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COLLINEAR POINTS 

By Florică Anastase-Romania 

anastaseflorica@gmail.com 

Abstract: In this paper I was to present some applications about collinear points using 

vectorial geometry. This paper is dedicated to students who participate to Olympics and 

math competitions as well as young people passionate about geometry. 

Theorem (Menelaus) 

In ����, �� ∈ ��, �� ∈ ��, �� ∈ ��.If  ��, ��, �′ are collinear then,  

��������

��������
⋅

��������

��������
⋅

��������

��������
= � 

Proof. 

 

Let us denote: 
��������

�������� = �,
��������

�������� = �,
��������

�������� = � then, ����������⃗ = ����������⃗ , ����������⃗ = �����������⃗ , ����������⃗ = �����������⃗  

Now, the points ��, ��, �′ are collinear if and only if exists �, � ∈ ℝ, with � + � = 1 such that  

����������⃗ = �����������⃗ + �����������⃗ ; (1) 

Other, ����������⃗ = �����������⃗  then, ����������⃗ =
�

���
�������⃗ −

�

���
�������⃗ ; (2). 

�������⃗ = ����������⃗ + ���������⃗ = ����������⃗ +
1

�
����������⃗ = �1 −

1

�
� ����������⃗  

�������⃗ = ����������⃗ + ����������⃗ = ����������⃗ + �����������⃗ = (1 − �)����������⃗  
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Hence, relation (2) becomes as:  

����������⃗ =
� − 1

�(1 − �)
����������⃗ −

�(1 − �)

1 − �
����������⃗ ; (3) 

From (1),(3) it follows that: 

�����������⃗ + �����������⃗ =
� − 1

�(1 − �)
����������⃗ −

�(1 − �)

1 − �
����������⃗  

How, vectors ����������⃗  and ����������⃗  are not collinear, we get: � =
���

�(���)
, � = −

�(���)

���
 and because 

� + � = 1 it follows that ��� = 1. Therefore,  

��������

��������
⋅

��������

��������
⋅

��������

��������
= 1 

Theorem (Reciprocal Menelaus) 

In Δ���, �� ∈ ��, �� ∈ ��, �� ∈ ��. If  
��������

�������� ⋅
��������

�������� ⋅
��������

�������� = 1 then ��, ��, �′ are collinear. 

Proof. 

Let us denote: 
��������

�������� = �,
��������

�������� = �,
��������

�������� = � then, ����������⃗ = ����������⃗ , ����������⃗ = �����������⃗ , ����������⃗ = �����������⃗  

How ����������⃗ = �����������⃗  then, ����������⃗ =
�

���
�������⃗ −

�

���
�������⃗ ; (1). 

�������⃗ = ����������⃗ + ���������⃗ = ����������⃗ +
1

�
����������⃗ = �1 −

1

�
� ����������⃗  

�������⃗ = ����������⃗ + +����������⃗ = ����������⃗ + �����������⃗ = (1 − �)����������⃗  

So, (1) becomes as: ����������⃗ =
���

�(���)
����������⃗ −

�(���)

���
����������⃗ ; (2) and how ��� = 1, we get � =

�

��
 

and ����������⃗ =
���

�(���)
����������⃗ −

����

�(���)
����������⃗ ; (3). 

If  � =
���

�(���)
, � = −

����

�(���)
 then � + � =

���

�(���)
−

����

�(���)
=

�(���)

�(���)
= 1. 

So, exists �, � ∈ ℝ, with � + � = 1 such that ����������⃗ = �����������⃗ + �����������⃗  and then the points 

��, ��, �′ are collinear. 

Application 1.  

In ���� parallelogram, poits �, � are such that ���������⃗ = ��������⃗  and �������⃗ = ���������⃗ . Prove that 

�, � and � are collinear. 
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Solution.  

How  2�������⃗ = �������⃗  and �������⃗ = 3�������⃗  then �������⃗ =

�������⃗ + �������⃗ = �������⃗ + �������⃗ = −
�

�
�������⃗ +

�

�
�������⃗ . Hence, 

�������⃗ = −
1

3
�������⃗ +

1

2
�������⃗ ; (1) 

Other, �������⃗ = �������⃗ + �������⃗ = �������⃗ + �������⃗ + �������⃗ =

−�������⃗ +
�

�
�������⃗ + �������⃗ = −

�

�
�������⃗ + �������⃗ . 

