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501.  

 

                   𝑶𝑨𝑩𝑪 −tetrahedron 

 

         ∢𝑨𝑶𝑩 = ∢𝑩𝑶𝑪 = ∢𝑪𝑶𝑨 = 𝟔𝟎° 

 

                  𝑶𝑨 = 𝑶𝑪 

 

𝑲,𝑳,𝑴 −centroids of 𝚫𝑨𝑩𝑪, 

𝚫𝑶𝑩𝑪, 𝚫𝑶𝑨𝑩 and  𝑨𝑳 ⊥ 𝑪𝑴 

 

Find: 𝑶𝑲 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Plagiogonal system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛. 

Let 𝑶𝑩 = 𝟑𝒃, 𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝟑, 𝟎, 𝟎),𝑩(𝟎, 𝟑𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝟑) 

𝑲(𝟏, 𝒃, 𝟏), 𝑳(𝟎, 𝒃, 𝟏),𝑴(𝟏, 𝒃, 𝟎), 𝑨𝑳⃗⃗⃗⃗  ⃗(−𝟑, 𝒃, 𝟏), 𝑪𝑴⃗⃗ ⃗⃗ ⃗⃗  (𝟏, 𝒃,−𝟑) 

𝑨𝑳 ⊥ 𝑪𝑴 ⇒ 𝑨𝑳⃗⃗⃗⃗  ⃗ ⋅ 𝑪𝑴⃗⃗ ⃗⃗ ⃗⃗  = 𝟎 ⇒ 𝒃𝟐 − 𝟐𝒃 − 𝟏 = 𝟎;𝒃 > 0 ⇒ 𝑏 = 1 + √𝟑 

𝑶𝑲𝟐 = 𝟏𝟐 + 𝒃𝟐 + 𝟏𝟐 + 𝟏 ⋅ 𝒃 + 𝒃 ⋅ 𝟏 + 𝟏 = 𝟖 + 𝟒√𝟑 ⇒ 𝑶𝑲 = 𝟐√𝟐+ √𝟐. 

502. In ∆𝑨𝑩𝑪 the following relationship holds: 

   ∑ √
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝟑

𝒄𝒚𝒄

≥
𝟑

𝟐
(𝟏 +

𝟒𝒓𝟐

𝑹𝟐
).   

Proposed by Marin Chirciu-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝑩𝒚 𝑮𝑴 −𝑯𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

√
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝟑

= √𝟏. 𝟏.
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝟑

≥
𝟑

𝟏
𝟏+

𝟏
𝟏+

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒎𝒂
𝟐 +𝒎𝒃𝒎𝒄

=
𝟑(𝒎𝒂

𝟐+𝒎𝒃𝒎𝒄)

𝟐𝒎𝒂
𝟐 + (𝒎𝒃 +𝒎𝒄)

𝟐
≥⏞
𝑪𝑩𝑺 𝟑(𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄)

𝟐𝒎𝒂
𝟐 + 𝟐(𝒎𝒃

𝟐 +𝒎𝒄
𝟐)

 

𝑻𝒉𝒆𝒏 ∶   √
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝟑

≥
𝟑(𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄)

𝟐(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐)
  (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒖𝒔,   ∑ √
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝟑

𝒄𝒚𝒄

≥
𝟑

𝟐
.
(𝒎𝒂

𝟐 +𝒎𝒃
𝟐 +𝒎𝒄

𝟐) + (𝒎𝒂𝒎𝒃 +𝒎𝒃𝒎𝒄 +𝒎𝒄𝒎𝒂)

𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐

=
𝟑

𝟐
(𝟏 +

𝒎𝒂𝒎𝒃 +𝒎𝒃𝒎𝒄 +𝒎𝒄𝒎𝒂

𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐

) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒎𝒃𝒎𝒄

𝒄𝒚𝒄

≥∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

=
𝟐𝒔𝟐𝒓

𝑹
≥ 𝟐𝟕𝒓𝟐  𝒂𝒏𝒅  

 ∑𝒎𝒂
𝟐

𝒄𝒚𝒄

=
𝟑

𝟒
∑𝒂𝟐

𝒄𝒚𝒄

 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 
𝟑

𝟒
. 𝟗𝑹𝟐 =

𝟐𝟕𝑹𝟐

𝟒
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑ √
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝟑

𝒄𝒚𝒄

≥
𝟑

𝟐
(𝟏 +

𝟐𝟕𝒓𝟐

𝟐𝟕𝑹𝟐

𝟒

) =
𝟑

𝟐
(𝟏 +

𝟒𝒓𝟐

𝑹𝟐
). 

503.                                                                          𝑶𝑨𝑩𝑪 −tetrahedron 

                                                                       𝑶𝑨 = 𝑶𝑩 = 𝑶𝑪 = 𝒂 

                                                                ∢𝑨𝑶𝑩 = 𝟒𝟓°, ∢𝑩𝑶𝑪 = 𝟑𝟎°, 

                                   ∢𝑪𝑶𝑨 = 𝟔𝟎° 

                                                                                𝑨𝑫 =
𝒂

𝟐
, 𝑩𝑬 =

𝒂

𝟑
, 𝑪𝑭 =

𝒂

𝟒
 

                                                                           𝐅𝐢𝐧𝐝: ∢(𝐃𝐅, 𝐁𝐂) = 𝛉 =? 

 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 

Plagiogonal 3rd system 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎),𝑩(𝟎, 𝒂, 𝟎), 𝑪(𝟎, 𝟎, 𝒂) 

𝑫(
𝒂

𝟐
, 𝟎, 𝟎) , 𝑬 (

𝟎, 𝟐𝒂

𝟑
, 𝟎) , 𝑭 (𝟎, 𝟎,

𝟑𝒂

𝟒
) 

𝑫𝑭⃗⃗⃗⃗⃗⃗ (−
𝒂

𝟐
, 𝟎,
𝟑𝒂

𝟒
) ,𝑩𝑪⃗⃗⃗⃗⃗⃗ (𝟎,−𝒂, 𝒂) 

𝑫𝑭⃗⃗⃗⃗⃗⃗ ⋅ 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝟎 + 𝟗𝟎+
𝟑𝒂𝟐

𝟒
+
𝒂𝟐

𝟐
+
√𝟐

−𝟐
+ (−

𝟑𝒂𝟐

𝟒
)
√𝟑

𝟐
+ (−

𝒂𝟐

𝟐
)
𝟏

𝟐
=
𝟒 + 𝟐√𝟐− 𝟑√𝟑

𝟖
𝒂𝟐 

|𝑫𝑭⃗⃗⃗⃗⃗⃗ |
𝟐
=
𝒂𝟐

𝟒
+
𝟗𝒂𝟐

𝟏𝟔
+ 𝟐(−

𝒂

𝟐
)
𝟑𝒂

𝟒
⋅
𝟏

𝟐
=
𝟕𝒂𝟐

𝟏𝟔
⇒ |𝑫𝑭⃗⃗⃗⃗⃗⃗ | =

𝒂√𝟕

𝟒
 

|𝑩𝑪⃗⃗⃗⃗⃗⃗ |
𝟐
= 𝒂𝟐 + 𝒂𝟐 +

𝟐(−𝒂)(𝒂)√𝟑

𝟐
= 𝒂𝟐(𝟐 − √𝟑) ⇒ |𝑩𝑪⃗⃗⃗⃗⃗⃗ | = 𝒂√𝟐 − √𝟑 

𝐜𝐨𝐬𝜽 =
𝑫𝑭⃗⃗⃗⃗⃗⃗ ⋅ 𝑩𝑪⃗⃗⃗⃗⃗⃗ 

|𝑫𝑭⃗⃗⃗⃗⃗⃗ | ⋅ |𝑩𝑪⃗⃗⃗⃗⃗⃗ |
=

𝟒 + 𝟐√𝟐 − 𝟑√𝟑
𝟖

√𝟕
𝟒
√𝟐 − √𝟑

⇒ 𝐜𝐨𝐬 𝜽 =
𝟒 − 𝟓√𝟐+ 𝟒√𝟑 + √𝟔

𝟒√𝟕
⇒ 𝜽 ≅ 𝟓𝟑. 𝟒𝟐° 

504. In 𝚫𝑨𝑩𝑪,𝑲 −Lemoine’s point. Prove that: 

𝑨𝑲 ⋅ 𝑩𝑪 + 𝑩𝑲 ⋅ 𝑪𝑨 + 𝑪𝑲 ⋅ 𝑨𝑩 ≤
𝟒(𝑹 + 𝒓)(𝟒𝑹 + 𝒓)

𝟑√𝟑
 

Proposed by Marian Ursărescu-Romania 
Solution by Ertan Yildirim-Turkiye 

𝑨𝑲 =
𝟐𝒃𝒄

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
⋅ 𝒎𝒂; (,𝑲 − 𝐋𝐞𝐦𝐨𝐢𝐧𝐞’𝐬 𝐩𝐨𝐢𝐧𝐭); (𝟏) 

∑𝒂𝟐 = 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓); (𝟐) 

∑𝒎𝒂 ≤ 𝟒𝑹 + 𝒓; (𝟑) 

𝒔√𝟑 ≤ 𝟒𝑹 + 𝒓 (𝑫𝒐𝒖𝒄𝒆𝒕); (𝟒) 

𝑨𝑲 ⋅ 𝑩𝑪 + 𝑩𝑲 ⋅ 𝑪𝑨 + 𝑪𝑲 ⋅ 𝑨𝑩 =∑
𝟐𝒃𝒄

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
⋅ 𝒂𝒎𝒂

𝒄𝒚𝒄

= 
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=
𝟐𝒂𝒃𝒄

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
∑𝒎𝒂

𝒄𝒚𝒄

≤
(?) 𝟒(𝑹 + 𝒓)(𝟒𝑹 + 𝒓)

𝟑√𝟑
 

𝟐𝒂𝒃𝒄

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
∑𝒎𝒂

𝒄𝒚𝒄

≤
(𝟑) 𝟐𝒂𝒃𝒄

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
(𝟒𝑹 + 𝒓) ≤

(?) 𝟒(𝑹 + 𝒓)(𝟒𝑹 + 𝒓)

𝟑√𝟑
 

𝟐𝒂𝒃𝒄

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤
𝟒(𝑹+ 𝒓)

𝟑√𝟑
⇒

𝟐 ⋅ 𝟒𝑹𝒓 ⋅ 𝟑𝒔√𝟑

𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)
≤ 𝟒(𝑹 + 𝒓) 

𝑹𝒓 ⋅ 𝟑𝒔√𝟑

𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓
≤

((𝟒),𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) 𝑹𝒓 ⋅ 𝟑(𝟒𝑹 + 𝒓)

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓
≤ 𝑹 + 𝒓 

𝟏𝟐𝑹𝟐𝒓 + 𝟑𝑹𝒓𝟐 ≤ (𝑹 + 𝒓)(𝟏𝟐𝑹𝒓 − 𝟔𝒓𝟐) 

𝟏𝟐𝑹𝟐𝒓 + 𝟑𝑹𝒓𝟐 ≤ 𝟏𝟐𝑹𝟐𝒓 − 𝟔𝑹𝒓𝟐 + 𝟏𝟐𝑹𝒓𝟐 − 𝟔𝒓𝟑 

𝟔𝒓𝟑 ≤ 𝟑𝑹𝒓𝟐 ⇔ 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) 

505. Let ∆𝑫𝑬𝑭 be the pedal triangle of incenter in 𝚫𝑨𝑩𝑪. Prove that: 

√
𝑬𝑭

𝒉𝒂
+√

𝑭𝑫

𝒉𝒃
+√

𝑫𝑬

𝒉𝒄
≤ √𝟐𝟕

𝟒
⋅
𝑹

𝟐𝒓
 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

  𝑳𝒆𝒕 𝒂 = 𝑩𝑪, 𝒃 = 𝑪𝑨,  

𝒄 = 𝑨𝑩 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆 𝒍𝒆𝒏𝒈𝒕𝒉𝒔 𝒐𝒇 ∆𝑨𝑩𝑪 𝒂𝒏𝒅 𝑭 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑨𝑩𝑪. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 𝑨𝑬 =
𝒃𝒄

𝒂 + 𝒄
 𝒂𝒏𝒅 𝑨𝑭 =

𝒃𝒄

𝒂 + 𝒃
.  𝑩𝒚 𝒕𝒉𝒆 𝑳𝒂𝒘 𝒐𝒇 𝒄𝒐𝒔𝒊𝒏𝒆𝒔 𝒊𝒏 ∆𝑨𝑬𝑭 ∶  

𝑬𝑭𝟐 = 𝑨𝑬𝟐 + 𝑨𝑭𝟐 − 𝟐.𝑨𝑬.𝑨𝑭. 𝐜𝐨𝐬𝑨

= (
𝒃𝒄

𝒂 + 𝒄
)

𝟐

+ (
𝒃𝒄

𝒂+ 𝒃
)

𝟐

− 𝟐 (
𝒃𝒄

𝒂+ 𝒄
)(

𝒃𝒄

𝒂+ 𝒃
) .
𝒃𝟐 + 𝒄𝟐 −𝒂𝟐

𝟐𝒃𝒄
= 
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=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄[(𝒃 − 𝒄)𝟐 + 𝟐𝒃𝒄 − 𝒂𝟐]

(𝒂 + 𝒃)(𝒂 + 𝒄)

= 𝒃𝟐𝒄𝟐 (
𝟏

𝒂 + 𝒄
−

𝟏

𝒂 + 𝒃
)
𝟐

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
−

𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)

=
𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
−
𝒃𝒄(𝒃 − 𝒄)𝟐[(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝒃𝒄]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
= 

=
𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
−

𝟐𝒔𝒂𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
≤

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
≤⏞

𝑨𝑴−𝑮𝑴

[
𝒂

𝟐
(

𝒃

𝒂 + 𝒃
+

𝒄

𝒂 + 𝒄
)]
𝟐

 

𝑻𝒉𝒆𝒏 ∶   𝑬𝑭 ≤
𝒂

𝟐
(

𝒃

𝒂 + 𝒃
+

𝒄

𝒂 + 𝒄
)   (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑵𝒐𝒘,𝒃𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑√
𝑬𝑭

𝒉𝒂
𝒄𝒚𝒄

≤∑√
𝒂

𝟐𝑭
.
𝒂

𝟐
(

𝒃

𝒂 + 𝒃
+

𝒄

𝒂 + 𝒄
)

𝒄𝒚𝒄

≤ √(∑
𝒂𝟐

𝟒𝑭
) [∑(

𝒃

𝒂 + 𝒃
+

𝒄

𝒂 + 𝒄
)] 

𝑾𝒊𝒕𝒉 ∶  ∑(
𝒃

𝒂 + 𝒃
+

𝒄

𝒂 + 𝒄
) =∑(

𝒃

𝒂 + 𝒃
+

𝒂

𝒃 + 𝒂
) =∑𝟏 = 𝟑 

𝑨𝒏𝒅 ∶   ∑𝒂𝟐 ≤ 𝟗𝑹𝟐 (𝑳𝒆𝒊𝒃𝒏𝒊𝒛′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚)  𝒂𝒏𝒅  𝑭 = 𝒔𝒓

≥ 𝟑√𝟑𝒓𝟐 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑√
𝑬𝑭

𝒉𝒂
𝒄𝒚𝒄

≤ √
𝟗𝑹𝟐

𝟒. 𝟑√𝟑𝒓𝟐
. 𝟑 = √𝟐𝟕

𝟒
.
𝑹

𝟐𝒓
. 

506. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

√𝟑

𝟐𝑹𝟐𝒓
≤ (

𝟏

𝒂
+
𝟏

𝒃
) (
𝟏

𝒃
+
𝟏

𝒄
) (
𝟏

𝒄
+
𝟏

𝒂
) +

𝟏

𝒂𝒃𝒄
≤

√𝟑

𝟒𝑹𝒓𝟐
 

Proposed by Ertan Yildirim-Izmir-Turkiye 
Solution 1 by Avishek Mitra-West Bengal-India 

𝟏

𝒂𝒃𝒄
+∏(

𝟏

𝒂
+
𝟏

𝒃
)

𝒄𝒚𝒄

=
𝟏

𝒂𝒃𝒄
+

𝟏

𝒂𝟐𝒃𝟐𝒄𝟐
∏(𝒂+ 𝒃)

𝒄𝒚𝒄

=
𝒂𝒃𝒄 + 𝟐𝒂𝒃𝒄 + ∑𝒂𝒃(𝒂 + 𝒃)

𝒂𝟐𝒃𝟐𝒄𝟐
= 
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=
𝟑𝒂𝒃𝒄 + ∑𝒂𝒃(𝟐𝒔 − 𝒄)

𝒂𝟐𝒃𝟐𝒄𝟐
=
𝟑𝒂𝒃𝒄 − 𝟑𝒂𝒃𝒄 + 𝟐𝒔∑𝒂𝒃

𝒂𝟐𝒃𝟐𝒄𝟐
≤ 

≤
(∑𝒂) ⋅

(∑𝒂)𝟐

𝟑
𝒂𝟐𝒃𝟐𝒄𝟐

=
(𝟐𝒔)𝟐

𝟑 ⋅ 𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐
=

𝒔

𝟔𝑹𝟐𝒓𝟐
≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑√𝟑𝑹

𝟏𝟐𝑹𝟐𝒓𝟐
=

√𝟑

𝟒𝑹𝒓𝟐
 

𝟏

𝒂𝒃𝒄
+∏(

𝟏

𝒂
+
𝟏

𝒃
)

𝒄𝒚𝒄

= 𝟐𝒔
∑𝒂𝒃

∏𝒂𝟐
=
𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐
=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟖𝑹𝟐 𝒓𝟐𝒔
 

We need to show: 

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟖𝑹𝟐 𝒓𝟐𝒔
≥

√𝟑

𝟐𝑹𝟐𝒓
⇔ 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 ≥ 𝟒√𝟑𝒓𝒔 

𝟒√𝟑𝒓𝒔 ≤
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟒√𝟑𝒓 ⋅
𝟑√𝟑𝑹

𝟐
= 𝟏𝟖𝑹𝒓 

𝒔𝟐 + 𝒓𝟔𝟐 + 𝟒𝑹𝒓 ≥ 𝟏𝟖𝑹𝒓 ⇔ 𝒔𝟐 ≥ 𝟏𝟒𝑹𝒓 − 𝒓𝟐 

𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) 

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥ 𝟏𝟒𝑹𝒓 − 𝒓𝟐 ⇔ 𝟐𝑹𝒓 ≥ 𝟒𝒓𝟐 ⇔ 𝟐𝒓(𝑹 − 𝟐𝒓) ≥ 𝟎 true from 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝟏

𝒂𝒃𝒄
+ ∏ (

𝟏

𝒂
+

𝟏

𝒃
)𝒄𝒚𝒄 =

∑𝒂𝒃

𝟖𝑹𝟐𝒓𝟐𝒔
; (∗), ∑𝒂𝒃 ≤ 𝟐√𝟑𝑹𝒔; (𝟏),∑𝒂𝒃 ≥ 𝟒√𝟑𝑭; (𝟐) 

(∗), (𝟏) ⇒
∑𝒂𝒃

𝟖𝑹𝟐𝒓𝟐𝒔
≤
𝟐√𝟑𝑹𝒔

𝟖𝑹𝟐𝒓𝟐𝒔
=

√𝟑

𝟒𝑹𝒓𝟐
, (∗), (𝟐) ⇒

∑𝒂𝒃

𝟖𝑹𝟐𝒓𝟐𝒔
≥
𝟒√𝟑𝑹𝒔

𝟖𝑹𝟐𝒓𝟐𝒔
=

√𝟑

𝟐𝑹𝟐𝒓
 

 

507.  

(𝑶𝑨𝑩𝑪) −tetrahedron 

∢𝑨𝑶𝑩 = ∢𝑩𝑶𝑪 = ∢𝑪𝑶𝑨 = 𝜽, 𝟎 < 𝜃 ≤
𝝅

𝟐
 

𝑶𝑨 = 𝑶𝑩 = 𝟖,𝑶𝑪 = 𝟓 

(𝑨𝑩𝑪) ≡ (𝑷), 𝑯 ∈ (𝑷), 𝑶𝑯 ⊥ (𝑷) 

𝑮 −centroid of (𝑶𝑨𝑩𝑪) 

𝑽(𝑶𝑨𝑩𝑪) =
𝟖𝟎√𝟐

𝟑
(𝒗𝒐𝒍𝒖𝒎𝒆). Find the lengths sides of 𝚫𝑶𝑯𝑮 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 
Plagiogonal 3rd system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

𝑽 =
𝟖𝟎√𝟐

𝟑
=
𝟖 ⋅ 𝟓 ⋅ 𝟓

𝟔
√𝟏 − 𝟑𝒄𝒐𝒔𝟐𝜽 + 𝟐𝐜𝐨𝐬𝟐 𝜽 ⇒ 𝐜𝐨𝐬𝜽 =

𝟏

𝟐
⇒ 𝜽 = 𝟔𝟎° 

𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝟖, 𝟎, 𝟎), 𝑩(𝟎, 𝟖, 𝟎), 𝑪(𝟎, 𝟎, 𝟓), 𝑮 (𝟐, 𝟐,
𝟓

𝟒
) ,𝑯(𝒉𝟏, 𝒉𝟐, 𝒉𝟑) 

𝑨𝑩⃗⃗⃗⃗⃗⃗ (−𝟖, 𝟖, 𝟎); 𝑨𝑪⃗⃗⃗⃗  ⃗(−𝟖, 𝟎, 𝟓);𝑩𝑪⃗⃗⃗⃗⃗⃗ (𝟎,−𝟖, 𝟓),𝑶𝑯⃗⃗ ⃗⃗ ⃗⃗  (𝒉𝟏, 𝒉𝟐, 𝒉𝟑) 

(𝑷):
𝒙

𝟖
+
𝒚

𝟖
+
𝒛

𝟓
= 𝟏 ⇒ 𝟓𝒙 + 𝟓𝒚 + 𝟖𝒛 = 𝟏 

𝑯 ∈ (𝑷): 𝟓𝒑𝟏 + 𝟓𝒑𝟐 + 𝟖𝒑𝟑 = 𝟒𝟎; (𝟏), 𝑶𝑯 ⊥ (𝑷) ⇒ 𝑶𝑯⃗⃗⃗⃗ ⃗⃗  ⋅ 𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝟎 ⇒ 

−𝟖𝒉𝟏 + 𝟖𝒉𝟐 + 𝟎 ⋅ 𝒉𝟑 + (−𝟖𝒉𝟐 + 𝟖𝒉𝟏) ⋅
𝟏

𝟐
+ (𝟖𝒉𝟑) ⋅

𝟏

𝟐
+ (−𝟖𝒉𝟐) ⋅

𝟏

𝟐
= 𝟎; (𝟐) 

𝑶𝑯 ⊥ (𝑷):𝑶𝑯⃗⃗ ⃗⃗ ⃗⃗  ⋅ 𝑨𝑪⃗⃗⃗⃗  ⃗ = 𝟎 ⇒ 

−𝟖𝒉𝟏 + 𝟎𝒉𝟐 + 𝟓𝒉𝟑 + (−𝟖𝒉𝟐) ⋅
𝟏

𝟐
+ (𝟓𝒉𝟐) ⋅

𝟏

𝟐
+ (−𝟖𝒉𝟑 + 𝟓𝒉𝟏) ⋅

𝟏

𝟐
= 𝟎; (𝟑) 

From (1),(2),(3) we get: 

𝑶𝑯𝟐 = 𝒉𝟏
𝟐 + 𝒉𝟐

𝟐 + 𝒉𝟑
𝟐 + 𝒉𝟏𝒉𝟐 + 𝒉𝟐𝒉𝟑 + 𝒉𝟑𝒉𝟏 ⇒ 𝑶𝑯𝟐 =

𝟖𝟎𝟎

𝟑𝟑
⇒ 𝑶𝑯 = 𝟐𝟎√

𝟐

𝟑𝟑
 

𝑶𝑮𝟐 = 𝟐𝟐 + 𝟐𝟐 + (
𝟓

𝟒
)

𝟐

+ 𝟒 + 𝟐 ⋅ 𝟐 ⋅
𝟓

𝟒
=
𝟐𝟖𝟕

𝟏𝟔
⇒ 𝑶𝑮 =

𝟑√𝟑𝟑

𝟒
 

𝑮(𝟐, 𝟐,
𝟓

𝟒
) , 𝒈𝟏 = 𝟐; 𝒈𝟐 = 𝟐; 𝒈𝟑 =

𝟓

𝟒
 

𝑯𝑮𝟐 = (𝒈𝟏 − 𝒉𝟏)
𝟐 + (𝒈𝟐 − 𝒉𝟐)

𝟐 + (𝒈𝟑 − 𝒉𝟑)
𝟐 + (𝒈𝟏 − 𝒉𝟏)(𝒈𝟐 − 𝒉𝟐)

+ (𝒈𝟐 − 𝒉𝟐)(𝒈𝟑 − 𝒉𝟑) + (𝒈𝟑 − 𝒉𝟑)(𝒈𝟏 − 𝒉𝟏) 

𝑯𝑮𝟐 =
𝟑𝟒𝟎𝟏

𝟓𝟐𝟖
⇒ 𝑯𝑮 =

𝟏

𝟒
√
𝟑𝟒𝟎𝟏

𝟑𝟑
 

508. In any ∆ 𝐀𝐁𝐂 the following relationship holds: 

𝟑(√𝐬𝐢𝐧𝐀
𝟓

+ √𝐬𝐢𝐧𝐁
𝟓

+ √𝐬𝐢𝐧𝐂
𝟓

) ≤ 𝛑(
√𝐬𝐢𝐧𝐀
𝟓

𝛍(𝐀)
+
√𝐬𝐢𝐧𝐁
𝟓

𝛍(𝐁)
+
√𝐬𝐢𝐧𝐂
𝟓

𝛍(𝐂)
)  

Proposed by Neculai Stanciu-Romania 
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Solution 1 by Soumava Chakraborty-Kolkata-India 

: 𝐋𝐞𝐭 𝐟(𝒙) =
𝛑. √𝐬𝐢𝐧𝒙

𝟓

𝒙
− 𝟑. √𝐬𝐢𝐧𝒙

𝟓
 ∀ 𝒙 ∈ (𝟎,𝛑) ∴ 𝐟 ′′(𝒙)

=
(𝟑 −

𝛑
𝒙
) . √𝐬𝐢𝐧𝒙

𝟓

𝟓
+
𝟒(𝟑 −

𝛑
𝒙
) 𝐜𝐨𝐬𝟐𝒙

𝟐𝟓(𝐬𝐢𝐧𝒙)
𝟗
𝟓

+
𝟐𝛑

𝒙𝟐
(
√𝐬𝐢𝐧𝒙
𝟓

𝒙
−

𝐜𝐨𝐬𝒙

𝟓(𝐬𝐢𝐧𝒙)
𝟒
𝟓

) 

=
𝟓(𝟑 −

𝛑
𝒙
) 𝐬𝐢𝐧𝟐𝒙 + 𝟒(𝟑 −

𝛑
𝒙
) 𝐜𝐨𝐬𝟐𝒙

𝟐𝟓(𝐬𝐢𝐧𝒙)
𝟗
𝟓

+
𝟐𝛑

𝒙𝟐
.
𝟓𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙

𝟓𝒙(𝐬𝐢𝐧𝒙)
𝟒
𝟓

=
𝟒(𝟑 −

𝛑
𝒙
) + (𝟑 −

𝛑
𝒙
) 𝐬𝐢𝐧𝟐𝒙

𝟐𝟓(𝐬𝐢𝐧𝒙)
𝟗
𝟓

+
𝟐𝛑

𝒙𝟐
.
𝟓𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙

𝟓𝒙(𝐬𝐢𝐧𝒙)
𝟒
𝟓

∴ 𝐟 ′′(𝒙) =
(∗) (𝟑 −

𝛑
𝒙
) (𝟒 + 𝐬𝐢𝐧𝟐𝒙)

𝟐𝟓(𝐬𝐢𝐧𝒙)
𝟗
𝟓

+
𝟐𝛑

𝒙𝟐
.
𝟓𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙

𝟓𝒙(𝐬𝐢𝐧𝒙)
𝟒
𝟓

 

𝐂𝒂𝐬𝐞 𝟏  𝒙 ∈ [
𝛑

𝟑
, 𝛑) ∴ 𝟑 ≥

𝛑

𝒙
⇒ 𝟑 −

𝛑

𝒙
≥
(𝐢)

𝟎 𝒂𝐧𝐝 𝐢𝐟 𝐅(𝒙) = 𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙 ∀ 𝒙 ∈ [𝟎, 𝛑), 𝐭𝐡𝐞𝐧 ∶ 𝐅′(𝒙)

= 𝒙𝐬𝐢𝐧𝒙 ≥ 𝟎 ∵ 𝟎 ≤ 𝒙 < 𝛑 ⇒ 𝐅(𝒙) 𝐢𝐬 ↑ 𝐨𝐧 [𝟎,𝛑) ⇒ 𝐅(𝒙) ≥ 𝐅(𝟎) = 𝟎 

∴ 𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙 ≥
(𝐢𝐢)

𝟎 ∀ 𝒙 ∈ [𝟎,𝛑) 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐨𝐜𝐜𝐮𝐫𝐫𝐢𝐧𝐠 𝐢𝐟𝐟 𝒙 = 𝟎 ⇒ ∀ 𝒙
∈ (𝟎, 𝛑), 𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙 > 0 ⇒ 5𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙 > 4𝐬𝐢𝐧𝒙 > 0

∴ 5𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙 >
(𝐢𝐢𝐢)

𝟎 

∴ (𝐢), (𝐢𝐢𝐢) ⇒
(𝟑 −

𝛑
𝒙
) (𝟒 + 𝐬𝐢𝐧𝟐𝒙)

𝟐𝟓(𝐬𝐢𝐧𝒙)
𝟗
𝟓

+
𝟐𝛑

𝒙𝟐
.
𝟓𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙

𝟓𝒙(𝐬𝐢𝐧𝒙)
𝟒
𝟓

> 0 ⇒ 𝑣𝑖𝑎 (∗), 𝒇 ′′(𝒙) > 0 

𝐂𝒂𝐬𝐞 𝟐  𝒙 ∈ (𝟎,
𝛑

𝟑
)𝒂𝐧𝐝 𝐯𝐢𝒂 (∗), 𝒇 ′′(𝒙) =

(𝟑 −
𝛑
𝒙
)𝒙𝟑(𝟒 + 𝐬𝐢𝐧𝟐𝒙) + 𝟐𝛑𝐬𝐢𝐧𝒙(𝟓𝐬𝐢𝐧𝒙 − 𝒙𝐜𝐨𝐬𝒙)

𝟐𝟓𝒙𝟑(𝐬𝐢𝐧𝒙)
𝟗
𝟓

⇒ 𝒇 ′′(𝒙) =
(∗∗) (𝟑𝒙𝟑 − 𝛑𝒙𝟐 + 𝟓𝟎𝛑)𝐬𝐢𝐧𝟐𝒙 − 𝟏𝟎𝛑𝒙𝐜𝐨𝐬𝒙𝐬𝐢𝐧𝒙 + 𝟏𝟐𝒙𝟑 − 𝟒𝛑𝒙𝟐

𝟐𝟓𝒙𝟑(𝐬𝐢𝐧𝒙)
𝟗
𝟓

 

𝐋𝐞𝐭 𝐡(𝒙) = (𝟑𝒙𝟑 −𝛑𝒙𝟐 + 𝟓𝟎𝛑)𝐬𝐢𝐧𝟐𝒙 − 𝟏𝟎𝛑𝒙𝐜𝐨𝐬𝒙𝐬𝐢𝐧𝒙 + 𝟏𝟐𝒙𝟑 − 𝟒𝛑𝒙𝟐 ∀ 𝒙 ∈ [𝟎,
𝛑

𝟑
) ∴ 𝐡′(𝒙)

= 𝟐(𝟑𝒙𝟑 −𝛑𝒙𝟐 + 𝟒𝟓𝛑)𝐜𝐨𝐬𝒙𝐬𝐢𝐧𝒙 − 𝟗𝒙(𝟐𝛑+ 𝒙)𝐜𝐨𝐬𝟐𝒙 + 𝟒𝟓𝒙𝟐 

𝐍𝐨𝐰, ∵ 𝟎 ≤ 𝒙 <
𝛑

𝟑
<
𝟑

𝟐
∴ 𝒙𝟐 <

(⦁) 𝟗

𝟒
< 45 ⇒ 45 − 𝒙𝟐 > 0 ⇒ 𝛑(𝟒𝟓 − 𝒙𝟐) > 0 ⇒ 3𝒙𝟑 − 𝛑𝒙𝟐 + 𝟒𝟓𝛑

> 0 ∴ ℎ′(𝒙) = 𝟐(𝟑𝒙𝟑 − 𝛑𝒙𝟐 + 𝟒𝟓𝛑)𝐜𝐨𝐬𝒙𝐬𝐢𝐧𝒙 − 𝟗𝒙(𝟐𝛑+ 𝒙)𝐜𝐨𝐬𝟐𝒙+ 𝟒𝟓𝒙𝟐 

≥
𝐯𝐢𝒂 (𝐢𝐢)

𝟐(𝟑𝒙𝟑 − 𝛑𝒙𝟐 + 𝟒𝟓𝛑)𝐜𝐨𝐬𝒙. 𝒙𝐜𝐨𝐬𝒙 − 𝟗𝒙(𝟐𝛑 + 𝒙)𝐜𝐨𝐬𝟐𝒙

+ 𝟒𝟓𝒙𝟐 ≥

𝟏
𝟒
 < 𝑐𝑜𝑠𝟐𝒙 ≤ 𝟏 ∵ 𝟎 ≤ 𝒙 < 

𝛑
𝟑
𝟐(𝟑𝒙𝟑 −𝛑𝒙𝟐 + 𝟒𝟓𝛑)𝒙.

𝟏

𝟒
− 𝟗𝒙(𝟐𝛑+ 𝒙) + 𝟒𝟓𝒙𝟐

= 𝒙.
𝟑𝒙𝟑 + 𝟕𝟐𝒙+ 𝛑(𝟗 − 𝒙𝟐)

𝟐
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= 𝒙.
𝟑𝒙𝟑 + 𝟕𝟐𝒙 + 𝛑(

𝟐𝟕
𝟒 +

𝟗
𝟒 − 𝒙

𝟐)

𝟐
≥

𝐯𝐢𝒂 (⦁)

𝒙.
𝟑𝒙𝟑 + 𝟕𝟐𝒙+

𝟐𝟕𝛑
𝟒

𝟐
≥
𝒙 ≥ 𝟎

𝟎 ⇒ 𝐡′(𝒙) ≥ 𝟎 ∀ 𝒙 ∈ [𝟎,
𝛑

𝟑
)

⇒ 𝐡(𝒙) 𝐢𝐬 ↑ 𝐨𝐧 [𝟎,
𝛑

𝟑
) ⇒ 𝐡(𝒙) ≥ 𝐡(𝟎) = 𝟎  𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐨𝐜𝐜𝐮𝐫𝐫𝐢𝐧𝐠 𝐢𝐟𝐟 𝒙 = 𝟎 

⇒ ∀ 𝒙 ∈ (𝟎,
𝛑

𝟑
) , 𝐡(𝒙) = (𝟑𝒙𝟑 −𝛑𝒙𝟐 + 𝟓𝟎𝛑)𝐬𝐢𝐧𝟐𝒙 − 𝟏𝟎𝛑𝒙𝐜𝐨𝐬𝒙𝐬𝐢𝐧𝒙 + 𝟏𝟐𝒙𝟑 − 𝟒𝛑𝒙𝟐 > 0

⇒ 𝒗𝒊𝒂 (∗∗), 𝒇 ′′(𝒙) > 0 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬,∀ 𝒙 ∈ (𝟎, 𝛑), 𝒇 ′′(𝒙) > 0 

⇒ 𝐟(𝒙) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 ⇒∑(
𝛑. √𝐬𝐢𝐧𝐀

𝟓

𝛍(𝐀)
− 𝟑. √𝐬𝐢𝐧𝐀

𝟓
)

𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧

𝟑

(

 
𝛑. √𝐬𝐢𝐧

𝛑
𝟑

𝟓

𝛑
𝟑

− 𝟑. √𝐬𝐢𝐧
𝛑

𝟑

𝟓

)

 = 𝟎

⇒∑
𝛑. √𝐬𝐢𝐧𝐀

𝟓

𝛍(𝐀)
𝐜𝐲𝐜

≥ 𝟑∑ √𝐬𝐢𝐧𝐀
𝟓

𝐜𝐲𝐜

 

⇒ 𝟑(√𝐬𝐢𝐧𝐀
𝟓

+ √𝐬𝐢𝐧𝐁
𝟓

+ √𝐬𝐢𝐧𝐂
𝟓

) ≤ 𝛑(
√𝐬𝐢𝐧𝐀
𝟓

𝛍(𝐀)
+
√𝐬𝐢𝐧𝐁
𝟓

𝛍(𝐁)
+
√𝐬𝐢𝐧𝐂
𝟓

𝛍(𝐂)
) (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭  𝒇(𝒙) =
√𝐬𝐢𝐧𝒙
𝟓

𝒙
, 𝒙 ∈ (𝟎,𝝅).𝐖𝐞 𝐡𝐚𝐯𝐞: 𝒇′(𝒙) =

𝒙 𝐜𝐨𝐬 𝒙 − 𝟓 𝐬𝐢𝐧𝒙

𝟓𝒙𝟐√𝐬𝐢𝐧𝟒 𝒙
𝟓 , ∀𝒙 ∈ (𝟎,𝝅) 

If 𝒙 ∈ [
𝝅

𝟐
, 𝝅) we have: 𝐜𝐨𝐬 𝒙 ≤ 𝟎 then 𝒇′(𝒙) ≤ 𝟎 

If 𝒙 ∈ (𝟎,
𝝅

𝟐
) we have: 𝒙 ≤ 𝐭𝐚𝐧𝒙 ≤ 𝟓 𝐭𝐚𝐧𝒙, then 𝒙 𝐜𝐨𝐬 𝒙 − 𝟓𝐬𝐢𝐧𝒙 ≤ 𝟎 and  

𝒇′(𝒙) ≤ 𝟎. Thus, 𝒇 − is decreasing on (𝟎,𝝅). 

WLOG we may assume that 𝝁(𝑨) ≥ 𝝁(𝑩) ≥ 𝝁(𝑪). We have:  
√𝐬𝐢𝐧𝑨
𝟓

𝝁(𝑨)
≤

√𝐬𝐢𝐧𝑩
𝟓

𝝁(𝑩)
≤

√𝐬𝐢𝐧 𝑪
𝟓

𝝁(𝑪)
 

By Chebishev’s inequality, we have: 

𝟑(√𝐬𝐢𝐧 𝑨
𝟓

+ √𝐬𝐢𝐧𝑩
𝟓

+ √𝐬𝐢𝐧 𝑪
𝟓

) = 𝟑(𝝁(𝑨) ∙
√𝐬𝐢𝐧𝑨
𝟓

𝝁(𝑨)
+ 𝝁(𝑩) ∙

√𝐬𝐢𝐧𝑩
𝟓

𝝁(𝑩)
+ 𝝁(𝑪) ∙

√𝐬𝐢𝐧𝑪
𝟓

𝝁(𝑪)
) ≤ 

≤ (𝝁(𝑨) + 𝝁(𝑩) + 𝝁(𝑪))(
√𝐬𝐢𝐧𝑨
𝟓

𝝁(𝑨)
+
√𝐬𝐢𝐧𝑩
𝟓

𝝁(𝑩)
+
√𝐬𝐢𝐧𝑪
𝟓

𝝁(𝑪)
) = 

= 𝝅(
√𝐬𝐢𝐧𝑨
𝟓

𝝁(𝑨)
+ 𝝁(𝑩) ∙

√𝐬𝐢𝐧𝑩
𝟓

𝝁(𝑩)
+ 𝝁(𝑪) ∙

√𝐬𝐢𝐧𝑪
𝟓

𝝁(𝑪)
) 

509. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

√(𝒂 + 𝒃)(𝒂 + 𝒄)𝒃𝒄 + √(𝒃 + 𝒄)(𝒃 + 𝒂)𝒄𝒂 + √(𝒄 + 𝒂)(𝒄 + 𝒃)𝒂𝒃 ≤ 𝟑𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Avishek Mitra-West Bengal-India 

∑√(𝒂 + 𝒃)(𝒂 + 𝒄)𝒃𝒄

𝒄𝒚𝒄

≤
𝑨𝑮𝑴

∑
𝒃+ 𝒄 + 𝟐𝒂

𝟐
⋅
𝒃 + 𝒄

𝟐
𝒄𝒚𝒄

= 
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=
𝟏

𝟒
[∑(𝒃 + 𝒄)𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒂(𝒃 + 𝒄)

𝒄𝒚𝒄

] =
𝟏

𝟒
[𝟐∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟔∑𝒂𝒃

𝒄𝒚𝒄

] = 

=
𝟏

𝟒
[𝟐(𝟐𝒔𝟐 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐) + 𝟔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)] =

𝟏

𝟒
(𝟏𝟎𝒔𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐) 

Need to show: 

𝟏

𝟒
(𝟏𝟎𝒔𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐) ≤ 𝟑𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓 

𝟏𝟎𝒔𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐 ≤ 𝟏𝟐𝒔𝟐 − 𝟒𝒓𝟐 − 𝟏𝟔𝑹𝒓 ⇔ 𝟐𝒔𝟐 ≥ 𝟐𝟒𝑹𝒓 + 𝟐𝒓𝟐 

But 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏). We must show: 

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥ 𝟏𝟐𝑹𝒓 + 𝟑𝒓𝟐 ⇔ 𝟒𝑹𝒓− 𝟖𝒓𝟐 ≥ 𝟎 ⇔ 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓). 

Solution 2 by Ertan Yildirim-Turkiye 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓,  ∑ √(𝒂 + 𝒃)(𝒂 + 𝒄)𝒃𝒄𝒄𝒚𝒄 ≤ 

≤ √(𝒂 + 𝒃)𝒄 + (𝒃 + 𝒄)𝒂 + (𝒄 + 𝒂)𝒃 ⋅ √(𝒂 + 𝒄)𝒃 + (𝒃 + 𝒂)𝒄 + (𝒄 + 𝒃)𝒂 = 

= √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ⋅ √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝟐(𝒔𝟐 + 𝑹𝟐 + 𝟒𝒓𝑹) 

We must to prove that: 

𝟐𝒔𝟐 + 𝟐𝒓𝟐 + 𝟖𝑹𝒓 ≤ 𝟑𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓 ⇔ 𝟑𝒓𝟐 + 𝟏𝟐𝑹𝒓 ≤ 𝒔𝟐 

𝟑𝒓𝟐 + 𝟏𝟐𝑹𝒓 ≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≤ 𝒔𝟐 ⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

510. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒂

𝟔𝒂 + 𝒃 + 𝒄
𝒄𝒚𝒄

≤
𝟑

𝟏𝟔
⋅
𝑹

𝒓
 

Proposed by Kostas Geronikolas-Greece 
Solution by Marian Ursărescu-Romania 

We must show that: 

∑
𝒂

𝟓𝒂 + 𝟐𝒔
𝒄𝒚𝒄

≤
𝟑

𝟏𝟔
⋅
𝑹

𝒓
⇔∑

𝟓𝒂

𝟓𝒂 + 𝟐𝒔
𝒄𝒚𝒄

≤
𝟏𝟓

𝟏𝟔
⋅
𝑹

𝒓
 

∑
𝟓𝒂+ 𝟐𝒔 − 𝟐𝒔

𝟓𝒂 + 𝟐𝒔
𝒄𝒚𝒄

≤
𝟏𝟓

𝟏𝟔
⋅
𝑹

𝒓
⇔∑(𝟏−

𝟐𝒔

𝟓𝒂 + 𝟐𝒔
)

𝒄𝒚𝒄

≤
𝟏𝟓

𝟏𝟔
⋅
𝑹

𝒓
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𝟑 − 𝟐𝒔∑
𝟏

𝟓𝒂 + 𝟐𝒔
𝒄𝒚𝒄

≤
𝟏𝟓

𝟏𝟔
⋅
𝑹

𝒓
⇔ 𝟐𝒔∑

𝟏

𝟓𝒂 + 𝟐𝒔
𝒄𝒚𝒄

≥ 𝟑 −
𝟏𝟓

𝟏𝟔
⋅
𝑹

𝒓
; (𝟏) 

∑
𝟏

𝟓𝒂 + 𝟐𝒔
𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 𝟗

𝟓(𝒂 + 𝒃 + 𝒄) + 𝟔𝒔
=

𝟗

𝟏𝟔𝒔
; (𝟐) 

From (1) and (2) we must show: 

𝟐𝒔 ⋅
𝟗

𝟏𝟔𝒑
≥ 𝟑 −

𝟏𝟓

𝟏𝟔
⋅
𝑹

𝒓
⇔
𝟏𝟓

𝟏𝟔
⋅
𝑹

𝒓
≥ 𝟑 −

𝟏𝟖

𝟏𝟔
⇔
𝟏𝟓

𝟏𝟔
⋅
𝑹

𝒓
≥
𝟑𝟎

𝟏𝟔
⇔ 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) 

511.  

𝑶𝑨𝑩𝑪 −tetrahedron, 

𝑶𝑨 = 𝑶𝑩 = 𝑶𝑪 = 𝟒 

∢𝑨𝑷𝑩 = 𝟒𝟓°, ∢𝑩𝑶𝑪 = 𝟑𝟎°, 

 ∢𝑪𝑶𝑨 = 𝟔𝟎° 

𝑮 −centroid 

Find:  

[𝑮𝑩𝑪] =? (𝒂𝒓𝒆𝒂) 

 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Plagiogonal 3rd system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝟒, 𝟎, 𝟎),𝑩(𝟎, 𝟒, 𝟎), 𝑪(𝟎, 𝟎, 𝟒), 𝑮(𝟏, 𝟏, 𝟏),𝑯(𝟎, 𝒉𝟐, 𝒉𝟑) 

𝑩𝑪:
𝒚 − 𝟒

𝟒 − 𝟎
=
𝒛 − 𝟎

𝟎 − 𝟒
,𝑯 ∈ (𝑩𝑪) ⇒ 𝒉𝟐 − 𝟒 = −𝒉𝟑 ⇒ 𝒉𝟐 + 𝒉𝟑 = 𝟒; (𝟏) 

𝑮𝑯⃗⃗⃗⃗ ⃗⃗ (−𝟏, 𝒉𝟐 − 𝟏,𝒉𝟑 − 𝟏),𝑩𝑪⃗⃗⃗⃗⃗⃗ (𝟎,−𝟒, 𝟒), 𝑮𝑯⃗⃗⃗⃗ ⃗⃗  ∙ 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝟎 ⇒ 

𝟒(𝟏 − 𝒉𝟐) + 𝟒(𝒉𝟑 − 𝟏) + 𝟒 ∙
√𝟐

𝟐
+ [𝟒(𝒉𝟐 − 𝟏) − 𝟒(𝒉𝟒 − 𝟏)] ∙

√𝟑

𝟐
+ (−𝟒) ∙

𝟏

𝟐
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𝑮𝑯𝟐 = (𝟎 − 𝟏)𝟐 + (𝒉𝟐 − 𝟏)
𝟐 + (𝒉𝟑 − 𝟐)

𝟐 + 𝟐(−𝟏)(𝒉𝟐 − 𝟏) ∙
√𝟐

𝟐
+ 

+𝟐(𝒉𝟐 − 𝟏)(𝒉𝟑 − 𝟏) ∙
√𝟑

𝟐
+ 𝟐(−𝟏)(𝒉𝟑 − 𝟏) ∙

𝟏

𝟐
 

𝑮𝑯𝟐 =
𝟐 + √𝟑 + 𝟐√𝟔

𝟒
, 𝑮𝑯 =

𝟏

𝟐
√𝟐+ √𝟑 + 𝟐√𝟔 

𝑩𝑪𝟐 = 𝟒𝟐 + 𝟒𝟐 − 𝟐 ∙ 𝟒 ∙ 𝟒 ∙
√𝟑

𝟐
= 𝟏𝟔(𝟐 − √𝟑) ⇒ 𝑩𝑪 = 𝟒√𝟐 − √𝟑 

[𝑮𝑩𝑪] =
𝟏

𝟐
𝑮𝑯 ∙ 𝑩𝑪 = √𝟏 − 𝟔√𝟑 + 𝟒√𝟔 

512. In acute ∆𝑨𝑩𝑪,𝝁(𝑨) ≤ 𝝁(𝑩) ≤ 𝝁(𝑪).  Prove that :   𝟐 𝐬𝐢𝐧 𝑩 ≥ 𝐜𝐨𝐭
𝑪

𝟐
.  

Proposed by Cristian Miu-Romania 
Solution Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝟐 𝐬𝐢𝐧𝑩 ≥ 𝐜𝐨𝐭
𝑪

𝟐
 ↔ 𝟐𝐬𝐢𝐧𝑩 . 𝐬𝐢𝐧𝑪 ≥ 𝐜𝐨𝐭

𝑪

𝟐
. 𝐬𝐢𝐧𝑪 = 𝟐𝐜𝐨𝐬𝟐

𝑪

𝟐
  

↔ 𝐜𝐨𝐬(𝑪 − 𝑩) − 𝐜𝐨𝐬(𝑪 + 𝑩) ≥ 𝟏 + 𝐜𝐨𝐬𝑪  ↔  𝐜𝐨𝐬(𝑪 − 𝑩) + 𝐜𝐨𝐬𝑨 ≥ 𝟏 + 𝐜𝐨𝐬𝑪 

↔ 𝐜𝐨𝐬(𝑪 − 𝑩) − 𝐜𝐨𝐬𝑪 ≥ 𝟏 − 𝐜𝐨𝐬 𝑨  ↔  𝟐 𝐬𝐢𝐧 (
𝑩

𝟐
) . 𝐬𝐢𝐧 (

𝟐𝑪 − 𝑩

𝟐
) ≥ 𝟐𝐬𝐢𝐧𝟐

𝑨

𝟐
 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆  𝝁 (
𝑨

𝟐
) ≤ 𝝁(

𝑩

𝟐
) ≤ 𝝁(

𝟐𝑪 − 𝑩

𝟐
) <

𝝅

𝟐
  𝒂𝒏𝒅  𝒙

→ 𝐬𝐢𝐧𝒙  𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (𝟎,
𝝅

𝟐
) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝟐 𝐬𝐢𝐧𝑩 ≥ 𝐜𝐨𝐭
𝑪

𝟐
.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝝁(𝑨) = 𝝁(𝑩) = 𝝁(𝑪) =

𝝅

𝟑
. 

513. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝟏

𝟐
+∑

𝐬𝐢𝐧𝟒 𝑨

𝐬𝐢𝐧𝟒 𝑩 + 𝐬𝐢𝐧𝟒 𝑪
𝒄𝒚𝒄

≤ 𝟏𝟐 (
𝑹

𝟐𝒓
)
𝟒

 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 

From sines law: 
𝒂

𝐬𝐢𝐧 𝑨
=

𝒃

𝐬𝐢𝐧𝑩
=

𝒄

𝐬𝐢𝐧𝑪
= 𝟐𝑹 

We must show that 
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𝟐𝟏

𝟐
+∑

𝒂𝟒

𝒃𝟒 + 𝒄𝟒
𝒄𝒚𝒄

≤ 𝟏𝟐 ⋅
𝑹𝟒

𝟏𝟔𝒓𝟒
⇔
𝟐𝟏

𝟐
+∑

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 − 𝒃𝟒 − 𝒄𝟒

𝒃𝟒 + 𝒄𝟒
𝒄𝒚𝒄

≤
𝟑𝑹𝟒

𝟒𝒓𝟒
 

𝟐𝟏

𝟐
+ (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)∑

𝟏

𝒃𝟒 + 𝒄𝟒
𝒄𝒚𝒄

− 𝟑 ≤
𝟑

𝟒
⋅
𝑹𝟒

𝒓𝟒
 

(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)∑
𝟏

𝒃𝟒 + 𝒄𝟒
𝒄𝒚𝒄

≤
𝟑

𝟒
⋅
𝑹𝟒

𝒓𝟒
−
𝟏𝟓

𝟐
=
𝟑(𝑹𝟒 − 𝟏𝟎𝒓𝟒)

𝟒𝒓𝟒
; (𝟏) 

∵ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≤ 𝟓𝟒𝑹𝟑(𝑹 − 𝒓); (𝟐) 

∑
𝟏

𝒃𝟒 + 𝒄𝟒
𝒄𝒚𝒄

≤∑
𝟏

𝟐𝒃𝟐𝒄𝟐
𝒄𝒚𝒄

=
𝟏

𝟐
⋅
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝟐𝒃𝟐𝒄𝟐
≤

𝟗𝑹𝟐

𝟐 ⋅ (𝟒𝑹𝒓𝒔)𝟐
= 

=
𝟗𝑹𝟐

𝟑𝟐𝑹𝟐𝒓𝟐𝒔𝟐
=

𝟗

𝟑𝟐𝒓𝟐𝒔𝟐
≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟗

𝟑𝟐 ⋅ 𝟐𝟕𝒓𝟒
; ; (𝟑) 

From (1),(2) and (3) we must show: 

𝟓𝟒𝑹𝟑(𝑹 − 𝒓) ⋅
𝟗

𝟑𝟐 ⋅ 𝟐𝟕𝒓𝟒
≤
𝟑(𝑹𝟒 − 𝟏𝟎𝒓𝟒)

𝟒𝒓𝟒
⇔ 

𝟑𝑹𝟒 − 𝟑𝑹𝟑𝒓 ≤ 𝟒𝑹𝟒 − 𝟒𝟎𝒓𝟒 ⇔ 𝑹𝟒 + 𝟑𝑹𝟑𝒓 − 𝟒𝟎𝒓𝟒 ≥ 𝟎 ⇔ 

(𝑹 − 𝟐𝒓)(𝑹𝟑 + 𝟓𝑹𝟐𝒓 + 𝟓𝑹𝒓𝟐 + 𝟐𝟎𝒓𝟑) ≥ 𝟎 true from 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) 

514.      (𝑶𝑨𝑩𝑪𝑫) −tetrahedron 

    𝑶𝑨 = 𝑶𝑪 = 𝒂,𝑶𝑩 = 𝒃 

                     ∢𝑨𝑶𝑩 = ∢𝑩𝑶𝑪 = ∢𝑪𝑶𝑨 = 𝟔𝟎° 

                                            (𝑶𝑨𝑩) = 𝑷, (𝑶𝑩𝑪) = 𝑸, ∢(𝑷,𝑸) = 𝜽 = 𝟔𝟎°. 

                                                                                             Find: 
𝒃

𝒂
=? 

