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Problem. Prove that

J =

∫ 1

0

(√
x log2(x)

1 + x2

)2

dx =
21

80
ζ2(2).

Solution. The integral can be rewriting after making the change of variable t = x2, as

J =

∫ 1

0

x log4(x)

(1 + x2)2
dx

=
1

32

∫ 1

0

2x(2 log(x))4

(1 + x2)2
dx

=
1

32

∫ 1

0

2x(log(x2))4

(1 + x2)2
dx

=
1

32

∫ 1

0

log4(t)

(1 + t)2
dt.

Now, by using the expansion series
∞∑
n=1

n(−t)n−1 =
1

(1 + t)2
, we obtain

J =
1

32

∫ 1

0

log4(t)

(
∞∑
n=1

n(−t)n−1

)
dt

=
1

32

∞∑
n=1

(−1)n−1n

(∫ 1

0

tn−1 log4(t) dt

)
{
interchange between integral and summation

}
=

1

32

∞∑
n=1

(−1)n−1n

(∫ ∞

0

z4e−nz dz

)
{
t = e−z, dt = −e−zdz

}
=

1

32

∞∑
n=1

(−1)n−1n

(
Γ(5)

n5

)
{
by the fact that for all a > 0, b > 0 :

∫ ∞

0

zae−bz dt =
Γ(a+ 1)

ba+1

}
= − 4!

32

∞∑
n=1

(−1)n

n4
= −3

4

∞∑
n=1

(−1)n

n4
.
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Using the property
∞∑
n=1

(−1)n
1

np
= −(1− 21−p)ζ(p), p > 1, we can deduce

J =
3

4

(
1− 1

8

)
ζ(4) =

21

32
ζ(4)

=
21

32

(
2

5
ζ2(2)

)
=

21

80
ζ2(2).
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