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601. 

 (𝑶𝑨𝑩𝑪) −tetrahedron 

𝑶𝒙, 𝑶𝒚,𝑶𝒛 −constant, 𝒙𝑶�̂� = 𝜽𝟏, 𝒚𝑶�̂� = 𝜽𝟐, 𝒛𝑶�̂� = 𝜽𝟑 

𝑶𝑨 = 𝒂,𝑶𝑩 = 𝒃,𝑶𝑪 = 𝒄; 𝒂, 𝒃, 𝒄 −variables 

                                 
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
=
𝟏

𝒅
, 𝒅 > 0 constant 

Prove that the plane (𝑨𝑩𝑪) ≡ 𝑷 passes  

through a fixed point 𝑴 

Find 𝑶𝑴 = 𝒇(𝒅, 𝜽𝟏, 𝜽𝟐, 𝜽𝟑) =? 

 

 

 

 

 

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

(I) Plagiogonal 3rd system: (𝑶𝒙,𝑶𝒚,𝑶𝒛, 𝜽𝟏, 𝜽𝟐, 𝜽𝟑) 

𝑷:
𝒙

𝒂
+
𝒚

𝒃
+
𝒛

𝒄
= 𝟏  𝐚𝐧𝐝 𝐥𝐞𝐭 𝑴(𝒅,𝒅, 𝒅) 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
=
𝟏

𝒅
⇒
𝒅

𝒂
+
𝒅

𝒃
+
𝒅

𝒄
= 𝟏 

Therefore, 𝑴 ∈ 𝑷, then 𝑴 passes through fixed point 𝑴(𝒅,𝒅, 𝒅). 

(II) 𝑶𝑴⃗⃗⃗⃗⃗⃗  ⃗(𝒅, 𝒅, 𝒅), |𝑶𝑴⃗⃗⃗⃗ ⃗⃗  ⃗|
𝟐
= 𝒅𝟐 + 𝒅𝟐 + 𝒅𝟐 + 𝟐𝒅𝟐(𝐜𝐨𝐬 𝜽𝟏 + 𝐜𝐨𝐬𝜽𝟐 + 𝐜𝐨𝐬 𝜽𝟑) 

𝑶𝑴⃗⃗⃗⃗⃗⃗  ⃗ = 𝒅√𝟑 + 𝟐(𝐜𝐨𝐬𝜽𝟏 + 𝐜𝐨𝐬𝜽𝟐 + 𝐜𝐨𝐬 𝜽𝟑) 
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602. 

 

Prove: 

[𝑨𝑩𝑪𝑫] =
𝐬𝐢𝐧 𝑩

𝟐
(𝑩𝑪 ∙ 𝑩𝑬 + 𝑩𝑨 ∙ 𝑩𝑭) 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

 

𝟐[𝑨𝑩𝑪𝑫] = (𝟏) + (𝟏) + (𝟐) + (𝟐) + (𝟑) + (𝟑) = (𝟏) + (𝟐) + (𝟒) + (𝟏) + (𝟑) + (𝟓) = 

= [𝑩𝑪𝑷𝑬] + [𝑩𝑭𝑸𝑨] ⇒ [𝑨𝑩𝑪𝑫] =
𝐬𝐢𝐧𝑩

𝟐
(𝑩𝑪 ∙ 𝑩𝑬 + 𝑩𝑨 ∙ 𝑩𝑭) 

𝟐[𝑨𝑩𝑪𝑫] = 𝟐([𝑩𝑭𝑫𝑬] + [𝑫𝑭𝑪] + [𝑫𝑨𝑬]) = 

= ([𝑩𝑭𝑫𝑬] + [𝑫𝑭𝑪] + [𝑫𝑪𝑭]) + ([𝑩𝑭𝑫𝑬] + [𝑫𝑨𝑬] + [𝑫𝑸𝑨]) = 

= [𝑩𝑪𝑷𝑬] + [𝑩𝑭𝑸𝑨] = 𝑩𝑪 ∙ 𝑩𝑬 ∙ 𝐬𝐢𝐧𝑩 + 𝑩𝑨 ∙ 𝑩𝑭 ∙ 𝐬𝐢𝐧𝑩 

Hence, 

[𝑨𝑩𝑪𝑫] =
𝐬𝐢𝐧𝑩

𝟐
(𝑩𝑪 ∙ 𝑩𝑬 + 𝑩𝑨 ∙ 𝑩𝑭) 
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603.  

 

 

 

 

 

 

 

 

𝑨𝑩𝑪𝑫 −cyclic if and only if 

𝐜𝐨𝐬 𝑨 =
𝟏

𝟐
∙
𝑨𝑩 ∙ 𝑨𝑷 + 𝑨𝑫 ∙ 𝑨𝑸

𝑨𝑷 ∙ 𝑨𝑸
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Let 𝑨𝑩 = 𝒃,𝑨𝑷 = 𝒑,𝑨𝑫 = 𝒅, 𝑨𝑸 = 𝒒. Plaiogonal system: 

𝑨𝑩 ≡ 𝑨𝒙, 𝑨𝑫 ≡ 𝑨𝒚, 𝑨(𝟎, 𝟎), 𝑩(𝒃, 𝟎), 𝑷(𝒑, 𝟎), 𝑫(𝟎,𝒅), 𝑸(𝟎, 𝒒), 𝑪(𝒄𝟏, 𝒄𝟐) 

𝑩𝑸:
𝒙

𝒃
+
𝒚

𝒒
= 𝟏,𝑩𝑫:

𝒙

𝒑
+
𝒚

𝒅
= 𝟏 ⇒ 𝒄𝟏 =

𝒃𝒑(𝒒 − 𝒅)

𝒑𝒒 − 𝒃𝒅
, 𝒄𝟐 =

𝒒𝒅(𝒑 − 𝒃)

𝒑𝒒 − 𝒃𝒅
 

From 𝑵𝑪𝑪𝑸𝟏 we have: 𝑨𝑩𝑪𝑫 −cyclic if and only if 

𝑨𝑪𝟐 = 𝒄𝟏 ∙ 𝑨𝑩 + 𝒄𝟐 ∙ 𝑨𝑫 ⇔ 𝒄𝟏
𝟐 + 𝒄𝟐

𝟐 + 𝟐𝒄𝟏𝒄𝟐 𝐜𝐨𝐬𝑨 = 𝒃𝒄𝟏 + 𝒅𝒄𝟐 ⇔ 

𝐜𝐨𝐬 𝑨 =
𝟏

𝟐

𝒃𝒑 + 𝒅𝒒

𝒑𝒒
⇔ 𝐜𝐨𝐬𝑨 =

𝟏

𝟐
∙
𝑨𝑩 ∙ 𝑨𝑷 + 𝑨𝑫 ∙ 𝑨𝑸

𝑨𝑷 ∙ 𝑨𝑸
 

604. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

∑
𝒃+ 𝒄 − 𝒂

𝟒𝒂√𝒃𝒄
≥
𝟐𝟓𝒓𝟐 − 𝟒𝑹𝟐

𝟑√𝟑𝑹𝟑
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Nguyen Van Canh-BenTre-Vietnam 

𝐋𝐞𝐭 𝒔 =
𝒂 + 𝒃 + 𝒄

𝟐
. 𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐈𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞: 
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∑
𝒃+ 𝒄 − 𝒂

𝟒𝒂√𝒃𝒄
≥ 𝟑√

(𝒃 + 𝒄 − 𝒂)(𝒂 + 𝒃 − 𝒄)(𝒂 + 𝒄 − 𝒃)

𝟔𝟒𝒂√𝒃𝒄. 𝒃√𝒂𝒄. 𝒄√𝒂𝒃

𝟑

= 𝟑√
(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟖𝒂𝟐𝒃𝟐𝒄𝟐

𝟑

=
𝟑

𝟐
√

𝒔𝒓𝟐

(𝟒𝑹𝒓𝒔)𝟐

𝟑

=
𝟑

𝟐√𝟏𝟔𝒔𝑹𝟐
𝟑   ≥⏞

𝒔≤
𝟑√𝟑
𝟐
𝑹

 
𝟑

𝟐√𝟖. 𝟑√𝟑.𝑹𝟑
𝟑

=
𝟑

𝟒√𝟑𝑹
 ≥⏞
(∗)

 
𝟐𝟓𝒓𝟐 − 𝟒𝑹𝟐

𝟑√𝟑𝑹𝟑
; 

(∗) ⇔ 𝟗𝑹𝟐 ≥ 𝟒(𝟐𝟓𝒓𝟐 − 𝟒𝑹𝟐); 

⇔ 𝟐𝟓𝑹𝟐 ≥ 𝟒.𝟐𝟓𝒓𝟐 ⇔ 𝑹𝟐 ≥ 𝟒𝒓𝟐 ⇔ 𝑹 ≥ 𝟐𝒓 (𝐄𝐮𝐥𝐞𝐫) ⇒ (∗) 𝐭𝐫𝐮𝐞. 𝐏𝐫𝐨𝐯𝐞𝐝. 

605. 

 

𝑩𝑪𝟐

𝑨𝑩 ⋅ 𝑨𝑪
= 𝒌,

𝑨𝑩

𝑨𝑪
= 𝒍,

𝑨𝑩

𝑨𝑹
= 𝒎,

𝑨𝑪

𝑨𝑸
= 𝒏 

Find: 𝒌 = 𝒇(𝒍,𝒎, 𝒏) =? 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

We know that if 𝑨𝑩𝑫𝑪 is cyclic, then 

𝐜𝐨𝐬 𝜽 =
𝑨𝑩 ⋅ 𝑨𝑸+ 𝑨𝑪 ⋅ 𝑨𝑹

𝟐𝑨𝑸 ⋅ 𝑨𝑹
,𝐰𝐡𝐞𝐫𝐞 �̂� = 𝑸𝑨�̂� 
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𝚫𝑨𝑩𝑪:𝑩𝑪𝟐 = 𝑨𝑩𝟐 + 𝑨𝑪𝟐 − 𝟐𝑨𝑩 ⋅ 𝑨𝑪 ⋅ 𝐜𝐨𝐬𝜽 

𝑩𝑪𝟐 = 𝑨𝑩𝟐 + 𝑨𝑪𝟐 − 𝟐𝑨𝑩 ⋅ 𝑨𝑪 ⋅
𝑨𝑩 ⋅ 𝑨𝑸 + 𝑨𝑪 ⋅ 𝑨𝑹

𝟐𝑨𝑸 ⋅ 𝑨𝑹
 

𝑩𝑪𝟐 =
𝑪𝑹

𝑨𝑹
⋅ 𝑨𝑩𝟐 +

𝑩𝑸

𝑨𝑸
⋅ 𝑨𝑪𝟐 

𝑩𝑪𝟐

𝑨𝑩 ⋅ 𝑨𝑪
=
𝑪𝑹

𝑨𝑹
⋅
𝑨𝑩𝟐

𝑨𝑩 ⋅ 𝑨𝑪
+
𝑩𝑸

𝑨𝑸
⋅
𝑨𝑪𝟐

𝑨𝑩 ⋅ 𝑨𝑪
 

𝑩𝑪𝟐

𝑨𝑩 ⋅ 𝑨𝑪
=
𝑪𝑹

𝑨𝑹
⋅
𝑨𝑩

𝑨𝑪
+
𝑩𝑸

𝑨𝑸
⋅
𝑨𝑪

𝑨𝑩
 

𝑩𝑪𝟐

𝑨𝑩 ⋅ 𝑨𝑪
=
𝑨𝑹 − 𝑨𝑪

𝑨𝑹
⋅
𝑨𝑩

𝑨𝑪
+
𝑨𝑸 − 𝑨𝑩

𝑨𝑸
⋅
𝑨𝑪

𝑨𝑩
 

𝒌 =
𝑨𝑩

𝑨𝑪
−
𝑨𝑩

𝑨𝑹
+
𝑨𝑪

𝑨𝑩
−
𝑨𝑪

𝑨𝑸
 

𝒌 = 𝒍 −𝒎 +
𝟏

𝒍
− 𝒏 = (𝒍 +

𝟏

𝒍
) − (𝒎 + 𝒏) 

606. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝟏𝟔𝒓𝟑 ≤ (𝒉𝒂 + 𝒉𝒃)(𝒉𝒃 + 𝒉𝒄)(𝒉𝒄 + 𝒉𝒂) ≤
𝟖𝒓

𝟑
(𝟒𝑹 + 𝒓)𝟐 

Proposed by Marin Chirciu-Romania 
Solution 1 by Marian Ursărescu-Romania 

∵ 𝒉𝒂 =
𝟐𝑭

𝒂
⇒ (𝒉𝒂 + 𝒉𝒃)(𝒉𝒃 + 𝒉𝒄)(𝒉𝒄 + 𝒉𝒂) =

𝒔𝟐𝒓(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)

𝑹𝟐
 

𝒔𝟐𝒓(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)

𝑹𝟐
≤
𝟖𝒓

𝟑
(𝟒𝑹 + 𝒓)𝟐 ⇔ 𝟑𝒔𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) ≤ 𝟖𝑹𝟐(𝟒𝑹 + 𝒓)𝟐; (𝟏) 

But 𝟑𝒔𝟐 ≤ (𝟒𝑹 + 𝒓)𝟐 (𝑫𝒐𝒖𝒄𝒆𝒕); (𝟐). From (1) and (2) we must show: 
𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓 ≤ 𝟖𝑹𝟐 ⇔ 𝒔𝟐 ≤ 𝟖𝑹𝟐 − 𝟐𝑹𝒓 − 𝒓𝟐; (𝟑) 

𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏); (𝟒) 
From (3) and (4) we must show: 

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 ≤ 𝟖𝑹𝟐 − 𝟐𝑹𝒓 − 𝒓𝟐 ⇔ 𝟒𝑹𝟐 − 𝟔𝑹𝒓 − 𝟒𝒓𝟐 ≥ 𝟎 
𝟐𝑹𝟐 − 𝟑𝑹𝒓 − 𝟐𝒓𝟐 ≥ 𝟎 ⇔ (𝑹 − 𝟐𝒓)(𝟐𝑹− 𝒓) ≥ 𝟎, true from 𝑹 ≥ 𝟐𝒓(𝑬𝒖𝒍𝒆𝒓). 
𝒔𝟐𝒓(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)

𝑹𝟐
≥ 𝟐𝟏𝟔𝒓𝟑⇔ 𝒔𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) ≥ 𝟐𝟏𝟔𝑹𝟐𝒓𝟐; (𝟓) 

𝒔𝟐 ≥
𝟐𝟕𝑹𝒓

𝟐
(𝑪𝒐𝒔𝒏𝒊𝒕𝒂 − 𝑻𝒖𝒓𝒕𝒐𝒊𝒖); (𝟔) 

From (5) and (6) we must show: 
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𝟐𝟕𝑹𝒓

𝟐
(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) ≥ 𝟐𝟏𝟔𝑹𝟐𝒓𝟐 ⇔ 𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓 ≥ 𝟏𝟔𝑹𝒓 ⇔ 

𝒔𝟐 ≥ 𝟏𝟒𝑹𝒓 − 𝒓𝟐; (𝟕) 
But 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏); (𝟖). From (7) and (8) we must show: 

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥ 𝟏𝟒𝑹𝒓 − 𝒓𝟐⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

Solution 2 by Avishek Mitra-West Bengal-India 

∏(𝒉𝒂 + 𝒉𝒃)

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

∏𝟐√𝒉𝒂𝒉𝒃
𝒄𝒚𝒄

= 𝟖∏𝒉𝒂
𝒄𝒚𝒄

≥
𝑮𝑯𝑴

𝟖 ∙ (
𝟑

∑
𝟏
𝒉𝒂

)

𝟑

𝟖 ∙
𝟐𝟕

(
𝟏
𝒓)
𝟑 = 𝟐𝟏𝟔𝒓

𝟑 

∏(𝒉𝒂 + 𝒉𝒃)

𝒄𝒚𝒄

= 𝟖𝑭𝟑∏(
𝟏

𝒂
+
𝟏

𝒃
)

𝒄𝒚𝒄

= 𝟖𝑭𝟑 ∙
∏(𝒂 + 𝒃)

(𝒂𝒃𝒄)𝟐
= 𝟖𝑭𝟑 ∙

𝟐𝒂𝒃𝒄 + ∑𝒂𝒃(𝒂 + 𝒃)

𝟏𝟔𝑹𝟐𝑭𝟐
= 

=
𝑭

𝟐𝑹𝟐
(𝟐𝒂𝒃𝒄 +∑𝒂𝒃(𝟐𝒔 − 𝒄)

𝒄𝒚𝒄

) =
𝑭

𝟐𝑹𝟐
(𝟐𝒔∑𝒂𝒃

𝒄𝒚𝒄

− 𝒂𝒃𝒄) = 

=
𝑭

𝟐𝑹𝟐
(𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝑹𝒓𝒔) =

𝑭

𝟐𝑹𝟐
∙ 𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) 

∵ 𝟒𝑹+ 𝒓 ≥ √𝟑𝒔(𝑻𝒓𝒖𝒄𝒉𝒕).Need to show: 

𝟑𝒔𝟐 ∙
𝟖𝒓

𝟑
≥
𝟐𝟕𝒓

𝟒
(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓), 𝟑𝟐𝒔𝟐 ≥ 𝟐𝟕𝒔𝟐 + 𝟐𝟕𝒓𝟐 + 𝟓𝟒𝑹𝒓 

𝟓𝒔𝟐 ≥ 𝟓𝟒𝑹𝒓 + 𝟐𝟕𝒓𝟐,   𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) 
𝟖𝟎𝑹𝒓 − 𝟐𝟓𝒓𝟐 ≥ 𝟓𝟒𝑹𝒓 + 𝟐𝟕𝒓𝟐 ⇔ 𝟐𝟔𝑹𝒓 − 𝟓𝟐𝒓𝟐 ≥ 𝟎 
𝟐𝟔𝒓(𝑹 − 𝟐𝒓) ≥ 𝟎 true from 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

607. 

 

Prove: 
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𝑹𝟐 =
(𝑨𝑷𝟐 − 𝑨𝑶𝟐) + (𝑨𝑸𝟐 − 𝑨𝑶𝟐)

𝟐
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

By Stewart’s theorem: 

𝑨𝑷𝟐 ⋅ 𝑹 + 𝑨𝑸𝟐 ⋅ 𝑹 − 𝑨𝑶𝟐 ⋅ 𝟐𝑹 = 𝑹 ⋅ 𝑹 ⋅ 𝟐𝑹𝟐 

𝑨𝑷𝟐 + 𝑨𝑸𝟐 − 𝟐𝑨𝑶𝟐 = 𝟐𝑹𝟐 

Therefore, 

𝑹𝟐 =
(𝑨𝑷𝟐 − 𝑨𝑶𝟐) + (𝑨𝑸𝟐 − 𝑨𝑶𝟐)

𝟐
 

608. If 𝒎 > 0 then in 𝚫𝑨𝑩𝑪 holds: 

(
𝒂
𝒎
𝟐 + 𝒃

𝒎
𝟐 + 𝒄

𝒎
𝟐

𝟑
)

𝟐
𝒎

≥
𝟐

√𝟑
𝟒 ⋅ √𝑭 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution by Tapas Das-India 

𝒂
𝒎
𝟐 + 𝒃

𝒎
𝟐 + 𝒄

𝒎
𝟐

𝟑
≥ √𝒂

𝒎
𝟐 ⋅ 𝒃

𝒎
𝟐 ⋅ 𝒄

𝒎
𝟐

𝟑

= (𝒂𝒃𝒄)
𝒎
𝟔  

(
𝒂
𝒎
𝟐 + 𝒃

𝒎
𝟐 + 𝒄

𝒎
𝟐

𝟑
)

𝟐
𝒎

≥ (𝒂𝒃𝒄)
𝒎
𝟔
⋅
𝟐
𝒎 ≥ (𝒂𝒃𝒄)

𝟏
𝟑 ≥ (

𝟒𝑭

√𝟑
)

𝟑
𝟐
⋅
𝟏
𝟑
=
𝟐√𝑭

√𝟑
𝟒  

𝑪𝒂𝒓𝒍𝒊𝒕𝒛 ∶  (𝒂𝒃𝒄)𝟐 ≥ (
𝟒𝑭

√𝟑
)
𝟑

⇒ 𝒂𝒃𝒄 ≥ (
𝟒𝑭

√𝟑
)

𝟑
𝟐

 

609. If 𝒎,𝒙, 𝒚, 𝒛 > 0 and 𝒙𝒚𝒛 = 𝟏 then in 𝚫𝑨𝑩𝑪 holds: 

(𝒙 + 𝒚)𝒎

𝒛
⋅ 𝒂𝟐 +

(𝒚 + 𝒛)𝒎

𝒙
⋅ 𝒃𝟐 +

(𝒛 + 𝒙)𝒎

𝒚
⋅ 𝒄𝟐 ≥ 𝟐𝒎+𝟐√𝟑 ⋅ 𝑭 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by Avishek Mitra-West Bengal-India 

∑
(𝒙+ 𝒚)𝒎

𝒛
⋅ 𝒂𝟐

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√
𝟏

𝒙𝒚𝒛
∏(𝒙+ 𝒚)𝒎𝒂𝟐

𝒄𝒚𝒄

𝟑
≥
𝑨𝑮𝑴

𝟑√
𝟏

𝒙𝒚𝒛
∏(𝟐√𝒙𝒚)

𝒎
(𝟒𝑹𝒓𝒔)𝟐

𝒄𝒚𝒄

𝟑
= 
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= 𝟑√(𝟖𝒙𝒚𝒛)𝒎𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐
𝟑

≥

𝑬𝒖𝒍𝒆𝒓
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑√𝟖𝒎 ⋅ 𝟏𝟔 ⋅ 𝟐𝒓 ⋅
𝟐𝒔

𝟑√𝟑
𝒓𝟐𝒔𝟐

𝟑

= 

=
𝟑

√𝟑
⋅ 𝟒𝒓𝒔√𝟖𝒎

𝟑
= 𝟐𝒎+𝟐√𝟑𝑭 

Solution 2 by Tapas Das-India 

(𝒙 + 𝒚)𝒎 ≥ (𝟐√𝒙𝒚)
𝒎
= 𝟐𝒎(𝒙𝒚)

𝒎
𝟐 ; (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

∑
(𝒙 + 𝒚)𝒎

𝒛
⋅ 𝒂𝟐

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√
𝟏

𝒙𝒚𝒛
∏(𝒙 + 𝒚)𝒎𝒂𝟐

𝒄𝒚𝒄

𝟑
≥
𝑨𝑮𝑴

𝟑√
𝟏

𝒙𝒚𝒛
∏(𝟐√𝒙𝒚)

𝒎
𝒂𝟐

𝒄𝒚𝒄

𝟑
= 

= 𝟐𝒎 ⋅ 𝟑√(𝒙𝒚𝒛)𝒎(𝒂𝒃𝒄)𝟐
𝟑

= 𝟐𝒎 ⋅ 𝟑(𝒂𝒃𝒄)
𝟐
𝟑; (∵ 𝒂𝒃𝒄 = 𝟏) 

≥ 𝟐𝒎 ⋅ 𝟑 (
𝟒𝑭

√𝟑
)
𝟑⋅
𝟏
𝟑
= 𝟐𝒎+𝟐𝑭√𝟑 

Solution 3 by Debopriyo Dawn-India 

∑
(𝒙 + 𝒚)𝒎

𝒛
⋅ 𝒂𝟐

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑√
𝟏

𝒙𝒚𝒛
∏(𝒙 + 𝒚)𝒎𝒂𝟐

𝒄𝒚𝒄

𝟑
≥
𝑨𝑮𝑴

𝟑√
𝟏

𝒙𝒚𝒛
∏(𝟐√𝒙𝒚)

𝒎
𝒂𝟐

𝒄𝒚𝒄

𝟑
= 

= 𝟐𝒎 ⋅ 𝟑√(𝒙𝒚𝒛)𝒎(𝒂𝒃𝒄)𝟐
𝟑

= 𝟐𝒎 ⋅ 𝟑(𝒂𝒃𝒄)
𝟐
𝟑; (∵ 𝒂𝒃𝒄 = 𝟏) 

≥ 𝟐𝒎 ⋅ 𝟑 (
𝟒𝑭

√𝟑
)
𝟑⋅
𝟏
𝟑
= 𝟐𝒎+𝟐𝑭√𝟑 

(𝒂𝒃𝒄)𝟐 ≥ (
𝟒𝑭

√𝟑
)

𝟏
𝟑
 (𝑪𝒂𝒓𝒍𝒊𝒕𝒛), 𝒂 + 𝒃 + 𝒄 ≤ 𝟑√𝟑𝑹 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄), 𝑭 =

𝒂𝒃𝒄

𝟒𝑹
 

𝟒𝑭

√𝟑
=
𝒂𝒃𝒄

𝑹√𝟑
≤
𝟐𝒂𝒃𝒄

𝟐𝒔
⇒

𝟑𝒂𝒃𝒄

𝒂 + 𝒃 + 𝒄
=

𝒂𝒃𝒄

𝒂 + 𝒃 + 𝒄
𝟑

≤
𝒂𝒃𝒄

(𝒂𝒃𝒄)
𝟏
𝟑

⇒ (𝒂𝒃𝒄)𝟐 ≥ (
𝟒𝑭

√𝟑
)

𝟏
𝟑

 

 

610. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒𝑭√
𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
.∑𝐜𝐬𝐜 𝑪 . √

𝒂 + 𝒃

𝒄
𝒄𝒚𝒄

 

  Proposed by Daniel Sitaru-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝟒𝑭√
𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
.∑𝐜𝐬𝐜 𝑪 .√

𝒂 + 𝒃

𝒄
𝒄𝒚𝒄

= 𝟒𝑭∑
𝟐𝑹

𝒄
.√

𝒂𝒃

(𝒃 + 𝒄)(𝒄 + 𝒂)
𝒄𝒚𝒄

= 

=∑
𝟐𝒂𝒃𝒄

𝒄
. √

𝒂𝒃

(𝒃 + 𝒄)(𝒄 + 𝒂)
𝒄𝒚𝒄

=∑𝒂𝒃. 𝟐√
𝒂𝒃

(𝒃 + 𝒄)(𝒄 + 𝒂)
𝒄𝒚𝒄

 ≤⏞
𝑨𝑴−𝑮𝑴

 ∑𝒂𝒃(
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
)

𝒄𝒚𝒄

 

=∑
𝒂𝟐𝒃

𝒃 + 𝒄
𝒄𝒚𝒄

+∑
𝒂𝒃𝟐

𝒄 + 𝒂
𝒄𝒚𝒄

=∑
𝒂𝟐𝒃

𝒃 + 𝒄
𝒄𝒚𝒄

+∑
𝒄𝒂𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

=∑𝒂𝟐 (
𝒃

𝒃 + 𝒄
+

𝒄

𝒃 + 𝒄
)

𝒄𝒚𝒄

=∑𝒂𝟐

𝒄𝒚𝒄

. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒𝑭√
𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
.∑𝐜𝐬𝐜 𝑪 . √

𝒂 + 𝒃

𝒄
𝒄𝒚𝒄

. 

611. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑

𝟐
√
𝟐𝑹

𝒓
≥
𝐬𝐞𝐜

𝑨
𝟐

𝐬𝐞𝐜
𝑩
𝟐

+
𝐬𝐞𝐜

𝑩
𝟐

𝐬𝐞𝐜
𝑪
𝟐

+
𝐬𝐞𝐜

𝑪
𝟐

𝐬𝐞𝐜
𝑨
𝟐

 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

We must show: 

(
𝐜𝐨𝐬

𝑩
𝟐

𝐜𝐨𝐬
𝑨
𝟐

+
𝐜𝐨𝐬

𝑪
𝟐

𝐜𝐨𝐬
𝑩
𝟐

+
𝐜𝐨𝐬

𝑨
𝟐

𝐜𝐨𝐬
𝑪
𝟐

)

𝟐

≤
𝟗

𝟐
⋅
𝑹

𝒓
; (𝟏) 

(
𝐜𝐨𝐬

𝑩
𝟐

𝐜𝐨𝐬
𝑨
𝟐

+
𝐜𝐨𝐬

𝑪
𝟐

𝐜𝐨𝐬
𝑩
𝟐

+
𝐜𝐨𝐬

𝑨
𝟐

𝐜𝐨𝐬
𝑪
𝟐

)

𝟐

≤
𝑪−𝑺

∑𝐜𝐨𝐬𝟐
𝑨

𝟐
𝒄𝒚𝒄

⋅∑
𝟏

𝐜𝐨𝐬𝟐
𝑨
𝟐𝒄𝒚𝒄

; (𝟐) 

∑𝐜𝐨𝐬𝟐
𝑨

𝟐
𝒄𝒚𝒄

=
𝟒𝑹+ 𝒓

𝟐𝑹
 𝐚𝐧𝐝 ∑

𝟏

𝐜𝐨𝐬𝟐
𝑨
𝟐𝒄𝒚𝒄

= 𝟏 +
(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
; (𝟑) 
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From (1) and (2) we must show: 
𝟒𝑹 + 𝒓

𝟐𝑹
(𝟏 +

(𝟒𝑹+ 𝒓)𝟐

𝒔𝟐
) ≤

𝟗

𝟐
⋅
𝑹

𝒓
 

(𝟒𝑹 + 𝒓) (𝟏 +
(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
) ≤

𝟗𝑹𝟐

𝒓
; (𝟒) 

𝒔𝟐 ≥ 𝟑𝒓(𝟒𝑹 + 𝒓)(𝑫𝒐𝒖𝒄𝒆𝒕) ⇒
𝟏

𝒔𝟐
≤

𝟏

𝟑𝒓(𝟒𝑹+ 𝒓)
⇒
(𝟒𝑹+ 𝒓)𝟐

𝒔𝟐
≤
𝟒𝑹 + 𝒓

𝟑𝒓
; (𝟓) 

From (4) and (5) we must show: 

(𝟒𝑹 + 𝒓) (𝟏 +
𝟒𝑹 + 𝒓

𝟑𝒓
) ≤

𝟗𝑹𝟐

𝒓
⇔ 𝟒(𝟒𝑹 + 𝒓)(𝑹 + 𝒓) ≤ 𝟐𝟕𝑹𝟐 

which is true, because 𝟒𝑹 + 𝒓 ≤ 𝟒𝑹+
𝑹

𝟐
=
𝟗𝑹

𝟐
 𝐚𝐧𝐝 𝑹 + 𝒓 ≤ 𝑹 +

𝑹

𝟐
=
𝟑𝑹

𝟐
 

𝟒(𝟒𝑹+ 𝒓)(𝑹 + 𝒓) ≤ 𝟒 ⋅
𝟒𝑹

𝟐
⋅
𝟑𝑹

𝟐
= 𝟐𝟕𝑹𝟐 

612. If in 𝚫𝑨𝑩𝑪,𝑨𝑫,𝑩𝑬, 𝑪𝑭 −internal bisectors, 𝑹𝑨, 𝑹𝑩, 𝑹𝑪 −circumradii of  

𝚫𝑨𝑭𝑬, 𝚫𝑩𝑫𝑭,𝚫𝑪𝑬𝑫,𝑨𝑨𝟏, 𝑩𝑩𝟏, 𝑪𝑪𝟏 −altitudes in 𝚫𝑨𝑭𝑬, 𝚫𝑩𝑫𝑭,𝚫𝑪𝑬𝑫 

then: 

𝒉𝒂
𝟐

𝑨𝑨𝟏 ⋅ 𝑹𝑨
+

𝒉𝒃
𝟐

𝑩𝑩𝟏 ⋅ 𝑹𝑩
+

𝒉𝒄
𝟐

𝑪𝑪𝟏 ⋅ 𝑹𝑪
≤ 𝟏𝟖 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Marian Ursărescu-Romania 
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𝑨𝑨𝟏 =
𝟐𝑺𝑨𝑭𝑬
𝑬𝑭

 𝐚𝐧𝐝 𝑹𝑨 =
𝑨𝑭 ⋅ 𝑨𝑬 ⋅ 𝑬𝑭

𝟒𝑺𝑨𝑭𝑬
⇒ 𝑨𝑨𝟏 ⋅ 𝑹𝑨 =

𝑨𝑬 ⋅ 𝑨𝑭

𝟐
; (𝟏) 

From bisector theorem: 

𝑨𝑭

𝑩𝑭
=
𝒃

𝒂
⇒
𝑨𝑭

𝑨𝑩
=

𝒃

𝒂 + 𝒃
⇒ 𝑨𝑭 =

𝒃𝒄

𝒂 + 𝒃
; (𝟐) 

𝑨𝑬

𝑬𝑪
=
𝒄

𝒂
⇒
𝑨𝑬

𝑨𝑪
=

𝒄

𝒂 + 𝒄
⇒ 𝑨𝑭 =

𝒃𝒄

𝒂 + 𝒄
; (𝟑) 

From (1),(2) and (3) it follows that: 

𝑨𝑨𝟏 ⋅ 𝑹𝑨 =
𝒃𝟐𝒄𝟐

𝟐(𝒂 + 𝒃)(𝒂 + 𝒄)
 𝐚𝐧𝐝 𝒉𝒂

𝟐 = (
𝟐𝑭

𝒂
)
𝟐

=
𝟒𝑭𝟐

𝒂𝟐
 

𝒉𝒂
𝟐

𝑨𝑨𝟏 ⋅ 𝑹𝑨
=
𝟖𝑭𝟐(𝒂 + 𝒃)(𝒂 + 𝒄)

𝒂𝟐𝒃𝟐𝒄𝟐
 

We must show that: 

𝟒𝑭𝟐

𝒂𝟐𝒃𝟐𝒄𝟐
∑(𝒂+ 𝒃)(𝒂 + 𝒄)

𝒄𝒚𝒄

≤ 𝟗; (𝟒) 

𝟒𝑭𝟐

𝒂𝟐𝒃𝟐𝒄𝟐
=

𝟒𝒔𝟐𝒓𝟐

𝟏𝟔𝒔𝟐𝒓𝟐𝑹𝟐
=
𝟏

𝟒𝑹𝟐
; (𝟓) 

From (4) and (5), we must show that: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≤ 𝟑𝟔𝑹𝟐; (𝟔) 

But 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐; (𝟕). From (6) and (7), we must show: 

𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≤ 𝟑𝟔𝑹𝟐 ⇔ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐(𝑳𝒆𝒃𝒏𝒊𝒛) 

613. Prove that for any acute triangle 𝑨𝑩𝑪 ∶   

 √𝟐
𝟒
<
√𝐬𝐢𝐧

𝑨
𝟐
+ √𝐬𝐢𝐧

𝑩
𝟐
+ √𝐬𝐢𝐧

𝑪
𝟐

𝐬𝐢𝐧
𝑨
𝟐
+ 𝐬𝐢𝐧

𝑩
𝟐
+ 𝐬𝐢𝐧

𝑪
𝟐

≤ √𝟐  

   Proposed by Vasile Mircea Popa-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  √𝐬𝐢𝐧
𝑨

𝟐
+ √𝐬𝐢𝐧

𝑩

𝟐
+√𝐬𝐢𝐧

𝑪

𝟐
= √

𝐬𝐢𝐧𝑨

𝟐 𝐜𝐨𝐬
𝑨
𝟐

+ √
𝐬𝐢𝐧𝑩

𝟐𝐜𝐨𝐬
𝑩
𝟐

+√
𝐬𝐢𝐧𝑪

𝟐 𝐜𝐨𝐬
𝑪
𝟐

 ≤ 
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≤⏞
𝑪𝑩𝑺

√
𝟏

𝟐
(𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧 𝑪)(

𝟏

𝐜𝐨𝐬
𝑨
𝟐

+
𝟏

𝐜𝐨𝐬
𝑩
𝟐

+
𝟏

𝐜𝐨𝐬
𝑪
𝟐

) = 

= √
𝟏

𝟐
. 𝟒 𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
.(

𝟏

𝐜𝐨𝐬
𝑨
𝟐

+
𝟏

𝐜𝐨𝐬
𝑩
𝟐

+
𝟏

𝐜𝐨𝐬
𝑪
𝟐

) = 

= √𝟐 (𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
𝐜𝐨𝐬

𝑨

𝟐
) ≤⏞
?

√𝟐(𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
) 

𝑵𝒐𝒘 𝒍𝒆𝒕 𝒖𝒔 𝒎𝒂𝒌𝒆 𝒕𝒉𝒆 𝒄𝒉𝒂𝒏𝒈𝒆 {𝑨, 𝑩, 𝑪}

→ {𝝅 − 𝟐𝑨, 𝝅 − 𝟐𝑩, 𝝅 − 𝟐𝑪} 𝒔𝒐 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 

√𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪 + 𝐬𝐢𝐧 𝑪 𝐬𝐢𝐧𝑨 ≤ 𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪 , ∀ 𝒂𝒄𝒖𝒕𝒆 ∆𝑨𝑩𝑪. 

𝑼𝒔𝒊𝒏𝒈 𝒔𝑹𝒓 𝒏𝒐𝒕𝒂𝒕𝒊𝒐𝒏𝒔 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 + 𝐬𝐢𝐧𝑪 𝐬𝐢𝐧𝑨 =
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝟐
  𝒂𝒏𝒅  

 𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪 =
𝑹 + 𝒓

𝑹
 

𝑺𝒐 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

 
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝟐
≤ (
𝑹+ 𝒓

𝑹
)
𝟐

⇔ 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚.  𝑻𝒉𝒆𝒏 ∶   
√𝐬𝐢𝐧

𝑨
𝟐 +

√𝐬𝐢𝐧
𝑩
𝟐 +

√𝐬𝐢𝐧
𝑪
𝟐

𝐬𝐢𝐧
𝑨
𝟐 + 𝐬𝐢𝐧

𝑩
𝟐 + 𝐬𝐢𝐧

𝑪
𝟐

≤ √𝟐. 

𝑺𝒊𝒏𝒄𝒆 𝒙 → √𝐬𝐢𝐧 𝒙  𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (𝟎,
𝝅

𝟐
)  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 √𝐬𝐢𝐧
𝑨

𝟐
<⏞

𝑨 < 
𝝅
𝟐

√𝐬𝐢𝐧
𝝅

𝟒
=
𝟏

√𝟐
𝟒   ⇒   √𝟐

𝟒
. 𝐬𝐢𝐧

𝑨

𝟐
< √𝐬𝐢𝐧

𝑨

𝟐
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   √𝟐
𝟒
. 𝐬𝐢𝐧

𝑩

𝟐
< √𝐬𝐢𝐧

𝑩

𝟐
  𝒂𝒏𝒅  √𝟐

𝟒
. 𝐬𝐢𝐧

𝑪

𝟐
< √𝐬𝐢𝐧

𝑪

𝟐
. 
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𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶   √𝟐
𝟒
<
√𝐬𝐢𝐧

𝑨
𝟐 +

√𝐬𝐢𝐧
𝑩
𝟐 +

√𝐬𝐢𝐧
𝑪
𝟐

𝐬𝐢𝐧
𝑨
𝟐 + 𝐬𝐢𝐧

𝑩
𝟐 + 𝐬𝐢𝐧

𝑪
𝟐

. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   √𝟐
𝟒
<
√𝐬𝐢𝐧

𝑨
𝟐 +

√𝐬𝐢𝐧
𝑩
𝟐 +

√𝐬𝐢𝐧
𝑪
𝟐

𝐬𝐢𝐧
𝑨
𝟐 + 𝐬𝐢𝐧

𝑩
𝟐 + 𝐬𝐢𝐧

𝑪
𝟐

≤ √𝟐. 

614. If 𝒎 ∈ [𝟎,∞) and 𝑴 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪), 𝒙 = 𝑴𝑨, 𝒚 = 𝑴𝑩, 𝒛 = 𝑴𝑪 then : 

(𝒙.𝒎𝒂)
𝟐𝒎+𝟏 + (𝒚.𝒘𝒃)

𝟐𝒎+𝟏 + (𝒛. 𝒉𝒄)
𝟐𝒎+𝟏 ≥ 𝟐𝟐𝒎+𝟏. 𝑭𝟐𝒎+𝟏. (√𝟑)

𝟏−𝟐𝒎
 

 Proposed by D.M.Bătineţu-Giurgiu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆  𝒎𝒂 ≥ 𝒉𝒂  𝒂𝒏𝒅  𝒘𝒃 ≥ 𝒉𝒃 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(𝒙.𝒎𝒂)
𝟐𝒎+𝟏 + (𝒚.𝒘𝒃)

𝟐𝒎+𝟏 + (𝒛. 𝒉𝒄)
𝟐𝒎+𝟏 ≥ (𝒙. 𝒉𝒂)

𝟐𝒎+𝟏 + (𝒚. 𝒉𝒃)
𝟐𝒎+𝟏 + (𝒛. 𝒉𝒄)

𝟐𝒎+𝟏 = 

= (𝟐𝑭.
𝒙

𝒂
)
𝟐𝒎+𝟏

+ (𝟐𝑭.
𝒚

𝒃
)
𝟐𝒎+𝟏

+ (𝟐𝑭.
𝒛

𝒄
)
𝟐𝒎+𝟏

≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

(𝟐𝑭)𝟐𝒎+𝟏.
(
𝒙
𝒂 +

𝒚
𝒃 +

𝒛
𝒄)
𝟐𝒎+𝟏

𝟑𝟐𝒎
≥ 

≥
(𝟐𝑭)𝟐𝒎+𝟏

𝟑𝟐𝒎
. (√𝟑(

𝒙𝒚

𝒂𝒃
+
𝒚𝒛

𝒃𝒄
+
𝒛𝒙

𝒄𝒂
))

𝟐𝒎+𝟏

 ≥⏞
𝑯𝒂𝒚𝒂𝒔𝒉𝒊

 
(𝟐𝑭)𝟐𝒎+𝟏

𝟑𝟐𝒎
. (√𝟑. 𝟏)

𝟐𝒎+𝟏
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   (𝒙.𝒎𝒂)
𝟐𝒎+𝟏 + (𝒚.𝒘𝒃)

𝟐𝒎+𝟏 + (𝒛. 𝒉𝒄)
𝟐𝒎+𝟏 ≥ 𝟐𝟐𝒎+𝟏. 𝑭𝟐𝒎+𝟏. (√𝟑)

𝟏−𝟐𝒎
. 

615. In ∆𝑨𝑩𝑪 the following relationship holds: 

  
𝑹

𝒓
≥ √

(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)𝟑

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)𝟐(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)
⋅ 𝒎𝒂𝒙 {√

𝒂

𝒃
+ √

𝒃

𝒂
,√
𝒃

𝒄
+ √

𝒄

𝒃
,√
𝒄

𝒂
+ √

𝒂

𝒄
} 

Proposed by Bogdan Fuştei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒏 ∆𝑨𝑩𝑪 ∶   
𝒃

𝒄
+
𝒄

𝒃
≤
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐𝑭
  (∗) 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   (∗)  ⇔ (𝒃𝟐 + 𝒄𝟐)√𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)

≤ 𝟐𝒃𝒄√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 

⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟒 + 𝒄𝟒) [𝟐 (𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)− (𝒂𝟒+ 𝒃𝟒 + 𝒄𝟒)]

≤ 𝟒𝒃𝟐𝒄𝟐 (𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) 

⇔ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)
𝟐
− 𝟐𝒃𝟐𝒄𝟐(𝒃𝟒 + 𝒄𝟒) + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)

𝟐
≤ 𝟎 

⇔ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐

= −[𝒂𝟐(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟒 + 𝒄𝟒)]𝟐 ≤ 𝟎  

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

𝑵𝒐𝒘,   √𝒂, √𝒃, √𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆′ 𝒂𝒏𝒅 𝒍𝒆𝒕 𝑭′ 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆′. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝟒𝑭′ = √𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) = √𝟒𝒓(𝟒𝑹 + 𝒓) = 𝟐√𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄) 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝒊𝒏 ∆′ 𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏 ∶  √
𝒃

𝒄
+ √

𝒄

𝒃
≤
√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟐𝑭′

=
√𝟐𝑹(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)

√𝒓(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶   𝝎 ≤ √
𝟐𝑹

𝒓
.
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄

  𝒐𝒓  √
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄

. 𝝎 ≤ √
𝟐𝑹

𝒓
  (𝟏) 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒎𝒂 ≥⏞
𝑳𝒂𝒔𝒄𝒖𝒃 + 𝒄

𝟐
. 𝐜𝐨𝐬

𝑨

𝟐

=
𝒂 + 𝟐(𝒔 − 𝒂)

𝟐
. 𝐜𝐨𝐬

𝑨

𝟐
 ≥⏞
𝑨𝑴−𝑮𝑴

 √𝒂. 𝟐(𝒔 − 𝒂). √
𝒔(𝒔 − 𝒂)

𝒃𝒄
=
𝒂(𝒔 − 𝒂)

√𝟐𝑹𝒓
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒎𝒃 ≥
𝒃(𝒔 − 𝒃)

√𝟐𝑹𝒓
  𝒂𝒏𝒅  𝒎𝒄 ≥

𝒄(𝒔 − 𝒄)

√𝟐𝑹𝒓
 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥
𝒂(𝒔 − 𝒂)+ 𝒃(𝒔 − 𝒃)+ 𝒄(𝒔 − 𝒄)

√𝟐𝑹𝒓
=
𝟐𝒓(𝟒𝑹+ 𝒓)

√𝟐𝑹𝒓
= √

𝟐𝒓

𝑹
. (𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄) 
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𝑻𝒉𝒆𝒏 ∶   
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

≤ √
𝑹

𝟐𝒓
  (𝟐) 

𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒚𝒊𝒏𝒈 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒘𝒆 𝒈𝒆𝒕 ∶   √
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)𝟑

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)𝟐(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)
.𝝎 ≤

𝑹

𝒓
. 

616. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑(
𝟏

𝒎𝒃
+
𝝀

𝒎𝒄
)

𝟐

𝒄𝒚𝒄

≥
𝟒(𝝀 + 𝟏)𝟐

𝟑𝑹𝟐
, 𝝀 ≥ 𝟎 

Proposed by Marin Chirciu-Romania 
Solution 1 by Avishek Mitra-West Bengal-India 

∑(
𝟏

𝒎𝒃
+
𝝀

𝒎𝒄
)
𝟐

𝒄𝒚𝒄

=∑
𝟏

𝒎𝒃
𝟐

𝒄𝒚𝒄

+ 𝟐𝝀∑
𝟏

𝒎𝒃𝒎𝒄
𝒄𝒚𝒄

+ 𝝀𝟐∑
𝟏

𝒎𝒄
𝟐

𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≥ (𝟏 + 𝝀𝟐) ⋅
(𝟏 + 𝟏 + 𝟏)𝟐

∑𝒎𝒃
𝟐 + 𝟐𝝀 ⋅

(𝟏 + 𝟏 + 𝟏)𝟐

∑𝒎𝒃𝒎𝒄
≥ 

≥
𝟗(𝟏 + 𝝀𝟐)

∑𝒎𝒃
𝟐 +

𝟏𝟖𝝀

∑𝒎𝒃
𝟐 =

𝟗(𝟏 + 𝝀𝟐)

𝟑
𝟒
∑𝒃𝟐

+
𝟏𝟖𝝀

𝟑
𝟒
∑𝒃𝟐

≥
𝑳𝒆𝒃𝒏𝒊𝒛

 

≥
𝟏𝟐(𝟏 + 𝝀𝟐)

𝟗𝑹𝟐
+
𝟐𝟒𝝀

𝟗𝑹𝟐
=
𝟏𝟐(𝟏 + 𝟐𝝀 + 𝝀𝟐)

𝟗𝑹𝟐
=
𝟒(𝟏 + 𝝀)𝟐

𝟑𝑹𝟐
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Aggeliki Papaspyropoulou-Greece 

𝒎𝒂 ≤
𝑹𝑭

𝒂𝒓
,𝒎𝒃 ≤

𝑭𝑹

𝒃𝒓
,𝒎𝒄 ≤

𝑭𝑹

𝒄𝒓
 

𝟏

𝒎𝒃
+
𝝀

𝒎𝒄
≥
𝒃𝒓

𝑭𝑹
+
𝝀𝒄𝒓

𝑭𝑹
=
𝒓

𝑭𝑹
(𝒃 + 𝝀𝒄) =

𝒓(𝒃 + 𝝀𝒄)

𝑹𝒓𝒔
=
𝒃 + 𝝀𝒄

𝑹𝒔
 

So, we have to prove: 

∑
(𝒃+ 𝝀𝒄)𝟐

𝑹𝟐𝒔𝟐
𝒄𝒚𝒄

≥
𝟒(𝝀 + 𝟏)𝟐

𝟑𝑹𝟐
⇔ 𝟑∑(𝒃+ 𝝀𝒄)𝟐

𝒄𝒚𝒄

≥ (𝝀 + 𝟏)𝟐(𝒂 + 𝒃 + 𝒄)𝟐; (𝟏) 

But 𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) ≥ (𝒙 + 𝒚 + 𝒛)𝟐 
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𝟑∑(𝒃 + 𝝀𝒄)𝟐

𝒄𝒚𝒄

≥ (𝒃 + 𝝀𝒄 + 𝒄 + 𝝀𝒂 + 𝒂 + 𝝀𝒃)𝟐 = [(𝝀 + 𝟏)(𝒂 + 𝒃 + 𝒄)]𝟐 = 

= (𝝀 + 𝟏)(𝒂 + 𝒃 + 𝒄)𝟐 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

617. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑√
𝐜𝐬𝐜𝟒

𝑨
𝟐

𝐜𝐬𝐜𝟐
𝑩
𝟐
+ 𝐜𝐬𝐜

𝑪
𝟐
(𝐜𝐬𝐜

𝑨
𝟐
+ 𝐜𝐬𝐜

𝑩
𝟐
)

𝟑

𝒄𝒚𝒄

≥ √𝟑𝟔
𝟑

 

Proposed by Marin Chirciu-Romania 
Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪 ≤
𝟑√𝟑

𝟐
= 𝟑𝐬𝐢𝐧

𝝅

𝟑
 

𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
≤
𝟑

𝟐
= 𝟑𝐬𝐢𝐧

𝝅

𝟔
 

𝐜𝐬𝐜
𝑨

𝟐
+ 𝐜𝐬𝐜

𝑩

𝟐
+ 𝐜𝐬𝐜

𝑪

𝟐
=

𝟏

𝐬𝐢𝐧
𝑨
𝟐

+
𝟏

𝐬𝐢𝐧
𝑩
𝟐

+
𝟏

𝐬𝐢𝐧
𝑪
𝟐

≥ 𝟔 

∑√
𝐜𝐬𝐜𝟒

𝑨
𝟐

𝐜𝐬𝐜𝟐
𝑩
𝟐
+ 𝐜𝐬𝐜

𝑪
𝟐
(𝐜𝐬𝐜

𝑨
𝟐
+ 𝐜𝐬𝐜

𝑩
𝟐
)

𝟑

𝒄𝒚𝒄

≥
(∑𝐜𝐬𝐜

𝑨
𝟐)

𝟒
𝟑

(∑𝐜𝐬𝐜𝟐
𝑨
𝟐 +

∑𝐜𝐬𝐜
𝑩
𝟐 𝐜𝐬𝐜

𝑪
𝟐)

𝟏
𝟑

≥ √𝟑𝟔
𝟑

 

(∑ 𝐜𝐬𝐜
𝑨
𝟐)

𝟒

(∑ 𝐜𝐬𝐜
𝑨
𝟐)

𝟐 ≥ 𝟑𝟔 ⇔ (∑𝐜𝐬𝐜
𝑨

𝟐
)
𝟐

≥ 𝟑𝟔 ⇔∑𝐜𝐬𝐜
𝑨

𝟐
≥ 𝟔(𝒕𝒓𝒖𝒆!) 