Thus, �������⃗ = −
�

�
�������⃗ + �������⃗ ; (2). From (1),(2) we 

have �������⃗ = 2�������⃗  and then, the points �, � and � 

are collinear. 

Application 2. 

In ����, � ∈ ��, � ∈ �� such that �� ∥ ��, � ∈ ��, � ∈ �� such that  

��

��
=

��

��
= �, � > � 

Prove that �, � and � are collinear. 

Solution. 

How  
��

��
=

��

��
= �, � > 0, we have: 

��������⃗ = −���������⃗ , ��������⃗ = −��������⃗ ⇒ 

��������⃗ =
1

1 + �
�������⃗ +

�

1 + �
�������⃗ ; (1) 

��������⃗ =
1

1 + �
�������⃗ +

�

1 + �
�������⃗ ; (2) 

But Δ���~Δ��� then, 
��

��
=

��

��
= �. 

Thus, �������⃗ = ��������⃗ , �������⃗ = ��������⃗ ; (3). 

From (2),(3) relation (1) becomes as: 

��������⃗ =
�

1 + �
�������⃗ +

��

1 + �
�������⃗ = � �

1

1 + �
�������⃗ +

�

1 + �
�������⃗ � = ���������⃗  

Therefore, �, � and � are collinear. 



 
www.ssmrmh.ro 

4 RMM-VECTORIAL GEOMETRY-II 

 

Application 3. 

In ����, ��, �� −symmedians from � and � respectively. If points �, � and � are 

collinear if and only if  
�

�
=

�

�
+

�

�
. 

Marian Ursărescu 

Solution. 

From transversals theorem: 

� ∈ �� ⇔ � ⋅
��

��
+ � ⋅

��

��
= �; (1) 

But, from Steiner;s theorem, we have: 

⎩
⎨

⎧
��

��
=

��

��

��

��
=

��

��

; (2) 

From (1),(2) it follows that: � ⋅
��

�� + � ⋅
��

�� = � 

⇔
��

�
+

��

�
= � ⇔

�

�
+

�

�
= 1 ⇔

1

�
+

1

�
=

1

�
 

Application 3.  

In ����, � ∈ ���(����). Prove that � −incentre if and only if �������⃗ + ��������⃗ + �������⃗ = ���⃗ . 

Solution. 

Let �� ∈ (��), �� ∈ (��), �� ∈ (��). 

Applying bisector theorem, we get: 

����������⃗ =
�

� + �
�������⃗ ,   

����������⃗ =
�

� + �
�������⃗ .      

Thus, 

����������⃗ =
�

� + �
�������⃗ +

�

� + �
�������⃗  

����������⃗ = −�������⃗ +
�

� + �
�������⃗  

How � ∈ (���), then exist � ∈ (0,1) such that 
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������⃗ = �����������⃗ . It follows that: ������⃗ = �
��

���
− 1� �������⃗ +

��

���
�������⃗ . 

How ������⃗  and ����������⃗  are collinear, we get: 
��

���
��

��
=

��

���
�

���

 and then � =
���

�����
. 

So, we have: ������⃗ =
�

�����
�������⃗ +

�

�����
�������⃗  (��� �������). Adding, it follows that: 

�������⃗ + �������⃗ + �������⃗ = (� + � + �)������⃗ + ��������⃗ + ��������⃗ = �−��������⃗ − ��������⃗ � + ��������⃗ + ��������⃗ = 0. 

Therefore, � −incenter. 

Reverse, let �� ∈ ���(Δ���) who verify relation ��′������⃗ + ��′������⃗ + ��′������⃗ = 0�⃗  and from 

�������⃗ + �������⃗ + �������⃗ = 0�⃗ , we obtain: (� + � + �)�������⃗ = 0�⃗  and know that � + � + � ≠ 0, it 

follows that � = ��. 

Application 4. 

In ����, ��, �� −symmedians from � and � respectively. If points �, � and � are 

collinear if and only if ��� � + ��� � = ��� �. 

Marian Ursărescu 

Solution. 

