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1801. Calculate the following integral

Q= fol Li, (x) log(1 + x) dx, where Li,(x) —polylogarithm function
Proposed by Togrul Enmedov-Baku-Azerbaijan

Solution 1 by proposer

1
Q= f Li(x)log(1 + x) dx =
0

= Li,(®)(x+ Dlog(x + 1) — X)]:; X

1
N J x+1)log(1 +x)log(1 —x) dx
0
1
— f log(1 —x)dx =
0

log(1 + x)log(1 — x) d
X

1
=3(2)(2log(2) - 1) + j X + f log(1 + x) log(1 — x) dx
0

0
1
— f log(1 —x)dx =
0
5
= {(2)(2log(2) - 1) + (—g(a)) +(2 - 210g(2) - 3(2) +log?(2)) - (1) =

= 3 +2(2) log(2) — 23(2) — 2log(2) + log?(2) — 21(3)
1

log(1 + x) log(1 — x)
dx

5
" =-3%®)

Note: Ql = j

0
1

Q, = f log(1+x)log(1—x)dx =2 — 2log(2) — ¢(2) + log?(2)

0
Solution 2 by Syed Shahabudeen-Kerala-India

1)k+1xk

1 1 X
IszLiz(x)log(1+x)dx=f0 Liz(x)kzl(—dx

k
had —1)k+1 (1
= Z%f x*Li,(x) dx =
k=1 0
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_ i COM (@) His ) _ )Z (DM O (DR
_k=1 k k+1 (k+1)2 k(k+1) L k(k+1)2

B

L k(e+1)
O EDMH O, 11 1
B‘; k(k+ 1)? Z( D H"“(k 38 (k+1)2>
_N DR ( 1)"+1 o (- 1)"Hk o (-DFH,
- ; K Ck(e+ 1) K2
1 ¢(2) {(2)  log? 5 _
——Elog22+T+log4 1-— (1_T 5 )—(1—5((3))_

={(2) —log? 2 +log4—3+g((3)
I=¢2)log4—q(2) —q(2)+1og?2 —log4 + 3 —Z((S) =
2 2

— ™ Jog4—log4+log?2 — = —2¢(3) +3
= log4 —log4 +log 3 g3
1802. L(x) =  (Li»(x) +;logxlog(1 — ) ). Find:

1
Q :f L(x)Li,(x) dx
0

Proposed by Togrul Enmedov-Azerbaijan
Solution by Artan Ajredini-Presheva-Serbie
We have:

1
Q= f L(x)Li,(x)dx =
0

6 1! 6 1
== f Li%(x)dx+—f Li;(x)logxlog(1 — x) dx :—<Ql+—92>
w2 | ), 2 ), w2 2

- Li(x) = 42 22 z X" = 6Liy(x)
n=1 n=1

Hence, we have:

1 ® H ® H(Z)
91J 4Zn—;x"+22n—"2x"—6Li4(x) dx =
0 1
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2)

—4? Hn +2§ Hn 6f1L'()d =
B n3(n+1) 1nz(n+1) 0 LlX)ax =
n=

n=1

= 4 i”n i”n+§: iH(Z) C HY
B n3 n2 n(n+ 1) nn+1)
n=1 n=1 n=1 n=1

-6(()+¢(2)-¢B)-1 =

5
= 4 (5 (@) - 532 - 2(3) + z(2)> +2 (Z OB «3))

5
—6(M+{2)-{B) -1 =-4B) +6+5{(4)—2{(2)

3
2, =5¢(2) +44(3) - ¢(4) — 12

(see https://www.ssmrmh.ro/2021/08/23/integral-calculus-525/)

Hence,
6
0=—|-4@)+6+2 z(4) —20(2) 4= (5((2) +42(3) — —z(4) _ 12)]

6
=— (—2((3) + E((Z) + ?((4))

1803. Calculate the following integral

1
f le
0

Where Li, (x) — polylogaritm function

log(x) log(1 — x) dx

Proposed by Togrul Enmedov-Baku-Azerbaijan
Solution by proposer

1
I= f Li, (1 i x) log(x)log(1 —x)dx =
1
f (— —log?(1—x) — le(x)> log(x)log(1 —x)dx =
0

1

1 1

= _E,[ log(x)log3(1 —x)dx — J Li,(x) log(x) log(1 — x)dx = _Ell -1,
0 0
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o)

1
I, = flog(x) log3(1-x)dx = flog3(x) log(1—x)dx = ;Eof xKlog3(x) dx

1 1 1
Zk(k+ 1)4 Z[k k+1 T k+1)?2 (k+1)3 (k+1D*
= 6(4 3(2)-3(3) - 1(4))

1
I, = f Li,(x) log(x) log(1 — x) dx = J Li,(1 —x)log(x)log(1 — x) dx
0 0
1

1
I, = EI(LiZ(X) + Li, (1 — x)) log(x)log(1 —x) dx =
0

= % f (€©(2) — log(x) log(1 — x)) log(x) log(1 — x) dx =
0

—1((2)j10 ) lo (1—x)dx—1flo 2(x)1o 2(1—x)dx—1((2)l —11
=3 J g g 20 g g =2 3754

1 )
1 1
Eof Xk lOg(X) dx = kzlm
o 1 1 1y v
_;[E_k+1_(k+1)2]_ —42)
1

I, = flog2 (x)log?(1 —x)dx =

1 [ee]
I; = flog(x) log(1—x)dx = — z
0 k=1

1
xlog?(x)log(1 — x)

1
—Zjlog(x)logz(l—x) dx+2j T x dx =
0 0

1 1 .
log?2(x)log(1 —
2 f log?(x) log(1 —x) dx — 2 f log?(x) log(1 — x) dx + 2 f o8 (X)1 3gx( %) ix
0 0

0

1 1
log?(x)log(1 —
=4 J log2(x) log(1 — x) dx + 2 J °8 (x)l ng( %) dx = 4l + 21,
0 0
1 %) 1 e
Is = flogz(x)log(l—x)dx= —Zlkalogz(x)dxz _ZZ;:
5 £k Lik(k + 13
0 = =

o 1 1 1
21(21[]( k+1 (k+1)2 (k+1)3] 2(3 Z(Z) ((3))
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I - J‘logz(x)llog(l X) Z f xKlog?(x) dx = —2 Z i 1)3

0 o0
Hk
F_ZF

= 2[2iw - 1] = 1@
k=1 k=1

I, = —415 + 26 = 8(3 - 4(2) - (3)) - {(4)
1 1 1 1
I =532 -1 = 53(2)(2-8(2)) - 4(3 -3(2) - (3)) +58(4) =
3
= 54(2) +44(3) — 7 3(4) — 12

=-2

1 3
[=—5h -1 =-3(4-3(2) - 3(3) - §®) - (53(2) + KB) - ;3#) — 12) =

15
= ~24(2) ~1(3) + {4
1804. Prove that:

T
5 2
j tanxLi, (tan?x)dx = ——((3) + Elog(Z)
0
where Li;(x) = 2"21:1_: is trilogarithmic function and {(3) = Li,(1).

Proposed by Naren Bhandari-Bajura- Nepal
Solution by Togrul Ehmedov-Azerbaijan

L

. _1 (L@ xlog(y) -
I= fo tanxle(tanZX)dX]tanzx Z 2 fo 1129 f f (1-zy)(1+ V=

o1t Z log(y) 1 _
__E_[ log(y)j 1- zy)(1+z)d dy = _EJO 1+yJ [1—zy_1+dedy_

=3 fo ' 1:;._1(3;) _ log(ly_ ) _og(1 + z)l
1 (log(y)log(1—y) g(y)
1 ('log(y) ;gE(Jlo—y) - iY)llog(i') lJ;g(ll (:';f g(y)
:Efo : dy — ZL Thy Wty 1 (2)]

1 1/13 1'[21 ) 1l ) ) =
_EZ(S)_§<?Z(3)_T og( )>+E og( )<—E(( ))—
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2

5 2 1 5 T
= —1—6Z(3) + ?log(Z) - Zlog(z)Z(z) = _EZ(B) + Elog(z)

1 _
Note: f log(y) log(1 —y) dy = 2(3)
llog(y)1 0(1 ) ¢ 13 2
og(y)log(1—y) 13 _
| 2y = @) G log)

1805. L(x) = (le(x) + - logxlog(l — x)) Find:

llogx
Q =f T-log(l—x)-L(x)dx
0

Proposed by Togrul Enmedov-Azerbaijan
Solution by Artan Ajredini-Presheva-Serbie

1
1
ﬂzf %-log(l—x)-L(x)dxz
0

6 [t . _logxlog(1—x) llog? xlog?(1 — x) 6 1
lf le() X x+2-];) X dx —?((214‘292)

Integrating by parts, we obtain:

LLiZ(x) fllogxlog(l —x)
dx —
0 x

Q, = —longi%(x)|(1) +j Li,(x)dx

0
0
11i%(x
:f 5( )dx—.(ll
0 X

Therefore,

Z_x (2) ]
3 42 H(Z) f Li (x) _

= 4(3¢(5) ~ {(2){(3)) + 2 (3((2)((3) ~24(5)) - 64(5) = 242)4(3) - (5.

11

znl_f L‘Z(x)d _

Also, we have:

Q. - fllogleogz(l - x) . a*
27, x u-0 0%ud?v

B(u,v) = 87(5) — 4¢(2)¢{(3)
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Finally,

6 1 6 3
0=—(0+50)=— [((2)((3) —8(8) + 43(5) — 28(2)8(3) | =

6 [5
1 EHORHONE)
1806.

lf" cos?(4x) +1

If we have the int 1f > 0,— dx = ath
we have the integral for a %) _acos?(Zx) +1 x = a then

evaluate the expression:

1
Q= \/§(a5 + a* + 8a3 + 8a? — 32a)

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Rana Ranino-Setif-Algerie
1 (™ cos?(4x) +1 8 (1 1+ cos?(4x) dxox
a=—j - Jo 1+ acos?(2x) =

_,acos2(2x) +1 T n

T
=Ej°° 1+ cos?x dx-({y=tan;>
Ty 1+acosz(%) , a=>b%-1
8 [ y*+1
b2—1=—f d
wly GZ+bHA+y5E Y
3 8 J“’ b* +1 2b? +2(b2—1)
Ta@E-1)2), \b2+y2 1+y2 a+y52)V
4b*-~b>*—-b+1) 4B*+b+1)
2 — — 5 4 2 —
b2 —1= =172 = b1 17 = b>+2b*—-6b*-5b—-4=0
= 2b* — 2b%* — 4 = b(5 — b*)
b_2b4—6b2—4 +1_2a2—2a—8
B 5 — b* oNa T 4-2a-a?
4a* - 8a® - 28a®> +32a+64 ., _ )
a+1= 2 140 —4aZ —16a+ 16 =>a>+a*+8a’+ 8a“—32a =48
Therefore,

9 RMM-CALCULUS MARATHON 1701-1800
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1
Q= \/§(a5+a4+8a3+8a2—32a)=2

1807. Find a closed form:

T

12
Q= j x(tan x + cotx) dx
0
Proposed by Togrul Ehnmedov-Azerbaijan
Solution by Rana Ranino-Setif-Algerie

T

iz 2x iz mlog(2 — /3
= ) Sinzxdx=xlog(tanx)l(l,z—Jo log(tanx) dx = g(12 )—I
L3 © <in ((Zn-gl)n)
I=-— 2(2 1 d Z—Z =
2n+1f0 cos(2(2n + 1)x) dx (2n + 1)2
n=0 n=0
to1 1 1
-_2 - _ 2,2 -, 2 _
STz T3 sz Tt Tz
_1(1 1+1 1+1 1+ )3(1 1+1 )
- 2\22 32 52 72 92 112 2\32 92 152
G G
9

= (1+1)G— 2G
— \2'6/ 3

mlog(2 —/3) + 86
12

T
12
Q= j x(tanx + cotx) dx =
0

1808.Ifa,b,t e R,t —at =2 andl—‘/z(St2 — 18t + 41) + a?bi =

arccosh?2

=V-tt+683-T7t2—6t+8+V2e z (V2a?b-—a®—a2b-ad)i

then find:
1 1 t-1
log (e(t+D¥ — xt)ath _ (6(5+1)x B e%)
Q =f dx
atb-t log(e* — a)

Proposed by Samir Cabiyev-Azerbaijan

10 | RMM-CALCULUS MARATHON 1701-1800
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Solution by proposer

16
arcch2
a’bi =2e 2 (\/Zazb — a3 —+a%b — a3) ;(2)

V2
{ (5t2 — 18t + 41) = / —t* + 683 — 7t2 — 6t + 8; (1)

(1)=>5t2— 18t +41 =8V2{/-t* + 613 — 72 — 6t + 8 &

5¢2 - 18t +41 =8 (2t - 2)(t+1)(4 — t)(t — 2)
v 5t2 —18t+41 = (9t> + 6t + 1) — 4t* + 40 — 24t >

9t +6t+1=4t>+24t—40+8/(2t - 2)(t+ 1)(4 - t)(t — 2)
9t +6t+1=

_ 4((2t2 ~2) + (4t - 8) + (2t - 1)) + 2@t~ 2)(t + D@~ (e~ z))

9t +6t+1=

4((V2t—2 -Vt 1) + (V- t-V1-2) +2/2t- D+ DE-0-2))

9t% + 6t +1 = (2 (Vet-2)t+ D +/@ -0t - 2))>2

3t+1= 2(J(2t—2)(t+1) +J(4—t)(t—2))

(\/2t—2-\/t+1)2+(\/4—t—\/t—2)2=O=)

{\/2t—2=\/t+1
Vad—t=+Vt-2

t—-at=2=>3-a’>=2>=>a=1.

=>t=3

(2) = arccosh2 = log (2 ++/22 — 1) = log(2 + \/§)
\/Eelog\/2+\/§
v2a?b — a® +Va?b — a3

ab=ua=1=>V2u-1+Vu-1=vV3+1

—1o+2a?2b—a3 ++Ja?b—a® =1++3

2
u? - (24+12V3)u+(6+2vV3) —4=0>u=2=a?’h=2=>b=2
a=1b=2t=3>

11 RMM-CALCULUS MARATHON 1701-1800
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i1

1 1
logh (e(t+1)x _ ext)m _ (e(E+1)x _ eﬁ)

Q= f dx =
a+b-t log(ex - a)

1
B .[logz ((e" —1)3 - (e* — 1)2) e*dx 1o le% _ 2 . <2>
A log(e* — 1) ), logz z2=2708(3

1809. Find a closed form:

[o'e) x\/}
MUa) = fo 3 + (1 + aZx?)

Proposed by Vasile Mircea Popa-Romania

dx,a e R

Solution by proposer
* xvx Vit J‘*’ t*
0

fla) = Jo @A+ ™ = ErDaram ™

oo t4-
LetI(a) = 2]0 @+ DA T aZth dt

At the beginning we consider the case a = 0. We have:

t* B 1 1 N 1 (2—a®t* +2a* -1
6+ 11+ a?tt) 3@ +1) t2+1 3(a*—a2+1) tt—t2+1
1 —ad*t*—a*

+ .
a®+1 dad*t*+1
Let us denote:
4

P(t) = t d
Oh f (t6 + 1) (1 + a?th)

where C is a arbitrary constant of integration.

t=F(t)+C

Using the decomposition into simple fractions and performing the calculations, we have:

V3(a®-1) : t? —V3t+1

-1¢ . -
R VTP ) ML TR PP

F(t) =

— t
3@+ 1) 2
a’+1

+
6(a*—a%+1)
+\/§\/E(a3 -1) at?> —2\at + 1 N
- 10
8(a® +1) Batz + V2'at + 1

- [tan~(V3 + 2t) — tan1(V3 — 2¢)| +

12 RMM-CALCULUS MARATHON 1701-1800
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V2Ya@ +1) 1one1(1 - VEVat) — tan-(1 -+ VEVat)]

4(a®+1)

We have:
I(a) = gim F(t) — F(0)
We obtain:

4a* + 2a% + 4 — 3vV2Va(1 + a®)
12(a® + 1)
4a* + 2a? + 4 — 3vV2Va(1 + a®)
12(a% + 1) i
4a* + 2a% + 4 — 3V2Va(1 + a®)
6(ab+ 1) T
For the case a < 0 we replace a with —a. So, the general expression of Q(a) is:

4a* + 2a% + 4 — 3vV2/|al(1 + |a|?)
¥4
6(a®+1)

lim F(t) = -m; F(0) =0
n—->oo

I(a) =

Q(a) =

Q(a) =

1810. Prove without any software:

jlfl 1 (x+y)2dd ST
o ) 2 ray =3

Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania

AHQ |42 2 2 2 2
x+yS x4y @(x+y> Sx +y
2 2 2 2
2

+ Z+y? +
(57) e ()

2

2 x2+y
> 1 —
>1 >
. <X+y>2_(1—x2)+(1—y)2
2 B 2

L a-x?) + (1 -y)?
szofo\/ > dxdy

13 RMM-CALCULUS MARATHON 1701-1800
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= si z (Z |[(1—sin2t) + (1 — sin?
{x_s.mtzﬂzf f ( )+ ( q)costcosthdqz
y = singq o Jo 2

Z (7 |cos?t + cos? q
= .[ .[ costcosqdtdq
0 Jo 2

1 (7 (2
= Ef j (cos? t cos q + cos t cos? q)dtdq =
0 Jo

m T s s
2

2 (2 2 2
=f J cosztcosthdq=f cosztdtj cosqdq =
0 Jo

T
Jfl + cos 2t
0 0

0 2

Therefore,

flfl 1 (x+y>2dd N
o Jo 2 Ay >3

Solution 2 by Tapas Das-India

X+ X+
1_( y Xty

T) >J1_1—xzyz;(' 2 2M>

1,1 X + y\2 1,1 1
1—(—) dxdy>f f ———dxdy
fo j;) \] 2 0 Jo /1 —x2y2

1 1 1
dyl dx = f [— sin‘l(xy)] dx =
o X 0

1 -1 1 1 1
[ s
0 Jo /1 —x2y? 0o L1 —x%y?
Tsin~1x
=j dx
0
x3 3x° sin~1x X

-_1 ot RS [ES— ...ﬁ :1 —_— —_— cee
sin X x+6+40+ X +6+4-0+

sin"1x ) sin"1x
>1= > ;
X x 1+ x2’

Isin~1x L | P
dx > sdx =tan"'x| =—
o X o 1+x o 4

Therefore,

2 3x4

x€(0,1)

T
dtsinq|? =

4

14 RMM-CALCULUS MARATHON 1701-1800
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flfl 1 (x+y)2dd Sz
o ) 2 ey >3

1811. Prove without any software:

1 ) T 2+/3 ) T
j e * dx <— and j et dx<—
2—V3 6 1 6

Proposed by Neculai Stanciu-Romania
Solution by Ravi Prakash-New Delhi-India

Let f(x) =1+ chz)e""2 —1;x >0, then
fl(x) =2xe™ —2x(1+x2)e ™ =2xe ™ (1—1—x2) = —2x3e™* < 0;Vx >0
= f —is strictly decreasing on [0, ©) = f(x) < f(0),Vx >0

>1+x%)eF <Lvx>0e* <

1
Vx>0
1+ x2 x

fl e"‘2dx<tan‘1x|1 _r. . r_r
r 3 >3-4 12 6

2+v3 5
—x2 dx = tan-1 2+v3 _ T < n
L e x = tan Jr|1 2 1%

1812. Prove without any software:

V3

2 1
jl ;log(1+2x2+x4)dx<\/7—\/§
2

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution 1 by Adrian Popa-Romania

V3

1 ﬁl (1 + x?)? ﬁl (1+x?)

p z lo x z lo x

j —log(1+2x2+x4)dx=J g—dx=2.f 08T dx
1 x 1 x

z 2

1 x
2
It is well-known that Vx > 0:log(1 + x) < —_1x+x, then
2
B log(1 + %) vi_X v a
210 X 2 4/ 2 X y3
zf g—dxﬁzf ﬂdx=2f dx=2\/1+x2|12=
% X 1 X 1 V1+x2 7
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Solution 2 by Amir Sofi-Kosovo

V3

3
z 2x sx 1 (2log(1 + x)? zlog(1 + x
Q=]1 —log(1+2x + x) dx K% fg(—)dx=f1£dxs

21 X X
1

3 d 3

4 X 1
sfl =2Vx+1|1 =V7 -5

4

Z\/J|c+1
Solution 3 by Tapas Das-India
V3 V3 V3
21 2 log(1 + x?)? 2 log(1 + x?
f —log(1+2x2+x4)dx=f g(—)dxzzf g(—)dx
1 x 1 X 1 X
z z 3
log(1+x%) 1/, x4+x6 x8+ 3 x+x x7+
x X\ T 273 % *T2 3 8
al (1+x2);—x(1 1x +3x x6+ )
V1 + 22 2 8
L 2 log(1 + 1) 5
z 2log x
—dx<f dx =21 + x2
j% x % V1 + x2 |
1813.1f0 <a < b <1 then:
b 3

b b b

1- xyz
jjj dxdydzZ
a a a

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let's prove that :

(1—xyz)3> 1-x3\/1-y3\/1-23 . c o
1+xyz/ ~\1+x3/\1+y3/)\1+23)’ X, ¥,z ,1).

Letx =e", y=e¢e", z=e",whereu,v,w € (—x,0) and let

a

1-—e3t
f(t) = log <—> ,t € (—0,0)

1+e3t
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683t
We have : f'(t) = —1 et and

b 18e%(1+e%)
f'@® = - (1 = eb0)2

< 0 then f is concave on (—x,0).

By Jensen's inequality,we have :

o [1(155)) - Bon(i55) S =57

1 — eutvtw 3 1—xyz
1 + eutviw 1+axyz
en: 1+xyz/ — 1+ a3 1_|_y3 1+23)° X,y z ,1).

Therefore,

b b b

b b b
Jjjlxyzddd>jjf V(=2 grdya

1+xyz xayaz 1+x3 1+y 1+23) Y4
a a a

a a a

{fr5e)

[a,b] = (0, ), f —continuous, then :

p—

1814.1f 0 <a < b,
3

b b b
(b—a)zjf(x)dx+ ji/f(x)dx > 2(b — a) fw/f(x)dx

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Schur's inequality,we have : u3 + v3 + w3 + 3uvw
>uv(u+v)+vww+w)+wulw+u),vVu,v,w > 0

Also,by AM — GM inequality,we have : u+ v = 2+J/uv (And analogs)
Then: u®+v3+ w3+ 3uvw > 2 (\/(uv)3 +(vw)3 + \/(wu)3)

Taking u = 3/f(x), v=3f(y), w=3f(2),(x,y, z € [a, b]),we obtain :
fO)+ )+ f(@ +3Vf).fO).-f(@)
> 2 (VF@).fO) + VF3)-f@) + F@.f()),vx,y,2 € [a, b]
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Integrating the both sides,we obtain :

b b b
f f f (f@ +f0) + F@ + 3VFG).F ). (@) dxdydz

b bb
>2 [ [ [ (FGO70) + VT T @) +T@.FG) dwdydz

b b 3 b 2
(b — a)? j fx)dx + < j i/f(x)dx> > 2(b — a) ( f w/f(x)dx)

1815. Prove the product

1 (n-2)2 27
(1 )
(4n — 2)?

46 473(3) 2m +1p<1> (%)
m 4n® 33 \3m

YD (t) — Polygamma function.
Proposed by Srinivasa Raghava-AIRMC-India
Solution by Artan Ajredini-Presheva-Serbie

1 (3n)?
00 1___ ___)
[ B

where a = ,G — Catalan constant,

q (t-mp)

1 (an-2)2
(]
( (4n — 2)2>

= exp {Z [(Bn)2 log( (31)2> — (4n-2)%log (1 — ﬁ)]} =

= exp {i [(3n)2 log (1 - W) + 1] Z [(4n 2)?2 log( ﬁ) + 1]} =

=1
—exp{Sl—SZ} )
S i[(s )%1 ( )+1]—§:J1 2x° d —18§:f§ x dx =
1= o8 (3n)2 B 02—z T o xZ—n2 T
1 1 n=1 n=1
3

1
3 1 3, 1
=18 zxz—nz dx =9 fx (”COt(ﬂx)—;>dX=9f mx? cot(mx) dx — - =
0 0
n=1
=94 1
= >
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T T
1 (3 1 V3\ 2 (3
A= fo nx? cot(mx) dx "= ’ FL t2cottdt'S alog <7> — Ffo tlog(sint) dt =

_1 V3 2 .
~9 %\

nz

W =

Tl’ w

3 ] 3 = cos(2nt)
Bz.f tlog(smt)dtzf t —logZ—Z— dt =
0 0 n=1 n

3 1 (3
=—log2f tdt—Z—f tcos(2nt) dt =
2 - sm cos 1w 1
151062 Z Z —Z—=
18 %8 "1 FWAE

2 /3 1 12 1 1
=——1Ilog2 — + = E
18 12 4 (3n—2)2 12 4 (3n-— 1)2 8 (3n-— 2)3
n= n=

1w 1 1 w1 1w
+§Z(3n—1)3_10823+12$=
w2 V3 1\ nv3 1 117
__m 3w @ 117 .1
= log 2 v (3)+ 108¢1 (3) 2 24353) 108“3)+ ROE

18 108
G V3 [ Ar? 1
__m n” @ 13
1882t 10| 37~ (3) + 36((3)

G w33 nx/_ 13
__r _Va () e
18982t 51 ¥ () 36°3)
Hence
3 NEAN
A—z—,zz“’g(?)‘?l*—

1 V3\ 2 2 V3 mw/3 13
=§l°g<7)_ﬁ<_ﬁl°g2 81 __'I’(l)( ) E((3)> -

1 V3) 1 2mV3 V3 13
=—log| — —logZ——+ tp(l)( ) {(3)
9 2 81 27w 3 18m2
Therefore,
1
=94 ——=
S1=94-

3 V3\ 1 2nV3 V3 13
- <2_nzl°g <7) tglog2 5 27n‘l’(1) (3) 1872 ((3)> 2
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YO (3) 13 1
~logV3- S BB @) -

Similarly, we have:

Z[(4n—2)zlog(1——>+1]=2J X dx =
- (4n —2)? — Jo x2 — (4n —2)2

_ 1S 248 p 18 2x3 dx=C—D
fzxz—(4n 2)2 x—j sz—élnz x—J sz—lénz =0

1"
IZ d—fZ dx =4 [ (meotten) - ) ax -
2z prmmp L) T cot(mx) — dx =
1
2 1 1
=4j nx? cot(mx)dx — = = 4E — —.
o 2 2

NI

1
2 = 1
E =f nx? cot(mx) dx ”xzt—zf
0 3

2 (2
t2 cottdt = — — f tlog(sint) dt =
0 = Jo

T

2 (2 = cos(2nt)
= — 2 t - logz - _— dt =
? J, Z n
n=1

2 z 2 1 (2
=;longotdt+?zﬁf0 tcos(2nt) dt =
n=1

log2+ isin(nn)_l_ 1 icos(mr) 1 i 1
4 27 n? 2m? n3 2m? B

n3
n=1Oo niol n=1
log 2 1 - 1 1 log2
=t s a e’ ®
n=1 n=1
Thus,

C—4E -~ —log2—— (3) ! p-26_35 (3)+11 4-1
= 7 ~log2—55¢ 2’ iy 4 8%73
Hence,

Sy =log2 - ¢(3)—2- 261 35 r3y 4—21 3) -2 1 Liog2
2 =log2 —575¢ 2" 7 T2t 21084 =1 ¢ w208
Finally,

)

1 (an-22
n=1 1—-—-—
( (4n—2)2>
1
~ logv3 _ 2™ +1p(1>(§) 13 - 1 21 3+ 4G 1l o
= exp{log 33 VB anf > " am —¢ p- 0gl =
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e hioa| B)_ 27 ¥ (3) a7 5 261 _
=expilog| |5 —3\/§+ N _4ﬂ2(()+7_5 =

3 |46 47 2r ¥O(3) 1
Z\Eex"{7_4n2“3)m+ Vin 2

= (1 + n?)?
4 +n*

1816. Find:

Q=

n=1

Proposed by Neculai Stanciu-Romania
Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo

n+4=m*-2n+2)M*+2n+2)=((n-1D?*+1D((n+1)?*+1)