Solution 2 by Tapas Das-India 

∑√
𝐜𝐬𝐜𝟒

𝑨
𝟐

𝐜𝐬𝐜𝟐
𝑩
𝟐 + 𝐜𝐬𝐜

𝑪
𝟐 (𝐜𝐬𝐜

𝑨
𝟐 + 𝐜𝐬𝐜

𝑩
𝟐)

𝟑

𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏 (∑𝐜𝐬𝐜

𝑨
𝟐)

𝟒
𝟑

(∑𝐜𝐬𝐜𝟐
𝑨
𝟐
+ ∑𝐜𝐬𝐜

𝑩
𝟐
𝐜𝐬𝐜
𝑪
𝟐
)

𝟏
𝟑

= 
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=
(∑𝐜𝐬𝐜

𝑨
𝟐)

𝟒
𝟑

(∑𝐜𝐬𝐜
𝑨
𝟐
)

𝟐
𝟑

= (∑𝐜𝐬𝐜
𝑨

𝟐
)

𝟐
𝟑
≥ 𝟑

𝟐
𝟑 [(∑𝐜𝐬𝐜

𝑨

𝟐
)

𝟐
𝟑
]

𝟏
𝟑

=
𝟑
𝟐
𝟑

(∑𝐬𝐢𝐧
𝑨
𝟐
)

𝟐
𝟗

= 𝟑
𝟐
𝟑 (
𝟒𝑹

𝒓
)

𝟐
𝟗
≥ 

≥ 𝟑
𝟐
𝟑 (
𝟒 ∙ 𝟐𝒓

𝒓
)

𝟐
𝟗
= 𝟑

𝟐
𝟑 ∙ 𝟖

𝟐
𝟗 = √𝟑𝟔

𝟑
 

618. If 𝒎 ≥ 𝟎;𝒖, 𝒗 > 0,𝑀 ∈ 𝐼𝑛𝑡(𝚫𝑨𝑩𝑪), 𝒙 = 𝑴𝑨,𝒚 = 𝑴𝑩, 𝒛 = 𝑴𝑪, then: 

∑(
𝒙

𝒂
(
𝒖𝒚

𝒃
+
𝒗𝒛

𝒄
))

𝒎+𝟏

𝒄𝒚𝒄

≥
(𝒖 + 𝒗)𝒎+𝟏

𝟑𝒎
 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution by Tapas Das-India 

∑(
𝒙

𝒂
(
𝒖𝒚

𝒃
+
𝒗𝒛

𝒄
))

𝒎+𝟏

𝒄𝒚𝒄

≥
𝟏

𝟑𝒎
[𝒖∑

𝒙𝒚

𝒂𝒃
𝒄𝒚𝒄

+ 𝒗∑
𝒙𝒚

𝒂𝒃
𝒄𝒚𝒄

]

𝒎+𝟏

= 

=
𝟏

𝟑𝒎
[(𝒖 + 𝒗)(∑

𝒙𝒚

𝒂𝒃
𝒄𝒚𝒄

)]

𝒎+𝟏

≥
𝑯𝒂𝒚𝒂𝒔𝒉𝒊 𝟏

𝟑𝒎
(𝒖 + 𝒗)𝒎+𝟏 

Lemma (Hayashi). For any triangle 𝑨𝑩𝑪 and for any arbitrary point 𝑷, it holds: 

𝒂 ∙ 𝑷𝑩 ∙ 𝑷𝑪 + 𝒃 ∙ 𝑷𝑪 ∙ 𝑷𝑨 + 𝒄 ∙ 𝑷𝑨 ∙ 𝑷𝑩 ≥ 𝒂𝒃𝒄 

619. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝟑 𝐬𝐢𝐧𝟐 𝑨

𝐜𝐨𝐬𝑨
+
𝟐 𝐬𝐢𝐧𝟐 𝑩

𝐜𝐨𝐬𝑩
+
𝐬𝐢𝐧𝟐 𝑪

𝐜𝐨𝐬 𝑪
) 𝐜𝐨𝐬 (

𝝅 + 𝟐𝑨 + 𝑩

𝟔
) ≥ 𝟔 𝐬𝐢𝐧𝟐 (

𝝅 + 𝟐𝑨 + 𝑩

𝟔
) 

Proposed by Daniel Sitaru-Romania 

Solution by Tapas Das-India 

𝐋𝐞𝐭 𝒇(𝒙) =
𝐬𝐢𝐧𝟐 𝒙

𝐜𝐨𝐬 𝒙
=
𝟏 − 𝐜𝐨𝐬𝟐 𝒙

𝐜𝐨𝐬 𝒙
= 𝐬𝐞𝐜 𝒙 − 𝐜𝐨𝐬 𝒙 

𝒇′(𝒙) = 𝐬𝐞𝐜 𝒙 𝐭𝐚𝐧𝒙 + 𝐬𝐢𝐧𝒙 

𝒇′′(𝒙) = 𝐬𝐞𝐜𝒙 + 𝐭𝐚𝐧𝟐 𝒙 + 𝐬𝐞𝐜𝟑 𝒙 + 𝐜𝐨𝐬 𝒙 > 0 ⇒ 𝑓 −convex function on (𝟎,
𝝅

𝟐
) 
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𝟑 𝐬𝐢𝐧𝟐 𝑨

𝐜𝐨𝐬𝑨
+
𝟐𝐬𝐢𝐧𝟐 𝑩

𝐜𝐨𝐬𝑩
+
𝐬𝐢𝐧𝟐 𝑪

𝐜𝐨𝐬 𝑪
= 𝟑𝒇(𝑨) + 𝟐𝒇(𝒃) + 𝒇(𝑪) ≥ 

≥ (𝟑 + 𝟐 + 𝟏)𝒇 (
𝟑𝑨 + 𝟐𝑩 + 𝑪

𝟑 + 𝟐 + 𝟏
) = 𝟔𝒇 (

𝟑𝑨+ 𝟐𝑩 + 𝑪

𝟔
) = 

= 𝟔 ∙
𝐬𝐢𝐧𝟐 (

𝟑𝑨 + 𝟐𝑩 + 𝑪
𝟔 )

𝐜𝐨𝐬 (
𝟑𝑨+ 𝟐𝑩 + 𝑪

𝟔 )
= 𝟔 ∙

𝐬𝐢𝐧𝟐 (
𝝅 + 𝟐𝑨 +𝑩

𝟔 )

𝐜𝐨𝐬 (
𝝅+ 𝟐𝑨 +𝑩

𝟔 )
 

Therefore, 

(
𝟑 𝐬𝐢𝐧𝟐 𝑨

𝐜𝐨𝐬𝑨
+
𝟐𝐬𝐢𝐧𝟐 𝑩

𝐜𝐨𝐬𝑩
+
𝐬𝐢𝐧𝟐 𝑪

𝐜𝐨𝐬 𝑪
) 𝐜𝐨𝐬 (

𝝅 + 𝟐𝑨 +𝑩

𝟔
) ≥ 𝟔𝐬𝐢𝐧𝟐 (

𝝅 + 𝟐𝑨 +𝑩

𝟔
) 

620. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑ 𝐜𝐨𝐬 (
𝑨 + 𝝅

𝟖
)

𝒄𝒚𝒄
≥
𝟑√𝟑𝒓

𝑹
 

 Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒖𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶   𝐜𝐨𝐬 (
𝒙 + 𝝅

𝟖
) ≥

𝟏

𝟒
𝐜𝐨𝐬

𝒙

𝟐
+
𝟑√𝟑

𝟖
, ∀𝒙 ∈ (𝟎,𝝅). 

𝑳𝒆𝒕 𝒇(𝒙) = 𝐜𝐨𝐬 (
𝒙 + 𝝅

𝟖
) −

𝟏

𝟒
𝐜𝐨𝐬

𝒙

𝟐
,   𝒙 ∈ (𝟎,𝝅). 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒇′(𝒙) = −
𝟏

𝟖
[𝐬𝐢𝐧 (

𝒙 + 𝝅

𝟖
) − 𝐬𝐢𝐧

𝒙

𝟐
] = −

𝟏

𝟒
𝐬𝐢𝐧 (

𝝅 − 𝟑𝒙

𝟏𝟔
) 𝐜𝐨𝐬 (

𝝅 + 𝟓𝒙

𝟏𝟔
) , ∀𝒙

∈ (𝟎,𝝅) 

𝑺𝒊𝒏𝒄𝒆 
𝝅 + 𝟓𝒙

𝟏𝟔
∈ (

𝝅

𝟏𝟔
,
𝟑𝝅

𝟖
)  𝒂𝒏𝒅 

𝝅 − 𝟑𝒙

𝟏𝟔
∈ (− 

𝝅

𝟖
,
𝝅

𝟏𝟔
)  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝐜𝐨𝐬 (
𝝅 + 𝟓𝒙

𝟏𝟔
) > 0, ∀𝑥 ∈ (𝟎, 𝝅) 

𝑨𝒏𝒅 𝒇 𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (𝟎,
𝝅

𝟑
)  𝒂𝒏𝒅 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (

𝝅

𝟑
, 𝝅)  ⇒ 

 𝐦𝐢𝐧
𝒙∈(𝟎,𝝅)

{𝒇(𝒙)} = 𝒇 (
𝝅

𝟑
) =

𝟑√𝟑

𝟖
. 

𝑻𝒉𝒆𝒏 ∶   𝐜𝐨𝐬 (
𝑨 + 𝝅

𝟖
) ≥

𝟏

𝟒
𝐜𝐨𝐬

𝑨

𝟐
+
𝟑√𝟑

𝟖
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑻𝒉𝒖𝒔,   ∑ 𝐜𝐨𝐬 (
𝑨 + 𝝅

𝟖
)

𝒄𝒚𝒄
≥
𝟏

𝟒
∑ 𝐜𝐨𝐬

𝑨

𝟐𝒄𝒚𝒄
+ 𝟑.

𝟑√𝟑

𝟖
  ≥⏞
𝑨𝑴−𝑮𝑴

  
𝟏

𝟒
. 𝟑√∏ 𝐜𝐨𝐬

𝑨

𝟐𝒄𝒚𝒄

𝟑

+
𝟗√𝟑

𝟖

=
𝟑

𝟒
. √

𝒔

𝟒𝑹

𝟑
+
𝟗√𝟑

𝟖
≥ 

≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟑

𝟒
. √
𝟑√𝟑𝒓

𝟒𝑹

𝟑

+
𝟗√𝟑

𝟖
  ≥⏞
𝑬𝒖𝒍𝒆𝒓

  
𝟑

𝟒
. √
𝟑√𝟑𝒓

𝟒𝑹
. (
𝟐𝒓

𝑹
)
𝟐𝟑

+
𝟗√𝟑

𝟖
.
𝟐𝒓

𝑹
=
𝟑

𝟒
.
√𝟑𝒓

𝑹
+
𝟗√𝟑𝒓

𝟒𝑹
=
𝟑√𝟑𝒓

𝑹
. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒘𝒊𝒍𝒍 𝒖𝒔𝒆 𝑷𝒐𝒑𝒐𝒗𝒊𝒄𝒊𝒖′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶ 

𝑰𝒇 𝒇 ∶ 𝑰 → 𝑹 𝒊𝒔 𝒂 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏, 𝒕𝒉𝒆𝒏 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒙, 𝒚, 𝒛 ∈ 𝑰 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒇(
𝒙 + 𝒚

𝟐
) + 𝒇 (

𝒚 + 𝒛

𝟐
) + 𝒇 (

𝒛 + 𝒙

𝟐
) ≥

𝟏

𝟐
(𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛) + 𝟑𝒇(

𝒙 + 𝒚 + 𝒛

𝟑
)). 

𝑳𝒆𝒕 𝒇𝟏(𝒕) = 𝐜𝐨𝐬 (
𝒕

𝟒
) , 𝒕 ∈ (𝟎, 𝝅) 𝒂𝒏𝒅 𝒙𝟏 = 𝑨 +𝑩,   𝒚𝟏 = 𝑩+ 𝑪,   𝒛𝟏 = 𝑪 + 𝑨. 

𝑺𝒊𝒏𝒄𝒆 𝒇𝟏 𝒊𝒔 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒕𝒉𝒆𝒏 𝒃𝒚 𝑷𝒐𝒑𝒐𝒗𝒊𝒄𝒊𝒖
′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑ 𝐜𝐨𝐬 (
(𝑪+ 𝑨) + (𝑨 + 𝑩)

𝟖
)

𝒄𝒚𝒄
≥
𝟏

𝟐
(∑ 𝐜𝐨𝐬 (

𝑩 + 𝑪

𝟒
)

𝒄𝒚𝒄
+ 𝟑𝐜𝐨𝐬

𝝅

𝟔
) 

𝑻𝒉𝒆𝒏 ∶  ∑ 𝐜𝐨𝐬 (
𝑨 + 𝝅

𝟖
)

𝒄𝒚𝒄
≥
𝟏

𝟐
(∑ 𝐜𝐨𝐬 (

𝑩 + 𝑪

𝟒
)

𝒄𝒚𝒄
+
𝟑√𝟑

𝟐
)  (𝟏) 

𝑳𝒆𝒕 𝒇𝟐(𝒕) = 𝐜𝐨𝐬 (
𝒕

𝟐
) , 𝒕 ∈ (𝟎,𝝅) 𝒂𝒏𝒅 𝒙𝟐 = 𝑨,   𝒚𝟐 = 𝑩,   𝒛𝟐 = 𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒇𝟐 𝒊𝒔 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒕𝒉𝒆𝒏 𝒃𝒚 𝑷𝒐𝒑𝒐𝒗𝒊𝒄𝒊𝒖
′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 (𝒙𝟐, 𝒚𝟐, 𝒛𝟐) 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑ 𝐜𝐨𝐬 (
𝑩 + 𝑪

𝟒
)

𝒄𝒚𝒄
≥
𝟏

𝟐
(∑ 𝐜𝐨𝐬

𝑨

𝟐𝒄𝒚𝒄
+ 𝟑 𝐜𝐨𝐬

𝝅

𝟔
) =

𝟏

𝟐
(∑ 𝐜𝐨𝐬

𝑨

𝟐𝒄𝒚𝒄
+
𝟑√𝟑

𝟐
)  (𝟐) 

𝑳𝒆𝒕 𝒇𝟑(𝒕) = 𝐬𝐢𝐧 𝒕 , 𝒕 ∈ (𝟎,𝝅) 𝒂𝒏𝒅 𝒙𝟑 = 𝑨,   𝒚𝟑 = 𝑩,   𝒛𝟑 = 𝑪. 

𝑺𝒊𝒏𝒄𝒆 𝒇𝟑 𝒊𝒔 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒕𝒉𝒆𝒏 𝒃𝒚 𝑷𝒐𝒑𝒐𝒗𝒊𝒄𝒊𝒖
′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 (𝒙𝟑, 𝒚𝟑, 𝒛𝟑) 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑ 𝐬𝐢𝐧(
𝑩 + 𝑪

𝟐
)

𝒄𝒚𝒄
≥
𝟏

𝟐
(∑ 𝐬𝐢𝐧𝑨

𝒄𝒚𝒄
+ 𝟑𝐬𝐢𝐧

𝝅

𝟑
) ⇔∑ 𝐜𝐨𝐬

𝑨

𝟐𝒄𝒚𝒄
≥
𝟏

𝟐
(
𝒔

𝑹
+
𝟑√𝟑

𝟐
)  (𝟑) 

𝑭𝒓𝒐𝒎 (𝟏), (𝟐) 𝒂𝒏𝒅 (𝟑) 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑ 𝐜𝐨𝐬(
𝑨 + 𝝅

𝟖
)

𝒄𝒚𝒄
≥
𝒔

𝟖𝑹
+
𝟐𝟏√𝟑

𝟏𝟔
 ≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
𝟑√𝟑𝒓

𝟖𝑹
+
𝟐𝟏√𝟑

𝟏𝟔
  ≥⏞
𝑬𝒖𝒍𝒆𝒓

  
𝟑√𝟑𝒓

𝟖𝑹
+
𝟐𝟏√𝟑

𝟏𝟔
.
𝟐𝒓

𝑹
=
𝟑√𝟑𝒓

𝑹
. 
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𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

621. 𝒂, 𝒃, 𝒄 −sides in ∆𝑨𝑩𝑪,
𝟏

𝒂+𝒃
,
𝟏

𝒃+𝒄
,
𝟏

𝒄+𝒂
−sides in ∆𝑨′𝑩′𝑪′. Prove that: 

𝟗

𝟒𝒔
≤ 𝟐𝒔′ ≤

√𝟑

𝟒𝒓
 

Proposed by Mehmet Șahin-Ankara-Turkiye 

Solution by Daniel Sitaru-Romania 

𝟐𝒔′ =
𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+ 

𝟏

𝒄 + 𝒂
≥⏞

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎
(𝟏 + 𝟏 + 𝟏)𝟐

𝒂 + 𝒃 + 𝒃 + 𝒄 + 𝒄 + 𝒂
=
𝟗

𝟒𝒔
 

𝒇: (𝟎, 𝟐𝒔) → ℝ, 𝒇(𝒙) =
𝟏

𝟐𝒔 − 𝒙
, 𝒇′(𝒙) =

−𝟏

(𝟐𝒔 − 𝒙)𝟐
,  

𝒇′′(𝒙) =
𝟐

(𝟐𝒔 − 𝒙)𝟑
> 0, 𝑓 − 𝑐𝑜𝑛𝑣𝑒𝑥 

𝟐𝒔′ =
𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+ 

𝟏

𝒄 + 𝒂
=

𝟏

𝟐𝒔 − 𝒂
+

𝟏

𝟐𝒔 − 𝒃
+ 

𝟏

𝟐𝒔 − 𝒄
= 

= 𝒇(𝒂) + 𝒇(𝒃) + 𝒇(𝒄) ≥⏞
𝑱𝒆𝒏𝒔𝒆𝒏

𝟑𝒇(
𝒂 + 𝒃 + 𝒄

𝟑
) = 𝟑𝒇(

𝟐𝒔

𝟑
) = 

= 𝟑 ∙
𝟏

𝟐𝒔 −
𝟐𝒔
𝟑

=
𝟗

𝟒𝒔
≥⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟗

𝟒 ∙ 𝟑√𝟑𝒓
=
√𝟑

𝟒𝒓
 

622. In ∆𝑨𝑩𝑪 the following relationship holds: 

 (𝐬𝐢𝐧𝑨 + 𝟐 𝐬𝐢𝐧𝑩)𝟒 + (𝐬𝐢𝐧𝑩 + 𝟐𝐬𝐢𝐧𝑪)𝟒 + (𝐬𝐢𝐧𝑪 + 𝟐𝐬𝐢𝐧𝑨)𝟒 ≤
𝟐𝟏𝟖𝟕

𝟖
(𝟏 −

𝒓

𝑹
).   

Proposed by Marian Ursărescu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐛𝟒 + 𝐜𝟒 − 𝐛𝟑𝐜 − 𝐛𝐜𝟑 = 𝐛𝟑(𝐛 − 𝐜) − 𝐜𝟑(𝐛 − 𝐜) = (𝐛 − 𝐜)(𝐛𝟑 − 𝐜𝟑)

= (𝐛 − 𝐜)(𝐛 − 𝐜)(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐) = (𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)(𝐛 − 𝐜)𝟐 ≥ 𝟎

⇒ 𝐛𝟑𝐜 + 𝐛𝐜𝟑 ≤
(𝐢)

𝐛𝟒 + 𝐜𝟒 
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𝐍𝐨𝐰, (𝐛 + 𝟐𝐜)𝟒

= 𝐛𝟒 + 𝟖𝐛𝟑𝐜 + 𝟖𝐛𝐜𝟑 + 𝟐𝟒𝐛𝟐𝐜𝟐 + 𝟐𝟒𝐛𝐜𝟑 + 𝟏𝟔𝐜𝟒 ≤
𝐯𝐢𝒂 (𝐢)

𝐛𝟒 + 𝟖𝐛𝟒 + 𝟖𝐜𝟒 + 𝟐𝟒𝐛𝟐𝐜𝟐

+ 𝟏𝟐.𝟐. 𝐛𝐜. 𝐜𝟐 + 𝟏𝟔𝐜𝟒 ≤
𝐀−𝐆

𝟗𝐛𝟒 + 𝟐𝟒𝐜𝟒 + 𝟐𝟒𝐛𝟐𝐜𝟐 + 𝟏𝟐(𝐛𝟐𝐜𝟐 + 𝐜𝟒) 

⇒ (𝐛 + 𝟐𝐜)𝟒 ≤
(∗)

𝟗𝐛𝟒 + 𝟑𝟔𝐜𝟒 + 𝟑𝟔𝐛𝟐𝐜𝟐

∴ (𝐬𝐢𝐧𝐀 + 𝟐𝐬𝐢𝐧𝐁)𝟒 + (𝐬𝐢𝐧𝐁 + 𝟐𝐬𝐢𝐧𝐂)𝟒 + (𝐬𝐢𝐧𝐂 + 𝟐𝐬𝐢𝐧𝐀)𝟒

=
𝟏

𝟏𝟔𝐑𝟒
∑(𝐛 + 𝟐𝐜)𝟒

𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (∗) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟏

𝟏𝟔𝐑𝟒
(𝟗∑𝐛𝟒

𝐜𝐲𝐜

+ 𝟑𝟔∑𝐜𝟒

𝐜𝐲𝐜

+ 𝟑𝟔∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

) 

≤
𝟏

𝟏𝟔𝐑𝟒
(𝟗∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟑𝟔∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟑𝟔∑𝒂𝟒

𝐜𝐲𝐜

) =
𝟖𝟏

𝟏𝟔𝐑𝟒
∑𝒂𝟒

𝐜𝐲𝐜

≤
? 𝟐𝟏𝟖𝟕

𝟖
(𝟏 −

𝐫

𝐑
)

⇔∑𝒂𝟒

𝐜𝐲𝐜

≤
?
𝟓𝟒𝐑𝟑(𝐑− 𝐫) ⇔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟖𝐫𝟐𝐬𝟐 ≤
?
𝟐𝟕𝐑𝟑(𝐑− 𝐫) 

⇔ (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟖𝐫𝟐𝐬𝟐 ≤

?
𝟐𝟕𝐑𝟑(𝐑− 𝐫)

⇔ 𝐬𝟒 − (𝟖𝐑𝐫 + 𝟔𝐫𝟐)𝐬𝟐 + (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
≤
?
⏟
(∗)

𝟐𝟕𝐑𝟑(𝐑− 𝐫) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐

+ (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

+ (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
 (∵ 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐 = (𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝟒𝐫) + 𝟓𝐫𝟐 >

𝐄𝐮𝐥𝐞𝐫
𝟎) 

≤
?
𝟐𝟕𝐑𝟑(𝐑− 𝐫) ⇔ 𝟏𝟏𝐭𝟒 − 𝟐𝟕𝐭𝟑 + 𝟏𝟔𝐭 + 𝟖 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟏𝐭𝟐 + 𝟏𝟕+ 𝟐𝟒)+ 𝟒𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, (𝐬𝐢𝐧𝐀 + 𝟐𝐬𝐢𝐧𝐁)𝟒 + (𝐬𝐢𝐧𝐁 + 𝟐𝐬𝐢𝐧𝐂)𝟒 + (𝐬𝐢𝐧𝐂 + 𝟐𝐬𝐢𝐧𝐀)𝟒

≤
𝟐𝟏𝟖𝟕

𝟖
(𝟏 −

𝐫

𝐑
) ,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆   (𝒙 + 𝟐𝒚)𝟒  ≤⏞
𝑯ӧ𝒍𝒅𝒆𝒓

(𝒙𝟒 + 𝟐𝒚𝟒)(𝟏 + 𝟐)𝟑 = 𝟐𝟕(𝒙𝟒 + 𝟐𝒚𝟒),   ∀𝒙, 𝒚
> 0,   𝑡ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

(𝐬𝐢𝐧𝑨 + 𝟐 𝐬𝐢𝐧𝑩)𝟒 ≤ 𝟐𝟕(𝐬𝐢𝐧𝟒 𝑨 + 𝟐 𝐬𝐢𝐧𝟒𝑩)   
  (𝐬𝐢𝐧𝑩 + 𝟐𝐬𝐢𝐧 𝑪)𝟒 ≤ 𝟐𝟕(𝐬𝐢𝐧𝟒 𝑩+ 𝟐 𝐬𝐢𝐧𝟒 𝑪) 

𝑨𝒏𝒅 ∶   (𝐬𝐢𝐧𝑪 + 𝟐𝐬𝐢𝐧𝑨)𝟒 ≤ 𝟐𝟕(𝐬𝐢𝐧𝟒 𝑪 + 𝟐𝐬𝐢𝐧𝟒 𝑨) 
𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

(𝐬𝐢𝐧𝑨 + 𝟐𝐬𝐢𝐧𝑩)𝟒 + (𝐬𝐢𝐧𝑩 + 𝟐𝐬𝐢𝐧 𝑪)𝟒 + (𝐬𝐢𝐧𝑪 + 𝟐𝐬𝐢𝐧𝑨)𝟒

≤ 𝟖𝟏(𝐬𝐢𝐧𝟒 𝑨 + 𝐬𝐢𝐧𝟒 𝑩+ 𝐬𝐢𝐧𝟒 𝑪) 
𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

  𝐬𝐢𝐧𝟒 𝑨 + 𝐬𝐢𝐧𝟒𝑩 + 𝐬𝐢𝐧𝟒 𝑪 ≤
𝟐𝟕

𝟖
(𝟏 −

𝒓

𝑹
)   𝒐𝒓  𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≤ 𝟓𝟒𝑹𝟑(𝑹 − 𝒓) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 
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 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 = 𝟐[(𝒔𝟐 − 𝟒𝑹𝒓 − 𝟑𝒓𝟐)𝟐 − 𝟖𝒓𝟑(𝟐𝑹 + 𝒓)] ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 𝟐[(𝟒𝑹𝟐)𝟐

− 𝟖𝒓𝟑(𝟐𝑹 + 𝒓)] = 

= 𝟏𝟔(𝟐𝑹𝟒 − 𝟐𝑹𝒓𝟑 − 𝒓𝟒) ≤⏞
?

 𝟓𝟒𝑹𝟑(𝑹 − 𝒓)  ⇔ 𝟏𝟏𝑹𝟒 − 𝟐𝟕𝑹𝟑𝒓 + 𝟏𝟔𝑹𝒓𝟑 + 𝟖𝒓𝟒 ≥ 𝟎 
⇔ (𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟏𝟏𝑹𝟐 + 𝟏𝟕𝑹𝒓 + 𝟐𝟒𝒓𝟐) + 𝟒𝟒𝒓𝟑]

≥ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 
𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

  (𝐬𝐢𝐧𝑨 + 𝟐𝐬𝐢𝐧𝑩)𝟒 + (𝐬𝐢𝐧𝑩 + 𝟐𝐬𝐢𝐧𝑪)𝟒 + (𝐬𝐢𝐧 𝑪 + 𝟐 𝐬𝐢𝐧𝑨)𝟒 ≤
𝟐𝟏𝟖𝟕

𝟖
(𝟏 −

𝒓

𝑹
). 

 

623. 

 

Prove that: 

∑
𝑰𝑰𝒂
𝑰𝑷

𝒄𝒚𝒄

∙∑(
𝑰𝑰𝒂
𝑰𝑷
)
𝟐

𝒄𝒚𝒄

≥ 𝟕𝟐 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

{
 
 

 
 𝑰𝑰𝑨 = 𝟒𝑹 ∙ 𝐬𝐢𝐧

𝑨

𝟐

𝑰𝑰𝑩 = 𝟒𝑹 ∙ 𝐬𝐢𝐧
𝑩

𝟐

𝑰𝑰𝑪 = 𝟒𝑹 ∙ 𝐬𝐢𝐧
𝑪

𝟐

,

{
  
 

  
 𝑰𝑨 =

√𝒃𝒄𝒔(𝒔 − 𝒂)

𝒔

𝑰𝑩 =
√𝒂𝒄𝒔(𝒔 − 𝒃)

𝒔

𝑰𝑪 =
√𝒂𝒃𝒔(𝒔 − 𝒄)

𝒔
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𝐬𝐢𝐧
𝑨

𝟐
= √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
, 𝐬𝐢𝐧

𝑩

𝟐
= √

(𝒔 − 𝒄)(𝒔 − 𝒂)

𝒄𝒂
, 𝐬𝐢𝐧

𝑪

𝟐
= √

(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
 

𝚫𝑰𝑷𝑪:  
𝑰𝑪

𝐬𝐢𝐧𝑩
=

𝑰𝑷

𝐬𝐢𝐧 (
𝝅
𝟐 −

𝑩
𝟐)
⇒ 𝑰𝑷 =

𝑰𝑪

𝟐 𝐬𝐢𝐧
𝑩
𝟐

 

Now, we have: 

𝑰𝑰𝑨
𝑰𝑷
=
𝟒𝑹𝐬𝐢𝐧

𝑨
𝟐

𝑰𝑪

𝟐 𝐬𝐢𝐧
𝑩
𝟐

=
𝟖𝑹

𝑰𝑪
∙ 𝐬𝐢𝐧

𝑨

𝟐
𝐬𝐢𝐧
𝑩

𝟐
 

𝑰𝑰𝑨
𝑰𝑷
=

𝟖𝑹

√𝒂𝒃𝒔(𝒔 − 𝒄)
𝒔

∙ √
(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
∙ √
(𝒔 − 𝒄)(𝒔 − 𝒂)

𝒂𝒄
 

𝑰𝑰𝑨
𝑰𝑷
=
𝟖𝑹

𝒂𝒃𝒄
∙ 𝑭 = 𝟐 

Similarly, 
𝑰𝑰𝑩

𝑰𝑸
= 𝟐 and 

𝑰𝑰𝑪

𝑰𝑹
= 𝟐. So, 
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∑
𝑰𝑰𝒂
𝑰𝑷

𝒄𝒚𝒄

= 𝟔 𝐚𝐧𝐝 ∑(
𝑰𝑰𝒂
𝑰𝑷
)
𝟐

𝒄𝒚𝒄

= 𝟏𝟐 

Therefore, 

∑
𝑰𝑰𝒂
𝑰𝑷

𝒄𝒚𝒄

∙∑(
𝑰𝑰𝒂
𝑰𝑷
)
𝟐

𝒄𝒚𝒄

= 𝟕𝟐 

624. In 𝚫𝑨𝑩𝑪, 𝑰 −incenter, 𝑹𝑨, 𝑹𝑩, 𝑹𝑪 −circumradius of 𝚫𝑨𝑭𝑬, 𝚫𝑩𝑫𝑭,𝚫𝑪𝑬𝑫 

respectively. Prove that: 

𝒉𝒂
𝟐

𝑨𝑨𝟏 ⋅ 𝑹𝑨
+

𝒉𝒃
𝟐

𝑩𝑩𝟏 ⋅ 𝑹𝑩
+

𝒉𝒄
𝟐

𝑪𝑪𝟏 ⋅ 𝑹𝑪
≤ 𝟏𝟖 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑭𝑨 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑨𝑬𝑭.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝟐𝑭𝑨 = 𝑨𝑨𝟏. 𝑬𝑭 =
𝑨𝑬.𝑬𝑭. 𝑭𝑨

𝟐𝑹𝑨
  𝒕𝒉𝒆𝒏

∶   𝑨𝑨𝟏. 𝑹𝑨 =
𝑨𝑬.𝑭𝑨

𝟐
. 

𝑺𝒊𝒏𝒄𝒆 ∶   𝑨𝑬 =
𝒃𝒄

𝒄 + 𝒂
  𝒂𝒏𝒅  𝑨𝑭 =

𝒃𝒄

𝒂 + 𝒃
 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶   𝑨𝑨𝟏. 𝑹𝑨 =

(𝒃𝒄)𝟐

𝟐(𝒄 + 𝒂)(𝒂 + 𝒃)
 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒉𝒂 =
𝒃𝒄

𝟐𝑹
  𝒕𝒉𝒆𝒏 ∶   

𝒉𝒂
𝟐

𝑨𝑨𝟏. 𝑹𝑨
=
(𝒄 + 𝒂)(𝒂 + 𝒃)

𝟐𝑹𝟐
. 
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𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒉𝒃
𝟐

𝑩𝑩𝟏. 𝑹𝑩
=
(𝒂 + 𝒃)(𝒃 + 𝒄)

𝟐𝑹𝟐
  𝒂𝒏𝒅  

𝒉𝒄
𝟐

𝑪𝑪𝟏. 𝑹𝑪
=
(𝒃 + 𝒄)(𝒄 + 𝒂)

𝟐𝑹𝟐
 

𝑻𝒉𝒆𝒏 ∶   
𝒉𝒂
𝟐

𝑨𝑨𝟏. 𝑹𝑨
+

𝒉𝒃
𝟐

𝑩𝑩𝟏. 𝑹𝑩
+

𝒉𝒄
𝟐

𝑪𝑪𝟏. 𝑹𝑪
=
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟐𝑹𝟐
≤ 

≤
𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐𝑹𝟐
 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 
𝟐. 𝟗𝑹𝟐

𝑹𝟐
= 𝟏𝟖.  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

625. If 𝒙, 𝒚, 𝒛 ∈ (𝟎,
𝝅

𝟐
) then in 𝚫𝑨𝑩𝑪 holds: 

𝐭𝐚𝐧 𝒚 + 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙
∙ 𝒂 +

𝐭𝐚𝐧 𝒛 + 𝐭𝐚𝐧 𝒙

𝐬𝐢𝐧 𝒚
∙ 𝒃 +

𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧 𝒚

𝐬𝐢𝐧 𝒛
∙ 𝒄 > 4 ∙ √𝟐𝟕

𝟒
∙ √𝑭 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by Tapas Das-India 

𝐭𝐚𝐧 𝒚 + 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙
≥
𝟐√𝐭𝐚𝐧 𝒚 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝐭𝐚𝐧 𝒚 + 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧𝒙
∙ 𝒂 +

𝐭𝐚𝐧 𝒛 + 𝐭𝐚𝐧 𝒙

𝐬𝐢𝐧𝒚
∙ 𝒃 +

𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧 𝒚

𝐬𝐢𝐧 𝒛
∙ 𝒄 ≥ 

≥
𝟐√𝐭𝐚𝐧 𝒚 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙
∙ 𝒂 +

𝟐√𝐭𝐚𝐧𝒛 𝐭𝐚𝐧 𝒙

𝐬𝐢𝐧𝒚
∙ 𝒃 +

𝟐√𝐭𝐚𝐧 𝒙 𝐭𝐚𝐧 𝒚

𝐬𝐢𝐧 𝒛
∙ 𝒄 > 

> 6 ∙ √𝒂𝒃𝒄 ∙
𝐭𝐚𝐧 𝒙 𝐭𝐚𝐧 𝒚 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝒚 𝐬𝐢𝐧 𝒛

𝟑

= 𝟔 ∙ √𝐬𝐞𝐜𝒙 𝐬𝐞𝐜 𝒚 𝐬𝐞𝐜 𝒛
𝟑 ∙ √𝒂𝒃𝒄

𝟑
> 

> 6 ∙ √𝒂𝒃𝒄
𝟑

= 𝟔 ∙ √√(
𝟒𝑭

√𝟑
)
𝟑𝟑

= 𝟒√𝑭 ∙ √𝟐𝟕
𝟒

 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

Let 𝐭𝐚𝐧 𝒙 = 𝒏, 𝐭𝐚𝐧𝒚 = 𝒎, 𝐭𝐚𝐧 𝒛 = 𝒑, then: 

𝒎+𝒑

𝒏
∙ 𝒂 +

𝒑 + 𝒏

𝒎
∙ 𝒃 +

𝒏 +𝒎

𝒑
∙ 𝒄 > 4√𝑭 ∙ √𝟐𝟕

𝟒
 

∑(
𝒎+𝒏 + 𝒑

𝒏
∙ 𝒂)

𝒄𝒚𝒄

− 𝟐𝒑 =∑𝒏

𝒄𝒚𝒄

∙∑
𝒂

𝒏
𝒄𝒚𝒄

− 𝟐𝒑 ≥
𝑪𝑩𝑺
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≥ (∑√𝒂

𝒄𝒚𝒄

)

𝟐

− 𝟐𝒑 = 𝟐𝒑 + 𝟐∑√𝒂𝒃

𝒄𝒚𝒄

− 𝟐𝒑 = 𝟐∑√𝒂𝒃

𝒄𝒚𝒄

= 𝟐∑√
𝟐𝑭

𝐬𝐢𝐧 𝑪
𝒄𝒚𝒄

= 

= 𝟐√𝟐 ∙ 𝟑√𝟑 ∙ √𝑭∑
(𝟏)

𝟑
𝟐

(𝐬𝐢𝐧𝑪)
𝟏
𝟐𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏

𝟐√𝟐 ∙ 𝟑√𝟑 ∙ √𝑭 ∙
𝟏

(∑𝐬𝐢𝐧 𝑨)
𝟏
𝟐

= 

= 𝟐√𝟐 ∙ 𝟑√𝟑 ∙ √𝑭 > 4√𝑭 ∙ √𝟐𝟕
𝟒

 

Solution 3 by Debopriyo Dawn-India 

𝐭𝐚𝐧 𝒚 + 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙
≥
𝟐√𝐭𝐚𝐧 𝒚 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝐭𝐚𝐧 𝒚 + 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧𝒙
∙ 𝒂 +

𝐭𝐚𝐧 𝒛 + 𝐭𝐚𝐧 𝒙

𝐬𝐢𝐧𝒚
∙ 𝒃 +

𝐭𝐚𝐧 𝒙 + 𝐭𝐚𝐧 𝒚

𝐬𝐢𝐧 𝒛
∙ 𝒄 ≥ 

≥
𝟐√𝐭𝐚𝐧 𝒚 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙
∙ 𝒂 +

𝟐√𝐭𝐚𝐧𝒛 𝐭𝐚𝐧 𝒙

𝐬𝐢𝐧𝒚
∙ 𝒃 +

𝟐√𝐭𝐚𝐧 𝒙 𝐭𝐚𝐧 𝒚

𝐬𝐢𝐧 𝒛
∙ 𝒄 > 

> 6 ∙ √𝒂𝒃𝒄 ∙
𝐭𝐚𝐧 𝒙 𝐭𝐚𝐧 𝒚 𝐭𝐚𝐧 𝒛

𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝒚 𝐬𝐢𝐧 𝒛

𝟑

= 𝟔 ∙ √𝐬𝐞𝐜𝒙 𝐬𝐞𝐜 𝒚 𝐬𝐞𝐜 𝒛
𝟑 ∙ √𝒂𝒃𝒄

𝟑
> 

> 6 ∙ √𝒂𝒃𝒄
𝟑

= 𝟔 ∙ √√(
𝟒𝑭

√𝟑
)
𝟑𝟑

= 𝟒√𝑭 ∙ √𝟐𝟕
𝟒

 

626. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐬𝐢𝐧
𝟑𝑨
𝟐

𝐜𝐨𝐬
𝑨
𝟐

+
𝐬𝐢𝐧
𝟑𝑩
𝟐

𝐜𝐨𝐬
𝑩
𝟐

+
𝐬𝐢𝐧
𝟑𝑪
𝟐

𝐜𝐨𝐬
𝑪
𝟐

≤
𝟗𝑹

𝒔
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Tapas Das-India 

𝐋𝐞𝐭 𝒇(𝒙) =
𝐬𝐢𝐧 𝟑𝒙

𝐜𝐨𝐬 𝒙
⇒ 𝒇′(𝒙) =

𝐜𝐨𝐬𝟒𝒙 + 𝟐 𝐜𝐨𝐬𝟐𝒙

𝐜𝐨𝐬𝟐 𝒙
 

𝒇′′(𝒙) =
−𝟒(𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧 𝟒𝒙 + 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬 𝟐𝒙) + (𝐜𝐨𝐬 𝟒𝒙 𝐬𝐢𝐧𝟐𝒙 + 𝐬𝐢𝐧𝟒𝒙)

𝐜𝐨𝐬𝟒 𝒙
≤ 𝟎 

Because: −𝟒(𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧 𝟒𝒙 + 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬 𝟐𝒙) + (𝐜𝐨𝐬 𝟒𝒙 𝐬𝐢𝐧𝟐𝒙 + 𝐬𝐢𝐧𝟒𝒙) = 
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= 𝐬𝐢𝐧𝟒𝒙 (𝟏 − 𝟒𝐜𝐨𝐬𝟐 𝒙) + 𝐜𝐨𝐬 𝟒𝒙 𝐬𝐢𝐧𝟐𝒙 − 𝟒𝐬𝐢𝐧𝟐 𝒙 𝐜𝐨𝐬𝟐𝒙 = 

= −𝐬𝐢𝐧𝟒𝒙 (𝟏 + 𝐜𝐨𝐬𝟐𝒙) − 𝐜𝐨𝐬 𝟒𝒙 (𝟏 − 𝐬𝐢𝐧𝟐𝒙) − 𝟐 𝐜𝐨𝐬𝟐𝒙 < 0 

⇒ 𝒇−concave on (𝟎,
𝝅

𝟐
). Using Jensen’s inequality, we get: 

𝒇(
𝑨

𝟐
) + 𝒇 (

𝑩

𝟐
) + 𝒇 (

𝑪

𝟐
) ≤ 𝟑𝒇(

𝑨 + 𝑩 + 𝑪

𝟔
) = 𝟑𝒇 (

𝝅

𝟔
) 

𝐬𝐢𝐧
𝟑𝑨
𝟐

𝐜𝐨𝐬
𝑨
𝟐

+
𝐬𝐢𝐧
𝟑𝑩
𝟐

𝐜𝐨𝐬
𝑩
𝟐

+
𝐬𝐢𝐧
𝟑𝑪
𝟐

𝐜𝐨𝐬
𝑪
𝟐

≤ 𝟐√𝟑 

We need to prove that: 𝟐√𝟑 ≤
𝟗𝑹

𝒔
⇔ 𝟐𝒔 ≤ 𝟑√𝟑𝑹; (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑𝐜𝐨𝐭𝑨

𝒄𝒚𝒄

=
∑𝒂𝟐

𝟒𝑭
; (𝟏), 𝟐∑

𝟏

𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

=
∑𝒂𝒃

𝟐𝑭
; (𝟐), 𝟐∑𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

=
𝟐𝒔

𝑹
; (𝟑) 

∑
𝐬𝐢𝐧
𝟑𝑨
𝟐

𝐜𝐨𝐬
𝑨
𝟐𝒄𝒚𝒄

=∑
𝟐𝐬𝐢𝐧

𝑨
𝟐 𝐬𝐢𝐧

𝟑𝑨
𝟐

𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

=∑
𝐜𝐨𝐬 𝑨 − 𝐜𝐨𝐬𝟐𝑨

𝐜𝐨𝐬
𝑨
𝟐𝒄𝒚𝒄

= 

=∑𝐜𝐨𝐭 𝑨

𝒄𝒚𝒄

+ 𝟐∑𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

−∑
𝟏

𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

=
(𝟏)−(𝟑) ∑𝒂𝟐 − 𝟐∑𝒂𝒃

𝟒𝑭
+
𝟐𝒔

𝑹
= 

= −
𝟒𝑹 + 𝒓

𝒔
+
𝟐𝒔

𝑹
≤
(∗) 𝟗𝑹

𝒔
, (∗) ⇔ 𝟏𝟑𝑹𝟐 +𝑹𝒓 ≥ 𝟐𝒔𝟐 

But 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 (𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏). So, (∗) ⇔ 

𝟐𝒔𝟐 ≤ 𝟖𝑹𝟐 + 𝟖𝑹𝒓 + 𝟔𝒓𝟐 ≤ 𝟏𝟑𝑹𝟐 +𝑹𝒓 ⇔ 

𝟓𝑹𝟔𝟐 − 𝟕𝑹𝒓 − 𝟔𝒓𝟐 ≥ 𝟎 ⇔ (𝑹 − 𝟐𝒓)(𝟓𝑹+ 𝟑𝒓) ≥ 𝟎(𝑬𝒖𝒍𝒆𝒓) 

627. If 𝒙, 𝒚, 𝒛 > 0 such that 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟑 then in acute 𝚫𝑨𝑩𝑪 holds: 

∑
𝐭𝐚𝐧𝒏+𝟏 𝑨 𝐭𝐚𝐧𝒏+𝟏𝑩

𝒙𝒏𝒚𝒏
𝒄𝒚𝒄

≥ 𝟑𝒏+𝟐, 𝒏 ∈ ℕ 

Proposed by Marin Chirciu-Romania 
Solution 1 by Marian Ursărescu-Romania 

∑
𝐭𝐚𝐧𝒏+𝟏 𝑨 𝐭𝐚𝐧𝒏+𝟏𝑩

𝒙𝒏𝒚𝒏
𝒄𝒚𝒄

≥
𝑯𝒐𝒍𝒅𝒆𝒓 (∑ 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩)𝒏+𝟏

(∑𝒙𝒚)𝒏
=
(∑ 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩)𝒏+𝟏

𝟑𝒏
; (𝟏) 
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In acute 𝚫𝑨𝑩𝑪: 𝐭𝐚𝐧𝑨 , 𝐭𝐚𝐧𝑩 , 𝐭𝐚𝐧𝑪 > 0 ⇒ ∑ 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 ≥ 𝟑√𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪
𝟑

; (𝟐) 

But ∑ 𝐭𝐚𝐧𝑨 = ∏𝐭𝐚𝐧𝑨 ⇒ ∑ 𝐭𝐚𝐧𝑨 ≥ 𝟑√∏ 𝐭𝐚𝐧𝑨
𝟑

 

⇒ ∑𝐭𝐚𝐧𝑨 = ∏𝐭𝐚𝐧𝑨 ≥ 𝟑√𝟑; (𝟑)  

From (2) and (3), we get: 

∑𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩

𝒄𝒚𝒄

≥ 𝟑𝟐; (𝟒) 

From (1) and (4), we get: 

∑
𝐭𝐚𝐧𝒏+𝟏 𝑨 𝐭𝐚𝐧𝒏+𝟏𝑩

𝒙𝒏𝒚𝒏
𝒄𝒚𝒄

≥
𝟑𝟐𝒏+𝟐

𝟑𝒏
= 𝟑𝒏+𝟐, 𝒏 ∈ ℕ 

Solution 2 by Tapas Das-India 

∑
𝐭𝐚𝐧𝒏+𝟏 𝑨 𝐭𝐚𝐧𝒏+𝟏 𝑩

𝒙𝒏𝒚𝒏
𝒄𝒚𝒄

=∑
(𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩)𝒏+𝟏

(𝒙𝒚)𝒏
𝒄𝒚𝒄

≥ 𝟑 ∙ √
(𝐭𝐚𝐧𝟐 𝑨 𝐭𝐚𝐧𝟐 𝑩 𝐭𝐚𝐧𝟐 𝑪)𝒏+𝟏

(𝒙𝟐𝒚𝟐𝒛𝟐)𝒏
𝟑

= 

= 𝟑 ∙
(𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪)

𝟐𝒏+𝟐
𝟑

(𝒙𝒚𝒛)
𝟐𝒏
𝟑

≥ 𝟑 ∙ (𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧 𝑪)
𝟐𝒏+𝟐
𝟑 ≥ ; (∵ (𝒙𝒚𝒛)

𝟐
𝟑 ≤ 𝟏) 

≥ 𝟑(𝟑√𝟑)
𝟐𝒏+𝟐
𝟑 = 𝟑𝒏+𝟐 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ≥ 𝟑(𝒙𝒚𝒛)
𝟐
𝟑 ⇒ 𝟏 ≥ (𝒙𝒚𝒛)

𝟐
𝟑 

Let 𝒇(𝒙) = 𝐭𝐚𝐧𝒙 is convex on (𝟎,
𝝅

𝟐
) and using Jensen’s inequality, we have: 

𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧 𝑪 ≥ 𝟑 𝐭𝐚𝐧
𝑨 + 𝑩 + 𝑪

𝟑
= 𝟑√𝟑 

𝐭𝐚𝐧 𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧 𝑪 = 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪 

