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501. (@)

OABC —tetrahedron

XAOB = <BOC = 4C0A = 60°

0OA =0C

K,L, M —centroids of AABC,
AOBC,AOAB and AL 1 CM

Find: OK

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
Plagiogonal system: 0A = Ox,0B = 0y,0C = Oz.
Let OB = 3b,0(0,0,0),A(3,0,0),B(0,3b,0),€(0,0,3)
K(1,b,1),L(0,b,1),M(1,b,0),AL(—3,b,1),CM(1,b,—3)
ALLCM=>AL- CM=0=>b>-2b-1=0;b>0=>b=1++3

OK?=12+b*+12+1-b+b-1+1=8+4V3 > 0K =2 /z+\/§.

502. In AABC the following relationship holds:

Zs ma2+mbmc>3 1+4r2
my2+ms2 2 R? J

cyc

Proposed by Marin Chirciu-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By GM — HM inequality we have :

3lmg? + mym, 3 my% + mym, 3
——= [1.1. =
mpy? + m.? my2+m? 1,1, my?+m?

171" mz2 +m,m,
3(m2 +mym,) F°  3(m,?+mym,)

T 2mg2 + (mp +me)? T 2mg2 + 2(mp2 + me2)

3/my2 + mym 3(my %2 + mym
Then : 2 bc> (m, pTM) (And analogs)
mp2 +m2 — 2(my2% +my? + m?)

h Z 3|lmg% + mym, - 3 (mg% + my? + m2) + (mymy, + mym, + mom,)
us, > —.
my2+ms?2 2 my% + my? + m,?
cyc
3 ( mom, + mym, + mcma)

my% + my? + m?

2
2s%r
We have : Zmbmc > Zhbhc =] =
cyc cyc

Lelban
Yom =gy a

3
Z 9R? =
s 7 9R
cyc cyc

h Zs ma2+mbmc>3 _|_27r2 3 1_}_41’2

erefore, mZ+mz2 ~2\ 27RZ )" 2\" " RZ)
cyc 2
503. 2 OABC —tetrahedron

2

—

OA=0B=0C=a
XAOB = 45°,<B0OC = 30°,
<C0A = 60°

AD—aBE—aCF—
=2 =3 =

Find: «(DF,BC) = 6 =?

B

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer

Plagiogonal 3™ system 0A = Ox,0B = 0y,0C = Oz
0(0,0,0),A(a,0,0),B(0,a,0),€(0,0,a)

a 0,2a 3a
b(70.0).£(=5-0).F(0.0.7)

ﬁ( “03“) BC(0,—a, a)
2) )4 ) ) ala
. 3a2 a?> 2 3a2\ V3 a’\1 4+2V2-3V3
. — > 2 ve (22N 2\ 2 2
DF . BC 0+90+4+2+_2+< 4>2 ( 2>2 23,
_.2 a* 9a? an3a 1 742 . a7
|IDF| = —+-— (——)—-—=—=>| Fl|=—o
4 16 2/ 4 2 16 4
2 2(—a)(a)V3 .
|BC]| =a2+a2+%=a2(2—\/§)=>|BC|=a,/2—\/§
DF - BC 5 4-5V2+4V3+6
cos 0 = =

= cos 0 =

|DF| - |BC]| g -3 47

504. In AABC, K —Lemoine’s point. Prove that:

0 = 53.42°

4R+r)(4R+ 1)
3v3

Proposed by Marian Ursarescu-Romania

AK -BC+BK-CA+CK -AB <

Solution by Ertan Yildirim-Turkiye
2bc

T aZ+ b2+ 2
Ya? = 2(s> —r?> — 4Rr); (2)

AK -m,; (LK — Lemoine’s point); (1)

ym, <4R+1;(3)

sV3 < 4R + r (Doucet); (4)

2bc
AK-BC+BK-CA+CK-AB:za

24 p2+c2 e

cyc

5 RMM-GEOMETRY MARATHON 501-600
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3 2abc Z (<"’) 4R+r)(4R+ 1)
" a?+ b2+ c? Ma = 33

cyc

2abc Z (3 2abc (4R + 1) (2 4(R+r)(4R+ 1)
a? + b2 + ¢2 ¢~ az+ b%+c? rr= 3+/3

cyc

2abc <4-(R+r) 2 -4Rr - 3sV3 < 4R 4+T)
=
aZ+b2+c2 - 3y3 2(s—rZ—4Rr) "

Rr - 3S\/§ ((4).Gerretsen) Rr-3(4R+71)
< <R+r
s2 —1r2 —4Rr 16Rr — 512 —r2 — 4RT

12R?>r + 3Rr* < (R +r)(12Rr — 61?)
12R%*r + 3Rr? < 12R?*r — 6Rr? + 12Rr? — 613

61° < 3Rr?* © R > 2r(Euler)

505. Let ADEF be the pedal triangle of incenter in AABC. Prove that:

EF+ FD+ DE
ha hb hc

R
<27 —
2r

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Leta = BC,b = CA,

¢ = AB be the side lengths of AABC and F be the area of AABC.

bc
and AF = ——. By the Law of cosines in AAEF :
c a+b

EF? = AE* + AF* — 2.AE.AF.cos A

_( bc 2+ bc 2_2 bc bc b2+c2—a2_
" \a+c a+b a+c/\a+b)’ 2bc -

bc
We know that : AE =
a+

6 RMM-GEOMETRY MARATHON 501-600
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3 b?c? N b%c? bc[(b — ¢)? + 2bc — a?]
" (a+0)?  (a+b)? (a+b)(a+c)

2 2 2
= b*c* (a -1I- c a -T— b) B (ab-lc-'(:)(acj- c) + (a +‘;)’(’; +¢) -
b%c?(b — c)? bc(b — ¢)? a’bc
- (a+b)2(@+c¢)? (a+b)(a+c) * (a+b)(a+c)
3 a’bc _ bc(b — ¢)?[(a + b)(a + ¢) — bc] 3
" (a+b)(a+c) (a + b)2(a + c)? -

3 a’bc 2sabc(b — c)? - a’bc AM - GM c \1?
“(a+b)a+c) (a+b)2(a+c)? " (a+b)a+c) 2(a+b a+c)]

a
Then: EF < ( (And analogs)

a+b a+c

, b c

—<

Now, by CBS inequality we have : E \/ZF 2 Py + o c)
cyc

cyc

< (CH s 2
With : Z(a-l:—b+aic>:Z(af—b+bia)221:3

And : Z a’? < 9R? (Leibniz's inequality) and F = sr

> 3312 (Mitrinovic's inequality)

EF 9R?2 "
Therefore, Z —< .3 =+27.—
/ s l hq, 4.3/3r2

506. In AABC the following relationship holds:

cC a

V3 (1 1) (1 1) (1 1) 1 V3
<\—t=)|-+— <
2R?r ~ \a b/ \b abc ~ 4Rr?
Proposed by Ertan Yildirim-lzmir-Turkiye
Solution 1 by Avishek Mitra-West Bengal-India

1 +1—[(1+1>_ 1 N 1 1—[( +b)_abc+2abc+2ab(a+b)_
abc a b) abc a?b%c? a N a?b?c? N

cyc cyc

7 | RMM-GEOMETRY MARATHON 501-600
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_ 3abc + Yab(2s —c) 3abc —3abc + 2syab

a?b?c? B a?b?c? =
2
a
< (Za) : % _ (ZS)Z B S Mitri<novic 3\/§R _ \/§
= a?b’c®?  3-16R%r?s?  6R%r? ~  12R%r? 4Rr?
1 1—[<1+1>_2 Yab 2s(s2+r2+4Rr)_sz+r2+4Rr
abc a b/ “Jlaz 16R2r2s? - 8R%ris

cyc
We need to show:

s2+1r2+4Rr /3
>
8R2 ris 2R%r

Mltrlnomc 3\/_R
4\/3rs < 4/3r-

s2 4+ 162+ 4Rr > 18Rr s2 > 14Rr — 1?
s?2 > 16Rr — 5r%*(Gerretsen)

16Rr — 512 > 14Rr — 1* © 2Rr > 41% © 2r(R — 2r) > 0 true from R > 2r (Euler).

& s2+12+ 4Rr > 4/37rs

= 18Rr

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

$+Hcyc(i+1)— Ezabz ; (%), Yab < 2v3Rs; (1),Yab = 4V3F;(2)

b

Yab _2V3Rs 3 Yab _ 4V3Rs 3

(), ()= gRzr7s < 8RZr2s ~ 2Rz P>

> =
8R%r2s — 8R?r%s 2R%r

507.
(OABC) —tetrahedron

T
XAOB = <BOC = «<C04A=0,0< 6 SE

OA=0B =8,0C =5
(ABC) = (P),H € (P),0OH 1 (P)
G —centroid of (OABC)

Vioasc) = %ﬁ (volume). Find the lengths’sides of AOHG

Proposed by Thanasis Gakopoulos-Farsala-Greece

8 | RMM-GEOMETRY MARATHON 501-600
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Solution by proposer
Plagiogonal 3™ system: 0A = Ox,0B = 0y,0C = 0z

V_soﬁ_&s-s
3 6

1
\/1—300s20+2c0520:c050=E=>0=60°

5
0(0, 0' 0)' A(8' 0; 0); B(OI 8; O); C(O; O; 5)1 G (21 21 Z) ] H(hll hZI h3)

AB(—8,8,0); AC(—8,0,5); BC(0,—8,5),0H(hy, hy, h3)

Pty Z o 1os5x+5y+82=1
8 8 5— X y zZ =

H € (P):5p, + 5p, +8p3 = 40;(1),0H L (P) = OH -AB =0 =
1 1 1
OH 1 (P):0H -AC=0>
1 1 1

From (1),(2),(3) we get:

2 _ K2 2 2 2_800 — i
OH? = hi + h3 + h3 + hihy + hohs + hghy = OH? = ——= = OH = 20 |-

5\ 2 5 287 3v33
2 _ 02 2 _ . [ — = —
0G? =22 +2 +(4> +4+2:2:3="7-206 .

5 5
6(223).01=20: =295 =
HG? = (g1 — hy)? + (g, — hp)* + (g3 — h3)? + (g1 — hy) (g2 — h3)
+ (g2 — h)(g3 — h3) + (g3 — h3)(g1 — hy)

3401 1 (3401

2 _ _
528 ~ H

4. 33

508. In any A ABC the following relationship holds:
VsinA  ¥/sinB i/sinC)

nA) " u® | w©

Proposed by Neculai Stanciu-Romania

3(3/sinA + VsinB + VsinC) < n(

9 | RMM-GEOMETRY MARATHON 501-600
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Solution 1 by Soumava Chakraborty-Kolkata-India

5 =
. V/sinx
:Letf(x) = — 3.¥sinxvVx e (0,m) - f"(x)
L
(3 - —) Vsinx s 4 (3 - E) cos?x s 2 [ Vsinx cosx
S 25(sinx)5 * * 5(sinx)5

5 (3 — g) sin’x + 4 (3 - g) cos?x L2 21 5sinx — xcosx

= R
25(smx)5 x

4 (3 - —) (3 - g) sin®x L2m 21 5sinx — xcosx

5x(smx)5

2"
25(smx)5 x 5x(smx)5

£ & ©) (3 - _) (4 + sin’x) L 2m 2m 5sinx — xcosx

>
25(smx)5 x 5x(smx)5

01 01 n®

[Case 1]x € [3 M~ 3>— o 3 —; > 0 and if F(x) = sinx — xcosx V x € [0, n) then : F'(x)

=xsinx>0+-0<x<m=Fx)isTon[0,m) = F(x) >F(0) =
(ii)
~ sinx — xcosx > 0V x € [0, ) with equality occurring iff x =0 > V x
€ (0, 1), sinx — xcosx > 0 = 5sinx — xcosx > 4sinx > 0
(iii)
~ 5sinx — xcosx > 0

3 ——) (4 + sin’*x
- (D), (iii) = ( ) ( ) L2 21 5sinx — xcosx

2 >0=via(x),f"(x) >0
25(smx)5 5x(smx)5

T
3 — =) x3(4 + sin?x) + 2nsinx(5sinx — xcosx)
T
[Case2]x € (0,3) and via (), f "(x) = (3-3) 5
25x3(sinx)5

(%) (3x3 — mx? + 50m)sin?x — 10mxcosxsinx + 12x% — 47x?

:fll( )

25x3 (sinx)§
813
Leth(x) = (3x —mix? + 501t)sm x — 10mxcosxsinx + 12x3 —4mx? v x € [ 3) h'(x)

= 2(3x® — mx? + 45m)cosxsinx — 9x(2m + x)cos?x + 45x?
m 3 .99 2 2 3 2
Now,'.'0£x<§<i.'.x <Z<45=>45—x > 0= m(45—x%) > 0> 3x% — mx? + 457
>0 = h'(x) = 2(3x® — mx? + 45m)cosxsinx — 9x(2m + x)cos?x + 45x2
via (ii)
> 2(3x® — mx? + 45m)cosx. xcosx — 9x(2m + x)cos?x
1<cos x<1+0<x<y

1
+ 45x2 > 2(3x% —mx? + 451t)x.1 — 9x(2m + x) + 45x2
3x% + 72x + m(9 — x?)
2

= X.

10 RMM-GEOMETRY MARATHON 501-600
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3x3 +72x+1‘[(47+%—x)via(-) 3x3 +72x+21 x=

_ > > h' > T
= x. 5 > x. > 0=h'(x) OVxE[OB)

L
= h(x)is T on [05) = h(x) = h(0) = 0 with equality occurring iff x = 0

™
>VXE (05) ,h(x) = (3x® — mx? + 50m)sin?x — 10mxcosxsinx + 12x3 — 4mx? > 0
= via (x*), f "(x) > 0 .. combining both cases,V x € (0,m), f "'(x) > 0

. 3/sinA lensen / \’ s1n—
= f(x) is convex = Z < @A 3. %/sin ) -3. ’sm
cyc I‘l \ /

5/ =
. VSinA
= z >3 z VsinA
n(A)
cyc cyc

VsinA 4 VsinB 4 VsinC
nA)  uB  u©
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

\/5 sinx xcosx —5sinx
Let f(x) =—,x € (0,m).We have: f'(x) =
! X ! 5x23/sin* x

Ifx € En) we have: cosx < O then f'(x) <0

= 3(¥/sinA + VsinB + ¥sinC) < n( ) (QED)

,Vx € (0,1)

If x € (Og) we have: x < tanx < 5tanx, then xcosx — 5sinx < 0 and

f'(x) < 0.Thus, f — is decreasing on (0, ).
5\/sinA < 5\/sinB < 5\/sinC

WLOG we may assume that u(4) = u(B) = u(C). We have:

n) — wB T po
By Chebishev’s mequallty, we have
3(Vsin4 + Vsin B + ¥sin C) = 3 <u(A) A ) + u(B) - S(Z)B u(o - 5(12) ) <

\/smA VsinB  VsinC
< ([,L(A) + u(B) + u(C))( u(4) M(B) * u(o) )
_ <5$i@+ (B) - m - W)
AT OO

509. In AABC the following relationship holds:

J(a+b)(a+c)bc+/(b+c)(b+a)a++(c+a)(c+b)ab <3s?> —1? —4Rr

Proposed by Daniel Sitaru-Romania
Solution 1 by Avishek Mitra-West Bengal-India

AGM b+c+2a b+c
Y J@+blatobe = Y o2

cyc cyc

11 | RMM-GEOMETRY MARATHON 501-600
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=% Z(b+c)2+22a(b+c) =% Za2+62ab =

cyc cyc cyc cyc

B R

1
[2(25% — 8RT — 21%) + 6(s®> + 12 + 4R1)] = Z(10s2 + 8Rr + 21?%)
Need to show:
1
2 (10s% + 8Rr + 21%) < 3s2 —1r2 —4Rr

10s% + 8Rr + 2r? < 125% — 4r? — 16Rr © 2s? > 24Rr + 2r?
But s > 16Rr — 51%(Gerretsen). We must show:
16Rr — 5% > 12Rr + 3r2 © 4Rr — 8r* > 0 © R > 2r(Euler).
Solution 2 by Ertan Yildirim-Turkiye

ab + bc + ca =s? + 1% +4Rr, ¥\ +/(a+b)(a+ c)bc <

<J(@+bc+b+ca+(c+a)b-/(a+c)b+ (b+a)c+ (c+ba=

= \/2(ab + bc + ca) - \/2(ab + bc + ca) = 2(ab + bc + ca) = 2(s* + R?> + 4TR)
We must to prove that:

252 +2r2 + 8Rr < 3s2 —1r2 —4Rr & 3r% + 12Rr < s?

Gerretsen

3r2+12Rr < 16Rr —51r? < s © R > 2r (Euler).
510. In AABC the following relationship holds:
a 3 R
LA
6a+b+c 16 r
cyc

Proposed by Kostas Geronikolas-Greece
Solution by Marian Ursdarescu-Romania

We must show that:

a 3 R 5a 15 R
<L — . —& < — . —
25a+2s_16 r 25a+25_16 r

cyc cyc
5a+2s—-2s 15 R 2s 15 R
R IR
5a + 2s 16 r 5a + 2s 16 r

cyc cyc

12 | RMM-GEOMETRY MARATHON 501-600
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3_2 1 15 R (1)
B 325a+2s 16 r(:) ZS +ZS B r

cyc cyc

Bergstrom 9 9
el =i (@
5a+ 2s 5(a+b+c)+6s 16s

cyc
From (1) and (2) we must show:

e 9 o5 1SR _1SR__ 18 _15R 30 .
—_— __.—ﬁ—.— —_—— —_ — —@
* 16p 16r 16 r-° 16 16 r-16 r(Euler)

511.

OABC —tetrahedron,
OA=0B=0C=4
<APB = 45°,<B0OC = 30°,
XCO0A = 60°
G —centroid
Find:

[GBC] =? (area)

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
Plagiogonal 3™ system: 0A = Ox,0B = 0y,0C = 0z
O(OI OI O)I A(4I OI O)I B(OI 4; O)I C(OI O: 4): G(ll 1: 1)! H(OF hZF h3)

y—4 z-0
BC:— = HEBO) > hy—4=—hy=hy + hy = 4;,(1)
GH(-1,h, — 1,h; — 1),BC(0,—4,4), GH-BC=0=

13 RMM-GEOMETRY MARATHON 501-600
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V2
GH?>? =(0-1)>+(h, —1)* + (hs — 2)2+2(-1)(h, - 1) -7+

3 1
+2(h, —1)(h; — 1) -§+ 2(—1)(h; —1)- 3

2++V3+2V6 1
- 2 , GH=E\[2+\/§+2\/€

GH?

V3
BC?=47+4%-2-4-4-—=16(2-V3)>BC=4]2-3

1
[6BC] =5 GH - BC = \[1 - 6V3 +4V6
512. In acute AABC,u(A) < u(B) < u(C). Prove that: 2sinB > cot g
Proposed by Cristian Miu-Romania

Solution Mohamed Amine Ben Ajiba-Tanger-Morocco

C C C
We have : 2sinB > coti & 2sinB.sinC > coti.sinC= Zcoszi

o cos(C—B)—cos(C+B)>1+cosC & cos(C—B)+cosA>1+cosC

_/B\ . [2C—B A
<—>cos(C—B)—cosCZl—cosA<—>Zsm(§).sm( > )ZZSmZE

L A B 2C—-B T
Which is true because u (E) <u (E) < u( 2 ) < 2 and x

T
- sinx is increasing on (0, E)

c T
Therefore, 2sinB > cotE. Equality holds iff u(A) = u(B) = u(C) = 7

513. In AABC the following relationship holds:

21+Z sin 4 <12(R)4
2 sin* B +sin*C ~ 2r

cyc

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Marian Ursdarescu-Romania

. a b c
Fromsines law: — = —=—= 2R
sin A sinB sinC

We must show that

14 RMM-GEOMETRY MARATHON 501-600
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21 a* R* 21 a*+b*+c*—b*—c* 3R*

7+Zb4+c4312'16r4®7+z b* + c¢* S4r4

cyc cyc

21 1 3 R*
“1 4 4, 4 _3 <.
gt @bt )Y -3y
cyc
1 <3 R* 15_3(R4—10r4)
b*+c* 4 r+ 2 414 ’

(1)

va*+b*+ c* <54R3(R—1);(2)

Z 1 <Z 1 1 a2+b2+c2< 9R? 3
b* +c¢* — £i2b%c2 2  a’b% c® ~ 2-(4Rrs)?

cyc cyc

9R? 9 Mitrinovic
= = < - .
32R2%r2s2  3271r2s2 - 32-27r%"’
From (1),(2) and (3) we must show:
9 3(R* - 101%)
< =3
32-27r* 474
3R* —3R*r<4R*-40r* © R*+3R*r-40r* >0
(R—2r)(R3? + 5R?*r + 5Rr? + 2073) = 0 true from R > 2r(Euler)

514. (OABCD) —tetrahedron

(3)

54R3(R—71) -

OA=0C=a0B=b>b
<AOB = <BOC = <C0A = 60°
(0AB) = P,(0OBC) = Q,%(P,Q) = 6 = 60°.