“ (1+n?)? = (1 +n?)? _2(m?+1)
4+nt 1 l(-D2+ D@+ 12 +1) m+1)?+1

Q(m) =

n=1

Q=i 2(m?*+1)
_n‘Ll—r>1t}0(m+1)2+1_

Solution 2 by Tapas Das-India
nt*+4=m?2+22=m%+2)?—-4n>=n?+2)?-(2n)? =
=M?*+2n+2)N®*-2n+2)=[(n*+2n+1) +1][(n* - 2n+1) + 1]
=[(n-1?+1][(n+1)2+1]

k k
k) = (1+n%)? (1+n?)? _ 20+ 1)
11 4 + n* n=1((n_1)2+1)(("+1)2+1) (k+1)2+1
Therefore,

- 1
rqasm o agesn o 2(l4g)
R skt D241 Ko Y 1

" (1+%) +2

Solution 3 by Ravi Prakash-New Delhi-India
n*+4=m*»?+22=n?>+2)??-4n*>= (n?*+2)> - (2n)? =
=M?*+2n+2)N®*-2n+2)=[(n*+2n+1)+1][(n* —2n+1) + 1]
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=[mn-1%+1][(n+1)? +1]
Leta, = (1 +n%)” then
" ((n-1D2+1D(n+1)2+1)
lo§ a, = 2log(n* + 1n) —log[(n —nl)2 +1] —log[(n + 1)? + 1]

Leth, = 1_[ a, ,thenlog bnz loga, = 2[log(k2 +1) —log((k—1)? +1)] -
k=1 k=1 k=1

— Z[log((k +1)2+1) —log(k? + 1)] =log(n® +1) —log((n+ 1) +1) + log2 =
k=1

=1 WAL ) g2
- 08 n+1)2+1 °8
limlogb,, =log1 +1log2 =log2 = lim b,, = 2.
n—->oo n—-oo
Solution 4 by Hikmat Mammadov-Azerbaijan

1+n»)? 171  (A+n?)? (1 4+ n?)?
€= 1_[ 4+nt (n2+2)—(2n)2 l_I(n2 n+2)(n+2n+2)

n?+1 n?+1 _
(n—1)2+1 1(n+1)2+1_
_ a

K2 +1 k241

: = lim (n2 :
rllil?ol_[(k DZ+1 1 L+ 12 +1 Hm(n®+1)

m+1)2+1

1817. Find:

3

6 ,
Q= x“cotxdx
0

Proposed by Togrul Enmedov-Azerbaijan
Solution by Rana Ranino-Setif-Algerie

1 w

6 L 6 = cos(2nx
Q= j x2cotxdx 2 x? log(sin x)|g + J 2x <log2 + Z %) dx =
0 0 —

1 (6 1
= Z—f xcos(an)dxzzz—
n Lin

T
x sin(2nx) N cos(an)l 6
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e cos 1
B Ez n2 t3 Z Z n3

n=1 =1
, . sin(n0) - cos(nB) T (3)
Clausen's function: CI,(0) = Z 2 ,CI3 = Z 3 ,CI5 (E) =5

n=1 n=1
Therefore,
s {(3)
6 T T
Q= 2 =—Cl,|—) — —
jo x“ cotxdx G Cl, (3) 3

1818. Prove that:
jg cos (%4,() log (log (tan (#))) dx = \/g (y + log 8)

o (B57) fiog i (75 )

Proposed by Ankush Kumar Parcha-India

Solution by Adrian Popa-Romania

b a
f fx)dx = f fla+b—x)dx =
a b

3

| j% —cos xlog(log(tan x)) d fi —log(log(tan x)) d
= X = X =
T J/1og(tan x) T tanxsin? x,/log(tan x)

tlog( logt) \/—lo_gt=u

1
n
2

B f —cotxlog(—log(cot x)) L ot f
T  sin?x.,/—log(cotx) J—logt
u=\/§ 1 [ee] _1
= ey 2(logy —log2)dy =

=—4f e logudu = ——
0 V2 Jo

o 1 oo 1
<f e Yy 2logydy —log2 f ey 2 dy) =
0 0

1
_ =——((-2log2 — y)Vm —log 2m) =
V2(w(3)r(3)-roezr (3) al |

T T T
=\/;(210g2+y+10g2)=\/;(3log2+y)=\/;(y+log8)

1
vz

[y
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1819. Calculate the following integral:

- .fLig(x) log(1 —x)log{1 + x}

p dx,{x} = x — [x], {*} — GIF

0

Proposed by Togrul Enmedov-Baku-Azerbaijan

Solution by proposer
We know that 0 < x < 1 - log{1 + x} = log(x) then

fLis (x)log(1 — x) log{1 + x} 2 Liz;(x) log(1 — x) log(x)
= dx =f dx

X X
0 0

o)

1
_ f log(x) log(l —X) Z = Z %f k-1log(x) log(1 — x) dx

=1

o) 1
1 dz m-1 n-1
:Zdednf 1-x dx
0

- H > 1 o H
=) EI@ ) E——zZ(s)——z(m

. ( (! ([kx]>" )
Q= 1lim llmf — | dx
n—-oo \ koo 0 k

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution 1 by Adrian Popa-Romania

5 (2] e e o
= knl+1 <f01[t]" dt+J12[t]" dt+---+Jk:[t]" dt) =

1 2 3 k
=— (f 1"dt +f 2ndt + -+ | (k- 1)"dt> =
k 1 2 k-1

2 ki [?"—z(zwﬂkm]]

m= _1

1820. Find:

= it A" +2"+3"+ -+ (k—1)")
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" 1"+2"+ 3"+ -+ (k—1)" ¢-s " k" _
e kn+1 s (k+1)"—k*
li k" 1 1
= 11m = =
O L G L A N CONERE

(e (Y TRx]\"
Q= lim llmj — ) dx|=0
n-o \ k—oo 0 k

Solution 2 by Ravi Prakash-New Delhi-India

L /[kx]\" 1t 1 *
Letak=f e dx=ﬁ [kx] dx=ﬁ2r rdr =
0 0 r=0 "k
1 k-1 1k—1 on
=i/, % (;)

r=0 r=0

k-1 1
lim a;, = lim = > (%) = [ e =——
o TR\ T T T e

r=0

Therefore,

i (Y TRx]\"
Q= lim llmj — ) dx|=0
n-o \ k—oo 0 k

1821. Find a closed form:

© e *log (%) sin(ax)
f dx, (V)a >0
0

X

Proposed by Ose Favour-Nigeria
Solution by Fao Ler-Iraq

. joo e *log (%) sin(ax)
0

@ d .
— -Xx y axi . —
" dx Jo e (dyx ) Im(e™)dx; (y 1)

d o . d d y!
[ — _x(l_al)xy e — . = —_—— —_—] =
i Im <f0 e dx) & Im(Ly_o;(3)) & Im <(1 — ai)y“)

= i ((@ + 7Ty @) -
dy
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= —diy(e“’(y“)y! sin((y + 1)B)); (A = —%log(a2 4+1),B =tan! a)
= —yleA0+D (A sin((y + 1)B) + B cos((y + 1)B) + sin((y + 1)B) p(y + 1));
y=-1

——(y+ 1) (A sin((y + 1)B) N B cos((y + 1)B) N sin((y + 1)B)

y+1 y+1 y+1 1[)(y+1)>=

_ <AB B cos((y + 1)B)
y+1

+ By (y + 1)) =

~ B cos((y + 1)B) 1\
_—AB—B< i1 +1[)(y+2)—m>_

cos((y+1)B) -1
= -AB-B +Pp(1) | =
( 1 P(1)
=—AB — B(—Bsin(y+1)—y) =yB—AB =
_ -1 1 4 2 _ L 2
y tan a+2tan alog(a®+ 1) 2tan a2y +log(a“+ 1))

1822.1f 0 < a < b then:
b b
6f f (x3 + y*)? dxdy > (a* + a®*b? + b*)(b? — a?)?
a a

Proposed by Daniel Sitaru-Romania
Solution 1 by Adrian Popa-Romania

b (b b b
6] f (x3 +y¥)?2dxdy = 6[ f (x% + 2x3y3 + y%)) dxdy >
a a a a

Murihead

b b b b
> 6f f (x® +y®)dxdy > 6f f (x°y + xy°) dxdy =
a a a a

b b b b
=12J J xsydxdy=12.f x5de ydy =
a a a a

b
= (b® - a®)(b* —a?) =

b ¢
=12—
6

6

a a
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= (b%? — a®)(b* + b%a? + a®)(b* — a?®) = (a* + a®b? + b*)(b* — a?)?

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

(x3 +¥3)2 = x° + y + 2x3y3 > 4x3y3

b b b b
6[ f (x3 + y®)?2dxdy > 6f f 4x3y3 dxdy =
a a a a

b 4 b y4b
=6f 4-—y3dy=6f (b* —a*)y3dy = 6(b* —a*) - —| =
a 4 a 4

a
3 3
=5 (b* — a*)? = > (b® + a® — 2a*p*) >
> (b* + a?b? + a*)(b? — a?)? = (b* + a?b? + a*)(b* + a* — 2a?*b?)
Iff 3(a® + b® — 2a*b*) > 2[a® + b® — a?b® — a®b?]
a® + b® + 2a*b? + 2a®’b* > 6a®h°® true.
Solution 3 by Tapas Das-India
x3 + 93 > 24/x3y3 = (&% + y3)? > 4x3y3

b b b (b
f f (x3 + y3)%dxdy = 4f f x3y3 dxdy =
a a

a a

b*—a* b*—a* (B*-aH)? 1
—4. . _ — 2 (B2 _ a2\2(pt 2p2 4 4
4 2 2 2 4(b a“)“(b* + 2a“b* + a*)

Now, ; (b% — a?)?(b* + 2a?b? + a*) — 2 (b? — a*)(a* + a®b? + b*) =

1
= E(b2 —a*)[3b* + 6a*b* + 3a* — 2a* — 2a®b* — 2b*] =
1
=12 (b? — a®)?(b* + a* + 4a*b?) > 0
1 1
2 (b% — a®)(b* + 2a%b? + a*) > 5 (b? — a®)(a* + a?b? + b*)

b b
1
J J (x3 + y3)%dxdy > g(b2 — a?)(a* + a?b? + b*)
a a

b b
6] f (x3 + y3)%2dxdy > (a* + a?b? + b*)(b? — a?)?
a a
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Solution 4 by Khaled Abd Imouti-Damascus-Syria

(x3 +¥3)2 = x° + y6 + 2x3y3 > 4x3y3
b b b b
6[ f (x3 + y®)?2dxdy > 6f f 4x3y3 dxdy =
a a a a

b 4 b y4b
=6f 4-—y3dy=6f (b* —aY)y3dy = 6(b* —a*) - —| =
a 4 a 4

a

3 3
=2 (b* —a*)? = 3 (b® + a® — 2a*b*) >

3
> Z[(b? - a®)?(b? + a?)?] = 5 (b* + 2a?b* + a*) (b — a?)?

N| W

3
E(b4 +2a?b? + a*) > a* + a’b? + b* © a* + 4a®’b? + b* > 0(true)
1823.If —1 < a < b then:

b e” (a - b)(az + ab + bz — 3) (a + 1)a+1—e“
dx < +lo
a X+ 1 3 (b + 1)b+1—eb

Proposed by Pavlos Trifon-Greece

Solution by proposer

Lemma. If x > —1 then (e* — 1) log(x + 1) > x?

Proof. Let
log(x +1)
mee) = |, X € (=1,0) U (0,c0)
1, x=0
x+1—log(x+1) 1
m'(x) = > < 0 becauselogt > 1 — Pt te(—1,0) U (0,0)

>m\ (—1,+)
x>-1l,ef—1>x>-1=>m(e*—-1) <m(x)

log(1+e*—1 log(x+ 1 X log(x+ 1
e*—1 X e*—1 X

(e* — 1) log(x + 1) > x?

Equality for x = 0.
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b b
f (e*—1)log(x +1)dx > f x?dx =
a a

3 3

b b
.[ e*log(x +1)dx — f log(x + 1) dx >

b X b 3_ 3
[exlog(x+1)]g—fa x+1dx2 fa (x)' log(x + 1) dx + 3
b *dx b b3_ 3
bl 1) — alog(a+1)_j e > 1 1 b_J
e’log(b+1)—e ax+1_[x og(x+1)]a ax+1dx+ 3

3 3

, (b +1)¢ fb e o (b + 1)P +fb( 1 1>d JP-a
08 (a+ 1) a X+1 X =18 a+ 1" e X+1 o 3
(a+ 1) +a3_b3>fb e tog () - b+

o8 (b + 1)b-¢* 3 ~J,x+1 XTI \a 1 @

| (a+1)*1e @b ( b)>fb e
08 (b+1)b+1—eb 3 a ), x+1 x

Therefore,

b ox a—b)(a*+ab+ b* -3 a + 1)at1-e*
f S( )( )+lo <( ) )
a

d
x+1 . 3 (b + 1)b+1—eb

1824. Find:

© , o 2

Q= z (Z (_1)k—1 fooe—(n+k)x dx)
n=0 \k=1 0

Proposed by Hikmat Mammadov-Azerbaijan
Solution by proposer

Z.::(Z(—l)k_l foooe_("*k)x dx)2 =

n=0
i © 00 e—n(x+y) . eXty 0 o0 dxdy
= z j j — —dxdy - — =
0 Jo A+e (A +eY) 0o Jo -1 +e™*)(1+e?)

n=0

Q

S [(em C_
o 0 1+ex) T

n=0
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(=)
o log —

_L 1+e* f (ex+y—1)(e 3’+1) 0o 1+e")(1+e™™) x

_fllogz—log(l—u)d . 2( 1 >|1 1l (1+u)+log(1—u) 1_
) (1 + u)? u =108 1+u 2 %814 1+u 0_

x=—logu

1 e 1 1
=Elog2+¥11_r)n{ log(1+u)+<r—i>log(1 u)} log 2

Therefore,
2

(—1)"‘1f e~ (n+hx dx) =log2
0
1825. Find:

_ J \/§10g(X)

xZ2 +1

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Togrul Ehmedov-Azerbaijan

(VXlog) | (Vxlog(® [ VXlogx)
= —— ~dx =
f x2+1 f xZ2+1 f x2+1 .
x=y
]\/ilog(X) f log(y)
x?+1 Jy(y? + T
1

Z(—l)k f 27 log(x) dx — Z(—l)k [ v 2108 ay =

0 0

(_1)k+1 (_1)k+1

() k=o<2k+%>2

- 1 - 1
:Z - Z | =

=0 (4k+7) (4k+ k=0 4k+2) (4k+%)
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:_6]{2 ) (k+§) (k+%)2 (k+%)2‘:
o -0 C)-v (o)

8

o)

1 1

k=0

We know that

(o (Z) ) (l) __™
) ¢ 8" 8T on @
D(1-2) + V(z) = = °
¢ sin2(mz) | (5) o (3) S
SRR T

Q= 1 n? B ? _1 2m? _ 2m? _
16 | sjn2 (g) sin2 (381.[) 161 — cos (%) 1 — cos (%TT[)

o 1 B 1 _V2m?
-8 1—cos(%) 1+cos(%) -4

Solution 2 by Hikmat Mammadov-Azerbaijan
Vxlog X, x®
f f dx|
xZ+1 1 ~ da o 1+x2

vf dv 1 vz 1

o a o o a+1
dx = = d
jo 1+ Jo 1+v 2vv zf 17y w=/@

1
a=z

u
B(x,y) =J0 mdx

at11-a
f(a):ﬁ(T' 7 ):1[3

2 2
:1 T _ T
2 gin (1 ; an) 2 cos (T)
71'2 s]n(nTa 11,'2 11,'2
Q:T.cosz(ﬂTa) |“=%:T.ﬁ:ﬁ
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Therefore,
f \/Elogx _
x2+1 1 22

Solution 3 by Adrian Popa-Romania

\/Ilogx a [© x°
[
x2+1 da), 1+x% " a=;

a+d
3/1 “(t%)z _1\ 9 1 (®
" da ffo t+1 tZdt | =~ 3a zf t+1|a=0dt
\ .
xm-1 a 1 a 3
Bomm = [ s mo1=g-gem=geg
m+n=1=>g+§+n=1=>n=_2+l
2 4 2 4
a-2. 13(“ 3 _E+l>
da 2 "2 4/ |4=0

B(“ 3 a 1)_[,(Za‘l4—3)l,(—2¢7t+1

+o o+

2 4 2 4 r(1)
2a+3 —2a+1 T
Fr(x)r(1—x) = . =
(T - x) sinwx ﬁ( 4 ° 4 ) . m(2a+ 3)
sin——=
4
ma 3n\ T«
a (2a+3 —2a+1) _ 0 T _—ECOS(T+T)-7_n2x/E
da 4 ' 4 _o 0a ma  3m . (ma  3m\ 2
¢ sin (- + ) sin? (% + )
Therefore,
1 nzx/f_ 2
2 2 242

Solution 4 by Fao Ler-Iraq
“Vxlogx \/ xlog+/x
- [ ax= [ (R -

x2+1
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11

_1f°°x1_flogxd _1dj‘°° xY d ( B 1)
“4)y Tx+1 T Taax), x+17VV T Ty

1d

T
= 12y ese(m+ D) = 7 (-weot(n(y + D) ese(m(y + 1)) =

2 2

m 3n 3 yi4
= —Teot()ese () =2

1826. Find a closed form:

1
ttan"lx —tan™' (=) 14 &
Q :f (x) dx
0

1+ x2 1—x

Proposed by Togrul Ehnmedov-Azerbaijan
Solution 1 by Rana Ranino-Setif-Algerie

1tan ! x — tan™?! (1) 1+x
x
ﬂ=f 5 . dx =
0 1+x 1-—x
Z 1+t 5y (%
1 (4 any) -3 4 IBP
= 2y —=)|—/————)dy = -2 tydy =
Jo(y 2)(1—tany Y choy Y

. T i . T i - cos(2ny)
= —2ylog(siny)|,; + Zf log(siny) dy = Zlogz - f log2 + Z T — dy =
0

0 n=1

- . sin(n—n)
= —Zlogz —;n—zz

Therefore,

- fltan‘lx —tan~1 (%) 1+x
0

T
1+ 2 1= glos2=6

Solution 2 by Hikmat Mammadov-Azerbaijan

dx =

1tan"lx — tan™?! (%) 1+x
Q= .
Jo 1+ a2 1-x

-1 x2—1 1—x
= . X = — ——das =
0 1+ a2 1-x o sS(1+s%)
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Ttan~1s Ttan~1s /5 log(1 + s?)
=—zf ds+2f 2als:—zc:+—1og2—f =T s =
0 s o 1+s 4 o 1+s

T 1
=-2G + Zlogz + 2f log(cosx) dx =
0

T s
T 1 1
=-2G + ZlogZ +2 f log(cosx)dx — 2 f log(sinx) dx =
0 0

V3
zxcosx _ (x=tan"ls)

/4
——ZG+Zlog2—1tlog2+f0 Sinx dx =
= —-2G nl 2+2f1 tan" s
- 2 %8 o s@+s2) ™

Therefore,

1
ttan"lx—tan"1 (=) 144
‘Q:f (x) d
0

T
1+ 2 1= glos2=6

1827. Find:

B r log(1 +x)
_fx(x2+x+1)
0

Proposed by Vasile Mircea Popa-Romania
Solution by Togrul Ehmedov-Azerbaijan

%) 1 o

_f log(1+x) Jf dxdy B

. x(x2+x+1) . A+xy)(x2+x+1)
yx+1-y y? B

1 y+y flx2+x+1 1+xyldXdy_

1 V3
:fl—y+y2[ g(Y)__nY+_“ldy_

1
_f ylogy) f 2\/§nf L
1- y+y y+y 9 01—y+y2 y=

[uy
[uy
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2 V3 V3 )
(T 0)- 56 TR e

1
Note: ylog(y) d _1(5m? (1)
T y+y2Y 6l 6?3
0

1828. Find:

1 249
Q= dx
fo 1+x+x%+ .-+ x100

Proposed by Hussain Reza Zadah-Afghanistan
Solution by Fao Ler-Iraq

1 x49 1x49(1_x)
ﬂ=f dx:J ——dx =
0

1+x+x2+ .+ x100 1 —x101

oo}

1
101k+49
VA Of (1=2x)x dx kz (101k+ 50 101k + 51)

w1 150)=1;1(—¢<%>+w<1%>)=

= 0<k+101 k+ 701

B 1 (1 50) _ ( t(501‘l’>)_ T ¢ (n)
= To1\Y 101 ‘I’ 101 “ 101" “°"\701/) T 101 ™ 202

1829. Prove that:

sz 1 dnd _m?
0o J; zZ2(1+2tan?x) -1 Z2axr=g

Proposed by Hikmat Mammadov-Azerbaijan
Solution by Rana Ranino-Setif-Algerie

2 1 dzd y=tanx 1 dvd
_,[0_[1 ZA+2tan?x) -1 0 T Jl fl @2y +Z2-DA+yD)

_f°° 1 f‘” 27* 1\ vy —
- . 1+22 ), \222y?2+2z2-1 1+y? yaz =
2ot () -t
tan 1 ———)] - tan? dz =
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n’j“’ 1 72 g T (@ z f
= —_— — Z —_——
2); 1+22\Jz2 -1 vZ ) 1+ z2)Vz? - 1+Zz

foo z z= secef deo y=tan@
dz = B — =
1 (1+2z2)Vz2 -1 o 1+ cos?6

_T L_E(E_E) . T_T
V2 2vZ 2\2 4/ 4 8 8
Therefore,

fff‘” 1 drd m?
o L ZA+2tann) -1 "8

1830. Find a closed form:

llog(1—x
o X*+x+1

Proposed by Togrul Enmedov-Azerbaijan
Solution 1 by Fao Ler-Iraq

og(1—x) 1 log x
=f e e 2 dx =
0 X¥*+x+1 o 1—-x)*+1-x+1
1 logx 1 log x 3+iV3
=j 2 _3x13% " dx;a,, = ——
0 —3x+3 0o (x—a))(x—ay) 2

1 1/ logx logx 1 ) 1 1
= ( — ) dx = Li, (— —) Li, (— —) =
a, —a 0 X —aq X —day a, —Qa, —aq —dy
i [ (3-iV3 . (3+iV3
= ——| Li, —Li, =
V3 6 6

= — \/% (Li, (\% e_%i> —Li, (\% e%i> =

i(L'(¥ 1l 2(1 ‘%)+L'(_%>+1l 2(1 %»
= ——| —Liy(e3 —slog*|—=e irle =log®|—=e =
BlUe B i 2% 3
L <201 (L (Zm) 1 2(—1 ﬂ))
= — Im|Li(e3 |+=lo e6 || =
V3 i 2% 3
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2 (cz (2”) 7 3) log3 — ——cl (%)
= — — — ] ——10 = o —_ —
B 2\3) T 12 %87 T 63 BT T332 \3
Solution 2 by Hamza Djahel-Algerie

1-—x
og(1 - x) 1108(7) L' logx
N PR e o YA L
0 X +x+1 0o X*+x+1 0o X*+x+1

1—x _
1log( < ) =22 Jogy 1 (*log(V3) +logy
i [ [y L ay -
0 0o Yy°+3y+3 V3lo y2+V3y+1

1 (* log(v3) p _[log3
V3Jo y2+V3y+1 V3

_10g3(1t n)_nlogB
V3 6V3
2 1

2 3
B_J‘l log x p _fl(l—x)logxd x?’:yljly_§—y_§l 4y —
T 1T ), T 1= T 9, 1y OBYYT

3o @)- o)

Therefore,

oo a2 () )

tan~1(2y + \/§)r =
0

1831. Find a closed form:

n—f = Lk log(1—x)d
—OCOS 1+x2 0og X X

Proposed by Togrul Enmedov-Azerbaijan

Solution by Rana Ranino-Setif-Algerie

1 1_x2
-1
ﬂzf cos <m>-log(1—x)dx=
0
1

B . 1 — x2 log(1 — %) - (x— 1) 9 1 — x2
= [cos™ (17527 ) lo8 x) - (x xcos™! | T—7 )

11 -x)log(1—x) +x
2 d
* fo 1+ x2 X
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14 Ixlog(1—x llog(1—x 1
.Q=———2f Lz)dX‘FZJ g(—z)dx+f de
2 0 1+x o 1+x o 1+x
A B log 2
A= flfl x? dxd _jl 1 j1(1+xy 1 )dd B
“T) ) ATy @+ T 1197, T T 1—ay) YT
1 1 (1 log(1—17y) 1 og(1-y)
= ——12—d=——122f—d
fo1+y2<4+zy 0BLTT ) YT16 T8 ST YAy
n? 1 'log(1-1y) tylog(1-y)
_ I a2 s\ V)L | Y95\ )
16+410g 2+.I; dy L1+ d
2 A
6
PR P
~ " 96 '8 8

Vs I I
x=tang [4 4 . %
B = f log(1 —tan@)do = f log(cos @ —sin0) d6 — f log(cos 0) dO =
0 0 0

T
0=7-6
T T Y3

1 4 /4 1 /4
= f log(V2sin8) do — f log(cos 8) dO = glog2+ f log(tan §) d@ = gl082 -G
0 0 0

Therefore,

v (1«2 m 57 1, m
ﬂ:fo cos™ |\ 757 'log(l—x)dx=—§+E—Zlog 2+Zlog2—26+log2

1832. Find a closed form:

lsin(alogx) sin(blog x)
dx

) ,b €R
xlog? x .

