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PROBLEMS FOR JUNIORS

JP.406. If a,b,c > 0;a+b+c = 3 then: (a3+2)(b3+2)(c3+2) > 27

Proposed by Daniel Sitaru - Romania

JP.407. In AABC the following relationship holds:
<R>3 S (a+b+c)(a®+ b2+ c?)(a® + b2 + c3)
2r/ = 27a2b2c?
Proposed by Alex Szoros-Romania

JP.408. In AABC the following relationship holds:

R 2 a C (&4 a 3R 2 b
<7> 4> (ra + 7)) (16 + 7)) (Te + Ta) S + TZ2(%+ >+4

r

TaTbTec - r a

Proposed by Alex Szoros-Romania

JP.409. If a,b,c > 1 and 0 < A < 1 then:
log, a n log.b log, c > 3
A+log,b+1log,c A+logya+logy,c A+log.a+log.b = A+ 2

Proposed by Marin Chirciu-Romania

JP.410. If x,y,z > 0 and n € N,n > 2 then:
1
> ey 4 2) > (1 + 27) (zy + yz + zz)
cyc

Proposed by Marin Chirciu-Romania

JP.411. In AABC the following relationship holds:
b b be(b
ab(a + b) c(b+ c) ca(c+ a) > 4V3F
V2(a? +b2)  /2(b%2 +c2)  /2(c? + a?)

Proposed by Marian Ursarescu - Romania

JP.412. In AABC, I - incenter, the following relationship holds:
AI® + BI® + CI°® < 64[(R? — Rr + r?)3 — 2479

Proposed by Marian Ursarescu - Romania
1



Romanian Mathematical Magazine Spring Edition 2023

JP.413. If (an)n>1 be increasing sequence with a; > 0,Vi = 1,n
and k € N, k > 2 solve for real numbers:

ka’f—i_]‘_i_ kac2c+1+ ka’:}l—1+1:n_2+ ka’f—i_l
aj +1 ag +1 ar +1 ar +1

Proposed by Florica Anastase - Romania

JP.414. Solve for real numbers:
z,y,z >0
x* + 1 = 5(y? + 22)
T+y+z=2YTYz +
Proposed by Daniel Sitaru - Romania

JP.415. In any quadrilateral with the sides’ lengths a, b, c, d:
1
alb+c+d—a) + ba+c+d—0») + c(a—|—b+d—c)+
32
+ >
dla+b+c—d) ~ (a+b+c+ d)?

Proposed by Florentin Visescu - Romania

JP.416. Solve in R the equation:
\/3n —1+4/8n2 —4n- \/7n — 54 1/48n2 — 68n + 24
-\/5n — 3+ /24n% — 28n + 8-\/5n — 3+ /1602 — 12n = (10n—6)>

Proposed by George - Florin Serban - Romania

JP.417. Prove that in any A ABC the following inequality holds:

A B C 3
Zsins—cos—cos— > —ZCOSA
2 2 2 16

Proposed by Gheorghe Alexe and George Florin Serban - Romania
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JP.418. Let be 1, 22,...,Tn, Y1,Y25---,Yn > 0,

(éxk> > 2kH1mk,ka < Zyk
(S (Sm)e e o

Prove that:

(S (L) (S (1L

Proposed by George Florin Serban - Romania

JP.419. Find all a,b € Z such that:

€/1+\/2019—ab+ f/l—\/2019—abEZ

Proposed by Pedro Pantoja - Brazil

JP.420. Let a, b, c be positive real numbers such that
a? + b? + ¢? = 3. Prove that:

ad+b3+c2+1 B+ +a?+1 AS+ad+b2+1
b3(c? 4+ 1) c3(a?+1) a3(b?2+1) -
Proposed by Pedro Pantoja - Brazil

PROBLEMS FOR SENIORS

SP.406. Let a, b, c,d be positive real numbers. Find the maximum
value of the expression:

abc abd acd bed
ab+ac+bc ab+ad+bd ac+ad+cd bc+bd+cd
1\/(14 b4 + cl + d4
Proposed by Kunihiko Chikaya-Japan

SP.407. If X,Y,Z € M11(C); X3 =Y5 = Z7 = Iy,
XY =YX;YZ=2Y;ZX = XZ;

Q=2XYZ+X2(Y+2)+Y*(Z+X)+Z*(X+Y)
then det(Q2) # 0.
Proposed by Daniel Sitaru - Romania

©Daniel Sitaru, ISSN-L 2501-0099 3
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SP.408.Let ABC be an equilateral triangle such that
|za| = |zB| = |2¢|. Find z € C such that:
|z — za| < |zB + 2]
|z — zB| < |zc + 24
|z — z¢| < |za + zB]

Proposed by Ionut Florin Voinea - Romania

SP.409.Find all functions f : Q — Q such that:
flz—y)=f(x) — fly) —zy(x —y),Ve,y € Q

Proposed by Ionut Florin Voinea - Romania

SP.410.Let z1, 22, z3 € C* different in pairs such that
|z1| = |z2] = |z3| = 1, A(21), B(22),C(2z3). Prove that:

> 1221 — 23 — z3|* = 243 = AB = BC = CA.

cyc

Proposed by Marian Ursarescu - Romania

SP.411.Let z1, 22, 23 € C* different in pairs such that
|z1] = |z2] = |23], A(21), B(22), C(s).

Z 1

e 8212023 — (22 + 2223) (22 + 23) " 10212223

= AB=BC =CA
Proposed by Marian Ursarescu - Romania

SP.412.Let A € M, (R) such that A2021 =1, + A4+ A% ...+ A2019,
Prove that:
det(A® +1,) >0

Proposed by Marian Ursarescu - Romania

SP.413.Let o« > 1 fixed. For Vn € N* denote
k(n) = min{k € N|(n+1)* > a-n*} and (Tn)n>1sTny1 = T+ .

