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1 Applying the Calculus of Minima and Maxima of a
function of two real variables

mn

(am)? +n?’

Let.A::{ n,meZ,aeR\{O}}

mn
(am)? + n?

f(m,n):=

To obtain the stationary points of f(m,n), we take the partial deriva-
tives of f wrt. to m and the partial derivatives of f wrt. to n, equate both
results to 0 and solve simultaneously.[2]
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If there is a stationary point in f(m,n),

af af
% — 0, % — O
mn(n® — (am)?) _ mn((am)? —n?) _
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Both implies, n? — (am)? =0
= n=tam
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To conclude if the function has a true maximum or minimum, we ap-
ply the second derivative test.
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_% (m(( m +12)
n? —(am)*  (am)?) —n? n ' n? — (am)? < 2n
(am)?2+n? ((am)®?+n?)?  (am)?2+n? (am)?+n? \ n?— (am)?
2n
(am>2+n2>
—(n* — (am)®)?>  n(n® — (am)?) <2n((am)2 +n?) —2n(n* - (am)2)>
((am)>+n?)> = ((@m)*+n?)? (n* = (am)?)((am)* + n?)
—(n? —(am)®)?*  n(n®— (am)?) ( 4n(am)? )
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, 2f\ [ f 2f \? o
Since <W> (W) — ( Fp. 8n> = 0, the second derivative test

fails.


http://www.ssmrmh.ro

Romanian Mathematical Magazine
Web: http://www.ssmrmh.ro
This article is published with open access

Conducting further test [2],

Vae€R

’f —4a(am)* —a

om?| _ ~ 8(am)®  2(am)? <0

% f —4(am)* —1

on2| .. ~ 8a(am)®  2a(am)? <0
°f —4a(am)* a
om?| _ ~ 8(am)®  2(am)? >0
’f —4(am)* 1
on? e —am - 8a(am)® - 2a(am)? >0

2 2
By this further test if % > 0, then, there is a minimum and if % <
0, there is a maximum.

Therefore, by this further test, we can conclude that the maximum
value of f(m,n) is f(m,am) and the minimum value of f(m,n) is f(m,—am).

B _ m(am)
fmax(m,n) - f(mvam) _ (am)2 + (am)2
B am? 1
- 2(am)?  2a
B _ —m(am)
fmm(man) - f(m7 am) (am)2—|— (am)2
L am? _ 1
 2(am)? 2a
i 1 1 mn
Slnce—ZER,and—ZS W,n,méZ,aGR ,
— infA4 = _1
2a

| 1
Similarly, - € R, and - > {L nmecZ, ac R},
a

a (am)? +n?’
1

— supA=—
2a
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2 Applying the law of Tricotomy
mn
(am)? +n?’

m and n can be selected in Z in such a way that either one of the
following three applies; m > n, m < n, m = n.

Let.A::{ n,mGZ,aER\{O}}

2.1 For Supremum [1]

Ifm=n,

n? 1

— flnn) = (@n)2+n2  a2+1

If m > n, m can be written asm =anVa € R™, m,n € Z*

an2 a

(@n)?+n?  d*+1

= f(an,n) =

If m < n, m can be written as n =amVa € R™, m,n € Z+

m(am 1
— flmam) = =

It is obvious that
4 2 2
a*+1>a(a"+1)>2a"VaeR

1 1 1
at+1 " a(a®+1) ~ 242

a 1 1

— < <
a+1 " d>+1" 2a

1 1
—E]R,and—>{L n,mGZ,aeR},

2a 2a — | (am)? +n?’
1
— supA=—
2a
2.2 For Infimum [1]
If m < n, mcan be writtenas m = —anVa € R~, m,n € Z~
—an? —a

= f(—an,n) =

(a%n)? +n? |

6
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If m > n, m can be written asn = —amVa € R™, m,n € Z~
m(—am 1
= f(m,—am) = _m(zam) __

(am)?+ (am)® ~  2a
It can be proven that

1< a < a < 1
2a a+1 dr+1

1
< — VY R
21124 €
Proof.

