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ABOUT A FEW SPECIAL LIMITS AND SUMS (l11)
By Florica Anastase

Abstract: In this paper are presented few special limits with great integer function.

App.1) Find:
p-1 m , n -1
_zlag?oﬁ 2 Z( [\/k2+k+1+\/k2—k+1]>
m=0n=1 \k=1
,Where [-] great integer function.
Solution.

Let be the notations:

Sl=zn:[\/k2+k+1+\/k2—k+1]

i(i[\/k2+k+1+\/k2 k+1]>
pz‘:m zn:[\/k2+k+1+\/k2—k+1])

Forn = 1wehave:[ 1+\/§] = 2 and forn = 2 we have: [\/§+\/7] =4

-1

-1

But,2k < Vk?2—k+1+Vk?2+k+1<2k+1,then

[Vkz—k+1+Vk2+k+1] =2k
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22(2[\/k2+k+1+\/k2 k+1>_ =;< m+1)

(1+1+ +1) H
2 p p p

Therefore,
—H H _
Q= limZ pzlim(1——”)“=51
p—0 p p—©0 p
App. 2) Find:
a
1 1 1
1 t 11 ot . 1]
. 2 2 \/ T2
Q= lim ,[*] — GIF, ¢ € R

1

S
n n
1 1
n<z +zﬁ—n+1——<n+1

We have: 1 < <1+ zik,k = 1,n and summing, we get:

k=1 1—2ik k=1
Hence,
n
1
2 = n: (1)
=1 |1 — ik

Now, we have: [W] = [3Vk3 + 1| = .. = [i/(k +1)3 — 1] =k
n—1 /3k(k+1) n-1 ( _ 1) 2(3 + 1)
( z [i/k3+i]>=2(3k3+3k2+k)= RTORORT )
k=1

. 4
k=1 i=0

From (1) and (2) it follows that:
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a
1 1 1
_+_+ ...+_
) \/1__% 1-% /1—2%‘ | 4n®
= lim = lim -
nooo [i/ﬂ + [i/i] + [i/ﬂ 4ot [%/ns — 1] n-oon2(n—1)(3n+ 1)
0,ifa <4

Q

= §,ifa=4

o,ifa > 4
App. 3)

m
If x,, = lim 2 {\/nz + (2k+ 1)n + k% + k},m,n € N*, then:
n—-oo

=0
O 1
mym+ 1 <Zx_< 2\Vm
k
k=1

{x} =x—[x],[[] — GIF.

Solution.

n?+QRk+Dn+k?+k=n?+2kn+k’*+k=mn+k?+k>n+k)?
n?+QRk+1n+k*+k=n?+2kn+k’+k=m+k)?*+k<n+k+1)>?
Hence,

m+k)2<n?+QRk+Dn+k?+k<n+k+1)>

n+k<yn2+Qk+n+k2+k<n+k+1=

[Jn2+(2k+1)n+k2+k]=n+k,

)=t - {t}, MteR

{an+(2k+1)n+k2+k}=Jn2+(2k+1)n+k2+k—(n+k)=

P+ QRk+n+kP+k-m+k)? n’+Qk+Dn+k*+k—n®—2kn—k*

- 2+ Qk+Dn+k2+k+n+k - 2+ Qk+Dn+k2+k+n+k -
_ n+k
_\/n2+(2k+1)n+k2+k+n+k
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m
Xm =rllir10102{\/n2+(2k+1)n+k2+k}=
k=0

) n+k
=11mz =
moo b n2 + 2k + Dn+k2+k+n+k
1 1 1 m+1
= - fmotermsy Z € (Vm,m),m e N*
2 2 2
1 1 1
e (Vk, k keN*:>—e( )
Xk ( ) k\/_
1 1 1
—<—<—,keN"
k™ xg k
1+ +1+ +1<il<1+ +1+ + (D
2 3 m_k=1xk_ N/RRYE] Jm'
m+1_ 1 1
2+=-+s+-+ >mVvm+lem (1+ +-+-+ )>m\/m+1
2 3 m 2 3 m

1 1 1 m
1+§+§+---+E2m( Vm+1-1);(2)

1 11 1
z(dm—\/ﬁ)<ﬁ<2(\/ﬁ—\/m):>1+ﬁ+ﬁ+---+\/—ﬁ<2\/ﬁ;(3)

From (1), (2) and (3), we get: m"Vm +1 < chnzlxik < 2vym,meN*

App. 4) Let (x,,),,>1 and (¥,,),>1 be sequences of real numbers such that

n 2

n
T k
X, = Z tan (E) —mlogn,y, = z 2k-1. [k n 1],[*] — GIF.
k=1

k=3

. . 2" - Xn
Find: Q = lim

n—oo yn

Solution.