 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 

Plagiogonal 3rd system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

Let �⃗⃗� (𝒖𝟏, 𝒖𝟐, 𝒖𝟑), �⃗⃗� ⊥ 𝑷. Is 𝑶𝑨⃗⃗⃗⃗⃗⃗ (𝒂, 𝟎, 𝟎), 𝑶𝑩⃗⃗⃗⃗ ⃗⃗ (𝟎, 𝒃, 𝟎) 

�⃗⃗� ∙ 𝑶𝑨⃗⃗⃗⃗⃗⃗ = 𝟎 ⇒ 𝒂𝒖𝟏 +
𝒂𝒖𝟐
𝟐

+
𝒂𝒖𝟑
𝟐

= 𝟎 ⇒ 𝟐𝒖𝟏 + 𝒖𝟐 + 𝒖𝟑 = 𝟎 

�⃗⃗� ∙ 𝑶𝑩⃗⃗⃗⃗ ⃗⃗ = 𝟎 ⇒ 𝒃𝒖𝟐 +
𝒃𝒖𝟏
𝟐

+
𝒃𝒖𝟑
𝟐

= 𝟎 ⇒ 𝒖𝟏 + 𝟐𝒖𝟐 + 𝒖𝟑 = 𝟎 

𝒖𝟐 = 𝒖𝟏, 𝒖𝟑 = −𝒖𝟏. So, 𝒖𝟎⃗⃗ ⃗⃗  (𝟏, 𝟏, −𝟑) ⊥ 𝑷 

Let �⃗⃗� (𝒗𝟏, 𝒗𝟐, 𝒗𝟑), �⃗⃗� ⊥ 𝑸, 𝑨𝑩⃗⃗⃗⃗⃗⃗ (−𝒂, 𝒃, 𝟎), 𝑨𝑪⃗⃗⃗⃗  ⃗(−𝒂, 𝟎, 𝒂) 

�⃗⃗� ∙ 𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝟎 ⇒ 𝒂𝒗𝟏 + 𝒃𝒗𝟐 +
𝒃𝒗𝟏 − 𝒂𝒗𝟐

𝟐
+
𝒃𝒗𝟑
𝟐
−
𝒂𝒗𝟑
𝟐

= 𝟎 

�⃗⃗� ∙ 𝑨𝑩⃗⃗⃗⃗⃗⃗ = 𝟎 ⇒ −𝒂𝒗𝟏 + 𝒂𝒗𝟑 −
𝒂𝒗𝟐
𝟐

+
𝒂𝒗𝟐
𝟐

+
𝒂𝒗𝟏 − 𝒂𝒗𝟑

𝟐
= 𝟎 

𝒗𝟏 = 𝒗𝟑, (𝒂 − 𝟐𝒃)𝒗𝟐 = (𝟐𝒃 − 𝟑𝒂)𝒗𝟏 

So, 𝒗𝟎⃗⃗ ⃗⃗ (𝒂 − 𝟐𝒃, 𝟐𝒃 − 𝟑𝒂, 𝒂 − 𝟐𝒃) ⊥ 𝑸 

Is 𝒖𝟎⃗⃗ ⃗⃗  ∙ 𝒗𝟎⃗⃗ ⃗⃗ = (𝒂 − 𝟐𝒃) + (𝟐𝒃 − 𝟑𝒂) − 𝟑(𝒂 − 𝟐𝒃) + [(𝟐𝒃− 𝟑𝒂) + (𝒂 − 𝟐𝒃) − 

−𝟐(𝟐𝒃 − 𝟑𝒂) + (𝒂 − 𝟐𝒃) − 𝟑(𝒂 − 𝟐𝒃) + (𝒂 − 𝟐𝒃)] ∙
𝟏

𝟐
= 𝟐(𝒃 − 𝟐𝒂) 

|𝒖𝟎⃗⃗ ⃗⃗  |
𝟐 = 𝟏 + 𝟏 + 𝟗 + 𝟏 − 𝟑 − 𝟑 = 𝟔 ⇒ |𝒖𝟎⃗⃗ ⃗⃗  | = √𝟔 

|𝒗𝟎⃗⃗ ⃗⃗ |
𝟐 = (𝒂 − 𝟐𝒃)𝟐 ∙ 𝟐 + (𝟐𝒃 − 𝟑𝒂)𝟐 + 𝟐(𝒂 − 𝟐𝒃)(𝟐𝒃 − 𝟑𝒂) + (𝒂 − 𝟐𝒃)𝟐 

|𝒗𝟎⃗⃗ ⃗⃗ | = √𝟐 ∙ √𝟑𝒂𝟐 − 𝟒𝒂𝒃 + 𝟒𝒃𝟐 

𝐜𝐨𝐬 𝟔𝟎° =
|𝒖𝟎 ∙ 𝒗𝟎⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗|

|𝒖𝟎⃗⃗ ⃗⃗  | ∙ |𝒗𝟎⃗⃗ ⃗⃗ |
=
𝟏

𝟐
⇒
𝟏

𝟐
=

𝟐|𝒃 − 𝒂|

√𝟔 ∙ √𝟐 ∙ √𝟑𝒂𝟐 − 𝟒𝒂𝒃 + 𝟒𝒃𝟐
 

Therefore, 

𝒃

𝒂
=
𝟏 + √𝟔

𝟐
 

515. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑 ⋅ √
𝒎𝒂

𝒎𝒃
+
𝟐𝒎𝒃

𝒎𝒄
+
𝟔𝒎𝒄

𝒎𝒂
≥ √

𝒉𝒂
𝒎𝒃

+ 𝟐 ⋅ √
𝒉𝒄
𝒎𝒄

+ 𝟔 ⋅ √
𝒉𝒄
𝒎𝒂

 

Proposed by Daniel Sitaru-Romania 
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Solution by Adrian Popa-Romania 
 

(√
𝒉𝒂
𝒎𝒃

+ 𝟐 ⋅ √
𝒉𝒄
𝒎𝒄

+ 𝟔 ⋅ √
𝒉𝒄
𝒎𝒂

)

𝟐

≤ (√
𝒎𝒂

𝒎𝒃
+ √𝟐 ⋅ √

𝟐𝒎𝒃

𝒎𝒄
+ √𝟔 ⋅ √

𝟔𝒎𝒄

𝒎𝒂

)

𝟐

≤
𝑪𝑩𝑺

 

≤ (𝟏𝟐 + √𝟐
𝟐
+ √𝟔

𝟐
) ( 

𝒎𝒂

𝒎𝒃
+
𝟐𝒎𝒃

𝒎𝒄
+
𝟔𝒎𝒄

𝒎𝒂
) = 𝟗(

𝒎𝒂

𝒎𝒃
+
𝟐𝒎𝒃

𝒎𝒄
+
𝟔𝒎𝒄

𝒎𝒂
) 

Therefore, 

𝟑 ⋅ √
𝒎𝒂

𝒎𝒃
+
𝟐𝒎𝒃

𝒎𝒄
+
𝟔𝒎𝒄

𝒎𝒂
≥ √

𝒉𝒂
𝒎𝒃

+ 𝟐 ⋅ √
𝒉𝒄
𝒎𝒄

+ 𝟔 ⋅ √
𝒉𝒄
𝒎𝒂

 

516. In ∆𝑨𝑩𝑪 the following relationship holds: 

    
𝟐𝒃𝒄

(𝒃 + 𝒄)𝟐
+
𝟏

𝟐
≥

𝟏𝟔𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
.   

Proposed by Daniel Sitaru-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟐𝒃𝒄

(𝒃 + 𝒄)𝟐
+
𝟏

𝟐
≥ 𝟐√

𝟐𝒃𝒄

(𝒃 + 𝒄)𝟐
.
𝟏

𝟐
=
𝟐√𝒃𝒄

𝒃 + 𝒄
=

𝟖𝒂𝒃𝒄

𝟐√𝒂𝒃. 𝟐√𝒄𝒂. (𝒃 + 𝒄)

≥
𝟖𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒄 + 𝒂)(𝒃 + 𝒄)
,   𝒘𝒊𝒕𝒉 ∶ 

(𝒂 + 𝒃)(𝒄 + 𝒂)(𝒃 + 𝒄) = (𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄
= 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝒔𝑹𝒓 = 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

   
𝟐𝒃𝒄

(𝒃 + 𝒄)𝟐
+
𝟏

𝟐
≥

𝟖. 𝟒𝒔𝑹𝒓

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
=

𝟏𝟔𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
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517.  

 

 

 

 

(𝑶𝑨𝑩𝑪) regular tetrahedron with side 𝒂  

𝑮 −centroid of tetrahedron                                   

𝑴 ∈ 𝑶𝑪,  

𝑶𝑴 =
𝑶𝑪

𝟐
,𝑵 ∈ 𝑶𝑩,𝟒𝑶𝑵 = 𝟑𝑶𝑩 

Plane (𝑮𝑴𝑵) ≡ 𝑷,𝑶𝑯 ⊥ 𝑷               

Find: 𝑶𝑯 = 𝒇(𝒂) =?        

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Let 𝑶𝑨 = 𝑶𝑩 = 𝑶𝑪 = 𝟒 = 𝒂,∢𝑨𝑶𝑩 = ∢𝑩𝑶𝑪 = ∢𝑪𝑶𝑨 = 𝜽 = 𝟔𝟎° 

Plagiogonal 3rd system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝟒, 𝟎, 𝟎),𝑴(𝟎, 𝟎, 𝟐),𝑵(𝟎, 𝟑, 𝟎), 𝑮(𝟏, 𝟏, 𝟏) 

(𝑮𝑴𝑵) ≡ 𝑷: |

𝟏 𝒙
𝟏 𝟏

𝒚 𝒛
𝟏 𝟏

𝟏 𝟎
𝟏 𝟎

𝟑 𝟎
𝟎 𝟐

| = 𝟎 ⇒ 𝒙 + 𝟐𝒚+ 𝟑𝒛 − 𝟔 = 𝟎 

Let �⃗⃗� (𝒖𝟏, 𝒖𝟐, 𝒖𝟑) ⊥ 𝑷. Is 𝒖𝟏 = 𝟏 ∙
𝟑

𝟒
+ 𝟐 ∙ (−

𝟏

𝟒
) + 𝟑 ∙ (−

𝟏

𝟒
) = −

𝟏

𝟐
 

𝒖𝟐 = 𝟐 ∙
𝟑

𝟒
+ 𝟑 ∙ (−

𝟏

𝟒
) + 𝟏 ∙ (−

𝟏

𝟒
) =

𝟏

𝟐
, 𝒖𝟑 = 𝟑 ∙

𝟑

𝟒
+ 𝟏 ∙ (−

𝟏

𝟒
) + 𝟐 ∙ (−

𝟏

𝟒
) =

𝟑

𝟐
 

�⃗⃗� (−
𝟏

𝟐
,
𝟏

𝟐
,
𝟑

𝟐
) , |𝒖|𝟐 = (−

𝟏

𝟐
)
𝟐

+ (
𝟏

𝟐
)
𝟐

+ (
𝟑

𝟐
)
𝟐

+ (−
𝟏

𝟐
∙
𝟏

𝟐
) +

𝟏

𝟐
∙
𝟑

𝟐
+ (−

𝟏

𝟐
∙
𝟑

𝟐
) =

𝟓

𝟐
 

𝑶𝑯𝟐 =
(𝟏 ∙ 𝟎 + 𝟐 ∙ 𝟎 + 𝟑 ∙ 𝟎 − 𝟔)𝟐

[𝟏 ∙ (−
𝟏
𝟐) + 𝟐 ∙

𝟏
𝟐 + 𝟑 ∙

𝟑
𝟐
]
𝟐 ∙
𝟓

𝟐
⇒ 𝑶𝑯 =

𝟑

𝟓
√𝟏𝟎 
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𝑶𝑯 =
𝟑

𝟐𝟎
√𝟏𝟎 ∙ 𝟒 ⇒ 𝑶𝑯 =

𝟑

𝟐√𝟏𝟎
∙ 𝒂 

518. In ∆𝑨𝑩𝑪 the following relationship holds: 

 𝟑 (
𝑹

𝟐𝒓
)
𝟐

≥
𝒔𝒂
𝒔𝒃
+
𝒔𝒃
𝒔𝒄
+
𝒔𝒄
𝒔𝒂
.   

   Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶   𝒉𝒂 ≤ 𝒔𝒂 ≤ 𝒎𝒂  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶ 

  
𝒔𝒂
𝒔𝒃
+
𝒔𝒃
𝒔𝒄
+
𝒔𝒄
𝒔𝒂
≤
𝒎𝒂

𝒉𝒃
+
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒂
 ≤⏞
𝑪𝑩𝑺

 √(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐) (

𝟏

𝒉𝒃
𝟐 +

𝟏

𝒉𝒄
𝟐 +

𝟏

𝒉𝒂
𝟐) = 

= √
𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟒
.
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

(𝟐𝒔𝒓)𝟐
=
√𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟒𝒔𝒓
 

𝑭𝒓𝒐𝒎 𝑳𝒆𝒊𝒃𝒏𝒊𝒛′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐   

  𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒔 ≥ 𝟑√𝟑𝒓  𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒔𝒂
𝒔𝒃
+
𝒔𝒃
𝒔𝒄
+
𝒔𝒄
𝒔𝒂
≤

√𝟑. 𝟗𝑹𝟐

𝟒. 𝟑√𝟑𝒓. 𝒓
= 𝟑(

𝑹

𝟐𝒓
)
𝟐

 

519. In ∆𝑨𝑩𝑪 the following relationship holds: 

   
𝟒𝑹

𝒓
−
𝒓

𝑹
−
𝟗

𝟐
≤∑

𝒎𝒂
𝟐

𝒓𝒂
𝟐

𝒄𝒚𝒄

≤
𝟒𝑹𝟐

𝒓𝟐
−
𝟏𝟓𝑹

𝟐𝒓
+ 𝟐. 

     Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒎𝒂

𝟐

𝒓𝒂𝟐
𝒄𝒚𝒄

=∑
(𝒔 − 𝒂)𝟐[𝟑(𝒃𝟐 + 𝒄𝟐) − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)]

𝟒𝑭𝟐
𝒄𝒚𝒄

=
𝟑

𝟒𝑭𝟐
∑(𝒃𝟐 + 𝒄𝟐)(𝒔 − 𝒂)𝟐

𝒄𝒚𝒄

−
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝑭𝟐
∑(𝒔 − 𝒂)𝟐

𝒄𝒚𝒄

= 



 
www.ssmrmh.ro 

20 RMM-GEOMETRY MARATHON 501-600 

 

=
𝟑

𝟒𝑭𝟐
(𝟐𝒔𝟐∑𝒂𝟐

𝒄𝒚𝒄

− 𝟐𝒔∑𝒂𝟐𝒃

𝒔𝒚𝒎

+ 𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

) −
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)(𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)

𝟐𝑭𝟐
= 

=
𝟑

𝟒𝑭𝟐
[𝟐𝒔𝟐. 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) − 𝟐𝒔. 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓)

+ 𝟐(𝒔𝟒 − 𝟐𝒔𝟐(𝟒𝑹𝒓 − 𝒓𝟐) + (𝟒𝑹𝒓 + 𝒓𝟐)𝟐)]

−
𝒔𝟒 − 𝒔𝟐(𝟏𝟐𝑹𝒓 + 𝟑𝒓𝟐) + 𝟐(𝟒𝑹𝒓 + 𝒓𝟐)𝟐

𝟐𝑭𝟐
 

𝑨𝒇𝒕𝒆𝒓 𝒆𝒙𝒑𝒂𝒏𝒅𝒊𝒏𝒈 𝒂𝒏𝒅 𝒔𝒊𝒎𝒑𝒍𝒊𝒇𝒚𝒊𝒏𝒈 𝒘𝒆 𝒈𝒆𝒕 ∶   ∑
𝒎𝒂

𝟐

𝒓𝒂𝟐
𝒄𝒚𝒄

=
𝒔𝟐

𝒓𝟐
−
𝟑(𝟖𝑹 + 𝒓)

𝟐𝒓
+
(𝟒𝑹 + 𝒓)𝟐

𝟐𝒔𝟐
 

𝑼𝒔𝒊𝒏𝒈 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 

  𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐  𝒂𝒏𝒅 𝑩𝒍𝒖𝒏𝒅𝒐𝒏 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 

  𝒔𝟐 ≤
𝑹(𝟒𝑹 + 𝒓)𝟐

𝟐(𝟐𝑹 − 𝒓)
 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑
𝒎𝒂

𝟐

𝒓𝒂𝟐
𝒄𝒚𝒄

≥
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐

𝒓𝟐
−
𝟑(𝟖𝑹+ 𝒓)

𝟐𝒓
+
𝟐𝑹 − 𝒓

𝑹
=
𝟒𝑹

𝒓
−
𝒓

𝑹
−
𝟗

𝟐
. 

𝑼𝒔𝒊𝒏𝒈 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≤ 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐  𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑
𝒎𝒂

𝟐

𝒓𝒂𝟐
𝒄𝒚𝒄

≤
𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐

𝒓𝟐
−
𝟑(𝟖𝑹+ 𝒓)

𝟐𝒓
+

(𝟒𝑹 + 𝒓)𝟐

𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)

=
𝟒𝑹𝟐

𝒓𝟐
−
𝟏𝟓𝑹

𝟐𝒓
+ 𝟐 −

𝟑(𝑹 − 𝟐𝒓)

𝟐(𝟏𝟔𝑹 − 𝟓𝒓)
≤⏞

𝑬𝒖𝒍𝒆𝒓 𝟒𝑹𝟐

𝒓𝟐
−
𝟏𝟓𝑹

𝟐𝒓
+ 𝟐. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟒𝑹

𝒓
−
𝒓

𝑹
−
𝟗

𝟐
≤∑

𝒎𝒂
𝟐

𝒓𝒂𝟐
𝒄𝒚𝒄

≤
𝟒𝑹𝟐

𝒓𝟐
−
𝟏𝟓𝑹

𝟐𝒓
+ 𝟐. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

= (∑(𝐬 − 𝒂)

𝐜𝐲𝐜

)

𝟐

− 𝟐∑(𝐬− 𝐛)(𝐬 − 𝐜)

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐)

⇒∑(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

=
(𝐢)
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 



 
www.ssmrmh.ro 

21 RMM-GEOMETRY MARATHON 501-600 

 

∑𝒂𝟐(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

= (∑𝒂(𝐬 − 𝒂)

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐜𝐲𝐜

= (𝐬(𝟐𝐬) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐))
𝟐

− 𝟐∑𝐛𝐜(𝐬𝟐 − 𝐬(𝐛 + 𝐜) + 𝐛𝐜)

𝐜𝐲𝐜

 

= 𝟒𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝟐(𝐬𝟐∑𝐛𝐜

𝐜𝐲𝐜

− 𝐬∑𝐛𝐜(𝟐𝐬 − 𝒂)

𝐜𝐲𝐜

+∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

)

= 𝟒𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝟐(−𝐬𝟐∑𝐛𝐜

𝐜𝐲𝐜

+ (∑𝐛𝐜

𝐜𝐲𝐜

)

𝟐

+ 𝟑𝐬𝒂𝐛𝐜 − 𝟒𝐬𝒂𝐛𝐜) 

= 𝟒𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 − 𝟐((𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 − 𝐬𝟐) − 𝟒𝐑𝐫𝐬𝟐)

= 𝟒𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐫𝟐𝐬𝟐 − 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐

⇒∑𝒂𝟐(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

=
(𝐢𝐢)
𝟐𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝐬𝟐) 

𝐍𝐨𝐰,∑
𝐦𝒂
𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

=∑
(𝟒𝐦𝒂

𝟐)(𝐫𝐛𝐫𝐜)
𝟐

𝟒𝐫𝒂
𝟐𝐫𝐛

𝟐𝐫𝐜
𝟐

𝐜𝐲𝐜

=
𝟏

𝟒𝐫𝟐𝐬𝟒
.∑(𝟐𝐛𝟐 + 𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝟑𝒂𝟐)𝐬𝟐(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

=
𝟏

𝟒𝐫𝟐𝐬𝟐
. (𝟐(∑𝒂𝟐

𝐜𝐲𝐜

) .∑(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

− 𝟑∑𝒂𝟐(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

) 

=
𝐯𝐢𝒂 (𝐢) 𝒂𝐧𝐝 (𝐢𝐢) 𝟏

𝟐𝐫𝟐𝐬𝟐
(𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟑𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝐬𝟐))

≤
𝟒𝐑𝟐

𝐫𝟐
−
𝟏𝟓𝐑

𝟐𝐫
+ 𝟐 =

𝟖𝐑𝟐 − 𝟏𝟓𝐑𝐫 + 𝟒𝐫𝟐

𝟐𝐫𝟐

⇔ 𝟐𝐬𝟒 − (𝟖𝐑𝟐 + 𝟗𝐑𝐫+ 𝟕𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≤
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 − (𝟖𝐑𝟐 + 𝟗𝐑𝐫+ 𝟕𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≤
?
𝟎

⇔ (𝐑 + 𝐫)𝐬𝟐 ≥
?
⏟
(∗∗)

𝐫(𝟒𝐑 + 𝐫)𝟐 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟒𝐑+ 𝐫)𝟐 ⇔ 𝟑𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒∑
𝐦𝒂
𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≤
𝟒𝐑𝟐

𝐫𝟐
−
𝟏𝟓𝐑

𝟐𝐫
+ 𝟐 
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𝐌𝐨𝐫𝐞𝐨𝐯𝐞𝐫,∑
𝐦𝒂
𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≥
𝟒𝐑

𝐫
−
𝐫

𝐑
−
𝟗

𝟐

⇔
𝟏

𝟐𝐫𝟐𝐬𝟐
(𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟑𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝐬𝟐))

≥
𝟖𝐑𝟐 − 𝟗𝐑𝐫 − 𝟐𝐫𝟐

𝟐𝐑𝐫
 

⇔ 𝟐𝐑𝐬𝟒 − (𝟑𝟐𝐑𝟐 − 𝟔𝐑𝐫 − 𝟐𝐫𝟐)𝐫𝐬𝟐 + 𝐑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
(∗∗∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝐑(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 − (𝟑𝟐𝐑𝟐 − 𝟔𝐑𝐫− 𝟐𝐫𝟐)𝐫𝐬𝟐 + 𝐑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
?
𝟎

⇔ 𝐑(𝟒𝐑 + 𝐫)𝟐 ≥
?
⏟

(∗∗∗∗)

(𝟒𝐑− 𝟐𝐫)𝐬𝟐 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (𝟒𝐑 − 𝟐𝐫)𝐬𝟐 ≤
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟒𝐑

− 𝟐𝐫) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫) ≤
?
𝐑(𝟒𝐑 + 𝐫)𝟐 

⇔ 𝐑(𝟒𝐑 + 𝐫)𝟐 − (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐)(𝟒𝐑− 𝟐𝐫) ≥
?
𝟐(𝟒𝐑− 𝟐𝐫)(𝐑− 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫

⇔ (𝐑 − 𝟐𝐫)(𝟖𝐑𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐) ≥
?
⏟
(⦁)

𝟐(𝟒𝐑 − 𝟐𝐫)(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫 

∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟖𝐑𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐

> 𝟐(𝟒𝐑− 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝟖𝐑𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟒(𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝐑− 𝟐𝐫)𝟐 > 0 ⇔ 𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 > 0 → 𝑡𝑟𝑢𝑒

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝟒𝐑 − 𝟐𝐫)𝐬𝟐 ≤ 𝐑(𝟒𝐑 + 𝐫)𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝐦𝒂
𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≥
𝟒𝐑

𝐫
−
𝐫

𝐑
−
𝟗

𝟐
 (𝐐𝐄𝐃) 

520.  

𝑩𝑨⃗⃗⃗⃗⃗⃗ = 𝒃, 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝒂, 𝑩𝑫 ⊥ 𝑨𝑪 

𝑩𝑫⃗⃗⃗⃗ ⃗⃗ = 𝒎 ∙ 𝑩𝑪⃗⃗⃗⃗⃗⃗ + 𝒏 ∙ 𝑩𝑨⃗⃗⃗⃗⃗⃗ , 

 𝒎 > 0, 𝑛 > 0 

[𝑨𝑩𝑪𝑫] = 𝑭 = 𝒇(𝒎,𝒏, 𝒂, 𝒃) =? 

[𝑨𝑩𝑪𝑫] −area 
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Application: 𝒂 = 𝟓, 𝒃 = 𝟒, 𝒏 = 𝟑,𝒎 = 𝟐. 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Plagiogonal system: 𝑩𝑪 ≡ 𝑩𝒙,𝑩𝑨 ≡ 𝑩𝒚 

𝑩𝑪 = 𝒂, 𝑩𝑬 = 𝒎𝒂,𝑩𝑨 = 𝒃,𝑩𝑭 = 𝒏𝒃 

Let 𝑨𝑩�̂� = 𝜽 and 𝑩(𝟎, 𝟎), 𝑪(𝒂, 𝟎), 𝑬(𝒎𝒂, 𝟎), 𝑨(𝟎, 𝒃), 𝑭(𝟎, 𝒏𝒃), 𝑫(𝒎𝒂,𝒏𝒃) 

𝝀𝑨𝑪 = 𝝀𝟏 = −
𝒃

𝒂
, 𝝀𝑩𝑫 = 𝝀𝟐 =

𝒏𝒃

𝒎𝒂
 

𝑩𝑫 ⊥ 𝑨𝑪 ⇒ (𝝀𝟏 + 𝝀𝟐) 𝐜𝐨𝐬𝜽 + 𝝀𝟏 + 𝝀𝟐 + 𝟏 = 𝟎 

𝐜𝐨𝐬𝜽 =
𝒎𝒂𝟐 − 𝒏𝒃𝟐

(𝒎 − 𝒏)𝒂𝒃
;𝒎 ≠ 𝒏 

𝐬𝐢𝐧𝜽 = √
𝒂𝟐𝒃𝟐(𝒎𝟐 + 𝒏𝟐) − (𝒎𝒂𝟐)𝟐 − (𝒏𝒃𝟐)𝟐

𝒂𝟐𝒃𝟐(𝒎 − 𝒏)𝟐
 

𝑭 =
𝐬𝐢𝐧 𝜽

𝟐
(𝒂 ∙ 𝒏𝒃 + 𝒃 ∙ 𝒎𝒂) =

𝟏

𝟐
∙
𝒎+ 𝒏

|𝒎− 𝒏|
∙ √(𝒂𝟐 − 𝒃𝟐)(𝒏𝟐𝒃𝟐 −𝒎𝟐𝒂𝟐) 

(𝒂𝟐 − 𝒃𝟐)(𝒏𝟐𝒃𝟐 −𝒎𝟐𝒂𝟐) > 0;𝑚 ≠ 𝑛 

If 𝒂 = 𝟓, 𝒃 = 𝟒,𝒏 = 𝟑,𝒎 = 𝟐, we have: 𝑭 = 𝟏𝟓√𝟏𝟏 

521. 𝑴 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪), 𝑹𝒂, 𝑹𝒃, 𝑹𝒄 −circumradii of 

∆𝑩𝑴𝑪,∆𝑪𝑴𝑨,∆𝑨𝑴𝑩.  Prove that : 

𝑹𝒂

𝒎𝒃 𝐬𝐢𝐧
𝑨
𝟐

+
𝑹𝒃

𝒎𝒄 𝐬𝐢𝐧
𝑩
𝟐

+
𝑹𝒄

𝒎𝒂 𝐬𝐢𝐧
𝑪
𝟐

≥ 𝟐(√
𝑹𝒂𝑹𝒃
𝒎𝒃𝒎𝒄

+ √
𝑹𝒃𝑹𝒄
𝒎𝒄𝒎𝒂

+ √
𝑹𝒄𝑹𝒂
𝒎𝒂𝒎𝒃

).   

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑹𝒂

𝒎𝒃 𝐬𝐢𝐧
𝑨
𝟐

+
𝑹𝒃

𝒎𝒄 𝐬𝐢𝐧
𝑩
𝟐

+
𝑹𝒄

𝒎𝒂 𝐬𝐢𝐧
𝑪
𝟐

≥

(√
𝑹𝒂
𝒎𝒃

+√
𝑹𝒃
𝒎𝒄

+ √
𝑹𝒄
𝒎𝒂

)

𝟐

𝐬𝐢𝐧
𝑨
𝟐 + 𝐬𝐢𝐧

𝑩
𝟐 + 𝐬𝐢𝐧

𝑪
𝟐

  (𝟏) 

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒘𝒆𝒍𝒍 𝒌𝒏𝒐𝒘𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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(√
𝑹𝒂
𝒎𝒃

+ √
𝑹𝒃
𝒎𝒄

+√
𝑹𝒄
𝒎𝒂

)

𝟐

≥ 𝟑(√
𝑹𝒂𝑹𝒃
𝒎𝒃𝒎𝒄

+ √
𝑹𝒃𝑹𝒄
𝒎𝒄𝒎𝒂

+√
𝑹𝒄𝑹𝒂
𝒎𝒂𝒎𝒃

)  (𝟐) 

𝑨𝒍𝒔𝒐 𝒃𝒚 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

 𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
≤ 𝟑𝐬𝐢𝐧 (

𝑨 + 𝑩 + 𝑪

𝟔
) =

𝟑

𝟐
  (𝟑) 

𝑭𝒓𝒐𝒎 (𝟏), (𝟐) 𝒂𝒏𝒅 (𝟑) 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝑹𝒂

𝒎𝒃 𝐬𝐢𝐧
𝑨
𝟐

+
𝑹𝒃

𝒎𝒄 𝐬𝐢𝐧
𝑩
𝟐

+
𝑹𝒄

𝒎𝒂 𝐬𝐢𝐧
𝑪
𝟐

≥

𝟑 (√
𝑹𝒂𝑹𝒃
𝒎𝒃𝒎𝒄

+ √
𝑹𝒃𝑹𝒄
𝒎𝒄𝒎𝒂

+ √
𝑹𝒄𝑹𝒂
𝒎𝒂𝒎𝒃

)

𝟑
𝟐

= 𝟐(√
𝑹𝒂𝑹𝒃
𝒎𝒃𝒎𝒄

+√
𝑹𝒃𝑹𝒄
𝒎𝒄𝒎𝒂

+ √
𝑹𝒄𝑹𝒂
𝒎𝒂𝒎𝒃

). 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 𝒂𝒏𝒅 𝑴 𝒊𝒔 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 ∆𝑨𝑩𝑪. 

522.  

(𝑶𝑨𝑩𝑪) −tetrahedron 

𝐜𝐨𝐬(𝑨𝑶�̂�) =
𝟏

𝟐
; 𝐜𝐨𝐬(𝑩𝑶�̂�) =

𝟏

𝟑
; 𝐜𝐨𝐬(𝑪𝑶�̂�) =

𝟐

𝟑
 

(𝑶𝑨𝑩) ≡ 𝑷; (𝑶𝑩𝑪) ≡ 𝑸; (𝑶𝑪𝑨) ≡ 𝑹 

                                              Prove : 

(𝑷, �̂�) = 𝜽𝟑 = 𝟗𝟎° 

                                         Find: 

(𝑷, �̂�) = 𝜽𝟏 =? ; (𝑸, �̂�) = 𝜽𝟐 =? 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 

PLagiogonal 3rd system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

�⃗⃗� (𝒖𝟏, 𝒖𝟐, 𝒖𝟑) ⊥ 𝑷; �⃗⃗� (𝒗𝟏, 𝒗𝟐, 𝒗𝟑) ⊥ 𝑸, �⃗⃗⃗� (𝒘𝟏, 𝒘𝟐, 𝒘𝟑) ⊥ 𝑹 

�⃗⃗� (−
𝟏

𝟐
, 𝟎,
𝟑

𝟒
) ; �⃗⃗� (

𝟖

𝟗
,−

𝟓

𝟏𝟖
, −
𝟏

𝟐
) ; �⃗⃗⃗� (−

𝟓

𝟏𝟖
,
𝟓

𝟗
, 𝟎) 

�⃗⃗� (−𝟏𝟖, 𝟎, 𝟐𝟕); �⃗⃗� (𝟑𝟐, −𝟏𝟎,−𝟏𝟖); �⃗⃗⃗� (−𝟏𝟎, 𝟐𝟎, 𝟎) 

|�⃗⃗� | = 𝟗√𝟓; |�⃗⃗� | = 𝟒√𝟑𝟎; |�⃗⃗⃗� | = 𝟏𝟎√𝟑 

|�⃗⃗� ∙ �⃗⃗� | = 𝟐𝟕𝟎; |�⃗⃗� ∙ �⃗⃗⃗� | = 𝟏𝟓𝟎; |�⃗⃗� ∙ �⃗⃗⃗� | = 𝟎 

𝐜𝐨𝐬𝜽𝟏 =
|�⃗⃗� ∙ �⃗⃗� |

|�⃗⃗� | ∙ |�⃗⃗� |
=
√𝟔

𝟒
⇒ 𝜽𝟏 ≅ 𝟓𝟐, 𝟐𝟒° 

𝐜𝐨𝐬 𝜽𝟐 =
|�⃗⃗� ∙ �⃗⃗⃗� |

|�⃗⃗� | ∙ |�⃗⃗⃗� |
=
√𝟑

𝟖
⇒ 𝜽𝟐 ≅ 𝟕𝟕, 𝟓𝟎° 

𝐜𝐨𝐬𝜽𝟑 =
|�⃗⃗� ∙ �⃗⃗⃗� |

|�⃗⃗� | ∙ |�⃗⃗⃗� |
= 𝟎 ⇒ 𝜽𝟏 = 𝟗𝟎° 

523.  

 

 

(𝑶𝑨𝑩𝑪) −tetrahedron 

𝑮 −centroid of 𝚫𝑨𝑩𝑪 

𝑶𝑨 = 𝑶𝑩 = 𝑶𝑪 = 𝟑𝒅 

∢𝑩𝑶𝑪 = 𝜽𝟏, ∢𝑪𝑶𝑨

= 𝜽𝟐, ∢𝑨𝑶𝑩 = 𝜽𝟑 

Find: 

𝑶𝑮 =? If 𝜽𝟏 = 𝜽𝟐 = 𝜽𝟑 = 𝜽 

𝑶𝑮 =? If 𝜽𝟏 ≠ 𝜽𝟐 ≠ 𝜽𝟑 ≠ 𝜽𝟏. 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 
Plagiogonal 3rd system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝟑𝒅, 𝟎, 𝟎),𝑩(𝟎, 𝟑𝒅, 𝟎), 𝑪(𝟎, 𝟎, 𝟑𝒅), 𝑮(𝒅, 𝒅, 𝒅) 

𝑶𝑮𝟐 = (𝒅 − 𝟎)𝟐 + (𝒅 − 𝟎)𝟐 + (𝒅 − 𝟎)𝟐 + 𝟐𝒅 ∙ 𝒅 ∙ 𝐜𝐨𝐬𝜽𝟏 + 𝟐𝒅 ∙ 𝒅 ∙ 𝐜𝐨𝐬 𝜽𝟐 + 𝟐𝒅 ∙ 𝒅

∙ 𝐜𝐨𝐬 𝜽𝟑 

𝑶𝑮 = 𝒅√|𝟑 + 𝟐(𝐜𝐨𝐬𝜽𝟏 + 𝐜𝐨𝐬 𝜽𝟐 + 𝐜𝐨𝐬𝜽𝟑)| 

If 𝜽𝟏 = 𝜽𝟐 = 𝜽𝟑 = 𝜽,𝑶𝑮 = 𝒅√𝟑√|𝟏 + 𝐜𝐨𝐬𝜽| 

If 𝜽𝟏 = 𝜽𝟐 = 𝜽𝟑 = 𝟗𝟎°,𝑶𝑮 = 𝒅√𝟑 

If 𝜽𝟏 = 𝜽𝟐 = 𝜽𝟑 = 𝟔𝟎°,𝑶𝑮 = 𝒅√𝟑, 𝟑𝒅 = 𝒂 ⇒ 𝑶𝑮 = 𝒂 ∙
√𝟔

𝟑
= 𝒉 

the altitude of regular tetrahedron with side 𝒂. 

524. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑𝐜𝐬𝐜𝟐
𝑨

𝟐
𝐬𝐢𝐧

𝑪

𝟐
𝒄𝒚𝒄

≤ 𝟔 (
𝑹

𝟐𝒓
)
𝟓

 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

We must show: 

∑
𝐬𝐢𝐧

𝑪
𝟐

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

≤ 𝟔 ⋅
𝑹𝟓

𝟑𝟐𝒓𝟓
⇔ 𝐬𝐢𝐧

𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
⋅∑

𝟏

𝐬𝐢𝐧𝟑
𝑨
𝟐 𝐬𝐢𝐧

𝑩
𝟐𝒄𝒚𝒄

≤
𝟑𝑹𝟓

𝟏𝟔𝒓𝟓
; (𝟏) 

But 𝟑(𝒙𝟑𝒚 + 𝒚𝟑𝒛 + 𝒛𝟑𝒙) ≤ (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐. 

∑
𝟏

𝐬𝐢𝐧𝟑
𝑨
𝟐 𝐬𝐢𝐧

𝑩
𝟐𝒄𝒚𝒄

≤
𝟏

𝟑
(∑

𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

)

𝟐

; (𝟐) 

From (1) and (2) we must show: 

𝐬𝐢𝐧
𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
⋅
𝟏

𝟑
(∑

𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

)

𝟐

≤
𝟑𝑹𝟓

𝟏𝟔𝒓𝟓
; (𝟑) 

𝐬𝐢𝐧
𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
=

𝒓

𝟒𝑹
 𝐚𝐧𝐝 ∑

𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐𝒄𝒚𝒄

=
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
; (𝟒) 
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From (3) and (4) we must show: 

𝒓

𝟒𝑹
⋅
𝟏

𝟑
⋅
(𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓)𝟐

𝒓𝟒
≤
𝟑𝑹𝟓

𝟏𝟔𝒓𝟓
⇔ (𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓)𝟐 ≤

𝟗𝑹𝟔

𝟒𝒓𝟐
 

𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓 ≤
𝟑𝑹𝟑

𝟐𝒓
; (𝟓) 

𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏); (𝟔) 

From (5) and (6) we must show: 

𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝟒𝒓𝟐 ≤
𝟑𝑹𝟑

𝟐𝒓
⇔ 𝟖𝑹𝟐𝒓 − 𝟖𝑹𝒓𝟐 + 𝟖𝒓𝟐 ≤ 𝟑𝑹𝟑 

𝟑𝑹𝟑 − 𝟖𝑹𝟐𝒓 + 𝟖𝑹𝒓𝟐 − 𝟗 − 𝟖𝒓𝟑 ≥ 𝟎 

(𝑹 − 𝟐𝒓)(𝟑𝑹𝟐 − 𝟐𝑹𝒓 + 𝟒𝒓𝟐) ≥ 𝟎 true from 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

525. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟏𝟔(
𝟐𝑹𝟐

𝒓𝟐
−
𝟑𝑹

𝒓
+ 𝟏) ≤∑𝐜𝐬𝐜𝟒

𝑨

𝟐
𝒄𝒚𝒄

≤ 𝟏𝟔(
𝑹𝟒

𝒓𝟒
+
𝑹𝟐

𝒓𝟐
− 𝟏𝟕) 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 
 

Because 𝐬𝐢𝐧𝟐
𝑨

𝟐
, 𝐬𝐢𝐧𝟐

𝑩

𝟐
, 𝐬𝐢𝐧𝟐

𝑪

𝟐
 are the roots of the equation 

𝟏𝟔𝑹𝟐𝒙𝟑 − 𝟖𝑹(𝟐𝑹− 𝒓)𝒙𝟐 + (𝒔𝟐 + 𝒓𝟐 + 𝟖𝑹𝒓)𝒙 − 𝒓𝟐 = 𝟎 
then from Viete’s relationships we have 

∑
𝟏

𝐬𝐢𝐧𝟒
𝑨
𝟐𝒄𝒚𝒄

= (
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
)

𝟐

−
𝟏𝟔𝑹(𝟐𝑹− 𝒓)

𝒓𝟐
 

We must show: 

𝟏𝟔(
𝟐𝑹𝟐

𝒓𝟐
−
𝟑𝑹

𝒓
+ 𝟏) ≤ (

𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
)

𝟐

−
𝟏𝟔𝑹(𝟐𝑹− 𝒓)

𝒓𝟐
≤ 𝟏𝟔(

𝑹𝟒

𝒓𝟒
+
𝑹𝟐

𝒓𝟐
− 𝟏𝟕) 

For the left side 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) we have: 

(
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
)

𝟐

−
𝟏𝟔𝑹(𝟐𝑹− 𝒓)

𝒓𝟐
≥ (

𝟖𝑹𝒓 − 𝟒𝒓𝟐

𝒓𝟐
)

𝟐

−
𝟏𝟔𝑹(𝟐𝑹− 𝒓)

𝒓𝟐
= 

= 𝟏𝟔(
𝟐𝑹− 𝟐

𝒓
)
𝟐

−
𝟏𝟔𝑹(𝟐𝑹 − 𝒓)

𝒓𝟐
=
𝟏𝟔(𝟐𝑹− 𝒓)

𝒓𝟐
(𝟐𝑹 − 𝒓 − 𝑹) =

𝟏𝟔(𝟐𝑹− 𝒓)(𝑹 − 𝒓)

𝒓𝟐
= 

= 𝟏𝟔(
𝟐𝑹𝟐

𝒓𝟐
−
𝟑𝑹

𝒓
+ 𝟏) 
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For the right side 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) we have: 

(
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
)

𝟐

−
𝟏𝟔𝑹(𝟐𝑹− 𝒓)

𝒓𝟐
≤ (

𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝟒𝒓𝟐

𝒓𝟐
)

𝟐

−
𝟏𝟔𝑹(𝟐𝑹− 𝒓)

𝒓𝟐
= 

= 𝟏𝟔 [
(𝑹𝟐 −𝑹𝒓 + 𝒓𝟐)𝟐

𝒓𝟐
−
𝑹(𝟐𝑹 − 𝒓)

𝒓𝟐
] = 

= 𝟏𝟔 (
𝑹𝟒 + 𝑹𝟐𝒓𝟐 + 𝒓𝟒 − 𝟐𝑹𝟔𝟑 𝒓 + 𝟐𝑹𝟐𝒓𝟐 − 𝟐𝑹𝒓𝟑

𝒓𝟒
−
𝟐𝑹𝟐 −𝑹𝒓

𝒓𝟐
) = 

= 𝟏𝟔(
𝑹𝟒

𝒓𝟒
−
𝟐𝑹𝟑

𝒓𝟑
+
𝟑𝑹𝟐

𝒓𝟐
−
𝟐𝑹

𝒓
+ 𝟏 −

𝟐𝑹𝟐

𝒓𝟐
+
𝑹

𝒓
) = 

= 𝟏𝟔(
𝑹𝟒

𝒓𝟒
−
𝟐𝑹𝟑

𝒓𝟑
+
𝑹𝟐

𝒓𝟐
−
𝑹

𝒓
+ 𝟏) 

We must show: 

𝟏𝟔(
𝑹𝟒

𝒓𝟒
−
𝟐𝑹𝟑

𝒓𝟑
+
𝑹𝟐

𝒓𝟐
−
𝑹

𝒓
+ 𝟏) ≤ 𝟏𝟔(

𝑹𝟒

𝒓𝟒
+
𝑹𝟐

𝒓𝟐
− 𝟏𝟕) 

𝑹𝟒

𝒓𝟒
−
𝟐𝑹𝟑

𝒓𝟑
+
𝑹𝟐

𝒓𝟐
−
𝑹

𝒓
+ 𝟏 ≤

𝑹𝟒

𝒓𝟒
+
𝑹𝟐

𝒓𝟐
− 𝟏𝟕 

−
𝟐𝑹𝟑

𝒓𝟑
−
𝑹

𝒓
+ 𝟏 ≤ −𝟏𝟕 

𝟐𝑹𝟑

𝒓𝟑
+
𝑹

𝒓
≥ 𝟏𝟖 𝐭𝐫𝐮𝐞, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞: 

𝑹𝟑

𝒓𝟑
≥ 𝟖 𝐚𝐧𝐝 

𝑹

𝒓
≥ 𝟐 

526. For any ∆𝑨𝑩𝑪 the following relationship holds: 

  
𝒄(𝒂 + 𝒃)

𝒂 + 𝒃 − 𝒄
+
𝒂(𝒃 + 𝒄)

𝒃 + 𝒄 − 𝒂
+
𝒃(𝒄 + 𝒂)

𝒄 + 𝒂 − 𝒃
≥ 𝟒(

(𝒂 + 𝒃 − 𝒄)𝟐

𝒂 + 𝒃
+
(𝒃 + 𝒄 − 𝒂)𝟐

𝒃 + 𝒄
+
(𝒄 + 𝒂 − 𝒃)𝟐

𝒄 + 𝒂
). 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒄(𝒂 + 𝒃)

𝒂 + 𝒃 − 𝒄
=

𝟒(𝒂 + 𝒃)𝒄𝟐

𝟒𝒄(𝒂 + 𝒃 − 𝒄)
 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟒(𝒂 + 𝒃)𝒄𝟐

[(𝒂 + 𝒃 − 𝒄) + 𝒄]𝟐
=

𝟒𝒄𝟐

𝒂 + 𝒃

= 𝟒(
(𝒂 + 𝒃 − 𝒄)𝟐

𝒂 + 𝒃
+ 𝟐𝒄 − 𝒂 − 𝒃) 
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𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂(𝒃 + 𝒄)

𝒃 + 𝒄 − 𝒂
≥ 𝟒(

(𝒃 + 𝒄 − 𝒂)𝟐

𝒃 + 𝒄
+ 𝟐𝒂 − 𝒃 − 𝒄)  & 

𝒃(𝒄 + 𝒂)

𝒄 + 𝒂 − 𝒃

≥ 𝟒(
(𝒄 + 𝒂 − 𝒃)𝟐

𝒄 + 𝒂
+ 𝟐𝒃 − 𝒄 − 𝒂) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒄(𝒂 + 𝒃)

𝒂 + 𝒃 − 𝒄
+
𝒂(𝒃 + 𝒄)

𝒃 + 𝒄 − 𝒂
+
𝒃(𝒄 + 𝒂)

𝒄 + 𝒂 − 𝒃
≥ 𝟒(

(𝒂 + 𝒃 − 𝒄)𝟐

𝒂 + 𝒃
+
(𝒃 + 𝒄 − 𝒂)𝟐

𝒃 + 𝒄
+
(𝒄 + 𝒂 − 𝒃)𝟐

𝒄 + 𝒂
) 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam 

𝐋𝐞𝐭𝒛 = 𝒂 + 𝒃 − 𝒄 > 0, 𝑥 = 𝑏 + 𝑐 − 𝑎 > 0, 𝑦 = 𝑐 + 𝑎 − 𝑏 > 0 

⇒ 𝒙 + 𝒚 + 𝒛 = 𝒂 + 𝒃 + 𝒄, 𝒂 =
𝒚 + 𝒛

𝟐
; 𝒃 =

𝒙 + 𝒛

𝟐
; 𝒄 =

𝒙 + 𝒚

𝟐
 

𝐖𝐞 𝐡𝐚𝐯𝐞: 

𝒄(𝒂 + 𝒃)

𝒂 + 𝒃 − 𝒄
+
𝒂(𝒃 + 𝒄)

𝒃 + 𝒄 − 𝒂
+
𝒃(𝒄 + 𝒂)

𝒄 + 𝒂 − 𝒃
≥ 𝟒(

(𝒂 + 𝒃 − 𝒄)𝟐

𝒂+ 𝒃
+
(𝒃 + 𝒄 − 𝒂)𝟐

𝒃 + 𝒄
+
(𝒄 + 𝒂 − 𝒃)𝟐

𝒄 + 𝒂
) ; 

⇔
(𝒙+ 𝒚)(𝒙 + 𝒚 + 𝟐𝒛)

𝟒𝒛
+
(𝒚 + 𝒛)(𝒚 + 𝒛 + 𝟐𝒙)

𝟒𝒙
+
(𝒙 + 𝒛)(𝒙 + 𝒛 + 𝟐𝒚)

𝟒𝒚

≥ 𝟒(
𝒛𝟐

𝒙 + 𝒚 + 𝟐𝒛
𝟐

+
𝒙𝟐

𝒚 + 𝒛 + 𝟐𝒙
𝟐

+
𝒚𝟐

𝒙 + 𝒛 + 𝟐𝒚
𝟐

) ; 

⇔
𝒙𝒚(𝒙 + 𝒚)(𝒙 + 𝒚 + 𝟐𝒛) + 𝒚𝒛(𝒚 + 𝒛)(𝒚 + 𝒛 + 𝟐𝒙) + 𝒙𝒛(𝒙 + 𝒛)(𝒙 + 𝒛 + 𝟐𝒚)

𝒙𝒚𝒛

≥
𝟑𝟐(𝒛𝟐(𝒚 + 𝒛 + 𝟐𝒙)(𝒙 + 𝒛 + 𝟐𝒚) + 𝒙𝟐(𝒙 + 𝒚 + 𝟐𝒛)(𝒙 + 𝒛 + 𝟐𝒚) + 𝒚𝟐(𝒙 + 𝒚 + 𝟐𝒛)(𝒚 + 𝒛 + 𝟐𝒙))

(𝒙 + 𝒚 + 𝟐𝒛)(𝒚 + 𝒛 + 𝟐𝒙)(𝒙 + 𝒛 + 𝟐𝒚)
; 

⇔
(𝒙 +  𝒚)(𝒙 +  𝒛)(𝒚 +  𝒛)(𝒙 +  𝒚 +  𝒛)

𝒙𝒚𝒛
≥
𝟑𝟐(𝒙 + 𝒚 + 𝒛)(∑𝒙𝟑 + 𝟐∑𝒙𝒚(𝒙 + 𝒚) + 𝒙𝒚𝒛)

(𝒙 + 𝒚 + 𝟐𝒛)(𝒚+ 𝒛 + 𝟐𝒙)(𝒙 + 𝒛 + 𝟐𝒚)
; 

 

⇔ (𝒙 +  𝒚)(𝒙 +  𝒛)(𝒚 +  𝒛)(𝒙 + 𝒚 + 𝟐𝒛)(𝒚 + 𝒛 + 𝟐𝒙)(𝒙 + 𝒛 + 𝟐𝒚)

≥ 𝟑𝟐𝒙𝒚𝒛 (∑𝒙𝟑 + 𝟐∑𝒙𝒚(𝒙 + 𝒚) + 𝒙𝒚𝒛) ; (∗) 

𝐖𝐢𝐭𝐡𝐨𝐮𝐭 𝐥𝐨𝐬𝐬 𝐨𝐟 𝐠𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐭𝐲, 𝐬𝐮𝐩𝐩𝐨𝐬𝐞 𝐭𝐡𝐚𝐭𝒙 + 𝒚 + 𝒛 = 𝟏. 𝐋𝐞𝐭 𝒒 =∑𝒙𝒚 , 𝒓 = 𝒙𝒚𝒛

≤
𝟏

𝟐𝟕
 

(∗) ⇔ 𝟏 − 𝒓𝟐 + 𝒒𝟐 − 𝟐𝒓 − 𝟏 + 𝟐𝒒 ≥ 𝟑𝟐𝒓(𝟏 − 𝟑𝒒 + 𝟑𝒓 + 𝟐𝒒 − 𝟔𝒓 + 𝒓); 
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⇔ 𝒒𝟐 + 𝟐𝒒 − 𝒓𝟐 − 𝟐𝒓 ≥ 𝟑𝟐𝒓(𝟏 − 𝒒 − 𝟐𝒓); 

⇔ 𝒒𝟐 + 𝟐𝒒 + 𝟑𝟐𝒓𝒒 + 𝟔𝟑𝒓𝟐 − 𝟑𝟒𝒓 ≥ 𝟎; 

𝐌𝐨𝐫𝐞, (∑𝒚𝒛)
𝟐

≥ 𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) = 𝟑𝒓 ⇒ 𝒒 ≥ √𝟑𝒓 ⇒ 𝒒𝟐 + 𝟐𝒒 + 𝟑𝟐𝒓𝒒 + 𝟔𝟑𝒓𝟐 − 𝟑𝟒𝒓

≥ 𝟑𝒓 + 𝟐√𝟑𝒓 + 𝟑𝟐𝒓√𝟑𝒓 + 𝟔𝟑𝒓𝟐 − 𝟑𝟒𝒓; 

𝐖𝐞 𝐧𝐞𝐞𝐝 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

𝟑𝒓 + 𝟐√𝟑𝒓 + 𝟑𝟐𝒓√𝟑𝒓 + 𝟔𝟑𝒓𝟐 − 𝟑𝟒𝒓 ≥ 𝟎; 

⇔ 𝒕𝟐 + 𝟐𝒕 +
𝟑𝟐𝒕𝟑

𝟑
+
𝟔𝟑𝒕𝟒

𝟗
−
𝟑𝟒𝒕𝟐

𝟑
≥ 𝟎; (∴ 𝒕 = √𝟑𝒓, 𝟎 < 𝑡 ≤

𝟏

𝟑
) 

⇔
𝟏

𝟑
𝒕 (𝟑 𝒕 −  𝟏)(𝟕 𝒕𝟐 +  𝟏𝟑 𝒕 −  𝟔) ≥ 𝟎; 

𝐖𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐬𝐢𝐧𝐜𝐞: 𝟎 < 𝑡 ≤
𝟏

𝟑
⇒ 𝒕(𝟑𝒕 − 𝟏) ≤ 𝟎;  𝟕 𝒕𝟐 +  𝟏𝟑 𝒕 −  𝟔 ≤ −

𝟖

𝟗
< 0 

⇒ (∗) 𝐭𝐫𝐮𝐞. 𝐏𝐫𝐨𝐯𝐞𝐝. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

(𝒂 + 𝐛 − 𝐜)𝟐

𝒂 + 𝐛
+
(𝐛 + 𝐜 − 𝒂)𝟐

𝐛 + 𝐜
+
(𝐜 + 𝒂− 𝐛)𝟐

𝐜 + 𝒂
= 𝟒∑

(𝐬 − 𝒂)𝟐

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟒∑
(𝟐𝐬 − 𝒂 − 𝐬)𝟐

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟒(∑
(𝟐𝐬 − 𝒂)𝟐

𝟐𝐬 − 𝒂
𝐜𝐲𝐜

− 𝟐𝐬∑
𝟐𝐬− 𝒂

𝟐𝐬 − 𝒂
𝐜𝐲𝐜

+ 𝐬𝟐∑
𝟏

𝐛+ 𝐜
𝐜𝐲𝐜

) 

= 𝟒(∑(𝟐𝐬 − 𝒂)

𝐜𝐲𝐜

− 𝟔𝐬 +
𝐬𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
∑(𝐜 + 𝒂)(𝒂 + 𝐛)

𝐜𝐲𝐜

)

= 𝟒

(

 
 
−𝟐𝐬 +

𝐬

𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

)+∑𝒂𝐛

𝐜𝐲𝐜

)

)

 
 

= 𝟒(−𝟐𝐬 +
𝐬(𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
) 

= 𝟒𝐬.
𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 − 𝟒(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

⇒ 𝟒(
(𝒂 + 𝐛 − 𝐜)𝟐

𝒂 + 𝐛
+
(𝐛 + 𝐜 − 𝒂)𝟐

𝐛 + 𝐜
+
(𝐜 + 𝒂− 𝐛)𝟐

𝐜 + 𝒂
) =
(∗) 𝟏𝟔𝐬(𝐬𝟐 − 𝟒𝐑𝐫− 𝟑𝐫𝟐)

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

𝐀𝐠𝒂𝐢𝐧,
𝐜(𝒂 + 𝐛)

𝒂 + 𝐛 − 𝐜
+
𝐛(𝐜 + 𝒂)

𝐜 + 𝒂− 𝐛
+
𝒂(𝐛 + 𝐜)

𝐛 + 𝐜 − 𝒂
=
𝟏

𝟐
∑

𝒂(𝐬 + 𝐬 − 𝒂)

𝐬 − 𝒂
𝐜𝐲𝐜

=
𝟏

𝟐
(𝐬∑

𝒂− 𝐬 + 𝐬

𝐬 − 𝒂
𝐜𝐲𝐜

+∑𝒂

𝐜𝐲𝐜

)

=
𝟏

𝟐
(𝐬(−𝟑) +

𝐬𝟐

𝐫𝟐𝐬
∑(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐜𝐲𝐜

+ 𝟐𝐬) =
𝟏

𝟐
(−𝐬 + 𝐬.

