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1) In AABC the following relationship holds:

Zﬁzl zb+c+zmb+mc
h, 4 a m,

cyc cyc cyc

Proposed by Bogdan Fustei-Romania

Solution. Lemma 1. 2) In AABC the following relationship holds:

m, 1<b c>
—>— |-+
h, 2\c b

Proof. We have:
&Ter;shmi.ﬂzi.l.b_c.ﬂ(hg _11 (b C) zi(b C)
h, — h, 4R he 2 2R bc \¢ b/ h, 2 ¢ 2
Equality holds if and only if triangle is equilateral.
Lemma 2. 3) In AABC the following relationship holds:

m, 1<mb mc>

c b

c b

_
m, my

h, ~ 2

Proof. m,, m;, m, can be length sides of a triangle with F,, = %F,m_a = %a,
_ = 23
h, = 2%’” = m—‘* = % . mL Using Lemma 1 in triangle with sides m,, m;, m, we get,
o a a ~ ) 3
Mottt (2w E) = (Mo i) o A MR (M M)
h, 2\¢ b} 2\m. m, 3 F 2\m, my,
ma
ﬂ l ﬂ ﬂ . . . . . .
i =2 (mc + mb). Equality holds if and only if triangle is equilateral.

Let’s get back to the main problem. Using up these Lemmas, it follows that,

2&>}(9+£>+1(mb+mc>@&2}(94_5)4_1(@4_&)
c b h, 4\c b m, my,

h, =2 2\m, "m, 4
Zﬁzl Zb+c+zmb+mc
h, 4 a my,
cyc cyc cyc

Remark. In same class of the problem.
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4) In AABC the following relationship holds:

eI
_2_
h, 2 a

cyc cyc

Marin Chirciu

Solution. Lemma 1. 5) In AABC the following relationship holds:

m, 1 (b c')
— > — |-+
h, 2\c b

c b

Proof. We have:
h, = h, 4R _h, 2 2R bc \c¢ b} h, ¢ p)7T2
Equality holds if and only if triangle is equilateral. Using Lemma 1 and summing these
mgy 1/ ¢ Ib+c
— > ) =[-+=-)=>=
Zha_ZZ(C b>_22 a
cyc cyc cyc
6) In AABC the foIIowing relationship holds:
D ZE
h, = 2 m,

mg Tereshin 1 b?2+c¢? 1 1 bc b>+c?/b ¢ 11 b ¢\ 1/b c
3o TG b () =30
inequality, it follows that:
Equality holds if and only if triangle is equilateral.
cyc cyc
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Solution. Lemma 1. 7) In AABC the following relationship holds:
m, 1 (b c')
— > — -+ =
h, 2\c b

Proof. We have:

mg Tereshin 1 b?2+c¢? 1 1 bc b>+c?/b ¢ 11 b ¢\ 1/b c

- > - = ._._.—(_+_>:_._.ha(_+_>: ( )

h, h, 4R h, 2 2R bc h, 2

Equality holds if and only if triangle is equilateral.

Lemma 2. 8) In AABC the following relationship holds:

_
m, my

m, 1(mb mc>
h, 2
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Proof. m,, m;, m, can be length sides of a triangle with F,, = %F,m_a = %a,
= 3
h, = 20m — 23 —. Using Lemma 1 in triangle with sides m,, m;,, m, we get

Mq

_ _ 3
Mg tempat 1 (b € :1(ﬂ+&>@ 1¢ Lemgall(@+&)
h, 2\¢ b) 2\m, m, 3 F 2\m, m,
ma
oTaxl (m”+
hg — 2

me ¥ ) Equality holds if and only if triangle is equilateral.
Let’s get back to the main problem. Using Lemma 2 and summing, it follows that,

PNt R Y e

cyc cyc cyc

Equality holds if and only if triangle is equilateral. Remark. The problem can be developed
9) In AABC the following relationship holds:

Zh 2(1+,1)zb+c 2(1+,1)zmb+m 120

cyc
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Solution. Lemma 1. 10) In AABC the following relationship holds

m, 1/ c
heeie)
h, 2\c b
Proof. We have:

m, Tereshin 1 b2+ 2

1 1 bc b>+c%/b ¢ 11 b ¢\ 1/b ¢
morrgin L pae L Lbe prcb oy L (BS) =224
hq he 4R h22R bc \c¢ b) h, 2 c b)) 2\c b
Equality holds if and only if triangle is equilateral

Lemma 2. 11) In AABC the following relationship holds

ﬁ>l<ﬂ+ﬁ)

h,  2\m, m,
Proof. m,, my, m. can be length sides of a triangle with F,, = ZF,m_a = Za,
— = 2°3F i
ha ol ZFTm ol _4 = E . F
a N

—. Using Lemma 1 in triangle with sides m,, m;,, m, we get

__ _ 3
My erger LB ) _(me oy 30 tengerdmy )
h, 2\¢c b 2\m, my m. my

% (m” + ) Equality holds if and only if triangle is equilateral

3. F = 2

2 m,
oM s
g

3]
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Let’s get back to the main problem. Multiplying in Lemma 1 with x > 0, in Lemma 2 with
y > 0 and adding result:

x&+y&>f(9+£)+3_’(@+ﬁ)@

h, h, “2\c b/ 2\m, my
b
confEile ).

C

zm 2(x+y)zb+c 2(x+y)zmb
zm )zb;—c 1+ zmb+mcx_ 2(1+A);b26

cyc cyc cyc

zmb+mc A>O
2(1+/1) -

Equality holds if and only if trlangle is equilateral.
Note. For A = 1 it follows Inequality in Triangle 2356 proposed by Bogdan Fustei-Romanian
Mathematical Magazine-12/2020.
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