628. If 𝒙, 𝒚 > 0 then in 𝚫𝑨𝑩𝑪 holds: 

(𝒙𝟐 + 𝒚𝟐)(𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐) ≥ 𝟖𝒙𝒚√𝟑 ∙ 𝑭 + (𝒙𝒂 − 𝒚𝒃)𝟐 + (𝒙𝒃 − 𝒚𝒄)𝟐 + (𝒙𝒄 − 𝒚𝒂)𝟐 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution  by Tapas Das-India 

 (𝒙𝟐 + 𝒚𝟐)(𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐) − (𝒙𝒂 − 𝒚𝒃)𝟐 − (𝒙𝒃 − 𝒚𝒄)𝟐 − (𝒙𝒄 − 𝒚𝒂)𝟐 = 

= 𝟐𝒙𝒚(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟐𝒙𝒚 ∙ 𝟑 ∙ √(𝒂𝒃𝒄)𝟐
𝟑

≥
𝑪𝒂𝒓𝒍𝒊𝒕𝒛

𝟔𝒙𝒚√(
𝟒𝑭

√𝟑
)
𝟑𝟑

= 



 
www.ssmrmh.ro 

31 RMM-GEOMETRY MARATHON 601-700 

 

= 𝟔𝒙𝒚 ∙
𝟒𝑭

√𝟑
 

Hence, 

(𝒙𝟐 + 𝒚𝟐)(𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐) − (𝒙𝒂 − 𝒚𝒃)𝟐 − (𝒙𝒃 − 𝒚𝒄)𝟐 − (𝒙𝒄 − 𝒚𝒂)𝟐 ≥ 𝟖𝒙𝒚√𝟑 ∙ 𝑭 

Therefore, 

(𝒙𝟐 + 𝒚𝟐)(𝒂𝟐 + 𝒃𝟐 + 𝒙𝟐) ≥ 𝟖𝒙𝒚√𝟑 ∙ 𝑭 + (𝒙𝒂 − 𝒚𝒃)𝟐 + (𝒙𝒃 − 𝒚𝒄)𝟐 + (𝒙𝒄 − 𝒚𝒂)𝟐 

 

629. If 𝒕 ∈ (−∞, 𝟎] ∪ [𝟏,∞), then prove that in any 𝚫𝑨𝑩𝑪 holds: 

(
𝒓𝒂𝒓𝒃
𝒉𝒄
)
𝒕

+ (
𝒓𝒃𝒓𝒄
𝒉𝒂
)
𝒕

+ (
𝒓𝒄𝒓𝒂
𝒉𝒃
)
𝒕

≥
(𝟒𝑹 + 𝒓)𝒕

𝟑𝒕−𝟏
 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu-Romania 
Solution by Soumitra Mandal-Chandar Nagore-India 

We know that: 

𝟏

𝒙𝒕
+
𝟏

𝒚𝒕
+
𝟏

𝒛𝒕
≥

𝟏

𝟑𝒕−𝟏
(
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
)
𝒕

, 𝐰𝐡𝐞𝐫𝐞 𝒕 ∈ (−∞, 𝟎] ∪ [𝟏,∞) 

𝒉𝒂 =
𝟐𝑭

𝒂
, 𝒉𝒃 =

𝟐𝑭

𝒃
, 𝒉𝒄 =

𝟐𝑭

𝒄
, 𝒓𝒂 =

𝑭

𝒔 − 𝒂
, 𝒓𝒃 =

𝑭

𝒔 − 𝒃
, 𝒓𝒄 =

𝑭

𝒔 − 𝒄
 

∑(
𝒓𝒂𝒓𝒃
𝒉𝒄
)
𝒕

𝒄𝒚𝒄

= (𝒓𝒂𝒓𝒃𝒓𝒄)
𝒕∑

𝟏

(𝒓𝒂𝒉𝒂)𝒕
𝒄𝒚𝒄

=
(𝒓𝒂𝒓𝒃𝒓𝒄)

𝒕

𝟑𝒕−𝟏
(∑

𝟏

𝒓𝒂𝒉𝒂
𝒄𝒚𝒄

)

𝒕

= 

=
(𝒓𝒂𝒓𝒃𝒓𝒄)

𝒕

𝟑𝒕−𝟏
(∑

𝟏

𝟐𝑭
𝒂 ∙

𝑭
𝒔 − 𝒂𝒄𝒚𝒄

)

𝒕

= 

=
𝟏

𝟑𝒕−𝟏
(

𝑭𝟑

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
)

𝒕

(
𝒂𝒔 + 𝒃𝒔 + 𝒄𝒔 − 𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐

𝟐𝑭𝟐
)

𝒕

= 

=
𝟏

𝟑𝒕−𝟏
(

𝑭
𝟐

𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
)

𝒕

[𝟐𝒔𝟐 − 𝟐(𝒔𝟐 − 𝟒𝑹𝒓 − 𝟑𝒓𝟐)]𝒕 = 

=
𝟏

𝟑𝒕−𝟏
∙ (

𝑭
𝟐
𝑭𝟐

𝒔

)

𝒕

(𝟖𝑹𝒓 + 𝟔𝒓𝟐)𝒕 =
𝟏

𝟑𝒕−𝟏
(
𝒔

𝟐𝑭
)
𝒕

(𝟖𝑹𝒓 + 𝟔𝒓𝟐)𝒕 =
(𝟒𝑹+ 𝟑𝒓)𝒕

𝟑𝒕−𝟏
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630. If 𝒎, 𝒕 ≥ 𝟎 and 𝒙, 𝒚, 𝒛 > 0 then in 𝚫𝑨𝑩𝑪 holds: 

∑
𝒙+ 𝒚

𝒛
∙
𝒂𝒎+𝟏𝒃𝒕+𝟏

𝒄𝒎+𝒕
𝒄𝒚𝒄

≥ 𝟖√𝟑 ∙ 𝑭 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution  by Tapas Das-India 

∑
𝒙+ 𝒚

𝒛
∙
𝒂𝒎+𝟏𝒃𝒕+𝟏

𝒄𝒎+𝒕
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

∑
𝟐√𝒙𝒚

𝒛
∙
𝒂𝒎+𝟏𝒃𝒕+𝟏

𝒄𝒎+𝒕
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

 

≥ 𝟑 ∙ √𝟖 ∙
𝒙𝒚𝒛

𝒙𝒚𝒛
∙
𝒂𝒎+𝒕𝒃𝒎+𝒕𝒄𝒎+𝒕

𝒂𝒎+𝒕𝒃𝒎+𝒕𝒄𝒎+𝒕
(𝒂𝒃𝒄)𝟐

𝟑

= 𝟔 ∙ √(𝒂𝒃𝒄)𝟐
𝟑

≥⏞
𝑪𝑨𝑹𝑳𝑰𝑻𝒁

𝟔 ∙ √(
𝟒𝑭

√𝟑
)

𝟑
𝟐
∙𝟐𝟑

= 𝟖√𝟑 ∙ 𝑭 

631. Prove: 

∑
𝑰𝑰𝒂
𝑰𝑸

𝒄𝒚𝒄

⋅∑(
𝑰𝑰𝒂
𝑰𝑸
)
𝟐

𝒄𝒚𝒄

≥ 𝟕𝟐 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

(𝑰𝑰𝒂)
𝟐 =

𝒂𝒃𝒄 ⋅ 𝒂

𝒔(𝒔 − 𝒂)
, 𝑰𝑸𝟐 =

𝒂𝒃𝒄 ⋅ 𝒃

𝟒𝒔(𝒔 − 𝒂)
,   (
𝑰𝑰𝒂
𝑰𝑸
)
𝟐

=
𝟒𝒂(𝒔 − 𝒃)

𝒃(𝒔 − 𝒂)
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∑
𝑰𝑰𝒂
𝑰𝑸

𝒄𝒚𝒄

≥ 𝟑√𝟐𝟑√
𝒂𝒃𝒄(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

= 𝟑 ⋅ 𝟐 = 𝟔 

∑(
𝑰𝑰𝒂
𝑰𝑸
)
𝟐

𝒄𝒚𝒄

= 𝟑√𝟒𝟑 ⋅
𝒂𝒃𝒄(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

= 𝟑 ⋅ 𝟒 = 𝟏𝟐 

Therefore, 

∑
𝑰𝑰𝒂
𝑰𝑸

𝒄𝒚𝒄

⋅∑(
𝑰𝑰𝒂
𝑰𝑸
)
𝟐

𝒄𝒚𝒄

≥ 𝟕𝟐 

632. If 𝒕 ∈ (−∞, 𝟎] ∪ [𝟏,∞) then prove that in any triangle 𝑨𝑩𝑪 holds: 

(
𝒓𝒂𝒓𝒃
𝒉𝒄
)
𝒕

+ (
𝒓𝒃𝒓𝒄
𝒉𝒂
)
𝒕

+ (
𝒓𝒄𝒓𝒂
𝒉𝒃
)
𝒕

≥
(𝟒𝑹 + 𝒓)𝒕

𝟑𝒕−𝟏
 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
Solution 1 by Soumitra Mandal-Chandar-Nagore-India 

We know that: 

𝟏

𝒙𝒕
+
𝟏

𝒚𝒕
+
𝟏

𝒛𝒕
≥

𝟏

𝟑𝒕−𝟏
(
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
)
𝒕

, 𝐰𝐡𝐞𝐫𝐞 𝒕 ∈ (−∞, 𝟎] ∪ [𝟏,∞) 

𝒉𝒂 =
𝟐𝑭

𝒂
,𝒉𝒃 =

𝟐𝑭

𝒃
,𝒉𝒄 =

𝟐𝑭

𝒄
 

𝒓𝒂 =
𝑭

𝒔 − 𝒂
, 𝒓𝒃 =

𝑭

𝒔 − 𝒃
, 𝒓𝒄 =

𝑭

𝒔 − 𝒄
 

∑(
𝒓𝒂𝒓𝒃
𝒉𝒄
)
𝒕

𝒄𝒚𝒄

= (𝒓𝒂𝒓𝒃𝒓𝒄)
𝒕∑

𝟏

(𝒓𝒂𝒉𝒂)𝒕
𝒄𝒚𝒄

=
(𝒓𝒂𝒓𝒃𝒓𝒄)

𝒕

𝟑𝒕−𝟏
(∑

𝟏

𝒓𝒂𝒉𝒂
𝒄𝒚𝒄

)

𝒕

= 

=
(𝒓𝒂𝒓𝒃𝒓𝒄)

𝒕

𝟑𝒕−𝟏
(∑

𝟏

𝟐𝑭
𝒂 ⋅

𝑭
𝒔 − 𝒂𝒄𝒚𝒄

)

𝒕

=
(

𝑭𝟑

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
)
𝒕

𝟑𝒕−𝟏
⋅ (
𝒂𝒔 + 𝒃𝒔 + 𝒄𝒔 − 𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐

𝟐𝑭𝟐
)

𝒕

= 

=

(

𝑭
𝟐

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
)

𝒕

𝟑𝒕−𝟏
{𝟐𝒔𝟐 − 𝟐(𝒔𝟐 − 𝟒𝑹𝒓 − 𝟑𝒓𝟐)}𝒕 = 
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=

(

𝑭
𝟐
𝑭𝟐

𝒔

)

𝒕

𝟑𝒕−𝟏
(𝟖𝑹𝒓 + 𝟔𝒓𝟐)𝒕 =

(
𝒔
𝟐𝑭)

𝒕

𝟑𝒕−𝟏
(𝟖𝑹𝒓 + 𝟔𝒓𝟐)𝒕 =

(𝟒𝑹 + 𝟑𝒓)𝒕

𝟑𝒕−𝟏
 

Solution 2 b y Tapas Das-India 

𝑭𝟐 = 𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄); (𝟏) 

𝑭𝟐

𝒔
= (𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄); (𝟐) 

𝑭 = 𝒔𝒓; (𝟑) 

𝒙𝟏
𝒎 + 𝒙𝟐

𝒎 +⋯+ 𝒙𝒏
𝒎

𝒏
≥ (
𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏

𝒏
)
𝒎

; (𝟒) 

𝒄 = 𝟐𝒔 − (𝒂 + 𝒃), 𝒃 = 𝟐𝒔 − (𝒄 + 𝒂), 𝒂 = 𝟐𝒔 − (𝒃 + 𝒄); (𝟓) 

𝒓𝒂𝒓𝒃
𝒉𝒄

=
𝑭

𝒔 − 𝒂
⋅
𝑭

𝒔 − 𝒃
⋅
𝒄

𝟐𝑭
=

𝒄𝑭

𝟐(𝒔 − 𝒂)(𝒔 − 𝒃)
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

∑
𝒓𝒂𝒓𝒃
𝒉𝒄

𝒄𝒚𝒄

=
𝑭

𝟐
∑

𝒄

(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒄𝒚𝒄

=
𝑭

𝟐
∑

𝟐𝒔 − (𝒂 + 𝒃)

(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒄𝒚𝒄

= 

=
𝑭

𝟐
⋅ 𝟐∑

𝟏

𝒔 − 𝒂
𝒄𝒚𝒄

= 𝑭 ⋅
𝟑𝒔𝟐 − 𝟒𝒔𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝑭𝟐

𝒔

= 

=
𝒔

𝑭
[(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂) − 𝒔𝟐] =

𝒔

𝒓𝒔
(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 − 𝒔𝟐) =

𝒔

𝒓𝒔
(𝒓𝟐 + 𝟒𝑹𝒓) 

∑(
𝒓𝒂𝒓𝒃
𝒉𝒄
)
𝒕

𝒄𝒚𝒄

≥
𝑯𝒐𝒍𝒅𝒆𝒓 𝟏

𝟑𝒕−𝟏
(∑

𝒓𝒂𝒓𝒃
𝒉𝒄

𝒄𝒚𝒄

)

𝒕

=
𝟏

𝟑𝒕−𝟏
(𝟒𝑹 + 𝒓)𝒕 

633. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒘𝒂
𝟐

𝒘𝒄
𝒄𝒚𝒄

≤ 𝟗𝒓(
𝑹

𝟐𝒓
)
𝟖

 

Proposed by Marin Chirciu-Romania 
Solution by Avishek Mitra-West Bengal-India 

∑
𝒘𝒂
𝟐

𝒘𝒄
𝒄𝒚𝒄

≤
𝒘𝒂≤√𝒔(𝒔−𝒂);𝒘𝒄≥𝒉𝒄

∑
𝒔(𝒔 − 𝒂)

𝒉𝒄
𝒄𝒚𝒄

=
𝒔

𝟐𝑭
∑𝒄(𝒔 − 𝒂)

𝒄𝒚𝒄

= 
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=
𝟏

𝟐𝒓
(𝒔 ∙ 𝟐𝒔 −∑𝒂𝒄

𝒄𝒚𝒄

) =
𝟏

𝟐𝒓
(𝟐𝒔𝟐 − 𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) = 

=
𝒔𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐

𝟐𝒓
=
𝟏

𝟒𝒓
∑𝒂𝟐

𝒄𝒚𝒄

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝟗𝑹𝟐

𝟒𝒓
 

We need to show: 

𝟗𝑹𝟐

𝟒𝒓
≤ 𝟗𝒓 (

𝑹

𝟐𝒓
)
𝟖

⇔
𝟏

(𝟐𝒓)𝟐
≤

𝑹𝟔

(𝟐𝒓)𝟖
⇔ 𝑹𝟔 ≥ (𝟐𝒓)𝟔 ⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

634. In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 

∏(𝟏 + 𝐭𝐚𝐧𝑨𝐜𝐨𝐭 𝑩)

𝒄𝒚𝒄

≥ 𝟐 + 𝟑𝟐𝑭𝟐∏√
𝟏

(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐
𝟑

𝒄𝒚𝒄

 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Tapas Das-India 

𝟑𝟐𝑭𝟐∏√
𝟏

(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐
𝟑

𝒄𝒚𝒄

= 𝟑𝟐𝑭𝟐∏√
𝟒𝒃𝟐𝒄𝟐

(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐

𝟑

𝒄𝒚𝒄

⋅
𝟏

𝟒√(𝒂𝒃𝒄)𝟒
𝟑

= 

= 𝟑𝟐𝑭𝟐 ⋅ √
𝟏

(𝐜𝐨𝐬𝑨 𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪)𝟐
𝟑

≤
𝟖𝑭𝟐

(
𝟒𝑭

√𝟑
)

𝟑
𝟐
⋅
𝟒
𝟑

⋅ √
𝟏

(𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪)𝟐
𝟑

= 

=
𝟑

𝟐
⋅

𝟏

√(𝐜𝐨𝐬𝑨𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪)𝟐
𝟑

≥ (
𝟒𝑭

√𝟑
)
𝟑

 

Let 𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 = 𝒙. 

∏(𝟏+ 𝐭𝐚𝐧𝑨 𝐜𝐨𝐭𝑩)

𝒄𝒚𝒄

=∏
𝐬𝐢𝐧(𝑨 + 𝑩)

𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩
𝒄𝒚𝒄

=
𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪

𝐜𝐨𝐬𝑨𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
= 

=
𝟏

𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
 

∵ 𝑨 + 𝑩+ 𝑪 = 𝝅 ⇒ 𝐬𝐢𝐧(𝑨 + 𝑩) = 𝐬𝐢𝐧(𝝅 − 𝑪) = 𝐬𝐢𝐧𝑪 

∏(𝟏+ 𝐭𝐚𝐧𝑨 𝐜𝐨𝐭𝑩)

𝒄𝒚𝒄

− 𝟐 =
𝟏

𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪
− 𝟐 = 
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=
𝟏 − 𝟐 𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪

𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪
=
𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩 + 𝐜𝐨𝐬𝟐 𝑪

𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪
≥ 

≥
𝟑

𝟒
⋅

𝟏

𝐜𝐨𝐬𝑨𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪
=
𝟑

𝟒𝒙
 

∵ 𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩+ 𝐜𝐨𝐬𝟐 𝑪 ≥
𝟑

𝟒
 

We need to show: 
𝟑

𝟒𝒙
≥
𝟑

𝟐
⋅
𝟐

𝒙
𝟐
𝟑

⇔ 𝒙
𝟐
𝟑 ≥ 𝟐𝒙 ⇔ 𝟐𝒙

𝟏
𝟑 ≤ 𝟏 ⇔ 𝒙 ≤

𝟏

𝟖
⇔ 𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 ≤

𝟏

𝟖
𝐭𝐫𝐮𝐞, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞: 

𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪 = 𝟐 + 𝟐𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 ≤ 𝟐 + 𝟐 ⋅
𝟏

𝟖
=
𝟗

𝟒
 

𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩+ 𝐜𝐨𝐬𝟐 𝑪 = 𝟑 − (𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪) ≥
𝟑

𝟒
 

𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐𝑩 + 𝐜𝐨𝐬𝟐 𝑪 =
𝟏

𝟐
(𝟏 + 𝐜𝐨𝐬 𝟐𝑨 + 𝟏 + 𝐜𝐨𝐬𝟐𝑩) + 𝐜𝐨𝐬𝟐 𝑪 = 

=
𝟏

𝟐
(𝟐 + 𝐜𝐨𝐬 𝟐𝑨 + 𝐜𝐨𝐬 𝟐𝑩) + 𝐜𝐨𝐬𝟐 𝑪 = 𝟏 −

𝟏

𝟐
⋅ 𝟐 𝐜𝐨𝐬(𝑨 + 𝑩) 𝐜𝐨𝐬(𝑨 − 𝑩) + 𝐜𝐨𝐬𝟐 𝑪 = 

= 𝟏 − 𝐜𝐨𝐬𝑪 𝐜𝐨𝐬(𝑨 − 𝑩) + 𝐜𝐨𝐬𝟐 𝑪 = 𝟏 − 𝟐𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 

∏(𝟏+ 𝐭𝐚𝐧𝑨𝐜𝐨𝐭 𝑩)

𝒄𝒚𝒄

− 𝟐 ≥ 𝟑𝟐𝑭𝟐∏√
𝟏

(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐
𝟑

𝒄𝒚𝒄

⇔ 

∏(𝟏+ 𝐭𝐚𝐧𝑨𝐜𝐨𝐭 𝑩)

𝒄𝒚𝒄

≥ 𝟐 + 𝟑𝟐𝑭𝟐∏√
𝟏

(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐
𝟑

𝒄𝒚𝒄

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∏(𝟏+ 𝐭𝒂𝐧𝐀𝐜𝐨𝐭𝐁)

𝐜𝐲𝐜

=∏(𝟏 +
𝐬𝐢𝐧𝐀. 𝐜𝐨𝐬𝐁

𝐜𝐨𝐬𝐀. 𝐬𝐢𝐧𝐁
)

𝐜𝐲𝐜

=∏
𝐬𝐢𝐧𝐀. 𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬𝐀. 𝐬𝐢𝐧𝐁

𝐜𝐨𝐬𝐀. 𝐬𝐢𝐧𝐁
𝐜𝐲𝐜

=
∏ 𝐬𝐢𝐧(𝐀 + 𝐁)𝐜𝐲𝐜

(∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 )(∏ 𝐬𝐢𝐧𝐁𝐜𝐲𝐜 )
=

∏ 𝐬𝐢𝐧𝐂𝐜𝐲𝐜

(∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 )(∏ 𝐬𝐢𝐧𝐁𝐜𝐲𝐜 )
=

𝟏

∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜
 

∏(𝟏+ 𝐭𝒂𝐧𝐀𝐜𝐨𝐭𝐁)

𝐜𝐲𝐜

=
(𝐢) 𝟏

𝐭
 (𝐭 =∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)  

∏√
𝟏

(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐
𝟑

𝐜𝐲𝐜

=
𝟏

√∏ (𝟒𝐛𝟐𝐜𝟐𝐜𝐨𝐬𝟐𝐀)𝐜𝐲𝐜
𝟑

=
𝟏

√𝟔𝟒(𝒂𝐛𝐜)𝟒.∏ 𝐜𝐨𝐬𝟐𝐀𝐜𝐲𝐜
𝟑

=
𝟏

𝟒(∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 )
𝟐
𝟑. √(𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐)𝟐
𝟑

=
𝟏

𝟒(∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 )
𝟐
𝟑. √(𝟏𝟔𝐑.𝐑. 𝐫𝟐𝐬𝟐)𝟐
𝟑
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≤⏞
𝐄𝐮𝐥𝐞𝐫 + 𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏

𝟒(∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 )
𝟐
𝟑. √(𝟏𝟔.𝟐𝐫.

𝟐𝐬

𝟑√𝟑
𝐫𝟐𝐬𝟐)

𝟐𝟑

=
𝟏

𝟒(∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 )
𝟐
𝟑. √(

𝟔𝟒𝐫𝟑𝐬𝟑

𝟑√𝟑
)
𝟐𝟑

=
𝟑

𝟒(∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 )
𝟐
𝟑. 𝟏𝟔𝐫𝟐𝐬𝟐

⇒ 𝟐+ 𝟑𝟐𝐅𝟐∏√
𝟏

(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐
𝟑

𝐜𝐲𝐜

≤ 𝟐 +
𝟗𝟔𝐫𝟐𝐬𝟐

𝟔𝟒(∏ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜 )
𝟐
𝟑. 𝐫𝟐𝐬𝟐

 

⇒ 𝟐 + 𝟑𝟐𝐅𝟐∏√
𝟏

(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐
𝟑

𝐜𝐲𝐜

≤
(𝐢𝐢)

𝟐 +
𝟑

𝟐𝐭
𝟐
𝟑

∴ (𝐢), (𝐢𝐢) ⇒ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟏

𝐭
≥ 𝟐 +

𝟑

𝟐𝐭
𝟐
𝟑

⇔
𝟏

𝐦𝟑
≥ 𝟐 +

𝟑

𝟐𝐦𝟐
 (𝐭

𝟏
𝟑 = 𝐦) ⇔

𝟏

𝐦𝟑
≥
𝟑 + 𝟒𝐦𝟐

𝟐𝐦𝟐
⇔ 𝟐 ≥ 𝟑𝐦+ 𝟒𝐦𝟑 

⇔ 𝟒𝐦𝟑 + 𝟑𝐦− 𝟐 ≤ 𝟎 ⇔ 𝟒𝐦𝟑 − 𝟐𝐦𝟐 + 𝟐𝐦𝟐 −𝐦+ 𝟒𝐦− 𝟐 ≤ 𝟎 ⇔ (𝟐𝐦− 𝟏)(𝟐𝐦𝟐 +𝐦+ 𝟐)

≤ 𝟎 ⇔ 𝟐𝐦− 𝟏 ≤ 𝟎  

(∵ 𝐦 = 𝐭
𝟏
𝟑 = √∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

𝟑 > 0 𝐟𝐨𝐫 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 ⇒ 𝟐𝐦𝟐 +𝐦+ 𝟐 > 0) ⇔ 𝐦 = 𝐭
𝟏
𝟑

= √∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

𝟑 ≤
𝟏

𝟐
→ 𝐭𝐫𝐮𝐞 ∵ √∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

𝟑 ≤
𝐀−𝐆 ∑ 𝐜𝐨𝐬𝐀𝐜𝐲𝐜

𝟑
=
𝟏 +

𝐫
𝐑

𝟑
≤⏞
𝐄𝐮𝐥𝐞𝐫 𝟏 +

𝟏
𝟐

𝟑
=
𝟏

𝟐
 

∴ 𝐢𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂,∏(𝟏 + 𝐭𝒂𝐧𝐀𝐜𝐨𝐭𝐁)

𝐜𝐲𝐜

≥ 𝟐 + 𝟑𝟐𝐅𝟐∏√
𝟏

(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐
𝟑

𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∏(𝟏 + 𝐭𝐚𝐧𝑨𝐜𝐨𝐭 𝑩)

𝒄𝒚𝒄

= 𝟐 +∑𝐭𝐚𝐧𝑨𝐜𝐨𝐭 𝑩

𝒄𝒚𝒄

+∑𝐭𝐚𝐧𝑩 𝐜𝐨𝐭𝑪 . 𝐭𝐚𝐧𝑪 𝐜𝐨𝐭 𝑨

𝒄𝒚𝒄

= 𝟐 +∑
𝐭𝐚𝐧𝑨

𝐭𝐚𝐧𝑩
𝒄𝒚𝒄

+∑
𝐭𝐚𝐧𝑩

𝐭𝐚𝐧𝑨
𝒄𝒚𝒄

. 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑
𝐭𝐚𝐧𝑨

𝐭𝐚𝐧𝑩
𝒄𝒚𝒄

=∑
𝟏

𝟑
(
𝐭𝐚𝐧𝑨

𝐭𝐚𝐧𝑩
+
𝐭𝐚𝐧𝑨

𝐭𝐚𝐧𝑩
+
𝐭𝐚𝐧𝑩

𝐭𝐚𝐧 𝑪
)

𝒄𝒚𝒄

≥∑√
𝐭𝐚𝐧𝟐 𝑨

𝐭𝐚𝐧𝑩 . 𝐭𝐚𝐧 𝑪

𝟑

𝒄𝒚𝒄

=
𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑪

√𝐭𝐚𝐧𝑨 . 𝐭𝐚𝐧𝑩 . 𝐭𝐚𝐧 𝑪
𝟑  

𝑨𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 𝐭𝐚𝐧 𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑪 = 𝐭𝐚𝐧𝑨 . 𝐭𝐚𝐧𝑩 . 𝐭𝐚𝐧 𝑪  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶ 
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∑
𝐭𝐚𝐧𝑨

𝐭𝐚𝐧𝑩
𝒄𝒚𝒄

≥ √(𝐭𝐚𝐧 𝑨 . 𝐭𝐚𝐧𝑩 . 𝐭𝐚𝐧𝑪)𝟐
𝟑

.  𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝐭𝐚𝐧𝑩

𝐭𝐚𝐧𝑨
𝒄𝒚𝒄

≥ √(𝐭𝐚𝐧𝑨 . 𝐭𝐚𝐧𝑩 . 𝐭𝐚𝐧 𝑪)𝟐
𝟑

 

𝑻𝒉𝒆𝒏 ∶  ∏(𝟏 + 𝐭𝐚𝐧𝑨 𝐜𝐨𝐭𝑩)

𝒄𝒚𝒄

≥ 𝟐 + 𝟐∏√𝐭𝐚𝐧𝟐 𝑨
𝟑

𝒄𝒚𝒄

= 𝟐 + 𝟐∏√(
𝟒𝑭

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐
)
𝟐𝟑

𝒄𝒚𝒄

= 𝟐 + 𝟑𝟐𝑭𝟐∏√
𝟏

(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐
𝟑

𝒄𝒚𝒄

. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

635. In ∆𝑨𝑩𝑪 the following relationship holds: 

 
𝟗𝑹

𝟒𝒓
−
𝟑

𝟐
 ≤∑

𝒎𝒂
𝟐

𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

≤
𝑹𝟐

𝒓𝟐
+
𝒓

𝟐𝑹
−
𝟓

𝟒
 

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒎𝒂

𝟐

𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

=∑
(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)𝒃𝒄

𝟒. (𝟐𝑭)𝟐
𝒄𝒚𝒄

=
𝟐∑ 𝒃𝒄(𝒃𝟐 + 𝒄𝟐)𝒄𝒚𝒄 − 𝒂𝒃𝒄∑ 𝒂𝒄𝒚𝒄

𝟏𝟔𝑭𝟐
= 

=
𝟐(∑ 𝒂𝒃𝒄𝒚𝒄 )(∑ 𝒂𝟐𝒄𝒚𝒄 ) − 𝟑𝒂𝒃𝒄∑ 𝒂𝒄𝒚𝒄

𝟏𝟔𝑭𝟐

=
𝟐(𝒔𝟐 + 𝒓(𝟒𝑹 + 𝒓)) . 𝟐 (𝒔𝟐 − 𝒓(𝟒𝑹+ 𝒓)) − 𝟑. 𝟒𝑹𝒔𝒓. 𝟐𝒔

𝟏𝟔𝑭𝟐
 

𝑻𝒉𝒆𝒏 ∶   ∑
𝒎𝒂

𝟐

𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

=
𝒔𝟒 − 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐 − 𝟔𝒔𝟐𝑹𝒓

𝟒𝒔𝟐𝒓𝟐
=
𝒔𝟐 − 𝟔𝑹𝒓

𝟒𝒓𝟐
−
(𝟒𝑹 + 𝒓)𝟐

𝟒𝒔𝟐
 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒎𝒂

𝟐

𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

 ≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) − 𝟔𝑹𝒓

𝟒𝒓𝟐
−

(𝟒𝑹+ 𝒓)𝟐

𝟒(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)

=
𝟏𝟎𝑹

𝟒𝒓
−
𝟓

𝟒
−

(𝟒𝑹+ 𝒓)𝟐

𝟒𝒓(𝟏𝟔𝑹− 𝟓𝒓)
= 

=
𝟗𝑹

𝟒𝒓
−
𝟑

𝟐
+ (

𝑹

𝟒𝒓
+
𝟏

𝟒
−

(𝟒𝑹 + 𝒓)𝟐

𝟒𝒓(𝟏𝟔𝑹− 𝟓𝒓)
) =

𝟗𝑹

𝟒𝒓
−
𝟑

𝟐
+
𝟑(𝑹 − 𝟐𝒓)

𝟒(𝟏𝟔𝑹 − 𝟓𝒓)
≥⏞

𝑬𝒖𝒍𝒆𝒓

 
𝟗𝑹

𝟒𝒓
−
𝟑

𝟐
. 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒎𝒂

𝟐

𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

 ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 & 𝐵𝑙𝑢𝑛𝑑𝑜𝑛 𝐺𝑒𝑟𝑟𝑒𝑡𝑠𝑒𝑛

 
(𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐) − 𝟔𝑹𝒓

𝟒𝒓𝟐

−
𝟏

𝟒
.
𝟐(𝟐𝑹− 𝒓)

𝑹
= 
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=
𝑹𝟐

𝒓𝟐
+
𝒓

𝟐𝑹
−
𝑹

𝟐𝒓
−
𝟏

𝟒
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝑹𝟐

𝒓𝟐
+
𝒓

𝟐𝑹
− 𝟏 −

𝟏

𝟒
=
𝑹𝟐

𝒓𝟐
+
𝒓

𝟐𝑹
−
𝟓

𝟒
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟗𝑹

𝟒𝒓
−
𝟑

𝟐
 ≤∑

𝒎𝒂
𝟐

𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

≤
𝑹𝟐

𝒓𝟐
+
𝒓

𝟐𝑹
−
𝟓

𝟒
. 

636.  

 

 

 

 

 

 

 

 

𝑨𝑩 = 𝑨𝑪 = 𝒂,𝑫𝑪 = 𝑫𝑬 = 𝒅, 𝑨𝑩 ∥ 𝑫𝑪, 𝑨𝑪 ∥ 𝑫𝑬, 𝑨𝑬 ⊥ 𝑩𝑫, 

∢𝑩𝑨𝑪 = 𝜽, 𝑺 = [𝑨𝑩𝑪] + [𝑪𝑫𝑬]( 𝐚𝐫𝐞𝐚),  𝒂, 𝒅, 𝜽 −variables, 𝒂,𝒅, 𝑺 −positive 

integers. If 𝜽 = 𝜽𝒎𝒂𝒙., find 𝑺 =? 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Amirul Faiz-Japan 

𝚫𝑨𝑴𝑬~𝚫𝑩𝑵𝑫 ⇒
𝒉𝒅

𝒌(𝟐𝒂 + 𝒅)
=
𝒌(𝒂 + 𝟐𝒅)

𝒉𝒂
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𝐭𝐚𝐧𝟐
𝜽

𝟐
=
𝒌𝟐

𝒉𝟐
=

𝒂𝒅

𝟐(𝒂𝟐 + 𝒅𝟐) + 𝟓𝒂𝒅
≤

𝒂𝒅

𝟒𝒂𝒅 + 𝟓𝒂𝒅
=
𝟏

𝟗
 

Equality holds when 𝒂 = 𝒅 ⇒ 𝒉𝟐 = 𝟗𝒌𝟐 = 𝟗(𝟏 − 𝒉𝟐) 

𝒉 =
𝟑

√𝟏𝟎
, 𝒌 =

𝟏

√𝟏𝟎
, 𝑺 = 𝟐𝒉𝒌𝒂𝟐 =

𝟑

𝟓
𝒂𝟐 

Since 𝒂, 𝒅, 𝑺 ∈ ℤ+ ⇒ 𝒂 = 𝟓𝒏, 𝑺 = 𝟏𝟓𝒏
𝟐, where 𝒏 = 𝟏, 𝟐, 𝟑, … 

637. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝐜𝐬𝐜𝟒 𝑨 + (𝐜𝐬𝐜 𝑩 + 𝐜𝐬𝐜 𝑪)𝟒

𝐜𝐬𝐜 𝑩 𝐜𝐬𝐜 𝑪
𝒄𝒚𝒄

≥
𝟑𝟒𝑹

𝒓
 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒙, 𝒚, 𝒛 > 0 𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

∑
𝒙𝟒 + (𝒚 + 𝒛)𝟒

𝒚𝒛
𝒄𝒚𝒄

=∑
𝒙𝟒

𝒚𝒛
𝒄𝒚𝒄

+∑
(𝒚 + 𝒛)𝟒

𝒚𝒛
𝒄𝒚𝒄

 ≥⏞
𝑪𝑩𝑺 & 𝐴𝑀−𝐺𝑀

 
(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐

𝒚𝒛 + 𝒛𝒙 + 𝒙𝒚
+∑

(𝟐√𝒚𝒛)
𝟒

𝒚𝒛
𝒄𝒚𝒄

≥ 

≥
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
+ 𝟏𝟔∑𝒚𝒛

𝒄𝒚𝒄

= 𝟏𝟕∑𝒚𝒛

𝒄𝒚𝒄

. 

𝑻𝒉𝒆𝒏 ∶   ∑
𝒙𝟒 + (𝒚 + 𝒛)𝟒

𝒚𝒛
𝒄𝒚𝒄

≥ 𝟏𝟕∑𝒚𝒛

𝒄𝒚𝒄

,   ∀𝒙, 𝒚, 𝒛 > 0. 

𝑭𝒐𝒓 𝒙 = 𝐜𝐬𝐜𝑨 , 𝒚 = 𝐜𝐬𝐜𝑩 , 𝒛 = 𝐜𝐬𝐜 𝑪  𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏 ∶ 

∑
𝐜𝐬𝐜𝟒 𝑨 + (𝐜𝐬𝐜𝑩 + 𝐜𝐬𝐜𝑪)𝟒

𝐜𝐬𝐜𝑩𝐜𝐬𝐜 𝑪
𝒄𝒚𝒄

≥ 𝟏𝟕∑𝐜𝐬𝐜𝑩𝐜𝐬𝐜𝑪

𝒄𝒚𝒄

= 𝟏𝟕∑
𝟒𝑹𝟐

𝒃𝒄
𝒄𝒚𝒄

= 𝟏𝟕.
𝟒𝑹𝟐. 𝟐𝒔

𝟒𝑹𝒔𝒓
=
𝟑𝟒𝑹

𝒓
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Tapas Das-India 

𝐜𝐬𝐜𝟓 𝑨 + 𝐜𝐬𝐜𝟓 𝑩+ 𝐜𝐬𝐜𝟓 𝑪

𝟑
≥
𝐜𝐬𝐜𝟐 𝑨 + 𝐜𝐬𝐜𝟐𝑩 + 𝐜𝐬𝐜𝟐 𝑪

𝟑
⋅
𝐜𝐬𝐜𝟑 𝑨 + 𝐜𝐬𝐜𝟑𝑩+ 𝐜𝐬𝐜𝟑 𝑪

𝟑
 

𝐜𝐬𝐜𝟓 𝑨 + 𝐜𝐬𝐜𝟓𝑩 + 𝐜𝐬𝐜𝟓 𝑪 ≥ (𝐜𝐬𝐜𝟐 𝑨 + 𝐜𝐬𝐜𝟐 𝑩+ 𝐜𝐬𝐜𝟐 𝑪)√𝐜𝐬𝐜𝟑 𝑨𝐜𝐬𝐜𝟑 𝑩𝐜𝐬𝐜𝟑 𝑪
𝟑

 

𝐜𝐬𝐜𝟐 𝑨 + 𝐜𝐬𝐜𝟐 𝑩+ 𝐜𝐬𝐜𝟐 𝑪 ≥ 𝐜𝐬𝐜𝟐 𝑨 𝐜𝐬𝐜𝟐𝑩 + 𝐜𝐬𝐜𝟐 𝑩𝐜𝐬𝐜𝟐 𝑪 + 𝐜𝐬𝐜𝟐 𝑪 𝐜𝐬𝐜𝟐 𝑨 
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∑
𝐜𝐬𝐜𝟒 𝑨 + (𝐜𝐬𝐜𝑩 + 𝐜𝐬𝐜 𝑪)𝟒

𝐜𝐬𝐜𝑩𝐜𝐬𝐜𝑪
𝒄𝒚𝒄

=∑
𝐜𝐬𝐜𝟒 𝑨

𝐜𝐬𝐜𝑩 𝐜𝐬𝐜𝑪
𝒄𝒚𝒄

+∑
(𝐜𝐬𝐜𝑩 + 𝐜𝐬𝐜 𝑪)𝟒

𝐜𝐬𝐜𝑩𝐜𝐬𝐜 𝑪
𝒄𝒚𝒄

= 

=
𝟏

∏𝐜𝐬𝐜𝑨
∑𝐜𝐬𝐜𝟓 𝑨

𝒄𝒚𝒄

+∑
(𝐜𝐬𝐜𝑩 + 𝐜𝐬𝐜𝑪)𝟒

𝐜𝐬𝐜𝑩 𝐜𝐬𝐜𝑪
𝒄𝒚𝒄

≥ 

≥∑𝐜𝐬𝐜𝑨 𝐜𝐬𝐜𝑩

𝒄𝒚𝒄

+∑
(𝟐√𝐜𝐬𝐜𝑨𝐜𝐬𝐜𝑩)

𝟒

𝐜𝐬𝐜𝑩 𝐜𝐬𝐜𝑪
𝒄𝒚𝒄

= 

=∑𝐜𝐬𝐜𝑨 𝐜𝐬𝐜𝑩

𝒄𝒚𝒄

+ 𝟏𝟔∑
𝐜𝐬𝐜𝟐 𝑨 𝐜𝐬𝐜𝟐𝑩

𝐜𝐬𝐜𝑨 𝐜𝐬𝐜𝑩
𝒄𝒚𝒄

= 𝟏𝟕∑𝐜𝐬𝐜𝑨𝐜𝐬𝐜𝑩

𝒄𝒚𝒄

= 

= 𝟏𝟕∑
𝟏

𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩
𝒄𝒚𝒄

= 𝟏𝟕∑
𝟒𝑹𝟐

𝒂𝒃
𝒄𝒚𝒄

= 𝟔𝟖𝑹𝟐 ⋅
𝒂 + 𝒃 + 𝒄

𝒂𝒃𝒄
= 𝟔𝟖𝑹𝟐 ⋅

𝟐𝒔

𝒂𝒃𝒄
= 𝟑𝟒 ⋅

𝑹

𝒓
 

638. In any ∆ 𝐀𝐁𝐂, the following relationship holds: 

𝟐(𝟑 −
𝟐𝐫

𝐑
) ≤∑

𝒂𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≤
𝟐𝐑

𝐫
  

Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

 

∑
𝒂𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

=∑
𝒂𝟐(𝐬 − 𝒂)𝟐

𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

=
𝟏

𝐫𝟐𝐬𝟐
∑𝒂𝟐(𝐬𝟐 − 𝟐𝐬𝒂 + 𝒂𝟐)

𝐜𝐲𝐜

 

=
𝟏

𝐫𝟐𝐬𝟐
(𝐬𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟐𝐬∑𝒂𝟑

𝐜𝐲𝐜

+∑𝒂𝟒

𝐜𝐲𝐜

) 

=
𝟏

𝐫𝟐𝐬𝟐
(𝟐𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐) − 𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐) 

=
𝟏

𝐫𝟐𝐬𝟐
(𝟐𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟐(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐
− 𝟑𝟐𝐑𝐫𝐬𝟐

− 𝟏𝟔𝐫𝟐𝐬𝟐) = 𝟐.
(𝟒𝐑 + 𝐫)𝟐 − 𝐬𝟐

𝐬𝟐
⇒∑

𝒂𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

=
(∗)
𝟐.
(𝟒𝐑 + 𝐫)𝟐 − 𝐬𝟐

𝐬𝟐
 

(∗) ⇒∑
𝒂𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≤
𝟐𝐑

𝐫
⇔
(𝟒𝐑 + 𝐫)𝟐 − 𝐬𝟐

𝐬𝟐
≤
𝐑

𝐫
⇔ (𝐑 + 𝐫)𝐬𝟐 ≥

(∗∗)

𝐫(𝟒𝐑 + 𝐫)𝟐 
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𝐍𝐨𝐰, (𝐑 + 𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟒𝐑+ 𝐫)𝟐⇔ 𝟑𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒∑
𝒂𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≤
𝟐𝐑

𝐫
 

𝐀𝐠𝒂𝐢𝐧, 𝟐 (𝟑 −
𝟐𝐫

𝐑
) ≤∑

𝒂𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

⇔ 𝟐.
(𝟒𝐑+ 𝐫)𝟐 − 𝐬𝟐

𝐬𝟐
≥ 𝟐(𝟑 −

𝟐𝐫

𝐑
) ⇔

(𝟒𝐑+ 𝐫)𝟐 − 𝐬𝟐

𝐬𝟐
≥
𝟑𝐑− 𝟐𝐫

𝐑

⇔ 𝐑(𝟒𝐑 + 𝐫)𝟐 ≥
(∗∗∗)

(𝟒𝐑 − 𝟐𝐫)𝐬𝟐 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (𝟒𝐑 − 𝟐𝐫)𝐬𝟐 ≤
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟒𝐑

− 𝟐𝐫) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫) ≤
?
𝐑(𝟒𝐑 + 𝐫)𝟐 

⇔ 𝐑(𝟒𝐑 + 𝐫)𝟐 − (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐)(𝟒𝐑 − 𝟐𝐫)≥⏞
?

𝟐(𝟒𝐑− 𝟐𝐫)(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫

⇔ (𝐑 − 𝟐𝐫)(𝟖𝐑𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐) ≥
?
⏟
(𝐢)

𝟐(𝟒𝐑− 𝟐𝐫)(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫 

∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (𝐢), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟖𝐑𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐

> 𝟐(𝟒𝐑− 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫 ⇔ (𝟖𝐑𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟒(𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝐑− 𝟐𝐫)𝟐

> 0 ⇔ 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 > 0 

→ 𝐭𝐫𝐮𝐞 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝟒𝐑 − 𝟐𝐫)𝐬𝟐 ≤ 𝐑(𝟒𝐑 + 𝐫)𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝟐(𝟑 −
𝟐𝐫

𝐑
) ≤∑

𝒂𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

∴ 𝟐 (𝟑 −
𝟐𝐫

𝐑
) ≤∑

𝒂𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≤
𝟐𝐑

𝐫
 (𝐐𝐄𝐃) 

 

639. Let be 𝑮 −centroid of 𝚫𝑨𝑩𝑪, 𝒙, 𝒚, 𝒛 altitudes from 𝑮 to 𝑩𝑪, 𝑪𝑨, 𝑨𝑩, 

respectively. Prove that: 

𝟓𝟒

𝑭
≤
𝒃 + 𝒄 − 𝒂

𝒙𝟑
+
𝒄 + 𝒂 − 𝒃

𝒚𝟑
+
𝒂 + 𝒃 − 𝒄

𝒛𝟑
≤
𝟐𝟕

𝑭
⋅
𝑹

𝒓
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒙 =
𝟐𝑭(∆𝑩𝑮𝑪)

𝒂
=
𝟐𝑭

𝟑𝒂
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔).  𝑻𝒉𝒆𝒏 ∶  

∑
𝒃+ 𝒄 − 𝒂

𝒙𝟑
𝒄𝒚𝒄

= (
𝟑

𝟐𝑭
)
𝟑

.∑𝒂𝟑(𝒃 + 𝒄 − 𝒂)

𝒄𝒚𝒄

. 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒂𝟑(𝒃 + 𝒄 − 𝒂)

𝒄𝒚𝒄

=∑𝒂𝒃(𝒂𝟐 + 𝒃𝟐)

𝒄𝒚𝒄

−∑𝒂𝟒

𝒄𝒚𝒄

 ≥⏞
𝑨𝑴−𝑮𝑴

 𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

−∑𝒂𝟒

𝒄𝒚𝒄

= 𝟏𝟔𝑭𝟐. 

𝑻𝒉𝒆𝒏 ∶   ∑
𝒃 + 𝒄 − 𝒂

𝒙𝟑
𝒄𝒚𝒄

≥ (
𝟑

𝟐𝑭
)
𝟑

. 𝟏𝟔𝑭𝟐 =
𝟓𝟒

𝑭
  (𝟏) 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑𝒂𝟑(𝒃 + 𝒄 − 𝒂)

𝒄𝒚𝒄

=∑𝒂𝟐. [𝒃𝒄 − (𝒂 − 𝒃)(𝒂 − 𝒄)]

𝒄𝒚𝒄

= 𝒂𝒃𝒄∑𝒂

𝒄𝒚𝒄

−∑𝒂𝟐(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒄𝒚𝒄

≤ 

≤⏞
𝑺𝒄𝒉𝒖𝒓

 𝟒𝑭𝑹. 𝟐𝒔 − 𝟎 = 𝟖𝑭𝑹𝒔.     𝑻𝒉𝒆𝒏 ∶  ∑
𝒃 + 𝒄 − 𝒂

𝒙𝟑
𝒄𝒚𝒄

≤ (
𝟑

𝟐𝑭
)
𝟑

. 𝟖𝑭𝑹𝒔 =
𝟐𝟕

𝑭
.
𝑹

𝒓
  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

𝒘𝒂 ≤ √𝒓𝒃𝒓𝒄 = √𝒔(𝒔 − 𝒂) ≤ 𝒎𝒂 

 

𝑭𝒊𝒓𝒔𝒕,𝒘𝒆 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕  𝒂𝟓 + 𝒃𝟓 ≥ 𝒂𝟐𝒃𝟐(𝒂 + 𝒃),   ∀𝒂, 𝒃 > 0. 
  𝒂𝟓 + 𝒃𝟓 − 𝒂𝟐𝒃𝟐(𝒂 + 𝒃) = 𝒂𝟑(𝒂𝟐 − 𝒃𝟐) − 𝒃𝟑(𝒂𝟐 − 𝒃𝟐) = (𝒂𝟑 − 𝒃𝟑)(𝒂𝟐 − 𝒃𝟐) = 

= (𝒂− 𝒃)𝟐(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)(𝒂 + 𝒃) ≥ 𝟎.  𝒂𝒍𝒐𝒓𝒔 ∶  𝒂𝟓 + 𝒃𝟓 ≥ 𝒂𝟐𝒃𝟐(𝒂 + 𝒃),   ∀𝒂, 𝒃 > 0. 

𝑺𝒐:   
𝒂𝒃

𝒂𝟓 + 𝒃𝟓 + 𝒂𝒃
≤

𝒂𝒃

𝒂𝟐𝒃𝟐(𝒂 + 𝒃) + 𝒂𝒃
=

𝟏

𝒂𝒃(𝒂 + 𝒃) + 𝟏
=

𝒄

𝒂 + 𝒃 + 𝒄
 

𝑨𝒏𝒂𝒍𝒐𝒈𝒐𝒖𝒔𝒍𝒚:  
𝒃𝒄

𝒃𝟓 + 𝒄𝟓 + 𝒃𝒄
≤

𝒂

𝒂 + 𝒃 + 𝒄
  𝒆𝒕  

𝒄𝒂

𝒄𝟓 + 𝒂𝟓 + 𝒄𝒂
≤

𝒃

𝒂 + 𝒃 + 𝒄
. 