𝟒𝐑 + 𝐫

𝐫
) 
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⇒
𝐜(𝒂 + 𝐛)

𝒂 + 𝐛 − 𝐜
+
𝐛(𝐜 + 𝒂)

𝐜 + 𝒂 − 𝐛
+
𝒂(𝐛 + 𝐜)

𝐛 + 𝐜 − 𝒂
=
(∗∗) 𝟒𝐑𝐬

𝟐𝐫
∴ (∗), (∗∗) ⇒

𝐜(𝒂 + 𝐛)

𝒂 + 𝐛 − 𝐜
+
𝐛(𝐜 + 𝒂)

𝐜 + 𝒂 − 𝐛
+
𝒂(𝐛 + 𝐜)

𝐛 + 𝐜 − 𝒂

≥ 𝟒(
(𝒂 + 𝐛− 𝐜)𝟐

𝒂 + 𝐛
+
(𝐛 + 𝐜 − 𝒂)𝟐

𝐛 + 𝐜
+
(𝐜 + 𝒂 − 𝐛)𝟐

𝐜 + 𝒂
) 

⇔
𝟒𝐑𝐬

𝟐𝐫
≥
𝟏𝟔𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
⇔ 𝐑(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ≥ 𝟒𝐫(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

⇔ (𝐑 − 𝟒𝐫)𝐬𝟐 + 𝐑(𝟐𝐑𝐫 + 𝐫𝟐) + 𝟒𝐫(𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥
(⦁)

𝟎 

𝐂𝒂𝐬𝐞 𝟏 𝐑 − 𝟒𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥ 𝐑(𝟐𝐑𝐫 + 𝐫𝟐) + 𝟒𝐫(𝟒𝐑𝐫 + 𝟑𝐫𝟐) > 0

⇒ (⦁)𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 
𝐂𝒂𝐬𝐞 𝟐 𝐑 − 𝟒𝐫 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁)

= −(𝟒𝐫 − 𝐑)𝐬𝟐 + 𝐑(𝟐𝐑𝐫 + 𝐫𝟐) + 𝟒𝐫(𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (𝟒𝐫 − 𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐑(𝟐𝐑𝐫 + 𝐫𝟐) + 𝟒𝐫(𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥
?
𝟎 

⇔ 𝟐𝐑𝟐 − 𝟓𝐑𝐫 + 𝟐𝐫𝟐 ≥
?
𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝟐𝐑 − 𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (⦁)𝐢𝐬 𝐭𝐫𝐮𝐞

⇒
𝐜(𝒂 + 𝐛)

𝒂 + 𝐛 − 𝐜
+
𝐛(𝐜 + 𝒂)

𝐜 + 𝒂 − 𝐛
+
𝒂(𝐛 + 𝐜)

𝐛 + 𝐜 − 𝒂

≥ 𝟒(
(𝒂 + 𝐛− 𝐜)𝟐

𝒂 + 𝐛
+
(𝐛 + 𝐜 − 𝒂)𝟐

𝐛 + 𝐜
+
(𝐜 + 𝒂 − 𝐛)𝟐

𝐜 + 𝒂
) (𝐐𝐄𝐃) 

 

527. 𝑹, 𝑹𝟏, 𝑹𝟐 −circumradii of ∆𝑨𝑩𝑪, ∆𝑨𝑩𝑫,∆𝑨𝑪𝑫.  Prove that : 

  
𝑹 − 𝑹𝟏
𝑹 + 𝑹𝟏

+
𝑹 − 𝑹𝟐
𝑹 + 𝑹𝟐

≥
𝟐𝒉𝒂

𝟐𝒑 + 𝒉𝒂
.   

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

𝑳𝒆𝒕 𝑭 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑨𝑩𝑪.𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝟐𝑭 = 𝒂𝒉𝒂 = 𝒃𝒄. 

𝑻𝒉𝒆𝒏 ∶   
𝟐𝒉𝒂

𝟐𝒑 + 𝒉𝒂
=

𝟐𝒂𝒉𝒂
𝟐𝒑𝒂 + 𝒂𝒉𝒂

=
𝟐𝒃𝒄

𝒂(𝒂 + 𝒃 + 𝒄) + 𝒃𝒄
=

𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
  (𝟏) 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝑹 =
𝒂

𝟐
,   𝑹𝟏 =

𝒄

𝟐
,   𝑹𝟐 =

𝒃

𝟐
  𝒂𝒏𝒅  𝒂𝟐 = 𝒃𝟐 + 𝒄𝟐  𝒕𝒉𝒆𝒏 ∶ 
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𝑹 − 𝑹𝟏
𝑹 + 𝑹𝟏

+
𝑹 −𝑹𝟐
𝑹 + 𝑹𝟐

=
𝒂 − 𝒄

𝒂 + 𝒄
+
𝒂 − 𝒃

𝒂 + 𝒃
=
(𝒂 − 𝒄)(𝒂 + 𝒃) + (𝒂 − 𝒃)(𝒂 + 𝒄)

(𝒂 + 𝒃)(𝒂 + 𝒄)
=

𝟐(𝒂𝟐 − 𝒃𝒄)

(𝒂 + 𝒃)(𝒂 + 𝒄)
 

=
𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒃𝒄)

(𝒂 + 𝒃)(𝒂 + 𝒄)
 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟐(𝟐𝒃𝒄 − 𝒃𝒄)

(𝒂 + 𝒃)(𝒂 + 𝒄)
 =⏞
(𝟏)

 
𝟐𝒉𝒂

𝟐𝒑 + 𝒉𝒂
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

   
𝑹 − 𝑹𝟏
𝑹 + 𝑹𝟏

+
𝑹 −𝑹𝟐
𝑹 + 𝑹𝟐

≥
𝟐𝒉𝒂

𝟐𝒑 + 𝒉𝒂
.   

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒊𝒔𝒐𝒔𝒄𝒆𝒍𝒆𝒔 𝒓𝒊𝒈𝒉𝒕 𝒐𝒏 𝑨. 

528.  

                                                                                    (𝑶𝑨𝑩𝑪) −tetrahedron 

𝑶𝑨 = 𝑶𝑩 = 𝑶𝑪 = 𝟏𝟐                       

𝑮 −centroid of (𝑶𝑨𝑩𝑪), 𝑹 −centroid  

of 𝚫𝑨𝑩𝑪                                             

∢𝑩𝑶𝑪 = 𝜽𝟏, ∢𝑪𝑶𝑨 = 𝜽𝟐, ∢𝑨𝑶𝑩 = 𝜽𝟑 

𝐜𝐨𝐬 𝜽𝟏 =
𝟏

𝟒
, 𝐜𝐨𝐬𝜽𝟐 =

𝟏

𝟑
, 𝐜𝐨𝐬𝜽𝟑 =

𝟏

𝟐
 

Find [𝑨𝑮𝑹] =? , [∗] −area. 

 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Plagiogonal 3rd system: 𝑨𝑶 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛. 

𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝟏𝟐, 𝟎, 𝟎), 𝑹(𝟒, 𝟒, 𝟒), 𝑸(𝟑,𝟑, 𝟑) 

𝑨𝑮⃗⃗ ⃗⃗  ⃗(−𝟗, 𝟑, 𝟑), 𝑨𝑹⃗⃗⃗⃗⃗⃗ (−𝟖, 𝟒, 𝟒) 

|𝑨𝑮⃗⃗ ⃗⃗  ⃗|
𝟐
= 𝟖𝟏 + 𝟗 + 𝟗 + 𝟐(−𝟗) ⋅ 𝟑 ⋅

𝟏

𝟐
+ 𝟐 ⋅ 𝟑 ⋅ 𝟑 ⋅

𝟏

𝟒
+ 𝟐 ⋅ (−𝟗) ⋅ 𝟑 ⋅

𝟏

𝟑
=
𝟏𝟏𝟕

𝟐
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|𝑨𝑹⃗⃗⃗⃗⃗⃗ |
𝟐
= 𝟔𝟒 + 𝟏𝟔 + 𝟏𝟔+ 𝟐(−𝟖) ⋅ 𝟒 ⋅

𝟏

𝟐
+ 𝟐 ⋅ 𝟒 ⋅ 𝟒 ⋅

𝟏

𝟒
+ 𝟐(−𝟖) ⋅ 𝟒 ⋅

𝟏

𝟑
=
𝟏𝟓𝟐

𝟑
 

𝑨𝑮⃗⃗ ⃗⃗  ⃗ ⋅ 𝑨𝑹⃗⃗⃗⃗⃗⃗ = (−𝟗)(−𝟖) + 𝟑 ⋅ 𝟒 + 𝟑 ⋅ 𝟒 + (−𝟗 ⋅ 𝟒 − 𝟑 ⋅ 𝟖) ⋅
𝟏

𝟐
+ (𝟑 ⋅ 𝟒 + 𝟑 ⋅ 𝟒) ⋅

𝟏

𝟒
+ 

+(−𝟑 ⋅ 𝟖 − 𝟒 ⋅ 𝟗) ⋅
𝟏

𝟑
= 𝟓𝟖 

[𝑨𝑮𝑹] =
𝟏

𝟐
⋅ √(|𝑨𝑮⃗⃗ ⃗⃗  ⃗| ⋅ |𝑨𝑹⃗⃗⃗⃗⃗⃗ |)

𝟐
− (𝑨𝑮⃗⃗ ⃗⃗  ⃗ ⋅ 𝑨𝑹⃗⃗⃗⃗⃗⃗ )

𝟐
=
𝟏

𝟐
√
𝟏𝟏𝟕

𝟐
⋅
𝟏𝟓𝟐

𝟑
− 𝟓𝟐𝟐 

[𝑨𝑮𝑹] = √𝟔𝟓 

529. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟏𝟔

𝟑
(
𝟐𝒓

𝑹
) ≤∑𝐬𝐞𝐜𝟒

𝑨

𝟐
𝒄𝒚𝒄

≤
𝟏𝟔

𝟑
(
𝑹

𝟐𝒓
)
𝟑

 

Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

∑𝐫𝒂
𝟒

𝐜𝐲𝐜

= (∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝐫𝒂
𝟐𝐫𝐛

𝟐

𝐜𝐲𝐜

= ((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)
𝟐
− 𝟐

(

 
 
(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)

𝟐

− 𝟐𝐫𝒂𝐫𝐛𝐫𝐛(∑𝐫𝒂
𝐜𝐲𝐜

)

)

 
 

= ((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐)
𝟐
− 𝟐(𝐬𝟒 − 𝟐𝐫𝐬𝟐(𝟒𝐑 + 𝐫)) 

= (𝟒𝐑 + 𝐫)𝟒 + 𝟐𝐬𝟒 − (𝟔𝟒𝐑𝟐 + 𝟏𝟔𝐑𝐫)𝐬𝟐 ∴∑𝐫𝒂
𝟒

𝐜𝐲𝐜

=
(𝐢)
(𝟒𝐑 + 𝐫)𝟒 + 𝟐𝐬𝟒 − (𝟔𝟒𝐑𝟐 + 𝟏𝟔𝐑𝐫)𝐬𝟐 

𝐍𝐨𝐰,∑𝐬𝐞𝐜𝟒
𝐀

𝟐
𝐜𝐲𝐜

=∑(𝟏+ 𝐭𝒂𝐧𝟐
𝐀

𝟐
)
𝟐

𝐜𝐲𝐜

=∑(𝟏+ 𝟐𝐭𝒂𝐧𝟐
𝐀

𝟐
+ 𝐭𝒂𝐧𝟒

𝐀

𝟐
)

𝐜𝐲𝐜

= 𝟑 +
𝟐

𝐬𝟐
.∑𝐫𝒂

𝟐

𝐜𝐲𝐜

+
𝟏

𝐬𝟒
.∑𝐫𝒂

𝟒

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝐢)

𝟑 +
(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐬𝟐

+
(𝟒𝐑 + 𝐫)𝟒 + 𝟐𝐬𝟒 − (𝟔𝟒𝐑𝟐 + 𝟏𝟔𝐑𝐫)𝐬𝟐

𝐬𝟒
 

⇒∑𝐬𝐞𝐜𝟒
𝐀

𝟐
𝐜𝐲𝐜

=
(𝐢𝐢) (𝟒𝐑+ 𝐫)𝟒 + 𝐬𝟒 − (𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐)𝐬𝟐

𝐬𝟒
∴∑𝐬𝐞𝐜𝟒

𝐀

𝟐
𝐜𝐲𝐜

≤
𝟏𝟔

𝟑
(
𝐑

𝟐𝐫
)
𝟑

⇔
(𝟒𝐑+ 𝐫)𝟒 + 𝐬𝟒 − (𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐)𝐬𝟐

𝐬𝟒
≤
𝟐𝐑𝟑

𝟑𝐫𝟑
 

⇔ (𝟐𝐑𝟑 − 𝟑𝐫𝟑)𝐬𝟒 + 𝟑𝐫𝟑(𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐)𝐬𝟐 ≥
(∗)

𝟑𝐫𝟑(𝟒𝐑+ 𝐫)𝟒 
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𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝟐𝐑𝟑 − 𝟑𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)

+ 𝟑𝐫𝟑(𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐))𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝟐𝐑𝟑 − 𝟑𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)

+ 𝟑𝐫𝟑(𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐)) (𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝟑𝐫𝟑(𝟒𝐑+ 𝐫)𝟒 

⇔ 𝟐𝟓𝟔𝐭𝟓 − 𝟓𝟒𝟒𝐭𝟒 + 𝟒𝟎𝟗𝐭𝟑 − 𝟕𝟔𝟖𝐭𝟐 + 𝟏𝟔𝟖𝐭− 𝟐𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)(𝟐𝟒𝟎𝐭𝟒 + 𝟏𝟔𝐭𝟑(𝐭 − 𝟐) + 𝟑𝟎𝟔𝐭𝟐 + 𝟑𝟗𝐭(𝐭 − 𝟐) + 𝟏𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗)𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑𝐬𝐞𝐜𝟒
𝐀

𝟐
𝐜𝐲𝐜

≤
𝟏𝟔

𝟑
(
𝐑

𝟐𝐫
)
𝟑

 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐯𝐢𝒂 (𝐢𝐢),
𝟏𝟔

𝟑
(
𝟐𝐫

𝐑
) ≤∑𝐬𝐞𝐜𝟒

𝐀

𝟐
𝐜𝐲𝐜

⇔
(𝟒𝐑+ 𝐫)𝟒 + 𝐬𝟒 − (𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐)𝐬𝟐

𝐬𝟒
≥
𝟑𝟐𝐫

𝟑𝐑

⇔ (𝟑𝐑 − 𝟑𝟐𝐫)𝐬𝟒 + 𝟑𝐑(𝟒𝐑+ 𝐫)𝟒 − 𝟑𝐑(𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐)𝐬𝟐 ≥
(∗∗)

𝟎 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗) = (𝟑𝐑 − 𝟔𝐫)𝐬𝟒 − 𝟐𝟔𝐫𝐬𝟒 + 𝟑𝐑(𝟒𝐑+ 𝐫)𝟒 − 𝟑𝐑(𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐)𝐬𝟐 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝐑 − 𝟔𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 − 𝟐𝟔𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐)𝐬𝟐 − 𝟑𝐑(𝟑𝟐𝐑𝟐 − 𝟐𝐫𝟐)𝐬𝟐

+ 𝟑𝐑(𝟒𝐑 + 𝐫)𝟒 ≥
?
𝟎 ⇔ 𝟑𝐑(𝟒𝐑 + 𝐫)𝟒 ≥

?
⏟

(∗∗∗)

(𝟗𝟔𝐑𝟑 + 𝟓𝟔𝐑𝟐𝐫 + 𝟐𝟎𝟗𝐑𝐫𝟐 + 𝟒𝟖𝐫𝟑)𝐬𝟐 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟗𝟔𝐑𝟑 + 𝟓𝟔𝐑𝟐𝐫 + 𝟐𝟎𝟗𝐑𝐫𝟐 + 𝟒𝟖𝐫𝟑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫

+ 𝟑𝐫𝟐) ≤
?
𝟑𝐑(𝟒𝐑+ 𝐫)𝟒 ⇔ 𝟗𝟔𝐭𝟓 + 𝟒𝟎𝐭𝟒 − 𝟐𝟔𝟓𝐭𝟑 − 𝟐𝟖𝟕𝐭𝟐 − 𝟐𝟎𝟒𝐭 − 𝟑𝟔 ≥

?
𝟎 

⇔ (𝐭 − 𝟐)(𝟗𝟔𝐭𝟒 + 𝟐𝟑𝟐𝐭𝟑 + 𝟏𝟗𝟗𝐭𝟐 + 𝟏𝟏𝟏𝐭 + 𝟏𝟖) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗∗) ⇒ (∗∗)𝐢𝐬 𝐭𝐫𝐮𝐞

∴
𝟏𝟔

𝟑
(
𝟐𝐫

𝐑
) ≤∑𝐬𝐞𝐜𝟒

𝐀

𝟐
𝐜𝐲𝐜

(𝐐𝐄𝐃) 

 

530. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝒎𝒂

𝒉𝒂
)
𝟐

+ (
𝒎𝒃

𝒉𝒃
)
𝟐

+ (
𝒎𝒄

𝒉𝒄
)
𝟐

≥ 𝟑 

Proposed by Kostas Geronikolas-Greece 
Solution by Ertan Yildirim-Turkiye 

𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂);  (𝟏), ∑𝒂𝟐 = 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓);   (𝟐) 

∑𝒂𝟑 = 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓);   (𝟑) 

∑(
𝒎𝒂

𝒉𝒂
)
𝟐

𝒄𝒚𝒄

≥
(𝟏)

∑
𝒔(𝒔 − 𝒂)

(
𝒃𝒄
𝟐𝑹)

𝟐

𝒄𝒚𝒄

= 𝟒𝑹𝟐𝒔∑
𝒔− 𝒂

𝒃𝟐𝒄𝟐
𝒄𝒚𝒄

=
𝟒𝑹𝟐𝒔

𝒂𝟐𝒃𝟐𝒄𝟐
⋅∑𝒂𝟐(𝒔 − 𝒂)

𝒄𝒚𝒄

= 
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= 𝟒𝑹𝟐
𝒔

𝟏𝟔𝑹𝟐𝒔𝟐𝒓𝟐
∑(𝒂𝟐𝒔 − 𝒂𝟑)

𝒄𝒚𝒄

=
𝟏

𝟒𝒓𝟐𝒔
∑(𝒂𝟐𝒔 − 𝒂𝟑)

𝒄𝒚𝒄

= 

=
(𝟐),(𝟑) 𝟏

𝟒𝒓𝟐𝒔
[𝒔 ⋅ 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) − 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓)] = 

=
𝟐𝒔

𝟒𝒓𝟐𝒔
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓 − 𝒔𝟐 + 𝟑𝒓𝟐 + 𝟔𝑹𝒓) = 

=
𝟏

𝟐𝒓𝟐
(𝟐𝑹𝒓 + 𝟐𝒓𝟐) =

𝟐𝒓

𝟐𝒓𝟐
(𝑹 + 𝒓) =

𝟏

𝒓
(𝑹 + 𝒓) ≥ 𝟑 ⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

531. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝟏

𝑹
(
𝟐𝒓

𝑹
)

𝟏𝟎
𝟑
≤∑

𝒉𝒂
𝒓𝒃

𝟐 + 𝒓𝒄
𝟐

𝒄𝒚𝒄

≤
𝟏

𝟐
(
𝟏

𝑹
+
𝟏

𝟐𝒓
)     

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒉𝒂

𝒓𝒃𝟐 + 𝒓𝒄𝟐
𝒄𝒚𝒄

≤⏞
𝑨𝑴−𝑮𝑴

 ∑
𝒉𝒂

𝟐𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

=∑
𝒔𝒓

𝒂. 𝒔(𝒔 − 𝒂)
𝒄𝒚𝒄

=
𝒓

𝒔
∑(

𝟏

𝒂
+

𝟏

𝒔 − 𝒂
)

𝒄𝒚𝒄

=
𝒓

𝒔
(
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝒔𝑹𝒓
+
𝟒𝑹 + 𝒓

𝒔𝒓
) = 

=
𝟏

𝟒𝑹
+
(𝟒𝑹 + 𝒓)𝟐

𝟒𝑹𝒔𝟐
 ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
𝟏

𝟒𝑹
+

(𝟒𝑹+ 𝒓)𝟐

𝟒𝑹(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)
 ≤⏞
?

 
𝟏

𝟐
(
𝟏

𝑹
+
𝟏

𝟐𝒓
)  ↔ 

 
(𝟒𝑹 + 𝒓)𝟐

𝟒𝑹𝒓(𝟏𝟔𝑹− 𝟓𝒓)
≤
𝑹 + 𝒓

𝟒𝑹𝒓
 

↔ (𝟒𝑹 + 𝒓)𝟐 ≤ (𝑹+ 𝒓)(𝟏𝟔𝑹− 𝟓𝒓)  ↔  𝟑𝒓(𝑹 − 𝟐𝒓)

≥ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒉𝒂

𝒓𝒃𝟐 + 𝒓𝒄𝟐
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 𝟑√
𝒉𝒂𝒉𝒃𝒉𝒄

∏ (𝒓𝒃𝟐 + 𝒓𝒄𝟐)𝒄𝒚𝒄

𝟑

 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟗√𝒉𝒂𝒉𝒃𝒉𝒄
𝟑

𝟐(𝒓𝒂𝟐 + 𝒓𝒃𝟐 + 𝒓𝒄𝟐)
 

𝑾𝒊𝒕𝒉 ∶   𝒓𝒂
𝟐 + 𝒓𝒃

𝟐 + 𝒓𝒄
𝟐 = (𝟒𝑹 + 𝒓)𝟐 − 𝟐𝒔𝟐 ≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

(𝟒𝑹 + 𝒓)𝟐 − 𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)

= 𝟏𝟔𝑹𝟐 − 𝟐𝟒𝑹𝒓 + 𝟏𝟏𝒓𝟐  ≤⏞
?

 
𝟐𝟕𝑹𝟑

𝟖𝒓
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↔
(𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟐𝟕𝑹− 𝟐𝟎𝒓) + 𝟒𝒓𝟐]

𝟖𝒓
≥ 𝟎  

𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚.  

 𝑻𝒉𝒆𝒏 ∶ 𝒓𝒂
𝟐 + 𝒓𝒃

𝟐 + 𝒓𝒄
𝟐 ≤

𝟐𝟕𝑹𝟑

𝟖𝒓
. 

𝑾𝒆 𝒂𝒍𝒔𝒐 𝒉𝒂𝒗𝒆 ∶ 𝒉𝒂𝒉𝒃𝒉𝒄 =
𝟐𝒔𝟐𝒓𝟐

𝑹
 ≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟐. 𝟐𝟕𝒓𝟐. 𝒓𝟐

𝑹
=
𝟓𝟒𝒓𝟒

𝑹
.  

 𝑻𝒉𝒆𝒏 ∶   ∑
𝒉𝒂

𝒓𝒃𝟐 + 𝒓𝒄𝟐
𝒄𝒚𝒄

≥
𝟗√

𝟓𝟒𝒓𝟒

𝑹

𝟑

𝟐.
𝟐𝟕𝑹𝟑

𝟖𝒓

=
𝟏

𝑹
(
𝟐𝒓

𝑹
)

𝟕
𝟑
 ≥⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟏

𝑹
(
𝟐𝒓

𝑹
)

𝟏𝟎
𝟑
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟏

𝑹
(
𝟐𝒓

𝑹
)

𝟏𝟎
𝟑
≤∑

𝒉𝒂
𝒓𝒃

𝟐 + 𝒓𝒄
𝟐

𝒄𝒚𝒄

≤
𝟏

𝟐
(
𝟏

𝑹
+
𝟏

𝟐𝒓
). 

532. In acute 𝚫𝑨𝑩𝑪, 𝑨𝑫, 𝑩𝑬, 𝑪𝑭 −altitudes, 𝑯−orthocenter.Prove that: 

(
𝑨𝑯

𝑯𝑫
)
𝟒

+ (
𝑩𝑯

𝑯𝑬
)
𝟒

+ (
𝑪𝑯

𝑯𝑭
)
𝟒

≥ 𝟒𝟖 

 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by Avishek Mitra-West Bengal-India 

𝑨𝑯 = 𝑨𝑬 =
𝟐

𝐜𝐨𝐬(𝑫𝑨𝑪)
= 𝑨𝑩 ⋅ 𝐜𝐨𝐬 𝑨 ⋅ 𝐬𝐞𝐜 (

𝝅

𝟐
− 𝑪) = 𝒄 ⋅ 𝐜𝐨𝐬𝑨 ⋅

𝟏

𝐬𝐢𝐧 𝑪
= 
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= 𝟐𝑹𝐜𝐨𝐬 𝑨 ; (∵
𝒄

𝐬𝐢𝐧𝑪
= 𝟐𝑹) 

Again, 𝑯𝑫 = 𝑩𝑫 ⋅ 𝐭𝐚𝐧(𝑯𝑩𝑫) = 𝑩𝑫 ⋅ 𝐭𝐚𝐧 (
𝝅

𝟐
− 𝑪) = 

= 𝑨𝑩 ⋅ 𝐜𝐨𝐬𝑩 ⋅ 𝐜𝐨𝐭𝑪 = 𝒄 ⋅ 𝐜𝐨𝐬 𝑩 ⋅
𝐜𝐨𝐬 𝑪

𝐬𝐢𝐧 𝑪
= 𝟐𝑹 ⋅ 𝐜𝐨𝐬 𝑩𝐜𝐨𝐬𝑪 

∑(
𝑨𝑯

𝑯𝑫
)
𝟒

𝒄𝒚𝒄

=∑(
𝟐𝑹𝐜𝐨𝐬 𝑨

𝟐𝑹𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
)
𝟒

𝒄𝒚𝒄

≥
𝑷𝒐𝒘𝒆𝒓 𝑴𝒆𝒂𝒏

𝟑 ⋅ (
𝟏

𝟑
∑

𝐜𝐨𝐬 𝑨

𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝑪
𝒄𝒚𝒄

)

𝟒

= 

=
𝟏

𝟐𝟕
(

𝟏

∏𝐜𝐨𝐬 𝑨
∑𝐜𝐨𝐬𝟐 𝑨

𝒄𝒚𝒄

)

𝟒

≥
𝑨𝑮𝑴 𝟏

𝟐𝟕
(

𝟏

(∑𝐜𝐨𝐬 𝑨)𝟑

𝟐𝟕

∑(𝟏− 𝐬𝐢𝐧𝟐 𝑨)

𝒄𝒚𝒄

)

𝟒

= 

=
𝟏

𝟐𝟕

(

 
 𝟐𝟕

(𝟏 +
𝒓
𝑹)

𝟑
(𝟑 −∑𝐬𝐢𝐧𝟐 𝑨

𝒄𝒚𝒄

)

)

 
 

𝟒

≥
𝑬𝒖𝒍𝒆𝒓 𝟏

𝟐𝟕

(

 
 𝟐𝟕

(𝟏 +
𝟏
𝟐)

𝟑
(𝟑 −

𝟏

𝟒𝑹𝟐
∑𝒂𝟐

𝒄𝒚𝒄

)

)

 
 

𝟒

≥
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 

≥
𝟏

𝟐𝟕
(𝟖(𝟑 −

𝟏

𝟒𝑹𝟐
⋅ 𝟗𝑹𝟐))

𝟒

=
𝟏

𝟐𝟕
(𝟖 ⋅

𝟑

𝟒
)
𝟒

= 𝟒𝟖 

Solution 2 by Eldeniz Hesenov-Azerbaijan 

𝑨𝑬

𝒄
= 𝐜𝐨𝐬𝑨 ⇒ 𝑨𝑬 = 𝒄 𝐜𝐨𝐬𝑨 

𝑬𝑪 = 𝒂𝐜𝐨𝐬 𝑪 ,𝑩𝑫 = 𝒄 𝐜𝐨𝐬𝑩 

𝐜𝐨𝐬𝜶 =
𝒄 𝐜𝐨𝐬𝑨

𝑨𝑯
=
𝑩𝑬

𝒂
 

𝑨𝑯 =
𝒂𝒄 𝐜𝐨𝐬𝑨

𝑩𝑬
=
𝒂𝒃𝒄 𝐜𝐨𝐬 𝑨

𝟐𝑭
 

𝑨𝑯 = 𝟐𝑹𝐜𝐨𝐬 𝑨 ; (𝟏) 

𝐭𝐚𝐧 𝜶 =
𝑯𝑫

𝒄 𝐜𝐨𝐬𝑩
=
𝒃𝐜𝐨𝐬 𝑪

𝑨𝑫
 

𝑯𝑫 = 𝟐𝑹𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪 ; (𝟐) 

 

From (1) and (2) we get: 



 
www.ssmrmh.ro 

38 RMM-GEOMETRY MARATHON 501-600 

 

𝑨𝑯

𝑯𝑫
=

𝐜𝐨𝐬𝑨

𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪
(𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

∑(
𝑨𝑯

𝑯𝑫
)
𝟒

𝒄𝒚𝒄

=∑(
𝐜𝐨𝐬𝑨

𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
)
𝟒

𝒄𝒚𝒄

≥
∑𝒙𝟐≥∑𝒙𝒚

∑(
𝐜𝐨𝐬𝑨

𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
)
𝟐

(
𝐜𝐨𝐬𝑩

𝐜𝐨𝐬𝑪 𝐜𝐨𝐬𝑨
)
𝟐

𝒄𝒚𝒄

≥ 

≥
∑𝒙𝟐≥∑𝒙𝒚

∑𝐜𝐨𝐬𝟐 𝑨

𝒄𝒚𝒄

⋅
𝟏

(∏𝐜𝐨𝐬 𝑨)𝟐
≥

(∏ 𝐜𝐨𝐬 𝑨≥
𝒓𝟐

𝟐𝑹𝟐
)

∑(𝟏− 𝐬𝐢𝐧𝟐 𝑨) ⋅
𝟒𝑹𝟒

𝒓𝟒
𝒄𝒚𝒄

= 

=
𝟒𝑹𝟒

𝒓𝟒
∑(𝟏−

𝒂𝟐

𝟒𝑹𝟐
)

𝒄𝒚𝒄

=
𝟒𝑹𝟒

𝒓𝟒
(𝟑 −

𝟏

𝟒𝑹𝟐
∑𝒂𝟐

𝒄𝒚𝒄

) ≥
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝟒𝑹𝟒

𝒓𝟒
⋅
𝟑

𝟒
=
𝟑𝑹𝟒

𝒓𝟒
≥

𝑬𝒖𝒍𝒆𝒓 𝟒𝟖𝒓𝟒

𝒓𝟒
= 𝟒𝟖.  

533.  

 

𝑶𝑨𝑩𝑪 −regular 

tetrahedron with side 𝒂, 

 𝑶𝑨′𝑩′𝑪′ −symmetric 

tetrahedron to the point 

𝑶,  𝑴 ∈ 𝑶𝑩,  

𝟐𝑴𝑶 = 𝑶𝑩,𝑵 ∈ 𝑶𝑪 

𝟑𝑶𝑵 = 𝑶𝑪 

(𝑨,𝑴,𝑵, 𝑪′) ∈ (𝑺),  

(𝑺) −sphere, 𝑲−center 

of (𝑺), 𝑹 −radius of (𝑺). Find: 𝑹 = 𝒇(𝒂) =?, 𝑶𝑲 = 𝒇(𝒂) =? 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Plagiogonal 3rd system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛. 

Let 𝑶𝑨 = 𝟏,𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝟏, 𝟎, 𝟎),𝑴 (𝟎,
𝟏

𝟐
, 𝟎) ,𝑵 (𝟎, 𝟎,

𝟏

𝟑
) , 𝑪′(𝟎, 𝟎, −𝟏) 

𝒖 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒙 + 𝒛𝒙 
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(𝑺):

|

|

𝒖 𝒙 𝒚  𝒛     𝟏
𝟏 𝟏 𝟎   𝟎    𝟏
𝟏

𝟒
𝟏

𝟗
𝟏

𝟎
𝟎
𝟎

     
𝟏

𝟐
    𝟎     𝟏            

𝟎
𝟏

𝟑
  𝟏

 𝟎   −𝟏   𝟏

|

|

= 𝟎 

(𝑺): 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 −
𝟐

𝟑
𝒙 +

𝟏

𝟔
𝒚 +

𝟐

𝟑
𝒛 −

𝟏

𝟑
= 𝟎; (𝟏) 

Let 𝑲(𝒌𝟏, 𝒌𝟐, 𝒌𝟑). 

{
 
 

 
 −𝟐𝒌𝟏 − 𝒌𝟐 − 𝒌𝟑 = −

𝟐

𝟑

−𝒌𝟏 − 𝟐𝒌𝟐 − 𝒌𝟑 =
𝟏

𝟔

−𝒌𝟏 − 𝒌𝟐 − 𝟐𝒌𝟑 =
𝟐

𝟑

⇒

{
 
 

 
 𝒌𝟏 =

𝟏𝟕

𝟐𝟒

𝒌𝟐 = −
𝟏

𝟖

𝒌𝟑 = −
𝟓

𝟖

 

𝒌𝟏
𝟐 + 𝒌𝟐

𝟐 + 𝒌𝟑
𝟐 + 𝒌𝟏𝒌𝟐 + 𝒌𝟐𝒌𝟑 + 𝒌𝟑𝒌𝟏 −𝑹

𝟐 = −
𝟏

𝟑
⇒ 𝑹𝟐 =

𝟐𝟐𝟕

𝟐𝟖𝟖
 

𝑹 =
√𝟏𝟓𝟒

𝟐𝟒
𝒂 

𝑶𝑲𝟐 = (𝟎 −
𝟏𝟕

𝟐𝟒
)
𝟐

+ (𝟎 +
𝟏

𝟖
)
𝟐

+ (𝟎 +
𝟓

𝟖
)

𝟐

+ (−
𝟏𝟕

𝟐𝟒
) (
𝟏

𝟖
) + (

𝟏

𝟖
) (
𝟓

𝟖
) + (

𝟓

𝟖
)(−

𝟏𝟕

𝟐𝟒
) 

𝑶𝑲𝟐 =
𝟏𝟑𝟏

𝟐𝟖𝟖
⇒ 𝑶𝑲 =

√𝟐𝟔𝟐

𝟐𝟒
 

534.  

 

𝑶𝑨𝑩𝑪 −tetrahedron with volume 𝑽 

𝑶𝑨 = 𝒂,𝑶𝑩 = 𝒃,𝑶𝑪 = 𝒄, 

𝒂, 𝒃, 𝒄 −const. 

∢𝑩𝑶𝑪, ∢𝑪𝑶𝑨, ∢𝑨𝑶𝑩 variable 

𝒓 −radius of insphere,  

𝑹 −radius of circumsphere 
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If 𝑽 = 𝑽𝒎𝒂𝒙 find: 𝒓 = 𝒓(𝒂, 𝒃, 𝒄) =?,  𝑹 = 𝑹(𝒂, 𝒃, 𝒄) =? 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

𝑽 =
𝒂𝒃𝒄

𝟔
√𝟏 − 𝐜𝐨𝐬𝟐 𝜽𝟏 − 𝐜𝐨𝐬𝟐 𝜽𝟐 − 𝐜𝐨𝐬𝟐 𝜽𝟑 + 𝟐𝐜𝐨𝐬𝟐 𝜽𝟏 𝐜𝐨𝐬𝟐 𝜽𝟐 𝐜𝐨𝐬𝟐 𝜽𝟑 

𝝏𝑽

𝝏(𝐜𝐨𝐬𝜽𝟏)
= 𝟎 ⇒ 𝐜𝐨𝐬𝜽𝟏 = 𝐜𝐨𝐬𝜽𝟐 𝐜𝐨𝐬𝜽𝟑 

𝝏𝑽

𝝏(𝐜𝐨𝐬𝜽𝟐)
= 𝟎 ⇒ 𝐜𝐨𝐬𝜽𝟐 = 𝐜𝐨𝐬𝜽𝟑 𝐜𝐨𝐬𝜽𝟏 

𝝏𝑽

𝝏(𝐜𝐨𝐬𝜽𝟑)
= 𝟎 ⇒ 𝐜𝐨𝐬𝜽𝟑 = 𝐜𝐨𝐬 𝜽𝟏 𝐜𝐨𝐬𝜽𝟏 , 𝟎 < 𝜽𝟏, 𝜽𝟐, 𝜽𝟑 < 𝜋 

Hence: 𝜽𝟏 = 𝜽𝟐 = 𝜽𝟑 

𝑽𝒎𝒂𝒙 =
𝒂𝒃𝒄

𝟔
, 𝑺𝟏 =

𝒃𝒄

𝟐
, 𝑺𝟐 =

𝒄𝒂

𝟐
, 𝑺𝟑 =

𝒂𝒃

𝟐
, 𝑺𝟒 =

𝟏

𝟐
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 

𝑽 =
𝟑𝑽𝒎𝒂𝒙

𝑺𝟏 + 𝑺𝟐 + 𝑺𝟑 + 𝑺𝟒
⇒ 𝑽 =

𝒂𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + √𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 
 

Let 𝑩𝑪 = 𝒂𝟏 = √𝒃𝟐 + 𝒄𝟐, 𝑨𝑪 = 𝒃𝟐 = √𝒂𝟐 + 𝒄𝟐, 𝑨𝑩 = 𝒄𝟏 = √𝒂𝟐 + 𝒃𝟐 

𝒔 =
𝒂𝒂𝟏 + 𝒃𝒃𝟏 + 𝒄𝒄𝟏

𝟐
⇒ 𝒔 =

𝟏

𝟐
(𝒂√𝒃𝟐 + 𝒄𝟐 + 𝒃√𝒄𝟐 + 𝒂𝟐 + 𝒄√𝒂𝟐 + 𝒃𝟐) 

𝑹𝟐 =
𝒔(𝒔 − 𝒂𝒂𝟏)(𝒔 − 𝒃𝒃𝟏)(𝒔 − 𝒄𝒄𝟏)

(𝟔𝑽)𝟐
=

𝟏
𝟒
𝒂𝟐𝒃𝟐𝒄𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

(𝒂𝒃𝒄)𝟐
 

𝑹 =
√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐
 

535.  
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In 𝚫𝑨𝑩𝑪, 𝝁(∢𝑨𝑩𝑪) = 𝟗𝟎°, 𝑨𝑫 −median, 𝝁(∢𝑩𝑨𝑫) = 𝜷, 𝝁(∢𝑫𝑨𝑪) = 𝜶 

𝝁(∢𝑩𝑪𝑨) = 𝜽. Find the maximum value of 𝜶 in radians and prove that for 

this value of 𝜶 we have 𝜷 = 𝜽. 

Proposed by Mehmet Șahin, Alican Gullu-Turkiye 
Solution 1 by Adrian Popa-Romania 

 

𝒙

𝐬𝐢𝐧𝜶
=
√𝒙𝟐 + 𝒚𝟐

𝐬𝐢𝐧 𝜽
⇒

𝒙

√𝒙𝟐 + 𝒚𝟐
=
𝐬𝐢𝐧𝜶

𝐬𝐢𝐧𝜽
⇒ 𝐬𝐢𝐧𝜷 =

𝐬𝐢𝐧 𝜶

𝐬𝐢𝐧 𝜽
 

𝜶+ 𝜷 + 𝜽 =
𝝅

𝟐
⇒ 𝜷 =

𝝅

𝟐
− (𝜶 + 𝜷) 

𝐜𝐨𝐬𝜶 𝐜𝐨𝐬 𝜽 − 𝐬𝐢𝐧 𝜶 𝐬𝐢𝐧𝜽 =
𝐬𝐢𝐧 𝜶

𝐬𝐢𝐧𝜽
, 𝐜𝐨𝐬𝜽 − 𝐭𝐚𝐧𝜶 𝐬𝐢𝐧𝜽 =

𝐭𝐚𝐧𝜶

𝐬𝐢𝐧𝜽
 

𝐜𝐨𝐬𝜽 𝐬𝐢𝐧𝜽 − 𝐭𝐚𝐧𝜶 𝐬𝐢𝐧𝟐 𝜽 = 𝐭𝐚𝐧𝜶 

𝐭𝐚𝐧 𝜶 =
𝐜𝐨𝐬𝜽 𝐬𝐢𝐧𝜽

𝟏 + 𝐬𝐢𝐧𝟐 𝜽
=

𝐬𝐢𝐧𝟐𝜽

𝟐(𝟏 + 𝐬𝐢𝐧𝟐 𝜽)
= 𝒇(𝜽) 

𝒇′(𝜽) =
𝟒𝐜𝐨𝐬 𝟐𝜽 (𝟏 + 𝐬𝐢𝐧𝟐 𝜽) − 𝟐 𝐬𝐢𝐧𝟐 𝟐𝜽

𝟒(𝟏 + 𝐬𝐢𝐧𝟐 𝜽)𝟐
,

𝒇′(𝜽) = 𝟎 ⇒ 𝐬𝐢𝐧𝟐 𝟐𝜽 = 𝟐𝐜𝐨𝐬𝟐𝜽 (𝟏 + 𝐬𝐢𝐧𝟐 𝜽) 

𝐬𝐢𝐧𝟐 𝟐𝜽 = 𝟐𝐜𝐨𝐬𝟐𝜽 (𝟏 +
𝟏 − 𝐜𝐨𝐬𝟐𝜽

𝟐
) 

𝐬𝐢𝐧𝟐 𝟐𝜽 = 𝐜𝐨𝐬𝟐𝜽 (𝟑 − 𝐜𝐨𝐬𝟐𝜽) 

𝐜𝐨𝐬 𝟐𝜽 =
𝟏

𝟑
⇒ 𝟐𝐜𝐨𝐬𝟐 𝜽 − 𝟏 =

𝟏

𝟑
⇒ 𝐜𝐨𝐬𝟐 𝜽 =

𝟐

𝟑
⇒ 𝐬𝐢𝐧𝜽 =

√𝟑

𝟑
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𝐭𝐚𝐧 𝜶 =
𝟐 𝐬𝐢𝐧𝜽𝐜𝐨𝐬 𝜽

𝟐(𝟏 + 𝐬𝐢𝐧𝟐 𝜽)
=

𝟏

√𝟑
⋅
√𝟐

√𝟑

𝟏 +
𝟏
𝟑

=
√𝟐

𝟒
 

𝜶𝒎𝒂𝒙 = 𝐭𝐚𝐧
−𝟏 (

√𝟐

𝟒
) ⇒ 𝐬𝐢𝐧 𝜷 =

𝐬𝐢𝐧𝜶

𝐬𝐢𝐧𝜽
=

𝟏
𝟑
𝟏

√𝟑

=
√𝟑

𝟑
= 𝐬𝐢𝐧 𝜽 ⇒ 𝜷 = 𝜽. 

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo 

 

𝑨𝑪:𝒚 =
𝒂

𝒄
𝒙;𝑨𝑫:𝒚 =

𝒂

𝟐𝒄
𝒙 

𝐭𝐚𝐧 𝜶 =

𝒂
𝒄 −

𝒂
𝟐𝒄

𝟏 +
𝒂𝟐

𝟐𝒄𝟐

=
𝒂

𝟐𝒄
⋅

𝟐𝒄𝟐

𝟐𝒄𝟐 + 𝒂𝟐
=

𝒂𝒄

𝒂𝟐 + 𝟐𝒄𝟐
 

𝐭𝐚𝐧 𝜶 ≤
𝒂𝒄

𝟐√𝒂𝟐 ⋅ 𝟐𝒄𝟐
=

𝒂𝒄

𝟐√𝟐𝒂𝒄
=

𝟏

𝟐√𝟐
 

Equality for 𝒄 =
𝒂

√𝟐
=

𝒂√𝟐

𝟐
. 

𝐭𝐚𝐧𝜷 =
𝟏

𝐭𝐚𝐧(𝜶 + 𝜷)
=
𝟏 − 𝐭𝐚𝐧𝜶𝐭𝐚𝐧 𝜽

𝐭𝐚𝐧𝜶 + 𝐭𝐚𝐧 𝜽
=

𝟏 −
𝟏

𝟐√𝟐
𝐭𝐚𝐧 𝜽

𝟏

𝟐√𝟐
+ 𝐭𝐚𝐧 𝜽

= 

=
𝟐√𝟐 − 𝐭𝐚𝐧 𝜽

𝟏 + 𝟐√𝟐 𝐭𝐚𝐧𝜽
=

(𝐭𝐚𝐧 𝜽=
𝒄
𝒂
=
√𝟐
𝟐
) 𝟐√𝟐 −

√𝟐
𝟐

𝟏 + 𝟐√𝟐 ⋅
√𝟐
𝟐

=
√𝟐

𝟐
= 𝐭𝐚𝐧 𝜽 
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𝐭𝐚𝐧𝜽 = 𝐭𝐚𝐧𝜷 ⇔ 𝜽 = 𝜷. 

Solution 3 by Ertan Yildirim-Izmir-Turkiye 

 

𝐜𝐨𝐭 𝜷 = 𝟐𝐜𝐨𝐭(𝜶 + 𝜷) = 𝟐 𝐭𝐚𝐧 𝜽 , 𝐜𝐨𝐭 𝜷 = 𝟐𝐜𝐨𝐭(𝜶 + 𝜷) ⇒
𝟏

𝐭𝐚𝐧𝜷
=

𝟐

𝐭𝐚𝐧(𝜶 + 𝜷)
 

𝟐 𝐭𝐚𝐧𝜷 = 𝐭𝐚𝐧(𝜶 + 𝜷) =
𝐭𝐚𝐧𝜶 + 𝐭𝐚𝐧𝜷

𝟏 − 𝐭𝐚𝐧𝜶 𝐭𝐚𝐧𝜷
 

Let 𝒙 = 𝐭𝐚𝐧𝜷 , 𝒚 = 𝐭𝐚𝐧𝜶, then 𝟐𝒙 =
𝒚+𝒙

𝟏−𝒙𝒚
 

𝟐𝒙 − 𝟐𝒙𝟐𝒚 = 𝒚 + 𝒙 ⇒ 𝒙 = 𝒚(𝟐𝒙𝟐 + 𝟏) ⇒ 𝒚 =
𝒙

𝟐𝒙𝟐 + 𝟏
 

𝒚′ =
𝟐𝒙𝟐 + 𝟏 − 𝟒𝒙𝟐

(𝟏 + 𝟐𝒙𝟐)𝟐
=

𝟏 − 𝟐𝒙𝟐

(𝟏 + 𝟐𝒙𝟐)𝟐
= 𝟎 

𝒙 =
𝟏

√𝟐
⇒ 𝐭𝐚𝐧𝜷 =

𝟏

√𝟐
=
√𝟐

𝟐
 

𝐜𝐨𝐭 𝜷 = √𝟐 = 𝟐 𝐭𝐚𝐧𝜽 ⇒ 𝐭𝐚𝐧𝜽 =
√𝟐

𝟐
⇒ 𝐭𝐚𝐧𝜷 = 𝐭𝐚𝐧 𝜽 ⇒ 𝜷 = 𝜽. 

536. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

√
𝒂𝟒

𝒃𝟐 + 𝒄(𝒂 + 𝒃)

𝟑

+ √
𝒃𝟒

𝒄𝟐 + 𝒂(𝒃 + 𝒄)

𝟑

+ √
𝒄𝟒

𝒂𝟐 + 𝒃(𝒄 + 𝒂)

𝟑

≥ 𝟑 ⋅ √𝟒𝒓𝟐
𝟑

 

Proposed by Marin Chirciu-Romania 
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Solution by Ertan Yildirim-Izmir-Turkiye 

√
𝒂𝟒

𝒃𝟐 + 𝒄(𝒂 + 𝒃)

𝟑

+ √
𝒃𝟒

𝒄𝟐 + 𝒂(𝒃 + 𝒄)

𝟑

+ √
𝒄𝟒

𝒂𝟐 + 𝒃(𝒄 + 𝒂)

𝟑

= 

=
𝒂
𝟒
𝟑

(𝒃𝟐 + 𝒄(𝒂 + 𝒃))
𝟏
𝟑

+
𝒃
𝟒
𝟑

(𝒄𝟐 + 𝒂(𝒃 + 𝒄))
𝟏
𝟑

+
𝒄
𝟒
𝟑

(𝒂𝟐 + 𝒃(𝒄 + 𝒂))
𝟏
𝟑

≥
𝑹𝒂𝒅𝒐𝒏

 

≥
(𝒂 + 𝒃 + 𝒄)

𝟒
𝟑

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂))
𝟏
𝟑

=
(𝒂 + 𝒃 + 𝒄)

𝟒
𝟑

(𝒂 + 𝒃 + 𝒄)
𝟐
𝟑

= (𝒂 + 𝒃 + 𝒄)
𝟐
𝟑 = (𝟐𝒔)

𝟐
𝟑 

(𝟐𝒔)
𝟐
𝟑 ≥ 𝟑 ⋅ √𝟒𝒓𝟐

𝟑
⇔ (𝟐𝒔)𝟐 ≥ 𝟐𝟕 ⋅ 𝟒𝒓𝟐 ⇔ 𝟒𝒔𝟐 ≥ 𝟐𝟕 ⋅ 𝟒𝒓𝟐 ⇔ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐 ⇔ 

𝒔𝟐 ≥ 𝟑√𝟑𝒓 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

537. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂

(𝒃 + 𝝀𝒄)𝒏+𝟏𝒘𝒂
𝒏
+

𝒃

(𝒄 + 𝝀𝒂)𝒏+𝟏𝒘𝒃
𝒏
+

𝒄

(𝒄 + 𝝀𝒂)𝒏+𝟏𝒘𝒄
𝒏
≥

𝟑

(𝟏 + 𝝀)𝒏+𝟏
(
𝟏

𝒑𝑹
)
𝒏

,   

 𝝀 ≥ 𝟎,𝒏 ∈ 𝑵.   

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒂

(𝒃 + 𝝀𝒄)𝒏+𝟏𝒘𝒂
𝒏

𝒄𝒚𝒄

=∑
(

𝒂
𝒃 + 𝝀𝒄)

𝒏+𝟏

(𝒂𝒘𝒂)𝒏
𝒄𝒚𝒄

 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
(∑

𝒂
𝒃 + 𝝀𝒄𝒄𝒚𝒄 )

𝒏+𝟏

(∑ 𝒂𝒘𝒂𝒄𝒚𝒄 )
𝒏   (𝟏) 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒂

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

 ≥⏞
𝑪𝑩𝑺

 
(𝒂 + 𝒃 + 𝒄)𝟐

∑ 𝒂(𝒃 + 𝝀𝒄)𝒄𝒚𝒄
≥

𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

(𝟏 + 𝝀)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
=

𝟑

𝟏 + 𝝀
  (𝟐) 

𝑨𝒏𝒅 ∶   ∑𝒂𝒘𝒂

𝒄𝒚𝒄

 ≤⏞

𝒘𝒂 ≤ √𝒑(𝒑−𝒂)

∑𝒂√𝒑(𝒑 − 𝒂)

𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 √(∑ 𝒂𝟐
𝒄𝒚𝒄

)(∑ 𝒑(𝒑− 𝒂)
𝒄𝒚𝒄

) ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 

≤ √𝟗𝑹𝟐. 𝒑𝟐 = 𝟑𝒑𝑹  (𝟑) 

𝑭𝒓𝒐𝒎 (𝟏), (𝟐) 𝒂𝒏𝒅 (𝟑) 𝒘𝒆 𝒈𝒆𝒕 ∶ 



 
www.ssmrmh.ro 

45 RMM-GEOMETRY MARATHON 501-600 

 

𝒂

(𝒃 + 𝝀𝒄)𝒏+𝟏𝒘𝒂
𝒏
+

𝒃

(𝒄 + 𝝀𝒂)𝒏+𝟏𝒘𝒃
𝒏
+

𝒄

(𝒄 + 𝝀𝒂)𝒏+𝟏𝒘𝒄
𝒏
≥
(

𝟑
𝟏+ 𝝀)

𝒏+𝟏

(𝟑𝒑𝑹)𝒏

=
𝟑

(𝟏 + 𝝀)𝒏+𝟏
(
𝟏

𝒑𝑹
)
𝒏

 

538.  

 

𝑶𝑨𝑩𝑪 −tetrahedron, 𝑮 −centroid of 

𝑶𝑨𝑩𝑪, 𝑶𝑨 = 𝒂,𝑶𝑩 = 𝒃, 𝑶𝑪 = 𝒄 

∢𝑩𝑶𝑪 = 𝜽𝟏 = 𝟗𝟎°,∢𝑪𝑶𝑨 = 𝜽𝟐 = 𝟗𝟎° 

∢𝑨𝑶𝑩 = 𝜽𝟑 = 𝟗𝟎°,(𝒔) −circumsphere 

of 𝑶𝑨𝑩𝑪,𝑶𝑮 ∩ (𝒔) = 𝑷,𝑲 −center of 

(𝒔) 

𝑳 −centroid of 𝚫𝑨𝑩𝑪.Prove:    

𝑶𝑮

𝑶𝑷
=
𝟏

𝟒
 

(𝑶, 𝑮, 𝑳, 𝑲) −is harmonic range. 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

𝑶(𝟎,𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎),𝑩(𝟎, 𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝒄) 

𝑮(
𝒂

𝟒
,
𝒃

𝟒
,
𝒄

𝟒
) , 𝑳 (

𝒂

𝟑
,
𝒃

𝟑
,
𝒄

𝟑
) ,𝑲 (

𝒂

𝟐
,
𝒃

𝟐
,
𝒄

𝟐
) 

𝑷(𝒂, 𝒃, 𝒄) 

So, 𝑨,𝑮, 𝑳,𝑲.𝑷 −are collinear. 

𝑶𝑮

𝑶𝑷
=
𝟏

𝟒
,
𝑶𝑲

𝑶𝑷
=
𝟏

𝟐
,
𝑮𝑳

𝑶𝑷
=
𝟏

𝟑
−
𝟏

𝟒
=
𝟏

𝟏𝟐
 

𝑳𝑲

𝑶𝑷
=
𝟏

𝟐
−
𝟏

𝟑
=
𝟏

𝟔
 

𝟐𝑶𝑲 = 𝟏𝟐𝑮𝑳 = 𝟒𝑶𝑮 = 𝟔𝑳𝑲 
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𝑶𝑲

𝟔
=
𝑮𝑳

𝟏
=
𝑶𝑮

𝟑
=
𝑳𝑲

𝟐
 

Therefore, 

𝑶𝑮

𝑶𝑷
=

𝟏

𝟒
 and (𝑶,𝑮, 𝑳, 𝑲) are in harmonic range. 