Find: 2 =2
a

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer

Plagiogonal 3" system: 0A = Ox,0B = 0y,0C = 0z

Let u(uq,uy,u3),u L P.ls 04(a,0,0),0B(0,b,0)
au, aus

u-ﬁ=0:au1+ 2 +T=0:2u1+u2+u3=0

. = bu1 bu3

u-OB=O:buZ+T+T=O=»u1+2u2+u3=0
U, = Uy, U3 = —u;q.50,uy(1,1,-3) L P

Let B(vy, V5, v3), ¥ L Q, AB(—a, b, 0),AC(—a,0, a)
bv, — av, N bv; av;
2 2 2
R A—B> 0 N av, N av, n av, — avs
. — = — —_ =

v avq av; 2 2 2

v, =v3,(a—2b)v, = (2b — 3a)v,

So, vy(a —2b,2b — 3a,a—2b) 1 Q

Isug - vy = (a—2b) + (2b —3a) — 3(a— 2b) + [(2b — 3a) + (a — 2b) —

4B =0 = av, + bv, +

=0

0

—2(2b — 3a) + (a — 2b) — 3(a — 2b) + (a — 2b)] % =2(b —2a)

ugl?=1+1+9+1-3-3=6=|usl =6
V912 = (a—2b)%-2+ (2b—3a)?> + 2(a— 2b)(2b — 3a) + (a — 2b)?

[ogl = V2 -+/3a% — 4ab + 4b?

[ug vyl 1 1 2|b —a
COS60°:r:—:>—:
[uol-vol 2 2 +6-vV2-V3aZ—4ab + 4b?
Therefore,
b 1+6
a 2

515. In AABC the following relationship holds:

m 2m 6m h h h
3. |24+ —> “+2-’—c+6-’—c
my m. m, my m. mg,

Proposed by Daniel Sitaru-Romania
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Solution by Adrian Popa-Romania

(5 (e 2 5

12 +\/_ + V6 )(ma Zmb+6mc) _ 9(_a 2m, 6mc)
my m, my m, m,

mg,

Therefore,

m, 2m, 6mc
3 |—+ + = —+2 —+6
m, m, m,

516. In AABC the following relationship holds:

2bc N 1 - 16RT
(b+c¢)2 2 s2+712+2Rr

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have :

._\

2bc >2 2bc 1 2\/bc_ 8abc

b +oF (b+¢)2'2 b+c 2vab.2vca. (b+c)
8abc

= (a+b)(c+a)(b+c)’ with :

(a+b)(c+a)(b+c)=(a+b+c)(ab + bc + ca) — abc
= 2s(s?> + 1% + 4Rr) — 4sRr = 2s(s®> + r?> + 2Rr)

Therefore,

2bc 1

L1 8.4sRr 16Rr
(b+c): 2~

2s(s2+ 12+ 2Rr) -

sZ2 +7r2+ 2Rr

17
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(OABC) regular tetrahedron with side a
G —centroid of tetrahedron

M € 0C,

oc
OM = T'N € O0B,40N = 30B
C
Plane (GMN) = P,OH L P

Find: OH = f(a) =?

B

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
Let 0OA =0B =0C =4 = a,¥A0B = ¥<BOC = <C0A = 0 = 60°
Plagiogonal 3™ system: 0A = Ox,0B = 0y,0C = 0z
0(0,0,0),A(4,0,0),M(0,0,2),N(0,3,0),6(1,1,1)

et Pos = 1302 (1) 43 () =3

3 1 1 1 3 1
u2:2'1+3'<—1>+1'(—1>22, u3=3-—+1-<—
2

4
_>( 1 13>| |2—( 1>2+(1> +(3>2+( 1 1)+1 3+< 1 3)_5
u\mz2z)M =73 2 2 2'2)72'2 2'2)72
(1:0+2:0+3:0-6)% 5

(32 geadl ?

OH?

3
= OH=§\/10

18 RMM-GEOMETRY MARATHON 501-600
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3
0H=E\/10-4=>0H=

3
2710
518. In AABC the following relationship holds:

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We know that : h, < s, <m, (and analogs)

Then :

CBS
S S S m m m, ~ 1 1 1
Seyb e —a Th T 2 j(ma2+mb2+mc2)< + >=

< +
Sp S¢  Sa hb hc ha th hcz haz

_ [3(a®+b%+c?) a?+b?+c* V3(a?+ b* +c?)
- 4 o (2sr)? 4sr
From Leibniz's inequality a* + b* + c? < 9R?
Mitrinovic's inequality s > 3V/3r we get:
S, Sp, Sc. 3.9R? R\*
g —3()
Sp Sc Sa  4.3V3r.r 2r
519. In AABC the following relationship holds:

4R r 9 m,> 4R* 15R
Ty DR,

T, r 2r
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have : Zmaz _Z(s—a)Z[S(b2+c2)—(a2+b2+c2)]
e have : e 177

cyc cyc

3 a? + b% + ¢
= mZ(bz + CZ)(S - a)2 — TZ(S - a)z =

cyc cyc
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3 (s? — 12 —4Rr)(s* — 2r?> — 8RY)
— 2 2 _ 2 2RKL2 | _ =
= 1F? 2s Ea 2s§ab+2§ab 2F2

cyc sym cyc

3

= 152 [25%2.2(s* —1r% — 4Rr) — 25.25(s%> + 12 — 2Rr)
+ 2(s* — 2s2(4Rr — %) + (4Rr + 1%)?)]

s* — s2(12Rr + 31%) + 2(4Rr + 1?)?
2F?

m,?

After expanding and simplifying we get : 2
cyc a
s 3(8R+r1) N (4R +1)?

T2 2r 2s2

Using Gerretsen's inequality

s? > 16Rr — 5r% and Blundon Gerretsen's inequality
2

& < R(4R + 1)

2(2R-71)
Zmaz - 16Rr — 572 3(8R+r)+2R—r_4R r 9
2~ r2 2r R r R 2

we get :

cyc
Using Gerretsen's inequality 16Rr — 512 < s> < 4R? + 4Rr + 3r? we get :

Zmaz - 4R? + 4Rr +37r*> 3(8R+71) N (4R +1)?
rg? ~ 12 2r 2(16Rr — 51%)

_4R® 15R 3(R—2r) F5TAR* 15R
S rz 2r 2(16R-5r) — r?2  2r

+ 2.

Th 4R r 9 < Zmaz - 4R? 15R 42
erefore, - =2 o7
cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

2
Z(s —a)? = (Z(s — a)) - ZZ(S —b)(s — ¢) = s* — 2(4Rr + r?)

cyc cyc cyc

()
= Z(s —a)? = s — 8Rr — 2r?

cyc
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2

Zaz(s—a)2 = Za(s—a) —ZZbc(s—b)(s—c)

cyc cyc cyc

= (s(Zs) —2(s? — 4Rr - rz))2 -2 Z be(s? —s(b + ¢) + bc)

cyc

=4r?(4R+r)? -2 SZZbc—SZbc(Zs— a) +Zb2c2

cyc cyc cyc

2

=4r?(4R +1r)? — 2| —s? z bc + z bc | + 3sabc — 4sabc

cyc cyc
=4r?’(4R+1r)? -2 ((s2 + 4Rr + r?)(s? + 4Rr + r? — s%) — 4Rrsz)
= 4r?(4R +1r)? — 2r%s? — 2r?(4R + r)?

= z a’(s — a)? w 2r?((4R +r)? — s?)

cyc

2
Now, Z z (4ma)(rbrc) ! .Z(sz +2c% + 2a% — 3a?)s%(s — a)?

4r2rfr? ~ 4rZst
cyc a'bc cyc
=L 2 Eaz E(s—a}z—SEaz(s—a)z
4r2s2
cyc cyc cyc

. " 1
vie ® and () (2(s? — 8Rr — 2r?)(s? — 4Rr — r?) — 3r2((4R + 1)? — 5?))

2r2s?
_4R? 15R foo 8R? — 15Rr + 4r?
=T " zr B 2r2

O]
& 2s* — (8R?+ 9Rr + 7r?)s? + r?(4R+ )2 < 0

Gerretsen

?
Now,LHSof () <  2(4R?>+4Rr+3r?)s? — (8R?+ 9Rr + 7r?)s? + r’(4R+r)? < 0

?
& (R +1r)s? > r(4R + r)?
(%%)

Gerretsen

? ?
Again, LHS of () > (R+r1)(16Rr—5r%) >r(4R+r)? © 3r(R—2r) > 0 - true

Euler _ m2 4R?> 15R
R 2 2r= () 2 (x)istrue= ) —<————+2
rs r 2r
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M m§>4R r 9
oreover, ZZ7T R 2

cyc

< 2r2s2 (Z(SZ — 8Rr — 2r?)(s? — 4Rr — r?) — 3r?((4R +1)? — sz))

- 8R% — 9Rr — 2r?
- 2Rr

(***)

& 2Rs* — (32R? — 6Rr — 2r?)rs? + Rr2(4R+1)? > 0

erretsen

G ?
Now, LHS of (+++) >  2R(16Rr — 5r?)s? — (32R? — 6Rr — 2r?)rs? + Rr?2(4R+1)2 > 0

?
< R(4R +r)? > (4R-— 2r)s?
(****)

Rouche

Now,RHS of (4R — 2r)s?> < (4R
?
— 2r) (2R? + 10Rr — r? + 2(R — 2r)y/R? — 2Rr) < R(4R + 1)?
?
& R(4R 4 1)%2 — (2R? + 10Rr — r2)(4R — 2r) > 2(4R — 2r)(R — 2r)yR% — 2Rr

?
© (R—2r)(8R* — 12Rr +r%) 2 2(4R - 2r)(R - 2r)vR? — 2Rr
)
Euler
+ R—2r > . inorder to prove (+),it suffices to prove : 8R? — 12Rr + r?

> 2(4R — 2r)v/R2 — 2Rr
& (8R% — 12Rr + r2)” — 4(R? — 2Rr)(4R — 2r)% > 0 & r2(4R + 1)? > 0 > true
= (o) istrue ~ (4R — 2r)s? < R(4R 4 1)? = (x**%) = (*x%) is true
m2 4R r 9

2> ROz @D
cyc
520.
- A BA =b,BC=a,BD 1 AC
BD =m BC+n-BA,
c m>0n>0

[ABCD] = F = f(m,n,a,b) =?
> |ABCD] —area

22 RMM-GEOMETRY MARATHON 501-600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Application:a=5,b=4,n=3,m = 2.

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer
Plagiogonal system: BC = Bx, BA = By
BC = a, BE =ma,BA=b,BF =nb
Let ABC = 0 and B(0,0),C(a,0), E(ma,0),4(0,b), F(0,nb), D(ma, nb)

nb
)»Ac =M = _E:ABD =4 =%

BDJ_AC:>().1+2.2)COSB+11 +12+1=0

ma? — nb?

cos0 = m#*n

(m—n)ab;

) a?b?(m? + n?) — (ma?)? — (nb?)>?
sin @ =
a?b%?(m — n)?

sin @ 1 m+n
F = (a-nb+b-ma) =
2 2 |m—n|

-/ (a% — b?)(n%b% — m2a?)
(a? — b*)(n?b?> —m?a?) >0;m#n
ifa=5b=4n=3m=2, wehave: F = 15V11
521. M € Int(AABC), R, Ry, R, —circumradii of
ABMC,ACMA,AAMB. Prove that:

R R R R, R RyR R.R
a_l_ b+ CCZZ ab+ bc+ ca

m siné m sinE m, sin
b 2 ¢ 2 a 2

mpym, msm, m,m,

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By CBS inequality we have :

2
[Ra |, [Ry, [Rc

Rc < mb+ mc+ m,
+ > (1)
. A . B . C . A . B . C
mbsmi mcsmf masmf sm7+sm7+sm7

R, N R,

From the well known inequality (x +y + z)? > 3(xy + yz + zx) we have :
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2
R R R R_R RyR R.R
(/—“+ /—"+ /—‘) 23(\[ “”+\[ ”C+\[ C“)(Z)
my m, m, mym, msm, m,m,

Also by Jensen's inequality we have :

_A+ . B+ . C<3_ (A+B+C)_3(3)
sinz + sino + sin; < 3sin e =3
From (1),(2) and (3) we get :
\[R aRp n RLR, n R.R,
R, Ry R, mym, mcma m,m,
At Bt Cc=
mysiny  m.siny  m,sinzy 7

=2<JRaRb+ijRc+chRa>_
mym, msm, m,my

Equality holds if f AABC is equilateral and M is the center of AABC.
522.

0

(OABC) —tetrahedron

cos(AOB) = %; cos(BOC) = %; cos(COA) = ;
(0OAB) = P; (0OBC) = Q;(0CA) =R
Prove :
(PR) =05 = 90°
Find:
(PQ)=61=7;(QR) =06, =

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer

PLagiogonal 3" system: 0A = 0x,0B = 0y,0C = 0z
U(uqg,uy,uz) L P;v(vy,v5,v3) L QwW(wy,wy,ws) LR
‘ﬁ<_1 0 §>‘1}’(§ _i _l)w(_i E 0)

2°7'4)’"\9" 18’ 2/’ 18’9’
u(—-18,0,27);v(32,-10,—18); w(-10,20,0)
[i| = 9vV5; || = 4V30; [w| = 10V3

[i-v| =270; |v-w| =150;|u-w| =0

-9 V6
== = 52,24°
cos 6, TR 60,=5
v-wl V3
cos 6 =ﬁ=_=>0 577,500
27 9- 1wl 8 2
o, = W _ o6 =90
= = — = = = o
ST Tl W 1

523.

(OABC) —tetrahedron
G —centroid of AABC
OA =0B =0C = 3d
<BOC = 64,<C0A
= 0,,<A0B = 0,
Find:
0G =?1f0; =0,=03; =0
0G =?1f04 # 0, + 03 + 0.

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer
Plagiogonal 3™ system: 0A = Ox,0B = 0y,0C = 0z

0(0,0,0),A(3d,0,0),B(0,3d,0),€(0,0,3d),6(d, d, d)
06°=(d-0)2+(d—-0)2?+(d-0)2+2d-d-cosO, +2d-d-cosf, +2d-d

- COS 05

0G = d\/|3 + 2(cos 0, + cos B, + cos 03)]|

If0, =0, =65 =0,06 = dvV3./|1 + cos 0|
If0, = 0, = 0; = 90°,0G = dv3

=h

|f91=92=93=60°,06=d\/§,3d=a:>06=a-§

the altitude of regular tetrahedron with side a.

524. In AABC the following relationship holds:

Z 2A_ C<6<R)
CSC 2smz_ >

cyc

5

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania
We must show:

. C
siny Iy RS A _ B ¢ 1 - 3R> o
: & sin—sin—sin—- ;
. A~ 5 . A . B~ 5’
Lz ™" 32w 270202 L s A B 167

But 3(x3y + y3z + z3x) < (x? + y? + z?)2.
2
1 1 1
2 A3\ L) @
cyc SIn 251112 cyc SIn 2

From (1) and (2) we must show:
2

_A_B_Clzl <3R5(3)
Sin —Ssin—Ssin _161"5’

. A
2 2 2 3 cycSanE
A B _ C T q 1 s>+r>—8Rr @
sin—sin—sing = - an — A= 2 ;
cycsln 7
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From (3) and (4) we must show:

r 1 (s2+r*—-8Rr)> 3R®
4R '3

6

2 2 2
4 S16T5@(S +r —8RT) <m

3R3
s2+1r2—8Rr <—:;(5)
2r
s?2 < 4R? + 4Rr + 3r*(Gerretsen); (6)
From (5) and (6) we must show:
3R3
4R? —4ART +41r* < - S 8R*r — 8Rr? + 8r% < 3R3

3R3 —8R*r +8Rr?—9-8r3>0

(R — 21)(3R? — 2Rr + 41%) > 0 true from R > 2r (Euler).
525. In AABC the following relationship holds:

2R*> 3R LA R* R?
r r 2 rt r

cyc
Proposed by Marin Chirciu-Romania
Solution by Marian Ursarescu-Romania

Because sin? g, sin? g, sin? g are the roots of the equation
16R*x3 —8R(2R—1)x*+ (s* +1r*+8Rr)x—1r% =0
then from Viete’s relationships we have

Z 1 <s2 +1% — 8Rr>2 16R(2R — 1)
= _

2 2

We must show:

2R? 3R s2+12—8Rr\> 16R(2R —1)

4 p2
— = S16<r—4+r—2—17>
For the left side s> > 16Rr — 51%(Gerretsen) we have:

(gz g 8Rr>2 16R(2R — 1) <8Rr _ 4r2>2 16R(2R — 1)
_ > _ —
r2 r - r2 r2
2R—2\%2 16R(2R — 16(2R — 16(2R — r)(R —
:16( )_ (2 r) _ 16( i r)(ZR_r_R): ( 12”)( r)_
Tr Tr Tr Tr
2R? 3R
=16(———+1
Tr Tr
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For the right side s> < 4R? + 4Rr + 3r?(Gerretsen) we have:

<s2 +r2— 8Rr>2 16R(2R —1) _ <4R2 _4Rr + 4r2>2 16R2R-1) _

r2 r2 r? r2

=16

(RE—Rr+1*)? RQRR-71)
12 B 12 -

16 <R4 + R?*r?2 +r* —2R63 r + 2R?*r* — 2R3 2R? — Rr>
rt B r2

R* 2R®* 3R? 2R 2R* R
=16 -+ ——+1——+—

=16 R 2RB+RZ R+1
N  r3 rz r

We must show:

16 i 2RB+R2 R+1 <16 R4+R2 17
rt r3 rz r - rt  r2
R* 2R® R? R R* 2
1‘_4_1‘_3 r—z——+1Sr—4+—2—17

2R3
— S ——+1<-17
r

2R3 R R3

R
—— 4+ — > 18 true,because: — > 8and — > 2
s r r3 r

526. For any AABC the following relationship holds:

cla+b) ab+c) blc+a) (a+b-¢)? ((b+c—a)? (c+a->b)?
+ + > 4 + + .
a+b—c b+c—a c+a-b>b a+b b+c c+a

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Weh ~cla+b)  4(a+b)? AMécM 4(a+b)c?  4c?
enave: a+b—c 4cla+b-¢c) ~ [(a+b-c)+c]? a+b
(a+ b —c)?
=4(———~ +2c—a-b
a+b
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o a(b + c) (b + ¢ — a)? b(c + a)
Similarly we have: —>4(——+2a—b—-c| & ——
b+c—a b+c c+a-—-b>b
(c +a—b)?
>4|——+2b—-c—a
c+a

Summing up these inequalities we get :

cla+b b+ b(c + +b—-c)? (b+c—a)? +a—b)?
(a )+ a(b+c) N (c+a) >4 (a c) +( c—a) +(c a—b)
a+b—c b+c—a c+a-b>»b a+b b+c c+a

Equality holds if f AABC is equilateral.

Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam

Letz=a+b—-c>0,x=b+c—a>0y=c+a—-b>0

S xtviz—a+h+ _ytz x+tz = x+ty
x+y+z=a ca= 5 b=— ;C= >
We have:
cla+b) alb+c) blc+a) (a+b—-¢)?* Bb+c—a)? (c+a-D>b)?
+ + >4 ;
a+b—c b+c—a c+a-b>b a+b b+c c+a
x+y)x+y+2z) (y+z2)(y+z+2x) (x+z)(x+2z+2y)
< + +
4z 4x 4y
72 X2 y2
= + + ;
x+y+2z y+z+2x x+z+2y
2 2 2
@xy(x+y)(x+y+22)+yz(y+z)(y+z+2x)+xz(x+z)(x+z+2y)

xyz

32 (zz(y +z+2x)(x+z+2y)+x*(x+y+22)(x+z+2y) +y*(x+y+22)(y+z + 2x))
>

x+y+2z)(y+z+2x)(x+z+2y) ’
x+y)x+200+2)x+y + 2) - 32x+y+2)(Tx3 +22xy(x+y)+xyz)l
< xyz T (xt+y+22)(y+z+2x)(x+z+2y)

skk+y)yx+2000+2)x+y+22)(y+z+2x)(x+z+2y)
> 32xyz (Z x3+2 Z xy(x+y)+ xyz); (%)

Without loss of generality, suppose thatx + y +z = 1.Let q = Z Xy, r = Xyz
1
< —
- 27
eo1-1r*+q*-2r—-1+2q=>32r(1-3q+3r+2q—6r+7);
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©q?+2q—-1*—-2r>32r(1—q - 2r);
© q* +2q +32rq + 63r% — 34r > 0;

2
More, (Zyz) >3xyz(x+y+2z)=3r=>q=V3r=q*+2q+32rq+ 63r*> — 34r

> 37 + 2v/3r + 32rV3r + 631r% — 347;
We need to prove that:

3r + 2V3r + 32rV3r + 6312 — 34r > 0;

32t3 63t* 34t? 1
20;(- =\/3r,0<tS§)

ot 4+ 2t —
++3+9 3

1
@gt(St— D(7t2+ 13t — 6) > 0;

1 8
Whichistruesince:O<tS§:>t(3t—1)SO; 7t2+ 13t — 6S—§<0

= (%) true.Proved.
Solution 3 by Soumava Chakraborty-Kolkata-India

(@+b-c? (b+c-a) (c+a-b)? (s—a)? _ (2s—a —s)?
a+b b+c ct+a - b+c b+c
cyc cyc
(2s — a)? 2s—a 1
_4< 2s—a —2s Zs—a-i_s b+c
cyc cyc cyc

§2
= (Z(Zs —a)—6s+ 25?1 2RI & r2);c:(c + a)(a+ b))

4(25+2(Sz+zer+r2) (Z“Z+Zzab>+zab )

cyc cyc cyc

s(4s? + s> + 4Rr + r?)
=4 <—Zs + 2(s%2 + 2Rr +r2) )
5s% + 4Rr + r? — 4(s? + 2Rr +r?)
2(s% + 2Rr +r?)
4<(a+b—c)2 (b+c—a)? +(c+a—b)2> O] 16s(s? — 4Rr — 3r?)