Pt'l»—\

5

oQ

S
N~

+
1=

T

Q

=)
~—
=S
~

I

3
1=
x| =

Il

n n
=Ztan —nlogn—n(Z

k=3 k=1

n 3 3
—nyn+2 tan - = —7—71)/,1+an 2,where
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T[ T
_ — 3
E tan ( <E(k) =’ ) <n’ k2<
k=3 k=3 k=3 k=

- 32 1 B 3(1 1)<n3_(1)
nk_3k(k—1)_n 2 ) S 72

=tan(n:r_1)—nj_1>0;(2)

Apy1 — Ap
From (1) and (2) it follows that (a,),s3 is convergent, so x,, = Ty, + a, — S is

convergent; (3).

Now, we have: k—1<—<k:>[—] k — 1, then

o)
yn=22k"1 -1 == Zk 2k — 22’”
k=1

n+2 1) - n+1
—(n+1)-a +a;(*)>

( Zk af (a—1)2

Q)
=n- 2" —-(m+1)-2"+1-2"+1=n-2"-2""+2;(4)

k+1

From (3) and (4) it follows that:

Q=1 2"-xn_1 2" - x, y Xn _ 0
Tabe y, | nbon 20— 20112 gpoon—2 420

App. 5) Let (x,,),,>1 and (¥,,),,>1 be sequences of real numbers such that

n
Zsm +log(sm ) Y = Z [\/_+ ] *] — GIF.
k=1
Find: Q = lim —=
n-ow yy,

Solution.
n n n
-5 antvre(snd) < (osnd) -3 E- e e (and)
= sin- +log{sin—) = P tsing )= w; ~logn + log|{sin— ogn
k=1 k=1 k=1
n n

(B3 wen)- 3 (s +ensnd -

= w ~ logn  ~sin ognsin_ =
k=1 k=1
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sin= L 1 1 sm—
=Y, + log T e Z (E — sin k) Yn + log ol a,, where
n n

k=1

k=1

1 1 1
=ty o) ron (3

= ! —2s ( ! ) ( ) (ap)ns1 increasing; (2)

n+1 2n(n+1)

Z("S‘“) Zkl Zkl Z k=1 %<2‘(1)

From (1),(2) (a,)n>1 are convergent, then x,, = y,, + log (n sin %) —a, are

convergent; (3)
Now, we have: [\/E+%] =q,q€EZLSq S%+\/E<q+1(:>

(q—1)g+1<q(g+ 1), so we can write:

n%4n n q(q+1)

= Y g =3 3 [Eeg)-

q=1k=(q-1)q+1

n q(q+1)

=> D q—Z[q(qH)—(q—nq]q— NG
q=1k=(q-1)q+1 q=1
_ n(n + 1)3(211 +1) @)

X

From (3) and (4) it follows that Q = limn_)ooy—" = 0.

App. 6) Let (a,,) =1, (b;,)n>1 be sequences of real numbers such that:

n2

a, =2,na, = bn+2(an + bpiq - Zn_l)rbn = 2

Find: Q = lim \/al a, - ..-a,

n—>0oo

Solution.

Forallk = 2, we have: Vk — 1 +Vk < 2vVk <Vk +Vk + 1

n=>1[]-

GIF.
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\/E<\/k_+;+ﬁ

2(Vi + —x/E)<i<2(\/E—\/k—1);(1)

<|

STV <Y s 142 (WE Vi
1+2k2=2(k+1 kZ\/_ +2k2=2(k k—1)

1
—k<1+2(n—1)

M:

1+2(\/n2+ —ﬁ)g

n n
2n—2 Z <2n—1=>l2

k= k=1

&
Il
[N

]=2n—2=>bn=2(n—1)

Sl

a, = bpir(a, + by - 2" =>na,=20+1D(,+n-2M)Nn>1e

n+1 _ n An+1 an an 2 on
PN =—nea, =n?-
nt1 (G2 CEE ey TR Rtery Tha i I

So, we get:

n+1
”i/al Ayt Q=220 - " [(n)?
From 1 < n! < n™, we obtain 1 < ni/(n!)z < (W)Z -1

= lim ni/(n!)z =1= Q= Ilim "i/al Ay .. = hm 2 2n - w/ (n)?2 = 2.
n—oo n—oo

App. 7) Let (x,,),,>1 be sequence of real numbers such that

1
Xp_q1 = ZW ,n=>1,[-] — GIF.Find:

Solution. Using the double inequality:

————<Vk+1-Vh<5=
33k + 1)? 3Vk?
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Z_ (k+1 <3<nZ(W—i/_)> Zv%

n3

—1<3(n—1)<2 !

1 1

Vi

k=1

1 1
3In—-3<3n—3+ <2 <3n—-2
i e

Hence,

n3
1
xn_1=lzwl=3n—3$xn=3n,n20

k=1
(%)ns0 —is a arithmetic progression with ratior = 3

n
2 2

su= () =w(p) +u () ++x ()

i=0
285 = (xo + xp) (0)2 + (%1 + x5_1) (‘;1)2 + 4 (X, + x0) (Z)Z =

= (2%, +7r) ((3)2 + (711)2 ot (Z)Z) =

=an((Q) + () o ()) =3 (5)

Because

S 3(n+1) 22n+1
lim =L = lim ( ) 2 )=4:>Q=1im

n-oo S, n—-oo 3n n+1 n—oo
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