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Abstract. In this paper is presented a simple proof for Young’s inequality
and a few applications.

YOUNG’S INEQUALITY (n = 2):
If x1, x2 ≥ 0; p, q > 1; 1

p +
1
q = 1 then:

(1) x1x2 ≤
xp1
p

+
xq2
q

Equality holds for xp1 = xq2.

Proof.
Let be f : (0,∞)→ R; f(x) = ex.

f ′(x) = ex; f ′′(x) = ex > 0⇒ f convex ⇒
⇒ f(λ1a+ λ2b) ≤ λ1f(a) + λ2f(b);

a, b > 0;λ1, λ2 > 0;λ1 + λ2 = 1

For λ1 =
1

p
;λ2 =

1

q
⇒ λ1 + λ2 =
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q
= 1
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q
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1
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1
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q
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For x1 = e
1
pa;x2 = e

1
p b ⇒ a

p
= lnx1;

b

q
= lnx2

a = p lnx1; b = q lnx2

e
1
p ·p ln x1 · e

1
q ·q ln x2 ≤ 1

p
ea +

1

q
eb

eln x1 · eln x2 ≤ 1

p
ep ln x1 +

1

q
eq ln x2

x1 · x2 ≤
1

p
(eln x1)p +

1

q
(eln x2)q

x1 · x2 ≤
1

p
· xp1 +

1

q
· xq2

If xp1 = xq2 then:
1

p
xp1 +

1

q
xq2 =

1

p
xp1 +

1

q
xp1 =

(1
p
+

1

q

)
xp1 =

1
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= xp1 = xp·11 = x
p( 1

p+
1
q )

1 = x
1+ p

q

1 =

= x1 · x
p
q

1 = x1 · (xp1)
1
q = x1 · (xq1)

1
q = x1x2

�

YOUNG INEQUALITY (n = 3)
If x1, x2, x3 ≥ 0; p, q, r > 1; 1

p +
1
q +

1
r = 1 then:

(2) x1x2x3 ≤
xp1
p

+
xq2
q

+
xr3
r

Equality holds for: xp1 = xq2 = xr3.

Proof.
Let be f : (0,∞)→ R; f(x) = ex; f ′(x) = ex;

f ′′(x) = ex > 0⇒ f convex ⇒

⇒ f(λ1a+ λ2b+ λ3c) ≤ λ1f(a) + λ2f(b) + λ3f(c)

a, b, c > 0;λ1, λ2, λ3 > 0;λ1 + λ2 + λ3 = 1

For λ1 =
1

p
;λ2 =

1

q
;λ3 =

1

r
⇒ λ1 + λ2 + λ3 =

1

p
+

1

q
+

1

r
= 1

f
(1
p
a+

1

q
b+

1

r
c
)
≤ 1

p
f(a) +

1
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f(b) +

1

r
f(c)

e
1
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1
q b+

1
r c ≤ 1

p
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1

r
ec

e
1
pa · e

1
q b · e 1

r c ≤ 1

p
ea +

1

q
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r
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For x1 = e
1
pa;x2 = e

1
q b;x3 =

1
r c⇒

⇒ a

p
= lnx1;

b

q
= lnx2;

c

r
= lnx3

a = p lnx1; b = q lnx2; c = r lnx3

e
1
p ·p ln x1 · e

1
q ·q ln x2 · e 1

r ·r ln x3 ≤ 1

p
ep ln x1 +

1

q
eq ln x2 +

1

r
er ln x3

eln x1 · eln x2 · eln x3 ≤ 1

p
· (eln x1)p +

1

q
· (eln x2)q +

1

r
· (eln x3)r

x1 · x2 · x3 ≤
1

p
· xp1 +

1

q
· xq2 +

1

r
· xr3

If xp1 = xq2 = xr3 then:

1

p
xp1 +

1

q
xq2 +

1

r
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1

p
xp1 +

1

q
xp1 +

1

r
xp1 = 1

=
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)
xp1 = 1 · xp1 = xp·11 = x
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1
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1 = x1 · (xp1)

1
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1
r =

= x1 · (xq2)
1
q · (xr3)

1
r = x1x2x3
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GENERAL YOUNG’S INEQUALITY

If x1, x2, . . . , xn ≥ 0; p1, p2, . . . , pn > 1;n ∈ N;n ≥ 2; 1
p1

+ 1
p2

+ . . .+ 1
pn

= 1 then:

(3) x1x2 · . . . · xn ≤
xp11
p1

+
xp22
p2

+ . . .+
xpnn
pn

Equality holds for: xp11 = xp22 = . . . = xpnn .