Q(a,b) = f

0
Proposed by Togrul Enmedov-Azerbaijan
Solution 1 by Rana Ranino-Setif-Algerie

Isin(alog x) sin(blog x logx=—t
Q(a,b)zj ( g)z( g)dxogi
0 xlog* x
“sin(at) sin(bt) ° e ] by
=f0 2 dtzf0 yfo sin(at) sin(bt) e Ydtdy

sin(at) sin(Bt) = %cos(at) — %cos(ﬁt); (d=a—-b,f=a+bb<a)
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1 (o] (o] 1 (o] (o]
Qa,B) = Ef yf cos(at) e Vdtdy — Ef yf cos(ft) e Vdtdy =
o Jo o Jo

1 (%[ y? y? 1~/ B2 o>
sz aZ+v2 B2 2 dy=—f 2 2" 2 7 |dy =
0 y: B +y 2)g \B7+y* a‘+y

=g(p—a)=n7b;(b<a)=>ﬂ(a,b)=n7a:(a<b)

Therefore,
Isin(alog x) sin(blog x /5
Q(a,b)=f (alogx) > (blog )dx=—min(a,b)
0 xlog*x 2

Solution 2 by Muhammad Afzal-Pakistan

Lsin(alog x) sin(blog x) R
X =

Q(a,b) = f

0 xlog? x

(" sin(ax) sin(bx)
_ jo 2

* 1
dx = f L, [sin(ax) sin(bx)] ) L:* [—2] dx =
0 Xl

p=x [* 2abp?
J, 7 =

- (a — b)? + p?][(a + b)? + p?]

xZ

= Z“bfo (@-b+0(at b+~

— 2ab o (a — b)? (a + b)? dx =
-4 jo (—4ab((a “b)2+x2) —4ab((a+b)?+ x2)> =

brr
~ 1J°°< (a - b)? (a+b)? )d - ifa>b
=75 AV 2 1 .2 =

2), (@a=b)2+x* (a+b)*+x az—n,ifa<b

Therefore,

Lsj 1 in(b1
a(ab) =J sin(alog x) sin(blog x) dngmin(a,b)

0 xlog?x
1833. Find a closed form:
* 2 (2 2
n“(n“ +x
Q(x) = 1_[ ( ) x€ER

n* 4+ n2x2 4+ x*’
n=1

Proposed by Hikmat Mammadov-Azerbaijan
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Solution by Fao Ler-Iraq

= n2(m? + x?) = x> x2 a7
ﬂ(x):1_[114+nzx2+x4:1_[ 1+ﬁ 1+E+F -

n=1 n=1
0 , _2mi\ 71 , 2zmi\ 7!
sin(xmi) x“e 3 x“e3
= - 1-— > 1-— =
xTi n n
n=1

i i -1
. . -3 - 3
smh(xn) sin (xne ) sin (xne )

xm _mi mi
xme 3 xTe 3

-1

i i
= xm sinh(xm) csc (xne 3 ) csc (xne 3 ) =

) xXm  xmV2 xm  xmV3 2xm sinh(x1)
= xm sinh(xm) csc| — — i)csc|—+ i|=
2 2 2 2 cosh(xmv/3) — cos(xm)

1834. Find a closed form:

Q_j""(e‘"+1)(e"—1)—2x
- 0

x%(e*—1) dx

Proposed by Hikmat Mammadov-Azerbaijan

Solution by Hamza Djahel-Algerie
e *+1)(e¥—1)—2x . e*=y 1y 1(1-y*+2ylogy)
Q= f dx = f
0 0

x%(e* — 1) logZy(1-y)
Yy t+1 2 ! 1 \? 1yt 1
:fo <10g2y +10gy(1—y)>dy:fo (@Jrry) dy+fo (logzy—l—y>dy
:log(Zn)—§+(— 1 —L>1 =
2 logy 1-y/,

= log(2m) > ~tim (4 =) +lim (4 =) =
- oslEm T T logy 1-y 50 logy 1-y/

3 1
= log(2m) — 273 +1=1log(2m) —1=0.8378

1—]1(1 1>2d ~ log(2m) — 2
=), Gogx 1—x) TR T3
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f11—xyd 1 N 1 :I—Jljlfl(xy_l)(xz_l)ddd
0o 1—x Y logx 1-x 0 Jo Jo (1-—x)2 xayez
W - D@ -D @ - DE -1
0 (1—x)2 x= 1-—x

g lexy(xz —1) + zx*(x¥ — 1)
- dx

dx =

1yxy+z—1 _ yxy—l + ny+z—1 _ sz—l
- 1o f

=-1+yPp(y+2z)-ypy) +zyp(z+y) — z¢(2)
1
[ v+ 2 -y ) + 2+ 2) - @) - DIy =
0
1 (1 1 (!
= ylog(T(y + z))|0 — j log(r(y+2z))dy—y log(l"(y))|0 + J log(r'(y))dy +
0 0

+2zlog(F(y + 2))|, — yzp(2) - yl} =
log(2m) o <F(Z +1)

2 +zlo 0 )—znp(z)—l

1
= log(F(z + 1)) - j log(F(y + z)) dy +
0

1 1Mos(2 1
szolog(l‘(z+1))dz+j; [og(z 7r)—1—|-zlogzldz—f0zt,l)(z)dz

1,1
- j;) j;) log(T'(y + z)) dydz =

log(2m)
2

1 1
= fo [logz + log(I'(2))] dz + -1- % —zlog(I(2)) + fo log(I'(z))dz

11
- j; j; log(r'(y + z)) dydz =

log(2r) log(2m) 5 log(2m) _3log(2m) 9
t—y t— itz A3 3174

1,1
A=J0 Jolog(l"(y+z)) dydz

=-1

1 1
f(2) = fo log(F(y +2)) dy = f(2) = fo Yy + 2)dy = log(I'(y + 2))|}

B rz+1) B
= log( ') =logz
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! log(2
f(2) =zlogz—z+C;f(0)=J log(I(y)) dy = og; ™) _
0

f(z)=zlogz—z+ log(2m) > A= flf(z)dz
0

2
1 log(2m) 1 1 log(2m) 3 log(2m)
Azf lzlogz—z+ l =———=+ =—-——+
. 2 4 277 2 2T 2
4 3log(2m) log(2m) 3
o d S (3 gt S
1835. Find:
*® tanlx
Q=

——dx
o Vx(x?+1)
Proposed by Vasile Mircea Popa-Romania

Solution 1 by Togrul Ehmedov-Azerbaijan

® tan"lx ®tan~1(x?)
0= ———dx=2| ——~
o X*+1

o Vx(xZ+1)

’ 2
Q(a) = zj %dx = Q'(a) = Zf (x* + 1)?1 + a?x*) ax
0

x* i _zf‘” dx
o P rDE+a) T T ) @t T D@ ad)

_zj‘” dx 2 f‘x’ dx  2a° JOO dx 2 T
Ty @2+xt a?-1)) x*+1 a?-1); a?+x* a?-1 44int

4
_ 2a® j"" dx 2 _ 2a® T /2 B
T a2-1), a?+x* 2(a?-1) a*-12y2aya 2(a*-1)
n\/_ Va 1
2 \a@2-1 az-1
V2 [log(a + 1
Q(a) = 5 g(z )—log(\/E+1)+tan‘1\/El+c

Q0)=0=>C=0

] - (n e

nV2[log2
Q1) =——
@ 2[2

—log 2 + tan
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Solution 2 by Ankush Kumar Parcha-India

® tan~!(ax) ® Vx
Q@) = ————dx > Q'(a) = dx
(@) o Vx(x2+1) @ o (1+a?x?)(1+ x?)
© Wx ©  Wx
— a2\O' — _ 2 .
(1-a%)Q'(a) . 1+x2dx a , 1+a2x2dx'(1)
Vx Vx
Leth—fmdx andﬂz— mdx
1 1
Jizy 2y2 1+F 1- yz
€ = f—4d3’=f—zd3’+f—zd =
R T
Yy y
=itan_1<y2—1> 1 o? —y\/—+1‘+C=
V2 yV2 2\/_ y:+yvV2 +1
1 . 1(x—l)_l_ 1 | —\/2x+1‘
= —tan o
V2 VZx) 2wz Blxtvzi+1

2

1
a\/_f1+y4 Y= ava

Now put limits in , , and put values in equation (1), we get:

-Qz —=

-a0@=t- T a@=" Ja
R AN A A P T
Integrating both sides w.r.t. a, we obtain:

JVa
ﬂ(a)+c—\/_U — 1_aa2dal

\/_l— og|a+1| va d —f va dal

1+a @ 1—-a

Q(O)=0:>C=0
I —Va)1+a)
zZ| la-o+va)
For a = 1, it follows that:

® tanlx n(n log4)
8- fo (x% + 1)Vx ax 42

Q(a) =

+tan~! \/El
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1836. Find a closed form:

1 r11og(1 — x)log(1 —
szj g(1 — x) log( y)dxdy
0 Jo 1-xy

Proposed by Togrul Enmedov-Azerbaijan
Solution by Bamidele Benjamin-Nigeria

1 r11og(1 — x)log(1 —
Q- ] ] 0g(1—x)log(1—y) dxdy

1 01
= Z .I; fo (xy)*'log(1 — x) log(1 — y) dxdy =

k=1

_ —Hy ! k-1] _
=% |7 og(1—-y)dy = -
k=1 0 0 y

Li,(»)1log(1 —y) Nog3(1-y)
dy— | —=———2dy
0 2y

=A+B

o (YLi;(Nlog(1—y) . s, . . 2t ['Li(»)log(1—y)
A= —fo " dy = (Li;()) |0+f0 " dy

1 5
24 = (Li(1)) > A= SLiB(D) =24

T1og3(1 — =1-t (1 log3(t 1 1
B=—j log"1-y) y)dyy= f g ()dt=— E Jt"‘lloggtdt"ip
0 0 2 0
k=1

2y 2(1—-1¢)

1
- 3ZF= 3¢(4)

k=1

H Li,(x) log?(1—x
_kxk_1: 2()+ g( )

k X 2x
k=1

Q—S 4)+3 4-—17 4
= 2B +3(®) = @)

—Hi _ ! k-1
— = x*"log(1—x)dx
k 0

1837. Find without any software:

dx

1sin™1 (%) tan 1 x
Q=
fo 1+x

Proposed by Togrul Enmedov-Azerbaijan
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Solution by Avishek Mitra-West Bengal-India

s

1 ) 2
Q= f xlog(1 + tanx) dx = f xlog(sinx + cos x)dx — f xlog(cos x) dx
0 0 0

s

N B 7 — (—=1)" cos(2nx) B
QZ—J;xlog(cosx)dx—.L x[—logz—nZ::1 m ]dx_
% Z 1

(D" sm(an)
T32 l° 2- Z l Zn

? (-D'"1m nn' 1
E - il 2
=33 —log2 — [an )+ 5 cos(2nx)| ]

= — logZ — xcos(an) dx =

— —j sin(2nx) dx]

2 4n
~ ,TZI , T d (—1)"sm( n) 1 — (—1)”(cos(nz—n)—1) ~
n=1 n=1

2 (—)m? (-1 )" 11 & D eos ()

= 3210g2+8 L @n-17 Z ZZ n3 =
n.z (_ )n 1
——§10g2+8(}—— (3)+ (2 Ell

_71'21 Z+G1 3 1 3 1'[21 2+GZ 3

T m

7} 3 /4
Q= f xlog(sinx + cos x)dx = f xlog {\/E sin (x + —)} dx =
0 0 4

n n
:%long:xdx+f:xlog(sin(x+%))dx =

2 Y

=" tog2+ [*(x = 5)log(sinx) dx =
=218 L(x 4) og(sinx)dx =

N|]
3

— T log2 I dx - = [*log(sinx) d
=51108 +jzxog(smx) x—ZL og(sinx) dx
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7 ] z - cos(2nx)
Q3 =L xlog(smx)dxzj;T x —logZ—E— dx =
) 4 n=1 n
log 2 RN 2nx) d
= —log ?H_ZELXCOS( nx)dx =
y n=1 4
(o) n Tl'
B 31':2l 5 Z 1| sin(2nx)|2 j‘isin(an)d B
T~ 32 %8 a* T 2n | Je T o2n |7
n=1 ' 4
1 T 1 nm
log2 Z [——sm + 4—nz(cos(nn) — cos (T))] =
nm 0
_ 3m? log2 _ sm( ) zcos(nn) 1
732 %%°7% n?z 4 4
n=1 =1
371.2 (_ )n 1 (_ )n 1 1 )n 1
=——=log2 + z -
32 8 (2 — 1)2 4 — Zn)3

2

L z+"a+13(3) L 3 3 = -3 1og2 + TG + X ¢(3)
T T332 %8473 ¢ 32 4( 32 1082 +gG+175¢

] z cos(2nx)
log(sin x)dx = j;t —log2 — Z — dx

14
2

94:_];1'

4

1sm(2nx)
=——log2 Z fcos(an)dx———logZ Z S

R

0 . nm
-5 z+1gsm(2)— % log2 + gl Vi “Tog2+ L
_40g21n2_4g2(2n1)2 T4 %8475
n=

Therefore,

-1 2x
1S1n tan™ x
sz (i) dx—zf (tan x) dor =
0

1+x
=2(tan"'x)%lo (1+x)|1—2f ZtanJlo (1+x)dx =
= g 0" %), 1z 8 -
? ltan'xlog(1+ x) . x=tanz
=2-—log2 —4 d =
16 '8 fo 1+ 2 x
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2 Y

s
=?log2 4f zlog(1 +tanz)dz =

2 2 2

~T o2 —4(E 10g2 G+ 3 )= togz + 6 -21e3
~ g %8 64 '8 3 ( = 161982 756~ 75¢3)

1838. Find:
Qn) = fn([x]2 {x} + [x] - {(x}P)dx, n €N, [+] — GIF, {x} = x — [«]
1

Proposed by Togrul Ehmedov-Baku-Azerabaijan
Solution 1 by Avishek Mitra-West Bengal-India

ﬂ(n)=] ([x]Z-{x}+[x]-{x}2)dx=J ([x]*(x — [xD) + [x](x — [x]D®)dx =
1 1

- f "l — [ + 22 ] — 2 + [x])dix =
1

_ fn(xz[x] ~ x[xP)dx = ) (- 1) fn xdx - ) (n - 1) fn xdx =
1

Z(n 1. n3 —(n 1)3 Z( )2 n? —(n 1)2

=%Z(n—1)(n3—n3+3n2—3n+1)—§Z(n—1)2(n2—n2 +2n—-1) =
=Zn3—2n2+%Zn—2n2+2n—g—2n3+
+22n2—2n+%2n2—2n+;=

=12n2— Zn_l_ E_f n(n+1)(2n+1)_n(n+1)+zz
12 3 6
_n(2n® +3n+1—4n—4+2) _n2n’-n-1) nn-1)2n+1)
12 12 12
Solution 2 by Hikmat Mammadov-Azerbaijan

am) = f (]2 - () + [x] - (0D)dx =
1

n

- f [x] - (o ([x] + (x))dx = f x- [x](x — [x]dox =
1

1
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k+1 3 3 2 2
zf (- k+x- k?)dx = z< AVl D7+ +k>=

3 2
~ z <3k3 13K+ k2K +k2> O3k 42k
k=1 3 2 k=1 6
:1<3 . (n—1)n2n-1) ey (n— 1)n> :n(n— 1)(2n+1)
6 6 2 12

Solution 3 by Felix Marin-USA
n+1
Q0+ 1) -0 = [ (2200 + [x]07)dx =
n+1 n+1 n+1 n+1
=n? f {x}dx + nf {x}?dx = n? f (x —n)dx + nf (x —n)?dx =

1 1
2 2 1 2 1
=n xdx+n| xdx=—=—n“+-—-n
0 0 2

3
n-1 n n-1
Qn) = Z[Q(k +1) - k)] = Z %Z k =
k=1 k=1 k=1
_1 (n—l)n(Zn—l)_I__.(n—l)n
2 6 3 2
Therefore,

2n® —n?—-n

) = | ([ () + [x]- (e = =

Solution 4 by proposer

am) = j (]2 - (o) + [x] - (})dx = f [l ([x] + () dx =

1

k+1

= Lnxz{x}dx f x{x}?dx = ZJ x*(x — k)dx — ZJ x(x k) dx =
k+1
S

2
(kax —kzx)dx—Z[k X k. —l =
k

k+1
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z lk(k +1)3 k4 k*(k + 1)

2 2
n-1
_ K k\ 1 1 Cn-1DEn+1)
_;<7+§>_ﬁn(n—1)(2n—1)+gn(n_1)_ X

1839. Let n € Z... Prove that:
f‘x’ sin(x™) log x Ty
dx = —
0

X 2n?
where Y is the Euler-Mascheroni

Proposed by Max Wong-Hong Kong

Solution 1 Muhammad Afzal-Pakistan

“sin(x ™) log x 1 (®siny-lo
n:f (rDlogx , L ["siny-logy, _
0

x n? J, y
1 (®sinx-logx 1 (® ogx
=—-—= —gdx=——2J L{sinx}L‘l{ g }dx—
n x n
1 1 v 1 (* logt ym
nzfo 1+t2( v~ logt) f 1+t +n20 1+¢2 2n?
i 1
3 t=¢
Y logt logt Y
l = - = —— — l
Llogx} = - -—7,  —=—7—Lllogx}
log x -y
-1 _ 1N _ 1 —
L { > }—L {t} LY r{logx}} = —y —logx
Solution 2 by Rana Ranino-Setif-Algerie
“sin(x™)logx n,y 1 (®sinxlogx
ﬂzj (™) log dxx=x——2 —gdxz
0 x n x

- s—1
nZ s U sin x dxl

Mellin transform:

s=0

co

M{sinx}zf x5~ 1smxdx—sm( )I‘(s)
0

o3t (Feos () +sin (s -
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12Tcos (112 ) + sin ( )II)(S)

S

1
= —FLI_I)I(}F(S‘F 1)

. (TtS\ TS 1
when s — 0:sin (7) ~7;1II(S)~ —;—Y

T TS 1 L e | 4
sin(S) g~ -2 -F,  e=-—lim2 22 _

2 2 n2 s-0 s 2n?

Therefore,

“sin(x™™)logx ny
[ .
0 x 2n

Solution 3 by Hikmat Mammadov-Azerbajan

“sin(x™)log x “sin(x™) log(x™
a- | (x™ log ax- | 108G 1y
0 X 0 nx
1 ®sin(x™)log(x™ 1 (®sins
=— (") log( )dx"—— logsds

T )2 n T 2
n? J, x n? J,
[ee]

%) ioco
fla) = f sins - s%ds = Imf e’s.-stds = Imf e S(is)%ids =
0 0

0

@ a+1
—Iml““j s“-e‘sds=sin< > n)F(1+a)
0

Q= %f’(—l) = %Ll_l;n [cos (;n) I'l(a) + I"(a)a]

“ (@) = (@) (a) = lim_— [F(a) + Y@ (a)a]
v P(1+a) =Pa) + % =ayp(a) =ap(l+a)-1
= lim>— [T(a) + a(1 + AT (@ - T(@)] =
- hmF [F(1+ o)y +a)] = S ¥(1) = an
1840. Find without any software:

[

)
Q= .f xlog(1 + tanx) dx
0

Proposed by Togrul Enmedov-Azerbaijan
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Solution 1 by Avishek Mitra-West Bengal-India

w w w

1 ) z
Q= J. xlog(1+ tanx)dx = f xlog(sinx + cos x)dx — f xlog(cos x) dx
0 0 0

T

z i - (—1)" cos(2nx
ﬂz=f xlog(cosx)dx=f x[—logZ—E( ) - ( )]dx=
0 0 n=1

% _1)n
= — log2 — Z f xcos(2nx)dx =

s

(- 1)" sin(an) T 1 (7 ]
——log2 Z ——f sin(2nx) dx| =
2n |, 2n),

log2 Z( L2 [—s in +%cos(2nx)|4]

? T~ (—1)"sm (- 1)" cos ) )
42

=~3zl082-3 2
n=1
2 (-1 = (=11 (=™ 1cos )
=——log2+ — Z
32 8L 2n-1?7 4L n *2
n=1
n.z (_1)n1
= —"_log2 _z -
37108 +8G (3)+ (2 E
" ogz+ T L. 33+~ .3 3) = "21 2+ 56— 2L o3
T 73298473 i 32 29 321082 56 ~155¢

n w

1 r T
Q= j xlog(sinx + cosx)dx = f xlog {\/E sin (x + —)} dx =
0 0 4

s

T T
=%log2L4xdx+L4xlog(sin(x+§))dx =

2 s

T z T .
= alogZ + L (x — Z) log(sinx) dx =

e

T

™ tog2 + [xl dx - = [*log(sinx) d
o2 og fzxog(smx) X 4f og(sinx) dx
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7 ] z - cos(2nx)
Q3=L xlog(smx)dxzﬁT x —logZ—E— dx =
) 4 n=1 n
log 2 RN 2n%) d
= —log ?H_ZEIEXCOS( nx)dx =
y n=1 4
(o) L3 I
B 31':2l 5 Zl sin(2nx)|?2 j‘isin(an)d B
T~ 32 %8 2| " 2n | T 2n YT
n=1 ' 4
1 T 1 nm
= ——10g2 Z ——sm 4n2 (cos(nn) — cos (7))] =
nm 0
_ 3m? log2 _ sm( ) Zcos(nn) 12
732 %%°7% n?z 4 4
n=1
371.2 (_1)n 1 (_1)n 1 1 e (_1)n—1
=———log2 + - —Z =
32 8 i (2n n-12 " 4L, (2n)3
= 32l 2+— G+13(3) 1 3) =
T~ T32 %%Tg (B33 4(
3 g2+ TG+ 2L )
=" gg o8zt g+ gt
s s

4

n L
Q, —j log(smx)dx—j
)

cos(2nx)
—log2 Z — dx =

n=1

1sm(2nx)
= ——logZ Z j cos(2nx)dx = ——log2 Z
n=1

1 2+1i ! 1 2+1i St D 2+G
08475 08575 ,@n-17 " 4 8573
n=1 n=

Solution 2 by Hikmat Mammadov-Azerbaijan

w w

4 4 (1
Q= J xlog(1 + tanx)dx = J xlog(cosx)dx =
0 0

(—=1)* cos(2kx)
D x

~ log(cosx) = — —log2

k=1
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T

z( Dkf x cos(2kx) dx — long xdx =

k=1

2

T
1Dk xsn(2kx)|* T
) . (2kex) + cos(2kx)|4——log2—

2k 4k2 32
k=1 0
. (km kr
_ Z (—1)* sin (T) N (—1* cos (T) @
2k? 4k3
k=1

k=2m;k=2m+ 1 = sin (nm + g) = (—1)™; cos(mm) = (—1)™
- — 0 AP
sin(tm) = 0; cos (nm + 2) =(-1)m

@ =nm =™
B L 2(2m+1)2 L 32m3

% log 2
=—3(— )——Lls(—l) E+m(( ) — 32

w T

4 4
J log(cosx)dx = J log(tanx)dx = G
0 0

r

Z /4
J log(sinx) dx = — Elog 2
0

sin x cos x

1 1
CoOS X = —log [ cos x] = Elog(sin(Zx)) =— Elog(tanx —X);XE [0, g]

r

1 T G
J log(cosx)dx = —log2 — -
. 8 2

7 V2 sin (x+%)
Q= f xlog Cosx dx =
0
1 T T LU
) ) T )
=—log2j xdx+J xlog [sin (x+—)] dx—f xlog(cosx)dx =
2 0 0 4 0

17.'

log2 , i Z
e+ j log(cos x) dx — ZJ xlog(cosx)dx =
0 0

- 732
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_log2

2
) E(nlogZ_E)_ G 2{(1)_1: log2)
=32 Ttz 2) " %\21 128 32 |

B (n+1)6+n210g2 3 (3)_1121 , T
-~ \g 8 64576482 3

G < 3
+ — ( )
1841. Flnd a ClOSEd form:

0=) > = Q)
n=0 k=0

Proposed by Daniel Sitaru-Romania
Solution 1 by Yen Tung Chung-Taichung-Taiwan

— =

n=0 = ¢ = 1-

o 1
=ez(i_n)_e 1_n_e=e(”_”)
e—1 " entl e—T 1 1 e—nt\r—1 e—1

n=0 1—= 1-

_ e
T (m—-1)(e—-1)

1j+1 1 1]+2
. 1-(z)  me-m(@) |_
e — Tj-w 1-1 1-1
T e
e T : (1>]-+1 T e . (1>j+2_
Te—m -1 jo\x e—1e—1 jole B
e ( T T )_ Te
e—-n\mr—1 e—-1/ (@-1)(e—-1)
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1842. If we have the integral

¢o(n) = J e~ sgn(x)+1) smh( - ) dx

then prove the sum:

0 tanh <§n> tan (@n)
ZOO D) =t

Where sgn(x) is Signum function.
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Rana Ranino-Setif-Algerie
— - ( (0)+1) ¢ nx =
¢(n) = f_oo e mx(nsgnix smh( )dx =

X

0
dx + f e ™(1-1) ginh (—) dx =
— o n

v

nx(n+ 1) sinh (

(0]

f, e
o mx
=j0 e mx(n+1) smh( )dx f e ™m-1) ginh (7) dx =

0

t="Tx nre n (®
= — | sinhte "®mtDtgs f sinh ¢t t "Dt g¢ =
7 Jg pi J,

= gﬁ{sinh t(nn+1)) - gﬁ{sinh t}(n(n - 1))

L{sinh t}(s) = SZ——].

n n
¢n) = (nz(n T1)2-1 n?(mn-1)2%- 1) -
1( n B n + n B n )
n-n+1 n2+n+1 n?+n-1 n2-n-1

T 2m

G Z ) = L z n n n )
P(n 21 n2—n+1 T n2+n+1 n2+n 1 n2-n-1

Y )
T mli\n?-n+1 n2+n+1 T n2+n 1 n2-n-1
- n 11 2 2 3 3 4
Z(Z 2 ):——— ———-|-——_+__.—
1n—n+1 n+n+1 1 3 3 7 7 13 13

n=
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_1,11 _i 1
13 7

11 n-—1
n=1
tanh( )—82 x
AN = L 2n— 1% + 4x2
n=1
V3
o0 tanh | ——
V3 1 T < 2 )
NERL Iy S
2 in -n+1 V3
. /5
x= Z'HZ;nz—n—l_ NG
Therefore,
) tanh <\/§ 1l'> tan <\/2—§ n)
(n) = -
,Zf 73 NG

1843.

Ql+z<) an+(1)n1
1= n+1’ 2 \ e n+1

A Q2 <Q,, BQ =9, CQ >Q,
Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania
Letx € (0,1)

(_x)n+1 -1
—X

=
— (o)

1-x+x2+-+(-1)"x" =
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1-—x+x*+- = ! x2+x3 x4+ =log(1 + x)
x  xz2 X3 __log(1+x) _l
1-2+2 -2 4. =522 letx=-
11 11 11 log(;-kl)
w2 w3 w4 1
T
> (-3 g = mtoe (2+1)
7)) n+1 T8
n=0
O =1+0+1 1 ( +Q— 1 (+1»+1 r
1= 175 2n OB g T )T 08 2 2
Let x = -
11 11 11 __log(l-Fg)
e 2 e 3 e3 4 h 1
e
> (-3 g etog(1+)
e) n+1 €8
n=0
Q=140 t1——=el (1+ﬂ— 1 @+ yrl r
2= 2 2e 0BT T El08 2e¢ 2
Letf(x)=xlog(1+l)+%,x>1
1
(x) =1 (1+1)+x'(_ﬁ) LI <1+1> ! !
f(x) =log x 141 222 0B x/ x+1 2x2
X
1
S A SRR SN SERVUIE SUNE S0 S
! x_1+l (x+1)2 x3  x(x+1) (x+12 a3 x3(x+1)2
X
X 1 e (4 el

flfx)| +++++++++++++++++

f,(x) 10g2—1—7.z——0

f(x) log2+% \ 1
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fle) > f(m) - Q1 <Q

I NI G O
€= mZOzZm - (4m + 1)3

Proposed by Hikmat Mammadov-Azerbaijan

1844. Find a closed form:

Solution by Fao Ler-Iraq

—_1\k _1\k
Q= Zzzk((4k1)+ 1)3(2k) kz = ) (Zkk)=
t3

1

sy (3) ()] #Herae- -%~i< J(er-
“1284\74) \k ! og"xdx =g | ¥ log’x ANV P

3
1 (lx"2log? X, 1 d? f ( 3)

= X = e —
128 Vi+x 128 dy? v1+x 4

1;8;23( ;—y) 641\/_:2 l‘(y+1)l‘(——J'>

(l‘”(y + D1 (3-y) - 20+ O (3 - y) + T+ DI (%—y)) =

“am" @@ O @ @ 6)-

64\/_

1 , (5 2 8C+m* (5

= o (4)(8C+1r)— T (4)
1845. Letf(y,n) =F, [Sin(nx)] (y) then prove the sum

- T \k 7w %

Z cos(2mtm) f (En) = (E) (m—-1)

n=1
wherem > 2,k > 1 and F,[f](y) is Fourier transform.
Proposed by Srinivasa Raghava-AIRMC-India
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Solution by Rana Ranino-Setif-Algerie
f(y,n)== Fx[

sin(nx)
x

l )

Since x — sin(nx)
P

B sin(nx) e sin(nx) B E “sin(nx) cos(xy)
Fom = £ [T ) = e[ ](y)—j;jo dx

is an even function

X

1 @sin((n+ y)x) + sin((n - y)x)
fom == y dx
foo sin(ax) do = Esgn(a)
0 2

1
Fo.m) =5 [ (sgn(n+) + sgn(n )

FGm) =25 (son(n ) +sam(n=3). rGm) = Gom>

m k m k
Z cos(2mm) f (g,n)k = (g)i Z cos(2mn) = (g)7 (m-1)
n=1 n=2

1846. Prove that:

(1)+ (5>—326+4 2
Yi(g)t¥ilg) = n
where 1) (x) is the trigamma function and G is Catalan constant.