It is obvious that
a*+1>2d%, VaeR
— —(a*+1) < 24

1 S 1
a*+1 24>

1 1 1 1 1
_ —— — < —
222 a4—|—1<a4—|—1<a(a2+1)_2a2

N 1< a < a < 1 <1
2a a+1 d*+1 a?+1 " 2a

1 1
Since —— € R, and —— < Ln,meZ,aeR ,
2a 2a (am

2+n2

1
— inffA=——

2a

3 Examples

Example 3.1. If A := {#, n,mée Z}

Solution 3.1.1. — a = 2, so the substitution is n = 2m.

B m(2m) _ b1
= fimax(m,n) = (2m)2_|_ (2m)2 C2x2 4

. _ om(=2m) 11
= i) = G om? T T2x2 &

1 1
Since ~1 € R and ~ < {L n,me Z},

4m? 4 n?’

1
inf A 1


http://www.ssmrmh.ro

Romanian Mathematical Magazine
Web: http://www.ssmrmh.ro
This article is published with open access

1 1
Similarly, 1 €Rand - > { mn , n,m e Z},

4 = | 4m? +n?
= sup A !
upA=-.
PA=Y
Example 3.2. If A .= {3171’2"—_7_’12, n,me Z}

Solution 3.2.1. = a = /3, so the substitution is n = v/3m.

But because n € Z —> n ¢ IQ, we use the integral values between
which v/3 lies.

V3e(1,2)
So,letn =+2mand n = +tm

2 2

:f(m’zm):%:?

—m(2 2

1

jf(m,m):#nzzn)z:;‘

—m(m) 1

= ) = e e %

1 2 2 1

45777574

2 2
— infA= —5 A sup A = 7

NB: If a € 1Q > m,n € Z, choose the upper bound of a as what you
will use to establish a relationship between n and m.

mn

Example 33. If A:= {m,

n,meR}

Solution 3.3.1. = a = /3, so the substitution is n = ++/3m.

m(~\/3m) 1
(V3m)2+(v3m)2  2x+/3  2V3

8

— fmax(man) -
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—m(v/3m) 1 1

- fmin(man) = =

(V3m)?2+(V3m?  2xv3  2V3

1 1 mn
Since ———= € R and — < ,n,meR >,
2V/3 2\/5—{4m2+n2 }
1
= infAdA=———
23
S"llleRd1>{ mn ER}
mmilarly, —— an = y nym >
Y 2V3 2V3 4m? + n?
1
= supA=——.
P 2V3
mn
Example 34. If A:= {m, n,mec Z}

Solution 3.4.1. a = 1 but n in the denominator was replaced with 2n, so
the substitution is 2n = m, =— m = 2n.

_ n(2n) 11
= fnax(m,n) = n)2+(2n)?  2x2 4
n(—2n) 1 1

- fmin(man) =

2n)2+ (202 2x2 4

1 1
Since —ZERand —Zg{%,n,mEZ},
1
inf A 1

1 1
Similarly, - € R and 5 > {% nm e Z},
m n

1
= sup A= e
4 [Extensions to other rational functions and general-
izations

The following functions are going to be examined for supremum and in-
fimum in this section

f(m,n):= e f(m,n):= am)? f(m,n):= va(m,n) =
n’m? _ (nm)P
am+n,...,f(m,n) = lamyi £
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am-+n

4.1 Let A ::{ ,n,meZ,aeR\{O}}

m and n can be selected in Z in such a way that either one of the following
three applies; m > n, m <n, m = n.

4.1.1 Supremum

Ifm=n,

n2 n

an—+n - a+1

= f(n,n) =

{%, ne Z} is neither bounded above nor below.
a

If m > n, m can be written asm =anVa € R*, m,n € Z*

an2 an

an+n - a’+1

= f(an,n) =

an .