539. Let 𝑰 −be the centre of 𝚫𝑨𝑩𝑪 and 𝚫𝑴𝑵𝑷 the median triangle of 𝚫𝑨𝑩𝑪. 

Let  

𝑨𝟏, 𝑩𝟏, 𝑪𝟏 −be the symmetrics of 𝑰 to 𝑴,𝑵, 𝑷 and 𝑹𝟏, 𝑹𝟐, 𝑹𝟑 the 

circumradies of 𝚫𝑩𝑪𝑨𝟏, 𝚫𝑪𝑨𝑩𝟏, 𝚫𝑨𝑩𝑪𝟏. Prove that: 𝑹𝟏
𝟐 + 𝑹𝟐

𝟐 + 𝑹𝟑
𝟐 ≥ 𝟑𝑹𝟐. 

Proposed by Marian Ursărescu-Romania 
Solution by Adrian Popa-Romania 
 

𝑩𝑴 ≡ 𝑴𝑪, 𝑨𝟏 −symmetric point of 𝑰 to 𝑴, then 𝑰𝑴 ≡ 𝑴𝑨𝟏 

𝑩𝑰𝑪𝑨 −parallelogram, then ∢𝑩𝑪𝑨𝟏 = ∢𝑩𝑪𝑰 =
𝟏

𝟐
∢𝑩 and ∢𝑪𝑩𝑨𝟏 = ∢𝑰𝑪𝑩 =

𝟏

𝟐
∢𝑪 

From Law of sines in 𝚫𝑪𝑩𝑨𝟏 we have 

𝑩𝑪

𝐬𝐢𝐧𝑨𝟏
= 𝟐𝑹𝟏 

𝑨𝟏 = 𝝅−
𝑩

𝟐
−
𝑪

𝟐
= 𝝅−

𝝅− 𝑨

𝟐
=
𝝅

𝟐
+
𝑨

𝟐
 

𝐬𝐢𝐧 𝑨𝟏 = 𝐬𝐢𝐧 (
𝝅

𝟐
+
𝑨

𝟐
) = 𝐜𝐨𝐬

𝑨

𝟐
 

𝒂

𝐜𝐨𝐬
𝑨
𝟐

= 𝟐𝑹𝟏 ⇒
𝟐𝑹𝐬𝐢𝐧 𝑨

𝐜𝐨𝐬
𝑨
𝟐

= 𝟐𝑹𝟏 ⇒
𝟐𝑹𝐬𝐢𝐧

𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

𝐜𝐨𝐬
𝑨
𝟐

= 𝑹𝟏 ⇒ 𝑹𝟏 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
 

Similarly, we get 

𝑹𝟐 = 𝟐𝑹 𝐬𝐢𝐧
𝑩

𝟐
 𝐚𝐧𝐝 𝑹𝟑 = 𝟐𝑹𝐬𝐢𝐧

𝑪

𝟐
 

So, we must show: 

𝟒𝑹𝟐 (𝐬𝐢𝐧𝟐
𝑨

𝟐
+ 𝐬𝐢𝐧𝟐

𝑩

𝟐
+ 𝐬𝐢𝐧𝟐

𝑪

𝟐
) ≥ 𝟑𝑹𝟐│:𝟒𝑹𝟐 

𝐬𝐢𝐧𝟐
𝑨

𝟐
+ 𝐬𝐢𝐧𝟐

𝑩

𝟐
+ 𝐬𝐢𝐧𝟐

𝑪

𝟐
≥
𝟑

𝟒
(∗) 
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𝐬𝐢𝐧𝟐
𝑨

𝟐
+ 𝐬𝐢𝐧𝟐

𝑩

𝟐
+ 𝐬𝐢𝐧𝟐

𝑪

𝟐
= 𝟏 − 𝐜𝐨𝐬𝑨 + 𝟏 − 𝐜𝐨𝐬𝑩 + 𝐬𝐢𝐧𝟐

𝑪

𝟐
≥
𝟑

𝟒
⇔ 

𝟐 − 𝟐𝐜𝐨𝐬
𝑨 + 𝑩

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
+ 𝐬𝐢𝐧𝟐

𝑪

𝟐
≥
𝟑

𝟒
⇔ 𝐬𝐢𝐧𝟐

𝑪

𝟐
− 𝟐 𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
+
𝟓

𝟒
≥ 𝟎 

𝚫 = 𝟒 𝐜𝐨𝐬𝟐
𝑨 − 𝑩

𝟐
− 𝟓 < 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞! 

540.  

 

𝑶𝑨𝑩𝑪 tetrahedron,  

𝑮 centroid of 𝑶𝑨𝑩𝑪 

𝑶𝑨 = 𝒂,𝑶𝑩 = 𝒃, 𝑶𝑪 = 𝒄 

∢𝑩𝑶𝑪 = 𝜽𝟏 = 𝟏𝟐𝟎° 

∢𝑪𝑶𝑨 = 𝜽𝟐, ∢𝑨𝑶𝑩 = 𝜽𝟑 = 𝟔𝟎° 

(𝒔) circumsphere of 𝑶𝑨𝑩𝑪, 

 𝑶𝑮 ∩ (𝒔) = 𝑷 

Prove: 

𝑶𝑮

𝑶𝑷
=
𝟏

𝟒
⇔ 𝐜𝐨𝐬 𝜽𝟐 =

𝒃(𝒄 − 𝒂)

𝟐𝒂𝒄
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Let 𝒌 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃 ⋅ 𝐜𝐨𝐬 𝜽𝟑 + 𝟐𝒃𝒄 ⋅ 𝐜𝐨𝐬𝜽𝟏 + 𝟐𝒄𝒂 ⋅ 𝐜𝐨𝐬𝜽𝟐 

Plagiogonal 3rd system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

𝑶(𝟎,𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎),𝑩(𝟎, 𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝒄) 

𝑮(
𝒂

𝟒
,
𝒃

𝟒
,
𝒄

𝟒
) ,𝑷 (

𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒌
,
𝒃(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒌
,
𝒄(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒌
) 

𝑶𝑮

𝑶𝑷
=

𝒂
𝟒

𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
𝒌

=
𝒌

𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
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𝑶𝑮

𝑶𝑷
=
𝟏

𝟒
(𝟏 +

𝟐𝒂𝒃 ⋅ 𝐜𝐨𝐬𝜽𝟑 + 𝟐𝒃𝒄 ⋅ 𝐜𝐨𝐬 𝜽𝟏 + 𝟐𝒄𝒂 ⋅ 𝐜𝐨𝐬 𝜽𝟐
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

) ;  (𝟏) 

𝑶𝑮

𝑶𝑷
=
𝟏

𝟒

(𝟏)
⇔𝟐𝒂𝒃 ⋅ 𝐜𝐨𝐬 𝜽𝟑 + 𝟐𝒃𝒄 ⋅ 𝐜𝐨𝐬𝜽𝟏 + 𝟐𝒄𝒂 ⋅ 𝐜𝐨𝐬𝜽𝟐 = 𝟎 

𝜽𝟑 = 𝟔𝟎°, 𝜽𝟏 = 𝟏𝟐𝟎° ⇒ 𝒂𝒃 − 𝒃𝒄 + 𝟐𝒂𝒄𝐜𝐨𝐬 𝜽𝟐 = 𝟎 ⇔ 

𝐜𝐨𝐬𝜽𝟐 =
𝒃

𝟐𝒂𝒄
(𝒄 − 𝒂) 

Must −𝟏 <
𝒃

𝟐𝒂𝒄
(𝒃 − 𝒂) < 1 

If 𝒄 = 𝒂 ⇔ 𝜽𝟐 = 𝟗𝟎°. 

541. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝑰𝒃𝑰𝒄 ⋅ 𝑰𝑰𝒂
𝑨𝑰(𝑨𝑰𝒂 − 𝑨𝑰)

+
𝑰𝒂𝑰𝒄 ⋅ 𝑰𝑰𝒃

𝑩𝑰(𝑩𝑰𝒃 −𝑩𝑰)
+

𝑰𝒂𝑰𝒃 ⋅ 𝑰𝑰𝒄
𝑪𝑰(𝑪𝑰𝒄 − 𝑪𝑰)

=
𝒂 + 𝒃 + 𝒄

𝒓
 

Proposed by Ertan Yildirim-Izmir-Turkiye 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

 

𝟐𝒔 = 𝒂 + 𝒃 + 𝒄, 𝑰𝑴 = 𝒓,𝑴 ∈ (𝑨𝑩) 

𝑰𝒂𝑳 = 𝒓𝒂, 𝑳 ∈ (𝑨𝑩), 𝑨𝑳 = 𝒔 

𝒓𝒂 = 𝑨𝑰𝒂 ⋅ 𝐬𝐢𝐧
𝑨

𝟐
; 𝒓 = 𝑨𝑰 ⋅ 𝐬𝐢𝐧

𝑨

𝟐
; 𝑰𝑰𝒂 =

𝒂

𝒔 − 𝒂
⋅ 𝑨𝑰 

𝑰𝒃𝑰𝒄 =
𝒂

𝐬𝐢𝐧
𝑨
𝟐

 

𝑰𝒃𝑰𝒄 ⋅ 𝑰𝑰𝒂
𝑨𝑰(𝑨𝑰𝒂 − 𝑨𝑰)

=

𝒂

𝐬𝐢𝐧
𝑨
𝟐

⋅
𝒂

𝒔 − 𝒂
⋅ 𝑨𝑰

𝑨𝑰(
𝒓𝒂

𝐬𝐢𝐧
𝑨
𝟐

−
𝒓

𝐬𝐢𝐧
𝑨
𝟐

)

=
𝒂𝟐𝑨𝑰

(𝒔 − 𝒂) 𝐬𝐢𝐧
𝑨
𝟐

⋅
𝐬𝐢𝐧

𝑨
𝟐

𝑨𝑰(𝒓𝒂 − 𝒓)
= 

=
𝒂𝟐

(𝒔 − 𝒂)(𝒓𝒂 − 𝒓)
=

𝒂𝟐

(𝒔 − 𝒂) (
𝒔𝒓
𝒔 − 𝒂 − 𝒓)

=
𝒂𝟐

𝒂𝒓
=
𝒂

𝒓
 

Similarly, we have: 

𝑰𝒂𝑰𝒄 ⋅ 𝑰𝑰𝒃
𝑩𝑰(𝑩𝑰𝒃 −𝑩𝑰)

=
𝒃

𝒓
 𝐚𝐧𝐝 

𝑰𝒂𝑰𝒃 ⋅ 𝑰𝑰𝒄
𝑪𝑰(𝑪𝑰𝒄 − 𝑪𝑰)

=
𝒄

𝒓
 



 
www.ssmrmh.ro 

49 RMM-GEOMETRY MARATHON 501-600 

 

By adding, we get: 

𝑰𝒃𝑰𝒄 ⋅ 𝑰𝑰𝒂
𝑨𝑰(𝑨𝑰𝒂 − 𝑨𝑰)

+
𝑰𝒂𝑰𝒄 ⋅ 𝑰𝑰𝒃

𝑩𝑰(𝑩𝑰𝒃 −𝑩𝑰)
+

𝑰𝒂𝑰𝒃 ⋅ 𝑰𝑰𝒄
𝑪𝑰(𝑪𝑰𝒄 − 𝑪𝑰)

=
𝒂 + 𝒃 + 𝒄

𝒓
 

542. Let 𝑰 −be the centre of 𝚫𝑨𝑩𝑪 and 𝚫𝑴𝑵𝑷 the median triangle of 𝚫𝑨𝑩𝑪. 

Let  𝑨𝟏, 𝑩𝟏, 𝑪𝟏 −be the symmetrics of 𝑰 to 𝑴,𝑵, 𝑷 and 𝑹𝟏, 𝑹𝟐, 𝑹𝟑 the 

circumradies of 𝚫𝑩𝑪𝑨𝟏, 𝚫𝑪𝑨𝑩𝟏, 𝚫𝑨𝑩𝑪𝟏. Prove that: 

 
𝟏

𝑹𝟏
𝟐 +

𝟏

𝑹𝟐
𝟐 +

𝟏

𝑹𝟑
𝟐 ≥

𝟑

𝑹𝟐
 

Proposed by Marian Ursărescu-Romania 
Solution by Adrian Popa-Romania 

 𝑩𝑴 ≡ 𝑴𝑪, 𝑨𝟏 −symmetric point of 𝑰 to 𝑴, then 𝑰𝑴 ≡ 𝑴𝑨𝟏 

𝑩𝑰𝑪𝑨 −parallelogram, then ∢𝑩𝑪𝑨𝟏 = ∢𝑩𝑪𝑰 =
𝟏

𝟐
∢𝑩 and ∢𝑪𝑩𝑨𝟏 = ∢𝑰𝑪𝑩 =

𝟏

𝟐
∢𝑪 

From Law of sines in 𝚫𝑪𝑩𝑨𝟏 we have 

𝑩𝑪

𝐬𝐢𝐧𝑨𝟏
= 𝟐𝑹𝟏 

𝑨𝟏 = 𝝅−
𝑩

𝟐
−
𝑪

𝟐
= 𝝅−

𝝅− 𝑨

𝟐
=
𝝅

𝟐
+
𝑨

𝟐
 

𝐬𝐢𝐧 𝑨𝟏 = 𝐬𝐢𝐧 (
𝝅

𝟐
+
𝑨

𝟐
) = 𝐜𝐨𝐬

𝑨

𝟐
 

𝒂

𝐜𝐨𝐬
𝑨
𝟐

= 𝟐𝑹𝟏 ⇒
𝟐𝑹𝐬𝐢𝐧 𝑨

𝐜𝐨𝐬
𝑨
𝟐

= 𝟐𝑹𝟏 ⇒
𝟐𝑹𝐬𝐢𝐧

𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

𝐜𝐨𝐬
𝑨
𝟐

= 𝑹𝟏 

⇒ 𝑹𝟏 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
 

Similarly, we get 

𝑹𝟐 = 𝟐𝑹 𝐬𝐢𝐧
𝑩

𝟐
 𝐚𝐧𝐝 𝑹𝟑 = 𝟐𝑹𝐬𝐢𝐧

𝑪

𝟐
 

So, we must show: 

𝟏

𝟒𝑹𝟐 𝐬𝐢𝐧𝟐
𝑨
𝟐

+
𝟏

𝟒𝑹𝟐 𝐬𝐢𝐧𝟐
𝑩
𝟐

+
𝟏

𝟒𝑹𝟐 𝐬𝐢𝐧𝟐
𝑪
𝟐

≥
𝟑

𝑹𝟐
⇔

𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑩
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑪
𝟐

≥ 𝟏𝟐 
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𝐋𝐞𝐭 𝒇(𝒙) =
𝟏

𝐬𝐢𝐧𝟐
𝒙
𝟐

, 𝒙 ∈ (𝟎,𝝅), 𝒇′(𝒙) =
− 𝐬𝐢𝐧𝒙

𝟐 𝐬𝐢𝐧𝟒
𝒙
𝟐

 

𝒇′′(𝒙) =
𝟔 − 𝟒𝐬𝐢𝐧𝟐

𝒙
𝟐

𝟒 𝐬𝐢𝐧𝟒
𝒙
𝟐

> 0 ⇒ 𝑓 − 𝐜𝐨𝐧𝐜𝐚𝐯𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧. 

𝒇(𝑨) + 𝒇(𝑩) + 𝒇(𝑪) ≥ 𝟑𝒇 (
𝑨+ 𝑩 + 𝑪

𝟑
) ⇔

𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑩
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑪
𝟐

≥
𝟑

𝐬𝐢𝐧𝟐
𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑

 

𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑩
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑪
𝟐

≥
𝟑

𝐬𝐢𝐧𝟐
𝝅
𝟔

⇔
𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑩
𝟐

+
𝟏

𝐬𝐢𝐧𝟐
𝑪
𝟐

≥ 𝟏𝟐 

 

543. If 𝑴,𝑷 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪) then prove that : 

(𝑷𝑩.𝑷𝑪)𝟐

𝑴𝑩.𝑴𝑪
+
(𝑷𝑪. 𝑷𝑨)𝟐

𝑴𝑪.𝑴𝑨
+
(𝑷𝑨. 𝑷𝑩)𝟐

𝑴𝑨.𝑴𝑩
≥ (

𝒂. 𝑷𝑨 + 𝒃. 𝑷𝑩 + 𝒄. 𝑷𝑪

𝑴𝑨 +𝑴𝑩 +𝑴𝑪
)

𝟐

.   

 Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒕 𝒙, 𝒚, 𝒛 > 0.  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ (𝒙𝑷𝑨⃗⃗⃗⃗⃗⃗ + 𝒚𝑷𝑩⃗⃗⃗⃗⃗⃗ + 𝒛𝑷𝑪⃗⃗ ⃗⃗  ⃗)
𝟐
≥ 𝟎  

↔ ∑ 𝒙𝟐𝑷𝑨𝟐
𝒄𝒚𝒄

+∑ 𝒚𝒛.𝟐𝑷𝑩⃗⃗⃗⃗⃗⃗ . 𝑷𝑪⃗⃗ ⃗⃗  ⃗
𝒄𝒚𝒄

≥ 𝟎 

↔ ∑ 𝒙𝟐𝑷𝑨𝟐
𝒄𝒚𝒄

+∑ 𝒚𝒛. (𝑷𝑩𝟐 + 𝑷𝑪𝟐 −𝑩𝑪𝟐)
𝒄𝒚𝒄

≥ 𝟎 ↔  

∑ (𝒙𝟐 + 𝒙𝒚 + 𝒙𝒛)𝑷𝑨𝟐
𝒄𝒚𝒄

≥∑ 𝒚𝒛𝒂𝟐
𝒄𝒚𝒄

 

↔ (𝒙 + 𝒚 + 𝒛) (∑ 𝒙𝑷𝑨𝟐
𝒄𝒚𝒄

) ≥∑ 𝒚𝒛𝒂𝟐
𝒄𝒚𝒄

 ↔ 

 (𝒙 + 𝒚 + 𝒛). 𝒙𝒚𝒛∑
𝑷𝑨𝟐

𝒚𝒛𝒄𝒚𝒄
≥ 𝒙𝒚𝒛∑

𝒂𝟐

𝒙𝒄𝒚𝒄
 

↔ (𝒙 + 𝒚 + 𝒛)𝟐 (
𝑷𝑨𝟐

𝒚𝒛
+
𝑷𝑩𝟐

𝒛𝒙
+
𝑷𝑪𝟐

𝒙𝒚
) ≥ (𝒙 + 𝒚 + 𝒛) (

𝒂𝟐

𝒙
+
𝒃𝟐

𝒚
+
𝒄𝟐

𝒛
) 
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𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒙 + 𝒚 + 𝒛) (
𝒂𝟐

𝒙
+
𝒃𝟐

𝒚
+
𝒄𝟐

𝒛
) ≥ (𝒂 + 𝒃 + 𝒄)𝟐 

𝑻𝒉𝒆𝒏,   
𝑷𝑨𝟐

𝒚𝒛
+
𝑷𝑩𝟐

𝒛𝒙
+
𝑷𝑪𝟐

𝒙𝒚
≥ (

𝒂 + 𝒃 + 𝒄

𝒙 + 𝒚 + 𝒛
)
𝟐

  (𝟏) 

𝑵𝒐𝒘,   𝒍𝒆𝒕 𝑨′, 𝑩′, 𝑪′𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒑𝒐𝒊𝒏𝒕𝒔 𝑨, 𝑩, 𝑪 𝒃𝒚 𝒎𝒆𝒂𝒏𝒔 𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 𝒄𝒆𝒏𝒕𝒆𝒓 𝑷 

 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔 𝝆 = √𝑷𝑨. 𝑷𝑩. 𝑷𝑪. 

 

𝑩𝒚 𝒕𝒉𝒆 𝒅𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒊𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝑷𝑨′. 𝑷𝑨 = 𝝆𝟐   𝒐𝒓   𝑷𝑨′

= 𝑷𝑩. 𝑷𝑪  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑩𝒚 𝒕𝒉𝒆 𝑳𝒂𝒘 𝒐𝒇 𝑪𝒐𝒔𝒊𝒏𝒆𝒔 𝒊𝒏 ∆𝑩′𝑷𝑪′ 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑩′𝑪′𝟐 = 𝒂′ 𝟐 = 𝑷𝑩′𝟐 +𝑷𝑪′𝟐 − 𝟐𝑷𝑩′. 𝑷𝑪′. 𝐜𝐨𝐬 𝑩′𝑷𝑪′̂

= (𝑷𝑪.𝑷𝑨)𝟐 + (𝑷𝑨.𝑷𝑩)𝟐 − 𝟐(𝑷𝑪.𝑷𝑨). (𝑷𝑨. 𝑷𝑩). 𝐜𝐨𝐬𝑩′𝑷𝑪′̂ = 

= 𝑷𝑨𝟐. (𝑷𝑩𝟐 +𝑷𝑪𝟐 − 𝟐𝑷𝑩. 𝑷𝑪. 𝐜𝐨𝐬𝑩𝑷�̂�) = 𝑷𝑨𝟐. 𝒂𝟐.   

𝑻𝒉𝒆𝒏 ∶   𝒂′ = 𝒂.𝑷𝑨  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

(
𝑺𝒆𝒆 ∶ 𝑫.𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊ć, 𝑱. 𝑬. 𝑷𝒆č𝒂𝒓𝒊ć 𝒂𝒏𝒅 𝑽.𝑽𝒐𝒍𝒆𝒏𝒆𝒄,𝑹𝒆𝒄𝒆𝒏𝒕 𝑨𝒅𝒗𝒂𝒏𝒄𝒆𝒔 𝒊𝒏 𝑮𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔[𝑴],

𝑲𝒍𝒖𝒘𝒆𝒓 𝑨𝒄𝒂𝒅𝒆𝒎𝒊𝒄 𝑷𝒖𝒃𝒍𝒊𝒔𝒉𝒆𝒓𝒔,𝟏𝟗𝟖𝟗,𝟐𝟗𝟑 − 𝟐𝟗𝟒.
) 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  (𝟏) 𝒊𝒏 ∆𝑨′𝑩′𝑪′ , 𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏 ∶  

  
𝑷𝑨′𝟐

𝒚𝒛
+
𝑷𝑩′𝟐

𝒛𝒙
+
𝑷𝑪′𝟐

𝒙𝒚
≥ (

𝒂′ + 𝒃′ + 𝒄′

𝒙 + 𝒚 + 𝒛
)

𝟐

 

𝑶𝒓   
(𝑷𝑩. 𝑷𝑪)𝟐

𝒚𝒛
+
(𝑷𝑪.𝑷𝑨)𝟐

𝒛𝒙
+
(𝑷𝑨. 𝑷𝑩)𝟐

𝒙𝒚
≥ (

𝒂.𝑷𝑨 + 𝒃. 𝑷𝑩 + 𝒄. 𝑷𝑪

𝒙 + 𝒚 + 𝒛
)
𝟐

 

𝑻𝒂𝒌𝒊𝒏𝒈  𝒙 = 𝑴𝑨,   𝒚 = 𝑴𝑩,   𝒛 = 𝑴𝑪  𝒘𝒆 𝒈𝒆𝒕 ∶ 
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(𝑷𝑩.𝑷𝑪)𝟐

𝑴𝑩.𝑴𝑪
+
(𝑷𝑪. 𝑷𝑨)𝟐

𝑴𝑪.𝑴𝑨
+
(𝑷𝑨.𝑷𝑩)𝟐

𝑴𝑨.𝑴𝑩
≥ (

𝒂. 𝑷𝑨 + 𝒃.𝑷𝑩 + 𝒄.𝑷𝑪

𝑴𝑨 +𝑴𝑩+𝑴𝑪
)
𝟐

. 

544. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 ≥ 𝟖√𝟑
𝟒

⋅ (√𝑭)
𝟑
+
𝟏

𝟐
⋅∑(𝒂

𝟑
𝟐 − 𝒃

𝟑
𝟐)
𝟐

𝒄𝒚𝒄

 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution by Adrian Popa-Romania 

 

𝟏

𝟐
⋅∑(𝒂

𝟑
𝟐 − 𝒃

𝟑
𝟐)

𝟐

𝒄𝒚𝒄

=∑𝒂𝟑

𝒄𝒚𝒄

−∑𝒃
𝟑
𝟐𝒄

𝟑
𝟐

𝒄𝒚𝒄

 

We must show that: 

∑𝒃
𝟑
𝟐𝒄

𝟑
𝟐

𝒄𝒚𝒄

≥ 𝟖√𝟑
𝟒

⋅ (√𝑭)
𝟑

 

∑𝒃
𝟑
𝟐𝒄

𝟑
𝟐

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑𝒂𝒃𝒄 = 𝟑 ⋅ 𝟒𝑹𝑭 = 𝟏𝟐𝑹𝑭 ≥
?
𝟖√𝟑
𝟒

⋅ (√𝑭)
𝟑

 

𝟑𝑹𝑭 ≥ 𝟐√𝟑
𝟒

⋅ (√𝑭)
𝟑
⇔ 𝟗𝑹𝟐𝑭𝟐 ≥ 𝟒√𝟑𝑭𝟑 ⇔ 𝟗𝑹𝟐 ≥ 𝟒√𝟑𝑭 ⇔ 𝑹𝟐 ≥

𝟒√𝟑

𝟗
⋅ 𝒔𝒓 

𝐁𝐮𝐭 𝒔 ≤
𝟑√𝟑

𝟐
𝑹 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) ⇒ 𝑹 >

𝟐𝒔

𝟑√𝟑
=
𝟐𝒔√𝟑

𝟗
⇒ 𝑹𝟐 >

𝟏𝟐𝒔𝟐

𝟖𝟏
 

So, we must show: 

𝟏𝟐𝒔𝟐

𝟖𝟏
≥
𝟒√𝟑

𝟗
⋅ 𝒔𝒓 ⇔ 𝒔 ≥ 𝟑√𝟑𝒓(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

545. If 𝒎,𝒏 ∈ ℕ∗ and 𝒙, 𝒚, 𝒛 > 0 then in 𝚫𝑨𝑩𝑪 holds: 

𝒎𝒙+ 𝒏𝒚

𝒛
⋅ 𝒂𝟒 +

𝒎𝒚 + 𝒏𝒛

𝒙
⋅ 𝒃𝟒 +

𝒎𝒛 + 𝒏𝒙

𝒚
⋅ 𝒄𝟒 ≥ 𝟏𝟔(𝒎 + 𝒏) ⋅ 𝑭𝟐 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by Avishek Mitra-West Bengal-India 

∑
𝒎𝒙 +𝒏𝒚

𝒛
⋅ 𝒂𝟒

𝒄𝒚𝒄

= 𝒎∑
𝒙

𝒛
⋅ 𝒂𝟒

𝒄𝒚𝒄

+ 𝒏∑
𝒚

𝒛
⋅ 𝒂𝟒

𝒄𝒚𝒄

≥
𝑨𝑮𝑴
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≥ 𝟑𝒎(
𝒙

𝒛
⋅
𝒚

𝒙
⋅
𝒛

𝒚
∏𝒂𝟒

𝒄𝒚𝒄

)

𝟏
𝟑

+ 𝟑𝒏(
𝒙

𝒛
⋅
𝒚

𝒙
⋅
𝒛

𝒚
∏𝒂𝟒

𝒄𝒚𝒄

)

𝟏
𝟑

= 𝟑(𝒎+ 𝒏)(𝟒𝑹𝒓𝒔)
𝟒
𝟑 

Need to show: 

𝟑(𝒎+ 𝒏)(𝟒𝑹𝒓𝒔)
𝟒
𝟑 ≥ 𝟏𝟔(𝒎+ 𝒏)𝑭𝟐 ⇔ 

𝟐𝟕(𝟒𝑹𝒓𝒔)𝟒 ≥ 𝟒𝟔(𝒓𝒔)𝟔 ⇔
𝟐𝟕

𝟏𝟔
𝑹𝟒 ≥ 𝒓𝟐𝒔𝟐(𝒕𝒓𝒖𝒆!) 

𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓) ⇒ 𝑹𝟐 ≥ 𝟒𝒓𝟐 and 𝟑√𝟑𝑹 ≥ 𝟐𝒔(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) ⇒ 𝟐𝟕𝑹𝟐 ≥ 𝟒𝒔𝟐 

⇒ 𝟐𝟕𝑹𝟐 ⋅ 𝑹𝟐 ≥ 𝟒𝒔𝟐 ⋅ 𝟒𝒓𝟐 ⇒ 𝟐𝟕𝑹𝟒 ≥ 𝟏𝟔𝒓𝟐𝒔𝟐 

Solution 2 by Tapas Das-India 

∑
𝒎𝒙 +𝒏𝒚

𝒛
⋅ 𝒂𝟒

𝒄𝒚𝒄

= 𝒎∑
𝒙

𝒛
⋅ 𝒂𝟒

𝒄𝒚𝒄

+ 𝒏∑
𝒚

𝒛
⋅ 𝒂𝟒

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

 

≥ 𝟑𝒎√
𝒙

𝒛
⋅
𝒚

𝒙
⋅
𝒛

𝒚
∏𝒂𝟒

𝒄𝒚𝒄

𝟑 + 𝟑𝒏√
𝒙

𝒛
⋅
𝒚

𝒙
⋅
𝒛

𝒚
∏𝒂𝟒

𝒄𝒚𝒄

𝟑 = 

= 𝟑(𝒎+ 𝒏)𝟒𝑹𝒓𝒔√𝟒𝑹𝒓𝒔
𝟑

≥
?
≥ 𝟏𝟔(𝒎+ 𝒏)𝑭𝟐 

Now, we know that 

𝒂𝒃𝒄 = 𝟒𝑹𝑭 and 𝒂 + 𝒃 + 𝒄 ≤ 𝟑𝑹√𝟑 ⇒
𝟒𝑭

√𝟑
=

𝒂𝒃𝒄

𝑹√𝟑
≤

𝒂𝒃𝒄

𝟐𝒔
=

𝟑𝒂𝒃𝒄

𝒂+𝒃+𝒄
≤ (𝒂𝒃𝒄)

𝟐

𝟑 ⇒ 

(𝒂𝒃𝒄)𝟐 ≥ (
𝟒𝑭

√𝟑
)
𝟑

⇒ 𝒂𝒃𝒄 ≥ (
𝟒𝑭

√𝟑
)

𝟑
𝟐
 

⇒ (𝒂𝒃𝒄)
𝟒
𝟑 ≥ (

𝟒𝑭

√𝟑
)
𝟐

=
𝟏𝟔𝑭𝟐

𝟑
⇒ 𝟑(𝒂𝒃𝒄)

𝟒
𝟑 ≥ 𝟏𝟔𝑭𝟐 

𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪 = 𝟐 + 𝟐𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 

𝒂 = 𝟐𝑹𝐬𝐢𝐧𝑨 , 𝒃 = 𝟐𝑹𝐬𝐢𝐧𝑩 , 𝒄 = 𝟐𝑹𝐬𝐢𝐧𝑪 ⇒ 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟒𝑹𝟐(𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩+ 𝐬𝐢𝐧𝟐 𝑪) = 

= 𝟒𝑹𝟐(𝟐 + 𝟐𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪) 

𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 ≤
𝟏

𝟖
⇒ 𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪 ≤

𝟗

𝟒
 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐 
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(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ⇒

(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
≤ 𝟗𝑹𝟐 ⇔ 

(𝒂 + 𝒃 + 𝒄)𝟐 ≤ 𝟐𝟕𝑹𝟐 ⇔ 𝒂+ 𝒃 + 𝒄 ≤ 𝟑√𝟑𝑹 

546. If 𝒎 ≥ 𝟎 and 𝒕, 𝒖, 𝒙, 𝒚, 𝒛 > 0 then in 𝚫𝑨𝑩𝑪 holds: 

𝒕𝒙 + 𝒖𝒚

𝒛
⋅ 𝒂𝒎 +

𝒕𝒚 + 𝒖𝒛

𝒙
⋅ 𝒃𝒎 +

𝒕𝒛 + 𝒖𝒙

𝒚
⋅ 𝒄𝒎 ≥ 𝟐𝒎(√𝟒

𝟒
)
𝟒−𝒎

⋅ (𝒕 + 𝒖) ⋅ (√𝑭)
𝒎

 

Proposed by D.M.Bătinețu-Giurgiu-Romania 
Solution by Tapas Das-India 

𝒕𝒙 + 𝒖𝒚

𝒛
⋅ 𝒂𝒎 +

𝒕𝒚 + 𝒖𝒛

𝒙
⋅ 𝒃𝒎 +

𝒕𝒛 + 𝒖𝒙

𝒚
⋅ 𝒄𝒎 = 

= 𝒕(
𝒙

𝒛
𝒂𝒎 +

𝒚

𝒙
𝒃𝒎 +

𝒛

𝒚
𝒄𝒎) + 𝒖 (

𝒚

𝒛
𝒂𝒎 +

𝒛

𝒙
𝒃𝒎 +

𝒙

𝒚
𝒄𝒎) ≥ 

≥ 𝟑𝒕 ⋅ (𝒂𝒃𝒄)
𝒎
𝟑 + 𝟑𝒖 ⋅ (𝒂𝒃𝒄)

𝒎
𝟑 = 𝟑(𝒖 + 𝒕)(𝒂𝒃𝒄)

𝒎
𝟑  

We need to show: 

𝟑(𝒖 + 𝒕)(𝒂𝒃𝒄)
𝒎
𝟑 ≥ 𝟐𝒎(√𝟒

𝟒
)
𝟒−𝒎

⋅ (𝒕 + 𝒖) ⋅ (√𝑭)
𝒎

 

𝟖(𝒂𝒃𝒄)
𝒎
𝟑 ≥ 𝟐𝒎(√𝟒

𝟒
)
𝟒−𝒎

⋅ (√𝑭)
𝒎
; (𝟏) 

(𝒂𝒃𝒄)𝟐 ≥ (
𝟒𝑭

√𝟑
)
𝟑

(𝑪𝒂𝒓𝒍𝒊𝒕𝒛) ⇒ 𝒂𝒃𝒄 ≥ (
𝟒𝑭

√𝟑
)

𝟑
𝟐
 

(𝒂𝒃𝒄)
𝒎
𝟑 ≥ (

𝟒𝑭

√𝟑
)

𝟑
𝟐
⋅
𝒎
𝟑
= (

𝟒𝑭

√𝟑
)

𝒎
𝟐
=
𝟒
𝒎
𝟐 ⋅ 𝑭

𝒎
𝟐

(√𝟑)
𝒎
𝟐

=
𝟐𝒎 ⋅ 𝑭𝒎

(√𝟑
𝟒
)
𝒎  

𝟑(𝒂𝒃𝒄)
𝒎
𝟑 ≥ 𝟑 ⋅ 𝟐𝒎 ⋅ (√𝑭)

𝒎
⋅ 𝟑−

𝒎
𝟒 = 𝟐𝒎 ⋅ 𝟑

𝟒−𝒎
𝟒 ⋅ (√𝑭)

𝒎
= 𝟐𝒎 ⋅ (√𝟑

𝟒
)
𝟒−𝒎

⋅ (√𝑭)
𝒎

 

Therefore, 

𝒕𝒙 + 𝒖𝒚

𝒛
⋅ 𝒂𝒎 +

𝒕𝒚 + 𝒖𝒛

𝒙
⋅ 𝒃𝒎 +

𝒕𝒛 + 𝒖𝒙

𝒚
⋅ 𝒄𝒎 ≥ 𝟐𝒎(√𝟒

𝟒
)
𝟒−𝒎

⋅ (𝒕 + 𝒖) ⋅ (√𝑭)
𝒎

 

547. In ∆𝑨𝑩𝑪 the following relationship holds: 

 
𝟐𝒂𝟑 + 𝟑𝒃𝟑 + 𝟓𝒄𝟑

𝟐𝒂𝟐 + 𝟑𝒃𝟐 + 𝟓𝒄𝟐
+
𝟑𝒂𝟑 + 𝟓𝒃𝟑 + 𝟐𝒄𝟑

𝟑𝒂𝟐 + 𝟓𝒃𝟐 + 𝟐𝒄𝟐
+
𝟓𝒂𝟑 + 𝟐𝒃𝟑 + 𝟑𝒄𝟑

𝟓𝒂𝟐 + 𝟐𝒃𝟐 + 𝟑𝒄𝟐
≥ 𝟔√𝟑𝒓 

  Proposed by Daniel Sitaru-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 (𝟐𝒂𝟑 + 𝟑𝒃𝟑 + 𝟓𝒄𝟑)(𝟐𝒂 + 𝟑𝒃 + 𝟓𝒄) ≥⏞
𝑪𝑩𝑺

(𝟐𝒂𝟐 + 𝟑𝒃𝟐 + 𝟓𝒄𝟐)𝟐 ≥⏞
𝑪𝑩𝑺

 

≥ (𝟐𝒂𝟐 + 𝟑𝒃𝟐 + 𝟓𝒄𝟐).
(𝟐𝒂 + 𝟑𝒃 + 𝟓𝒄)𝟐

𝟐 + 𝟑 + 𝟓
 

𝑻𝒉𝒆𝒏 ∶   
𝟐𝒂𝟑 + 𝟑𝒃𝟑 + 𝟓𝒄𝟑

𝟐𝒂𝟐 + 𝟑𝒃𝟐 + 𝟓𝒄𝟐
≥
𝟐𝒂 + 𝟑𝒃 + 𝟓𝒄

𝟏𝟎
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

  
𝟑𝒂𝟑 + 𝟓𝒃𝟑 + 𝟐𝒄𝟑

𝟑𝒂𝟐 + 𝟓𝒃𝟐 + 𝟐𝒄𝟐
≥
𝟑𝒂 + 𝟓𝒃 + 𝟐𝒄

𝟏𝟎
   &   

𝟓𝒂𝟑 + 𝟐𝒃𝟑 + 𝟑𝒄𝟑

𝟓𝒂𝟐 + 𝟐𝒃𝟐 + 𝟑𝒄𝟐
≥
𝟓𝒂 + 𝟐𝒃 + 𝟑𝒄

𝟏𝟎
 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟐𝒂𝟑 + 𝟑𝒃𝟑 + 𝟓𝒄𝟑

𝟐𝒂𝟐 + 𝟑𝒃𝟐 + 𝟓𝒄𝟐
+
𝟑𝒂𝟑 + 𝟓𝒃𝟑 + 𝟐𝒄𝟑

𝟑𝒂𝟐 + 𝟓𝒃𝟐 + 𝟐𝒄𝟐
+
𝟓𝒂𝟑 + 𝟐𝒃𝟑 + 𝟑𝒄𝟑

𝟓𝒂𝟐 + 𝟐𝒃𝟐 + 𝟑𝒄𝟐
≥ 𝒂 + 𝒃 + 𝒄 =

= 𝟐𝒔 ≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 𝟐. 𝟑√𝟑𝒓 = 𝟔√𝟑𝒓. 

548. In ∆𝑨𝑩𝑪  the following relationship holds: 

∑
𝒓𝒂

𝟐

𝒓𝒄
≤
𝟗𝑹𝟐

𝟒𝒓
(
𝑹

𝒓
− 𝟏)

𝟐

 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝒊𝒇 𝒙, 𝒚, 𝒛 ≥ 𝟎  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝟑(𝒙𝟑𝒚 + 𝒚𝟑𝒛 + 𝒛𝟑𝒙) ≤ (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 

𝑷𝒓𝒐𝒐𝒇 ∶   𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒘𝒆𝒍𝒍 𝒌𝒏𝒐𝒘𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  (𝒖 + 𝒗 + 𝒘)𝟐 ≥ 𝟑(𝒖𝒗 + 𝒗𝒘 +𝒘𝒖) 

𝑾𝒊𝒕𝒉 ∶   𝒖 = 𝒙𝟐 + 𝒚𝒛 − 𝒙𝒚,   𝒗 = 𝒚𝟐 + 𝒛𝒙 − 𝒚𝒛,   𝒘 = 𝒛𝟐 + 𝒙𝒚 − 𝒛𝒙 ∶ 

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 = (𝒖 + 𝒗 + 𝒘)𝟐 ≥ 𝟑(𝒖𝒗 + 𝒗𝒘 +𝒘𝒖)

= 𝟑∑(𝒙𝟐 + 𝒚𝒛 − 𝒙𝒚)(𝒚𝟐 + 𝒛𝒙 − 𝒚𝒛)

𝒄𝒚𝒄

= 𝟑(𝒙𝟑𝒚 + 𝒚𝟑𝒛 + 𝒛𝟑𝒙). 
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𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒓𝒂

𝟐

𝒓𝒄
=
𝒓𝒂

𝟑𝒓𝒃 + 𝒓𝒃
𝟑𝒓𝒄 + 𝒓𝒄

𝟑𝒓𝒂
𝒓𝒂𝒓𝒃𝒓𝒄

 ≤⏞
𝑳𝒆𝒎𝒎𝒂

 
(𝒓𝒂

𝟐 + 𝒓𝒃
𝟐 + 𝒓𝒄

𝟐)𝟐

𝟑𝒓𝒂𝒓𝒃𝒓𝒄

=
[(𝟒𝑹 + 𝒓)𝟐 − 𝟐𝒔𝟐]𝟐

𝟑𝒔𝟐𝒓
≤ 

≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
[(𝟒𝑹 + 𝒓)𝟐 − 𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)]𝟐

𝟑(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)𝒓

=
𝟐𝟓𝟔𝑹𝟒 − 𝟕𝟔𝟖𝑹𝟑𝒓 + 𝟗𝟐𝟖𝑹𝟐𝒓𝟐 − 𝟓𝟐𝟖𝑹𝒓𝟑 + 𝟏𝟐𝟏𝒓𝟒

𝟑(𝟏𝟔𝑹− 𝟓𝒓)𝒓𝟐
 ≤⏞
?

 
𝟗𝑹𝟐

𝟒𝒓
(
𝑹

𝒓
− 𝟏)

𝟐

 

↔ 𝟒𝒓(𝟐𝟓𝟔𝑹𝟒 − 𝟕𝟔𝟖𝑹𝟑𝒓 + 𝟗𝟐𝟖𝑹𝟐𝒓𝟐 − 𝟓𝟐𝟖𝑹𝒓𝟑 + 𝟏𝟐𝟏𝒓𝟒)

≤ 𝟐𝟕𝑹𝟐(𝑹𝟐 − 𝟐𝑹𝒓 + 𝒓𝟐)(𝟏𝟔𝑹− 𝟓𝒓) 
↔ 𝟒𝟑𝟐𝑹𝟓 − 𝟐𝟎𝟐𝟑𝑹𝟒𝒓 + 𝟑𝟕𝟕𝟒𝑹𝟑𝒓𝟐 − 𝟑𝟖𝟒𝟕𝑹𝟐𝒓𝟑 + 𝟐𝟏𝟏𝟐𝑹𝒓𝟒 − 𝟒𝟖𝟒𝒓𝟓 ≥ 𝟎 
↔ (𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟒𝟑𝟐𝑹𝟑 − 𝟐𝟗𝟓𝑹𝟐𝒓 + 𝟖𝟔𝟔𝑹𝒓𝟐 + 𝟕𝟗𝟕𝒓𝟑) + 𝟏𝟖𝟑𝟔𝒓𝟒] ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝑹 ≥ 𝟐𝒓. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
𝒓𝒂

𝟐

𝒓𝒄
≤
𝟗𝑹𝟐

𝟒𝒓
(
𝑹

𝒓
− 𝟏)

𝟐

. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝐫𝒂
𝟐

𝐫𝐜
𝐜𝐲𝐜

=∑
∑ 𝐫𝒂

𝟐
𝐜𝐲𝐜 − (𝐫𝐛

𝟐 + 𝐫𝐜
𝟐)

𝐫𝐜
𝐜𝐲𝐜

= (∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)(∑
𝟏

𝐫𝒂
𝐜𝐲𝐜

) −∑𝐫𝒂
𝐜𝐲𝐜

−∑
𝐫𝐛
𝟐

𝐫𝐜
𝐜𝐲𝐜

=
(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐫
− (𝟒𝐑+ 𝐫) −∑

𝐫𝐛
𝟑

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≤
𝐇𝐨𝐥𝐝𝐞𝐫 (𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐫
− (𝟒𝐑 + 𝐫)

−
(∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟑

𝟑∑ 𝐫𝐛𝐫𝐜𝐜𝐲𝐜
 

≤
? 𝟗𝐑𝟐

𝟒𝐫
(
𝐑

𝐫
− 𝟏)

𝟐

⇔
(𝟒𝐑+ 𝐫)𝟑

𝟑𝐬𝟐
+ 𝟒𝐑+ 𝐫 −

(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐫
+
𝟗𝐑𝟐(𝐑 − 𝐫)𝟐

𝟒𝐫𝟑
≥
?
𝟎

⇔
𝟒𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 + 𝟏𝟐𝐬𝟐𝐫𝟑(𝟒𝐑 + 𝐫) − 𝟏𝟐𝐫𝟐𝐬𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟐𝟕𝐬𝟐𝐑𝟐(𝐑 − 𝐫)𝟐

𝟏𝟐𝐬𝟐𝐫𝟑
≥
?
𝟎 

⇔ 𝟐𝟒𝐫𝟐𝐬𝟒 + (𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 − 𝟒𝟖𝐑𝐫𝟑) + 𝟒𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝

∵ 𝟐𝟒𝐫𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐𝟒𝐫𝟐𝐬𝟒 + (𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 − 𝟒𝟖𝐑𝐫𝟑)𝐬𝟐 + 𝟒𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥ 𝟐𝟒𝐫𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
 

⇔ (𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟕𝟐𝟎𝐑𝐫𝟑 − 𝟐𝟒𝟎𝐫𝟒)𝐬𝟐

+ 𝐫𝟑(𝟐𝟓𝟔𝐑𝟑 − 𝟓𝟗𝟓𝟐𝐑𝟐𝐫 + 𝟑𝟖𝟖𝟖𝐑𝐫𝟐 − 𝟓𝟗𝟔𝐫𝟑) ≥
(∗∗)

𝟎 

∵ 𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟕𝟐𝟎𝐑𝐫𝟑 − 𝟐𝟒𝟎𝐫𝟒

= (𝐑 − 𝟐𝐫) ((𝐑 − 𝟐𝐫)(𝟐𝟕𝐑𝟐 + 𝟐𝟓𝐑𝐫 + 𝟐𝟗𝐫(𝐑 − 𝟐𝐫) + 𝐫𝟐) + 𝟐𝟕𝟔𝐫𝟑)

+ 𝟓𝟒𝟎𝐫𝟒  ≥
𝐄𝐮𝐥𝐞𝐫

𝟓𝟒𝟎𝐫𝟒 > 𝟎 ∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞
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(𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟕𝟐𝟎𝐑𝐫𝟑 − 𝟐𝟒𝟎𝐫𝟒)(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫)

+ 𝐫𝟑(𝟐𝟓𝟔𝐑𝟑 − 𝟓𝟗𝟓𝟐𝐑𝟐𝐫 + 𝟑𝟖𝟖𝟖𝐑𝐫𝟐 − 𝟓𝟗𝟔𝐫𝟑) ≥
?
𝟎 

⇔ (𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟕𝟐𝟎𝐑𝐫𝟑 − 𝟐𝟒𝟎𝐫𝟒)(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐)

+ 𝐫𝟑(𝟐𝟓𝟔𝐑𝟑 − 𝟓𝟗𝟓𝟐𝐑𝟐𝐫 + 𝟑𝟖𝟖𝟖𝐑𝐫𝟐 − 𝟓𝟗𝟔𝐫𝟑) 

≥
?
𝟐(𝐑 − 𝟐𝐫)(𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟕𝟐𝟎𝐑𝐫𝟑 − 𝟐𝟒𝟎𝐫𝟒)√𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝐑− 𝟐𝐫)(𝟓𝟒𝐑𝟓 + 𝟐𝟕𝟎𝐑𝟒𝐫 − 𝟑𝟓𝟕𝐑𝟑𝐫𝟐 − 𝟔𝟏𝟒𝐑𝟐𝐫𝟑 − 𝟐𝟗𝟓𝐑𝐫𝟒 + 𝟏𝟕𝟖𝐫𝟓) ≥
?
𝟐(𝐑 − 𝟐𝐫)(𝟐𝟕𝐑𝟒

− 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟕𝟐𝟎𝐑𝐫𝟑 − 𝟐𝟒𝟎𝐫𝟒)√𝐑𝟐 − 𝟐𝐑𝐫 

⇔ 𝟓𝟒𝐑𝟓 + 𝟐𝟕𝟎𝐑𝟒𝐫 − 𝟑𝟓𝟕𝐑𝟑𝐫𝟐 − 𝟔𝟏𝟒𝐑𝟐𝐫𝟑 − 𝟐𝟗𝟓𝐑𝐫𝟒

+ 𝟏𝟕𝟖𝐫𝟓 ≥
?
⏟

(∗∗∗)

𝟐(𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟕𝟐𝟎𝐑𝐫𝟑 − 𝟐𝟒𝟎𝐫𝟒)√𝐑𝟐 − 𝟐𝐑𝐫 

∵ 𝟓𝟒𝐑𝟓 + 𝟐𝟕𝟎𝐑𝟒𝐫 − 𝟑𝟓𝟕𝐑𝟑𝐫𝟐 − 𝟔𝟏𝟒𝐑𝟐𝐫𝟑 − 𝟐𝟗𝟓𝐑𝐫𝟒 + 𝟏𝟕𝟖𝐫𝟓

= (𝐑 − 𝟐𝐫)(𝟓𝟒𝐑𝟒 + 𝟑𝟕𝟖𝐑𝟑𝐫 + 𝟑𝟗𝟗𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟒𝐑𝐫𝟑 + 𝟕𝟑𝐫𝟒)

+ 𝟑𝟐𝟒𝐫𝟓 ≥
𝐄𝐮𝐥𝐞𝐫

𝟑𝟐𝟒𝐫𝟓 > 𝟎 ∴ (∗∗∗) ⇔ 

(𝟓𝟒𝐑𝟓 + 𝟐𝟕𝟎𝐑𝟒𝐫 − 𝟑𝟓𝟕𝐑𝟑𝐫𝟐 − 𝟔𝟏𝟒𝐑𝟐𝐫𝟑 − 𝟐𝟗𝟓𝐑𝐫𝟒 + 𝟏𝟕𝟖𝐫𝟓)
𝟐

≥ 𝟒(𝐑𝟐 − 𝟐𝐑𝐫)(𝟐𝟕𝐑𝟒 − 𝟓𝟒𝐑𝟑𝐫 − 𝟏𝟔𝟓𝐑𝟐𝐫𝟐 + 𝟕𝟐𝟎𝐑𝐫𝟑 − 𝟐𝟒𝟎𝐫𝟒)
𝟐

 

⇔ 𝟒𝟔𝟔𝟓𝟔𝐭𝟗 + 𝟑𝟒𝟗𝟗𝟐𝐭𝟖 − 𝟓𝟑𝟑𝟖𝟒𝟒𝐭𝟕 + 𝟒𝟕𝟏𝟔𝟎𝟗𝐭𝟔 + 𝟔𝟑𝟕𝟎𝟖𝟎𝐭𝟓 − 𝟑𝟒𝟎𝟎𝟎𝟗𝟒𝐭𝟒 + 𝟔𝟑𝟗𝟖𝟑𝟔𝟖𝐭𝟑

− 𝟑𝟏𝟐𝟔𝟕𝟓𝟗𝐭𝟐 + 𝟑𝟓𝟓𝟕𝟖𝟎𝐭 + 𝟑𝟏𝟔𝟖𝟒 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟒𝟔𝟔𝟔𝟓𝟔𝐭𝟕 + 𝟐𝟐𝟏𝟔𝟏𝟔𝐭𝟔 + 𝟏𝟔𝟓𝟗𝟗𝟔𝐭𝟓 + 𝟐𝟒𝟗𝟏𝟐𝟗𝐭𝟒 + 𝟕𝟏𝟎𝟓𝟑𝟏𝐭𝟑

+ 𝟐𝟓𝟗𝟎𝟖𝟏𝐭𝟐(𝐭 − 𝟐) + 𝟒𝟒𝟕𝟐𝟕𝟐𝐭 + 𝟕𝟑𝟒𝟗𝟕𝟕) + 𝟏𝟓𝟎𝟔𝟔𝟎𝟎) + 𝟏𝟎𝟒𝟗𝟕𝟔 ≥ 𝟎

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

∴ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝐫𝒂
𝟐

𝐫𝐜
𝐜𝐲𝐜

≤
𝟗𝐑𝟐

𝟒𝐫
(
𝐑

𝐫
− 𝟏)

𝟐

 (𝐐𝐄𝐃) 

549. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒘𝒂
𝟑𝒓𝒂 +𝒘𝒃

𝟑𝒓𝒃 +𝒘𝒄
𝟑𝒓𝒄 ≤ 𝟑

𝟓 (
𝑹

𝟐
)
𝟒

 

Proposed by Kostas Geronikolas-Greece 
Solution by Marian Ursărescu-Romania 

𝒘𝒂𝒓𝒂 ≤ √𝒔(𝒔 − 𝒂) ⋅
𝑭

𝒔 − 𝒂
= √𝒔(𝒔 − 𝒂) ⋅

√𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔 − 𝒂
= 

= 𝒔√(𝒔 − 𝒃)(𝒔 − 𝒄) ≤
𝒔(𝒔 − 𝒃 + 𝒔 − 𝒄)

𝟐
=
𝒂𝒔

𝟐
 

⇒ 𝒘𝒂𝒓𝒂 ≤
𝒂𝒔

𝟐
 

We must show: 
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∑𝒘𝒂
𝟐 ⋅
𝒂𝒔

𝟐
𝒄𝒚𝒄

≤
𝟐𝟒𝟑

𝟒
𝑹𝟒; (𝟏) 

𝒘𝒂 ≤ √𝒔(𝒔 − 𝒂); (𝟐) 

From (1) and (2) we must show that 

𝒔𝟐

𝟐
∑𝒂(𝒔 − 𝒂)

𝒄𝒚𝒄

≤
𝟐𝟒𝟑

𝟏𝟔
𝑹𝟒; (𝟑) 

𝐁𝐮𝐭 ∑𝒂(𝒔 − 𝒂)

𝒄𝒚𝒄

= 𝟐𝒓(𝟒𝑹 + 𝒓); (𝟒) 

From (3) and (4) we must show 

𝒔𝟐𝒓(𝟒𝑹 + 𝒓) ≤
𝟐𝟒𝟑

𝟏𝟔
𝑹𝟒; (𝟓) 

𝒔𝟐 ≤
𝟐𝟕𝑹𝟐

𝟒
(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 𝐚𝐧𝐝  𝒓 ≤

𝑹

𝟐
 (𝑬𝒖𝒍𝒆𝒓); (𝟔) 

From (5) and (6) we must show 

𝟒𝑹 + 𝒓 ≤
𝟗

𝟐
𝑹 ⇔ 𝟖𝑹 + 𝟐𝒓 ≤ 𝟗𝑹 ⇔ 𝟐𝒓 ≤ 𝑹(𝑬𝒖𝒍𝒆𝒓). 