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Togrul Ehmedov-Azerbaijan

We know that:

r(x) Vmet
r2x) 1

r (x + 2)

= log(T'(x)) —log(r(1 —x)) =

= log(vm) — (1 - 2x) log(2) — log <r (x " %))

! ’ ’ 1
Py (x) — 4P, (2x) = — P, (x + E)
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1 1 1 5
x=g=vi(g)-i(z) = vilg)
We know that:
, (1 ., , (1 ) _ , (5
" (Z) =2 +8G = Y, (§> — 4(n% + 86) = —y, (5)
Therefore,
1 5
(2} (§> + (5) = 326G + 4n?
Solution 2 by Rana Ranino-Setif-Algerie

14z-1
v PpW(z) = —j; #dt

1—-t 1—x8

1 1 1
=—64f log( ) —32[ llof_ﬁdx—BZf de

1—x* x2 1—x2

" (%) o (2) _ j: (t_% + t_%) log(t) . = ot jol (1 + 2% log(x) .

f 'log(x)

o 1+x2

fllog(x)d _i[l 1 Yog(x) dx = i 1 o=
o 12T L) ORI G+ 1)2 T 8
n=0 n=0

Therefore,

dx ™ @no f log(tan @) d6 = —
0

(1)+ (5)—326+4 z
Y4 3 21 3 = s
Solution 3 by Hikmat Mammadov-Azerbaijan

) [27]

v (%) _zsn:—(”q)”" Z sin k;p) ct, (#)

Cl, —Claus function.

(6= o +16Zsm( e () -
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272

zz_ﬁm(sm( ™)ty (5) + 1y (5) + sin (& )c,2<3:)>
o (5) = 16 n(57) ) n () ) s () ()
) 22:% . 16 (_sm ©)eta () + et (5) - sin(Z) ety (?77”))

W, (%) + Py (g) - 22:\/2 + ot 320, (g) _ 4m? + 32Cl, (g)

sin(nx) sin (nz_n)
Cly(x) = Z 0z = Cl,(x) = Z—

nZ
n=1 n=1

sin(nx) = 0;Vn € Z

sin (nn+ 2) (-1
czz Z (2n + 1)2 :n ant1 PB=6C

Therefore,
(1)+ (5)—326+4 2
Yy 3 U2 3 = U

Solution 4 by Hikmat Mammadov-Azerbaijan

wonl)- 5[

n=0

(0]

) (n N 8) > Z ((8n + 1)2 (8n+ 5)2>

n=0

*8

1 [ee]
= —64 Z f (x8" + x84 log(x) dx = —64f (1+ x*) log(x) z x8ndx =
n=0 0 0 n=0

1 4 1
(1+x)log(x)dx:_32f( 1 1 >log(x)dx:

= —64 +
0 1—x8 1-x2 1+4x

-1 n
=—-32 Z f (x?™ + (—1)"x*™) log(x) dx = 32 Z <(2n T2 + (Z(n +)1)2> =

=32(1-2"2)¢(2) + 326 = 4n? + 32G
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1847. Find a closed form:

- sin"1(Vx) - log?(x) - log?(1 — x)
_jo x(1—x)

Proposed by Togrul Enmedov-Azerbaijan

Solution by Bamidele Benjamin-Nigeria

sin"}(Vx) - log?(x) - log?(1 — x) x=sin?y
ﬂ_fo x(1-x) dx =

jz 2y -log?(sin? y) - log?(cos? y)
0 siny cosy

fz logz(sm y) - log?(cos? y) sin? y=x nj'llogz(x) log?(1 — x)
= y = _—
2 0 0

sinycosy 4 x(1—x)
14 <j110g2 (x) -log?(1 — x) Jllog2 (x)log?(1 — x) )
=— dx + =
4\ ), x 0 1-—x

nj‘l log?(x)log?(1 — x)
== dx
2 Jy x

Z a1 - +n1 = —10g2(1 x)

n=1

1

= H, Hyyq — 1
Q= — | x"log? =2 =2 ) —— n+l1_
”Znﬂ , ¥ logm(x) dx ”Z( T Z (n+ 1)*
n:

= 2n<i%—i%> = ZnZ——Zn((S)

n=1 n=1

k-2

ZZ%z(k+2)((k+1)—2((k—n)((n+1),keN,k22
n=1 n=1

2
Q =6ml(5)— <1l'z {(4—n){(n+ 1)> —-2n{(5) =
n=1

= 4m{(5) — 2m{(3)¢(2) = 2m(2¢(5) — §(2)3(3))

62 RMM-CALCULUS MARATHON 1701-1800



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1848. Prove that:

]1 (tan 1 x)3 Dy — m(24nC — 63{(3) + 2m?log 2)
0

X =
x+1 256
Proposed by Fao Ler-Iraq
Solution 1 by Togrul Ehmedov-Azerbaijan
1
Letx = oy >dx = (1+ REE dy, then we have:

dy =

t 1(1-y T -1 3
NI )

1+y 1+y

md (1 dy 3m? (‘tan"1(y) 3m (! (tan"1(y))?
f ——dy—Q

:6_401+y_16 o 1+Yy Y To 1+y

11'3[1 dy 3n2j‘1tan‘1(y)d +37T 1 (tan1(y))?
64),1+y 16 ), 1+y 27 &), 1+y

1
0g(2); fta“ 94y = T1og@);

) 1(tan )3  a? T 21
.fo—dy_ﬁlog(z)+ZG—§((3)

2Q = dy

1+y
Hence,
20 = n_310g(2) + B—nZG - 63—11((3)
64 32 128
Therefore,

j1 (tan"1x)3 gy — m(24mC — 63{(3) + 2m%log 2)
. x+1 7 256

Solution 2 by Ankush Kumar Parcha-India

i ) im z
Letllzf y log(1+tany)dy=f (——y) log( dy =
0 o ‘4

1+ tany)

3

C ™ oe@) - [*loa(1 + tany) d 1+”%11+t d
—1920g() 6[ og( any)dy — I, 2f()yOg( any)dy
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3 2

T (%
21, = mlog(Z) - —( log(Z)) + Efo ylog(1 +tany)dy

s

4 T
f ylog(1+tany)dy = §log(2)
0

i i o i
Letl; = f ylog(1+tany)dy = f ylog [\/i sin (Z — y)] dy — f ylog(cosy)dy
0 0 0

2 T

—n—lo (2)+j-z(£— )lo (E— )d _fZ log(cosy)d
=64 08 04)’82}’}’0}’8 y)ay

2 s

T

T 4 4

I3 = Z7log(2) + f log(cos y) dy — 2 f ylog(cosy) dy =
0 0

2 T i . T
= 6—410g(2) +— f log(2)dy — 2 f ylog(1 + e?¥") dy + log(2) f ydy =

2

= Tt_log(Z) +— z (—1)"‘*1] (e?H"dy — Zz (-1 )nHJ y(e?)rdy =

64
4 Z( 1)n+1 I B
0

4
1 eZniy
"~ (2ni)?

T o 1)n+1 2iny
=—log(2) ZZ an
n:

any

ni

2 d = (=1)" K GROMIINE S ol G LB
=—1log(2) — —_— Z nt 1)2 3 cos (—)
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2 ( 1)n+1 1 e (_1)n+1
0= Zlog(2) ~TC-g6 ) )
n=1 n=1
2
3
=—log(2)——C—— (3)+#

n(s) = (1 —217)¢(s)
2
I3 = QIOg(Z) - —C + —((3)
Therefore,
1(tan 1x)3 dx = m(24mC — 63{(3) + 2m* log 2)
fo x+1 7 256

Solution 3 by Hikmat Mammadov-Azerbaijan

fl (tan1x)3 3 j‘l log(1 + x)
0 0

_° 1,329+ —
dx log(2) -3 1722 (tan™" x)“dx

x+1 64

Y3
74

=-3 f log(1 + tant) t* dt
0

n L 2
L4log(1+tant)t2dt=L4log(1+tan(§—t))(g—t) dt =

7 i w? (2
= zj log(1 + tant) t* dt = j log(2) t*dt — Ef log(1 + tant) dt +
0 0 0

s

+Tl'f tl 1+tant)dt=A4 1TZB+1TC
7 ) tlog+tant)dt=A-35B+5

log(2
A= og()n

T

i \/_sm log(V2
C=j4log< tdt——2 log(cost)tdt+ gg )E

0

cos t 4

T

1 1 cos(2kx) 1
Yzzf log(cost) tdtzzf Z(—l)k—+2f log2tdt =
0 0 =1 k 0
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kn
zz( Dk = (kn)_l_cos(z)—l +log(2)1r2_
= ks n{3 4k? 16
k=1
_ ZZ (-D*m (—1)* 4 1 (—DF 4 log(2) m?
8(2k + 1)2 2 k3 2 8k3 16
k=1 k=1
/2 21 w? 161tC —21(3) — 4m?log(2) mlog(2)
2 (EC ~128%®)~ _log(2)> 128 T3
™ ™
=f4lo (1+tant)dt=f4lo ( )dt=£lo 2
0 & 0 8\1+tant g 8
Therefore,
T
7
f t>log(1 + tant) dt =
0

3 64 16 8 128 T 32

(log(Z) m® mw? mlog(2) o 16mC — 21{(3) — 4n*log(2) m? log(Z))

j‘l (tan"1x)3 gy — m3log(2)
0

- —30
x+1 64

1849. Find:

Q(n) = jnlog(\/n +x++Vn—x)dx,neN - {0}
0

Proposed by Daniel Sitaru-Romania
Solution 1 by Tapas Das-India

n+x)—(n—x) =2x
(Wn+x+Vn—x)(Vn+x—Vn—x) =2x

Qn) = jnlog(\/n +x+Vn—x)dx 18P [xlog(vVn+x +Vn— x)]:; —
0

1 1(1 1

- = - xdx =
o Vi+x+Vn—x 2\Wn+x \/n—x)

1 n+x—vn—x
—nlog\/_—— \/ v
o VR+x+Vn—x VnZ — x2
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2x \/n+x—\/n—x
—nlog\/_—— o Vn+x+Vn—x Vn? — x2 dx =
=—log(2n)+ (\/n+x v x) dxzzl()g(2n)+lfnzn_2 nz_xzd
4 Jo n? — x2 2 4 Jo VnZ — x2?
:_108(211)+ T 1fndxzzlog(Zn)+Esin‘1(£)n—f|n=
VnZ — 2 2 2 2 e 2l
T T
=—log(2n)+§-5—— [log(Zn)+E—1]

Solution 2 by Ankush Kumar Parcha-India

Qn) = fnlog(\/n +x+Vn—x)dx 18P [xlog(vn+x+Vn— x)]z —
0

1 1( 1 1 ) d
—_ Pyr— —_— x x=
o Vn+tx+Vvn—-x 2\Yn+x Jn—=x
1 \/n+x—\/n—x
=nlogv2n — - dx =
& o Vn+x++Vn—x Vn? — x2
2x n+x—vn—x
=nlogv2n —— \/ v dx =

0o Vi+x+Vn—x Vn2 — x2

" x(Vn¥x—Vn-— x)
=nlogV2 dx
—nlogvanty f n+x—n+x)Vn2 — x2

- ntog 7 + f 20 ),

0 2Vn? — x2
1R
=nlogv2 +J x——
Vn? — x2 nz—x

= —log(Zn) + —sm -1 (n) , | =

= Elog(Zn) + ————— [log(Zn) + = - 1]

Solution 3 by Ravi Prakash-New Delhi-India

" (x=n cos(26))
Q(n) =j log(Vi+x+Va—x)dx =
0
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0 1
= nfz log (\/ﬂ(cos 0 + sin 0)) (—2sin260)dO = n [Elog(Zn) — I]

Where,

0
d
=11 + sin @) — (cos 2 =
fz og(cos O sme)de (cos20)do

7
Zcos O —sin@
Zcos 0 — sin

f (cos? 0 —sin? 0)do =

cos O +sin 0

= log(cos 6 + sin @) cos(ZB)I% +
4 0

T
7 -2
4

o

T T
4 4 1
= f (cos 0 — sin 0)2dO = f (1 —sin(20))d6 = (0 + Ecos(20)>|
0 0
Thus,

Qn)=n Elog(Zn) + n'T—Z] = 2[2 log(2n) + m — 2]

Solution 4 by Hikmat Mammadov-Azerbaijan

\/n+x+\/n—x=\/2(n+ nz—xz)

Q(n)=f0nlog<\/2(n+ nz—x2)>dx=

log(2) ™ 1M =nsi
& )f dx+—f log(n—l— nz—xz)dxxnzsma
0 2o

2

n 7 n(z
= nlog(\/i) + Elog(n) f d(sina) + Ef log(1+ cosa)d(sina) =
0 0

w
n (zZsina(—sina)
da

T n T
= nlog(v2) + nlog(vn)sina|? + > sinalog(1 + cos a)|Z - >

%(1 —cosa)(1+ cosa)
da

n
=nlog(\/ﬁ)+5fo 1+cosa

o 1+cosa

m T

= nlog(v2n) +Ef2da —Efzd(sin Q) =
2 Jo 2 Jo

nr n n
= nlog(v2n) + Tﬂ 5= 1(2 log(2n) + nm — 2n)
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Solution 5 by Timson Folorunsho-Nigeria

Q(n) = fnlog(\/n +x+Vn—x)dx 'g? [xlog(vn+x +Vn— x)]: -
0

j‘" 1 1( 1 1 )d
—_ Pyp— —_— x x:
o Vn+x+Vvn—-x 2\WVn+x Jn—=x
1M 1 Vyn+x—-Vn—x
=nlo \/Zn——j . dx =
8 2Jp vntx+Vn—-x  VnZ-x?
1 2x Vn+x—+Vn-—x
=nlo \/Zn——f . dx =
& 4)y \n+x+Vn—x Vnz — x2

2
1™ x(V\n+¥x—-Vn—x)
=nlo \/2n+—f dx =
s 2)y (n+x—n+x)Vn? —x2

1("2n—2vn? — x?
= nlogv2n+5f

1 ("n—Vn?—x?
dx=nlog\/2n+if —dx

0o 2Vn? —x? 0 n? — x?
; "n—VnZ—xZ  x=nsiny (Zn —+/nZ — nZsin2 p
= ————dx = ‘ncosydy
o Vn?-—x? 0o n%—n?sin2y
Y3 T
fin —ncosy d j‘i(l ) ( . )|% (n 1)
= —— = — cos = n(y — sin =n(z-—
, mcosy ncosydy no y)ay y Yo 2
Therefore,
n
Q(n) = 1 (2log(2n) + nw — 2n)
1850. Find:

o Jl tan ' x- Li, (}—-I_-i) 4
0

(1 + x)2 .

Proposed by Togrul Enmedov-Azerbaijan
Solution by Fao Ler-Iraq

1—x - 1—x
-1 . 1 -1 ;
ﬂzjltan x - Li, (1—+x) xx—gT;fltan (1+x)'le(x) (1—x>
o (1 + x)? 0 (1_|_1—x)2 1+x
1+x
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L(tan™'1 — tan"1x)Li,(x) (1 1
= Zf dx J
0 0

1
Liy(x)dx — Ef tan 'x Li,(x)dx =
0

4 8

_1r1r21 1f1t 1 Li, (x) dx =
=3lg 20an x Liy(x) dx =

_24C(4—m) - 96Re(Liz(1—i)) +87¢(3) — 5n* — 487w + 12log? 2 — 48log 2 + 117 log 2 — 127 log 2

B 192
1 1 /Liy(x) tan lxlog(1—x)
Liy(x) tan ! x dx = (xLi,(x) tan~1 1—f 2 dx =
fo i(x)tan™ " xdx = (xLi,(x) tan x)|0 , x 211 p b

3 fl <Li2 (x) tan~'xlog(1 - x)> d
0

xZ2+1 X

w? U Liy(x 1
=ﬁ_j xxzziidx+J tan !xlog(1—x)dx =
0 0
1 11 (llog(x? + 1) log(1 — x)
_r - 2 ; =
=52 2log(x +1)L12(x)0+2J0 p dx
© (_1)k j-l
+Z— x?**1log(1—x)dx =
L2k +1 ),
m  m? 1w (—1Dk (1 = (—=DkH
- _IN'UEY 2k _ 2k+2  _
24 121082 zkz_l k fox log(1 x)dx+kz_0(2k+1)(2k+2)
7 15:( . (1 4 +2>_
T24 12 BTTaL 2\k2 " 2k—1" k)
3 2
—ﬁ—lzlogz—

log? 2

—%(6(4 —m) — 4Re(Li3(1 — i)) +%((3) —%nz +m+

T L
8<\8 "2

24C(w —4) + 96Re(Liz(1 — i)) — 87¢(3) + 4m> + 57* — 24w — 12log? 2 + 48log 2 — 11n? log 2 + 12w log 2
a 192

CHe . 1,
Hl(x):ZTx =Ll2(x)+ilog (1-x)
k=1

5m* log?2 mw

Re((1 —)H;(i)) =C - 9t 8 §logz
H
Hy(x) = ) k=
k=1
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={(3) + Liz(x) — Liz;(1 — x) + Li,(1 —x)log(1 —x) +

log 1-x)

Re(H,(i)) = —((3) + —logZ - —(86 +mlog2) — Re(Ll3(1 - 1))
Z( DkHZ"(kZ 2k—1 " i) %Z“”%”k(%‘ki* )(( DF+1) =
<2 -0t )y ) = ke (Y o +)) -

=4Re<kZIHkik(ﬁ+E)—kZIH"+>=
> — 2 gk+1
=4Re<;H"ik(%+1kl)_;k(;wl)):

= —2log2+m+ 4Re(H2(i) + (1 - DH () =

log? 2 o«
= C(4—m) — 4Re(Liz(1 - z))+—z(3)——n +m+ gz +log2<?—i—2>

1851. Find the closed form:

_f sin~ xlog(1+x)
= "

Proposed by Naren Bhandari-Bajura-Nepal
Solution 1 by Rana Ranino-Setif-Algerie

T
Q j sin"1xlog(1 + x) L Fosin folog(l + sin x) cos x dx "B
= = X =
0 x? 0 sin? x

xlog(1 + sinx)

n s 11
2 2log(1 + sinx) Z X COS X
+ f dx + f
0 0

p " . " X
sin x sin x sinx (1 + sinx)

0

4 zlog(1+smx) 7 7 XCOSX
= ——log2+f x+f xcotxdx—f —dx
2 0 sinx 0 o 1+sinx

%log(l + sin x) 107 1 t=tany
P R LN o (R T
0 sinx 0o Jo 1+ysinx
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1 -1 1 ll[tan_:l( /it);2>-i
-2 | errrasm =2, i de:
0

_ 1+y _ y
tan1< )—tan1< )
=2f1 J1—y2 J1—1y2 gy )
0

1-y2

n L 2
=2 foz [tan‘1 (cos g) —tan"1(cot (p)] do = foz(p do = i

8

T

2 IBP i z z ) s
B =] xcotxdx = xlog(sinx)[; — | log(sinx)dx = Elogz
0 0
n
Z XCOSX
o [freoss g
0

1+ sinx

NI

—X

T
T 7 x—>
xlog(1 + sinx)|3 — f log(1 + sin x) dx
0

I

LZ log (2 cos? ;) dx =
s

4
= —4] log(cosx)dx = mlog2 — 2G
0

/4 z /4
Elogz —f log(1+ cosx)dx = Elogz -
0

Therefore,

Isin ! xlog(1 + x) ?
ﬂzf > dx =2G +———mlog?2
0 x 8

Solution 2 by Hamza Djahel-Msila-Algerie

Isin"'xlog(1 + x
ﬂzf Zg( )dxz
0 x
1+f110g(1+x)d N 1sin~1x i
— “dx x =
o xV1—x2 0o X(1+x)

_ sin"'xlog(1 + x)

X

0

/4
= —Elog2+A+B

4 fllog(1+x)d %Wf
= —_— X =
0o xV1—x2 0

llog2 —log(1 +y)
d
1-yy

72
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1_log(1 + x%) + 2log(1 + x) 1 1

=2 dx = = Liy(—x?) — 2Li(—x)| =
J; p x le(x) i( x)0

_1(-m? +211,'2_Tl'2
2\ 12 12 8
Lsin1x x ! (llogx —log(1+ x)
— _ cin-1 _
B—fo x(1+x)dx sin xlog(l_l_x)|0 f Ny dx
1 1 1 1 1-x_
mlog\5 +n'log2+ log(1+x)d log(1+x)d T+x Y
————dx=| ———dx =
2 2 0o V1-—x? 0 V1-—x?
log2 —log(1 +x llog2 —log(1 + x2
:f 8 8( )dxzzf 8 8( ) dx
0 0

(1+ x)Vx 1+ x2
_ mlog2 2(nlogz G)—ZG nl 9
-T2 2 - 2 08
Therefore,
Isin ! xlog(1 + x) m?
ﬂzf > dx =2G +———mlog?2
0 x 8

1852. Find:

x - Li,(1-x
Q:f 2( i )dx
0 1+x

Proposed by Togrul Enmedov-Azerbaijan
Solution 1 by Fao Ler-Iraq

1x - Li,(1-x) 1 111 log x
_ _2 2 1 _ 2 2 . -
Q—L 1+ 22 dx 2log(x + 1) Li,(1 x) ZJO log(x“ + 1) 1_xdx
1 (1! ogx (— 1)" 1 2"logx
__I 2 =
= 2folog(x +1)- Z fo 1« dx
1 (—1k 18 (-1)2
=2 @kt D = =5 Y S e D((-DF+1) =
=1 k=1
11 ik < HP
N @\ ko k) — _Z__z ki) _
22k<6 H(k))(( 0 + 1) (6 K k'
k=1 k=1 k=1
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2

_T 2)
=12 log2 + Re (H (l))
? | 24mC+ 192Re(Li3(1 —i)) — 201{(3) — 5% log 2
“121082 7 96 -

_ 24mC + 192Re(Liz(1 — i)) — 201¢(3) + 37* log 2

o

2 142
H 1
HP (@) = ) == k:foizﬂf)(xy)"dF
k=1

k=1

T Li,(x TLi,(x 1Li,(x
_." Z(Y)d .I' Z(y)dy+xf Z(Y)d
y(1-xy) o Y 0o 1—xy

= Liz(x) +j 1‘2_(yy) y =
0

Liz(x) + 2Li3(1 — x) — 2Li,(1 — x)log(1 — x) — Li,(x) log(1 — x)
—logxlog?(1 —x) —2¢(3)

@\ _ 247C + 192Re(Liz(1 — i)) — 201¢(3) — 57 log 2
Re(H,;”(i)) = 96

Solution 2 by proposer
v Liy(x) + Li,(1 —x) = J(2) —logxlog(1 —x)

Ix.Li,(1—x
0 1+x

1 xdx TxLi,(x) Ixlogxlog(1— x)
_((z)fol+x2_f0 1+ x? dx—fo 1+ x? dx

=Qlog2 _11 —12

TxLi,(x) 23
I, = =% 2) +—1 2__
1 jo 1+ (()+12 082 -4 ¢

; _flxlogxlog(l—x)d M 3) 3112l 5
2=, 1+ 2 ¥ =545 3108

Therefore,

14 3m?
logZ—Z ) ( {(3) - log2>

2

ﬂ—(()l ( ((2)+
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T 9
=-¢(3) +ZG+R((Z)log2

1853. Find:

xz—x+1

j \/Elogx

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Fao Ler-Iraq

1 1
\/Elogx *(1+ x)Vxlogx 1(*x2+x6
j —f dx=—j ——  logxdx
xz—x+1 0 1+ 3 9, 1+x
1 1 1
Let: I OOJ‘Cy_i-l_xy_gd I °°—x3"7+x3"31 d
t: = "y) =
i) = | T dx= 1= | Ty —logxds
9—11'(0)
9
ooxp—l
We usef xdxzncsc(pn),0<p< 1 and we obtain:
0
_1 _1
1c>—f°°"y”"”d - (y+3))+ (y+7)
y—o 1+ % x=mesc(m(y+5 mese|m\y + ¢

I'(y) =
(o)) el D))

') = —n? (cot (g) csc (g) + cot (5:> csc (56 )) =2m%V3

Therefore,

2
— 92 o 2
= 211\/_ 3\/_

Solution 2 by Togrul Ehmedov-Azerbaijan
J \/Elogx J \/Elogx J \/Elogx

x2—x+1 xz—x+1 xz—x+1
f \/Elogx 1 log x _
xz—x+1 \/_(xz—x+1) B
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1 1 log x T(x2-1)logx
=f (\/_——)de=4f ( )log dx =
0 0

Vx/x2—x+1 xt—x2+1
1(x*-1)logx - 1
=4 ( 6) & dx=4z(—1)"f x*(x* — 1) logxdx =
0 x°+1 & 0

- 4;(_1)k [(6k 1 12 (6k -1+ 5)2] -

- 1 1 1 1
=4 — — =
kZO [(12k T1?2 (A2k+ 72 (12k+35) @ (1Zk+ 11)2]

R A R AR B
1 ? ?
) )

Therefore,

1 272
Q==2n%/3="o
9 33

1854. Find:

1 -1
Q= f f logx -log(1 —x) -log(1 — xy)dxdy
0 Jo

Proposed by Togrul Enmedov-Azerbaijan
Solution by Dawid Bialek-Poland

1 1
Q= J log xlog(1 — x)f log(1—xy)dy |dx =
0 0

t=1-xy

B fl <logxlog(1 -x) (1!
0

logtdt |dx =
p og )x

1-x

B fl (logxlog(l - x)
0

. [t-logt— t]%_x> dx =

1 —
_ _f logxl";‘f(1 *) [(1—x)log(1—x) + x]dx =
0
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llog xlog?(1 — x)
o dx

=1 -1, —1I3

1 1
=f logxlogz(l—x)dx—f —J logxlog(1—x)dx =
0 0 0

1 x—-1-x 1 C 1 !
Ilzf logxlog?(1—x)dx "~ = f log(l—x)logzxdxz—zzj x"log? xdx =
0 0 —imny

IBP - 1 1 IBP = 1 1 - 1
=2§—f n] d =—2§—f "d =—2§—=
nn+1) ox ogxax n(n + 1)2 ox . n(n+1)3
n=1 n=1 n=1

-1 -1
D L s S .
n n+1 (n+1)2 (n+1)2
n=1 n=1
telescopmg series=1
> 1 -1
=—2+ZZ—2—2+ZZ—2—2
n n
n=1 n=1
I, =24(2)+2¢(3)—6
Jl logxlog?(1—x) = 1-xx fl —log(1 —x)
dx TE [ 2288
0 0

I, = log? xdx =

1—x

1

x
Z f x"log? xdxlipzz x"logx”ip
n=1
xd _—zz
Z(n+1)2f x (n+1)3

Z(n+1)3( n+l n41-1> 2 i (n :+11)3 (n+1)4

o)

H, 1
= ‘2;?* Z,ZF

I, =-2 > 4 2((4) = 1 4

2= =2 28®) +20(#) = —5¢(@)

1 1 (1 IBP
I3 = logxlog(l—x)dxz—Z— x"logxdx =
0 n=1n 0
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o 1 o
:Zn(n1+1)fx"dx:zm=
D) LR JE TV, £

n=1

telescoping series=1

I;=2-4(2)

Finally, we have:

Q=1 — 1~ 1y = 20(2) + 24(3) ~ 6.+ 50(4) 2+ {(2) =

1
=3¢(2)+2{B) +5{(4) -8

1855.1f0 <a<bh < gthen:

b
ana sifnxdx <(b- a)(Zn(n —-2)(b+ a))

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

1)"(2 — 2*™)B,,

1 - (-
Let:f(x)=m=cscx=z 20 X € [—m, |
n=0
-1)"(2 — 22")B
(=1)™( )2n>0;\7’x€Z+

(2n)!

f"(x) = 0,vx € [-m, ] = f —convex function
Fle-0+a-0-2)<t-fO+A-0f (5)=t+a-0f(5) =
- t+(1—t)-§,t€ [0,1]

2
flx) < (1 _E> +x,x € [0;]

(A
x=t-0+(1-0)-5

anb .x dx=2njbf(x)dx32nfb[(1—;x>+x]dx=

sinx

78 | RMM-CALCULUS MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
’ 2 2\ 22
=21tf [1+(1——>x]dx=21r x+(1——>-—l =
a 14 T 2 a

2 _ 2
= n’l(b—a)+(1—%)-b Zalz(b—a)[2n+(n—2)(b+a)

Therefore,

b
ana smxdx < (b-a)2n(m—2)(b+a))

1856.1f 1 < a < b then:

[[[' {52 < - aytant ({r5)
1+ xy G\ T ab

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

-fab fab <1 -|-1x2 1 "‘1xJ’> dxdy = fbfb 1 +xg)(_1xj xy) dxdy =

_1 borb x(y—x) ( —y) B
_E<j J 1+x2(1+x3’)dd +f f (1+y2)(1+yx)dydx>_
Py —0[x1 +y?) -y +x7)]

ff (1+x3)(1+y») (1 +xy)

dxdy =

:_f"f"(y—x)(x+xy —y—yx%)

A+ DA+ Y1+ ay) DW=

1
2
1

a
bfb (y—x)(-1+xy) dxdy >
a

fa 1+x2)1+y>)(1+xy)
(y —x®)(-1+a?)
fa 1+x2)1+y>)(1+xy)

dxdy >0

Therefore,

b b dxd b b 1
fa f Y SL fa mdxdy = yIZtan‘1x|Z =(b—a)(tan"'b—tan"la) =

b—a
(B _ -1
= (-t (7o)
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A = 8 Y lek) (Z es(z—ii))

1857.
2

k=1 k=1 k=1
Find:

.= Jim n7 - 0(n) -sin (1) - tan (1)

—n1_>no10n n) - sin - an 5

Proposed by Daniel Sitaru-Romania
Solution 1 by Ankush Kumar Parcha-India

k=1 k=1 k=1
n n n 2
, ko 6k sk
efSer s (3]
k=1 k=1 k=1

_ el%e* —1)(e® - 1) _ el(e5 — 1)2
F) @y
Hence,

el%e* —1)(e® -1
Q = lim n’ ( ) )-

aoh (e% ~ 1)( 6 ) stn (%) tan (%) -

en—1

. el%eS - 1)2 /1 1
—lim————-sin (—) -tan (—) =
n

n-oo E
(e-1)

— . n —
s 1 6 1 1
” (en — 1) (en - 1) o w5
24
n2
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. (1 1
Mim e“’(es—l)z.S“’(m),ta“(ﬁ):elo[(e4_1)(e6—1)_(e5—1)2]
n—oo 5 2 1 1 24 25
(n-1) @ S
25—25
n?

