ROMANIAN MATHEMATICAL MAGAZINE

Founding Editor

DANIEL SITARU

Available online ISSN-L 2501-0099

www.ssmrmh.ro



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Proposed by

Daniel Sitaru — Romania, Thanasis Gakopoulos-Greece

Mehmet Sahin-Turkiye, Marian Ursarescu-Romania
Marin Chirciu-Romania, D.M.Batinetu-Giurgiu-Romania
George Apostolopoulos-Greece, Vasile Mircea Popa-Romania
Bogdan Fustei-Romania, Neculai Stanciu-Romania
Ertan Yildirim-Turkiye, Alex Szoros-Romania, Marius Dragan-Romania
Binh Luc-Vietnam Eldeniz Hesenov-Georgia
Rahide Yusubova-Georgia, Nguyen Van Canh-Vietnam

Juan Jose Isach Mayo-Spain

1 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solutions by

Daniel Sitaru — Romania, Thanasis Gakopoulos-Greece
Mohamed Amine Ben Ajiba-Morocco, Soumava Chakraborty-india
Nguyen Van Canh-Vietnam, Jose Ferreira Queiroz-Brazil
Marian Ursdrescu-Romania, Avishek Mitra-India, Tapas Das-India
Debopriyo Dawn-India, Sanong Huayrerai-Thailand, Amirul Faiz-Japan
Soumitra Mandal-India, Myagmarsuren Yadamsuren-Mongolia
Aggeliki Papaspyropoulou-Greece, Alex Szoros-Romania
Ahmet Cetin-Turkiye, Remedy Ogswubaba-Nigeria
Adrian Popa-Romania, Eldeniz Hesenov-Georgia, Hikmat Mammadov-
Azerbaijan, Ertan Yildirim-Turkiye, Rajarshi Chakraborty-India

Mansur Mansurov-Azerbaijan, Namig Mammadov-Azerbaijan

2 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
601.

(OABC) —tetrahedron
Ox, 0y, 0z —constant, xOy = 0,,y0z = 0,,z0x = 05
OA =a,0B = b,0C = c;a,b, c —variables
L—ll+%+% = %,d > ( constant
Prove that the plane (ABC) = P passes

through a fixed point M
Find OM = f(d, 01, 02, 03) =?

Proposed by Thanasis Gakopoqus-FarsaIa-Gr’éece
Solution by proposer

(1) Plagiogonal 3™ system: (Ox, 0y, 0z,04,0,,03)

X y z
P:—+=+4+-=1 andletM(d,d,d)
a b c

1 1 1 1 d d d
+_

Therefore, M € P, then M passes through fixed point M(d, d, d).

. — 2
() oM(d,d d),|oM| =d?+d? + d? + 2d?*(cos 8 + cos 0, + cos 03)

OM = d,/3 + 2(cos 6; + cos 0, + cos 03)
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602.

Prove:
sin B
[ABCD] = T(BC -BE + BA - BF)

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by proposer

2[ABCD] =D+ (MD+2)+2)+B3H+B)=DD+2)+@+D+@B)+(B) =

sin B
= [BCPE] + [BFQA] = [ABCD] = T(BC -BE + BA - BF)

2[ABCD] = 2([BFDE] + [DFC] + [DAE]) =
= ([BFDE] + [DFC] + [DCF]) + ([BFDE] + [DAE] + [DQA]) =
= [BCPE] + [BFQA] = BC - BE - sinB + BA - BF - sinB

Hence,

sin B
[ABCD] = T(BC BE + BA - BF)
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603.
A

ABCD —cyclic if and only if

1 AB-AP + AD - AQ
COSA =—-
2 AP - AQ

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer
Let AB = b,AP = p,AD = d, AQ = q. Plaiogonal system:

AB = Ax,AD = Ay, A(0,0), B(b,0), P(p,0),D(0,d), Q(0,q), C(cy, c3)

Xy x Yy _bp(g—d)  qd(p—Db)
BQ.E+E—1,BD.E+E—1:>C1—pq_—bd,cz—w

From NCCQ1 we have: ABCD —cyclic if and only if
AC?> =c;-AB + ¢y AD & ¢% + ¢3 + 2¢1¢;, c0sA = bey + dcy &

1bp +dq 1 AB-AP + AD - AQ
& c0SA =—-
2 pq 2 AP - AQ

604. In AABC the following relationship holds:

z:b+c—a>25r2—4R2
4abc ~ 3V3R3

Proposed by Mehmet Sahin-Ankara-Turkiye

Solution by Nguyen Van Canh-BenTre-Vietnam

a+b+c .
Lets = — By AM — GM Inequality, we have:
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Zb+c—a>33 (b+c—a)(a+b—c)(a+c—b)_33 (s—a)(s—b)(s—c)
4abc 64a+bc. b\ac.c\Vab B 8a?b?c?

3V3

SSTR
33 sr? 3 S 3
2 |(4Rrs)?  2Y16sR? 2%/ 3V3.R3

3 (,>3 2512 — 4R?
" 4/3R T 3V3R®
(*) © 9R? > 4(251r% — 4R?);

& 25R? > 4.251r% © R? > 41* & R > 2r (Euler) = (%) true.Proved.

605.

BC? AB AB AC

=k, :l’ = ,—— =
AB-AC ac”"ar ™ag ™"

Find: k = f(I, m,n) =?

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil

We know that if ABDC is cyclic, then

0_AB-AQ+AC-AR h 5 = OAR
cos O = 240 AR ,where 0 = Q
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AABC: BC? = AB?> + AC?> — 2AB - AC - cos 0
AB -AQ + AC - AR
2AQ - AR

BC? = AB? + AC? — 2AB - AC -

CR BQ
BC? = —-AB? + — - AC?
T +AQ C
BC* CR AB® +BQ AC?
AB-AC AR AB-AC AQ AB-AC
BC* (R AB+BQ AC
AB-AC AR AC AQ AB
BC? AR-AC AB+AQ—AB AC
AB-AC AR AC AQ AB
_AB AB+AC AC
~AC AR AB AQ

1 1
k=l—m+7—n=(l+7)—(m+n)

606. In AABC the following relationship holds:

8r
21613 < (h, + hy)(hy + h)(h.+ h,) < 3 (4R +1)?

Proposed by Marin Chirciu-Romania
Solution 1 by Marian Ursdrescu-Romania

2F s?r(s? +r? + 2Rr)
“hy = 7 = (ha + hb)(hb + hc) (hc + ha) =

RZ
2.0 2 2

sTr(s +Rr2 + 2Rr) < %(4R +1)? & 35%2(s2 + 12+ 2Rr) < 8R*(4R +1)%;,(1)

But 3s? < (4R + r)? (Doucet); (2). From (1) and (2) we must show:

s> + 1%+ 2Rr < 8R?* & s> < 8R?> — 2Rr —r%*(3)
s < 4R? + 4Rr + 3r? (Gerretsen); (4)
From (3) and (4) we must show:
4R?> + 4Rr + 31> <8R?> — 2Rr —1r* © 4R> —6Rr — 41> > 0

2R? —3Rr—2r>>0 < (R-2r)(2R — 1) > 0, true from R > 2r(Euler).

s?r(s? +r% + 2Rr)

RZ

> 21613 © s%(s? + 1% + 2Rr) > 216R?*r?%;(5)
27Rr

sz >

(Cosnita — Turtoiu); (6)

From (5) and (6) we must show:
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27Rr

> (s? + 12+ 2Rr) > 216R*1r* © s2 +r* + 2Rr > 16Rr &

s > 14Rr —r%;(7)
But s > 16Rr — 572 (Gerretsen); (8). From (7) and (8) we must show:
16Rr — 51* > 14Rr — r?> © R > 2r (Euler).
Solution 2 by Avishek Mitra-West Bengal-India

AGM GHM 3 27
n(ha+hb) > 1_[2 hoh, =8| [n, = 8| — | 8- =L = 216¢°

1 3
cyc cyc cyc 2 h_a (%)
1 1 [I(a + b) 2abc + Yab(a + b)
— 3 1) = 3.~ 7 _ 3. =
n(h“ +hy) = 8F 1_[ (a * b) 8F bz = 8F 16R2F?

cyc cyc

F F
=5q2 2abc+Zab(2s—c) =5p2 ZSZab—abc =

cyc cyc

F F
(2s(s? + 1% + 4Rr) — 4Rrs) = — - 2s(s®> + r% + 2Rr)

~ 2R? 2R?
> 4R + r > V3s(Trucht).Need to show:
2 81 _27r , . 2 2 2
3s '?ZT(S + 1% + 2R7), 325 > 27s“+ 27r“ + 54Rr

5s2 > 54Rr + 27r%, s? > 16Rr — 5r*(Gerretsen)
80Rr — 2512 > 54Rr + 271r* © 26Rr — 52r* >0
26r(R — 2r) = O true from R > 2r (Euler).
607.

Prove:
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_ (AP? - A0%) + (AQ* — A0?%)
B 2

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil
By Stewart’s theorem:

R2

AP?> R+ AQ? R—A0? -2R=R-R-2R?
AP? + AQ? — 2A0% = 2R?
Therefore,

_ (AP%? — A0?) + (AQ* — A0?%)

RZ
2

608. If m > 0 then in AABC holds:

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution by Tapas Das-India

m m m
az+b2+cz2 3 m m m
3 > ./az -b2 -c2 = (abc)6
2
m m Eﬁ 31
az + b2 +c2 >(b)%£>(b)3>(4F)7§ 2F
> (abc)ém > (abc)3 > — =—
3 V3 V3
3 3
Carlit (b)2>(4F) = ab >(4F)2
arlitz : (abc)* > |— abc > |—
V3 V3

609.If m,x,y,z > 0 and xyz = 1 then in AABC holds:

x+ym +z)™m zZ+x)™
%.au%-bug

¢ >2mt2\/3.F

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by Avishek Mitra-West Bengal-India

m ;] 1 s 1 m
Z@ a? AgM 3\/—21_[(x + y)ma? AgM 3\/x—yzl—[(2\/x_y) (4Rrs)? =

Xy
cyc cyc cyc

9 | RMM-GEOMETRY MARATHON 601-700
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3 MitE:ﬁze:vic 3 2s
=33/ (8xyz)™16R?r2s? > 3 sm.16-2r-ﬁr2s2=

_3
3

Solution 2 by Tapas Das-India

. 4rsi/8m = 2m+2\/3F

x+y)™> (2\/x_y)m = Zm(xy)%; (and analogs)

(x+y)m™ , AGM 511 aGMm .| 1 m
=Y e 3 — maz 2 3°| [ [(2%)"a? =
Z z @ =3 xyzl_[(x+y) @ =3 xXyz (2/xy)"a

cyc cyc cyc

=2m. 3i/(xyz)m(abc)2 =2m. 3(abc)§; (v abc=1)

1
4F\33
>2m.3 (—) = 2m+2p.\/3
V3

Solution 3 by Debopriyo Dawn-India

(x + y)m 5 AGM 3 1 AGM 3 1 m
- 77 . > - mag2 > _1_[ / 2 —
Z z @ =3 xXyz H(x tymat = 3 xXyz (2/xy)"a

cyc cyc cyc

2
=2m. 33\'/(xyz)m(abc)2 =2™m.3(abc)3; (- abc =1)
1
4F\*3
>2m.3 (—) = 2m*2F\/3
V3

W =

4F abc
2> (— i <3 itri ] =—
(abc) = (\/§> (Carlitz), a+ b+ c <3V3R (Mitrinovic), F iR
1
4F abc < 2abc R 3abc abc < abc - (abo)? > <4F)§
[ = aoc —_
< b < 1 >
V3 RvV3 2s a+b+c a+ : +c (abc)3 V3

610. In AABC the following relationship holds:

a’ + b?> + c*> > 4F abe .chcC.
(a+b)(b+ c)(c+a)
cyc

Proposed by Daniel Sitaru-Romania

10 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
AF abc Z c a+b B 4Fz 2R ab _
(a+b)(b+c)(c+a)'cyccsc e T L [brokta)

AM-GM

2abc ab ab - a b
22 c 'j(b+c)(c+a)=;ab'2\[(b+c)(c+a) = Zab(b+c+c+a)

cyc cyc

_ZaZb +zab2 _Zazb_l_ ca? _z 2( b N c )_Z 5
Lib+c c+a L.b+c btc L% \b+rc b+ LY
cyc

cyc cyc cyc cyc cyc

Therefore, a* + b* + c? > 4F abe Z escC. |2 b
’ - (a+b)(b+c)(c+a)'cyc ' c

611. In AABC the following relationship holds:

3 [2R secd secB  sect
S =—z—2+—24+ 2
2. r B 4 4

sec 2 secC 2 sec 2

Proposed by Marin Chirciu-Romania

Solution by Marian Ursdarescu-Romania
We must show:

COSE COS£ COSé : 9 R
2+ 2+ 2 SE;,(l)

A B ¢
Cos 2 Cos 2 Ccos 2

COS+ cosg COS : c-S A 1
2 2 2 _ 22 .
1t gt C < E cos > E ],(2)

COs7 COS5  COSy cye cyc €OS? 5
A 4R+r 1 (4R +1)?
24 _ _ .
Zcos 2= 2R andz Zé—1+T,(3)
cyc cyc COoSs 2

11 | RMM-GEOMETRY MARATHON 601-700
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From (1) and (2) we must show:
4R + 1 (4R +1)? 9 R
1+ <—=-—
2R

s2 -2 r
4R +1)?\ 9R?
( > )>S ; (4)
s r
1 1 (4R+71)> 4R+T
2> 3r(4R D )= =< = < ; (5
s 2 3r(4R +1)(Doucet) s2 " 3r(4R+ 1) s2 - 3r (5)
From (4) and (5) we must show:
4R + 1 9R?
(4R+r)(1+ — )s "o 4(4R + (R +7) < 27R
whichistrue,because4R+rS4R+§=%andR+rSR+§=%
4R 3R
4(4-R+T)(R+T)S4'7'7=27R2

612. Ifin AABC,AD, BE, CF —internal bisectors, R,, Rg, R —circumradii of

(4R +71) (1 +

AAFE,ABDF,ACED,AA, BB, CC, —altitudes in AAFE,ABDF,ACED
then:
h2 h? h?
« 4 b__ . ¢ <18
AA,-R, BB, -Rp CC; R,

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Marian Ursarescu-Romania

A

12 RMM-GEOMETRY MARATHON 601-700
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aa. = 2Sare o _AF-AE-EF_ ~_AE-AF 1)
= = = . — .

From bisector theorem:
AF b AF b c
BF a_ aB a+b = arp®
AE ¢ AE c _ bc

—=——= AF ;
EC a:AC a+c: a+c’(3)
From (1),(2) and (3) it follows that:

AL R — b?c? dn (21?)2 _4F?
1 7M™ 2(a+b)(a+0) anéfta = "~ a?
h;  8F*(a+b)(a+c)
AA, R, a’b?c?

We must show that:
4F?
mZ(a +b)(a+c) <9 (4)
cyc
4F? 4s%r? 1
b2~ 16sir2RE — ag?’ )

From (4) and (5), we must show that:
a? + b%? + ¢? + 3(ab + bc + ca) < 36R?; (6)
But ab + bc + ca < a? + b? + ¢?#; (7). From (6) and (7), we must show:
4(a? + b? + ¢?) < 36R? & a? + b? + ¢* < 9R?*(Lebniz)
613. Prove that for any acute triangle ABC :

. A . B . C
. sin 7 + [sIn 7 + [sIn 7
V2 < 1 B F<V2
sm7+sm7+sm7

Proposed by Vasile Mircea Popa-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

h _ LA . B . C |[sinA sin B sinC -
We have : smi+ smE+ smE— A+ B+ C =
Zcosf

Zcosf 2cos§

13 | RMM-GEOMETRY MARATHON 601-700
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CBS 11 _ _ 1 1 1
< |=(sinA + sinB + sin C) 1 5T

2 A B ¢
cos7 C€OS3  COSy

_ 1 4 A B C 1 1 1 _
= E' cosEcosEcosE. A+ + cl~=

_ 2( A B+ B c+ c A)éﬁ(_A_l__B_l__C)
= COSZCOS2 COSZCOS2 COSZCOS2 < Sll'l2 Sll‘l2 Sln2

Now let us make the change {A, B, C}

- {m — 2A,m— 2B, T — 2C} so we need to prove

Vsin Asin B + sin Bsin C + sin CsinA < cos A + cos B + cos C,V acute AABC.

Using sRr notations we have :

) ] ) ) . . s2 + 12+ 4Rr
sinAsinB + sinBsinC + sinCsinA = ARZ and
R+r1
cosA+cosB+ cosC = R

So the inequality is equivalent to :

s2+12+4Rr (R+1\° ) ) )
AR? S( R ) & s“ < 4R4 4+ 4Rr + 3r

\/sin%{+ \/sing+ Jsin%
<+2.

. . B, . C
sin; + sin5 + siny

Which is Gerretsen's inequality. Then :

- - - - - n
Since x - Vsinx is increasing on (0, E) then we have :

A<—
’ > A , A
s1n— /sm — ‘{/E.sin5< sinE.

B ’ B C C
Similarly we have : V2. sinE < sinE and V2. sinE < sinE.

14 RMM-GEOMETRY MARATHON 601-700
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Jsiné+\/sin§+\/sin£
4 2 2 2
V2 < B c

sm7+sm7+sm7

\[sin%+ Jsing+ \[sing
< 2.

. . B . C
sm7+ sm7+ smf

Summing these inequalities we get :

Therefore, V2 <

614.1f m € [0,0) and M € Int(AABC),x = MA,y = MB,z = MC then:

1-2m
(x_ ma)2m+1 + (y_ Wb)2m+1 + (Z. hc)2m+1 > 22m+1.F2m+1. (\/g)
Proposed by D.M.Batinetu-Giurgiu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Since m, > h, and w, > h;, then we have :
(x' ma)2m+1 + ()’- wb)2m+1 + (Z. hc)2m+1 > (x. ha)2m+1 + (y. hb)2m+1 + (Z. hc)2m+1 —

2m+1
. X V4
X 2m+1 y 2m+1 V4 2m+1 Holder (— + X + —)

= (2F.E) + (ZF.B) + (ZF.E) S (2F)2m+1a b32 € >

2m+1 Hayashi
o~ ( 2 F) 2m+1

(2F)?m+1 Xy Yz zx 2m+1
> —_ 4 — 4+ — > — . (Voa. .
-~ 32m \/3 (ab + bc + ca)) - 32m ( 3 1)

1-2
Therefore, (x.my)?™ + (y.wy)?™*1 + (z.h,)?m+1 > 22m+1 pam+l (([3) "

615. In AABC the following relationship holds:

R_ (rg+1p+71)3 \/EJ’ b b+J? \FJ’\F
r  |(mg+my+m)?(h, + hy + h,) max v a’lc b'Na c

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

¢ Va?2b? + b%c? + c2a?
+- <
b 2F

b
Lemma : InAABC : - (%)

15 RMM-GEOMETRY MARATHON 601-700
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We have : (x) & (b?+ c¢%)\/2(a?b? + b%c? + c?a?) — (a* + b* + %)

< Zbc\/azb2 + b%c? + c?a?
squaring
S (szc2 +b* + c4) [2 (azb2 +b%c? + czaz) - (a4 +b* + c4)]
< 4b*c? (azb2 +b%c% + czaz)
& —a*(b* + cz)2 — 2b%c2(b* + ¢*) + 2(b* + c*)(a?b? + b%c? + c?a?) — (b* + 04)2 <0
o —a*(b? + c?)? + 2(b* + c*)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b* + ¢*) — (b* +cY]* <0

Which is true and the proof of the lemma is completed.

Now, a,Vb,\/c can be the sides of atriangle A’ and let F' be the area of A'.

We have :

4F' = \/2(ab + bc + ca) — (a® + b2 + ¢2) = J4ar(4R +71) = 2\/r(ro + 1, + 1)

. . . b ¢ +ab+bc+ca
Using the lemma in A’ we obtain : p + [+ <

2F'

_J2R(hg+hy + h))
Jrirg+ry+10)

2R h,+hy,+h Tet+1T,+71 2R
Then: w< [—. 22 € o |22 ¢ < |== (1)
r rotr,t+r, h,+ h, + h, r

Laicu b+c

(and analogs)

Now we have : m, = 2 .cosi
a+2(s—a) A MM s(s—a) a(s—a)
=— - =2 Ja2(s—a). = .
> cos 5 2 a.2(s—a) be N
o b(s — b) c(s—o¢)
Similarly we have: m, > ————— and m, >
2Rr 2Rr

Summing up these inequalities we get :

a(s—a)+b(s—b)+c(s—c) 2r(4R+r) |2r
2Rr 2Rr R

m,+m,+m,=> (ro+rp+r)

16 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
rg+7r,+r,
Then : b (2)
m, +my + mc

(ro+ry,+r.)3
M I ] 1 2 : .
ultiplying (1) and (2) we get \[ (ng + my + m)?(hy + hy +h) =

e

616. In AABC the following relationship holds:

) ERELNCCEL
m, m., ~  3R? '

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Avishek Mitra-West Bengal-India

1 1 Bergstrom
Z(—+—> Z—+2,1 +A2 ) — =
m

mym, c
cyc cyc

cyc

(1+1+1)2 1+1+1)2
——  t2A
Yy mj Y mym,
9(1 + AZ) 181 9(1 + 12) 184 Lebniz
= 2 2~ "3 t3 =
rmy  Ymy N N

> (1+2%)-

12(1+2%) 244 _12(1+24+2%) _4(1+4)?
9R? 9R2 9R? - 3R?
Equality holds fora = b = c.

Solution 2 by Aggeliki Papaspyropoulou-Greece
RF FR FR

< — < — <—

Ma =G M = Me =70,
1+A>br+lcr_ (b + Ac) = r(b+lc)_b+lc
m, m, FR FR FR " Rrs  Rs

So, we have to prove:

2 2
(b;zjf e 4(/13221) ©3) (b+40% 2 A+ D*(a+b+0)% (D)

cyc

But3(x> +y*+2z%) > (x +y + z)*

cyc

17 RMM-GEOMETRY MARATHON 601-700
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3Z(b+/1c)2 >(b+ictc+ia+a+ib)?=[A+1(a+b+0)]? =

cyc
=@A+1D(a+ b +c)?
Equality holds fora = b = c.

617. In AABC the following relationship holds:

3 csc‘“% X
Z B > V36

B C A
2D < a ad
cyc | €SC* 5 + €sc5 (csc2 + cscz)

Proposed by Marin Chirciu-Romania
Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand
w

3v3
sinA+sinB+sinCST= 35in§

. . . C 3 . T
smi+ smE+ smi < 3 = 3Slng
A B C 1 1 1
csci+ csc§+ cscz = Sin_+ SinE+ sing =6
2 2 2
A a\3
3 csc47 g (Z csc 7) . 136

B C A B
2 = el i~ = p—
cye |€SCP 5 +csCo (csc >+ csc 2) (Z csczg T cse 12;' csc g)z

4

(Z cscg) A\? A

— =236 (z csc—) >36¢< z csc— = 6(true!)
A 2 2

(Z csci)

Solution 2 by Tapas Das-India
4

A AN\3
Z 3 csc? 5 R“i"" (Z csc 7)

W =

B C A B
2 ! = =4 =

18 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(= cscg)g a3 _ 2 A éé 33 2 (4R\S
=@=<ZC“E) 235 (( ) esc3) =(zsi—n*_‘)3=33(7) =
2 2

2
2 /4 - 21r\9 2 2
235( - ) =33-89 = V36

618.1f m > 0;u,v > 0,M € Int(AABC),x = MA,y = MB,z = MC, then:

Z x (ﬂ + 2) " > (ut+ o)™ v
a\b c - 3m

cyc
Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution by Tapas Das-India

S (27 o WYy
a\b c —3m ab ab

cyc cyc cyc

(u+v) (Z %)

m+1

m+1
Hayashi 1

1
= 3_m (u + v)"‘*

= 3—m
cyc

Lemma (Hayashi). For any triangle ABC and for any arbitrary point P, it holds:
a-PB-PC+b-PC-PA+c-PA-PB = abc
619. In AABC the following relationship holds:

3sin?4 2sin’B sin?C m+2A+B /m+2A+B
s(—)26sm2 (—)

cosA i cos B +cosC 6

Proposed by Daniel Sitaru-Romania

Solution by Tapas Das-India

sin?x 1-—cos?x
Let f(x) = = = Secx — CosXx
cos x cos X

f'(x) = secxtanx + sinx

f"(x) = secx + tan? x + sec3 x + cos x > 0 = f —convex function on (0, g)
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3sin?A 2sin?B sin?’C

cos A + cos B +cosc 3f(A) +2f(b) + f(C) =
>(3+2+1) (3A+ZB+C>_ (3A+ZB+C)_
B AT 6 =
sinz(3AT2ZBH Oy iy (WA 244 B)
=6 =6-
3A+2BC) (TF24%E)
0s ( 6 cos 3
Therefore,

3sin?A 2sin’B sin?C m+2A+B . ,(T+2A+B
cos (—)26sm (—)

cos A + cosB +cosC 6 6

620. In AABC the following relationship holds:

Z (A + n) - 3+/3r
cos >

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

> +3\/§v € (0,m)
_4cos2 8,x ,TT).