𝑫′𝒐ù,   
𝒂𝒃

𝒂𝟓 + 𝒃𝟓 + 𝒂𝒃
+

𝒃𝒄

𝒃𝟓 + 𝒄𝟓 + 𝒃𝒄
+

𝒄𝒂

𝒄𝟓 + 𝒂𝟓 + 𝒄𝒂

≤
𝒄

𝒂 + 𝒃 + 𝒄
+

𝒂

𝒂 + 𝒃 + 𝒄
+

𝒃

𝒂 + 𝒃 + 𝒄
=
𝒂 + 𝒃 + 𝒄

𝒂 + 𝒃 + 𝒄
= 𝟏. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐍𝐨𝐰,
𝟏

𝟐
. 𝒙. 𝐁𝐂 =

𝐅

𝟑
⇒
𝟏

𝒙
=
𝟑𝒂

𝟐𝐫𝐬
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒

𝐛 + 𝐜 − 𝒂

𝒙𝟑
+
𝐜 + 𝒂 − 𝐛

𝐲𝟑
+
𝒂 + 𝐛 − 𝐜

𝐳𝟑

=∑
𝟓𝟒𝒂𝟑(𝐬 − 𝒂)

𝟖𝐫𝟑𝐬𝟑
𝐜𝐲𝐜

=
𝟐𝟕

𝟒𝐫𝟑𝐬𝟑
(𝐬∑𝒂𝟑

𝐜𝐲𝐜

−∑𝒂𝟒

𝐜𝐲𝐜

) 
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=
𝟐𝟕

𝟒𝐫𝟑𝐬𝟑
(𝟐𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐) + 𝟏𝟔𝐫𝟐𝐬𝟐 − 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)

=
𝟐𝟕

𝟒𝐫𝟑𝐬𝟑
(𝟐𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐) + 𝟏𝟔𝐫𝟐𝐬𝟐 − 𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
+ 𝟑𝟐𝐑𝐫𝐬𝟐)

=
𝟐𝟕𝐫((𝟐𝐑 + 𝟑𝐫)𝐬𝟐 − 𝐫(𝟒𝐑+ 𝐫)𝟐)

𝟐𝐫𝟑𝐬𝟑
 

∴
𝐛 + 𝐜 − 𝒂

𝒙𝟑
+
𝐜 + 𝒂 − 𝐛

𝐲𝟑
+
𝒂+ 𝐛 − 𝐜

𝐳𝟑
=
(∗) 𝟐𝟕((𝟐𝐑+ 𝟑𝐫)𝐬

𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)

𝟐𝐫𝟐𝐬𝟑
∴ (∗)

⇒
𝐛 + 𝐜 − 𝒂

𝒙𝟑
+
𝐜 + 𝒂 − 𝐛

𝐲𝟑
+
𝒂 + 𝐛 − 𝐜

𝐳𝟑
≤
𝟐𝟕

𝐅
.
𝐑

𝐫

⇔
𝟐𝟕((𝟐𝐑+ 𝟑𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)

𝟐𝐫𝟐𝐬𝟑
≤
𝟐𝟕𝐑

𝐫𝟐𝐬
 

⇔ 𝟐𝐑𝐬𝟐 ≥ (𝟐𝐑+ 𝟑𝐫)𝐬𝟐 − 𝐫(𝟒𝐑+ 𝐫)𝟐⇔ (𝟒𝐑+ 𝐫)𝟐 ≥ 𝟑𝐬𝟐 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐓𝐫𝐮𝐜𝐡𝐭

∴
𝐛 + 𝐜 − 𝒂

𝒙𝟑
+
𝐜 + 𝒂− 𝐛

𝐲𝟑
+
𝒂 + 𝐛 − 𝐜

𝐳𝟑
≤
𝟐𝟕

𝐅
.
𝐑

𝐫
 

𝐀𝐠𝒂𝐢𝐧, (∗) ⇒
𝟓𝟒

𝐅
≤
𝐛 + 𝐜 − 𝒂

𝒙𝟑
+
𝐜 + 𝒂 − 𝐛

𝐲𝟑
+
𝒂+ 𝐛 − 𝐜

𝐳𝟑
⇔
𝟐𝟕𝐫((𝟐𝐑 + 𝟑𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)

𝟐𝐫𝟑𝐬𝟑

≥
𝟓𝟒

𝐫𝐬
⇔ (𝟐𝐑 − 𝐫)𝐬𝟐 ≥

(𝐢)

𝐫(𝟒𝐑 + 𝐫)𝟐 

𝐍𝐨𝐰, (𝟐𝐑 − 𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑 − 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟒𝐑 + 𝐫)𝟐 ⇔ 𝟖𝐑𝟐 − 𝟏𝟕𝐑𝐫 + 𝟐𝐫𝟐 ≥

?
𝟎

⇔ (𝐑 − 𝟐𝐫)(𝟖𝐑− 𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟓𝟒

𝐅
≤
𝐛 + 𝐜 − 𝒂

𝒙𝟑
+
𝐜 + 𝒂 − 𝐛

𝐲𝟑
+
𝒂 + 𝐛 − 𝐜

𝐳𝟑
 (𝐐𝐄𝐃) 

 

640. In 𝚫𝑨𝑩𝑪,𝑹𝒂, 𝑹𝒃 and 𝑹𝒄 are the circumradius of 𝚫𝑩𝑰𝑪, 𝚫𝑪𝑰𝑨 and 𝚫𝑨𝑰𝑩 

respectively. Prove that: 

𝒂 ∙
𝒓𝒂
𝑹𝒂
+ 𝒃 ∙

𝒓𝒃
𝑹𝒃
+ 𝒄 ∙

𝒓𝒄
𝑹𝒄
≤
𝟗√𝟑

𝟐
𝑹 

Proposed Ertan Yildirim-Izmir-Turkiye 
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Solution by Aggeliki Papaspyropoulou-Greece 

𝑨𝑰 =
𝒓

𝐬𝐢𝐧
𝑨
𝟐

; (𝟏) 

 𝒓𝒂 = 𝟒𝑹𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
; (𝟐) 

[𝑰𝑩𝑪] =
𝒂𝒓

𝟐
=
𝒂 ∙ 𝑰𝑩 ∙ 𝑰𝑪

𝟒𝑹𝒂
⇒ 𝑹𝒂 =

𝑰𝑩 ∙ 𝑰𝑪

𝟐𝒓
; (𝟑) 

From (1), (2) and (3), it follows: 

𝒂 ∙
𝒓𝒂
𝑹𝒂
= 𝒂 ∙ 𝒓𝒂 ∙

𝟐𝒓

𝑰𝑩 ∙ 𝑰𝑪
= 𝟐𝒓 ∙

𝒂 ∙ 𝒓𝒂
𝑰𝑩 ∙ 𝑰𝑪

= (𝟐𝒓 ∙ 𝒂 ∙ 𝟒𝑹 𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
) ∙

𝟏
𝒓

𝐬𝐢𝐧
𝑩
𝟐

∙
𝒓

𝐬𝐢𝐧
𝑪
𝟐

= 

=
𝟐𝑹

𝒓
∙ 𝒂 ∙ 𝐬𝐢𝐧

𝑨

𝟐
𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 =

𝟒𝑹𝒓 ∙ 𝒔

𝟐𝑹𝒓
∙ 𝐬𝐢𝐧

𝑨

𝟐
= 𝟐𝒔 ∙ 𝐬𝐢𝐧

𝑨

𝟐
; (𝟒) 

So, we have to prove: 

𝟐𝒔 (𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
) ≤

𝟗√𝟑

𝟐
𝑹 

But 𝟐𝒔 ≤ 𝟑√𝟑𝑹 (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄), so we need to prove: 

𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
≤
𝟑

𝟐
 

Let 𝒇(𝒙) = 𝐬𝐢𝐧𝒙 , 𝒙 ∈ (𝟎,
𝝅

𝟐
) , 𝒇′(𝒙) = 𝐜𝐨𝐬 𝒙 , 𝒇′′(𝒙) = −𝐬𝐢𝐧 𝒙 < 0 ⇒ 𝑓 −convace function, 

hence by Jensen’s inequality, we have: 

𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
≤ 𝟑 𝐬𝐢𝐧

𝝅

𝟔
=
𝟑

𝟐
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

 

641. In 𝚫𝑨𝑩𝑪,𝑨𝑬 −internal bisector, 𝒅 −antiparallel through the incenter, 

𝒅 ∩ [𝑨𝑩] = {𝑲}, 𝒅 ∩ [𝑨𝑪] = {𝑳}. Prove that: 

𝑲𝑰

𝑨𝑬
+
𝑳𝑰

𝑪𝑬
≥
𝒃 + 𝒄

𝒔
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
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Solution by Marian Ursărescu-Romania 
From bisector theorem: 

𝑩𝑬

𝑬𝑪
=
𝑨𝑩

𝑨𝑪
=
𝒄

𝒃
⇒
𝑩𝑬

𝒂
=

𝒄

𝒃 + 𝒄
⇒ 𝑩𝑬 =

𝒂𝒄

𝒃 + 𝒄
; (𝟏) 

𝐀𝐠𝐚𝐢𝐧:
𝑨𝑰

𝑰𝑬
=
𝑨𝑩

𝑩𝑬
=

𝒄
𝒂𝒄
𝒃 + 𝒄

=
𝒃 + 𝒄

𝒂
⇒
𝑨𝑰

𝑨𝑨′
=
𝒃 + 𝒄

𝟐𝒔
⇒ 𝑨𝑰 =

𝒃 + 𝒄

𝟐𝒔
∙ 𝒘𝒂; (𝟐) 

𝒘𝒂 =
𝟐𝒃𝒄

𝒃 + 𝒄
∙ 𝐜𝐨𝐬

𝑨

𝟐
; (𝟑)  𝐅𝐫𝐨𝐦 (𝟐), (𝟑): 𝑨𝑰 =

𝒃𝒄 𝐜𝐨𝐬
𝑨
𝟐

𝒔
; (𝟒) 

In 𝚫𝑨𝑲𝑰 from sines theorem:  

𝑨𝑰

𝐬𝐢𝐧𝑪
= 𝟐𝑹𝚫𝑲𝑨𝑰

(𝟑)
⇒ 𝟐𝑹𝚫𝑲𝑨𝑰 =

𝒃𝒄𝐜𝐨𝐬
𝑨
𝟐

𝒔 𝐬𝐢𝐧𝑪
=
𝟐𝑹 ∙ 𝒃 ∙ 𝐜𝐨𝐬

𝑨
𝟐

𝒔
⇒ 𝑹𝚫𝑲𝑨𝑰 =

𝑹𝒃𝐜𝐨𝐬
𝑨
𝟐

𝒔
; (𝟓) 

𝐀𝐠𝐚𝐢𝐧 𝐢𝐧 𝚫𝑨𝑲𝑰: 
𝑲𝑰

𝐬𝐢𝐧
𝑨
𝟐

= 𝟐𝑹𝚫𝑨𝑲𝑰 ⇒ 𝑲𝑰 =
𝟐𝑹𝒃𝐜𝐨𝐬

𝑨
𝟐 𝐬𝐢𝐧

𝑨
𝟐

𝒔
=
𝑹𝒃𝐬𝐢𝐧 𝑨

𝒔
 

𝐁𝐮𝐭:
𝒂

𝐬𝐢𝐧𝑨
= 𝟐𝑹 ⇒ 𝐬𝐢𝐧 𝑨 =

𝒂

𝟐𝑹
.𝐇𝐞𝐧𝐜𝐞,𝑲𝑰 =

𝒂𝒃

𝟐𝒔
; (𝟔) 

From (1), (6) we get: 

𝑲𝑰

𝑩𝑬
=
𝒂𝒃

𝟐𝒔
∙
𝒃 + 𝒄

𝒂𝒄
=
𝒃(𝒃 + 𝒄)

𝟐𝒔𝒄
; (𝟕) 

Similarly: 

𝑳𝑰

𝑪𝑬
=
𝒄(𝒄 + 𝒃)

𝟐𝒔𝒃
; (𝟖) 

From (7) and (8) we have: 

𝒃(𝒃 + 𝒄)

𝟐𝒔𝒄
+
𝒄(𝒄 + 𝒃)

𝟐𝒔𝒃
≥
𝒃 + 𝒄

𝒔
⇔
𝒃𝟐 + 𝒃𝒄

𝒄
+
𝒄𝟐 + 𝒃𝒄

𝒃
≥ 𝟐(𝒃 + 𝒄) ⇔ 

𝒃𝟐

𝒄
+
𝒄𝟐

𝒃
≥ 𝒃 + 𝒄  𝐭𝐫𝐮𝐞 𝐟𝐫𝐨𝐦 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲. 

642. If 𝒙, 𝒚 > 0 then in 𝚫𝑨𝑩𝑪 holds: 

(
𝒙

𝒂
+
𝒚

𝒃
)
𝟐

𝒘𝒄
𝟐 + (

𝒙

𝒃
+
𝒚

𝒄
)
𝟐

𝒘𝒂
𝟐 + (

𝒙

𝒄
+
𝒚

𝒂
)
𝟐

𝒘𝒃
𝟐 ≥

𝟏𝟖𝒙𝒚 ∙ 𝒓

𝑹
 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
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Solution 1 by Tapas Das-India 

𝒘𝒂 ≥ 𝒉𝒂 ≥
𝟐𝑭

𝒂
(𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑭 = 𝒓𝒔; 𝒂𝒃𝒄 = 𝟒𝑹𝑭; 𝒔 =
𝒂 + 𝒃 + 𝒄

𝟐
≥
𝟑

𝟐
√𝒂𝒃𝒄
𝟑

 

∑(
𝒙

𝒂
+
𝒚

𝒃
)
𝟐

𝒘𝒄
𝟐

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

∑
𝟒𝒙𝒚

𝒂𝒃
𝒘𝒄
𝟐

𝒄𝒚𝒄

= 𝟒𝒙𝒚∑
𝒘𝒄
𝟐

𝒂𝒃
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

 

≥ 𝟒𝒙𝒚 ∙ 𝟑√∏
𝒘𝒄𝟐

𝒂𝒃
𝒄𝒚𝒄

𝟑
= 𝟏𝟐𝒙𝒚√(

𝒘𝒂𝒘𝒃𝒘𝒄
𝒂𝒃𝒄

)
𝟐𝟑

= 

= 𝟏𝟐𝒙𝒚√(
𝟐𝑭

𝒂
∙
𝟐𝑭

𝒃
∙
𝟐𝑭

𝒄
∙
𝟏

𝒂𝒃𝒄
)
𝟐𝟑

= 𝟏𝟐𝒙𝒚 ∙
𝟒𝑭𝟐

𝒂𝒃𝒄
∙
𝟏

√𝒂𝒃𝒄
𝟑 = 

= 𝟏𝟐𝒙𝒚 ∙
𝒓𝒔

𝑭
∙
𝟏

√𝒂𝒃𝒄
𝟑 ≥ 𝟏𝟐𝒙𝒚 ∙

𝒓

𝑹
∙
𝟑

𝟐
∙
√𝒂𝒃𝒄
𝟑

√𝒂𝒃𝒄
𝟑 =

𝟏𝟖𝒙𝒚 ∙ 𝒓

𝑹
 

Solution 2 by Alex Szoros-Romania 

(
𝒙

𝒂
+
𝒚

𝒃
)
𝟐

≥
𝟒𝒙𝒚

𝒂𝒃
;  𝒘𝒄

𝟐 ≥ 𝒉𝒄
𝟐 ⇒ 

(
𝒙

𝒂
+
𝒚

𝒃
)
𝟐

𝒘𝒄
𝟐 ≥

𝟒𝒙𝒚

𝒂𝒃
𝒉𝒄
𝟐 =

𝟒𝒙𝒚

𝒂𝒃
(
𝟐𝑭

𝒄
)
𝟐

=
𝟏𝟔𝒙𝒚𝑭𝟐

𝒂𝒃𝒄𝟐
 

Hence, 

∑(
𝒙

𝒂
+
𝒚

𝒃
)
𝟐

𝒘𝒄
𝟐

𝒄𝒚𝒄

≥
𝟏𝟔𝒙𝒚𝑭𝟐

𝒂𝒃𝒄
∑
𝟏

𝒄
𝒄𝒚𝒄

=
𝟏𝟔𝒙𝒚 ∙ 𝒔𝟐𝒓𝟐

𝟒𝑹𝒓𝒔
∑
𝟏

𝒂
𝒄𝒚𝒄

= 

= 𝟒𝒙𝒚 ∙
𝒔𝒓

𝑹
∑
𝟏

𝒂
𝒄𝒚𝒄

= 𝟐𝒙𝒚 ∙
𝒓

𝑹
∑𝒂

𝒄𝒚𝒄

∙∑
𝟏

𝒂
𝒄𝒚𝒄

≥ 𝟐𝒙𝒚 ∙
𝒓

𝑹
∙ 𝟗 =

𝟏𝟖𝒙𝒚 ∙ 𝒓

𝑹
 

643. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑𝟔𝒓𝟐𝒔 ≤∑(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)𝒂

𝒄𝒚𝒄

≤
𝟗𝑹𝟑𝒔

𝟐𝒓
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Marian Ursărescu-Romania 

We must show: 

∑𝒂 ∙ 𝒎𝒃𝒎𝒄

𝒄𝒚𝒄

≥ 𝟏𝟖𝒓𝟐𝒔; (𝟏) 
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𝐁𝐮𝐭: ∑𝒂 ∙ 𝒎𝒃𝒎𝒄

𝒄𝒚𝒄

≥ 𝟑√𝒂𝒃𝒄(𝒎𝒂𝒎𝒃𝒎𝒄)𝟐
𝟑

;   (𝟐) 

From (1) and (2) we must show: 

𝒂𝒃𝒄(𝒎𝒂𝒎𝒃𝒎𝒄)
𝟐 ≥ 𝟔𝟑𝒓𝟔𝒔𝟑;   (𝟑) 

𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔 and 𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂) ⇒ 𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝒔𝑭 = 𝒔
𝟐𝒓;  (𝟒) 

From (3) and (4) we must show: 

𝟒𝒔𝟓𝑹𝒓𝟑 ≥ 𝟔𝟑𝒓𝟔𝒔𝟑 ⇔ 𝟒𝒔𝟐𝑹 ≥ 𝟔𝟑𝒓𝟑  true, because 𝒔𝟑 ≥ 𝟐𝟕𝒓𝟐(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) and  

𝟒𝑹 ≥ 𝟖𝒓(𝑬𝒖𝒍𝒆𝒓). For the right sides, we have: 

∑(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐 −𝒎𝒂

𝟐)

𝒄𝒚𝒄

𝒂 ≤
𝟗𝑹𝟑𝒔

𝟐𝒓
⇔ 

(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐)(𝒂 + 𝒃 + 𝒄) −∑𝒂𝒎𝒂

𝟐

𝒄𝒚𝒄

≤
𝟗𝑹𝟑𝒔

𝟐𝒓
⇔ 

𝟑

𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ∙ 𝟐𝒔 −∑𝒂𝒎𝒂

𝟐

𝒄𝒚𝒄

≤
𝟗𝑹𝟑𝒔

𝟐𝒓
; (𝟓) 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐;   (𝟔) 

From (5) and (6) we must show: 

𝟐𝟕𝑹𝟐𝒔

𝟐
−∑𝒂𝒎𝒂

𝟐

𝒄𝒚𝒄

≤
𝟗𝑹𝟑𝒔

𝟐𝒓
⇔∑𝒂𝒎𝒂

𝟐

𝒄𝒚𝒄

≥
𝒔(𝟐𝟕𝑹𝟐𝒓 − 𝟗𝑹𝟑)

𝟐𝒓
; (𝟕) 

𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂) ⇒ 𝒎𝒂
𝟐 ≥ 𝒔(𝒔 − 𝒂);  (𝟖) 

From (7) and (8) we must show: 

𝒔∑𝒂(𝒔 − 𝒂)

𝒄𝒚𝒄

≥
𝒔(𝟐𝟕𝑹𝟐𝒓 − 𝟗𝑹𝟑)

𝟐𝒓
⇔∑𝒂(𝒔 − 𝒂)

𝒄𝒚𝒄

≥
𝟐𝟕𝑹𝟐𝒓 − 𝟗𝑹𝟑

𝟐𝒓
; (𝟗) 

𝐁𝐮𝐭: ∑𝒂(𝒔 − 𝒂)

𝒄𝒚𝒄

= 𝟐𝒓(𝟒𝑹+ 𝒓); (𝟏𝟎) 

From (9) and (10) we must show: 

𝟐𝒓(𝟒𝑹 + 𝒓) ≥
𝟐𝟕𝑹𝟐𝒓 − 𝟗𝒓𝟑

𝟐𝒓
⇔ 𝟏𝟔𝑹𝒓𝟐 + 𝟒𝒓𝟑 ≥ 𝟐𝟕𝑹𝟐𝒓 − 𝟗𝑹𝟑 ⇔ 

𝟗𝑹𝟑 − 𝟐𝟕𝑹𝟐𝒓 + 𝟏𝟔𝑹𝒓𝟐 + 𝟒𝒓𝟑 ≥ 𝟎 ⇔ (𝑹 − 𝟐𝒓)(𝟗𝑹𝟐 − 𝟗𝑹𝒓 − 𝟐𝒓𝟐) ≥ 𝟎 true, because 
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𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) and 𝟗𝑹𝟐 − 𝟗𝑹𝒓 − 𝟐𝒓𝟐 > 0. 

Solution 2 by Alex Szoros-Romania 

𝒎𝒃
𝟐 +𝒎𝒄

𝟐 ≥ 𝒔(𝒔 − 𝒃) + 𝒔(𝒔 − 𝒄) = 𝒂𝒔 

(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)𝒂 ≥ 𝒂𝟐𝒔 ⇒∑(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)𝒂

𝒄𝒚𝒄

≥∑𝒂𝟐𝒔

𝒄𝒚𝒄

= 𝒔∑𝒂𝟐

𝒄𝒚𝒄

≥
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 

≥ 𝒔 ∙ 𝟗𝑹𝟐 ≥
𝑬𝒖𝒍𝒆𝒓

𝟗𝒔 ∙ (𝟐𝒓)𝟐 = 𝟑𝟔𝒓𝟐𝒔;  (𝟏) 

𝒎𝒃
𝟐 +𝒎𝒄

𝟐 =
𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒
⇒∑(𝒎𝒃

𝟐 +𝒎𝒄
𝟐)𝒂

𝒄𝒚𝒄

=∑𝒂(𝒂𝟐 +
𝒃𝟐𝒄𝟐

𝟒
)

𝒄𝒚𝒄

= 

=∑𝒂𝟑

𝒄𝒚𝒄

+
𝟏

𝟒
∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

≤∑𝒂𝟑

𝒄𝒚𝒄

+
𝟏

𝟒
∑(𝒂𝟑 + 𝒃𝟑)

𝒄𝒚𝒄

=
𝟑

𝟐
∑𝒂𝟑

𝒄𝒚𝒄

= 

=
𝟑

𝟐
∙ 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) ≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝟑𝒔(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) 

∑(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)𝒂

𝒄𝒚𝒄

≤ 𝟑𝒔(𝟒𝑹𝟐 − 𝟐𝑹𝒓) 

It is enough to prove that: 

𝟐𝒓(𝟒𝑹 − 𝟐𝒓) ≤ 𝟑𝑹𝟐 ⇔ 𝟑𝑹𝟔𝟐 − 𝟖𝑹𝒓 + 𝟒𝒓𝟐 ≥ 𝟎 

(𝑹 − 𝟐𝒓)(𝟑𝑹 − 𝟐𝒓) ≥ 𝟎 which is true. 

From (2) and (3), it follows that: 

∑(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)𝒂

𝒄𝒚𝒄

≤
𝟗𝑹𝟑𝒔

𝟐𝒓
 

Solution 3 by Tapas Das-India 

𝒎𝒃
𝟐 +𝒎𝒄

𝟐 =
𝟏

𝟒
(𝟐𝒂𝟐 + 𝟐𝒄𝟐 − 𝒃𝟐) +

𝟏

𝟒
(𝟐𝒂𝟐 + 𝟐𝒃𝟐 − 𝒄𝟐) =

𝟏

𝟒
(𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

𝒂(𝒎𝒃
𝟐 +𝒎𝒄

𝟐) =
𝒂

𝟒
(𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) =

𝟏

𝟒
(𝟒𝒂𝟑 + 𝒂𝒃𝟐 + 𝒂𝒄𝟐) 

∑𝒂(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)

𝒄𝒚𝒄

=
𝟏

𝟒
∑(𝟒𝒂𝟑 + 𝒂𝒃𝟐 + 𝒂𝒄𝟐)

𝒄𝒚𝒄

= 

=∑𝒂𝟑

𝒄𝒚𝒄

+
𝟏

𝟒
∑𝒂(𝒃𝟐 + 𝒄𝟐)

𝒄𝒚𝒄

≥ 𝟑𝒂𝒃𝒄 +
𝟏

𝟒
(𝒂 ∙ 𝟐𝒃𝒄 + 𝒃 ∙ 𝟐𝒄𝒂 + 𝒄 ∙ 𝟐𝒂𝒃) = 
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=
𝟗

𝟐
𝒂𝒃𝒄 =

𝟗

𝟐
∙ 𝟒𝑹𝑭 = 𝟏𝟖𝑹𝑭 ≥ 𝟏𝟖 ∙ 𝟐𝒓 ∙ 𝒓𝒔 = 𝟑𝟔𝒓𝟐𝒔 

∑𝒂(𝒎𝒃
𝟐 +𝒎𝒄

𝟐)

𝒄𝒚𝒄

=
𝟏

𝟒
∑(𝟒𝒂𝟑 + 𝒂𝒃𝟐 + 𝒂𝒄𝟐)

𝒄𝒚𝒄

= 

=∑𝒂𝟑

𝒄𝒚𝒄

+
𝟏

𝟒
∑𝒂(𝒃𝟐 + 𝒄𝟐)

𝒄𝒚𝒄

≤∑𝒂𝟑

𝒄𝒚𝒄

+
𝟏

𝟒
∑(𝒂𝟑 + 𝒃𝟑)

𝒄𝒚𝒄

≤ 

≤∑𝒂𝟑

𝒄𝒚𝒄

+
𝟏

𝟐
∑𝒂𝟑

𝒄𝒚𝒄

=
𝟑

𝟐
∑𝒂𝟑

𝒄𝒚𝒄

=
𝟑

𝟐
∙ 𝟐(𝒔𝟑 − 𝟑𝒓𝟐𝒔 − 𝟔𝑹𝒓𝒔) = 

= 𝟑𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) ≤ 𝟑𝒔(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) = 

= 𝟑𝒔(𝟒𝑹𝟐 + 𝟒𝑹𝒓 − 𝟔𝑹𝒓) = 𝟑𝒔(𝟒𝑹𝟐 − 𝟐𝑹𝒓) 

We need to show: 

𝟗𝑹𝟑𝒔

𝟐𝒓
≥ 𝟑𝒔(𝟒𝑹𝟐 − 𝟐𝑹𝒓) ⇔

𝟑𝑹𝟑

𝟐𝒓
≥ 𝟒𝑹𝟐 − 𝟐𝑹𝒓 

⇔ 𝟑𝑹𝟐 ≥ 𝟐𝒓(𝟒𝑹− 𝟐𝒓) ⇔ (𝑹− 𝟐𝒓)(𝟑𝑹− 𝟐𝒓) ≥ 𝟎 true from 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

644. In cyclic 𝑨𝑩𝑪𝑫 the following relationship holds: 

∑𝐜𝐬𝐜
𝑨

𝟐
𝒄𝒚𝒄

≤ 𝟖√𝟐
𝑹𝟐

𝑭
 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Aggeliki Papaspyropoulou-Greece 

∑𝐜𝐬𝐜
𝑨

𝟐
𝒄𝒚𝒄

=∑
𝟏

𝐬𝐢𝐧
𝑨
𝟐𝒄𝒚𝒄

 

𝟐𝑹𝐬𝐢𝐧 𝑨 = 𝟐𝑹𝐬𝐢𝐧𝑪 = 𝑩𝑫;𝟐𝑹 𝐬𝐢𝐧𝑩 = 𝟐𝑹𝐬𝐢𝐧𝑫 = 𝑨𝑪 

𝟏

𝐬𝐢𝐧
𝑨
𝟐

=
𝟒𝑹𝐜𝐨𝐬

𝑨
𝟐

𝑩𝑫
,
𝟏

𝐬𝐢𝐧
𝑩
𝟐

=
𝟒𝑹𝐜𝐨𝐬

𝑩
𝟐

𝑨𝑪
,
𝟏

𝐬𝐢𝐧
𝑪
𝟐

=
𝟒𝑹𝐜𝐨𝐬

𝑪
𝟐

𝑩𝑫
,
𝟏

𝐬𝐢𝐧
𝑫
𝟐

=
𝟒𝑹𝐜𝐨𝐬

𝑫
𝟐

𝑨𝑪
 

∑
𝟏

𝐬𝐢𝐧
𝑨
𝟐𝒄𝒚𝒄

=
𝟒𝑹

𝑩𝑫
(𝐜𝐨𝐬

𝑨

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
) +

𝟒𝑹

𝑨𝑪
(𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑫

𝟐
) = 

=
𝟒𝑹

𝑩𝑫
∙ 𝟐 𝐜𝐨𝐬

𝑨 + 𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑪

𝟐
+
𝟒𝑹

𝑨𝑪
∙ 𝟐 𝐜𝐨𝐬

𝑩 +𝑫

𝟐
𝐜𝐨𝐬

𝑩 −𝑫

𝟐
= 
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=
𝟖𝑹

𝑩𝑫
∙
√𝟐

𝟐
𝐜𝐨𝐬

𝑨 − 𝑪

𝟐
+
𝟖𝑹

𝑨𝑪
∙
√𝟐

𝟐
𝐜𝐨𝐬

𝑩 −𝑫

𝟐
≤ 

≤
𝟒𝑹

𝑩𝑫
√𝟐 +

𝟒𝑹

𝑨𝑪
√𝟐 

So, we have to prove: 

𝟒𝑹√𝟐(
𝟏

𝑩𝑫
+
𝟏

𝑨𝑪
) ≤ 𝟖√𝟐

𝑹𝟐

𝑭
; (∗) 

𝑨𝑪 + 𝑩𝑫

𝑨𝑪 ∙ 𝑩𝑫
≤
𝟐𝑹

𝑭
; (∗∗) 

𝝋 = 𝝁(𝑨𝑲�̂�), 𝐰𝐡𝐞𝐫𝐞 {𝑲} = 𝑨𝑪 ∩ 𝑩𝑫 

𝑭 = [𝑨𝑩𝑪𝑪𝑫] =
𝟏

𝟐
𝑲𝑫 ∙ 𝑲𝑨 ∙ 𝐬𝐢𝐧𝝋 +

𝟏

𝟐
∙ 𝑲𝑫 ∙ 𝑲𝑪 ∙ 𝐬𝐢𝐧𝝋 + 

+
𝟏

𝟐
∙ 𝑲𝑪 ∙ 𝑲𝑩 ∙ 𝐬𝐢𝐧𝝋 +

𝟏

𝟐
∙ 𝑲𝑩 ∙ 𝑲𝑨 ∙ 𝐬𝐢𝐧𝝋 = 

=
𝑲𝑫

𝟐
(𝑲𝑨 +𝑲𝑪) 𝐬𝐢𝐧𝝋 +

𝑲𝑩

𝟐
(𝑲𝑪 + 𝑲𝑨) 𝐬𝐢𝐧𝝋 = 

=
(𝑲𝑫 + 𝑲𝑩)(𝑲𝑨 + 𝑲𝑪)

𝟐
𝐬𝐢𝐧𝝋 =

𝟏

𝟐
𝑩𝑫 ∙ 𝑨𝑪 ∙ 𝐬𝐢𝐧𝝋 

So, from (∗∗), we have to prove: 

𝑩𝑫 ∙ 𝑨𝑪

𝟐
(
𝑨𝑪 + 𝑩𝑫

𝑩𝑫 ∙ 𝑨𝑪
) 𝐬𝐢𝐧𝝋 ≤ 𝟐𝑹 ⇔ (𝑨𝑪 + 𝑩𝑫) 𝐬𝐢𝐧𝝋 ≤ 𝟒𝑹 

(𝐬𝐢𝐧𝐜𝐞: 𝐬𝐢𝐧𝝋 ≤ 𝟏) ⇒ 𝑨𝑪 + 𝑩𝑫 ≤ 𝟒𝑹 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞. 

Equality holds if and only if 𝑨𝑩𝑪𝑫 is a square. 

645. If 𝒙, 𝒚, 𝒛 > 0 then in 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒙 ⋅ 𝒂√𝒂

(𝒚 + 𝒛)√𝒉𝒂
+

𝒚 ⋅ 𝒃√𝒃

(𝒛 + 𝒙)√𝒉𝒃
+

𝒛 ⋅ 𝒄√𝒄

(𝒙 + 𝒚)√𝒉𝒄
≥ √𝟔𝑭 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution by Tapas Das-India 

Using Tsintsifas’ inequality: 

𝒙

𝒚 + 𝒛
⋅ 𝒂𝟐 +

𝒚

𝒛 + 𝒙
⋅ 𝒃𝟐 +

𝒛

𝒙 + 𝒚
⋅ 𝒄𝟐 ≥ 𝟐√𝟑𝑭;  (𝟏) 

𝒉𝒂 =
𝟐𝑭

𝒂
⇒ 𝒂𝒉𝒂 = 𝟐𝑭, 𝐬𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲: 𝒃𝒉𝒃 = 𝟐𝑭; 𝒄𝒉𝒄 = 𝟐𝑭 
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𝒙 ⋅ 𝒂√𝒂

(𝒚 + 𝒛)√𝒉𝒂
+

𝒚 ⋅ 𝒃√𝒃

(𝒛 + 𝒙)√𝒉𝒃
+

𝒛 ⋅ 𝒄√𝒄

(𝒙 + 𝒚)√𝒉𝒄
= 

=
𝒙 ⋅ 𝒂 ⋅ 𝒂

(𝒚 + 𝒛)√𝒂𝒉𝒂
+

𝒚 ⋅ 𝒃 ⋅ 𝒃

(𝒛 + 𝒙)√𝒃𝒉𝒃
+

𝒛 ⋅ 𝒄 ⋅ 𝒄

(𝒙 + 𝒚)√𝒄𝒉𝒄
= 

=
𝒙 ⋅ 𝒂𝟐

(𝒚 + 𝒛)√𝒂𝒉𝒂
+

𝒚 ⋅ 𝒃𝟐

(𝒛 + 𝒙)√𝒃𝒉𝒃
+

𝒛 ⋅ 𝒄𝟐

(𝒙 + 𝒚)√𝒄𝒉𝒄
= 

=
𝟏

√𝟐𝑭
(
𝒙

𝒚 + 𝒛
⋅ 𝒂𝟐 +

𝒚

𝒛 + 𝒙
⋅ 𝒃𝟐 +

𝒛

𝒙 + 𝒚
⋅ 𝒄𝟐) ≥

(𝟏) 𝟏

√𝟐𝑭
⋅ 𝟐√𝟑𝑭 = √𝟔𝑭 

646. 

  

[𝑨𝑪𝑫𝑬]

[𝑨𝑩𝑪]
=? (𝐚𝐫𝐞𝐚) 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 

𝑫𝑪 = 𝒂,𝑨𝑩 = 𝒍,𝑴𝑷 = 𝑷𝑵 = 𝒙, 𝑷𝑭 =
𝒍√𝟑

𝟔
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𝑩𝑷 =
𝒍√𝟑

𝟐
 

𝚫𝑩𝑷𝑵~𝚫𝑫𝑪𝑵 ⇒
𝒂

𝒍√𝟑
𝟐

=

𝒍
𝟐
− 𝒙

𝒙
⇒ 𝒂𝒙 =

𝒍𝟐√𝟑

𝟒
−
𝒙𝒍√𝟑

𝟐
; (𝑰) 

𝚫𝑭𝑷𝑵~𝚫𝑬𝑨𝑵 ⇒
𝒂

𝒍√𝟑
𝟔

=

𝒍
𝟐 + 𝒙

𝒙
⇒ 𝒂𝒙 =

𝒍𝟐√𝟑

𝟏𝟐
+
𝒙𝒍√𝟑

𝟔
; (𝑰𝑰) 

From(𝑰) and (𝑰𝑰) it follows 𝒙 =
𝒍

𝟒
 and 𝒂 =

𝒍√𝟑

𝟐
 

So, 

[𝑨𝑪𝑫𝑬] = 𝒂𝒍 =
𝒍𝟐√𝟑

𝟐
 𝐚𝐧𝐝 [𝑨𝑩𝑪] =

𝒍𝟐√𝟑

𝟐
⇒
[𝑨𝑪𝑫𝑬]

[𝑨𝑩𝑪]
= 𝟐 
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647. 

 

𝐏𝐫𝐨𝐯𝐞: [𝑨𝑩𝑪𝑫] =
𝑩𝑫𝟐

𝟐
∙ 𝐬𝐢𝐧 𝜽 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution 1 by Ahmet Cetin-Turkiye 

From Law of sines in 𝚫𝑨𝑩𝑪: 

𝑨𝑪

𝑨𝑩
=

𝐬𝐢𝐧 𝜽

𝐬𝐢𝐧 (
𝝅
𝟐 −

𝜽
𝟐)

 

From Ptolemy’s theorem in 𝑨𝑩𝑪𝑫: 

𝑨𝑩 ∙ 𝑪𝑫 +𝑩𝑪 ∙ 𝑨𝑫 = 𝑨𝑪 ∙ 𝑩𝑫 

𝑨𝑩(𝑨𝑫 +𝑫𝑪) = 𝑨𝑪 ∙ 𝑩𝑫; (𝑨𝑩 = 𝑩𝑪) 

𝑨𝑫 +𝑫𝑪 =
𝑨𝑪 ∙ 𝑩𝑫

𝑨𝑩
 

[𝑨𝑩𝑪𝑫] =
𝑩𝑫 ∙ 𝑨𝑫 ∙ 𝐬𝐢𝐧 (

𝝅
𝟐 −

𝜽
𝟐)

𝟐
+
𝑩𝑫 ∙ 𝑫𝑪 ∙ 𝐬𝐢𝐧 (

𝝅
𝟐 −

𝜽
𝟐)

𝟐
=

= 𝑩𝑫 ∙ 𝐬𝐢𝐧 (
𝝅

𝟐
−
𝜽

𝟐
) ∙
𝑨𝑪 ∙ 𝑩𝑫

𝟐
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[𝑨𝑩𝑪𝑫] =
𝑩𝑫𝟐

𝟐
∙ 𝐬𝐢𝐧𝜽 

Solution 2 by Jose Ferreira Queiroz-Olinda-Brazil 

[𝑩𝑪𝑫] + [𝑨𝑩𝑫] =
𝑹 ∙ 𝑫𝑪 ∙ 𝑩𝑫

𝟒𝒓
+
𝑹 ∙ 𝑨𝑫 ∙ 𝑩𝑫

𝟒𝒓
=
𝑹 ∙ 𝑩𝑫

𝟒𝒓
(𝑫𝑪 + 𝑨𝑫); (𝟏) 

𝑨𝑩𝑪𝑫 −is cyclic: 𝑨𝑩 ∙ 𝑫𝑪 + 𝑩𝑪 ∙ 𝑨𝑫 = 𝑩𝑫 ∙ 𝑨𝑪 

𝑹 ∙ 𝑫𝑪 + 𝑹 ∙ 𝑨𝑫 = 𝑩𝑫 ∙ 𝑨𝑪,
𝑩𝑫 ∙ 𝑨𝑪

𝑹
= 𝑫𝑪 + 𝑨𝑫; (𝟐) 

𝑨𝑪

𝐬𝐢𝐧𝜽
= 𝟐𝒓 ⇒ 𝑨𝑪 = 𝟐𝒓 ∙ 𝐬𝐢𝐧 𝜽. From (1), (2) and (3) we have: 

[𝑨𝑩𝑪𝑫] =
𝑹 ∙ 𝑩𝑫

𝟒𝒓
∙
𝑩𝑫 ∙ 𝑨𝑪

𝑹
=
𝑩𝑫𝟐 ∙ 𝑨𝑪

𝟒𝒓
=
𝑩𝑫𝟐 ∙ 𝟐𝒓 ∙ 𝐬𝐢𝐧𝜽

𝟒𝒓
 

Therefore, 

[𝑨𝑩𝑪𝑫] =
𝑩𝑫𝟐

𝟐
∙ 𝐬𝐢𝐧𝜽 

648. 

 

[𝑫𝑬𝑭] = 𝟐𝟓𝟎 (𝐚𝐫𝐞𝐚). 𝐅𝐢𝐧𝐝: ∢𝑨𝑩𝑪 =? 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Remedy Ogswubaba-Nigeria 

Taking 𝑩 as the origin 𝑶(𝟎, 𝟎) we obtain the points: 

𝑫 as (𝟐𝟎 + 𝟒𝟎 𝐜𝐨𝐬𝑩 , 𝟒𝟎 𝐬𝐢𝐧𝑩), 𝑬 as (𝟓𝟎 + 𝟑𝟎 𝐜𝐨𝐬𝑩 , 𝟑𝟎 𝐬𝐢𝐧𝑩) 

𝑭 as (𝟑𝟎 + 𝟕𝟎𝐜𝐨𝐬𝑩 , 𝟕𝟎 𝐬𝐢𝐧𝑩) 
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Area of 𝚫 passing through, (𝒙𝟏, 𝒚𝟏), (𝒙𝟐, 𝒚𝟐) and (𝒙𝟑, 𝒚𝟑) is given by: 

𝑭 =
𝟏

𝟐
|
𝟏 𝟏 𝟏
𝒚𝟏 𝒚𝟐 𝒚𝟑
𝒙𝟏 𝒙𝟐 𝒙𝟑

| 

Hence, 

[𝑫𝑬𝑭] =
𝟏

𝟐
|

𝟏 𝟏 𝟏
𝟒𝟎 𝐬𝐢𝐧𝑩 𝟑𝟎 𝐬𝐢𝐧𝑩 𝟕𝟎 𝐬𝐢𝐧𝑩

𝟐𝟎 + 𝟒𝟎𝐜𝐨𝐬𝑩 𝟓𝟎 + 𝟖𝟎𝐜𝐨𝐬𝑩 𝟑𝟎 + 𝟕𝟎𝐜𝐨𝐬𝑩
| ⇒

𝑹𝟏−𝑹𝟐
𝑹𝟑−𝑹𝟐

 

𝟐𝟓𝟎 =
𝟏

𝟐
|

𝟎 𝟏 𝟎
𝟏𝟎 𝐬𝐢𝐧𝑩 𝟑𝟎 𝐬𝐢𝐧𝑩 𝟒𝟎 𝐬𝐢𝐧𝑩

−𝟑𝟎 + 𝟏𝟎𝐜𝐨𝐬𝑩 𝟓𝟎 + 𝟖𝟎𝐜𝐨𝐬𝑩 −𝟐𝟎 + 𝟒𝟎𝐜𝐨𝐬 𝑩
| 

𝟓𝟎𝟎 = |
𝟏𝟎 𝐬𝐢𝐧𝑩 𝟒𝟎 𝐬𝐢𝐧𝑩

−𝟑𝟎 + 𝟏𝟎𝐜𝐨𝐬𝑩 −𝟐𝟎 + 𝟒𝟎𝐜𝐨𝐬𝑩
| 

𝟓𝟎𝟎 = −𝟐𝟎𝟎𝐬𝐢𝐧𝑩 + 𝟒𝟎𝟎𝐬𝐢𝐧𝑩𝐜𝐨𝐬𝑩 + 𝟏𝟐𝟎𝟎 𝐬𝐢𝐧𝑩 − 𝟒𝟎𝐬𝐢𝐧𝑩𝐜𝐨𝐬𝑩 

𝐬𝐢𝐧𝑩 =
𝟏

𝟐
⇒ ∢𝑨𝑩𝑪 = 𝟑𝟎° 

649. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟐(𝒔 − 𝒂) + 𝒃𝟐(𝒔 − 𝒃) + 𝒄𝟐(𝒔 − 𝒄) ≥ 𝟒√𝟑
𝟒
⋅ √𝑭𝟑 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by Tapas Das-India 
 

𝒓𝒂 =
𝑭

𝒔 − 𝒂
⇒ 𝒔 − 𝒂 =

𝑭

𝒓𝒂
, 𝐬𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲: 𝒔 − 𝒃 =

𝑭

𝒔𝒃
 𝐚𝐧𝐝 𝒔 − 𝒄 =

𝑭

𝒓𝒄
; (𝟏) 

We have: 𝟐𝒔 ≤ 𝟑𝑹√𝟑 ⇔ 𝟔𝒔 ≤ 𝟗𝑹√𝟑 

𝟐𝒓𝒔𝟐√𝟑 ≤ 𝟗𝑹𝒓𝒔 ⇔ 𝟖𝒓𝒔𝟐 ≤ 𝟑𝟔𝑹𝒓𝒔 ⇔ 𝟖𝒓𝒔𝟐 ≤ 𝟑√𝟑(𝟒𝑹 ⋅ 𝒓𝒔) ⇔ 𝟖𝒓𝒔𝟐 ≤ 𝟑√𝟑 ⋅ 𝟒𝑹𝑭 ⇔ 

∵ 𝟖𝒓𝒂𝒓𝒃𝒓𝒄 ≤ 𝟑𝒂𝒃𝒄√𝟑;  (𝟐),     (𝒂𝒃𝒄)
𝟐 ≥ (

𝟒𝑭

√𝟑
)
𝟑

;   (𝟑) 

𝒂𝟐(𝒔 − 𝒂) + 𝒃𝟐(𝒔 − 𝒃) + 𝒄𝟐(𝒔 − 𝒄) = 𝒂𝟐 ⋅
𝑭

𝒓𝒂
+ 𝒃𝟐 ⋅

𝑭

𝒓𝒃
+ 𝒄𝟐 ⋅

𝑭

𝒓𝒄
= 

= 𝑭(
𝒂𝟐

𝒓𝒂
+
𝒃𝟐

𝒓𝒃
+
𝒄𝟐

𝒓𝒄
) ≥ 𝟑𝑭 ⋅ √

(𝒂𝒃𝒄)𝟐

𝒓𝒂𝒓𝒃𝒓𝒄

𝟑

= 𝟑𝑭 ⋅ √

(𝒂𝒃𝒄)𝟐

𝟑𝒂𝒃𝒄√𝟑
𝟖

𝟑
= 
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=
𝟑𝑭 ⋅ 𝟐√𝒂𝒃𝒄

𝟑

√𝟑
= 𝟐√𝟑𝑭 ⋅ √𝒂𝒃𝒄

𝟑
≥ 𝟐√𝟑𝑭 ⋅

√𝟒𝑭

√𝟑
𝟒 = 𝟒√𝟑

𝟒
⋅ √𝑭𝟑 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑𝒂𝟐(𝐬 − 𝒂)

𝐜𝐲𝐜

= 𝐬∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝟑

𝐜𝐲𝐜

= 𝟐𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) 

= 𝟒𝐫𝐬(𝐑 + 𝐫) ≥ 𝟒√𝟑
𝟒
. √𝐅𝟑⇔ 𝐫𝟒𝐬𝟒(𝐑 + 𝐫)𝟒 ≥ 𝟑𝐫𝟔𝐬𝟔 ⇔ (𝐑+ 𝐫)𝟒 ≥

(∗)

𝟑𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰, (𝐑 + 𝐫)𝟒 ≥
𝐄𝐮𝐥𝐞𝐫

𝟑𝐫(𝐑+ 𝐫)𝟑 ≥
?
𝟑𝐫𝟐𝐬𝟐⇔ 𝐫𝐬𝟐 ≤

?
⏟
(∗∗)

(𝐑 + 𝐫)𝟑 𝒂𝐧𝐝

∵ 𝐫𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ (𝐑 + 𝐫)𝟑

≥ 𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝐑𝟑 −𝐑𝟐𝐫 − 𝐑𝐫𝟐 − 𝟐𝐫𝟑 ≥ 𝟎 ⇔ (𝐑− 𝟐𝐫)(𝐑𝟐 +𝐑𝐫 + 𝐫𝟐) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ⇒ (∗∗)

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝒂𝟐(𝐬 − 𝒂) + 𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜) ≥ 𝟒√𝟑
𝟒
. √𝐅𝟑 (𝐐𝐄𝐃) 

650. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒙

𝒉𝒂
𝟐 +

𝒚

𝒉𝒃
𝟐 +

𝒛

𝒉𝒄
𝟐 ≥

𝟏

𝟐𝑭√
𝒙𝒚

𝒔𝒊𝒏𝟐
𝑪
𝟐

+
𝒚𝒛

𝒔𝒊𝒏𝟐
𝑨
𝟐

+
𝒛𝒙

𝒔𝒊𝒏𝟐
𝑩
𝟐

 

Proposed by D.M.Bătineţu-Giurgiu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒕 𝑫𝑬𝑭 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒕𝒐𝒖𝒄𝒉 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 ∆𝑨𝑩𝑪 𝒂𝒏𝒅 𝑺 𝒃𝒆 𝒕𝒉𝒆 𝒂𝒓𝒆𝒂 𝒐𝒇 ∆𝑫𝑬𝑭. 

 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝒂′ = 𝑬𝑭 = 𝟐𝑹∆𝑫𝑬𝑭. 𝐬𝐢𝐧(∠𝑬𝑫𝑭) = 𝟐𝒓 𝐬𝐢𝐧 (
𝑩 + 𝑪

𝟐
) = 𝟐𝒓 𝐜𝐨𝐬

𝑨

𝟐
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝑺 =
𝒂′𝒃′𝒄′

𝟒𝑹∆𝑫𝑬𝑭
=
𝟐𝒓 𝐜𝐨𝐬

𝑨
𝟐 . 𝟐𝒓 𝐜𝐨𝐬

𝑩
𝟐 . 𝟐𝒓 𝐜𝐨𝐬

𝑪
𝟐

𝟒𝒓
= 𝟐𝒓𝟐.