-, NE Z ¢ 1s neither bounded above nor below.
as+1

If m < n, m can be written as n =amVa € R™, m,n € Z*

m(am) m
— f(m,am) - am—+am - 5

{T, me Z} is neither bounded above nor below.

2
4.1.2 Infimum
If m < n, mcanbe writtenas m = —anVa € R~, m,n € Z~
—an® —an

= f(—an,n) =

an+n - a?+1

—_an7 n € Z ¢ is neither bounded above nor below.
a’+1

If m > n, m can be written asn = —amVa € R™, m,n € Z~

m(—am) m
= S am) = e~ 2

{—%, me Z} is neither bounded above nor below.

Hence inf.4; and sup.4; do not exist.

10
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nm2

4.2 Let Az = {W,

n,mEZ,aER}

m and n can be selected in Z in such a way that either one of the following
three applies; m > n, m <n, m =n.

4.2.1 Supremum

If m=n,

I’l3 n

(@n)2+n2  a2+1

= f(l’l,l’l) =

{ _’i T ne Z} is neither bounded above nor below.
a

If m > n, m can be written as m = anVa € R*, m,n € Z*

n(an)? a’n
> = =
f(an,n) (a’n)?+n? a*+1
a’n
{m, ne Z} is neither bounded above nor below.
a

If m < n, m can be written as n = amVa € R*, m,n € Z*

m?(am) m

=) = G (am 2

{zﬁ, me Z} is neither bounded above nor below.
a

4.2.2 Infimum

If m < n, mcan be writtenasm = —anVa € R~, mn € Z~

n(—an)? a’n

(a’n)? 4 n? T at

= f(—an,n) =
a’n L
——» 1 € Z ¢ is neither bounded above nor below.
a*+1
If m > n, m can be writtenasn = —amVa € R~, mn € 7~

m?(—am) m
= Sl ) = o am? ~ 2

{—22, me Z} is neither bounded above nor below.
a

Hence inf A, and sup.4; do not exist.

11


http://www.ssmrmh.ro

Romanian Mathematical Magazine
Web: http://www.ssmrmh.ro
This article is published with open access

n’m?

(am)? +n?’

m and n can be selected in Z in such a way that either one of the following
three applies; m > n, m < n, m = n.

4.3 Let A3 :z{ n,mEZ,aER\{O}}

4.3.1 Supremum

If m=n,

n* n?

(@n)2+n?  a>+1

= f(n,n) =

2
{ 1 T ne Z} is neither bounded above nor below.
a

If m > n, m can be written asm = anVa € R™, m,n € Z*
n*(an)?  a*n®
(a2n)2+n?  a*+1

= flan,n) =

2.2
&, n € Z ¢ is neither bounded above nor below.
a*+1

If m < n, m can be written as n =amVa € R™, m,n € Z*

m?(am)? m?
= ) = G amp = 2

2
{m?, me Z} is neither bounded above nor below.

4.3.2 Infimum

If m < n, m can be writtenas m = —anVa € R~, mn € Z~

2 2 2,2
n*(—an) an
— f(_a]’l’n) = (azn)2+n2 e a4+1

2.2
i, n € 7 ; is neither bounded above nor below.
a*+1

If m > n, m can be writtenasn = —amVa € R™, mn € Z~

m?(—am)? m?
O = o famp ~ 2

12
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2
{m?, me Z} 1s neither bounded above nor below.

Hence inf .43 and sup .43 do not exist.

2.2

4.4 Let.A4::{nm ,n,mEZ,aER\{O}}
am+n

m and n can be selected in Z in such a way that either one of the following
three applies; m >n, m <n, m = n.

4.4.1 Supremum

If m=n,
4 3
n n
— , = =
flnm) an+n a—+1

3
{ 1 T ne Z} is neither bounded above nor below.
a

If m > n, m can be written as m = anVa € R, m,n € Z*

a*n* a*n’

= flan,n) = an+n  @2+1

2.3
&, n € Z ¢ is neither bounded above nor below.
a’+1

If m < n, m can be written as n = amVa € R*, m,n € Z*

a2m4 am3

= fm,am) = am+am 2

3
{ﬂ, me Z} is neither bounded above nor below.