Solution 2 by Ravi Prakash-New Delhi-India
Form € N, let

S(m) = i em(z_%) = e?m i (e_%)k = eZm °" [1 _ (en_li) ] =

k=1 k=1 1—en

eZm(l _ e—m) eZm —e"
- m —Tm
en —1 en —1

For m;,m, € N we have:

1 1
. ” _ B
1!ll_)n;n -8S(m,) - S(m,) - sin (F) . tan <$> _

i (e2™1 — gM1)(e2Mm2 — gM2) . sin (%) . tan (n ) _

n—co my my 1 1
en —1 en —1 oy -5
L n n

myq M, m, m,

n n

e2m1 _ em1 eZmz _ emz

mq m,

Therefore,

1 1
Q =1limn’ - Q(n) - sin (—) - tan (—) =
n n

n—oo

_ 10 (e*-1)(e®-1) _ (e5 — 1)2
B 24 25

Solution 3 by Adrian Popa-Romania

Q=limn’-Q(n) (1> t (1>_
—nLIEIOn n)-sin e an s =

e § L 5 (250 a2
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sin (l‘t) tan (ls) 1 1 1 2
= lim n-’.. n (f et2=N gy f ebC Ny — <f es(z‘x)dx> ) =
0 0 0

n4 ns
1 —exil _sp 1\ 2
).(_ene . )_(_eme " ) _
0 6 1, > o

_ 10 [(e4 —1(e®-1) (e°- 1)2]

24 25
1858. Find:

1 01
Q= J f log(1 —x) - Li,(1 —x)dxdy
0 Jo

Proposed by Togrul Ehnmedov-Azerbaijan
Solution by Benjamin Bamidele-Nigeria

101 1 1
Q= J J log(1—x)-Li,(1—x)dxdy = f log(1 — x)f Li,(1 — xy)dxdy
0 Jo 0 0

1 1-xy=z 1 1-x 1 1-x
f Li(1-xy)dy 2 = f Liy(2) dz = ~ (zLiz(2) + (2 — 1) log(1 - z))|1 -
0 1

Li,(1—x) N {(2)
x x

=(x-1)

+logx—-1

(x—1) LA~ x) + ((xZ) + logx — 1] dx

1
ﬂ:fo log(1 —x) p

T(x—1)log(1—x)Li,(1—
LetA:f (x — 1) log( xx) ir( x)dx
0

1 _ . B
= j <log(1 — x) Liz(l _ x) _ log(l x) le(l x)) dax
0

1 1
j Li;(1—x)log(1—x)dx = J Li,(x)log x dx 18P
0 0

1 1

=xlogx|(1,—j Liz(x)dx+f log xlog(1 — x) dx 2P
0 0
] 1 *xlogx
=—-Li,(1)+1- f log(1 —x) dx—f dx | =
0 o 1—x
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1 _ 1
=—((2)+1+<1+f de—flog(l—x)dx)z
0 0

=—0(2) +1+ (2 - Li,(1))

1Li,(x)logx _ 1Bp
——dx =

1
.fole(l—x)log(l—x)dxz.l; 1—=x

llog?(1 — x)logx 1Li,(x)logx _ 1Bp
- —f dx—f %) 0B 18!

1 (llog3x ] 21 og(1 — x) Li,(x)
_5.[; 1_xdx+(L12(x)) |0—j; . dx =

1w (1 1 1« -6
= 52[ xklog3xdx+E(Li2(1))2 =§ZF+(2(Z) = {%(2) — 2¢(4)
k=10 k=1

x=3%(2) —28(4)

1Li,(1 - x)log(1 —x)
= 'I; o d
Hence, A = 3 — 2{(2) — %(2(2) +20(4)

log x
1—x

llog(1 —x)

o dx = —3*(2)

B=z(2)f0 dx=z(2)j01

1
Let C = f log xlog(1 — x) dx
0

Integral C solution is above bracketed for easy recognition.

C=2-1Li,(1)=2-1(2)
1
Let D =f log(1—x)dx = -1
0

ﬂ=A+B+C—D=6—3((2)+2((4)—;(2(2)

i _1< n® -n+1 >
W= ) CoS
J1+ @2 —n+1)2

Find:

1859.
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o dx = x3
a- ([ )] s
o 3tsinx o V1+x+ x2

Proposed by Daniel Sitaru-Romania

Solution by Ravi Prakash-New Delhi-India
Putn? —n+ 1 = cot 0, then

n-n+1
cos‘1< ) = cos 1(cosB) =0 =
J1+ 2 —n+1)2

n-(n-1)
1+n(n-1)

- n>-n+1 - 13
W= Z cos‘1< ) = Z(tan‘ln —tan"l(n—-1)) ==
Ji+ @2 —-n+1)2/ &4 2

=cot!(n*—n+1)=tan! ( ) =tan 'n—-tan"'(n-1)

n=1

‘o dx o dx T dx 2T dx  x=n+6
Il:f —-:f —.=f —.+f 5 . =
o 3+sinx J, 3+sinx J;, 3+sinx ), 3 +sinx
_f" dx +f" do _f" 6 d _6fn dx _
~ ), 3¥sinx ), 3=sing J, 9—sinzx"" " "), 8+cosZx

_6f% dx +6fn dx x=+06f% dx +6f§ ae
~ " Jp 8+ cosZx m 8+ cos”x o 8+cos?x o 8+cos20

T T
_6f7 sec? x p +6J7 csc? 0 46 -
~%), 8secZx+1 o 8csc20+1

e

L 2 L 2
Jz sec“ xdx fz csce xdx

" 16 - 7 _
0 8tanfx 19 | o 8cot?2x+9
n n
6 . <2x/ftan x> 2 6 . <2\/§cot 0) 2 n
=——tan | ——— || ——=tan!|{—— || =—=
6v2 3 . 6V2 3 . V2

———dx =

Izsz?w x flx—sdxz
o Vi+x+aZ o V1+x+x2
=flx(xz+x+1)_(x2+x+1)+1dx=
0 Vi+x+a2
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f(x 1)\/x2+x+1dx+J\/ﬁ
x2 +x

2x+1- 3)\/x2+x+1dx+f
-f Vaz+x+1

2x+1)yx2+x+ 1dx——f \/x2+x+1dx+f
f Vxz+x+1

1

;(x2+x+1)3|02L1j<x+;)2+<\/2§>zdx+folj ! dx =
(x+2)

1
5 3 1
2\/x2+x+1+Zlog(x+—+\/x2+x+1>

1 3|x+
=30V3-1) -3 2

0
1

+1°g<x+%+\/W)| N log<3> 1103( \/—)

s 2478
Therefore,

mf1 5 1 (3 1. /3

Sl 5 (223

\/E[Z4+8\/§+80g2 glog(3+V3

Note by editor:

3+sinx:f 3 + sinx

e —
3+322—2z 3¢50
&>
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tan (*55) -3 _

22

lim | arctan
e-0

1860. Find:
1
Q= f log? xlog?(1 — x) dx
0

Proposed by Togrul Ehnmedov-Azerbaijan
Solution by Avishek Mitra-West Bengal-India

1
= J log? xlog?(1 — x) dx = (xlog x — x) log xlog?(1 —x)|(1) +
0

1—x (xlogx — x)dx =

1/2logxlog(1—x) log?(1—x)
oAl )

Ixlog? xlog(1 —x) Ixlog(1—x)logx
—Zf dx—Zf x
0 0

1
— 201 —
= 1—x 1= fologxlog 1—-x)dx+

1
+f logZ(1 —x)dx
0

1

llogx 1
log? x dx = xlog? x|(1) — Zf 5
0

xdx = —Zf log x dx
0

1
Ilzf logz(l—x)dxzf
0

0 X

= —2(xlogx—x)|§ =2

1 1
I, = f log xlog?(1 — x)dx = f log(1 — x)log? xdx =

Z f x"log® x dx = Zn(nil)3
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)

1 —1)2
< J; "log? x dx % IBP and reduction formula)

St

-2[1-(¢(2)-1) - (B) - 1)]
I, = J‘lxlog(l - x) logxdx
0

1—x

fl log x log(l - x)
0

1

z:(n+1)2 Z(n+1)3

=-2[3-¢(2)-{(3)] = 24(2) +2¢(3) - 6

B jl(l —x)logxlog(1 — x)d
=] ;.

dx — flogxlog(l x)dx =

o1t 1 (-1
anox 1log;vcdx+§: CrE

Z%_Zn(n-ll-l)z =<3~

n=1 n=1

oo

Z(E_n—ﬂ) i(n+1)

n=1

={B3)-1-@2)-D]=4B)+4(2) -

; _Jlxlogleog(l—x)
R A (1-x)

Jl log xlog?(1 — x)
= dx
0

X

dx —

B jllog(l —x)log? x
A 1-x

fl (1-x) logxlogz(l —x)
X = dx
0

X

1
—J log xlog?(1 — x)dx =
0

1Li,(x)log?x
,Zz_J Li,log x4, =
0

(1-x)

n —_ =
Z f x"log?xdx — I, = 22(n+1)3 I,

co

=_ZZM_I =_2
(n+1)3 2
n=1

- H,
- —z<z?—1>+z(((4)—
n=1

n+1

L+ 7 2L +1)4 —l2=

V-1, = —2'1((4)+2((4)—12 =

_ 1
= —E((‘l)—lz

ﬂ=214—213—12+11

=24 -4(4) —84(3) - 84(2)
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1861. Find a closed form:

T

7]
Q =J x tan xlog(cos x) dx
0

Proposed by Naren Bhandari-Bajura-Nepal

Solution by Rana Ranino-Setif-Algerie
n 4
4 1 (2
+ —j log?(cos x) dx =
o 2Jp

T

3 mp 1 )
Q= | xtanxlog(cosx)dx = —Exlog (cosx)

0

= nl 22+1I
T 73298 473

Note:log(1 + e**) = log(e™* + e™**) + log(e™*) = log(2 cos x) + ix

Squaring both sides and integrating, we get:
T T
1 , 1
f log?(1 + e?*) dx = f (log(2 cos x) + ix)*dx =
0 (i}

i
= f (log(2 cos x) — x* + 2ixlog(2 cos x))dx
0

T

4 ,
ERU log?(1 + e?¥) dx} =
0

™ T T
4 4 74

= f log?(cos x) dx + f (log?2 — x*)dx + 2log 2 f log(cos x) dx
0 0 0

%logz 2_% g—%logz
n 3 n
j410g2(cosx) dx=—— 4 ElogZ 2—-Glog2 + m{f4log2(1 + e2t%) dx}
. 192 " 4 .
J

t=e2x 1 _ ( (log?(1+ )
e g [0,

log(—t)log?(1 +t) + 2Li,(1+ t)log(1 + t) — 2Li,(1 + t)]} =

N =

R)
1
> 3(log(—D) log2(1 + i) + 2Li,(1 + i) log(1 + i) — 2Liz(1 + i)
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log(—1) = — = log(1+i)=~log2 + = L'(1+')—”2+'(G+”1 2)
og(—i) = ——, og i) = log 7 Liz D) =g+ 7 log
n? m G
—_ _ 2 _ o~ = : —
J =35+ 1glog” 2+ log2 I(Liz(1 + 1))
7n® G 57
- _ _ = - 2 _ e~ = .
=97 ~ 1082+ ¢ log”2 3(Liz(1 + 1))
Therefore,
T
Q—Ft log(cos 1) dx = “log?2 + - — S log2 — L5(Lis(1 + 1)
= 0xanxogcosx x =glog 32~ 21082 —53(Lis i
1862. Prove that:
T
8F txlog(1—sin*x)d _s5m 251 22 4L'<1>+
noxcoxog sin® x) dx = ——-——-log lzﬁ
2 -2
+2Li, ( > —log?(1+v2) + 3log2log(1 + V2)

k
where Li,(x) = Y1724 % is dilogarithm function.

Proposed by Naren Bhandari-Bajura-Nepal
Solution by Rana Ranino-Setif-Algerie

8 12
Q= ;f x cot xlog(1 — sin* x) dx
0

=sintx 1 [log(1 —t
jcotxlog(l—sin"x)dxt = x—fg(—)d

t= 1L'(t)— 1L'("*)
3 = 1(8) = — 7 Liz(sin® x

t 4
1+y

log(1—y)  *=—73 (log2+log(1l—x) .

jﬁdy = p dx =log2logx — Li,(x) =

1+

1+y ]
= log2log (T) - le(

y) =log2logx + Li,(1 —x) +log(x —1)logx =

1- 1+
= Li, ( > y) +log(y — 1) log (T}’)

v Liy(z%) = 2Liy(2) + 2Li,(—z)

2

T
2 .z 2(7 . nt 2(z
Q= [——xLlZ(sm4 x)] +—J Liy(sin* x) dx = ——+—J Liy(sin* x)dx =
T o T, 6 m)
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2 4 (7 4 (7
== + ;fo Liy(sin? x) dx + ;j; Li,(—sin® x)dx
A B

Z sin? xlogx x=tant [ 1 0 t?
f f 1-— ysm2 dxdy = _f logyj (1+(1—y)t2)(1+t2)dtdy_

:j’llogyfw< 1 1 dtd _fllogy<\/_ 1) )=
o Y Jo \1+1¢2 1+(1—y)t2 \/—y
:_EJ‘I logy dyy—>1y 13 1log(l y)
2hh1-y+1-y 2}y y+fy

log(1 - y?) og(1—y) og(1 +y)
=—11.'f —dyz—nf —d —nf—
0 1+y 0 1+y 0 1+y

1+ 1+y1' =@
= -7 [longog (T}’) - Li2< 5 y)]o —Elog2 2 =

= mLi, (1) 3”1 22 —mLi (1>
=mlLi, 2 og rli, >
1'[3

Azﬁ—nlog 2

2 sin’ xlogy y ot t?
B = — - d 1 dtdy =
fofo 1+ ysinZx xd f Ogyf A+@+yt>H)(A+¢t?) y

njl logy njflog(y -1
V210 -1 V210 +1
:"f sy )dy+nf g+ . _
1 y+1 1 y+1
V2
T T - 1+
=Elog2(1+\/§)—Elog22+n’[Li2( y)+log(y—1) log (T}’)] =
1
1-v2 1+v2
= glogz(l +2) - glog2 2 + mLi, ( ) +mlog(vV2 — 1) log( >
T s 1-+2
= —Elog2(1+\/§)—ilog22+nu‘2< 5 >+nlog(1+\/§)log2
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T

8 (2
—f x cotxlog(1 —sin* x) dx =
T Jy
2

1-+2
3 6log22—210g2(1+\/i)+4log210g(1+\/i)+41,i2< \/_>

1863. Prove that:

(0]

ey ) G
i 4"(4n + 5)(2n + 2) =1- - (%) =1- 6v21T

whereI'(z) = fooo x?~1e™* dx is gamma function for R(z) > 0.

Proposed by Naren Bhandari-Bajura-Nepal
Solution 1 by Syed Shahabudeen-Kerala-India

e RS IR

€= Z4"(4n+5)(2n+2) 2 4"(n+1) n=04“(4n+5)
12 1

n n+ l E 1
fz(z X fol x4 dle.r(‘})r(z)

wr(E) . vw ()
Q=-A-2B=1-— —-F=1—-— —2%5;(~T(s+1) = sI(s))
2 2y %)
7 3 /3 3 2
r(z)=3"G) =1 "%

Solution 2 by Tapas Das-India

co

a
(1+x)*= Z(k)xk,for x| <1

k=0
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where a € R ord the coefficients are

(a):a(a—l)-...-(a—k+1)

k k!
Fora = —iwe have:
o 1 3 2k—-1
wrrt o (F)e A2,
& !

1-3-5-..-(2k—1)(-1)*

B 2k ki (1)

2k kl=2k.1.2-3... -k=2-4-6-...-2k;(2)

So, multiplying (1) by W we have:

(—1>_( 1)k zk k! 1-3-5-..-(2k-1) _ 1)k 1 (2k)'_

k k! 2k . k! 22k kI k!

o))

> (=1)* 2k —1)k 2k
k=0 k=0

G 1 @)

4"(4n+5)(2n+2) 2 4"@n+5)nm+1)
_1[@n+5)—4@n+ DA
~2 4"(4n+5)(n+1)
IR CO R ¢
2 4'(n+1) “4"(4n+5)

N @) e (3 - (3
Q= ; 4"(4n T2 —2

+52n+2) 2Z.4"(n+1) 4"(4n + 5)
n=0 n=0

Now,
(Zn) x

1 dx
a= | =2
1—x

> o= [ > G
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- Gy (zn)x"+4d 1t
L 4" (@n +5) 4f Z a1 T

S5\r(1

T RIS L
1 @, w @) vw @
Q=2-2-27 U e ek Skl oy
r(z) r(z) r(z)

7 3y_3 3 _3 T@r(E) _s mesc(f) 3 v
r-=)=r(1+=)==r(=)==>- = = —
(4) ( 4) 4 (4) 4 r(%) 4 r(%) 4 r(%)

'y e TG@) )

0=1-Fr(3) 325" ene
Solution 3 by Ankush Kumar Parcha-India
N )

S =

4 4"(4n+5)(2n+2)
n=

< (2n)! = (2n)! _
28 = ;4"(11!)2(11 ¥1) 4;4"(11!)2(411 T5' D

2n)! X (2n)!
Liar(n)2(n+1)’ 2= Li4m(n)2(4n +5)

o . 1
3 (2n - 1! B F(n+§)_
51‘;zn(n+1)!:’m‘; m+ P

Using Maclaurin series for sin~1(y):

o 1
Vasin~l(y) = Z —(l; (+3) y*nl

n+ 1)n!
=0

Sl=

Differentiating w.r.t. y, we get:
o 1
T _ Z r (n + 7) on

1-—y? n Y

n=0
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Put y? = x and integrate it w.r.t. x, we get:

o1 (ntg)
,\/_f — 2 n+1 + C
Vi—x L (n+ (n+1)!
2T (n + %) »
— — — _\N &) (.m
(2vm-2/r-0) _ =) o 5r @™ e
n=0
Analogous, using Maclaurin series for sin~1(y):
N 1 N (n + %) 2n+1
. _ n
msin~(y) 2n + 1)n!y
n=0
(2n)! % 2M2n- D!

$2 = L4 (mDZ(@n +5) L4l (4n+5) =z
= n=

o)

1
5V, = ). Sl /8 (:,: 2 :3)

=i (g “)

Differentiating w.r.t. y, we get:

rzn+ Jon

Put y = x5 in the above equation and integrate w.r.t x from 0 to 1, we get:

\/Ejl—dx = i I‘(n+%) = 5\/_J u4_1(1 u)Z_ldu

* J1—x5 "=°n!(4Tn+1)
. - ot DO (@)
: B(m,n) = fo ™ 11— x)" ldx = Tm+m

o0}

Sﬁf(g)F(%)_z r(n+3)
4 r(7y n'(4?"+1)

A n=0

Put the value in (3), we get:
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s r(3)_vr(3)
7 7
@) e

Put the value of S; and S, in equation (2), we get:

25=2-4 £i):1_ﬁi%)
tri@  °r@@

. . 3
Using Euler reflection formula at x = L We get

e o™ B2
D@ 0T

5VmS, =

;(*T(n+1) =nr(n))

4 4
By putting the value in S we get:
0 1 1
N S ¢ I ) I C)
4"(4n+5)2n+2) 8r (%) 6\V2m

Solution 4 by Hikmat Mammadov-Azerbaijan

% on o
Q= nZ:: 4"(4n +(5))(2n +2) Z ( ) D* (n -T— 1 4-n4+ 5) -

n:

%i ( ) (—1)"] (x™ — 4x*™* ) dx = fol (% 1- x)_% —2x*(1 - x")_%) dx =
:;fju_@%_faLﬂyg¢F:ﬁ4Lg_ﬁ@gﬂ:l_ﬂé)
0

2 2

1864. Prove that:

¢|='

> (-5

— . -1 k-1
where H,, — n'" skew-harmonic number Y}_, T

k
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Proposed by Naren Bhandari-Bajura-Nepal
Solution 1 by Shivam Sharma-New Delhi-India

= H,. /2n
Let: Q = Z ﬁ( )
n4"\n
n=1

As we know, H,,, = H,, — H,;; (1)

Using (1), we get,

n=1
1-x
Trx
_ jl log(l —x) dx i 2 jl log(l - Xx) dx in thefirs_t integral
0o xvV1—x2 0

log(1 - Tlog(1 + x2 llog(1 —
=_2H de_] M”’xl”J log1-x) , _
0 X 0 X 0 X

n? w?\ w?
Y, ) (P P
( 3 24) 3

5w
Weget,A—E
H, /2n
LetB=ZW< ),then
n=1
© (Zn) 1
Bz—ZL.f x"1log(1—x)dx =
4 J,
n=1
1log(1 — %) 1log(1 — x) he first mtegral
o - X 0o — X in the first integra
0o xVv1—x 0 X
B 4]1 logud m?  m?
T, 11—z e T3
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Put the values of A and B in (2), we finally get

H,, (211) _m?
nan\n/ 12

Solution 2 by Rana Ranino-Setif-Algerie

o= (o)

n=1

11 .
2n 2n B + r
L (n+33) 2 fzsinZ"OdB
0

Q=

NgE

1

S
1l

1
 Hyy = log 2 —f

o 1+x ' n4n mn mn
00 TL' (o] I
2log2"1(z _, 211 oz,
= Z—f sm"9d0+—2—f fx"sm"@dedx:
T Lun), T 1+x),
= ——long log(1 —sin? 6) dO + — f f log(1 — x*sin? 0) dO dx =

= 41 zfil ( 0)d0+2f1 1 Fl (cos? 0+ (1 —x?)sin’*0)do d
= nog . og(cos 7), 1+ %), og(cos x“) sin X
T
2z T
flog(cose)dez—ilogz

a+b
f log(cos? 0 + (1 — x?)sin? @) dO = nlog( )

10g<1+\/1—x2>

1 ) Tlog(1+VI—2%) s

ﬂ=210g22+2f dxzzf 8( ) g st
0 1+x 0 1+x

T

2 t
ntdt =2 f log(1 + sint) tan <E> dt =
0

B 2leog(1+sm t) .
I A

1 5  sintsin ( ) sin? x=tan(3)
2 f f dtdy 4 f f dtdy =
o Jo 1+ysint y sin t

(1+ ysint) cos

2
x
B 8,[0 Jo (1+2xy +x2)(1 + x2) dxdy =
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zf f 2x + 2y 2y )dd _
B 2+1 1+2xy+x2 G+ )2+ 1—yn) YT

=2f11|[‘ < 142 >+2yta“1<\/%>]

dy =
1+ 2xy + x? [1—y2 |
Jy
_ 1+y _1< y )
tan~1 — tan
log(1+y) 1 <~/1 — y2> J1—92
=—2J —dy+4j dy =
0 y 0 ll_yZ
1 1=y
1
= 2Liy( 1)+4f1t;jln 1+yd yoosd n2+4J%t -1 [Bocos g
= ek o J1—y? Y = 76 o M J1¥cose™ T
- ”2+fgzede— LA
-6 6 4 12
Therefore,
o=y Bantm) o
n4"t\ n 12
n=1

Solution 3 by Felix Marin-USA

[© o J—

iﬁ2n<2n>_2H
_n4"\ n N 4n

n=1 n=1

Q

( )( 4)”]—22( )( LGN

_ 2n

HZn_l k-1 k-1 1( )Zn 1 _

Zn_ZnZ( D ft dt = f (-t)—-1 dt =
k=1 0

1 ('1-¢ gp 1 (! 1
=— t =—— | log(1+1¢t)(—2nt*"? dtzfl 1+¢t)t? de; (2
) e 7 | 1081+ 0 (-2nn e = [ log(1 4+ @

From (1) and (2) it follows:

22( ) i ( ) (- 1)“fllog(1 +t) 2" dt =

o]

Q

%

n=1

N
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o0 1
-= dt 1 1 dt
Yz | T=2 f tog(1 +0) |- 2-1|5 =
Li\n t 0 t

1log(1 +t “1log(1 — ¢ Zlog(1 + sin 0 2
=2f 08( )dt—zf Mdtzzfz 0g(1+sin6) ., =
0 0

1
= Zf log(1+1t)
0

tv1 — t2 0 sin 0 6
t=sin 0 —Liy(~1) =111_; 111_;
¢ mw?: w?
—p_ __ __
8 6 12
1865.
2n+1_1
For S 2 log, (1 + ! find
orsS, = 0g, ( ) ind:
4 VIZ+ k+ 1
Sn

AN 1 va
Q_vliljg<z k\/m+(k+1)\/ﬁ>

k=1

Proposed by Florica Anastase-Romania
Solution 1 by Ruxandra Daniela Tonila-Romania

n n
1 Z 1 1
kZlk k+1+k+DVk &VEk+1-VEk VE+1+Vk

SVET1I-vE w1 1 1
DI e b = R e O

k=1 k=1
We have:
1 1 1
< < V=1
Jk+1)2 VE2+k+1 \/k 1,2
( + 7)
2n+1_1 2n+1_1 2n+1_1
Zl<1+1)<21(1 ! ><Zl 14—
08> P 082\ 1l ——F——— 08> —
= k+1) & VKZ+k+1 & o+
2n+1_1 2n+1_1
Z 1 (k+2><5 < Z 1 (2k+3>
%82\ 11 n °82\3k+1
k=1 k=1

99 RMM-CALCULUS MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2n+1_1 2n+1_1
1 1—[ k+2 <5 <1 1—[ 2k + 3
082 k+1 n < 1082 2k +1

k=1 k=1

2n+1 +1 2n+2 +1
log, (—) <S,<log, (—)

2 3

/N
[N}
=
+
5=
+
559
N——
7,
=
—
(=]
[14c]
N
/N
N
=
+
w| ™
+
=Y
N——

[(1 1 >‘ "+1]_\/% 1

Solution 2 by proposer

2n+1_1

1
togs (1+ )
Z 82 VE2+k+1

k=1

We have: k < Vk%2 + k+ 1 < k + 1;Vk € N*, hence,

Sn=

1 1 1
toga (1+ ) < toga (14— ) < 10g (1+)
g2 k+1 82 Tkl 82 K

2n+1_1 2n+1_1

Z 1 (k+2><S < Z 1 <k+1>

k=1
Zn+1_1 2n+1_1
1 1—[ k+2 <s <1 l_[ k+1
k= k=1

n+1
log, <—> < S, <log,2m*!

n<s,<n+1
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n

x —Z 1 N VR 1 - (k+1)VE
"T Lk r L4 (k+ DVk Rk D - (k+ D%k

- 1
DRSS

Therefore,
S
n+1 n n
- (S <o)
k 1+ (k + 1VEk n+1
n \/ﬁ n+1 \/ﬁ
1 1 1 1
lim(l— )W 1 (1— ) =1im(1_ ) nel_1
n-co n+1 n-o n+1 n-oo n+1 e
1 n+1 1 n+1lvn+1 1 n+l (n+1)
1
lim (1 — ) Vn = lim (1 _ ) n Vn+l _ lim (1 _ ) Jnn+1) _
n-o n+1 n-co n+1 n-co n+1
Sn
S 1 vnoq
Q = lim Z _1
oo\ £ kvk + 1+ (k+ 1)Vk e
1866.