X+m 1 X
Let us prove that : cos ( )

Let f(x) = (x+1t> 1 X € (0.1
et f(x) = cos 3 4cosz,x ,TT).

11 . x+m .Xx 1 (m—-3x ™+ 5x
We have : f'(x) = — = sm( )—smz]z——sm( )cos( ),Vx

8 8 4 16 16
€ (0,m)
Since 1r+5xe (13_11) an 1t—3xe (— EE) then we have :
16 16" 8 16 816

(n+5x>>0v € (0,m)
cos 16 ,Vx ,TT

/4 [
And f is decreasing on (O, —) and increasing on (—,n) =
3 3
. T 3V3
min {f(x)} = f (g) =3
A+my 1 A 3V3
Then : cos( ) > ZCOSE + 5 (and analogs)
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A+ A 3v3 MM 1 A 9V3
Thus,z cos( ) Z cos—+3— > —-.3 1_[ cos—+——
cyc 4 4‘ cyc 2 8

_3 3’S 9\/_

e 3 3V3r 9\/_ P27 3 733 2r L9V3 2r 3 3r 9v3r_3V3r
4R 4R 8 R 4R 4R R’

So the proof is completed. Equality holds if f AABC is equilateral.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We will use Popoviciu's inequality :

If f: 1 - Risaconcave function,then for any x,y,z € I we have :
P2 41 (50 + 1 (55 2 3 (10 + £+ 100+ 37 (53))

t
Let f(t) =cos<Z>,tE (0,mMm)andx; =A+B, y,=B+C, z; =C+A.

Since f, is concave then by Popoviciu's inequality for (x,,y,,2,) we have :

chc cos <(C 4 ; 4+ B)> > %(chc cos (B al C) + 3 cos %)
Then : chc cos (A ; n) > %(chc cos (B : C) 3\/_> (1)

Let f,(t) = cos (%

Since f, is concave then by Popoviciu's inequality for (x,,y,,z,) we have :

z <B+C>>1<Z A+3 n'> 1(2 A+3\/_> @
cos > — cos — cos— | =— cos — + —
cyc 4 2 cyc 2 6 2 cyc 2

Let f5(t) = sint,t € (0,m) and x3 = A, y3 =B, z3 = C.

),te (0,m)and x, = A, y, =B, z, =C.

Since f; is concave then by Popoviciu's inequality for (x3,y3,23) we have :

Z . (B+C>>1<z A+ 3si 1t> Z A 1<s 3\/_> @)
sin >~ sin sin- | © cos— > —
cyc 2 2 cyc 3 2 2\R

From (1),(2) and (3) we get :
Z <A+n)> s 2143 Mitrinovic 3\/_1' 213 F¥er 33r 21V3 2r _3\3r
CcoS
cyc

8 _ﬁ-l_ 16 z 8R 16 z 8R 16 R R
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So the proof is completed. Equality holds if f AABC is equilateral.

621. a, b, c —sides in AABC,i 1 —sides in AA'B'C’. Prove that:

a+b’ b+c’ c+a
i < ZS’ < ﬁ
4s ~ 4r
Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

Bergstrom
1 1 1 g

gl — N N & 1+1+1)2 _ 9
STa+b  btc c+a = a+b+tbtctc+a 4s
(0,25) > R, f() = o f(3) = =
. b = [ —
f:(0.2s Jx Zs—x'f Y= es— o7

"(x) = 2 >0
f(x T EE ,f — convex
1 1 1 1 1 1
2s =

=a+b+b+c+ c+a=23—a+25—b+ 2s—c

Jensen

=f@+ w40 S 3 =3 (%) =

1 9 M itriéwvic 9 \/g

23_?_45 = 4-33r 4r

=3-

622. In AABC the following relationship holds:

. . . . : : 2187 r
(sinA + 2sinB)* + (sinB + 2sin C)* + (sinC + 2sin4)* < T(l — E)

Proposed by Marian Ursarescu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

b*+c*—b3c—bc2 =b3(b—-c)—c3(b-c)=(b—c)(b?-c?)
=b-c)(b-c)(b?+bc+c?)=(b?+bc+c?)(b-c)?=0

(O]
= b3c+bc® < b*+c*
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Now, (b + 2¢)*
via (i)
= b* + 8b3c + 8bc3 + 24b%c? + 24bc® + 16¢* < b* + 8b* + 8c* + 24b%c?
A-G
+12.2.bc.c? +16¢* < 9b* + 24c* + 24b%c? + 12(b?c? + ¢*)
)
= (b + 2¢)* < 9b* + 36¢* + 36b%c?

=~ (sinA + 2sinB)* + (sinB + 2sinC)* + (sinC + 2sinA)*

1 via () and analogs 1
16R4Z(b+2c)4 < ToR? 92:b4+362c4+362b2c2

cyc cyc cyc cyc

1 81 ? 2187 r
< 4 z 4 z 4] _ z 4 277 (g
< Temt 9Za +36) a*+36) a*|=2—g ) at<=(1-1)

cyc cyc cyc cyc
? ?
s z a*<54R}(R-1) & z a’b? — 8r%s? < 27R3(R—r)
cyc cyc

?
& (s% +4Rr +12)” — 16Rrs? — 8r?s? < 27R3(R— 1)
?
& s* — (8Rr + 6r?)s? + (4Rr + rz)2 <27R*(R-T1)

()
Gerretsen
Now,LHSof (x) <  (4R%—4Rr — 3r?)s?
Gerretsen

+(4Rr+12)° < (4R? - 4Rr — 3r2)(4R? + 4Rr + 312)
2 Euler
+ (4Rr +r?) ( 4R%? — 4Rr — 3r? = (R — 2r)(4R + 4r) + 5r2 > 0)

? ? R
<27RPR(R—-n e 11t* -27t3+16t+8>0 (tzF)

? Euler

o (t—2) ((t — 2)(11tZ +17 + 24) + 44) >0-true~t > 2= () istrue

-~ in any A ABC, (sinA + 2sinB)* + (sinB + 2sinC)* + (sinC + 2sinA)*
2187

< . (1 - %) ,with equality iff A ABC is equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Holder

Since (x+2y)* 2 (x*+2yM)(1+2)3 =27(x* + 2y%), Vx,y
> 0, thenwe have :
(sin4 + 2 sin B)* < 27(sin* A + 2 sin* B)
(sin B + 2 sin €)* < 27(sin* B + 2 sin* ()
And : (sinC + 2sinA)* < 27(sin* C + 2 sin* 4)
Summing up these inequalities we get :
(sin4 + 2sin B)* + (sin B + 2 sin €)* + (sin C + 2 sin A)*
< 81(sin* A + sin* B + sin* C)
So it suffice to prove that :
sin* 4 + sin* B + sin* € < %7(1 —%) or a* +b*+c* <54R3*(R—71)
We have :
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Gerretsen

a*+b*+c*=2[(s2—4Rr—3r2)2—8r32R+1)] <  2[(4R?)?
—-8r32R +1)] =

=16(2R*—2Rr3 —1r*) £ 54R3(R—1) © 11R* —27R3r + 16Rr3 + 8r* > 0
& (R -2r)[(R - 2r)(11R% + 17Rr + 24712) + 44r3]
> 0 which is true by Euler's inequality.
Therefore,

2187
(1-3)

(sind + 2sinB)* + (sinB + 2sin €)* + (sin C + 2 sin 4)* < 3

623.

Prove that:
11, 11,2
- . - >
Z IP 2 (IP) =72
cyc cyc

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Jose Ferreira Queiroz-Olinda-Brazil

( 1 Jbes(s —a)
s

A
(11, = 4R-sinz |14 =

B —
V15 = 4R-sinz.{ 1B _vacs(s—b)

S

C
[IIc=4R-sin | . _ yabs(s —c)
S s
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-

A j@—mw—o B j@—d@—m c ju—w@—w
sin= = ,sino = ,sinz =

2 bc ca ab
AIPC IC 1P P IC
: = = =
sin B . (T .
sin (7 — 7) 2 smf

Now, we have:

. A
I, 4Rsiny; 8R A B
ﬁ_—lc —E smEsmE

. B
Zsmi

I, 8R .\/(s—b)(s—c)_\/(s—c)(s—a)

1P N /abs(s_c) bc ac
S
y, _8R
IP  abc

Similarly, Ill—g = 2 and III—Rf = 2.So,
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11, ,\*
19 = 6and ) (77) =12

cyc cyc
Therefore,
11, I,)\*
Zﬁ Z (ﬁ) =72
cyc cyc

624.In AABC,I —incenter, R4, Rg, Rc —circumradius of AAFE,ABDF,ACED

respectively. Prove that:

hg hi h?

+ + <18
AA,-R, BB, -Rg CC, R,

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

AE.EF.FA
Let F, be the area of AAEF. We have : 2F, = AA,.EF T — then

A
AE.FA
: AAl.RA = 2 .

Si : AE = be d AF = be th t: AA{.Ry = (be)”
mee “cta ™ Ta+p oremweget 247 2(c+ a)(a+ b)
h,> (c+a)(a+b)

b
Alsowe have : h, = 2R then : TR 2R2
1- g
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h,,2 B (a+b)(b+c) d hc2 B (b+c)(c+a)

Similarly we have : BB, R, = >R? an CCLR, = 2R
Then : h,* N h,> N h.* (a + b?% + ¢?) + 3(ab + bc + ca)
®"* 4a,. R, BB, R CCi R 2R?
4(a® + b? + ¢?) Leibriz 3 gp2
< < = 18.
o 2R? - R?2 8

Equality holds if f AAABC is equilateral.
625.1f x,y,z € (0,7) then in AABC holds:
tany +tanz tanz + tanx tanx + tany

‘a+ b + cc>4-\V27VF

sin x siny sin z

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by Tapas Das-India

tany +tanz - 2, /tanytanz

(and analogs)

sin x - sin x
tany +tanz tanz + tan x tanx + tany
—_— - a+ . b+ - C =
sinx siny sinz
2, /tanytanz 2\/tanztanx 2, /tanxtany
= - -a+ b+ - c>
sin x siny sinz

3 tanxtanytanz 5 3
>6- |abc-— - - =6-\/secxsecysecz-\/abc>
sin x sin y sin z

3

AF
>6-3abc=6" (

= 4F - V27
)
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Let tanx = n,tany = m, tan z = p, then:

m+ +n n+m
P oa+t pm b+ ¢ > MWF-Y27
m+n+p CBS
D e) 2= Z DI
cyc cyc cyc
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S DO I N R X )

cyc cyc cyc cyc

(1)2 Radon

=2vZ-3V3F 2VZ- 33 VF— =

cye (sin C)Z (X sin A)Z
= 2v2-3V3 VF > 4/F - V27
Solution 3 by Debopriyo Dawn-India

tany + tanz - 2,/tanytanz

(and analogs)

sin x - sin x
tany + tanz tanz + tanx tanx + tany
————-a+ . b+ . c>
sinx siny sinz
2,/tanytanz 2\/tanztanx 2,/tanxtany
= : ‘a+ : c>
sin x siny sinz

3 tan x tan ytan z 5 3
> 6 |abc-— - - =6-\/secxsecysecz-\/abc>
sin x sin y sin z

>6-3abc=6"

626. In AABC the following relationship holds:

sin—- sin—- 3B sinE 9R
2 2 2
AT BT ¢y
cos 5 cos oS>

Proposed by Marin Chirciu-Romania
Solution 1 by Tapas Das-India

sin 3x , cos4x + 2 cos2x
Let f(x) = o5 x = f'(x) =

—4(cos? x sin 4x + cos? x cos 2x) + (cos 4x sin 2x + sin 4x) -

cosZ x

fll (x) —

Because: —4(cos? x sin 4x + cos? x cos 2x) + (cos 4x sin 2x + sin4x) =

cos* x
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= sin4x (1 — 4 cos? x) + cos 4x sin 2x — 4 sin? x cos 2x =

= —sin4x (1+ cos2x) —cos4x (1 —sin2x) —2cos2x <0

= f —concave on (O, g) Using Jensen’s inequality, we get:

() +1(G) )= (F67) =2 ()

34 . 3B . 3C
Sll‘lz-l_SlI'l2 sin

2
a B + C <2V3
COS 2 COS 2 COS 2

We need to prove that: 21/3 < % & 25 < 3+/3R; (Mitrinovic)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Y a? 1 Y ab _ 2s
ZcotA— A7 ZZsinA__ (2), ZZsmA—F,(B)
cyc cyc cyc

3A
Z sin 5~ ) 2 sm sm cos A — cos 24
cyc COS & 2 cyc SlnA cyc COSf
] 1 - Ya*—-2Yab 2s
—ZcotA+ZZsmA—zsinA = AF +F_
cyc cyc cyc

4R+r 2s ®W IR 2 2

= — 5 +R_s' (x) © 13R* + Rr = 2s

But s < 4R? + 4Rr + 3r? (Gerretsen).So, (x) ©
252 <8R*+8Rr+6r’ <13R*+Rr &
5R62 — 7Rr — 61> > 0 © (R — 2r)(5R + 3r) = 0(Euler)
627.1f x,y,z > 0O such that xy + yz + zx = 3 then in acute AABC holds:

tan"*1 Atan™*1 B s
z >3"“neN

xyn
cyc y

Proposed by Marin Chirciu-Romania
Solution 1 by Marian Ursdrescu-Romania

Z tan"*! Atan"*! B Holder (Y tan Atan B)"*! _ (} tan A tan B)"*!

> = ; (1
s xnyn (Z xy)n 3n ( )
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In acute AABC:tan A,tan B, tanC > 0 = Y tanAtanB > 33/tanAtan Btan C; (2)

But Y tanA = [JtanA4 = Y tanA > 3}/[[tan A4
= YtanA =[[tan 4 > 3V3;(3)

From (2) and (3), we get:

Z tanAtan B > 3%;(4)

cyc

From (1) and (4), we get:

Z tann+1A tann+1 B - 32n+2

— 2
iy z— =3"2 neN

cyc

Solution 2 by Tapas Das-India

Z tan®*1 Atan™"*1 B _ (" (tanAtan B)"t1 3[(tan? A tan? B tan2 C)"+1
xmy" - (xy)" - (x2y?z)"
cyc cyc
2n+2

(tanAtanBtanC) 3 2n+2 2
=3- >3-(tanAtanBtanC) 3 >; ( (xyz)3 < 1)

2n
(xyz)3

2n+2

> 3(3\/§)T — 3n+2

2 2
xy+yz+zx = 3(xyz)3 = 1= (xyz)3
Let f(x) = tan x is convex on (O, g) and using Jensen’s inequality, we have:

A+B+C
3 =33

tanA+tanB +tanC =tanAtanBtanC
628. If x,y > 0 then in AABC holds:

tan4 + tanB + tan C > 3 tan

(x% + y*)(a® + b* + x*) > 8xyV3: F + (xa — yb)? + (xb — yc)? + (xc — ya)?

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution by Tapas Das-India
(x% + y*)(a? + b? + x?) — (xa — yb)? — (xb — yc)? — (xc — ya)? =
Carlitz 3(//4F 3
= 2xy(ab + bc + ca) > 2xy-3 -3/ (abc)? > ‘ 6xy <\/_§) =
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4F

V3

Hence,

= 6xy -

(x% + y¥)(a? + b* + x%) — (xa — yb)? — (xb — yc)? — (xc — ya)* > 8xyV3 - F
Therefore,

(x% + y*)(a? + b* + x?) = 8xyV3 - F + (xa — yb)? + (xb — yc)? + (xc — ya)?

629.If t € (—0,0] U [1, ), then prove that in any AABC holds:

rorp\t (rpro\t  rorg\t (AR + 1)t
(ab>+(bc)+<ca)2( _1)

h, h, hy, 3¢
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Soumitra Mandal-Chandar Nagore-india
We know that:

t

1 1 1 1 /1 1 1
( + ;) ,wheret € (—,0] U [1,0)

xt yt t—3t1 x+y
2F 2F 2F F F F
h“zz'hb:7’hc:T'ra:s—a'rb:s—b'rc:s—c

Z(r;ib> = (rqrpre)t Z( )t (ra;;b?) <Zra1ha> =

cyc cyc

(rarbrc)
— T gt-1 (ZZF F)z

Y a s—a
1 F3 ‘las+bs +cs—a®—b%—c? t_
~3t-1\(s—a)(s—b)(s—c) 2F? B
F t
= 1 2 [2s%2 — 2(s®2 —4Rr — 3r?)]t =
3 s—a)(s—b)(s—c)

F t
1 7 e 1 5 e (4R + 31r)t
—3t1'<E> (8Rr+6r) = 3t—1 (ZF) (8RT+6 ) T

s
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630.1f m,t = 0and x,y,z > 0 thenin AABC holds:

m+1bt+1

X + a
2 Y. >8V3 F

cyc

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by Tapas Das-India
Zx + y am+1bt+1 AGM Z 2 xy am+1bt+1 AGM

cyc cyc

=

3|  xyz amttpmticm+t CARLITZ 3| 4p %.2
>3- (8- (abc)?=6-3f(abc)Z S 6- (ﬁ) _8V3-F

631. Prove:

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by proposer

, abc-a 5 abc - b Il_az_4a(s—b)
(1o)" = Ie (IQ) " b(s—a)

s(s—a)’ - 4s(s—a)’
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I, 3 abc(s —a)(s—b)(s—c) B B
EZ 3 3\/abc(s—a)(s—b)(s—c) =3:2=6

cyc

1, 2_ 3 abc(s—a)(s—b)(s—c)_ B
Z(E) _3\[4'3.abc(s—a)(s—b)(s—c)_3'4_12

cyc

Therefore,

11 11 %
_a, Z (_a) > 72
1Q 1Q

cyc cyc

632.If t € (—0,0] U [1, ) then prove that in any triangle ABC holds:

(rarb)t N (rbrc)t N <rcra)t - (4R -1— r)t
h, h, hy 3t-1

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
Solution 1 by Soumitra Mandal-Chandar-Nagore-india

We know that:

1 1 1 1,1 1 1\
;+?+;23t_1(;+;+;> ,where t € (—,0] U [1, )
2F 2F 2F
hazz,hb:T,hc:—
F F F
Ta =g g s _p e T s—¢

t
> () a3 e (50 -
h, ) ~ AT L Gan)t T 3t Taha| —
cyc

cyc cyc

t

t F3
_ (rerpro)t (Z 1 ) B ((s —a)(s—b)(s— c)) . <as + bs + ¢s — a® — b? — c2>t
B 2F F -

3¢-1 3t-1 2F?

Y qa 's—a

E t
((s — a)(sEb)(s — c))

= 31 {252 — 2(s? — 4Rr — 3r2)}t =
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F t
<l>
FZ

T ogt-1
Solution 2 b y Tapas Das-India

F?=s(s—a)(s=b)(s—c¢c); (1)

(zr) =) (4R + 31)t

(8Rr + 6r%)" = ~=4- (8Rr + 61%)" = ——5

2

F? =(-a)(s—-b)(s—¢);(2)

F =sr;(3)
m m m m
x1 +xy + +xn2(x1+x2+ +xn) - (4)
n n
c=2s—(a+b),b=2s—(c+a),a=2s—(b+c);(5)
rqery  F F c cF

h. s—a s—b 2F Z(S—a)(s—b) (and analogs)

% F 2s—(a+b)
Z h, ZZ(s—a)(s—b) chc(s—a)(s—b)_

cyc

R P
S

F 1 3s%2 — 4s% + (ab + bc + ca)
72). F B

cyc

s s
[(ab + bc + ca) — s?] :E(SZ + 1% + 4Rr — 5?) =E(r2 + 4Rr1)

t
rarb>t Holder 1 Z T.Tp .
> = 4R
Z( h,) = 31 h, | T3t = (4R +1)

"l':|‘4

cyc cyc

633. In AABC the following relationship holds:
R\8
Ya <O9r (—)

Proposed by Marin Chirciu-Romania
Solution by Avishek Mitra-West Bengal-India

Wg wasys(s—a);w.=h, S(S _ a) s
R S
w, h, 2F

cyc cyc cyc
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1 1
=— s-2s—2ac =— (25> —s>—1r>—4Rr) =
2r 2r

cyc

s2 —4Rr — r? 1 2 Leibniz 9 R?
= Z a <

2r - E - 4r
cyc

We need to show:

2r

9R2<9 <R>8 1 - RS
—_— [=1
=T 2r)?2 = (2r)3

o & R > (2r)® © R > 2r (Euler).
634. In acute AABC the following relationship holds:

1
(b? + ¢ — a2)?

3
ﬂu +tanAcotB) > 2 + 32F2 1_[

cyc cyc

Proposed by Daniel Sitaru-Romania
Solution 1 by Tapas Das-India

2r| | . =az2[ | i 1
(bz + c2 — a2)2 - (bz + cZ — aZ)Z 43 (abc)4_ -

cyc cyc

3 1 8F? 3 1
= 32F?%. < . =
(cos A cos B cos ()2 AF %% (cos A cos B cos C)?
(5)

3 1 4F
-
2 \/(cosA cos B cos ()2 V3

Let cos A cos B cos C = x.

sin(4 + B) sin A sin B sin C
1_[(1+tanAcotB) = 1_[ =

cosAcosB cosAcosBcosCsinAsinBsinC
cyc cyc

3

1
" cosAcosBcosC
“A+B+C=m>sin(A+B) =sin(mr—C) =sinC
1

1_[(1 +tanAcotB) -2 = cosAcosBcosC_2 -

cyc
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~1-2cosAcosBcosC _ cos? A + cos? B + cos? C

cosAcosBcosC B cosAcosBcosC
>3 1 B 3
~ 4 cosAcosBcosC 4x

2 2 2 3
~ c0os“ A + cos“ B + cos CZZ

We need to show:
1

2 1 1 1
> Sx3>22xe2x3<1ox< 5@ cosAcosBcosC < gtrue,because:

N| W
Bl ™

3
4x

[y

sin2A+sinZB+sinZC=2+2cosAcosBcosCSZ+2-§=
>

| O

3
cos? A + cos? B + cos? C = 3 — (sin? A + sin? B + sin? C) 2
1
cosZA+coszB+cosZC=§(1+c052A+1+cosZB)+cosZC=
1 1
=E(2+COSZA+COSZB)+COSZC= 1—E'ZCOS(A+B)COS(A—B)+COSZC=
=1-cosCcos(A—B)+cos’?C=1—-2cosAcosBcosC

3 1
1_[(1 +tanAcotB) —2 > 32F21_[\/(b2 ¥ ¢ — a?)? g

cye cyc
5 3 1
l_[(l +tanAcotB) > 2 + 32F 1_[ (b2 + c% — a?)?
cye cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

sinA. cosB sinA. cosB + cosA.sinB
1_[(1 + tanAcotB) = 1_[ (1 + —) = 1_[

cosA.sinB cosA. sinB
cyc cyc cyc

_ Hcyc Sin(A + B _ Hcyc sinC _ 1
- (HCYC COSA) (HCyC SinB) - (Hcyc COSA) (Hcyc SinB) B Hcyc cosA

o1
1_[(1 + tanAcotB) = T (t = 1_[ cosA>

cyc cyc

1—[3 1 _ 1 _ 1
(bZ + CZ _ aZ)Z -

3J]_[Cyc(4b2c2coszA) 3\/64(abc)4.l_[cyccoszA
1 1

2 - 2
4(TleyccosA)3.3/(16R?r2s2)2  4([]yccosA)3. 1/ (16R.R.r2s2)2
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Euler + Bf/ﬂ[_\itrinovic 1 1
< -
23 25 2 2 3| /64r3s3\%
4(T1cyc cosA)3. \/(16.2r.ﬁrzsz) 4(1cyc cosA)3. ( 373 )
3 2 + 32F2 1—[ ’ 1
= =
2 (b2 + ¢2 — a2)2
4(T1cyc cosA)3.16r2s2 cyc
9612s?
<2+ 5
64 (T1cyc cosA)3.r2s?
2 + 32F? 1_[ ? 1 (i) 2 3 (i), (ii) = it suffices t 1 >2 3
=2+ < 2+—|~ (1), = =22+ —
b Tz —a?)? z i), (ii it suffices to prove . 2
cyc 2t3 2t3
1 3 1 1 3+4m? 5
®$22+m<t3= )@FZW@223m+4m
2m?+2m?’-m+4m-2<0s 2m-1)(2m? + m + 2)

©4m3+3m-2<0o4md —
<0e2m-1<0

1 1
“m=1t3=" ncosA > 0 for acute triangles > 2m? + m+2>0 | o m=1t3
cyc
Euler 1
AGchccosA 1+g 1+§ 1
cosA < - true - cosA =3
cyc cyc

1
- in any acute A ABC, 1_[(1 + tanAcotB) > 2 + 32F? 1_[ \/(bz T —a?)z (QED)
cyc

cyc
Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have : 1_[(1 +tanAcotB) =2 + ZtanAcotB + ZtanBcotC.tanCcotA

cyc cyc cyc
tan4 N tan B
tan B tan A’
cyc cyc
By AM — GM inequality we have :
tanA (tan A N tan A N tan B) - 3| tan?4
tan B tanB tanB tanC/ — tanB.tanC
cyc cyc cyc
tan4d +tanB + tanC

~ 3tanA .tanB.tanC
And since tanA + tan B + tanC = tan A.tan B .tan C then we get
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Z:::g > \/(tanA tan B.tan C)2. Similarly we have : z

cyc cyc

> i/(tanA .tan B .tan ()2

tan B
tan4

2

b?% + c2 —az)

Then : 1_[(1+tanAcotB)>2+21_[\/tan2 2+2H\[(

cyc cyc cyc

3 1
=2 32F21_[ .
+ \/(bz + c% — a?)?

cyc

Equality holds if f AABC is equilateral.