= 4s,

a+b b+c ct+a 2(s%Z + 2Rr +r2)

. cla+b) blc+a) a(b+c) a(s+s—a) 1 a—s+s
Again, + Z - sZ—+Za
a+b—-—c c+a—-b>b b+c—a 2 s—a 2 s—a

cyc cyc cyc

cyc

1 s? 1 4R +r
= E(S(_S) +m2(s —b)(s—¢) +Zs> = E(_S +s. - )
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=)c(a+b)+b(c+a)+a(b+c) (+») 4Rs . ( ):>c(a+b)+b(c+a)+a(b+c)

= N EINET
a+b—-c c+a-b b+c—a 2r ’ a+b—-c c+a—-b b+c—a

(a+b-c)? Mb+c—a)® (c+a-b)?
>4
a+b b+c ct+a
4Rs 16s(s? — 4Rr — 3r?
P ( )@R(s2+2Rr+r2)24r(s2—4Rr—3r2)

2r ~ 2(s? + 2Rr +r2)

()
& (R—4r)s? + R(2Rr + r?) + 4r(4Rr + 3r%) > 0
[Case 1]R — 4r > 0 and then, LHS of (+) > R(2Rr + r?) + 4r(4Rr + 3r2) > 0
= (e)is true (strict inequality)

[Case 2]R — 4r < 0 and then, LHS of (+)

Gerretsen

= —(4r —R)s? + R(2Rr + r?) + 4r(4Rr + 3r2) >
?
— (4r —R)(4R? + 4Rr + 3r2) + R(2Rr + r?) + 4r(4Rr + 3r2) > 0
? ?

Euler

& 2R2-5Rr+2r2>0o (R—2r)(2R—r) >0 > true = R > 2r = (s)is true
- cla+b) b(c+a) alb+c)

a+b—-c c+a-b b+c—a
>4<(a+b—c)2 (b+c—a)® (c+a-Db)?

a+b b+c ct+a >(QED)

527. R, R4, R, —circumradii of AABC,AABD,AACD. Prove that:
R—R R—R
L 2, 2Ma
R + R1 R + Rz Zp + ha

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

C

A B

Let F be the area of AABC.We have : 2F = ah, = bc.
2h, 2ah, 2bc 2bc

Th . = = = 1
en 2p+h, 2pa+ah, ala+b+c)+bc (a+b)(a+c) )
a c b
Now,we have : R:E' Rl:i' RZ:E and a? = b%? + ¢? then:
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R-R;, R-R, a-c a-b (a-c)a+b)+(a—b)a+c) 2(a? — bc)

R+ R, R+R2_a+c+a+b_ (a+b)(a+c) " (a+b)(a+c)
_2(b% + ¢* —bc) ™M 2(2bc—be) () 2hq
"~ (a+b)la+c) T (a+b)a+c) 2p+h,
Therefore,

R—R1+R—R2> 2h,
R+R;, R+R, 2p+h,

Equality holds if f AABC is isosceles right on A.
528.

(OABC) —tetrahedron
OA=0B=0C=12
G —centroid of (OABC), R —centroid

of AABC

<BOC = 04,%C0O0A = 0,,<A0B = 04
1 1 1
cos 0, = Z'COS 0, = §,cos 0; = 2

Find [AGR] =?, [*] —area.

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer
Plagiogonal 3™ system: A0 = Ox,0B = 0y,0C = Oz.

0(0,0,0),4(12,0,0), R(4,4,4),Q(3,3,3)
AG(—9,3,3),AR(—8,4,4)

2 1 1 1 117
|AG]| =81+9+9+2(-9):3-5+2:3:3-7+2:(-9)3-3=——
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2 1 1 1 152
|AR| =64-+16+16+2(—8)-4-E+2-4-4-Z+2(—8)-4-§=T

AG AR =(-9)(-8)+3 - 4+3-4+(-9:4-3-8) 5+ (3 4+3-4) -+

1
+(-3:8-4:9) 5 =58

7 aE? 1 [117 152
[AGR] \[(|AG| |AR|) —-(AG-A )2=2\[ >3~ 52°

[AGR] = V65
529. In AABC the following relationship holds:
16 (2r\ _ sA_16/RY
3 (R) Zsec 2573 (Zr)
cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2 2
Z r} = (Z rf) -2 z r2rf = (4R +1)? — Zsz) -2 ((Z rarb> — 2r Ty, (Z ra> |
cyc cyc cyc cyc cyc /

=((4R+1r)? - Zsz)2 -2 (s4 - 2rsz(4R + r))

= (4R +r)* + 2s* — (64R? + 16Rr)s? -. z re = (4R +r)* + 2s* — (64R? + 16Rr)s?

cyc

N Z 4A—Z(1+t 2A)Z—Z(l+2t ZA+t 4A)
ow, secC 2— an 2 = an 2 an 2
2

cyc cyc cyc

2 1 via (i) (4R+71)% —
— 2 4
—3+S—Z.Zra +S—4.Zra = 3+ SZ
cyc cyc
(4R + r)* + 2s* — (64R? + 16Rr)s?
_|_
4

LA (4R+r)4 +s* — (32R? — 2r?)s? LA 16 /R
> Z s* Z ( )
cyc cyc
(4R +1r)* + s* — (32R? — 2r?)s? 2R?
It = 3r3

©)
& (2R3 - 3r%)s* + 3r3(32R? — 2r?)s? > 3r3(4R + n)*

s4
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Gerretsen

Now,LHSof () > ((2R®-3r3)(16Rr — 5r?)

Gerretsen

+3r3(32R? - 2r?))s? >  ((2R®-3r%)(16Rr — 5r2)
+3r3(32R% - 2r2)) (16Rr — 5r?) > 3r3(4R + 0)*

? R
& 256t — 544t* + 409t3 — 768t + 168t — 24> 0 (t = ;)

?
& (t—2)(240t* + 16t3(t — 2) + 306t2 + 39t(t — 2) + 12) > 0 > true
Euler
“t = 2> (x)istrue

LA 16 /R\? .. ... 162r LA
ZSec —S—(—) and again, via (")’?(K)stec —

2 3 \2r 2
cyc cyc
(4R +1)* +s* — (32R? — 2r%)s? _ 32r
N =
s4 3R

(x%)
& (3R-32r)s* + 3R(4R + r)* — 3R(32R? — 2r2)s? > 0
Now, LHS of (x+) = (3R — 6r)s* — 26rs* + 3R(4R + r)* — 3R(32R? — 2r?)s?

Gerretsen

> (3R-6r)(16Rr — 5r?)s? — 26r(4R? + 4Rr + 3r?)s? — 3R(32R? — 2r?)s?
? ?
+3RMR+1)* 2 0 & 3RER+1)* > (96R® + 56R’r + 209Rr? + 48r3)s?

(***)
Gerretsen

Now,RHS of (xxx) <  (96R® + 56R’r + 209Rr? + 48r3)(4R? + 4Rr

? ?
+3r?) < 3R(4R + r)* & 96t° + 40t* — 265t> — 287t% — 204t — 36 > 0

Euler

?
& (t—2)(96t* + 23263 + 199t? + 111t + 18) =0 > true ~ t > 2 = () = (xx)is true

STy o

cyc

530. In AABC the following relationship holds:

my,\2  my\¢  mg\?
@) + (&) +(5) =3
h, hy h,
Proposed by Kostas Geronikolas-Greece
Solution by Ertan Yildirim-Turkiye

m, > ./s(s —a); (1), Ya? = 2(s> —r? —4Rr); (2)
Ya3 = 2s(s? — 3r2 — 6Rr); (3)

my,\2 W s(s—a) 5 s—a 4R%s )

— > _— = = . —_ =
Z(ha> - Z bch? 4R"s b%2c?  a?b?c? Za (s —a)
cyc cyc (ﬁ) cyc cyc
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s 1
= 4R T ) (%5~ @) = g ) (@s —a) =

cyc cyc

2.3
= [s-2(s® —1* —4Rr) — 25(s> — 3r%2 — 6Rr)] =

4r2s
2s

= s (s2 =12 —4Rr — s> + 3r* + 6Rr) =

1 2r 1
=—QRr+2r¥) =—R+1r)=—(R+71) >3 © R > 2r (Euler)
212 212 r

531. In AABC the following relationship holds:

10

1(2r>T h, 1,1 1
TER WCBRLIES
R\R ry2+r.2~- 2\R 2r

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AM GM 1 1

ST r
OTED T S I R Y IS
¢ have T2 + r.2 Zrbrc as(s—a) s a + s—a
cyc cyc cyc cyc

T sz+r2+4Rr+4R+r B
s 4sRr sr |

1 (4R +1r)? Gerretsen 4 4R+1)?* L1, 1

=—+——" = ——+ 2= ( + )
4R 4Rs? 4R 4R(16Rr — 51%) R 2r

(4R + 1)? R+r
4Rr(16R — 5r) ~— 4Rr

o (AR+1)>* < (R+1r)(16R—-57r) < 3r(R—2r)

> 0 which is true from Euler’'s inequality.

Now,we have : ZLAM’:‘GM 33‘\/ hahyhe AMSEM 93/h hyh,

= =
cyc rbz + rcz Hcyc(rbz + rcz) Z(Taz + rbz + rcz)

Gerretsen

With: r2+1r,2+r.2=@AR+71)?2—-2s2 < (4R+71)?—2(16Rr —512)

2 27R3
= 16R%? — 24Rr + 111%2 <
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(R—-27r)[(R—-27r)(27R — 207) + 41?]
o =0
8r
which is true from Euler's inequality.

27R3
Then:ry> +r,2 +r.2 < 8

A

2522 Mitrinovic g 9742 y2 54t
We also have : h,h,h, = R = R R

35414 7 pul 10
Then : Z h, - EN 1 (2r>3 ”ger 1 (Zr) 3
LT HrET 278 TR = R '

cyc

8r
10
1

Th 1(2r>?<z h, <1(1+ )
erefore, (&) =Lz +r252\RV 20/

cyc

532.In acute AABC,AD, BE, CF —altitudes, H —orthocenter.Prove that:

(AH)4 .\ (BH)4 s (CH>4 48

HD HE HF
A
E
b
F
C
H
M
B D C

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by Avishek Mitra-West Bengal-India

T
=AB-cosA-sec(E—C)=c-cosA-m=

2
AH = AE = cos(DAC)
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c
=2RcosA4; ( sinC

Again, HD = BD - tan(HBD) = BD - tan (g - c) =

= 2R)

cosC
sinC

4
Z (AH)4 ~ Z ( 2Rcos A )4 Power>Mean 3 1 z cos A 3
HD) 2R cos B cos C = 3/Z.cosBcosC|

cyc cyc cyc

=AB-cosB:-cotC =c:-cosB - =2R-cosBcosC

4 4
1 1 AGM 1 1
= _— 24 > — —z 1-—sin%?4 =
27 HCOSAZCOS — 27\ QX cosA)3 (1-sin®4)
cyc — 27 o

4

_1|/ 27 3Z_ZA\|Eu>ler1|/ 27|, 122

=27 2 st = 27 13 4Rz L.
\(1 + E) cyc / \(1 + i) cyc

> Lls(3- 2 o)) =L (s:2) <48
=27 4R? 27 4)

Solution 2 by Eldeniz Hesenov-Azerbaijan

4

Leibniz

| -
)

% =c0sA4A > AE =ccosA

EC=acosC,BD =ccosB

ccosA BE
AH  a

_accosA abccosA

BE 2F
AH =2RcosA; (1)
HD b cos C
ccosB __AD
HD =2RcosBcos(C;(2)

cosa =

tana =

From (1) and (2) we get: ;
B ccosB D

becosC'
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AH cosA

HD ~ cosBcosC (and analogs)

2 2

Z(AH)4_Z< cos A )42952;2”2( cos A )( cosB )>
HD) cos B cosC - cosBcosC cosCcosAd/

cyc cyc cyc
2
A_r—>
Yx2=Yxy ) 1 <H cos >ZR2 - 4R*
= ZCOS A'W = Z(l—sm A)'7=
cyc cyc

4R* 1 a? 4R* 3 1 2 Leibniz 4R* 3  3R* Euler 481r* 48
= — —_— ]| = —— P > c—_= > = )
rt 4R? rt 4R? Z a - ort 4 - rt

cyc

OABC —regular
tetrahedron with side a,
OA'B'C' —symmetric

tetrahedron to the point

0, M € OB,
2MO = OB,N € OC
30N = 0C

(Al M} N’ C,) E (S)l
(5) —sphere, K —center
of (§), R —radius of (S).Find: R = f(a) =?, OK = f(a) =?

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
Plagiogonal 3™ system: 0A = Ox,0B = 0y,0C = Oz.

Let 04 = 1,0(0,0,0),4(1,0,0), M (0,%, 0),N (0, 0,%) ,C'(0,0,—1)

u=x2+y2+z2+xy+yx+zx
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u x y z 1
1 1 0 0 1
1 1
;g o z o 1 =0
1 0 0 1 1
9 0 3
1 0 -1 1
2 1 2 1
S):x?+y?*’+z2+xy+yz+zx—-x+-y+-z—==0;(1)
3 6 3 3
LetK(kl,kz,kg).
f 2 17
—Zkl—kz—k3=—§ k1=ﬁ
{ -k, -2k k—1=><k— 1
1 2 3_6 2 — 8
2 5
\—kl—k2—2k3=§ kk3=—§
k3 + k3 + k3 + kiky + kyk3 + k3k —R2=—1=>R2=£
1 2 3 172 213 311 3 288
V154
R = a
24
ok =(0-37) +(0+3) +(0+3) +(-30 @)+ (3) )+ () (-2
B 24 8 8 24)\8 8/\8 8 24
131 V262
OK*=——=0K=——
288 24

534.

OABC —tetrahedron with volume V
OA =a,0B =b,0C =,
a, b, c —const.
XBOC,<C0OA,<xAOB variable
r —radius of insphere,

R —radius of circumsphere
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fV =V,4 find:r =7r(a,b,c) =?, R = R(a,b,c) =?

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer

V= a_bc\/l — c0s2 0, — cos2 0, — cos? 05 + 2 cos? 0, cos? O, cos? 05
av
a(cos0,) =0 = cosB; = cos B, cosO3
av
a(cos0,) 0 = cos 0, = cos O3 cos O,
av
a(TSB3)= 0= cos0; =cosB;c0s0,,0<0,,0,,0;<m

Hence: 0, = 0, = 03

abc bc ca ab 1
Vinax = T'Sl = 7:S2 = 7;53 = 7,54 = E\/azbz + b%c? + c%?a?

3V nax abc
= —1 V =
$1+S8,+83+8, ab + bc + ca + Va?b? + b%c? + c2a?

Let BC = a; = Vb? + ¢, AC = b, =Va? + c?,AB = ¢; =Va? + b?

bb 1
s= 27 21+cc1=>s=§(a”b2+Cz+b\/cz+az+c‘/az+bz)

|4

1
R — s(s — aa;)(s — bby)(s —cc,;) _ga*b*c?(a® +b* +¢?)
- (6V)? B (abc)?

va? + b% + c?

2

535, ©
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In AABC, u(<ABC) = 90°,AD —median, u(<BAD) = B, u(<xDAC) = a
u(xBCA) = 6. Find the maximum value of a in radians and prove that for
this value of & we have = 6.

Proposed by Mehmet Sahin, Alican Gullu-Turkiye
Solution 1 by Adrian Popa-Romania

C

x VX2 + y? x sina . sina

= = = > sinff =——
sina sin [x2 +y2 sin@ B sin
(4 T
a+ﬁ+0=2:>ﬁzi—(a+ﬁ)
. . sina . tana
cosacosf —sinasinf = — , cos0 —tan asin 0 = —
sin @ sin @
cosOsinf —tanasin? 0 = tana
cos0sinf sin20
tana = = f(0)

1+sin20 2(1+sinZ0)
4cos 260 (1 + sin? 0) — 2 sin? 260
4(1 + sin2 9)2 ’

f'(8) = 0= sin?20 = 2 cos 20 (1 + sin? 9)

f'(0) =

1 - cos 20)
2

sin? 20 = cos 260 (3 — cos 260)

sinZ 260 = 2 cos 20 (1 +

1 1 2 V3
c0520=§:>2c0520—1:§:>c0520=§:>sin0=—
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2sinfcos® 3 V3 V2
tana=2(1+sin20)=\/§ \F=T
1+§

sina

V2
Aoy = tan™1 <T>=>sinﬂ— e =sin@=>p=0.

|G

Solution 2 by Bedri Hajrizi-Mitrovica-Kosovo

a a
AC:y =;x;AD:y =Ex

a_a
T 2¢c a 2c ac
1_I_a_zzz.2c2+a2:a2+2c2
2c?
ac ac 1

tana < = —
2Vaz -2¢2  2vV2ac 22

i . _az
EqualltyforC—ﬁ— =

tana =

Ltan (7]

1 1—tanatan0_1_2\/§

tanp = = =
tan(a+pB) tana+tané 1 4 tan @

22

2v/2 —tan @ <tan0=

= = . 2
1+ 2v/2tan@ 1+2\/§.\/2_§
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tanf =tanf < 0 = .

Solution 3 by Ertan Yildirim-lzmir-Turkiye

B C

1 2

cotf=2cot(a+p)=2tan6, cotf=2cotla+p) = p= s

2t _ tan(a + B) = tana + tan g
anf = tan(a + f ~ 1—tanatanpf

Let x = tan 8,y = tan a, then 2x = L%

1-xy
2x—2x2y=y+x:>x=y(2x2+1):>y:ﬁ
, 2x% 41— 4x? 1—2x?
Y ST +2xd)?r T A+2xD)7
1 1 V2
x:ﬁﬁtanﬁzv—2=7

V2
cothx/f=2tan9:>tan0=7:>tanﬁ=tan0:>3=9.

536. In AABC the following relationship holds:

3 a? 3 b* 3 ct 3
>3- 3/4r2
\/b2+c(a+b)+jc2+a(b+c)+Ja2+b(c+a)_3 ar

Proposed by Marin Chirciu-Romania
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Solution by Ertan Yildirim-lzmir-Turkiye

3 at 3 b4 3 ct
b2+c(a+b)+ cz+a(b+c)+ a?+b(c+a)

4 4 4
a3 b3 c3 Radon
= + + =

(b2 + c(a+ b))% (c2+a(b+ c))% (a2 + b(c+ a))%

4 4
+b+c)3 +b+c)3 2 2
> (atbto @B E O bt o = (295

(a2 + b2+ c2 +2(ab+ bc+ca))? (a+b+c)3

2 3
(25)3>3-V4r2 © (25)2>27 - 412 = 4s2>27 - 4r* o s2>27rt o
s? > 3+/3r (Mitrinovic)
537. In AABC the following relationship holds:

a n b n od - 3 ( 1 )Tl
(b + 20" tw," (¢ + A" tw,m (¢ + A" tw,m ~ (1 + )™ \pR/
A>0,n€eN.

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a n+1 Hold a n+1
We have : z a _ Z (b + ).C) Oger (chcb + AC) (1)
. 1 —_ = n
oye (b + Ac)n wo" cye (awa)” (chc awa)
Al B - Z a cgs (a+ b+ c)? - 3(ab+bc+ca) 3 @
SOWERAVES Lb+ac = Ycalb+40) - A+ A)(ab+bc+ca) 1+4
cyc
Wq s f‘(p—a) CBS Leibniz
And : Z aw, < Z a/plp—a) < <z a2> <Z p(p— a)> <
cyc cyc €ye cye

< +/9R%.p?2 = 3pR (3)

From (1),(2) and (3) we get :
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3 n+1

a 4 b 4 c - (1 ¥ ,1)
(b+ 20)"w," * (c + Aa)""wp,™ (¢ + Aa)™lw,* — (3pR)"

“a i)

538.

OABC —tetrahedron, G —centroid of
OABC,0A =a,0B =b,0C =c

C

<BOC = 04 =90°xC0A =0, =90°
XAOB = 03 = 90°,(s) —circumsphere
of 0OABC,0G n (s) = P,K —center of
(s)
L —centroid of AABC.Prove:
oG _ 1
OP 4
(0, G, L, K) —is harmonic range.

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer

0(0,0,0),A(a,0,0),B(0,b,0),€(0,0,c)

G(a b c> L(a b c> K(a b c>
4°4°4)’ " \3'3'3)’ 2'2°2
P(a,b,c)

So,A,G,L, K. P —are collinear.
OG 1 0K 1 GL _ 1 1 1

OP 40P 2'0P 3
LK 1 1 1

oOP 2 3 6
20K = 12GL = 406G = 6LK
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OK _ GL _ oG _ LK
6 1 3 2
Therefore,

oc _1 and (0, G, L, K) are in harmonic range.

or 4

539. Let I —be the centre of AABC and AMNP the median triangle of AABC
Let
A4, B4, C1 —be the symmetrics of I to M, N, P and R, R,, R3 the
circumradies of ABCA{,ACAB,,AABC,. Prove that: R% + R% + R% > 3R?,

Proposed by Marian Ursarescu-Romania

Solution by Adrian Popa-Romania

1sc

BM = MC, A; —symmetric point of I to M, then IM = MA,
2

BICA —parallelogram, then <BCA; = <BCI = %{B and <CBA; = XICB =

From Law of sines in ACBA; we have

m A

sinA; = sin (E + E) = cos

A A
2Rsm7cosf A
=R{=>R;= 2Rsin§

a 2Rsin A
—:2R1:>—A:2R1:>
cos5 cosy cosy
Similarly, we get

B
R, = 2R sinE and R; = 2R sinE
So, we must show:
A B C
4R? (sin2 R sin? 5+ sin? E) > 3R? | :4R?