From transversals theorem: � ∈ �� ⇔ 

��

��
⋅ sin 2� +

��

��
⋅ sin 2� = sin 2� ; (1) 

From Steiner’s theorem, we have: 

⎩
⎨

⎧
��

��
=

��

��

��

��
=

��

��

; (2) 

From (1),(2) it follows that: � ∈ �� ⇔ 

��

��
⋅ sin 2� +

��

��
⋅ sin 2� = sin 2� ⇔ 

sin� �

sin� �
⋅ 2 sin � cos � +

sin� �

sin� �
⋅ 2 sin � cos � = 2 sin � cos � ⇔ 

cos �

sin �
⋅ sin � +

cos �

sin �
⋅ sin � = cos � ⇔ cot � + cot � = cot �. 
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Application 5. 

In ����, � −middle point of (��), � −centroid, �� −internal bisector, {�} = �� ∩ ��. 

Prove that ��������⃗ = ��������⃗  if and only if |��������⃗ | = �|��������⃗ |. 

Solution. 

Let us denote: 

� =
��

��
=

��

��
, � =

��

��
 

We have: 

�������⃗ =
�������⃗ + ��������⃗

1 + �
= 

=
1

1 + �
�������⃗ +

�

1 + �
�������⃗  

�������⃗ =
�������⃗ + ���������⃗

1 + �
=

1

1 + �
�������⃗ +

1

2
⋅

�

1 + �
�������⃗  

How �������⃗  and �������⃗  are collinear, then 
�

���
�

���

=
�

���
�

���

. Therefore, � = 2� ⇔ �������⃗ = 4�������⃗ . 

Application 6. 

In ����, �� −internal bisector and � ∈ ��, � ∈ ��. 

a) Find �, � ∈ ℝ such that ��������⃗ = � ⋅ ��������⃗ + � ⋅ �������⃗ . 

b) If �� ∈ (���) and (��, ��, ��) ∈ ℝ�� = �, ������ such that �� + �� + �� = �, ∀� = �, ������ and  

��������⃗
� = �� ⋅ ��������⃗ + �� ⋅ ��������⃗ + �� ⋅ ��������⃗ , ∀� ∈ (���), then ��, ��, �� are collinear if and 

only if exists �, �, � ∈ ℝ with property ��� + ��� + ��� = �, ∀� = �, ������. 

c) Prove that the points �, �, � are collinear if and only if � ⋅
���������⃗

���������⃗
+ � ⋅

��������⃗

��������⃗
=

��

���
. 

Solution.  

a) It is easy to prove that � middle point of [���]; (����� ���������) then, 

�������⃗ =
�

�
������⃗ +

�

�
���
������⃗ . We know the following relations: 

������⃗ =
�

� + � + �
⋅ �������⃗ +

�

� + � + �
⋅ �������⃗ ;   ���

������⃗ =
�

−� + � + �
⋅ �������⃗ +

�

−� + � + �
⋅ �������⃗  

Hence, 
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�������⃗ =
�

−�� + (� + �)�
⋅ �������⃗ +

�

−�� + (� + �)�
⋅ �������⃗  

Therefore, � =
�

����(���)� and � =
�

����(���)�. 

b) Let the vectors ����
��������⃗  and ����

��������⃗  then ��, ��, �� are collinear if and only if  

�� − ��

�� − ��
=

�� − ��

�� − ��
=

�� − ��

�� − ��
; (1) 

For "⇒" , we get � = ���� − ����, � = ���� − ����, � = ���� − ����. 

For "⇐", if ��� + ��� + ��� = 0, ∀� = 1,3���� then 
�����

�����
= −

���

���
=

�����

�����
 hence, 

�� − ��

�� − ��
=

�� − ��

�� − ��
=

�� − ��

�� − ��
 

c) Let �(��, ��, 0) hence,  
��

��
=

���������⃗

��������⃗
 and for �(��, 0, ��) we have 

��

��
=

��������⃗

��������⃗
. 

���: �� + �� + �� = 0, then �

�

�
= −

��

��
=

���������⃗

��������⃗

�

�
= −

��

��
=

��������⃗

��������⃗

 and using point a) it follows that 

� �
−��

−�� + (� + �)�
,

�(� + �)

−�� + (� + �)�
,

�(� + �)

−�� + (� + �)�
� 

So, � ∈ �� if and only if � ⋅
���������⃗

��������⃗
+ � ⋅

��������⃗

��������⃗
=

��

���
. 

Application 7. 