635. In AABC the following reIationship holds:
9R 3 m,> R2 r 5

ar 2 > Lihgh, 2R 4

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2 (2b% + 2¢®2 —a?*)bc 2%y bc(b* 4+ c*) —abcy, . a
We have : = Z = —
4.(2F)2 16F?2
cyc
_ Z(chc ab) (chc aZ) — 3abc chc a
B 16F?
2 (s2 +7r(4R + r)) 2 (s2 —r(4R + r)) — 3.4Rsr.2s
- 16F?
m,?> s*—1r’(4R+1)>—6s*Rr s*—6Rr (4R +71)?
Then : Z = = _
4522 4r? 452

cyc

my2 S (16Rr — 512) — 6Rr (4R +1)?
Lihyh, = 412 ~ 4(16Rr — 512)
_10R 5  (4R+1)?
4r 4 4r(16R - 5r)

9R 3 (R 1 (4R+1)? 9R 3 3(R-2r) Fuerop 3

ar 2 (E T T Ir(16R - 5r)> “ar 2V a@6rR-51n ° W 2

Now we have : Z

4r 2+

maz Gerretsen&Bhﬂ‘ldon Gerretsen (4R2 + 4Rr + 31‘2) 6RY
Also we have : Z <
hbhc 4'1‘2
cyc
1 2(2R-1) _
4° R B
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R2 r R 1Fuerpe

_E = N r X 1 _R2+ r 5
" r2 2R 2r 4 ~ r2 2R 4 r2 2R 4
h 9R 3< ma2<R2+r 5
erefore, T2 S/lhh, S 2R &
cyc
636. A
D
B o3 =

AB = AC =a,DC =DE =d,AB || DC,AC || DE,AE 1 BD,
<BAC = 0,S = [ABC] + [CDE]( area), a,d, @ —variables, a,d, S —positive

integers. If 0 = 0,,,,4,, find § =?

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Amirul Faiz-Japan

\

.
D ka M ka C kd N kd E

hd k(a+2d)
AAME~ABND = =

k2a+d) ha
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0 Kk? ad ad 1
tan? —

2 " 2(@ +d®) +5ad ~%ad +5ad 9
Equality holds when a = d = h? = 9k? = 9(1 — h?)
h=i k=L S=2hka2=Ea2

V10’ V10’ 5

Sincea,d,S€Z, > a=>5n,5=15n% wheren=1,2,3, ...

637. In AABC the following relationship holds:

z csc* A+ (ecsc B + csc O)* - 34R

cscBcscC r
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x,y,z > 0 we have :

4 4CBS&AM GM 2 | 22 4
Zx +(y+2) Z Z(y+2) (x% + y% + 2%) +z(2\/ﬁ) N
yz yz

yz vz + zx + xy
cyc cyc cyc cyc

xy + yz + zx)?

Z(y Y ) +16Zyz=172yz.
Xy +yz+ zx
cyc cyc
xt+ (y+2)*
Then : Z—z > 17Zyz, vVx,y,z > 0.
cyc y cyc

For x =cscA,y =cscB,z = cscC we obtain :

csc* A+ (cscB + csc C)4 4R2 4R2. 2s 34R
Z 17chchscC—17z = .
cscBcscC " 4Rsr r
cyc

cyc cyc
Equality holds if f AABC is equilateral.
Solution 2 by Tapas Das-India

csc® A + csc’ B + csc® C - csc2A+csc?2B +csc2C csc2 A+ csc3B +csc3C
3 = 3 ' 3

cscS A + csc® B + csc® € > (csc? A + csc? B + csc? €) 3/ csc3 Acsc3 Besc3 C

csc2A+csc2B +csc2C > csc2Acsc?B +csc2Bcesc?C+ csc2Ccesc? A
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Z csc* A + (cscB + csc €)* 3 Z csct A (csc B + csc C)* 3
cscBcscC ~ LicscBcscC cscBescC
cyc cyc cyc
Z 544 (cscB+cscC)4>
= csc >
[IcscA cscBcscC
cyc cyc

4
(2VcscAcscB)
ZchcAcscB+z =

cscBcscC
cyc cyc
csc2 Acsc?B
= Z cscAcscB + 162— = 172cscAcscB =
cscAcscB
cyc cyc cyc

=17 ! —17Z4R2—68R2 atbre_ggrz. 25 —34.8
N sinAsinB ab abc abc r

cyc cyc
638. In any A ABC, the following relationship holds:
2(3-2) < YL <28
R/~ r2 - r
cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

a’(s — a)? 1
Zrz z r2s2 rzszz:az(S2 —2sa+a2)

cyc cyc cyc
a3
r252< Z
cyc cyc cyc

1
<2s2(s — 4Rr — r?) — 4s2(s? — 6Rr — 3r?%) + 2 Z a’b? — 16r2s >

T r2s?
cyc

=22 (Zsz(s — 4Rr — r?) — 4s%(s? — 6Rr — 3r?) + 2(s? +4Rr+r2) — 32Rrs?
4R +1r)? — 2 a? (« 4R +1r)? — 52
o) < ORIt s
s r2 s
cyc
2R (4R+r1r?-s> R (+%)
(*):Z— —— %<;=}(R+r)sz > r(4R +r)?

cyc

41 | RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

Gerretsen ? ?
Now,(R+r1r)s?2 > (R+r)(16Rr—5r?) >r(4R+r)? & 3r(R—2r) >0
Z 2R

— true via Euler = (xx) is true = <
r2 r

) 2r a? (4R +1)% — 52 2r (4R+1r)?—-s? 3R-2r
Agaln,2<3—E>S E(:)Z.S—ZZZ(3——)<=> 2 > R

cyc
(***)

& RMAR+1)?2 > (4R —2r)s?
Rouche
Now,RHS of (4R — 2r)s?> < (4R
?
— 2r) (2R? + 10Rr — r? + 2(R — 2r)y/R? — 2Rr) < R(4R + r)?

?

& R(4R +1)% — (2R? + 10Rr — r?)(4R — 2r) S 2(4R — 2r)(R — 2r)y/R2 — 2Rr

?
12Rr + r?) >2(4R-2r)(R-— 2r)vR? — 2Rr

& (R —2r)(8R% —
®

Euler
+R—=2r > 0 . in order to prove (i), it suffices to prove : 8R? — 12Rr + r?
> 2(4R — 2r)vR% — 2Rr & (8R? — 12Rr +12)” — 4(R? — 2Rr)(4R — 2r)?
>0=r?(4R+1r)? >0
. 5 5 2r a?
— true = (i) is true .. (4R — 2r)s* < R(4R + r)* = (xxx) is true = 2 (3 — i) <) 3
ra
cyc

2o 2)=3 2

639. Let be G —centroid of AABC, x, y, z altitudes from G to BC, CA, AB,
respectively. Prove that:

54<b+c—a+c+a—b+a+b—c<27 R
F = X3 y3 73
Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
2F(ABGC) 2F
= — (and analogs). Then :

We have: x = ——
a 3a
b+c—a 3\3
- - = 3 _
D =(zp) 2rwre-a
cyc

cyc
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AM-GM

We have : Za3(b+c—a)=Zab(a2+b2)—2a4 S ZZazbz—Ea“

cyc cyc cyc cyc cyc

= 16F2,

Th 'Zb+c—a>(3)
e 3~ \2F

cyc

3
54
2 _
16F% = — (1)

Now we have : Za3(b +c—a)= Z a?.[bc — (a—b)(a—0)]

cyc cyc
=acha—Za2(a—b)(a—c)S
cyc cyc
Sehur b+c—a 3\3 27 R
< 4FR.2s—0=8FRs. Then: Z—S(—) .8FRs = —.— (2)
x3 2F F r

cyc
From (1) and (2) yields the desired inequality.
Equality holds if f AABC is equilateral.

w, < Jrpr. =/s(s—a) <m,

First,we prove that a® + b° > a?b*(a + b), Va,b > 0.
a® + b> — a?b*(a + b) = a®(a? — b?) — b3(a?® — b?) = (a® — b3)(a®? — b?) =
= (a—Db)%(a®? +ab+ b®(a+b) = 0. alors: a° +b®> > a?b%*(a+b), Va,b > 0.
So. ab < ab _ 1 _ c
o as>+ b5 +ab~ a?b’(a+b)+ab abla+b)+1 a+b+c
bc < a . ca < b
b>+c5+bc a+b+c € cS+a’+ca” a+b+c
ab N bc N ca
a>+b>+ab b5+cS+bc c>+a®+ca
a b a+b+c
< + + = =
a+b+c a+b+c a+b+c a+b+c
Solution 2 by Soumava Chakraborty-Kolkata-India

Analogously:

D'ov,

1 F 1 3a b+c—a c+a—-b a+b-c
Now,i.x. BC = 377" 2rs and analogs = 3T y3 T

54a3(s — a) 27 5 4
=Z 8r3s3 ~ 4r3s3 SZ“ —Za

cyc cyc cyc
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27
= 133 (252(52 — 6Rr — 3r2) + 16r%s2 — 2 Z a2b2>

27 2
_ 2(2 2 2.2 2 2 2
—41_353(25 (s — 6Rr — 3r%) + 16r%s? — 2(s* + 4Rr + r?) +32Rrs)
27r((2R +3r)s’? —r(4R+ r)z)
- 2r3s3
b+c—a c+a-b a+b—c(*)27((2R+3r)52_r(4R+r)2)
3 3 3 = 2.3 (*)
X y y/ 2res
b+c—a+c+a—b+a+b—c<27 R
= =2 =
x3 y3 z2 T F'r

27 ((2R+ 3r)s? —r(4R+r)2) 27R
<
2r2s3 T ris

& 2Rs? > (2R+3r)s? —r(4R+r)? © (4R 4+ r)? > 3s? - true via Trucht

=4

b+c—a c+a—-b a+b-c 27 R
3 T 3 T 3
X y z

_ 54 b+c—a c+a-b a+b-c 27r((2R+3r)sz—r(4R+r)2)
Again, (x) = 3 < 3 + 73 + 23 o 5r3s3

54 , @ )
ZE@ (2ZR-r)s* >r(4R+r)

Gerretsen

? ?
Now,(2R—r)s?> > (2R-r)(16Rr—5r?) >r(4R+r)? © 8R? —17Rr+2r2 > 0

Euler

?
S (R-2r)(BR—r)=>0->true R > 2r> (i) is true

_ 54<b+c—a+c+a—b+a+b—c
“IF = X3 y3 Z3

(QED)

640.In AABC,R,, R, and R, are the circumradius of ABIC,ACIA and AAIB

respectively. Prove that:

T, ) r. 9V3
a-2+b-2+c- <R
R, VR, ° RS2

Proposed Ertan Yildirim-Izmir-Turkiye
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Solution by Aggeliki Papaspyropoulou-Greece

T
2
. Cc
r, = 4R sin- cos - cos - ; (2)
ar a-IB-IC IB-IC
[IBC]=7=4—R‘1=’R¢1= > ; (3)

From (1), (2) and (3), it follows:

Tq 2r —> a-ra_(2 AR'si A B C) 1
a Ra—a Tq 1B IC r 1B IC r-a smzcoszcos2 )
. B . C
siny siny

_ 2R LA L _4RTs A _A(@
= r a smzsm sinc = 2R~ smz— S smz,

So, we have to prove:

2(_A+_ B+_()<%ER
S Sln2 Sln2 Sln2 =7

But 2s < 3V3R (Mitrinovic), so we need to prove:
LA B C_3
sin +sin +sin; <o
Let f(x) = sinx,x € (0,%),f’(x) =cosx, f"'(x) = —sinx < 0 = f —convace function,

hence by Jensen’s inequality, we have:

A B L C__.m 3
sin 2 sin 2 Sll'l2 < Sll’l6 = 2

Equality holds fora = b = c.

641. In AABC, AE —internal bisector, d —antiparallel through the incenter,
dn[AB] = {K},d n [AC] = {L}. Prove that:
KI LI b+c

Y —>
AE+CE_ S

Proposed by Mehmet Sahin-Ankara-Turkiye
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Solution by Marian Ursarescu-Romania
From bisector theorem:

BE AB ¢ BE c BE ac 1)
—_— 0 — = = = —"
EC AC b a b+c b+c’
Acai Al AB c b+c Al b+c Al b+c 2)
f—_— = — = = = = = = . .
gaM p = Bg ~ _ac a _AAd ~ 2s Wa;
b+ c
_2b¢ 052 (3) From (@), @) Al = =<2, )
W“_b+c cosz, rom (2),(3):AI = p ;
In AAK]I from sines theorem:
Al 3) bc cos% 2R-b- cos%4 Rb cosg
= 2R = 2R = = >R =—*=:(5
sin Cc AKAI AKAI s sin C s AKAI s ( )
o 2Rb cos%sin% Rbsin A
Again in AAKI: 1= 2Rpakr = KI = =
. s S
siny

But ? 2R in A e H KI 2 (6)
. = = = —_—, = —
u sin A sin 2R ence, 25’

From (1), (6) we get:
KI ab b+c_b(b+c)_
BE 2s ac  2sc '’
Similarly:
LI  c(c+ b) _
CE  2sb '’

From (7) and (8) we have:

(7)

(8)

b(b+c¢) c(c+b) b+c b*+bc c*+bc
> = +

>
2sc 2sb — s c =2t
b? ?
- + B > b + ¢ true from CBS inequality.

642. If x,y > 0 then in AABC holds:

God)wie(Ged) wae Gol) wpz 222t

Proposed by D.M. Batinetu-Giurgiu-Romania
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Solution 1 by Tapas Das-India

2F
W= h, > F(and analogs)
a+b+c 3,

F=rs;abc=4-RF-s=TZE abc
x 2 AGM O 4x w2 AGM
Z( +y) wi > yw?— 4xy alcm >
cyc cyc cyc

’www
> 4xy-3° || b—12x aZbTc
cyc

2

2F 1
=12 =) =12 =
xy\/( a b c abc) ry: abc sw/abc
r 3 Yabc 18xy-r
12xy T c_12xy-E-§-m— R
Solution 2 by Alex Szoros- Romama

(x+y) SV s g2

a b ab )
x 4x 4xy (2F 16xyF?
ey == () ="
a b ab ab abc?
Hence,
Z (x N y)z ) 16xyFZZ _ 16xy - s’r? Z B
a b ~ abc 4Rrs B
cyc cyc cyc
—4 —> > 2 r  18xy-r
'R Z Xy RZ Z YRPTTR
cyc cyc cyc
643. In AABC the following relationship holds:
5 9R3s
36r%s < Z(mb +m?)a < >

cyc
Proposed by Marin Chirciu-Romania
Solution 1 by Marian Ursdrescu-Romania
We must show:

Z a-mym, > 18r%s; (1)

cyc
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But: Z a-mym, > 33/abcGm,mym.)?; (2)

cyc

From (1) and (2) we must show:
abc(m,mym.)?* > 63r°s3; (3)
abc = 4Rrs and m, > \/s(s — a) = mym,m, > sF = s’r; (4)
From (3) and (4) we must show:
4s5R1r3 > 631953 < 4s2R > 6313 true, because s® > 27r2(Mitrinovic) and
4R > 8r(Euler). For the right sides, we have:

9R3s
2r

Z(mﬁ+mi+m§—mﬁ)as s

cyc
9R3s
2r

(m§+m,2,+m§)(a+b+c)—2amﬁs

cyc

(=14

3 9R3s
Z(az_l_bz_|_C-2)-25—Za,mflﬁ 2 ;(5)

cyc
a® + b% + ¢ < 9R?%; (6)
From (5) and (6) we must show:
27R?s 9R3s s(27R?*r — 9R?)
2 —Zamﬁs 2r @Zamﬁz 2r (7

cyc cyc

m, > ./s(s—a) >m?2=>s(s—a); (8)
From (7) and (8) we must show:
s(27R*r — 9R?) 27R?*r — 9R3
sZa(s—a)Z >y @Za(s—a)ZT;(%

cyc cyc

But: Z a(s —a) = 2r(4R + r); (10)

cyc
From (9) and (10) we must show:

27R%*r — 913 ) 3 ) 3
2r(4R + 1) ZT@ 16Rr- + 4r° > 27R“r — 9R°> &

9R3 — 27R?*r + 16Rr?> + 413 > 0 & (R — 21)(9R? — 9Rr — 212) > 0 true, because
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R > 2r (Euler) and 9R? — 9Rr — 2r% > 0.

Solution 2 by Alex Szoros-Romania

mi; +m? >s(s—b)+s(s—c) =as

2 2 2 2 2 2 2Leibniz
(mb+mc)a2as:Z(mb+mc)aZZas=SZa =

cyc cyc cyc

Euler
>s-9R? > 9s-(2r)? =36r%s; (1)

4a* + b* + c* b%c?
mi +m? = :Z(m,z,+m§)a=2a a? +

4 4
cyc cyc
1 1 3
=Za3 +ZZab(a+b) SZa3 +ZZ(a3 + b?) =52a3 =
cyc cyc cyc cyc cyc

Gerretsen

3
=5 2s(s?—3r>—-6Rr) < 3s(4R?>+4Rr +3r*>—-3r%2—6Rr)

Z(m,z, +m?)a < 3s(4R? — 2Rr)

cyc
It is enough to prove that:
2r(4R — 2r) < 3R> © 3R62 —8Rr + 41> >0
(R —2r)(3R — 21) = 0 whichis true.
From (2) and (3), it follows that:

9R3s
2 2 <
D (m} + m2)a <=
cyc
Solution 3 by Tapas Das-India
2 2 1 2 2 2 1 2 2 2 1 2 2 2
my + m¢ =Z(2a +2c*—b )+Z(2a + 2b* — ¢?) =Z(4a + b= + ¢*)

a 1
a(m? +m2) = Z(4a2 +b? +¢?) = 1(4(13 + ab? + ac?)
2,2y _1 3 2 2
Za(mb +m?) = EZ(LM +ab? + ac?) =
cyc cyc

1 1
=Za3+12a(b2+cz)23abc+1(a-2bc+b-2ca+c-Zab)=

cyc cyc
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9 9
=Eabc =—-4RF = 18RF > 18- 2r-rs = 3671%s

2
2 2 1 3 2 2
Za(mb +m?) =ZZ(4a + ab* + ac®) =
cyc cyc
1 1
=Za3+ZZa(b2 +¢?) SZa3+ZZ(a3+b3) <
cyc cyc cyc cyc
1 3 3
< 34— 3 =_Z 32,903 _ 3r2¢ — -
_Za +22a 22,4 =3 2(s® — 3r*s — 6Rrs)
cyc cyc cyc

= 3s(s®? —3r%2 — 6Rr) < 3s(4R? + 4Rr + 31r* — 312 — 6RY) =
= 3s5(4R? + 4Rr — 6Rr) = 35(4R? — 2Rr)
We need to show:

9R3s 3R3
> 3s(4R* —2Rr) & o7 > 4R%? — 2Rr

& 3R?>>2r(4R - 2r) © (R—2r)(3R — 2r) > 0 true from R > 2r (Euler).
644. In cyclic ABCD the following relationship holds:
A R?
csc— < 8V2 —
D, e =82
cyc

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution by Aggeliki Papaspyropoulou-Greece

A 1
ZCSCE_Z A

cyc cyc Sin 2

2Rsin A = 2RsinC = BD;2Rsin B = 2RsinD = AC

1 4R cos% 1 4R cosg 1 4R cos % 1 4R cosg
A~ BDp ', B aAac ', C BD ', D AC
siny sino siny sino
Z 1 _4R( A+ C>+4R< B+ D)_
—ZA-BD cos2 cos2 ic cos2 cos2 =
Cycslnf
_ 4R 9 A+C A—C_I_4R2 B+D B—-D
=BD cos > cos > ic cos > cos > =
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8R V2 A-C B8R V2 B-D
" BD 2 2 +AC 2 2

So, we have to prove:

4R\/_(BD Alc)<8\/_— (%)
AC+BD _
AC-BD - F ' i)

¢ = n(AKD),where {K} = AC n BD

1 1
F = [ABCCD] =EKD-KA-sin(p+§'KD-KC-sin(p+

1 1
+E-KC-KB-sin(p+E-KB-KA-sin<p=

KD _ KB _
= T(KA + KC) sin ¢ +T(KC+ KA) sin @ =

(KD + KB)(KA + KC) | 1 .
= sing =-BD-AC -sin ¢
2 2
So, from (**), we have to prove:
BD - AC (AC + BD
2 BD - AC

(since:sin¢@ < 1) = AC + BD < 4R which is true.

)simpszm:» (AC + BD)sin ¢ < 4R

Equality holds if and only if ABCD is a square.
645. If x,y,z > 0 then in AABC the following relationship holds:

x-ava y - bVb z-cVc
(y+Z)\/h—a (Z+x)\/—b (x+y)\/__

Proposed by D.M. Bdtinetu-Giurgiu-Romania

. J&F

Solution by Tapas Das-India
Using Tsintsifas’ inequality:

X y z

- a? . b? .c2>2V3F; (1

y+z a +z+x +x+y ¢* 2 2V3 1)
2F

h, = 3 = ah, = 2F, similarly: bhy, = 2F;ch, = 2F
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x-ava N y - bvb N z-ce
+2Jhy @+0Jhy  (x+y)/h

_ x-a-a N y-b-b N z-c-c
(y+z),/ah, (z+ x),/bh, (x+y),/ch,
x - a? y - b? z-c?

(y+z),/ah, (z+ x),/bh, (x+y),/ch,
1 x y z ® 1
— . a2 . b2 -¢?) > —-2Vv3F = V6F
\/2F<y+z @ +z+x b +x+y C)_\/ZF V3 6

646.

[ACDE]

[ABC] =? (area)

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Jose Ferreira Queiroz-Olinda-Brazil

INE3
DC=a,AB=1MP=PN =x,PF =——
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BP_l\/§
2
l
a 3% I2V3 xlV/3
ABPN~ADCN = —— = =>ax = —-— ()
/3 x 4 2
2
l
a tx 123 xl/3
AFPN~AFEAN =5 —— = = — (I
=>l\/§ L D= + e ; (1)

6

From(I) and (II) it follows x = iand a= %

So,

1*V3 1’3 _ [ACDE] _

[ACDE] = al = and [ABC] =

2 [ABC]
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647.

BD?*
Prove: [ABCD] = - sin 6

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution 1 by Ahmet Cetin-Turkiye

From Law of sines in AABC:

E _ sin @
(39

From Ptolemy’s theorem in ABCD:
AB:-CD +BC-AD = AC-BD
AB(AD + DC) = AC - BD; (AB = BC)

AC - BD
AD +DC = —
BD-AD-sin(g—g) BD-DC-sin(g—g)
[ABCD] = + -
2 2
m 6\ AC-BD
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2

B
[ABCD] = -sin @

Solution 2 by Jose Ferreira Queiroz-Olinda-Brazil
R-DC-BD+R-AD-BD _R-BD

[BCD] + [ABD] = (DC + AD); (1)

4r 4r 4r
ABCD —iscyclic: AB-DC+ BC-AD = BD - AC
BD - AC

R-DC+R-AD = BD - AC, =DC+ AD;(2)

R

Ace = 2r = AC = 2r - sin 0. From (1), (2) and (3) we have:

sin

R BD BD-AC_BDZ-AC_BDZ-Zr-sinB
4r R 4r 4r

Therefore,

[ABCD] =

2

BD?
[ABCD] = — sin 0

648.

[DEF] = 250 (area).Find: <ABC =?