550. If 𝒎 ≥ 𝟎 then in 𝚫𝑨𝑩𝑪 holds: 

𝒂𝟐𝒎+𝟐 + 𝒃𝟐𝒎+𝟐 + 𝒄𝟐𝒎+𝟐 ≥ 

≥ 𝟐𝟐𝒎+𝟐 ⋅ (√𝟑)
𝟏−𝒎

⋅ 𝑭𝒎+𝟏 +
𝟏

𝟐
((𝒂𝒎+𝟏 − 𝒃𝒎+𝟏)𝟐 + (𝒃𝒎+𝟏 − 𝒄𝒎+𝟏)𝟐 + (𝒄𝒎+𝟏 − 𝒂𝒎+𝟏)𝟐) 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution by Avishek Mitra-West Bengal-India 

Need to show: 

∑𝒂𝟐𝒎+𝟐

𝒄𝒚𝒄

≥ 𝟐𝟐𝒎+𝟐(√𝟑)
𝟏−𝒎

𝑭𝒎+𝟏 +
𝟏

𝟐
∑(𝒂𝒎+𝟏 − 𝒃𝒎+𝟏)𝟐

𝒄𝒚𝒄

 

∑𝒂𝟐𝒎+𝟐

𝒄𝒚𝒄

≥ 𝟐𝟐𝒎+𝟐(√𝟑)
𝟏−𝒎

𝑭𝒎+𝟏 +
𝟏

𝟐
(𝟐∑𝒂𝟐𝒎+𝟐

𝒄𝒚𝒄

− 𝟐∑𝒂𝒎+𝟏𝒃𝒎+𝟏

𝒄𝒚𝒄

) 

∑𝒂𝒎+𝟏𝒃𝒎+𝟏

𝒄𝒚𝒄

≥ 𝟐𝟐𝒎+𝟐(√𝟑)
𝟏−𝒎

𝑭𝒎+𝟏 

Now, we have: 
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∑𝒂𝒎+𝟏𝒃𝒎+𝟏

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√∏𝒂𝟐𝒎+𝟐

𝒄𝒚𝒄

𝟑 = 𝟑√(𝟒𝑹𝒓𝒔)𝟐𝒎+𝟐
𝟑

 

Need to show: 

𝟑√(𝟒𝑹𝒓𝒔)𝟐𝒎+𝟐
𝟑

≥ 𝟐𝟐𝒎+𝟐(√𝟑)
𝟏−𝒎

𝑭𝒎+𝟏, 𝟐𝟕(𝟒𝑹𝒓𝒔)𝟐𝒎+𝟐 ≥ 𝟐𝟑(𝟐𝒎+𝟐)(√𝟑)
𝟑(𝟏−𝒎)

(𝒓𝒔)𝟑𝒎+𝟑 

𝟐𝟕𝑹𝟐𝒎+𝟐 ≥ 𝟐𝟐𝒎+𝟐(√𝟑)
𝟑(𝟏−𝒎)

(𝒓𝒔)𝒎+𝟏 (𝒕𝒓𝒖𝒆!), 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) ⇒ 𝑹𝒎+𝟏 ≥ (𝟐𝒓)𝒎+𝟏 

𝟑√𝟑𝑹 ≥ 𝟐𝒔 ⇒ (𝟑√𝟑𝑹)
𝒎+𝟏

≥ (𝟐𝒔)𝒎+𝟏, (𝟑√𝟑)
𝒎+𝟏

𝑹𝟐𝒎+𝟐 ≥ 𝟐𝟐𝒎+𝟐(𝒓𝒔)𝒎+𝟏 

𝟐𝟕𝑹𝟐𝒎+𝟐 ≥ 𝟐𝟐𝒎+𝟐(√𝟑)
𝟑(𝟏−𝒎)

(𝒓𝒔)𝒎+𝟏 

551. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟗𝒓 ≤
𝒎𝒃𝒎𝒄

𝒎𝒂
+
𝒎𝒄𝒎𝒂

𝒎𝒃
+
𝒎𝒂𝒎𝒃

𝒎𝒄
≤
𝑹

𝟐𝒓
(𝟒𝑹 + 𝒓) 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

For the left side we have: 

𝒎𝒃𝒎𝒄

𝒎𝒂
+
𝒎𝒄𝒎𝒂

𝒎𝒃
+
𝒎𝒂𝒎𝒃

𝒎𝒄
≥
𝑨𝑮𝑴

𝟑√𝒎𝒂𝒎𝒃𝒎𝒄
𝟑  

We must show that: 

𝟑√𝒎𝒂𝒎𝒃𝒎𝒄
𝟑 ≥ 𝟗𝒓 ⇔ 𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝟐𝟕𝒓

𝟑; (𝟏) 

But 𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂) ⇒ 𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝒔𝑭 = 𝒔𝟐𝒓; (𝟐) 

From (1) and (2) we must show that: 𝒔𝟐𝒓 ≥ 𝟐𝟕𝒓𝟑 ⇔ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

For the right side we must show: 

𝒎𝒂𝒎𝒃𝒎𝒄 (
𝟏

𝒎𝒂
𝟐
+
𝟏

𝒎𝒃
𝟐 +

𝟏

𝒎𝒄
𝟐
) ≤

𝑹

𝟐𝒓
(𝟒𝑹 + 𝒓); (𝟑) 

𝒎𝒂𝒎𝒃𝒎𝒄 ≤
𝑹𝒔𝟐

𝟐
; (𝟒) 

𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂) ⇒
𝟏

𝒎𝒂
𝟐
≤

𝟏

𝒔(𝒔 − 𝒂)
⇒∑

𝟏

𝒎𝒂
𝟐

𝒄𝒚𝒄

≤
𝟏

𝒑
∑

𝟏

𝒔 − 𝒂
𝒄𝒚𝒄

 

∑
𝟏

𝒎𝟐
𝟐

𝒄𝒚𝒄

≤
𝟏

𝒔
⋅
𝟒𝑹 + 𝒓

𝒔𝒓
=
𝟒𝑹 + 𝒓

𝒔𝟐𝒓
; (𝟓) 
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From (4) and (5) we must show: 

𝒎𝒂𝒎𝒃𝒎𝒄 (
𝟏

𝒎𝒂
𝟐 +

𝟏

𝒎𝒃
𝟐 +

𝟏

𝒎𝒄
𝟐) ≤

𝑹𝒔𝟐

𝟐
⋅
𝟒𝑹+𝒓

𝒔𝟐𝒓
=

𝑹(𝟒𝑹+𝒓)

𝟐𝒓
⇒ (𝟑) is true. 

552. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒄𝒐𝒕𝑨 + 𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪 ≥
𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝑭
 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Daniel Sitaru-Romania 

∑𝒄𝒐𝒕𝑨

𝒄𝒚𝒄

=∑
𝒄𝒐𝒔𝑨

𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

=∑
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

=∑
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟒𝑭
𝒄𝒚𝒄

= 

=
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝑭
=
𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟒𝑭
=
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑭
≥ 

≥⏞
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑭
=
𝟏𝟐𝑹𝒓 − 𝟔𝒓𝟐

𝟐𝑭
= 

=
𝟔𝑹𝒓 − 𝟑𝒓𝟐

𝑭
=
𝒓(𝟔𝑹 − 𝟑𝒓)

𝑭
=
𝒓(𝟒𝑹+ 𝟐𝑹 − 𝟑𝒓)

𝑭
≥ 

≥⏞
𝑬𝑼𝑳𝑬𝑹 𝒓(𝟒𝑹 + 𝟐 ∙ 𝟐𝒓 − 𝟑𝒓)

𝑭
=
𝒓(𝟒𝑹+ 𝒓)

𝑭
=
𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝑭
 

Equality for 𝒂 = 𝒃 = 𝒄. 

553. 

 

 

 

 

 

 

 

 

𝑶𝑨𝑩𝑪-tetrahedron, 𝑮 −centroid of 𝑶𝑨𝑩𝑪, 𝑶𝑨 = 𝒂,𝑶𝑩 = 𝒃,𝑶𝑪 = 𝒄 
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∢𝑩𝑶𝑪 = 𝜽𝟏, ∢𝑪𝑶𝑨 = 𝜽𝟐, ∢𝑨𝑶𝑩 = 𝜽𝟑 , (𝒔) circumsphere of 𝑶𝑨𝑩𝑪,𝑶𝑮 ∩ (𝒔) = 𝑷                                           

 Prove: 

𝑶𝑮

𝑶𝑷
=
𝟏

𝟒
⇔
𝐜𝐨𝐬𝜽𝟏
𝒂

+
𝐜𝐨𝐬 𝜽𝟐
𝒃

+
𝐜𝐨𝐬 𝜽𝟑
𝒄

= 𝟎 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Plagiogonal 3D system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

𝑶(𝟎,𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎),𝑩(𝟎, 𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝒄) 

𝑲 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄 𝐜𝐨𝐬 𝜽𝟏 + 𝟐𝒄𝒂𝐜𝐨𝐬 𝜽𝟐 + 𝟐𝒂𝒃𝐜𝐨𝐬 𝜽𝟑 

𝑮(
𝒂

𝟒
,
𝒃

𝟒
,
𝒄

𝟒
) ,𝑷 (

𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝑲
,
𝒃(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝑲
,
𝒄(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝑲
) 

𝑶𝑮

𝑶𝑷
=

𝒂
𝟒

𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
𝑲

=
𝑲

𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
 

𝑶𝑮

𝑶𝑷
=
𝟏

𝟒
(𝟏 +

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄𝐜𝐨𝐬 𝜽𝟏 + 𝟐𝒄𝒂𝐜𝐨𝐬 𝜽𝟐 + 𝟐𝒂𝒃𝐜𝐨𝐬 𝜽𝟑
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

) 

𝑶𝑮

𝑶𝑷
=
𝟏

𝟒
⇔ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄 𝐜𝐨𝐬𝜽𝟏 + 𝟐𝒄𝒂 𝐜𝐨𝐬𝜽𝟐 + 𝟐𝒂𝒃 𝐜𝐨𝐬𝜽𝟑 = 𝟎 

𝐜𝐨𝐬𝜽𝟏

𝒂
+
𝐜𝐨𝐬𝜽𝟐

𝒃
+
𝐜𝐨𝐬𝜽𝟑

𝒄
= 𝟎 

554. 

 

𝑶𝑨𝑩𝑪 tetrahedron, 𝑮 centroid of 𝑶𝑨𝑩𝑪,𝑶𝑨 = 𝒂, 𝑶𝑩 = 𝒃, 𝑶𝑪 = 𝒄, 
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 ∢𝑩𝑶𝑪 = 𝜽𝟏, ∢𝑪𝑶𝑨 = 𝜽𝟐∢𝑨𝑶𝑩 = 𝜽𝟑, (𝒔) −circumsphere of 𝑶𝑨𝑩𝑪,  

𝑶𝑮 ∩ (𝒔) = 𝑷. Prove that:
𝑶𝑮

𝑶𝑷
=

𝟏

𝟒
[𝟏 +

𝟐𝒃𝒄 𝐜𝐨𝐬𝜽𝟏+𝟐𝒄𝒂𝐜𝐨𝐬𝜽𝟐+𝟐𝒂𝒃𝐜𝐨𝐬𝜽𝟑

𝒂𝟐+𝒃𝟐+𝒄𝟐
] 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Plagiogonal 3D system: 𝑶𝑨 ≡ 𝑶𝒙,𝑶𝑩 ≡ 𝑶𝒚,𝑶𝑪 ≡ 𝑶𝒛 

𝑶(𝟎,𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎),𝑩(𝟎, 𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝒄) 

𝑲 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄 𝐜𝐨𝐬 𝜽𝟏 + 𝟐𝒄𝒂𝐜𝐨𝐬 𝜽𝟐 + 𝟐𝒂𝒃𝐜𝐨𝐬 𝜽𝟑 

𝑮(
𝒂

𝟒
,
𝒃

𝟒
,
𝒄

𝟒
) ,𝑷 (

𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝑲
,
𝒃(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝑲
,
𝒄(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝑲
) 

𝑶𝑮

𝑶𝑷
=

𝒂
𝟒

𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
𝑲

=
𝑲

𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
 

𝑶𝑮

𝑶𝑷
=
𝟏

𝟒
(𝟏 +

𝟐𝒃𝒄 𝐜𝐨𝐬𝜽𝟏 + 𝟐𝒄𝒂 𝐜𝐨𝐬𝜽𝟐 + 𝟐𝒂𝒃 𝐜𝐨𝐬𝜽𝟑
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

) 

555. 

𝑶𝑨𝑩𝑪 −tetrahedron, 𝑲−center of circumsphere,  

𝑶𝑨 = 𝒂,𝑶𝑩 = 𝒃,𝑶𝑪 = 𝒄, 

∢𝑩𝑶𝑪 = 𝜽𝟏 = 𝟔𝟎°, ∢𝑪𝑶𝑨 = 𝜽𝟐 = 𝟔𝟎°, 

∢𝑨𝑶𝑩 = 𝜽𝟑 = 𝟔𝟎° 

(𝑩𝑶𝑪) = 𝑷𝟏, (𝑪𝑶𝑨) = 𝑷𝟐, 

 (𝑨𝑶𝑩) = 𝑷𝟑 , (𝑨𝑩𝑪) = 𝑷𝟒 

𝑲𝟏 ∈ 𝑷𝟏, 𝑲𝟐 ∈ 𝑷𝟐, 𝑲𝟑 ∈ 𝑷𝟑, 𝑲𝟒 ∈ 𝑷𝟒, 

 𝑲𝑲𝟏 ⊥ 𝑷𝟏, 𝑲𝑲𝟐 ⊥ 𝑷𝟐, 𝑲𝑲𝟑 ⊥ 𝑷𝟑, 𝑲𝑲𝟒 ⊥ 𝑷𝟒. Prove: 

𝑲𝑲𝟏 =
√𝟔

𝟏𝟐
|𝟑𝒂 − 𝒃 − 𝒃|, 𝑲𝑲𝟐 =

√𝟔

𝟏𝟐
|𝟑𝒃 − 𝒄 − 𝒂|,𝑲𝑲𝟑 =

√𝟔

𝟏𝟐
|𝟑𝒄 − 𝒂 − 𝒃|, 

𝑲𝑲𝟒 =
√𝟐

𝟒
∙

|(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟖𝒂𝒃𝒄)|

√𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)
 

Note: If 𝒂 = 𝒃 = 𝒄, then 𝑲𝑲𝟏 = 𝑲𝑲𝟐 = 𝑲𝑲𝟑 = 𝑲𝑲𝟒 =
√𝟔

𝟏𝟐
𝒂 = 𝒓. 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 

Plagiogonal 3D system: 𝑺𝑨 ≡ 𝑺𝒙, 𝑺𝑩 ≡ 𝑺𝒚, 𝑺𝑪 ≡ 𝑺𝒛 

𝑲(𝑲𝟏, 𝑲𝟐, 𝑲𝟑),𝑲𝟏 =
𝟑𝒂 − 𝒃 − 𝒄

𝟒
,𝑲𝟐 =

𝟑𝒃 − 𝒄 − 𝒂

𝟒
, 𝑲𝟑 =

𝟑𝒄 − 𝒂 − 𝒃

𝟒
 

𝑷𝟏: 𝒙 = 𝟎. Let �⃗⃗� ⊥ 𝑷𝟏, �⃗⃗� (𝒖𝟏, 𝒖𝟐, 𝒖𝟑), 𝒖𝟏 =
𝟑

𝟒
, 𝒖𝟐 −

𝟏

𝟒
, 𝒖𝟑 = −

𝟏

𝟒
 

|�⃗⃗� |𝟐 = (
𝟑

𝟒
)
𝟐

+ (−
𝟏

𝟒
)
𝟐

+ (−
𝟏

𝟒
)
𝟐

+
𝟑

𝟒
(−

𝟏

𝟒
) + (−

𝟏

𝟒
) (−

𝟏

𝟒
) + (−

𝟏

𝟒
) (
𝟑

𝟒
) 

|�⃗⃗⃗� | =
√𝟔

𝟒
 

𝑲𝑲𝟏 = |
𝟏 ∙
𝟑𝒂 − 𝒃 − 𝒄

𝟒

𝟏 ∙
𝟑
𝟒

| ∙
√𝟔

𝟒
⇒ 𝑲𝑲𝟏 =

√𝟔

𝟒
|𝟑𝒂 − 𝒃 − 𝒄| 

𝑷𝟐: 𝒚 = 𝟎. Let �⃗⃗� ⊥ 𝑷𝟐, �⃗⃗� (𝒗𝟏, 𝒗𝟐, 𝒗𝟑), 𝒗𝟏 = −
𝟏

𝟒
, 𝒗𝟐 =

𝟑

𝟒
, 𝒗𝟑 = −

𝟏

𝟒
 

|�⃗⃗� |𝟐 =
𝟔

𝟏𝟔
⇒ |�⃗⃗� | =

√𝟔

𝟒
⇒ 𝑲𝑲𝟐 = |

𝟏 ∙ 𝑲𝟐

𝟏 ∙
𝟑
𝟒

| ∙
√𝟔

𝟒
⇒ 𝑲𝑲𝟐 =

√𝟔

𝟏𝟐
|𝟑𝒃 − 𝒂 − 𝒄| 

𝑷𝟑: 𝒛 = 𝟎. Let �⃗⃗⃗� ⊥ 𝑷𝟑, �⃗⃗⃗� (𝒘𝟏, 𝒘𝟐 , 𝒘𝟑), 𝒘𝟏 = −
𝟏

𝟒
, 𝒘𝟐 = −

𝟏

𝟒
, 𝒘𝟑 =

𝟑

𝟒
, |�⃗⃗⃗� | =

√𝟔

𝟒
 

𝑲𝑲𝟑 = |
𝟏 ∙ 𝑲𝟑

𝟏 ∙
𝟑
𝟒

| ∙ |�⃗⃗⃗� | ⇒ 𝑲𝑲𝟑 =
√𝟔

𝟏𝟐
|𝟑𝒄 − 𝒂 − 𝒃| 

𝑷𝟒:
𝒙

𝒂
+
𝒚

𝒃
+
𝒛

𝒄
= 𝟏 ⇒ 𝒃𝒄𝒙 + 𝒂𝒄𝒚 + 𝒂𝒃𝒛 − 𝒂𝒃𝒄 = 𝟎 

�⃗⃗� ⊥ 𝑷𝑽, �⃗⃗� (𝒒𝟏, 𝒒𝟐, 𝒒𝟑) 

𝒒𝟏 = 𝒃𝒄 (
𝟑

𝟒
) + 𝒂𝒄 (−

𝟏

𝟒
) + 𝒂𝒃 (−

𝟏

𝟒
) 

𝒒𝟐 = 𝒂𝒄 (
𝟑

𝟒
) + 𝒂𝒃 (−

𝟏

𝟒
) + 𝒃𝒄 (−

𝟏

𝟒
) 

𝒒𝟑 = 𝒂𝒃 (
𝟑

𝟒
) + 𝒃𝒄 (−

𝟏

𝟒
) + 𝒂𝒄 (−

𝟏

𝟒
) 

|�⃗⃗� |𝟐 = 𝒒𝟏
𝟐 + 𝒒𝟐

𝟐 + 𝒒𝟑
𝟐 + 𝒒𝟏𝒒𝟐 + 𝒒𝟐𝒒𝟑 + 𝒒𝟑𝒒𝟏 

|�⃗⃗� |𝟐 =
𝟏

𝟖
[𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)] 
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𝑲𝑲𝟒
𝟐 =

[𝒃𝒄 ∙ 𝑲𝟏 + 𝒄𝒂 ∙ 𝑲𝟐 + 𝒂𝒃 ∙ 𝑲𝟑 + (−𝒂𝒃𝒄)]
𝟐

(𝒃𝒄 ∙ 𝒒𝟏 + 𝒄𝒂 ∙ 𝒒𝟐 + 𝒂𝒃 ∙ 𝒒𝟑)𝟐
∙ |𝒒|𝟐 

𝑲𝑲𝟒
𝟐 =

[(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟖𝒂𝒃𝒄]𝟐

[𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)]𝟐

∙
𝟏

𝟖
[𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)] 

Therefore, 

𝑲𝑲𝟒 =
√𝟐

𝟒
∙

|(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟖𝒂𝒃𝒄)|

√𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)
 

556. 

 

 

 

𝑨𝑩𝑪𝑫𝑬𝑭 −regular hexagon, 

 
𝑩𝑸

𝑸𝑪
=

𝑫𝑹

𝑹𝑬
=

𝑭𝑺

𝑺𝑨
= 𝝎 

[𝑲𝑳𝑴𝑵𝑶𝑷]

[𝑨𝑩𝑪𝑫𝑬𝑭]
=
𝟒𝟗

𝟏𝟔𝟐
; 

([∗] − 𝐚𝐫𝐞𝐚 𝐨𝐟 ∗)  Find 𝝎 =? 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 
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𝑨𝑩 = 𝒍(regular hexagon),  𝚫𝑭𝑩𝑫 is equilateral 

𝑭𝑩

𝟐𝒍
= 𝐬𝐢𝐧 𝟔𝟎° =

√𝟑

𝟐
⇒ 𝑭𝑩 = 𝒍√𝟑 

𝚫𝑩𝑳𝑲 ≡ 𝚫𝑫𝑷𝑶 ≡ 𝑭𝑵𝑴 

{
𝑩𝑸 = 𝒂
𝑸𝑪 = 𝒃

⇒ {

𝑩𝑸 +𝑸𝑪 = 𝒍
𝑩𝑸

𝑸𝑪
= 𝝎

⇒ {
𝒂 + 𝒃 = 𝒍
𝒂

𝒃
= 𝝎

⇒ {
𝒂 =

𝝎𝒍

𝝎

𝒃 =
𝒍

𝝎 + 𝟏

 

Similarly, 𝑫𝑹 = 𝑭𝑺 = 𝒂,𝑹𝑬 = 𝑺𝑨 = 𝒃. Applying Menelaus’ theorem in the 𝚫𝑺𝑶𝑻, points 

𝑭, 𝑳 and 𝑩 are collinear, we have: 

𝑩𝑸

𝑩𝑻
∙
𝑻𝑭

𝑭𝑺
∙
𝑺𝑳

𝑳𝑸
= 𝟏 ⇒

𝒂

𝒍
∙
𝟐𝒂

𝒍
∙
𝑺𝑳

𝑳𝑸
= 𝟏 ⇒ 𝑳𝑸 = 𝟐𝑺𝑳 ⇒ 𝑺𝑸 = 𝟑𝑺𝑳 

𝚫𝑺𝑻𝑯:
𝑺𝑯

𝑺𝑻
=

𝑺𝑯

𝒍 + 𝒃
= 𝐬𝐢𝐧 𝟔𝟎° ⇒ 𝑺𝑯 = (𝒍 + 𝒃) ∙

√𝟑

𝟐
 

𝚫𝑺𝑯𝑸~𝚫𝑳𝑩𝑸:
𝑺𝑸

𝑳𝑸
=
𝑺𝑯

𝑳𝑩
⇒
𝟑𝑺𝑳

𝟐𝑺𝑳
=
√𝟑

𝟐
∙
𝒍 + 𝒃

𝑳𝑩
⇒ (𝒍 + 𝒃)√𝟑 = 𝟑𝑳𝑩 

⇒ 𝑳𝑩 = (𝒍 + 𝒃) ∙
√𝟑

𝟑
⇒ 𝑳𝑩 =

√𝟑

𝟑
∙
𝒍(𝝎+ 𝟐)

𝝎 + 𝟏
 

Now, 𝚫𝑫𝑩𝑼~𝚫𝑲𝑩𝑽, then: 
𝑫𝑼

𝑲𝑽
=

𝑼𝑩

𝑽𝑩
⇒

𝒍√𝟑

𝟐

𝑲𝑽
=

𝟑𝒍

𝟐

𝑽𝑩
⇒ 𝑽𝑩 = 𝑲𝑽√𝟑 

𝚫𝑳𝑩𝑸~𝚫𝑲𝑽𝑸 ⇒
𝑳𝑩

𝑲𝑽
=
𝑩𝑸

𝑽𝑸
⇒

√𝟑
𝟑
(𝒍 + 𝒃)

𝑲𝑽
=

𝒂

𝒂 − 𝑽𝑩
 

√𝟑

𝟑
(𝒍 + 𝒃)(𝒂 − 𝑽𝑩) = 𝒂 ∙ 𝑲𝑽 ⇒

√𝟑

𝟑
(𝒍 + 𝒃)(𝒂 − √𝟑𝑲𝑽) = 𝒂 ∙ 𝑲𝑽 

√𝟑

𝟑
𝒂(𝒍 + 𝒃) − (𝒍 + 𝒃)𝑲𝑽 = 𝒂 ∙ 𝑲𝑽 

𝑲𝑽(𝒂 + 𝒃 + 𝒍) =
√𝟑

𝟑
𝒂(𝒍 + 𝒃) ⇒ 𝑲𝑽 =

√𝟑

𝟑
∙
𝒂(𝒍 + 𝒃)

𝟐𝒍
 

In 𝚫𝑲𝑽𝑩:
𝑲𝑽

𝑲𝑩
= 𝐬𝐢𝐧 𝟑𝟎° =

𝟏

𝟐
⇒ 𝑲𝑩 = 𝟐𝑲𝑽 

𝑲𝑩 =
√𝟑

𝟑
∙
𝒂(𝒍 + 𝒃)

𝒍
=
√𝟑

𝟑𝒍
∙
𝝎𝒍

𝝎 + 𝟏
∙
𝒍(𝝎+ 𝟐)

𝝎 + 𝟏
⇒ 𝑲𝑩 =

𝒍√𝟑

𝟑
∙
𝝎(𝝎 + 𝟐)

(𝝎 + 𝟏)𝟐
 

Now, 
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[𝑭𝑩𝑫] =
(𝒍√𝟑)

𝟐
√𝟑

𝟒
=
𝟑𝒍𝟐√𝟑

𝟒
 

[𝑩𝑳𝑲] =
𝟏

𝟐
∙ 𝑲𝑩 ∙ 𝑳𝑩 ∙ 𝐬𝐢𝐧𝟔𝟎° =

𝟏

𝟐
∙
√𝟑

𝟐
∙
𝒍𝝎(𝝎+ 𝟐)

(𝝎+ 𝟏)𝟐
∙
√𝟑

𝟑
∙
𝒍(𝝎 + 𝟐)

𝝎 + 𝟏
∙
√𝟑

𝟐
= 

=
√𝟑

𝟏𝟐
∙
𝒍𝟐𝝎(𝝎+ 𝟐)𝟐

(𝝎+ 𝟏)𝟑
 

[𝑲𝑳𝑴𝑵𝑶𝑷] = [𝑭𝑩𝑫] − 𝟑[𝑩𝑳𝑲] 

[𝑨𝑩𝑪𝑫𝑬𝑭] =
𝟔𝒍𝟐√𝟑

𝟒
 

So, we have: 

𝟑𝒍𝟑√𝟑
𝟒 −

𝟑√𝟑
𝟏𝟐 ∙

𝒍𝟐𝝎(𝝎+ 𝟐)𝟐

(𝝎+ 𝟏)𝟑

𝟔𝒍𝟐√𝟑
𝟒

=
𝟒𝟗

𝟏𝟔𝟐
⇔
𝟑 −

𝝎(𝝎 + 𝟐)𝟐

(𝝎 + 𝟏)𝟑

𝟔
=
𝟒𝟗

𝟏𝟔𝟐
 

𝝎(𝝎 + 𝟐)𝟐

(𝝎 + 𝟏)𝟑
= 𝟑 − 𝟔 ∙

𝟒𝟗

𝟏𝟔𝟐
=
𝟏𝟗𝟐

𝟏𝟔𝟐
=
𝟑𝟐

𝟐𝟕
 

𝝎(𝝎 + 𝟐)𝟐

(𝝎 + 𝟏)𝟑
=
𝟑𝟐

𝟐𝟕
⇒ (𝝎 − 𝟐)𝟐(𝟓𝝎+ 𝟖) = 𝟎 

Therefore: 𝝎 = 𝟐. 

557. 

 

 

                                                                                                     𝑨𝑩𝑪𝑫 −cyclic 

                                                                                                  𝑩𝑷 ∥ 𝑨𝑫,𝑩𝑸 ∥ 𝑨𝑪 

                                                                                           𝑨𝑬𝑩𝑭 −cyclic 

                                                                                                   𝑩𝑹 ∥ 𝑨𝑭,𝑩𝑺 ∥ 𝑨𝑬 

                                                Prove:   

                                                                   𝑨𝑷 ∙ 𝑨𝑪 − 𝑨𝑹 ∙ 𝑨𝑬 = 𝑨𝑺 ∙ 𝑨𝑭 − 𝑨𝑸 ∙ 𝑨𝑫 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by Jose Ferreira Queiroz-Olinda-Brazil 

𝑨𝑩𝑪𝑫 −cyclic and 𝑩𝑷 ∥ 𝑨𝑫,𝑩𝑸 ∥ 𝑨𝑪, then: 

𝑨𝑩𝟐 = 𝑨𝑷 ∙ 𝑨𝑪 + 𝑨𝑫 ∙ 𝑨𝑸 

𝑨𝑬𝑩𝑭 −cyclic and 𝑩𝑹 ∥ 𝑨𝑭, 𝑩𝑺 ∥ 𝑨𝑬, then: 

𝑨𝑩𝟐 = 𝑨𝑬 ∙ 𝑨𝑹 + 𝑨𝑭 ∙ 𝑨𝑺 

Thus, 

𝑨𝑷 ∙ 𝑨𝑪 + 𝑨𝑫 ∙ 𝑨𝑸 = 𝑨𝑬 ∙ 𝑨𝑹 + 𝑨𝑭 ∙ 𝑨𝑺 

𝑨𝑷 ∙ 𝑨𝑪 − 𝑨𝑹 ∙ 𝑨𝑬 = 𝑨𝑺 ∙ 𝑨𝑭 − 𝑨𝑸 ∙ 𝑨𝑫 

558. 

 

𝑩𝑫𝑬𝑭 −parallelogram with center 𝑲, {𝑩, 𝑫} ∈ ⨀(𝒄), (𝒄) ∩ 𝑩𝑬 = 𝑪, (𝒄) ∩

𝑩𝑭 = 𝑨⨀(𝑲,𝑲𝑬) = (𝒘), (𝒘) ∩ 𝑩𝑨 = {𝑭, 𝑷}, (𝒘) ∩ 𝑩𝑪 = {𝑬, 𝑸}. Prove that: 

𝑩𝑷 − 𝑭𝑨

𝑩𝑬
+
𝑩𝑸 − 𝑬𝑪

𝑩𝑭
= 𝟎 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Manolis Nikoloudakis-Greece 
 

𝑩𝑷 − 𝑭𝑨

𝑩𝑬
+
𝑩𝑸 − 𝑬𝑪

𝑩𝑭
= 𝟎 ⇔

𝑩𝑷

𝑩𝑬
+
𝑩𝑸

𝑩𝑭
=
𝑭𝑨

𝑩𝑬
+
𝑬𝑪

𝑩𝑭
 

𝟐𝐜𝐨𝐬𝑩 =
𝑭𝑨

𝑩𝑬
+
𝑬𝑪

𝑩𝑭
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But 𝑨𝑩𝑪𝑫 −cyclic, then 𝟐𝐜𝐨𝐬𝑩 =
𝑬𝑪

𝑩𝑭
+

𝑭𝑨

𝑩𝑬
 

𝑬𝑪

𝑩𝑭
+
𝑭𝑨

𝑩𝑬
=
𝑭𝑨

𝑩𝑬
+
𝑬𝑪

𝑩𝑭
⇔ 𝟏 = 𝟏. 

559. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪

𝒉𝒂
𝒄𝒚𝒄

≤∑
𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪

𝒓𝒂
𝒄𝒚𝒄

 

Proposed by Marin Chirciu-Romania 
Solution by Daniel Sitaru-Romania 
 

∑
𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪

𝒉𝒂
𝒄𝒚𝒄

≤∑
𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪

𝒓𝒂
𝒄𝒚𝒄

↔∑
𝟐𝑹𝒔𝒊𝒏𝑩 + 𝟐𝑹𝒔𝒊𝒏𝑪

𝒉𝒂
𝒄𝒚𝒄

≤∑
𝟐𝑹𝒔𝒊𝒏𝑩 + 𝟐𝑹𝒔𝒊𝒏𝑪

𝒓𝒂
𝒄𝒚𝒄

 

∑
𝒃+ 𝒄

𝒉𝒂
𝒄𝒚𝒄

≤∑
𝒃+ 𝒄

𝒓𝒂
𝒄𝒚𝒄

↔∑
𝒃+ 𝒄

𝟐𝑭
𝒂𝒄𝒚𝒄

≤∑
𝒃+ 𝒄

𝑭
𝒔 − 𝒂𝒄𝒚𝒄

 

𝟏

𝟐
∑𝒂(𝒃 + 𝒄)

𝒄𝒚𝒄

≤∑(𝒔 − 𝒂)(𝒃 + 𝒄)

𝒄𝒚𝒄

↔∑𝒂(𝒃 + 𝒄)

𝒄𝒚𝒄

≤∑(𝟐𝒔 − 𝟐𝒂)(𝒃 + 𝒄)

𝒄𝒚𝒄

 

𝟐∑𝒂𝒃

𝒄𝒚𝒄

≤∑(𝒃 + 𝒄 − 𝒂)(𝒃 + 𝒄)

𝒄𝒚𝒄

↔ 𝟐∑𝒂𝒃

𝒄𝒚𝒄

≤∑(𝒃 + 𝒄)𝟐

𝒄𝒚𝒄

−∑𝒂(𝒃 + 𝒄)

𝒄𝒚𝒄

 

𝟐∑𝒂𝒃

𝒄𝒚𝒄

≤ 𝟐∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒂𝒃

𝒄𝒚𝒄

− 𝟐∑𝒂𝒃

𝒄𝒚𝒄

 

𝟐∑𝒂𝒃

𝒄𝒚𝒄

≤ 𝟐∑𝒂𝟐

𝒄𝒚𝒄

↔ (𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 ≥ 

560. In ∆𝑨𝑩𝑪,𝒏𝒂 −Nagel's cevian, 𝒑𝒂 −Speiker’s cevian.  Prove that:  

∑𝒏𝒂 + 𝟑∑𝒎𝒂 ≤ 𝟒∑𝒑𝒂 +
𝒔𝟐(𝑹𝟒 − 𝟏𝟔𝒓𝟒)

𝟑𝒓𝟓 + 𝒔𝒓𝟒
 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
=  𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂

= 𝒔𝟐 −
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
= 𝒔𝟐 −

𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂  (𝒊) 
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𝑻𝒉𝒆𝒏,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝑹

𝒓
− 𝟏≥⏞

?

 
𝒏𝒂
𝒉𝒂
 ↔  

𝟐(𝑹 − 𝒓)𝒔

𝒂
≥ 𝒏𝒂  ↔ 

 
𝟒(𝑹 − 𝒓)𝟐𝒔𝟐

𝒂𝟐
≥ 𝒏𝒂

𝟐  =⏞
(𝒊)

 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂 = 𝒔
𝟐 [𝟏 − 𝟐 (

𝟐𝒓

𝒂
)(𝐭𝐚𝐧

𝑨

𝟐
)] 

↔  𝟒(𝑹 − 𝒓)𝟐 ≥ (𝟐𝑹𝐬𝐢𝐧𝑨)𝟐 − 𝟒𝑹𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
. 𝟒𝒓 𝐭𝐚𝐧

𝑨

𝟐
 ↔  

(𝑹 − 𝒓)𝟐 ≥ 𝑹𝟐(𝟏 − 𝐜𝐨𝐬𝟐 𝑨) − 𝟐𝑹𝒓(𝟏 − 𝐜𝐨𝐬 𝑨) 

↔ 𝒓𝟐 ≥ −𝑹𝟐 𝐜𝐨𝐬𝟐 𝑨 + 𝟐𝑹𝒓 𝐜𝐨𝐬𝑨  ↔  (𝑹 𝐜𝐨𝐬𝑨 − 𝒓)𝟐 ≥ 𝟎,𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆,   𝒕𝒉𝒆𝒏 

  
𝒏𝒂
𝒉𝒂

≤
𝑹

𝒓
− 𝟏  𝒐𝒓  𝒏𝒂 ≤ (

𝑹

𝒓
− 𝟏)𝒉𝒂 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒎𝒂 ≤⏞
𝑷𝒂𝒏𝒂𝒊𝒕𝒐𝒑𝒐𝒍

 
𝑹𝒉𝒂
𝟐𝒓

,     𝒑𝒂 ≥ 𝒉𝒂,   

   𝒔 ≤⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟑√𝟑𝑹

𝟐
≤ 𝟑𝑹.    𝑻𝒉𝒆𝒏 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 

∑(
𝑹

𝒓
− 𝟏)𝒉𝒂 + 𝟑∑

𝑹𝒉𝒂
𝟐𝒓

≤ 𝟒∑𝒉𝒂 +
𝒔𝟐(𝑹𝟒 − 𝟏𝟔𝒓𝟒)

𝟑𝒓𝟓 + 𝟑𝑹𝒓𝟒
   𝒐𝒓 

   𝟓 (
𝑹

𝟐𝒓
− 𝟏)∑𝒉𝒂 ≤

𝒔𝟐(𝑹𝟒 − 𝟏𝟔𝒓𝟒)

𝟑𝒓(𝒓𝟒 +𝑹𝒓𝟑)
 

𝑶𝒓  𝟓 (
𝑹

𝟐𝒓
− 𝟏) .

𝒔𝟐 + 𝒓(𝟒𝑹 + 𝒓)

𝟐𝑹
≤
𝒔𝟐(𝑹𝟒 − 𝟏𝟔𝒓𝟒)

𝟑𝒓(𝒓𝟒 + 𝑹𝒓𝟑)
 

𝑩𝒚 𝑫𝒐𝒖𝒄𝒆𝒕′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝟑𝒓(𝟒𝑹 + 𝒓) ≤ 𝒔𝟐  𝒔𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆

∶   𝟓 (
𝑹

𝟐𝒓
− 𝟏) .

𝟑 + 𝟏

𝟑. 𝟐𝑹
≤

𝑹𝟒 − 𝟏𝟔𝒓𝟒

𝟑𝒓(𝒓𝟒 + 𝑹𝒓𝟑)
 

𝑶𝒓  𝟓(𝒓𝟒 +𝑹𝒓𝟑)(𝑹 − 𝟐𝒓) ≤ 𝑹(𝑹𝟒 − 𝟏𝟔𝒓𝟒) = 𝑹(𝑹− 𝟐𝒓)(𝑹𝟑 + 𝟐𝑹𝟐𝒓 + 𝟒𝑹𝒓𝟐 + 𝟖𝒓𝟑) 

𝑶𝒓  

 (𝑹 − 𝟐𝒓)(𝑹𝟒 + 𝟐𝑹𝟑𝒓 + 𝟒𝑹𝟐𝒓𝟐 + 𝟑𝑹𝒓𝟑 − 𝟓𝒓𝟒) ≥ 𝟎   

𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑𝒏𝒂 + 𝟑∑𝒎𝒂 ≤ 𝟒∑𝒑𝒂 +
𝒔𝟐(𝑹𝟒 − 𝟏𝟔𝒓𝟒)

𝟑𝒓𝟓 + 𝒔𝒓𝟒
. 
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561. In ∆𝑨𝑩𝑪,𝝎 −Brocard's angle, holds : 

𝟒𝑭(𝐜𝐨𝐭𝝎 − √𝟑) ≥∑ (𝒂 − 𝒃)𝟐
𝒄𝒚𝒄

+ 𝟏𝟔𝑹𝒓∑ (𝐜𝐨𝐬𝟐
𝑨

𝟐
− 𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
)

𝒄𝒚𝒄
.   

Proposed by Daniel Sitaru-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝐜𝐨𝐭𝝎 = 𝐜𝐨𝐭 𝑨 + 𝐜𝐨𝐭 𝑩 + 𝐜𝐨𝐭𝑪 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝑭
, 

𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭 ≥ 𝟐∑ (𝒂𝟐 − 𝒃𝒄)
𝒄𝒚𝒄

+
𝟒𝒂𝒃𝒄

𝒔
∑ (

𝒔(𝒔 − 𝒂)

𝒃𝒄
−√

𝒔𝟐(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝟐𝒃𝒄
)

𝒄𝒚𝒄
 

∑ (𝒂𝒃 + 𝒄𝒂 − 𝒂𝟐)
𝒄𝒚𝒄

− 𝟒√𝟑𝑭 ≥ 𝟒∑ 𝒂(𝒔 − 𝒂)
𝒄𝒚𝒄

− 𝟒∑ √𝒃𝒄(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

 

𝟐∑ 𝒂(𝒔 − 𝒂)
𝒄𝒚𝒄

≥ 𝟐∑ (√𝒃(𝒔 − 𝒃) − √𝒄(𝒔 − 𝒄))
𝟐

𝒄𝒚𝒄
+ 𝟒√𝟑𝑭 

∑ √𝒂(𝒔 − 𝒂)
 𝟐

𝒄𝒚𝒄
≥∑ (√𝒃(𝒔 − 𝒃) − √𝒄(𝒔 − 𝒄))

𝟐

𝒄𝒚𝒄
+ 𝟐√𝟑𝑭  (𝟏) 

𝑵𝒐𝒘 𝒍𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 

  𝒂′ = √𝒂(𝒔 − 𝒂), 𝒃′ = √𝒃(𝒔 − 𝒃), 𝒄′ = √𝒄(𝒔 − 𝒄)  𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∶ 

𝑳𝒆𝒕 𝒙 = (𝒔 − 𝒃)(𝒔 − 𝒄),   𝒚 = (𝒔 − 𝒄)(𝒔 − 𝒂),   𝒛 = (𝒔 − 𝒂)(𝒔 − 𝒃) 

𝑺𝒊𝒏𝒄𝒆 ∶  𝒂′ 𝟐 = 𝒚 + 𝒛 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)  𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒂′ 𝟐 + 𝒃′ 𝟐 − 𝒄′ 𝟐 = 𝟐𝒛 > 0  𝑡ℎ𝑒𝑛

∶   𝒂′ + 𝒃′ > 𝒄′ (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒐 𝒂′, 𝒃′, 𝒄′𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆′ 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑭′ 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 

𝟏𝟔𝑭′
 𝟐
= 𝟐∑ 𝒂′

 𝟐
𝒃′
 𝟐

𝒄𝒚𝒄
−∑ 𝒂′

 𝟒

𝒄𝒚𝒄
= 𝟐∑ (𝒚 + 𝒛)(𝒛 + 𝒙)

𝒄𝒚𝒄
−∑ (𝒚+ 𝒛)𝟐

𝒄𝒚𝒄
= 𝟒∑ 𝒚𝒛

𝒄𝒚𝒄
= 

= 𝟒(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)∑ (𝒔 − 𝒂)
𝒄𝒚𝒄

= 𝟒𝒔𝒓𝟐. 𝒔 = 𝟒𝑭𝟐  𝒕𝒉𝒆𝒏 ∶   𝑭′ =
𝑭

𝟐
. 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝒏𝒐𝒘 𝑯𝒂𝒅𝒘𝒊𝒈𝒆𝒓 − 𝑭𝒊𝒏𝒔𝒍𝒆𝒓 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 ∆′ 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑ 𝒂′ 𝟐
𝒄𝒚𝒄

≥∑ (𝒃′ − 𝒄′)𝟐
𝒄𝒚𝒄

+ 𝟒√𝟑𝑭′ 

⇔∑ √𝒂(𝒔 − 𝒂)
 𝟐

𝒄𝒚𝒄
≥∑ (√𝒃(𝒔 − 𝒃) − √𝒄(𝒔 − 𝒄))

𝟐

𝒄𝒚𝒄
+ 𝟐√𝟑𝑭 
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𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 (𝟏) 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐬𝐬𝐞𝐜
𝐀

𝟐
≥ 𝐰𝒂 + 𝐫𝒂 ⇔ 𝐬 ≥

𝟐𝐛𝐜

𝐛 + 𝐜
𝐜𝐨𝐬𝟐

𝐀

𝟐
+ 𝐬𝐭𝒂𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
=
𝟐𝐛𝐜

𝐛 + 𝐜
.
𝐬(𝐬 − 𝒂)

𝐛𝐜
+ 𝐬𝐬𝐢𝐧

𝐀

𝟐

=
(𝐛 + 𝐜 + 𝒂)(𝐬 − 𝒂)

𝐛 + 𝐜
+ 𝐬𝐬𝐢𝐧

𝐀

𝟐
= 𝐬 − 𝒂+

𝒂(𝐬 − 𝒂)

𝐛 + 𝐜
+ 𝐬𝐬𝐢𝐧

𝐀

𝟐
⇔ 𝒂(𝟏 −

𝐬 − 𝒂

𝐛 + 𝐜
)

≥ 𝐬𝐬𝐢𝐧
𝐀

𝟐
 

⇔ 𝒂(
𝟐𝐬 − 𝒂− 𝐬 + 𝒂

𝐛 + 𝐜
) ≥ 𝐬𝐬𝐢𝐧

𝐀

𝟐
⇔

𝒂

𝐛 + 𝐜
≥ 𝐬𝐢𝐧

𝐀

𝟐
⇔ 𝟒𝐑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
≥ 𝟒𝐑𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
. 𝐬𝐢𝐧

𝐀

𝟐

⇔ 𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
≤ 𝟏 → 𝐭𝐫𝐮𝐞 ∴ 𝐬𝐬𝐞𝐜

𝐀

𝟐
≥ 𝐰𝒂 + 𝐫𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 → (𝟏) 

𝐍𝐨𝐰, 𝟒𝐅(𝐜𝐨𝐭𝛚− √𝟑) ≥∑(𝒂 − 𝐛)𝟐

𝐜𝐲𝐜

+ 𝟏𝟔𝐑𝐫∑(𝐜𝐨𝐬𝟐
𝐀

𝟐
− 𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
)

𝐜𝐲𝐜

⇔ 𝟒𝐅(
∑ 𝒂𝟐𝐜𝐲𝐜

𝟒𝐅
− √𝟑)

≥ 𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟖𝐑𝐫∑(𝟏+ 𝐜𝐨𝐬𝐀)

𝐜𝐲𝐜

− 𝟏𝟔𝐑𝐫(∏𝐜𝐨𝐬
𝐀

𝟐
𝐜𝐲𝐜

)∑𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

 

⇔ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

−∑𝒂𝟐

𝐜𝐲𝐜

− 𝟒√𝟑𝐅+ 𝟏𝟔𝐑𝐫.
𝐬

𝟒𝐑
.∑𝐬𝐞𝐜

𝐀

𝟐
𝐜𝐲𝐜

≥ 𝟖𝐑𝐫(𝟑 + 𝟏 +
𝐫

𝐑
)

⇔ 𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒√𝟑𝐫𝐬+ 𝟒𝐫𝐬∑𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

≥ 𝟖𝐫(𝟒𝐑+ 𝐫) 

⇔ 𝐬∑𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

≥ 𝟒𝐑+ 𝐫 + √𝟑𝐬 ⇔
𝐬𝐪𝐮𝒂𝐫𝐢𝐧𝐠

𝐬𝟐(∑𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

+ 𝟐∑𝐬𝐞𝐜
𝐁

𝟐
𝐬𝐞𝐜

𝐂

𝟐
𝐜𝐲𝐜

)

≥ (𝟒𝐑 + 𝐫)𝟐 + 𝟑𝐬𝟐 + 𝟐√𝟑𝐬(𝟒𝐑+ 𝐫) 

⇔ 𝐬𝟐.
(𝟒𝐑+ 𝐫)𝟐 + 𝐬𝟐

𝐬𝟐
+ 𝟐𝐬𝟐∑𝐬𝐞𝐜

𝐀

𝟐
𝐬𝐞𝐜

𝐁

𝟐
𝐜𝐲𝐜

≥ (𝟒𝐑 + 𝐫)𝟐 + 𝟑𝐬𝟐 + 𝟐√𝟑𝐬(𝟒𝐑+ 𝐫)

⇔ 𝐬𝟐∑𝐬𝐞𝐜
𝐀

𝟐
𝐬𝐞𝐜

𝐁

𝟐
𝐜𝐲𝐜

≥ 𝐬𝟐 + √𝟑𝐬(𝟒𝐑+ 𝐫) 

⇔
𝐬𝐪𝐮𝒂𝐫𝐢𝐧𝐠

𝐬𝟒 (∑𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐬𝐞𝐜𝟐

𝐁

𝟐
𝐜𝐲𝐜

+ 𝟐(∏𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

)∑𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

)

≥ 𝐬𝟒 + 𝟑𝐬𝟐(𝟒𝐑+ 𝐫)𝟐 + 𝟐√𝟑𝐬𝟑(𝟒𝐑+ 𝐫) 

⇔ 𝐬𝟒.
𝟏𝟔𝐑𝟐

𝐬𝟐
.∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐲𝐜

+ 𝟐𝐬𝟒.
𝟒𝐑

𝐬
.∑𝐬𝐞𝐜

𝐀

𝟐
𝐜𝐲𝐜

≥ 𝐬𝟒 + 𝟑𝐬𝟐(𝟒𝐑+ 𝐫)𝟐 + 𝟐√𝟑𝐬𝟑(𝟒𝐑+ 𝐫)

⇔ 𝟖𝐑𝟐𝐬𝟐 (
𝟒𝐑 + 𝐫

𝐑
) + 𝟖𝐑𝐬𝟑∑𝐬𝐞𝐜

𝐀

𝟐
𝐜𝐲𝐜

≥ 𝐬𝟒 + 𝟑𝐬𝟐(𝟒𝐑+ 𝐫)𝟐 + 𝟐√𝟑𝐬𝟑(𝟒𝐑 + 𝐫) 

⇔ 𝟖𝐑𝐬𝟐(𝟒𝐑 + 𝐫) + 𝟖𝐑𝐬𝟑∑𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

≥
(⦁)

𝐬𝟒 + 𝟑𝐬𝟐(𝟒𝐑+ 𝐫)𝟐 + 𝟐√𝟑𝐬𝟑(𝟒𝐑 + 𝐫)  
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𝐍𝐨𝐰, (𝟏) ⇒ 𝐬∑𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

≥∑𝐰𝒂
𝐜𝐲𝐜

+∑𝐫𝒂
𝐜𝐲𝐜

≥∑𝐡𝒂
𝐜𝐲𝐜

+ 𝟒𝐑+ 𝐫 =
𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐

𝟐𝐑
+ 𝟒𝐑+ 𝐫

⇒ 𝟖𝐑𝐬𝟑∑𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

≥
(𝐢)

𝟒𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟖𝐑𝐬𝟐(𝟒𝐑 + 𝐫) 

∴ (𝐢) ⇒ 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥ 𝟖𝐑𝐬𝟐(𝟒𝐑 + 𝐫) + 𝟒𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟖𝐑𝐬𝟐(𝟒𝐑+ 𝐫) ≥
?
𝐑𝐇𝐒 𝐨𝐟 (⦁)

= 𝐬𝟒 + 𝟑𝐬𝟐(𝟒𝐑 + 𝐫)𝟐 + 𝟐√𝟑𝐬𝟑(𝟒𝐑+ 𝐫) 

⇔ 𝟏𝟔𝐑𝐬𝟐(𝟒𝐑+ 𝐫) + 𝟒𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝐬𝟒 − 𝟑𝐬𝟐(𝟒𝐑+ 𝐫)𝟐 − 𝟐√𝟑𝐬𝟑(𝟒𝐑+ 𝐫) ≥
?
𝟎

⇔ 𝟑𝐬𝟒 + 𝐬𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝟐√𝟑𝐬𝟑(𝟒𝐑+ 𝐫) ≥
?
𝟎 ⇔ 𝐬𝟐 (√𝟑𝐬− (𝟒𝐑 + 𝐫))

𝟐

≥
?
𝟎

→ 𝐭𝐫𝐮𝐞 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝟒𝐅(𝐜𝐨𝐭𝛚− √𝟑)

≥∑(𝒂− 𝐛)𝟐

𝐜𝐲𝐜

+ 𝟏𝟔𝐑𝐫∑(𝐜𝐨𝐬𝟐
𝐀

𝟐
− 𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
)

𝐜𝐲𝐜

 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 √𝟑𝐬

= (𝟒𝐑 + 𝐫) 𝒂𝐧𝐝 ∵ √𝟑𝐬 ≤
𝐓𝐫𝐮𝐜𝐡𝐭

𝟒𝐑+ 𝐫  
𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝐥 ∴ 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝐥 (𝐐𝐄𝐃) 

 

562. If in ∆𝑨𝑩𝑪, 𝑰𝒂, 𝑰𝒃, 𝑰𝒄 −excenters, then : 

𝒑

𝟒𝑹𝟐
(𝟖𝑹𝟐 − 𝟑𝑹𝒓 − 𝟐𝒓𝟐) ≤∑ 𝒓𝒂.