(+)

Bl w

A C
-2 -2 -2
sin“ —+ sin + sin“ — =
2 2 2
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in22 4 sin?2 4 sin2 S = 1 A+1 Bisin?e> e
Sin 2 sin 2 sin 2— COSs COSs sin 2°2
2 2c0s At B oA B L 2€23 0 €, -B c+5>0
COs 2 COSs 2 sin 2% sin COSs 2 Slll2 4=
A = 4 cos? ; —5< 0= (x)is true!
540.
OABC tetrahedron,

G centroid of OABC
OA=a,0B =b,0C =c
<BOC = 04 = 120°
«COA = 0,,<A0B = 05 = 60°
(s) circumsphere of 0ABC,

oOGN(s)=P
Prove:
oG 1 b(c —a)
OP 1 & cos0, = ac

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer

Let k = a® + b? + ¢* + 2ab - cos O3 + 2bc - cos O, + 2ca - cos B,
Plagiogonal 3™ system: 0A = Ox,0B = 0y,0C = 0z
0(0,0,0),A4(a,0,0),B(0,b,0),€(0,0,c)

c (%22)13 <a(a2 + b? + ¢?) b(a? + b% + ¢?) c(a® + b? + cz))

k ’ k ’ k
a
oG _ 1 _ k
OP a(a®+b%*+c?) 4(a%+ b2 +c?)
k
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06‘_1( 2ab - cos 03 + 2bc - cos 04 + 2ca - cos 0,
oP 4 a? + b? + ¢?
oG 1@

OP Z(:)Zab cos 03 + 2bc - cos B, + 2ca-cos0, =0

0; = 60°60, =120°= ab — bc + 2accos 0, =0 &

) @

b
cos 0, =2—ac(c—a)

Must -1 <>—(b—a) < 1
fc=a& 0, =90°.
541. In AABC the following relationship holds:
Iyl - 11, 1,1, 11, I,y - 11, a+b+c
AI(Al, — Al " BI(BI,—BI) ' CICl,—cDh) __r

Proposed by Ertan Yildirim-lzmir-Turkiye
Solution by Jose Ferreira Queiroz-Olinda-Brazil

2s=a+b+c¢cIM=1r,M€ (AB)
I,L=1,L€(AB),AL=s

A A a
ra=AIa-sm§;r=AI-sm§;IIa=S_a-AI
a
Iyl =
sin
g Al 4
I,1.-11, n _ a*Al sing
AI(AIa—AI) (s—a)sin% Al(r, —r)
sm sm
B a? _a _a
S (s—a)(r,—-r _ ST\ ar r
( )( a ) (s—a) (s—a )
Similarly, we have:
I,1.-1I, b I, 11, c
————=—and ————<=—
BI(BI,—BI) r cIici,—cI) r
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By adding, we get:
11,11, 11,11, Il,-1I, a+b+c
AI(Al, —AD " BI(BI, —BD " CI(CI,—CD ___r

542. Let I —be the centre of AABC and AMNP the median triangle of AABC.

Let A4, B4, C; —be the symmetrics of  to M, N, P and R4, R,, R3 the
circumradies of ABCA{,ACAB,,AABC,. Prove that:

1 1 1 3

S+t=s+==2=
2 2 2 —

R? ' R ' R: ™ RZ

Proposed by Marian Ursarescu-Romania
Solution by Adrian Popa-Romania
BM = MC, A; —symmetric point of I to M, then IM = MA,
BICA —parallelogram, then <BCA; = <BCI = <B and <CBA; = <ICB = 4C

From Law of sines in ACBA; we have
BC
sin 4,
B C m—A

T

A=mogy=m-— =3t
A
2

=2R1

A

2
N (n_l_A)_

sin A; = sin 213 = cos
2Rsin A4 2R sin%cos%

:2R1:>——2R1:> :Rl
COSE COSE COSE

A
= Ry = 2Rsin—
2
Similarly, we get
. B . C
R, = 2R smi and R; = 2R smE

So, we must show:

1 N 1 N 1 - 3 1 N 1 N 1 > 12
— o
. A . » B . »C ™ R2 ., A . »B ., C—
2 24 2 2D 2 2 L 24 2D 2L
4R4 sin > 4R~4 sin 2 4R~4 sin 2 sin 2 sin 2 sin >
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1 —sinx
Let f(x) =——,x€ (0,m),f'(x) =—
sin? 5 2sint 5
2 2
6—4sin2%
f'(x) = — % > 0 = f — concave function.
4 sin 3
A+B+C 1 1 1 3
f(A)+f(B)+f(C)23f( )@ + S
3 sinz4  sinzZ  sin2& 4,B,¢
2 2 2 2222
3
1 4 1 4 1 S 3 1 1 1 > 12
=2 =2 .ZC_SinZ_@ =2 + =2 + 'ZC_
sin?5  sin?7  sin’z sin?3  sin?7  sin?3

543. If M, P € Int(AABC) then prove that :

(PB.PC)? .\ (PC.PA)? .\ (PA. PB)? N (a. PA+ b.PB +c. P(:)2
MB.MC ' MC.MA ' MA.MB ~\ MA+ MB + MC

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

—_— —_— —\ 2
Let x,y,z > 0. We have : (xPA + yPB +zPC) >0
o Z x*PA? + Z yz.2PB.PC >0
cyc cyc

o Z x*PA? + Z yz.(PB* + PC* —B(C?) >0
cyc cyc

Z (x? + xy + xz)PA? > z yza?
cyc cyc

o (x+y+z)<z xPA2> Zz yza? o
cyc cyc

A? a?

P
x+y+2).x zz —2>x zz —
Y Y cyc YZ Y cyc X

(ty+2)? PAZ_I_PBZ_I_PC2 > (xty+2) a2+b2+c2
H — — —
xryrz yz zx xy |~ xryrz X y z
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a’? b*> c*
By CBS inequality we have : (x+y + z) <7 + £ + ;) >(a+b+c)?

Then,

PA? PB? PC?’ /a+b+c\’
i 2( ) 1)
zx Xy X+y+z

Now, let A',B',C'be the inverse of points A, B,C by means of a circle of center P

and radius p = VPA.PB.PC.

By the definition of inversion we have : PA'.PA = p?> or PA'
= PB.PC (and analogs)
By the Law of Cosines in AB'PC’' we have :
B'C’*=a'? = PB'* + PC'* — 2PB'.PC'.cos BPC’
= (PC.PA)? + (PA.PB)? — 2(PC.PA).(PA.PB).cos B'PC' =
= PA% (PB? + PC?* — 2PB.PC.cos BPC) = PA%.a?.
Then: a' = a.PA (and analogs)

(See : D. Mitrinovic,J. E. Pecaric and V.Volenec, Recent Advances in Geometric Inequalities[M],)
Kluwer Academic Publishers,1989,293 — 294,

Applying the inequality (1) in AA'B'C',we obtain :

+
x+y+z

PA2 PB? PpP(? <a’ +b + c’>2
+ >
yz zX xy

(PB.PC)? N (PC.PA)? 4 (PA.PB)? - (a. PA +b.PB +c. PC)2

yz zx xy x+y+z

Taking x=MA, y=MB, z= MC we get :
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(PB.PC)? N (PC.PA)? N (PA.PB)? - (a. PA+ b.PB + c.Pc)2
MB.MC ' MC.MA MA.MB =\ MA+ MB + MC

544. In AABC the following relationship holds:

3 1 3 3,2
a® + b% + c® > 8V3 - (VF) +E'Z(a2_b2)
cyc
Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by Adrian Popa-Romania

1 3 3\ 2 33
LY () - Sy

cyc cyc cyc
We must show that:
33 3
Z bzcz > 8V3 - (VF)
cyc

3 3 AGM
b2cz % 3abc =3 -4RF = 12RF > 83 - (\/_)

cyc

43
3RF > 233 - (VF)’ © 9R?F? > 4V3F* = 9R? > 4V3F & R? > — ST
3V3 2s 253 1252
But s < ——R (Mitrinovic) > R > ——= = R? >
2 3v3 9 81
So, we must show:
1252 4\/—
31 2 T sr © s > 3\/3r(Mitrinovic)
545.If m,n € N* and x,y,z > 0 then in AABC holds:
mx + ny my + nz mz + nx
Z

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by Avishek Mitra-West Bengal-India

mx+n AGM
Z Y. mz— at+n ) - a4 >

cyc cyc cyc
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3

x z x z 4

>3m —-X-—l_[a“ +3n —-X-—l_[a“ = 3(m + n)(4Rrs)3
zZ Xy y

cyc

Need to show:
4
3(m+n)(4Rrs)3 > 16(m + n)F? &
27
27(4Rrs)* > 4%(rs)° 1—6R4 > r2s2(true!)

R > 2r(Euler) = R? > 412 and 3V/3R > 2s(Mitrinovic) = 27R? > 4s?

= 27R? - R? > 4s? - 41? = 27R* > 1671%s?
Solution 2 by Tapas Das-India

mx + ny x y |, AGM
Z—-a4=m2—-a4+n2—-a4 >
z z z

cyc

cyc cyc

?
= 3(m + n)4RrsV4Rrs >> 16(m + n) F2
Now, we know that

4F abc abc 3abc 2
abc =4RFanda +b +c < 3R\/§:>\/—§—ﬁsz_a+b+cg (abc)s =

3 3

(abc)? > (jg) = abc > (:L/g)i

4 (4F\* 16F? 4
= (abc)3 > (—) = = 3(abc)3 > 16F?
V3 3

sin? A + sin? B + sin?C =2 + 2 cos A cos B cos C

a=2RsinA,b =2RsinB,c =2Rsin(C =
a? + b% + ¢* = 4R?*(sin? A + sin? B + sin? C) =

= 4R?*(2+ 2 cos Acos B cos ()

1 ] ] ] 9
cosAcosBcosCS§:> sm2A+ssz+sm2CSZ
a? + b? + ¢* < 9R?
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2 2
(a+l;+c) <+ b4 =>(a+b3+c)

(a+b+c¢)2<27R>< a+b+c<3V3R
546.1f m > 0and t,u,x,y,z > 0 thenin AABC holds:

<9R? &

tx + uy ty + uz tz + ux
. -a™ + -b™ +

cem>2m(YE) "k w) - (VE)"

Proposed by D.M.Batinetu-Giurgiu-Romania

Solution by Tapas Das-India
tx +uy ty + uz tz + ux
-a™ + -b™ + :

V4

c" =

X y z y z X
=t<—a"‘+ bm+—c"‘)+u( am+—bm+—cm)2
z X y

x y z
> 3t - (abc)? + 3u - (abc)3 = 3(u + )(abc)3
We need to show:

3u+t)(abo)? >27(¥8)" ™ t+w) - (VF)"

8(abc)3 > 2m(48)" ™ - (VF)"™; (1)
(abc)? > (%)3 (Carlitz) = abc > (i}/—g)g

5 _ (Eﬁzﬁ-ﬁ:zm-w
o (B

3(ab0)3 =3-2m. (VF)" -3 % =2m .3 4 . (V)" =2 (V) (VP)"

Therefore,

cemz2m(Ya) T (v w) - (VE)"

(abc)% > (%>%

tx +uy ty + uz tz + ux
-a™ -b™ +

+
V4 X

547. In AABC the following relationship holds:

2a® +3b% +5¢3 3a®+5b3+2c® 5a3+2b3+3¢3

+ + > 6V3
2a% +3b%2 +5c%2  3a?+5b%2+2c%2 5a?+ 2b%+ 3c? var

Proposed by Daniel Sitaru-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

CE‘S C’_I.ZS
(2a® +3b% +5¢®)(2a+ 3b + 5¢) > (2a? +3b% + 5¢2)? >

(2a + 3b + 5¢)?

> 2 2 2y
> (2a* + 3b* + 5¢*) 1355

Then :

2a® + 3b% + 5¢3 - 2a+ 3b+ 5c¢
2a% + 3b%2 + 5¢% — 10 '

Similarly we have :

3a® +5b3+2c® 3a+5b+2c 5a +2b3+3c® 5a+2b+3c
> & >
3a? + 5b2 + 2c¢2 10 5a? + 2b% + 3c¢2 10

Summing up these inequalities we get :

2a® + 3b% + 5¢3 N 3a® +5b3 + 2¢3 N 5a3 +2b3 + 3¢
2a% + 3b2 + 5c¢%2  3a%? +5b%2+2c% 5a?+ 2b% + 3c?
Mitrinovic

)

=2s >  2.3V3r =6V3r.

>a+b+c=

548. In AABC the following relationship holds:

2

r.  4r

42 _ 9R? (R )
r

Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Lemma: if x,y,z >0 thenwe have : 3(x3y + y3z + z3x) < (x% + y? + z2)?

Proof : Using the well known inequality (u+ v + w)? > 3(uv + vw + wu)
With: u=x*+yz—xy, v=y?>+zx—yz, w=2z?+xy—zx:

(x2+y?2+2%)?=(u+v+w)?=>3uv+vw+wu)
= SZ(xZ +yz—xy)(y* + zx —yz) = 3(x3y + y3z + z3x).

cyc
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L
12 rlry 3.+ rlry M (rg? +rp? +1r2)?
Now,we have : — = <
T, TalpT ¢ 3r,rpr.
[(4R + 1)? — 25?%]?
B 3s2r =

Gerretsen [(AR + r)2 — 2(16Rr — 512)]?
= 3(16Rr — 512)r
256R* — 768R3r + 928R%r? — 528Rr3 + 121r* ., 9R? /R 2
a 3(16R — 51)12 S (__ )
< 41r(256R* — 768R3r + 928R?*r? — 528Rr3 + 121r%)
< 27R%*(R? — 2Rr + r*)(16R — 57)
< 432R5 — 2023R*r + 3774R3*r? — 3847R?*r3 + 2112Rr* — 484> > 0
o (R-21r)[(R—-2r)(432R3 — 295R?*r + 866R1?* + 79713) + 18367*] > 0

Which is true from Euler's inequality R > 2r.
2

r.> 9R%* /R
Therefore, — < — (— - 1) )
T 4r \r

Solution 2 by Soumava Chakraborty-Kolkata-India

Yoy et s (5 ) (VL)Y
- = = Iq e g — -
I'¢ I'¢ Tq e

cyc cyc cyc cyc cyc cyc

r

N

— (4R +7r)

(4R +1)? — 252 rg Holder (4R +r)? — 252
= —(4R+r1) - z <
r ( r T, r
cyc

3
. (chcra)
3chc IpIe
? 9RZ /R 2 (4R+71)3 (4R+71)2—2s2 9R (R-r)2 ?
< ( 1) &-—— " 4 4R+ - +

<= >0
4r \r 3s? r 4r3

4r3(4R +1)% + 12s’r3(4R + 1) — 12r%s%((4R + )% — 25%) + 27s?R?*(R — 1)? 2o

= =

12s2r3 ,
© 24r%s* + (27R* — 54R%r — 165R’r* — 48Rr?) + 4r3(4R + 1)* > 0 and
®

2 Gerretsen

v 24r%(s? — 16Rr + 5r2)° >
- in order to prove (*), it suffices to prove :
24r2s* + (27R* — 54R3r — 165R?r? — 48Rr?)s? + 4r3(4R + )3 > 24r2(s? — 16Rr + 5r2)"
& (27R* — 54R3r — 165R?*r? + 720Rr? — 240r*)s?

()
+r3(256R% — 5952R?r + 3888Rr? — 596r%) > 0

» 27R* — 54R3r — 165R?*r? + 720Rr? — 240r*
= (R—2r) ((R— 2r)(27R? + 25Rr + 29r(R — 2r) +1?) + 276r3)

Rouche

Euler
+540r* > 540r* > 0 .. LHSof (*%) >
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(27R* — 54R3r — 165R?r? + 720Rr? — 240r*) (2R? + 10Rr — r? — 2(R — 2r)y/R? — 2Rr)

?
+r3(256R% — 5952R?r + 3888Rr? — 596r3) > 0
& (27R* — 54R3r — 165R?r? + 720Rr? — 240r*)(2R? + 10Rr — r?)
+1r3(256R% — 5952R?r + 3888Rr? — 5961°)

> 2R 2r)(27R* — 54R%r — 165R?r? + 720Rr> — 240r*)\/R? — 2Rr
& (R — 2r)(54R5 + 270R*r — 357R%r? — 614R%r3 — 295Rr* + 178r°) > 2(R-2r)(27R*
— 54R%r — 165R?*r? + 720Rr? — 240r*)y/R2 — 2Rr
& 54R° + 270R*r — 357R3r? — 614R%*r3 — 295Rr*
117865 > 2(27R* — 54R3r — 165R?r? + 720Rr> — 240r*)/R% — 2Rr

)
* 54R5 + 270R*r — 357R3r? — 614R%r3 — 295Rr* + 178r°
= (R — 2r)(54R* + 378R%r + 399R?r? + 184Rr? + 73r%)

Euler
+324r° > 324r° > 0 -~ (3x5) ©

(54RS + 270R*r — 357R3r? — 614R?r® — 295Rr* + 178r5)"
> 4(R? — 2Rr)(27R* — 54R%r — 165R?r? + 720Rr? — 240r%)”
© 46656t° + 34992t% — 533844t7 + 471609t° + 637080t> — 3400094t* + 6398368t3

R
—3126759t% + 355780t + 31684 > 0 (t = F)

e (t-2) ((t —2)(466656t7 +221616t° + 165996t° + 249129t + 710531¢3
+259081t%(t — 2) + 447272t + 734977) + 1506600) +104976 = 0

Euler
—true~t > 2
r2 9R% /R 2
£ ) o
C

o (#%%) = (xx) > () is true = in anyAABC,z < ar \t

cyc

549. In AABC the following relationship holds:

R 4
W‘Zra + W%Tb + wi’rc < 35 (E)

Proposed by Kostas Geronikolas-Greece
Solution by Marian Ursdarescu-Romania

WaTq sw/s(s—a)-%:m.ﬁ(s—a)s(s——b)(s—c) _

a

s(s—b+s—c)_as
2 S 2

as
= WqTg < 7

=s(s—b)(s—¢) <

We must show:
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as 243
2 4,
E Wo 5 < R*; (1)

cyc

< s(s—a);(2)
From (1) and (2) we must show that
> Z a(s—a) < 1—6R4 3)

cyc

But Z a(s—a) =2r(4R +1);(4)

cyc

From (3) and (4) we must show
243
s’r(AR+ 1) < 1—6R4; (5)

<7 (Euler); (6)

§T =

From (5) and (6) we must show
9
4R + 1 < ER < 8R + 2r < 9R © 2r < R(Euler).

550. If m = 0 then in AABC holds:

a2m+2 + b2m+2 + c2m+2 >

> g2m+2 (\/g)l"m . pm+1 +%((am+1 _ pmr1)2 g (pml _ mt1)2 4 (emAl _ gmi1)2)

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution by Avishek Mitra-West Bengal-India
Need to show:

1-m 1
2m+2 > 22m+2 3 Fm+1 - m+1 _ bm+1 2
E a > (vV3) +5 E (a )

cyc cyc

Z q2m+2 > p2m+2 (\/§)1_ml;‘m+1 n 1(2 z a?m+z _ 9 Z am+1bm+1>
- 2

cyc cyc cyc
1-m
Z am+1bm+1 > 22m+2 (\/E) Fm+1
cyc

Now, we have:
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m+1pm+1 AGM 2m+2 — 23 2m+2
am™tlp > 3 a?m+2 = 3 /(4Rrs)?m
cyc

cyc

Need to show:

33 (4-R1'S)2m+2 > 22m+2(\/§)1_mFm+1, 27(4RTS)2m+2 > 23(2m+2)(\/§)3(1—m)(

rs)3m+3

3(1-
27R*™m+2 > 22m+2(|/3) (t=m (rs)™*1 (true!), R > 2r (Euler) = R™1 > (2r)m+1

1 1
3V3R > 25 = (3V3R) " = (2s)™1,  (3v3)" RZM*Z > 22m+2(pg)m+l

3(1-m)

27R2m+2 > 22m+2 (\/5) (TS)m+1

551. In AABC the following relationship holds:

m;m m.m m,m R
gr<—2Cy—c @ e b 4R+7)
m, my, m, 2r

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania
For the left side we have:

mym, m.m, m,m,AGM
+ + > 3}m,m,m,
m, my m,

We must show that:
3}/m,mym, > 9r © m;mym, > 27r3; (1)
Butm, > ./s(s — a) = mym,m, > sF = sr;(2)
From (1) and (2) we must show that: s?r > 27r3 & s? > 27r*(Mitrinovic)

For the right side we must show:

1 1 1 R
mymym, m—5+m—12)+m—% S§(4R+T);(3)
Rs?
mom,m; < T; (4)
1 1 1 1 1
> ./s(s — — < — <=
Mq 2 |s(s a):;’mg_s(s—a):)zmﬁ_pz:s—a
cyc cyc
1 1 4R+r 4R+
m; " S ST s2r

cyc
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From (4) and (5) we must show:

1 1 1
moym,m, (m_ﬁ + m—lz) + m_,%) <

Rs® 4R+r R(4R+r .
— = (4R47) (3) is true.
2 ser 2r

552. In AABC the following relationship holds:
r(rg+ry+r.)
F

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Daniel Sitaru-Romania

cotA + cotB + cotC >

ZcotA—ZCOSA— b2+c2—a2_zb2+c2—a2_
sinA 2bcsinA 4F
cyc cyc cyc cyc
_a?+b*+c® 2(s>—1?—4Rr) _sz—r2—4Rr>
4F 4F 2F o
TSN 16Rr — 512 — 12 — 4Rr _ 12Rr — 617 _
- 2F 2F
_ 6Rr — 3r? _1(6R—3r) r(4R+ 2R —37) -
F F F o
EUéER r(A4R+2-2r—3r) r(AR+r1) 1(rg+7r,+71,)
- F F F

Equality fora = b = c.