Proposed by Thanasis Gakopoulos-Farsala-Greece

Solution by Remedy Ogswubaba-Nigeria
Taking B as the origin 0(0, 0) we obtain the points:

D as (20 + 40 cosB,40sinB), E as (50 + 30 cos B,30sin B)
Fas(30+ 70cosB,70sinB)

55 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Area of A passing through, (x1,y1), (x2,¥2) and (x3,y3) is given by:

1 1 1 1
F= 2 Yi Y2 Y3
X1 Xz X3
Hence,
1 1 1 1 Rl R
[DEF] = ) 40sin B 30sin B 70 sin B =
20+ 40cosB 50+80cosB 30+ 70cosB
1 0 1 0
250 = 2 10sin B 30sinB 40sin B
—30+10cosB 50+ 80cosB —-20+40cosB
500 = 10sin B 40sin B

"~ 1-30+10cosB —-20+40cosB
500 = —200sinB + 400sin Bcos B + 1200sin B — 40sin B cos B

1 o
sinB = E:> <ABC = 30
649. In AABC the following relationship holds:

a’(s—a) + b*(s — b) + c2(s — ¢) = 4¥3 - /F3

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by Tapas Das-India

F F
= s—a=—,similarly:s —b=—ands—-—c=—; (1)
s—a T, Sp T,

We have: 2s < 3RV3 © 65 < 9RV3

Yq =

2rs?\/3 < 9Rrs © 8rs? < 36Rrs  8rs? < 3V3(4R-rs) © 8rs? <3V3-4RF &

3

v 8r,1rpr. < 3abcV3; (2), (abc)? > (%) ; (3)

F F F
az(s—a)+b2(s—b)+cz(s—c)=a2-r—+b2——+c2~—=

a Ty c

a’? b? c? 3[(abc)? 5
=F|—+—+—|=3F- =3F -
rq ry re raTp?c

(abc)?

3abcy3
8

56 | RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3F - 23/abc 5 V4F
= 2SN 2V3F - Yabe > 23F -
V3 73
Solution 2 by Soumava Chakraborty-Kolkata-India

Zaz(s —a)= SZ a’? —Za3 = 2s(s? — 4Rr —r?) — 2s(s? — 6Rr — 3r?)

cyc cyc cyc

=4V3-J/F3

O]
=4rs(R+r) > 4V3./F3 o rts*(R+ r)* > 3rs% © (R+r)* > 3r2s?

Now, (R + r)* El;er 3r(R+r)3 é 3r2s? o rs? é (R+ 1) and
()

crst e r(4R? + 4Rr + 3r?)

- in order to prove (*x), it suffices to prove : (R + r)3

> r(4R? + 4Rr + 3r?)

Euler

SR -Rr-Rr’-2r’>0 (R-2r)(R2+Rr+r?) >0 > true * R > 2r= (x)
= (+) is true = a?(s — @) + b%(s — b) + c2(s — ¢) > 4¥3./F3 (QED)
650. In AABC the following relationship holds:

X y z 1 xy vz zZx
> — - -
2 2 2 =
he" hy”  he 2F fgip2 g sin? % sin? g

Proposed by D.M.Batinetu-Giurgiu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let DEF be the intouch triangle of AABC and S be the area of ADEF.
A

D

We have :

_ _/B+C A
a' = EF = 2R,pgr.Sin(.EDF) = 2r sm( ) =2r cos (and analogs)
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ab'c ~ Zrcos%.Zrcosg.Zrcosg S sr?
4R ,\pEF B ar 4R 2R

Alsowe have: S =

Using now Oppenheim's inequality in ADEF we have :

wa’+v.b% +w.c” > 4sVuv +ow +wu, vu,v,w > 0.

. LA . ,B . ,C
Letu=xsm2§, v=ysm2§, w=zsm2§, then we have :

Z 'ZA(Z A>2>4sr z -zA -zB
x sin > rcos2 2R x sin 2.ysm > <

cyc cyc

> () 2r @) 2o

cye cye Sin 5
< Z 2= ng "8RZ f xyC 2F f >
cye oy Sin? = Cye sm2
651. If A;B;Ci, k = 1,3 are three triangles with circumradii R, k = 1, 3,
then:
1 1 1 9v3

+ + >
aia,as b1b2b3 C1CC3 Rl + Rz + R3

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

A—Ga1+a2+a3 (a1+a2+a3)3 1

3

aa,a; < — > aqa,0a3 < =

Y a1azaz 3 1a2a3 27 a a,a;
27 1 27

and similarly,

> > d —
(a; +az +a3)3 bib,b3 ~ (by + by + b3)3 an €1C2C3

- 27
T (crt ezt )
1 1 1 1 1 1
> aa,a; + b;b,b; + C1C2C3 2 ((al +a, + a3)3 + (b; + by +b3)3 + (cp+¢cy+ c3)3)

14 14 14
=27 + +
<(a1 +az;+az)® (by+by+b3)d (c;+c+ C3)3>
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Radon A+1+1)*

~ (ag+a;+a3+by+by+bz+cy+c; +¢3)3
_ 81
((ay + by +¢1) + (az + by +¢3) + (a3 + bz + c3))3
81 Mitrinovic 81

= >
3 = 3
8(s1+ 52+ 53) 3V3 . .3V3 . . 3\3
8(= R3

—— R +T.R2 +T.

_ 81 B 9v3 (QED)
© 27.3V3.(R; + R, +R3)3 (Ry+ Ry +Rj3)3

Solution 2 by Tapas Das-India

1 1 1 3 1 1 1
+ + >3 : : >
a;a,a; bib,b;  cicyc5 a,a,a; bibyb; cicyc5

. ( 1 )3 1t 11
= 3v3/ (RiR;R3)3 /3 R{R;R; ~
- 27 _ 9v3
o \/§(R1 + RZ + R3)3 B (Rl + RZ + R3)3
NOW,alblcl = 2R1 SinA1 2R1 sin Bl 2R1 sin Cl =

3V3
= 8R3 (sin A, sin B; sin C;) < 8R3 5 = 3V3R3

Similarly,

ayb,c; < 3V3R3 and azb;c; < 3V3R3

Hence,
(Ry + R, + R3)®
RiR;R; <
104203 = 27
sind+sinB+sinC _ (A+B+C)_ T3
3 < sin 3 —sm3— 2
33

sinA+sinB+sinCST

Now,
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sin A4 + sin B + sin 6)3 _ 3vV3
3 8

652. Find the minimum value of A > 0 so that the inequality :

sinAsinBsinC < (

3R - z (a + b)*
2r a* + Aa?b? + b*

cyc

is true in any AABC.

Proposed by Alex Szoros-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
In equilateral AABC we have : a = b = c and R = 2r then

4

323'2+A © A =>14.
Next,we will prove that the desired inequality is true for A = 14.
We have :
(a+b)* (a+ b)* M (a+b)*

= < =
a* + 14a%b? + b* [(a? + b?%)%2 + 4a%b?] + 8a?b?> ~ 4ab(a? + b?) + 8a?b?

_ (a+b)* _(a+b)2_1(a b) 13“"‘”",‘2&5“1”1R+1 R R
" 4ab(a+b)? 4ab  4\b a) 2 - 4'r 2°2r 2r

Then : @+ b _ (and analogs)
€N’ a1 14a?b? + bt = 2 cOnmdanalogs

(a + b)* 3R
Therefore, Z 2 1 14a2D2 + b° < > and A,;, = 14.

cyc

653. In AABC the following relationship holds:
a? ., b? . c? - 23
(b +Vbc ++eca)h, (c++ca+Vab)h, (a++ab++Vbc)h, 3

Proposed by D.M. Bdtinetu-Giurgiu-Romania

Solution 1 by Tapas Das-India

2F  2F  2F
a b’ ¢ ¢

2 3

a

a
;(b+\/ﬁ+\/ﬁ)ha:zZF(b+\/E+\/a):

cyc
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1y Ly (Va)'
2F0y0b+m+\/c_a ZFcycb+\/E+\/a_
o 1 (V@ NBave)
~ 2F 34[a+b+c+2(m+m+ﬁ)]_
1 (Va+vb+e) 1
T o1 _ZF 81[3(abc)] 81 2F -81[(abc)?]3 >

1

1 4F\33 243

LA
81 2F V3

-3
Solution 2 by Soumava Chakraborty-Kolkata-India

aZ
Zyc: (b + vbc + Vea)h,
a® Holder (Zeye a)’ CBS (Zeye a)’

1
B ZI‘SZYC: (b++vbc++vea) — 6rs(Tgca+2Xgcvbe)  6rs(Tyca+ 2Ty a. /Loy @)

2
_ (chc a) _ Leye a*+2%..ab
~ 18rs 18rs

Ionescu—Weitzenbock

+
Gordon (4\/§ + 8\/§)rs _ 2v3
3

= 18rs (QED)

654. If x, y € R, then in AABC the following relationship holds:
2

mé + y*md . x2m? + y?>m? X m + y?>m8 - 81(x + y)? P2
ct at b* - 32

Proposed by Alex Szoros-Romania

x 2

Solution 1 by Adrian Popa-Romania

=x _—
ct ( c2 ) 2
cyc cyc

4
Zx2m3+y2m§ , O (m2)* zz(mb
= +y? Yy S
C

3 4 3 4
2 Gmt L mp)t , 10 s , 7]
=Y 3Ea? Y 3Ca22 " 3@a®? 7Y 3@ad)?
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27 ( 2)( bZ 2)2 Iones>cu—W
256 x“+y°)a*+b°+c =

\/_ ) 81 ) ) ) Bergstrom
——— . >
_256(4 F) (x2 +y%) = 6(x +y*)-F >
2
81 x4y
— 16 2
Solution 2 by Tapas Das-India

2
. 81(x3;r Y g2

1

m m m 1 Holder
<c4“+—”+b—:> (@ +a?+ b1 +1+1)i =

1

1
8 4 8 4 8 2

m m mé
2<c—:-c2-c2-1> +<a—f-a2-a2-1> < - b?% - b? - > =

b4

= m2 + m} + m?

mé md md 1(ma+mb+mc)
_4_|__ S

bt =3 (a? + b? + ¢2)?

Similarly,
mé8 mé md
a b c

my l(ma +mi + mc)
¢t at

b* 3 (a% + b? + ¢%)?

Therefore,

x’m + y*m} N x’md + y*m?

x*m8 + y>md
1 +
c

a* b* -
= x2 (ma)4 Z( b)

2)2 (CZ)Z =
cyc

3 3 4
L CmD G B by 20
3(X a?)? 3(Y a2)? 3(202)2 3(Xa?)?
27 1 2 (x+ )’)2
=R YD@ B 2T [B(ab )3 ]

>1 81 9 16F> (x+y)? 81(x+y)?
~ 3 256 3 2 32

655. In AABC the following relationship holds:
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A B 1/2r r\2
3 s 47 =4 Y e
ﬂ(sm 2 TS 2)26<R (R)>

cyc

Proposed by Marian Ursarescu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2(x2y% + y*z? + z%x?)

Lemma: If x,y,z > 0then i/(x4 +yH)(y* + z4)(z* + x*) = 3

We have : 9 1_[(364 +y4)
cyc

AM—GM
=9 <Z x4> <Z x4y4> —9x*ytz* > 8 <z x4> (Z x4y4>
cyc cyc cyc cyc

CBS

; 8(2 x2y2> Feyexy”)” _ (28eyex’y?)”
cyc

3 3

2(x?y? + y?z% + z%x?)

Then : i/(x4 + yH)(y* + z4)(z* + x*) > , Vx,y,z>0.

3
F ! . B . C .
orx=sing, y =sin-, z=sin; weget:
A B 2 B C 2 (G—-c)(s—a) (s—a)(s—Db)
3 - 4__ - 4__ >_Z - 2_ - 2_:_2
ﬂ_[(sm z Tsm 2)‘3 SIS SIS =3 ca ' ab
cyc cyc cyc

B 2sr? Zs—a_
" 3.4Rsr a

cyc

_ 1 (s(ab + bc + ca) 3 _ 1 (s*+71>+4Rr 3
" 6R " 6R 4Rr

abc

B s2 +r2 —8Rr Ge"gs " 8Rr — 4r?
N 24 R? = 24R?

A B 1/2r T\2
3 - 4_ - 4_ _ _ _
Therefore, \/l |(sm > + sin 2) > 6<R (R) >

cyc

Solution 2 by Soumava Chakraborty-Kolkata-India
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2 2

A B\ 3 (sin2 A + sin? E) 1 A B 3
3 1_[ (sin4 — + sin? —) > 1_[ 2 2) _Z 1_[ (sin2 — + sin? —)
2 2) 2 2 2 2

cyc cyc cyc

3
A B A
sin? — sm2 > sin? E) - 1—[ sin? >

yc cyc

( cyc c
A A A
( sin? — sin2 E) (Z cosec? E) - 1—[ sin? >
cyc c

2
3
yc cyc cyc

2
_1 ZR—r s?2 — 8Rr + r? rz \3
2 16R2 r 16R?2

2

(ZR—r)(s —8Rr+r2) 2Rr2>3 ? 1<2r (r)2>

R

1
~2 32R3 )
2
((ZR —1)(s? —8Rr +r?) — Zer) ? r3(2R - 1)3
>

=
1024R* ~  27RS

{av -~

2
& 27((2R-1)(s? — 8Rr +r2) — 2Rr?)" > 1024r*(2R - r)°

~
*
~

Gerretsen

2 7?
Now,LHSof (x) > 27 ((ZR —1)(8Rr — 4r?) — 2Rr2) > 1024r3(2R-r)3
?
& 27(8R? — 9Rr + 2r?)” > 256r(2R — )°

? R
& 1728t* — 593613 + 6123t%2 — 2508t + 364 > 0 (t = F)

Euler

e (t-2) ((t —2)(1728t% + 976t + 3115) + 6048) S0otruest > 2
= (*) is true

. 3 ] 4A . 4B 1/2r r\2
~ in any A ABC, n(sm E+sm E) zg i_(ﬁ)

cyc

656.If x,y,z > 0 and in AABC, g, —Gergonne’s cevian, then holds:
a*(a’gj + y*9?) + b*(x* g2 + ¥ g2) + c* (x* g% + ¥*g3)
> 8V3(x +y)?- F?
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Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution 1 by Tapas Das-India

2F
9o =h, = o (and analogs)
a*(a’g} +y*g?) + b*(x*g% + y*g3) + c*(¥*g% + y*g}) =

4F? 4F? 4F? 4F? 4F? 4F?
4 2 2 4 2 2 4 2 2 —
2a<x ?+y 7>+b (x c—2+y ?>+C <x ?+y b_2>_

a* a* b* b* ct ct
— 2 2 2 2 2 2 2 2] —
=4F <b2x2+§y >+4-F <c—2x +?y >+4-F <?x +ﬁy >—

4 4 4 4 4 4
Yl Pl (i P ¥ S
bz ¢ a? y ¢z a2 b?

4 4 4
a2 (2 (B2 2.
AP (P + Yzt 7 | 2 4F

(x + y)? <a4 b* c“)§ AGM

2 b%2 c¢? a? -
x+y)>? 1 1
> 4F? % -3(a?b?*c?*)3 = 2F%*(x + y)?3[(abc)?]3 >
AF 33 AF
> 2F%(x + 2-3(—) =2F%(x+7y)2-3-— = 8F3V3(x + y)?
(x+y) 73 (x+y) 73 (x+y)

Solution 2 by Soumava Chakraborty-Kolkata-India

a*(x*g; +y?g?) + b*(x*gZ + y*g%) + c*(x* g% + y*gt)
= x*(a*g} + b*g? + c*g2) + y*(a*g? + b*g% + c*g})
= x%(a®.a’g} + b%.b%g? + c%.c?g2%) + y?(a®.a’*g? + b%.b% g% + c%.c*g})
Oppenheim
> x2.4F.\/azg§.bzg§ +b2g2.c2g2 + c2g2.a%g?

+y2. 4F-J a’gi.b2gi +b%gi.c2g; + c2gj.a’g?
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ga=hg and analogs

> """ X2 48, [a?h? b2hZ + b?h2. 20 + ch2. a2ng

+y2. 4F.\/a2h§.b2h§ + b2hZ.c2hZ + c2hi. a?h?

a’b?2 b2¢?2 c2a?
_ .2 2
= x“.4F.4F~. bZc2 +c2a2+a2b2

c2a?  a?b? b2¢z

a’b? b2c2 c%a?A-G
+ y2.4F.4F?, + + > x2.16F3.

3la2 b2 c2
3. C_Z.?.ﬁ
3|b% ¢Z a2 16V3F3
3. ’C—Z.?.ﬁ=16\/§F3(x2+y2)> (x + y)?

= a*(x’g} +y?g?) + b*(x%g% + y?g2) + c*(x2g% + y2g%)
> 8vV3(x +y)2.F3inany AABCYV x,y > 0 (QED)

+y2.16F3,

Solution 3 by Debopriyo Dawn-India

2F
ga > h, = 7 (and analogs)

a*(a’g? + y*g?) + b*(x*g? g%) + c*(x?g? + y*g?) >
a2 4P 4F2 ” 4F2 4F2 JAF?  AF?\
= a x?+y C + xc—+y +C xa—+y bz =
at* at b* b c*
— AF2 2 2 2 2\ —
4F <b2x2+czy>+4F< y>+4F (ax+b2y>

) o (G
2 _ =

(x + y)? 4F\2 (x +y)? 4F
— 3 (ﬁ) 2 8Ff — 3¢

657. In AABC the following relationship holds:

(ZR )2
- Zb+c Zhb-l-h

cyc

> 8F2 - =8V3(x+ y)? - F3

Proposed by Alex Szoros-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India
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h, 1 bc \HsG1 bc 1

D) AT L S e T g[S [T
hy, + h, Z (a b + c) 2 a 8Rrsz( c\/_) 8Rrs ¢
cyc cyc cyc cyc cyc cyc

1 Z 5 S —6Rr—3r?
= a =
8Rrs 4Rr

cyc

(zb+c)(zhb+h) T

cyc cyc

_ s — 6Rr — 3r? z
- 4Rr ']_[cyc(b +0)

cyc

_ s? — 6Rr — 3r? z z bt o
" 4Rr.2s(s? + 2Rr +r2) a abra

cyc cyc

a(c+a)(a+b)

sZ — 6Rr — 3r? 5 5 5 5
= AR 252 T 2Rr 7 rz).(Zs(s + 4Rr + r?) + 2s(s? — 6Rr — 3r ))
(s — 6Rr — 3r?)(s? — Rr — r?) CBS (4R2 + 4Rr + 3r% — 6Rr — 3r%)(s? — Rr — r?)
2Rr(s% + 2Rr + r2) 2Rr(s% + 2Rr + r?)
_ (2R-r)(s? —Rr—r?)
~ r(s? +2Rr +r?)
? (ZR —r)?
<=z  ©

& (2R—r1)(s? + 2Rr +r?) > 4r(s? — Rr —r?)

?
© (2R - 5r)s® + r(4R? + 4Rr + 3r?) 2 0

©)
Gerretsen

Euler
Now,LHSof (x) > (2R—5r)s?+rs?=(2R—4r)s? > 0= ()istrue

(2R-r)?
(Zb+c)<2hb+h> 4r2 (QED)

cyc cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

CE.S 1 1 Bandlla
We have : Zb+c Z ( c) 42( ) < 42_
cyc cyc cyc cyc
3R Euler ZR -7
- 2
4r 2r
Simil : " z C,.'B;S Z ( ) (b a) Bandlla Z
imilarty we have : hb + h hb C 4 a b < )
cyc cyc cyc cyc

_3RUZT2R-7
C4r — 2r

Multiplying these inequalities yields the desired inequality.
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Equality holds if f AABC is equilateral.

658. In AABC the following relationship holds:

A B 1 61 r\2
3 | | 47 4 Y
(cos 2+cos 2)_6<4+ (R)>

cyc

Proposed by Marian Ursarescu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
2(x2y% + y*z? + z%x?)
3 :

Lemma : If x,y,z > 0then r{/(x4 +yH)(y* + z4)(z* + x*) =

We have :
AM-GM

9 l_l(x4 +y*) =9 <zcycx4> (chcx‘*y‘*) —oxty'z* = 8 (zmx‘*) (zcycx‘*y‘*) >

cyc

AM—-GM & CBS

S 8<Z x?y ) (Boer*y?)” _ (2Z0cx™y")"
cyc

- 3 3

Then : i/(x4 + yH)(y* + z4)(z* + x*) > 2y + y;zz h szz), vx,y,z > 0.
A B C
Forx = COS-, y =C0S-, Z=Cosy we get :
i/l |(cos4A+cos4B> Zcos EcoszgzE s(s—b).s(s—c)
2 -3 2 2 3 ca ab
cyc cyc cyc

_ 2s.s1? Z s B
" 3.4RsrLua(s—a)
cyc

st (1 1 )_sr s24+1r2+4Rr 4R+r
" 6R " 6R

cyc

s—a 4Rsr + ST
_s2+ (4R +1)? “TE 16R” + 24Rr — 41
N 24R? = 24R?

A B 1 6r T\2
3 4 4 - N
Therefore, \/l |(cos > + cos 2) > 6<4+ R (R) >

cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

2 2

. A By 3 (c052%+coszg) 1 A B\
N I g et TS, (T
2

cyc cyc cyc

3
A A B A
(Z cos? E) (Z cos? > cos? E) - 1_[ cos? >

cyc cyc cyc

1
2
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(nwsg) (Seort) (St) T

cyc cyc cyc

_1 4R+r) s2 + (4R +1r)? sz \3
T2 16R2 s2 16R2

(2R + r)s? +(4R+r)3>3 ? 1<4+g_(r)2>

1
2 32R3 6 R

(2ZR+1)s? + 4R +1)3\” ? (4R? + 6Rr —r2)’
< 32R3 ) 27R®

V-

& |27 ((ZR +1)s* + (4R + r)3) é 1024(4R? + 6Rr —12)’
)

~

Gerretsen

2 7?
Now,LHSof (x) >  27((2R+1)(16Rr —5r%) + (4R +1)?) > 1024(4R + 6Rr — r2)°

© 11264t° — 4608t> — 39552t* — 2448t3 + 22443t% — 5580t
? R
+364>0 (t = ;)
?
& (t—2) ((t—2)(11264t* + 40448t3 + 7718417 + 144496t + 291691) + 583200) > 0

Euler ]
—>true vt > 2> (x)istrue

) 5 WA By 1 6r /r\2
~ in any A ABC, n(cos E+cos E) Zg 4+i_(i) (QED)

cyc

659. In AABC the following relationship holds:

(b%? + ¢* —a?*)? 16R*—-208r*
<
bc.sin? 4 ~— 2

12R? <

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Weh - (b2+cz—a2)2_Z4bc.coszA_4zb ( 1 1)
enave: bc.sin?A sin24A “\sinZa
cyc cyc cyc
bc
=16R* ) ——4 ) bc>
a
cyc cyc
AM-GM Leibniz

S 16R%.3— 42 a2 S 48R?—4.9R? = 12R2

cyc
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(b% + ¢* — a?)? , \C b
Now we have : Z = 16R Z?—4Zbc

bc.sin2 A
cyc cyc cyc
16R? Z be 4ab z 1
= — 4a0cC — =
[(s—b) + (s —0)]? a
cyc cyc
AM-GM & CBS ) 4abc.9 , 4Rsr s—a 36.4Rsr
< 16R Z = 4R2, z — =
4(s—b)(s—c) a+b+c sr? a 2s
cyc
16R3 s + 1% —8Rr Gerretsen 4 R2(4R% — 4Rr + 412)
= . —72Rr < —72Rr <
r 4Rr r?2
Euler AR2(4R? — 4.27.7 + 412) Euler 16R* — 4(271)2. 412 ,
< = —72.2r.r < = — 144r

16R* — 2081*
= rz .
(b% + ¢ — a?)? - 16R* — 2081r*

2
Therefore, 12R* < be sin? A < 2

cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

Z (b? +¢? —a?)? _ _aR? Z (Zeye a? — 2a?)°

bc. sinZA bca?
cyc cyc
2
4R? Y veab
_ 2 cyc 2 3
- Sk DI DIIETHY
4Rrs Z a 4Rrs a al+ a
cyc cyc cyc cyc
R [ (s? + 4Rr + r?)(s? — 4Rr — r?)2
=— <( ) ) — 16s(s? — 4Rr — r?) + 8s(s? — 6Rr — 3r?)
rs Rrs
R [ (s? + 4Rr + r?)(s? — 4Rr — r?)2
——<( ) ) —8s(s? — 2Rr +r?)
rs Rrs
s® — (12Rr + r?)s* —r?s?(16Rr + r?) + r3(4R +r)3
- l'ZSZ
Z (b% + ¢ —a?)? +) s® — (12Rr + r?)s* — r?s?(16Rr + r?) + r3(4R +r)3 . ()
= *
bc.sinZA ris?

cyc

12R? < ) (b +c" —al)”
=
- bc.sinZA

cyc
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& s® — (12Rr + r?)s* —r?s?2(16Rr + r?) + r3(4R + r)3 > 12R?r?s?