In ����, � −Nagel’s point, ��, �� −symmedians from � and � respectively. Prove that 

the  points �, � and � are collinear if and only if 
�

����
+

�

����
+=

�

����
. 

Marian Ursărescu 

Solution. 

From transversal’s theorem: 
��

��
⋅ (� − �) +

��

��
⋅ (� − �) = � − �; (1) 

From Steiner’s theorem, we have: �

��

��
= �

��

��
�

�

=
��

��

��

��
= �

��

��
�

�

=
��

��

; (2) 

From (1),(2) it follows that: 
��

�� ⋅ (� − �) +
��

�� ⋅ (� − �) = � − � 
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� − �

��
+

� − �

��
=

� − �

��
 

But, �� =
�

���
⇒ � − � =

�

��
⇒ 

1

����
+

1

����
=

1

����
 

 

 

 

Application 8. 

In ����, ��, �� −internal bisectors and � −circumcenter. Prove that  the points �, � and 

� are collinear if and only if ��� � = ��� � + ��� �. 

Marian Ursărescu 

Solution. 

 Applying transversals theorem, we have: 

� ∈ �� ⇔ 

��

��
⋅ sin 2� +

��

��
⋅ sin 2� = sin 2� ; (1) 

From bisector theorem, we have: 

�

��

��
=

�

�
��

��
=

�

�

; (2) 

From (1),(2) it follows that: 
�

�
⋅ sin 2� +

�

�
⋅

sin 2� = sin 2� ⇔ 

2 sin � cos � ⋅
sin �

sin �
+ 2 sin � cos � ⋅

sin �

sin �
= 2 sin � cos � ⇔ 

2 sin � cos � + 2 sin � cos � = 2 sin � cos � ⇔ 

cos � + cos � = cos � 
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Application 9. 

In ���� parallelogram, � −middle point of �� and � ∈ �� such that �������⃗ = �������⃗ . Prove 

that the points �, � and � are collinear. 

Solution. 

Because 3������⃗ = ������⃗ ⇒
��

��
=

�

�
⇒ 

�������⃗ = −2������⃗  

�������⃗ =
1

1— 2
�������⃗ — 21— 2������⃗ = 

=
1

3
�������⃗ +

2

3
������⃗  

How 2������⃗ = �������⃗  it follows that: 

�������⃗ =
�

�
�������⃗ +

�

�
�������⃗ =

�

�
��������⃗ + �������⃗ � =

�

�
�������⃗ ⇒ �, � and � are collinear. 

Application 10. 

In ����, � −centroid and � ∈ ��, � ∈ �� such that 
��

��
+

��

��
= �. Then prove that the 

points �, � and � are collinear. 

Solution. 

 Let us denote 
��

��
= �,

��

��
= � and let �′ 

middle point of ��. Because �������⃗ = −2����������⃗  

we have: 

�������⃗ =
1

1— 2
�������⃗ +

−2

1— 2
����������⃗ = 

=
1

3
�������⃗ +

2

3
����������⃗ ; (1) 

From  
��

��
= �,

��

��
= � it follows that 

�������⃗ = ��������⃗ , �������⃗ = ��������⃗ ⇒ 

�������⃗ = (� + 1)�������⃗ , ����������⃗ =
���

�
�������⃗  and relation (1) becomes as: 

�������⃗ =
� + 1

3
�������⃗ +

� + 1

3
�������⃗ ; (2) 
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Let � =
���

�
, � =

���

�
 and from � + � = 1 we get � + � = 1. So, exists �, � ∈ ℝ such that 

� + � = 1 and �������⃗ = ��������⃗ + ��������⃗ , namely the points �, � and � are collinear. 

Application 11. 

In ����, � −centroid and � ∈ ��, � ∈ �� such that 
��

��
+

��

��
= �. Prove that the points 

�, � and � are collinear if and only if � = �. 

Solution. 

Let us denote 
��

��
= �,

��

��
= � then, 

 ��������⃗ = −
�

���
�������⃗ , ��������⃗ =

�

���
�������⃗ . We have: 

���������⃗ = ��������⃗ + ��������⃗ = −
1

� + 1
�������⃗ +

1

� + 1
�������⃗  

��������⃗ = ��������⃗ + �������⃗ = −
1

� + 1
�������⃗ +

1

3
��������⃗ + �������⃗ � 

= �
1

3
−

1

� + 1
� �������⃗ +

1

3
�������⃗  

We observe that the vectors ��������⃗  and ���������⃗  have 

same direction then, 

1
3 −

1
� + 1

−
1

� + 1

=

1
3
1

� + 1

⇔ � + � = 1 

Application 12. 