𝑨𝑰𝒂
𝑰𝒃𝑰𝒄𝒄𝒚𝒄

≤
𝒑

𝟒𝑹𝒓
(𝟒𝑹𝟐 − 𝟑𝑹𝒓 + 𝟐𝒓𝟐). 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒊𝒆𝒔 ∶   𝑨𝑰𝒂 =
𝒑

𝐜𝐨𝐬
𝑨
𝟐

  𝒂𝒏𝒅  𝑰𝒃𝑰𝒄 = 𝟒𝑹𝐜𝐨𝐬
𝑨

𝟐
 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒓𝒂.
𝑨𝑰𝒂
𝑰𝒃𝑰𝒄

= 𝒓𝒂.
𝒑

𝟒𝑹 𝐜𝐨𝐬𝟐
𝑨
𝟐

=
𝒑𝒓𝒂
𝟒𝑹

(𝟏 + 𝐭𝐚𝐧𝟐
𝑨

𝟐
) =

𝒑𝒓𝒂
𝟒𝑹

(𝟏+
𝒓𝒂

𝟐

𝒑𝟐
)

=
𝒑

𝟒𝑹
(𝒓𝒂 +

𝒓𝒂
𝟑

𝒑𝟐
)  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶   ∑ 𝒓𝒂.
𝑨𝑰𝒂
𝑰𝒃𝑰𝒄𝒄𝒚𝒄

=
𝒑

𝟒𝑹
∑ (𝒓𝒂 +

𝒓𝒂
𝟑

𝒑𝟐
)

𝒄𝒚𝒄
=
𝒑

𝟒𝑹
((𝟒𝑹 + 𝒓) +

(𝟒𝑹 + 𝒓)𝟑 − 𝟏𝟐𝑹𝒑𝟐

𝒑𝟐
)

=
𝒑

𝟒𝑹
(
(𝟒𝑹+ 𝒓)𝟑

𝒑𝟐
− 𝟖𝑹 + 𝒓) 

𝑩𝒚 𝑩𝒍𝒖𝒏𝒅𝒐𝒏 − 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
(𝟒𝑹 + 𝒓)𝟐

𝒑𝟐
≥
𝟐(𝟐𝑹− 𝒓)

𝑹
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𝑻𝒉𝒆𝒏 ∶   ∑ 𝒓𝒂.
𝑨𝑰𝒂
𝑰𝒃𝑰𝒄𝒄𝒚𝒄

≥
𝒑

𝟒𝑹
(
𝟐(𝟐𝑹− 𝒓)(𝟒𝑹 + 𝒓)

𝑹
− 𝟖𝑹 + 𝒓)

=
𝒑

𝟒𝑹𝟐
(𝟖𝑹𝟐 − 𝟑𝑹𝒓 − 𝟐𝒓𝟐)  (𝟏) 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
(𝟒𝑹 + 𝒓)𝟐

𝒑𝟐
 ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
(𝟒𝑹 + 𝒓)𝟐

𝒓(𝟏𝟔𝑹− 𝟓𝒓)
=
𝑹 + 𝒓

𝒓
−
𝟑(𝑹− 𝟐𝒓)

𝟏𝟔𝑹− 𝟓𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝑹 + 𝒓

𝒓
 

𝑻𝒉𝒆𝒏 ∶   ∑ 𝒓𝒂.
𝑨𝑰𝒂
𝑰𝒃𝑰𝒄𝒄𝒚𝒄

≤
𝒑

𝟒𝑹
(
(𝑹+ 𝒓)(𝟒𝑹 + 𝒓)

𝒓
− 𝟖𝑹 + 𝒓)

=
𝒑

𝟒𝑹𝒓
(𝟒𝑹𝟐 − 𝟑𝑹𝒓 + 𝟐𝒓𝟐)  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

563. In ∆ 𝐀𝐁𝐂 the following relationship holds: 

∑
𝒂

𝛌𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
≤

𝟑

𝛌 + 𝟐
(
𝐑

𝟐𝐫
) ∀ 𝛌 ≥ 𝟏  

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

 

𝐏𝐫𝐨𝐨𝐟 ∶ 𝐂𝒂𝐬𝐞 𝟏  𝛌 = 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑
𝒂

𝛌𝒂+ 𝐛 + 𝐜
𝐜𝐲𝐜

=∑
𝒂

𝒂+ 𝐛 + 𝐜
𝐜𝐲𝐜

=
𝟏

𝟐𝐬
∑𝒂

𝐜𝐲𝐜

=
𝟐𝐬

𝟐𝐬

= 𝟏 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,
𝟑

𝛌 + 𝟐
=

𝟑

𝟏 + 𝟐
= 𝟏 ∴∑

𝒂

𝛌𝒂+ 𝐛 + 𝐜
𝐜𝐲𝐜

=
𝟑

𝛌 + 𝟐
 

𝐂𝒂𝐬𝐞 𝟐  𝛌 > 1 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶∑
𝒂

𝛌𝒂+ 𝐛 + 𝐜
𝐜𝐲𝐜

=∑
𝒂

𝛌𝒂 + 𝟐𝐬 − 𝒂
𝐜𝐲𝐜

=∑
𝒂

𝟐𝐬+ 𝒂(𝛌 − 𝟏)
𝐜𝐲𝐜

=
𝟏

𝛌 − 𝟏
∑

𝒂(𝛌 − 𝟏) + 𝟐𝐬 − 𝟐𝐬

𝟐𝐬 + 𝒂(𝛌 − 𝟏)
𝐜𝐲𝐜

=
𝟏

𝛌 − 𝟏
∑

𝒂(𝛌 − 𝟏) + 𝟐𝐬

𝟐𝐬 + 𝒂(𝛌 − 𝟏)
𝐜𝐲𝐜

−
𝟐𝐬

𝛌 − 𝟏
∑

𝟏

𝟐𝐬 + 𝒂(𝛌 − 𝟏)
𝐜𝐲𝐜

 

≤
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟑

𝛌 − 𝟏
−

𝟐𝐬

𝛌 − 𝟏
.

𝟗

𝟔𝐬 + (𝛌 − 𝟏)(𝒂 + 𝐛 + 𝐜)
=

𝟑

𝛌 − 𝟏
−

𝟐𝐬

𝛌 − 𝟏
.

𝟗

𝟔𝐬 + 𝟐𝐬(𝛌 − 𝟏)

=
𝟑

𝛌 − 𝟏
−

𝟗

(𝛌 − 𝟏)(𝟑 + (𝛌 − 𝟏))
=

𝟑

𝛌 − 𝟏
−

𝟗

(𝛌 + 𝟐)(𝛌 − 𝟏)
=
𝟑((𝛌 + 𝟐) − 𝟑)

(𝛌 + 𝟐)(𝛌 − 𝟏)

=
𝟑

𝛌 + 𝟐
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∴∑
𝒂

𝛌𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐,∑
𝒂

𝛌𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
(
𝐑

𝟐𝐫
) ∀ 𝛌

≥ 𝟏, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝛌 = 𝟏 𝐨𝐫 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍 

𝒂𝐧𝐝 ∵
𝟑

𝛌 + 𝟐
≤

𝐄𝐮𝐥𝐞𝐫 𝟑

𝛌 + 𝟐
(
𝐑

𝟐𝐫
) ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑

𝒂

𝛌𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
≤

𝟑

𝛌 + 𝟐
(
𝐑

𝟐𝐫
) ∀ 𝛌

≥ 𝟏 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝛌 = 𝟏 𝐨𝐫 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

564. In any ∆ 𝐀𝐁𝐂, the following relationship holds: 

𝒂𝟑

𝐛𝟑
+
𝐛𝟑

𝐜𝟑
+
𝐜𝟑

𝒂𝟑
+
𝐑𝟓

𝟖𝐫𝟓
≥
𝟗(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
+
𝟑𝟔(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

(𝒂 + 𝐛 + 𝐜)𝟑
  

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

  

𝒂𝟑

𝐛𝟑
+
𝐛𝟑

𝐜𝟑
+
𝐜𝟑

𝒂𝟑
≥

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
)(
𝒂𝟐

𝐛𝟐
+
𝐛𝟐

𝐜𝟐
+
𝐜𝟐

𝒂𝟐
) ≥

𝟏

𝟑
(
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) .
𝟗(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
 

 

(

 
 
∵∑

𝒙

𝐲
𝐜𝐲𝐜

≥
𝟗∑ 𝒙𝟐𝐜𝐲𝐜

(∑ 𝒙𝐜𝐲𝐜 )
𝟐  ∀ 𝒙, 𝐲, 𝐳 > 0 𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝒙 = 𝒂

𝟐, 𝐲 = 𝐛𝟐, 𝐳 = 𝐜𝟐

⇒
𝒂𝟐

𝐛𝟐
+
𝐛𝟐

𝐜𝟐
+
𝐜𝟐

𝒂𝟐
≥
𝟗(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐 )

 
 

 

≥
𝐀−𝐆 𝟏

𝟑
. 𝟑√

𝒂

𝐛
.
𝐛

𝐜
.
𝐜

𝒂

𝟑

.
𝟗(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
=
𝟗(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
∴
𝒂𝟑

𝐛𝟑
+
𝐛𝟑

𝐜𝟑
+
𝐜𝟑

𝒂𝟑
≥
(∗) 𝟗(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
 

𝐀𝐠𝒂𝐢𝐧,
𝟑𝟔(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

(𝒂 + 𝐛 + 𝐜)𝟑

=
𝟕𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟖𝐬𝟑
≤

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟕𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟖. 𝟐𝟕𝐫𝟐
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟖(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟖. 𝟑𝐫𝟐
≤
? 𝐑𝟓

𝟖𝐫𝟓

⇔ 𝟑𝐑𝟒 ≥
?
𝟖𝐫𝟑(𝟒𝐑− 𝟐𝐫) 

⇔ 𝟑𝐑𝟒 − 𝟑𝟐𝐑𝐫𝟑 + 𝟏𝟔𝐫𝟒 ≥
?
𝟎 ⇔ (𝐑 − 𝟐𝐫) (𝟑𝐑𝟑 + 𝟔𝐑𝟐𝐫 + 𝟖𝐑𝐫𝟐 + 𝟒𝐫𝟐(𝐑 − 𝟐𝐫)) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ∴
𝐑𝟓

𝟖𝐫𝟓
≥
(∗∗) 𝟑𝟔(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

(𝒂 + 𝐛 + 𝐜)𝟑
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∴ (∗) + (∗∗) ⇒ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝒂𝟑

𝐛𝟑
+
𝐛𝟑

𝐜𝟑
+
𝐜𝟑

𝒂𝟑
+
𝐑𝟓

𝟖𝐫𝟓

≥
𝟗(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)𝟐
+
𝟑𝟔(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

(𝒂 + 𝐛 + 𝐜)𝟑
 (𝐐𝐄𝐃) 

565. In any ∆ 𝐀𝐁𝐂 the following relationship holds: 

𝟏𝟔𝐫

𝟗𝐑 − 𝟐𝐫
≤

𝟐𝐜𝐬𝐜
𝐁
𝟐
𝐜𝐬𝐜

𝐂
𝟐

(𝐜𝐬𝐜
𝐁
𝟐
+ 𝐜𝐬𝐜

𝐂
𝟐
)
𝟐 +

𝟏

𝟐
≤ 𝟏  

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

 

𝟐𝐜𝐬𝐜
𝐁
𝟐 𝐜𝐬𝐜

𝐂
𝟐

(𝐜𝐬𝐜
𝐁
𝟐 + 𝐜𝐬𝐜

𝐂
𝟐
)
𝟐 +

𝟏

𝟐
=
𝟐𝐜𝐬𝐜

𝐁
𝟐 𝐜𝐬𝐜

𝐂
𝟐

𝐜𝐬𝐜
𝐁
𝟐 + 𝐜𝐬𝐜

𝐂
𝟐

.
𝟏

𝐜𝐬𝐜
𝐁
𝟐 + 𝐜𝐬𝐜

𝐂
𝟐

+
𝟏

𝟐
≤

𝐇𝐦 ≤ 𝐀𝐦 𝐜𝐬𝐜
𝐁
𝟐 + 𝐜𝐬𝐜

𝐂
𝟐

𝟐
.

𝟏

𝐜𝐬𝐜
𝐁
𝟐 + 𝐜𝐬𝐜

𝐂
𝟐

+
𝟏

𝟐

=
𝟏

𝟐
+
𝟏

𝟐
⇒

𝟐𝐜𝐬𝐜
𝐁
𝟐
𝐜𝐬𝐜

𝐂
𝟐

(𝐜𝐬𝐜
𝐁
𝟐 + 𝐜𝐬𝐜

𝐂
𝟐
)
𝟐 +

𝟏

𝟐
≤ 𝟏  

𝐍𝐨𝐰, √𝟐𝐬𝐢𝐧
𝐀

𝟐
. (𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
)
𝟐𝟑

≤
𝐆𝐦 ≤ 𝐀𝐦 𝟐𝐬𝐢𝐧

𝐀
𝟐
+ 𝟐(𝐬𝐢𝐧

𝐁
𝟐
+ 𝐬𝐢𝐧

𝐂
𝟐
)

𝟑

=
𝟐

𝟑
∑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

≤
𝐉𝐞𝐧𝐬𝐞𝐧 𝟐

𝟑
.
𝟑

𝟐
 (∵ 𝐟(𝒙) = 𝐬𝐢𝐧

𝒙

𝟐
 𝐢𝐬 𝐜𝐨𝐧𝐜𝒂𝐯𝐞 ∀ 𝒙 ∈ (𝟎,𝛑))

⇒ 𝟐𝐬𝐢𝐧
𝐀

𝟐
. (𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
)
𝟐

≤
(∗)

𝟏 

𝐍𝐨𝐰,
𝟐𝐜𝐬𝐜

𝐁
𝟐 𝐜𝐬𝐜

𝐂
𝟐

(𝐜𝐬𝐜
𝐁
𝟐 + 𝐜𝐬𝐜

𝐂
𝟐
)
𝟐 +

𝟏

𝟐
=

𝟐

𝐬𝐢𝐧
𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

(
𝟏

𝐬𝐢𝐧
𝐁
𝟐

+
𝟏

𝐬𝐢𝐧
𝐂
𝟐

)

𝟐 +
𝟏

𝟐
=

𝟐𝐬𝐢𝐧
𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

(𝐬𝐢𝐧
𝐁
𝟐 + 𝐬𝐢𝐧

𝐂
𝟐
)
𝟐 +

𝟏

𝟐

=
𝟒𝐬𝐢𝐧

𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

𝟐𝐬𝐢𝐧
𝐀
𝟐 .
(𝐬𝐢𝐧

𝐁
𝟐 + 𝐬𝐢𝐧

𝐂
𝟐
)
𝟐 +

𝟏

𝟐
≥

𝐯𝐢𝒂 (∗) 𝟒 (
𝐫
𝟒𝐑
)

𝟏
+
𝟏

𝟐
=
𝐫

𝐑
+
𝟏

𝟐
=
𝐑 + 𝟐𝐫

𝟐𝐑
≥
? 𝟏𝟔𝐫

𝟗𝐑 − 𝟐𝐫
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⇔ 𝟗𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟒𝐫𝟐 ≥
?
𝟑𝟐𝐑𝐫 ⇔ 𝟗𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟒𝐫𝟐 ≥

?
𝟎 ⇔ (𝟗𝐑 + 𝟐𝐫)(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ∴
𝟐𝐜𝐬𝐜

𝐁
𝟐 𝐜𝐬𝐜

𝐂
𝟐

(𝐜𝐬𝐜
𝐁
𝟐 + 𝐜𝐬𝐜

𝐂
𝟐
)
𝟐 +

𝟏

𝟐
≥

𝟏𝟔𝐫

𝟗𝐑 − 𝟐𝐫
 (𝐐𝐄𝐃) 

 

566. If 𝒕, 𝒖 ∈ (𝟎, 𝟏) and 𝑴 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪),   𝒙 = 𝑴𝑨,   𝒚 = 𝑴𝑩,   𝒛 = 𝑴𝑪 then: 

∑ (
𝒙𝒚

𝒕(𝟏 − 𝒕𝟐)𝒂𝒃
+

𝒛𝒙

𝒖(𝟏 − 𝒖𝟐)𝒄𝒂
)
𝟒

𝒄𝒚𝒄
≥ 𝟐𝟕. 

Proposed by D.M. Bătineţu-Giurgiu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒕(𝟏 − 𝒕𝟐) = √
𝟏

𝟐
. (𝟐𝒕𝟐)(𝟏 − 𝒕𝟐)𝟐 ≤ √

𝟏

𝟐
. (
(𝟐𝒕𝟐) + 𝟐(𝟏 − 𝒕𝟐)

𝟑
)

𝟑

= √
𝟏

𝟐
. (
𝟐

𝟑
)
𝟑

=
𝟐

𝟑√𝟑
. 

𝑻𝒉𝒆𝒏 ∶   ∑ (
𝒙𝒚

𝒕(𝟏 − 𝒕𝟐)𝒂𝒃
+

𝒛𝒙

𝒖(𝟏 − 𝒖𝟐)𝒄𝒂
)
𝟒

𝒄𝒚𝒄
≥ (

𝟑√𝟑

𝟐
)

𝟒

.∑ (
𝒙𝒚

𝒂𝒃
+
𝒛𝒙

𝒄𝒂
)
𝟒

𝒄𝒚𝒄
≥ 

≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
𝟐𝟕

𝟏𝟔
[∑ (

𝒙𝒚

𝒂𝒃
+
𝒛𝒙

𝒄𝒂
)

𝒄𝒚𝒄
]

𝟒

= 𝟐𝟕(
𝒙𝒚

𝒂𝒃
+
𝒚𝒛

𝒃𝒄
+
𝒛𝒙

𝒄𝒂
)
𝟒

 ≥⏞
𝑯𝒂𝒚𝒂𝒔𝒉𝒊

 𝟐𝟕. 𝟏𝟒

= 𝟐𝟕.  𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍,   𝑴 𝒊𝒔 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 ∆𝑨𝑩𝑪,   𝒕 = 𝒖 =
√𝟑

𝟑
 

567. If 𝑨𝑩𝑪 is an acute triangle with the medians 𝑨𝑴, 𝑩𝑵, 𝑪𝑷 and 

 ∠𝑪𝑩𝑵 = 𝜶, ∠𝑨𝑪𝑷 = 𝜷, ∠𝑩𝑨𝑴 = 𝜸, then prove that  

 𝒊) 𝐜𝐨𝐭 𝜷 + 𝐜𝐨𝐭 𝜸 − 𝐜𝐨𝐭 𝜶 > 𝐜𝐨𝐭(𝑪 − 𝜷) − 𝐜𝐨𝐭(𝑨 − 𝜸) − 𝐜𝐨𝐭(𝑩 − 𝜶) 

𝒊𝒊) 𝐜𝐨𝐭 𝜷 + 𝐜𝐨𝐭 𝜸 − 𝐜𝐨𝐭 𝜶 > 𝐜𝐨𝐭 𝑪 − 𝐜𝐨𝐭 𝑨 − 𝐜𝐨𝐭 𝑩.   

  Proposed by Marius Drăgan, Neculai Stanciu-Romania 
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𝑳𝒆𝒕 𝑮 𝒃𝒆 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 ∆𝑨𝑩𝑪 𝒂𝒏𝒅 𝑭 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑨𝑩𝑪. 

𝒊)  𝑰𝒏 ∆𝑩𝑮𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝐜𝐨𝐭𝜶 + 𝐜𝐨𝐭(𝑪 − 𝜷) =
𝒂𝟐 +𝑩𝑮𝟐 − 𝑪𝑮𝟐

𝟒𝑺(∆𝑩𝑮𝑪)
+
𝒂𝟐 + 𝑪𝑮𝟐 −𝑩𝑮𝟐

𝟒𝑺(∆𝑩𝑮𝑪)

=
𝒂𝟐

𝟐. 𝑺(∆𝑩𝑮𝑪)
=
𝒂𝟐

𝟐.
𝑭
𝟑

=
𝟑𝒂𝟐

𝟐𝑭
 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝐜𝐨𝐭 𝜷 + 𝐜𝐨𝐭(𝑨 − 𝜸) =
𝟑𝒃𝟐

𝟐𝑭
  𝒂𝒏𝒅  𝐜𝐨𝐭 𝜸 + 𝐜𝐨𝐭(𝑩 − 𝜶) =

𝟑𝒄𝟐

𝟐𝑭
 

𝑻𝒉𝒆𝒏 ∶   (𝐜𝐨𝐭 𝜷 + 𝐜𝐨𝐭 𝜸 − 𝐜𝐨𝐭𝜶) − [𝐜𝐨𝐭(𝑪 − 𝜷) − 𝐜𝐨𝐭(𝑨 − 𝜸) − 𝐜𝐨𝐭(𝑩 − 𝜶)] = 
= [𝐜𝐨𝐭 𝜷 + 𝐜𝐨𝐭(𝑨 − 𝜸)] + [𝐜𝐨𝐭 𝜸 + 𝐜𝐨𝐭(𝑩 − 𝜶)] − [𝐜𝐨𝐭𝜶 + 𝐜𝐨𝐭(𝑪 − 𝜷)]

=
𝟑(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

𝟐𝑭
 >⏞
∆𝑨𝑩𝑪 𝒊𝒔 𝒂𝒄𝒖𝒕𝒆

 𝟎. 

𝑻𝒉𝒆𝒏 ∶   𝐜𝐨𝐭 𝜷 + 𝐜𝐨𝐭 𝜸 − 𝐜𝐨𝐭 𝜶 > 𝐜𝐨𝐭(𝑪 − 𝜷) − 𝐜𝐨𝐭(𝑨 − 𝜸) − 𝐜𝐨𝐭(𝑩 − 𝜶) 

𝒊𝒊)  𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒕𝒐 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕 𝒊), 𝒊𝒏 ∆𝑩𝑵𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝐜𝐨𝐭 𝜶 + 𝐜𝐨𝐭𝑪 =
𝒂𝟐

𝟐. 𝑺(∆𝑩𝑵𝑪)
=
𝒂𝟐

𝑭
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒈𝒆𝒕 ∶   𝐜𝐨𝐭 𝜷 + 𝐜𝐨𝐭 𝑨 =
𝒃𝟐

𝑭
  𝒂𝒏𝒅  𝐜𝐨𝐭 𝜸 + 𝐜𝐨𝐭𝑩 =

𝒄𝟐

𝑭
,   𝒕𝒉𝒆𝒏 ∶ 

(𝐜𝐨𝐭𝜷 + 𝐜𝐨𝐭𝜸 − 𝐜𝐨𝐭 𝜶) − (𝐜𝐨𝐭𝑪 − 𝐜𝐨𝐭 𝑨 − 𝐜𝐨𝐭𝑩)
= (𝐜𝐨𝐭𝜷 + 𝐜𝐨𝐭 𝑨) + (𝐜𝐨𝐭 𝜸 + 𝐜𝐨𝐭 𝑩) − (𝐜𝐨𝐭 𝜶 + 𝐜𝐨𝐭 𝑪) = 

=
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝑭
 >⏞
∆𝑨𝑩𝑪 𝒊𝒔 𝒂𝒄𝒖𝒕𝒆

 𝟎.    

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝐜𝐨𝐭 𝜷 + 𝐜𝐨𝐭 𝜸 − 𝐜𝐨𝐭𝜶 > 𝐜𝐨𝐭 𝑪 − 𝐜𝐨𝐭𝑨 − 𝐜𝐨𝐭 𝑩. 

568. In ∆𝑨𝑩𝑪, prove that the following inequality  
𝐜𝐨𝐬𝑨

𝒙
+
𝐜𝐨𝐬𝑩

𝒚
+
𝐜𝐨𝐬𝑪

𝒛
≤

𝒙

𝒚𝒛
  holds for all positive real numbers 𝒙𝟐 = 𝒚𝟐 + 𝒛𝟐.  When does equality 

holds?    

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
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𝑻𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 

𝟐𝒚𝒛 𝐜𝐨𝐬𝑨 + 𝟐𝒛𝒙𝐜𝐨𝐬 𝑩 + 𝟐𝒙𝒚 𝐜𝐨𝐬𝑪 ≤ 𝟐𝒙𝟐 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 

−𝟐𝒚𝒛 𝐜𝐨𝐬(𝑩 + 𝑪) + 𝟐𝒛𝒙 𝐜𝐨𝐬 𝑩 + 𝟐𝒙𝒚 𝐜𝐨𝐬 𝑪 ≤ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 

−𝟐𝒚𝒛(𝐜𝐨𝐬𝑩𝐜𝐨𝐬𝑪 − 𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪) + 𝟐𝒛𝒙 𝐜𝐨𝐬 𝑩 + 𝟐𝒙𝒚 𝐜𝐨𝐬 𝑪

≤ 𝒙𝟐 + 𝒚𝟐(𝐜𝐨𝐬𝟐 𝑪 + 𝐬𝐢𝐧𝟐 𝑪) + 𝒛𝟐(𝐜𝐨𝐬𝟐𝑩+ 𝐬𝐢𝐧𝟐𝑩) 

(𝒚 𝐬𝐢𝐧𝑪 − 𝒛 𝐬𝐢𝐧𝑩)𝟐 + (𝒚 𝐜𝐨𝐬𝑪 + 𝒛 𝐜𝐨𝐬 𝑩)𝟐 − 𝟐𝒙(𝒚 𝐜𝐨𝐬𝑪 + 𝒛 𝐜𝐨𝐬𝑩) + 𝒙𝟐 ≥ 𝟎 

(𝒚 𝐬𝐢𝐧 𝑪 − 𝒛 𝐬𝐢𝐧𝑩)𝟐 + (𝒚 𝐜𝐨𝐬𝑪 + 𝒛 𝐜𝐨𝐬 𝑩 − 𝒙)𝟐 ≥ 𝟎.   𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇  𝒚 𝐬𝐢𝐧 𝑪 = 𝒛 𝐬𝐢𝐧𝑩 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)   ↔   
𝒙

𝐬𝐢𝐧𝑨
=

𝒚

𝐬𝐢𝐧𝑩
=

𝒛

𝐬𝐢𝐧 𝑪
 

↔ 
𝒙𝟐

𝐬𝐢𝐧𝟐 𝑨
=

𝒚𝟐 + 𝒛𝟐

𝐬𝐢𝐧𝟐𝑩+ 𝐬𝐢𝐧𝟐 𝑪
=

𝒙𝟐

𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪
 ↔  𝐬𝐢𝐧𝟐 𝑨

= 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪  𝒔𝒐 ∆𝑨𝑩𝑪 𝒊𝒔 𝒓𝒊𝒈𝒉𝒕 𝒐𝒏 𝑨. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒓𝒊𝒈𝒉𝒕 𝒐𝒏 𝑨,   𝒚 = 𝒙 𝐬𝐢𝐧𝑩   𝒂𝒏𝒅  𝒛 = 𝒙 𝐜𝐨𝐬𝑩. 

569. 𝑶 −circumcenter, 𝑷 −Brocard’s point in 

𝚫𝑨𝑩𝑪,𝑶𝒂, 𝑶𝒃, 𝑶𝒄 −circumcenters of 𝚫𝑩𝑷𝑪, 𝚫𝑪𝑷𝑨, 𝚫𝑨𝑷𝑩. Prove that: 

√𝟑𝑹𝟐

𝟒𝒓𝟐
≥∑

𝑶𝑶𝒂
𝑨

𝒄𝒚𝒄

≥ √𝟑 

Proposed by Eldeniz Hesenov-Georgia 
Solution by proposer 
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∢𝑩𝑷𝑪 = 𝝅 − 𝑪 ⇒ ∢𝑩𝑶𝒂𝑪 = 𝟐�̂� ⇒ ∢𝑶𝑶𝒂𝑪 = �̂� 

∢𝑶𝑩𝑪 = ∢𝑶𝑪𝑩 =
𝝅

𝟐
− �̂� ⇒ ∢𝑶𝑪𝑶𝒂 = 𝝅∢𝑨𝑷𝑪 = �̂� 

𝐈𝐧 𝚫𝑶𝑶𝒂𝑪:  
𝑹

𝐬𝐢𝐧𝑪
=
𝑶𝑶𝒂
𝐬𝐢𝐧𝑩

⇒ 𝑶𝑶𝒂 =
𝑹 𝐬𝐢𝐧𝑩

𝐬𝐢𝐧 𝑪
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

∑
𝑹𝐬𝐢𝐧𝑩

𝒂 𝐬𝐢𝐧𝑪
𝒄𝒚𝒄

= 𝑹∑
𝒃

𝒂𝒄
𝒄𝒚𝒄

=
𝑹

𝟒𝑹𝑭
∑𝒃𝟐

𝒄𝒚𝒄

≥
𝟏

𝟒𝑭
⋅ 𝟒𝑭√𝟑 = √𝟑; (𝟏) 

∑
𝑶𝑶𝒂
𝒂

𝒄𝒚𝒄

= 𝑹∑
𝒃

𝒂𝒄
𝒄𝒚𝒄

=
𝟏

𝟒𝑭
∑𝒂𝟐

𝒄𝒚𝒄

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝟏

𝟒𝑭
⋅ 𝟗𝑹𝟐 ≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 √𝟑𝑹𝟐

𝟒𝒓𝟐
; (𝟐) 

From (1) and (2) it follows that: 

√𝟑𝑹𝟐

𝟒𝒓𝟐
≥∑

𝑶𝑶𝒂
𝑨

𝒄𝒚𝒄

≥ √𝟑 

570. In any acute ∆ 𝐀𝐁𝐂, the following relationship holds: 

√𝐭𝒂𝐧𝐧𝐀
𝟐𝟎𝟐𝟏

+ √𝐭𝒂𝐧𝐧𝐁
𝟐𝟎𝟐𝟏

+ √𝐭𝒂𝐧𝐧𝐂
𝟐𝟎𝟐𝟏

≥ 𝟑(𝟏 +
𝐧(√𝟑 − 𝟏)

𝟐𝟎𝟐𝟏
)  

∀ 𝐧 ∈ ℕ, 𝐧 ≥ 𝟐𝟎𝟐𝟏  

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

√𝐭𝒂𝐧𝐧𝐀
𝟐𝟎𝟐𝟏

+ √𝐭𝒂𝐧𝐧𝐁
𝟐𝟎𝟐𝟏

+ √𝐭𝒂𝐧𝐧𝐂
𝟐𝟎𝟐𝟏

= 

=∑(𝟏 + (𝐭𝒂𝐧𝐀 − 𝟏))
𝐧

𝟐𝟎𝟐𝟏

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐧𝐨𝐮𝐥𝐥𝐢 ∵ 

𝐧
𝟐𝟎𝟐𝟏

 ≥ 𝟏 𝒂𝐧𝐝 𝐭𝒂𝐧𝐀−𝟏>−1 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

 

∑(𝟏+
𝐧

𝟐𝟎𝟐𝟏
. (𝐭𝒂𝐧𝐀 − 𝟏))

𝐜𝐲𝐜

= 𝟑 +
𝐧

𝟐𝟎𝟐𝟏
∑𝐭𝒂𝐧𝐀

𝐜𝐲𝐜

− 𝟑.
𝐧

𝟐𝟎𝟐𝟏
 

≥
𝐉𝐞𝐧𝐬𝐞𝐧

𝟑 +
𝐧

𝟐𝟎𝟐𝟏
. 𝟑𝐭𝒂𝐧

𝛑

𝟑
− 𝟑.

𝐧

𝟐𝟎𝟐𝟏
 

 (∵ 𝐟(𝒙) = 𝐭𝒂𝐧𝒙 ∀ 𝒙 ∈ (𝟎,
𝛑

𝟐
) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 𝒂𝐬 𝐟′′(𝐱) = 𝟐𝐭𝒂𝐧𝒙𝐬𝐞𝐜𝟐𝒙 > 0) 

= 𝟑 +
𝐧

𝟐𝟎𝟐𝟏
. 𝟑√𝟑 − 𝟑.

𝐧

𝟐𝟎𝟐𝟏
= 𝟑(𝟏 +

𝐧(√𝟑 − 𝟏)

𝟐𝟎𝟐𝟏
) (𝐐𝐄𝐃) 
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Solution 2 by Khaled Abd Imouti-Damascus-Syria 

𝒇(𝒙) = √𝐭𝐚𝐧𝒏 𝒙
𝟐𝟎𝟐𝟏

= (𝐭𝐚𝐧 𝒙)
𝒏

𝟐𝟎𝟐𝟏 

𝒇′(𝒙) =
𝒏

𝟐𝟎𝟐𝟏
(𝐭𝐚𝐧 𝒙)

𝒏
𝟐𝟎𝟐𝟏

−𝟏 =
𝒏

𝟐𝟎𝟐𝟏
[(𝐭𝐚𝐧 𝒙)

𝒏
𝟐𝟎𝟐𝟏

−𝟏 + (𝐭𝐚𝐧𝒙)
𝒏

𝟐𝟎𝟐𝟏
+𝟏] 

𝒇′′(𝒙) =
𝒏

𝟐𝟎𝟐𝟏
[(

𝒏

𝟐𝟎𝟐𝟏
− 𝟏) (𝐭𝐚𝐧𝒙)

𝒏
𝟐𝟎𝟐𝟏

−𝟐 + (
𝒏

𝟐𝟎𝟐𝟏
+ 𝟏) (𝐭𝐚𝐧 𝒙)

𝒏
𝟐𝟎𝟐𝟏] (𝟏 + 𝐭𝐚𝐧𝟐 𝒙) = 

=
𝒏

𝟐𝟎𝟐𝟏
[
𝒏 − 𝟐𝟎𝟐𝟏

𝟐𝟎𝟐𝟏
⋅

𝟏

𝐭𝐚𝐧𝟐 𝒙
+
𝒏 + 𝟐𝟎𝟐𝟏

𝟐𝟎𝟐𝟏
] (𝐭𝐚𝐧 𝒙)

𝒏
𝟐𝟎𝟐𝟏(𝟏 + 𝐭𝐚𝐧𝟐 𝒙) > 0 

𝒇 −convex function 

√𝐭𝒂𝐧𝐧𝐀
𝟐𝟎𝟐𝟏

+ √𝐭𝒂𝐧𝐧𝐁
𝟐𝟎𝟐𝟏

+ √𝐭𝒂𝐧𝐧𝐂
𝟐𝟎𝟐𝟏

≥ 𝟑 √𝐭𝐚𝐧𝒏 (
𝑨 + 𝑩 + 𝑪

𝟑
)

𝟐𝟎𝟐𝟏

 

√𝐭𝒂𝐧𝐧𝐀
𝟐𝟎𝟐𝟏

+ √𝐭𝒂𝐧𝐧𝐁
𝟐𝟎𝟐𝟏

+ √𝐭𝒂𝐧𝐧𝐂
𝟐𝟎𝟐𝟏

≥ 𝟑(√𝟑)
𝒏

𝟐𝟎𝟐𝟏 ≥ 𝟑(𝟏 +
𝐧(√𝟑− 𝟏)

𝟐𝟎𝟐𝟏
) 

571. If 𝒙, 𝒚, 𝒛 ∈ ℝ such that 𝒙(𝒚 + 𝒛) > 0, 𝑦(𝒛 + 𝒙) > 0, 𝑧(𝒙 + 𝒚) > 0, 

𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) > 0, then: 

√
𝒙𝒚(𝒚 + 𝒛)(𝒙 + 𝒛) + 𝒚𝒛(𝒙 + 𝒛)(𝒙 + 𝒚) + 𝒙𝒛(𝒙 + 𝒚)(𝒚 + 𝒛)

𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)
≥ 

≥ √
𝟒𝒚𝒛 + 𝒙(𝒚 + 𝒛)

𝟒𝒙𝒛 + 𝒚(𝒙 + 𝒛)
+ √

𝟒𝒙𝒛 + 𝒚(𝒙 + 𝒛)

𝟒𝒚𝒛 + 𝒙(𝒚 + 𝒛)
 

Proposed by Bogdan Fuştei-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) > 0 ⇔  𝑥𝑦𝑧(𝒙 + 𝒚) > −𝑥𝑦𝒛𝟐  ⇔  𝒙𝒚 > −
𝒙𝒚𝒛𝟐

𝒛(𝒙 + 𝒚)
 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝟒𝒙𝒚 + 𝒛(𝒙 + 𝒚) > −
𝟒𝒙𝒚𝒛𝟐

𝒛(𝒙 + 𝒚)
+ 𝒛(𝒙 + 𝒚) =

𝒛𝟐(𝒙 − 𝒚)𝟐

𝒛(𝒙 + 𝒚)
≥ 𝟎 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝟒𝒚𝒛 + 𝒙(𝒚 + 𝒛) > 0  𝑎𝑛𝑑  𝟒𝒛𝒙 + 𝒚(𝒛 + 𝒙) > 0. 

𝑵𝒐𝒘 𝒍𝒆𝒕 𝒂 = √𝟒𝒙𝒚 + 𝒛(𝒙 + 𝒚),   𝒃 = √𝟒𝒚𝒛 + 𝒙(𝒚 + 𝒛),   𝒄 = √𝟒𝒛𝒙 + 𝒚(𝒛 + 𝒙).    

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 = 
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=∑ [𝟒𝒙𝒚 + 𝒛(𝒙 + 𝒚)][𝟒𝒚𝒛 + 𝒙(𝒚 + 𝒛)]
𝒄𝒚𝒄

=⏟
(𝒊)

⏞
𝒆𝒙𝒑𝒂𝒏𝒅𝒊𝒏𝒈 & 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑦𝑖𝑛𝑔

 

𝟗 (∑ (𝒙𝒚)𝟐
𝒄𝒚𝒄

+ 𝟑𝒙𝒚𝒛∑ 𝒙
𝒄𝒚𝒄

) = 

= 𝟗∑ (𝒙𝒚 + 𝒚𝒛)(𝒙𝒚 + 𝒛𝒙)
𝒄𝒚𝒄

= 𝟗∑ 𝒙𝒚(𝒙 + 𝒛)(𝒚 + 𝒛)
𝒄𝒚𝒄

  𝒕𝒉𝒆𝒏

∶  ∑ 𝒙𝒚(𝒙 + 𝒛)(𝒚 + 𝒛)
𝒄𝒚𝒄

=
𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟗
  (𝟏) 

𝑨𝒍𝒔𝒐 ∶  𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 =∑ [𝟒𝒙𝒚 + 𝒛(𝒙 + 𝒚)]𝟐
𝒄𝒚𝒄

=⏟
(𝒊𝒊)

⏞
𝒆𝒙𝒑𝒂𝒏𝒅𝒊𝒏𝒈 & 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑦𝑖𝑛𝑔

 

𝟏𝟖(∑ (𝒙𝒚)𝟐
𝒄𝒚𝒄

+ 𝒙𝒚𝒛∑ 𝒙
𝒄𝒚𝒄

) 

𝑭𝒓𝒐𝒎 (𝒊) & (𝒊𝒊) 𝒘𝒆 𝒈𝒆𝒕 ∶  𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)

=
𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)

𝟑𝟔
  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕  

  𝟐√
𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)
≥
𝒃

𝒄
+
𝒄

𝒃
 (∗) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   (∗) ⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 𝟒𝒃𝟐𝒄𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)

≥ [𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)](𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟒 + 𝒄𝟒) 

⇔  𝟎 ≥ 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)(𝒃𝟒 + 𝒄𝟒) − 𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 − 𝟐𝒃𝟐𝒄𝟐(𝒃𝟒 + 𝒄𝟒)

− (𝒃𝟒 + 𝒄𝟒)𝟐 

⇔  𝟎 ≥ 𝟐(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐)(𝒃𝟒 + 𝒄𝟒) − 𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 − (𝒃𝟒 + 𝒄𝟒)𝟐

= −[𝒂𝟐(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟒 + 𝒄𝟒)]𝟐  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑺𝒐 (∗) 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

Solution 2 by proposer 

In 𝚫𝑨𝑩𝑪,𝝎 −Brocard’s angle. 
𝐬𝐢𝐧(𝑨 + 𝝎)

𝐬𝐢𝐧𝝎
=
𝒃

𝒄
+
𝒄

𝒃
(𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝟏

𝐬𝐢𝐧𝝎
≥
𝒃

𝒄
+
𝒄

𝒃
 

𝒎𝒂, 𝒎𝒃, 𝒎𝒄 −can be the sides of a triangle and let 𝝎𝒎 −Brocard’s angle in 𝚫𝒎𝒂𝒎𝒃𝒎𝒄. 
The triangles 𝑨𝑩𝑪 and 𝒎𝒂𝒎𝒃𝒎𝒄 are equivalency, hence, 𝐬𝐢𝐧𝝎 = 𝐬𝐢𝐧𝝎𝒎  

𝟏

𝐬𝐢𝐧𝝎
≥
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
 

Let 𝒙, 𝒚, 𝒛 ∈ ℝ such that 𝒙(𝒚 + 𝒛), 𝒚(𝒛 + 𝒙), 𝒛(𝒙 + 𝒚) > 0 and 𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) > 0, then 

Now, 𝒂𝟏 = √𝒙(𝒚 + 𝒛), 𝒃𝟏 = √𝒚(𝒛 + 𝒙), 𝒄𝟏 = √𝒛(𝒙 + 𝒚)  are the sides of a triangle with 

area 𝑭𝟏 =
𝟏

𝟐
√𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

𝒎𝒂𝟏 =
√
𝟐(𝒃𝟏

𝟐 + 𝒄𝟏
𝟐) − 𝒂𝟏

𝟐

𝟒
 

𝒎𝒂𝟏 = √
𝟐[𝒚(𝒛 + 𝒙) + 𝒛(𝒙 + 𝒚)] − 𝒙(𝒚 + 𝒛)

𝟒
= √

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

𝟒
 

𝟏

𝐬𝐢𝐧𝝎
=
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐𝑭
= 

= √
𝒙𝒚(𝒚 + 𝒛)(𝒙 + 𝒛) + 𝒚𝒛(𝒙 + 𝒛)(𝒙 + 𝒚) + 𝒙𝒛(𝒙 + 𝒚)(𝒚 + 𝒛)

𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)
 

𝒎𝒃𝟏 = √
𝟒𝒙𝒛 + 𝒚(𝒛 + 𝒙)

𝟒
⇒
𝒎𝒂𝟏

𝒎𝒃𝟏

= √
𝟒𝒚𝒛 + 𝒙(𝒚 + 𝒛)

𝟒𝒙𝒛 + 𝒚(𝒙 + 𝒛)
 

Therefore, 

√
𝒙𝒚(𝒚 + 𝒛)(𝒙 + 𝒛) + 𝒚𝒛(𝒙 + 𝒛)(𝒙 + 𝒚) + 𝒙𝒛(𝒙 + 𝒚)(𝒚 + 𝒛)

𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛)
≥ 

≥ √
𝟒𝒚𝒛 + 𝒙(𝒚 + 𝒛)

𝟒𝒙𝒛 + 𝒚(𝒙 + 𝒛)
+ √

𝟒𝒙𝒛 + 𝒚(𝒙 + 𝒛)

𝟒𝒚𝒛 + 𝒙(𝒚 + 𝒛)
 

572. Let 𝒂, 𝒃, 𝒄 be sides in ∆𝑨𝑩𝑪 and 𝒂′ = √𝒂, 𝒃′ = √𝒃, 𝒄′ = √𝒄 sides in 

∆𝑨′𝑩′𝑪′. Prove that: 

𝒂′

𝒄𝒐𝒔𝑨′
+

𝒃′

𝒄𝒐𝒔𝑩′
+

𝒄′

𝒄𝒐𝒔𝑪′
= 𝟐√

𝑹

𝑭
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄) 

  Proposed by Mehmet Șahin-Ankara-Turkiye 

Solution by Daniel Sitaru-Romania 
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∑
𝒂′

𝒄𝒐𝒔𝑨′
𝒄𝒚𝒄

=∑
𝒂′

(𝒃′)𝟐 + (𝒄′)𝟐 − (𝒂′)𝟐

𝟐𝒃′𝒄′
𝒄𝒚𝒄

=∑
𝟐𝒂′𝒃′𝒄′

(𝒃′)𝟐 + (𝒄′)𝟐 − (𝒂′)𝟐
𝒄𝒚𝒄

= 𝟐𝒂′𝒃′𝒄′ ∑
𝟏

𝒃+𝒄−𝒂𝒄𝒚𝒄

= 𝟐√𝒂𝒃𝒄∑
𝟏

𝟐𝒔 − 𝟐𝒂
𝒄𝒚𝒄

= √𝒂𝒃𝒄∑
𝟏

𝒔 − 𝒂
𝒄𝒚𝒄

= √𝒂𝒃𝒄 ∙
𝟒𝑹 + 𝒓

𝑭

= √𝟒𝑹𝑭 ∙
𝟒𝑹 + 𝒓

𝑭
= 𝟐√

𝑹

𝑭
(𝟒𝑹+ 𝒓) = 𝟐√

𝑹

𝑭
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄) 

Equality holds for : 𝒂 = 𝒃 = 𝒄. 

Recall: 
http://www.ssmrmh.ro/wp-content/uploads/2020/09/ABOUT-TRIANGLE-
UVW-OF-MEHMET-SAHIN.pdf 

 



 
www.ssmrmh.ro 

84 RMM-GEOMETRY MARATHON 501-600 

 

 

573. Let 𝒂, 𝒃, 𝒄 be sides in ∆𝑨𝑩𝑪 and let ∆𝑨′𝑩′𝑪′ be the triangle with sides 

𝒂′ = √𝒂, 𝒃′ = √𝒃, 𝒄′ = √𝒄. Prove that: 

𝒔𝒊𝒏𝟐
𝑨

𝟐
+ 𝒔𝒊𝒏𝟐

𝑩

𝟐
+ 𝒔𝒊𝒏𝟐

𝑪

𝟐
= 𝒄𝒐𝒔𝟐𝑨′ + 𝒄𝒐𝒔𝟐𝑩′ + 𝒄𝒐𝒔𝟐𝑪′ 

Proposed by Mehmet Șahin-Ankara-Turkiye 

Solution by Daniel Sitaru-Romania 

∑𝒔𝒊𝒏𝟐
𝑨

𝟐
𝒄𝒚𝒄

=∑
(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
𝒄𝒚𝒄

=
𝟏

𝒂𝒃𝒄
∑𝒂(𝒔𝟐 − 𝒔𝒃 − 𝒔𝒄 + 𝒃𝒄)

𝒄𝒚𝒄

= 

=
𝟏

𝒂𝒃𝒄
(𝒔𝟐∑𝒂

𝒄𝒚𝒄

− 𝟐𝒔∑𝒂𝒃

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄) = 

=
𝟏

𝒂𝒃𝒄
(𝟐𝒔𝟑 − 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) + 𝟑𝒂𝒃𝒄) = 

=
𝟏

𝒂𝒃𝒄
(𝟐𝒔𝟑 − 𝟐𝒔𝟑 − 𝟐𝒔𝒓𝟐 − 𝟖𝑹𝒓𝒔 + 𝟏𝟐𝑹𝒓𝒔) =

𝟏

𝒂𝒃𝒄
(𝟒𝑹𝒓𝒔 − 𝟐𝒔𝒓𝟐) = 

=
𝟐𝒓𝒔

𝒂𝒃𝒄
(𝟐𝑹 − 𝒓) =

𝟐𝑭(𝟐𝑹 − 𝒓)

𝒂𝒃𝒄
 

∑𝒄𝒐𝒔𝟐𝑨′

𝒄𝒚𝒄

=∑(
𝒃+ 𝒄 − 𝒂

𝟐√𝒃𝒄
)
𝟐

𝒄𝒚𝒄

=∑
(𝟐𝒔 − 𝟐𝒂)𝟐

𝟒𝒃𝒄
𝒄𝒚𝒄

=∑
(𝒔 − 𝒂)𝟐

𝒃𝒄
𝒄𝒚𝒄

= 

=
𝟏

𝒂𝒃𝒄
∑𝒂(𝒔𝟐 − 𝟐𝒂𝒔 + 𝒂𝟑)

𝒄𝒚𝒄

= 

=
𝟏

𝒂𝒃𝒄
(𝒔𝟐∑𝒂

𝒄𝒚𝒄

− 𝟐𝒔∑𝒂𝟐

𝒄𝒚𝒄

+∑𝒂𝟑

𝒄𝒚𝒄

) = 
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=
𝟏

𝒂𝒃𝒄
(𝟐𝒔𝟑 − 𝟒𝒔(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) + 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓)) = 

=
𝟏

𝒂𝒃𝒄
(𝟒𝑹𝒓𝒔 − 𝟐𝒔𝒓𝟐) =

𝟐𝒓𝒔

𝒂𝒃𝒄
(𝟐𝑹− 𝒓) =

𝟐𝑭(𝟐𝑹− 𝒓)

𝒂𝒃𝒄
 

574. If 𝒂, 𝒃, 𝒄 are sides in ∆𝑨𝑩𝑪, 𝒂′ = √𝒂, 𝒃′ = √𝒃, 𝒄′ = √𝒄 are sides in 

∆𝑨′𝑩′𝑪′ then: 

∑
𝟏

𝒔𝒊𝒏𝟐𝑨′
𝒄𝒚𝒄

=
(𝒂 + 𝒃 + 𝒄)𝟐

𝟒𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
+ 𝟏 

Proposed by Mehmet Șahin-Ankara-Turkey 

Solution by Daniel Sitaru-Romania 

∑
𝟏

𝒔𝒊𝒏𝟐𝑨′
𝒄𝒚𝒄

=∑
𝟏

(𝒂′)𝟐

𝟒(𝑹′)𝟐
𝒄𝒚𝒄

= 𝟒∑
(𝒂′)𝟐(𝒃′)𝟐(𝒄′)𝟐

𝟏𝟔(𝑭′)𝟐 ∙ (𝒂′)𝟐
𝒄𝒚𝒄

=
𝟏

𝟒
∑

(𝒃′)𝟐(𝒄′)𝟐

(𝑭′)𝟐
𝒄𝒚𝒄

=
𝟏

𝟒
∑

𝒃𝒄

𝟏
𝟒
𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

=

𝒄𝒚𝒄

 

=
𝟏

𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
∑𝒃𝒄

𝒄𝒚𝒄

=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
=

𝒔𝟐

𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
+

𝒓𝟐 + 𝟒𝑹𝒓

𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
= 

=
(𝒂 + 𝒃 + 𝒄)𝟐

𝟒𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
+
𝒓(𝟒𝑹+ 𝒓)

𝒓(𝟒𝑹+ 𝒓)
=

(𝒂 + 𝒃 + 𝒄)𝟐

𝟒𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
+ 𝟏 

575.  

In 𝚫𝑨𝑩𝑪, (𝒘) −circumcircle, 𝑫 ∈ 𝑨�̂�, 𝑫𝑬 ∥ 𝑩𝑨,𝑫𝑭 ∥ 𝑩𝑪. 

Prove that: 
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𝑬𝑪

𝑩𝑭
+
𝑭𝑨

𝑩𝑬
= 𝟐

𝑩𝑷

𝑩𝑸
⇔ 𝑩𝑷 ⊥ 𝑷𝑸 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

 

Let 𝜽 = ∢𝑷𝑩𝑸 = ∢𝑨𝑩𝑪. The triangle 𝑷𝑩𝑸 is a right, then  

𝐜𝐨𝐬 𝜽 =
𝑩𝑷

𝑩𝑸
 

𝑨𝑩𝑪𝑫 −is cyclic and 𝑫𝑬 ∥ 𝑩𝑨,𝑫𝑭 ∥ 𝑩𝑪, so 

𝐜𝐨𝐬 𝜽 =
𝟏

𝟐
(
𝑬𝑪

𝑩𝑭
+
𝑭𝑨

𝑩𝑬
) 

Therefore, 

𝑬𝑪

𝑩𝑭
+
𝑭𝑨

𝑩𝑬
= 𝟐 ∙

𝑩𝑷

𝑩𝑸
 

576. In ∆𝑨𝑩𝑪, ∆𝑨′𝑩′𝑪′ the following relationship holds: 

𝒂𝒂′

𝒂 + 𝒂′
+

𝒃𝒃′

𝒃 + 𝒃′
+

𝒄𝒄′

𝒄 + 𝒄′
≤
𝟑√𝟑𝑹𝑹′

𝟐(𝒓 + 𝒓′)
 

Proposed by Daniel Sitaru-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂𝒂′

𝒂 + 𝒂′
+

𝒃𝒃′

𝒃 + 𝒃′
+

𝒄𝒄′

𝒄 + 𝒄′
= (𝒂 −

𝒂𝟐

𝒂 + 𝒂′
) + (𝒃 −

𝒃𝟐

𝒃 + 𝒃′
) + (𝒄 −

𝒄𝟐

𝒄 + 𝒄′
) = 

= 𝟐𝒔 − (
𝒂𝟐

𝒂 + 𝒂′
+

𝒃𝟐

𝒃 + 𝒃′
+

𝒄𝟐

𝒄 + 𝒄′
) ≤⏞

𝑩𝒆𝒓𝒈𝒔𝒕𝒓ӧ𝒎

 𝟐𝒔 −
(𝒂 + 𝒃 + 𝒄)𝟐

(𝒂 + 𝒃 + 𝒄) + (𝒂′ + 𝒃′ + 𝒄′)
= 

= 𝟐𝒔 −
𝟒𝒔𝟐

𝟐𝒔 + 𝟐𝒔′
=

𝟐𝒔. 𝟐𝒔′

𝟐(𝒔 + 𝒔′)
 ≤⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟑√𝟑𝑹. 𝟑√𝟑𝑹′

𝟐(𝟑√𝟑𝒓 + 𝟑√𝟑𝒓′)
=
𝟑√𝟑𝑹𝑹′

𝟐(𝒓 + 𝒓′)
. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝒂𝒂′

𝒂 + 𝒂′
+

𝒃𝒃′

𝒃 + 𝒃′
+

𝒄𝒄′

𝒄 + 𝒄′
≤
𝟑√𝟑𝑹𝑹′

𝟐(𝒓 + 𝒓′)
. 

577.  

𝑺𝑨𝑩𝑪𝑫 tetrahedron, 𝑰 −insphere center, 𝑺𝑨 = 𝒂, 𝑺𝑩 = 𝒃, 𝑺𝑪 = 𝒄, 

∢𝑩𝑺𝑪 = 𝜽𝟏 = 𝟔𝟎°, ∢𝑪𝑺𝑨 = 𝜽𝟐 = 𝟔𝟎°, ∢𝑨𝑺𝑩 = 𝜽𝟑 = 𝟔𝟎° 

(𝑺𝑩𝑪) = 𝑷𝟏, (𝑺𝑪𝑨) = 𝑷𝟐, (𝑺𝑨𝑩) = 𝑷𝟏, (𝑨𝑩𝑪) = 𝑷𝟒, 𝑶𝑰 ∩ 𝑷𝟒 = 𝑯,  

𝑨𝑯 ∩ 𝑩𝑪 = 𝑫. Prove that: 

𝒊)
𝑩𝑫

𝑫𝑪
=
𝒃

𝒄
,   𝒊𝒊) 𝑺𝑫 =

𝒃𝒄

𝒃 + 𝒄
√𝟑    𝒊𝒊𝒊) 𝒅(𝑫,𝑷𝟐) = 𝒅(𝑫,𝑷𝟑) =

𝒃𝒄

𝒃 + 𝒄
√
𝟐

𝟑
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution 1 by proposer 

Plagiogonal 3d system: 𝑺𝑨 ≡ 𝑺𝒙, 𝑺𝑩 ≡ 𝑺𝒚, 𝑺𝑪 ≡ 𝑺𝒛 

𝑺(𝟎, 𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎), 𝑩(𝟎, 𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝒄), 𝑫(𝟎, 𝒅𝟏, 𝒅𝟐) 

Is (𝑺𝑨𝑫) bisector plane of dihedral (𝑺𝑨𝑩 − 𝑺𝑨𝑪) 

(𝑺𝑨𝑫): 𝒚 = 𝟐, 𝑩𝑪:
𝒚

𝒃
+

𝒛

𝒄
= 𝟏 ⇒ {

𝒚 = 𝒅𝟐 =
𝒃𝒄

𝒃+𝒄

𝒛 = 𝒅𝟑 =
𝒃𝒄

𝒃+𝒄

⇒ 𝑺𝑫 bisector of ∢𝑩𝑺𝑪 ⇒
𝑩𝑫

𝑫𝑪
=

𝒃

𝒄
 

𝑶𝑫𝟐 = 𝒅𝟐
𝟐 + 𝒅𝟑

𝟐 + 𝟐𝒅𝟐𝒅𝟑 𝐜𝐨𝐬 𝟔𝟎° ⇒ 𝑶𝑫𝟐 = 𝟑𝒅𝟐
𝟐 ⇒ 𝑶𝑫 =

𝒃𝒄

𝒃 + 𝒄
√𝟑 

𝑫(𝟎, 𝒅𝟐, 𝒅𝟑), 𝑷𝟑: 𝒛 = 𝟎. Let �⃗⃗� (𝒖𝟏, 𝒖𝟐, 𝒖𝟑) ⊥ 𝑷𝟑 

Is 𝒖𝟏 = −
𝟏

𝟒
, 𝒖𝟐 = −

𝟏

𝟒
, 𝒖𝟑 =

𝟑

𝟒
, |�⃗⃗� |𝟐 =

𝟑

𝟖
⇒ |�⃗⃗� | =

√𝟑

𝟐√𝟐
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𝒅(𝑫,𝑷𝟑) =
|𝟏 ∙ 𝒅𝟑|

|𝟏 ∙
𝟑
𝟒
|
∙
√𝟑

𝟐√𝟐
=

𝒃𝒄

𝒃 + 𝒄
∙ √
𝟐

𝟑
 

𝐒𝐨, 𝒅(𝑫,𝑷𝟐) = 𝒅(𝑫,𝑷𝟑) =
𝒃𝒄

𝒃 + 𝒄
∙ √
𝟐

𝟑
 

Solution 2 by proposer 

We denote 𝒅(𝑫,𝑷𝟐) = 𝒅𝟐 , 𝒅(𝑫,𝑷𝟑) = 𝒅𝟑 

𝑰 is insphere center, plane (𝑺𝑨𝑫) is bisector of dihedral (𝑺𝑨𝑩) − (𝑺𝑨𝑪) ⇒ 𝒅𝟐 = 𝒅𝟑. 