O]
& s®— (12Rr + r?)s* — r?s?(12R* + 16Rr +r?) + r3(4R+r)> > 0

Gerretsen

Now,LHSof (¢) > (4Rr — 6r?)s* —r?s?(12R? + 16Rr + r?)

Gerretsen

+r34R+1)? >  ris? ((4R — 6r)(16R — 51)

— (12R? + 16Rr +12)) + 3 (4R +1)° 2 0

?
< (52R%? — 132Rr + 29r%)s? + r3(4R +r)3 >0
)

52R% — 132Rr + 29r2 > 0 and then, LHS of (s¢) > r3(4R +1)3 > 0
= (o) is true (strict inequality)

52R? — 132Rr + 29r? < 0 and then, LHS of (+¢)

= — (~(52R? - 132Rr + 29r?)) % + r3(4R + 1)

Gerretsen

> = (—(52RZ — 132Rr + 291‘2)) (4RZ + 4Rr +3r2) + r3(4R+1)3 >0

? R
o 52t — 6413 —52t2 -67t+22>0 (t= ;)

Euler

?
e (t—2)(52t3 +40t2 +22t+6(t—2)+1) >0 > true~t > 2= (e¢)istrue

. combining both cases, (¢¢) is true in any triangle

_ , (b? + ¢ — a?)?
= inany A ABC,|12R” < Z be sin?A

cyc

Aoa Z(b2+c2—a2)2
gain, bc. sinZA

cyc

- 16R* — 208r* via (») s® — (12Rr + r?)s* — r?s?(16Rr + r?) + r3(4R +r)3
PEN

r2 ris?
16R* — 208r*
<

r2

(...)
& s5— (12Rr + r2)s* — (16R4 — 208r* + r2(16Rr + rz)) s2+r34R+1)? < 0
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Gerretsen

Now, LHS of (¢e¢) <  (4R? — 8Rr + 2r?%)s*

- (16R4 — 208r* + r2(16Rr + rz)) sZ + r3(4R +r)3

Gerretsen

<  (4R? — 8Rr + 2r?)(4R? + 4Rr + 3r?)s?

— (16R* — 208r* + r2(16Rr +12)) s + r3(4R +1)° < 0

(QQ.Q)
< (16R3 + 12R?r + 32Rr? — 213r3)s? > r?(4R+r)3

~ 16R3 + 12R?r + 32Rr? — 213r3

Euler
= (R—-2r)(16R? + 44Rr + 120r%?) + 27r3 > 27r3>0

Gerretsen

~ LHS of (eses) >  (16R3 + 12R?r + 32Rr? — 213r3)(16Rr — 5r?)

>r2(4R +r)3 © 64t* + 12t3 + 101t2 — 895t + 266 > 0

Euler

<:>(t—2)(64t3+140t2+314t+67(t—2)+1)>0—>true t > 2

= (esee) = (eee) is true

Z:(b2 +c% —a?) < 16R* — 208r*

o A ABC,
h any bc.sin?A r?2

(QED)

cyc
660.If F RoR1+fx+y)<fx)+f(y)<x+y+2VxyE€ER,thenin
AABC holds:

sz).a2+Lyz).b2+@.
y+z Z+x x+y

c2 > 4V3 - F;Vx,y,z € (0, )

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution by Alex Szoros-Romania
Forx=y=0=14+f(0)<2f(0)<2=>1<f(0)<1=f(0)=1

Fory=x=>f@+fx)<x+x+2=
fx)<x+1,vxeR;(1)
Fory=—x=>1+f0)<f)+f(-x)<2=>
fx)+ f(—x) =2,vx € R;(2)

Fromf(x)+ f(y) <x+y+2,Vx,yeR= f(—x)+f(—x) < —x—x+2
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2f(x) <2-2x>= f(—x) < 1—x(£2—f(x) <1—-xVx€eR
>x+1<f(x),vx €R;(3)
From(1)and (3): f(x) =x+ 1,Vx € R = f(x?) > 2x,Vx ER
For x,y.z > 0 we have:

x2 2x x
y+z y+z y+z

cyc cyc cyc

X Tsintsifas
Z a®> = 2V3-F;(5)
y+z

cyc

From (4) and (5), it follows:

f(x?)
y+z

cyc

661. In AABC the following relationship holds:

a2 >4V3-F;vx,y,2> 0

N W

2 cscd cseB cscl R
, A B C
3. - <—24 2, 2.3 (—)
R CSCE CSCH CSCé 2r
2 2 2

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania
For the left side:

C
CSCEAGM
E+ £+ A = 3
CSsCH C€SC; CSCy

A B
CsC 2 CsC 2

We must show: 3 > 3 -%r < R = 2r (Euler)

For the right side we must show:

cscé cscE csc£ : 9 /R\3
2 2 2 (Y.
gt——ct+t—3a S8<r> ; (1)

CSC5 CSCH  CSCH
2 2 2

From Cauchy’s inequality:
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cscé cscE cscg ’ A 1
§+ %.+ i < ZCSCZE Z Y 1 (2)
CSC% CSC3 CSCy cye oye €sc? 5

From (1) and (2) we must show:

(Seet)(Sts) 2o

cyc cyc csc? 2
1 Tr
=1 @)
cyc csczg 2R
,A  s* + 1% — 8Rr Gerretsen R* — 4Rt + 417 R\> /R
chc—= > < > =4 (—) —(—)+1 ; (5)
2 r Tr r r

cyc

From (3), (4) and (5) we must show:

R\>* (R ry 9/(R\?
() -()+1) (-3 =33 ®
Letg = x,x = 0(Euler); (7) From (6) and (7) we must show:

1 9
4(x2—x+1)(1—Z>S§x3<:>16(x2—x+1)(2x—1) <nto

4,/(x2 — x +1)(2x — 1) < 3x%;(8)

But /(2 —x + D(2x — D) <% (9)

From (8) and (9) we must show:

2x2 +2x < 3x%2 © 2x < x% © 2 < x true!

662. In AABC the following relationship holds:

SnSp + SpSc + SpSq =

162r* (612
R R

n-—2
) ,MENN =2

Proposed by Marin Chirciu-Romania
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

From Holder’s inequality:
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Z_ or (D

— 2n-2
cyc 3 Z
Sqa = hy (2)
2@ Es)"? @ (Tha)™
Zs{,‘sb = sasbscz 2 > SaSpSc ﬁ > h,hyh, - “3n3 -
cyc cyc ¢
_2 Eul
(abc)? Yab\"* 16R%*r?s? 3 s2 + 4Ry + 12\" 2 Mitrinovic
= . = . >
8R3 (2R3> 8R3 6R -

N 5474 ; 2712 + 8r% + r2\" 2 _ 1621 (3617 n-2 _162r* (6r7\" 2
~ R 6R " R 6R ~" R R

Solution 2 by Tapas Das-India

_— 1 N 1 N 1 1
Sq = hy; —t—=-
@ @ h h, h.
1 . el 11 1 .
The product ——y has the maximum value |fh—a - where it follows that the

product h,hyh, attains the minimum value 2773 if h, = h;, = h,. Hence,

h,hyh, > 2773

1
Y sisy =y si2(sksy) = B(sasys) 3 (sisis?) =

cyc cyc

n-2

3 Bandila
) “S$aSpSc =

_3 (Zbcma 2cam;, 2abm,
~"\b2+ ¢ c2+a? a?+b?
n-2

3

2 n-2
r
-27r3l -hyhph, =3 - (2 = 3) 2713 =

_(6r¥\"" 2.27r*  (6R®\"" 162r*
“\ R r \R R

663. In AABC the following relationship holds:
- (b + ¢)* + 2bc(b?* — bc + ¢?)
r o bc(b + 2¢)(2b + ¢)

Proposed by Alex Szoros-Romania
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
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AGM
(b + ¢)* + 2bc(b? — bc + ¢?) > 4bc(b + ¢)? + 2bc(b? — bc + ¢?) >

AGM
> 2bc(2b? + 2¢? + 4bc + b? + ¢ — bc) = 2bc(b + 2c¢)(c + 2b)
(b + ¢)* + 2bc(b? — bc + ¢?) - 2bc(b + 2¢)(c + 2b)

bc(b + 2¢)(2b + ¢) ~ be(b+2c)(c+2b) —
R R bandita b b b, c (>"’) (b + ¢)* + 2bc(b? — bc + ¢?)
r b~ be(b + 2¢)(2b + ¢)

b
2 (Z + %) be(b + 2¢)(c + 2b) = (b? + ¢2)(2b? + 2¢% + 5bc)

2(b? + ¢?) + 5bc(b? + ¢?) g (b + ¢)* + 2bc(b? — bc + ¢?)
2b* + 2¢* + 4b*c* + 5bc(b* + ¢*) = b* + ¢* + 6b*c + 4b*c* + 6bc3
b*+c*>b3c+bc® © (b—c)2(b* +bc+c?) >0
Solution 2 by Tapas Das-India
(b + ©)* + 2bc(b* — bc + ¢*) = (b + ¢)* + 2bc[(b + ¢)* — 2bc — bc] =
= (b+c)* +2bc(b+ c)? — 6b*c? = (b +c)?[(b+ c)? + 2bc] — 6b?*c? >

> (2vbe) [(b + ©)? + 2bc] — 6b2c? = 4bc(b? + 2bc + ¢ + 2bc) — 6b2c? =
= 2bc(2b? + 2¢% + 8bc — 3bc) = 2bc(2b? + 5bc + 2¢?) = 2bc(b + 2¢)(c + 2b)
Hence,
(b + ¢)* + 2bc(b? — bc + ¢?) > 2bc(b + 2¢)(c + 2b) or

(b + ¢©)* + 2bc(b? — bc + ¢?)
bc(b + 2¢)(2b + ¢)

(b +c)* +2bc(b?> — bc+c?)  (b* +c*) +4(b%c + bc®) + 2(b3c + bc?) + 4b*c?

bc(b +2c)(2b + ¢) B bc(2b% + 5bc + 2c?)
(B )G ra@ep) e @ef) ve(tef) 2
2@+%+5 2@+%+5

Now,

( ) [2 + 5] [ + %) . Zl (5)

2x2 +5x—x2—-6x—2=x2-x-2=
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b > b ¢ (b-c? 5
—(=4+2) —(=4+Z)=2="" "2 >
(C+b) (C+b) 2= (B +bc+ )20

Bt o8 o)

(Br8) v6(2+)+2

=

+—>

ol

C
P 2(@ep)es

R Bandila (b + ©)* + 2bc(b? — bc + ¢?)

r - bc(b +2¢)(2b + ¢)
664. a, b, c —sides in AABC,\/a,\/b,\/c —sides in AA'B'C’. Prove that:
r, + rp + re

6371

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Marian Ursarescu-Romania

VacosA +VbcosB' ++ccosC <

In any AABC holds:
. a(b? + c? — a?)
acosA = 2be
a(b? + c* — a?) 1
_ _ 22 2 _ 2
ZacosA Z >be Zacha (b* + ¢c* — a®)
cyc cyc cyc

In our case, we have:

1 1
ErcosA’z Eab+c—a =—E ab + ac — a*) =
¢ 2\/abc . ( ) 2\abc Cyc( )

cyc

[2(ab + bc + ca) — (a® + b? + ¢?)]; (1)

1
2vabc

Butab + bc + ca = s> + > + 4Rr and a? + b% + ¢? = 2(s> —r? — 4Rr); (2)

From (1) and (2), it follows

1
VacosA' = 2(s?+1*+4Rr — s>+ r2 +4Rr) =
Z 2vVabc ( )
cyc
_8Rr+2r* 2r(4R+r)
vabc vabc
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We must show:

2r(4R + +71r,+
r( T) < Te+ 1) rc; @)
abc 6V3r
Butabc = 4Rsandr, + 1, + 1. = 4R + r; (4). From (3) and (4), we must show:

2r(4R + 1) - 4R +r
V4sRr /63 r

which is true, because s > 3v3r and R > 2r (Euler).

& |6V3r-r <+VsRr & 6V3r2 <Rs

665. In AABC the following relationship holds:
[ [2amyhe +mey) = hothy + 81 = hohyhe | [y + 1o
cyc cyc
Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Tereshin's inequality we have :

b?+c*  hch, hghy,

5 N (and logs) ~hchy, ab bc 2R b?
Ma =" ~"h, ", OIS\ T TR 2R ca” 2R
hoh, hyh, hyh, h.h,
Then: 2(myh +mh)2(a + )h ( + )h
b'tc Chbh hc ha c ha hb b
= (ha+=2=) Gty + )
h,

hyh
Thus : 2(myh, + m.hy) — hy(h, + h,) > ”: <

.(hy + h,) (and analogs)

a

Multiplying this inequality with similar ones we get :

hy,
h

H[Z(mbhc +mhy) — hy(hy + h)] > 1_[(

cyc cyc

h
 (hy + hc>> = hahyhe | [y + RO,
a

cyc

as desired. Equality holds if f AABC is equilateral.

666. Find x € R so that the double inequality
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R? - a* + b* +c*
r ha + hb + hc

> 2R holds in any AABC

Proposed by Alex Szoros-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Because the double inequality is true in any AABC,
thenit is true for equilateral AABC.
Fora=b =cwehave: 2Rh, = bc = a®> and R = 2r.

Replacing on the problem we get :

X

12521 a?=1>x=2
3a

So we need to prove the double inequality for x = 2 :
a? + b% + c? a? + b% + c?

——— =2R—>2R.1 =2R.
h,+h, + h, ab + bc +ca —

We have :

Leibniz & CBS l + i + l
a? + b? + c¢? iz ,he TR, Th, R?
Also,we have : —— < 9R?, —
h,+ h, + h, 9 r

Therefore, x = 2.
667.Let x,y > 0,AA;B;C;, i = 1, 2 triangles with areas F;,i = 1,2 and
altitudes hai, hbi, hci,i =1, 2, then holds:

_ _ —xq 1- —x 1
al xal X b% xbl y C% X y _ %—x %—y
> 227%Y\/3 . F} "F3

+ +
hi k), hy by kiR

Proposed by D.M. Bdtinetu-Giurgiu-Romania
Solution by Tapas Das-India
(2F)?
- a;b;c;’

i=1,2

al~*al* bl*b;” ci‘xc;_y> 3| (a1bic)'™  (azbycy)' ™Y
hy k), hp ki, hEhE, T (kg hy ko) (ha,hyhe,)

aq ay

_ 33 (aybic)'"*(aybycy)* ' (azbyc;)' Y (azbyc,)Y
B (2F,)3* (2F3)3Y Bl
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3 3
_ 3’ abic; azb,c, - 33 (4F1)E 1 (4F2)7 1
- T @F3 (2F)% T V3/ (2F)%* \y3/) @Fp)¥

1 1
2yFy 1 2yF, 1 _ 22-x-y\3. 2 “p27?
B @R B @R v

668. In AABC the following relationship holds:

=3

3R - (a—b)?* (b-0c)? (c—a)?
2r al, + bl, bl,+cl. cl.+al,

Proposed by Alex Szoros-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have : al, + bl, = ah, + bh;, = 2F + 2F = 4F (and analogs)

(a—b)? ((b-0c)?* (c—a)? (a—b)? (b-0)? (c—a)?
: < =
Then: 3+ i+, Tbl,vcl, Tclval, >t " aF T aF ' aF

+(a2+b2+cz)—(ab+bc+ca)_3+2(52—r2—4Rr)—(sz+r2+4Rr)_

=3 2F 2F

P —3r(4R+1) _ . s 3(4R+1) METE L3V3R 3(4R+1) _

2F 2r 2s - 4r 3V3R

43 3Vv3R V3r 3R (R 3v3 V3r\ B4 3R
e _r ( 1)(3 ) 2

=3+

3 4r 3R 2r \2r 2 3R 2r
3v3 _ V3 P V3r
Because 3 — - = 3 > 3R So the proof is completed.

Equality holds if f AABC is equilateral.
Solution 2 by Soumava Chakraborty-Kolkata-India
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A

B

E D

a a

AD = m, and AE = h, . BE = ccosB = DE = 7~ ccosB and CE = bcosC = DE = bcosC — 2
~ 2DE = bcosC — ccosB and similarly when ¢ > b, 2DE = ccosB — bcosC

a? + b? — ¢? ¢z +a?-b%\| 2|b%-c? )
~ 2DE = |bcosC — ccosB| = |b —-cC = = 4DE
2ab 2ca 2a
(b? - c?)’ (2 -c?)* (b2 - c?)*
_ 2 2 _ 2 _
= T = AD“ — AE 4a e = ma h T
2 . 2
—hi _(b’-c?) :mg—hg&:}(bz —c?)
h2 4a? <4F ) h2 16F2
a?
(b-0¢)? 2m, (b —¢)? m, m, (b—¢)? /m,

ma
_a>>_ 7 _a_ > _a
F 22t TR Ch, 22T oF ‘:’(ha 1)(ha+1)_ 4F (ha+1>

. 2
mﬁ—h5><b‘c>z(%+1)“:‘:§*) G LI
a

h2 ~ 4F 16F2 ~— 4F \h,
= (b- c)2 20 (b + c)2 am, 2am, + 4F
>_—241= 1="" " o (b+¢c)?—2am, > 4F
4F h 2F AF (b+0)" — 2am,

& ((b+0)? — 2am,)’
2 b+c 2
> 16F ( 2am, < 2(b +¢) (T) = (b+¢)* —2am, > 0)
& (b+0)* +4a’m? — 4am,(b +c)? > 2 Z a’b? — Z a*
& (b+o)* +a?(2b% + 2¢? — a?) + Z a*— ZZ a’b? > 4am, (b + c)?

& b* + c* + 2b%c? + 2b3c + 2bc® = 2am, (b + ¢)? & (b? + cz)2 + 2bc(b? + ¢2)

> 2am,(b + c¢)? & (b% + c?)(b + ¢)? = 2am, (b + ¢)> © b% + c? > 2am,
o (b2 +c2)” > 4a?m? o b* + c* + 2b%c? > a?(2b? + 2¢2 — a?)

& b* + c* + a* + 2b%c? — 2a?b? — 2¢%a? > 0 & (b + ¢ —a?)’ > 0

& cos?A = 0 - true
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am, 1 (b — C)Z - (b - C)Z Panaltopol R d ]
= > = < —
2F = VT aF ~h, =~ zrndanalogs
(b— c)2 (**) 3R
=3+ Z <
2r
cyc
(a—b)> (b—0c)? (c—a)? (a-b)?* (b-0* (c—a)
Now, 3 + < +
al, +bly, bly+cl. cl.+al, ah, + bh, bhy, +ch, ch. +ah,
3_I_z:(b—c)zvm()3R:>3R> +(a—b)2 (b—c)2+(c—a)2 ED
h o 2r " “al,+bl, bly+cl. cl . +al, (QED)
669.
=~

~No

A
Three equilateral triangles with centers I, ], K.

Prove [BEFC] = 3 - [IJK].
Proposed by Binh Luc-Vietnam

Solution by Eldeniz Hesenov-Georgia
Bj=a {BD =aV3
= =>Bl=a+b

{DK =b (DC=bV3

1J? = BJ? + BI> — 2BI - B] - cos 60°

JI =+ a? + b? + ab (and analogs)

(a? + b% + ab)V3

= AJIK — equilateral = [JIK] = i ; (1)
a?3+3 b23+/3
[BDE] = ;[DFC] = 2
1 3v3ab
[DEF] = Ean/§ - bV3 - sin 60° = 1
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3V3a®  3V3b® 3v3ab _ 3x/§(
4 4 4 4

1
[BEFC] = a’? + b + ab) = [JIK]

670.

A
Three equilateral triangles with centers I, J, K. Prove that:
[ABC] + [BDE] + [CDF] = 6[IJK]

Proposed by Binh Luc-Vietnam
Solution 1 by Eldeniz Hesenov-Georgia

A
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BJ=a=BD =aV3,CK=b = DC=hbV3

BC=(a+b)V3=>BI=IC=a+b
IJBI = <KCI = 60° > IJ* = BJ? + BI> — 2B] - BI - cos 60°
= IJ = Ja? + b% + ab; (1)

IK? = IC* + KC? — 2IC - KC - cos 60° = IK = \/aZ? + b% + ab; (2)
KJ? = KD? + JD? — 2JD - DK - cos 120° = KJ = \/a? + b2 + ab; (3)
From (1), (2) and (3) it follows:

(a? + b% + c?)V/3

4
3v3a? 3v3b%? 3+V3(a+ b)?
Spep + Sprc + Sapc = + + =
4 4 4
33
= T(az + bZ + ab) = 6SK]I

Solution 2 by Hikmat Mammadov-Azerbaijan

Say the three equilateral triangles have side lengths a, b, ¢
a=b+c
ABCL = ABCA
2

4
LE=a—b,LF=a—-c

[BCL] = [ABC] =

(@a—b)(@a-o)sing (a-b)(a-c)V3
2 B 4

[LEF] =

[BEFC] = [BCL] — [LEF] = \/_§[a2 —(a=-b)(a-10)] =

4
V3 V3
=7 [ +0)? —bc] == (b* + c* + bo)
2 V3b bV3 2 V3¢ 3¢
Dj==-—=—"andDK==-—=——
3 2 3 3 2 3

2JDK = 120°.Side length of AIJK = s
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. (V3b\" (V3c\" _(V3b\[(V3c\ 1 a?+b%+bc
S=<T)+(T)”(—)<—> E

3 3/ 2 3
2 2 2
[IIK]=‘/iS =%_\/§(b +4c +bC)=[BE:'"C]’ (BEFC] = 3[IJK].