In plane of  ���� let be the points �, �, � and � such that ��������⃗ = ���������⃗ , ��������⃗ + �������⃗ = ���⃗ ,  

����������⃗ = ����������⃗  and �����������⃗ + �����������⃗ + ���������⃗ = ���⃗ . 

a) Find �, � ∈ ℝ such that ���������⃗ + ���������⃗ = ���⃗ . 

b) Prove that the points �, � and � are collinear. 

Solution. 

a) From 5�������⃗ = 3�������⃗ ⇒ �������⃗ =
�

�
�������⃗ ⇒ ��������⃗ =

�

�
��������⃗ +

�

�
��������⃗  and from �������⃗ =

�

�
������⃗  we get: 

��������⃗ =
2

3
��������⃗ +

1

3
��������⃗ =

2

3
��������⃗ +

1

3
�−

34

5
��������⃗ −

36

5
��������⃗ � = 
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= −
8

5
��������⃗ −

12

5
��������⃗ = −4��������⃗  

So, ��������⃗ + 4��������⃗ = 0�⃗  and we can choose � = 4, � = 1. 

b) �������⃗ =
��

��
�������⃗ ⇒ �������⃗ =

��

��
��������⃗ ⇒ ��������⃗ =

��

��
��������⃗ +

��

��
��������⃗  and from  

34��������⃗ + 36��������⃗ + 5��������⃗ = 0�⃗  we get −
�

��
��������⃗ =

��

��
��������⃗ +

��

��
��������⃗ . 

So, it follows ��������⃗ = −
�

��
��������⃗  and then, the points �, �, � are collinear. 

Application 13. 

In ���� parallelogram the points �, � are such that ��������⃗ =
�

�
��������⃗ , ��������⃗ =

�

���
���������⃗ , where 

� ∈ ℕ∗, � ≥ �. Prove that the points �, �, � are collinear. 

Solution. 

We must to prove that exist � ∈ ℝ such 

that �������⃗ = ��������⃗ . 

How, ��������⃗ = (� + 1)�������⃗  we have 

��������⃗ = −��������⃗ .  

It follows that: 

 

�������⃗ =
1

1— �
��������⃗ — �1— ��������⃗ =

1

� + 1
��������⃗ +

�

� + 1
�������⃗  

Because �������⃗ = �������⃗ + �������⃗ = �������⃗ +
�

�
��������⃗ = �������⃗ +

�

�
��������⃗  then, �������⃗ = ��������⃗ ⇔ 

�

� + 1
�������⃗ +

1

� + 1
��������⃗ = ��������⃗ +

�

�
��������⃗  

How the vectors �������⃗  and ��������⃗  are not collinear, we have 
�

���
= �,

�

���
=

�

�
. 

So, � =
�

���
, �������⃗ =

�

���
�������⃗  and then the points �, �, � are collinear. 

Application. 

In �����, �����, �����, ��, ��, �� −centroids. Prove that the points ��, ��, �� are 

collinear if and only if the points ��, ��, �� are collinear. 

Solution. 
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Let � in plane of that triangles. 

From Leinbiz relation, we have: 

���
�������⃗ =

1

3
��������⃗ + �������⃗ + �������⃗ � 

���
��������⃗ =

1

3
��������⃗ + �������⃗ + ���

�������⃗ � 

���
��������⃗ =

1

3
��������⃗ + �������⃗ + ���

�������⃗ � 

It follows that ����
���������⃗ = ���

��������⃗ − ���
�������⃗ =

�

�
����

�������⃗ − ���
�������⃗ � =

�

�
����
���������⃗  and similarly, 

����
���������⃗ =

�

�
����
���������⃗ . 

The points ��, ��, �� are collinear if and 

only if exist � ∈ ℝ such that ����
���������⃗ = �����

���������⃗ ⇔ 

�

�
����
���������⃗ =

�

�
����
���������⃗ ⇔ ����

���������⃗ = �����
���������⃗ ⇔ ��, ��, �� are collinear. 
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