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ABSTRACT. In this paper is presented a simple proof for Young’s inequality
and a few applications.

YOUNG’S INEQUALITY (n = 2):
If x1,290 > 0;p,q > 1;%—1— % =1 then:
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YOUNG INEQUALITY (n = 3)
If 1,220,235 > 0;p,q,7 > 1; % + % + % =1 then:
p q T
(2) T1T2X3 S ﬂ + ﬁ + ﬁ
p q r

Equality holds for: 2} = zd = 2.
Proof.
Let be f:(0,00) = R; f(z) = e*; f/(x) = €%
f"(x) =€">0= f convex =
— F(Ma+ Aab 4 A5¢) < M f(a) + Aaf(B) + Aa f(€)
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GENERAL YOUNG’S INEQUALITY

Ifxl,:vg,...,mn20;p17p27...,pn>1;n€N;nZ2'i+p%+...+p%:1then:
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Equality holds for: o' = 28 = ... = aP».
Proof.
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Application 1.
If z1, 25 > 0 then:

1
T2 < 5(33% + z2)

Proof.
We take in (1): p = ¢ = 2. Equality holds for z; = xs.
Application 2.
If 21,29 > 0 then:
37179 < X3 + 229/72

Proof.
3
We take in (1): p=3;9 = % Equality holds for 23 = z3.

Application 3.
If 21, 29,23 > 0 then:

1
T1T2x3 < g(l‘% + l‘g + ﬂfg)

Proof.
We take in (2): p = ¢ = r = 3. Equality holds for z; = 25 = z3.

Application 4.
If £1, 29,23 > 0 then:

L6

La,
SU =X
2 6 3

1
T1Toxy < :El —+ 3

2

Proof.
We take in (2): p = 2;q = 3;r = 6. Equality holds for 23 = z3 = x§.

Application 5.

If x1,29,...,2, > 0 then:
1
1% Ty < —(2P + 25+ .. 42 );neNn>2
n
Proof.
We takein (3): py=pe=...=p, = % Equality holds for 1 = x5 =

Application 6.
YOUNG’S INEQUALITY INTEGRAL FORM (n = 2)

If f,g:[a,b] — [0,00);a < b; f, g - continuous; p,q > 1; % + % =1 then:

/a " fa)gla)da < % /  pr(a)de + % / ' gr(a)da
Proof.

We take in (1): 21 = f(x); 22 = g(z)

By integrating:

b b
/ f(@)g(z)dx < f”(x)dx—k%/a 91 (z)dx
Equality holds for: fP(x) = g?(x); (V)x € [a,b].

.. = Tp.
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Application 7.
YOUNG’S INEQUALITY INTEGRAL FORM (n = 3)
If f,g,h:[a,b] = [0,00);a < b; f, g, h - continuous; p, q,r > L Ly l + % =1 then:

/ab f(@)g(z)h(z)dx < - / fP(x)dx + — / x)dr + — / h(x

Proof.
We take in (2): 1 = f(x); 22 = g(x); 23 = h(x)

By integrating:

b b . 1 b , 1
/ f(x)g(x)h(z)dx < 5 f (x)dx—f—g/a g (x)dm—i—;/a h'(x)dx

a

Equality holds for: fP(x) = g%(x) = h"(x); (V)z € [a, b)].

Application 8.
YOUNG’S INEQUALITY GENERAL INTEGRAL FORM
If f1, fo, .., fn:]a,b] = [O o0);a < b; f1, fa, ... fn - continuous;

DP1,D2y---sDPn > l,pTJr +. +i*1n€Nn>2then

bfl(x)fg(l’)'. dx<— P (x)de+— x)dz+. . +— JE(x
J [y [ [

Proof.
We take in (3):

x1 = f{'(@);22 = f32(2); . a0 = [0 ()
fl(x)fZ(x)""'fn(w)Spil' {’l(x)+pi2~ 52(x)+...+pin.fgn(x)

b b b b
/a fi@) fa(x)e. . - fr(z)de < pil/a ffl(:r)dx—i—p%/a ng(x)dx—l—...—i—pin/a JPn(z)dx

Equality holds for:
t'(@) = f3*(@) = ... = fi"(2); )z € [a, ]

Application 9.
If 21,22 > 0;a € (0, §) then:
. Qcsin2 a + cos? a

r1x9 < < Ty

sinfa ' cos? q

Proof.
We take in (1): p = D a7q 4
Obviously: p,¢ > 1; + = = 1. Equality holds for: ;v““ @ = x§°S2 a
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