671. In AABC the following relationship holds:
myh, m,h, myh, 9V3
+ + < R
a b c 4
Proposed by Marian Ursarescu-Romania

Solution 1 by Alex Szoros-Romania

ch, 2F myh, my-2F
F = >h,=—> =
2 a a
mbhc_ZF mb_ZFZ _12
a ac  abc .MM T 2R LM
cyc cyc

cyc cyc

2 2
But (Z ama> 625 (Z a2> (Z mﬁ) — Z(Z a2> < Z(ng)z
cyc cyc cyc

cyc
92,/3
Z am, < — (1)

cyc
€h) 9R2\/_ 9RV3

ymle Y.
a  2R. MM = 4

cyc cyc

Solution 2 by Ertan Yildirim-lzmir-Turkiye

z mbhc Panaitopol Z R hc R z hbhc
< hy — —=—- =
a 2r a 2r a

cyc

cyc cyc

R ac ab 1 R 1
. -Zabc—— 3abc =

~2r Z.2R 2R a  8R%r 8R

cyc cyc

3 3s Mit 3 3 93
_ 3 ypps o 3SMurmovic3 33 9V3
8Rr 2 2 2 4

Solution 3 by Eldeniz Hesenov-Georgia

85 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2
mbhc_zzF-mb_ 12 CES 1 |3 Z )
a ac  2RZ."™e = 2R |4 a
cyc

cyc cyc cyc

Lelbnlz \/_ 9\/§R
B e orz = 2V3R
4-R 4

cyc

672. In AABC the following relationship holds:

w n
z( c ) Jwawp +w,—w,) > 9r,neN

Wp+Ww,—w,

cyc

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania
We must show that:

1
n+7
= 7> 9r; (1)

cyc (Wb +w,— Wa)n_7

w

N =

n+

Wa

1
Hol>der (Wg +wp, +w )2
= 1

e (Wp +w,—w,)" 2 Wy +wp, +w)" 2

=w, +w, +w,(2)

From (1) and (2) we must show:
W, +wp +w, > 9r;(3)
Butw, > h,; (4). From (3) and (4) we must show:

h, + h, + h, = 97, which is true because

1 1\ CBS
(h, +h,,+hc)<h +h_b+hc) >9
Buti+i+l=1:>h 4+ h,+h,>=9r
h, h, h, r @ "b77c=

673. In AABC the following relationship holds:

51 2R (BC)
22h ZCOS

cyc cyc

Proposed by Eldeniz Hesenov, Rahide Yusubova-Georgia
Solution 1 by Alex Szoros-Romania
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r, F a a
h, s—a 2F 2(s—a)
5 1vr, 5 1 a 5 1 a
—+—Z— ) e =
2 2L.h, 2 2 Z(S—a) 2 4lus—a
cyc cyc cyc
_5+1 a-s+s +1 3+Z
2 4 s—a 2 4 s—a
cyc cyc cyc
(B—C)_ha
cos (— =W
1 B-C 1 B-C h,
2RZ—C0$< >=2RZ—cos( )=2RZ—=
W, 2 w, 2 w2
cyc cyc cyc
(b + ¢)? (b+c)2
4abcs(s — a) 4s s—a
cyc cyc cyc cyc
(2s — a)? 12452—4as+a2_1z 2 3
~as s—a  4s s—a " 4s —a)
cyc cyc cyc
_3+1Z a? _ 3 1zsz—a2—sz_3 1 N s? B
B 4slis—a 4s s—a 4s STaTs"a)”T
cyc cyc cyc
R e B e i )
B s\ °° s—al| 2 asls—a 2" 2
cyc cyc cyc

From(1) and (2), it follows that:

5 1 ZRZ (B C)
2 2 h = cos

cyc cyc

Solution 2 by Tapas Das-India

A s(s—a) (A—B) a+b c
cos =

cos - = be > 5 sing
- 4bcs(s — a) _a b ¢
Wa="p1o2 "“" Tsind sinB _ sinC
2R (B - C) a b+ c 1 b+c A
—cos =—: . . -sin—= =
w, 2 sin4 2\bcs Vs—a a 2
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a b+c 1 b+c L A
- ' ' : -sin- =
Zsin%cos% 2vbcs VYs—a a 2
1 (b+C)2 _1 (b+c)2_1 (ZS—a)2_1 [S+(S—a)]2_

_Z.cos% bcs(s_a)_z.s(s—a)_z's(s—a)_Z' s(s —a)

1 s2+ s—a)+2s(s—a) 1, s s—a
( ) ( ) _( 4 +2)
s(s—a) s—a s
ZRZ (559)- Z )=
cos 2 P =
cyc cyc
ZZ

cyc

5 1¢vr, 5 1 F a 5 1 a
— 4+ — — = — 4= _ = — 4=
2 2 h, 2 2 s—a 2F 2 4/l.us-—a

cyc cyc cyc

_5+1 s—(s—a)_7+1 s (2

2 4 s—a 4 4 s—a'()
cyc cyc

From (1) and (2), it follows that:

5 1 _ZRZ (B C)
2 2 h, cos

cyc cyc

674. a, b, ¢ —sides in AABC,\/a,\'b,/c —sides in AA'B'C’. Prove that:
2R
asinA' + bsinB' + csinC’' < 3F' -
Proposed by Mehmet Sahin-Ankara-Turkiye

Solution 1 by Marian Ursdrescu-Romania

From Law of sines:

] a ., a Aa
smA—ﬁ:>smA =5 = 3R (1)
a'b'c’ +abc
F’: - 1(2)
4R’ 4R’

From (1) and (2) we must show:
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a\/5+b\/5+cx/z 3vabc ZR@Z(a\/_+b\/_+C\/_)>3\/_\/7

2R’ ~ 4R’

2(ava + bVb + c\/E)Z < 9abc -;; 3)

But abc = 4Rrs; (4). From (3) and (4) we must show:

2 R 2
2(ava+bVb +cJc) <9-4Rrs- —e (ava + bVb + cVc) < 18R%s;(5)
From CBS inequality, we have:

(ava+ bVb + c\/E)Z < (a®+b* +c*)(a+ b+ c) = 2s(a* + b* + ¢*); (6)
From (5) and (6) we must show:
2s(a® + b% + c?) < 18R?s © a? + b? + ¢* < 9R? (Leibniz)

Solution 2 by Tapas Das-India

l

Leta’ =+va b =vVb,c’ =+c,F ==b'c smA’=>F—smA' (and analogs)
2F 2F' 2F
asinA’ + bsinB'+csinC’' =a-—-—+b-—+c-—- =
b'c’ ac a'b’

+

a b c
= 2F' [ + ] = 2F' [ + + ] =
b'c’ ca ab’ vbc \/ca vab

3 3 3
az b2 c2 2F' /3 3 3
= 2F' + + = (aZ + bz + CZ) <

vabc +abc +abc| +abc
SVZ‘IF_J(a2+b2+CZ)(a+b+C)< Zal; VOR?Z - 2s =
_2F-3R-V2s _ . |2R
"~ VARrs
675. In AABC holds:
a+b+C+R 1+b+ +
b ¢ a 2r = a b

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

89 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
We will prove that the problem is true.

The inequality in the statement can be written as follows :

£> 14 (b—a)(a—C)(c—b)_
2r — abc

Using Ravi's substitution: a=y+z, b=z+x, c=x+Yy
The problem becomes,

x+y)(y+2)(z+x) - x—y)(y-2)(z—x)
8xyz - x+y)y+2)(z+x)

If (x—y)(y—2z)(z—x) < 0theinequality is true by Cesaro's inequality.
Assume now that : (x —y)(y—z)(z—x) = 0.
By Cesaro's inequality we have :

(x+y)(y+2)(z+ x) = 8xyz so it suffices to prove

(x+y)(y+z)(z+x) o1 x—y)(y—2)(z- x)®x2y+yzz+zzx—3xyz

>0
8xyz 8xyz 4xyz

Which is true by AM — GM inequality.
So the proof is completed. Equality holds if f AABC is equilateral.
Solution 2 by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=yands—-c=z~.s=x+y+z=>a=y+zb=z+xandc=x+y
sz st s* ) (chcx)3 4R
2T A2 T = and1+—
r2 A2 s(s — a)(s — b)(s —¢) Xyz r
4sabc +z
14 :1+Hcyc(y )
4s(s — a)(s — b)(s —¢) XyZ
4R (--) xyz + [leye(y + 2)

xyz
2

Z+x b (- )chc(x+Y)2(y+ ) S
Now, Z Z y+z Z [eye(y +2) ORE () r2

Now,

=1+

cyc

b Ceyex)’ (292 + Teyey +2)\ (Seyelx + V)2 + 2)
= (Z E) (1 + T) < XVZ = < XyZ ) ( Hcyc(y + Z) )

cyc

- <ﬂ<y , z)) (z ) . (m o z>> (z(x - z>>

cyc cyc cyc cyc

®
& Z xty? + Z x3y3 > xyz (Z xy2> + 3x2y?z?

cyc cyc cyc
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-G

Noquvw>0u +ud +v3 > 3uv,v3 +v3 + w3 > 3vZw and w3 + w3

+ud 2 3w?u and summing up : Z ud > Z u?vand choosing u = xy,v

cyc

cyc

=yzand w = zx,

O]
Z x3y3 > xyz Z

cyc cyc

[es)

cyc

2

s
xy? andz ty?2 > 3x2 272 . (*)+(**)=>(i)istrue:>r—z

- zh (1+4_R)$ zk“z)L
= a r a =~ r(4R+r)
cyc cyc
Now,E+E+£+E;1+—+£+E®ZE+ E+R_Zr;22E
b ¢ a 2r a b c b a 2r a

cyc cyc

cyc

chc (ab(zcyc a-— C)) R—2r? b
© + > ZZ—
4Rrs 2r a
cyc
2s(s? +4Rr+r?)—12Rrs R—2r? b
S + = Zz—
4Rrs 2r a
cyc
ol Z_2Rr+r?+RR- Zr) z d"ZsziaS”) 2s?
2Rr (***) and = a - TM@R+r)
cyc cyc

s —2Rr+r?+R(R-2r)

.~ in order to prove (x*x), it suffices to prove :
- 2s?
“r(4R+r)

2Rr

(****)
rs24+R(R—2r)A4R+r) > r2R—r)(4R+r)

Gerretsen ?
>  r(16Rr—5r?) +R(R—2r)(4R+1) >r(2R—r)(4R + 1)
R ?
-)e (t—2)(4t(t—2)+t+2) >0

=4

Now, LHS of (x*x*x)
?
e 4t3 —15t2 +16t—4 >0 (t=

Euler b C R

Strue vt = 2> (x*xx) > (x*x) is true > — _|_ -+ —

b b ¢ a 2r

=1+ 2 + B + E is true V triangles (QED)
Solution 3 by Alex Szoros-Romania

a b c¢cb c .(a b c¢cb ¢ a
Leusdenote:M=max{—+ +—;—+—-+ }andm=m1n{—+—+—— —+—}
b aa b b ¢ aa b c

a b c R
C DS thatM=—+—+—.F M > d—=>1 t:
ase I) Suppose tha b+c+a rom M = m an o we ge
R a b ¢ R b ¢ a
M+ —>m+1=a—+—+—+—=>14+—+—+—
2r b ¢ a 2r a b c

Cc a
—+ -
Cc

b
Case II) Suppose that: M = p + b

91 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
We show that in any AABC holds:2m > M + 3; (%)

From ¥ (a+ ¢ —b)(a—b)* 2 0= Y(a+c—b)(a* —2ab+b*) 20 &
Y (a® —2a%b + ab? + a*c — 2abc + b*’c — a’b + 2ab* — b?) > 0 &
a

a b c
)2—+—+—+3:
b c a

b ¢
4%ab? - 25a%h - 6abc 2 0 |:2abc > 2 (24— + :

() R Shan He Wu

2m2M+3=>2m+;2M+3+; = 2+2M=

R R
2m+—=221+M)>m+—=1+M
r 2r

676. In AABC the following relationship holds:

sa> 9R ( R )6
—_— S —_ —
S¢ 2 \2r
cyc
Proposed by Marin Chirciu-Romania
Solution 1 by Marian Ursdrescu-Romania

We must show that:

7

3 3 3
SoSpy +SpS. +828,) < ——;
sasbsc( ab T 2b2e T 2e a) 276’

(1
Now, we use:
2):3(3y+y3z+23x) < (> +y*+ 28 o
(m+n+p)?=3mn+np+pm)form=x*+yz—xyn=y>+zx—yz
andp = z> + xy — zx
1 2
From (1) = s3s, + s3s. + 535, < 5(5,21 + 52 + s2)
We must show:

2
(s2 + s2 + s2) - 9R’
35,5,S, — 27r6’

(2)

3 3
But:saSma:>s§+s,2,+s§Sm§+m,2,+m§:Z(a2+b2+c2)sz—9R2;(3)

From (2) and (3) we must show:

9 81R* 9R7 27 R3 ro
S S45pSc = 27-8-F;

(4)

i < P <
16 3s,sps. ~ 27r® s, s,s.” 8r®
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But. s — 2bc s 3 8(abc)? .(5)
ut:s, = my = S,85,5; = CETAICETIICEYD) m,mymg;

b2tz
From (4) and (5) we must show:
8(abc)? 6
@ T BB + )+ ad) e =27 8 s S
(abc)? 6
(@ + BO)(b% + ) (c + a7) e ™M = 27 g
But:abc = 4Rrs; (8). From (7) and (8) we must show:
16R*r?s? N 2776
— e
(@ + b)) (b% + 2)(cE + az) e =
16RZSZ 27R4
(@ + b)) (b% + &) (% + a?)

2(a® + b? + c?)
=

But: 3;/(a2 + b%)(b% + ¢2)(c?2 + a?) < 3

m,mym, - 27 . (10)
(a? + b?)(b? + c?)(c? + a?) — 8(a? + b? + ¢?)’

From (9) and (10) we must show:

16 - 27R*s>m,mym, 27r* 2R*’s*m,m,m, 1t
> s >—;(11)
8(aZ + b? + c2)3 R® ~ (a%+b%+c2)3~ R?
1 1 1
(a® + b2 + c2)? ~ 93R6 _ 36RE’

From (11) and (12) we must show:

But:a? + b* + c2 <9R%? =

2R’s>m,mym, r
36;6 b > B 2s’m,mym, > 3%r*R; (13)

Butm, > ./s(s — a) > mym,m, > s*r; (14)

From (13) and (14) we must show:

2s*r > 3%r*R < 2s* > 3°R13; (15)
But 2s2 > 27Rr (Cosnita — Turtoiu); (16).
From (15) and (16) we must show: s> — 27Rr > 3°Rr3 &
s? > 27R?*(Mitrinovic).

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
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2bc AM_GM
We have: h, <s, = bz Ma < m, (and analogs)
Then :
2 2
Sg Z m, 1 Z 2 ” )
—< = — 2b 2c” —
Zsc_ h, ~gF L, c2b +2¢—a)
cyc cyc cyc
1 AM—-GM
- 2 3 _ 2 2‘
F ZZb c+ZZa an <
cyc cyc cyc
1 4.2s(s?* —3r*> — 6Rr) — 3.4Rsr
— 22a3+22a3—3abc =
8F 8sr
cyc cyc
2s2 — 15Rr — 612
= <
2r
Gerretsen 2 2 2 2 3 AM-GM 2 3
= 8R —7Rr_32R r—7R(4r*+ R*)+ 7R = 32R“r — 7R.4Rr + 7R
= 2r - 4r.2r = 8r2
7R3 + 4R?%r Eulem op3 Euler gp3  p\* 9R /R\®
=——as— < = (52) =5-(5=) . asdesired.
812 = B2 T B2 (21‘) 2 (Zr) asdestre

677.In AABC,I —incenter, R, R}, R. —circumradius of ABIC,ACIA,AAIB.

Prove that:
2 3 b
™3 ar r, Cr,
3s (—) < 2 + <3s
R R, Ry, R,

Proposed by Marin Chirciu-Romania

Solution by Marian Ursarescu-Romania
Bic=n-22C_T,
T T2

From Law of sines, we have:

A
2

sin(BIC) _

We must show that:
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3(2r A
3s R <2)r, cosE <3s; (1)
cyc

A A
But: r, = stanE =T, C0S = ssinE; (2)

From (1) and (2) we must show:

332r<z . A<
> IR = smz_
cyc

For the left side, we have:

A A
in— > f in=; (4
Zst_B nsmz,()
cyc cyc
33 2r
But: sm—>3
yc

C
For the right side, we have:

A<3t b b
sin 5 <7 true,becuse by

e ¢

le

tA->-,B-> - andC - =
.
Pt 2’ Zan 2

o
678. In any AABC holds:

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

m, m, m,_m, m. m,
Lemma : In any AABC, 2(—+—+ )>—+_+_+3_
m, m, m,/ m,; m, m
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We have : 2<ﬁ+mb+ﬁ)—(ﬂ+&+—+3)
m m,. m, m, m, m,

Z (ma +my — mc)(mb - mc)z

>0
2m,mym,

cyc
Because m,, my,, m.can be the side lengths of a triangle.

So the proof of lemma is completed. Back to main problem.

m, m, m, R? m, m, R?
From the lemma we have : 2 —+—+—+—2 2—+—+—+3+—2
m, m, m, 4r m, m, m, 2r

, , RZ my m, mg,
Soitsufficestoprove: -—+1=2—+—+—
2r m, m, m,

Ve z AM_GM Z 1 /m,? N 972 mazxg/s (s—a)
e have : 2\ o2 Yz <
cyc cyc
+ 1 .
18124 a 2 s(s—a) ™~

cyc cyc

Leiéniz 1 9R2 Lo 91‘ AR +r Doicet 3R2 . 3 Etéer Rz 1
- 24r% 2s  sr = 82 2 T 2r2 '

So the proof is completed and

m, m, m, R? m, m. m,
__|__.|_—+—2_ 1+ 24 —<4—2 is truein any AABC.
m, m, m, 4r m, m, m,

Solution 2 by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=yands—-c=z~.s=x+y+z=>a=y+zb=z+xandc=x+y
sz st s* ) (chcx)3 4R
) Ty — oy & = and1+_
r2 A? s(s — a)(s — b)(s —o¢) Xyz r
N 4sabc B [leye(y +2)

4s(s — a)(s — b)(s —¢) XyZ

4R (- )xYZ+Hcyc(y+Z)

Xyz

Z+x b (- )chc(x+Y)2(Y+ z) s?
Now, ; Z o CZYC: Moy 1 2) 5 (0),(00), (000) > z

b AR\ (Beyex)’  (xy2+ ey +2)\ (Seye(® + )Y + 2)
= (Z E) (1 + T) < XVZ = < XYVZ ) ( Hcyc(y + Z) )

cyc

Now,

=1+
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3

=3 H(y+z) Zx > xyz+1_[(y+z) Z(x+y)2(y+z)

cyc cyc cyc cyc

)]
=N Z xty? + Z x3y3 > xyz Z xy? | + 3x%y?z?
cyc cyc cyc
3 3 36, 5 3 3 3 A6, 5 3 3
Now,Vu,vyw>0,u’+u’+v®’ > 3u‘v,v°+v>:+w’ > 3viwand w’ +w
A—G
+u® > 3w?uand summing up : Z ud > Z u?vand choosing u = xy,v
cyc cyc

=yzand w = zx,
2

)

o) A-G s
Z x3y3 S xyz z xy? | and zx4y2 = 3x%y%2% « (1) + () > (D is true = =
cyc cyc cyc ()

2

- zb (1 4R) zb(':) S
- a + r = a - r(4R+r)

cyc cyc
N a+b+c+R;1+b+c+a za+zb+R—2r;zzb
p— p— p— — — — _@ J— J— p—
Ow'bcaZr_ a b ¢ b a 2r a
cyc cyc cyc
chc (ab(zcyca - C)) R—2r? b
= + 222—
4Rrs 2r a
cyc
2s(s? +4Rr+r?)—12Rrs R—2r? b
Rz, g0
4Rrs 2r a
cyc

r(4R+r)

sZ—2Rr+r2+R(R-2r) ? b b via(ee)  2g2
> ZZE and':ZzE <

S >
2Rr -
(k) cyc cyc
] . . s? —2Rr + r? + R(R — 2r)
-~ in order to prove (x*x), it suffices to prove : >Rr
- 2s?
“r(4R+r)

(****)
e|rs2+RR-2r)@AR+r1r) > r2R-r)4R+r)

Gerretsen ?
Now,LHS of (++++) >  r(16Rr—5r?)+R(R—2r)(4R+r1) > r(2R—r)(4R + 1)

? R ?
o413 —15t2 +16t—4 >0 (t=;)@(t—Z)(4t(t—2)+t+2)20

b ¢ R b ¢ a
t—=1+—+—+—
a c

Euler a
- true~t = 22(****)z(***)istrue:__}___}__ >
b ¢ a 2r b
a+b c+abc(a+b+c)>1+b+c+a i hich - e with sid
b ¢ a 16F2 = a b c ,applying which on a triangle with sides
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2m, 2m;, 2m

F
3 '3 ' 3 whose area subsequently = 3’ we arrive at
8m,mym. 2(m, + my + m.)
m, m . m, m, m
;e Ty Bey 27 3 >14+ 2442
m, m, m, 16F

m, my, m,

m m m m
[ a a b c
=>1+—+—+——(—+—+—)
m, Imy m, my m, mg,
Rs? . Rs
© mgmpm, < —— and via Bager
<mambmc(ma+mb+mc) aible 8 =

R R
(4‘R + 1') Euler 2 (4‘R + _) _ RZ

2
< < =
- 9F? - , 9r2s? - 9r? 4r?
m, m m R m m. m
=>—a+—b+—c+—221+—b+—“+—“ (QED)
m, mg 4r m, b c
Rs?
Proof of mymym, < -
22,2 2 a? 2 2 2 2 2 @M1 6
mZmZm? = (Zb +2¢% — a?)(2¢? + 2a% — b?)(2a% + 2b% — ¢?) = _{_42“

+6 (z a*b? + z a2b4) + 3a2b2c2} o
Now,z ab = (z a2)3 — 3(a+b2)(b? + 2)(c2 + a?)
= (Y @) -3 (2atb2e + Y a2 (Y a2 - 2))
- azf 3anre -3 (Y ar?) Y a2
a2 (Y az) +3a2b%c? -3 () a?b?) ) o
Y atwz+ > atht = > a2 (Y a2 - 2) 2 () a?b?) ) a? - 3a2b2c?

~ (1),(2),(3) = mZmZm?

C

= 6—14<—4 (Z a2)3 —12a%b%c? +12 (Z azbz)z a’+6 (Z azbz)z a?
— 18ab%c? + 3a’b?c?
= 6_14 (-4 (Z a2)3 +18 (Z a’b?) z a? - 27a2b2c2>
_ 6_14<—4 (Z a2)3 +18 <(Z ab)z - 16Rrs2> (Z a?) - 27a2b2c2>
64{ 32(s? - 4Rr - 12)” + 36(s* — 4Rr — r2)(s? + 4Rr +12)’
— 576Rrs?(s? — 4Rr — r%) — 432R?r?s?}

RZ 4
= R{sﬁ —s*(12Rr — 33r?) — s?2(60R?r? + 120Rr3 + 33r*) — r3(4R + )3} < >

& s% — s*(4R? + 12Rr — 33r?) — s?(60R?*r? + 120Rr> + 33r*)
@
-r*(4R+r)3 <0
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Gerretsen

Now,LHSof (4) < —s*(8Rr—36r?)—s?(60R?*r? + 120Rr? + 33r%)
?

~r3(4R+1)350
?
& s*(8R - 16r) + s*(60R?r + 120Rr? + 33r°) + r’(4R + r)* 2 20rs*

(5
erretsen

G
Now,LHSof (5) > s?(16Rr — 5r%)(8R — 16r) + s?(60R?*r + 120Rr? + 33r?)

@ Geretsen
+r2(4R+r)? and RHSof (5) < 20rs?(4R? + 4Rr + 3r?)
(b)
(a), (b) = in order to prove (5), it suffices to prove
: s2(16Rr — 5r%)(8R — 161) + s2(60R?r + 120Rr? + 33r3) + r(4R + r)3
> 20rs?(4R? + 4Rr + 3r?)

& s2(108R? — 256Rr + 53r?) + r(4R +1)3 > 0

)
& s2(108R? — 256Rr + 80r?) + r(4R + )% > 27r?%s?
erretsen

Now, LHS of (6) e (108R? — 256Rr + 80r?)(16Rr — 5r?)

(©
ets

Geretsen
+r(4R+r)®and RHS of (6) < 27r%(4R? + 4Rr + 3r?)
(d)
(c), (d) = in order to prove (6), it suffices to prove
: (108R? — 256Rr + 80r?)(16Rr — 5r2) + r(4R +r)3

> 27r%(4R? + 4Rr + 3r?) & 224t — 587t* + 308t — 60 > 0
R Euler
(where t= ;) o (t—2){(t—2)(224t+309) + 648} > 0 - true - t S 2> (6) = (5)
2.4 2
R

2 R*s S
> m,mpym, < - (Done)

= (4) is true > m2mZm? <

679. In AABC the following relationship holds:

cot? % tan? g
I
sinA sinA

cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

A s—a 2R
We have : coti == (and analogs) and sinA = 3 (and analogs).
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2 A
cot® > s—a\? 2R 2R s2
Then : Z - =Z( ) — == ——=2s+a
sinA T a T a

cyc cyc cyc
_ 2R (s(s* + 1%+ 4Rr) 1s)
T2 4Rr 5=
_ s(s> + 12— 12Rr) "'m,;f”" s(4Rr —4r?) 2s(R—7) )
B 2r3 - 2r3 B 12
2 A
Al B 'Ztan 7_2( r )2 2R_2Rz sr?
S0, we have : sind s—a/ "a s a(s — a)?
cyc cyc cyc
2R (s—b)(s—c)<
s a(s—a) ~
cyc
AMéGM sz a? <RZ( s 1)_R(4R+r 3)_R(ZR—r) @
-~ s 4a(s —a) ~ 2s s—a T 2s\ r N ST
cyc cyc

2s(R—r) O9R(2R-71)
> o
12 sr
2s*(R—1) 29Rr(2R—1)

From (1) and (2) it suffices to prove : T

Cosnita & Turtoiu
We have : 2s*(R—71) > 27Rr(R—71)
Euler

=9Rr(3R—3r) = 9Rr(2R-r).
So the proof is completed. Equality holds if f AABC is equilateral.

680. " In any AABC holds:

a+b b+c c+a R b+c c+a a+b
+ + +—5=1+ + - :
b+c c+a a+b 8r a+b b+c c+a

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
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CBS & AM—GM

j S0+ 07)(Y g +b)2) 2 j(ZZ(b2+c2))(Z4}W)

Lelban Euler AM— GM R3
2) ——=3 1+1=
(Z ) aRsr “2Rr g3 t1t

AMGM o +b b+c c+a R3

—3+——1 < + + +
8r3 b+c c+a a+b 83
Therefore,
a+b b+c c+a R? b+c c+a a+b

is truein any AABC.