𝒔

𝟒𝑹
=
𝒔𝒓𝟐

𝟐𝑹
. 

𝑼𝒔𝒊𝒏𝒈 𝒏𝒐𝒘 𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 ∆𝑫𝑬𝑭 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒖. 𝒂′𝟐 + 𝒗. 𝒃′𝟐 + 𝒘. 𝒄′𝟐 ≥ 𝟒𝑺√𝒖𝒗 + 𝒗𝒘 +𝒘𝒖,   ∀𝒖, 𝒗,𝒘 > 0. 

𝑳𝒆𝒕 𝒖 = 𝒙 𝐬𝐢𝐧𝟐
𝑨

𝟐
,   𝒗 = 𝒚 𝐬𝐢𝐧𝟐

𝑩

𝟐
,   𝒘 = 𝒛 𝐬𝐢𝐧𝟐

𝑪

𝟐
,   𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑𝒙𝐬𝐢𝐧𝟐
𝑨

𝟐
. (𝟐𝒓𝐜𝐨𝐬

𝑨

𝟐
)
𝟐

𝒄𝒚𝒄

≥ 𝟒.
𝒔𝒓𝟐

𝟐𝑹 √
∑𝒙𝐬𝐢𝐧𝟐

𝑨

𝟐
. 𝒚 𝐬𝐢𝐧𝟐

𝑩

𝟐
𝒄𝒚𝒄

 ⇔ 

∑𝒙.(
𝒂

𝟒𝑹
)
𝟐

𝒄𝒚𝒄

≥
𝒔

𝟐𝑹√
(
𝒓

𝟒𝑹
)
𝟐

∑
𝒙𝒚

𝒔𝒊𝒏𝟐
𝑪
𝟐𝒄𝒚𝒄

 

⇔∑
𝒙

𝒉𝒂
𝟐

𝒄𝒚𝒄

≥
(𝟒𝑹)𝟐

(𝟐𝑭)𝟐
.
𝒔𝒓

𝟖𝑹𝟐√
∑

𝒙𝒚

𝒔𝒊𝒏𝟐
𝑪
𝟐𝒄𝒚𝒄

=
𝟏

𝟐𝑭√
∑

𝒙𝒚

𝒔𝒊𝒏𝟐
𝑪
𝟐𝒄𝒚𝒄

 

651. If 𝑨𝒌𝑩𝒌𝑪𝒌, 𝒌 = 𝟏, 𝟑̅̅ ̅̅ ̅ are three triangles with circumradii 𝑹𝒌, 𝒌 = 𝟏, 𝟑̅̅ ̅̅ ̅, 

then: 

𝟏

𝒂𝟏𝒂𝟐𝒂𝟑
+

𝟏

𝒃𝟏𝒃𝟐𝒃𝟑
+

𝟏

𝒄𝟏𝒄𝟐𝒄𝟑
≥

𝟗√𝟑

𝑹𝟏 + 𝑹𝟐 + 𝑹𝟑
 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

√𝒂𝟏𝒂𝟐𝒂𝟑
𝟑 ≤

𝐀−𝐆 𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑
𝟑

⇒ 𝒂𝟏𝒂𝟐𝒂𝟑 ≤
(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)

𝟑

𝟐𝟕
⇒

𝟏

𝒂𝟏𝒂𝟐𝒂𝟑

≥
𝟐𝟕

(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)𝟑
 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝐥𝒂𝐫𝐥𝐲,

𝟏

𝐛𝟏𝐛𝟐𝐛𝟑
≥

𝟐𝟕

(𝐛𝟏 + 𝐛𝟐 + 𝐛𝟑)𝟑
 𝒂𝐧𝐝 

𝟏

𝐜𝟏𝐜𝟐𝐜𝟑

≥
𝟐𝟕

(𝐜𝟏 + 𝐜𝟐 + 𝐜𝟑)𝟑
 

⇒
𝟏

𝒂𝟏𝒂𝟐𝒂𝟑
+

𝟏

𝐛𝟏𝐛𝟐𝐛𝟑
+

𝟏

𝐜𝟏𝐜𝟐𝐜𝟑
 ≥ 𝟐𝟕(

𝟏

(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)𝟑
+

𝟏

(𝐛𝟏 + 𝐛𝟐 + 𝐛𝟑)𝟑
+

𝟏

(𝐜𝟏 + 𝐜𝟐 + 𝐜𝟑)𝟑
)

= 𝟐𝟕(
𝟏𝟒

(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)𝟑
+

𝟏𝟒

(𝐛𝟏 + 𝐛𝟐 + 𝐛𝟑)𝟑
+

𝟏𝟒

(𝐜𝟏 + 𝐜𝟐 + 𝐜𝟑)𝟑
) 
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≥
𝐑𝒂𝐝𝐨𝐧 (𝟏 + 𝟏 + 𝟏)𝟒

(𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑 + 𝐛𝟏 + 𝐛𝟐 + 𝐛𝟑 + 𝐜𝟏 + 𝐜𝟐 + 𝐜𝟑)
𝟑

=
𝟖𝟏

((𝒂𝟏 + 𝐛𝟏 + 𝐜𝟏) + (𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) + (𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑))
𝟑

=
𝟖𝟏

𝟖(𝐬𝟏 + 𝐬𝟐 + 𝐬𝟑)
𝟑

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟖𝟏

𝟖(
𝟑√𝟑
𝟐 . 𝐑𝟏 +

𝟑√𝟑
𝟐 . 𝐑𝟐 +

𝟑√𝟑
𝟐 . 𝐑𝟑)

𝟑 

=
𝟖𝟏

𝟐𝟕.𝟑√𝟑. (𝐑𝟏 + 𝐑𝟐 +𝐑𝟑)
𝟑
=

𝟗√𝟑

(𝐑𝟏 + 𝐑𝟐 +𝐑𝟑)
𝟑
 (𝐐𝐄𝐃) 

Solution 2 by Tapas Das-India 

𝟏

𝒂𝟏𝒂𝟐𝒂𝟑
+

𝟏

𝒃𝟏𝒃𝟐𝒃𝟑
+

𝟏

𝒄𝟏𝒄𝟐𝒄𝟑
≥ 𝟑√

𝟏

𝒂𝟏𝒂𝟐𝒂𝟑
⋅

𝟏

𝒃𝟏𝒃𝟐𝒃𝟑
⋅

𝟏

𝒄𝟏𝒄𝟐𝒄𝟑

𝟑

≥ 

≥ 𝟑√(
𝟏

𝟑√𝟑
)
𝟑

⋅
𝟏

(𝑹𝟏𝑹𝟐𝑹𝟑)𝟑

𝟑

=
𝟏

√𝟑
⋅

𝟏

𝑹𝟏𝑹𝟐𝑹𝟑
≥ 

≥
𝟐𝟕

√𝟑(𝑹𝟏 +𝑹𝟐 + 𝑹𝟑)𝟑
=

𝟗√𝟑

(𝑹𝟏 +𝑹𝟐 +𝑹𝟑)𝟑
 

Now,𝒂𝟏𝒃𝟏𝒄𝟏 = 𝟐𝑹𝟏 𝐬𝐢𝐧𝑨𝟏 𝟐𝑹𝟏 𝐬𝐢𝐧𝑩𝟏 𝟐𝑹𝟏 𝐬𝐢𝐧𝑪𝟏 = 

= 𝟖𝑹𝟏
𝟑 (𝐬𝐢𝐧𝑨𝟏 𝐬𝐢𝐧𝑩𝟏 𝐬𝐢𝐧𝑪𝟏) ≤ 𝟖𝑹𝟏

𝟑 ⋅
𝟑√𝟑

𝟖
= 𝟑√𝟑𝑹𝟏

𝟑 

Similarly, 

𝒂𝟐𝒃𝟐𝒄𝟑 ≤ 𝟑√𝟑𝑹𝟐
𝟑 and 𝒂𝟑𝒃𝟑𝒄𝟑 ≤ 𝟑√𝟑𝑹𝟑

𝟑 

Hence, 

𝑹𝟏𝑹𝟐𝑹𝟑 ≤
(𝑹𝟏 +𝑹𝟐 +𝑹𝟑)

𝟑

𝟐𝟕
 

𝐬𝐢𝐧 𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧 𝑪

𝟑
≤ 𝐬𝐢𝐧 (

𝑨 + 𝑩 + 𝑪

𝟑
) = 𝐬𝐢𝐧

𝝅

𝟑
=
√𝟑

𝟐
 

𝐬𝐢𝐧 𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪 ≤
𝟑√𝟑

𝟐
 

Now, 
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𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 ≤ (
𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧 𝑪

𝟑
)
𝟑

=
𝟑√𝟑

𝟖
 

652. Find the minimum value of 𝝀 ≥ 𝟎 so that the inequality : 

𝟑𝑹

𝟐𝒓
≥∑

(𝒂 + 𝒃)𝟒

𝒂𝟒 + 𝝀𝒂𝟐𝒃𝟐 + 𝒃𝟒
𝒄𝒚𝒄

 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐢𝐧 𝐚𝐧𝐲 ∆𝑨𝑩𝑪. 

  Proposed by Alex Szoros-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑰𝒏 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 ∆𝑨𝑩𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒂 = 𝒃 = 𝒄 𝒂𝒏𝒅 𝑹 = 𝟐𝒓 𝒕𝒉𝒆𝒏 

 𝟑 ≥ 𝟑.
𝟐𝟒

𝟐 + 𝝀
 ⇔  𝝀 ≥ 𝟏𝟒. 

𝑵𝒆𝒙𝒕,𝒘𝒆 𝒘𝒊𝒍𝒍 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒐𝒓  𝝀 = 𝟏𝟒. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 
(𝒂 + 𝒃)𝟒

𝒂𝟒 + 𝟏𝟒𝒂𝟐𝒃𝟐 + 𝒃𝟒
=

(𝒂 + 𝒃)𝟒

[(𝒂𝟐 + 𝒃𝟐)𝟐 + 𝟒𝒂𝟐𝒃𝟐] + 𝟖𝒂𝟐𝒃𝟐
≤⏞

𝑨𝑴−𝑮𝑴 (𝒂 + 𝒃)𝟒

𝟒𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝟖𝒂𝟐𝒃𝟐
= 

=
(𝒂 + 𝒃)𝟒

𝟒𝒂𝒃(𝒂 + 𝒃)𝟐
=
(𝒂 + 𝒃)𝟐

𝟒𝒂𝒃
=
𝟏

𝟒
(
𝒂

𝒃
+
𝒃

𝒂
) +

𝟏

𝟐
 ≤⏞
𝑩𝒂𝒏𝒅𝒊𝒍𝒂 & 𝐸𝑢𝑙𝑒𝑟

 
𝟏

𝟒
.
𝑹

𝒓
+
𝟏

𝟐
.
𝑹

𝟐𝒓
=
𝑹

𝟐𝒓
 

𝑻𝒉𝒆𝒏 ∶   
(𝒂 + 𝒃)𝟒

𝒂𝟒 + 𝟏𝟒𝒂𝟐𝒃𝟐 + 𝒃𝟒
≤
𝑹

𝟐𝒓
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
(𝒂 + 𝒃)𝟒

𝒂𝟒 + 𝟏𝟒𝒂𝟐𝒃𝟐 + 𝒃𝟒
𝒄𝒚𝒄

≤
𝟑𝑹

𝟐𝒓
  𝒂𝒏𝒅  𝝀𝒎𝒊𝒏 = 𝟏𝟒. 

653. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟐

(𝒃 + √𝒃𝒄 + √𝒄𝒂)𝒉𝒂
+

𝒃𝟐

(𝒄 + √𝒄𝒂 + √𝒂𝒃)𝒉𝒃
+

𝒄𝟐

(𝒂 + √𝒂𝒃 + √𝒃𝒄)𝒉𝒄
≥
𝟐√𝟑

𝟑
 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by Tapas Das-India 

𝒉𝒂 =
𝟐𝑭

𝒂
,𝒉𝒃 =

𝟐𝑭

𝒃
,𝒉𝒄 =

𝟐𝑭

𝒄
 

∑
𝒂𝟐

(𝒃 + √𝒃𝒄 + √𝒄𝒂)𝒉𝒂𝒄𝒚𝒄

=∑
𝒂𝟑

𝟐𝑭(𝒃 + √𝒃𝒄 + √𝒄𝒂)
𝒄𝒚𝒄

= 
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=
𝟏

𝟐𝑭
∑

𝒂𝟑

𝒃 + √𝒃𝒄 + √𝒄𝒂
𝒄𝒚𝒄

=
𝟏

𝟐𝑭
∑

(√𝒂)
𝟔

𝒃 + √𝒃𝒄 + √𝒄𝒂
𝒄𝒚𝒄

≥ 

≥
𝑯𝒐𝒍𝒅𝒆𝒓 𝟏

𝟐𝑭
∙

(√𝒂 + √𝒃 + √𝒄)
𝟔

𝟑𝟒[𝒂 + 𝒃 + 𝒄 + 𝟐(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)]
= 

=
𝟏

𝟐𝑭
∙
(√𝒂 + √𝒃 + √𝒄)

𝟒

𝟖𝟏
≥
𝟏

𝟐𝑭
∙
𝟏

𝟖𝟏
[𝟑(𝒂𝒃𝒄)

𝟏
𝟔]
𝟒

=
𝟏

𝟖𝟏 ∙ 𝟐𝑭
∙ 𝟖𝟏[(𝒂𝒃𝒄)𝟐]

𝟏
𝟑 ≥ 

≥
𝟏

𝟖𝟏 ∙ 𝟐𝑭
∙ 𝟖𝟏 (

𝟒𝑭

√𝟑
)
𝟑∙
𝟏
𝟑
=
𝟐√𝟑

𝟑
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟐

(𝐛 + √𝐛𝐜 + √𝐜𝒂)𝐡𝒂𝐜𝐲𝐜

=
𝟏

𝟐𝐫𝐬
∑

𝒂𝟑

(𝐛 + √𝐛𝐜 + √𝐜𝒂)
𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟔𝐫𝐬(∑ 𝒂𝐜𝐲𝐜 + 𝟐∑ √𝐛𝐜𝐜𝐲𝐜 )
≥
𝐂𝐁𝐒 (∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟔𝐫𝐬(∑ 𝒂𝐜𝐲𝐜 + 𝟐√∑ 𝒂𝐜𝐲𝐜 . √∑ 𝒂𝐜𝐲𝐜 )

=
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟏𝟖𝐫𝐬
=
∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜

𝟏𝟖𝐫𝐬
 

≥

𝐈𝐨𝐧𝐞𝐬𝐜𝐮−𝐖𝐞𝐢𝐭𝐳𝐞𝐧𝐛𝐨𝐜𝐤
+

𝐆𝐨𝐫𝐝𝐨𝐧 (𝟒√𝟑 + 𝟖√𝟑)𝐫𝐬

𝟏𝟖𝐫𝐬
=
𝟐√𝟑

𝟑
 (𝐐𝐄𝐃) 

654. If 𝒙, 𝒚 ∈ ℝ, then in 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒙𝟐𝒎𝒂
𝟖 + 𝒚𝟐𝒎𝒃

𝟖

𝒄𝟒
+
𝒙𝟐𝒎𝒃

𝟖 + 𝒚𝟐𝒎𝒄
𝟖

𝒂𝟒
+
𝒙𝟐𝒎𝒄

𝟖 + 𝒚𝟐𝒎𝒂
𝟖

𝒃𝟒
≥
𝟖𝟏(𝒙 + 𝒚)𝟐

𝟑𝟐
∙ 𝑭𝟐 

Proposed by Alex Szoros-Romania 
Solution 1 by Adrian Popa-Romania 

∑
𝒙𝟐𝒎𝒂

𝟖 + 𝒚𝟐𝒎𝒃
𝟖

𝒄𝟒
𝒄𝒚𝒄

= 𝒙𝟐∑
(𝒎𝒂

𝟐)𝟒

(𝒄𝟐)𝟐
𝒄𝒚𝒄

+ 𝒚𝟐∑
(𝒎𝒃

𝟐)
𝟒

(𝒄𝟐)𝟐
𝒄𝒚𝒄

≥ 

≥ 𝒙𝟐 ∙
(∑𝒎𝒂

𝟐)𝟒

𝟑(∑𝒂𝟐)𝟐
+ 𝒚𝟐 ∙

(∑𝒎𝒂
𝟐)𝟒

𝟑(∑𝒂𝟐)𝟐
= 𝒙𝟐 ∙

[
𝟑
𝟒
(∑𝒂𝟐)]

𝟒

𝟑(∑𝒂𝟐)𝟐
+ 𝒚𝟐 ∙

[
𝟑
𝟒
(∑𝒂𝟐)]

𝟒

𝟑(∑𝒂𝟐)𝟐
= 
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=
𝟐𝟕

𝟐𝟓𝟔
(𝒙𝟐 + 𝒚𝟐)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 ≥

𝑰𝒐𝒏𝒆𝒔𝒄𝒖−𝑾
 

≥
𝟐𝟕

𝟐𝟓𝟔
(𝟒√𝟑𝑭)

𝟐
(𝒙𝟐 + 𝒚𝟐) =

𝟖𝟏

𝟏𝟔
(𝒙𝟐 + 𝒚𝟐) ∙ 𝑭𝟐 ≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≥
𝟖𝟏

𝟏𝟔
∙
(𝒙 + 𝒚)𝟐

𝟐
∙ 𝑭𝟐 =

𝟖𝟏(𝒙 + 𝒚)𝟐

𝟑𝟐
∙ 𝑭𝟐 

Solution 2 by Tapas Das-India 

(
𝒎𝒂
𝟖

𝒄𝟒
+
𝒎𝒃
𝟖

𝒂𝟒
+
𝒎𝒄
𝟖

𝒃𝟒
)

𝟏
𝟒

(𝒄𝟐 + 𝒂𝟐 + 𝒃𝟐)
𝟐
𝟒(𝟏 + 𝟏 + 𝟏)

𝟏
𝟒 ≥
𝑯𝒐𝒍𝒅𝒆𝒓

 

≥ (
𝒎𝒂
𝟖

𝒄𝟒
∙ 𝒄𝟐 ∙ 𝒄𝟐 ∙ 𝟏)

𝟏
𝟒

+ (
𝒎𝒃
𝟖

𝒂𝟒
∙ 𝒂𝟐 ∙ 𝒂𝟐 ∙ 𝟏)

𝟏
𝟒

+ (
𝒎𝒄
𝟖

𝒃𝟒
∙ 𝒃𝟐 ∙ 𝒃𝟐 ∙ 𝟏)

𝟏
𝟒

= 

= 𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐 

⇒
𝒎𝒂
𝟖

𝒄𝟒
+
𝒎𝒃
𝟖

𝒂𝟒
+
𝒎𝒄
𝟖

𝒃𝟒
≥
𝟏

𝟑

(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐)
𝟒

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
 

Similarly, 

𝒎𝒂
𝟖

𝒄𝟒
+
𝒎𝒃
𝟖

𝒂𝟒
+
𝒎𝒄
𝟖

𝒃𝟒
≥
𝟏

𝟑

(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐)
𝟒

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐
 

Therefore, 

𝒙𝟐𝒎𝒂
𝟖 + 𝒚𝟐𝒎𝒃

𝟖

𝒄𝟒
+
𝒙𝟐𝒎𝒃

𝟖 + 𝒚𝟐𝒎𝒄
𝟖

𝒂𝟒
+
𝒙𝟐𝒎𝒄

𝟖 + 𝒚𝟐𝒎𝒂
𝟖

𝒃𝟒
= 

= 𝒙𝟐∑
(𝒎𝒂

𝟐)𝟒

(𝒄𝟐)𝟐
𝒄𝒚𝒄

+ 𝒚𝟐∑
(𝒎𝒃

𝟐)
𝟒

(𝒄𝟐)𝟐
𝒄𝒚𝒄

≥ 

≥ 𝒙𝟐 ∙
(∑𝒎𝒂

𝟐)𝟒

𝟑(∑𝒂𝟐)𝟐
+ 𝒚𝟐 ∙

(∑𝒎𝒂
𝟐)𝟒

𝟑(∑𝒂𝟐)𝟐
= 𝒙𝟐 ∙

[
𝟑
𝟒
(∑𝒂𝟐)]

𝟒

𝟑(∑𝒂𝟐)𝟐
+ 𝒚𝟐 ∙

[
𝟑
𝟒
(∑𝒂𝟐)]

𝟒

𝟑(∑𝒂𝟐)𝟐
= 

=
𝟐𝟕

𝟐𝟓𝟔
(𝒙𝟐 + 𝒚𝟐)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 ≥

𝟏

𝟑
∙
𝟖𝟏

𝟐𝟓𝟔
[𝟑(𝒂𝒃𝒄)

𝟐
𝟑]
𝟐

∙
(𝒙 + 𝒚)𝟐

𝟐
≥ 

≥
𝟏

𝟑
∙
𝟖𝟏

𝟐𝟓𝟔
∙ 𝟗 ∙

𝟏𝟔𝑭𝟐

𝟑
∙
(𝒙 + 𝒚)𝟐

𝟐
=
𝟖𝟏(𝒙 + 𝒚)𝟐

𝟑𝟐
∙ 𝑭𝟐 

655. In ∆𝑨𝑩𝑪 the following relationship holds: 
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  √∏(𝐬𝐢𝐧𝟒
𝑨

𝟐
+ 𝐬𝐢𝐧𝟒

𝑩

𝟐
)

𝒄𝒚𝒄

𝟑
≥
𝟏

𝟔
(
𝟐𝒓

𝑹
− (
𝒓

𝑹
)
𝟐

) 

Proposed by Marian Ursărescu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒇 𝒙, 𝒚, 𝒛 ≥ 𝟎 𝒕𝒉𝒆𝒏 √(𝒙𝟒 + 𝒚𝟒)(𝒚𝟒 + 𝒛𝟒)(𝒛𝟒 + 𝒙𝟒)
𝟑

≥
𝟐(𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒛𝟐𝒙𝟐)

𝟑
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝟗∏(𝒙𝟒 + 𝒚𝟒)

𝒄𝒚𝒄

= 𝟗(∑ 𝒙𝟒
𝒄𝒚𝒄

)(∑ 𝒙𝟒𝒚𝟒
𝒄𝒚𝒄

) − 𝟗𝒙𝟒𝒚𝟒𝒛𝟒 ≥⏞
𝑨𝑴−𝑮𝑴

𝟖(∑ 𝒙𝟒
𝒄𝒚𝒄

)(∑ 𝒙𝟒𝒚𝟒
𝒄𝒚𝒄

) 

≥⏞
𝑪𝑩𝑺

 𝟖 (∑ 𝒙𝟐𝒚𝟐
𝒄𝒚𝒄

) .
(∑ 𝒙𝟐𝒚𝟐𝒄𝒚𝒄 )

𝟐

𝟑
=
(𝟐∑ 𝒙𝟐𝒚𝟐𝒄𝒚𝒄 )

𝟑

𝟑
. 

𝑻𝒉𝒆𝒏 ∶   √(𝒙𝟒 + 𝒚𝟒)(𝒚𝟒 + 𝒛𝟒)(𝒛𝟒 + 𝒙𝟒)
𝟑

≥
𝟐(𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒛𝟐𝒙𝟐)

𝟑
,   ∀𝒙, 𝒚, 𝒛 ≥ 𝟎. 

𝑭𝒐𝒓 𝒙 = 𝐬𝐢𝐧
𝑨

𝟐
,   𝒚 = 𝐬𝐢𝐧

𝑩

𝟐
,   𝒛 = 𝐬𝐢𝐧

𝑪

𝟐
 𝒘𝒆 𝒈𝒆𝒕 ∶ 

√∏(𝐬𝐢𝐧𝟒
𝑨

𝟐
+ 𝐬𝐢𝐧𝟒

𝑩

𝟐
)

𝒄𝒚𝒄

𝟑
≥
𝟐

𝟑
∑𝐬𝐢𝐧𝟐

𝑩

𝟐
𝐬𝐢𝐧𝟐

𝑪

𝟐
𝒄𝒚𝒄

=
𝟐

𝟑
∑
(𝒔 − 𝒄)(𝒔 − 𝒂)

𝒄𝒂
.
(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
𝒄𝒚𝒄

=
𝟐𝒔𝒓𝟐

𝟑. 𝟒𝑹𝒔𝒓
∑
𝒔− 𝒂

𝒂
𝒄𝒚𝒄

= 

=
𝒓

𝟔𝑹
(
𝒔(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝒃𝒄
− 𝟑) =

𝒓

𝟔𝑹
(
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝒓
− 𝟑)

=
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟐𝟒𝑹𝟐
 ≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
𝟖𝑹𝒓 − 𝟒𝒓𝟐

𝟐𝟒𝑹𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   √∏(𝐬𝐢𝐧𝟒
𝑨

𝟐
+ 𝐬𝐢𝐧𝟒

𝑩

𝟐
)

𝒄𝒚𝒄

𝟑
≥
𝟏

𝟔
(
𝟐𝒓

𝑹
− (
𝒓

𝑹
)
𝟐

). 

Solution 2 by Soumava Chakraborty-Kolkata-India 
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√∏(𝐬𝐢𝐧𝟒
𝐀

𝟐
+ 𝐬𝐢𝐧𝟒

𝐁

𝟐
)

𝐜𝐲𝐜

𝟑
≥ √∏

(𝐬𝐢𝐧𝟐
𝐀
𝟐 + 𝐬𝐢𝐧

𝟐 𝐁
𝟐
)
𝟐

𝟐
𝐜𝐲𝐜

𝟑

=
𝟏

𝟐
(∏(𝐬𝐢𝐧𝟐

𝐀

𝟐
+ 𝐬𝐢𝐧𝟐

𝐁

𝟐
)

𝐜𝐲𝐜

)

𝟐
𝟑

=
𝟏

𝟐
((∑𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

)(∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
𝐜𝐲𝐜

)−∏𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐
𝟑

 

=
𝟏

𝟐
((∏𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

)(∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

)−∏𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐
𝟑

=
𝟏

𝟐
((

𝐫𝟐

𝟏𝟔𝐑𝟐
)(
𝟐𝐑− 𝐫

𝟐𝐑
)(
𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐

𝐫𝟐
) −

𝐫𝟐

𝟏𝟔𝐑𝟐
)

𝟐
𝟑

=
𝟏

𝟐
(
(𝟐𝐑 − 𝐫)(𝐬𝟐 − 𝟖𝐑𝐫+ 𝐫𝟐) − 𝟐𝐑𝐫𝟐

𝟑𝟐𝐑𝟑
)

𝟐
𝟑

≥
? 𝟏

𝟔
(
𝟐𝐫

𝐑
− (
𝐫

𝐑
)
𝟐

) 

⇔
((𝟐𝐑 − 𝐫)(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) − 𝟐𝐑𝐫𝟐)

𝟐

𝟏𝟎𝟐𝟒𝐑𝟔
≥
? 𝐫𝟑(𝟐𝐑− 𝐫)𝟑

𝟐𝟕𝐑𝟔

⇔ 𝟐𝟕((𝟐𝐑− 𝐫)(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) − 𝟐𝐑𝐫𝟐)
𝟐

≥
?
⏟
(∗)

𝟏𝟎𝟐𝟒𝐫𝟑(𝟐𝐑− 𝐫)𝟑 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝟕((𝟐𝐑− 𝐫)(𝟖𝐑𝐫 − 𝟒𝐫𝟐) − 𝟐𝐑𝐫𝟐)
𝟐

≥
?
𝟏𝟎𝟐𝟒𝐫𝟑(𝟐𝐑− 𝐫)𝟑

⇔ 𝟐𝟕(𝟖𝐑𝟐 − 𝟗𝐑𝐫+ 𝟐𝐫𝟐)
𝟐
≥
?
𝟐𝟓𝟔𝐫(𝟐𝐑 − 𝐫)𝟑 

⇔ 𝟏𝟕𝟐𝟖𝐭𝟒 − 𝟓𝟗𝟑𝟔𝐭𝟑 + 𝟔𝟏𝟐𝟑𝐭𝟐 − 𝟐𝟓𝟎𝟖𝐭+ 𝟑𝟔𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟕𝟐𝟖𝐭𝟐 + 𝟗𝟕𝟔𝐭 + 𝟑𝟏𝟏𝟓) + 𝟔𝟎𝟒𝟖) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, √∏(𝐬𝐢𝐧𝟒
𝐀

𝟐
+ 𝐬𝐢𝐧𝟒

𝐁

𝟐
)

𝐜𝐲𝐜

𝟑
≥
𝟏

𝟔
(
𝟐𝐫

𝐑
− (
𝐫

𝐑
)
𝟐

) 

656. If 𝒙, 𝒚, 𝒛 > 0 and in 𝚫𝑨𝑩𝑪,𝒈𝒂 −Gergonne’s cevian, then holds: 

𝒂𝟒(𝒂𝟐𝒈𝒃
𝟐 + 𝒚𝟐𝒈𝒄

𝟐) + 𝒃𝟒(𝒙𝟐𝒈𝒄
𝟐 + 𝒚𝟐𝒈𝒂

𝟐) + 𝒄𝟒(𝒙𝟐𝒈𝒂
𝟐 + 𝒚𝟐𝒈𝒃

𝟐)

≥ 𝟖√𝟑(𝒙 + 𝒚)𝟐 ⋅ 𝑭𝟑 
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Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution 1 by Tapas Das-India 

𝒈𝒂 ≥ 𝒉𝒂 =
𝟐𝑭

𝒂
(𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝒂𝟒(𝒂𝟐𝒈𝒃
𝟐 + 𝒚𝟐𝒈𝒄

𝟐) + 𝒃𝟒(𝒙𝟐𝒈𝒄
𝟐 + 𝒚𝟐𝒈𝒂

𝟐) + 𝒄𝟒(𝒙𝟐𝒈𝒂
𝟐 + 𝒚𝟐𝒈𝒃

𝟐) ≥ 

≥ 𝒂𝟒 (𝒙𝟐
𝟒𝑭𝟐

𝒃𝟐
+ 𝒚𝟐

𝟒𝑭𝟐

𝒄𝟐
) + 𝒃𝟒 (𝒙𝟐

𝟒𝑭𝟐

𝒄𝟐
+ 𝒚𝟐

𝟒𝑭𝟐

𝒂𝟐
) + 𝒄𝟒 (𝒙𝟐

𝟒𝑭𝟐

𝒂𝟐
+ 𝒚𝟐

𝟒𝑭𝟐

𝒃𝟐
) = 

= 𝟒𝑭𝟐 (
𝒂𝟒

𝒃𝟐𝒙𝟐
+
𝒂𝟒

𝒄𝟐
𝒚𝟐) + 𝟒𝑭𝟐 (

𝒃𝟒

𝒄𝟐
𝒙𝟐 +

𝒃𝟒

𝒂𝟐
𝒚𝟐) + 𝟒𝑭𝟐 (

𝒄𝟒

𝒂𝟐
𝒙𝟐 +

𝒄𝟒

𝒃𝟐
𝒚𝟐) = 

= 𝟒𝑭𝟐 [𝒙𝟐 (
𝒂𝟒

𝒃𝟐
+
𝒃𝟒

𝒄𝟐
+
𝒄𝟒

𝒂𝟐
) + 𝒚𝟐 (

𝒂𝟒

𝒄𝟐
+
𝒃𝟒

𝒂𝟐
+
𝒄𝟒

𝒃𝟐
)] = 

= 𝟒𝑭𝟐 ⋅ (𝒙𝟐 + 𝒚𝟐) (
𝒂𝟒

𝒃𝟐
+
𝒃𝟒

𝒄𝟐
+
𝒄𝟒

𝒂𝟐
) ≥ 𝟒𝑭𝟐 ⋅

(𝒙 + 𝒚)𝟐

𝟐
⋅ 𝟑 (

𝒂𝟒

𝒃𝟐
⋅
𝒃𝟒

𝒄𝟐
⋅
𝒄𝟒

𝒂𝟐
)

𝟏
𝟑

≥
𝑨𝑮𝑴

 

≥ 𝟒𝑭𝟐 ⋅
(𝒙 + 𝒚)𝟐

𝟐
⋅ 𝟑(𝒂𝟐𝒃𝟐𝒄𝟐)

𝟏
𝟑 = 𝟐𝑭𝟐(𝒙 + 𝒚)𝟐𝟑[(𝒂𝒃𝒄)𝟐]

𝟏
𝟑 ≥ 

≥ 𝟐𝑭𝟐(𝒙 + 𝒚)𝟐 ⋅ 𝟑 (
𝟒𝑭

√𝟑
)
𝟑⋅
𝟏
𝟑
= 𝟐𝑭𝟐(𝒙 + 𝒚)𝟐 ⋅ 𝟑 ⋅

𝟒𝑭

√𝟑
= 𝟖𝑭𝟑√𝟑(𝒙 + 𝒚)𝟐 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝒂𝟒(𝒙𝟐𝒈𝐛
𝟐 + 𝐲𝟐𝒈𝐜

𝟐) + 𝐛𝟒(𝒙𝟐𝒈𝐜
𝟐 + 𝐲𝟐𝒈𝒂

𝟐) + 𝐜𝟒(𝒙𝟐𝒈𝒂
𝟐 + 𝐲𝟐𝒈𝐛

𝟐)

= 𝒙𝟐(𝒂𝟒𝒈𝐛
𝟐 + 𝐛𝟒𝒈𝐜

𝟐 + 𝐜𝟒𝒈𝒂
𝟐) + 𝐲𝟐(𝒂𝟒𝒈𝐜

𝟐 + 𝐛𝟒𝒈𝒂
𝟐 + 𝐜𝟒𝒈𝐛

𝟐) 

= 𝒙𝟐(𝒂𝟐. 𝒂𝟐𝒈𝐛
𝟐 + 𝐛𝟐. 𝐛𝟐𝒈𝐜

𝟐 + 𝐜𝟐. 𝐜𝟐𝒈𝒂
𝟐) + 𝐲𝟐(𝒂𝟐. 𝒂𝟐𝒈𝐜

𝟐 + 𝐛𝟐. 𝐛𝟐𝒈𝒂
𝟐 + 𝐜𝟐. 𝐜𝟐𝒈𝐛

𝟐) 

≥
𝐎𝐩𝐩𝐞𝐧𝐡𝐞𝐢𝐦

𝒙𝟐. 𝟒𝐅. √𝒂𝟐𝒈𝐛
𝟐. 𝐛𝟐𝒈𝐜

𝟐 + 𝐛𝟐𝒈𝐜
𝟐. 𝐜𝟐𝒈𝒂

𝟐 + 𝐜𝟐𝒈𝒂
𝟐 . 𝒂𝟐𝒈𝐛

𝟐

+ 𝐲𝟐. 𝟒𝐅.√𝒂𝟐𝒈𝐜
𝟐. 𝐛𝟐𝒈𝒂

𝟐 + 𝐛𝟐𝒈𝒂
𝟐 . 𝐜𝟐𝒈𝐛

𝟐 + 𝐜𝟐𝒈𝐛
𝟐. 𝒂𝟐𝒈𝐜

𝟐 
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≥
𝒈𝒂≥ 𝐡𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

𝒙𝟐. 𝟒𝐅. √𝒂𝟐𝐡𝐛
𝟐. 𝐛𝟐𝐡𝐜

𝟐 + 𝐛𝟐𝐡𝐜
𝟐. 𝐜𝟐𝐡𝒂

𝟐 + 𝐜𝟐𝐡𝒂
𝟐 . 𝒂𝟐𝐡𝐛

𝟐

+ 𝐲𝟐. 𝟒𝐅.√𝒂𝟐𝐡𝐜
𝟐. 𝐛𝟐𝐡𝒂

𝟐 + 𝐛𝟐𝐡𝒂
𝟐 . 𝐜𝟐𝐡𝐛

𝟐 + 𝐜𝟐𝐡𝐛
𝟐. 𝒂𝟐𝐡𝐜

𝟐

= 𝒙𝟐. 𝟒𝐅. 𝟒𝐅𝟐.√
𝒂𝟐𝐛𝟐

𝐛𝟐𝐜𝟐
+
𝐛𝟐𝐜𝟐

𝐜𝟐𝒂𝟐
+
𝐜𝟐𝒂𝟐

𝒂𝟐𝐛𝟐

+ 𝐲𝟐. 𝟒𝐅. 𝟒𝐅𝟐.√
𝒂𝟐𝐛𝟐

𝐜𝟐𝒂𝟐
+
𝐛𝟐𝐜𝟐

𝒂𝟐𝐛𝟐
+
𝐜𝟐𝒂𝟐

𝐛𝟐𝐜𝟐
≥
𝐀−𝐆

𝒙𝟐. 𝟏𝟔𝐅𝟑.√𝟑. √
𝒂𝟐

𝐜𝟐
.
𝐛𝟐

𝒂𝟐
.
𝐜𝟐

𝐛𝟐

𝟑

+ 𝐲𝟐. 𝟏𝟔𝐅𝟑.√𝟑. √
𝐛𝟐

𝐜𝟐
.
𝐜𝟐

𝒂𝟐
.
𝒂𝟐

𝐛𝟐

𝟑

= 𝟏𝟔√𝟑𝐅𝟑(𝒙𝟐 + 𝐲𝟐) ≥
𝟏𝟔√𝟑𝐅𝟑

𝟐
(𝒙 + 𝐲)𝟐 

⇒ 𝒂𝟒(𝒙𝟐𝒈𝐛
𝟐 + 𝐲𝟐𝒈𝐜

𝟐) + 𝐛𝟒(𝒙𝟐𝒈𝐜
𝟐 + 𝐲𝟐𝒈𝒂

𝟐) + 𝐜𝟒(𝒙𝟐𝒈𝒂
𝟐 + 𝐲𝟐𝒈𝐛

𝟐)

≥ 𝟖√𝟑(𝒙 + 𝐲)𝟐. 𝐅𝟑 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 ∀ 𝒙, 𝐲 > 0 (𝑄𝐸𝐷) 

 
Solution 3 by Debopriyo Dawn-India 

𝒈𝒂 ≥ 𝒉𝒂 =
𝟐𝑭

𝒂
(𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝒂𝟒(𝒂𝟐𝒈𝒃
𝟐 + 𝒚𝟐𝒈𝒄

𝟐) + 𝒃𝟒(𝒙𝟐𝒈𝒄
𝟐 + 𝒚𝟐𝒈𝒂

𝟐) + 𝒄𝟒(𝒙𝟐𝒈𝒂
𝟐 + 𝒚𝟐𝒈𝒃

𝟐) ≥ 

≥ 𝒂𝟒 (𝒙𝟐
𝟒𝑭𝟐

𝒃𝟐
+ 𝒚𝟐

𝟒𝑭𝟐

𝒄𝟐
) + 𝒃𝟒 (𝒙𝟐

𝟒𝑭𝟐

𝒄𝟐
+ 𝒚𝟐

𝟒𝑭𝟐

𝒂𝟐
) + 𝒄𝟒 (𝒙𝟐

𝟒𝑭𝟐

𝒂𝟐
+ 𝒚𝟐

𝟒𝑭𝟐

𝒃𝟐
) = 

= 𝟒𝑭𝟐 (
𝒂𝟒

𝒃𝟐𝒙𝟐
+
𝒂𝟒

𝒄𝟐
𝒚𝟐) + 𝟒𝑭𝟐 (

𝒃𝟒

𝒄𝟐
𝒙𝟐 +

𝒃𝟒

𝒂𝟐
𝒚𝟐) + 𝟒𝑭𝟐 (

𝒄𝟒

𝒂𝟐
𝒙𝟐 +

𝒄𝟒

𝒃𝟐
𝒚𝟐) = 

= 𝟒𝑭𝟐 [𝒙𝟐 (
𝒂𝟒

𝒃𝟐
+
𝒃𝟒

𝒄𝟐
+
𝒄𝟒

𝒂𝟐
) + 𝒚𝟐 (

𝒂𝟒

𝒄𝟐
+
𝒃𝟒

𝒂𝟐
+
𝒄𝟒

𝒃𝟐
)] ≥ 

≥ 𝟒𝑭𝟐 [𝒙𝟐 ⋅ 𝟑√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

+ 𝒚𝟐 ⋅ 𝟑√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

] ≥ 

≥ 𝟖𝑭𝟐 ⋅
(𝒙 + 𝒚)𝟐

𝟒
⋅ 𝟑 [(

𝟒𝑭

√𝟑
)

𝟑
𝟐
]

𝟐
𝟑

≥ 𝟖𝑭𝟐 ⋅
(𝒙 + 𝒚)𝟐

𝟒
⋅ 𝟑 ⋅

𝟒𝑭

√𝟑
= 𝟖√𝟑(𝒙 + 𝒚)𝟐 ⋅ 𝑭𝟑 

657. In ∆𝑨𝑩𝑪 the following relationship holds: 

(𝟐𝑹−𝒓)𝟐

𝟒𝒓𝟐
≥ (∑

𝒂
𝒃+ 𝒄

𝒄𝒚𝒄

)(∑
𝒉𝒂

𝒉𝒃+𝒉𝒄𝒄𝒚𝒄

) 

 Proposed by Alex Szoros-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 
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∑
𝐡𝒂

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

=∑(
𝟏

𝒂
.
𝐛𝐜

𝐛 + 𝐜
)

𝐜𝐲𝐜

≤
𝐇 ≤ 𝐆 𝟏

𝟐
∑
√𝐛𝐜

𝒂
𝐜𝐲𝐜

=
𝟏

𝟖𝐑𝐫𝐬
∑(𝐛√𝐛. 𝐜√𝐜)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒 𝟏

𝟖𝐑𝐫𝐬
.√∑𝐛𝟑

𝐜𝐲𝐜

. √∑𝐜𝟑

𝐜𝐲𝐜

=
𝟏

𝟖𝐑𝐫𝐬
∑𝒂𝟑

𝐜𝐲𝐜

=
𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐑𝐫
 

∴ (∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

)(∑
𝐡𝒂

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

) ≤
𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐑𝐫
(∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

)

=
𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐

𝟒𝐑𝐫
.

𝟏

∏ (𝐛 + 𝐜)𝐜𝐲𝐜
.∑𝒂(𝐜 + 𝒂)(𝒂 + 𝐛)

𝐜𝐲𝐜

=
𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐑𝐫.𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
∑(𝒂(∑𝒂𝐛

𝐜𝐲𝐜

+ 𝒂𝟐))

𝐜𝐲𝐜

 

=
𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐑𝐫. 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
. (𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐))

=
(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)(𝐬𝟐 − 𝐑𝐫 − 𝐫𝟐)

𝟐𝐑𝐫(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
𝐂𝐁𝐒 (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)(𝐬𝟐 −𝐑𝐫 − 𝐫𝟐)

𝟐𝐑𝐫(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

=
(𝟐𝐑 − 𝐫)(𝐬𝟐 −𝐑𝐫 − 𝐫𝟐)

𝐫(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

≤
? (𝟐𝐑 − 𝐫)𝟐

𝟒𝐫𝟐
⇔ (𝟐𝐑− 𝐫)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ≥

?
𝟒𝐫(𝐬𝟐 − 𝐑𝐫 − 𝐫𝟐) 

⇔ (𝟐𝐑− 𝟓𝐫)𝐬𝟐 + 𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐) ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑 − 𝟓𝐫)𝐬𝟐 + 𝐫𝐬𝟐 = (𝟐𝐑− 𝟒𝐫)𝐬𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞

∴ (∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

)(∑
𝐡𝒂

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

) ≤
(𝟐𝐑− 𝐫)𝟐

𝟒𝐫𝟐
 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

 ∑
𝒂

𝟒
(
𝟏

𝒃
+
𝟏

𝒄
)

𝒄𝒚𝒄

=
𝟏

𝟒
∑(

𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

≤⏞
𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 
𝟏

𝟒
∑
𝑹

𝒓
𝒄𝒚𝒄

=
𝟑𝑹

𝟒𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟐𝑹 − 𝒓

𝟐𝒓
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒉𝒂

𝒉𝒃 + 𝒉𝒄
𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

 ∑
𝒉𝒂
𝟒
(
𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
)

𝒄𝒚𝒄

=
𝟏

𝟒
∑(

𝒃

𝒂
+
𝒂

𝒃
)

𝒄𝒚𝒄

≤⏞
𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 
𝟏

𝟒
∑
𝑹

𝒓
𝒄𝒚𝒄

=
𝟑𝑹

𝟒𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟐𝑹 − 𝒓

𝟐𝒓
. 

𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 
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𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

658. In ∆𝑨𝑩𝑪 the following relationship holds: 

  √∏(𝐜𝐨𝐬𝟒
𝑨

𝟐
+ 𝐜𝐨𝐬𝟒

𝑩

𝟐
)

𝒄𝒚𝒄

𝟑
≥
𝟏

𝟔
(𝟒 +

𝟔𝒓

𝑹
− (
𝒓

𝑹
)
𝟐

) 

Proposed by Marian Ursărescu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒇 𝒙, 𝒚, 𝒛 ≥ 𝟎 𝒕𝒉𝒆𝒏 √(𝒙𝟒 + 𝒚𝟒)(𝒚𝟒 + 𝒛𝟒)(𝒛𝟒 + 𝒙𝟒)
𝟑

≥
𝟐(𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒛𝟐𝒙𝟐)

𝟑
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟗∏(𝒙𝟒 + 𝒚𝟒)

𝒄𝒚𝒄

= 𝟗(∑ 𝒙𝟒
𝒄𝒚𝒄

)(∑ 𝒙𝟒𝒚𝟒
𝒄𝒚𝒄

) − 𝟗𝒙𝟒𝒚𝟒𝒛𝟒 ≥⏞
𝑨𝑴−𝑮𝑴

𝟖(∑ 𝒙𝟒
𝒄𝒚𝒄

)(∑ 𝒙𝟒𝒚𝟒
𝒄𝒚𝒄

) ≥ 

≥⏞
𝑨𝑴−𝑮𝑴 & 𝐶𝐵𝑆

 𝟖 (∑ 𝒙𝟐𝒚𝟐
𝒄𝒚𝒄

) .
(∑ 𝒙𝟐𝒚𝟐𝒄𝒚𝒄 )

𝟐

𝟑
=
(𝟐∑ 𝒙𝟐𝒚𝟐𝒄𝒚𝒄 )

𝟑

𝟑
. 

𝑻𝒉𝒆𝒏 ∶   √(𝒙𝟒 + 𝒚𝟒)(𝒚𝟒 + 𝒛𝟒)(𝒛𝟒 + 𝒙𝟒)
𝟑

≥
𝟐(𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒛𝟐𝒙𝟐)

𝟑
,   ∀𝒙, 𝒚, 𝒛 ≥ 𝟎. 

𝑭𝒐𝒓 𝒙 = 𝐜𝐨𝐬
𝑨

𝟐
,   𝒚 = 𝐜𝐨𝐬

𝑩

𝟐
,   𝒛 = 𝐜𝐨𝐬

𝑪

𝟐
 𝒘𝒆 𝒈𝒆𝒕 ∶ 

√∏(𝐜𝐨𝐬𝟒
𝑨

𝟐
+ 𝐜𝐨𝐬𝟒

𝑩

𝟐
)

𝒄𝒚𝒄

𝟑
≥
𝟐

𝟑
∑𝐜𝐨𝐬𝟐

𝑩

𝟐
𝐜𝐨𝐬𝟐

𝑪

𝟐
𝒄𝒚𝒄

=
𝟐

𝟑
∑
𝒔(𝒔 − 𝒃)

𝒄𝒂
.
𝒔(𝒔 − 𝒄)

𝒂𝒃
𝒄𝒚𝒄

=
𝟐𝒔. 𝒔𝒓𝟐

𝟑. 𝟒𝑹𝒔𝒓
∑

𝒔

𝒂(𝒔 − 𝒂)
𝒄𝒚𝒄

= 

=
𝒔𝒓

𝟔𝑹
∑(

𝟏

𝒂
+

𝟏

𝒔 − 𝒂
)

𝒄𝒚𝒄

=
𝒔𝒓

𝟔𝑹
(
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝒔𝒓
+
𝟒𝑹+ 𝒓

𝒔𝒓
)

=
𝒔𝟐 + (𝟒𝑹 + 𝒓)𝟐

𝟐𝟒𝑹𝟐
 ≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
𝟏𝟔𝑹𝟐 + 𝟐𝟒𝑹𝒓 − 𝟒𝒓𝟐

𝟐𝟒𝑹𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   √∏(𝐜𝐨𝐬𝟒
𝑨

𝟐
+ 𝐜𝐨𝐬𝟒

𝑩

𝟐
)

𝒄𝒚𝒄

𝟑
≥
𝟏

𝟔
(𝟒 +

𝟔𝒓

𝑹
− (
𝒓

𝑹
)
𝟐

). 

