CRUX MATHEMATICORUM CHALLENGES-(IV)

DANIEL SITARU - ROMANIA

4055. Prove that if z,y >0,z Zyand 0 < a <b < % < c¢<d<1 then:
)G -C)T=o[G)+G) =) ()
Proposed by Daniel Sitaru - Romania

Proof.
l—a, o a, l—a
Let be f:[0,1] = R, f(a) = =—LE2¥— 2 y € (0,00), 2 # y fixed values.

. Tty . _z+y
lim f(a) = ==, lm f(a) = —
a>0 a<l

/(@) = 3y — )=y — 0ty )

xl—aya +.’an1_a S(}l_dyd +.’Edy1_d xl—byb +$by1_b xl—byb +$by1_b ml—cyc +wcy1—c

2 + 2 - 2 - 2 + 2

L)) - - =G+ () -]

4100. Prove that in AABC;m(A) < 90° the following relationship holds:

ccos B n bcosC < a
ac+2S  ab+2S 28
Proposed by Daniel Sitaru - Romania

Proof.
Let be AM 1. BC; AA’ bisector of <BAM; AA” bisector of <M AC;
A e (BM); A" € (MC)

A/37£$CCOSBfC+haéA/thaCCOSB
A'B  h, AM —  h, ¢+ h,
A"M  h A"M h hgbcosC
_la _ Da o grpp = a0COS Y
AC b beosC b b+ hy
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A'A" < BC=a
A

M
Al

ccosB~¥ bcosC~%

+
c+ -2 b—|—%

2Sccos B n 25bcos C'
ac+ 2S5 ab+2S
ccos B bcosC a

awct2S T abt2s 28

A/A//:A/M+MA//:

<a

4115. Prove that for all natural numbers n > 2, we have:
nln2 < \3/3 'n,+\1/ﬁ. n+€/ﬁ. . 2%
Proposed by Daniel Sitaru - Romania

Proof.
Letbean:n%rl+%+2+...+ﬁ
1 1 1

T o2n+1 2n+2 (2n+1(2n+2)
Let be by = + + 725 + - + 57 + 53

_ —3n —2

~ n(2n+1)(2n +2)

lim a, = lim b, =In2
n— oo n— o0

The sequence (an),>1 is increasing and (by,),>1 is decreasing
In2

>0

an+1 — Qp

bn+1 - bn < 0

an <In2 < b, = n* < n"? < pbn
In2

1
1< —— <nbomon =

nan
On the other hand nw = /n € (1, V/3]; (V)n € N*;n > 2. It follows:
nln2
<Yn<V3
non
n"? < /3. non
nn? < Y3 g tes et
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4122. Prove that for n € N, the following holds

PP CE Gt RS Rl

(2n)!
Proposed by Daniel Sitaru - Romania

(e"—l
n

Proof.
Let be f:]0,1] = R, f(z) = €* and I,, = fol et dy.

—(/01 emd:v)2 :(/01 Vem—ha . \/e("JF’“)””dQL‘)2 <

I’ =

S(/Ol e(”_k)zdx> (/01 e("+k)xdx);0 <k<mnkeN

(Cauchy - Schwarz - integral form)
Iy < Lnge - I

I2<I, 1 I
I,% < In72 : In+2

0<k<n

By multiplying:
I <Ioh - Iy-1lnir - Ioy
< Lol - Ty,
2n+1 N se2p il e2n (1
) =)L) - ()
0 2 lo 2n lo
e3—1)-..- (e —1)

(2n)!
(|

en® |1

(5,
e" — 1)2"+1 < (e—1)(e? = 1)(

(=

4188. Let 0 < x <y < z < 5. Prove that:
(x4y)sinz + (x — 2)siny < (y + 2) sinz
Proposed by Daniel Sitaru - Romania

Proof.
siny sinz xsiny—ysinx
Y z Ty
rsiny —rsinx —ysinx + xrsinx

_ x(siny —sinx) — (y —x)sinz
= o =

y—
= T
Yy rT—y

siny — sinx .
—sinz| =
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i Y= ytzx
—x sin 5= cos <= .
_Y [2;10 2 2 _ smm} <
Ty Yy—x
—x +x .
< y [a: cos y — sin m} <
xy

<Y I(mcos:c—sinx): cosz(x —tanz) <0

Yy
because y > x;x < tanz.

siny sinz

< 0= xsiny < ysinzx

Y x
Analogous:
ysinz < zsiny
rsinz < zsinx
By adding;:

z(siny +sinz) + ysinz < ysinz + z(siny + sinx)
(x +y)sinz +zsiny < (z+ 2)sinx + zsiny
(x4y)sinz + (x — 2)siny < (y + 2)sinz

4205. Prove that for 0 < a < ¢ < b,a,b,c € R, we have
b — —
1 / 2 arctan ode > (¢ — a) arctan v/ac n (b — ¢) arctan v/be
C\/(% a \/E \/(%

Proposed by Daniel Sitaru - Romania

Proof.
Let be f: [a,c] = R; f(x) = zarctanx
’ Y _ 2
f(x):arctanm—i—l_'_xz, (l‘)—m>0

It follows f convex on [a,c] and f'(x) > lim,_o f'(z) =0
It follows f increasing on [a, c|.