553.

P
OABC-tetrahedron, G —centroid of 0OABC, OA = a,0B = b,0C = ¢
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XBOC = 0,,<C0A = 6,,%A0B = 03, (s) circumsphere of 0ABC,0G N (s) = P

Prove:

OG 1 cosO; cosBO, cosO;
—=— + + =
or 4 a b c

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
Plagiogonal 3D system: 0A = Ox,0B = 0y,0C = 0z

0(0,0,0),A(a,0,0),B(0,b,0),€(0,0,c)
K = a? + b? + ¢* + 2bc cos 8, + 2cacos 0, + 2ab cos 05
abc a(a? + b? + c¢?) b(a? + b? + ¢?) c(a? + b? + c?)
6(333) "

K ’ K ’ K
a
06 z ~ K
OP a(a?+b?%2+c2) 4(a?+ b? + ¢?)
K
06 1 1+a2 + b% + ¢ + 2bccos 8, + 2cacos 0, + 2ab cos 05
oP 4 a? + b% + ¢?
oG 1
op-1° a’ + b%* + ¢? + 2bccos 0, + 2cacos O, + 2abcosO; = 0

cosf;  cos@, cos 03

=0

a b c

554.

OABC tetrahedron, G centroid of OABC,04 = a,0B = b,0C = c,
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XBOC = 0,,4C0A = 60,<A0B = 05, (s) —circumsphere of 0ABC,
G

0 1
0G N (s) = P.Prove that.E =1 [1 +

2bccos01+2cacosB,+2ab cos 03]
a?+b2+c?

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
Plagiogonal 3D system: 0A = Ox,0B = 0y,0C = 0z

0(0,0,0),A(a,0,0),B(0,b,0),€(0,0,c)
K = a? + b? + ¢* + 2bc cos 8, + 2cacos 0, + 2ab cos 05
abc a(a? + b? + c¢?) b(a? + b? + ¢?) c(a? + b% + c?)
6(33:3)7

K ’ K ’ K
a
0G 1 B K
OP a(a?+b?+c2)  4(a? + b? + c?)
K
oG 1 (1 2bccos 04 + 2cacos 0, + 2ab cos 93)
OoP 4 a? + b? + ¢2
555.

OABC —tetrahedron, K —center of circumsphere,

OA=a,0B =0b,0C =,
<BOC = 0, = 60°,%xC0A = 0, = 60°,
<AOB = 03 = 60°
(BOC) = P4,(COA) = P,,
(AOB) = P3,(ABC) = P,
K, €P{, K, €Py,K; € P3,K, €EP,,
KK, 1 P,,KK, | P,,KK; 1 P3,KK, 1 P,.Prove:

V6 V6 V6
KK, —EIBa—b—bI,KKZ —EISb—c—aI,KK3 —EIBC—a—bI,

V2 |(a+ b+ c)(ab + bc + ca) — 8abc)|
4 \/S(azbz + b%c% + c2a?) — 2abc(a+ b + ¢)

Note:If a = b = c, then KK; = KK, = KK3 = KK, = Sa=r.

KK4 =

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer

Plagiogonal 3D system: SA = Sx,SB = Sy, SC = Sz
3a—b—cK _3b—c—aK _3c—a—b
4 e 4 3T 4

1 1

— — 3
Pi:x=0.Letu L Py, u(uq, uy,uz), uy = DUz U3 = —

K(Kl, Kz, K3),K1 =

2 2

= () +(-8) + () +3 (D (DD (D)

N 6 . V6 1-K,| V6 V6

v = |V =—> = —_— = — —a—c¢

v %l KK, 2 KK; = > |3b |
1

16 4 3| 4
z
NG

_, _ 1 1 3
P3;:z=0.Letw L P5,w(wy,wy, W3), Wy = — W2 =—,, W3 = Z,le =

1K V6
3. |W| > KK; = —|3c—a— b
1

4
X y z

Py,—+>+—-=1= bcx+acy+abz—abc=0
a b c

‘_i 1 PV: a(qll q2, Q3)

Iq1? = 3 [3(a?b? + b%c? + c?a?) — 2abc(a + b + )]
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KK = [bc- Ky + ca-K; + ab- K3 + (—abc)]* ql?
4 (bc-q,+ca-q, +ab-q3)?
KK = [(a+ b + c)(ab + bc + ca) — 8abc]?
4 7 [3(a?b? + b%c? + c%a?) — 2abc(a + b + ¢)]?

1
'3 [3(a%b? + b?c? + c?a? — 2abc(a+ b + ¢)]
Therefore,
KK V2 |(a+ b+ c)(ab + bc + ca) — 8abc)|
T4 \/B(azb2 + b%c? + c2a?) — 2abc(a+ b + ¢)

556.
F E
s . o
A 5 ABCDEF —regular hexagon,

L BQ _ DR _FS _
" QC  RE  SsA

¥ — [KLMNOP] B 49

[ABCDEF] 162’

([*] — area of *) Find w =?
Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil
£

6"
B vaQb ¢ ¥}
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= l(regular hexagon), AFBD is equilateral
O B
2—l=sm60 —7$FB—I\/§

ABLK = ADPO = FNM

!
Bo—a (BQTeC=1 (a+b=1I a=2
{Qc=b=’ BQ_ =ja_, = 7
QC b hb=—

Similarly, DR = FS = a, RE = SA = b. Applying Menelaus’ theorem in the ASOT, points

F, L and B are collinear, we have:
BQ TF SL

, V3
'ST_l+b_Sm60 =>SH={+b) —

SQ SH 3SL 3 l+b _
ASHQ~ALBQE—LB >SL- 2 LB = (I+ b)V3 = 3LB

:>LB=(l+b)-?:>LB:§.M

3 w+1
DU UB @ 3
Now, ADBU~AKBV, then: — = — = 2- = 2 > VB = KV/3
VB KV VB
V3
ALBO-AKV LB _BQ =5 (L+b) a
~ = — = =
Q Q KV~ VQ KV a—VB
V3 V3
< A+ b)(a-VB) = a-KV:>?(l+b)(a—\/§KV) =a-KV

?a(l+b)—(l+b)KV=a-KV

KV(a+b+l)=?a(l+b) V3 all+b)

2KV =37

In AKVB: XY — sin30° =1 = KB = 2KV
KB 2
V3 a(l+b) \/_ wl  l(o+2)
KB:?

_l\/§ w(w+2)
[ "3l w+1 w+1 B

3 (w+1)2

Now,
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(W3)'V3 312v3
[FBD] == = =

[BLK]_l KB - LB - si 60°—1 V3 lo(w+2) V3 l(w+2) V3
2 T2 et 3w+l 2
V3 Po(w+2)?
12 (w+1)3
6123
4

[ABCDEF] =

So, we have:

313V3  3V3 Pw(w+2)? 3_ w(w + 2)?
(IS VI CE S VI U CE S Vi

612v3 162 6 162
4

w(w+2)2_3 . 49 192 32
(w+1)3 162 162 27
w(w+2)> 32

Therefore: w = 2.

557.

ABCD —cyclic
BP | AD,BQ || AC
AEBF —cyclic

BR || AF,BS || AE

Prove:

AP -AC — AR - AE = AS-AF — AQ-AD

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by Jose Ferreira Queiroz-Olinda-Brazil

ABCD —cyclicand BP || AD,BQ || AC, then:
AB? = AP-AC+ AD - AQ
AEBF —cyclicand BR || AF,BS || AE, then:
AB? = AE - AR + AF - AS
Thus,
AP -AC+ AD - AQ = AE - AR + AF - AS
AP -AC— AR-AE = AS-AF — AQ-AD
558.

BDEF —parallelogram with center K, {B,D} € ®(c),(c) nBE =C,(c) n
BF = A®O(K,KE) = (w),(w) n BA = {F,P},(w) N BC = {E, Q}. Prove that:
BP—FA+BQ—EC_0
BE BF

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Manolis Nikoloudakis-Greece

BP—FA BQ-EC BP BQ FA EC
+ =0sc—F—=—+—
BE BF BE ' BF BE ' BF
reosp - FA  EC
COSE = BE " BF

67 RMM-GEOMETRY MARATHON 501-600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
. EC  FA
But ABCD —cyclic,then 2cosB = —+ —
BF ' BE

EC FA FA EC

—t—=—t—5

BF BE BE BF
559. In AABC the following relationship holds:

1=1.

z sinB + sinC - z sinB + sinC
h, o

Tq
cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Daniel Sitaru-Romania

Z sinB + sinC < Z sinB + sinC Z 2RsinB + 2RsinC < z 2RsinB + 2RsinC
— H —

ha ra ha ra
cyc cyc cyc cyc
Zb+c<zb+c b+c<zb+c
H —
ha - ra E - _F
cyc cyc e q g _a
1
Ez a(b +¢) < Z(s —a@)(b+6) o Z a(h +¢) < Z(ZS _2a)(b+c)
cyc cyc cyc cyc
ZZabSZ(b+c—a)(b+c)HZZabSZ(b+c)2—za(b+c)
cyc cyc cyc cyc cyc
22ab§22a2+22ab—22ab
cyc cyc cyc cyc
ZZabSZZaZ o(a-b?*+b-0)?+(c—a) =
cyc cyc

560. In AABC,n, —Nagel's cevian, p, —Speiker’s cevian. Prove that:

s2(R* — 161%)
an_l_ 32"‘“ = 42”“ + 3rS + srt
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

s(b—c)* §2 s[a? — (b — ¢)?]

We have : n,2 =s(s—a) +

a
, 4s(s—b)(s—c) , 4s.sr?
s? — =s% —

a a(s—a)

=s% —2h,r, (i)
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?

R - 2(R —
na(_) ( T)S>

Then,we have: —— 1> — —_—2>n, ©
r h, a
4(R —1)?%s? © 2r A
RIPS S gt 2 2 2y = 521 -2 (2) (tan)

_ A A A
- 4(R—1)? > (2RsinA)?> — 4R smEcosEArtanE o

(R—1)2>R?*(1—cos?A) —2Rr(1 —cos A)

o r2>—R?cos?A+2RrcosA < (RcosA—1r)? > 0,which is true, then

Ma _ R 1 < (R 1) h
hST or ng < (- a
Pana’itopol Rha
Alsowe have: m, < >y Pa > h,,

Mitrg‘lovic 3\/§R ] ]
< > < 3R. Then it suffices to prove:

Z(R 1>h +32Rha<42h +sz(R4—16r4)
T a 2r ~ a 3r5 + 3Rt O

5<R 1)2’1 <sZ(R‘*—16r4)
2r ¢~ 3r(r* + Rr3)
R s2+r(4R+1) s*(R*-16r%)
Oor 5 (— — 1) . <
2R 3r(r* + Rr3)

S

2r
By Doucet's inequality we have : 3r(4R + 1) < s? so it suffices to prove
5(5_1>.3+1< R* —161*
2r 3.2R ~ 3r(r* + Rr3)
or 5a* + Rr3)(R — 2r) < R(R* —161*) = R(R — 2r)(R® + 2R?*r + 4R1?* + 813)
Oor
(R—2r)(R*+ 2R3r + 4R*r* + 3Rr®* —5r*) > 0

which is true by Euler's inequality.

s2(R* — 161%)
Therefore, Zna+32ma £4Zpa+ .

315 + srt
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561. In AABC, w —Brocard's angle, holds :

A B C

4F(cotw —V3) > Z (a—b)* + 16er (cos2 — — COS = oS —).
cyc cyc 2 2 2

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a? + b? + ¢?
4F ’

the desired inequality is succesively equivalent to :

4ab - 2(s—b)(s—
a2+ b%+c?—4/3F > Zz (a? - bc) + a CZ (S(S a) _ \/S (s 2)(8 c))
cyc S cyc bC a bC

b —a?) - 4V3F > 4 —a)—4 bc(s — b)(s —
chc(a + ca — a*) chca(s a) chc\/ c(s—b)(s—o0)

From the identity cotw = cotA + cotB + cot(C =

2 chca(s —a)>2 zcyc (\/b(s —b) —Jc(s — c))2 + 4+/3F

Y JaG-@ 2y (VBG-B-ycG-0) +2V3F (@)
cyc cyc
Now let's prove that

a' =.a(s—a),b =, b(s—b),c’ =,/c(s—c) can be the sides of a triangle :

Letx=(s—b)(s—c), y=(6—-¢c)(s—a), z=(s—a)(s—b)

Since : a'? = y+ z (and analogs) we have : a’ 24+ b2 —¢'?=22>0 then
: a' +b' >c (and analogs)

Soa',b',c’'can be the sides of a triangle A’ with area F' such that :

16F’2:ZZ a’zb’z—z a’4=22 (y+Z)(Z+x)—Z (y+z)2=42 yz=
cyc cyc cyc cyc cyc

F
=4(s—a)(s—b)(s—c)z (s —a) = 4sr%.s = 4F? then: F’=E.
cyc

Applying now Hadwiger — Finsler inequality in A’ we get :

Z a'?> z (b’ — c')? + 4\/3F'
cyc cyc

@Z w/a(s—aZZZ (\/b(s—b)—\/c(s—c))2+2\/§F
cyc cyc
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which is (1) and the proof is complete.

Solution 2 by Soumava Chakraborty-Kolkata-India

A> N > 2bc 2A+ ¢ A A 2bc s(s—a)+ A
—_ L1 —_ —_ —_= | — —_
SSeC > Wo +1, © S bt cos® o + stan cos bic  be ssin
(b+c+a)(s—a)+ A +a(s—a)+ A (1 s—a)
= — =9 — _ — s —
Ab+c ssmz s—a b+c sst a b+c

Zssini
(Zs—a—s+a>> AL @ A A A BB A
sa|l—— o - —cos— - .sin—
a b+c SSln b+c Slnz SanCOSZ_ COSZCOS 2 Slnz

B-C

S cos <1 - true - |[ssec— = W, + r, and analogs|| - (1)

(e

B C a?
oS ——cos—cosz) < 4F (chc —\/5)

Now, 4F(cotw — V3) > Z(a —b)? + 16er > AF

cyc cyc

A A
> Zz a? — Zz ab + 8Rr2(1 + cosA) — 16Rr ncosi Zseci

cyc cyc cyc cyc cyc

S A r
_ 2 _ - _ _
@22ab Za 4\/§F+16Rr.4R. secZZBRr(3+1+R)
cyc cyc cyc
A
& 2(s? + 4Rr + r?) — 2(s* —4Rr — r?) — 4V3rs + 4rsz sec = 8r(4R+r)
cyc
A squaring A B C
@sZsecE>4R+r+\/—s s? ZSECZE+2 secs sec

cyc cyc cyc

> (4R +r1)? + 352 + 2v/3s(4R+ 1)

4R+1) +s A B
% 2s? Z secsecy > (4R +1)? + 352+ 2V3s(4R + 1)
cyc

A B
= SZZsecEsecE >s2 ++V3s(4R+71)

cyc

squaring ,A B A A
= E — - | | — E -
S sec 2 sec 2 +2 sec 2 sec 2

cyc cyc cyc

>s*+3s2(4R+1)% + 2V3s3(4R+ 1)

16R? A 4R A
2 Z cos? > + 254.?.2 sec > s* +3s2(4R+ )2 + 2V3s3(4R + 1)
cyc cyc

4R+r A
& 8R?%s? ( ) + 8Rs? Z secs > s* +3s2(4R + )% + 2V3s3(4R + 1)

cyc

o st

A®©
< |8Rs?(4R +r) + 8Rs3 Z secs > s* + 3s2(4R+1r)?2 + 2V3s3(4R + 1)

cyc
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A s? + 4Rr + r?
Now,(l)stsecEZZwa+ZraZZha+4R+r=T+4R+r

cyc cye cyc cyc
= 8Rs? Z sec% (g 4s?(s? + 4Rr +r?) + 8Rs?(4R + 1)
cyc
« (i) = LHS of (+) > 8Rs?(4R +r) + 4s%(s? + 4Rr + r?) + 8Rs?>(4R + 1) é RHS of (»)
=s*+3s2(4R + )% + 2V3s3(4R+ 1)
© 16Rs?(4R + 1) + 45%(s* + 4Rr + r?) — s* — 3s2(4R +1)? — 2vV3s3(4R + 1) é 0

? 2
& 3s* +s2(4R+1r)2 — 2V3s3(4R+1) > 0 & s? (\/gs — (4R + r)) >0
- true
= (o) is true = 4F(cotoo — \/§)

A B C
> Z(a —b)? + 16er (cos2 5 — cos > cos E) with equality iff v/3s
cyc cyc
Trucht
=(@R+r)and ~V3s < 4R+r

with equality iff A ABC is equilateral -. equality iff A ABC is equilateral (QED)

562. If in AABC,1,,1,, 1. —excenters, then :

A P (4R%? — 3Rr + 21?).
I, 4R

(8R? —3Rr — 21?%) < Z r
4-R2 cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A
Using the identities : Al, = Ld 1 and I,I. = 4R cosE we get :

cos>
Al, p _pra< 2A>_pra re’
ra.IbIc—ra.4Rcoszg—4R 1 + tan 2) = ar 1+p2
-2 +r“3 (and analogs)
=2R\Ta 7 and analogs
P (4R + 1)3 — 12Rp?
Then : Z aIb 4Rz < >—4R<(4R+r)+ 7
_p (4R+1)?
_4R< 7 S8R+ 71

(4R + 1)? - 22R-1)
p* ~ R

By Blundon — Gerretsen's inequality we have :
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Then : z Al, _ P (2(2R r)(4R + 1) _ 8R4+ r>

“1,,1 = 4R R

—— (8R%* —3Rr — 2r%) (1)

4-RZ
L have - (4R +1)2 G"’E‘”" (4R+7)2 R+r 3(R—2r) E’ﬁ<£" R+r
sowe have : p? - r(16R—-5r) r 16R—-5r r
Al, (R+7r)(4R + 1)
T : < R
hen Z “IbI _4R< - —8R+r

L 2 __ 2
4R (4R% — 3Rr + 212) (2)

From (1) and (2) yields the desired inequality.

563. In A ABC the foIIowing relationship holds:
3 3

>
Aa+b+c )\+2_)\+2<2r)v}k 1

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

a a 1 2s
Proof :[Case []A = Tandthen: ) »oSoo= ) o= a=5

cyc cyc cyc

1 andal 3 3 oy a 3
AN S T 112 "L da+b+c A+2

cyc

a
Wl>1andthen Zla+b+c Zla+25— _ZZS+a(A—1)
y

cyc

a(A—1)+2s—2s
21—12 2s+a(d—1)
cyc
1 a(A—1) +2s
- 1 Zs+a(l 1) l 1 Zs+a(l 1)

Bergstrom 3 2s 9 3 2s 9
< — : = — :
- A-1 A-16s+(A—-1)(a+b+c) A-1 A-16s+2s(A—-1)
3 9 3 9 _3(+2)-3)

21 0-1D3E+@A-D) 2-1 A+2)A-1D A+2A-1

3
A+2
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equality iff A ABC is equilateral

3
<
Zla+b+c_l+2

cyc

. combini 1 dzz a <3(R)v

S Ccom lnlngcases an , )La+b+c_l+2 2r
cyc

> 1,equality iff A = 1 or iff A ABC is equilateral

3 Euler 3

R 3 3 /R
<
and 2= < A+Z< ) m““yAABCZA Tbtc-Atz> A+2(2r>v

> 1 with equality iff A = 1 or iff A ABC is equilateral (QED)

564. In any A ABC, the following relationship holds:
a?’_l_b?’_l_c3 .\ R >9(a4+b4+c4)+36(a3+b3+c3)
b3 3 a3 8r5  (a%+b?+ c?)? (a+b+c)3
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

pte™d = 3% 2tz 23w et a) @+ 2
92 x?
/ Z Sl LS > Vx,y,z> 0and choosingx:az,yzbz,z=c2\
cycy (chcx) |
\ a2+b2+c2>9(a4+b4+c4) /
:_ — —
b2 ¢z a2 (a%?+b?2+c2)?

a b® Chebyshevl<a b C) <a2 b? c2> l(a b C) 9(a* + b* + c*)

A6 1 5@ b c 9(a* + b* + c*) _9(a4+b4+c4) a_3+b_3+§(*>)9(a4+b4+c4)
“ 3 b ca (@2+b2+c%)2 (a?2+b%Z+c2)2 |b3 3 a® " (a?+b2+c%)?
. 36(a®+b3+c?)
Again, (a+b+c)?
72s(s — 6Rr — 3r?) Mitrinovie 72(s? — 6Rr — 3r?) Gerretsen 8(4R? + 4Rr + 3r2 — 6Rr — 3r2) ? RS
8s3 8.27r? 8.3r? =8

?
& 3R* > 8r3(4R - 2r)
? ?
& 3R*—32Rr3 +16r*>0< (R-2r) (3R3 + 6R?r + 8Rr? + 4r2(R — 2r)) > 0 - true

Euler R> (%) 36(0,3 + b3+ C3)
R = 2ra|—— =
8r3 (a+b+c)3
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3 b3 c3 RS

2 (¥) + (x+) = in anyAABC,F+C—3+$+E

9(a*+b*+c*) 36(a®+b3+c3)

= (a% + b2 + ¢2)2 (a+b+c) (QED)

565. In any A ABC the following relationship holds:

B C
16r 2CSCH CSC 1
< 22 ,-_<1
9R — 2r B C\2 2
(csc7+ csci)

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

B C B C B C
2csCCSCH 1 2c¢cscHCcSCH 1 1 Hm <Ap CSC5 + CSCH 1 1
2 2 i 2 2 i 2 2 i
B 2 B, o C B ol 2 ° 2 ocB i cscC 2
(csc7+csci) csc5 + €scy €scy + cscy csc5 + escy
B
1 1 ZCSCECSCE 1
=-+5=> s +5<1
2 2 B C\" 2
(csc7+csci)
3 A B C\2 Gm<Ap Zsin%+2(sing+ sin%)
Now, |2sin—.|sin— +sin- <
ow sm2 (sm2+sm2) 3
2 AJensen 2 3 x
=525in5 < 32 '-'f(x):sinzisconcavere(0,1t)
cyc
A B C\2 ™
= Zsini.(sini+ sini) <1
__z
B C .. B . C . B . C
2csc7csci 1 sin5 siny 1 Zsmismi 1
Now, >t 5= 2+—: 2_|__
(cscBrescs)” * (mgamd) 2
csC» + cscy 1 N 1 sinz + sin;
sini sin%
éLsinésinEsinE 1via(*)4(L) 1 r 1 R+2r? 16r
z2' 2 - 1 2 R 2 2R " 9R-2r

Zsin% . (sing + sin 7)
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? ? ?
& 9R? 4+ 16Rr — 4r2 > 32Rr © 9R? — 16Rr— 4r? > 0 © (9R + 2r)(R — 2r) > 0 - true

B C
'-REl;erZ . chcicsci +1> 16r
E e P c\2 27 9R-2r
(csc7+csc§)

(QED)

566.1f t,u € (0,1) and M € Int(AABC), x = MA, y = MB, z = MC then:

5, S ) =
cye \t(1 —t2)ab  u(l —u?)ca) ~—

Proposed by D.M. Batinetu-Giurgiu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have :

(2t2) + 2(1 — 2) 1,2\ 2
t(1—t2)=\/ (262)(1 — £2)2 < j2< - ) ‘ji'(i) -3

4
Xy zx 4 (343 Z xy zx\*
: > (== . 4+ >

Hayashi

Holder
27 Xy Yz zx o
_ =27 — > 27.1%
lzm l (G5 5et ) =

= 27. So the proof is completed.