Solution 2 by Soumava Chakraborty-Kolkata-India 

√∏(𝐜𝐨𝐬𝟒
𝐀

𝟐
+ 𝐜𝐨𝐬𝟒

𝐁

𝟐
)

𝐜𝐲𝐜

𝟑
≥ √∏

(𝐜𝐨𝐬𝟐
𝐀
𝟐 + 𝐜𝐨𝐬

𝟐 𝐁
𝟐
)
𝟐

𝟐
𝐜𝐲𝐜

𝟑

=
𝟏

𝟐
(∏(𝐜𝐨𝐬𝟐

𝐀

𝟐
+ 𝐜𝐨𝐬𝟐

𝐁

𝟐
)

𝐜𝐲𝐜

)

𝟐
𝟑

=
𝟏

𝟐
((∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐲𝐜

)−∏𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐
𝟑
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=
𝟏

𝟐
((∏𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐜𝐲𝐜

)(∑𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

)−∏𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐
𝟑

=
𝟏

𝟐
((

𝐬𝟐

𝟏𝟔𝐑𝟐
)(
𝟒𝐑+ 𝐫

𝟐𝐑
)(
𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐

𝐬𝟐
) −

𝐬𝟐

𝟏𝟔𝐑𝟐
)

𝟐
𝟑

=
𝟏

𝟐
(
(𝟐𝐑 + 𝐫)𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟑

𝟑𝟐𝐑𝟑
)

𝟐
𝟑

≥
? 𝟏

𝟔
(𝟒 +

𝟔𝐫

𝐑
− (
𝐫

𝐑
)
𝟐

) 

⇔ (
(𝟐𝐑+ 𝐫)𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟑

𝟑𝟐𝐑𝟑
)

𝟐

≥
? (𝟒𝐑𝟐 + 𝟔𝐑𝐫 − 𝐫𝟐)

𝟑

𝟐𝟕𝐑𝟔

⇔ 𝟐𝟕((𝟐𝐑 + 𝐫)𝐬𝟐 + (𝟒𝐑+ 𝐫)𝟑)
𝟐

≥
?
⏟
(∗)

𝟏𝟎𝟐𝟒(𝟒𝐑𝟐 + 𝟔𝐑𝐫 − 𝐫𝟐)
𝟑

 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝟕((𝟐𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + (𝟒𝐑 + 𝐫)𝟑)
𝟐

≥
?
𝟏𝟎𝟐𝟒(𝟒𝐑𝟐 + 𝟔𝐑𝐫 − 𝐫𝟐)

𝟑

⇔ 𝟏𝟏𝟐𝟔𝟒𝐭𝟔 − 𝟒𝟔𝟎𝟖𝐭𝟓 − 𝟑𝟗𝟓𝟓𝟐𝐭𝟒 − 𝟐𝟒𝟒𝟖𝐭𝟑 + 𝟐𝟐𝟒𝟒𝟑𝐭𝟐 − 𝟓𝟓𝟖𝟎𝐭

+ 𝟑𝟔𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟏𝟐𝟔𝟒𝐭𝟒 + 𝟒𝟎𝟒𝟒𝟖𝐭𝟑 + 𝟕𝟕𝟏𝟖𝟒𝐭𝟐 + 𝟏𝟒𝟒𝟒𝟗𝟔𝐭 + 𝟐𝟗𝟏𝟔𝟗𝟏) + 𝟓𝟖𝟑𝟐𝟎𝟎) ≥
?
𝟎

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, √∏(𝐜𝐨𝐬𝟒
𝐀

𝟐
+ 𝐜𝐨𝐬𝟒

𝐁

𝟐
)

𝐜𝐲𝐜

𝟑
≥
𝟏

𝟔
(𝟒 +

𝟔𝐫

𝐑
− (
𝐫

𝐑
)
𝟐

) (𝐐𝐄𝐃) 

659. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝟏𝟐𝑹𝟐 ≤∑
(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐

𝒃𝒄. 𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

≤
𝟏𝟔𝑹𝟒 − 𝟐𝟎𝟖𝒓𝟒

𝒓𝟐
 

   Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐

𝒃𝒄. 𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

=∑
𝟒𝒃𝒄. 𝐜𝐨𝐬𝟐 𝑨

𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

= 𝟒∑𝒃𝒄(
𝟏

𝐬𝐢𝐧𝟐 𝑨
− 𝟏)

𝒄𝒚𝒄

= 𝟏𝟔𝑹𝟐∑
𝒃𝒄

𝒂𝟐
𝒄𝒚𝒄

− 𝟒∑𝒃𝒄

𝒄𝒚𝒄

≥ 

≥⏞
𝑨𝑴−𝑮𝑴

 𝟏𝟔𝑹𝟐. 𝟑 − 𝟒∑𝒂𝟐

𝒄𝒚𝒄

 ≥⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 𝟒𝟖𝑹𝟐 − 𝟒.𝟗𝑹𝟐 = 𝟏𝟐𝑹𝟐. 
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𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐

𝒃𝒄. 𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

= 𝟏𝟔𝑹𝟐∑
𝒃𝒄

𝒂𝟐
𝒄𝒚𝒄

− 𝟒∑𝒃𝒄

𝒄𝒚𝒄

= 𝟏𝟔𝑹𝟐∑
𝒃𝒄

[(𝒔 − 𝒃) + (𝒔 − 𝒄)]𝟐
𝒄𝒚𝒄

− 𝟒𝒂𝒃𝒄∑
𝟏

𝒂
𝒄𝒚𝒄

≤ 

≤⏞
𝑨𝑴−𝑮𝑴 & 𝐶𝐵𝑆

 𝟏𝟔𝑹𝟐∑
𝒃𝒄

𝟒(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

−
𝟒𝒂𝒃𝒄. 𝟗

𝒂 + 𝒃 + 𝒄
= 𝟒𝑹𝟐.

𝟒𝑹𝒔𝒓

𝒔𝒓𝟐
.∑

𝒔 − 𝒂

𝒂
𝒄𝒚𝒄

−
𝟑𝟔. 𝟒𝑹𝒔𝒓

𝟐𝒔
= 

=
𝟏𝟔𝑹𝟑

𝒓
.
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟒𝑹𝒓
− 𝟕𝟐𝑹𝒓 ≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
𝟒𝑹𝟐(𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝟒𝒓𝟐)

𝒓𝟐
− 𝟕𝟐𝑹𝒓 ≤ 

≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟒𝑹𝟐(𝟒𝑹𝟐 − 𝟒. 𝟐𝒓. 𝒓 + 𝟒𝒓𝟐)

𝒓𝟐
− 𝟕𝟐. 𝟐𝒓. 𝒓 ≤⏞

𝑬𝒖𝒍𝒆𝒓

 
𝟏𝟔𝑹𝟒 − 𝟒(𝟐𝒓)𝟐. 𝟒𝒓𝟐

𝒓𝟐
− 𝟏𝟒𝟒𝒓𝟐

=
𝟏𝟔𝑹𝟒 − 𝟐𝟎𝟖𝒓𝟒

𝒓𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝟏𝟐𝑹𝟐 ≤∑
(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)𝟐

𝒃𝒄. 𝐬𝐢𝐧𝟐 𝑨
𝒄𝒚𝒄

≤
𝟏𝟔𝑹𝟒 − 𝟐𝟎𝟖𝒓𝟒

𝒓𝟐
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐

𝐛𝐜. 𝐬𝐢𝐧𝟐𝐀
𝐜𝐲𝐜

= 𝟒𝐑𝟐∑
(∑ 𝒂𝟐𝐜𝐲𝐜 − 𝟐𝒂𝟐)

𝟐

𝐛𝐜𝒂𝟐
𝐜𝐲𝐜

=
𝟒𝐑𝟐

𝟒𝐑𝐫𝐬
((∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

.
∑ 𝒂𝐛𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
− 𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) + 𝟒∑𝒂𝟑

𝐜𝐲𝐜

) 

=
𝐑

𝐫𝐬
(
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝐑𝐫𝐬
− 𝟏𝟔𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟖𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐))

=
𝐑

𝐫𝐬
(
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐

𝐑𝐫𝐬
− 𝟖𝐬(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)) 

=
𝐬𝟔 − (𝟏𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟔𝐑𝐫 + 𝐫𝟐) + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐𝐬𝟐

∴ ∑
(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐

𝐛𝐜. 𝐬𝐢𝐧𝟐𝐀
𝐜𝐲𝐜

=
(∗) 𝐬𝟔 − (𝟏𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟔𝐑𝐫 + 𝐫𝟐) + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐𝐬𝟐
∴ (∗)

⇒ 𝟏𝟐𝐑𝟐 ≤∑
(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐

𝐛𝐜. 𝐬𝐢𝐧𝟐𝐀
𝐜𝐲𝐜
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⇔ 𝐬𝟔 − (𝟏𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟔𝐑𝐫 + 𝐫𝟐) + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥ 𝟏𝟐𝐑𝟐𝐫𝟐𝐬𝟐

⇔ 𝐬𝟔 − (𝟏𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟐𝐑𝟐 + 𝟏𝟔𝐑𝐫 + 𝐫𝟐) + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
(⦁)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝐫 − 𝟔𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟐𝐑𝟐 + 𝟏𝟔𝐑𝐫 + 𝐫𝟐)

+ 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫𝟐𝐬𝟐 ((𝟒𝐑 − 𝟔𝐫)(𝟏𝟔𝐑− 𝟓𝐫)

− (𝟏𝟐𝐑𝟐 + 𝟏𝟔𝐑𝐫 + 𝐫𝟐)) + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
?
𝟎 

⇔ (𝟓𝟐𝐑𝟐 − 𝟏𝟑𝟐𝐑𝐫 + 𝟐𝟗𝐫𝟐)𝐬𝟐 + 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
?
⏟
(⦁⦁)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟓𝟐𝐑𝟐 − 𝟏𝟑𝟐𝐑𝐫 + 𝟐𝟗𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥ 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 > 0

⇒ (⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟓𝟐𝐑𝟐 − 𝟏𝟑𝟐𝐑𝐫 + 𝟐𝟗𝐫𝟐 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁)

= −(−(𝟓𝟐𝐑𝟐 − 𝟏𝟑𝟐𝐑𝐫 + 𝟐𝟗𝐫𝟐)) 𝐬𝟐 + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟓𝟐𝐑𝟐 − 𝟏𝟑𝟐𝐑𝐫 + 𝟐𝟗𝐫𝟐)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
?
𝟎

⇔ 𝟓𝟐𝐭𝟒 − 𝟔𝟒𝐭𝟑 − 𝟓𝟐𝐭𝟐 − 𝟔𝟕𝐭 + 𝟐𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟓𝟐𝐭𝟑 + 𝟒𝟎𝐭𝟐 + 𝟐𝟐𝐭 + 𝟔(𝐭 − 𝟐) + 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐢𝐧 𝒂𝐧𝐲 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 

⇒ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝟏𝟐𝐑𝟐 ≤∑
(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐

𝐛𝐜. 𝐬𝐢𝐧𝟐𝐀
𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧,∑
(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐

𝐛𝐜. 𝐬𝐢𝐧𝟐𝐀
𝐜𝐲𝐜

≤
𝟏𝟔𝐑𝟒 − 𝟐𝟎𝟖𝐫𝟒

𝐫𝟐
⇔
𝐯𝐢𝒂 (∗) 𝐬𝟔 − (𝟏𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟔𝐑𝐫 + 𝐫𝟐) + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐𝐬𝟐

≤
𝟏𝟔𝐑𝟒 − 𝟐𝟎𝟖𝐫𝟒

𝐫𝟐
 

⇔ 𝐬𝟔 − (𝟏𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − (𝟏𝟔𝐑𝟒 − 𝟐𝟎𝟖𝐫𝟒 + 𝐫𝟐(𝟏𝟔𝐑𝐫 + 𝐫𝟐)) 𝐬𝟐 + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
(⦁⦁⦁)

𝟎 
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𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝟐 − 𝟖𝐑𝐫 + 𝟐𝐫𝟐)𝐬𝟒

− (𝟏𝟔𝐑𝟒 − 𝟐𝟎𝟖𝐫𝟒 + 𝐫𝟐(𝟏𝟔𝐑𝐫 + 𝐫𝟐)) 𝐬𝟐 + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝟐 − 𝟖𝐑𝐫 + 𝟐𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐

− (𝟏𝟔𝐑𝟒 − 𝟐𝟎𝟖𝐫𝟒 + 𝐫𝟐(𝟏𝟔𝐑𝐫 + 𝐫𝟐)) 𝐬𝟐 + 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
?
𝟎

⇔ (𝟏𝟔𝐑𝟑 + 𝟏𝟐𝐑𝟐𝐫 + 𝟑𝟐𝐑𝐫𝟐 − 𝟐𝟏𝟑𝐫𝟑)𝐬𝟐 ≥
(⦁⦁⦁⦁)

𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 

∵ 𝟏𝟔𝐑𝟑 + 𝟏𝟐𝐑𝟐𝐫 + 𝟑𝟐𝐑𝐫𝟐 − 𝟐𝟏𝟑𝐫𝟑

= (𝐑 − 𝟐𝐫)(𝟏𝟔𝐑𝟐 + 𝟒𝟒𝐑𝐫 + 𝟏𝟐𝟎𝐫𝟐) + 𝟐𝟕𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝐫𝟑 > 0

∴ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝟑 + 𝟏𝟐𝐑𝟐𝐫 + 𝟑𝟐𝐑𝐫𝟐 − 𝟐𝟏𝟑𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ⇔ 𝟔𝟒𝐭𝟒 + 𝟏𝟐𝐭𝟑 + 𝟏𝟎𝟏𝐭𝟐 − 𝟖𝟗𝟓𝐭 + 𝟐𝟔𝟔 ≥

?
𝟎

⇔ (𝐭 − 𝟐)(𝟔𝟒𝐭𝟑 + 𝟏𝟒𝟎𝐭𝟐 + 𝟑𝟏𝟒𝐭 + 𝟔𝟕(𝐭 − 𝟐) + 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (⦁⦁⦁⦁) ⇒ (⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞  

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, ∑
(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)𝟐

𝐛𝐜. 𝐬𝐢𝐧𝟐𝐀
𝐜𝐲𝐜

≤
𝟏𝟔𝐑𝟒 − 𝟐𝟎𝟖𝐫𝟒

𝐫𝟐
 (𝐐𝐄𝐃) 

660. If 𝒇:ℝ → ℝ,𝟏 + 𝒇(𝒙 + 𝒚) ≤ 𝒇(𝒙) + 𝒇(𝒚) ≤ 𝒙 + 𝒚 + 𝟐, ∀𝒙, 𝒚 ∈ ℝ, then in 

𝚫𝑨𝑩𝑪 holds: 

𝒇(𝒙𝟐)

𝒚 + 𝒛
⋅ 𝒂𝟐 +

𝒇(𝒚𝟐)

𝒛 + 𝒙
⋅ 𝒃𝟐 +

𝒇(𝒛𝟐)

𝒙 + 𝒚
⋅ 𝒄𝟐 ≥ 𝟒√𝟑 ⋅ 𝑭; ∀𝒙, 𝒚, 𝒛 ∈ (𝟎,∞) 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution by Alex Szoros-Romania 

For 𝒙 = 𝒚 = 𝟎 ⇒ 𝟏 + 𝒇(𝟎) ≤ 𝟐𝒇(𝟎) ≤ 𝟐 ⇒ 𝟏 ≤ 𝒇(𝟎) ≤ 𝟏 ⇒ 𝒇(𝟎) = 𝟏 

For 𝒚 = 𝒙 ⇒ 𝒇(𝒙) + 𝒇(𝒙) ≤ 𝒙 + 𝒙 + 𝟐 ⇒ 

𝒇(𝒙) ≤ 𝒙 + 𝟏,∀𝒙 ∈ ℝ; (𝟏) 

For 𝒚 = −𝒙 ⇒ 𝟏 + 𝒇(𝟎) ≤ 𝒇(𝒙) + 𝒇(−𝒙) ≤ 𝟐 ⇒ 

𝒇(𝒙) + 𝒇(−𝒙) = 𝟐,∀𝒙 ∈ ℝ; (𝟐) 

From 𝒇(𝒙) + 𝒇(𝒚) ≤ 𝒙 + 𝒚 + 𝟐, ∀𝒙, 𝒚 ∈ ℝ ⇒ 𝒇(−𝒙) + 𝒇(−𝒙) ≤ −𝒙 − 𝒙 + 𝟐 
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𝟐𝒇(𝒙) ≤ 𝟐 − 𝟐𝒙 ⇒ 𝒇(−𝒙) ≤ 𝟏 − 𝒙
(𝟐)
⇒ 𝟐 − 𝒇(𝒙) ≤ 𝟏 − 𝒙,∀𝒙 ∈ ℝ 

⇒ 𝒙 + 𝟏 ≤ 𝒇(𝒙), ∀𝒙 ∈ ℝ; (𝟑) 

From (1) and (3): 𝒇(𝒙) = 𝒙 + 𝟏,∀𝒙 ∈ ℝ ⇒ 𝒇(𝒙𝟐) ≥ 𝟐𝒙, ∀𝒙 ∈ ℝ 

For 𝒙, 𝒚. 𝒛 > 0 we have: 

∑
𝒇(𝒙𝟐)

𝒚 + 𝒛
⋅ 𝒂𝟐

𝒄𝒚𝒄

≥∑
𝟐𝒙

𝒚 + 𝒛
⋅ 𝒂𝟐

𝒄𝒚𝒄

= 𝟐∑
𝒙

𝒚 + 𝒛
⋅ 𝒂𝟐

𝒄𝒚𝒄

; (𝟒) 

∑
𝒙

𝒚+ 𝒛
⋅ 𝒂𝟐

𝒄𝒚𝒄

≥
𝑻𝒔𝒊𝒏𝒕𝒔𝒊𝒇𝒂𝒔

𝟐√𝟑 ⋅ 𝑭; (𝟓) 

From (4) and (5), it follows: 

∑
𝒇(𝒙𝟐)

𝒚 + 𝒛
⋅ 𝒂𝟐

𝒄𝒚𝒄

≥ 𝟒√𝟑 ⋅ 𝑭; ∀𝒙, 𝒚, 𝒛 > 0 

661. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑 ⋅
𝟐𝒓

𝑹
≤
𝐜𝐬𝐜
𝑨
𝟐

𝐜𝐬𝐜
𝑩
𝟐

+
𝐜𝐬𝐜

𝑩
𝟐

𝐜𝐬𝐜
𝑪
𝟐

+
𝐜𝐬𝐜

𝑪
𝟐

𝐜𝐬𝐜
𝑨
𝟐

≤ 𝟑 (
𝑹

𝟐𝒓
)

𝟑
𝟐

 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

For the left side: 

𝐜𝐬𝐜
𝑨
𝟐

𝐜𝐬𝐜
𝑩
𝟐

+
𝐜𝐬𝐜
𝑩
𝟐

𝐜𝐬𝐜
𝑪
𝟐

+
𝐜𝐬𝐜
𝑪
𝟐

𝐜𝐬𝐜
𝑨
𝟐

≥
𝑨𝑮𝑴

𝟑 

We must show: 𝟑 ≥ 𝟑 ⋅
𝟐𝒓

𝑹
⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

For the right side we must show: 

(
𝐜𝐬𝐜
𝑨
𝟐

𝐜𝐬𝐜
𝑩
𝟐

+
𝐜𝐬𝐜
𝑩
𝟐

𝐜𝐬𝐜
𝑪
𝟐

+
𝐜𝐬𝐜
𝑪
𝟐

𝐜𝐬𝐜
𝑨
𝟐

)

𝟐

≤
𝟗

𝟖
(
𝑹

𝒓
)
𝟑

; (𝟏) 

From Cauchy’s inequality: 



 
www.ssmrmh.ro 

74 RMM-GEOMETRY MARATHON 601-700 

 

(
𝐜𝐬𝐜
𝑨
𝟐

𝐜𝐬𝐜
𝑩
𝟐

+
𝐜𝐬𝐜

𝑩
𝟐

𝐜𝐬𝐜
𝑪
𝟐

+
𝐜𝐬𝐜
𝑪
𝟐

𝐜𝐬𝐜
𝑨
𝟐

)

𝟐

≤ (∑𝐜𝐬𝐜𝟐
𝑨

𝟐
𝒄𝒚𝒄

)(∑
𝟏

𝐜𝐬𝐜𝟐
𝑨
𝟐𝒄𝒚𝒄

) ; (𝟐) 

From (1) and (2) we must show: 

(∑𝐜𝐬𝐜𝟐
𝑨

𝟐
𝒄𝒚𝒄

)(∑
𝟏

𝐜𝐬𝐜𝟐
𝑨
𝟐𝒄𝒚𝒄

) ≤
𝟗

𝟖
(
𝑹

𝒓
)
𝟑

; (𝟑) 

∑
𝟏

𝐜𝐬𝐜𝟐
𝑨
𝟐𝒄𝒚𝒄

= 𝟏 −
𝒓

𝟐𝑹
; (𝟒) 

∑𝐜𝐬𝐜𝟐
𝑨

𝟐
𝒄𝒚𝒄

=
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝑹𝟐 − 𝟒𝑹𝒓 + 𝟒𝒓𝟐

𝒓𝟐
= 𝟒((

𝑹

𝒓
)
𝟐

− (
𝑹

𝒓
) + 𝟏) ; (𝟓) 

From (3), (4) and (5) we must show: 

𝟒((
𝑹

𝒓
)
𝟐

− (
𝑹

𝒓
) + 𝟏) (𝟏 −

𝒓

𝟐𝑹
) ≤

𝟗

𝟖
(
𝑹

𝒓
)
𝟑

; (𝟔) 

Let 
𝑹

𝒓
= 𝒙, 𝒙 ≥ 𝟎(𝑬𝒖𝒍𝒆𝒓); (𝟕) From (6) and (7) we must show: 

𝟒(𝒙𝟐 − 𝒙+ 𝟏) (𝟏 −
𝟏

𝟐𝒙
) ≤

𝟗

𝟖
𝒙𝟑 ⇔ 𝟏𝟔(𝒙𝟐 − 𝒙 + 𝟏)(𝟐𝒙 − 𝟏) ≤ 𝟗𝒙𝟒 ⇔ 

𝟒√(𝒙𝟐 − 𝒙 + 𝟏)(𝟐𝒙 − 𝟏) ≤ 𝟑𝒙𝟐; (𝟖) 

But √(𝒙𝟐 − 𝒙 + 𝟏)(𝟐𝒙 − 𝟏) ≤
𝒙𝟐+𝒙

𝟐
; (𝟗) 

From (8) and (9) we must show: 

𝟐𝒙𝟐 + 𝟐𝒙 ≤ 𝟑𝒙𝟐⇔ 𝟐𝒙 ≤ 𝒙𝟐 ⇔ 𝟐 ≤ 𝒙 true! 

662. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒔𝒂
𝒏𝒔𝒃 + 𝒔𝒃

𝒏𝒔𝒄 + 𝒔𝒄
𝒏𝒔𝒂 ≥

𝟏𝟔𝟐𝒓𝟒

𝑹
(
𝟔𝒓𝟐

𝑹
)

𝒏−𝟐

, 𝒏 ∈ ℕ, 𝒏 ≥ 𝟐 

Proposed by Marin Chirciu-Romania 
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

From Holder’s inequality: 
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∑
𝒙𝒏

𝒂
𝒄𝒚𝒄

≥
(∑𝒙)𝒏

𝟑𝒏−𝟐∑𝒂
;  (𝟏) 

𝒔𝒂 ≥ 𝒉𝒂;    (𝟐) 

∑𝒔𝒂
𝒏𝒔𝒃

𝒄𝒚𝒄

= 𝒔𝒂𝒔𝒃𝒔𝒄∑
𝒔𝒂
𝒏−𝟏

𝒔𝒄
𝒄𝒚𝒄

≥
(𝟏)

𝒔𝒂𝒔𝒃𝒔𝒄 ⋅
(∑𝒔𝒂)

𝒏−𝟐

𝟑𝒏−𝟑
≥
(𝟐)

𝒉𝒂𝒉𝒃𝒉𝒄 ⋅
(∑𝒉𝒂)

𝒏−𝟐

𝟑𝒏−𝟑
= 

=
(𝒂𝒃𝒄)𝟐

𝟖𝑹𝟑
⋅ 𝟑 (

∑𝒂𝒃

𝟐𝑹𝟑
)
𝒏−𝟐

=
𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐

𝟖𝑹𝟑
⋅ 𝟑 (

𝒔𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐

𝟔𝑹
)

𝒏−𝟐

≥

𝑬𝒖𝒍𝒆𝒓
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 

≥
𝟓𝟒𝒓𝟒

𝑹
⋅ 𝟑(

𝟐𝟕𝒓𝟐 + 𝟖𝒓𝟐 + 𝒓𝟐

𝟔𝑹
)

𝒏−𝟐

=
𝟏𝟔𝟐𝒓𝟒

𝑹
(
𝟑𝟔𝒓𝟐

𝟔𝑹
)

𝒏−𝟐

=
𝟏𝟔𝟐𝒓𝟒

𝑹
(
𝟔𝒓𝟐

𝑹
)

𝒏−𝟐

  

Solution 2 by Tapas Das-India 

𝒔𝒂 ≥ 𝒉𝒂;   
𝟏

𝒉𝒂
+
𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
=
𝟏

𝒓
 

The product 
𝟏

𝒉𝒂𝒉𝒃𝒉𝒄
 has the maximum value if 

𝟏

𝒉𝒂
=

𝟏

𝒉𝒃
=

𝟏

𝒉𝒄
=

𝟏

𝟑𝒓
 where it follows that the 

product 𝒉𝒂𝒉𝒃𝒉𝒄 attains the minimum value 𝟐𝟕𝒓𝟑 if 𝒉𝒂 = 𝒉𝒃 = 𝒉𝒄. Hence, 

𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝟕𝒓
𝟑 

∑𝒔𝒂
𝒏𝒔𝒃

𝒄𝒚𝒄

=∑𝒔𝒂
𝒏−𝟐(𝒔𝒂

𝟐𝒔𝒃)

𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟑(𝒔𝒂𝒔𝒃𝒔𝒙)
𝒏−𝟐
𝟑 (𝒔𝒂

𝟑𝒔𝒃
𝟑𝒔𝒄
𝟑)
𝟏
𝟑 = 

= 𝟑(
𝟐𝒃𝒄𝒎𝒂

𝒃𝟐 + 𝒄𝟐
⋅
𝟐𝒄𝒂𝒎𝒃

𝒄𝟐 + 𝒂𝟐
⋅
𝟐𝒂𝒃𝒎𝒄

𝒂𝟐 + 𝒃𝟐
)

𝒏−𝟐
𝟑

⋅ 𝒔𝒂𝒔𝒃𝒔𝒄 ≥
𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 

≥ 𝟑 [𝟖 (
𝒓

𝑹
)
𝟑

⋅ 𝟐𝟕𝒓𝟑]

𝒏−𝟐
𝟑

⋅ 𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟑 ⋅ (𝟐 ⋅
𝒓𝟐

𝑹
⋅ 𝟑)

𝒏−𝟐

⋅ 𝟐𝟕𝒓𝟑 = 

= (
𝟔𝒓𝟐

𝑹
)

𝒏−𝟐

⋅
𝟐 ⋅ 𝟐𝟕𝒓𝟒

𝒓
= (

𝟔𝑹𝟐

𝑹
)

𝒏−𝟐

⋅
𝟏𝟔𝟐𝒓𝟒

𝑹
 

663. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝑹

𝒓
≥
(𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐)

𝒃𝒄(𝒃 + 𝟐𝒄)(𝟐𝒃 + 𝒄)
≥ 𝟐 

Proposed by Alex Szoros-Romania 
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 
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(𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐) ≥
𝑨𝑮𝑴

𝟒𝒃𝒄(𝒃 + 𝒄)𝟐 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐) ≥ 

≥ 𝟐𝒃𝒄(𝟐𝒃𝟐 + 𝟐𝒄𝟐 + 𝟒𝒃𝒄 + 𝒃𝟐 + 𝒄𝟐 − 𝒃𝒄) ≥
𝑨𝑮𝑴

𝟐𝒃𝒄(𝒃 + 𝟐𝒄)(𝒄 + 𝟐𝒃) 

(𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐)

𝒃𝒄(𝒃 + 𝟐𝒄)(𝟐𝒃 + 𝒄)
≥
𝟐𝒃𝒄(𝒃 + 𝟐𝒄)(𝒄 + 𝟐𝒃)

𝒃𝒄(𝒃 + 𝟐𝒄)(𝒄 + 𝟐𝒃)
≥ 𝟐 

𝑹

𝒓
≥

𝑩𝒂𝒏𝒅𝒊𝒍𝒂 𝒃

𝒄
+
𝒄

𝒃
≥
(?) (𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐)

𝒃𝒄(𝒃 + 𝟐𝒄)(𝟐𝒃 + 𝒄)
 

𝟐(
𝒃

𝒄
+
𝒄

𝒃
)𝒃𝒄(𝒃 + 𝟐𝒄)(𝒄 + 𝟐𝒃) = (𝒃𝟐 + 𝒄𝟐)(𝟐𝒃𝟐 + 𝟐𝒄𝟐 + 𝟓𝒃𝒄) 

𝟐(𝒃𝟐 + 𝒄𝟐) + 𝟓𝒃𝒄(𝒃𝟐 + 𝒄𝟐) ≥
(?)

(𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐) 

𝟐𝒃𝟒 + 𝟐𝒄𝟒 + 𝟒𝒃𝟐𝒄𝟐 + 𝟓𝒃𝒄(𝒃𝟐 + 𝒄𝟐) ≥ 𝒃𝟒 + 𝒄𝟒 + 𝟔𝒃𝟐𝒄 + 𝟒𝒃𝟐𝒄𝟐 + 𝟔𝒃𝒄𝟑 

𝒃𝟒 + 𝒄𝟒 ≥ 𝒃𝟑𝒄 + 𝒃𝒄𝟑 ⇔ (𝒃 − 𝒄)𝟐(𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐) ≥ 𝟎 

Solution 2 by Tapas Das-India 

(𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐) = (𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄[(𝒃 + 𝒄)𝟐 − 𝟐𝒃𝒄 − 𝒃𝒄] = 

= (𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃 + 𝒄)𝟐 − 𝟔𝒃𝟐𝒄𝟐 = (𝒃 + 𝒄)𝟐[(𝒃 + 𝒄)𝟐 + 𝟐𝒃𝒄] − 𝟔𝒃𝟐𝒄𝟐 ≥ 

≥ (𝟐√𝒃𝒄)
𝟐
[(𝒃 + 𝒄)𝟐 + 𝟐𝒃𝒄] − 𝟔𝒃𝟐𝒄𝟐 = 𝟒𝒃𝒄(𝒃𝟐 + 𝟐𝒃𝒄 + 𝒄𝟐 + 𝟐𝒃𝒄) − 𝟔𝒃𝟐𝒄𝟐 = 

= 𝟐𝒃𝒄(𝟐𝒃𝟐 + 𝟐𝒄𝟐 + 𝟖𝒃𝒄 − 𝟑𝒃𝒄) = 𝟐𝒃𝒄(𝟐𝒃𝟐 + 𝟓𝒃𝒄 + 𝟐𝒄𝟐) = 𝟐𝒃𝒄(𝒃 + 𝟐𝒄)(𝒄 + 𝟐𝒃) 

Hence, 

(𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐) ≥ 𝟐𝒃𝒄(𝒃 + 𝟐𝒄)(𝒄 + 𝟐𝒃) 𝐨𝐫 

(𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐)

𝒃𝒄(𝒃 + 𝟐𝒄)(𝟐𝒃 + 𝒄)
≥ 𝟐 

(𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐)

𝒃𝒄(𝒃 + 𝟐𝒄)(𝟐𝒃 + 𝒄)
=
(𝒃𝟒 + 𝒄𝟒) + 𝟒(𝒃𝟑𝒄 + 𝒃𝒄𝟑) + 𝟐(𝒃𝟑𝒄 + 𝒃𝒄𝟑) + 𝟒𝒃𝟐𝒄𝟐

𝒃𝒄(𝟐𝒃𝟐 + 𝟓𝒃𝒄 + 𝟐𝒄𝟐)
= 

=
(
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
) + 𝟒(

𝒃
𝒄 +

𝒄
𝒃) + 𝟐(

𝒃
𝒄 +

𝒄
𝒃) + 𝟒

𝟐 (
𝒃
𝒄 +

𝒄
𝒃) + 𝟓

=
(
𝒃
𝒄 +

𝒄
𝒃)
𝟐

+ 𝟔(
𝒃
𝒄 +

𝒄
𝒃) + 𝟐

𝟐(
𝒃
𝒄 +

𝒄
𝒃) + 𝟓

 

Now, 

(
𝒃

𝒄
+
𝒄

𝒃
) [𝟐 (

𝒃

𝒄
+
𝒄

𝒃
) + 𝟓] − [(

𝒃

𝒄
+
𝒄

𝒃
)
𝟐

+ 𝟔(
𝒃

𝒄
+
𝒄

𝒃
) + 𝟐] =

(
𝒃
𝒄
+
𝒄
𝒃
=𝒙)

 

𝟐𝒙𝟐 + 𝟓𝒙 − 𝒙𝟐 − 𝟔𝒙 − 𝟐 = 𝒙𝟐 − 𝒙 − 𝟐 = 
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= (
𝒃

𝒄
+
𝒄

𝒃
)
𝟐

− (
𝒃

𝒄
+
𝒄

𝒃
) − 𝟐 =

(𝒃 − 𝒄)𝟐

𝒃𝟐𝒄𝟐
(𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐) ≥ 𝟎 

(
𝒃

𝒄
+
𝒄

𝒃
) [𝟐 (

𝒃

𝒄
+
𝒄

𝒃
) + 𝟓] ≥ [(

𝒃

𝒄
+
𝒄

𝒃
)
𝟐

+ 𝟔(
𝒃

𝒄
+
𝒄

𝒃
) + 𝟐] 

⇒
𝒃

𝒄
+
𝒄

𝒃
≥
(
𝒃
𝒄 +

𝒄
𝒃)
𝟐

+ 𝟔 (
𝒃
𝒄 +

𝒄
𝒃) + 𝟐

𝟐(
𝒃
𝒄 +

𝒄
𝒃) + 𝟓

 

𝑹

𝒓
≥

𝑩𝒂𝒏𝒅𝒊𝒍𝒂 (𝒃 + 𝒄)𝟒 + 𝟐𝒃𝒄(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐)

𝒃𝒄(𝒃 + 𝟐𝒄)(𝟐𝒃 + 𝒄)
 

664. 𝒂, 𝒃, 𝒄 −sides in 𝚫𝑨𝑩𝑪,√𝒂, √𝒃, √𝒄 −sides in 𝚫𝑨′𝑩′𝑪′. Prove that: 

√𝒂 𝐜𝐨𝐬 𝑨′ + √𝒃 𝐜𝐨𝐬𝑩′ + √𝒄 𝐜𝐨𝐬𝑪′ ≤
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄

√𝟔√𝟑𝒓
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Marian Ursărescu-Romania 

In any 𝚫𝑨𝑩𝑪 holds: 

𝒂𝐜𝐨𝐬 𝑨 =
𝒂(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

𝟐𝒃𝒄
 

∑𝒂𝐜𝐨𝐬 𝑨

𝒄𝒚𝒄

=∑
𝒂(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

𝟐𝒃𝒄
𝒄𝒚𝒄

=
𝟏

𝟐𝒂𝒃𝒄
∑𝒂𝟐(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

𝒄𝒚𝒄

 

In our case, we have: 

∑𝒓𝒂 𝐜𝐨𝐬 𝑨
′

𝒄𝒚𝒄

=
𝟏

𝟐√𝒂𝒃𝒄
∑𝒂(𝒃 + 𝒄 − 𝒂)

𝒄𝒚𝒄

=
𝟏

𝟐√𝒂𝒃𝒄
∑(𝒂𝒃 + 𝒂𝒄 − 𝒂𝟐)

𝒄𝒚𝒄

= 

=
𝟏

𝟐√𝒂𝒃𝒄
[𝟐(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂) − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)];  (𝟏) 

But 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 and 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓);  (𝟐) 

From (1) and (2), it follows 

∑√𝒂𝐜𝐨𝐬 𝑨′

𝒄𝒚𝒄

=
𝟏

𝟐√𝒂𝒃𝒄
𝟐(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 − 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) = 

=
𝟖𝑹𝒓 + 𝟐𝒓𝟐

√𝒂𝒃𝒄
=
𝟐𝒓(𝟒𝑹 + 𝒓)

√𝒂𝒃𝒄
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We must show: 

𝟐𝒓(𝟒𝑹+ 𝒓)

√𝒂𝒃𝒄
≤
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄

√𝟔√𝟑𝒓
; (𝟑) 

But 𝒂𝒃𝒄 = 𝟒𝑹𝒔 and 𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄 = 𝟒𝑹 + 𝒓; (𝟒). From (3) and (4), we must show: 

𝟐𝒓(𝟒𝑹+ 𝒓)

√𝟒𝒔𝑹𝒓
≤
𝟒𝑹 + 𝒓

√𝟔√𝟑𝒓
⇔ √𝟔√𝟑𝒓 ⋅ 𝒓 ≤ √𝒔𝑹𝒓 ⇔ 𝟔√𝟑𝒓𝟐 ≤ 𝑹𝒔 

which is true, because 𝒔 ≥ 𝟑√𝟑𝒓 and 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓). 

 

665. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∏[𝟐(𝒎𝒃𝒉𝒄 +𝒎𝒄𝒉𝒃) − 𝒉𝒂(𝒉𝒃 + 𝒉𝒄)]

𝒄𝒚𝒄

≥ 𝒉𝒂𝒉𝒃𝒉𝒄∏(𝒉𝒃 + 𝒉𝒄)

𝒄𝒚𝒄

 

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟐𝒎𝒂 ≥
𝒃𝟐 + 𝒄𝟐

𝟐𝑹
=
𝒉𝒄𝒉𝒂
𝒉𝒃

+
𝒉𝒂𝒉𝒃
𝒉𝒄

 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔).  (∴  
𝒉𝒄𝒉𝒂
𝒉𝒃

=
𝒂𝒃

𝟐𝑹
.
𝒃𝒄

𝟐𝑹
.
𝟐𝑹

𝒄𝒂
=
𝒃𝟐

𝟐𝑹
 ) 

𝑻𝒉𝒆𝒏 ∶   𝟐(𝒎𝒃𝒉𝒄 +𝒎𝒄𝒉𝒃) ≥ (
𝒉𝒂𝒉𝒃
𝒉𝒄

+
𝒉𝒃𝒉𝒄
𝒉𝒂

)𝒉𝒄 + (
𝒉𝒃𝒉𝒄
𝒉𝒂

+
𝒉𝒄𝒉𝒂
𝒉𝒃

)𝒉𝒃

= (𝒉𝒂 +
𝒉𝒃𝒉𝒄
𝒉𝒂

) (𝒉𝒃 + 𝒉𝒄) 

𝑻𝒉𝒖𝒔 ∶   𝟐(𝒎𝒃𝒉𝒄 +𝒎𝒄𝒉𝒃) − 𝒉𝒂(𝒉𝒃 + 𝒉𝒄) ≥
𝒉𝒃𝒉𝒄
𝒉𝒂

. (𝒉𝒃 + 𝒉𝒄)  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∏[𝟐(𝒎𝒃𝒉𝒄 +𝒎𝒄𝒉𝒃)−𝒉𝒂(𝒉𝒃 +𝒉𝒄)]
𝒄𝒚𝒄

≥∏(
𝒉𝒃𝒉𝒄
𝒉𝒂

. (𝒉𝒃 +𝒉𝒄))
𝒄𝒚𝒄

= 𝒉𝒂𝒉𝒃𝒉𝒄∏(𝒉𝒃 + 𝒉𝒄)
𝒄𝒚𝒄

, 

𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅.   𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

666. 𝐅𝐢𝐧𝐝 𝒙 ∈ 𝑹 𝐬𝐨 𝐭𝐡𝐚𝐭 𝐭𝐡𝐞 𝐝𝐨𝐮𝐛𝐥𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 
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𝑹𝟐

𝒓
≥
𝒂𝒙 + 𝒃𝒙 + 𝒄𝒙

𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄
≥ 𝟐𝑹  𝐡𝐨𝐥𝐝𝐬 𝐢𝐧 𝐚𝐧𝐲 ∆𝑨𝑩𝑪 

Proposed by Alex Szoros-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒆𝒄𝒂𝒖𝒔𝒆 𝒕𝒉𝒆 𝒅𝒐𝒖𝒃𝒍𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒊𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪, 

 𝒕𝒉𝒆𝒏 𝒊𝒕 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒐𝒓 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 ∆𝑨𝑩𝑪. 

𝑭𝒐𝒓 𝒂 = 𝒃 = 𝒄 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝟐𝑹𝒉𝒂 = 𝒃𝒄 = 𝒂
𝟐  𝒂𝒏𝒅  𝑹 = 𝟐𝒓. 

𝑹𝒆𝒑𝒍𝒂𝒄𝒊𝒏𝒈 𝒐𝒏 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟏 ≥
𝟑𝒂𝒙

𝟑𝒂𝟐
≥ 𝟏 ⇔  𝒂𝒙−𝟐 = 𝟏 ⇒  𝒙 = 𝟐. 

𝑺𝒐 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒆 𝒅𝒐𝒖𝒃𝒍𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒙 = 𝟐 ∶ 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄
= 𝟐𝑹.

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟐𝑹.𝟏 = 𝟐𝑹. 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄
 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 & 𝐶𝐵𝑆

 𝟗𝑹𝟐.

𝟏
𝒉𝒂
+
𝟏
𝒉𝒃
+
𝟏
𝒉𝒄

𝟗
=
𝑹𝟐

𝒓
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝒙 = 𝟐. 

667. Let 𝒙, 𝒚 > 0, 𝚫𝑨𝒊𝑩𝒊𝑪𝒊, 𝒊 = 𝟏, 𝟐 triangles with areas 𝑭𝒊, 𝒊 = 𝟏, 𝟐 and 

altitudes 𝒉𝒂𝒊 , 𝒉𝒃𝒊 , 𝒉𝒄𝒊 , 𝒊 = 𝟏, 𝟐, then holds: 

𝒂𝟏
𝟏−𝒙𝒂𝟐

𝟏−𝒙

𝒉𝒂𝟏
𝒙 𝒉𝒂𝟐

𝒚 +
𝒃𝟏
𝟏−𝒙𝒃𝟏

𝟏−𝒚

𝒉𝒃𝟏
𝒙 𝒉𝒃𝟐

𝒙 +
𝒄𝟏
𝟏−𝒙𝒄𝟐

𝟏−𝒚

𝒉𝒄𝟏
𝒙 𝒉𝒄𝟐

𝒙 ≥ 𝟐𝟐−𝒙−𝒚√𝟑 ⋅ 𝑭𝟏

𝟏
𝟐
−𝒙
𝑭𝟐

𝟏
𝟐
−𝒚

 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution by Tapas Das-India 

𝒉𝒂𝒊𝒉𝒃𝒊𝒉𝒄𝒊 =
(𝟐𝑭𝒊)

𝟑

𝒂𝒊𝒃𝒊𝒄𝒊
, 𝒊 = 𝟏, 𝟐 

𝒂𝟏
𝟏−𝒙𝒂𝟐

𝟏−𝒙

𝒉𝒂𝟏
𝒙 𝒉𝒂𝟐

𝒚 +
𝒃𝟏
𝟏−𝒙𝒃𝟏

𝟏−𝒚

𝒉𝒃𝟏
𝒙 𝒉𝒃𝟐

𝒙 +
𝒄𝟏
𝟏−𝒙𝒄𝟐

𝟏−𝒚

𝒉𝒄𝟏
𝒙 𝒉𝒄𝟐

𝒙
≥ 𝟑√

(𝒂𝟏𝒃𝟏𝒄𝟏)𝟏−𝒙

(𝒉𝒂𝟏𝒉𝒃𝟏𝒉𝒄𝟏)
𝒙 ⋅
(𝒂𝟐𝒃𝟐𝒄𝟐)𝟏−𝒚

(𝒉𝒂𝟐𝒉𝒃𝟐𝒉𝒄𝟐)
𝒚

𝟑
= 

= 𝟑√
(𝒂𝟏𝒃𝟏𝒄𝟏)𝟏−𝒙(𝒂𝟏𝒃𝟏𝒄𝟏)𝒙

(𝟐𝑭𝟏)𝟑𝒙
⋅
(𝒂𝟐𝒃𝟐𝒄𝟐)𝟏−𝒚(𝒂𝟐𝒃𝟐𝒄𝟐)𝒚

(𝟐𝑭𝟐)𝟑𝒚
𝟑

= 
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= 𝟑√
𝒂𝟏𝒃𝟏𝒄𝟏
(𝟐𝑭𝟏)𝟑𝒙

⋅
𝒂𝟐𝒃𝟐𝒄𝟐
(𝟐𝑭𝟐)𝟑𝒚

𝟑

≥ 𝟑√(
𝟒𝑭𝟏

√𝟑
)

𝟑
𝟐
⋅

𝟏

(𝟐𝑭𝟏)𝟑𝒙
⋅ (
𝟒𝑭𝟐

√𝟑
)

𝟑
𝟐
⋅

𝟏

(𝟐𝑭𝟐)𝟑𝒚

𝟑

= 

= 𝟑 [
𝟐√𝑭𝟏

√𝟑
𝟒 ⋅

𝟏

(𝟐𝑭𝟏)𝒙
⋅
𝟐√𝑭𝟐

√𝟑
𝟒 ⋅

𝟏

(𝟐𝑭𝟐)𝒚
] = 𝟐𝟐−𝒙−𝒚√𝟑 ⋅ 𝑭𝟏

𝟏
𝟐
−𝒙
𝑭
𝟐

𝟏
𝟐
−𝒚

 

668. In ∆𝑨𝑩𝑪 the following relationship holds: 

  
𝟑𝑹

𝟐𝒓
≥ 𝟑 +

(𝒂 − 𝒃)𝟐

𝒂𝒍𝒂 + 𝒃𝒍𝒃
+
(𝒃 − 𝒄)𝟐

𝒃𝒍𝒃 + 𝒄𝒍𝒄
+
(𝒄 − 𝒂)𝟐

𝒄𝒍𝒄 + 𝒂𝒍𝒂
 

Proposed by Alex Szoros-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒂𝒍𝒂 + 𝒃𝒍𝒃 ≥ 𝒂𝒉𝒂 + 𝒃𝒉𝒃 = 𝟐𝑭 + 𝟐𝑭 = 𝟒𝑭  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶   𝟑 +
(𝒂 − 𝒃)𝟐

𝒂𝒍𝒂 + 𝒃𝒍𝒃
+
(𝒃 − 𝒄)𝟐

𝒃𝒍𝒃 + 𝒄𝒍𝒄
+
(𝒄 − 𝒂)𝟐

𝒄𝒍𝒄 + 𝒂𝒍𝒂
≤ 𝟑 +

(𝒂 − 𝒃)𝟐

𝟒𝑭
+
(𝒃 − 𝒄)𝟐

𝟒𝑭
+
(𝒄 − 𝒂)𝟐

𝟒𝑭
= 

= 𝟑 +
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟐𝑭
= 𝟑 +

𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) − (𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝟐𝑭
= 

= 𝟑 +
𝒔𝟐 − 𝟑𝒓(𝟒𝑹 + 𝒓)

𝟐𝑭
= 𝟑 +

𝒔

𝟐𝒓
−
𝟑(𝟒𝑹+ 𝒓)

𝟐𝒔
  ≤⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 𝟑 +
𝟑√𝟑𝑹

𝟒𝒓
−
𝟑(𝟒𝑹 + 𝒓)

𝟑√𝟑𝑹
= 

= 𝟑 −
𝟒√𝟑

𝟑
+
𝟑√𝟑𝑹

𝟒𝒓
−
√𝟑𝒓

𝟑𝑹
=
𝟑𝑹

𝟐𝒓
− (

𝑹

𝟐𝒓
− 𝟏)(𝟑 −

𝟑√𝟑

𝟐
−
√𝟑𝒓

𝟑𝑹
) ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹

𝟐𝒓
. 