𝐈𝐬:
𝑽𝑺𝑨𝑩𝑫
𝑽𝑺𝑨𝑪𝑫

=
[𝑺𝑨𝑩]

[𝑺𝑨𝑪]
∙
𝒅𝟑
𝒅𝟐

=
𝒅𝟐=𝒅𝟑 𝒂𝒃 ∙ 𝐬𝐢𝐧𝜽𝟑

𝒂𝒄 ∙ 𝐬𝐢𝐧 𝜽𝟐
=
𝒃

𝒄
 𝐚𝐧𝐝

𝑽𝑺𝑨𝑩𝑫
𝑽𝑺𝑨𝑪𝑫

=
[𝑨𝑩𝑫]

[𝑨𝑪𝑫]
=
𝑩𝑫

𝑫𝑪
⇒
𝑩𝑫

𝑫𝑪
=
𝒃

𝒄
; (𝟏) 

(𝟏) ⇒ 𝑺𝑫 −bisector of ∢𝑩𝑺𝑫 ⇒ 𝑩𝑫 =
𝟐𝒃𝒄

𝒃+𝒄
∙
𝐜𝐨𝐬(𝑩𝑺�̂�)

𝟐
⇒ 𝑩𝑫 =

𝒃𝒄

𝒃+𝒄
𝒓𝟑 

𝐈𝐬
𝑽𝑺𝑨𝑩𝑫
𝑽𝑺𝑨𝑪𝑫

=
𝑽𝟏
𝑽𝟐

=
𝒃

𝒄
⇒

𝟏
𝟑
(𝑺𝑨𝑩) ∙ 𝒅𝟑

𝑽𝟏 + 𝑽𝟐
=

𝒃

𝒃 + 𝒄
 

𝟏
𝟔
𝒂𝒃 ∙

√𝟑
𝟐
∙ 𝒅𝟑

𝒂𝒃𝒄
𝟔 ∙

𝟏

√𝟖

=
𝒃

𝒃 + 𝒄
⇒ 𝒅𝟑 =

𝒃𝒄

𝒃 + 𝒄
∙ √
𝟐

𝟑
 

𝒅(𝑫,𝑷𝟑) = 𝒅(𝑫,𝑷𝟑) =
𝒃𝒄

𝒃 + 𝒄
∙ √
𝟐

𝟑
 

578. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂

𝒔𝒂
+
𝒎𝒃

𝒔𝒃
+
𝒎𝒄

𝒔𝒄
+
𝒘𝒂𝒘𝒃𝒘𝒄

𝒉𝒂𝒉𝒃𝒉𝒄
≥ 𝟒 

Proposed by Marin Chirciu-Romania 
Solution by Avishek Mitra-West Bengal-India 

∏𝒘𝒂

𝒄𝒚𝒄

=∏
𝟐

𝒃 + 𝒄
√𝒃𝒄𝒔(𝒔 − 𝒂)

𝒄𝒚𝒄

=
𝟖𝒂𝒃𝒄√𝒔𝟑(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

(𝒃 + 𝒄)(𝒄 + 𝒂)(𝒂 + 𝒃)
= 

=
𝟖𝒂𝒃𝒄 ∙ 𝒔𝑭

𝟐𝒂𝒃𝒄 + ∑𝒂𝒃(𝒂 + 𝒃)
=

𝟑𝟐𝑹𝒓𝒔

𝟐𝒃𝒂𝒄 + ∑𝒂𝒃(𝟐𝒔 − 𝒄)
∙ 𝒔𝟐𝒓 =

𝟑𝟐𝑹𝒓𝒔

𝟐𝒔∑𝒂𝒃 − 𝒂𝒃𝒄
𝒔𝟐𝒓 = 

=
𝟑𝟐𝑹𝒓𝒔

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝑹𝒓𝒔
𝒔𝟐𝒓 =

𝟑𝟐𝑹𝒓𝒔

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
𝒔𝟐𝒓 =

𝟏𝟔𝑹𝒓𝟐𝒔𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
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∏𝒉𝒂
𝒄𝒚𝒄

=
𝟖𝑭𝟑

𝒂𝒃𝒄
=
𝟖𝒓𝟑𝒔𝟑

𝟒𝑹𝒓𝒔
=
𝟐𝒓𝟐𝒔𝟐

𝑹
 

∏
𝒘𝒂

𝒉𝒂
𝒄𝒚𝒄

=
𝟏𝟔𝑹𝒓𝟐𝒔𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
∙

𝑹

𝟐𝒓𝟐𝒔𝟐
=

𝟖𝑹𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
 

∑
𝒎𝒂

𝒔𝒂
𝒄𝒚𝒄

=∑
√𝟐𝒃

𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐

𝟒

𝒃𝒄√𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

=∑
𝒃𝟐 + 𝒄𝟐

𝟐𝒃𝒄
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

∑
𝟐𝒃𝒄

𝟐𝒃𝒄
𝒄𝒚𝒄

= 𝟑 

Need to show: 

𝟑 +
𝟖𝑹𝟐

𝒔𝟐 + 𝒓𝟐 = 𝟐𝑹𝒓
≥ 𝟒 ⇒

𝟖𝑹𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
≥ 𝟏 

𝟖𝑹𝟐 ≥ 𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓. But 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏), hence, 
𝟖𝑹𝟐 ≥ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓 ⇒ 𝟒𝑹𝟐 − 𝟔𝑹𝒓 − 𝟒𝒓𝟐 ≥ 𝟎 

𝟐(𝑹 − 𝟐𝒓)(𝟐𝑹+ 𝒓) ≥ 𝟎 true from 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

579.  

𝑺𝑨𝑩𝑪 −tetrahedron, 𝑺𝑨 = 𝒂, 𝑺𝑩 = 𝒄, 𝑺𝑪 = 𝒄, ∢𝑩𝑺𝑪 = 𝜽𝟏 = 𝟔𝟎°, 

∢𝑪𝑺𝑨 = 𝜽𝟐 = 𝟔𝟎°, ∢𝑨𝑺𝑩 = 𝜽𝟑 = 𝟔𝟎°,𝑹 −circumsphere radius, 𝒓 −insphere radius 

Prove that: 

𝑹 =
√𝟐

𝟒
√(𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 

𝒓 =
𝒂𝒃𝒄√𝟐

√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + √𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)
 

Note: If 𝒂 = 𝒃 = 𝒄 then 𝑹 =
𝒂√𝟔

𝟒
, 𝒓 =

𝒂√𝟔

𝟏𝟐
. 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 

𝑽(𝑺𝑨𝑩𝑪) = 𝑽 =
𝒂𝒃𝒄

𝟔
∙
𝟏

√𝟐
, 𝑺𝟏 = [𝑺𝑩𝑪] = 𝒃𝒄 ∙

√𝟑

𝟒
, 𝑺𝟐 = [𝑺𝑨𝑪] = 𝒄𝒂 ∙

√𝟑

𝟒
 

𝑺𝟑 = [𝑺𝑨𝑩] = 𝒂𝒃 ∙
√𝟑

𝟒
, 𝑺𝟒 = [𝑨𝑩𝑪] =

𝟏

𝟒
√𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

𝒓 =
𝟑𝑽

𝑺𝟏 + 𝑺𝟐 + 𝑺𝟑 + 𝑺𝟒
= 

=
𝒂𝒃𝒄√𝟐

√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + √𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)
 

Let 𝑲 the center of circumsphere  

Plagiogonal system: 𝑺𝑨 ≡ 𝑺𝒙, 𝑺𝑩 ≡ 𝑺𝒚, 𝑺𝑪 ≡ 𝑺𝒛 

𝑺(𝟎, 𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎),𝑩(𝟎, 𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝒄),𝑲(𝑲𝟏, 𝑲𝟐, 𝑲𝟑) 

𝑲𝟏 =
𝟑𝒂 − 𝒃 − 𝒄

𝟒
,𝑲𝟐 =

𝟑𝒃 − 𝒄 − 𝒂

𝟒
,𝑲𝟑 =

𝟑𝒄 − 𝒂 − 𝒃

𝟒
 

𝑺𝑲𝟐 = 𝑹𝟐 = 𝑲𝟏
𝟐 + 𝑲𝟐

𝟐 + 𝑲𝟑
𝟐 + 𝑲𝟏𝑲𝟐 + 𝑲𝟐𝑲𝟑 + 𝑲𝟑𝑲𝟏 

𝑹 =
√𝟐

𝟒
√(𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 

If 𝒂 = 𝒃 = 𝒄 then 𝑹 =
𝒂√𝟔

𝟒
, 𝒓 =

𝒂√𝟔

𝟏𝟐
. 

580. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝑹𝟑 − 𝟖𝒓𝟑

𝟐𝒓𝟑
≥

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+
𝟑

𝟐
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Aggeliki Papaspyropoulou-Greece 

𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) ⇒ 𝑹𝟑 ≥ 𝟖𝒓𝟑 

So, it is enough to prove: 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+
𝟑

𝟐
≤
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
 

Lemma: If 𝒂, 𝒃, 𝒄 > 0 then 
𝒂

𝒃+𝒄
≤

𝟐𝒂𝟐+
𝒂(𝒃+𝒄)

𝟐

𝟐(𝒂𝒃+𝒃𝒄+𝒄𝒂)
 

Proof. 𝟐𝒂(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝟐𝒂𝟐(𝒃 + 𝒄) +
𝒂(𝒃+𝒄)𝟐

𝟐
⇔ 
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𝟒𝒂𝟐𝒃 + 𝟒𝒂𝟐𝒄 + 𝟒𝒂𝒃𝒄 ≤ 𝟒𝒂𝟐𝒃 + 𝟒𝒂𝟐𝒄 + 𝒂(𝒃 + 𝒄)𝟐 ⇔ 

𝟒𝒂𝒃𝒄 ≤ 𝒂(𝒃 + 𝒄)𝟐 ⇔ 𝒃𝒄 ≤ (𝒃 + 𝒄)𝟐 true! So, we have: 

𝒂

𝒃 + 𝒄
≤

𝟐𝒂𝟐 +
𝒃+ 𝒄
𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
; (𝟏),    

𝒃

𝒄 + 𝒂
≤
𝟐𝒃𝟐 +

𝒃(𝒄 + 𝒂)
𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
; (𝟐) 

𝒄

𝒂 + 𝒃
≤

𝟐𝒄𝟐 +
𝒄(𝒂 + 𝒃)

𝟐
𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

; (𝟑) 

We have: 

∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

≤
𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
=
𝟏

𝟐
+
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
⇔ 

∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

≤
𝟏

𝟐
+
𝟑

𝟐
+
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
= 𝟐 +

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
⇔ 

∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

+
𝟑

𝟐
≤
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃 + 𝟐𝒃𝒄 + 𝟐𝒄𝒂

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
=
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 

So, it is enough to prove: 

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞: 

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
=
𝒂𝟐

𝒂𝒃
+
𝒃𝟐

𝒃𝒄
+
𝒄𝟐

𝒂𝒄
≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 

Solution 2  by Soumava Chakraborty-Kolkata-India 
 

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
≥
𝟗(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

(𝒂 + 𝐛 + 𝐜)𝟐
=
𝟏𝟖(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟒𝐬𝟐
⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
≥
(∗) 𝟗(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐𝐬𝟐
 

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
+
𝟑

𝟐
=∑

∑ 𝒂𝐜𝐲𝐜 − (𝐛 + 𝐜)

𝐛 + 𝐜
𝐜𝐲𝐜

+
𝟑

𝟐
= 𝟐𝐬∑

𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

−
𝟑

𝟐

=
𝟐𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

)+∑𝒂𝐛

𝐜𝐲𝐜

)−
𝟑

𝟐

=
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
−
𝟑

𝟐
 

⇒
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
+
𝟑

𝟐
=
(∗∗) 𝟕𝐬𝟐 + 𝟐𝐑𝐫− 𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
∴ (∗), (∗∗) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂

≥
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
+
𝟑

𝟐
, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 



 
www.ssmrmh.ro 

92 RMM-GEOMETRY MARATHON 501-600 

 

𝟗(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)

𝟐𝐬𝟐
≥

𝟕𝐬𝟐 + 𝟐𝐑𝐫− 𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
⇔ 𝟗(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)

≥ 𝐬𝟐(𝟕𝐬𝟐 + 𝟐𝐑𝐫− 𝐫𝟐) ⇔ 𝟐𝐬𝟒 − (𝟐𝟎𝐑𝐫 − 𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟕𝟐𝐑𝟐 + 𝟓𝟒𝐑𝐫 + 𝟗𝐫𝟐) ≥
(⦁)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝟐𝐑𝐫 − 𝟏𝟎𝐫𝟐)𝐬𝟐 − (𝟐𝟎𝐑𝐫 − 𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟕𝟐𝐑𝟐 + 𝟓𝟒𝐑𝐫 + 𝟗𝐫𝟐)

= (𝟏𝟐𝐑𝐫 − 𝟗𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟕𝟐𝐑𝟐 + 𝟓𝟒𝐑𝐫 + 𝟗𝐫𝟐) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟐𝐑𝐫 − 𝟗𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫𝟐(𝟕𝟐𝐑𝟐 + 𝟓𝟒𝐑𝐫 + 𝟗𝐫𝟐) ≥
?
𝟎

⇔ 𝟐𝟎𝐑𝟐 − 𝟒𝟑𝐑𝐫 + 𝟔𝐫𝟐 ≥
?
𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝟐𝟎𝐑− 𝟑𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
≥

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
+
𝟑

𝟐

⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑𝟑 − 𝟖𝐫𝟑

𝟐𝐫𝟑
≥

𝐑𝟑−𝟖𝐫𝟑 ≥ 𝟎 𝒗𝒊𝒂 𝑬𝒖𝒍𝒆𝒓 𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
+
𝟑

𝟐
 (𝐐𝐄𝐃) 

 

581. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒉𝒂

𝒂 𝐬𝐢𝐧 𝑨
𝒄𝒚𝒄

≥
𝟐𝒓

𝑹
∑

𝒓𝒂
𝒂 𝐬𝐢𝐧 𝑨

𝒄𝒚𝒄

 

Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∑
𝐡𝒂

𝒂𝐬𝐢𝐧𝐀
𝐜𝐲𝐜

=∑
𝟐𝐫𝐬

𝒂𝟐.
𝒂
𝟐𝐑𝐜𝐲𝐜

=∑
𝒂𝐛𝐜

𝒂𝟐. 𝒂
𝐜𝐲𝐜

=∑
𝐛𝐜. 𝐛𝟐𝐜𝟐

𝒂𝟐𝐛𝟐𝐜𝟐
𝐜𝐲𝐜

=
𝟏

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

− 𝟑𝒂𝐛𝐜∏(𝒂+ 𝐛)

𝐜𝐲𝐜

)

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟑
− 𝟐𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
=
(∗)
∑

𝐡𝒂
𝒂𝐬𝐢𝐧𝐀

𝐜𝐲𝐜

 

𝟐𝐫

𝐑
∑

𝐫𝒂
𝒂𝐬𝐢𝐧𝐀

𝐜𝐲𝐜

=
𝟐𝐫

𝐑
.∑(

𝐫𝐬

𝐬 − 𝒂
.
𝟐𝐑

𝒂𝟐
)

𝐜𝐲𝐜

=
𝐫

𝐑
.∑

𝒂𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂𝟐(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝐜𝐲𝐜

=
𝐫

𝐑𝐫𝟐𝐬
.∑

𝐛𝟐𝐜𝟐(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂𝐛𝐜
𝐜𝐲𝐜

=
𝐫

𝐑𝐫𝟐𝐬. 𝟒𝐑𝐫𝐬
∑(𝐛𝟐𝐜𝟐(−𝐬𝟐 + 𝒂𝐬 + 𝐛𝐜))

𝐜𝐲𝐜
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=
𝟏

𝟒𝐑𝟐𝐫𝟐𝐬𝟐
(−𝐬𝟐∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

+ 𝐬𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

+∑𝐛𝟑𝐜𝟑

𝐜𝐲𝐜

)

=
𝟏

𝟒𝐑𝟐𝐫𝟐𝐬𝟐
(−𝐬𝟐 ((𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐) + 𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

+ (𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)
𝟑
− 𝟐𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)) 

=
𝐫𝟐(𝐬𝟒 − (𝟒𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑)

𝟒𝐑𝟐𝐫𝟐𝐬𝟐
=
(∗∗) 𝟐𝐫

𝐑
∑

𝐫𝒂
𝒂𝐬𝐢𝐧𝐀

𝐜𝐲𝐜

∴ (∗), (∗∗) ⇒∑
𝐡𝒂

𝒂𝐬𝐢𝐧𝐀
𝐜𝐲𝐜

≥
𝟐𝐫

𝐑
∑

𝐫𝒂
𝒂𝐬𝐢𝐧𝐀

𝐜𝐲𝐜

 

⇔
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟑
− 𝟐𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
≥
𝐫𝟐(𝐬𝟒 − (𝟒𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑+ 𝐫)𝟑)

𝟒𝐑𝟐𝐫𝟐𝐬𝟐

⇔ 𝐬𝟔 − (𝟏𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟒 + 𝐫𝟑𝐬𝟐(𝟏𝟔𝐑− 𝟓𝐫) − 𝟑𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
(⦁)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝐫 − 𝟔𝐫𝟐)𝐬𝟒 + 𝐫𝟑𝐬𝟐(𝟏𝟔𝐑 − 𝟓𝐫)

− 𝟑𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝟒𝐑𝐫 − 𝟔𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫𝟑(𝟏𝟔𝐑− 𝟓𝐫))𝐬𝟐

− 𝟑𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
?
𝟎 

⇔ (𝟔𝟒𝐑𝟐 − 𝟏𝟎𝟎𝐑𝐫 + 𝟐𝟓𝐫𝟐)𝐬𝟐 − 𝟑𝐫(𝟒𝐑+ 𝐫)𝟑 ≥
?
⏟
(⦁⦁)

𝟎 𝒂𝐧𝐝 ∵ 𝟔𝟒𝐑𝟐 − 𝟏𝟎𝟎𝐑𝐫 + 𝟐𝟓𝐫𝟐

= 𝟏𝟒𝐑𝟐 + 𝟓𝟎𝐑(𝐑 − 𝟐𝐫) + 𝟐𝟓𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟒𝐑𝟐 + 𝟐𝟓𝐫𝟐 > 0 ∴ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟔𝟒𝐑𝟐 − 𝟏𝟎𝟎𝐑𝐫 + 𝟐𝟓𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝟑𝐫(𝟒𝐑+ 𝐫)𝟑 ≥
?
𝟎

⇔ 𝟓𝟐𝐭𝟑 − 𝟏𝟐𝟗𝐭𝟐 + 𝟓𝟒𝐭 − 𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)(𝟑𝟗𝐭𝟐 + 𝟏𝟑𝐭(𝐭 − 𝟐) + 𝐭 + 𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
𝐡𝒂

𝒂𝐬𝐢𝐧𝐀
𝐜𝐲𝐜

≥
𝟐𝐫

𝐑
∑

𝐫𝒂
𝒂𝐬𝐢𝐧𝐀

𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒉𝒂

𝒂𝐬𝐢𝐧 𝑨𝒄𝒚𝒄
≥
𝟐𝒓

𝑹
∑

𝒓𝒂
𝒂 𝐬𝐢𝐧𝑨𝒄𝒚𝒄

 ⇔∑
𝟐𝑭. 𝟐𝑹

𝒂. 𝒂. 𝒂𝒄𝒚𝒄

≥
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
∑

𝑭.𝟐𝑹

𝒂. (𝒔 − 𝒂). 𝒂𝒄𝒚𝒄
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⇔∑
𝒂𝒃𝒄

𝒂𝟑𝒄𝒚𝒄
≥ 𝟒∑

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝟐(𝒔 − 𝒂)𝒄𝒚𝒄
 ⇔∑

𝒃𝒄

𝒂𝟐𝒄𝒚𝒄
≥∑

𝟒(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝟐𝒄𝒚𝒄
 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑
𝒃𝒄

𝒂𝟐𝒄𝒚𝒄
≥ 𝟑√

𝒃𝒄. 𝒄𝒂. 𝒂𝒃

𝒂𝟐. 𝒃𝟐. 𝒄𝟐

𝟑

= 𝟑  𝒂𝒏𝒅 ∑
𝟒(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝟐𝒄𝒚𝒄
≤∑

[(𝒔 − 𝒃) + (𝒔 − 𝒄)]𝟐

𝒂𝟐𝒄𝒚𝒄

=∑ 𝟏
𝒄𝒚𝒄

= 𝟑. 

𝑻𝒉𝒆𝒏 ∶   ∑
𝒃𝒄

𝒂𝟐𝒄𝒚𝒄
≥ 𝟑 ≥∑

𝟒(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝟐𝒄𝒚𝒄
  𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
𝒉𝒂

𝒂𝐬𝐢𝐧 𝑨𝒄𝒚𝒄
≥
𝟐𝒓

𝑹
∑

𝒓𝒂
𝒂𝐬𝐢𝐧𝑨𝒄𝒚𝒄

. 

Solution 3 by Marian Ursărescu-Romania 

∑
𝒉𝒂

𝒂𝐬𝐢𝐧 𝑨
𝒄𝒚𝒄

≥ 𝟑√∏
𝒉𝒂

𝒂 𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

𝟑
; (𝟏) 

𝒉𝒂𝒉𝒃𝒉𝒄 =
𝟐𝒔𝟐𝒓𝟐

𝑹
,𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔  𝐚𝐧𝐝 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 =

𝒔𝒓

𝟐𝑹𝟐
 

∏
𝒉𝒂

𝒂 𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

= 𝟏; (𝟐) 

From (1) and (2) we get: 

∑
𝒉𝒂

𝒂𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

≥ 𝟑;  (𝟑) 

𝒓𝒓𝒂 =
𝑺𝟐

𝒔(𝒔 − 𝒂)
= (𝒔 − 𝒃)(𝒔 − 𝒄) ≤ (

𝒔 − 𝒃 + 𝒔 − 𝒄

𝟐
)
𝟐

=
𝒂𝟐

𝟒
 

𝟐𝒓

𝑹
∑

𝒓𝒂
𝒂𝐬𝐢𝐧 𝑨

𝒄𝒚𝒄

≤
𝟐𝒓

𝑹
∑

𝒂𝟐

𝟒𝒓𝒂 𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

=
𝟏

𝟐𝑹
∑

𝒂

𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

=
𝟏

𝟐𝑹
⋅ 𝟔𝑹 = 𝟑; (𝟒) 

From (3) and (4) it follows that: 

∑
𝒉𝒂

𝒂 𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

≥
𝟐𝒓

𝑹
∑

𝒓𝒂
𝒂 𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

 

582. In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 



 
www.ssmrmh.ro 

95 RMM-GEOMETRY MARATHON 501-600 

 

∑
𝒃𝒄

𝐜𝐨𝐭𝑩 𝐜𝐨𝐭 𝑪
𝒄𝒚𝒄

≥ 𝟏𝟎𝟖𝒓𝟐 

Proposed by Marin Chirciu-Romania 
Solution 1 by Marian Ursărescu-Romania 

We must show that: 

∑𝒃𝒄 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪

𝒄𝒚𝒄

≥ 𝟏𝟎𝟖𝒓𝟐; (𝟏) 

𝚫𝑨𝑩𝑪 acute, then 𝐭𝐚𝐧 𝑨 , 𝐭𝐚𝐧𝑩 , 𝐭𝐚𝐧 𝑪 > 0 

∑𝒃𝒄 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪

𝒄𝒚𝒄

≥ 𝟑√(𝒂𝒃𝒄)𝟐(𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪)𝟐
𝟑

; (𝟐) 

From (1) and (2) we must show: 

√(𝒂𝒃𝒄)𝟐(𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪)𝟐
𝟑

≥ 𝟑𝟔𝒓𝟐 ⇔ 

(𝒂𝒃𝒄)𝟐(𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪)𝟐 ≥ 𝟐𝟔 ⋅ 𝟑𝟔 ⋅ 𝒓𝟔; (𝟑) 

𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪 =
𝟐𝒔𝒓

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
 

𝒔𝟐 ≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝟒𝑹𝟔𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 ⇒ 𝒔𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐 ≤ 𝟐𝒓𝟐 

𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪 ≥
𝟐𝒔𝒓

𝟐𝒓𝟐
=
𝒔

𝒓
; (𝟒) 

From (3) and (4) we must show: 

(𝒂𝒃𝒄)𝟐 ⋅
𝒔𝟐

𝒓𝟐
≥ 𝟐𝟔 ⋅ 𝟑𝟔 ⋅ 𝒓𝟔; (𝟓) 

𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔; (𝟔) 

From (5) and (6) we must show: 

𝟐𝟒 ⋅ 𝒔𝟐𝑹𝟐𝒓𝟐 ⋅
𝒔𝟐

𝒓𝟐
≥ 𝟐𝟔 ⋅ 𝟑𝟔 ⋅ 𝒓𝟔 ⇔ 𝒔𝟒𝑹𝟐 ≥ 𝟐𝟐 ⋅ 𝟑𝟔𝒓𝟔 𝐭𝐫𝐮𝐞 𝐛𝐚𝐜𝐚𝐮𝐬𝐞 

𝑹𝟐 ≥ 𝟐𝟐𝒓𝟐 and 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐 ⇒ 𝒔𝟒 ≥ 𝟑𝟔𝒓𝟒 

Solution 2 by Avishek Mitra-West Bengal-India 

In acute 𝚫𝑨𝑩𝑪: 𝐭𝐚𝐧(𝑨 + 𝑩) = 𝐭𝐚𝐧(𝝅 − 𝑪) ⇒
𝐭𝐚𝐧 𝑨+𝐭𝐚𝐧𝑩

𝟏−𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩
= −𝐭𝐚𝐧 𝑪 
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𝐭𝐚𝐧 𝑨 + 𝐭𝐚𝐧𝑩 = −𝐭𝐚𝐧 𝑪 +∏𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

 

∑𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

=∏𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

=
𝒍𝒆𝒕
𝒙 

𝟏

𝟑
∑𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√∏𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

𝟑 ⇒
𝟏

𝟑
∏𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

≥ √∏𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

𝟑  

𝒙

𝟑
≥ √𝒙

𝟑 ⇒
𝒙𝟑

𝟐𝟕
≥ 𝒙 ⇒ 𝒙𝟐 ≥ 𝟐𝟕 ⇒ 𝒙 ≥ 𝟑√𝟑 ⇔∏𝐭𝐚𝐧𝑨

𝒄𝒚𝒄

≥ 𝟑√𝟑 

∑
𝒃𝒄

𝐜𝐨𝐭𝑩 𝐜𝐨𝐭𝑪
𝒄𝒚𝒄

=∑𝒃𝒄 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√∏𝒂𝟐

𝒄𝒚𝒄

⋅∏𝐭𝐚𝐧𝟐 𝑨

𝒄𝒚𝒄

𝟑 ≥ 

≥ 𝟑√𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐 ⋅ (𝟑√𝟑)
𝟐𝟑

≥
𝑬𝒖𝒍𝒆𝒓

𝟑√𝟏𝟔 ⋅ 𝟐𝟕 ⋅ (𝟐𝒓)𝟐𝒓𝟐(𝟑√𝟑𝒓)
𝟐𝟑

= 𝟏𝟎𝟖𝒓𝟐 

Solution 3 by Tapas Das-India 

𝐜𝐨𝐭(𝑨 + 𝑩) = 𝐜𝐨𝐭(𝝅 − 𝑪) 

𝐜𝐨𝐭 𝑨 𝐜𝐨𝐭 𝑩 − 𝟏

𝐜𝐨𝐭 𝑨 + 𝐜𝐨𝐭𝑩
= −𝐜𝐨𝐭 𝑪 ⇒ 𝐜𝐨𝐭 𝑨 𝐜𝐨𝐭𝑩 − 𝟏 = −𝐜𝐨𝐭𝑩 𝐜𝐨𝐭 𝑪 + 𝐜𝐨𝐭𝑪 𝐜𝐨𝐭 𝑨 

𝐜𝐨𝐭 𝑨 𝐜𝐨𝐭 𝑩 + 𝐜𝐨𝐭𝑩 𝐜𝐨𝐭 𝑪 + 𝐜𝐨𝐭 𝑪 𝐜𝐨𝐭 𝑨 = 𝟏 

∑
𝒃𝒄

𝐜𝐨𝐭𝑩 𝐜𝐨𝐭 𝑪
𝒄𝒚𝒄

=∑
(√𝒃𝒄)

𝟐

𝐜𝐨𝐭𝑩 𝐜𝐨𝐭 𝑪
𝒄𝒚𝒄

≥
(∑√𝒃𝒄)

𝟐

∑𝐜𝐨𝐭𝑩𝐜𝐨𝐭 𝑪
= (∑√𝒃𝒄

𝒄𝒚𝒄

)

𝟐

≥ [𝟑√∏√𝒃𝒄

𝒄𝒚𝒄

𝟑 ]

𝟐

= 

= 𝟗√(𝒂𝒃𝒄)𝟐
𝟑

= 𝟗√(𝟒𝑹𝑭)𝟐
𝟑

≥ 𝟗√(𝟒 ⋅ 𝟐𝒓 ⋅ 𝒓𝒔)𝟐
𝟑

≥ 𝟗√(𝟒 ⋅ 𝟐𝒓 ⋅ 𝒓𝟑√𝟑𝒓)
𝟐𝟑

= 𝟏𝟎𝟖𝒓𝟐 

583. Let 𝑨𝑩𝑪 is not acute triangle.  Prove that :  

 𝑨𝟐 + 𝑩𝟐 + 𝑪𝟐 ≥
𝟑𝝅𝟐

𝟖
 

Proposed by Phan Ngoc Chau-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑪 = 𝒎𝒂𝒙{𝑨,𝑩, 𝑪}.  𝑺𝒊𝒏𝒄𝒆 𝑨𝑩𝑪 𝒊𝒔 𝒏𝒐𝒕 𝒂𝒄𝒖𝒕𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒆 𝒉𝒂𝒗𝒆  𝑪 ≥
𝝅

𝟐
. 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝑨𝟐 +𝑩𝟐 ≥
(𝑨 + 𝑩)𝟐

𝟐
=
(𝝅 − 𝑪)𝟐

𝟐
=
𝑪𝟐

𝟐
− 𝝅𝑪 +

𝝅𝟐

𝟐
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𝑻𝒉𝒆𝒏 ∶  𝑨𝟐 + 𝑩𝟐 + 𝑪𝟐 ≥
𝟑𝑪𝟐

𝟐
− 𝝅𝑪 +

𝝅𝟐

𝟐
= (𝑪 −

𝝅

𝟐
) (
𝟑𝑪

𝟐
−
𝝅

𝟒
) +

𝟑𝝅𝟐

𝟖
 ≥⏞

𝑪 ≥ 
𝝅
𝟐

 
𝟑𝝅𝟐

𝟖
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝑨,𝑩, 𝑪) = (
𝝅

𝟒
,
𝝅

𝟒
,
𝝅

𝟐
)  𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐀 𝐢𝐬 𝐧𝐨𝐧− 𝒂𝐜𝐮𝐭𝐞 ∴
𝛑

𝟐
≤ 𝐀 < 𝜋 ⇒ 0 ≤ 𝐀−

𝛑

𝟐
<
𝛑

𝟐
 𝒂𝐧𝐝 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐗

= 𝐀 −
𝛑

𝟐
,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 𝐀 = 𝐗 +

𝛑

𝟐
 𝐰𝐢𝐭𝐡 𝟎 ≤ 𝐗 <

𝛑

𝟐
 

∴ 𝐀𝟐 +𝐁𝟐 + 𝐂𝟐 = (𝐗 +
𝛑

𝟐
)
𝟐

+ 𝐁𝟐 + 𝐂𝟐 ≥ (𝐗 +
𝛑

𝟐
)
𝟐

+
𝟏

𝟐
(𝐁 + 𝐂)𝟐 = (𝐗 +

𝛑

𝟐
)
𝟐

+
𝟏

𝟐
(𝐀 − 𝛑)𝟐

= (𝐗 +
𝛑

𝟐
)
𝟐

+
𝟏

𝟐
(𝐀 −

𝛑

𝟐
−
𝛑

𝟐
)
𝟐

= (𝐗 +
𝛑

𝟐
)
𝟐

+
𝟏

𝟐
(𝐗 −

𝛑

𝟐
)
𝟐

 

∴ 𝐀𝟐 +𝐁𝟐 + 𝐂𝟐 ≥ (𝐗 +
𝛑

𝟐
)
𝟐

+
𝟏

𝟐
(𝐗 −

𝛑

𝟐
)
𝟐

= 𝐟(𝐗) (𝐬𝒂𝐲) ∀ 𝐗 ∈ [𝟎,
𝛑

𝟐
)  𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′(𝐗) =

𝟔𝐗 + 𝛑

𝟐

> 0 ⇒ 𝐟(𝐗) 𝐢𝐬 ↑ 𝐨𝐧 [𝟎,
𝛑

𝟐
) ∴ 𝐟(𝐗) ≥ 𝐟(𝟎) = (𝟎 +

𝛑

𝟐
)
𝟐

+
𝟏

𝟐
(𝟎 −

𝛑

𝟐
)
𝟐

=
𝟑𝛑𝟐

𝟖
 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝐗 = 𝟎 ⇔ 𝐀−
𝛑

𝟐
= 𝟎 ⇔ 𝐀 =

𝛑

𝟐
 𝒂𝐧𝐝 𝐜𝐨𝐧𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝐥𝐲 𝐁 = 𝐂 =

𝛑

𝟒
∴ 𝐢𝐧 𝒂𝐧𝐲 𝐧𝐨𝐧 − 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂,𝐀𝟐 +𝐁𝟐 + 𝐂𝟐

≥
𝟑𝛑𝟐

𝟖
 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 (𝐀 =

𝛑

𝟐
, 𝐁 = 𝐂 =

𝛑

𝟒
) 

𝒂𝐧𝐝 𝐜𝐲𝐜𝐥𝐢𝐜 𝐩𝐞𝐫𝐦𝐮𝐭𝒂𝐭𝐢𝐨𝐧𝐬 (𝐐𝐄𝐃) 

Solution 3 by Ravi Prakash-New Delhi-India 

Let 𝑪 =
𝝅

𝟐
+ 𝟐𝒙, 𝟎 ≤ 𝒙 <

𝝅

𝟒
⇒ 𝑨+ 𝑩 =

𝝅

𝟐
− 𝟐𝒙. Let 𝑨 =

𝝅

𝟒
− 𝒙 + 𝒚 and 𝑩 =

𝝅

𝟒
− 𝒙 − 𝒚, 

where 

−
𝝅

𝟒
+ 𝒙 < 𝑦 <

𝝅

𝟒
− 𝒙 

Now, 

𝑨𝟐 +𝑩𝟐 + 𝑪𝟐 = (
𝝅

𝟒
− 𝒙 + 𝒚)

𝟐

+ (
𝝅

𝟒
− 𝒙 − 𝒚)

𝟐𝟐

+ (
𝝅

𝟐
+ 𝟐𝒙)

𝟐

= 

= 𝟐(
𝝅

𝟒
− 𝒙)

𝟐

+ 𝟐𝒚𝟐 + (
𝝅

𝟐
+ 𝟐𝒙)

𝟐

= 

= 𝟐(
𝝅𝟐

𝟏𝟔
−
𝝅

𝟐
𝒙 + 𝒙𝟐) + 𝟐𝒚𝟐 +

𝝅𝟐

𝟒
+ 𝟒𝒙𝟐 + 𝟐𝝅𝒙 = 

=
𝟑𝝅𝟐

𝟖
+ 𝟔𝒙𝟐 + 𝟐𝒚𝟐 + 𝝅𝒙 ≥

𝟑𝝅𝟐

𝟖
; (∵ 𝒙 ≥ 𝟎) 

Equality holds when 𝒙 = 𝟎, 𝒚 = 𝟎 ⇔ 𝑨 = 𝑩 =
𝝅

𝟒
, 𝑪 =

𝝅

𝟐
.  
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584. In ∆𝑨𝑩𝑪 the following relationship holds: 

  
𝒂𝟒

𝒃𝟐 + 𝒄𝟐
+

𝒃𝟒

𝒄𝟐 + 𝒂𝟐
+

𝒄𝟒

𝒂𝟐 + 𝒃𝟐
+
𝑹𝟒 − 𝟏𝟔𝒓𝟒

𝒓𝟐
≥

𝒂𝟑

𝒃 + 𝒄
+

𝒃𝟑

𝒄 + 𝒂
+

𝒄𝟑

𝒂 + 𝒃
 

 Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝑹 ≥ 𝟐𝒓  𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝑹𝟒 − 𝟏𝟔𝒓𝟒 ≥ 𝟎  𝒔𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 
𝒂𝟒

𝒃𝟐 + 𝒄𝟐
+

𝒃𝟒

𝒄𝟐 + 𝒂𝟐
+

𝒄𝟒

𝒂𝟐 + 𝒃𝟐
≥

𝒂𝟑

𝒃 + 𝒄
+

𝒃𝟑

𝒄 + 𝒂
+

𝒄𝟑

𝒂+ 𝒃
 

⇔ (
𝒂𝟒

𝒃𝟐 + 𝒄𝟐
−

𝒂𝟑

𝒃 + 𝒄
) + (

𝒃𝟒

𝒄𝟐 + 𝒂𝟐
−

𝒃𝟑

𝒄 + 𝒂
) + (

𝒄𝟒

𝒂𝟐 + 𝒃𝟐
−

𝒄𝟑

𝒂 + 𝒃
) ≥ 𝟎 

⇔
𝒂𝟑𝒃(𝒂 − 𝒃) − 𝒄𝒂𝟑(𝒄 − 𝒂)

(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)
+
𝒃𝟑𝒄(𝒃 − 𝒄) − 𝒂𝒃𝟑(𝒂 − 𝒃)

(𝒄𝟐 + 𝒂𝟐)(𝒄 + 𝒂)
+
𝒄𝟑𝒂(𝒄 − 𝒂) − 𝒃𝒄𝟑(𝒃 − 𝒄)

(𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)
≥ 𝟎 

⇔ 𝒂𝒃(𝒂− 𝒃)(
𝒂𝟐

(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)
−

𝒃𝟐

(𝒄𝟐 + 𝒂𝟐)(𝒄 + 𝒂)
)

+ 𝒃𝒄(𝒃 − 𝒄) (
𝒃𝟐

(𝒄𝟐 + 𝒂𝟐)(𝒄 + 𝒂)
−

𝒄𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)
) + 

+𝒄𝒂(𝒄 − 𝒂)(
𝒄𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)
−

𝒂𝟐

(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)
) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝒂 − 𝒃 𝒂𝒏𝒅 
𝒂𝟐

(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)

−
𝒃𝟐

(𝒄𝟐 + 𝒂𝟐)(𝒄 + 𝒂)
 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

(∴ 𝒂 ≥ 𝒃 ⇔
𝒂𝟐

(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)
≥

𝒃𝟐

(𝒄𝟐 + 𝒂𝟐)(𝒄 + 𝒂)
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)). 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝒂𝟒

𝐛𝟐 + 𝐜𝟐
+

𝐛𝟒

𝐜𝟐 + 𝒂𝟐
+

𝐜𝟒

𝒂𝟐 + 𝐛𝟐
=∑

𝒂𝟔

𝒂𝟐𝐛𝟐 + 𝒂𝟐𝐜𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝟑𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

=
𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)

𝟐

𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐)
∴ ∑

𝒂𝟒

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
(∗) 𝟐𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟐

(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐
 

𝒂𝟑

𝐛 + 𝐜
+

𝐛𝟑

𝐜 + 𝒂
+

𝐜𝟑

𝒂 + 𝐛
=∑

∑ 𝒂𝟑𝐜𝐲𝐜 − (𝐛𝟑 + 𝐜𝟑)

𝐛 + 𝐜
𝐜𝐲𝐜

=∑𝒂𝟑

𝐜𝐲𝐜

.∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

−∑
(𝐛 + 𝐜)(𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐)

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐).
∑ ((𝐜 + 𝒂)(𝒂 + 𝐛))𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
+∑𝒂𝐛

𝐜𝐲𝐜

− 𝟐∑𝒂𝟐

𝐜𝐲𝐜
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=
𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
. ((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

)+∑𝒂𝐛

𝐜𝐲𝐜

)+ 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 − 𝟒(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)

=
𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
. (𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − (𝟑𝐬𝟐 − 𝟐𝟎𝐑𝐫 − 𝟓𝐫𝟐) 

=
(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − (𝟑𝐬𝟐 − 𝟐𝟎𝐑𝐫 − 𝟓𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐

⇒∑
𝒂𝟑

𝐛 + 𝐜
𝐜𝐲𝐜

=
(∗∗) 𝟐(𝐬

𝟒 − (𝟔𝐑𝐫 + 𝟔𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟖𝐑𝟐 + 𝟔𝐑𝐫+ 𝐫𝟐))

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
∴ (∗), (∗∗)

⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

∑
𝒂𝟒

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥∑
𝒂𝟑

𝐛 + 𝐜
𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟐𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)

𝟐

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐

≥
𝟐(𝐬𝟒 − (𝟔𝐑𝐫 + 𝟔𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟖𝐑𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐))

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
 

⇔ 𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)
𝟐

≥ ((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐)(𝐬𝟒 − (𝟔𝐑𝐫 + 𝟔𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟖𝐑𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)) 

⇔ (𝟒𝐑− 𝐫)𝐬𝟔 − (𝟔𝟎𝐑𝟐 + 𝟑𝟖𝐑𝐫 − 𝟏𝟑𝐫𝟐)𝐫𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟐𝟑𝟐𝐑𝟑 + 𝟐𝟖𝟒𝐑𝟐𝐫 + 𝟏𝟎𝟒𝐑𝐫𝟐 + 𝟏𝟑𝐫𝟑)

− 𝐫𝟑(𝟏𝟐𝟖𝐑𝟒 + 𝟏𝟔𝟎𝐑𝟑𝐫 + 𝟕𝟐𝐑𝟐𝐫𝟐 + 𝟏𝟒𝐑𝐫𝟑 + 𝐫𝟒) ≥
(⦁)

𝟎 𝒂𝐧𝐝  

∵ (𝟒𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨𝐩𝐫𝐨𝐯𝐞 (⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟒𝐑− 𝐫)𝐬𝟔 − (𝟔𝟎𝐑𝟐 + 𝟑𝟖𝐑𝐫 − 𝟏𝟑𝐫𝟐)𝐫𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟐𝟑𝟐𝐑𝟑 + 𝟐𝟖𝟒𝐑𝟐𝐫 + 𝟏𝟎𝟒𝐑𝐫𝟐 + 𝟏𝟑𝐫𝟑)

− 𝐫𝟑(𝟏𝟐𝟖𝐑𝟒 + 𝟏𝟔𝟎𝐑𝟑𝐫 + 𝟕𝟐𝐑𝟐𝐫𝟐 + 𝟏𝟒𝐑𝐫𝟑 + 𝐫𝟒)

≥ (𝟒𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟏𝟑𝟐𝐑𝟐 − 𝟏𝟒𝟔𝐑𝐫 + 𝟐𝟖𝐫𝟐)𝐬𝟒 − 𝐫𝐬𝟐(𝟐𝟖𝟒𝟎𝐑𝟑 − 𝟐𝟗𝟕𝟐𝐑𝟐𝐫 + 𝟔𝟕𝟔𝐑𝐫𝟐 − 𝟖𝟖𝐫𝟑)

+ 𝐫𝟐(𝟏𝟔𝟐𝟓𝟔𝐑𝟒 − 𝟏𝟗𝟔𝟏𝟔𝐑𝟑𝐫 + 𝟖𝟓𝟔𝟖𝐑𝟐𝐫𝟐 − 𝟏𝟕𝟏𝟒𝐑𝐫𝟑 + 𝟏𝟐𝟒𝐫𝟒) ≥
(⦁⦁)

𝟎 𝒂𝐧𝐝 

∵ (𝟏𝟑𝟐𝐑𝟐 − 𝟏𝟒𝟔𝐑𝐫 + 𝟐𝟖𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

= (𝟓𝟗𝐑𝟐 + 𝟕𝟑𝐑(𝐑− 𝟐𝐫) + 𝟐𝟖𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐄𝐮𝐥𝐞𝐫 + 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶  
(𝟏𝟑𝟐𝐑𝟐 − 𝟏𝟒𝟔𝐑𝐫 + 𝟐𝟖𝐫𝟐)𝐬𝟒 − 𝐫𝐬𝟐(𝟐𝟖𝟒𝟎𝐑𝟑 − 𝟐𝟗𝟕𝟐𝐑𝟐𝐫 + 𝟔𝟕𝟔𝐑𝐫𝟐 − 𝟖𝟖𝐫𝟑)

+ 𝐫𝟐(𝟏𝟔𝟐𝟓𝟔𝐑𝟒 − 𝟏𝟗𝟔𝟏𝟔𝐑𝟑𝐫 + 𝟖𝟓𝟔𝟖𝐑𝟐𝐫𝟐 − 𝟏𝟕𝟏𝟒𝐑𝐫𝟑 + 𝟏𝟐𝟒𝐫𝟒) 

≥ (𝟏𝟑𝟐𝐑𝟐 − 𝟏𝟒𝟔𝐑𝐫 + 𝟐𝟖𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

⇔ (𝟏𝟑𝟖𝟒𝐑𝟑 − 𝟑𝟎𝟐𝟎𝐑𝟐𝐫 + 𝟏𝟔𝟖𝟎𝐑𝐫𝟐 − 𝟏𝟗𝟐𝐫𝟑)𝐬𝟐 ≥
(⦁⦁⦁)

𝐫(𝟏𝟕𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟖𝟖𝟎𝐑𝟑𝐫

+ 𝟐𝟓𝟐𝟔𝟎𝐑𝟐𝐫𝟐 − 𝟔𝟒𝟏𝟔𝐑𝐫𝟑 + 𝟓𝟕𝟔𝐫𝟒) 

𝐍𝐨𝐰, ∵ 𝟏𝟑𝟖𝟒𝐑𝟑 − 𝟑𝟎𝟐𝟎𝐑𝟐𝐫 + 𝟏𝟔𝟖𝟎𝐑𝐫𝟐 − 𝟏𝟗𝟐𝐫𝟑

= (𝐑 − 𝟐𝐫)(𝟏𝟐𝟓𝟖𝐑𝟐 + 𝟏𝟐𝟔𝐑(𝐑 − 𝟐𝐫) + 𝟏𝟏𝟕𝟔𝐫𝟐) + 𝟐𝟏𝟔𝟎𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟏𝟔𝟎𝐫𝟑 > 0

∴ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) 
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≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟑𝟖𝟒𝐑𝟑 − 𝟑𝟎𝟐𝟎𝐑𝟐𝐫 + 𝟏𝟔𝟖𝟎𝐑𝐫𝟐 − 𝟏𝟗𝟐𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟏𝟕𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟖𝟖𝟎𝐑𝟑𝐫

+ 𝟐𝟓𝟐𝟔𝟎𝐑𝟐𝐫𝟐 − 𝟔𝟒𝟏𝟔𝐑𝐫𝟑 + 𝟓𝟕𝟔𝐫𝟒) 

⇔ 𝟓𝟕𝟔𝐭𝟒 − 𝟐𝟎𝟒𝟓𝐭𝟑 + 𝟐𝟎𝟗𝟎𝐭𝟐 − 𝟔𝟑𝟐𝐭 + 𝟒𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟓𝟕𝟔𝐭𝟐 + 𝟐𝟓𝟗𝐭 + 𝟖𝟐𝟐) + 𝟏𝟔𝟐𝟎) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (⦁⦁⦁) ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝒂𝟒

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥∑
𝒂𝟑

𝐛 + 𝐜
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵
𝐑𝟒 − 𝟏𝟔𝐫𝟒

𝐫𝟐
≥

𝐄𝐮𝐥𝐞𝐫
𝟎 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑

𝒂𝟒

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

+
𝐑𝟒 − 𝟏𝟔𝐫𝟒

𝐫𝟐

≥∑
𝒂𝟑

𝐛 + 𝐜
𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

585. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑 ≤∑
𝒎𝒂
𝟐

𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

≤
𝟑𝑹

𝟐𝒓
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Adrian Popa-Romania 

𝒓𝒃𝒓𝒄 =
𝑭

𝒔 − 𝒃
⋅
𝑭

𝒔 − 𝒄
=
𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 𝒔(𝒔 − 𝒂) 

𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂) ⇒ 𝒎𝒂
𝟐 ≥ 𝒔(𝒔 − 𝒂) 

∑
𝒎𝒂
𝟐

𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

≥∑
𝒔(𝒔 − 𝒂)

𝒔(𝒔 − 𝒂)
𝒄𝒚𝒄

= 𝟑 

𝒎𝒂 ≤ 𝟐𝑹𝐜𝐨𝐬𝟐
𝑨

𝟐
= 𝟐𝑹 ⋅

𝒔(𝒔 − 𝒂)

𝒃𝒄
 

𝒎𝒂
𝟐

𝒓𝒃𝒓𝒄
=
𝟒𝑹𝟐𝒔𝟐(𝒔 − 𝒂)𝟐

𝒃𝟐𝒄𝟐𝒔(𝒔 − 𝒂)
= 𝟒𝑹𝟐 ⋅

𝒔(𝒔 − 𝒂)

𝒃𝟐𝒄𝟐
 

∑
𝒎𝒂
𝟐

𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

=∑𝟒𝑹𝟐 ⋅
𝒔(𝒔 − 𝒂)

𝒃𝟐𝒄𝟐
𝒄𝒚𝒄

= 𝟒𝑹𝟐𝒔 ⋅
𝒂𝟐(𝒔 − 𝒂) + 𝒃𝟐(𝒔 − 𝒃) + 𝒄𝟐(𝒔 − 𝒄)

𝒂𝟐𝒃𝟐𝒄𝟐
= 

= 𝟒𝑹𝟔𝟐 𝒔 ⋅
𝒔(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐
= 

= 𝟒𝑹𝟐𝒔 ⋅
𝒔(𝟐𝒔𝟐 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐) − (𝟐𝒔𝟑 − 𝟔𝒔𝒓𝟐 − 𝟏𝟐𝑹𝒓𝒔)

𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐
= 
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=
𝟐𝒔𝟑 − 𝟖𝑹𝒓𝒔 − 𝟐𝒔𝒓𝟐 − 𝟐𝒔𝟑 + 𝟔𝒓𝟐𝒔 + 𝟏𝟐𝒔𝑹𝒓

𝟒𝒓𝟐𝒔
= 

=
𝟒𝒔𝒓𝟐 + 𝟒𝒔𝑹𝒓

𝟒𝒔𝒓𝟐
= 𝟏 +

𝑹

𝒓
≤
(∗) 𝟑𝑹

𝟐𝒓
 

(𝟏) ⇔ 𝟐𝒓 + 𝟐𝑹 ≤ 𝟑𝑹 ⇔ 𝟐𝒓 ≤ 𝒓 (𝑬𝒖𝒍𝒆𝒓). 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

=∑
((𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂)) . 𝟒(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟏𝟔𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝐜𝐲𝐜

=∑
𝟏𝟔𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟏𝟔𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝐜𝐲𝐜

+∑
𝟒(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐛 − 𝐜)𝟐

𝟏𝟔𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝐜𝐲𝐜

= 𝟑 +
𝟏

𝟏𝟔𝐫𝟐𝐬𝟐
.∑((𝒂𝟐 − (𝐛 − 𝐜)𝟐)(𝐛 − 𝐜)𝟐)

𝐜𝐲𝐜

 

= 𝟑 +
𝟏

𝟏𝟔𝐫𝟐𝐬𝟐
. (∑𝒂𝟐(𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

−∑(𝐛 − 𝐜)𝟒

𝐜𝐲𝐜

)

= 𝟑 +
𝟏

𝟖𝐫𝟐𝐬𝟐
. (−(∑𝒂𝟒

𝐜𝐲𝐜

+∑𝟐𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)+ 𝟐∑(𝒂𝟑𝐛+ 𝒂𝐛𝟑)

𝐜𝐲𝐜

− 𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

) 

= 𝟑 +
𝟏

𝟖𝐫𝟐𝐬𝟐
. (−(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟐∑(𝒂𝐛(∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

− 𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

)

= 𝟑 +
𝟏

𝟖𝐫𝟐𝐬𝟐
. (−(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟐(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)− 𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

) 

= 𝟑 +
𝟏

𝟖𝐫𝟐𝐬𝟐
. ((∑𝒂𝟐

𝐜𝐲𝐜

)(𝟐∑𝒂𝐛

𝐜𝐲𝐜

−∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟐𝟒𝐑𝐫𝐬𝟐)

= 𝟑 +
𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)(𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)) − 𝟐𝟒𝐑𝐫𝐬𝟐

𝟖𝐫𝟐𝐬𝟐

= 𝟑 +
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑+ 𝐫) − 𝟑𝐑𝐬𝟐

𝐫𝐬𝟐
 



 
www.ssmrmh.ro 

102 RMM-GEOMETRY MARATHON 501-600 

 

≤
𝟑𝐑

𝟐𝐫
⇔
𝟑(𝐑− 𝟐𝐫)

𝟐𝐫
≥
(𝐑 + 𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐

𝐫𝐬𝟐
⇔ 𝟑(𝐑 − 𝟐𝐫)𝐬𝟐 ≥ 𝟐(𝐑 + 𝐫)𝐬𝟐 − 𝟐𝐫(𝟒𝐑+ 𝐫)𝟐

⇔ (𝐑− 𝟖𝐫)𝐬𝟐 + 𝟐𝐫(𝟒𝐑 + 𝐫)𝟐 ≥
(∗)

𝟎  

𝐂𝒂𝐬𝐞 𝟏  𝐑 − 𝟖𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟐𝐫(𝟒𝐑+ 𝐫)𝟐 > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝐑 − 𝟖𝐫 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗)

= −(𝟖𝐫 − 𝐑)𝐬𝟐 + 𝟐𝐫(𝟒𝐑+ 𝐫)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (𝟖𝐫 − 𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

+ 𝟐𝐫(𝟒𝐑+ 𝐫)𝟐 ≥
?
𝟎 ⇔ 𝟒𝐭𝟑 + 𝟒𝐭𝟐 − 𝟏𝟑𝐭− 𝟐𝟐 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟒𝐭𝟐 + 𝟏𝟐𝐭+ 𝟏𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝐭

= 𝟐, 𝐭𝐡𝒂𝐭 𝐢𝐬, 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, ∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≤
𝟑𝐑

𝟐𝐫
 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍 𝒂𝐧𝐝 

∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≥
𝐋𝒂𝐬𝐜𝐮 + 𝐀−𝐆

∑
𝐬(𝐬 − 𝒂)

𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

= 𝟑 ∴ 𝟑 ≤∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≤
𝟑𝐑

𝟐𝐫
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

586. If 𝒂, 𝒃, 𝒄 are positive integers with 𝒂 =
𝟐𝒃𝒄

𝒃−𝒄
=odd and (𝒂, 𝒃, 𝒄) = 𝟏,  

then  prove that a and 𝒃 + 𝒄 can be the legs of a right angles 

 triangle and 𝒂𝒃𝒄 is perfect square. 