+ + t—2>1+ + +
b+c c¢c+a a+b 8r3 a+b b+c c+a

Solution 2 by Soumava Chakraborty-Kolkata-India
Lets—a=x,s—b=yands—-c=z~.s=x+y+z>a=y+zb=z+xandc=x+y

2 gt 54 ® (chcx)3 4R
Now'r2 AZ s(s —a)(s — b)(s —¢)  xyz and 1 +T
_ 4sabc _ Hcyc(y + Z)
"t -G - —9 T az
AR (0 xyz + [eye(y + 2)
=1+
XyZ
Z+Xx b (. )chc(x+Y)2(y+ ) s?
Now, Z z y+z z Hcyc(y + Z) ( ) (..) (...) :> r2

cyc

b AR\ (Beyex)’  (xy2+ eye(y + 2)\ [Seye(x + Y)2(y +2)
= (Z E) (1 + T) < XYz = < XyZ ) ( [leye(y +2) )

cyc

- (ﬂ@ , z)) (z ) . (m o z>> (z(x - z>>

cyc cyc cyc cyc
)
= Z xty? + Z x3y3 > xyz Z xy? |+ 3x%y?z?
cyc cyc cyc
A-G A-G
Now,Vu,v,w>0,ud +ud +v: > 3u?vvi+vi+w? > 3viwand w? + w3

A-G
+u® > 3w?uand summing up : Z ud > Z u?vand choosing u = xy,v
cyc cyc

=yzand w = zx,
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) )
Z x3y3 S xyz Z xy? | and Zx“y2 :Z_inzyzz2 & (%) + (%) = (i) is true z:—z

cyc cyc cyc (€]
(22)1e )+ [22 Y e
— — $ —_— .
- a r a - r(4R+r)
cyc cyc
N a+b+c+R;1+b+c+a za+ b+R—2r;Zzb
Tttt -+ = —t -t = - = -
OWb c a 2r a b c b a 2r a
cyc cyc cyc
chc (ab(zcyca - C)) R—2r?>? b
S + ZZZ—
4Rrs 2r a

cyc
2s(s? + 4Rr + r2) —12Rrs R —2r ? b
= + = ZZ—
4Rrs 2r

cyc

a

s2 —2Rr+r?+R(R-2r) ? b b via(ess) 242
> 2 — and‘:ZZE <

2Rr = a r(4R+r)
() cyc cyc

s —2Rr+r?+R(R-2r)
2Rr

-~ in order to prove (x*x), it suffices to prove :

- 2s?
“r(4R+r)

(****)
e|rs2+RR-2r)@AR+r1r) > r2R-r)4R+r)

Gerretsen

?
Now, LHS of (x+++) >  r(16Rr—5r?)+R(R —2r)(4R+r1) >r(2R—r)(4R + 1)

? R ?
o4t —15t2 +16t—4>0 (tz;)@(t—Z)(4t(t—2)+t+2)20

Euler . a b C R b C
Strue vt > 2= (xxxx) > (xxx)istrue> —+—+—+—>1+—+—
b ¢ a 2r a b

:>—+E+E+abc(a+bJrc)>1+E+£+E
b ¢ a 16F2 - a b c
. 1+E+E+E_(E E+E)(2 abc(a+ b +c)
a b ¢ \b ¢ a/” 2(a?b? +b%c2 + c2a?) — (a* + b* + c*)
“b+cc+a a+bformsides of a triangle,

=~ via (1) on triangle with sides b + ¢, c + a, a + b, we arrive at :
b+c+c+a+a+b_(a+b+b+c+c+a)< (Hcyc(b+c))(2cyc(b+c))
at+b b+c c+a \b+c c+a a+b/ 7 2Y(b+c)2(ct+a)?— Y (b+ )t

_ Z(chc a) (Hcyc(b + C)) _ Hcyc(b + C)
B 16abc(Xyca)  8abe

a
+ —
C

1+
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b+c c+a a+b (a+b b+c c+a)

+ + + +
a+b b+c c+a b+c c+a a+b

[legeb+0) 2 R R _ 2s(s? + 2Rr +r?) (rxrsn)
= gabe 272 os?+2Rr+r2 < 8RZ
8abc  _2r  2r- 32Rrs sTHARr+rt =

Gerretsen ? ?
Now, LHS of (x**x%x) <  4R%? + 6Rr +4r2 < 8R? @ 2R? —3Rr-2r2>0
Euler

?
< (R-—2r)(2R+r1r)=0->true * R = 2r = (x***x) is true
b+c c¢c+a a+b sa+b b+c c+a R Euler R3

+ + —( + + )s— < —
a+b b+c c+a \b+c c+a a+b 2r 8r3
. AABCa+b+b+C+C+a+R3
* I any 'b+c c¢c+a a+b 8r3
b+c+c+a+a+b_ ¢ ED
a+b b+c c+als rue (QED)
681. In any AABC the following relationship holds:

(b+c c+a a+b>_|_R2—4r2 (a b c )

+ + > 12 + +
a b c 2 b+c c+a a+b

=~ for original A ABC,1 +

>1+

>1+

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution 1 by Alex Szoros-Romania

P = N Yas

cyc cyc cyc cyc

b+c c
-yitaay
a a+b

cyc cyc

:>3zb+c>122 ¢ (1
a a+b'()

cyc cyc

2 2

R r
R > 2r (Euler) > R* > 41r* > —a >0;(2)

From (1) and (2), it follows that:

b+c c+a a+by R?—4r? b c
( + + >+ 212( + + )
a b c r2 b+c c+a a+b

Solution 2 by Tapas Das-India
a a 2 a<1+1)
b+c 2 b+c~ 4\b ¢
b <b 1+1> d c <C(1+1)
c+a_4(c a an a+b " 4\a b
By adding, we get:
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Z a 1 b+c
< —
b+c 4 a
a b Cycc Clyc b+c b+c
12<b+c+c+a+a+b>S12'Z a =3Z a ;)

cyc cyc
2 2

R 4r
R > 2r (Euler) = R?> > 41* > — >0;(2)
From (1) and (2), it follows that:
b+c c+a a+b\ R?-—4r? b c
( + + >+ > 212( + + )
r b+c c+a a+b

a b c
682.

Let be an acute triangle DEF with r{,1r,, 3 —exradii, R4, Rg, R, —radii of

circles with centers A4, B, C. Prove that:

1+1+1> 1
1 T, rg_RA+RB+RC

Proposed by Marian Ursarescu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
1 1 1 1
Let r be the inradius of ADEF.We have: — + —+—=—.
T T, T3 r

So the problem becomes to prove: R+ Rg+ R, > 1.

c

r
We have : FM=FC+CI+IMWith:FM=—F, FC=—F, Cl=R., IM=r.

sinz sinz
. F
r R, 1- siny
Then : —F = fFTRAT = R = .r (and analogs)
sini sinf 1+ sini
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.. D . E . F
1—sm7 1—sm7 1—sm7
Now, RA+RB+RC= + + .r
1+sine 1+sine 1+sink
sin sin sin
2 N 2 N 2 3 -
= — .r
.. D . E . F =
1+sm7 1+sm7 1+sm7
cgs , 9 . lergen 18 \
) — .Tr _—— .r=r.
= .. D . E . F - T
3+sm7+s1n7+s1n7 3+351n6
1 1 1 1
—+—+—=

r, r, 13 Ry4+Rg+R,/
Equality holds if f ADEF is equilateral.
683. Prove that in any triangle ABC with usual notations holds:

ab+bc+ca> m,

4+/3F | Sa

Proposed by Marius Dragan, Neculai Stanciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We -ma_b2+c2_1(b+c><R(B dila's i lity)
e have : s. - 2pe 2\ tB) 7 andila's inequality).
So it suffi ¢ that ab+bc+ca> R
oitsuffices toprovethat: ——— > |[—.

P 4+/3F 2r
ab+bc+ca s*+r(4R+r1) )
We have : = = f(s), with
4+/3F 4/3sr
s%2 — r(4R + r) Doucet
f'(s) = ( ) > 0.
4+/3rs?

Then f is increasing and by Gerretsen's inequality we have :
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ab+bc+ca=f(s)Zf(m)=(16Rr—5r2)+r(4R+r)

4+/3F 4r/3(16Rr — 512)
5R—r -~ |R
= 2 —_
\/3(16Rr — 57r2) 2r

& 2(5R—1)2>3R(16R—5r) ©2R*—-5Rr+2r*>0 < (R-2r)(2R-1)>0

Which is true by Euler's inequality (R = 2r).
Equality holds if f AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

m, B m, Pana;topol R ; ab + bc + ca (sz + 4Rr + rz)z ; R
—_ (=4
Se by = JzZr= T av3F 48ris* T 2r

?
& s* + r2(4R + r)? + 2s?(4Rr + r?) > 24Rrs?

?
& s* +r?(4R +1)? 2 (16Rr — 2r?)s?
®
Gerretsen + Trucht

Now, LHS of (i) > (16Rr — 5r?)s? + 3r?s? = (16Rr — 2r?)s? = (i) is true
ab + bc + ca
: —

4+/3F

’m
> s—a, equality iff A ABC is equilateral (QED)
a

684. In any AABC the following relationship holds:

a b c R? — 412 b+c c+a a+b
2o R e, )

+ + +
b+c c+a a+b 2 a b c

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Weh . a N b N c cgs (@a+b+c)? 2s?
enave: e cra a+b - 2(ab + bc+ca)  s%+12+4Rr
2(r% + 4Rr)
=2 - >
s2+ 12+ 4Rr —
Gerretsen 5 2(r% + 4Rr) 4R+r  16R-5r

"~ (16Rr — 512) + 12 + 4Rr - e 2(5R—-71) - 2(5R—1r)
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b+c+c+a+a+b_(a+b+c)(ab+bc+ca)

a b c abc
_ 2s(s®> + 12 + 4Rr)

4Rsr

3

Also we have :

s + 1% — 2Rr Gerrg”" (4R% + 4Rr + 3r2) +r2 —2Rr  2R? + Rr + 2r?
a 2Rr = 2Rr - Rr '

5 16R — 57 +R2—4r2 - 2R% + Rr + 212
"2(5R—-1) r2 - Rr

So it suffices toprove: 1

& 6Rr%2(16R — 51r) + R(5R — r)(R? — 412) > 3r(5R — r)(2R? 4+ Rr + 2r?)
& 5R* - 31R3r + 67R*r> —53Rr3 + 6r* > 0
© R-2r{R-2r[(R-2r)(BR—1) +1*]+31r%} >0
Which is true by Euler's inequality (R = 2r).
So the proof is completed. Equality holds if f AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

122 - —12225_(b+c)— 24s Z( +a)(a+b) - 36
c b+c  [lycb+0) crana
cyc cyc cyc

- (25(52 +2:IS{r + rz)) (Z a’ +2 z ab> + z ab |- 36

cyc cyc cyc

24s(4s? + s + 4Rr + r?) 36 = 12 a () 24s? — 24Rr — 24r?
= — = =
2s(s? + 2Rr +r?) Zb+c s2 + 2Rr + r?
cyc

_ b+c 2s—a 6s(s?+4Rr +r?) b + ¢ i 3(s* — 2Rr + r?)
Agaln,SZ =32 = —9:32 =
a a 4Rrs a 2Rr

cyc cyc cyc
~ via (D), (iD),
b c R? — 4r? b+c c+a a+b
12( + + ) +—= 3( + + )
b+c c+a a+b r a b C
24s? — 24Rr — 24r* R? — 4r? - 3(s®> — 2Rr +r?)
sZ + 2Rr + r? rz2 2Rr
r?(24s? — 24Rr — 24r?) + (R? — 4r?)(s? + 2Rr + r?) - 3(s*> — 2Rr +r?)
=14
r2(sz + 2Rr +r2) - 2Rr
& 3rs* — (2R3 + 40Rr? — 6r3)s?

®
—r(4R* + 2R%r — 52R?*r? — 56Rr® — 3r*) < 0
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Gerretsen

Now,LHSof (x) <  3r(4R?+4Rr + 3r?) — (2R3 + 40Rr? — 6r°)s?

?
—r(4R* + 2R®r — 52R?r? — 56Rr® — 3r*) < 0

& (2R3 — 12R%r + 28Rr? — 15r%)s? + r(4R* + 2R%r — 52R?*r? — 56Rr® — 3r%) > 0
)
Euler
w 2R® —12R%r + 28Rr? — 15r3 = (R—2r)(2(R—2r)2 + 4r2) +9r® > 9r®>0
~ LHS of (*x*)

Gerretsen
(2R3 — 12R?r + 28Rr? — 15r%)(16Rr — 5r2)
?
+ r(4R4 + 2R3r — 52R?r? — 56Rr® — 3r*) > 0
? R
& 9t* — 50t3 + 114t> — 109t + 18 > 0 (t = F)

Euler
s (t—-2) ((t— 2)(2t2 +7t(t—2) + 22) + 35) > 0 > true = t u> 2 = (%*) = (%) is true

:12< a N b N c ) R? — 4r? >3(b+c+c+a+a+b) ED
b+c c+a a+b r? - a b (QED)
685. In any A ABC holds:

a+b+c+ s? 1+b+c+a

b ¢ a 27r 7 2 a b

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=yands—-c=z-.s=x+y+z>a=y+z
b=z+xandc=x+y

3
sz st st ) (Zeyex) 4R
Now, 5 =pz = s(s — a)(s — b)(s —¢)  xyz and 1 3
4sab +
14 sabc _ Moy +2)
4s(s — a)(s — b)(s —¢) XyZ
4R (--) xyz + [Ieye(y + 2)
=1+
xyz
z+x b (o) Zeye(x +Y)*(y + 2) s?
NOWZ Z Z—— s (0),(00), (000) > —
vz Da e e OUOACORS

cyc

Z ( ) (chc x) <xyz + Hcyc(y + Z)) (chc(x + Y)Z(y + Z))
xyz xyz [eye(y +2)

cyc
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3

H(y+z) Zx > xyz+n(y+z) Z(x+y)2(y+z)

cyc cyc cyc cyc
4.2 3.3 @ 2 22,2
@ny +ny > XyZ ny + 3x“y“z
cyc cyc cyc

A-G A-G
Now,Vu,v,w > 0,ud +ud+v: > 3u?v,v¥+vi+w? > 3viwand w3 + w3

+ud AZG 3w?u and summing up : Z ud > Z u?vand choosing u = xy,v
cyc cyc
=yzand w = zx,
(*) SZ
2:x3y3 S xyz ny and Z:x“y2 > 3x%y%z? -« (x) + (%) = () is true = —
cyc cyc cyc (**) r

2

= Z" (”4R) Z"('? S
— — > — -
- a a - r(4R+r)

cyc

b b R 2r? b
Now, — + + +— 1+ + +— Zb ZZZ—

b 2r 2r a
cyc cyc cyc
chc (ab(zcyc a-— C)) R—2r? b
S + >2 z —
4Rrs 2r a
cyc
2s(s? +4Rr+r?)—12Rrs R—2r? b
o + >2) 2
4Rrs 2r a
cyc
s?2—2Rr+r?+RR - Zr) z 42 z b Via(<““) 2s?
= — — _
2Rr an a -~ r(@R+r)
(***) cyc cyc

s —2Rr+r?+R(R—-2r)

-~ in order to prove (x*x), it suffices to prove : SR

- 252
“r(4R+r)

(****)
e|rs?+R(R-2r)@4R+r1r) > r2R-r)4R+r)

Gerretsen

?
Now,LHS of (x++x) >  r(16Rr—5r?)+R(R —2r)(4R+r) >r(2R—1r)(4R +1)

? R ?
o413 —15t2 +16t—4 >0 (t=;)@(t—Z)(4t(t—2)+t+2)20

Euler a b R b a
Strue wt > 2= (x*xx) > (x*+x)istrue > — +—+— +_>1_|_ 4+ _|__
b c 2r a b
1+b+ + (a+b+c)<R; S 2s% > 27R
= —— |-+t —-+- — =
b b ¢ a/~ 2r~ 27r? S = r
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?
& 2(s? — 16Rr + 5r?) + 5r(R — 2r) > 0 - true

Gerretsen Euler
+s?—16Rr+5r> > 0Oand5r(R-2r) > 0
.1+b+c+a <a+b+C)< s?
h ) b b ¢ a/ 27r2

S

b ¢
>1+- . +— b + is true V triangles (QED)

a+b+c+
ﬁ_ — —
b ¢ a 27r2

686. In any A ABC holds:

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Proof : Lets—a=x,s—b=yands—-c=z-.s=x+y+z=>a=y+zb=z+xandc

=x+y
3
sz st s ) (Zeyex) 4R
Now’r_z_A_z_s(s —a)(s — b)(s —¢)  xyz and1+T
4sabc +z
=1+ -1+ Hcyc(y )
4s(s — a)(s — b)(s —¢) XyZ
4R () Xyz + eye(y +2)
=1+
XyZ
z+x b (- )Ecyc(x+Y)2(Y+ z) s?
NOWZ Z z o), (00),(00e) > —
T2 Moo rg E0e0=5

cyc

b AR (Zeyex)’ (292 +leyey +2)\ (Zeye(x + )2y +2)
= (Z E) (1 + T) < XyZ = < Xyz ) ( Hcyc(y +2) )

cyc

- <n<y+ z)> (z ) . (m o z>> (z(x - z>>

cyc cyc cyc cyc

®H
& Z xty? + Z 3 > axyz (Z xy2> + 3x%y?z?

cyc cyc cyc

3

Now,V u,v,w > 0,u3 + u3 + v3 2 3ulv,vi+vi4w > 3viwand w3 + w3

A-G
+u® > 3w?uand summing up : ud > Z u?vand choosing u = xy,v
cyc cyc
=yzand w = zx,
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2

()
o s
Z:x3y3 > xyz ny and Z 4y 2 > 3x2y?z% - (x) + (x+x) = (i) is true > =z

cyc cyc cyc [es)

2

- ZE (Hﬁ)ﬁ zk“;')s_

- a r a = r(4R+r)

cyc
Nowa+b+c+—>1+ + +— @z b,R- ZF;ZZE
b 2r b 2r a

cyc cyc cyc

chc (ab(chca C)) R—-2r ; 9 b
4Rrs 2r z_

cyc
2s(s? + 4Rr + r2) —12Rrs R —2r ? b
= + > Zz—
4Rrs 2r

a

a
cyc

s?2—2Rr+r?+RR - 2r) z 42 z b via<<----) 2s?
= _ _ -
2Rr an a = r@R+r1

(***) cyc cyc

s —2Rr+r?+R(R-2r)

=~ in order to prove (x*x), it suffices to prove :
- 2s?
“r(4R+r)

2Rr

(****)
e|rs2+R(R-2r)@R+r1r) > r2R-r)4R+r)

Gerretsen

?
Now,LHS of (+*x) >  r(16Rr—5r?)+ R(R—2r)(4R+r1) >r(2R—r)(4R+T1)
? R ?
o4t —15t2 +16t—4 >0 (tz;) o (t-2)4tt—-2)+t+2)=>0

Euler

. a b ¢ R b c
—-true -+t > 2:}(****):(***)1strue:>—+—+_+_ 14+—4— _|__

b a Zr a b
1+b+c+a (a b C) R7 Rs? 22>27R
= —t -4+ —— =+ —4= o
a b c bvc 54r3 S = r
& 2(s? — 16Rr + 5r2) + 5r(R — 2r) = 0 - true

Gerretsen Euler

+s2—16Rr+5r> > O0and5r(R—-2r) > 0

L (a+b C) Rs?
b b ¢ a/ 54r3
a+b c+Rsz>1+b+c+a t vt 1 ED
:_ — — —
bt et g 5432 i c1s rue VY triangles (QED)

687. In AABC the following relationship holds:

a b c b ¢ a
—+—+—=1+ |[—+—+—
b ¢ a a b c

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution 1 by Alex Szoros-Romania

a b c¢cb ¢ a a b ¢cb ¢ a
Let:M=max{—+ +—=—-—+-+ }m mm{— —+—,—+— —}
b a’'a b b aa b c
>M>m2=>3
a b c R
I)Suppose:M=E+z+E.HowZZ1and\/M2\/ﬁ=>

R
;+\/M21+\/ﬁ

InsS _M_b+c+a
) Suppose: =2t5 T2

R R
Z+\/17121+\/1W(toprove)<:)§—12\/1l_’1—\/ﬁ;(1)

We know that:
R+a+b+c>1+b+c+a R 1>M
—_— —_— — J— J— — _=>__ —
2r b ¢ a a b ¢ 2r - m

It is enough to prove:
M-m>Vm-yme M—VM >m—Vm;(2)
Let f:[3,0) > R, f(x) = x —Vx
1 2Jx-—-1
2Vx  2Vx
f —increasing. How M > m = f(M) > f(m) = (2)

ff[x)=1- >0Vx >3

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
b c a CBS 1 1 1 Leibniz & Steining 1 3R
—to+— 2 [(b%+c? 2( = ) 2 9RZ.— ="
a+b+c (b% + c%2 + a?) +b2+ yre il

a b c
Also by AM — GM inequality we have : b + p + a =3

So it suffices to prove that :

R 3R R R
—+4+V3=>1+4+ |[— or [ [—-1 —+1-V3|=0
2r 2r 2r 2r
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Which is true by Euler's inequality R > 2r.

Equality holds if f AABC is equilateral.

Solution 3 by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=yands—-c=z-.s=x+y+z>a=y+zb=z+xandc=x+y

3
sz st st ) (Zeyex) 4R
Now,— = — = = d1+—
oWz T a2 s(s — a)(s — b)(s —¢) Xyz and 1+ r
4sab +z
-1+ sapc _ 1+Hcyc(y )
4s(s — a)(s — b)(s — ¢ XyZ
AR () xyZ + [eye(y +2)

Xyz

Z+x b (- )chc(x+y)2(y+ 2) $2
Now, z z y+z z Hcyc(y +2) o (0),(00), (s00) = =

b (Seyex)’ (292 + eye¥ +2)\ (Zeye(x + )2y +2)
z E (1 + T) < XVZ = < XyVZ ) ( Hcyc(y + Z) )

=21+

cyc

=

cyc
3

n(y+z) Zx > xyz+1_[(y+z) Z(x+y)2(y+z)

cyc cyc cyc cyc

(0]
PN z xty? + z x3y3 > xyz z xy? | + 3x%y?z?

cyc cyc cyc

A—
3

A- G
3 > 3viwand w3 + w3

G
Now,Vu,vvw>0ud+ud+v: > 3udvvi+vi4w

+u AZG 3w?u and summing up : z ud > z u?vand choosing u = xy,v
cyc cyc
=yzand w = zx,
() SZ
Z x3y3 2 xyz Z xy? | and Z 2 > 3x2y%z?% . () + (**) = (i) is true = 2

cyc cyc cyc (* *)

2

- Zb (1_|_4R):> Zb(':) S
- a r a = r(4R+r)

cyc cyc

N a+b+c+R;1+b+c+a Za+zb+R—2r;22b
p— p— p— — — — _<: — — p—
ow,b c a 2r a b c b a 2r a

cyc cyc cyc

- chc (ab(chca - C)) + R—-2r ; Zzb

4Rrs 2r E

cyc

2s(s®? +4Rr+r?) —12Rrs R—2r? b

o + = ZZ—
4Rrs 2r

a
cyc
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s?2—2Rr+r?+R(R-2r) ? b b via(eees)  2g2
> ZZ— and ZZE <

@ ——
2Rr - a r(4R +r)
(ex) cyc cyc
] . . s2 —2Rr+r? + R(R— 2r)
-~ in order to prove (x*x), it suffices to prove : SRY
- 2s?
“r(4R+r)

(****)
ors?+RR-2r)4R+1r) > r(2R-r)(4R + r)

Gerretsen
Now,LHS of (++++) >  r(16Rr —5r?) + R(R — 2r)(4R + r) > r(2R- D4R + 1)

? R ?
& 43 —15t2 + 16t— 4 > 0 (t=—)«:(t—Z)(4t(t—2)+t+2)zo

Euler b c R b ¢ a
> true vt > 2=>(****)=>(***)1strue=> + - + +—21+—+-+-
b a 2r a b c
1 b a b c R Euler RZ
= — -t —— [+ —+-")<— <
+a+b+c <b+c ) 2r — 4r?
1+b+c+a (a b C)(D R?
: —_—— — — —
a b b ¢ a 4r2

M lit + ot “>1+4 + c 42 +a+b+ +R Ea
— — @ J— p—
ammequaly, c  4r2 b
cyc
b
>1+ R . +2 E—
b a
cyc
b ¢c a sa b b(l) R2 a
<:>1+—+—+——(—+—+ +2
a b c b ¢
cyc cyc

andvia A — G,RHS of (1) >

_ ® R

Now, via (se¢e¢) and (I),LHS of (1) < s + 2. r(4R )
R

+ —.V3 = (i), (ii) = in order to prove (1), it suffices to prove :

R2 s2 3R? 4s? , @ 2
S 4rs* < 3(4R+ )R

RZ
— .|_ \/ > — = =
4r? r(4R+r) r2 " r(4R+r)

(i) R2?