𝑩𝒆𝒄𝒂𝒖𝒔𝒆  𝟑 −
𝟑√𝟑

𝟐
≥
√𝟑

𝟔
 ≥⏞
𝑬𝒖𝒍𝒆𝒓

 
√𝟑𝒓

𝟑𝑹
.   𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Soumava Chakraborty-Kolkata-India 
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𝐀𝐃 = 𝐦𝒂 𝒂𝐧𝐝 𝐀𝐄 = 𝐡𝒂 ∴ 𝐁𝐄 = 𝐜𝐜𝐨𝐬𝐁 ⇒ 𝐃𝐄 =
𝒂

𝟐
− 𝐜𝐜𝐨𝐬𝐁 𝒂𝐧𝐝 𝐂𝐄 = 𝐛𝐜𝐨𝐬𝐂 ⇒ 𝐃𝐄 = 𝐛𝐜𝐨𝐬𝐂 −

𝒂

𝟐
∴ 𝟐𝐃𝐄 = 𝐛𝐜𝐨𝐬𝐂 − 𝐜𝐜𝐨𝐬𝐁 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝐥𝒂𝐫𝐥𝐲 𝐰𝐡𝐞𝐧 𝐜 > 𝑏, 2𝐷𝐸 = 𝑐𝑐𝑜𝑠𝐵 − 𝑏𝑐𝑜𝑠𝐶 

∴ 𝟐𝐃𝐄 = |𝐛𝐜𝐨𝐬𝐂 − 𝐜𝐜𝐨𝐬𝐁| = |𝐛(
𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐

𝟐𝒂𝐛
) − 𝐜(

𝐜𝟐 + 𝒂𝟐 − 𝐛𝟐

𝟐𝐜𝒂
)| =

𝟐|𝐛𝟐 − 𝐜𝟐|

𝟐𝒂
⇒ 𝟒𝐃𝐄𝟐

=
(𝐛𝟐 − 𝐜𝟐)

𝟐

𝒂𝟐
⇒ 𝐀𝐃𝟐 − 𝐀𝐄𝟐 =

(𝐛𝟐 − 𝐜𝟐)
𝟐

𝟒𝒂𝟐
⇒𝐦𝒂

𝟐 − 𝐡𝒂
𝟐 =

(𝐛𝟐 − 𝐜𝟐)
𝟐

𝟒𝒂𝟐
 

 

⇒
𝐦𝒂
𝟐 − 𝐡𝒂

𝟐

𝐡𝒂
𝟐

=
(𝐛𝟐 − 𝐜𝟐)

𝟐

𝟒𝒂𝟐 (
𝟒𝐅𝟐

𝒂𝟐
)
⇒
𝐦𝒂
𝟐 − 𝐡𝒂

𝟐

𝐡𝒂
𝟐

=⏞
(∗) (𝐛𝟐 − 𝐜𝟐)

𝟐

𝟏𝟔𝐅𝟐
 

𝐍𝐨𝐰,
𝒂𝐦𝒂
𝐅
≥ 𝟐 +

(𝐛 − 𝐜)𝟐

𝟐𝐅
⇔
𝟐𝐦𝒂
𝐡𝒂

− 𝟐 ≥
(𝐛 − 𝐜)𝟐

𝟐𝐅
⇔ (

𝐦𝒂
𝐡𝒂
− 𝟏)(

𝐦𝒂
𝐡𝒂
+ 𝟏) ≥

(𝐛 − 𝐜)𝟐

𝟒𝐅
(
𝐦𝒂
𝐡𝒂
+ 𝟏)

⇔
𝐦𝒂
𝟐 − 𝐡𝒂

𝟐

𝐡𝒂
𝟐

≥
(𝐛 − 𝐜)𝟐

𝟒𝐅
(
𝐦𝒂
𝐡𝒂
+ 𝟏) ⇔

𝐯𝐢𝒂 (∗) (𝐛𝟐 − 𝐜𝟐)
𝟐

𝟏𝟔𝐅𝟐
≥
(𝐛 − 𝐜)𝟐

𝟒𝐅
(
𝐦𝒂
𝐡𝒂
+ 𝟏) 

⇔
∵ (𝐛−𝐜)𝟐 ≥ 𝟎 (𝐛 + 𝐜)𝟐

𝟒𝐅
≥
𝐦𝒂
𝐡𝒂
+ 𝟏 =

𝒂𝐦𝒂
𝟐𝐅

+ 𝟏 =
𝟐𝒂𝐦𝒂 + 𝟒𝐅

𝟒𝐅
⇔ (𝐛 + 𝐜)𝟐 − 𝟐𝒂𝐦𝒂 ≥ 𝟒𝐅

⇔ ((𝐛 + 𝐜)𝟐 − 𝟐𝒂𝐦𝒂)
𝟐

≥ 𝟏𝟔𝐅𝟐  (∵ 𝟐𝒂𝐦𝒂 < 2(𝐛 + 𝐜) (
𝐛 + 𝐜

𝟐
) ⇒ (𝐛 + 𝐜)𝟐 − 𝟐𝒂𝐦𝒂 > 0) 

⇔ (𝐛 + 𝐜)𝟒 + 𝟒𝒂𝟐𝐦𝒂
𝟐 − 𝟒𝒂𝐦𝒂(𝐛 + 𝐜)

𝟐 ≥ 𝟐∑𝒂𝟐𝐛𝟐 −∑𝒂𝟒

⇔ (𝐛 + 𝐜)𝟒 + 𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) +∑𝒂𝟒 − 𝟐∑𝒂𝟐𝐛𝟐 ≥ 𝟒𝒂𝐦𝒂(𝐛 + 𝐜)
𝟐 

⇔ 𝐛𝟒 + 𝐜𝟒 + 𝟐𝐛𝟐𝐜𝟐 + 𝟐𝐛𝟑𝐜 + 𝟐𝐛𝐜𝟑 ≥ 𝟐𝒂𝐦𝒂(𝐛 + 𝐜)
𝟐 ⇔ (𝐛𝟐 + 𝐜𝟐)

𝟐
+ 𝟐𝐛𝐜(𝐛𝟐 + 𝐜𝟐)

≥ 𝟐𝒂𝐦𝒂(𝐛 + 𝐜)
𝟐⇔ (𝐛𝟐 + 𝐜𝟐)(𝐛 + 𝐜)𝟐 ≥ 𝟐𝒂𝐦𝒂(𝐛 + 𝐜)

𝟐 ⇔ 𝐛𝟐 + 𝐜𝟐 ≥ 𝟐𝒂𝐦𝒂 

⇔ (𝐛𝟐 + 𝐜𝟐)
𝟐
≥ 𝟒𝒂𝟐𝐦𝒂

𝟐 ⇔ 𝐛𝟒 + 𝐜𝟒 + 𝟐𝐛𝟐𝐜𝟐 ≥ 𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)

⇔ 𝐛𝟒 + 𝐜𝟒 + 𝒂𝟒 + 𝟐𝐛𝟐𝐜𝟐 − 𝟐𝒂𝟐𝐛𝟐 − 𝟐𝐜𝟐𝒂𝟐 ≥ 𝟎 ⇔ (𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)
𝟐
≥ 𝟎

⇔ 𝐜𝐨𝐬𝟐𝐀 ≥ 𝟎 → 𝐭𝐫𝐮𝐞 
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⇒
𝒂𝐦𝒂
𝟐𝐅

≥ 𝟏+
(𝐛 − 𝐜)𝟐

𝟒𝐅
⇒ 𝟏 +

(𝐛 − 𝐜)𝟐

𝟒𝐅
≤
𝐦𝒂
𝐡𝒂

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥 𝐑

𝟐𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

⇒ 𝟑 +∑
(𝐛 − 𝐜)𝟐

𝟒𝐅
𝐜𝐲𝐜

≤
(∗∗) 𝟑𝐑

𝟐𝐫
 

𝐍𝐨𝐰,𝟑 +
(𝒂 − 𝐛)𝟐

𝒂𝒍𝒂 + 𝐛𝒍𝐛
+
(𝐛 − 𝐜)𝟐

𝐛𝒍𝐛 + 𝐜𝒍𝐜
+
(𝐜 − 𝒂)𝟐

𝐜𝒍𝐜 + 𝒂𝒍𝒂
≤ 𝟑+

(𝒂 − 𝐛)𝟐

𝒂𝐡𝒂 + 𝐛𝐡𝐛
+
(𝐛 − 𝐜)𝟐

𝐛𝐡𝐛 + 𝐜𝐡𝐜
+
(𝐜 − 𝒂)𝟐

𝐜𝐡𝐜 + 𝒂𝐡𝒂

= 𝟑+∑
(𝐛 − 𝐜)𝟐

𝟒𝐅
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (∗∗) 𝟑𝐑

𝟐𝐫
⇒
𝟑𝐑

𝟐𝐫
≥ 𝟑 +

(𝒂 − 𝐛)𝟐

𝒂𝒍𝒂 + 𝐛𝒍𝐛
+
(𝐛 − 𝐜)𝟐

𝐛𝒍𝐛 + 𝐜𝒍𝐜
+
(𝐜 − 𝒂)𝟐

𝐜𝒍𝐜 + 𝒂𝒍𝒂
 (𝐐𝐄𝐃) 

 

669. 

 
Three equilateral triangles with centers 𝑰, 𝑱, 𝑲. 

Prove [𝑩𝑬𝑭𝑪] = 𝟑 ⋅ [𝑰𝑱𝑲]. 

Proposed by Binh Luc-Vietnam 
Solution by Eldeniz Hesenov-Georgia 

{
𝑩𝑱 = 𝒂
𝑫𝑲 = 𝒃

⇒ {
𝑩𝑫 = 𝒂√𝟑

𝑫𝑪 = 𝒃√𝟑
⇒ 𝑩𝑰 = 𝒂 + 𝒃 

𝑰𝑱𝟐 = 𝑩𝑱𝟐 + 𝑩𝑰𝟐 − 𝟐𝑩𝑰 ⋅ 𝑩𝑱 ⋅ 𝐜𝐨𝐬 𝟔𝟎° 

𝑱𝑰 = √𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

⇒ 𝚫𝑱𝑰𝑲 − 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥 ⇒ [𝑱𝑰𝑲] =
(𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃)√𝟑

𝟒
; (𝟏) 

[𝑩𝑫𝑬] =
𝒂𝟐𝟑√𝟑

𝟒
; [𝑫𝑭𝑪] =

𝒃𝟐𝟑√𝟑

𝟒
 

[𝑫𝑬𝑭] =
𝟏

𝟐
𝒂√𝟑 ⋅ 𝒃√𝟑 ⋅ 𝐬𝐢𝐧𝟔𝟎° =

𝟑√𝟑𝒂𝒃

𝟒
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[𝑩𝑬𝑭𝑪] =
𝟑√𝟑𝒂𝟐

𝟒
+
𝟑√𝟑𝒃𝟐

𝟒
+
𝟑√𝟑𝒂𝒃

𝟒
=
𝟑√𝟑

𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃) =

(𝟏)
[𝑱𝑰𝑲]   

670. 

 

Three equilateral triangles with centers 𝑰, 𝑱, 𝑲. Prove that: 

[𝑨𝑩𝑪] + [𝑩𝑫𝑬] + [𝑪𝑫𝑭] = 𝟔[𝑰𝑱𝑲] 

Proposed by Binh Luc-Vietnam 
Solution 1 by Eldeniz Hesenov-Georgia 
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𝑩𝑱 = 𝒂 ⇒ 𝑩𝑫 = 𝒂√𝟑, 𝑪𝑲 = 𝒃 ⇒ 𝑫𝑪 = 𝒃√𝟑 

𝑩𝑪 = (𝒂 + 𝒃)√𝟑 ⇒ 𝑩𝑰 = 𝑰𝑪 = 𝒂 + 𝒃 

∢𝑱𝑩𝑰 = ∢𝑲𝑪𝑰 = 𝟔𝟎° ⇒ 𝑰𝑱𝟐 = 𝑩𝑱𝟐 + 𝑩𝑰𝟐 − 𝟐𝑩𝑱 ∙ 𝑩𝑰 ∙ 𝐜𝐨𝐬 𝟔𝟎° 

⇒ 𝑰𝑱 = √𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃; (𝟏) 

𝑰𝑲𝟐 = 𝑰𝑪𝟐 + 𝑲𝑪𝟐 − 𝟐𝑰𝑪 ∙ 𝑲𝑪 ∙ 𝐜𝐨𝐬 𝟔𝟎° ⇒ 𝑰𝑲 = √𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃; (𝟐) 

𝑲𝑱𝟐 = 𝑲𝑫𝟐 + 𝑱𝑫𝟐 − 𝟐𝑱𝑫 ∙ 𝑫𝑲 ∙ 𝐜𝐨𝐬 𝟏𝟐𝟎° ⇒ 𝑲𝑱 = √𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃; (𝟑) 

From (1), (2) and (3) it follows: 

𝑱𝑰 = 𝑰𝑲 = 𝑲𝑱 ⇒ 𝑺𝑱𝑲𝑰 =
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)√𝟑

𝟒
 

𝑺𝑩𝑬𝑫 + 𝑺𝑫𝑭𝑪 + 𝑺𝑨𝑩𝑪 =
𝟑√𝟑𝒂𝟐

𝟒
+
𝟑√𝟑𝒃𝟐

𝟒
+
𝟑√𝟑(𝒂 + 𝒃)𝟐

𝟒
= 

=
𝟑√𝟑

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃) = 𝟔𝑺𝑲𝑱𝑰 

Solution 2 by Hikmat Mammadov-Azerbaijan 

Say the three equilateral triangles have side lengths 𝒂, 𝒃, 𝒄 

𝒂 = 𝒃 + 𝒄 

𝚫𝑩𝑪𝑳 ≡ 𝚫𝑩𝑪𝑨 

[𝑩𝑪𝑳] = [𝑨𝑩𝑪] =
𝒂𝟐√𝟑

𝟒
 

𝑳𝑬 = 𝒂 − 𝒃, 𝑳𝑭 = 𝒂 − 𝒄 

[𝑳𝑬𝑭] =
(𝒂 − 𝒃)(𝒂 − 𝒄) 𝐬𝐢𝐧

𝝅
𝟑

𝟐
=
(𝒂 − 𝒃)(𝒂 − 𝒄)√𝟑

𝟒
 

[𝑩𝑬𝑭𝑪] = [𝑩𝑪𝑳] − [𝑳𝑬𝑭] =
√𝟑

𝟒
[𝒂𝟐 − (𝒂 − 𝒃)(𝒂 − 𝒄)] = 

=
√𝟑

𝟒
[(𝒃 + 𝒄)𝟐 − 𝒃𝒄] =

√𝟑

𝟒
(𝒃𝟐 + 𝒄𝟐 + 𝒃𝒄) 

𝑫𝑱 =
𝟐

𝟑
∙
√𝟑𝒃

𝟐
=
𝒃√𝟑

𝟑
 𝐚𝐧𝐝 𝑫𝑲 =

𝟐

𝟑
∙
√𝟑𝒄

𝟐
=
√𝟑𝒄

𝟑
 

∠𝑱𝑫𝑲 = 𝟏𝟐𝟎°. 𝐒𝐢𝐝𝐞 𝐥𝐞𝐧𝐠𝐭𝐡 𝐨𝐟 𝚫𝑰𝑱𝑲 = 𝒔 
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𝒔𝟐 = (
√𝟑𝒃

𝟑
)

𝟐

+ (
√𝟑𝒄

𝟑
)

𝟐

+ 𝟐(
√𝟑𝒃

𝟑
)(
√𝟑𝒄

𝟑
) ∙
𝟏

𝟐
=
𝒂𝟐 + 𝒃𝟐 + 𝒃𝒄

𝟑
 

[𝑰𝑱𝑲] =
√𝟑𝒔𝟐

𝟒
=
𝟏

𝟑
∙
√𝟑(𝒃𝟐 + 𝒄𝟐 + 𝒃𝒄)

𝟒
=
[𝑩𝑬𝑭𝑪]

𝟑
, [𝑩𝑬𝑭𝑪] = 𝟑[𝑰𝑱𝑲]. 

671. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒃𝒉𝒄
𝒂

+
𝒎𝒄𝒉𝒂
𝒃

+
𝒎𝒂𝒉𝒃
𝒄

≤
𝟗√𝟑

𝟒
𝑹 

Proposed by Marian Ursărescu-Romania 
Solution 1 by Alex Szoros-Romania 

𝑭 =
𝒄𝒉𝒄
𝟐
⇒ 𝒉𝒄 =

𝟐𝑭

𝒂
⇒
𝒎𝒃𝒉𝒄
𝒂

=
𝒎𝒃 ⋅ 𝟐𝑭

𝒂𝒄
 

∑
𝒎𝒃𝒉𝒄
𝒂

𝒄𝒚𝒄

= 𝟐𝑭∑
𝒎𝒃

𝒂𝒄
𝒄𝒚𝒄

=
𝟐𝑭

𝒂𝒃𝒄
∑𝒂𝒎𝒂

𝒄𝒚𝒄

=
𝟏

𝟐𝑹
∑𝒂𝒎𝒂

𝒄𝒚𝒄

 

𝐁𝐮𝐭 (∑𝒂𝒎𝒂

𝒄𝒚𝒄

)

𝟐

≤
𝑪𝑩𝑺

(∑𝒂𝟐

𝒄𝒚𝒄

)(∑𝒎𝒂
𝟐

𝒄𝒚𝒄

) =
𝟑

𝟒
(∑𝒂𝟐

𝒄𝒚𝒄

)

𝟐

≤
𝟑

𝟒
(𝟗𝑹𝟐)𝟐 

∑𝒂𝒎𝒂

𝒄𝒚𝒄

≤
𝟗𝟐√𝟑

𝟐
; (𝟏) 

∑
𝒎𝒃𝒉𝒄
𝒂

𝒄𝒚𝒄

=
𝟏

𝟐𝑹
∑𝒂𝒎𝒂

𝒄𝒚𝒄

≤
(𝟏) 𝟗𝑹𝟐√𝟑

𝟒𝑹
=
𝟗𝑹√𝟑

𝟒
 

Solution 2 by Ertan Yildirim-Izmir-Turkiye 

∑
𝒎𝒃𝒉𝒄
𝒂

𝒄𝒚𝒄

≤
𝑷𝒂𝒏𝒂𝒊𝒕𝒐𝒑𝒐𝒍

∑𝒉𝒃 ⋅
𝑹

𝟐𝒓
⋅
𝒉𝒄
𝒂

𝒄𝒚𝒄

=
𝑹

𝟐𝒓
⋅∑

𝒉𝒃𝒉𝒄
𝒂

𝒄𝒚𝒄

= 

=
𝑹

𝟐𝒓
⋅∑

𝒂𝒄

𝟐𝑹
⋅
𝒂𝒃

𝟐𝑹
⋅
𝟏

𝒂
𝒄𝒚𝒄

=
𝑹

𝟖𝑹𝟐𝒓
⋅∑𝒂𝒃𝒄

𝒄𝒚𝒄

=
𝟏

𝟖𝑹𝒓
⋅ 𝟑𝒂𝒃𝒄 = 

=
𝟑

𝟖𝑹𝒓
⋅ 𝟒𝑹𝒓𝒔 =

𝟑𝒔

𝟐
≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑

𝟐
⋅
𝟑√𝟑

𝟐
𝑹 =

𝟗√𝟑

𝟒
𝑹 

Solution 3 by Eldeniz Hesenov-Georgia 
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∑
𝒎𝒃𝒉𝒄
𝒂

𝒄𝒚𝒄

=∑
𝟐𝑭 ⋅ 𝒎𝒃

𝒂𝒄
𝒄𝒚𝒄

=
𝟏

𝟐𝑹
∑𝒂𝒎𝒂

𝒄𝒚𝒄

≤
𝑪𝑩𝑺 𝟏

𝟐𝑹
√
𝟑

𝟒
(∑𝒂𝟐

𝒄𝒚𝒄

)

𝟐

= 

=
√𝟑

𝟒𝑹
∑𝒂𝟐

𝒄𝒚𝒄

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 √𝟑

𝟒𝑹
⋅ 𝟗𝑹𝟐 =

𝟗√𝟑𝑹

𝟒
 

672. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑(
𝒘𝒂

𝒘𝒃 + 𝒘𝒄 − 𝒘𝒂
)
𝒏

√𝒘𝒂(𝒘𝒃 + 𝒘𝒄 − 𝒘𝒂)

𝒄𝒚𝒄

≥ 𝟗𝒓,𝒏 ∈ ℕ 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

We must show that: 

∑
𝒘𝒂
𝒏+
𝟏
𝟐

(𝒘𝒃 +𝒘𝒄 −𝒘𝒂)
𝒏−
𝟏
𝟐𝒄𝒚𝒄

≥ 𝟗𝒓; (𝟏) 

∑
𝒘𝒂
𝒏+
𝟏
𝟐

(𝒘𝒃 + 𝒘𝒄 − 𝒘𝒂)
𝒏−
𝟏
𝟐𝒄𝒚𝒄

≥
𝑯𝒐𝒍𝒅𝒆𝒓 (𝒘𝒂 +𝒘𝒃 + 𝒘𝒄)

𝒏+
𝟏
𝟐

(𝒘𝒂 +𝒘𝒃 + 𝒘𝒄)
𝒏−
𝟏
𝟐

= 𝒘𝒂 +𝒘𝒃 + 𝒘𝒄; (𝟐) 

From (1) and (2) we must show: 

𝒘𝒂 +𝒘𝒃 +𝒘𝒄 ≥ 𝟗𝒓; (𝟑) 

But 𝒘𝒂 ≥ 𝒉𝒂; (𝟒). From (3) and (4) we must show: 

𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 ≥ 𝟗𝒓, which is true because  

(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) (
𝟏

𝒉𝒂
+
𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
) ≥
𝑪𝑩𝑺

𝟗 

𝐁𝐮𝐭
𝟏

𝒉𝒂
+
𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
=
𝟏

𝒓
⇒ 𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 ≥ 𝟗𝒓 

673. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟓

𝟐
+
𝟏

𝟐
∑
𝒓𝒂
𝒉𝒂

𝒄𝒚𝒄

= 𝟐𝑹∑
𝟏

𝒘𝒂
𝒄𝒚𝒄

𝐜𝐨𝐬 (
𝑩 − 𝑪

𝟐
) 

Proposed by Eldeniz Hesenov, Rahide Yusubova-Georgia 
Solution 1 by Alex Szoros-Romania 
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𝒓𝒂
𝒉𝒂
=

𝑭

𝒔 − 𝒂
⋅
𝒂

𝟐𝑭
=

𝒂

𝟐(𝒔 − 𝒂)
 

𝟓

𝟐
+
𝟏

𝟐
∑
𝒓𝒂
𝒉𝒂

𝒄𝒚𝒄

=
𝟓

𝟐
+
𝟏

𝟐
∑

𝒂

𝟐(𝒔 − 𝒂)
𝒄𝒚𝒄

=
𝟓

𝟐
+
𝟏

𝟒
∑

𝒂

𝒔 − 𝒂
𝒄𝒚𝒄

= 

=
𝟓

𝟐
+
𝟏

𝟒
∑
𝒂− 𝒔 + 𝒔

𝒔 − 𝒂
𝒄𝒚𝒄

=
𝟓

𝟐
+
𝟏

𝟒
(−𝟑 +∑

𝒔

𝒔 − 𝒂
𝒄𝒚𝒄

) =
𝟕

𝟒
+
𝒔

𝟒
∑

𝟏

𝒔 − 𝒂
𝒄𝒚𝒄

; (𝟏) 

𝐜𝐨𝐬 (
𝑩− 𝑪

𝟐
) =

𝒉𝒂
𝒘𝒂

 

𝟐𝑹∑
𝟏

𝒘𝒂
𝒄𝒚𝒄

𝐜𝐨𝐬 (
𝑩− 𝑪

𝟐
) = 𝟐𝑹∑

𝟏

𝒘𝒂
𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
)

𝒄𝒚𝒄

= 𝟐𝑹∑
𝒉𝒂
𝒘𝒂𝟐

𝒄𝒚𝒄

= 

= 𝟐𝑹∑
𝟐𝑭

𝒂𝒘𝒂𝟐
𝒄𝒚𝒄

= 𝟒𝑹𝑭∑
𝟏

𝒂𝒘𝒂𝟐
𝒄𝒚𝒄

= 𝒂𝒃𝒄∑
(𝒃 + 𝒄)𝟐

𝟒𝒂𝒃𝒄𝒔(𝒔 − 𝒂)
𝒄𝒚𝒄

=
𝟏

𝟒𝒔
∑
(𝒃 + 𝒄)𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

= 

=
𝟏

𝟒𝒔
∑
(𝟐𝒔 − 𝒂)𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

=
𝟏

𝟒𝒔
∑
𝟒𝒔𝟐 − 𝟒𝒂𝒔 + 𝒂𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

=
𝟏

𝟒𝒔
∑(𝟒𝒔+

𝒂𝟐

𝒔 − 𝒂
)

𝒄𝒚𝒄

= 

= 𝟑 +
𝟏

𝟒𝒔
∑

𝒂𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

= 𝟑 −
𝟏

𝟒𝒔
∑
𝒔𝟐 − 𝒂𝟐 − 𝒔𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

= 𝟑 −
𝟏

𝟒𝒔
 ∑(𝒔 + 𝒂 −

𝒔𝟐

𝒔 − 𝒂
)

𝒄𝒚𝒄

= 

= 𝟑 −
𝟏

𝟒𝒔
(𝟓𝒔 −∑

𝒔𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

) = 𝟑 −
𝟓

𝟒
+
𝟏

𝟒𝒔
∑

𝒔𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

=
𝟕

𝟒
+
𝒔

𝟒
∑

𝟏

𝒔 − 𝒂
𝒄𝒚𝒄

;   (𝟐) 

From(1) and (2), it follows that: 

𝟓

𝟐
+
𝟏

𝟐
∑
𝒓𝒂
𝒉𝒂

𝒄𝒚𝒄

= 𝟐𝑹∑
𝟏

𝒘𝒂
𝒄𝒚𝒄

𝐜𝐨𝐬 (
𝑩 − 𝑪

𝟐
) 

Solution 2 by Tapas Das-India 

𝐜𝐨𝐬
𝑨

𝟐
= √

𝒔(𝒔 − 𝒂)

𝒃𝒄
, 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) =

𝒂 + 𝒃

𝟐
𝐬𝐢𝐧
𝑪

𝟐
 

𝒘𝒂
𝟐 =

𝟒𝒃𝒄𝒔(𝒔 − 𝒂)

(𝒃 + 𝒄)𝟐
, 𝟐𝑹 =

𝒂

𝐬𝐢𝐧 𝑨
=

𝒃

𝐬𝐢𝐧𝑩
=

𝒄

𝐬𝐢𝐧𝑪
 

𝟐𝑹

𝒘𝒂
𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
) =

𝒂

𝐬𝐢𝐧𝑨
⋅
𝒃 + 𝒄

𝟐√𝒃𝒄𝒔
⋅

𝟏

√𝒔 − 𝒂
⋅
𝒃 + 𝒄

𝒂
⋅ 𝐬𝐢𝐧

𝑨

𝟐
= 



 
www.ssmrmh.ro 

88 RMM-GEOMETRY MARATHON 601-700 

 

=
𝒂

𝟐𝐬𝐢𝐧
𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

⋅
𝒃 + 𝒄

𝟐√𝒃𝒄𝒔
⋅

𝟏

√𝒔 − 𝒂
⋅
𝒃 + 𝒄

𝒂
⋅ 𝐬𝐢𝐧

𝑨

𝟐
= 

=
𝟏

𝟒
⋅

(𝒃 + 𝒄)𝟐

𝐜𝐨𝐬
𝑨
𝟐 √𝒃𝒄𝒔

(𝒔 − 𝒂)
=
𝟏

𝟒
⋅
(𝒃 + 𝒄)𝟐

𝒔(𝒔 − 𝒂)
=
𝟏

𝟒
⋅
(𝟐𝒔 − 𝒂)𝟐

𝒔(𝒔 − 𝒂)
=
𝟏

𝟒
⋅
[𝒔 + (𝒔 − 𝒂)]𝟐

𝒔(𝒔 − 𝒂)
= 

=
𝟏

𝟒
⋅
𝒔𝟐 + (𝒔 − 𝒂)𝟐 + 𝟐𝒔(𝒔 − 𝒂)

𝒔(𝒔 − 𝒂)
=
𝟏

𝟒
(
𝒔

𝒔 − 𝒂
+
𝒔 − 𝒂

𝒔
+ 𝟐) 

𝟐𝑹∑
𝟏

𝒘𝒂
𝒄𝒚𝒄

𝐜𝐨𝐬 (
𝑩 − 𝑪

𝟐
) =

𝟏

𝟒
∑(

𝒔

𝒔 − 𝒂
+
𝒔 − 𝒂

𝒔
+ 𝟐)

𝒄𝒚𝒄

= 

=
𝟏

𝟒
∑

𝒔

𝒔 − 𝒂
𝒄𝒚𝒄

+
𝟕

𝟒
; (𝟏) 

𝟓

𝟐
+
𝟏

𝟐
∑
𝒓𝒂
𝒉𝒂

𝒄𝒚𝒄

=
𝟓

𝟐
+
𝟏

𝟐
∑

𝑭

𝒔 − 𝒂
⋅
𝒂

𝟐𝑭
𝒄𝒚𝒄

=
𝟓

𝟐
+
𝟏

𝟒
∑

𝒂

𝒔 − 𝒂
𝒄𝒚𝒄

= 

=
𝟓

𝟐
+
𝟏

𝟒
∑
𝒔− (𝒔 − 𝒂)

𝒔 − 𝒂
𝒄𝒚𝒄

=
𝟕

𝟒
+
𝟏

𝟒
∑

𝒔

𝒔 − 𝒂
𝒄𝒚𝒄

; (𝟐) 

From (1) and (2), it follows that: 

𝟓

𝟐
+
𝟏

𝟐
∑
𝒓𝒂
𝒉𝒂

𝒄𝒚𝒄

= 𝟐𝑹∑
𝟏

𝒘𝒂
𝒄𝒚𝒄

𝐜𝐨𝐬 (
𝑩 − 𝑪

𝟐
) 

 

 

674. 𝒂, 𝒃, 𝒄 −sides in 𝚫𝑨𝑩𝑪,√𝒂, √𝒃, √𝒄 −sides in 𝚫𝑨′𝑩′𝑪′. Prove that: 

𝒂 𝐬𝐢𝐧𝑨′ + 𝒃 𝐬𝐢𝐧𝑩′ + 𝒄 𝐬𝐢𝐧 𝑪′ ≤ 𝟑𝑭′√
𝟐𝑹

𝒓
 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution 1 by Marian Ursărescu-Romania 

From Law of sines: 

𝐬𝐢𝐧𝑨 =
𝒂

𝟐𝑹
⇒ 𝐬𝐢𝐧 𝑨′ =

𝒂′

𝟐𝑹′
=
√𝒂

𝟐𝑹′
;   (𝟏) 

𝑭′ =
𝒂′𝒃′𝒄′

𝟒𝑹′
=
√𝒂𝒃𝒄

𝟒𝑹′
; (𝟐) 

From (1) and (2) we must show: 
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𝒂√𝒂 + 𝒃√𝒃 + 𝒄√𝒄

𝟐𝑹′
≤
𝟑√𝒂𝒃𝒄

𝟒𝑹′
√
𝟐𝑹

𝒓
⇔ 𝟐(𝒂√𝒂 + 𝒃√𝒃 + 𝒄√𝒄) ≥ 𝟑√𝒂𝒃𝒄√

𝟐𝑹

𝒓
 

𝟐(𝒂√𝒂 + 𝒃√𝒃 + 𝒄√𝒄)
𝟐
≤ 𝟗𝒂𝒃𝒄 ⋅

𝑹

𝒓
;  (𝟑) 

But 𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔; (𝟒). From (3) and (4) we must show: 

𝟐(𝒂√𝒂 + 𝒃√𝒃 + 𝒄√𝒄)
𝟐
≤ 𝟗 ⋅ 𝟒𝑹𝒓𝒔 ⋅

𝑹

𝒓
⇔ (𝒂√𝒂 + 𝒃√𝒃 + 𝒄√𝒄)

𝟐
≤ 𝟏𝟖𝑹𝟐𝒔; (𝟓) 

From CBS inequality, we have: 

(𝒂√𝒂 + 𝒃√𝒃 + 𝒄√𝒄)
𝟐
≤ (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂 + 𝒃 + 𝒄) = 𝟐𝒔(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐); (𝟔) 

From (5) and (6) we must show: 

𝟐𝒔(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≤ 𝟏𝟖𝑹𝟐𝒔 ⇔ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐 (𝑳𝒆𝒊𝒃𝒏𝒊𝒛) 

Solution 2 by Tapas Das-India 

Let 𝒂′ = √𝒂,𝒃′ = √𝒃, 𝒄′ = √𝒄 , 𝑭′ =
𝟏

𝟐
𝒃′𝒄′ 𝐬𝐢𝐧𝑨′ ⇒

𝟐𝑭′

𝒃′𝒄′
= 𝐬𝐢𝐧 𝑨′ (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝒂 𝐬𝐢𝐧𝑨′ + 𝒃 𝐬𝐢𝐧𝑩′ + 𝒄𝐬𝐢𝐧 𝑪′ = 𝒂 ⋅
𝟐𝑭′

𝒃′𝒄′
+ 𝒃 ⋅

𝟐𝑭′

𝒂′𝒄′
+ 𝒄 ⋅

𝟐𝑭′

𝒂′𝒃′
= 

= 𝟐𝑭′ [
𝒂

𝒃′𝒄′
+
𝒃

𝒄′𝒂′
+

𝒄

𝒂′𝒃′
] = 𝟐𝑭′ [

𝒂

√𝒃𝒄
+
𝒃

√𝒄𝒂
+

𝒄

√𝒂𝒃
] = 

= 𝟐𝑭′ [
𝒂
𝟑
𝟐

√𝒂𝒃𝒄
+

𝒃
𝟑
𝟐

√𝒂𝒃𝒄
+

𝒄
𝟑
𝟐

√𝒂𝒃𝒄
] =

𝟐𝑭′

√𝒂𝒃𝒄
(𝒂
𝟑
𝟐 + 𝒃

𝟑
𝟐 + 𝒄

𝟑
𝟐) ≤ 

≤
𝟐𝑭′

√𝒂𝒃𝒄
√(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂 + 𝒃 + 𝒄) ≤

𝟐𝑭′

√𝒂𝒃𝒄
√𝟗𝑹𝟐 ⋅ 𝟐𝒔 = 

=
𝟐𝑭′ ⋅ 𝟑𝑹 ⋅ √𝟐𝒔

√𝟒𝑹𝒓𝒔
= 𝟑𝑭′√

𝟐𝑹

𝒓
 

675. In ∆ABC holds: 

  
a

b
+
b

c
+
c

a
+
R

2r
≥1+

b

a
+
c

b
+
a

c
  

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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𝑾𝒆 𝒘𝒊𝒍𝒍 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒊𝒔 𝒕𝒓𝒖𝒆.  

𝑻𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒉𝒆 𝒔𝒕𝒂𝒕𝒆𝒎𝒆𝒏𝒕 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘𝒔 ∶ 

𝑹

𝟐𝒓
≥ 𝟏 +

(𝒃 − 𝒂)(𝒂 − 𝒄)(𝒄 − 𝒃)

𝒂𝒃𝒄
. 

𝑼𝒔𝒊𝒏𝒈 𝑹𝒂𝒗𝒊′𝒔 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 ∶   𝒂 = 𝒚 + 𝒛,   𝒃 = 𝒛 + 𝒙,   𝒄 = 𝒙 + 𝒚 

𝑻𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒃𝒆𝒄𝒐𝒎𝒆𝒔, 

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)

𝟖𝒙𝒚𝒛
≥ 𝟏 +

(𝒙 − 𝒚)(𝒚 − 𝒛)(𝒛 − 𝒙)

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)
 

𝑰𝒇 (𝒙 − 𝒚)(𝒚 − 𝒛)(𝒛 − 𝒙) ≤ 𝟎 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑪𝒆𝒔𝒂𝒓𝒐′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑨𝒔𝒔𝒖𝒎𝒆 𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶  (𝒙 − 𝒚)(𝒚 − 𝒛)(𝒛 − 𝒙) ≥ 𝟎. 

𝑩𝒚 𝑪𝒆𝒔𝒂𝒓𝒐′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) ≥ 𝟖𝒙𝒚𝒛 𝒔𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)

𝟖𝒙𝒚𝒛
≥ 𝟏 +

(𝒙 − 𝒚)(𝒚 − 𝒛)(𝒛 − 𝒙)

𝟖𝒙𝒚𝒛
 ⇔ 

𝒙𝟐𝒚 + 𝒚𝟐𝒛 + 𝒛𝟐𝒙 − 𝟑𝒙𝒚𝒛

𝟒𝒙𝒚𝒛
≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 
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𝐍𝐨𝐰, ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 

 ∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑+ 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫

≥
𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑 + 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑− 𝐫)(𝟒𝐑+ 𝐫)  

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭− 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫

≥ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 (𝐐𝐄𝐃) 

Solution 3 by Alex Szoros-Romania 

𝐋𝐞 𝐮𝐬 𝐝𝐞𝐧𝐨𝐭𝐞:𝑴 = 𝐦𝐚𝐱 {
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
;
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
}  𝐚𝐧𝐝 𝒎 = 𝐦𝐢𝐧 {

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
;
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
} 

𝐂𝐚𝐬𝐞 𝐈) 𝐒𝐮𝐩𝐩𝐨𝐬𝐞 𝐭𝐡𝐚𝐭:𝑴 =
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
. 𝐅𝐫𝐨𝐦 𝑴 ≥ 𝒎 𝐚𝐧𝐝 

𝑹

𝟐𝒓
≥ 𝟏 𝐰𝐞 𝐠𝐞𝐭: 

𝑴+
𝑹

𝟐𝒓
≥ 𝒎+ 𝟏 ⇒

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝑹

𝟐𝒓
≥ 𝟏+

𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
 

𝐂𝐚𝐬𝐞 𝐈𝐈) 𝐒𝐮𝐩𝐩𝐨𝐬𝐞 𝐭𝐡𝐚𝐭:𝑴 =
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
. 
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𝐖𝐞 𝐬𝐡𝐨𝐰 𝐭𝐡𝐚𝐭 𝐢𝐧 𝐚𝐧𝐲 𝚫𝑨𝑩𝑪 𝐡𝐨𝐥𝐝𝐬: 𝟐𝐦 ≥ 𝐌+ 𝟑; (∗) 

𝐅𝐫𝐨𝐦 ∑(𝒂 + 𝒄 − 𝒃)(𝒂 − 𝒃)𝟐 ≥ 𝟎 ⇒ ∑(𝒂 + 𝒄 − 𝒃)(𝒂𝟐 − 𝟐𝒂𝒃+ 𝒃𝟐) ≥ 𝟎 ⇔ 

∑(𝒂𝟑 − 𝟐𝒂𝟐𝒃+ 𝒂𝒃𝟐 + 𝒂𝟐𝒄 − 𝟐𝒂𝒃𝒄+ 𝒃𝟐𝒄 − 𝒂𝟐𝒃+ 𝟐𝒂𝒃𝟐 − 𝒃𝟑) ≥ 𝟎 ⇔ 

𝟒∑𝒂𝒃𝟐 − 𝟐∑𝒂𝟐𝒃− 𝟔𝒂𝒃𝒄 ≥ 𝟎│:𝟐𝒂𝒃𝒄 ⇒ 𝟐(
𝒃

𝒄
+
𝒄

𝒂
+
𝒂

𝒃
) ≥

𝒂

𝒄
+
𝒃

𝒂
+
𝒄

𝒃
+ 𝟑 ⇒ 

𝟐𝒎 ≥ 𝑴+ 𝟑 ⇒ 𝟐𝒎+
𝑹

𝒓
≥
(∗)

𝑴+𝟑 +
𝑹

𝒓
≥

𝑺𝒉𝒂𝒏 𝑯𝒆 𝑾𝒖
𝟐 + 𝟐𝑴 ⇒ 

𝟐𝒎+
𝑹

𝒓
≥ 𝟐(𝟏 +𝑴) ⇒ 𝒎+

𝑹

𝟐𝒓
≥ 𝟏 +𝑴 

676. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝒔𝒂
𝟐

𝒔𝒄
𝒄𝒚𝒄

≤
𝟗𝑹

𝟐
(
𝑹

𝟐𝒓
)
𝟔

  

   Proposed by Marin Chirciu-Romania 
Solution 1 by Marian Ursărescu-Romania 

We must show that: 

𝟏

𝒔𝒂𝒔𝒃𝒔𝒄
(𝒔𝒂
𝟑𝒔𝒃 + 𝒔𝒃

𝟑𝒔𝒄 + 𝒔𝒄
𝟑𝒔𝒂) ≤

𝟗𝑹𝟕

𝟐𝟕𝒓𝟔
; (𝟏) 

Now, we use: 

(𝟐): 𝟑(𝒙𝟑𝒚 + 𝒚𝟑𝒛 + 𝒛𝟑𝒙) ≤ (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 ⇔ 

(𝒎 + 𝒏+ 𝒑)𝟐 ≥ 𝟑(𝒎𝒏+ 𝒏𝒑 + 𝒑𝒎) 𝐟𝐨𝐫 𝒎 = 𝒙𝟐 + 𝒚𝒛 − 𝒙𝒚, 𝒏 = 𝒚𝟐 + 𝒛𝒙 − 𝒚𝒛 

𝐚𝐧𝐝 𝒑 = 𝒛𝟐 + 𝒙𝒚 − 𝒛𝒙 

𝐅𝐫𝐨𝐦 (𝟏) ⇒ 𝒔𝒂
𝟑𝒔𝒃 + 𝒔𝒃

𝟑𝒔𝒄 + 𝒔𝒄
𝟑𝒔𝒂 ≤

𝟏

𝟑
(𝒔𝒂
𝟐 + 𝒔𝒃

𝟐 + 𝒔𝒄
𝟐)
𝟐

 

We must show: 

(𝒔𝒂
𝟐 + 𝒔𝒃

𝟐 + 𝒔𝒄
𝟐)
𝟐

𝟑𝒔𝒂𝒔𝒃𝒔𝒄
≤
𝟗𝑹𝟕

𝟐𝟕𝒓𝟔
; (𝟐) 

𝐁𝐮𝐭: 𝒔𝒂 ≤ 𝒎𝒂 ⇒ 𝒔𝒂
𝟐 + 𝒔𝒃

𝟐 + 𝒔𝒄
𝟐 ≤ 𝒎𝒂

𝟐 +𝒎𝒃
𝟐 +𝒎𝒄

𝟐 =
𝟑

𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≤

𝟑

𝟒
⋅ 𝟗𝑹𝟐; (𝟑) 

From (2) and (3) we must show: 

𝟗

𝟏𝟔
⋅
𝟖𝟏𝑹𝟒

𝟑𝒔𝒂𝒔𝒃𝒔𝒄
≤
𝟗𝑹𝟕

𝟐𝟕𝒓𝟔
⇔

𝟐𝟕

𝒔𝒂𝒔𝒃𝒔𝒄
≤
𝑹𝟑

𝟖𝒓𝟔
⇔ 𝒔𝒂𝒔𝒃𝒔𝒄 ≥ 𝟐𝟕 ⋅ 𝟖 ⋅

𝒓𝟔

𝑹𝟑
; (𝟒) 
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𝐁𝐮𝐭: 𝒔𝒂 =
𝟐𝒃𝒄

𝒃𝟐 + 𝒄𝟐
𝒎𝒂 ⇒ 𝒔𝒂𝒔𝒃𝒔𝒄 =

𝟖(𝒂𝒃𝒄)𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒎𝒂𝒎𝒃𝒎𝒄; (𝟓) 

From (4) and (5) we must show: 

𝟖(𝒂𝒃𝒄)𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝟐𝟕 ⋅ 𝟖 ⋅

𝒓𝟔

𝑹𝟑
⇔ 

(𝒂𝒃𝒄)𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝟐𝟕 ⋅

𝒓𝟔

𝑹𝟑
 

But:𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔; (𝟖). From (7) and (8) we must show: 

𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒎𝒂𝒎𝒃𝒎𝒄 ≥

𝟐𝟕𝒓𝟔

𝑹𝟑
⇔ 

𝟏𝟔𝑹𝟐𝒔𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒎𝒂𝒎𝒃𝒎𝒄 ≥

𝟐𝟕𝑹𝟒

𝑹𝟑
; (𝟗) 

𝐁𝐮𝐭: √(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝟑

≤
𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟑
⇒ 

𝒎𝒂𝒎𝒃𝒎𝒄

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
≥

𝟐𝟕

𝟖(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
; (𝟏𝟎) 

From (9) and (10) we must show: 

𝟏𝟔 ⋅ 𝟐𝟕𝑹𝟐𝒔𝟐𝒎𝒂𝒎𝒃𝒎𝒄

𝟖(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟑
≥
𝟐𝟕𝒓𝟒

𝑹𝟑
⇔
𝟐𝑹𝟐𝒔𝟐𝒎𝒂𝒎𝒃𝒎𝒄

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟑
≥
𝒓𝟒

𝑹𝟑
; (𝟏𝟏) 

𝐁𝐮𝐭: 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≤ 𝟗𝑹𝟐 ⇒
𝟏

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟑
≥

𝟏

𝟗𝟑𝑹𝟔
=

𝟏

𝟑𝟔𝑹𝟔
; (𝟏𝟐) 

From (11) and (12) we must show: 

𝟐𝑹𝟐𝒔𝟐𝒎𝒂𝒎𝒃𝒎𝒄

𝟑𝟔𝑹𝟔
≥
𝒓𝟒

𝑹𝟑
⇔ 𝟐𝒔𝟐𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝟑

𝟔𝒓𝟒𝑹; (𝟏𝟑) 

But 𝒎𝒂 ≥ √𝒔(𝒔 − 𝒂) ⇒ 𝒎𝒂𝒎𝒃𝒎𝒄 ≥ 𝒔
𝟐𝒓; (𝟏𝟒) 

From (13) and (14) we must show: 

𝟐𝒔𝟒𝒓 ≥ 𝟑𝟔𝒓𝟒𝑹 ⇔ 𝟐𝒔𝟒 ≥ 𝟑𝟔𝑹𝒓𝟑; (𝟏𝟓) 

But 𝟐𝒔𝟐 ≥ 𝟐𝟕𝑹𝒓 (𝑪𝒐𝒔𝒏𝒊𝒕𝒂 − 𝑻𝒖𝒓𝒕𝒐𝒊𝒖); (𝟏𝟔). 

From (15) and (16) we must show: 𝒔𝟐 − 𝟐𝟕𝑹𝒓 ≥ 𝟑𝟔𝑹𝒓𝟑 ⇔ 

𝒔𝟐 ≥ 𝟐𝟕𝑹𝟐(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄). 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒉𝒂 ≤ 𝒔𝒂 =
𝟐𝒃𝒄

𝒃𝟐 + 𝒄𝟐
.𝒎𝒂 ≤⏞

𝑨𝑴−𝑮𝑴

 𝒎𝒂  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶ 

  ∑
𝒔𝒂
𝟐

𝒔𝒄
𝒄𝒚𝒄

≤∑
𝒎𝒂

𝟐

𝒉𝒄
𝒄𝒚𝒄

=
𝟏

𝟖𝑭
∑𝒄(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)

𝒄𝒚𝒄

=
𝟏

𝟖𝑭
(𝟐∑𝒃𝟐𝒄

𝒄𝒚𝒄

+ 𝟐∑𝒂𝟑

𝒄𝒚𝒄

−∑𝒄𝒂𝟐

𝒄𝒚𝒄

) ≤⏞
𝑨𝑴−𝑮𝑴

 

 
𝟏

𝟖𝑭
(𝟐∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟐∑𝒂𝟑

𝒄𝒚𝒄

− 𝟑𝒂𝒃𝒄) =
𝟒. 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) − 𝟑. 𝟒𝑹𝒔𝒓

𝟖𝒔𝒓

=
𝟐𝒔𝟐 − 𝟏𝟓𝑹𝒓 − 𝟔𝒓𝟐

𝟐𝒓
≤ 

≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
𝟖𝑹𝟐 − 𝟕𝑹𝒓

𝟐𝒓
=
𝟑𝟐𝑹𝟐𝒓 − 𝟕𝑹(𝟒𝒓𝟐 + 𝑹𝟐) + 𝟕𝑹𝟑

𝟒𝒓. 𝟐𝒓
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝟑𝟐𝑹𝟐𝒓 − 𝟕𝑹. 𝟒𝑹𝒓 + 𝟕𝑹𝟑

𝟖𝒓𝟐

=
𝟕𝑹𝟑 + 𝟒𝑹𝟐𝒓

𝟖𝒓𝟐
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟗𝑹𝟑

𝟖𝒓𝟐
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟗𝑹𝟑

𝟖𝒓𝟐
. (
𝑹

𝟐𝒓
)
𝟒

=
𝟗𝑹

𝟐
(
𝑹

𝟐𝒓
)
𝟔

,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

677. In 𝚫𝑨𝑩𝑪, 𝑰 −incenter, 𝑹𝒂, 𝑹𝒃, 𝑹𝒄 −circumradius of 𝚫𝑩𝑰𝑪, 𝚫𝑪𝑰𝑨, 𝚫𝑨𝑰𝑩. 

Prove that: 

𝟑𝒔 (
𝟐𝒓

𝑹
)

𝟏
𝟑
≤
𝒂𝒓𝒂
𝑹𝒂

+
𝒃𝒓𝒃
𝑹𝒃

+
𝒄𝒓𝒄
𝑹𝒄
≤ 𝟑𝒔 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

𝑩𝑰�̂� = 𝝅 −
𝑩+ 𝑪

𝟐
=
𝝅

𝟐
+
𝑨

𝟐
 

From Law of sines, we have: 

𝒂

𝐬𝐢𝐧(𝑩𝑰𝑪)
= 𝟐𝑹𝒂 ⇒ 𝑹𝒂 =

𝒂

𝟐 𝐜𝐨𝐬
𝑨
𝟐

 

We must show that: 
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𝟑𝒔√
𝟐𝒓

𝑹

𝟑

≤ 𝟐∑𝒓𝒂 𝐜𝐨𝐬
𝑨

𝟐
𝒄𝒚𝒄

≤ 𝟑𝒔;  (𝟏) 

𝐁𝐮𝐭:  𝒓𝒂 = 𝒔 𝐭𝐚𝐧
𝑨

𝟐
⇒ 𝒓𝒂 𝐜𝐨𝐬

𝑨

𝟐
= 𝒔𝐬𝐢𝐧

𝑨

𝟐
; (𝟐) 

From (1) and (2) we must show: 

𝟑

𝟐
√
𝟐𝒓

𝑹

𝟑

≤∑𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

≤
𝟑

𝟐
; (𝟑) 

For the left side, we have: 

∑𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

≥ 𝟑√∏𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

𝟑
; (𝟒) 

𝐁𝐮𝐭: ∏𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

≥ 𝟑√
𝒓

𝟒𝑹

𝟑
=
𝟑

𝟐
√
𝟐𝒓

𝑹

𝟑

 

For the right side, we have: 

∑𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

≤
𝟑

𝟐
 𝐭𝐫𝐮𝐞, 𝐛𝐞𝐜𝐮𝐬𝐞 𝐛𝐲 

∑𝐜𝐨𝐬
𝑨

𝟐
𝒄𝒚𝒄

≤
𝟑

𝟐
 𝐩𝐮𝐭 𝑨 →

𝑨

𝟐
,𝑩 →

𝑩

𝟐
 𝐚𝐧𝐝 𝑪 →

𝑪

𝟐
. 

 

678.   In any ∆ABC holds:  

ma
mb
+
mb
mc
+
mc
ma
+
R2

4r2
≥1+

mb
ma
+
mc
mb
+
ma
mc
   

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪,   𝟐 (
𝒎𝒂

𝒎𝒃
+
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒂
) ≥

𝒎𝒃

𝒎𝒂
+
𝒎𝒄

𝒎𝒃
+
𝒎𝒂

𝒎𝒄
+ 𝟑. 



 
www.ssmrmh.ro 

96 RMM-GEOMETRY MARATHON 601-700 

 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝟐 (
𝒎𝒂

𝒎𝒃
+
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒂
) − (

𝒎𝒃

𝒎𝒂
+
𝒎𝒄

𝒎𝒃
+
𝒎𝒂

𝒎𝒄
+ 𝟑)

=∑
(𝒎𝒂 +𝒎𝒃 −𝒎𝒄)(𝒎𝒃 −𝒎𝒄)

𝟐

𝟐𝒎𝒂𝒎𝒃𝒎𝒄
𝒄𝒚𝒄

≥ 𝟎 

𝑩𝒆𝒄𝒂𝒖𝒔𝒆  𝒎𝒂, 𝒎𝒃, 𝒎𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆 𝒍𝒆𝒏𝒈𝒕𝒉𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒐𝒇 𝒍𝒆𝒎𝒎𝒂 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑩𝒂𝒄𝒌 𝒕𝒐 𝒎𝒂𝒊𝒏 𝒑𝒓𝒐𝒃𝒍𝒆𝒎. 