Find o
. k(n) -log {/n
Q= lim

n—oo Tn

Proposed by Florica Anastase - Romania

SP.414. Solve for real numbers:
at = Vy'+8 - Vy' +3
y*=v2T+8—-v21+3
2 =Vth+8 - Vt1 +3
t* =Vt +8 — Vol +3
Proposed by Daniel Sitaru - Romania
4 ©Daniel Sitaru, ISSN-L 2501-0099
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SP.415. Solve for real numbers:
tanx + 2tan2x + 4tan4x + 8cot8x =1

Proposed by Daniel Sitaru - Romania

SP.416. If -3 < z,y,z < 3,z 4+ y + z = 0 then:
TYz
9+ xy +yz + zx
Proposed by Daniel Sitaru - Romania

<3

SP.417. Let (zn)n>1 and (yn)n>1 be sequences of real numbers
such that:

n - n k2
Ty = tan(— ) — wlogn,y, = 2k=1.1_— | [«] - GIF.
() - rvmn = £ (2]
Find: g

Q= lim

— 00 yn

Proposed by Florica Anastase - Romania

SP.418. Solve for real numbers:
sin3sc—|—cos3y+z3—|—3z =3224+2
sin? z + cos¥ 422 = 2z + 2
sinx + cosy + z = 2
Proposed by Daniel Sitaru - Romania

SP.419. If a,b,c € R; b_T_C + Cba + aj_b = 1, then solve for real
numbers:

a? b2 c?

b+c+c—|—a+a—|—b

Proposed by Daniel Sitaru - Romania

sinx - siny -sinz =

SP.420. If z,y,z € R,32(z® + y® + 2%) = 3, then:

51
Z(2m6+w4+m3+w2)+522(w—|—y—|—z)

cyc

Proposed by Daniel Sitaru - Romania
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UNDERGRADUATE
PROBLEMS

UP.406. If 0 < a < b then:
/ba}2—|—1 / (b—a)?
de |< —————
o 3 +1 a 3—|—1 ~ Va(l + a?)

Proposed by Daniel Sitaru - Romania

UP.407. If 0 < a < b then:

b b
2/ / Va2 + zy + y2dzdy > V3(b + a)(b — a)?

Proposed by Daniel Sitaru - Romania
UP.408. If f,g : [a,b] — (0,00);0 < a < b; f, g - continuous, then:

b f(z)g(x) b b
Tyt o < [ V@ +a@da+ [V @a@s

Proposed by Daniel Sitaru - Romania

UP.409. If a,b,c,d € (0, -3;) then:

b -1 d -1,
/ tan mdw n / tan d > E o ( 47/ bd )
a c x 2 (2a + w)(2¢c + 7)

x
Proposed by Daniel Sitaru - Romania

UP.410. Let (zn)n>1 be sequence of real numbers such that
~ 0y
Ty, = in— —ml
Z sin k wlogn
k=1
Find:
Q li i !
= lim =z, -
"t Yk DR+ 1)?

Proposed by Florica Anastase - Romania

UP.411. Let (zn)n>1 and (yn)n>1 be sequences of real numbers

such that:
1 niin 1
Ty, = Z sm— + 10g<sm ),yn = Z [\/E—I— E]’ [*] - GIF.
k=1
Find: "
Q= lim

n—>00 yn
Proposed by Florica Anastase - Romania
©Daniel Sitaru, ISSN-L 2501-0099
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UP.412.Find:

a

+¥

_ \/1_7 \/1_7 1-3m x| - o
Q_nﬁoo[f]+[f]+[f]+ N7 s TR AR

Proposed by Florica Anastase - Romania

UP.413. Find:
1 N tantk
— 2 —_ . _1 —_—
Q_nh_{gonkg_l k tan" " (n —k+1)

Proposed by Daniel Sitaru - Romania

UP.414. If 0 < a < b then:

b b b z.min(z, L,y + Y)dxdydz /2 b2 +1
Y x < —Z(b—a)’log(——
/// 22 1 s 5 (®-a) Og(a2+1)

Proposed by Daniel Sitaru - Romania

UP.415. Let ABC denote a triangle and H its orthocenter. Let
point M be the middle of the segment AH. Prove that: (a) angle

BMC is acute. (b) area ABMC = % -AH?.tan BMC.
Proposed by George Apostolopoulos - Greece

UP.416. Let ABC denote a triangle with circumradius R. Let
D, E, F be chosen on sides BC,C A, AB, respectively, so that AD, BE
and CF bisect the angles of ABC. Prove:

R > 2R/, where R’ denotes the circumradius of triangle DEF.
Proposed by George Apostolopoulos - Greece

UP.417. Find:
1 1
Q(a) = li_)m ((fﬂ-l-a) **YT(x + 2) sin —z YT (x + 1) sin 7>; a>0

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

UP.418. In AABC the following relationship holds:

'\/72—2\/;—2 +7) 51:

Proposed by Marin Chirciuv - Romania

©Daniel Sitaru, ISSN-L 2501-0099 7
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UP.419. If n € N;n > 3 then:
natRrtetR S (g 4 1) Veror

Proposed by Daniel Sitaru - Romania

UP.420. If x > 0 then:
3 cosh(4x) 4 5 cosh(3x) S sech’® z
coshz(3 + 5e=*)(3 + 5e*) — 3+ 5sechx

Proposed by Daniel Sitaru - Romania

MATHEMATICS DEPARTMENT, ”THEODOR COSTESCU” NATIONAL Econowmic, COL-
LEGE DROBETA TURNU - SEVERIN, ROMANIA
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