Proof.
Let be f : (0,∞)→ R; f(x) = ex

f ′(x) = ex; f ′′(x) = ex > 0⇒ f convex ⇒
⇒ f(λ1a1 + λ2a2 + . . .+ λnan) ≤ λ1f(a1) + λ2f(a2) + . . .+ λnf(an)

a1, a2, . . . , an > 0;λ1, λ2, . . . , λn > 0;λ1 + λ2 + . . .+ λn = 1

For λ1 =
1

p1
;λ2 =

1

p2
; . . . ;λn =

1

pn

λ1 + λ2 + . . .+ λn =
1

p1
+

1

p2
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1
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f
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a2 + . . .+

1
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)
≤ 1

p1
f(a1) +

1

p2
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1

pn
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e
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1
pn
an ≤ 1
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e
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1
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1
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For: x1 = e
1
p1
a1 ;x2 = e

1
p2
a2 ; . . . ;xn = e

1
pn
an

a1 = p1 lnx1; a2 = p2 lnx2; . . . ; an = pn lnxn

e
1
p1
p1 ln x1 · e

1
p2
·p2 ln x2 · . . . · e

1
pn
·pn ln xn ≤

≤ 1

p1
ep1 ln x1 +

1

p2
ep2 ln x2 + . . .+

1

pn
epn ln xn

eln x1 · eln x2 · . . . · eln xn ≤ 1

p1
· (eln x1)p1 +

1

p2
· (eln x2)p2 + . . .+

1

pn
(eln xn)pn

x1 · x2 · . . . · xn ≤
1

p1
xp11 +

1

p2
xp22 + . . .+

1

pn
xpnn

If xp11 = xp22 = . . . = xpnn then:
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p2
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1

pn
xpnn =

=
1

p1
xp11 +

1

p2
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1
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( 1

p1
+

1
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+ . . .+

1

pn

)
xp11 =

= xp11 = xp1·11 = x
p1(

1
p1

+ 1
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+...+ 1
pn

)

1 =

= x11 · x
p1
p2
1 · x

p1
p3
1 · . . . · x

p1
pn
1 =

= x1 · (xp11 )
1
p2 · (xp11 )

1
p3 · . . . · (xp11 )

1
pn =

= x1 · (xp22 )
1
p2 · (xp33 )

1
p3 · . . . · (xpnn )

1
pn =

= x1 · x2 · . . . · xn
�
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Application 1.
If x1, x2 ≥ 0 then:

x1x2 ≤
1

2
(x21 + x22)

Proof.
We take in (1): p = q = 2. Equality holds for x1 = x2. �

Application 2.
If x1, x2 ≥ 0 then:

3x1x2 ≤ x31 + 2x2
√
x2

Proof.

We take in (1): p = 3; q = 3
2 . Equality holds for x31 = x

3
2
2 . �

Application 3.
If x1, x2, x3 ≥ 0 then:

x1x2x3 ≤
1

3
(x31 + x32 + x33)

Proof.
We take in (2): p = q = r = 3. Equality holds for x1 = x2 = x3. �

Application 4.
If x1, x2, x3 ≥ 0 then:

x1x2x3 ≤
1

2
x21 +

1

3
x32 +

1

6
x63

Proof.
We take in (2): p = 2; q = 3; r = 6. Equality holds for x21 = x32 = x63. �

Application 5.
If x1, x2, . . . , xn ≥ 0 then:

x1x2 · . . . · xn ≤
1

n
(xn1 + xn2 + . . .+ xnn);n ∈ N;n ≥ 2

Proof.
We take in (3): p1 = p2 = . . . = pn = 1

n . Equality holds for x1 = x2 = . . . = xn. �

Application 6.
YOUNG’S INEQUALITY INTEGRAL FORM (n = 2)
If f, g : [a, b]→ [0,∞); a < b; f, g - continuous; p, q > 1; 1

p +
1
q = 1 then:∫ b

a

f(x)g(x)dx ≤ 1

p

∫ b

a

fp(x)dx+
1

q

∫ b

a

gq(x)dx

Proof.
We take in (1): x1 = f(x);x2 = g(x)

f(x)g(x) ≤ 1

p
fp(x) +

1

q
gq(x)

By integrating: ∫ b

a

f(x)g(x)dx ≤ 1

p

∫ b

a

fp(x)dx+
1

q

∫ b

a

gq(x)dx

Equality holds for: fp(x) = gq(x); (∀)x ∈ [a, b].
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Application 7.
YOUNG’S INEQUALITY INTEGRAL FORM (n = 3)
If f, g, h : [a, b]→ [0,∞); a < b; f, g, h - continuous; p, q, r > 1; 1

p +
1
q +

1
r = 1 then:∫ b

a

f(x)g(x)h(x)dx ≤ 1

p

∫ b

a

fp(x)dx+
1

q

∫ b

a

gq(x)dx+
1

r

∫ b

a

hr(x)dx

Proof.
We take in (2): x1 = f(x);x2 = g(x);x3 = h(x)

f(x)g(x)h(x) ≤ 1

p
fp(x) +

1

q
gq(x) +

1

r
hr(x)

By integrating:∫ b

a

f(x)g(x)h(x)dx ≤ 1

p

∫ b

a

fp(x)dx+
1

q

∫ b

a

gq(x)dx+
1

r

∫ b

a

hr(x)dx

Equality holds for: fp(x) = gq(x) = hr(x); (∀)x ∈ [a, b].
�

Application 8.
YOUNG’S INEQUALITY GENERAL INTEGRAL FORM
If f1, f2, . . . , fn : [a, b]→ [0,∞); a < b; f1, f2, . . . fn - continuous;
p1, p2, . . . , pn > 1; 1

p1
+ 1

p2
+ . . .+ 1

pn
= 1;n ∈ N;n ≥ 2 then:∫ b

a

f1(x)f2(x)·. . .·fn(x)dx ≤
1

p1

∫ b

a

fp11 (x)dx+
1

p2

∫ b

a

fp22 (x)dx+. . .+
1

pn

∫ b

a

fpnn (x)dx

Proof.
We take in (3):

x1 = fp11 (x);x2 = fp22 (x); . . . ;xn = fpnn (x)

f1(x)f2(x) · . . . · fn(x) ≤
1

p1
· fp11 (x) +

1

p2
· fp22 (x) + . . .+

1

pn
· fpnn (x)∫ b

a

f1(x)f2(x)·. . .·fn(x)dx ≤
1

p1

∫ b

a

fp11 (x)dx+
1

p2

∫ b

a

fp22 (x)dx+. . .+
1

pn

∫ b

a

fpnn (x)dx

Equality holds for:

fp11 (x) = fp22 (x) = . . . = fpnn (x); (∀)x ∈ [a, b]

�

Application 9.
If x1, x2 ≥ 0; a ∈ (0, π2 ) then:

x1x2 ≤
1

sin2 a
· xsin

2 a
1 +

1

cos2 a
· xcos

2 a
2

Proof.
We take in (1): p = 1

sin2 a
; q = 1

cos2 a

Obviously: p, q > 1; 1
p +

1
q = 1. Equality holds for: xsin

2 a
1 = xcos

2 a
2

�
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[27] Mihály Bencze, Daniel Sitaru, 699 Olympic Mathematical Challenges. Studis Publishing
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cational Publishing House, Piteşti, ISBN 976-606-94591-0-4
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