V3
Equality holds if f AABC is equilateral, M is the center of AABC, t=u = 3

567. If ABC is an acute triangle with the medians AM, BN, CP and
£CBN = a,£ACP = ,£BAM = y, then prove that
i) cotB + coty — cota > cot(C — B) — cot(A —y) — cot(B — a)
ii) cotf + coty — cota > cotC — cotA — cotB.

Proposed by Marius Dragan, Neculai Stanciu-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A

A
B M C

Let G be the centroid of AABC and F be the area of AABC.
a’ + BG? — CG* N a’ + CG? — BG*
4S(ABGC) 4S(ABGC)

i) InABGC we have : cota + cot(C— B) =
B a? B a? 3 3a?
- 2.5(0BGC)  , F - 2F
"3

o 3b? 3c?
Similarly we have : cotf + cot(A—y) = >F and coty + cot(B—a) = 2F
Then: (cotf + coty — cota) — [cot(C — B) — cot(A —y) —cot(B — a)] =
= [cot B + cot(A — y)] + [coty + cot(B — a)] — [cota + cot(C — B)]
3(b2 + CZ _ aZ) AABC ’i.f‘acute
= > 0.
2F
Then: cotp + coty — cota > cot(C — B) — cot(A—y) — cot(B — a)
2

aZ

ii) Similarly to the parti),in ABNC we have : cota + cotC = m =5
2

2
c
Similarly we get : cotf3 + cotA = T and coty + cotB = T then :

(cotB + coty — cota) — (cotC — cot A — cot B)

= (cotB + cotA) + (coty + cot B) — (cota + cot () =
b2 + CZ _ a2 AABC is acute
- - = ~

F > 0.
Therefore, cotf + coty — cota > cotC — cotA — cotB.

0osA cosB cosC

568. In AABC, prove that the following inequality < . + 5 + <

VA

i holds for all positive real numbers x* = y? + z2. When does equality

holds?
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The desired inequality is succesively equivalent to

2yzcosA+ 2zxcos B + 2xycosC < 2x* = x* + y? + z*
—2yzcos(B + C) + 2zx cos B + 2xy cos C < x* + y* + z*
—2yz(cos B cos C —sin Bsin C) + 2zx cos B + 2xy cos C
< x? + y?(cos? C + sin? C) + z*(cos? B + sin? B)
(ysinC —zsinB)? + (ycosC + zcos B)?> — 2x(ycosC +zcosB) + x> > 0

(ysinC — zsinB)? + (ycosC+ zcos B — x)? > 0. Which is true.
x _y _z
sinA sinB sinC

Equality holds if f ysin C = zsin B (and analogs) <

K2 y? + 22 B 2
sin2A4  sin?B +sin2C  sin2 B + sin2 C

= sin? B + sin? C so AABC is right on A.

o sin? A

Therefore equality holds if f AABCisrightonA, y=xsinB and z = xcosB.

569. O —circumcenter, P —Brocard’s point in

AABC, 0,4, 0y, 0, —circumcenters of ABPC,ACPA, AAPB. Prove that:
V3R? Z 00,
A

=
4712
cyc

> /3

Proposed by Eldeniz Hesenov-Georgia
Solution by proposer

A

R
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<BPC =m - C = ¥B0,C =2C = <00, =C

T —~ ~
20BC = 40CB = 5 — 4 = 20C0, = n<APC = B

R 00, _RsinB
—_ = — = a=
sinC sinB sinC

Rsin B
2>_
ZasinC Zac 4RFZb ~ 4F 4FV3 = \/_(1)

In AOO,C:

(and analogs)

cyc cyc cyc
OOa Z Lelbnlz 1 , Mitrinovic V3R? 2)
-9R < —; (2
a ac  4F 4r?
cyc cyc cyc

From (1) and (2) it follows that:

V3R? Z 00,

>
472
cyc

570. In any acute A ABC, the following relationship holds:

n(y3-1
202m+ ZOZVtCln—nB+ ZOZWZ 3<1 +(ZO—21)>

vneNnn=2021

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

2021\/tan“A + 2021\/tan“B + 2021\/tan“C =

n Bernoulli 2021 21 and tanA-1>-1 and analogs
= 2(1 + (tanA — 1))2021 >

cyc

n
Z<1+—2021 (tanA — 1))—3+—2021ztanA 32021

cyc cyc

Jensen n

n
> - -
= 3+3021 3t"”"3 33021

T
( f(x) =tanxV x € (O, E) is convex as f"'(x) = 2tanxsec’x > 0)

n n n(v3-1)
=3% 2021 33 - 32021 3<1+ 2021 >(QED)
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Solution 2 by Khaled Abd Imouti-Damascus-Syria

n
f (x) = *Vtan™ x = (tan x)20z1

, n 1 S i1
f(x) = 2021 —— (tan x) = 207[(tan x)2021" " + (tan x)2021 ]
n n__
f'(x) = —2021 [(—2021 — 1) (tan x)2021 2 + (—2021 + 1) (tan x)2021] (1 +tan?x) =

_m m-2021 1 +n+2021
2021 2021 tan?x 2021

f —convex function

n
] (tan x)2021(1 + tan? x) > 0

2021 A+B+C
22 tan"A + 2**Vtan"B + ***\/tan"C > 3 \[ tan™ (—)

3

_n n(+/3
2021 ftanA + A /tan"B + 2*\/tan"C > 3(\/5)2021 =3 (1 (2021 )>

571.If x,y,z € Rsuchthatx(y +z) > 0,y(z+x) > 0,z(x + y) > 0,
xyz(x +y+z) > 0, then:

xyy+z)(x+z)+yzix+z2)(x+y)+xz(x+y)(y+ z)
xyz(x+y+2z)

- 4yz+x(y+z)+ 4xz + y(x + z)
T |4xz+y(x+z) 4yz + x(y + z)

Proposed by Bogdan Fustei-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2

xXyz

We have : xyz(x +y+2) >0 & xyz(x+y) >—xyz> © xy> Cz(x+y)
4xyz> 22(x — V)2

Thenwe have : 4xy +z(x +y) > _z(xi,— ) +z(x+y) = z§x+£ >0

Similarly we have : 4yz+x(y+z) >0 and 4zx+ y(z+ x) > 0.

Now leta = J4xy +z(x+y), b= \/4yz+x(y+z), c= J4zx+y(z+ x).
We have :

a’b? + b%c? + c%a? =
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expanding & simplifying
~

- Z [4xy + z(x + y)][4yz + x(y + 2)] >
cyc

@
9 (Z (xy)? + 3xyzz x> =
cyc cyc

= 92 (xy + yz)(xy + zx) = 92 xy(x+z)(y+z) then
cyc cyc

2752 2.2 2 2
a“b” + b“c* + c“a
: Z xy(x+2)(y +2) = 5 (1)
cyc
expanding & simplifying
Also : a*+ b* + ¢* = Z [4xy + z(x + y)]? =
cyc (ll)

18 (Z:cyc(xy)2 + xyz zcycx>

From (i) & (ii) we get : xyz(x+y + z)

2(a’b? + b%*c? + c?a?) — (a* + b* + ¢*)
= 36 (2)

From (1) and (2) the problem becomes to prove that

>_ 1
2(a?b? + b%*c? + c?a?) — (a* + b* +¢*) ~ ¢ b *)

\/ a’b? + b%c? + c2a? b ¢

squaring

Wehave: (x) S  4b%c?(a?b? + b%c? + c2a?)
> [2(a?b? + b%c? + c?a?) — (a* + b* + ¢*)](2b%*c? + b* + ¢*)
& 0> 2(a?b? + b%c? + c?a?)(b* + ¢*) — a*(b? + ¢?)? — 2b%*c?*(b* + ¢*)
— (b* + ¢*)?
& 0> 2(a?b? + c2a?)(b* + ¢*) — a*(b? + ¢?)? — (b* + ¢*)?
= —[a?(b? + c?) — (b* + ¢*)]? which is true.
So () is true and the proof is complete.

Solution 2 by proposer

In AABC, w —Brocard’s angle.

sin(A+w)_b+c( 4 logs)
sine  — ¢ T plandanalogs
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1 b ¢

sinw ¢ b
m,, m,, m, —can be the sides of a triangle and let w,,, —Brocard’s angle in Am,m,m..
The triangles ABC and m,m;m_ are equivalency, hence, sin w = sin w,,
1 S m, m,

sinw — m, m_b
Letx,y,z € Rsuchthatx(y + z),y(z+ x),z(x + y) > 0O and xyz(x + y + z) > 0, then

Now, a; = \/x(y+ z),b; =/y(z+ x),c; =/ z(x + y) are the sides of a triangle with

area F, = i\/xyz(x +y+2)

2(b? + ¢2) — a2
malz\[ (b3 + %) —a}

4

_\jz[y(z+x) tzx+y]l-x(y+2z) \[xy+yz+zx

M 4 4
1 Va?b? + b2c? + c?a? _
sinw 2F B
_xy(y+2)(x+2) +yz(x + 2)(x +y) + xz(x + y)(y + 2)
B xyz(x+y +z)

4 my, 4xz + y(x + z)

1

4xz +y(z+x) mgy, 4yz + x(y + z)
mbl = —1 =

Therefore,

\/xy(y +z)(x+z2)+yzix+2)(x+y)+xz(x+y)(y+2) -

xyz(x+y+z)

- 4yz + x(y + 2) N 4xz + y(x + z)
T J4xz+y(x+2z) 4yz + x(y + z)
572. Let a, b, ¢ be sides in AABC and a’ = Va, b’ = Vb, ¢’ =+/csidesin

AA'B'C’. Prove that:

!

a b’ C

!

R
cosA’ i cosB’ i cosC' 2 F (ro +1p+7)

Proposed by Mehmet Sahin-Ankara-Turkiye

Solution by Daniel Sitaru-Romania
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Z Z a 2a'b'c’ R - 1
= Y’b+c-a

cosA’ B2+ ()2 — (@)? L )7+ ()~ (@ abe
cyc cyc T 7

2b'c 4R +

Tr
=2WZZ — —x/_Z——\/_
cyc § cyc

4R + 1 R R
4RF - F =2 F(4R+T)=2 F(ra+rb+rc)

Equality holds for : a = b = c.
Recall:
http://www.ssmrmh.ro/wp-content/uploads/2020/09/ABOUT-TRIANGLE-
UVW-OF-MEHMET-SAHIN.pdf

In problem 11857 from A NLM, 2015, pp. TN, Mehmet Sahin proves that:
If UVW is a triangle with the sides v = Ja.v = Vihow = /T triangle ABC then
denoting A = area VW we have:

) i ] | —
(M.S) A= = frlre + 1)

Indeed, we have:

Fo vals—al(s—b)(s—¢) » \II,I"[.\: —alls —bjls—r)

ki & L

(1) r=

ani

(2) p o E _Vsls—als—Bs—¢] _ [sls—b)(s—¢)
= *Te—a 5—a 1\ s—a

and the analogs. So.

I,lf#—u,'nl:a — (s —¢) ,ue{s—bjntﬁ

5 F—

= [s—h0){s — &)

T Ta

and the analogs according to Heron's formula, we hawve:

|I er + f.l -+ .,',-'1 —V'E - 1.,-5 - \',-’Fr? \,.-"E - \,-"E-I- 1,',-"1_‘ '\-"IIH + \,-"T.I — 1,_;'}{_' B
2 2 7 )

L ¥ = o

5 M

1 . —
= —'I|III |_'|~.-|‘1+ ‘-.."'lb-f' '.,!}[ '\.-"Ei'f' "r"!.l+1|,!"|[_‘|,-1’1— "r"'l?;i— «.,f"_rjiﬁ+ '\-"b— l.'.)'l!_‘J =

1 e ;
= ]1,_.- :w@+ Vel —a)le— (vB— V) = Ex.-fti’vﬁ—l- (h+ec— a))(2vbe — h+c—a))=

1 | R . r -
=3 g"-'lhf' —(b+ec—a) = Iv’ifr. —at— B+ & + 2ab 4+ 2ac — 2be
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1 1 : — : : :
= Iu“riuh+2|’x-—2f-r1—r12 -0 - = Iub.frrf-"— b—c)lP+bF —(c—alP+2—(a-b)P2=

= _lIJ-I[(.‘s —blls—cl+is—cls—a)+ls—a)ls—b)=

1 1 1
(3) = Eg'r Ty +T T+ T T, = 51”-“{?'[:',, +rp+ )= ig’rHR +7)

573. Let a, b, ¢ be sides in AABC and let AA'B’C’ be the triangle with sides

a =+a,b' =+b,c' =/c.Prove that:

A B C

sin? > + sin? > + sin? 5= cos’A' + cos®B’ + cos?C’

Proposed by Mehmet Sahin-Ankara-Turkiye

Solution by Daniel Sitaru-Romania

Zsm— Z(s—b)(s—c) 2be Za(s —sb—sc+ bc) =

cyc cyc cyc

( Z a— ZSZ ab + 3abc>
abc

cyc cyc
= L(Zs3 — 2s(s? +r?> + 4Rr) + 3abc) =
abc

1 1
e (73 _ 93 _ 2 _ _ _ 2y _
= 2be (2s 2s 2sr 8Rrs + 12Rrs) = p (4Rrs — 2s1?) =

_2rs 2F(2R-71)
= _(2 —-r) = T

> costar = (” teo ) Z (25 - 2a)2 (s ;Ca)z _
&

cyc cyc

1
= —z a(s?> —2as +a?) =

abc
cyc

S OYED YV

cyc cyc cyc
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1
(Zs —4s(s? —1r? — 4Rr) + 2s(s? — 3r? — 6Rr))
ab

1 2 2F(2R —
= ——(4Rrs — 2s1?) = E(ZR -r) = 2F@R—T)
abc abc abc
574.If a, b, ¢ are sides in AABC,a’ = va, b’ = Vb, c' = +/c are sides in
AA'B'C' then:

sin24'  4r(rg+ry +71,)
cyc

Z 1 (a+ b+ c)?

Proposed by Mehmet Sahin-Ankara-Turkey
Solution by Daniel Sitaru-Romania

1 1 (@)?(b)*(c)? (b)2(c")?
Zsmzrz @? L 16y (@) Z (F')2 421 -

cyc cyc m cyc cye g T(Ta +7rp+ rc)

s2 +1% +4Rr s2 %2 + 4Rr
i -
r(ra +ry+r.) r(ra +ry,+r.) r(ra +ry+r.) r(ro+r,+r.)

(a+ b +c)? r(4R+1)  (a+b+c)?

= = +1
Ar(ro+ryp+r,) r@AR+71) 4r(rgo+r,+r.)

A

(w)

575. /

In AABC, (w) —circumcircle, D € AC, DE || BA, DF || BC.

Prove that:
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EC L EA _LBP L Bpip
- - = — s
BF ' BE “BQ Q

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil

Let O = xPBQ = <ABC. The triangle PBQ is a right, then
cos 0 = E
BQ
ABCD —is cyclicand DE || BA,DF || BC, so
cos 0 = 1 (E + E)
2\BF BE
Therefore,
EC FA_, BP
BF BE BQ

576.In AABC,AA'B’C’ the following relationship holds:

aa’ bb’ cc’' 3vV3RR'
+ + <
at+a b+b c+c " 2(r+71)

Proposed by Daniel Sitaru-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
aa’ bb’ cc' a? b? c?
We have : + + =la- +(b- +(c—= —
a+a b+b c+c a+a b+ b c+c

5 a? N b? N c? Ber‘qgrém 5 (a+b+c)? B
S \ava "b+b Tctc S (a+b+c)+ (@ +b +c¢)

4s>  2s.2s’ MU 3V3R.3VER'  3V3RR'
2s+2s' 2(s+s) T~ 2(3V3r+3V3r) 20r+r)

=2s
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aa’ N bb’ N cc’ - 3V3RR’
a+a b+b c+c " 2(r+7r)

Therefore,

577.

SABCD tetrahedron, I —insphere center, SA = a,SB = b,SC = c,
IBSC = 01 = 60°,4CSA =0, = 60°,%ASB = 03 = 60°
(SBC) = P4,(SCA) = P,,(SAB) = P,(ABC) = P4,,0InP, =H,
AH N BC = D. Prove that:
BD b bc bc |2
Dpc=c WSP=3——=V3 iiDdpr)=dory=37= |3
Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution 1 by proposer
Plagiogonal 3d system: SA = Sx,SB = Sy,SC = Sz

5(0,0,0),A4(a,0,0),B(0,b,0),€(0,0,c),D(0,d,,d>)
Is (SAD) bisector plane of dihedral (SAB — SAC)

bc

(SAD):yzz,Bc:X+5=1:>{ b+c _ ] pisector of <BSC = 22 =2

b z=d, =25 DC ¢
3 b+c

2 2 2 2 2 bc
OD* =dj5 + d5 + 2d,d3 cos 60° = 0D :3d2:>0D:b+c\/§
D(0,d,,d3), P3:z = 0. Let U(uy,u,,u3) L Py
=l =ty =t Er =t m =2
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g _11dsl V3 bc |2
(D,Ps)_|1.§| 2v2 b+c 3
4

bc 2

b+c' 3

So,dppp,) = dpps) =

Solution 2 by proposer
We denote d(p p,) = dz,dpp,) = d3
I is insphere center, plane (SAD) is bisector of dihedral (SAB) — (SAC) = d, = d;.

I VSABD [SAB] d3 dy=d3 ab - sin 93 b VSABD [ABD] BD BD b (1)
' = . —_— = —-———=— = =— = -
VSACD [SAC] dz ac - sin 92 C VSACD [ACD] DC DC c’
2bc _cos(BSC)
b+c 2

(1) = SD —bisector of <xBSD = BD = > BD =1y

1
b 3(SAB)-d; b

VSABD _ Vl _ b _
2 - = =
VSACD VZ C V1 + V2 b+c

1. v3
62 5 ds b g be 2
abc 1 " b+c " b+c 3
6 V8
bc 2

dopy) =dor) =377 3

578. In AABC the following relationship holds:

m, my m, WaWpWe
+

Sq Sp Sc hahbhc B

Proposed by Marin Chirciu-Romania
Solution by Avishek Mitra-West Bengal-India
B 8abc\/s3(s —a)(s—b)(s—c) _

2
n“’“ = nb—ﬂ\’bcs“ A= roltalat b

cyc cyc
8abc - sF 32Rrs 32Rrs
= = . sz’r = —Szr =
2abc + Y ab(a+b) 2bac+ Yab(2s—c) 2sYab — abc

B 32Rrs . 32Rrs ,_ 16Rr?s®
~ 2s(s2 +r2 +4Rr) — 4Rrs> | T 2s(s2 + 12 + 2Rr) ST = $ 12+ 2Rr
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b 8F3 B 8ris? 3 2ris?
1_[ ® abc 4Rrs R

cyc
w, 16Rr2s? R 8R?

h, S2+12+2Rr 2r%s® s +12+ 2Rr

cyc
\[sz + 2c¢%2 — a?
4

ﬂ_z B b2+czAG>M 2_bc_3
Sa bcV2b? + 2¢% — a? 2bc 2bc
cyc cyc b2 T 2 cyc cyc
Need to show:
8R*? 8R?