I:/acxarctanxdm:/:f(x)dx:/acf(a—l-c—x)dm

with the change of variable y =a+c¢—z
2[2/ (f(:v)—l—f(a—i—c—ac))dm
I:/ f($)+f(a+c_$>dx>/‘f(7x+a+c_x)dx:

2 2

- [ 15 =1(559) <!,

(1) ~ (- (5E
Analogous, if f : [¢,b] — R then:

b
(2) / f(@)dz > (b— ) f(Vbe)

a

) > (e~ a)f(vac)
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From

(1) 2
b c b

[ 1@ = [ f@ds+ [ f@yis > (e~ aprtvad) + (b - Of (vVao
b

)

/ xarctan zdz > (¢ — a)v/acarctan vac + (b — ¢)Vbe - arctan Vbe

a

1 (¢ — a) arctan v/ac N (b — ¢) arctan v/be

Vbe Vac

b
/ x arctan xdx >
cvab Jq

4218. Prove that if a,b,c € (0,00);n € N;n > 3 then:

1 3V abe
S Yatbte>
n o JrC_(a—i—b—&—c)"—l—&—n—l

Proposed by Daniel Sitaru - Romania

Proof.

\"/a—l—b—l—c((a—l—b—i—c)”_l—i—n—l)
n/ b —
atote (a+b+c)t+n—1

Va+b+cla+b+e)" 1+ Vat+b+c+...+ Va+b+ec

"n—1" times

= >
(a+b+c)mt4+n-1 -
AM-GM
~~ ny/(a+b+c) n(a+b+c)
~ (a+b+emt4+n—1 (a+b+te)ml+n—1
n(a+b+c) 3n+v/abe
Va+b > >
arote= (a+b+c)"14+n—-1" (a+b+e)" 1+n—-1
1, — 3V abc
7'7L b >
n ot +C_(a+b+c)"*1+nfl

4226. Prove that if 0 < a < b then:

([ V2 > 0 v (2)

Proposed by Daniel Sitaru - Romania

Proof.
Let be f:(0,00) = R; f(z) =Ilnz

SE2
fl@) = é;l—F(f')Q(z) :1+;72 _ i+

The length of the f graphic for = € [a, b] is:

Lf:/ab\/mdx:/:wdx

X
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Y

oF=-==-=
=

b
[AB] = \/(b—a)2 + (Inb —Ina)? = \/(b a)? +1n2(7>
a
The length of the graphic is bigger then the rope:
Lf > [AB]
b
Vi 2
a x

- (2

(/ab 1T—~_9626l95)2 > (b—a)? +ln2(é)

a

4249. Let a, b, ¢ be real numbers with at most of them equal to zero. Prove that

(a—10)2(b—c)?(c—a)? s 9 o
<2 — _be —
a?b? + b2c? + c2a?  ~ (a® 4+ b° + ¢ — ab — bc — ca)

Proposed by Daniel Sitaru - Romania

Proof.

Let be A =

Q= =
= o =

Q=0 =
I
N\
QW
N———

=
o o

(111 B 3 a+bte
B-B _<a b ¢ “\a+bt+ec a24+02+3
det(B-BT)=3(a®>+0*+ ) —(a+b+c) =
=2(a® +b* + 2 — ab — bc — ca)

=3 § Y-

O |~ R |-
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1
C-CT=( D f)=GErEd)
1 1 1
T
det(B - BT) - det(C - CT) =
2 2 2 1 1 1
(1) =2(a*+b"+c _ab_bc_ca)(ﬁ+b72+c7)
Cy—C4
1 1 1jcs—cy |1 0 0
detA=|a b ¢ =la b—a c—al=
1 1 1 1 1 _1 1_1
a b c a b a c a
_|lb—a c—a|] |b—a c—a] —(b—-a)(c—a)|l 1]
— |1 1 1 1| — | a=b a—c | — 1 1| —
P a ¢ a ba ca a b ¢
77(b—a)(cfa)<171 _—(b—a)lc—a)(b—¢c) _
B a c b/ abe o
(b—a)(c—a)(c—D)
2 _
@ abc

From Laplace rule for A = (g)

| det A| = > (F)MEEEEES det(B - i, ja, s) - det(C - )| <
1<51<g2<43<3
1<j;<3
Cauchy - Schwarz
S Z ’(71)1“1’24’34’]14’]2“”]3 det(B . ]13‘727‘73)"’ Z det(c . ]i) =
1<51<j2<g3<3 1<5;<3
1<j1<3

= \/det(B - BT) - det(C - CT)
|det A|? < det(B - BT) - det(C - CT)

b— - —b)\2 11 1
(( e —a)le )> S2(a2—|—b2—|—c2—ab—bc—ca)<ﬁ+b—2+c—2)
(b—a)*(c—a)?(c—0b)? _ 2(a®+b%+ c® — ab — bc — ca)(b*c® + a®c? + a?b?)
a?b?c?

a?b?¢c?
(b—a)*(c—a)?*(c—b)? s 9 o
<2 — _ _
b2¢2 + a2¢2 + a2b2 S (Gf +b°+c ab — be ca)

IN
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