  Proposed by Neculai Stanciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒕 𝒅 = (𝒃, 𝒄) 𝒂𝒏𝒅 𝒃′ , 𝒄′ 𝒃𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓𝒔 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒃 = 𝒅𝒃′𝒂𝒏𝒅 𝒄 = 𝒅𝒄′  

∴ (𝒃′, 𝒄′) = 𝟏. 𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 ∶  𝒂(𝒃′ − 𝒄′) = 𝟐𝒅𝒃′𝒄′ 

𝑾𝒆 𝒉𝒂𝒗𝒆 𝒂 𝒅𝒊𝒗𝒊𝒅𝒆 𝟐𝒅𝒃′𝒄′ 𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 𝒂 𝒊𝒔 𝒐𝒅𝒅 𝒂𝒏𝒅  

(𝒂, 𝒃, 𝒄) = 𝟏 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 (𝒂, 𝟐𝒅) = 𝟏 𝒂𝒏𝒅 𝒘𝒆 𝒄𝒐𝒏𝒄𝒍𝒖𝒅𝒆 𝒕𝒉𝒂𝒕 𝒂 𝒅𝒊𝒗𝒊𝒅𝒆 𝒃′𝒄′. 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒃′  𝒅𝒊𝒗𝒊𝒅𝒆 𝒂(𝒃′ − 𝒄′) 𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 (𝒃′, 𝒄′) = 𝟏 𝒘𝒆 𝒉𝒂𝒗𝒆 (𝒃′, 𝒃′ − 𝒄′) = 𝟏 
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𝒕𝒉𝒆𝒏 𝒃′ 𝒅𝒊𝒗𝒊𝒅𝒆 𝒂.  𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒇𝒊𝒏𝒅 𝒄′ 𝒅𝒊𝒗𝒊𝒅𝒆 𝒂. 

𝑨𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 (𝒃′, 𝒄′) = 𝟏 𝒘𝒆 𝒄𝒐𝒏𝒄𝒍𝒖𝒅𝒆 𝒕𝒉𝒂𝒕 𝒃′𝒄′ 𝒅𝒊𝒗𝒊𝒅𝒆 𝒂.  𝑻𝒉𝒆𝒏 ∶ 

𝒂 = 𝒃′𝒄′ 𝒂𝒏𝒅 𝒃′ − 𝒄′ = 𝟐.𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝒂𝟐 + (𝒃 + 𝒄)𝟐 = (𝒃′𝒄′)𝟐 + (𝒅𝒃′ + 𝒅𝒄′)𝟐 = (𝒃′𝒄′)𝟐 + 𝒅𝟐[(𝒃′ − 𝒄′)𝟐 + 𝟒𝒃′𝒄′] = 

= (𝒃′𝒄′)𝟐 + 𝒅𝟐[(𝟐𝒅)𝟐 + 𝟒𝒃′𝒄′] = (𝒃′𝒄′ + 𝟐𝒅𝟐)𝟐. 

𝑻𝒉𝒆𝒏 𝒂 𝒂𝒏𝒅 𝒃 + 𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒍𝒆𝒈𝒔 𝒐𝒇 𝒂 𝒓𝒊𝒈𝒉𝒕 𝒂𝒏𝒈𝒍𝒆𝒔 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒂𝒃𝒄 = 𝒃′𝒄′. 𝒅𝒃′. 𝒅𝒄′ = (𝒅𝒃′𝒄′)𝟐  𝒕𝒉𝒆𝒏 𝒂𝒃𝒄 𝒊𝒔 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆. 

587.  

 

 

 

 

 

 

 

 

 

𝑺𝑨𝑩𝑪 −regular tetrahedron, 𝑺𝑨 = 𝒂, 𝑮𝟏, 𝑮𝟑 −centroids of 𝚫𝑺𝑩𝑪, 𝚫𝑺𝑨𝑩 

respectively, ∢𝑮𝟏𝑺𝑮𝟑 = 𝜽,𝑮𝟏𝑮𝟑 ∩ 𝑷 = {𝑻}. Prove that: 

(𝒊) 𝐜𝐨𝐬 𝜽 =
𝟓

𝟔
,      (𝒊) 𝑺𝑻 =

𝒂√𝟏𝟏

𝟔
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

𝑺𝑮𝟏 = 𝑺𝑮𝟑 =
𝟐

𝟑
∙
𝒂√𝟑

𝟐
=
𝒂√𝟑

𝟑
 

𝑴𝑵 =
𝒂

𝟐
, 𝑺𝑵 = 𝑺𝑴 =

𝒂√𝟑

𝟐
 

𝒊) 𝑴𝑵𝟐 = 𝑺𝑴𝟐 + 𝑺𝑵𝟐 − 𝟐𝑺𝑵 ∙ 𝑺𝑴 ∙ 𝐜𝐨𝐬𝜽 
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𝒂𝟐

𝟒
=
𝟑𝒂𝟐

𝟒
+
𝟑𝒂𝟐

𝟒
=
𝟔𝒂𝟐

𝟒
𝐜𝐨𝐬 𝜽 ⇒ 𝐜𝐨𝐬𝜽 =

𝟓

𝟔
 

𝒊𝒊) 𝚫𝑺𝑮𝟏𝑮𝟑~𝚫𝑺𝑵𝑴 ⇒ 𝑮𝟏𝑮𝟑 =
𝒂

𝟑
 

𝑮𝟏𝑻 = 𝑮𝟑𝑻 =
𝒂

𝟔
 

𝑺𝑮𝟏
𝟐 = 𝑮𝟏𝑻

𝟐 + 𝑺𝑻𝟐 

𝑺𝑻𝟐 =
𝟑𝒂𝟐

𝟗
−
𝒂𝟐

𝟑𝟔
=
𝟏𝟏𝒂𝟐

𝟑𝟔
,   𝑺𝑻 =

𝒂√𝟏𝟏

𝟔
 

588.  

 

 

 

 

 

 

 

𝑺𝑨𝑩𝑪 −tetrahedron, ∢𝑩𝑺𝑪 = 𝜽𝟏 = 𝟔𝟎°, ∢𝑪𝑺𝑨 = 𝜽𝟐 = 𝟔𝟎°, ∢𝑨𝑺𝑩 = 𝜽𝟑 = 𝟔𝟎°, 

𝑺𝑨 = 𝒂, 𝑺𝑩 = 𝒃, 𝑺𝑪 = 𝒄, 𝑮𝟏, 𝑮𝟑 −centroids of 𝚫𝑺𝑩𝑪,𝚫𝑺𝑨𝑩 respectively,  

∢𝑮𝟏𝑺𝑮𝟑 = 𝜽, (𝑺𝑩𝑫) = 𝑷,𝑷 −is bisector plane of dihedral 

 (𝑺𝑩𝑨 − 𝑺𝑩𝑪),  𝑮𝟏𝑮𝟑 ∩ 𝑷 = {𝑻}. 

(𝑰) 𝐏𝐫𝐨𝐯𝐞: 𝐜𝐨𝐬 𝜽 =
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐𝒃𝟐

𝟐√𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃 + √𝒃𝟐 + 𝒄𝟐 + 𝒃𝒄
                

(𝑰𝑰) 𝐏𝐫𝐨𝐯𝐞: 𝑺𝑻𝟐 =
𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝟑𝒄𝟐𝒂𝟐 + 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)

𝟗(𝒂 + 𝒄)𝟐
 

(𝑰𝑰𝑰) 𝐈𝐟  𝑺𝑻 ⊥ 𝑮𝟏𝑮𝟑 𝐩𝐫𝐨𝐯𝐞: 𝒂 = 𝒄.                                                            

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Plagiogonal 3D system: 𝑺𝑨 ≡ 𝑺𝑿, 𝑺𝑩 ≡ 𝑺𝒚, 𝑺𝑪 ≡ 𝑺𝒛 
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𝑺(𝟎, 𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎), 𝑩(𝟎, 𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝒄), 𝑮𝟏 (𝟎,
𝒃

𝟑
,
𝒄

𝟑
) , 𝑮𝟑 (

𝒂

𝟑
,
𝒃

𝟑
, 𝟎) 

{𝑮𝟏𝑮𝟑 : 
𝒙 −

𝒂
𝟑

𝟎 −
𝒂
𝟑

=
𝒛 − 𝟎
𝒄
𝟑 − 𝟎

,𝑷: 𝒙 = 𝒚} ⇒ 𝑻(
𝒂𝒄

𝟑(𝒂 + 𝒄)
,
𝒃

𝟑
,

𝒂𝒄

𝟑(𝒂 + 𝒄)
) 

𝑺𝑮𝟏⃗⃗ ⃗⃗ ⃗⃗  ⃗ (𝟎,
𝒃

𝟑
,
𝒄

𝟑
) , 𝑺𝑮𝟐⃗⃗ ⃗⃗ ⃗⃗  ⃗ (

𝒂

𝟑
,
𝒃

𝟑
, 𝟎) 

|𝑺𝑮𝟏⃗⃗ ⃗⃗ ⃗⃗  ⃗|
𝟐
= 𝟎𝟐 + (

𝒃

𝟑
)
𝟐

+ (
𝒄

𝟑
)
𝟐

+
𝒃𝒄

𝟗
=
𝒃𝟐 + 𝒄𝟐 + 𝒃𝒄

𝟗
 

|𝑺𝑮𝟐⃗⃗ ⃗⃗ ⃗⃗  ⃗|
𝟐
=
𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃

𝟗
 

𝑺𝑮𝟏⃗⃗ ⃗⃗ ⃗⃗  ⃗ ⋅ 𝑺𝑮𝟐⃗⃗ ⃗⃗ ⃗⃗  ⃗ =
𝒃𝟐

𝟗
+
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟏𝟖
=
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐𝒃𝟐

𝟏𝟖
 

𝐜𝐨𝐬𝜽 =
𝑺𝑮𝟏⃗⃗ ⃗⃗ ⃗⃗  ⃗ ⋅ 𝑺𝑮𝟐⃗⃗ ⃗⃗ ⃗⃗  ⃗

|𝑺𝑮𝟏⃗⃗ ⃗⃗ ⃗⃗  ⃗| ⋅ |𝑺𝑮𝟐⃗⃗ ⃗⃗ ⃗⃗  ⃗|
=

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐𝒃𝟐

𝟐√𝒂𝟐 + 𝒃𝟔𝟐 + 𝒂𝒃 ⋅ √𝒃𝟐 + 𝒄𝟐 + 𝒃𝒄
 

If 𝒂 = 𝒃 = 𝒄 ⇒ 𝐜𝐨𝐬 𝜽 =
𝟓

𝟔
 

𝑺𝑻𝟐 = 𝒕𝟏𝟔𝟐 + 𝒕𝟐
𝟐 + 𝒕𝟑

𝟐 + 𝒕𝟏𝒕𝟐 + 𝒕𝟐𝒕𝟑 + 𝒕𝟑𝒕𝟏 

𝑺𝑻𝟐 =
𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝟑𝒄𝟐𝒂𝟐 + 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)

𝟗(𝒂 + 𝒄)𝟐
 

If 𝒂 = 𝒃 = 𝒄 ⇒ 𝑺𝑻 =
𝒂√𝟏𝟏

𝟔
 

𝑮𝟏𝑮𝟑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  (
𝒂

𝟑
, 𝟎, −

𝒄

𝟑
) , 𝑮𝟏𝑮𝟑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  (𝒈𝟏, 𝒈𝟐, 𝒈𝟑), 𝑺𝑻⃗⃗⃗⃗  ⃗(𝒕𝟏, 𝒕𝟐, 𝒕𝟑) 

𝑺𝑻 ⊥ 𝑮𝟏𝑮𝟑 ⇒ 𝑺𝑻⃗⃗⃗⃗  ⃗ ⋅ 𝑮𝟏𝑮𝟑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝟎 

⇒ 𝒈𝟏𝒕𝟏 + 𝒈𝟐𝒕𝟐 +𝒈𝟑𝒕𝟑 + (𝒈𝟐𝒕𝟑 +𝒈𝟑𝒕𝟐) (
𝟏

𝟐
) + (𝒈𝟑𝒕𝟏 +𝒈𝟏𝒕𝟑) (

𝟏

𝟐
)+ (𝒈𝟏𝒕𝟐 +𝒈𝟐𝒕𝟏) (

𝟏

𝟐
) = 𝟎 

(𝒂 − 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝟑𝒂𝒄)

𝟏𝟖(𝒂 + 𝒄)
= 𝟎 ⇒ 𝒂 − 𝒄 = 𝟎 ⇒ 𝒂 = 𝒄. 

589. If 𝒕 > 0 and 𝒙, 𝒚, 𝒛 ∈ (𝟎, 𝒕) then in ∆𝑨𝑩𝑪 holds: 

  
𝒂𝟐

(𝒕𝟐 − 𝒙𝟐)(𝒚 + 𝒛)
+

𝒃𝟐

(𝒕𝟐 − 𝒚𝟐)(𝒛 + 𝒙)
+

𝒄𝟐

(𝒕𝟐 − 𝒛𝟐)(𝒛 + 𝒙)
≥
𝟗

𝒕𝟑
⋅ 𝑭 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟐𝒙𝟐(𝒕𝟐 − 𝒙𝟐)𝟐 ≤ (
𝟐𝒙𝟐 + (𝒕𝟐 − 𝒙𝟐) + (𝒕𝟐 − 𝒙𝟐)

𝟑
)

𝟑

=
𝟖𝒕𝟔

𝟐𝟕
  𝒕𝒉𝒆𝒏 ∶  𝒕𝟐 − 𝒙𝟐 ≤

𝟐𝒕𝟑

𝟑√𝟑. 𝒙
 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒕𝟐 − 𝒚𝟐 ≤
𝟐𝒕𝟑

𝟑√𝟑. 𝒚
  &  𝒕𝟐 − 𝒛𝟐 ≤

𝟐𝒕𝟑

𝟑√𝟑. 𝒛
 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒂𝟐

(𝒕𝟐 − 𝒙𝟐)(𝒚 + 𝒛)
+

𝒃𝟐

(𝒕𝟐 − 𝒚𝟐)(𝒛 + 𝒙)
+

𝒄𝟐

(𝒕𝟐 − 𝒛𝟐)(𝒛 + 𝒙)
≥ 

𝟑√𝟑. 𝒙𝒂𝟐

𝟐𝒕𝟑(𝒚 + 𝒛)
+
𝟑√𝟑. 𝒚𝒃𝟐

𝟐𝒕𝟑(𝒛 + 𝒙)
+

𝟑√𝟑. 𝒛𝒄𝟐

𝟐𝒕𝟑(𝒛 + 𝒙)
=
𝟑√𝟑

𝟐𝒕𝟑
(
𝒙

𝒚 + 𝒛
. 𝒂𝟐 +

𝒚

𝒛 + 𝒙
. 𝒃𝟐 +

𝒛

𝒛 + 𝒙
. 𝒄𝟐). 

𝑩𝒚 𝑻𝒔𝒊𝒏𝒔𝒊𝒇𝒂𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶    
𝒙

𝒚 + 𝒛
. 𝒂𝟐 +

𝒚

𝒛 + 𝒙
. 𝒃𝟐 +

𝒛

𝒛 + 𝒙
. 𝒄𝟐 ≥ 𝟐√𝟑.𝑭 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

  
𝒂𝟐

(𝒕𝟐 − 𝒙𝟐)(𝒚 + 𝒛)
+

𝒃𝟐

(𝒕𝟐 − 𝒚𝟐)(𝒛 + 𝒙)
+

𝒄𝟐

(𝒕𝟐 − 𝒛𝟐)(𝒛 + 𝒙)
≥
𝟑√𝟑

𝟐𝒕𝟑
. 𝟐√𝟑. 𝑭 =

𝟗

𝒕𝟑
. 𝑭. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 𝒂𝒏𝒅 𝒙 = 𝒚 = 𝒛 =
√𝟑𝒕

𝟑
 

 

590.  

𝑨𝑩 = 𝒃, 𝑨𝑪 = 𝒄, [𝑨𝑩𝑪𝑫] −area of 𝑨𝑩𝑪𝑫. Find [𝑨𝑩𝑪𝑫] = 𝒇(𝒃, 𝒄, 𝜽). 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by Jose Ferreira Queiroz-Olinda-Brazil 

  

∢𝑩𝑨𝑫 = ∢𝑫𝑩𝑨 ⇒ 𝑨𝑫 = 𝑩𝑫 

∢𝑪𝑨𝑬 = ∢𝑨𝑪𝑬 ⇒ 𝑨𝑬 = 𝑪𝑬 

Using Law of sines in the 𝚫𝑨𝑪𝑬 and 𝚫𝑨𝑩𝑫, we have 

𝑨𝑬 = 𝑪𝑬 =
𝒄

𝟐 𝐜𝐨𝐬 𝜽
 and 𝑨𝑫 = 𝑩𝑫 =

𝒃

𝟐 𝐜𝐨𝐬 𝜽
 

Now, 𝑩𝑷 = 𝒙 and 𝑪𝑷 = 𝒚, then 𝑫𝑷 =
𝒃

𝟐 𝐜𝐨𝐬 𝜽
− 𝒙 and 𝑬𝑷 =

𝒄

𝟐 𝐜𝐨𝐬 𝜽
− 𝒚 

Using Law of sines in the 𝚫𝑫𝑷𝑪 and 𝚫𝑷𝑬𝑩, we have: 

𝒃
𝟐𝐜𝐨𝐬 𝜽

− 𝒙

𝐬𝐢𝐧 𝜽
=

𝒚

𝐬𝐢𝐧 𝟐𝜽
⇒ 𝒚 = 𝒃 − 𝟐𝒙𝐜𝐨𝐬𝜽 

𝒄
𝟐 𝐜𝐨𝐬 𝜽

− 𝒚

𝐬𝐢𝐧𝜽
=

𝒙

𝐬𝐢𝐧𝟐𝜽
⇒ 𝒙 = 𝒄 − 𝟐𝒚𝐜𝐨𝐬𝜽 

Hence, 

𝒙 =
𝒄 − 𝟐𝒃 𝐜𝐨𝐬𝜽

𝟏 − 𝟒 𝐜𝐨𝐬𝟐 𝜽
, 𝒚 =

𝒃 − 𝟐𝒄 𝐜𝐨𝐬𝜽

𝟏 − 𝟒𝐜𝐨𝐬𝟐 𝜽
 

[𝑨𝑩𝑷𝑫] = [𝑫𝑩𝑪] − [𝑩𝑷𝑪] 

[𝑨𝑩𝑷𝑫] =
𝟏

𝟐
𝒃𝒄 𝐬𝐢𝐧𝜽 −

𝟏

𝟐
𝒙𝒚 𝐬𝐢𝐧𝟑𝜽 

[𝑨𝑩𝑷𝑫] =
𝟏

𝟐
𝒃𝒄 𝐬𝐢𝐧𝜽 −

𝟏

𝟐
⋅
(𝒄 − 𝟐𝒃𝒄 𝐜𝐨𝐬𝜽)(𝒃 − 𝟐𝒄 𝐜𝐨𝐬𝜽)

(𝟏 − 𝟒𝐜𝐨𝐬𝟐 𝜽)𝟐
𝐬𝐢𝐧𝟑𝜽 = 
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=
𝟏

𝟐
𝒃𝒄 𝐬𝐢𝐧𝜽 −

𝟏

𝟐
⋅
(𝒄 − 𝟐𝒃𝐜𝐨𝐬 𝜽)(𝒃 − 𝟐𝒄 𝐜𝐨𝐬𝜽)(𝟑 𝐬𝐢𝐧 𝜽 − 𝟒 𝐬𝐢𝐧𝟑 𝜽)

(𝟏 − 𝟒𝐜𝐨𝐬𝟐 𝜽)𝟐
= 

=
𝟏

𝟐
𝐬𝐢𝐧𝜽 [𝒃𝒄 +

(𝒄 − 𝟐𝒃𝐜𝐨𝐬 𝜽)(𝒃 − 𝟐𝒄 𝐜𝐨𝐬𝜽)

𝟏 − 𝟒 𝐜𝐨𝐬𝟐 𝜽
] = 

= 𝐬𝐢𝐧𝜽 ⋅
𝒃𝒄 − (𝒃𝟐 + 𝒄𝟐) 𝐜𝐨𝐬 𝟐𝜽

𝟏 − 𝟒 𝐜𝐨𝐬𝟐 𝜽
 

591.  

𝑰 −incenter of 𝚫𝑨𝑩𝑪. Prove: 

[𝑨𝑪𝑰]

[𝑨𝑪𝑫𝑬]
=
[𝑷𝑸𝑹𝑺]

[𝑽𝑸𝑾𝑩]
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 
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𝟐𝒔 = 𝒂 + 𝒃 + 𝒄, 𝑭 = [𝑨𝑩𝑪] =
𝟏

𝟐
𝒂𝒄 ⋅ 𝐬𝐢𝐧𝜽 

𝒉𝟏 = (𝒂 + 𝒃) 𝐬𝐢𝐧𝜽 ⇒ [𝑷𝑸𝑹𝑺] =
𝟏

𝟐
(𝒃 + 𝒄)(𝒂 + 𝒃) 𝐬𝐢𝐧 𝜽 

𝒉𝟐 = (𝒂 + 𝒃 + 𝒄) 𝐬𝐢𝐧 𝜽 ⇒ [𝑽𝑸𝑾𝑩] =
𝟏

𝟐
(𝒂 + 𝒃 + 𝒄)𝟐 𝐬𝐢𝐧𝜽 

𝐬𝐢𝐧 (
𝝅

𝟐
−
𝜽

𝟐
) = 𝐜𝐨𝐬

𝜽

𝟐
= √

𝒔(𝒔 − 𝒃)

𝒂𝒄
 

In the 𝚫𝑨𝑰𝑪 we have: 

𝑨𝑰 =
√𝒃𝒄𝒔(𝒔 − 𝒂)

𝒔
; 𝑪𝑰 =

√𝒂𝒃𝒔(𝒔 − 𝒄)

𝒔
 

[𝑨𝑪𝑰] =
𝟏

𝟐
𝑨𝑰 ⋅ 𝑪𝑰 =

𝟏

𝟐
⋅
√𝒃𝒄𝒔(𝒔 − 𝒂)

𝒔
⋅
√𝒂𝒃𝒔(𝒔 − 𝒄)

𝒔
𝐬𝐢𝐧 (

𝝅

𝟐
−
𝜽

𝟐
) 

[𝑨𝑪𝑰] =
𝒃

𝟐𝒔
√𝒂𝒄(𝒔 − 𝒂)(𝒔 − 𝒄) ⋅ √

𝒔(𝒔 − 𝒃)

𝒂𝒄
=
𝒃

𝟐𝒔
⋅ 𝑭 

[𝑨𝑪𝑫𝑬] = [𝑨𝑩𝑪] − [𝑩𝑬𝑫] 

We know that: 

𝑩𝑫 =
𝒂𝒄

𝒃 + 𝒄
,𝑩𝑬 =

𝒂𝒄

𝒃 + 𝒂
 

[𝑨𝑪𝑫𝑬] = 𝑭 −
𝟏

𝟐
𝑩𝑫 ⋅ 𝑩𝑬 ⋅ 𝐬𝐢𝐧𝜽 = 𝑭 −

𝟏

𝟐
⋅
𝒂𝒄

𝒃 + 𝒄
⋅
𝒂𝒄

𝒃 + 𝒂
𝐬𝐢𝐧 𝜽 

[𝑨𝑪𝑫𝑬] = 𝑭 −
𝒂𝒄𝑭

(𝒃 + 𝒄)(𝒃 + 𝒂)
=

𝑭

(𝒃 + 𝒄)(𝒃 + 𝒂)
(𝒃𝟐 + 𝒂𝒃 + 𝒃𝒄) =

𝟐𝒃𝒔𝑭

(𝒃 + 𝒄)(𝒂 + 𝒃)
 

[𝑨𝑪𝑰]

[𝑨𝑪𝑫𝑬]
=

𝒃𝑭
𝟐𝒔
𝟐𝒃𝒔𝑭

(𝒄 + 𝒃)(𝒂 + 𝒃)

=
(𝒃 + 𝒄)(𝒂 + 𝒃)

𝟒𝒔𝟐
 

[𝑷𝑸𝑹𝑺]

[𝑽𝑸𝑾𝑩]
=

𝟏
𝟐
(𝒃 + 𝒄)(𝒂 + 𝒃) 𝐬𝐢𝐧𝜽

𝟏
𝟐
(𝟐𝒔)𝟐 𝐬𝐢𝐧 𝜽

=
(𝒃 + 𝒄)(𝒂 + 𝒃)

𝟒𝒔𝟐
 

592. Let be the triangles 𝑨𝑩𝑪 and 𝑿𝟏𝒀𝟏𝒁𝟏 with sides 𝒂, 𝒃, 𝒄 and 𝒙𝟏, 𝒚𝟏, 𝒛𝟏 

respectively, 
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𝑭 = [𝑨𝑩𝑪], 𝑻𝟏 = [𝑿𝟏𝒀𝟏𝒁𝟏] areas. For 𝑷 ∈ 𝑰𝒏𝒕(𝚫𝑨𝑩𝑪) prove that: 

∑𝒙𝟏 ⋅ 𝑩𝑷 ⋅ 𝑪𝑷

𝒄𝒚𝒄

≥ √
𝟏

𝟐
∑(𝒂 ⋅ 𝑨𝑷)𝟐(𝒚𝟏

𝟐 + 𝒛𝟏
𝟐 − 𝒙𝟏

𝟐)

𝒄𝒚𝒄

− 𝟐𝑻𝟏 ⋅ 𝝎𝟏 

𝝎𝟏 = √(∑𝒂 ⋅ 𝑨𝑷

𝒄𝒚𝒄

)(∑𝒂 ⋅ 𝑨𝑷

𝒄𝒚𝒄

− 𝟐𝒂 ⋅ 𝑨𝑷)(∑𝒂 ⋅ 𝑨𝑷 − 𝟐𝒃 ⋅ 𝑩𝑷

𝒄𝒚𝒄

)(∑𝒂 ⋅ 𝑨𝑷

𝒄𝒚𝒄

− 𝟐𝒄 ⋅ 𝑷𝑪) 

Bogdan Fuștei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 
𝑳𝒆𝒕 𝑨′, 𝑩′, 𝑪′𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒑𝒐𝒊𝒏𝒕𝒔 𝑨,𝑩, 𝑪 𝒃𝒚 𝒎𝒆𝒂𝒏𝒔 𝒐𝒇 𝒂 𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒇 

 𝒄𝒆𝒏𝒕𝒆𝒓 𝑷 𝒂𝒏𝒅 𝒓𝒂𝒅𝒊𝒖𝒔 𝝆 = √𝑨𝑷. 𝑩𝑷.𝑪𝑷. 

 
𝑩𝒚 𝒕𝒉𝒆 𝒅𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒊𝒏𝒗𝒆𝒓𝒔𝒊𝒐𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝑨′𝑷. 𝑨𝑷 = 𝝆𝟐   𝒕𝒉𝒆𝒏 

  𝑨′𝑷 = 𝑩𝑷.𝑪𝑷  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑩𝒚 𝒕𝒉𝒆 𝑳𝒂𝒘 𝒐𝒇 𝑪𝒐𝒔𝒊𝒏𝒆𝒔 𝒊𝒏 ∆𝑩′𝑷𝑪′ 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑩′𝑪′
𝟐
= 𝒂′

 𝟐
= 𝑩′𝑷

𝟐
+𝑪′𝑷

𝟐
− 𝟐𝑩′𝑷.𝑪′𝑷. 𝐜𝐨𝐬𝑩′𝑷𝑪′

̂

= (𝑪𝑷.𝑨𝑷)𝟐 + (𝑨𝑷.𝑩𝑷)𝟐 − 𝟐(𝑪𝑷.𝑨𝑷). (𝑨𝑷.𝑩𝑷). 𝐜𝐨𝐬𝑩′𝑷𝑪′
̂

= 

= 𝑨𝑷𝟐. (𝑩𝑷𝟐 + 𝑪𝑷𝟐 − 𝟐𝑩𝑷.𝑪𝑷. 𝐜𝐨𝐬𝑩𝑷�̂�) = 𝑨𝑷𝟐. 𝒂𝟐.  

 𝑻𝒉𝒆𝒏 ∶   𝒂′ = 𝒂. 𝑨𝑷  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑳𝒆𝒕 𝑭′ 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑨′𝑩′𝑪′.  𝑭𝒓𝒐𝒎 𝑯𝒆𝒓𝒐𝒏′𝒔 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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𝑭′ =
𝟏

𝟒
√(𝒂′ + 𝒃′ + 𝒄′)(−𝒂′ + 𝒃′ + 𝒄′) (𝒂′− 𝒃′ + 𝒄′) (𝒂′ + 𝒃′ − 𝒄′) =

𝝎𝟏

𝟒
. 

𝑵𝒐𝒘 𝒃𝒚 𝑩𝒐𝒕𝒕𝒆𝒎𝒂′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 ∆𝑨′𝑩′𝑪′ 𝒂𝒏𝒅 ∆𝑿𝟏𝒀𝟏𝒁𝟏,  

𝒂𝒏𝒅 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒑𝒐𝒊𝒏𝒕 𝑷 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪), 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒙𝟏. 𝑨
′𝑷 + 𝒚𝟏. 𝑩

′𝑷+ 𝒛𝟏. 𝑪
′𝑷 ≥ √

𝟏

𝟐
∑ 𝒂′𝟐(𝒚𝟏𝟐 + 𝒛𝟏𝟐 − 𝒙𝟏𝟐)

𝒄𝒚𝒄
+ 𝟖𝑭′𝑻𝟏 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝒙𝟏. 𝑩𝑷. 𝑪𝑷 + 𝒚𝟏. 𝑪𝑷. 𝑨𝑷 + 𝒛𝟏. 𝑨𝑷.𝑩𝑷

≥ √
𝟏

𝟐
∑ (𝒂.𝑨𝑷)𝟐(𝒚𝟏𝟐 + 𝒛𝟏𝟐 − 𝒙𝟏𝟐)

𝒄𝒚𝒄
+ 𝟐𝑻𝟏. 𝝎𝟏. 

593.  

 

 

 

 

 

 

 

 

 

𝚫𝑨𝑩𝑪, (𝒄) −circumcircle, 𝑫 ∈ (𝑩�̂�), 𝑪𝑫 ∩ 𝑨𝑩 = {𝑷}, 𝑩𝑫 ∩ 𝑨𝑪 = {𝑸},  

𝑫𝑬 ∥ 𝑨𝑩,𝑫𝑭 ∥ 𝑨𝑪. Prove that: 

𝑨𝑩

𝑨𝑸
−
𝑭𝑩

𝑨𝑬
+
𝑨𝑪

𝑨𝑷
−
𝑬𝑪

𝑨𝑭
= 𝟎 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

Using new criterion for cyclic quadrilateral 𝑵𝑪𝑪𝑸𝟐 (Thanasis Gakopoulos). We have: 

Let 𝜽 = ∢𝑷𝑨𝑸. 
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𝐜𝐨𝐬𝜽 =
𝟏

𝟐
(
𝑭𝑩

𝑫𝑬
+
𝑬𝑪

𝑨𝑭
) ; (𝟏) 

We know that:  𝐜𝐨𝐬𝜽 =
𝟏

𝟐
(
𝑫𝑩

𝑨𝑸
+

𝑨𝑪

𝑨𝑷
) ; (𝟐) 

Then:  
𝑭𝑩

𝑫𝑬
+

𝑬𝑪

𝑨𝑭
=

𝑨𝑩

𝑨𝑸
+

𝑨𝑪

𝑨𝑷
 

Therefore    
𝑨𝑩

𝑨𝑸
−

𝑭𝑩

𝑨𝑬
+

𝑨𝑪

𝑨𝑷
−

𝑬𝑪

𝑨𝑭
= 𝟎 

594.  

If 𝑨𝑩𝑪 is a triangle with 𝝁(�̂�) =
𝝅

𝟐
, 𝝁(�̂�) =

𝝅

𝟔
, 𝑨𝑫 is altitude from 𝑨, 𝑰 

incenter and 𝑻 midpoint of 𝑩𝑰, then prove that 𝑨𝑻 is angle bisector of ∢𝑩𝑨𝑫. 

Proposed by Neculai Stanciu-Romania 
Solution 1 by Adrian Popa-Romania 
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𝑰 −incenter⇒ 𝝁(∢𝑰𝑨𝑬) = 𝟒𝟓°, 𝝁(∢𝑰𝑩𝑨) =
𝑩

𝟐
= 𝟑𝟎° 

Let be {𝑴} = 𝑨𝑫 ∩ 𝑩𝑰 and 𝑻𝟏 ∈ 𝑩𝑰 such that 𝝁(∢𝑻𝟏𝑨𝑴) = 𝟏𝟓°. 

∢𝑴𝑨𝑬 = ∢𝑫𝑨𝑪 = 𝟔𝟎°, ∢𝑰𝑨𝑬 = 𝟒𝟓° ⇒ ∢𝑴𝑨𝑰 = 𝟏𝟓° 

∢𝑩𝑨𝑻𝟏 = 𝟏𝟓° ⇒ in 𝚫𝑨𝑩𝑬(�̂� = 𝟗𝟎°): ∢𝑩𝑬𝑨 = 𝟔𝟎° 

In 𝚫𝑨𝑰𝑬:  ∢𝑨𝑰𝑬 = 𝟕𝟓° ⇒ ∢𝑻𝟏𝑰𝑨 = 𝟏𝟎𝟓° 

Using Law of sines in 𝚫𝑨𝑻𝟏𝑰: 
𝑻𝟏𝑰

𝐬𝐢𝐧𝟑𝟎°
=

𝑨𝑻𝟏

𝐬𝐢𝐧𝟏𝟎𝟓°
 

𝑻𝟏𝑰 =
𝑨𝑻𝟏 ⋅ 𝐬𝐢𝐧 𝟑𝟎°

𝐬𝐢𝐧𝟏𝟎𝟓°
=
𝑨𝑻𝟏 ⋅ 𝐬𝐢𝐧 𝟑𝟎°

𝐬𝐢𝐧𝟏𝟎𝟓°
 

𝐈𝐧 𝚫𝑨𝑩𝑻𝟏:
𝑩𝑻𝟏
𝐬𝐢𝐧𝟏𝟓°

=
𝑨𝑻𝟏

𝐬𝐢𝐧𝟑𝟎°
⇒ 𝑩𝑻𝟏 =

𝑨𝑻𝟏 ⋅ 𝐬𝐢𝐧 𝟏𝟓°

𝐬𝐢𝐧𝟑𝟎°
⇒ 𝑻𝟏𝑰 = 𝑩𝑻𝟏 ⇒ 𝑻 = 𝑻𝟏 

So, 𝑨𝑻 −inner bisector of ∢𝑩𝑨𝑫. 

Solution 2 by Benny Le Van-Ho Chi Minh-Vietnam 

 

𝒂 = 𝑩𝑪 = 𝟐, 𝒃 = 𝑪𝑨 = √𝟑, 𝒄 = 𝑨𝑩 = 𝟏 

Since ∢𝑩𝑨𝑫 = ∢𝑨𝑪𝑩 = 𝟑𝟎°. We shall prove that: 

∢𝑩𝑨𝑻 = 𝟏𝟓°. As 𝑰 is the incenter of 𝚫𝑨𝑩𝑪, we get 

𝒂𝑨𝑰⃗⃗⃗⃗ + 𝒃𝑩𝑰⃗⃗⃗⃗  ⃗ + 𝒄𝑪𝑰⃗⃗⃗⃗ = 𝟎 ⇔ 𝟐(𝒙𝑰, 𝒚𝑰) + √𝟑(𝒙𝑰, 𝒚𝑰 − 𝟏) + (𝒙𝑰 − √𝟑, 𝒚𝑰) = 𝟎 

{
(𝟑 + √𝟑)𝒙𝑰 = √𝟑

(𝟑 + √𝟑)𝒚𝑰 = √𝟑
⇒ 𝒙𝑰 = 𝒚𝑰 =

√𝟑 − 𝟏

𝟐
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𝑻 is midpoint of 𝑩𝑰, then 𝑰 (
√𝟑−𝟏

𝟒
,
√𝟑+𝟏

𝟒
). We obtain: 

𝑨𝑩⃗⃗⃗⃗⃗⃗ = (𝟎, 𝟏) and 𝑨𝑻⃗⃗⃗⃗  ⃗ = (
√𝟑−𝟏

𝟒
;
√𝟑+𝟏

𝟒
) 

|𝑨𝑩⃗⃗⃗⃗⃗⃗ } = 𝟏, |𝑨𝑻⃗⃗⃗⃗  ⃗| =
√𝟐

𝟐
 and 𝑨𝑩⃗⃗⃗⃗⃗⃗ ⋅ 𝑨𝑻⃗⃗⃗⃗  ⃗ =

√𝟑+𝟏

𝟒
 

Therefore:  𝐜𝐨𝐬(𝑩𝑨�̂�) =
𝑨𝑩⃗⃗⃗⃗⃗⃗ ⋅𝑨𝑻⃗⃗ ⃗⃗  ⃗

|𝑨𝑩⃗⃗⃗⃗⃗⃗ |⋅|𝑨𝑻⃗⃗ ⃗⃗  ⃗|
=

√𝟔+√𝟐

𝟒
⇒ ∢𝑩𝑨𝑻 = 𝟏𝟓° 

Therefore, 𝑨𝑻 is the inner bisector of ∢𝑩𝑨𝑫. 

Solution 3 by Geanina Tudose-Romania 

 

In 𝚫𝑩𝑰𝑬: |𝑻, 𝑩𝑪| =
𝑰𝑬

𝟐
=

𝒓

𝟐
; (𝟏) 

𝚫𝑨𝑩𝑫~𝚫𝑪𝑩 ⇒
𝑨𝑩

𝑪𝑩
=
𝑩𝑫

𝑨𝑩
=
𝑨𝑫

𝑪𝑨
=
𝟏

𝟐
, 𝒓𝑨𝑩𝑫 =

𝟏

𝟐
𝒓𝑨𝑩𝑪 =

𝒓

𝟐
; (𝟐) 

Since 𝑻 ∈ 𝑩𝒊𝒔(∢𝑨𝑩𝑫) and from (1),(2) we get 

𝑻 −incenter in 𝚫𝑨𝑩𝑫 ⇒ 𝑨𝑻 is the inner bisector of ∢𝑩𝑨𝑫. 

595.  
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𝚫𝑨𝑩𝑪 equilateral. Prove that: 

𝑷𝑩

𝑷𝑪
= √

𝑷𝑫

𝑷𝑬
=
𝑨𝑬

𝑨𝑫
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

 

𝚫𝑩𝑪𝑫 ≡ 𝚫𝑨𝑩𝑬 ⇒ 𝑨𝑬 = 𝑩𝑫 

𝚫𝑩𝑬𝑪 ≡ 𝚫𝑨𝑫𝑪 ⇒ 𝑨𝑫 = 𝑬𝑪 

𝑩𝑷 = 𝒂, 𝑬𝑷 = 𝒅,𝑫𝑷 = 𝒄, 𝑪𝑷 = 𝒃 

𝑨𝑩 = 𝒍 ⇒ 𝒙 + 𝒚 = 𝒍 

Using Law of sines, we have: 

𝚫𝑩𝑫𝑷: 

𝒂

𝐬𝐢𝐧𝜽
=

𝒙

𝐬𝐢𝐧𝟔𝟎°
=

𝒄

𝐬𝐢𝐧(𝟏𝟐𝟎° − 𝜽)
; (𝟏) 

𝚫𝑪𝑬𝑷: 

𝒃

𝐬𝐢𝐧(𝟏𝟖𝟎° − 𝜽)
=

𝒚

𝐬𝐢𝐧𝟔𝟎°
=

𝒅

𝐬𝐢𝐧(𝜽 − 𝟔𝟎°)
; (𝟐) 

𝐬𝐢𝐧(𝟏𝟖𝟎° − 𝜽) = 𝐬𝐢𝐧 𝜽 ⇒
𝒂

𝒙
=
𝒃

𝒚
⇒
𝒂

𝒃
=
𝒙

𝒚
 

Hence, 

𝑷𝑩

𝑷𝑪
=
𝑨𝑬

𝑨𝑫
 

𝚫𝑨𝑩𝑬:
𝒍

𝐬𝐢𝐧 𝜽
=
𝒂 + 𝒅

𝐬𝐢𝐧𝟔𝟎°
=

𝒙

𝐬𝐢𝐧(𝟏𝟐𝟎° − 𝜽)
; (𝟑) 
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𝚫𝑨𝑪𝑫: 
𝒍

𝐬𝐢𝐧(𝟏𝟖𝟎° − 𝜽)
=

𝒄 + 𝒅

𝐬𝐢𝐧 𝟔𝟎°
=

𝒚

𝐬𝐢𝐧(𝜽 − 𝟔𝟎°)
; (𝟒) 

Using (1) and (4):  

𝒂

𝒄
=
𝒍

𝒙
⇒ 𝒙 =

𝒄𝒍

𝒂
 

Using (2) and (3): 

𝒃

𝒅
=
𝒍

𝒚
⇒ 𝒚 =

𝒅𝒍

𝒃
 

𝒂

𝒃
=
𝒙

𝒚
=

𝒄𝒍
𝒂
𝒅𝒍
𝒃

=
𝒃𝒄𝒍

𝒂𝒅𝒍
⇒
𝒂𝟐

𝒃𝟐
=
𝒄

𝒅
⇒
𝒂

𝒃
= √

𝒄

𝒅
 

Therefore, 

𝑷𝑩

𝑷𝑪
= √

𝑷𝑫

𝑷𝑬
=
𝑨𝑬

𝑨𝑫
 

596. 𝒂, 𝒃, 𝒄, 𝒓, 𝒔, 𝒂′, 𝒃′, 𝒄′, 𝒓′, 𝒔′ −sides, inradii, semiperimeter in ∆𝑨𝑩𝑪 

and ∆𝑨′𝑩′𝑪′. 𝐈𝐟 𝒂′ = √𝒂,   𝒃′ = √𝒃,   𝒄′ = √𝒄  𝐭𝐡𝐞𝐧 ∶   𝒓′ ≥
𝟑𝒓

√𝟔𝒔
.    

Proposed by Mehmet Şahin-Ankara-Turkiye 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑭′ 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑨′𝑩′𝑪′.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟏𝟔𝑭′𝟐 = 𝟐(𝒂′𝟐𝒃′𝟐 + 𝒃′𝟐𝒄′𝟐 + 𝒄′𝟐𝒂′𝟐) − (𝒂′𝟒 + 𝒃′𝟒 + 𝒄′𝟐)

= 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) = 

= 𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) = 𝟒𝒓(𝟒𝑹 + 𝒓)  𝒕𝒉𝒆𝒏 ∶   𝟐𝑭′ = √𝒓(𝟒𝑹+ 𝒓). 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒓′ =
𝟐𝑭′

𝟐𝒔′
=

𝟐𝑭′

𝒂′ + 𝒃′ + 𝒄′
=

√𝒓(𝟒𝑹+ 𝒓)

√𝒂 + √𝒃 + √𝒄
 ≥⏞
𝑬𝒖𝒍𝒆𝒓

 
√𝒓(𝟒. 𝟐𝒓 + 𝒓)

√𝒂 + √𝒃 + √𝒄

=
𝟑𝒓

√𝒂 + √𝒃 + √𝒄
 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  √𝒂 + √𝒃 + √𝒄 ≤ √𝟑(𝒂 + 𝒃 + 𝒄) = √𝟔𝒔. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝒓′ ≥
𝟑𝒓

√𝟔𝒔
. 
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597.  

 

 

Prove that: 

 
𝑨𝑪

𝑰𝑺
−
𝑷𝑸

𝑸𝑰
= 𝟏 

 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

 

𝑨𝑪

𝑰𝑺
=
𝑷𝑸

𝑸𝑰
+ 𝟏 ⇒ 𝑨𝑪 − 𝑰𝑺 =

𝑷𝑰

𝑸𝑰
⇒ 𝑨𝑪 ⋅ 𝑸𝑰 = 𝑷𝑰 ⋅ 𝑰𝑺 

We know that: 

𝑨𝑵

𝑨𝑰
=

𝟐𝒔

𝒃 + 𝒄
, 𝑨𝑰 =

√𝒃𝒄𝒔(𝒔 − 𝒂)

𝒔
, 𝑪𝑰 =

√𝒂𝒃𝒔(𝒔 − 𝒄)

𝒔
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𝑭 =
𝒂𝒃𝒄

𝟒𝑹
, 𝐜𝐨𝐬

𝑩

𝟐
= √

𝒔(𝒔 − 𝒃)

𝒂𝒄
,𝑩𝑵 =

𝒂𝒄

𝒃 + 𝒄
 

𝚫𝑨𝑩𝑵~𝚫𝑨𝑸𝑰:
𝑨𝑵

𝑨𝑰
=
𝑩𝑵

𝑸𝑰
⇒

𝒂𝒄

(𝒃 + 𝒄)𝑸𝑰
=

𝟐𝒔

𝒃 + 𝒄
, 𝑸𝑰 =

𝒂𝒄

𝟐𝒔
 

Now, 𝑷𝑰 ⋅ 𝑰𝑺 = 𝑨𝑪 ⋅ 𝑸𝑰 =
𝒃⋅𝒂𝒄

𝟐𝒔
 

We need to prove that:  𝑷𝑰 ⋅ 𝑰𝑺 =
𝒂𝒃𝒄

𝟐𝒔
 

In 𝚫𝑰𝑴𝑪 we have: 

𝑪𝑴�̂� = �̂�  𝐚𝐧𝐝 𝑴𝑪�̂� =
𝑨

𝟐
+
𝑪

𝟐
=
𝝅 −𝑩

𝟐
=
𝝅

𝟐
−
𝑩

𝟐
 

Using Law of sines: 

𝑰𝑪

𝐬𝐢𝐧𝑩
=

𝑰𝑴

𝐬𝐢𝐧 (
𝝅
𝟐 −

𝑩
𝟐)

⇒

√𝒂𝒃𝒔(𝒔 − 𝒄)
𝒔
𝒃
𝟐𝑹

=
𝑰𝑴

√𝒔(𝒔 − 𝒃)
𝒂𝒄

 

𝑰𝑴 =
𝟐𝑹

𝒃𝒄
√𝒃𝒄(𝒔 − 𝒃)(𝒔 − 𝒄) 

𝑨𝑰 ⋅ 𝑰𝑴 = 𝑷𝑰 ⋅ 𝑰𝑺 

√𝒃𝒄𝒔(𝒔 − 𝒂)

𝒔
⋅
𝟐𝑹

𝒃𝒄
√𝒃𝒄(𝒔 − 𝒃)(𝒔 − 𝒄) = 𝑷𝑰 ⋅ 𝑰𝑺 

𝑷𝑰 ⋅ 𝑰𝑺 =
𝟐𝑹

𝒃𝒄𝒔
√𝒃𝟐𝒄𝟐𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) =

𝟐𝑹

𝒔
⋅ 𝑭 =

𝟐𝑹

𝒔
⋅
𝒂𝒃𝒄

𝟒𝑹
 

𝑷𝑰 ⋅ 𝑰𝑺 =
𝒂𝒃𝒄

𝟐𝒔
 

Therefore, 

𝑨𝑪

𝑰𝑺
−
𝑷𝑸

𝑸𝑰
= 𝟏 

598. In ∆𝑨𝑩𝑪 the following relationship holds: 

  ∑
√𝒃𝟒 + 𝒄𝟒

𝒃𝟐 − 𝝀𝒃𝒄 + 𝒄𝟐𝒄𝒚𝒄
≤
𝟑√𝑹𝟐 − 𝟐𝒓𝟐

(𝟐 − 𝝀)𝒓
,   𝝀 < 𝟐 

 Proposed by Marin Chirciu-Romania 
 



 
www.ssmrmh.ro 

119 RMM-GEOMETRY MARATHON 501-600 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
√𝒃𝟒 + 𝒄𝟒

𝒃𝟐 − 𝝀𝒃𝒄 + 𝒄𝟐
=
√𝒃

𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐

𝒃
𝒄 − 𝝀 +

𝒄
𝒃

=
√(
𝒃
𝒄 +

𝒄
𝒃)

𝟐

− 𝟐

𝒃
𝒄 +

𝒄
𝒃 − 𝝀

. 

𝑩𝒚 𝑩𝒂𝒏𝒅𝒊𝒍𝒂′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒃

𝒄
+
𝒄

𝒃
≤
𝑹

𝒓
 

𝑨𝒏𝒅 𝒃𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒃

𝒄
+
𝒄

𝒃
≥ 𝟐 > 𝝀 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶   
√𝒃𝟒 + 𝒄𝟒

𝒃𝟐 − 𝝀𝒃𝒄 + 𝒄𝟐
≤
√(
𝑹
𝒓)

𝟐

− 𝟐

𝟐 − 𝝀
=
√𝑹𝟐 − 𝟐𝒓𝟐

(𝟐 − 𝝀)𝒓
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
√𝒄𝟒 + 𝒂𝟒

𝒄𝟐 − 𝝀𝒄𝒂 + 𝒂𝟐
≤
√𝑹𝟐 − 𝟐𝒓𝟐

(𝟐 − 𝝀)𝒓
  &  

√𝒂𝟒 + 𝒃𝟒

𝒂𝟐 − 𝝀𝒂𝒃 + 𝒃𝟐
≤
√𝑹𝟐 − 𝟐𝒓𝟐

(𝟐 − 𝝀)𝒓
. 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

 

599. If 𝒙, 𝒚, 𝒛 are the lengths of the three sides of a triangle and 

 𝒙 + 𝒚 + 𝒛 = 𝟏, 

 𝒙 < 𝟐𝒚, 𝒚 < 𝟐𝒛, 𝒛 < 𝟐𝒙. Prove that :   

√
𝒙

𝟐𝒚 − 𝒙
+ √

𝒚

𝟐𝒛 − 𝒚
+ √

𝒛

𝟐𝒙 − 𝒛
≥

𝟏

√𝟑𝒙𝒚𝒛
. 

   Proposed by Hikmat Mammadov-Azerbaijan 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑯ӧ𝒍𝒅𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(√
𝒙

𝟐𝒚 − 𝒙
+√

𝒚

𝟐𝒛 − 𝒚
+√

𝒛

𝟐𝒙 − 𝒛
)

𝟐

[𝒙𝟐(𝟐𝒚 − 𝒙) + 𝒚𝟐(𝟐𝒛 − 𝒚) + 𝒛𝟐(𝟐𝒙 − 𝒛)]

≥ (𝒙 + 𝒚 + 𝒛)𝟑 = 𝟏 

𝑻𝒉𝒆𝒏 ∶   √
𝒙

𝟐𝒚 − 𝒙
+ √

𝒚

𝟐𝒛 − 𝒚
+ √

𝒛

𝟐𝒙 − 𝒛
≥

𝟏

√𝟐(𝒙𝟐𝒚 + 𝒚𝟐𝒛 + 𝒛𝟐𝒙) − (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)
 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶   𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 + 𝟑𝒙𝒚𝒛 ≥ 𝟐(𝒙𝟐𝒚 + 𝒚𝟐𝒛 + 𝒛𝟐𝒙) 
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𝑼𝒔𝒊𝒏𝒈 𝑹𝒂𝒗𝒊′𝒔 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 ∶   𝒙 = 𝒃 + 𝒄,   𝒚 = 𝒄 + 𝒂,   𝒛 = 𝒂 + 𝒃,   𝒂, 𝒃, 𝒄 > 𝟎. 

𝑺𝒐 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ ∑ (𝒂+ 𝒃)𝟑
𝒄𝒚𝒄

+ 𝟑∏ (𝒂 + 𝒃)
𝒄𝒚𝒄

≥ 𝟐∑ (𝒂 + 𝒃)𝟐(𝒃 + 𝒄)
𝒄𝒚𝒄

 

⇔ 𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 ≥ 𝟑𝒂𝒃𝒄  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

600. 𝒂, 𝒃, 𝒄, 𝒓, 𝑹, 𝒂′, 𝒃′, 𝒄′, 𝒓′, 𝑹′ −sides, inradii, circumradii 

in ∆𝑨𝑩𝑪 and ∆𝑨′𝑩′𝑪′. 

𝐈𝐟 𝒂′ = √𝒂,   𝒃′ = √𝒃,   𝒄′ = √𝒄 𝐭𝐡𝐞𝐧 ∶   
𝟕𝟐𝒓′

𝟑

𝑹
≤∑

𝒉𝒂
𝒉𝒂′𝒄𝒚𝒄

≤
𝟗𝑹′

𝟑

𝑹
 

Proposed by Mehmet Şahin-Ankara-Turkiye 
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𝑳𝒆𝒕 𝑭, 𝒔, 𝑭′, 𝒔′𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂, 𝒔𝒆𝒎𝒊𝒑𝒆𝒓𝒊𝒎𝒆𝒕𝒆𝒓 𝒐𝒇 ∆𝑨𝑩𝑪 𝒂𝒏𝒅 ∆𝑨′𝑩′𝑪′.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒉𝒂
𝒉𝒂′

=
𝒃𝒄

𝟐𝑹
.
𝟐𝑹′

𝒃′𝒄′
=
𝑹′

𝑹
.
𝒃𝒄

√𝒃. √𝒄
=
𝑹′

𝑹
. √𝒃𝒄 =

𝑹′

𝑹
. 𝒃′𝒄′  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶  ∑
𝒉𝒂
𝒉𝒂′𝒄𝒚𝒄

=
𝑹′

𝑹
∑ 𝒃′𝒄′

𝒄𝒚𝒄
≤
𝑹′

𝑹
∑ 𝒂′𝟐

𝒄𝒚𝒄
 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 
𝑹′

𝑹
. 𝟗𝑹′𝟐 =

𝟗𝑹′𝟑

𝑹
. 

𝑨𝒏𝒅 ∶  ∑
𝒉𝒂
𝒉𝒂′𝒄𝒚𝒄

=
𝑹′

𝑹
∑ 𝒃′𝒄′

𝒄𝒚𝒄
=
𝑹′(𝒔′𝟐 + 𝟒𝑹′𝒓′ + 𝒓′𝟐)

𝑹
≥ 

≥⏞
𝑬𝒖𝒍𝒆𝒓 & 𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟐𝒓′(𝟐𝟕𝒓′𝟐 + 𝟒.𝟐𝒓′. 𝒓′ + 𝒓′𝟐)

𝑹
=
𝟕𝟐𝒓′𝟑

𝑹
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟕𝟐𝒓′𝟑

𝑹
≤∑

𝒉𝒂
𝒉𝒂′𝒄𝒚𝒄

≤
𝟗𝑹′𝟑

𝑹
. 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