2
4.4.2 Infimum
If m < n, mcanbe writtenasm = —anVa € R, mn € 7.~
a*n* a*n’

= f(=an,n) = an+n - az+1

a*n’
{ ,n€E Z} is neither bounded above nor below.

13
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If m > n, m can be written asn = —amVa € R™, m,n € Z~

a2m4 am3

= flm,—am) = am+am 2

3
{%, me Z} is neither bounded above nor below.

Hence inf A4 and sup A4 do not exist.

45 For A:={ )" +
. OrA.—{W,n,m,an,p,qGZ ,a#O}
4.5.1 Supremum
Ifm=n,
= f(n,n) = Gl e

(a4 1)nd T ait1

A will have an infimum and supremum iff 2p — g = 0.

If m > n, m can be written as m =anVa € Z*, mn € Z
aPn?p aPn?r—1
(24419 a?4+1

— flan,n) =

If m < n, m can be written as n = am Va € 7

aPm?P  aPm?r—4

— flm,am) = 2(am)?  2a4
If2p—qg=0, .
e E——
flan,n) = %
Flm,am) =

It is obvious that for 2p — g =0, a”(a?+ 1) > 2a9.
Proof.
aPt 4 aP > 2a1

14
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But g =2p

Nl
ke

az +a2 >2a

By AM — GM inequality,

SIS
[N

3
a2 +a
2

39 ¢
>\Vaz-az

3q q
2

= a2 +a2 >2a

Hence, a4 +aP > 2a%is true foralla € Z, p,q € Z*
Also,
a*1 41> a’(a?+1)

— a*?+1>d¥’ +a?
— a" — P —aP+1>0
— (@" = 1)@ +a’+1)>0

(aP — 1)2 > 0 is always true, so to check if a*” +a” +1 > 0, we add
a? to both sides.

— a*P +2a° +1>aP
— (" +1)*>a’
This is true, so a?? +a” +1 > 0.
It implies that (a” — 1)?(a*” +a” +1) > 0 is true.
Hence, a®? 4+ 1 > aP(a?+ 1) istrue foralla € Z, p,q € Z*

Therefore,
a* 41> a’(a?+1) > 2a4

1 1

— < <
a*t+1 " aP(a?+1) —

1
2a4
N al < 1 < a? 1

a29+1 " a2a+1 " 2a4 2a9-P

1
2a4—p

= sup A =

15
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4.5.2 Infimum
If m < n, m can be written as m = —an Va € Z™" and p is odd.
fln,n) = a‘l:- 1
F—an,n) = (a_zf,):”ip o

a?14+1>aP(a?+1) > 2a4

= —(a®+1) <—al(a?+1) < —2a1

1 1 1
— > — >
a*i+1 al(a4+1) = 2al
N 1 < 1 < 1
204 =  aP(al+1) a*d+1
) 1
— infA=—
2a4—P

If p is even, we have previously that 2p — g = 0, ¢ = 2p which im-
plies that g is even whether p is odd or even.

So if p is even, A is a set of positive values, so .4 can be rewritten as

. (nm)” - +
A.: {m, n,mE Z U{O}, a,p,qE Z

Since, any negative number selected in Z becomes positive under an
even power. Hence the minimum element in A4 is derived if m,n = 0.

= infA=0.
Therefore, we can generalize that

16


http://www.ssmrmh.ro

Romanian Mathematical Magazine
Web: http://www.ssmrmh.ro
This article is published with open access

If
P
A:: {(a’/(’:ly%, I’L,M,CIEZ, p,q€Z+, a%o,/\q:zp}
infA—d 3 forpodd
0, for p even
and 1
Sup_A: zaq_p

17
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