3-I_sz+r2 =2Rr24=>s2+r2+2Rr21
8R? > s? + r? + 2Rr.But s> < 4R? + 4Rr + 31r? (Gerretsen), hence,
8R? > 4R?> + 4Rr + 31> + 2 + 2Rr > 4R?> —6Rr — 41> > 0
2(R—-2r)(2R + r) = 0 true from R > 2r (Euler).

S

579.

SABC —tetrahedron, SA = a,SB = ¢,SC = ¢,<BSC = 0, = 60°,
ACSA = 0, = 60°,%xASB = 03 = 60°, R —circumsphere radius, r —insphere radius

Prove that:
V2
R =T\/(a—b)2+(b—c)2 + (c—a)? +a? + b? + c?
abc\2
r =
V3(ab + bc + ca) + /3(a?b? + b%c? + c2a?) — 2abc(a + b + c)

Note:Ifa=b = cthenRzzﬁ,rzal—\/zg.

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by proposer

abc 1 V3 V3
Visape) =V = T'ﬁ;'sl = [SBC] = bc-—-,S; = [SAC] = ca-—-

V3 1
S; = [SAB] =ab - T,S4 = [ABC] = Z\/S(azbz + b%c? + c?a?) — 2abc(a+ b + ¢)
S, +S,+S3+S8,

abc\2
V3(ab + bc + ca) ++/3(a?b? + b%c? + c2a?%) — 2abc(a + b + ¢)

r

Let K the center of circumsphere
Plagiogonal system: SA = Sx,SB = Sy, SC = Sz
$(0,0,0),A(a,0,0),B(0,b,0),€(0,0,c),K(K,,K,,K3)

3a—-b-c 3b—c—a 3c—a-»b
1 =T:Kz =T:Ks =72
SK? = R* = K% + K3 + K% + K.K, + K, K3 + K3K,

V2
4

R=—+(a—b)2+(b—c)?+(c—a)?+a?+b?+c?

Ifa=b=cthenR=a—\/g,r=a—\/g.
4 12

580. In AABC the following relationship holds:

a+b+c+R3—8r3> a . b . c +3
b ¢ a 2r3 " b+c c+a a+b 2
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Aggeliki Papaspyropoulou-Greece

R > 2r (Euler) = R® > 813

So, it is enough to prove:

a N b N c +3<a+b+c
b+c c+a a+b 2 b ¢ a
2a2+a(b2+c)

a
. — < —
Lemma:If a, b,c > 0 then b+c ~ 2(ab+bc+ca)
a(b+c)?

Proof. 2a(ab + bc + ca) < 2a*(b + ¢) + s
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4a’b + 4a’*c + 4abc < 4a?b + 4a*c +a(b + ¢)* &

4abc < a(b + ¢)?> © bc < (b + ¢)? true! So, we have:

a 2a2+b+c b 2b2+b(c+a)
2 ) 2 )
< ; (D), < ; (2)
b+c~ 2(ab+ bc + ca) c+a” 2(ab + bc + ca)
Cc 2C2+—C(a2+b)
< ; (3)
a+b ™ 2(ab+ bc + ca)
We have:
Z a <2(a2+b2+c2)+ab+bc+ca 1_|_az+b2+c2
=t s
b+c 2(ab + bc + ca) 2 ab+ bc+ca
cyc
1 3 a? + b? + ¢ a? + b? + ¢?
et ————— =24 —————
b+c 2 2 ab+bc+ca ab + bc + ca
cyc
Z 3 a2+b2+c2+2ab+2bc+2ca_a2+112+c2
2 ab + bc + ca " ab+ bc+ca
cyc
So, it is enough to prove:
a b ¢ (a+b+c)}? L.
—+—+—>————— whichis true, because:
b ¢ a ab+bc+ca
a b ¢ a* b* ¢ (a+b+c)?

= > —
b+c+a ab bc+ac_ab+bc+ca
Solution 2 by Soumava Chakraborty-Kolkata-India

a
—t—t—2 = st to2
b a (a+ b+ c)? 4s2 2s2

a N b N c +3_chyca (b+c) 3 Z
b+c c+a a+b 2 b+c b+c 2

cyc cyc

= 2 Z 2+zz b +Z b|->
"~ 2s(s? 4 2Rr + r?) a a a 2

cyc cyc cyc

b c_9(a*+b*+c?) 18(s? —4Rr—r2) a b c(*)9(s — 4Rr —r?)
c

_4$2+sz+4Rr+r2 3

s2 + 2Rr + r? 2
a_ b L +3(**) 7s% + 2Rr — r? (+), (++) = in order t a+b+c
= — = . (%), (xx) = in order to prove : — + — + —
b+c c+a a+b 2 2(s2 + 2Rr + r?2) prov b ¢ a
a b C

> + + ,it suffices to prove :
b+c c+a a+b 2’ P
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9(s? — 4Rr — r?) - 7s% + 2Rr — r?
2s2 — 2(s2 + 2Rr +r?)
Q)
> s2(7s% + 2Rr — r?) & 2s* — (20Rr — r?)s? — r?(72R? + 54Rr + 9r%) > 0

Gerretsen

Now,LHSof (+) >  (32Rr—10r?)s? — (20Rr — r?)s? — r?(72R? + 54Rr + 9r?)

= (12Rr —9r?)s? — r2(72R2 + 54Rr + 9r?)
Gerretsen
(12Rr - 9r2)(16Rr —5r%)— r2(7ZR2 + 54Rr + 9r?) > 0

o 9(52 — 4Rr — 1'2)(52 + 2Rr + rz)

Euler

& 20R% — 43Rr + 612 > 0= (R-2r)(20R - 3r) > 0-true~vR > 2r
= (e) is true

a b+c> a N b N C +3
“b ¢ a“b+c c+a a+b 2
a b ¢ R3—8r3Rr:-sr3z0viaEuler q b .
S—t—t—t——e— > + +
b ¢ a 2r3 b+c c+a a+b Z(Q )

581. In AABC the following relationship holds:
z h, 2r T,
asin A R asin A
cyc cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

z z 2rs zabc z:bc.bzc2
asinA a?. 5o “ a’b?c?

cyc

3

-1 > ab) —3abe| [@a+b)
~ 16R?rZs? @ ave] '@

cyc cyc

_|(s*+4Rr + rz)3 — 24Rrs?(s? + 2Rr + r?) (» Z h,

16R2r2s2 asinA

cyc

2r r, 2r ( rs ZR)_ r Z abc(s —b)(s—c¢)

R ZiasinA R’ s—a a?) R Zia’(s—a)(s—b)(s—c)
cyc cyc cyc
r b2%c2(s —b)(s — ¢) r
S - b2c?(—s? b
RrZs Z abc ers.4Rrsz( c*(~s* +as+ c))
cyc cyc
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1
= IRZZs2 —s? Z b2%c? + sabcz ab + Z b3¢c3

cyc cyc cyc
1

= IRE2s2 (—sz ((s2 + 4Rr + rz)2 - 16Rrs2) + 4Rrs?(s? + 4Rr + r?)

+ (s® + 4Rr + r2)3 — 24Rrs?(s? + 2Rr + rz))

2(g* — (4Rr — 2r2)s? 4R 3) () 2 h
(st (R 2 ) AR ) 2 R ] LY b

4R2r2g2 R asinA asinA
cyc cyc
2r T,
>— =
R asinA

cyc

(s + 4Rr + r2)3 — 24Rrs%(s? + 2Rr + r?) _ r%(s* — (4Rr — 2r?)s? + r(4R + r)3)
= >
16R?2r2s2 - 4R?%r2s2

()
& s° — (12Rr + r?)s* + r3s?(16R— 5r) —3r3(4R+ )3 > 0

Gerretsen

Now,LHSof (+) > (4Rr—6r?)s* +r3s?(16R — 51)

Gerretsen

-3r34R+r1r)? > ((4Rr — 6r2)(16Rr — 5r2) + r3(16R — 5r)) s?
?
-3r34R+1r)2 >0
?
& (64R? — 100Rr + 25r%)s? — 3r(4R +1)* = 0 and - 64R? — 100Rr + 25r?
(9
Euler Gerretsen
= 14R* + 50R(R— 2r) + 25r> > 14R%*+25r%> >0 . LHSof (e¢) >
?
(64R? — 100Rr + 25r?)(16Rr — 5r?) —3r(4R+1)3 > 0
? R
© 52t3 —129t2 + 54t—8 >0 (t:;)

Euler

?
o t-2)(39t2 +13t(t—2)+t+4)>0->true~t > 2
h, >2r I,

= (ee) = (o) ist —
(e) = (»)is true ZasinA_ R asinA

cyc cyc

(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z h, 2r T, z 2F.2R
= — - =
cycasind — R cycasinA cyc a.a.a

28(s—a)(s—b)(s—c)z: F.2R

abc cye@.(s—a).a
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abc (s—a)(s—b)(s—c) 4(s—b)(s— c)
= chc a3 z,,.yc at(s—a) chc a? Z

By AM — GM inequality we have :

bc 3|bc.ca.ab 4(s — b)(s —-0c) [(s = b) + (s —0)]?
Z =23 |55 =3 an dz —z 2
cyc @ a?.b?*.c cyc a
=Z 1=3.
cyc

bc 4(s —b)(s —c) .
Then : Z — =32 Z > and the proof is complete.
cyc a cyc a

h, - 2r T,

Therefore, Z

Solution 3 by Marian Ursdrescu-Romania

h, 3 h,
> .
Z:asinA_3 nasinA’(l)

cyc cyc

cyc@SinA — R LucycasinA’

2s%r? _ _ _ ST
h,hyh, = R abc = 4Rrs and sinAsinBsinC = 2R?

h,
1_[ asind 1;,2)

cyc

From (1) and (2) we get:

Z h >3; (3
asin4d — > (3)

cyc

B s? — (s— B)( )<<s—b+s—c>2_a2
rr“_s(s—a)_s sTo= 2 4
2r T, <2r _ 6R=13: (4
R asinA R 4rasmA 2R sind )
cyc cyc cyc

From (3) and (4) it follows that:

Z h, Zr T,
a smA R asinA
cyc cyc

582. In acute AABC the following relationship holds:
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Z be | 108
e r
cotBcot(C
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Marian Ursdrescu-Romania

We must show that:

Z bctan Btan C > 1087%; (1)

cyc

AABC acute,thentan 4,tan B ,tanC > 0

Z bctanBtanC > Bi/(abc)z(tanA tan B tan C)?%; (2)

cyc

From (1) and (2) we must show:

3/ (abc)?(tan Atan B tan C)? > 3612 <
(abc)?(tan Atan B tan €)% > 26 - 36 . 1%; (3)

2sr

tanAtanBtan C = 2 2R+ 1)°

Gerretsen

s < 4R62 + 4Rr + 3r% = s2 —4R%? — 4Rr — 1% < 2r?

S

tanAtan Bt C>2$r— ; (4)
an A tan B tan Z 52

From (3) and (4) we must show:

2
s
(abc)? =) > 26.36.76;(5)

abc = 4Rrs; (6)

From (5) and (6) we must show:

2
s
24 . s2R2y2 3 > 26.36.1% o s*R? > 22 . 3%r% true bacause
R? > 22r%2 and s > 27r% = s* > 364
Solution 2 by Avishek Mitra-West Bengal-India

tan A+tan B

In acute AABC: tan(A + B) = tan(n - C) = I_tan AtanB =—tanC

95 RMM-GEOMETRY MARATHON 501-600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
tanA+tanB = —tanC + HtanA
cyc
let
tanA tanA =Xx
cy

c cyc

1 AGM 3

3 tanA > 3 tanA:» HtanA> tanA
cyc cyc cyc cyc

X
52\/_=>E>x:x2>27=»x>3\/_(:>1_[tanA>3\/_

cyc

bc AGM
Z—= bctanBtanC > 3 naz-ntanzAZ
cotB cotC

cyc cyc cyc cyc

Euler
> 33\[16R2r252 .(3v3)" > 33\/16 .27 - (2r)2r2(3V3r)" = 10872
Solution 3 by Tapas Das-India

cot(4 + B) = cot(m — C)

cotAcotB—-1
=—cotC>cotAcotB—1=—cotBcotC+ cotCcotA

cotA + cotB
cotAcotB + cotBcotC+cotCcotA=1
2 2
be _\_ (Vb)) (2vbe)' Joe| = |3 [ Tvee| =
ZcothotC_2cothotC Y cotBcotC Z 3 1_[ bel =
cyc cyc cyc cyc

=9/ (abc)? = 93/ (4RF)2 > 93/ (4 - 21 -15)? > 9":/(4 - 2r- r3\/§r)2 = 10812
583. Let ABC is not acute triangle. Prove that:

3 2
A2+BZ+CZZ%

Proposed by Phan Ngoc Chau-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

T
Let C = max{A, B, C}. Since ABC is not acute triangle we have C > 7

) . , o, (A+B? (@-0? C* ?
By CBS inequality we have : A* + B* > 2 = 2 =5 nC + >
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c

3C? ? ( n)(SC n) 3m?

|

3?2
3

Then: A2+ B2+ C:?>——-nC+—= °T 2
en + + = 1t+2 +8 =

MTTITT
Equality holds iff (A,B,C) = (Z’Z’E) and their permutation.
Solution 2 by Soumava Chakraborty-Kolkata-India

m m T
WLOG, we may assume A is non — acute .. 2 SA<n=0<A- 2 < 2 and assigning X

T T T
=A—E,wearriveat:A:X+Ewith0SX<E

.-.A2+132+c2=()(+;)2+Bz+c2z(x+g)2+%(3+c)2=(x+12—t)2+%(A—n)2
2 1 2 2 1 2
=(x+g) +E(A—g—;) :(x+;) +E(X—12—I)
A+ BE 4O 2 (X+g)2 +%(X—g)2 = f(X) (say) VX € [o,g) and then : f'(X) = 6X2+“

>0 f(X)is 1 on [o,g) ~£(X) = £(0) = (0 +g)2 +%(0 - TZ—I)2 3w

n n
with equality iff X =0 A — 7= 0 A= 7 and consequently B = C =

NERY

- in any non — acute A ABC,A? + B? + C?

> 3™ vith equatit iff (A=~ ,B=C=1)

> —g~ with equality i =5 B=C=7
and cyclic permutations (QED)

Solution 3 by Ravi Prakash-New Delhi-India

letC=2+2x,0<x<,;>A+B=_-2xletd=,—x+yandB=7-x—y,

where
11.'+ < <11.'
g TXSYSy T
Now,
BB e =(Txiy) +(Cxmy) +(Crze) =
4 ; 4 , 2
T (A
_ o 2 — =
_2(4 x) + 2y +(2+2x) =
_9 m_m +x2)+2 2+n2+42+2 =
— 16 Zx X y 1 X TX =
3 ?
:T+6x2+2y2+nx2T;('-'x20)

[

Equality holdswhenx =0,y =0 A=B =§,C=E.
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584. In AABC the following relationship holds:
a* s b* . ct +R4—16r4> a3 . b3 N c3
b2+ c%2  c¢%+a? a?+ b? r? “"b+c c+a a+b
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Euler's inequality R > 2r we have: R* — 16r* > 0 so it suffices to prove
4 4 4 3 3 3
a N b N c - a 4 b 4 c
b2+c¢2 c¢2+a? a’+b®2 b+c c+a a+b
a* a® N b* b3 N ct c -
@ J— p— p—
b2 +c¢2 b+c c2+a? c+a a?+b%? a+b)”
alb(a—b)—ca®(c—a) b3c(b—c)—ab3*(a—b) c2alc—a)—-bc*(b-—c) -
(b2 +c2)(b +¢) (c2+a?*)(c+a) (a2 + b*)(a+b) -

2 2
@ab(a—b)( 2 b >

B2 +c2)(b+c) (2+a®)(c+a)

b? c?
+he(b—c) <(c2 Tacta) (@ rbDat b)) *

c?

aZ
@+ b9)@+b) B+ )b+ c)> 20
aZ
(b2 + c2)(b + ¢)

+ca(c— a) <

Which is true because a — b and
bZ
(2+ad)(c+a)
a? b?
> .
B+ Db+ - @+ ad)cta andanalogs)
So the proof is completed. Equality holds if f AABC is equilateral.

have the same sign (and analogs)

(-'.a2b<:>

Solution 2 by Soumava Chakraborty-Kolkata-India

2
at b* ct Z ab Bergstrom (chc a3)

+ + = _ > _—
b2+c¢2 c24+a? a?+b2 a?b? + a?c? 2 Y eye a’b?
cyc

4s?(s? — 6Rr — 3r2)" a* ©  2s%(s? - 6Rr —3r2)’
" 2((s® +4Rr +1r2)2 —16Rrs2)  Zub2 +c2 T (s? + 4Rr + r2)?2 — 16Rrs?
cyc

a3 b3 c3 Yeyea® — (b3 + ¢3) 3 1 (b + ¢)(b? — bc + c?)
+ + = E = E as. E —— E
b+c c+a a+b b+c b+c b+c

cyc cyc cyc cyc

= 2s(s? — 6Rr — 3r2).ch}:((s(zci:[){f‘a_}:}_rg))) + Z ab — 2 Z a®

cyc cyc
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s?2 — 6Rr — 3r?

2 2 2 2 2
=— = Za +22ab +Zab + 5% + 4Rr + r? — 4(s? — 4Rr — r?)
s“+2Rr+r T o o
— 6Rr —
= ssz +62Rrr 3r* .(4s? + s> + 4Rr + r?) — (352 — 20Rr — 5r?)
_ (s*—6Rr— 3r2)(5s + 4Rr + r?) — (352 — 20Rr — 5r?)(s? + 2Rr + r?)
B s2 + 2Rr +r?
a® 2 s — (6Rr + 61r?)s? + r?(8R? + 6Rr + rz))
N Z - o (%), (+%)
b+c s2 + 2Rr + r2

cyc
= in order to prove :

Z a* - z a’ it suffices t ~ 2s%(s? — 6Rr — 3r2)2
b2+ c2 = Lib+c oS O POV G AR + r2)Z — 16Rrs?

cyc cyc
2 (s* - (6Rr + 6r2)s? + r?(8R? + 6Rr +r?) )
s?2 + 2Rr + r?
& s2(s? + 2Rr +r?)(s? — 6Rr — 3r2)2
> ((s2 +4Rr +12)° - 16Rrsz) (54 — (6Rr + 6r?)s? + r?(8R? + 6Rr + rz))
& (4R —1)s® — (60R? + 38Rr — 13r?)rs* + r?s%(232R3 + 284R?r + 104Rr? + 13r%)

=

©
—r3(128R* + 160R°r + 72R?*r? + 14Rr3 + r*) > 0 and
3 Gerretsen

(4R — r)(s — 16Rr + 5r2) 0 - in order toprove (¢), it suffices to prove :
(4R —1)s® — (60R? + 38Rr — 13r2)rs4 + r?s?(232R% + 284R’r + 104Rr? + 13r3)
—r3(128R* + 160R3r + 72R?*r? + 14Rr3 + r*)
> (4R —r)(s? — 16Rr + 5r2)°
& (132R%? — 146Rr + 28r?)s* — rs?(2840R® — 2972R?r + 676Rr? — 88r?)

()
+r?(16256R* — 19616R%r + 8568R?*r? — 1714Rr? + 124r*) > 0 and
+ (132R? — 146Rr + 28r2)(s? — 16Rr + 5r2)

= (59R? + 73R(R — 2r) + 28r?)(s? — 16Rr + 5r2)° puler s Srmetsen
. in order toprove (e°), it suffices to prove :

(132R? — 146Rr + 28r?)s* — rs?(2840R% — 2972R?r + 676Rr? — 88r°)
+r?(16256R* — 19616R%r + 8568R?*r? — 1714Rr> + 124r*)

> (132R? — 146Rr + 28r2)(s? — 16Rr + 5r2)°
(o00)
& (1384R® — 3020R?r + 1680Rr? — 192r3)s? > r(17536R* — 38880R°r

+25260R?*r? — 6416Rr? + 576r%)
Now, - 1384R3 — 3020R?r + 1680Rr?% — 192r3

Euler
= (R—2r)(1258R? + 126R(R — 2r) + 1176r?) + 2160r® > 2160r° >0
« LHS of (se*)
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?
(1384R3 — 3020R’r + 1680Rr? — 192r3)(16Rr — 5r?) > r(17536R* — 38880R>r
+25260R?r? — 6416Rr? + 576r%)

? R
& 576t* —2045t3 + 2090t% — 632t + 48>0 ( = ;)

Gerretsen

Euler

& (t—2) ((t—2)(576t> + 259t + 822) + 1620) > S0otruet > 2
= (ccc) = (c') = ( )IS true

_ a* a3 _R*—16r* Euler a* R* —16r*
DTS Mgy Mg = 0aInanyAABC ) gt

cyc cyc cyc

b+c

cyc

585. In AABC the following relationship holds:

m?2 3R
3oy e 3R
rpTe. 27

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Adrian Popa-Romania

F F _s(s—a)(s—b)(s—c)

e =5 T p's—¢c (s=b)(s—c) =s(s—a)
m, > \/s(s— a)>m2 >s(s—a)
Z Z s(s — a)
T, s(s—a)
cyc
A s(s—a)
m, < ZRCOSZE = 2R T
m; 4R*’s’(s—a)? . s(s—a)
ryr. b%cis(s—a) b2c?
m? s(s—a a’(s—a)+b*(s—b)+c*(s—c
Z a _ 4R2-( )=4R2s- ( ) ( ) ( ):
T, b2 c? a?b?c?
cyc cyc
s(a? + b% + c¢?) — (a® + b3 + ¢3)
=4R62 s - =
16R%r%s?
s(2s* — 8Rr — 2r?) — (25 — 6sr? — 12Rrs)
= 4R?s - =
16R%r2s2
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2s3 — 8Rrs — 2sr? — 2s3 + 61%s + 12sRr
- 41r2s -

4sr? + 4sRr R ) 3R

4sr? r = 2r
(1) ©2r+ 2R < 3R © 2r < r (Euler).