4y2

Gerretsen ? ?
2 4r(4R2 +4Rr +3r?) <3(4R+1)R? & 12t3 — 13t - 16t — 12> 0

Now, 4rs <
? Euler
& (t-2)(12t2+11t+6) >0 > true~ t > 2= (2) = (1) is true

- AABCR+ a+b+c
- any 2r b ¢ a
b ¢ a
>1+ ’E+B+E,equality iff A ABCis equilateral (QED)
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688. In A ABC the following relationship holds:

R a+b b+c c+a b+c c+a a+b
—+ + + >1+ + +
2r b+c c+a a+b a+b b+c c+a

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

Proof : Lets—a=x,s—b=yands—-c=z-s=x+y+z=>a=y+zb=z+xandc
=x+y
s st st © (chcx)3
ﬁ_p_s(s —a)(s — b)(s —¢)  «xyz
4sabc _ Hcyc(y + Z)
+4s(s —a)(s — b)(s —¢) XyZ
4R (- xyZ + [leye(y +2)
XyZz
2

Z+x b (o) Zeye(x +¥)* (v +2) s
Nowczyc Zy+z z My +z 20 =0

3 2
2 (z E) (1 . T) R (z;y;;c) g (xyz + chyy;(y + z)) (chﬁ;&(gf z))

cyc

- (n@ , z>) (z ) . (m o z>> (z(x - z>>

cyc cyc cyc cyc

(0]
PN z xty? + z x3y3 > xyz (Z xy2> + 3x2%y?z?

cyc cyc cyc

4R
Now, and 1 + -

:1+

A-G A-G
Now,Vu,v,w>0,ud +ud +v3 > 3u?v,vi+vi+w? > 3viwand w? + w?

A-G
+u® > 3w?uand summing up : ud > Z u?vand choosing u = xy,v
cyc cyc
=yzand w = zx,

() 2
() s
2 x3y3 S xyz(E xy ) and E y? > 3x2 20 (%) + (+%) = (i) is true = 2

cyc cyc cyc (* *)

2

»(Z2) - z—

cyc cyc
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b R b ¢ a a b R-2r> b

Now, — + + +—>1+ +—+—<:>Z—+ —+ ZZZ—
a b c b 2r

‘b 2r a a
cyc cyc cyc
_ Lo (ab(Ecyc a- C)) R—2r7 z b
4Rrs 2r a

cyc
2s(s?+ 4Rr+r?) —12Rrs R—2r? b
o + = ZZ—
4Rrs 2r

cyc

s —2Rr+r?+R(R-2r) bvm(----) 252
S 2 Zz—and ZZ

a

2Rr - r(4-R +r)
(***) cyc cyc
. ) ) s2 —2Rr+r? + R(R — 2r)
. in order to prove (x*x), it suffices to prove : SRE
- 2s?
“r(4R+r)

(****)
ors?+RR-2r)4R+1r) > r(2R- r)(4R+ r)
Gerretsen
Now, LHS of (++++) >  r(16Rr —5r?) + R(R—2r)(4R +r) 2 r2R—-r)(4R+r)
? R ?
& 4t3 —15t2 +16t—4>0 (t=;) o (t-2)4tt—-2)+t+2)=0
Euler . a b C R b C
Strue vt > 2= (xxxx) > (xxx)istrue> —+—+—+—>1+—+— +—
b ¢ a 2r a b
b ¢ abcla+b+c) b ¢ a

a
E+ +E+ 16F2 21+E+B+_
. 1+E+£+E_(E+E+_)(l) abc(a+b +c)
a b b ¢ 2(a?b? + b2c? + c2a?) — (a* + b* + ¢%)
“b+cc+ a a+bformsides of a triangle,
=~ via (1) on triangle with sides b + ¢, c + a, a + b, we arrive at :
b+c+c+a+a+b_(a+b+b+c+c+a)< (Meye( + ©) (Zeye(d + ©))
at+b b+c c+a \b+c ct+a a+b/T 2 (b+0)2(ct+a)?— Y (b+ )t
_ 2(Zeye @) (Meye + ©))  Teye(d + )
- 16abc(Xyca)  8abce
b+c c+a a+b a+b b+c c+a
+ + —( + + )
+b b+c c+a b+c c+a a+b

=~ for original A ABC,1 +

Hcyc(b + C) ? R ZS(S + 2Rr+r ) SZ +2Rr + rz (**;**) 8R2
8abc 2r 2r 32Rrs -
Gerretsen ?
Now, LHS of (x#x*%) < 4R2 + 6Rr + 4r? < 8R? ©2R? —3Rr—-2r2>0
Euler

< (R-2r)(2R+r1) 2 0 > true v R > 2r = (x***x) is true
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b+c c+a a+b

>1+ + +
a+b b+c c+a
a+b b+c
-(axb,
b+c c+a
+c+a>g)RE¥rR2 .1+b+c+c+a+a+b (a+b+b+c+c+a>(m)RZ
a+b/ = 2r — 4r?|||” a+b b+c c+a b+c¢c c+a a+b/ = 4r?
N R+ a+b+b+c c+a b+c c+a+a+b
ow,— >
2r b+c c+a a+b a+b b+c ct+a
R2+a+b+b+c c+a }:
@_
4r2 b+c c+a a+b b+c
cyc
b+c¢c c+a a+b b+c
>1+ + + +2. z
a+b b+c c+a a+b
cyc
1+b+c+c+a+a+b (a+b+b+c c+a)+ b+c(1)R2 a+b
@ J—
a+b b+c c+a b+c c+a a+b 4ﬂ
cyc
N (m), LHS f(1)< +z btec: R, atb
ow,via (m o —
a+b ™ 4ﬂ b+c
cyc cyc

=4

R2 a+b? b+c
>4Z

b+cs a+b
cyc (2) cyc

a+b (a+b)?  Bergstrom 16s?
Nmm}j =

= =
e b+c e (b + c)(a + b) (chc aZ +2 chc ab) + chc ab

16s? i R? 16s?

= = LHS of (2) > —-.
4s2 + s2 + 4Rr + r2 of (2) r2 '5s2 + 4Rr + r2

Again,zb+cz (b+c)(a+b)A%Gzc(b+c)(a+b): 1 Z . b2+2ab

a+b (a + b)? 4abc 4abc
cyc cyc cyc cyc cyc
—1Zb2+22b<lz3+22b
" 4abc €TaS /2, = abce a SL.?
cyc cyc cyc cyc
2s (% — 6Rr— 3r% + 52 + 4Rr + 2)_ s? — Rr — r? Gerrétsen4R2+3Rr+2r2
~ 16Rrs '\ roerws , rer 4Rr = 4Rr
(i) 4R? + 3Rr + 2r?
= RHS of (2) < Ry ~ (i), (i)
= in order to prove (2), it suffices
R? 16s? 4R? + 3Rr + 2r? 3 2
to prove : > < 16R°s

12552 + 4Rr + r2 Rr
> 5r(4R? + 3Rr + 2r?)s? + r?(4R + r)(4R? + 3Rr + 2r?)
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©)
20R?r — 15Rr? — 10r®)s? > r?(4R +r)(4R? + 3Rr + 2r?)

& |(16R3 —
Euler
20R?r — 15Rr? — 10r® = (R — 2r)(16R? + 12Rr + 9r%) + 8r® > 8r >0
Gerretsen

~LHSof (3) > (16R%®—20R?*r— 15Rr? — 10r%)(16Rr — 5r?)
?

? B ?
>r2(4R +1r)(4R% + 3Rr + 2r?) © 64t* — 104t3 — 39t — 24t + 12> 0
ler
2=>3)=>(2)

? Eu
o (t—2) (64t3 +24¢% + 6t + 3(t — 2)) >0 true ~t >

= (1) is true
R a+b b+c c+a b+c c+a a+b
—+ >1+ + (QED)

16R3 _

+ + >
b+c¢c c¢c+a a+b a+b b+c ct+a

Solution 2 by Mohamed Amine ben Ajiba-Tanger-Morocco

We have :

Y% j<z<b+c>z><z ww) £ j&wzm (X )

Lelbnlz
- (Z a?
4Rsr 2Rr

Then we have :

b+c c+a a+b AM_GM R
1+ + + <1+ |3 +1+1+1>=
at+b b+c c+a 2
R Etﬂ‘er AMHHGM
=—+4+V3 1-—— ——1 < —+ < —
2r V3 - < 4) 2r V3 2r

, asdesired.

a+b b+c c+a
+ +
b+c c+a a+b

Equality holds if f AABC is equilateral.
689. ABCD —square, E is the midpoint of AB,CD N (AEC) = F, O is the

center of (AEC). Prove that:
FE || DO and EF:0D =4
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Proposed by Eldeniz Hesenov-Georgia
Solution by Mansur Mansurov-Azerbaijan

F

) » FC || AB = AF = EC,FD
— EB = AM
o T — MD = DF

= u(EFC) = 45° > pu(EOC) = 90° = B, E, 0, C —cyclic
EO =0C =R > u(EBO) = u(CBO) = 45°
= B, D, 0 —collinear= u(m‘) =45°= 0D || EF; (1)
EF _ BD _ DC —4
OD OD DH
690. H —orthocenter of AABC, ADEF —is orthic triangle of

AABC, R —circumradius of AABC, p —is inradius of ADEF. Prove that:

DM  (a® - b* + c®)(a® + b* - c?) DM EN FN 4p
MA a?(—a? + b? + ¢?) ’ MA NB NC R
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Proposed by Juan Jose Isach Mayo-Valencia-Spain

Solution by Jose Ferreira Queiroz-Olinda-Brazil

4 b?% + c% — a? B a’? + c¢% — b? c a? + b? — ¢?
cosAl=—— cosB=— ,cosC = ———
2bc 2ac 2ab

In ADME and A AME, we have:

DN EN EM AM
and

sin(m — 2B) - sin (g _ A) sin (g _ C) ~ sinB

DM -cosA AM-cosC DM 2cosC:-cosB
= = =
sin2B sin B AM cos A
a’ + b%* —c* a? + c% — b?
DM 2 -—.p ' 3 ac (a? — b? + c?)(a® + b? — ¢?)

AM b% + ¢ — a? B a?(—a? + b? + c?)
2bc
Similarly, we get:

EN_ZcosA-cosC FN 2cosA:-cosB

NB ~ cos B andﬁ - cos C
In ADCE we have:
DE a-cosC a-sinCcosC
sinC _ sina =z - sin A

Now, let’s calculate the inradius of ADEF:
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DE - sin (M) - sin (FED) B a-sinCcosC, sin (g - A) - sin (E - B)

p= 2 2 /] _ sin 4 2 _
cos (255 (5
a-cosAcosBcosC
- sin A
DM EN FN 8p-sinA 8p-sin4d
m-ﬁ-N—C=8cosAcosBcosC= p =2R-sinA

691. Let I, ADEF be the incenter and the intouch triangle in AABC. Let
R4, R, R3; —be circumradii of AAEF,AADF,ACDE. Prove that:
8R,R,R; = Al - BI - CI

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Ertan Yildirim-lzmir-Turkiye

B D C

. A . B . C r
Lemma l: sin—-sin—Ssin- = —
2 2 2 4R

A B c s
Lemma 2: cOS—CO0S—COS— = —
2 2 2 4R

Lemma 3: Al = %
SlllE

In AAFE, from Law of Sines:
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X s—a X s—a:’ 2( ) si A
— = x=2(s—a)sin—
sinA _. (mt A A A A 2
sin (2 2) Zsmzcos2 cos

A

B D 3
FK (s—a)sin‘% (S—a)sin'% s—a
sinA=—>=R; = - = =
Ry sin 4 Zsingcos% ZCOS%
Similarly,
s—b s—c
R, = and R; = —
2cos§ ZCOSE
RHS = Al - BI - CI = r r r —r3—4-R2
Y Y - A S
siny sin3 sin;  gg
s—a s—-b s—c sr?
LHS = 8R1R2R3 =8 . . — — 4Rr2

A B cC S
Zcosi 2cosi Zcosi 4R

692. In AABC the following relationship holds:

{4R+r a b c¢ 6R+4r (a b c )} 4

—_ — -, 2
5R—r+b+c+a 9R—2r+ b+c+c+a+a+b

Proposed by Alex Szoros-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

b ¢ Cis (a+ b + c¢)? 3 452 3 4r(4R+ 1)
c

a
B = ab+bctca s:+r2+4Rr = s +r2+4Rr -
Gerretsen 4r(4R+1) 3 4R + 1

S 4- =4- .
- (16Rr — 51%2) + 2 + 4Rr S5R—r

4R+r a b ¢
otz 4

Then: sR—+"b

a N b N c _(a+b+c)(a2+b2+c2)+3abc_
b+c c+a a+b (a+b+c)(ab+bc+ca)—abc

Now, we have :

25.2(s> —r?> —4Rr) + 3.4Rsr 2(s> —r? —Rr) r(6R + 471) -
"~ 25.(s24 124+ 4Rr) —4Rsr S +71r2+2Rr s2+712+2Rr~

regren ) r(6R + 41) _ 6R + 41
- (16Rr —5r2) + 12 + 2Rr 2(9R - 2r)

6R + 4r ( a b c

Then : 9R—2r+ b+c+c+a+a+b

)24(2)

From (1) and (2) we get :

4R+r a b c6R+4r a b c
( )}>4.

— + +
b+c c+a a+b

mln{SR—r+b+ teoR—2r "

Equality holds if f AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

a b c_9(@*+b*+c%)? 4R+r 16R—5r 9(sZ2—4Rr—r?)? 16R—5r
—+—+-> >4 - = e >
b ¢ a (a+ b+ c)? 5R—r 5R—r 2s2 5R-r
?
& 9(5R—r)(s? —4Rr —r?) > 2(16R — 5r)s?
?
© (13R+ r)s® 2 r(180R? + 9Rr — 9r?)
@
lGerrets
Now,LHSof (i) > (13R+ r)(16Rr — 5r2) > r(180R? + 9Rr —9r?)

Euler

& 14R? — 29Rr+2r2>0=)(14R—r)(R 2r)>0—>true R > 2r
= (i) is true
a b c 4R+r |4R+r a b ¢®
>4 — = +
5R-r S5R—-r b ¢

123 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Agai ZZ a —ZZZS_(bH)— 4s Z Z+ZZ b +Z b|-6
sain, b+c b+c  lyb+0)’ @ @ @

cyc cyc cyc cyc cyc

As 2 2 2 ?

2(5s% + 4Rr + r?) 2 84R - 24r
s2+2Rr+r? ~— 9R-2r ,
& (9R — 2r)(5s% + 4Rr +1r?) > (42R — 12r)(s? + 2Rr + r?)
?
& (3R + 2r)s? > r(48R? + 17Rr — 10r?) - true

Gerretsen

v (BR+2r)s? = (3R+2r)(16Rr — 5r?) = r(48R? + 17Rr — 10r?) -. 2 z

cyc

6R + 4r
9R — 2r

b+c

- 6R + 4r 6R+4r+ z a &
— =
- 9R — 2r 9R — 2r b+c

cyc

(), (+) = mi 4R+r+a+b+c 6R+4r z > 4 (QED
Sk Xk —_— [— —_
' MM ER—r b c a9R—2zr “Lib+ (QED)

693. In acute AABC the following relationship holds:

2
acosBcosC+bcosCcosA+ ccosAcosB < §(a2 + b?% + ¢2).

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality we have :

LHS < \/(a2 + b% + ¢2)(cos? B.cos? C + cos?C.cos% A + cos? A.cos?B).

1 AM_GM 1 1 2
2B .cos?’C = Z < =—<-
Z cos™B.cos (1+tan? B)(1 + tan2C) - 2tanB .2tanC 4 3

cyc cyc cyc

2
Therefore, acosBcosC+ bcosCcosA+ ccosAcosB < \/5 (a% + b?% + c?)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We will prove the following inequality :

V3
a.cosB.cosC+ b.cosC.cosA+c.cosA.cosB < T.\/az + b2 + ¢2

2
< \lg(az + b% + ¢2)

Since a = 2Rsin A (and analogs) then we have :

a.cosB.cosC+ b.cosC.cosA+ c.cosA.cosB
=2R.cosA.cosB.cosC.(tanA + tanB +tan () =

sr
=2R.cosA.cosB.cosC.tanA.tanB.tanC = 2R.sinA .sinB.sinC = 2R.—

Eul cBS 2R
s s _a+b+c \/
= < - _ 2 2 2
RS 27 2 A a% + b + c?.
V3
Therefore, a.cosB.cosC+b.c:osC.cosA+c.cosA.cosBST.\/a2+b2+c2

2
< jg(az + b2 + ¢%)

694. Prove or disprove : Inany AABC:

a+b+c+ R? 1+b2+cz+a2
b a 42_ b2

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
For a AABC with sides :a =5, b=c =4 we have:

R abc 5><4 _ 16
2r (a+b-c)a—- b+c)(—a+b+c) 52 « 3 ~15

o a+b+c+R2 _5+1+4+(16) 3769
e T T a T 5 "\15) T~ 900

125 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Also we h -1+bZ+CZ+aZ—1+16+1+25—1681
sowenave: b2 25 16 400
Since: 9x 1681 = 15129 > 15076 = 4 X 3769 then we get :
a+b+c+RZ<1+b2+c2+a2
b ¢ 41? a’? pz  c?

a b ¢ R? b2 % a?
Therefore, b + - + EJ’F 1 +— +ﬁ+_ is not true for all AABC.

695. In AABC the following relationship holds:

2

2R 1
r(5+—) > Za ZE Zha > 81r

r
cyc cyc cyc

Proposed by Alex Szoros-Romania

Solution by Tapas Das-India
We know that:

1 1 1 9R
h+hb+h—2F( E+ )and9r<h +hy + h, <7<:>

4

) 3o (3 -

cyc

or 1 19R
2 a c

e

—2F.2 zl - 2F.2 Or 91’_25-91’-91’_81
= S\ Lal = S'2F 2F . 2rs o7

23z 52) -

cyc

_ zrs.23<23>2 e (zg)z

cyc cyc

We need show:
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2R\? 1 1 1\2
r(5+—) 2r-4s2(—+—+—)

r a b c

b

2R ab + bc + ca

2R 1 1 1
5+ (a+b+o)( +3+)
r a (4

abc

ab + bc + ca 5 s2+r2+4Rr_s2+r2+4Rr
abc s 4Rrs ___ 2Rr

s2 < 4R62 + 4Rr + 3r%(Gerretsen)

2s

_ab+bc+ca<4R2+4Rr+3r2+r2 + 4Rr
abc - 2Rr
2R 4R? + 8Rr + 41> 10Rr + 4R?> — 4R%? — 8Rr — 4r?
St 2Rr - 2Rr -
2Rr — 41?
=~ 2Rr
2R 4R? + 8Rr + 412
r 2Rr

2R ab + bc + ca

2s

>0;(R=2r)

5+

abc

()2

696. In AABC the following relationship holds:

R+ 2a? + b?
> —_— =
3r (2a + b)?

cyc

1.

Proposed by Alex Szoros-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Lemma: Ifx,y >0 then:

1(x+y+1>> 2x% + y? >1
9\y «x T (2x+y)?2 ™ 3

127 RMM-GEOMETRY MARATHON 601-700



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Proof : By CBS inequality we have :

2x% + y? 1
(2 + 1)(2x2 + yz) = (Zx + )’)2 then : m >

Now,we have :

y x* +y” 2, 2 2 2, 2
(y+ +1>_m e (xX*+y*+xy)2x+y)* = 9xy(2x* + y*)

O =

S 4x* —10x3y + 9x%y? —4xy} +y* >0 ©

(x — y)2.[3x%* + (x — y)?] = 0 which is true.

Then : 1<x+y+1)> x2+y >1 \4 >0
9y x “@x+yz=3 Y-

Using the lemma and Bandila's inequality (

1/R 2a? + b? 1
( ) (and analogs)

—— > 0
o\r T1) 2 a2z >3
Summing up this inequality with similar ones yields the desired inequality.

Equality holds if f AABC is equilateral.

Solution 2 by Namig Mammadov-Azerbaijan
We will use some inequalities:

1)22(13 22ab(a+b)

2) 3abc + Z ad > Z ab(a + b) (Schur)
R a3+ b3+c3+abc

32
2abc
Leth — ZZa +b2 1_2 2a* +b* 1\ 2 (a — b)? >0
¢ 2a+ b2 “ L \@2a+b)? 3) 3L 2at+h)?"
=>h=>1

2 (a — b)? ab 2 (a-b)?* 1 1< (a-b)?
252 ab '(2a+b)2S§Z ab '6262 ab

1
_ 2
9abcz(a b)c
R+r R-2r R 2 a+b3+cE+abc 2 a®+ b3+ c2-3abc

3r 3r 3r 3~ 6abc 3 - 6abc
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So, we need to prove:

, _a+b’+c®—3abc
9abc Z(a b)“c 6abc <
Z a3 —9abc > ZZ(a —b)?%c; (4)
The difference LHS — RHS of (4)=

= [zza3—2ab(a+b)]+[3abc+2a3—2ab(a+b)] >0

which is true due the inequalities (1) and (2).
697. In AABC the following relationship holds:

FZ—cot—>4R+r

cyc

Proposed by Marian Ursarescu-Romania
Solution 1 by Alex Szoros-Romania

1 a
ah, =2F > — = —

h, 2F
co Foots = E CEDICEr

cyc cyc

1cvas(s—a) s ) 1 )
=305 —fZ“‘S‘“)—a(SZ“‘Z“ =

cyc cyc cyc cyc
1 2r2 + 8Rr
e (e P (D2 _ D2 _ — - >
Zr(s 25 — (252 — 2r 8Rr)) o AR+71>4R+T1

Solution 2 by Tapas Das-India
Z a? =2(s®> —r? —4Rr)

cyc

s(s—a) s 2

2P oty =g ) At =g 4
co —2 aco —2 T'_
cyc

cyc cyc

A \/(s—b)(s—c) T, A s
tan—- = ——:>cot—=—
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Yt Y1)

cyc cyc cyc

s(r? + 4Rr)
rs

s
=—(2r%+8Rr) = =4R + 71
2F

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

FZ t ah, tA zZRsinA tA
€0 2h, %27 2 %27
cyc cyc cyc
A A cos
=R ) 2sin— cos - —RZZcos ——RZ(1+cosA)
2
sm cyc cyc

cyc

=3R+RZC05A=3R+R(1+E)

cyc

698. In AABC the following relationship holds:

\/(ra +ry)(r, + 1)+ \/(rb +ry)(ry,+1r.) + \/(rc + 1)), +ry,) =18r

Proposed by Ertan Yildirim-lzmir-Turkiye

Solution 1 by Tapas Das-India

(ra +1p)(Tq + 1) 2 21,1y - 2,/Tq1 = 4W,W, = 4hph, =

2F 2F_16F2
b ¢  bc

\/(ra + rb)(ra + rc) \/—

Analogous,

Jap+1)rp+1) = :/L—i

Jac+r) +1y) = \/i

By adding, we have:

\/(ra + rb)(ra + rc) + \/(rb + ra)(rb + rc) + \/(rc + rb)(rc + ra) =
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> 4F ! ! 1 > 4F 1 1 1
N <\/bc+\/ca+\/ab)_ b+c+C+_a+a+b h
2 2 2

1 1 ” (1+1+1)?% 8F-9 9-8rs
= = =18r

1
= 8F*? + + > : =
(b+c c+a a+b 2(a+b+c) 4s 4s

Solution 2 by Alex Szoros-Romania

Zrarb=2(s—al)72s—b)=ZS(S_C)=SZ(S_C)=SZ

cyc cyc cyc cyc

(rog+ry)rg+r) =12+ Z T rp =12+ 52

cyc

\/(ra +1rp)(rg +1.) 2 \/r‘ZI + s2

2
Z VO +1))e+1) = Z Jr2 + 52 > (Z ra> + (3s5)2

cyc cyc cyc

=J@R+1)2+9s2>./(9r)2 +9-27r2 = /32412 = 18r
699. In AABC the following relationship holds:

z (2a)* 1
(s—b)(s- @Bk +0) TUAR+T)

cyc
Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

Z (2a)? 4 (bL-I—c)Z

(s—b)(s—c)(3(b+ c))2 - acyc (s—b)(s—c) ~

cyc

a \? 3\2
>f' (Zb_l_c) Nes>bittf' (7) B
9 Y(s—-b)(s—c) T 9 X(s—-b)(s—c)
49 1 ~ 1 ~
"9 4 Y(s—b)(s—c) 3s2—-2sYa+xab
1 1

352 —4s2 +s2 + 12 + 4Rr r(4R + 1)
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700.

C
B D

BD CE BF b FX BU x*(y+ 1)?
DC VEA YFaTE TV XE'UET T z+1
Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution 1 by Rajarshi Chakraborty-India

{G} = FEnBC
BD CE BF CA BA
sz,ﬂ—y,FA—z::»ﬁ—y+1 FA—Z+1
From Menelaus’ theorem:
BUEA CD _ | (BU_CABD_ () BD (),
UE CA BD UE EA CD
BU EX FA BU FA FX x(y+ 1) FX
Also, G Fx Ba~ YT UE BA EX z+1 EX
BU FX x(y+1 x2(y + 1)?
SOy Ex =X+ (zy+1): (zy+1)
Solution 2 by Hikmat Mammadov-Azerbaijan
UE pa___ BU x4 D), FX BU -r FX BU

BU x(q+qy) ﬁ:UE(r+rz):>ﬁ:UE(1+z)

FX BU_(BU)2 1 x2(y+1)?
XE UE \UE) z+1  z+1
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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