1 x+1 * logx
ﬂ1=f log x —3dx,ﬂz =J dx
0 X—Xx 1 xWx—1

q J‘ll ( 1 ) x+1d 0 j‘°°log(1+x)d
= 0 x’ — —_— x
’ 0 B\1—x2) [x— 3 * 1 xWvx-—1

Prove that:

Ql + Qz - (93 + 94) - —Tl'log 16

Proposed by Ankush KumarParcha-India
Solution 1 by Togrul Ehmedov-Azerbaijan

1 x+1 . 3 (. (yr—-1\ dy
Q —Q; = J log(x — x3) —3 dx = f log( % ) =
1

Wy—1
_f""log(y—1)+log(y+1)—3logyd
1 yJy—1
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“log(x—1) —2logx
ﬂl_ﬂ3+92_ﬂ4:f g( ) g dx
1

xVx—1
B “log(x — 1) B “ logx x=%
[t
j‘llog(l —-z)— logz j‘ _logz
- 0 z(l—z \/z(l—z
llog(1 - 2) logz logz z=sin?m
= | ——d ——dz=2 | ——— =
J0 Jvz(1—2) Z+—[0 JVz(1—2) ’ Jow/z(l—z)

z ™
= B.I- log(sinm)dm =8 (——log 2) = —mlog16
0 2

Solution 2 by Rana Ranino-Setif-Algerie

0 fll x+1 p f _ logx L Fsin?0
= | logx |——=dx = =
! x —x3 Jvx(1—x)

= 4f log(sm 6)do = —2mlog2

Q j‘x’ log x J logx N 2 log 2
2 = = —Q, = 2mlog
1 xwWx—1 w/x(l X)

x+ 1 —log(1 —x) —log(1 + x)
Q3 = log f dx
1- x2 x— x3 Jx@—x)

“log(1 + x) xop (1 log(1+ x) —logx
= [ B0 .
1

xVx—1 Jvx(1—x)
0+ 0 fl log(1+ x) + logx fllog(l x) f _logx
= — dx
’ * 0 x(l x) Vvx(1—x) Jvx(1—x)
x-1-x
Therefore,
Q;4+Q Zf logx 2Q 41 log 2 log16
3 4= — = — 1= 4am Og =T Og
Jvx(1—x)

91 + QZ - (93 + 94) = —Tl'log 16
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Solution 3 by Syed Shahabudeen-India

0 fll x+1 i f _logx
= | logx |——=dx =
! 0 x—x3 Jvx(1—x)

d (* _ _ d T(@r(b)
Zﬁﬁxlu_”b””‘aﬁm+m

I'(a)r'(b)

Tat ) W@~ v@+b)

1
j a-1(1 — x)>"1logxdx =
0
Leta=0>b =%, we get:
1
Q= n(n (§> — 1[)(1)) = —2mlog2

*  logx 1 logx
ﬂzzf —dxz—f ————dx = 2mlog2

1 Jx(1—x) 0 Vx(1—x)

Similarly,

1 logx Tlog(1 —x
Q3+Q4=—f 8 dx—f g( )

0 Vx(1—x) Jvx(1—x)
It is known:

I'(a)I'(b)

Tat ) W@~ v@+b)

1
j x> 11— x)llogxdx =
0
1
Fora=b=5,weget:

1 logx
J ————dx =-2mlog2 = Q3 + Q, =mwlog16
0

NETCE)
Therefore,
Q+Q,—(Q3+Q4) = —mlog16
1867. Find:

1Li -log(1 — 1Li -1
Q :j 2(x) - log( x) dx+f ir(x) ngdx

Proposed by Togrul Enmedov-Baku-Azerbaijan
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Solution 1 by Avishek Mitra-West Bengal-India

I_f 1Li,(x) -log(1 — x) _flLiz(l—x)-log(l—de
o 1-x o x o

_ fl log(1 — ) (§(2) — Liz(x) — logxlog(1 - x)) . _
0 X

=((Z)LIde—LIUZ(x)IOg;l—x)dx_j:logxlogzil—x)dx

1—x

1 (! log(1 — x)log? x
=¢2)|- ) = | x™ldx |- d
¢( )( anox x) jo 1= X

j Lll(x) log X dx

1Li -log(1 — 1Li -1
Q= f i>(x)-log(1—x) dx + f i>(x)-logx dx
0 0

1
L+l =@ z =

oo

2
=—(¢(2 +EHn "1log?xdx =
@) 2 fox og? xdx

i + Z Hnia — n+1
_(n+1)3 (n+1)3

_ [ +zz H, _ i

- 36 (n+1)3 (n+ D*

n=1 n=1
B 1t4+2§:H,, Zil_ @) = n4 5 mt 2114_ *
36 1n3 1n4_ 36 ( 36 2 90 90 45
n= n=

Solution 2 by Benjamin Bamidele-Nigeria

dx=A+B

1Li -log(1 — 11 -1
Q- j 2(x) - log(1 — x) Ao+ J i>(x)-logx
0 x 0 1-—x

4 leZ(x) log(1 — x)
o

175 _
- — [Liy(0)] | _f Li,(x)log(1 x)dx

0 x

.2 1 .2
24 = -Li5(1) = A = — 5 Li(1)
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le(x) logx xlogxlogy _
B‘fo ffu 0 —xp) T
logxlogy B logxlogy _

ff A=y Ty -

) log xlogy llogx /1
= —Li2(1 +j j dxdy =; J dx = Li (—)
2(1) 0 Jo A=) —-xy) Y < 0 X—a *\a

llogxlogy
= —-Li3(1 —f —
2(1) 0o YA -y
1Li lo 1Li lo
=_Li%(1)_j Mdy_J M@,:
0 0 4
1Li lo
=_Li%(1)_f Mdy—A
0 y
1 1 (1Liy(y)logy
— _yi2(1) = | 22V "e )
A= lez(l) Zjo y dy
1Li2 (y)logy . ip1 ('log®ylog(1—y) . isp
0 Yy 2 0 y

1log Y4
__1 1 = Z
6]() Zf og’ydy = o

j Li,(y)logy
0

dy = —
y y=-¢(4)

B=—SLZ(1)+ g4
=—5Li;(1) +54(4)

4
Q=A+B=—Li%(1)+%((4)=—%

Solution 3 by Syed Shahabudeen-Kerala-India

dx=Q,+Q
1—x o 1Sk

0, J le(x)z_ dop = — i%ka-luz(x)dx
k=1 "0

(2) Hy

¢
J;) xk-1Li, (x)dsz_ﬁ

1ri -log(1 — 1Li -1
0 = f ir(x) Og( x) dx + f i(x)-logx
0 0
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_ {(2) H, —{(2)
“1——Zk(7‘ﬁ> L, ka—

k=1
o1 CHe 504 $3(2)
'Zﬁ_((z) and ZF_ 2 2
k=1 k=1
Therefore,
_ —3¢%(2) 5¢4)
==t

= 1 > H2 Liy(x)
_ 2 _ E_ _. 2 2
.Qz—klekj;xklogxdx—— I _,(. E H2xk

_ Hi\q
- (k+1)2 Z(k+1)4

To evaluate the harmonic sum we’ll make use of the equation

H; _ () +¢(2p)

k 2

[0e]

(o]

H} .,
] (k+ 1)2

— C (4) -1
On substituting, we get:

3
Q, =— 1 {(4)
Therefore,

3¢%(2) 5¢((4) 3
2 T2 '@

4

T
Q1+Q2:—E

Ql+ﬂZ=_

1868. Find:

oo

x(tan~1 x)? p
x+DE+ 1

Proposed by Togrul Enmedov-Azerbaijan
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Solution by Benjamin Bamidele-Nigeria

oo

Q x(tan~1 x)? f"" x(tan™1x)% + (tan"1x)? — (tan 1 x)?
= X = X =
o (x+1D(x%+1) 0 1+2x)(1+x2)
f‘” (tan~1x)? ®  (tan"1x)? g B
= —— — x —_—
o X2+1 o (1+x)(1+x2)
T T

2 3 2
z , 2z /1 Z z°cosz
=| z°dz— | ——dz=—~—| ———dz
0 o tanz+1 24 ), sinz+cosz
T
w1 (2

z% cos z - csc (z + E) dz
~ 24 Vz), 4

asin@ + b cos 8 =+ a? + b? sin (0 + tan‘l(

5)

3 /4
z=t-g
w1 3%' 1T\ 2 cos(t——)
ﬂ:ﬁ_\/_fjj% (t_Z)' smt4 t=
1 %Tn 2 1 3: 2
ZZ__EL (t_Z) dt_fj;r (t——) cottdt =
4
3m

_m 1f4(t ”)2 ttdt
"48 2 2) °

3
; =" _
Consider Q2 = 8 oD,

1 3 2 1 2 %Tn 3m
) T IBP T ] 4 T . _
(] =Ej% (t_Z) cottdt = Z(t_z) log(sint) . —J% (t—Z)log(smt) dt =
1

% log 2 T

B t Mo 2 icos(Zkt) di =
- " 16 08 k =
k=1
_"
4

11' lo 1
g ZEJ t—— cos(2kt)dt—

k=1

NS
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_ 2 log 2 N i (n sin (an) ~ sinansin kn nsinancos kn) _

16 4k? 2k3 * 2Kk?

k=1 0

_ m?log2
- 16

NgE

+ +

4k? 2k?

(n sin (an) 1T sin an cos kn)

s
1l
[

nlogz 1100(1)"1 noo (—1)k

Sr_ 1z T —_ 12
4k= @k-172 " 242k 1

_mllog2 w nzlogZ 13
= e 6o _=
16 4 2 16 4
3 3 2
0= P 18 16827 1C

1869. Find:

T i1y . tan1(x
=j j (y)dxdy
o Jo 1+xy

Proposed by Togrul Enmedov-Azerbaijan
Solution by Rana Ranino-Setif Algerie

x-tan"1(x *(tan~1x)?2
fj' (y)dd tXJ’ff( ) at dx "B
1+x 1+t

f" (tan~?! x)2 f x - (tan~1x)? dx =

1+t o Jo 1+x *=

1 (tan-1 x)2 1

= Zf de —f (tan"1x)? dx
0 0

1+x
A B
E tZ 3
=tant 4 IBP a
A7 =" : dt = [t?log(1 + tan t)]? -
o (sint + cost)cost
T T

1 4
-2 f tlog(sint + cost) dt + 2 f tlog(cost) dt =
0 0

tog—t
2 m T

w 4
= 1glog2 - Zj (Z — t) log(V2 cost) dt + 2]0 tlog(cost) dt =

s 14 14
w

_m 1 zj_(n t)dt njzl ( t)dt+4fztl (cost)dt =
=1¢ ~log 2 20ogcos i og(cos =
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T

w? ? TG T 7
——logZ——logZ——(——Zlog2>+4J tlog(cost) dt

16 32 2\2 0
a="""10g2 + a4l
ST %t
B D"
I= —f t|log2 + Z cos(2nt) |dt =
0 n=1 n

2 2 (—1)" (7
32 og m jotcos( nt) dt

n=1
(o]

1'[2 (_1)11
= —3—210g2 —z -
n

=1

T
tsin(2nt) cos(2nt)|*
—+ =
2n 4n? 0

2 T~ (—1)"sm( ) 1w (-1 COS( ) 1w (-D)"
= —S-log2 -2 2/ = 2/,
32 °8 8 n? 4 n3 4 n3
n=1 o n=1 o n=1
2 i3 (-1)* 1 D" 1o D"
=——log2+—z -5 —
32 8L.(12n—-1)2 32 n3 4 n3
n=1 n=1 n=1
2 G n.Z
1= 75gl082 g T gt A mgploe2 5l
IBP _ 1 x-tan " x x=tant
B = [x-(tan 1x)2]0—2j;) T =
_T Zj%tt cdr =™ + 2[tlog(cos )] ZJ%I (cost) dt =
=T , an =716 [tlog(cost)]; , og(cos =
T T logz—G
1 01 1 ) 162 £
x-tan™ " (xy) T 4 T 21
Q= _— =—(log2—-1)——log2 —+1 - —
Jo Jo T+xy dxdy 16(og ) 2108 +(2+ )G 16((3)
1870. Find:

1
Q= f (tan"1x)% dx
0
Proposed by Togrul Enmedov-Azerbaijan

Solution 1 by Rana Ranino-Setif-Algerie, Solution 2 by Avishek Mitra-West

Bengal-india, Solution 3 by Ahman Isnawahyudi-Indonesia
Find:

1
Q= J (tan"1x)3 dx
0
Proposed by Togrul Enmedov-Azerbaijan
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Solution 1 by Avishek Mitra-West Bengal-India, Solution 2 by Ankush Kumar
Parcha-India
If

1
] = f arctan"(x) dx wheren > 1
0

Show that

n—1 « —1)k-1
+ ;log(Z) (;) —n(n-1) ;%I(k, n)

T
1

Where I(k,n) = ER] x"2e2ikx dx
0

Proposed by Akerele Olofin-Nigeria

Solution by Togrul Ehnmedov-Baku-Azerbaijan
Solution 1 by Rana Ranino-Setif-Algerie

1 . »
x-tan" ' x =
Q= J (tan 1 x)% dx 18P x(tan~1 x)2|1 _ Zf Zdx x=tant
0 0 o 1+x
? 7 2 r m
=16~ Z.f t-tantdt = E+ 2tlog(cost)|; — Zf log(cost) dt =
0 0
T g2
“16 ' 4 B
Therefore,

2

Q= fl(tan‘1 x):dx = * 4 ElogZ -G
0 16 4
Solution 2 by Avishek Mitra-West Bengal-India
(tan~1x)?|" 2

2

Ttan 1x 1 . .
Iy =f > dxzf tan ' xd(tan " x)dx =
0o X°+1 0

0

1 -1 T -

x-tan"lx 4= LA

I, = j Wdx * tzanzf z-tanzdz = zlog(secz)|} +J log(cos z) dz =
0 2o 0

=T 2+fZ

Lk

dz =

—log2

- (—=1)"cos(2nz)
_ ; n
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/1 T - (—1" i
= §log2 - ZlogZ - z f cos(2nz)dz =
n=1
[e%) L ©o n-1
12 (=1)"sin(2nz)|* 5 (=)™ " sin T)
——log2 — Z = __1 Z
2n 0 2
 Tlegz 41y CELT ”1 242
~ g% 2L, 2n—12 8 8= 73
1 12tan"1x
_ 12w — v far— _ _
I, = Jo (tan"1x)%dx = x - tan x|0 Jo T xdx =
P 2( 1 z+G) 24 %log2 -6
“16 ‘2716 g oBeTg) T T8

Solution 3 by Ahman Isnawahyudi-Indonesia

1
= f (tan"1x)2dx 'Y x(tan~! x)2|1 -2 j

Ix.tan1x gp

o 1+x2 * =
_ m? 1 log(1 + x?)
- 2 e =7
=16 -2 2tan x- log(1+x)| +2f0 211 2D
T g2t zjllog(sz) T Tlog2 - zﬁl |cos t| dt =
~16 4°g o 1+x2 7716 4B oglcostiat =
_m P log2 -2 Z(_ )“J (2kx)dx | + ~log2 =
—16 ) og COSs X X 2 0g 2 =
sm (—1)k 11'2
=T Tiog2 - z =T Tiog2 - Z % og2 -
16+4 o8 16+4 2kt 12 16 1710827 6C

Solution 1 by Awshek Mitra-West Bengal—lndla

1 ™ -1 ,32
z Ix(tan™1x) -t
Q= J (tan"1x)3 dx = xtan 1 x|* — 3[ ——— —dx x=tanz
0 0 o 1+x

Y

il 3[4 2 anzdz=" — 0
=—— an =——
64 "), L N T e

T

NE

L %4
Q= j z*tanzdz = z*log(sec z)|4 + Zf zlog(cosz)dz =
0 0
T

? (1) cos(an)
=—1Ilog2 +2 log2 —
0g2 + Jo [ og Z ]

32

2

_® g2 - 2loa2>

1 (-1) Z
— =2 E f zcos(2nz)dz =
2 n J

0 n:l
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T

T (=D)L sin2nz)|*
=——log2+22( ) z- (2nz)
n 2n 0

1f%_ "
znOSln nz Z| =

64 32
Solution 2 by Ankush Kumar Parcha-India
Y3

1 3 3m? 3m 63
Q= f (tan™ x)3dx——+—log2——G+—{(3)
] 4" " 64

3
y=tan‘1

1 7 n 7
Q= J (tan"1x)3dx” = J y3sec?ydy =y3 tany|g - 3] y*tanydy =
0 0 0
3

T L %

=— — 3[—y? logIcosy||4 + Zf ylog|cosy|dy =

64 o)
m

_™ 37t126f11| |dy =
64 32 Og yogcosy y—

_m 3 ez 6f%l (1-e2%)d f%l 2dy| =
=1~ 3y o8  ylog(1—e y= | ylogzdy|=

n® 3n? S (—D)™ (7 .
————log2+310g2y2|4—6z( 12 fye‘z"‘ydy:
0

64 32
%-I_f%e—Zinyd 3
o 2in |7

11'332

64 320

1n+1 Ziny
g2 - 62( )
—Zly

_ m® +6n? log2 (—1)"+1 nn 1 in
64 [_Sm 2) " Z(e z _1>]
11' +61r log2 3n
—TG‘F ((3)——((3)
2

f(t )3d _ +3nl 2 3 G+6 3
an lx X = o1 32og 2 {()
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Solution by Togrul Ehmedov

arctan™ 1(x) dx

1 1
X
= [ arctan®(x) dx = xarctan®(x)]*! — n f
j = [arctan"co R -0 [
0 0

1
" p'e
Z(Z) _nof1+x2

arctan™ 1(x) dx

_ 1
= (;)n —n Elog(l +x2) arctan“‘l(x)] ' _1 ; 1 f logl(i-l)—(zxz) arctan™2(x) dx]
x=0
i 0
1
- ()" -nlproee () -5 [P arcano \
™" _1 -1 ¢ 2 ]
= (Z) —-n Elog(z) (Z) +(m-1) f x""“log(cosx) dxl
_ 01'[ J
_ : o 1]
= (2) —n %log(z) (;) ' +(nm-1) of x"2 l— log(2) + mkzzl%e”kx] dx|
i
=) - Tog@ (3) —nm-1) [ 2 [ log(2) + ”‘Z O ml dx
0
3
= (;)n - glog(Z) (;)n_l +log(2)n(n — 1) f x""2 dx

0

b1
o r
—1)k1 ,
—n(n-—1) E ( 12 ‘fo“‘zez‘k" dx

k=1 0
1

n n—

(;) - glog(Z) (g) +log(2) n n_ -n(n-1) Z LT I(k,n)

3

1871. Prove that:

n

n -1 (—1)k-1
+5log2)(3) -n(n- 1)}(21 1)

A+t = 8

f"" (5x% +2x+2)tan"1x 126G + % + (5 — log 8)
0

Proposed by Ankush Kumar Parcha-India
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Solution by Togrul Ehmedov-Azerbaijan

9'_f""(sz+2x+2)tan‘1xd _5f°° x-tan lx 4
), T arora+ T, aroa+ra™

gt lx +5foo an Sl — 31 4+5I
— x X = —
o (1+x)(1+x2) o (1+2)2(1+x2) rooiz s
I = ®  x.tan"lx 4 —1G nl 2+71.'2
1) A+0a+ 72" 8% 16
I o tan1x dx = 1 tan1x dx o tan 1x p
27 Aroa+aY T ), aroa+Y T arora+ra™
B 1 tan1lx x4 1 xtanlx Ay =
T, A0+, Arna+ T
_njl xdx +J1(1—x)tan‘1xd o4
“2), A+r0a+® " ), Aro@+ar) T 2T 2
; _j‘l xdx T 1l 5
27 ) A+x)(1+x2) 8 4B
o 1(1—x)tan‘1xd _nz_l_nl 5 1G
= A+oa+" 16 8 8% 2
© tan 1x

I3 dx =

~ ), A+ + %)

nfl x> 11 -x*»)tan1x
== dx + X =
2o M+x)?2(1+x?) o (1+x)2(1+x2)

(! x*dx T1-x)tan1x 04
:—f > 2 + 2 x:_13a+12b
2) A+x)2A+x2)  Jy A+x)(1+x2%) 2

; _fl x%dx B 1l 5
0= | A+x2(1+a0) 4 48

I—nl + 1 _1t+1rl 2 1G
3= 513a 2b =g 808 2

126G + % + (5 — log 8)

Q=511—312+513= 8
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1872. Find:

O =

J%sinx - sin (x+%) - sin (x +2?n) i

0 sin3x + cos 3x

Proposed by Daniel Sitaru-Romania
Solution 1 by Togrul Ehmedov-Azerbaijan

» sin (x + g) sin (g - x) = %sin 3x

Q- j-%sinx-sin(x+%) - sin (x+zTn)
0

dx =
sin 3x + cos 3x
. b4
1]% sin 3x 1f% sin3 (7 — x) 4
= — X = — X =
4 ). sin3x + cos 3x 4 : T _ m_
0 (] sm3(6 x)+cos3(6 x)
T
_ 1j€ cos 3x
4 ), sin3x + cos 3x
T T
20 1[Esin 3x + cos Bxd 1J‘Ed yi4
= — X =— X =—
4 ), sin3x + cos3x 4 ), 24
Therefore,
%sinx-sin(x+%)-sin(x+27n) T
ﬂzf - dx = —
0 sin3x + cos 3x 48

Solution 2 by Avishek Mitra-West Bengal-India

. . AN 2 . 1 V3 1 V3
smxsm(x+§)sm(x+?)=smx Esmx+7cosx —Es1nx+7cosx =

1 . 2 2 1 . -2
=Zsmx(3cos x — sin x)=Zsmx(3—4sm x) =

—1(3' 4'3)—1'3
—4 Sin x sSin~ x —4sm X

Q=

T . . (4 . 21
f6 sinx - sin (x + §) - sin (x + T) 2y 7
0 sin3x + cos 3x
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1 z sinz 1 f%(sinz+cosz)+(sinz—cosz) _
~12), sinz+cosz' " 12), 2(sinz + cos z) B
1 gd 1 gd(sinz+cosz)_ 1 /m log(sinz + )lg m
“24), %% 24), “sinz+cosz  2a\z  °OBWMETCOSTp =g

Solution 3 by Hikmat Mammadov-Azerbaijan

sin x sin (g — x) sin (g + x) = %sin(Sx)

. (21r+ >_ . ( 2 )_ . (n )
sm3 x)=sin(m 3 x—sm3 x

dx =

Q- j%sinx-sin(x+%) - sin (x+2?n)
0 sin3x + cos 3x

n .
1 (2 sin x 1

T
12

48

12 J, sinx + cosx

Solution 4 by Tapas Das-India

sin x sin (g - x) sin (g + x) = %sin(Sx)

. (Zn_l_ )_ . ( 21 )_ . (n )
sm3 x)=sin(m 3 x—sm3 x

dx =

Q- j-gsinx-sin(x+%) - sin (x+zTn)
0 sin3x + cos 3x

3

1 f@ sin 3x 1 % sinp
0

4

X=—| ——d
sin 3x + cos 3x 12 ), cosp +sinp p

T
1 (2zsinp + cos 1

s
12 J, sinp + cosp P=12'4 18

48

T
4
Solution 5 by Ravi Prakash-New Delhi-India

. . AN 2 . 1 V3 1 V3
smxsm(x+§)sm(x+?)=smx Esmx+7cosx —Esmx+7cosx =

1 . 2 2 1 . -2
=Zsmx(3cos x — sin x)=Zsmx(3—4sm x) =

116 RMM-CALCULUS MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

—1(3' 4'3)—1'3
=7 (3sinx —4sin®x) = 7 sin3x

Q- f%sinx-sin(x+%)-sin(x+2?n)
0

dx =
sin 3x + cos 3x
T

_ji sin 3x 3x=t

~ Jp sin3x+cos3x

. (T
1 7 sint [ 1 j% sm(f—t)dt 3
T 12). sint+cost = 12 . (T _ T\

0 0 sm(2 t)+cos(2 t)

T
1 (2 cost

12 o COst+sint

T
_ 1 [Zzsint+ cost _ 1
12 ), sint + cost 12

1873. Find all value & > 0 such that

2Q

N[

/4
48

f log(1 + ax?) dx < +oo
0
Find all value 8 > 0 such that:

f 2021F*x dx < oo

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Florentin Visescu-Romania

f log(1+ ax?)dx = fx’ log(1 + ax®)dx =

1
1+ ax?

2ax?
1+ ax?

=xlog(1+ax2)—J dx = xlog(1 + ax?) — 2 (1— )dx=

= xlog(1 + ax?) — 2 (x - \/%tan‘l(x\/a)) +C

\/_

= 400

© 1
j log(1 + ax?) dx = lim <xlog(1 +ax?) -2 (x - —tan‘l(x\/a)>> =

T

Va

= lim x(log(1 + ax?) — 2) +
n—-oo
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For a = 0 we have:
f log1dx = 0(not verify)
0

So, does not exist so that

f log(1 + ax?) dx < +oo
0

fzozﬂ’x 4 _f 20215\’ g - 20217 20217 _
Yax= ) \log2021#) *** ~ Blog2021* ~ | Blog2021“* ~
_2021F* 2021~ fC= 2021F~ ( 1 >+c
~ Blog2021 pB2logz2021 ~ Blog2021 Blog2021
(
t0. B > 1ogz021
foozozﬂfx dx = li 2021 (1 : ) \ < !
= - — —00 -
. X = e Blog2021\"  Blog2021 B <iogz021
1
0,f=——
\ B log 2021
F 0 foo d il e(o ! ]
= . = — = _—
orp k) I B €\0jog2021

1874.1f 0 < a < b then:

b 519 102 4 p20
T dx>1 aTv
| Aemt=tos frram

Proposed by Daniel Sitaru-Romania
Solution 1 by Ravi Prakash-New Delhi-India

Forx >0=x2°(x1°-2)2>0=>x*°(x*"-4x°+4)>0

x*0 —4x3° 1+ 4x%0 > 0 > x* + 4x%° + 4 > 4(1 + x39)

(x?°+2)2>41+x30) > ! > 2
VI+ 230 x20+2
x19 - 2x19
V14230 x%0+2
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b 419 b 519 1 b 102 4 p20
——dx > 2 —dx = —log(x =1lo —_—
fa V1T 30 fa x20 + 2 10 1°8( .98 2 g0

Solution 2 by Tapas Das-India

1024 p20 1 2 + b%0 b 2x19
log |— — =—log(—— )= | ——d
%8 |2+a20 " 10 B <2+a2°> fa X202

Now, we need to prove:

x19 - 2x1° 1 2
o &
VI+a30 x20+2 130 x20+2
x?*°+2)2>41+x3) o x0+4x°+4>41+230) o

x*0 — 4x30 4+ 4x%0 > 0 © x?9(x1° — 2)2 > 0 true forall x > 0.

