૚
૛ ൬

࢈
ࢉ +

ࢉ
 ൰࢈

Proof. We have:  
݉௔

ℎ௔
≥

்௘௥௘௦௛௜௡ 1
ℎ௔

⋅
ܾଶ + ܿଶ

4ܴ =
1
ℎ௔

⋅
1
2 ⋅

ܾܿ
2ܴ ⋅

ܾଶ + ܿଶ

ܾܿ ൬
ܾ
ܿ +

ܿ
ܾ൰ =

1
ℎ௔

⋅
1
2 ⋅ ℎ௔ ൬

ܾ
ܿ +

ܿ
ܾ൰ =

1
2 ൬
ܾ
ܿ +

ܿ
ܾ൰ 

Equality holds if and only if triangle is equilateral. 
Lemma 2. 11) In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ࢓

ࢇࢎ
≥
૚
૛
൬
࢈࢓

ࢉ࢓
+
ࢉ࢓

࢈࢓
൰ 

Proof. ݉௔ ,݉௕ ,݉௖  can be length sides of a triangle with ܨ௠ = ଷ
ସ
௔തതതത݉,ܨ = ଷ

ସ
ܽ,	 

ℎ௔തതത = 2 ி೘തതതത

௔ത
=

ଶ⋅యరி

௠ೌ
= ଷ

ଶ
⋅ ி
௠ೌ

. Using Lemma 1 in triangle with sides ݉௔ ,݉௕ ,݉௖  we get, 

݉௔തതതത
ℎ௔തതത

≥
௅௘௠௠௔	ଵ 1

2ቆ
തܾ
ܿ̅ +

ܿ̅
തܾቇ =

1
2 ൬
݉௕

݉௖
+
݉௖

݉௕
൰ ⇔

3
4 ܽ

3
2 ⋅

ܨ
݉௔

≥
௅௘௠௠௔	ଵ 1

2 ൬
݉௕

݉௖
+
݉௖

݉௕
൰ 

⇔ ௠ೌ
௛ೌ

≥ ଵ
ଶ
ቀ௠್
௠೎

+ ௠೎
௠್
ቁ. Equality holds if and only if triangle is equilateral. 
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Let’s get back to the main problem. Multiplying in Lemma 1 with ݔ > 0, in Lemma 2 with 
ݕ > 0 and adding result: 

ݔ
݉௔

ℎ௔
+ ݕ

݉௔

ℎ௔
≥
ݔ
2 ൬
ܾ
ܿ +

ܿ
ܾ൰ +

ݕ
2 ൬

݉௕

݉௖
+
݉௖

݉௕
൰ ⇔ 

ݔ) + (ݕ
݉௔

ℎ௔
≥
ݔ
2 ൬
ܾ
ܿ +

ܿ
ܾ൰ +

ݕ
2 ൬

݉௕

݉௖
+
݉௖

݉௕
൰ ⇔ 

෍
݉௔

ℎ௔௖௬௖

≥
ݔ

ݔ)2 + ෍(ݕ
ܾ + ܿ
ܽ

௖௬௖

+
ݕ

ݔ)2 + ෍(ݕ
݉௕ + ݉௖

݉௔௖௬௖

⇔ 

෍
݉௔

ℎ௔௖௬௖

≥
1

2 ቀݔݕ + 1ቁ
෍

ܾ + ܿ
ܽ

௖௬௖

+
ݕ
ݔ

2 ቀ1 + ݕ
ቁݔ

෍
݉௕ + ݉௖

݉௔௖௬௖

=
௬
௫ୀఒ 1

2(1 + ෍(ߣ
ܾ + ܿ
ܽ

௖௬௖

+
ߣ

2(1 + ෍(ߣ
݉௕ + ݉௖

݉௔௖௬௖

; ߣ ≥ 0 

Equality holds if and only if triangle is equilateral. 
Note. For ߣ = 1 it follows Inequality in Triangle 2356 proposed by Bogdan Fuștei-Romanian 
Mathematical Magazine-12/2020. 
 
Reference: 

ROMANIAN MATHEMATICAL MAGAZINE-Interactive Journal-www.ssmrmh.ro 

 