Solution 2 by Soumava Chakraborty-Kolkata-India

m2 ~ Z ((b —0)? +4s(s— a)) .4(s—b)(s—0©)

IpT, 16s(s—a)(s—b)(s—c¢)

cyc cyc

_ \"16s(s —a)(s —b)(s —¢) 4(s—b)(s—c)(b—c)?
B — 16s(s—a)(s—b)(s—c) + o 16s(s—a)(s—b)(s—c¢)

=3 +F1252'z ((a? - - 0?)®b-0?)

cyc

=3 +ﬁ.<z @b - =) (b —c)4>

cyc cyc

—34 (- *+ > 2a’b? |+2 ) (a®b+ ab3®)—ab

= 8r2s?’ a a a a apc a
cyc cyc cyc cyc

—(<2> (2><2>2)
-

2(s? — 4Rr — r2) (2(s? + 4Rr + r2) — 2(s? — 4Rr — 1?)) — 24Rrs?

=3+
8r2s2

(s> —4Rr —r?)(4R + 1) — 3Rs?
3+ >
rs
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3(R-=2r) (R+1)s?—r(4R +r)?
<—|o >

= 2r 2r s2 & 3(R-2r)s?2 > 2(R+r)s? — 2r(4R + r)?

(*)
& |(R-8r)s’2+2r@R+1r)? >0

R — 8r > 0 and then, LHS of (*) > 2r(4R + r)? > 0 = () is true (strict inequality)
R — 8r < 0 and then, LHS of (*)

Gerretsen
=—(B8r—R)s?+2r(4R+r)? > —(8r—R)(4R?+4Rr + 3r?)
? ? R
+2rAR+1r?>0 < 4t3 + 41> - 13t—-22>0 (t=;)
? Euler
s (t— 2)(4t2 +12t+ 11) >0->true -t > 2= (x)istrue, with equality iff t
= 2,that s, iff A ABC is equilateral

. combining cases 1 and 2, () is true in any A ABC

m? <3R

~ in any A ABC, — 25 with equality iff A ABC is equilateral and
C

cyc

2

m¢21 Lascu + A—G s(s—a)

= z =3-.3<
T s(s—a) T,
cyc cyc cyc

< o equalities iff A ABC is equilateral (QED)

586. If a, b, c are positive integers with a = % =odd and (a, b,c) = 1,

- =
then prove that a and b 4 c can be the legs of a right angles

triangle and abc is perfect square.

Proposed by Neculai Stanciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letd = (b,c) and b’, ¢’ be positive integers such that b = db'and c = dc¢'
. (b',c") = 1.The equation becomes : a(b' —c') = 2db’'c’
We have a divide 2db'c’ and since a is odd and

(a,b,c) = 1thenwe have (a,2d) = 1 and we conclude that a divide b'c'.

Also we have b’ divide a(b’ — ¢') and since (b’,c’) = 1 we have (b', b’

-c)=1
102
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then b’ divide a. Similarly we find c' divide a.

And since (b',c') = 1 we conclude that b'c’ divide a. Then :
a=>b'c’and b’ —c' = 2. Now we have :
a’?+(b+c)?=m'c)?*+(db +dc)? =b'c")?+d?*[(b'—c)?>+4b'c'] =
=(b'c")? + d?[(2d)? + 4b'c'] = (b'c’' + 2d?)?.

Thenaand b + c can be the legs of aright angles triangle
Alsowe have : abc = b'c’.db’.dc' = (db'c’)? then abc is perfect square.

587.

SABC —regular tetrahedron, SA = a, G1, G3 —centroids of ASBC,ASAB
respectively, <G1SG3 = 0,G1G3 N P = {T}. Prove that:

avil
6

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Jose Ferreira Queiroz-Olinda-Brazil

(i) cos O = g (i) ST =

2 av3 aV3

SGy =86y == 2 = 2X2
3 2 3

a aVv3
MNZE,SNZSMZT

i) MN?> = SM? + SN? — 2SN - SM - cos 0
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a’? 3a* 3a? B 6a? 0= 0 -
2 2 2 -2 cos cos O = 6

a
ii) ASG1G3~ASNM = 6163 = §

GiT = G.T =2
1 - 3 _6

SG? = G,T? + ST?

3a? a* 11a? av11
=— ST 3

588.

SABC —tetrahedron, <BSC = 0, = 60°,%CSA = 0, = 60°,%<ASB = 03 = 60°,
SA=a,SB =b,S5C = ¢, G4, Gz —centroids of ASBC, ASAB respectively,
XG1SG3; = 0,(SBD) = P, P —is bisector plane of dihedral
(SBA — SBC), G,G3n P ={T}.
ab + bc + ca + 2b?
2vVa? + b% + ab + Vb2 + ¢ + bc

a’b? + b%*c? + 3c%*a® + 2abc(a+ b + ¢)
9(a + ¢)?

(I) Prove: cos @ =

(Il Prove: ST? =
(III) If ST L G,G; prove:a = c.
Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer

Plagiogonal 3D system: SA = SX,SB = Sy,SC = Sz
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b c ab
S(O, 0' O)IA(aI 0; 0); B(OJ b; O)J C(OJ OJ C)) Gl (0)5)5) ) GS (§)§I 0)

AP SEEUNRIN VIS
™0 %_C =Y 3(a+c)’3’'3(a+c)

W(o b c) f(“ b 0)
1 I3)3 ) 2 3131

|F|z_02+(b>2+(c)2+bc_b2+cz+bc
| = — hd = _- -7

3 3 9 9
|S—G;|2=a2+b2+ab
9
S_>GI-S_GZ>=b_Z+ab+bc+ca=ab+bc+ca+2b2
18 18
cos 0 SG, - SG, ab + bc + ca + 2b*

|SG,| - |SG,| " 2VaZ + b62 + ab - Vb? + 2 + bc
Ifa=b=c=>c050=§
STZ = t162 + t% + tg + t1t2 + t2t3 + t3t1

672 = a’b? + b%*c? + 3c¢*a? + 2abc(a+ b +¢)
B 9(a + ¢)?

|fa=b=c:>ST=‘”6H
—_.,a N — .
G1G; (5. 0, —5) ,G1G3(g1,92,93), ST (tq,t, t3)

ST L G163 = ST -G,G3 =0

1 1 1
= g1ty + g2tz + g3tz + (g2t + gstz) (i) + (gsty + g1t3) (E) + (g1t2 + g2t1) (E) =0

(a—c)(ab+bc+3ac)_O:> P
18(a +c) - a-c= a=c

589.1ft > 0and x,y,z € (0,t) then in AABC holds:
2

a b? c? 9

@D+ @ yParn @-Darn B

Proposed by D.M. Batinetu-Giurgiu-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality we have :

2x2 + (2 — x2) + (82 — x2)\°  8t6 213
2x2 tz—xzzs< = then: t2 —x%2 <
( ) 3 27 3v3.x
Similarl h t? 2 < 207 & t2—7%2 < 2
miiar we nave : — S —Z° =
Y Y =373y 3V3.2
a? b? c?

Then we have : @ -y +2) + % — y2)(z + x) + (t2 — 22)(z + x) =

3v3.xa®?  3V3.yb?>  3+/3.zc? 3\/5( X 2, Y o 2 2)-

+ + = .a . .C
2t3(y+2z) 2t3(z+x) 2t3(z+x) 2t \y+1z Z+x zZ+x

z
a’® + Y b% +

2 2
. . ¢ = 2V3.F
y+z zZ+x z+x

By Tsinsifas inequality we have :
Therefore,
73

« + b’ + ¢ >332\/§F—9F
2 —x2)(y+2z) (@>—y?)(z+x) ({t2—-2z%)(z+x) 283 B

V3t

Equality holds if f AABC is equilateraland x =y =z = 3

C

AB = b, AC = ¢, [ABCD] —area of ABCD. Find [ABCD] = f(b, c, 0).

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by Jose Ferreira Queiroz-Olinda-Brazil

<BAD = <DBA = AD = BD
ACAE = XACE = AE = CE
Using Law of sines in the AACE and AABD, we have

b

AE = CE =——and AD = BD =
2cos 6 2cos O
Now, BP = x and CP = y, then DP = —xandEP=———y
2cos 6 2cos 0
Using Law of sines in the ADPC and APEB, we have:
b X
2cos0 y
= = e —_
sin @ sin 20 y=b-2xcosf
2 y
2cosf 7 _ X —
sin@  sin28 > € 2ycos®
Hence,
c—2bcosf b —2ccos@
X

“1—_4cos20’”  1—4cos?0
[ABPD] = [DBC] — [BPC]
1 1
[ABPD] = Ebc sin@ — 2 XY sin 30
1 (c—2bccosB)(b—2ccosB)

1
ABPD] = —bcsin8 — = - in30 =
[ ] =Zbcsing -3 (1—4cos?0)? sin

107 | RMM-GEOMETRY MARATHON 501-600



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

] 1 (c—2bcosO)(b—2ccosB)(3sin O — 4sin30)
=Ebcsm0——- =

2 (1 —4cos20)2
1 olp +(c—2bcose)(b—2ccose) B
= Smebe 1—4cos26 B
— sing bc — (b? + c?) cos 20
- sm 1—4cos26

A
LS

591. . e

I —incenter of AABC. Prove:
[ACI] [PQRS]

[ACDE] [VQWB]
Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil
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1
2s=a+b+c F =[ABC] =Eac-sin0

h, = (a+ b)sin@ = [PQRS] = %(b +c)(a+ b)sin@

1
h,=(a+b+c)sin0 = [VQWB] =E(a+b+c)zsin0

(n 0) B 0 |s(s—b)
sin|5 —5 cos; = o
In the AAIC we have:
Al = Jbes(s —a) I = Jabs(s —¢)
s S s

. \/bcs(s —-a) . \/abs(s -0) sin (E B 2)
s s

[ACI]—lAI 61—1
2 T2 2 2

b s(s—b) b
[ACI]=Z\/ac(s—a)(s—c)- - =E-F

[ACDE] = [ABC] — [BED]
We know that:

ac ac
B = e " va
1 . 1 ac ac
[ACDE] = F—EBD-BE'SIHB = F—E-b—_l_c-b_i_asme

(ACDE] = F— —%F _ F (b2 + ab + be) = —25F

(b+c)b+a) (Bb+c)b+a) (b+c)(a+b)

bF
[ACI] 25 (b+c)(a+b)
[ACDE] ~ ___ 2bsF 452

(c+b)(a+b)

[PQRS] %(b +c)(a+b)sin®  (b+c)(a+b)

[vewB] 452

%(Zs)2 sin
592. Let be the triangles ABC and XY Z, with sides a, b, c and x{, ¥4, 24

respectively,
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F = [ABC]|,T; = [X,Y1Z,] areas. For P € Int(AABC) prove that:

1
le -BP - CP > \/EZ(a - AP)2(y3 + 2% — x2) — 2T - w4

cyc cyc

o - (Za.AP>(Za.,m_Za.Ap><za.Ap_2b.Bp><za.,,p_zc.pc>

cyc cyc cyc cyc
Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let A',B’,C'be the inverse of points A, B,C by means of a circle of
center P and radius p = VAP.BP.CP.

By the definition of inversion we have : A'P.AP = p*? then
A'P = BP.CP (and analogs)

By the Law of Cosines in AB'PC’ we have :
92 ' 2 ;2 ;2 ’ ’ T

BC =a =BP +CP —2BP.CP.cosBPC

= (CP.AP)? + (AP.BP)? — 2(CP.AP).(AP.BP).cos BPC =
= AP2. (BP2 + CP%? —2BP.CP. cos BPC) = AP?. a>.
Then: a' = a.AP (and analogs)

Let F' be the area of AA'B'C’'. From Heron's formula we have :
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F = %J(a’+ b'+c)(—a' +b' +c") (a' —b + c’) (a' +b — c’) = %

Now by Bottema's inequality for triangles AA'B'C’' and AX,Y,Z,4,

and for any point P € Int(AABC),

1
We have: x,.A'P+y,.B'P+2,.C'P > \[Ez a?(y.2 + 2,2 —x,2) +8FT,
cyc
Therefore, x,.BP.CP + y,.CP.AP + z,.AP.BP
1
> _Z (aAP)Z(ylz + Z12 - xlz) + 2T1 w1.
2 cyc

593, N

(c)

C
\/
D
Q
P

AABC, (c) —circumcircle, D € (BC),CD n AB = {P}, BD n AC = {Q},

DE || AB, DF | AC. Prove that:

AB FB+AC EC_O
AQ AE AP AF

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil

Using new criterion for cyclic quadrilateral NCCQ, (Thanasis Gakopoulos). We have:

Let @ = <PAQ.
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o = 1(FB+EC) 1)
cos¥=2\pE " ar)’
1 /DB AC
We know that: cos @ _E(AQ +E)’(2)
FB EC AB AC
Then: E-FE—E'FE
Therefore 2o -T2 A¢_FC_

c_X_y
AQ AE AP AF

A
594.

If ABC is a triangle with u(ﬁ) = g,u(f‘) = %,AD is altitude from A4, I

incenter and T midpoint of BI, then prove that AT is angle bisector of XxBAD.

Proposed by Neculai Stanciu-Romania
Solution 1 by Adrian Popa-Romania
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I —incenter=> u(<IAE) = 45°, u(<IBA) = = 30°
Let be {M} = AD n Bl and T, € BI such that u(xT,AM) = 15°.
IMAE = <DAC = 60°, <IAE = 45° = <MAI = 15°
XBAT, = 15° = in AABE(A = 90°): xBEA = 60°
In AAIE: <AIE = 75° = 4T{IA = 105°

Ty ATy
sin30°  sin105°

__ ATy -sin30° AT, - sin 30°

Using Law of sines in AATI:

T I = =
1 sin 105° sin 105°
In AABT BT, ATy BT AT, -sin 157 TI=BT,=>T=T
. = = =— = = =
n 1'5in15°  sin 30° 1 sin 30° 1 1 1

So, AT —inner bisector of <BAD.

Solution 2 by Benny Le Van-Ho Chi Minh-Vietnam

A
Y

B(0,1)

a=BC=2b=CA=+3,c=4AB=1
Since <BAD = XACB = 30°. We shall prove that:
ABAT = 15°. As I is the incenter of AABC, we get

aAl + bBI + ¢Cl = 0 & 2(x;,y) +V3(x,y, — 1D+ (x, —V3,y;,) =0

{(3+\/§)x,=\/§:> . V3-1
B+VB)y=v3 VT2
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T is midpoint of BI, then I (@, \/§4+1)' We obtain:
4B = (0,1) and AT = (@;ﬁ:l)

|AB} = 1,|aT| = Zand 4B - 4T = 21
2 4

ABAT _ Ve+VZ
[AB[[ar] 4

Therefore: cos(BAT) = = 4BAT = 15°

Therefore, AT is the inner bisector of <BAD.

Solution 3 by Geanina Tudose-Romania

B

In ABIE: |T, BC| = % =2;(1)

AABD~ACB AB BD AD 1 1 r @
~ 5 — === =_ = _.
CB_ AB cA 2 '4p = 3TaBc =5
Since T € Bis(XABD) and from (1),(2) we get
T —incenter in AABD = AT is the inner bisector of <BAD.

595.
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AABC equilateral. Prove that:

PB PD AE
PC |PE AD
Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil

ABCD = AABE = AE = BD
ABEC = AADC = AD = EC
BP =a,EP =d,DP =c,CP =b
AB=1l=>x+y=1
Using Law of sines, we have:

ABDP:

B — 607
B-
a _ X _ C (1
sinf sin60° sin(120°—0)’ 1)
ACEP:
b _ y _ (2
sin(180°— @) sin60° sin(6 — 60°)’ (2)
a b a x
sin(180°—0) =sinf > —=—> —=—
x y b y
Hence,
PB B AE
PC AD
l a+d X

AABE: ~ sin(120°—6)’

(3)

sin@ _ sin 60°
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l c+d y

sin(180° — @)  sin 60° (4)

AACD: = :
¢ Sin(@ — 60°)°

Using (1) and (4):

cl

Using (2) and (3):

b_L_ i
d=y~Y b

_bcl:az_c:a_
- =S=3=

C
adl ~ b2 d

S Q
| ®
&=

Therefore,

PB_ |PD AE
PC |PE AD
596.a,b,c,r,s,a',b’,c’,r', s’ —sides, inradii, semiperimeter in AABC
and AA'B'C'.1fa’ =+va, b’ =+b, ¢ =+/c then: r >-—=

Proposed by Mehmet Sahin-Ankara-Turkiye

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let F' be the area of AA'B'C'. We have :

16F12 — z(alzblz + blzclz + CIZaIZ) _ (a/4- + bl4’ + C/Z)
= 2(ab + bc + ca) — (a? + b?> + ¢?) =

=2(s>+1%2+4Rr) —2(s> —r> —4Rr) =4r(4R +71) then: 2F =./r(4R + ).

2F _ 2F  r(@R+1) "7 r(42r+7)
Zs’_a’+b’+c’_\/E+\/E+\/E ~ VJa++Vb++c

!

We have : r

_ 3r
va+ Vb ++c
By CBS inequality we have : Va+ Vb ++/c <./3(a+b +c¢) = Vés.
Theref L
erefore, r > —.
Vés
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597.

Prove that:
AC P
AC _PQ _ 4
IS QI

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil

A

Ac_PQ +1=>AC—-1IS P1 AC-QI=PI-IS
_ = = — = . = .
IS~ QI QI Q

We know that:
AN  2s Al = Jbcs(s —a) cl - Jabs(s —¢)
Al " b+c s T s
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_abc B s(s—b) BN — ac
TR %27 ac '~ b+c
AABN~AAOI- AN BN ac 2s = ac
Q Al ~ (b+c)QI b+c’ Q "~ 2s

Now,PI-IS:AC-QI:’;—‘:C

We need to prove that: PI - IS = “z—b:

In AIMC we have:

CMI=B andMCl =5 +2="_2_2_7
—ban - “T2 T272
Using Law of sines:
Jabs(s — ¢)
Ic M — M
sinB _ T B\ b - (s—b)
D s(s—
sin(7-3) 2R T

2R
M= E\/bc(s —b)(s—o¢)

Al -IM =PI IS

\Jbes(s —a) ZR\/b D) (5—c) =PI IS

S

PI.IS = %\/bzczs(s— a)(s—b)(s—o©) = ?-F = ZSR Zl;zc
abc
PI-IS = 25
Therefore,
AC PQ
s QI

598. In AABC the following relationship holds:
z Vb* + ¢t 3VR? — 212
cyc b?

A< 2

<
— Abc + c? 2-)r "’

Proposed by Marin Chirciu-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

b% \[b c
bre Jzty J(etp) -2

Wehave:bz—lbc+c2_g_l+g= b c_,
c b c b
, , . b ¢ R
By Bandila's inequality we have : p + b < -
. . b c
And by AM — GM inequality we have : E+522>/1
R 2
h . Vb* + ¢* (7) —2 VR? 22
MWEI 2 _abc+c2~" 2-2  @-Dr’

Stmilarl have : Vet +at <\/R2—2r2 2 Va* + b* <\/R2—2r2
tmitarty we Rave = Aca+a® - (22— Ar a?—2dab+b%2~ (2-Dr
Summing up these inequalities yields the desired inequality.
Equality holds if f AABC is equilateral.

599. If x, y, z are the lengths of the three sides of a triangle and
x+y+z=1,
x<2y,y<2zz<2x.Prove that:

X y z 1
+ + = :
2y — x 2z—y 2x—2z [3xyz

Proposed by Hikmat Mammadov-Azerbaijan
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Holder's inequality we have :
2

x y z o o ——
\/2y—x+\j22—y+ 7x—5 | X @y -0 +y*(2z-y) +2°(2x - 2)]

>x+y+23=1

1
Then : ad + 4 + / - =
2y—x  |2z—y N2x—z  [2(x2y + y2z + z2x) — (x3 + y3 + 23)

So it suffices to prove that : x3 + y3 + z3 + 3xyz > 2(x%y + y?z + z%x)
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Using Ravi's substitution: x=b+c, y=c+a, z=a+b, a,b,c> 0.

Soweneedtoprove:z (a+b)3+31_[ (a+b) > 22 (a+ b)*(b +¢)
c cyc cyc

cy

& a?b + b%*c + c*a = 3abc which is true by AM — GM inequality.

1
So the proof is completed. Equality holds iff x=y =z = 3

600.a,b,c,r,R,a’,b’,c’,r', R —sides, inradii, circumradii
in AABC and AA'B'C’.

727" h, O9R"’
<

Ifa =+va, b =+Vb, ¢ =+/cthen: < <
R cyc ha R

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let F,s,F',s'be the area, semiperimeter of AABC and AA'B'C'. We have :

h, bc 2R" R bc R’ R
h_a,_ﬁ'b’c’_E'\/E_\/E_E'\/E_E'bc (and analogs)

Then : Z
cyc

And : Z
cyc

E“""&’Z’;“”""”“ 2r'(27r'* + 4.2r v +1'%) 721"
—_— R - R .

Theref 721" - Z ha _ 9R"
erejore, < < .

ha RI Z b, ) - RI Z 2 Leiéniz RI 9RIZ 9R13
=— C =— a = —. = .
hy R cyc R cyc R R

ha_R’z . ,_R(s"+4R7T +17)
he R Luicye & R =

a
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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