1875. Prove that:

Z( 1)n+1(H u )H _77-[3+51'[l 22 461 2 BC,(L. (1+))
n=0 n -+ 1 21’l4+1 2n4—1 n — 24 2 Og Og ~ 13 :

here H,, = [} 2 dx,G | Dt
where H,, = [| ——dx, G —is Catalan’s constant, Y.%_ 0 Gk E

k
Liz(z) = Y54 % is trilogarithm function, J(z) is imaginary part of z and i is imaginary
part.

Proposed by Naren Bhandari-Bajura-Nepal
Solution by Rana Ranino-Setif-Algerie

(-1 (D™ 1
Q= Z (H2n+1 —HZn—1> H, = Z—<H2n+1 _HZn—1> (Hn_—) =
n+1 2 T 4 M 2 T n

= E (HZn 1— Han- 3) E <H2n 1— Han- 3)
n 1 1
n=1 n=1

A B

t 4 —t 4 t=xt 1x2n — x2n+2 1 x2n
HZn—l—HZn—Szf ————dt = 4f —4dx=4f zdx

> H 1Li,(—x®) + 5 logz(l + x%)
S Z (=x®)" |dx = 4f > dx =
0 1 + x
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TLi,(—x? Tlog?(1 + x?
o 1+x 0 1+x

1 1 o (—x)" TLi,(1 + x?
Y (A CEE
o 1+x2 n? o 1+x?
n=1

Tlog?(1 + x2
Q=zj log™(1 + x7)
0

Y3
= 2
dx 720 8J log?(cos 6) dO
0

1 + x2
Therefore,
o (—1)m+1 7 5w
H H H,=—+—log?2 —4Glog2 — 83(Li;(1 +i
2 n+1 ( zni1 ~ Han- 1) ox T 7108 og I(Liz(1+ 1))

1876. Let S(x) = Yo o(3x)"*% . Using the above sum, find:

Oo (_1)n+1
Q= z
3nt1(n + 3)
n=0

Proposed by Tobi Joshua-Nigeria

Solution 1 by Akerele Olofin-Nigeria

x 13x| < 1
—3x’ x

S(x) = Z(sx)n+2 = S() = 1
n=0

x 13x| < 1
L 13x
—3x

S(x) = Z(Bn)"*z = -

[stan= 0 [artan [ 25 e
1-3x

Q- z (- —2log|3x — 1| — 9x? — 6x
3ntl(n+3) 6
o n+2 o
. _1 . 3n+2 ( Z 3n+2 . 3—2n—6 . (_1)n+3
9 n+3 n+3
n=0
—3-3 i E Dl S W G s
n+3 3n+i(n + 3) 3)
n=0 n=0
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vtonl- -y o(-4) _2ron(d)+§_—taton(3)

6 6 - 9.6

4
(—1)n+t 5—-18log (§) 5 4
e
3nti(n + 3) 9.6 2 3

Solution 2 by Tapas Das-India

Q- Z (-1t _-t, 1t -1 1
3n+l(n+3) 3-3 32.4 33.5 3%.6

PR T S U . L
_ a2t 32,33 3% 35, 2[1_32)_
_3[3 2 "3 4 ts T +3 3 2/

= —-32] (1+1>+32(1 1) 9] (3) >
= 8\t T3 3 18/~ °"%8\3) "3
2 x3
'.'log(1+x)=x—?+?—---

Solution 3 by Hikmat Mammadov-Azerbaijan

9x> (1-3x)2-2(1-3x)+1

S() = ) @™ =

1-3x 1-3x
n—0oo
fS( yax = LN GO 3 g Megd— 304 C
x)dx =7 ; 3 =x—oX x —7log x
n=
3xn+3 3 , log(1-3x)
fS(x)dx—O szs(x)dx—gz =—x—5x —— 3

f5< 1>d 1w (1)"+3 1 1 1. (4)
9)4* = 34 3"+3(n+3) 9 352 3 °8\3

a- z co 1, (2)=2-910g(2)
3n+1(n + 3) 2 ' %8\3)T27 783
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1877.Find f,g : (1, ) — R such that:

gx)=ax—xf'(x)-logx and f(x) =ax—xg'(x) -logx, x> 1,a € R.

Proposed by Florica Anastase-Romania
Solution 1 by Debjit Mullick-India

gx) =ax—xf'(x)logx; (1)
{f(x) =ax—xg'(x)logx; (2)

ax  a((f-g9w))
xlogx  f(x)—g(x)
log(log x) = log(c(f(x) —g(x)),c€R,  f(x) = f(x) + klogx

Now, equation (2) becomes:

= f(0) -9 = (f(x) — g'(x))xlogx

g(x)
xlogx

gx)+klogx=ax—xlogxg'(x) = g'(x) = =ax + klogx
By multiplying both sides with log x, we get:

% (g(x)logx) = axlogx + klog? x
g(x)logx = f axlogxdx + kf log? x dx

2

x 1 x?
g(x)logx = ?(logx — E) +k <x(logx -1)% - 7)

()_1 x? (l 1)+ k a 17 x?
I =7 Tlogx\ 8% 7 2) Tlogx \ ¥V OBY 2

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

g(x) f&x)

Let x > 1. We have : T+f’(x).logx =a and — + g'(x).logx = a.

Then : (@ + g’(x).logx) + <@ + f’(x).logx) = 2a

o (gx).logx) + (f(x).logx)' =2a = g(x).logx + f(x).logx =2ax+ ¢y, ¢4
€ R.

2ax + ¢4

Then: f(x)+g(x) = Tog x

, Vx> 1, c1€R. (1)
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Also we have : (%x) + f'(x).log x> - <@ + g'(x).log x) =0

f’(x)-logx—@ g’(x)-logx—%’d_0 fx) gk ’_0
it (log x)2 B (log x)2 et (logx_logx> -
R fx) gx)

- = Cy, € R.
logx logx €z €2

Then: f(x) —g(x) =cy.logx, Vx>1, c; ER. (2)

From (1) and (2) we get :
_2ax+c¢; | ¢ _2ax+tc; ¢
f(x) = Zlogx + > Jdogx and g(x) = 2logx 2 Jdogx, Vvx>1, ¢q,c; ER.

ax +dq
Therefore, f(x) =

log x + d;.logx and

ax +dq

gx) = Tog x —d,.logx, vx>1, dy,d, €ER.

Solution 3 by proposer

f(x) =ax—xf'(x) logx
{g(x) =ax—xg'(x) - logx =

{f(x) +g(x) = 2ax — (f'(x) + g'(x))x - log x
f(x) —g(x) = (xf'(x) —xg'(x))x - log x
fFOO+g@)+(f(x)+g () xlogx =2ax,x>1&

M +(f @) +g' ) logx =2a

[(f(x) + g(x)) logx], =2a < (f(x) + g(x))logx =2ax+b,b eR

x>1=>fx)+gx) = @(2ax+ b); (1)

o) - g\ (F ) - g'@)logx — 3 (f) — 9()
< log x ) B a

log? x
_(ffx)—g'(®0)xlogx— (f(x) —g(x)) _
B xlog? x B
() —g'™)xlogx — (xf'(x) — xg'(x))x - logx _
B xlog? x B
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= (3)c € Rsuch that% =c=>f(x)—gx) =clogx;(2)

From (1) and (2), we get:

()_1(2ax+b_|_l ) d g(x) = 1 (2ax + b)
fx—2 Tog x clogx| an 'gx_logx ax

()_I(Zax+b 1 )
gx =3 Tog x clogx

1878. Find:

ﬂ_j‘” xtan1lx p
), GrpaE@+n™

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Hikmat Mammadov-Azerbaijan

A ®  xtan lx 4 f°° tan lx tan 1x 4
= X = —_ X =
o (x+1(x*+1) o \1+x%2 (1+x)(1+x?%)

2 > z 2
4 Z Xcosx Z Xcosx s
=——f —dx, B=f—_dx:>A+B=—
8 o COsx +sinx o COsx +sinx 8

Y3 w
2 x(cos x — sin x) - i
A—B :.f - dx = xlog(cos x + sin x)|; —f log(cos x + sinx) dx =
o COsSXx+sinx 0

T 3

= - foz log (\/fsin (x + %)) dx = —glog\/f - j; log(sinx) dx =

Y3 T

2 1 1
=— L log(sinx) dx — f log(cosx)dx = —2 f log(cos x) dx
7 0 0

3

1
= —Z-Z(ZG—nlogZ)

1 1/n? = T
A=E(A—B+A+B)=—<———108\/5—G+51082>=

2\8 2
T T g2 m LG a2
“16 8 8“7 271672 808
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Solution 2 by Ankush KumarParcha-India

[ ®  xtanlx gy = 1 xtanlx dx ®  xtanlx
), Gro@+ YT, Gro@+ YT ), GroE+n™
:II+IZ
L1+x 9 ltan 1x L 1+x )
211=f< 2)tan xdx—f dxzf( 2)tan xdx +
o \1+x o 1+x o \1+x
og(1 +x
+f %dx — [tan! xlog(1 + x)13
0
tan~ xyn' 4 1
21 = ———log2+f ytanydy+f log(1+tany)dy =
32 4 o
? T o 1 4
=§—Zlog2 [—ylog(cosy)]g+j log(cosy)dy+J log(1+tan(z—y))dy
0 0
T
T Trgz— T 2+Fl (1+e2%)d
LU
)
+ J (log2 —log(1 + tany))dy =
( 1)n+1 omi nz T 1 i (_1)n+1 ni
—__ —2niy gy — —_ _ _ — in (—
~32 41° 2+Z f 4y =33 4l°g2+22 n? S"‘(z)
n=
[ 1 xtanlx 4 _ m? ™ 2_|_G
T, arona+ ™ Tea 8%y
1
-1
27 o Qi)™ (1+y)(1+y2)

1tan?! (1) 1(1—y)tan~?! (1)
212=J0Tyydy+fo . Y 4

= [tan—l (;) log(1 + y)]: + fo "log(1+) dy + fol ( 1-y ) can-t (;) & tan_lz(%)zx

1+ y? 1+y2
T s
—Elo 2+j4lo (1+tanx)dx+J2(x— ad )dx—
~ 4 08 , 8 m tanx/
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=Tiog2+ 21 2+ng fg X d
3 %8 g ’8 2|r Jr tanx =
7 2
T

2
+,I;r log(sinx) dx =
1

=3 + 3 10g2 - [xlog(sin )
=35 tglog xlog(sin x

eV

372 1w 1 . mn 3n2 + 166
=gtz (G o =T
n=1
By adding I, I,, we get:
®  xtanlx 8G + > —mlog4
=f0 x+ D2+ )T 16

Solution 3 by Daniel Immarube-Nigeria
2

_j°° xtan lx _jmtan‘lx j°° tan 1x 4 m ;
T, Gro@+ YT, 112 s, A+0a+x0)"" "8

T

I_j“’ tan 1x p _fz u 1BP
)y A+ +x?) = o 1+tanu =

s
- L
L )
= ulog(1 + tanu)|? - f log(1 + tanu) du
0
r T
2 3
Iy = j log(1 + tanu) du = f log(cosu + sinu) cosudu =
0 0

w T

2 2

= f log(cosu) du + f log(cosu + sinu)du =

0 0
m

= '[:log(\/fcos (g—x)) dx —glogz =
Tl' Tl'

2 2 (4 w

=11 2 1 —— ——log2 =

Jo og\/_dx+J0 ogcos(4 x)dx 2 og
TL’

1 % 7 (3
=—J logde—Zj logcosxdx —=log2 =

= os2 z(c N 2) Tog2 ="10g2 - C
—1 %8 2 1 °8 g 084 =408
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2

=" _Tlog2+S
~ 16 8°g 2

Solution 4 by Togrul Ehmedov-Azerbaijan

Q- ®  xtan lx dx = 1 xtanlx x4 ®  xtan lx dx =
L, Groe YT ), Gro@+ YT, Groa+n™ T
_1 /1
1 xtanlx N 1 tanl(z) e
] (x+1)(x2+1) T Grne+ ™ T
1 xtanlx dx 1 tan1x dx =
(x+1)(x2+1) (x+1)(x2+1) s G+ D@+ T
B 1(x—1)tan‘x +1‘l‘ dx B
s Gt D@+ DT T2, GrDGE+ D
_flxtan‘lxd j‘ltan‘lxd +1‘l‘ 1 dx I +1t1
), e T, e T2, GrpGEry T T 2T
; _flxtan‘lxd —1G nl 5
1= ) a2+ T2 7808
; _jltan‘lxd _nl 5
27 ), x+1 T8 %8
dx log2 + =
s G+ DA+ 1) 4°g 8
Q=1 | +1TI —1G l 2+1T2
—himlhTyls =5 8% T 16
1879. Find:
1 r'log(1 — x) - log(xy)
= dxdy
1—xy

Proposed by Togrul Enmedov-Azerbaijan
Solution 1 by Rana Ranino-Setif-Algerie

1 rl1og(1 — 1 1-xy=
Q- f J og(1—x)- og(xy) dxdy xy=t
1—xy
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og(1 —x) Li,(1—x og(1—x
=_f g1-0nLl,A-x) —Lz(l)f g( ) dx —
0 x
x=1-x —Lip(1)
t log x Liy(x) Li, (x) @
— n
=36 + f - dx; Sin ce 2 H,
11 L ® H( ) HZ_
j ogx lz(x) ZH(z)j " logxdx = — n_ _Z n-1 _
0 (n+1)2 n?
n=1 =
1 H 1 H) 7 3
= QA D ) T @ = @)
n=2 n=2 n=1 n=1
Therefore,
1 rllog(1—x) - log(xy) 7
= = —_— 4
| | T axdy = gz
Solution 2 by proposer

zdx =

ffllog(l x) - log(xy) y follog(l x)f"logz

J Li,(x)logx
———————dx
0

0 1—x

1] TLiy(x)1
- —2(2) f %82 47+ f LX)l e e @I +1,
0o 1— 0 1—-x
llogz
L= | fordz= @
1Li,(x)logx 3
L= | S A=
Therefore,
1 rllog(1 — x) - log(xy) 7
_f f T dxdy = 7 3(4)
Solution 3 by Syed Shahabudeen-Kerala-India
Q- Jljllog(l x) - log(xy) dxdy =
1-—xy
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Tlog(1 — x) - log(x 1 rl1og(1—x)-lo
ff g( ) g() y*fj g( ) g(y)dxdyzs21+92
0 Jo 1—-xy

1 1
Q =Zf y"dyf log(1 — x)logx x* dx =
e Jo 0

Z ( a+k+1> _i 1 ¢(2) H§c2+)1 Hy 4
+1dal\a+k+1/,- k_0k+1 k+1 k+1 (k+1)2

2@+l + @) -1
$2(2) + 73(4) +58(4) —582(2)

S | 1 i H,,
ﬂz=Zf0logyy"dyfolog(l—x)x"dx— (kfll)g —((4)——(2(2)
k=0

Therefore,
7
Q=0 +Q 215(4)
Solution 4 by Benjamin Bamidele-Nigeria

B f ! f log(1—x) - log(xy) |
B 1—xy

dxdy =

P

i[ f (xy)*1log(1 — x) log(xy) dydx 18]

1
x*1log(1—x) <logx - E)) dx =

(o] 1 (o]
= Z—j x*1log(1 - x)logxdx + Z—k
k), £

! k-1 Hy
j xtlog(1l—x)dx = ——
0 k

1 k 1
IBP + Z f og x
12

ZH——(n+2)((k+1) Z((n K¢(k+1),n> 2
o
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5 1Li,(x) logx let 5
9_55(4)+f0 L dx S i@+ Y
TLi,(x)1
Y:f 2(x) 08X . 1BP
0 1-—x
og(1 — x) Liy(x) log?(1 — x)logx
=f dx—f dx
0 x 0 x
log(1 — x) Li
LetA=f 08( ;) () e = —Li2(1) - 4= 24 = LE(D)
0

1 5
A= ——Li%u) = —2{@®

o)

= —log2(1 x)

k= 1

og?(1 —x) logx
— k _
Let B fo o 22k+1f x“logxdx = 22(k+1)3

_ °°Hk+1—(k+1)1_ z Z _
B = ZZ CE RPN
k=1 k=1 k=1

5 1
= —56(4)+2((4) = —54’(4)
Y=A-B= —E((4)+1z(4) = —56(4)
B 4 2 4

Q=20)+Y =204 - 2¢4) = L5
—E(()‘l' —E(()—Z(()—Zf()

N j “  logx d
= —_—ax
. xr+x? 41
Proposed by Vasile Mircea Popa-Romania
Solution 1 by Rana Ranino-Setif-Algerie

1880. Find:

Q_f‘” log x "j% fl x*log x _fl(x“—xz)logxd B
B A S i R i i & 1—xb x=

5 1

51 1,

1<t6 —t2 )logt 2
ezt 1 f {¢(1)< ) 1,,(1)( )} T _ 1o (E)
36 ), 1-t 72 36 6
Therefore,
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*®  logx 1 5
o= —2" dx=——_— (1)(_)

flx4+x2+1 *=72736% 6

Solution 2 by Ankush Kumar Parcha-India

®  logx x:% L y2(y* -1logy
ﬂzf —————dx = y =
. ¥ +at+1 o A=y)*+y*+1)

ly*lo 1y2]lo
f gy .I- gy Zf y6n+4 logydy Zf y6n+2 logydy—

_ Li SRS
R (X))
flxm log"xdx = m,m #—1,n>—1and Z(n +a) 2 =ypWV(a)
0 (m + 1)n+1 4
Therefore,
o oo ()0 0] - )

Solution 3 by Daniel Immarube-Nigeria
*  logx *®  logx 1 logx
Q= _— = _ - - °
,[1 x4+x2+1dx Jo x4+x2+1dx fox4+x2+1 *
*(1—-x®)logx 1(1—x*)logx
) 5= |
0 0

1 — x© 1 — x© dx =@, =

_ [” logx 4 °°x210gxd Q. —
_L 1— 2" fo 1—x6 FTT
B dl"(a+1)r<5 a) 1 (1 Q. — 1r2+1r2+ﬂ _
4" 676)"\676) "18¥ (2) 17 9 "36 "' 12
1 logx 1x%logx
ﬂl—fo 1_—xed"‘f0 T B
11 1 5 1
= —gf log (uﬁ) (u 6) (1—w) ldu+— flog<v6)< 2) 1-v)ldv =
0
1 1, 1 1\ n? m? 1IJ()( )
= ___—_ D (= — D () = —_
¥ (6)+36¢ (2) 12 72 72 36
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1881. Let f: [0,0) — [0, ) continuous function, strictly increasing with

£(0) > 0.

ifm=>0,u,v>0,a=0,b e Imf then prove:

m+1 (ab)m+1

1 a m+1 1 b )
u_m<.[0 f(x)dx) +v—m<j0f I(J’)d}’> Zm

Proposed by D.M.Bdtinetu-Giurgiu-Romania
Solution by Adrian Popa-Romania

Lemma (Young’s identity): If f: [a, b] — [c, d] is bijective and increasing function, then:

b d
jf(x)dx+j f1(y»)dy = bd — ac

We have:

1 a m+1 1 b m+1 adon
a([reax) v ([ o) "

1 a b "™ young (@ b —0-0)"*1  (ab)™+1
= (u+v)m (-fo f(x)dx+f0f 1(y)dy> - (u+v)m - (u+v)m

1882.1f z > 0 and f''(z) = 0 then:

[((reao - pyyae < VDS E)
0

Proposed by Hikmat Mammadov-Azerbaijan
Solution by Aggeliki Papaspyropoulou-Greece

2z-u

I(z) = f fod 2L f Y rde: (1)
o X 2, ,
I'(z) = E(ZZ)'f(ZZ) = f(22);(2)
z z z V)
Let: H(z) = E(f(Zz) —f(z)) — fo f(2t)dt + fo fdt = 0; (x)
H(0) = 0. So, we have to prove: H'(z) > 0; (3)

1
H'@) =5 (f22) ~ f(2) +5-2f @2) —5f () ~ f(22) + f(2)
2H'(2) = f(22) — f(2) + 22f (@) - 2 (2) - 2 (22) + 2 (2)
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2H'(2) = [22f'(22) - f(22)] - [2f"(2) — f(2)] (2) 0=
2zf'(2) — f(22) = zf'(2) — f(2); (+*)
LetG(2) =zf'(2) - f(D) =6 @D =zf" @D+ [ @D -f @) =f'(2)>0=>
G—7=G(22) > G(2);(z>0) = 2zf'(2z) — f(2z) = zf'(z) — f(z) = (**) true
= H'(z) = 0 > (%) true = H(z) = 0 true.

1883. Prove that:

lim (n((q +1) = Zl (';(q—_f)> = ¢(9)
k=1

where {(q) is zeta function.

Proposed by Syed Shahabudeen-Kerala-India
Solution by Togrul Ehmedov-Baku-Azerbaijan

n-1 n
—k —k —k
(=) B e = =

k=1

n n
) 1 1
=£L‘?o<"<<q+1)‘"z vt +Zﬁ> -
k=1

k=1

=limn{(q+1) —nf(q+1)+{(q) ={(q)

1884. Prove the summation

(\/—sm(nn)+\/_sm( )+\/_sm( ))Z

3 = -

n=1
_ 4n*(29V15+4) 2n*

10125 * 45
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Rana Ranino-Setif-Algerie

o Z \/_sm(nn) +\/_sm( )+\/_sm (nsn))

n4

d \/_sm +\/_ ln( ))2

Z -

n=1
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z () + ssin® () + 2TBsin (3F)sin () _

n4

cos (ZnTn') — % cos (215111) + /15 cos (Znn) V15 cos (8;1571

3| -
+

M8
hﬂu)

nt
n=1 n=1
i 2n1t cos cos (Znn) “. cos (811_11)
st 2 15 _\15)
Z -2 z + v—z «Ez -
Using Fourier series:
= sin2nx) w
—_— = €
z - > x,x € (0,m)
n=1
Integrating both sides gives:
1% cos(2nx) mx x2
sy = -t
2 n 2 2
n=1
. 0.C 1w 1 ? i cos(2nx) N ?
when x = =—= - ————— =x"—nXx+—
1 22 n2 12 n2 6

n=1
Integrating both sides gives:

sm(an) x3 mx* m’x
Zz ———+—+C2,(C2=0)

2 6
sin(2nx) 2x3 wlx
Z -3 Nt
n=1

Integrating both sides gives:

4 2,2

had 3
1 cos(2nx) x* mx® mx

22, " 6 3 6

n=1

+C3

s 0cy= 1572
whenx =0:C3 = —= —_ = ——
ann

2

3 ()_icos(an)_ x* 2w 1t2x+
= n* 3773 3 ' 90

71'4

n=1
T 13t &m B 29t Ty 2983n* /4nm B 497
(E) ~ 2430’ (E) ~ 11250’ (1_5) ~ 303750’ <1_5) ~ 303750
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2nt 3 5 4
0=25-3/3) -3/ (3)+ V15 (5) -5/ (53)

Therefore,

i (\/T sin(mn) + V3 sin (%n) ++/5 sin (%n))z _ 4n4(29\/ﬁ + 4) N 2t

n* 10125 45
n=1

1885. Find:

Q(m) = }gg <(n+m)m+1 B (W)mH) . tanm%

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by Marian Ursarescu-Romania

Q(m) = lim ((Mm)mﬂ - (W)mH) : tanmg =

n+1/ m+1
= lim (W)'"“ <($) — 1> . tanm%; (1)
n-o n!

n

V! alnlcp.. (m+1)! n . n \* 1
fim == fim o = i ey = im ) =@

T m
. T m Yn! tan— 1 m. gm
lim(\/m-tanz) =lim<—- n"-n) (E-l-n> =e—m:(3)

n—oo n _

n
m+1 log<<%f_f1)!>m+l> m+1
fim [ (Y @+ D! e " -1 "+ 1)!
im\ () )= lm— ey o8| —
n! o < \/m> n!
B\
=limn(m+1)-log <n£n—\/_-:_1)'>
n-oo n!
=(m+1)-limlog ("— (,;/1_4'_1)'> =
n-o n!

=(m+1)-limlog <n—“(n-|l_1)'> = (m+1)-lim 10g<(n +'1)! — 1 ) =
n-o n. n-o n. Y m 4+ 1)!
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n+1
=(m+1)- limlog(—) =(m+1) -loge=m+1;(4)
n-o Y/ (m+1)!

From (1),(2),(3) and (4), we get:

" m+1 n m + 1 m
Q(m) = 1111_5?0 ((" Vin+ 1)!) " (Vn!) +1) .tanm% = (meTzn
1886. Prove that:

k o o
SIS
s (m+n+2)3 6

Proposed by Syed Shahabudeen-Kerala-India

ZE(m+n+2)‘I+3

2m=0n=0

o)

Il
S
§5
NgE
NgE

Uy
‘ﬁM+

(m+n+2)93

N 1 1 1 2 3 ~
B Z ((m T 2)e 1 T Gmy 3y | ) Tty T gen TS

Z =@ 3@+ D =S =@~ g+ D)

Therefore,

k+2

0= lim > (3@ - $(q+ D) = lim(§(2) - §(k +3)) = @) — 1
q=2

n—”z 1
T 6

A generalization of the above problem for s > 2:

. oo oo 1
Jim Z Z (m+n + 2)a+s+1 {s)~-1
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1887. For 0 < b < a find Q such that

= an ko (ix)"k"™
Q _ - ~
€ _z(b) Z n! X ER
k=—o0 n=0

Proposed by Tobi Joshua-Nigeria
Solution 1 by Adrian Popa-Romania

n=0 ' n=0
LAk AR el L o ay -
z (B) = (E) e'™ = 2 (E) (cos(kx) + isin(kx)) =
k=— n=0 | k=— k=—o0
L ©ank
= Z (E) cos(kx) = 2 Z (B) cos(kx)+1
k=—o k=—o0
S, = Z (E) cos(kx),S, = Z <5) sin(kx)
k=—o0 k=—o
Sl+iSZ=Z<—(cosx+isinx)> =Z(—ei") =—ex. B = ab =
= \? = a 1-5e 1-_e™
b . b .b .
E(cosx+lsmx) _ gcosx +i_sinx

b . - b .b .
1—a(cosx+lsmx) 1—Ecosx—lasmx

b .b . b .b . b 2 b,

(Ecosx+lasmx)(l—acosx+lasmx)=Ecosx—?—lasmx
b 2 pz _ob b2

(1—Ecosx) +_zsin?x 1-2,cosx+_3

2

b COosS X
a a?

51:
b b?
1—Zacosx+?

2 2
22cosx—2b—Z chosx—2b—2+1—22cosx+2

Q a a _Ta a a a __

¢ b pzt1= b b? =
1—Zacosx+? 1—Zacosx+?
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b? b?

ez 0 1Tz
N b b? = log b?
1—Zacosx+? 1—Zacosx+?

Solution 2 by Akerele OIofin-Nigeria

b |k| nkn ® ; nkn ® 'k n ]
o0 Z (lx) XER P (ix) _ (ikx) _ pikx
n! n!
k=—o0 n=0 n=0
Z (b)"" tox _ i (”)'k' (cos(kx) + i sin(kx)) =
2. \a —_ =) (cos(kx) + isin(kx)) =
z ( ) cos(kx) + 2 ( ) sin(kx)
Recall cos(—x) = cos x and sin(—x) = — sin x, we get:
> by SN
= z (E) cos(kx) =2 Z (E) cos(kx) +1
k:— k=1
- (by\¢ Sy C (bei*\
A=Z(—> cos(kx) =R Z(—) e | =R Z =
= pes i P AN
. be™ \ ( b cos x + ibsinx )_ ab cos x — b?
~ "\a-bei*)  "\(a—bcosx)—i(bsinx)) a?+ b%—2abcosx
o ab cos x — b? 1 a’+b*-2b*> a? — b?
"~ “a?+ b%2—-2abcosx " a?+b%2—2abcosx a?+ b?—2abcosx
Q = log(a? — b?) — log(a? + b?> — 2ab cos x)
1888.

n
1 :
If (xn)n>1, Xp = Z tan! (W) then find:

=1
= lim n'__ (Zn 1!
n-o \ 4

Proposed by D.M. Batinetu-Giurgiu-Romania
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Solution by Marian Ursdrescu-Romania
2

Q= llm <n——xn> Y2n-1!I = llm( +xn) (E—xn)n-n—"(zn_l)”;(l)

2 n
,/(Zn 1)” n (Zn 1)” ¢ D 2n+ 1! n"
n—>oo n—>oo(n+1)"+1 (2n — 1)”
. 2n+1 n 2
= Hm-T (n+1) =¢ (2
n X 1 1
_ _ k—1 k
xn=tan11+2tan1(1+k(k 1)) +Ztan1 —1 =
k=1 (k— Dk
- 1 1 1
T (4 (4
_* 1 _ 1)\ == 14 _ 12 _2_ -1
= 4+kZZ<tan ( ) tan (k)) 4+tan 1 —tan no 2 tan n

T T
:’limxn=5:’lim(i+xn)=n;(3)

n—->0oo n—->oo
T _x X Tix
) E_ 1 7_ n_ . 7_ n+1_7 n
lim (5= %) n = lim 25— = lim £—5—%
n n+1 n
1 T 1 1 1
_r -1_1 T 11 _ -1_1 11
~ lim > — tan nritT2 tan n_ tan n+1+tan n_
n—oo n—-n-—1 n—oo 1
nn+1) nn+1)
-1 -1 .1 -1
1 1 1 (x + 1)2 1 x2
— -1 -1= 1+ 1+
— lim tan g 1+tan X L/=H . (x + 1)2 2 _
xX—00 1 n—-oo _ 2x+1
x(x+1) x2(x + 1)2
1 1
. x+DZ+1 2+1 -(2x+1) xP(x+1)?
= lim = lim =1;(4
x>0 _2x+1 o ((x+ D2+ D2 +1) —(2x+ 1)
x2(x +1)2

From (1),(2),(3) and (4), it follows that:
2

(4 2 2T
Q= 1im<z—x,%)",/(2n—1)u =n-z-1 =—
n—oo

e
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1889. Find:

0 i m+1)-"Ve2n+ DI —n-Y2n- 1
= 11m
n-co Vn!

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by Marian Ursarescu-Romania

m+1)-"Y@n+ DI -n-Y2n-DI _

Q = lim

e Vnl
w/(2n 1)" n+1 "Y2n+ 1)
= lim e —1{;(1)
ne @n- D
\/ (2n 1)” n (Zn 1)” c-D’ A (2n + D! n"
n—>°° n—>oo (n+ 1)”+1 (2n - 1)”
2n+1 n 2
:n—>oon+1 <n+1) :E;(z)

n . n[n"c-pa.. (m+ 1)"+1 n  m+1\"
lim =lim |— = lim————— = lim (—) =e;(3)
n—-oo n,/ n! n-oo _| n! n—-oo (n + 1)' nn n—oo n

n+1
n+1 "J@2n+ 1! 1] [ n+1. \/(2"+1)”> 1]
- e

=limn

limn

n—oo

n. nf(zn-1)!
n (Zn 1!

o (n_+1_n+1\/(2n+1)!!>
e B\ "(2n-1)! 1

i e (n+1_"+1/(2n+1)!!>_
_""°°l n+1_"+1\/(2n+1)!! E\™n Y(2n—-1)! B
C\Tn amo o
. n+1\" ("VEn+ D\
-tmnn(() (St ) )-
i ) 2n+ 1)1 1 B
T et °g<< +n> 2n—- D! m)‘

1 I 2n+1 n+1 (1)l ( 9 e) 2; (4)
=10 ime - - =10 e: e ) = ;
AR mV@2n+1)! 8 2
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From (1), (2), (3) and (4), it follows that:

C (n+1D)-"Y@n+ Dl —n-Y@2n -1

Q = lim — =4
n-oo vn!

1890. If we define the function S(n) forn > 0

S(n) = joo sin(mrx?) sin? (% x(n + x)) dx

then prove the sum:

0

Sm) m?
Z = —m<1+16\/§—3/2—\/§>

n=

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Rana Ranino-Setif-Algerie

s(n) = j-oo sin(mx?) sin? <%nx(n + x)) dx =

1r° 1%
= EJ sin(nmx?) dx — Ej sin(mx?) cos(mx62 + nnx) dx =

—00

T
V2
L inezme + )d+1f°o'( )d
=————| sin@rx?+nnx)dx+~=| sin(nmx)dx
2\/5 4 -0 4—00

A

=0-o0dd function

n

1 ® 5 n2 mn? 4 y=x+7
= J_oo sin n(x +Z) - T X =
7l'n2 [o%) ] ) ] n.nZ 1) )
= oS | —o— f sin(2my”) dy — sin 8 f cos(2ny®)dy =
1 nn? . (mm®\\ 1 (m mn?
=5|cos| 5 sin | — = \/ism R

sy = L (E_”_"Z>
n _2\/5 4-\/ESIII ) 8

141 RMM-CALCULUS MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

- - w .. (T TN?

ZS(n)_ 1 1 1 ¢M™Ma"8) i a
s n? o 2V2Lun? 424 n? 12V2 42

1

. I
Sll’l§ _ \/E + (period=8) —

72 82

422

_ ﬁ <¢(1) G) —p® (%) +p® (%) _ lI,(1)(1)>

42

3

Q- VZni2 V2w

32 482
is(n) _m? 1 (\/fnZ\/Z—\/f ? >=

n?2  12y2 42 32 482

w2 \2mA2 -2 N 2
482 32 348

Therefore,

* 2
Zsr(g)zfﬁ<1+16\/§—3 /z—ﬁ)
1

n=1

1891. Find:

Q f Y dx [] — GIF
= L] — .
1 e[2x+%]

Proposed by Daniel Sitaru-Romania
Solution 1 by Asmat Qatea-Afghanistan

4n-1 4n-1 4n+7
—,a,=—+1=
g ' M 8 8

1
Let2x+Z:n:>x:
11

g 1 M+l 1 21 1
ﬂ——j —dx + j dx+J dx =
2 1 . 1
1 € e[2x+1] el 43” e[2x+I]

n=1"9n
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=(——1) —+z(an+1 an) Jl67 de:

3 < (4n+4+7 4n+7) 1 ( 167) 1
B 8 8 /| en? 8

S
1l
[y

39

3 1 1 1 _3 1 g
,2 e2-e" 8el? 8e? 22 1_,  8e
= e

Solution 2 by Florentin Visescu-Romania

21 d u=2x+l 117
ﬂ:f xl( =4)Ej;4e_[”]du=
1 e[2x+4] i

169

13 1t 1 (%2 172
=—f e‘zdu+—f e‘3du+---+—f e‘41du+—f e du=
2)3 23 2 )4 2 a2

1 9 169
— _ R P -3 -4, . -41 _ 42) -42 | _
2((3 4)e +e?+e *+--+e +(—4 e

1(3 1 e* -1\ 1/3 1 e®—e?
=—<—e‘2+—e‘42+e‘3-—>=—<—e‘2+—e‘42+ﬁ>=

2\4 4 e’1-1 2\4 4
3 Se 42 —e™l _4e3 4372 -3¢71
- 8(1—e)

Solution 3 by Ravi Prakash-New Delhi-India
1 1
2 dx (=2rg)1 (rade 1 k+1dt 124 dt
o [ L A [ -

e[2x+—
H1-07) 4]

4
1 3 Z 1 1| 13 1 ¢ .\
e2 4 et 4 _2[4 e? 1-1 e42J
k=3 e

_ 3 + 1 4 1 1 1]
" 8e? 8e*? 2e2(e—1) e3?
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1892. For R(n) > 0 prove that:

1
jo x™ + x"‘llof?c-- +x+ 1 [tp(l) ( ) L ( )]

Proposed by Muhammad Afzal-Pakistan
Solution 1 by Daniel Inmarube-Nigeria

fl log x Dy — 1 1-x)logx B
Xt It txtrl )y A—0G )T

_fl (1-x)logx  (x-xm 1J1 log x 3
a1 - x2) T T n 0 X" 1(1—x) *

11 logx 1 =
= — —_—  dx=—(-1 an a+n—1d —
n,l;, xm1(1 + x) w2 -1 L x x

=%(_1)nn§;a:—n=ﬁ(_ )n;a:—n=
-2 (00000 () =+ G) v ()
Solution 2 by Samar Das-India

ﬂ_[l log x 4 _fl log x dy —
oy a4 x 41 x= o 1—x" *=

1—x

_jl( 1 X )l dy = 1(1—x)logxd
A T BT ) T e

1 [ee] (00
(r=a")
:f ( E rk—x r")logxdx =z
0

k=0 k=0

1 [ee] co co 1
= j (z xlm — z x""”) logxdx = Z J (xmk — x"k+1) Jog x dx =
0 \i=o k=0 k=0"0

xnk+1 xnk+1 xnk+2 : xnk+2 1
- mk1108% mk+12) \nk+2 °2* " mk+ 2)2 .
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ey o)

Solution 3 by Hikmat Mammadov-Azerbaijan

1 log x 11-x)logx
“=j g dx=j( ) log
0 0

xt+ a4 x+1

a0 ) - ()

1 xlogx
dx—J dx=M—-N
0 x

1 logx 1o
sz & dxzf E @+ D Jog x dx =
0 0 3

1

j=0

oo e 1
= Z f Ky (n+1) (i xt|,0 xt) dx = i le<o Zf @D+ gy —
0 dt dt o

It °+Z(n+1)]+t+1 Z(n+1)]+1

1
xlogx
N =j xgn+1 f fo("”)“logxdx =
0

1

j=0

1
E|t=°+z(;(n+1)j+t+z_
]:

Hence,

_Z[
j=0

o)

— Zf x]'(n+1)+1 (ixt|t=0+xt> dx = i |t=0 Zf x(n+1)rj+t+1dx —
0 dt dt = Lyl

1

(n+ 1)j + 2]?

Q‘jl log x dx = Z N
T o At am 4 p x4 1 x= [(n+1)]+1 o (n+1)]+2

Jj=

(e} 1 (o]
z 1 2+Z

j=0 (n + 1)2 (

~Gr e[ ) 0 ()

+ N 1
P (z) = (1) 1m!;m
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1893. Find:

oo

xlog(1+ x)
(x+1)(x2+1)

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Ankush Kumar Parcha-India

“ xlog(1+ x)

1+ x2

| _j°°log(1+x)
17 )y 1+4x

1+ x2

s

jmlog(l + x)
L=| ———=
0

o |
X =
o (x+1D(x%*+1)
i | 1+
29:f 0g(1 + %)
0

[0e]

y log(1 + x)

[ee]

log x
dx — 8

dx

o (1+x)(1+x%)

o (1+x)(1+x32)

log x

_j:

dx; I

(0]

1+ x)(1+x2)

dx; (1)

log x

2 2 —

o (1

+x)(1+ xz)

x=tany Jflog(l + tany)
~Jy 1+tan?y

T

ccydy =

2 2
= f log(sin x + cos x) dx — f log(cosx) dx =
0 0

T
fZ
0

Zlog2+

i

Z1 log2 [*d
1 og2 — ogzj_E x+R
1

s

4

d ( 1)n+1

—log2 +§R{

NN

s

log [\/Ecos (g— x)] dx — JE

0

i3 1+ e 2% z
Zlog2+£R f__log e ix dx;—R L log

{ f ilog(l + e72i) dx}

e‘zni" dxi— R
_r
7}

e

i T
elnz _
2in

s

—ing
— R

logcosxdx =

2
logcosxdx—J logcosxdx =
0

1+e 2
T) dx( =

{ log(1 + ™) dx} glogz

2 f _zmxdx}:
n+1 [ p—inx
Z( ; ( Zm)

1)n+1

0
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( 1 n+1
=—log2+z sm—:>

“log(1 + x)
fy = [o80 0
0

/4
dx =Zlog2+G

1+ x?
* log x 1 log x * log x
I, = dx = dx + dx =
27 ), A0+ T, Grona+a ), Groa+a)™
_Jllogx( 1 N 1—x)d +J°° log(y) ( dy)_
), T2 U142 Ty 92\ y2) T
y oy

o 1+x T2,

111 111 110 dx 1 1+ 1
‘zf ogx . f ogx . zj g(\/—)_x__j logx( x )dx
0 0

1 + x2 1+x 2 2 1+x2 1+x

3 (llogx 1 (llogx 1 (lxlogx 1 (llogx 1 (llogx
2 (flogx,, 1 [togx, 1 (‘xlogr, L (tlosx, [ ogr,
8/ 1+x 2 )y o 1+x 2)p 1+x 2)y 1+x

1+x°72

7 (tlogx 1 (llog(v/x)dx 3 (llogx

_f g dx‘if g(\/—)__f B8, _
0

T8y 1+x 4), 1+x

1+x 2 4),

3 1
=ZZ(—1)"f x"log xdx
n=0 0

o (-1)"n!
jox log xdx=m,m¢—1,n>—1

1n 2
1) 11(2)———(1 271)(2) = ——

I, = —
z 4 (n+1)2 16

By adding I, I, and put the value in (1), we get:
2

(4
20 =—l 2 —
4og +G+16

_ m®+16G +mlog 16
- 32

Solution 2 by Togrul Ehmedov-Azerbaijan

(" xlog(1 + x) (" log(1 + x) @ log x
‘jo x+ D2+ 1) x‘JO x+ D02+ 1) J GrDE+ D
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“ xlog(1+x) “  log(1+x) e log x
Zﬂzf 5 X f 5 x—f 5 dx
o (x+1)(x%+1) o (x+1)(x*+1) 0o (x+1)(x*+1)
“log(1 + x) « log x
20=| ——dx- =11
,/;, x2+1 . 0 (x+1)(x2+1)dx 172
“log(1 + x) 4
Il—J(; de—G-leng
I = @ log x _j°° log x @ xlogx de =1 [
27 ) @+ 0T ), 2 1T T ), GrneE+ T e 2
“ logx
Iza—.l;)xz_l_ldx—o
1 _f°° xlog x d —nz 20 =1 1 —G+nl 2+ﬂ:2
=] GrDEE+D T T 16 —hT =T ess T Ie
a="logz+ ™+ &
g 8% T327 2
Solution 3 by Daniel Immarube-Nigeria
® xlog(1+x) “  log(1+x) @ log x
Q= 5 x = 5 x— 5 dx =
o (x+1)(x*+1) o (x+1)(x*+1) o (x+1)(x*+1)
=01 —Q,
“  log(1+x) 7
_ og(l+x) . x-tanx (2 _
Q= , (x+1)(x2+1)dx = Llog(l—l—tanx)dx—

T T
= JOZ \/Elog (cos (x — %)) dx — Jozlog(cos x)dx =

T w

n n n
= joz V2dx + LZ log (cos (x - g)) dx — leog(cos x)dx =

0
14 s

4 4 2
= Zlog 2+2 j log(cos x) dx — J log(cosx) dx =
0 0

T w

4 4 2
= Zlog 2+2 j log(cos x) dx — J log(cosx) dx =
0 0

gz 422l (2(T)) = log2) + Flog2 =
~2°8 22 (4) 4 08 2 °8°7
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= %mgz + Cl, (g) —Elogz +Elog2 = glogZ + Cl, (;)

Q °° log x f°°log(1+x) ® xlog(1+ x) _
2= 0o (x+1D(2+1) = 0o 1+x2 x o (1+x)(1+x2) x=

1f°°log(1+x) +1 °° log x
o 1+x2 XTZ) Arna+ad)

2
1(m T 1 Ixlogx llogx
—E<Zlog2+Clz(E)>+§<—j; 1+xdx+f0 1+xdx>—

1/n T 1 = (=1)" > (—1)m 1
=E<Zl°g2 + el (E)> +i<‘n=0m+n=0(n+ 1)z> =
2 2

—(Frog2+ ¢t (5) )+ 3 (- ) = 2 (Z10g2 + ¢t () 1
—2\2'°8 2\2))"2\a8 " 12) T 2\2 %8 2\2)) 7216

_ T rog2 4+ Lci (”) m
—g 84T 3%2\3) 733
2

Q =§log2 +Cl, (—)—glogz ——Clz (n)+:—2=

dx =

7.,'.2

32

1894. Let t = 0 and (a,,),>1, (b,),,>1 sequence of real numbers strictly
positive such that:

= glogz +%Cl2 (g) +

a b
lim tn+1 =a>0,1lim t+711—+1 b > 0.Find:
n-ont-a, n-won b,
Q = lim n+1“ bui1 — Vbn

n-oo 7Va_n
Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by Marian Ursdrescu-Romania

Q= lim n+1‘ ntl \/—
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lim = lim ;1 (2
n-on - 'Va_n n-oo n”l '{/a_n ( )
l- n[bn B l. n bn C—BIA l- bn+1 nn(t+1) _
nl_f?o nt+t1 n‘_{g nn+) ,,L‘?o (n+ 1)@+D@E+D b,
n n(t+1) b nttl 1 b
=lim (—) =——b1=—=;(3)
n' n |t ¢_p’ (n+ 1)Vt g
lim = lim |— ‘2% jm——2 T _
n-oo N an n—oo an n—oo an+1 nnt
= lim <n+1)m.annt.(n+1)t—et.1.1 —e_t- 4)
nowo\ N A nt a a’

From (2), (3) and (4) we get:

n+1
log +n\/bn+1
nfe bn 1
n+1 n+1
b b
limn <—bn+1 - 1) = lim lOg—\/b_n-l-1 =
n—-o0o n
n

= lim nlog = lim log b
n—oo n

n—oo TVb_n

_ - bn+1 1 _ - bn+1 nt+1 _
= log| lim . = log| lim . =

+1 t+1 . +1
noo by by oo by b,

_ . b nt+1 (n+1)t+1 (i)l b1 et+1 _, 1 (6
= log| 1m (n+ 1)t+1 n+m = log b |- +1;(6)
From (1), (5) and (6), we get:

_ t+1 b

b
Q=—(t+1)=——
ae(t+ ) e a
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1895. Let a,, = V2! - V/31- ...- ¥Yn! € N* — {1} and (b,,),»1 a sequence of real

. . i b, .
numbers strictly positive such that lim —2%*~ = b > 0. Find:

n—oo bn'7Va_n
Q = lim(""by 1 — Vby)

n—>oo

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by Marian Ursarescu-Romania

n+1
Q= rlli_)lg(n+1/bn+1 _ %) — LL%%(A_ 1) =

/b
n n+1
= lim ‘/b—"-n< . Puis _ 1);(1)
n-oco N \/b_n

limn“ bu _ imnﬁC_BIA lim—anrl 'n—n—lim( n )n.b"“. T _
noo N nowo [N neo(n+ 1)1 b, now\n+1 b, n+1

1 . bn+1 n A an 1 . n|Ap b . An+1 n"
=—lim . - =—-blim |[—=—-lim —7——-—=
ensop "fg m+l n e noo\Nn' en-o(n+ 1)1 q,

b L G n" b "+1\/(n+1)!_( n )”_

en-o a, M+ 1L en-» n+1 n+1

. Yn_ b nnl b (m+1)! n"
i T eam = e im e Ty T T
n

_ 2 \im lim (=) = %; )

oS
Q| =

ez n-ooon-o \n + 1
n+1
Vb
logn—n+1
nle bn 1

limn

n—oo

52)-

= lim nlog

n—oo
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b 1 b ",/a
= log| lim ntl, = log| lim ntl .

_ b i Ma, m n+1 (2)l b. 1 L e3
SlB\ IR TR n+1 " bq 08

e? b
. b
loge = 1;(3). From (1), (2) and (3), it follows that Q = =

1896.

Let (a,),-1 be a sequence of real numbers strictly positive such that

! _ aandletb,(x) = nsin** / cos? x / cos? x
n-ooNn-a, n( ) < n+1

llm

Vx € R,n € N*. Find: lim b,,(x).
n—-0oo

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by Adrian Popa-Romania

’ cosZ x
n+1 2 n 2 2 n+1
(x) — psin x( \/a;(:_slx _ \/aﬁos x) = nsm x . ’a;:los S e |
’acos2

cos x 2, cos2
2. n R Ani nlagostx n+1
=nl—cos X, acos” x —_1 -1
n nncos? x /

acos2 acosz
n cos? x cos? x n cos2 x

1i a C-D i Ani1 . n

m ncos?x ! (n+1) cos? x cos2 x

n-o \n n-o (n + 1) as

2 2
~ lim (an+1 ( n )n. n )cos x _ (a)cos x
nbo\n-a, \n+1 n+1 e
n+l COSZ X
n+1
log:
1] cos? cos? x nt cos2 x
. ani1 e n -1 ani1
limn| —-1|=limn log =
[ee] [ee]
" " acos’x e nt acosz x acos?x
n n+1
log
acosz x
n
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n+l cos2 cosZ
n+1 n+1

=limn- log = lim log

aCOS a;;lOS X
2 2 2
cos? x cos? x
. an+1 . An+1 cosmx n
=log| lim 1 = log| lim — | =
e acos? x(acos2 +1 noe ANt ay (acos2 x)n+1
n n+1 n+1
a cos?x .1 nm+1) cos? x e cos’x
=1 li n+1 ] e | cos?x . (= _ 2
= 108 1m cos?x =logla = COSs™ Xx
n—oo .
n-an Ani1 a
Therefore,
a cos2x
Q= (—) - cos? x.
e
1897. Find:
H
n
Q= lim

n—oo n(HZn 1 2Hn—l)

Proposed by Daniel Sitaru-Romania
Solution by Syed Shahabudeen-Kerala-India

Y H, li H,
= lim = lim =
nooN(Hyp-1 — 2Hpq)  mow 1
n|Hy 1—2 (Hn —ﬁ)
y Ho y 1
= 11m = 1m
n—oo nHZn_1 - ann -1 n—oo nHZn—l 2n — i
H, H,
. Hyn g 2
H
Here: lim n( n-1_ 2) = lim ———
n—oo Hn n—oo l
n
11
lim Hyp, 4 Cesaro=s \. Hypi1 —Hzpq lim 2t+1 " 2n _ 4
n—-oo Hn n—oo Hn+1 — Hn n-oo l
n

HZn—l
! H

n—>oo n
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lim—=0
nl—>oo H,
Therefore,
Hyp, 4 1 1
lim(n —2n——):0:>ﬂ=lim =0

H, L.
1898. Find:

1 -1 1
Q:j J(x2+2x + x)lo (1+—)dxd
0o Jo Y . x+ty Y

Proposed by Asmat Qatea-Afghanistan
Solution by Yen Tung Chung-Taichung-Taiwan

1
(*)! u=10g(1+x+y> :{dv=(x2+2xy+x)dx
. -1 v=xy(1+x+y)
= G rya+x+y)

Q—]l(x2+2x +vy?) 1o (1+L)d @
—0 yTy 4 x+y Yy =

1 1
X
+J > ay =
o Joxty

x+2 > 1
= x(2 + x) log (x-l-—l) + (xy — y*log(x + y))|, =

1
eyt ptog(14 L)
xy(1+x+y)log +x+y

x+2
=x(x+2)log(x+—1)+x—x210g(x+1) =

=(x*+2x)log(x +2) —2(x* +x)log(x +1) + x

So, we have:
1 -1 1
sz f(x2+2x +y)lo <1+—)dxd =
. ) yT)y g x+y Yy
1
= f [(x? + 2x)log(x +2) — 2(x? + x) log(x + 1) + x]dx =
0

1
1573 + x?

x+2

1
1, 1,
dx—Z(—x3 +—x )log(x+ 1)| —
3% T2 o

1 1
= (—x3 + xz)log(x + 2)| —f
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1 1
_zf 3x +3x 1,
0

dx + = x?
x+1 +2 0

- Zlog3 f1(12+1 2 e l)d > log2
3827 ) 3Y T3¥T3T3 12/ 38

tm 1 1.1 1 1
—Zf (—x +-x——+—-- )dx+—=
0

3 6 6 6 x+1 2

4 1, 1, 2 4 !
=—log3—(—x +—-x ——x+—log(x+2)>

5
9% Te* T3 73 —3log2 -

0

1, 1, 1 1 T

—2(—x +—=x ——x+glog(x+1)>| +=-=
0

9 12 6 2
=ilog3+l—ilog2—Elog2—1+llog2+1=E
3 18 3 3 18 3 2 6
1899. Find:
¢ X
Q(a) =0j(x2 +x+1)(1+a2x2)dx,aeR\{0}

Proposed by Vasile Mircea Popa-Romania
Solution by Togrul Ehmedov-Azerbaijan

X
() =Ia) = f G x+ DA +aixd) X~

_af(@?-1) X a’ f 1

= dx +
at—a?+1) 1+ a2x? at—a?2+1) 1+ a2x2

dx

az—1 f X q a? f 1 dx —
at—a?+1) x24+x+1 X at—a?+1) x24+x+1 X

1 a’-1 E}

log(1 + a%x?) + zﬁ_—larctan(lalx) -

“Zat—aZ+1 az+1
2x+1
at—az+1 2 V3 J3a*—aZ+1 73

155 RMM-CALCULUS MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 a’?-1 |a|

< - 242 _ 2
=3 +1[log(1+a x%) —log(x* +x+ 1)] +—a4_32+1arctan(la|x)

1 a’+1
V3at—aZz+1

Z}i/-g 1)

arctan (

X

I(a) = . xZ2+x+1)(1 + a%x?) d

X = )l(l_)lg I(x) — 1(0)

Hence,

az—-1

2a*— a2+ 1x-
|a| 1 a’+1 (2x+1>_

lLrg arctan(|a|x) — ﬁmll_)l?o arctan 73

1 a%?-1 tim 1 1 + a%x? : Z4x+1 + 210glal] + la|
im (log | —3 og —Z ogla

limI(x) = lim[log(1 +a 2x2) —log(x®* +x+ 1)] +
X—00

a* —aZ+ 1x

~2a%*—aZ + 1xom —az+1

n  a’+1 a’-1 T |a| n  a’+1
- T _ 2 =1 _ 2 logla| + 5 ——— - T _ .2
2v/3a*—a*+1 a*-a?+1 2a*—a*+1 23a*—-a?+1

n  a’+1
6V3a*t—a?+1

1(0) = Ix=0 = -

I(a) = - d
@) ‘Of ®Z +x+ 1) + a’x?)

X = )l(l_)lg I(x) —I(0) =

az-1 . ||+1'[ |a| n  a’+1 N n  a’+1
=— logla — — =
at—az+1 ° 2a*-a%?+1 23a*-a?+1 /3a*—-a?+1
a’-1 : ||+T[ |a| n  a’f+1
= ogla| + = - =
a*—az+1 g 2a*—-a?+1 3y3a*-—-a%2+1

_9mla| - 2vV3(1 +a®)n + 19(—1 + a?) log|a|
B 18(1 — a2 + a%) ’

€ R\{0}

1900. If 0 < a < b then:

b
y+x y+> 5 , (b)
2 2 < — 1
LLL()’+Z+}’+ dxdydz +2(b — a) 3(b+a)(b—a)“log

Proposed by Daniel Sitaru-Romania
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Solution by Ruxandra Daniela Tonild-Romania

b b b
+x +z
2[ f f (y + Y )dxdydz+2(b a)d =

y+z y+x
=2(b—a)+ j f f ((y+x) +(y )dxdydzAgM
/ 1,1 1+1
<2(b—-a)d+ k(y+x) y—+(y+z) e |dxdydz—

1 b b b y
=2(b—a)3+—j f f (2+ + +X Pl vl Zy )dxdydz—
2 a a a y

=2(b-— a)3fffdxdydz+;fbfabf:<x<$+;)+(y+z);+g+§>dxdydz
=3(b—-a)d+ Jj(bz_az(;+1)+(y+z)log + (b — a)( +§>)dydz=

_ 30 )3+1jb bz—azl b+b—a bz—az_l_bz—az1 b g+
B Pr) T2z %%q7 2 2 2 08g)%

Jb (b— @)zl b+b_ab2_a+(b )zlog— | dz =
) a)zlog - 5 a)zlog— |dz =

3,3 2 b
=3(b—-—a)’+ f(b +a)(b—a) loga
Therefore, we have to prove:

3(b — a)? +;(b +a)(b— a)? 1og§ <3(b+a)(b—a)?log (Z) o
3(b—a)d < ;(b + a)(b — a)? logg =3

b
bta b _ 2 <log5®
og b+a b—a

—a<
b—ac< >
b+a b—a

=
2 logb —loga

:Va,b >0
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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