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 𝟐(
𝒎𝒂

𝒎𝒃
+
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒂
+
𝑹𝟐

𝟒𝒓𝟐
) ≥

𝒎𝒃

𝒎𝒂
+
𝒎𝒄

𝒎𝒃
+
𝒎𝒂

𝒎𝒄
+ 𝟑 +

𝑹𝟐

𝟐𝒓𝟐
 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  
𝑹𝟐

𝟐𝒓𝟐
+ 𝟏 ≥

𝒎𝒃

𝒎𝒂
+
𝒎𝒄

𝒎𝒃
+
𝒎𝒂

𝒎𝒄
 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒎𝒃

𝒎𝒂
𝒄𝒚𝒄

 ≤⏞
𝑨𝑴−𝑮𝑴

 ∑
𝟏

𝟐
(
𝒎𝒃

𝟐

𝟗𝒓𝟐
+
𝟗𝒓𝟐

𝒎𝒂
𝟐
)

𝒄𝒚𝒄

 ≤⏞

𝒎𝒂  ≥ √𝒔(𝒔−𝒂)

 

 
𝟏

𝟏𝟖𝒓𝟐
.
𝟑

𝟒
∑𝒂𝟐

𝒄𝒚𝒄

+
𝟗𝒓𝟐

𝟐
∑

𝟏

𝒔(𝒔 − 𝒂)
𝒄𝒚𝒄

≤ 

≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 
𝟏

𝟐𝟒𝒓𝟐
. 𝟗𝑹𝟐 +

𝟗𝒓𝟐

𝟐𝒔
.
𝟒𝑹 + 𝒓

𝒔𝒓
 ≤⏞
𝑫𝒐𝒖𝒄𝒆𝒕

 
𝟑𝑹𝟐

𝟖𝒓𝟐
+
𝟑

𝟐
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝑹𝟐

𝟐𝒓𝟐
+ 𝟏. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅 𝒂𝒏𝒅 

 
𝒎𝒂

𝒎𝒃
+
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒂
+
𝑹𝟐

𝟒𝒓𝟐
≥ 𝟏 +

𝒎𝒃

𝒎𝒂
+
𝒎𝒄

𝒎𝒃
+
𝒎𝒂

𝒎𝒄
 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒊𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 
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⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰, ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 

 ∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑+ 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫

≥
𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑 + 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑− 𝐫)(𝟒𝐑+ 𝐫)  

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭− 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜

⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟏𝟔𝐅𝟐
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
, 𝒂𝐩𝐩𝐥𝐲𝐢𝐧𝐠 𝐰𝐡𝐢𝐜𝐡 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬  
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𝟐𝐦𝒂
𝟑
,
𝟐𝐦𝐛
𝟑
,
𝟐𝐦𝐜
𝟑
 𝐰𝐡𝐨𝐬𝐞 𝒂𝐫𝐞𝒂 𝐬𝐮𝐛𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝐥𝐲 =

𝐅

𝟑
,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭

∶
𝐦𝒂
𝐦𝐛
+
𝐦𝐛
𝐦𝐜
+
𝐦𝐜
𝐦𝒂
+

𝟖𝐦𝒂𝐦𝐛𝐦𝐜
𝟐𝟕

.
𝟐(𝐦𝒂 +𝐦𝐛 +𝐦𝐜)

𝟑
𝟏𝟔𝐅𝟐

𝟗

≥ 𝟏 +
𝐦𝐛
𝐦𝒂

+
𝐦𝐜
𝐦𝐛
+
𝐦𝒂
𝐦𝐜

 

⇒ 𝟏+
𝐦𝐛
𝐦𝒂
+
𝐦𝐜
𝐦𝐛
+
𝐦𝒂
𝐦𝐜
− (
𝐦𝒂
𝐦𝐛
+
𝐦𝐛
𝐦𝐜
+
𝐦𝐜
𝐦𝒂
)

≤
𝐦𝒂𝐦𝐛𝐦𝐜(𝐦𝒂 +𝐦𝐛 +𝐦𝐜)

𝟗𝐅𝟐
≤

∵ 𝐦𝒂𝐦𝐛𝐦𝐜 ≤ 
𝐑𝐬𝟐

𝟐
 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐁𝒂𝐠𝐞𝐫 𝐑𝐬

𝟐

𝟐
(𝟒𝐑 + 𝐫)

𝟗𝐫𝟐𝐬𝟐
≤
𝐄𝐮𝐥𝐞𝐫

𝐑
𝟐
(𝟒𝐑 +

𝐑
𝟐
)

𝟗𝐫𝟐
=
𝐑𝟐

𝟒𝐫𝟐
 

⇒
𝐦𝒂
𝐦𝐛
+
𝐦𝐛
𝐦𝐜
+
𝐦𝐜
𝐦𝒂
+
𝐑𝟐

𝟒𝐫𝟐
≥ 𝟏 +

𝐦𝐛
𝐦𝒂
+
𝐦𝐜
𝐦𝐛
+
𝐦𝒂
𝐦𝐜
 (𝐐𝐄𝐃) 

𝐏𝐫𝐨𝐨𝐟 𝐨𝐟 𝐦𝒂𝐦𝐛𝐦𝐜  ≤  
𝐑𝐬𝟐

𝟐
 

𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 =

𝟏

𝟔𝟒
(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) =

(𝟏) 𝟏

𝟔𝟒
{−𝟒∑𝒂𝟔

+ 𝟔(∑𝒂𝟒𝐛𝟐 +∑𝒂𝟐𝐛𝟒) + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐} 

𝐍𝐨𝐰,∑𝒂𝟔 = (∑𝒂𝟐)
𝟑

− 𝟑(𝒂𝟐+𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)

= (∑𝒂𝟐)
𝟑

− 𝟑(𝟐𝒂𝟐𝐛𝟐𝐜𝟐 +∑𝒂𝟐𝐛𝟐 (∑𝒂𝟐 − 𝐜𝟐)) 

= (∑𝒂𝟐)
𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑 (∑𝒂𝟐𝐛𝟐)∑𝒂𝟐

∴∑𝒂𝟔 =
(𝟐)
(∑𝒂𝟐)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐𝐛𝟐)∑𝒂𝟐 

∑𝒂𝟒𝐛𝟐 +∑𝒂𝟐𝐛𝟒 =∑𝒂𝟐𝐛𝟐 (∑𝒂𝟐 − 𝐜𝟐) =
(𝟑)
(∑𝒂𝟐𝐛𝟐)∑𝒂𝟐 − 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 

∴ (𝟏), (𝟐), (𝟑) ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐)

𝟑

− 𝟏𝟐𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏𝟐(∑𝒂𝟐𝐛𝟐)∑𝒂𝟐 + 𝟔(∑𝒂𝟐𝐛𝟐)∑𝒂𝟐

− 𝟏𝟖𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐) 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐)

𝟑

+ 𝟏𝟖(∑𝒂𝟐𝐛𝟐)∑𝒂𝟐 − 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐)

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐)

𝟑

+ 𝟏𝟖((∑𝒂𝐛)
𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐) (∑𝒂𝟐) − 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

=
𝟏

𝟔𝟒
{−𝟑𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟑
+ 𝟑𝟔(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

− 𝟓𝟕𝟔𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝟑𝟐𝐑𝟐𝐫𝟐𝐬𝟐} 

=
𝟏

𝟏𝟔
{𝐬𝟔 − 𝐬𝟒(𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑} ≤

𝐑𝟐𝐬𝟒

𝟒
⇔ 𝐬𝟔 − 𝐬𝟒(𝟒𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒)

− 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≤
(𝟒)

𝟎 
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𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (𝟒) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− 𝐬𝟒(𝟖𝐑𝐫 − 𝟑𝟔𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒)

− 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑≤⏞
?

𝟎

⇔ 𝐬𝟒(𝟖𝐑− 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟑 ≥
?
⏟
(𝟓)

𝟐𝟎𝐫𝐬𝟒 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (𝟓) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝒂)

𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑− 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑)

+ 𝐫𝟐(𝟒𝐑+ 𝐫)𝟑 𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (𝟓) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    
(𝐛)

𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝒂), (𝐛) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (𝟓), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞
∶ 𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑− 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟑

≥ 𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥ 𝟎

⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥
(𝟔)

𝟐𝟕𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (𝟔) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐜)

(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)

+ 𝐫(𝟒𝐑+ 𝐫)𝟑 𝐚𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (𝟔) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    
(𝐝)

𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝐜), (𝐝) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (𝟔), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞
∶ (𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  

≥ 𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ⇔ 𝟐𝟐𝟒𝐭𝟑 − 𝟓𝟖𝟕𝐭𝟐 + 𝟑𝟎𝟖𝐭− 𝟔𝟎 ≥ 𝟎 

(𝐰𝐡𝐞𝐫𝐞 𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐){(𝐭 − 𝟐)(𝟐𝟐𝟒𝐭 + 𝟑𝟎𝟗) + 𝟔𝟒𝟖} ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥⏞

𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (𝟔) ⇒ (𝟓)

⇒ (𝟒) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 ≤

𝐑𝟐𝐬𝟒

𝟒
⇒ 𝐦𝒂𝐦𝐛𝐦𝐜 ≤

𝐑𝐬𝟐

𝟐
 (𝐃𝐨𝐧𝐞) 

 

 

 

679. In ∆𝑨𝑩𝑪 the following relationship holds: 

  ∑
𝐜𝐨𝐭𝟐

𝑨
𝟐

𝐬𝐢𝐧 𝑨
𝒄𝒚𝒄

≥ 𝟗∑
𝐭𝐚𝐧𝟐

𝑨
𝟐

𝐬𝐢𝐧 𝑨
𝒄𝒚𝒄

 

 Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝐜𝐨𝐭
𝑨

𝟐
=
𝒔 − 𝒂

𝒓
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)  𝒂𝒏𝒅  𝐬𝐢𝐧𝑨 =

𝟐𝑹

𝒂
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔). 
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𝑻𝒉𝒆𝒏 ∶   ∑
𝐜𝐨𝐭𝟐

𝑨
𝟐

𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

=∑(
𝒔 − 𝒂

𝒓
)
𝟐

.
𝟐𝑹

𝒂
𝒄𝒚𝒄

=
𝟐𝑹

𝒓𝟐
∑(

𝒔𝟐

𝒂
− 𝟐𝒔 + 𝒂)

𝒄𝒚𝒄

=
𝟐𝑹

𝒓𝟐
(
𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝟒𝑹𝒓
− 𝟒𝒔) = 

=
𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟏𝟐𝑹𝒓)

𝟐𝒓𝟑
 ≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
𝒔(𝟒𝑹𝒓 − 𝟒𝒓𝟐)

𝟐𝒓𝟑
=
𝟐𝒔(𝑹 − 𝒓)

𝒓𝟐
  (𝟏) 

𝑨𝒍𝒔𝒐,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝐭𝐚𝐧𝟐

𝑨
𝟐

𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

=∑(
𝒓

𝒔− 𝒂
)
𝟐

.
𝟐𝑹

𝒂
𝒄𝒚𝒄

=
𝟐𝑹

𝒔
∑

𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)𝟐
𝒄𝒚𝒄

=
𝟐𝑹

𝒔
∑
(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂(𝒔 − 𝒂)
𝒄𝒚𝒄

≤ 

≤⏞
𝑨𝑴−𝑮𝑴

 
𝟐𝑹

𝒔
∑

𝒂𝟐

𝟒𝒂(𝒔 − 𝒂)
𝒄𝒚𝒄

≤
𝑹

𝟐𝒔
∑(

𝒔

𝒔 − 𝒂
− 𝟏)

𝒄𝒚𝒄

=
𝑹

𝟐𝒔
(
𝟒𝑹+ 𝒓

𝒓
− 𝟑) =

𝑹(𝟐𝑹− 𝒓)

𝒔𝒓
  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶   
𝟐𝒔(𝑹 − 𝒓)

𝒓𝟐
≥
𝟗𝑹(𝟐𝑹− 𝒓)

𝒔𝒓
  𝒐𝒓  

 𝟐𝒔𝟐(𝑹 − 𝒓) ≥ 𝟗𝑹𝒓(𝟐𝑹− 𝒓) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝟐𝒔𝟐(𝑹 − 𝒓) ≥⏞
𝑪𝒐𝒔𝒏𝒊𝒕𝒂 & 𝑇𝑢𝑟𝑡𝑜𝑖𝑢

 𝟐𝟕𝑹𝒓(𝑹 − 𝒓)

= 𝟗𝑹𝒓(𝟑𝑹− 𝟑𝒓) ≥⏞
𝑬𝒖𝒍𝒆𝒓

 𝟗𝑹𝒓(𝟐𝑹 − 𝒓). 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

 

 

680. " 𝐈𝐧 𝐚𝐧𝐲 ∆𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔: 

  
𝒂 + 𝒃

𝒃 + 𝒄
+
𝒃 + 𝒄

𝒄 + 𝒂
+
𝒄 + 𝒂

𝒂 + 𝒃
+
𝑹𝟑

𝟖𝒓𝟑
≥ 𝟏 +

𝒃 + 𝒄

𝒂 + 𝒃
+
𝒄 + 𝒂

𝒃 + 𝒄
+
𝒂 + 𝒃

𝒄 + 𝒂
 " .  

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
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∑
𝒃 + 𝒄

𝒂 + 𝒃
𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 √(∑(𝒃 + 𝒄)𝟐) (∑
𝟏

(𝒂+ 𝒃)𝟐
)  ≤⏞
𝑪𝑩𝑺 & 𝐴𝑀−𝐺𝑀

  √(∑𝟐 (𝒃𝟐 + 𝒄𝟐))(∑
𝟏

𝟒𝒂𝒃
) = 

= √(∑𝒂𝟐) .
𝟐𝒔

𝟒𝑹𝒔𝒓
 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 √𝟗𝑹𝟐.
𝟏

𝟐𝑹𝒓
= 𝟑√

𝑹

𝟐𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 𝟑.
𝑹

𝟐𝒓
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝑹𝟑

𝟖𝒓𝟑
+ 𝟏 + 𝟏 = 

= 𝟑 +
𝑹𝟑

𝟖𝒓𝟑
− 𝟏 ≤⏞

𝑨𝑴−𝑮𝑴

 
𝒂 + 𝒃

𝒃 + 𝒄
+
𝒃 + 𝒄

𝒄 + 𝒂
+
𝒄 + 𝒂

𝒂 + 𝒃
+
𝑹𝟑

𝟖𝒓𝟑
− 𝟏. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

  
𝒂 + 𝒃

𝒃 + 𝒄
+
𝒃 + 𝒄

𝒄 + 𝒂
+
𝒄 + 𝒂

𝒂 + 𝒃
+
𝑹𝟑

𝟖𝒓𝟑
≥ 𝟏 +

𝒃 + 𝒄

𝒂 + 𝒃
+
𝒄 + 𝒂

𝒃 + 𝒄
+
𝒂 + 𝒃

𝒄 + 𝒂
 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒊𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪. 

Solution 2 by Soumava Chakraborty-Kolkata-India 
𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰, ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 



 
www.ssmrmh.ro 

102 RMM-GEOMETRY MARATHON 601-700 

 

 ∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑+ 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫

≥
𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑 + 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑− 𝐫)(𝟒𝐑+ 𝐫)  

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭− 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜

⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟏𝟔𝐅𝟐
≥ 𝟏+

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
 

⇒ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤
(𝒍) 𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟐(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐) − (𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)
 

∵ 𝐛 + 𝐜, 𝐜 + 𝒂,𝒂 + 𝐛 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞,

∴ 𝐯𝐢𝒂 (𝒍) 𝐨𝐧 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝐛 + 𝐜, 𝐜 + 𝒂, 𝒂 + 𝐛,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

𝟏 +
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
− (
𝒂 + 𝐛

𝐛+ 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂+ 𝐛
) ≤

(∏ (𝐛 + 𝐜)𝐜𝐲𝐜 )(∑ (𝐛 + 𝐜)𝐜𝐲𝐜 )

𝟐∑ (𝐛 + 𝐜)𝟐(𝐜 + 𝒂)𝟐𝐜𝐲𝐜 − ∑ (𝐛 + 𝐜)𝟒𝐜𝐲𝐜

=
𝟐(∑ 𝒂𝐜𝐲𝐜 )(∏ (𝐛 + 𝐜)𝐜𝐲𝐜 )

𝟏𝟔𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )
=
∏ (𝐛 + 𝐜)𝐜𝐲𝐜

𝟖𝒂𝐛𝐜
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∴ 𝐟𝐨𝐫 𝐨𝐫𝐢𝐠𝐢𝐧𝒂𝒍 ∆ 𝐀𝐁𝐂,𝟏 +
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
− (
𝒂 + 𝐛

𝐛+ 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂+ 𝐛
)

≤
∏ (𝐛 + 𝐜)𝐜𝐲𝐜

𝟖𝒂𝐛𝐜
≤
? 𝐑

𝟐𝐫
⇔
𝐑

𝟐𝐫
≥
𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟑𝟐𝐑𝐫𝐬
⇔ 𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐 ≤

(∗∗∗∗∗)

𝟖𝐑𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐑𝟐 + 𝟔𝐑𝐫 + 𝟒𝐫𝟐 ≤
?
𝟖𝐑𝟐⇔ 𝟐𝐑𝟐 − 𝟑𝐑𝐫 − 𝟐𝐫𝟐 ≥

?
𝟎

⇔ (𝐑 − 𝟐𝐫)(𝟐𝐑+ 𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒ 𝟏 +
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂+ 𝐛

𝐜 + 𝒂
− (
𝒂 + 𝐛

𝐛 + 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂 + 𝐛
) ≤

𝐑

𝟐𝐫
≤
𝐄𝐮𝐥𝐞𝐫 𝐑𝟑

𝟖𝐫𝟑

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝒂 + 𝐛

𝐛 + 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂 + 𝐛
+
𝐑𝟑

𝟖𝐫𝟑

≥ 𝟏 +
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐐𝐄𝐃) 

681. In any 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑(
𝒃 + 𝒄

𝒂
+
𝒄 + 𝒂

𝒃
+
𝒂 + 𝒃

𝒄
) +

𝑹𝟐 − 𝟒𝒓𝟐

𝒓𝟐
≥ 𝟏𝟐 (

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution 1 by Alex Szoros-Romania 

∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

=∑(
𝒄

𝒂
+
𝒄

𝒃
)

𝒄𝒚𝒄

=∑
𝒄(𝒂 + 𝒃)

𝒂𝒃
𝒄𝒚𝒄

≥∑
𝟒𝒄

𝒂 + 𝒃
𝒄𝒚𝒄

 

⇒∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

≥ 𝟒∑
𝒄

𝒂 + 𝒃
𝒄𝒚𝒄

 

⇒ 𝟑∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

≥ 𝟏𝟐∑
𝒄

𝒂 + 𝒃
𝒄𝒚𝒄

; (𝟏) 

𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) ⇒ 𝑹𝟐 ≥ 𝟒𝒓𝟐 ⇒
𝑹𝟐 − 𝟒𝒓𝟐

𝒓𝟐
≥ 𝟎; (𝟐) 

From (1) and (2), it follows that: 

𝟑 (
𝒃 + 𝒄

𝒂
+
𝒄 + 𝒂

𝒃
+
𝒂 + 𝒃

𝒄
) +

𝑹𝟐 − 𝟒𝒓𝟐

𝒓𝟐
≥ 𝟏𝟐(

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) 

Solution 2 by Tapas Das-India 

𝒂

𝒃 + 𝒄
=
𝒂

𝟐
∙
𝟐

𝒃 + 𝒄
≤
𝒂

𝟒
(
𝟏

𝒃
+
𝟏

𝒄
) 

𝒃

𝒄 + 𝒂
≤
𝒃

𝟒
(
𝟏

𝒄
+
𝟏

𝒂
)  𝐚𝐧𝐝

𝒄

𝒂 + 𝒃
≤
𝒄

𝟒
(
𝟏

𝒂
+
𝟏

𝒃
) 

By adding, we get: 
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∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

≤
𝟏

𝟒
∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

 

𝟏𝟐(
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) ≤ 𝟏𝟐 ∙

𝟏

𝟒
∑
𝒃 + 𝒄

𝒂
𝒄𝒚𝒄

= 𝟑∑
𝒃 + 𝒄

𝒂
𝒄𝒚𝒄

; (𝟏) 

𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) ⇒ 𝑹𝟐 ≥ 𝟒𝒓𝟐 ⇒
𝑹𝟐 − 𝟒𝒓𝟐

𝒓𝟐
≥ 𝟎; (𝟐) 

From (1) and (2), it follows that: 

𝟑 (
𝒃 + 𝒄

𝒂
+
𝒄 + 𝒂

𝒃
+
𝒂 + 𝒃

𝒄
) +

𝑹𝟐 − 𝟒𝒓𝟐

𝒓𝟐
≥ 𝟏𝟐(

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) 

682. 

 

Let be an acute triangle 𝑫𝑬𝑭 with 𝒓𝟏, 𝒓𝟐, 𝒓𝟑 −exradii, 𝑹𝑨, 𝑹𝑩, 𝑹𝒄 −radii of 

circles with centers 𝑨, 𝑩, 𝑪. Prove that:  

 
𝟏

𝒓𝟏
+
𝟏

𝒓𝟐
+
𝟏

𝒓𝟑
≥

𝟏

𝑹𝑨 + 𝑹𝑩 + 𝑹𝒄
 

Proposed by Marian Ursărescu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒓 𝒃𝒆 𝒕𝒉𝒆 𝒊𝒏𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 ∆𝑫𝑬𝑭.𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝟏

𝒓𝟏
+
𝟏

𝒓𝟐
+
𝟏

𝒓𝟑
=
𝟏

𝒓
.   

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  𝑹𝑨 + 𝑹𝑩 +𝑹𝒄 ≥ 𝒓. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝑭𝑴 = 𝑭𝑪 + 𝑪𝑰 + 𝑰𝑴 𝒘𝒊𝒕𝒉 ∶ 𝑭𝑴 =
𝒓

𝐬𝐢𝐧
𝑭
𝟐

,   𝑭𝑪 =
𝑹𝒄

𝐬𝐢𝐧
𝑭
𝟐

,   𝑪𝑰 = 𝑹𝒄,   𝑰𝑴 = 𝒓. 

𝑻𝒉𝒆𝒏 ∶   
𝒓

𝐬𝐢𝐧
𝑭
𝟐

=
𝑹𝒄

𝐬𝐢𝐧
𝑭
𝟐

+ 𝑹𝒄 + 𝒓 ⇒  𝑹𝒄 =
𝟏 − 𝐬𝐢𝐧

𝑭
𝟐

𝟏 + 𝐬𝐢𝐧
𝑭
𝟐

. 𝒓  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑵𝒐𝒘,   𝑹𝑨 +𝑹𝑩 +𝑹𝒄 = (
𝟏 − 𝐬𝐢𝐧

𝑫
𝟐

𝟏 + 𝐬𝐢𝐧
𝑫
𝟐

+
𝟏 − 𝐬𝐢𝐧

𝑬
𝟐

𝟏 + 𝐬𝐢𝐧
𝑬
𝟐

+
𝟏 − 𝐬𝐢𝐧

𝑭
𝟐

𝟏 + 𝐬𝐢𝐧
𝑭
𝟐

) . 𝒓

= (
𝟐

𝟏 + 𝐬𝐢𝐧
𝑫
𝟐

+
𝟐

𝟏 + 𝐬𝐢𝐧
𝑬
𝟐

+
𝟐

𝟏 + 𝐬𝐢𝐧
𝑭
𝟐

− 𝟑) . 𝒓 ≥ 

≥⏞
𝑪𝑩𝑺

 (𝟐.
𝟗

𝟑 + 𝐬𝐢𝐧
𝑫
𝟐 + 𝐬𝐢𝐧

𝑬
𝟐 + 𝐬𝐢𝐧

𝑭
𝟐

− 𝟑) . 𝒓 ≥⏞
𝑱𝒆𝒏𝒔𝒆𝒏

 (
𝟏𝟖

𝟑 + 𝟑𝐬𝐢𝐧
𝝅
𝟔

− 𝟑) . 𝒓 = 𝒓. 

  
𝟏

𝒓𝟏
+
𝟏

𝒓𝟐
+
𝟏

𝒓𝟑
≥

𝟏

𝑹𝑨 +𝑹𝑩 +𝑹𝒄
.   

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑫𝑬𝑭 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

683. Prove that in any triangle 𝑨𝑩𝑪 with usual notations holds: 

 
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟒√𝟑𝑭
≥ √

𝒎𝒂
𝒔𝒂

 

Proposed by Marius Drăgan, Neculai Stanciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒎𝒂

𝒔𝒂
=
𝒃𝟐 + 𝒄𝟐

𝟐𝒃𝒄
=
𝟏

𝟐
(
𝒃

𝒄
+
𝒄

𝒃
) ≤

𝑹

𝟐𝒓
 (𝑩𝒂𝒏𝒅𝒊𝒍𝒂′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚). 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶   
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟒√𝟑𝑭
≥ √

𝑹

𝟐𝒓
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟒√𝟑𝑭
=
𝒔𝟐 + 𝒓(𝟒𝑹+ 𝒓)

𝟒√𝟑𝒔𝒓
= 𝒇(𝒔),   𝒘𝒊𝒕𝒉 

 𝒇′(𝒔) =
𝒔𝟐 − 𝒓(𝟒𝑹+ 𝒓)

𝟒√𝟑𝒓𝒔𝟐
 >⏞
𝑫𝒐𝒖𝒄𝒆𝒕

 𝟎. 

𝑻𝒉𝒆𝒏 𝒇 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒂𝒏𝒅 𝒃𝒚 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟒√𝟑𝑭
= 𝒇(𝒔) ≥ 𝒇(√𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) =

(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) + 𝒓(𝟒𝑹+ 𝒓)

𝟒𝒓√𝟑(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)

=
𝟓𝑹 − 𝒓

√𝟑(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)
 ≥⏞
?

 √
𝑹

𝟐𝒓
 

⇔ 𝟐(𝟓𝑹− 𝒓)𝟐 ≥ 𝟑𝑹(𝟏𝟔𝑹− 𝟓𝒓)  ⇔ 𝟐𝑹𝟐 − 𝟓𝑹𝒓 + 𝟐𝒓𝟐 ≥ 𝟎 ⇔  (𝑹 − 𝟐𝒓)(𝟐𝑹− 𝒓) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝑹 ≥ 𝟐𝒓). 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

√
𝐦𝒂
𝐬𝒂
≤ √

𝐦𝒂
𝐡𝒂

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

√
𝐑

𝟐𝐫
≤
? 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂

𝟒√𝟑𝐅
⇔
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

𝟒𝟖𝐫𝟐𝐬𝟐
≥
? 𝐑

𝟐𝐫

⇔ 𝐬𝟒 + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 + 𝟐𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ≥
?
𝟐𝟒𝐑𝐫𝐬𝟐

⇔ 𝐬𝟒 + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
?
⏟
(𝐢)

(𝟏𝟔𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (𝐢) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐓𝐫𝐮𝐜𝐡𝐭

(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 + 𝟑𝐫𝟐𝐬𝟐 = (𝟏𝟔𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞

⇒
𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂

𝟒√𝟑𝐅
≥ √

𝐦𝒂
𝐬𝒂
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

684. In any ∆𝑨𝑩𝑪 the following relationship holds: 

  𝟏𝟐 (
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) +

𝑹𝟐 − 𝟒𝒓𝟐

𝒓𝟐
≥ 𝟑 (

𝒃 + 𝒄

𝒂
+
𝒄 + 𝒂

𝒃
+
𝒂 + 𝒃

𝒄
).   

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
≥⏞
𝑪𝑩𝑺

 
(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
=

𝟐𝒔𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

= 𝟐 −
𝟐(𝒓𝟐 + 𝟒𝑹𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓
≥ 

≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 𝟐 −
𝟐(𝒓𝟐 + 𝟒𝑹𝒓)

(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) + 𝒓𝟐 + 𝟒𝑹𝒓
= 𝟐 −

𝟒𝑹 + 𝒓

𝟐(𝟓𝑹 − 𝒓)
=
𝟏𝟔𝑹 − 𝟓𝒓

𝟐(𝟓𝑹 − 𝒓)
. 
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𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒃 + 𝒄

𝒂
+
𝒄 + 𝒂

𝒃
+
𝒂 + 𝒃

𝒄
=
(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝒃𝒄
− 𝟑

=
𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝟒𝑹𝒔𝒓
− 𝟑 = 

=
𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓

𝟐𝑹𝒓
  ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) + 𝒓𝟐 − 𝟐𝑹𝒓

𝟐𝑹𝒓
= 
𝟐𝑹𝟐 + 𝑹𝒓 + 𝟐𝒓𝟐

𝑹𝒓
. 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶   𝟏𝟐.
𝟏𝟔𝑹 − 𝟓𝒓

𝟐(𝟓𝑹 − 𝒓)
+
𝑹𝟐 − 𝟒𝒓𝟐

𝒓𝟐
≥ 𝟑.

𝟐𝑹𝟐 +𝑹𝒓 + 𝟐𝒓𝟐

𝑹𝒓
 

⇔ 𝟔𝑹𝒓𝟐(𝟏𝟔𝑹− 𝟓𝒓) + 𝑹(𝟓𝑹− 𝒓)(𝑹𝟐 − 𝟒𝒓𝟐) ≥ 𝟑𝒓(𝟓𝑹− 𝒓)(𝟐𝑹𝟐 +𝑹𝒓 + 𝟐𝒓𝟐) 

⇔ 𝟓𝑹𝟒 − 𝟑𝟏𝑹𝟑𝒓 + 𝟔𝟕𝑹𝟐𝒓𝟐 − 𝟓𝟑𝑹𝒓𝟑 + 𝟔𝒓𝟒 ≥ 𝟎 

⇔ (𝑹 − 𝟐𝒓){(𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟓𝑹 − 𝒓) + 𝒓𝟐] + 𝟑𝒓𝟐} ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝑹 ≥ 𝟐𝒓). 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝟏𝟐∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟏𝟐∑
𝟐𝐬 − (𝐛 + 𝐜)

𝐛 + 𝐜
𝐜𝐲𝐜

=
𝟐𝟒𝐬

∏ (𝐛 + 𝐜)𝐜𝐲𝐜
∑(𝐜 + 𝒂)(𝒂 + 𝐛)

𝐜𝐲𝐜

− 𝟑𝟔

= (
𝟐𝟒𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
)((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

)+∑𝒂𝐛

𝐜𝐲𝐜

)− 𝟑𝟔 

=
𝟐𝟒𝐬(𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
− 𝟑𝟔 ⇒ 𝟏𝟐∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

=
(𝐢) 𝟐𝟒𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟐𝟒𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
 

𝐀𝐠𝒂𝐢𝐧, 𝟑∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

= 𝟑∑
𝟐𝐬− 𝒂

𝒂
𝐜𝐲𝐜

=
𝟔𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝐬
− 𝟗 ⇒ 𝟑∑

𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

=
(𝐢𝐢) 𝟑(𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐)

𝟐𝐑𝐫

∴ 𝐯𝐢𝒂 (𝐢), (𝐢𝐢), 

𝟏𝟐(
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
) +

𝐑𝟐 − 𝟒𝐫𝟐

𝐫𝟐
≥ 𝟑(

𝐛+ 𝐜

𝒂
+
𝐜 + 𝒂

𝐛
+
𝒂 + 𝐛

𝐜
)

⇔
𝟐𝟒𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟐𝟒𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
+
𝐑𝟐 − 𝟒𝐫𝟐

𝐫𝟐
≥
𝟑(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐𝐑𝐫
 

⇔
𝐫𝟐(𝟐𝟒𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟐𝟒𝐫𝟐) + (𝐑𝟐 − 𝟒𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)

𝐫𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≥
𝟑(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐𝐑𝐫
⇔ 𝟑𝐫𝐬𝟒 − (𝟐𝐑𝟑 + 𝟒𝟎𝐑𝐫𝟐 − 𝟔𝐫𝟑)𝐬𝟐

− 𝐫(𝟒𝐑𝟒 + 𝟐𝐑𝟑𝐫 − 𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟓𝟔𝐑𝐫𝟑 − 𝟑𝐫𝟒) ≤
(∗)

𝟎 
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𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟑𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − (𝟐𝐑𝟑 + 𝟒𝟎𝐑𝐫𝟐 − 𝟔𝐫𝟑)𝐬𝟐

− 𝐫(𝟒𝐑𝟒 + 𝟐𝐑𝟑𝐫 − 𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟓𝟔𝐑𝐫𝟑 − 𝟑𝐫𝟒) ≤
?
𝟎 

⇔ (𝟐𝐑𝟑 − 𝟏𝟐𝐑𝟐𝐫 + 𝟐𝟖𝐑𝐫𝟐 − 𝟏𝟓𝐫𝟑)𝐬𝟐 + 𝐫(𝟒𝐑𝟒 + 𝟐𝐑𝟑𝐫 − 𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟓𝟔𝐑𝐫𝟑 − 𝟑𝐫𝟒) ≥
?
⏟
(∗∗)

𝟎 

∵ 𝟐𝐑𝟑 − 𝟏𝟐𝐑𝟐𝐫 + 𝟐𝟖𝐑𝐫𝟐 − 𝟏𝟓𝐫𝟑 = (𝐑 − 𝟐𝐫)(𝟐(𝐑− 𝟐𝐫)𝟐 + 𝟒𝐫𝟐) + 𝟗𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟗𝐫𝟑 > 0

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑𝟑 − 𝟏𝟐𝐑𝟐𝐫 + 𝟐𝟖𝐑𝐫𝟐 − 𝟏𝟓𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)

+ 𝐫(𝟒𝐑𝟒 + 𝟐𝐑𝟑𝐫 − 𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟓𝟔𝐑𝐫𝟑 − 𝟑𝐫𝟒) ≥
?
𝟎

⇔ 𝟗𝐭𝟒 − 𝟓𝟎𝐭𝟑 + 𝟏𝟏𝟒𝐭𝟐 − 𝟏𝟎𝟗𝐭+ 𝟏𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝐭𝟐 + 𝟕𝐭(𝐭 − 𝟐) + 𝟐𝟐) + 𝟑𝟓) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞

⇒ 𝟏𝟐(
𝒂

𝐛+ 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
) +

𝐑𝟐 − 𝟒𝐫𝟐

𝐫𝟐
≥ 𝟑(

𝐛 + 𝐜

𝒂
+
𝐜 + 𝒂

𝐛
+
𝒂+ 𝐛

𝐜
) (𝐐𝐄𝐃) 

 

685. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐡𝐨𝐥𝐝𝐬: 

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐬𝟐

𝟐𝟕𝐫𝟐
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
 

 
Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 
𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳, 
𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲+ 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 
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⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰, ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 

∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑+ 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫

≥
𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 +𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)  

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭− 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜

⇒ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤

𝐑

𝟐𝐫
≤
? 𝐬𝟐

𝟐𝟕𝐫𝟐
⇔ 𝟐𝐬𝟐 ≥

?
𝟐𝟕𝐑𝐫 
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⇔ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) + 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎

∴ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤

𝐬𝟐

𝟐𝟕𝐫𝟐
 

⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐬𝟐

𝟐𝟕𝐫𝟐
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 (𝐐𝐄𝐃) 

 

686. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐡𝐨𝐥𝐝𝐬: 

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑𝐬𝟐

𝟓𝟒𝐫𝟑
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
 

 
Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
𝐏𝐫𝐨𝐨𝐟 ∶ 𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜

= 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲+ 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰, ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 
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∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑+ 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫

≥
𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 +𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)  

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭− 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜

⇒ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤

𝐑

𝟐𝐫
≤
? 𝐑𝐬𝟐

𝟓𝟒𝐫𝟑
⇔ 𝟐𝐬𝟐 ≥

?
𝟐𝟕𝐑𝐫 

⇔ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) + 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎

∴ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤

𝐑𝐬𝟐

𝟓𝟒𝐫𝟑
 

⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑𝐬𝟐

𝟓𝟒𝐫𝟑
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 (𝐐𝐄𝐃) 

 

687. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝑹

𝟐𝒓
+ √

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≥ 𝟏 + √

𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution 1 by Alex Szoros-Romania 

𝐋𝐞𝐭:𝑴 = 𝐦𝐚𝐱 {
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
,
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
}  𝒎 = 𝐦𝐢𝐧 {

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
,
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
} 

⇒ 𝑴 ≥ 𝒎 ≥ 𝟑 

𝑰) 𝐒𝐮𝐩𝐩𝐨𝐬𝐞:𝑴 =
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
. 𝐇𝐨𝐰

𝑹

𝟐𝒓
≥ 𝟏 𝐚𝐧𝐝 √𝑴 ≥ √𝒎 ⇒ 

𝑹

𝟐𝒓
+ √𝑴 ≥ 𝟏 + √𝒎 

𝑰𝑰) 𝐒𝐮𝐩𝐩𝐨𝐬𝐞:𝑴 =
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
 

𝑹

𝟐𝒓
+ √𝒎 ≥ 𝟏 + √𝑴(𝒕𝒐 𝒑𝒓𝒐𝒗𝒆) ⇔

𝑹

𝟐𝒓
− 𝟏 ≥ √𝑴−√𝒎; (𝟏) 

We know that: 

𝑹

𝟐𝒓
+
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≥ 𝟏 +

𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
⇒
𝑹

𝟐𝒓
− 𝟏 ≥ 𝑴−𝒎 

It is enough to prove: 

𝑴−𝒎 ≥ √𝒎−√𝒎⇔ 𝑴−√𝑴 ≥ 𝒎− √𝒎; (𝟐) 

Let 𝒇: [𝟑,∞) → ℝ, 𝒇(𝒙) = 𝒙 − √𝒙  

𝒇′(𝒙) = 𝟏 −
𝟏

𝟐√𝒙
=
𝟐√𝒙 − 𝟏

𝟐√𝒙
> 0; ∀𝑥 ≥ 3 ⇒ 

𝒇 −increasing. How 𝑴 ≥ 𝒎 ⇒ 𝒇(𝑴) ≥ 𝒇(𝒎) ⇒ (𝟐) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
 ≤⏞
𝑪𝑩𝑺

√(𝒃𝟐 + 𝒄𝟐 + 𝒂𝟐) (
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 & 𝑆𝑡𝑒𝑖𝑛𝑖𝑛𝑔

√𝟗𝑹𝟐.
𝟏

𝟒𝒓𝟐
=
𝟑𝑹

𝟐𝒓
. 

𝑨𝒍𝒔𝒐 𝒃𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≥ 𝟑 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

𝑹

𝟐𝒓
+ √𝟑 ≥ 𝟏 +√

𝟑𝑹

𝟐𝒓
  𝒐𝒓  (√

𝑹

𝟐𝒓
− 𝟏)(√

𝑹

𝟐𝒓
+ 𝟏 − √𝟑) ≥ 𝟎 
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𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝑹 ≥ 𝟐𝒓. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰, ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 

 ∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜
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⇔
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫

≥
𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑 + 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑− 𝐫)(𝟒𝐑+ 𝐫) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭− 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜

⇒ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤

𝐑

𝟐𝐫
≤
𝐄𝐮𝐥𝐞𝐫 𝐑𝟐

𝟒𝐫𝟐

⇒ 𝟏+
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤
(𝒍) 𝐑𝟐

𝟒𝐫𝟐
 

𝐌𝒂𝐢𝐧 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲,
𝐑

𝟐𝐫
+ √

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
≥ 𝟏+ √

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔
𝐑𝟐

𝟒𝐫𝟐
+
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝐫
.√∑

𝒂

𝐛
𝐜𝐲𝐜

≥ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
+ 𝟐.√∑

𝐛

𝒂
𝐜𝐲𝐜

 

⇔ 𝟏+
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) + 𝟐.√∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(𝟏) 𝐑𝟐

𝟒𝐫𝟐
+
𝐑

𝐫
.√∑

𝒂

𝐛
𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝒂𝐧𝐝 (𝒍), 𝐋𝐇𝐒 𝐨𝐟 (𝟏) ≤
(𝐢) 𝐑𝟐

𝟒𝐫𝟐
+ 𝟐.√

𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐀 − 𝐆,𝐑𝐇𝐒 𝐨𝐟 (𝟏) ≥

(𝐢𝐢) 𝐑𝟐

𝟒𝐫𝟐

+
𝐑

𝐫
. √𝟑 ∴ (𝐢), (𝐢𝐢) ⇒ 𝒊𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (𝟏), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐑𝟐

𝟒𝐫𝟐
+
𝐑

𝐫
. √𝟑 ≥

𝐑𝟐

𝟒𝐫𝟐
+ 𝟐.√

𝐬𝟐

𝐫(𝟒𝐑+ 𝐫)
⇔
𝟑𝐑𝟐

𝐫𝟐
≥

𝟒𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
⇔ 𝟒𝐫𝐬𝟐 ≤

(𝟐)

𝟑(𝟒𝐑+ 𝐫)𝐑𝟐 

𝐍𝐨𝐰,𝟒𝐫𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
𝟑(𝟒𝐑+ 𝐫)𝐑𝟐 ⇔ 𝟏𝟐𝐭𝟑 − 𝟏𝟑𝐭𝟐 − 𝟏𝟔𝐭 − 𝟏𝟐 ≥

?
𝟎

⇔ (𝐭 − 𝟐)(𝟏𝟐𝐭𝟐 + 𝟏𝟏𝐭+ 𝟔) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (𝟐) ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞  

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝐑

𝟐𝐫
+√

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂

≥ 𝟏 +√
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟  ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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688. In ∆ 𝐀𝐁𝐂 the following relationship holds: 

𝐑

𝟐𝐫
+ √

𝒂 + 𝐛

𝐛 + 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂 + 𝐛
≥ 𝟏 + √

𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
  

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

 
𝐏𝐫𝐨𝐨𝐟 ∶ 𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜

= 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰, ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 

 ∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
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𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫

≥
𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑 + 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑− 𝐫)(𝟒𝐑+ 𝐫) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭− 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜

⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟏𝟔𝐅𝟐
≥ 𝟏+

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
 

⇒ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤
(𝒍) 𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟐(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐) − (𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)
 

∵ 𝐛 + 𝐜, 𝐜 + 𝒂,𝒂 + 𝐛 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞,
∴ 𝐯𝐢𝒂 (𝒍) 𝐨𝐧 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝐛 + 𝐜, 𝐜 + 𝒂, 𝒂 + 𝐛,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

𝟏 +
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
− (
𝒂 + 𝐛

𝐛+ 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂+ 𝐛
) ≤

(∏ (𝐛 + 𝐜)𝐜𝐲𝐜 )(∑ (𝐛 + 𝐜)𝐜𝐲𝐜 )

𝟐∑ (𝐛 + 𝐜)𝟐(𝐜 + 𝒂)𝟐𝐜𝐲𝐜 − ∑ (𝐛 + 𝐜)𝟒𝐜𝐲𝐜

=
𝟐(∑ 𝒂𝐜𝐲𝐜 )(∏ (𝐛 + 𝐜)𝐜𝐲𝐜 )

𝟏𝟔𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )
=
∏ (𝐛 + 𝐜)𝐜𝐲𝐜

𝟖𝒂𝐛𝐜
 

∴ 𝐟𝐨𝐫 𝐨𝐫𝐢𝐠𝐢𝐧𝒂𝒍 ∆ 𝐀𝐁𝐂,𝟏 +
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
− (
𝒂 + 𝐛

𝐛+ 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂+ 𝐛
)

≤
∏ (𝐛 + 𝐜)𝐜𝐲𝐜

𝟖𝒂𝐛𝐜
≤
? 𝐑

𝟐𝐫
⇔
𝐑

𝟐𝐫
≥
𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟑𝟐𝐑𝐫𝐬
⇔ 𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐 ≤

(∗∗∗∗∗)

𝟖𝐑𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐑𝟐 + 𝟔𝐑𝐫 + 𝟒𝐫𝟐 ≤
?
𝟖𝐑𝟐⇔ 𝟐𝐑𝟐 − 𝟑𝐑𝐫 − 𝟐𝐫𝟐 ≥

?
𝟎

⇔ (𝐑 − 𝟐𝐫)(𝟐𝐑+ 𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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⇒ 𝟏 +
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂+ 𝐛

𝐜 + 𝒂

− (
𝒂 + 𝐛

𝐛 + 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂

+
𝐜 + 𝒂

𝒂 + 𝐛
) ≤
(𝐦) 𝐑

𝟐𝐫
≤
𝐄𝐮𝐥𝐞𝐫 𝐑𝟐

𝟒𝐫𝟐
∴ 𝟏 +

𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
− (
𝒂 + 𝐛

𝐛 + 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂 + 𝐛
) ≤
(𝐦) 𝐑𝟐

𝟒𝐫𝟐
 

𝐍𝐨𝐰,
𝐑

𝟐𝐫
+ √

𝒂+ 𝐛

𝐛 + 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂 + 𝐛
≥ 𝟏+ √

𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂

⇔
𝐑𝟐

𝟒𝐫𝟐
+
𝒂+ 𝐛

𝐛 + 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂 + 𝐛
+
𝐑

𝐫
.√∑

𝒂+ 𝐛

𝐛 + 𝐜
𝐜𝐲𝐜

≥ 𝟏 +
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
+ 𝟐.√∑

𝐛+ 𝐜

𝒂+ 𝐛
𝐜𝐲𝐜

 

⇔ 𝟏+
𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂 + 𝐛

𝐜 + 𝒂
− (
𝒂 + 𝐛

𝐛+ 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂+ 𝐛
) + 𝟐.√∑

𝐛+ 𝐜

𝒂+ 𝐛
𝐜𝐲𝐜

≤
(𝟏) 𝐑𝟐

𝟒𝐫𝟐
+
𝐑

𝐫
.√∑

𝒂+ 𝐛

𝐛 + 𝐜
𝐜𝐲𝐜

 

𝐍𝐨𝐰, 𝐯𝐢𝒂 (𝐦), 𝐋𝐇𝐒 𝐨𝐟 (𝟏) ≤
𝐑𝟐

𝟒𝐫𝟐
+ 𝟐.√∑

𝐛+ 𝐜

𝒂 + 𝐛
𝐜𝐲𝐜

≤
? 𝐑𝟐

𝟒𝐫𝟐
+
𝐑

𝐫
.√∑

𝒂+ 𝐛

𝐛 + 𝐜
𝐜𝐲𝐜

⇔
𝐑𝟐

𝐫𝟐
.∑

𝒂 + 𝐛

𝐛 + 𝐜
𝐜𝐲𝐜

≥
?
⏟
(𝟐)

𝟒∑
𝐛+ 𝐜

𝒂 + 𝐛
𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑
𝒂 + 𝐛

𝐛 + 𝐜
𝐜𝐲𝐜

=∑
(𝒂+ 𝐛)𝟐

(𝐛 + 𝐜)(𝒂 + 𝐛)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏𝟔𝐬𝟐

(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) + ∑ 𝒂𝐛𝐜𝐲𝐜

=
𝟏𝟔𝐬𝟐

𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐
⇒ 𝐋𝐇𝐒 𝐨𝐟 (𝟐) ≥

(𝐢) 𝐑𝟐

𝐫𝟐
.

𝟏𝟔𝐬𝟐

𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
 

𝐀𝐠𝒂𝐢𝐧,∑
𝐛+ 𝐜

𝒂 + 𝐛
𝐜𝐲𝐜

=∑
(𝐛 + 𝐜)(𝒂 + 𝐛)

(𝒂 + 𝐛)𝟐
𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝐜(𝐛 + 𝐜)(𝒂 + 𝐛)

𝟒𝒂𝐛𝐜
𝐜𝐲𝐜

=
𝟏

𝟒𝒂𝐛𝐜
∑(𝐜(𝐛𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

))

𝐜𝐲𝐜

=
𝟏

𝟒𝒂𝐛𝐜
(∑𝐛𝟐𝐜

𝐜𝐲𝐜

+ 𝟐𝐬∑𝒂𝐛

𝐜𝐲𝐜

) ≤
𝟏

𝟒𝒂𝐛𝐜
(∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟐𝐬∑𝒂𝐛

𝐜𝐲𝐜

) 

=
𝟐𝐬

𝟏𝟔𝐑𝐫𝐬
. (𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) =

𝐬𝟐 − 𝐑𝐫 − 𝐫𝟐

𝟒𝐑𝐫
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟒𝐑𝟐 + 𝟑𝐑𝐫+ 𝟐𝐫𝟐

𝟒𝐑𝐫

⇒ 𝐑𝐇𝐒 𝐨𝐟 (𝟐) ≤
(𝐢𝐢) 𝟒𝐑𝟐 + 𝟑𝐑𝐫 + 𝟐𝐫𝟐

𝐑𝐫
∴ (𝐢), (𝐢𝐢)

⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (𝟐), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬  

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐑𝟐

𝐫𝟐
.

𝟏𝟔𝐬𝟐

𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
≥
𝟒𝐑𝟐 + 𝟑𝐑𝐫+ 𝟐𝐫𝟐

𝐑𝐫
⇔ 𝟏𝟔𝐑𝟑𝐬𝟐

≥ 𝟓𝐫(𝟒𝐑𝟐 + 𝟑𝐑𝐫 + 𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑+ 𝐫)(𝟒𝐑𝟐 + 𝟑𝐑𝐫 + 𝟐𝐫𝟐) 
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⇔ (𝟏𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 − 𝟏𝟓𝐑𝐫𝟐 − 𝟏𝟎𝐫𝟑)𝐬𝟐 ≥
(𝟑)

𝐫𝟐(𝟒𝐑 + 𝐫)(𝟒𝐑𝟐 + 𝟑𝐑𝐫+ 𝟐𝐫𝟐)  

∵ 𝟏𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 − 𝟏𝟓𝐑𝐫𝟐 − 𝟏𝟎𝐫𝟑 = (𝐑 − 𝟐𝐫)(𝟏𝟔𝐑𝟐 + 𝟏𝟐𝐑𝐫 + 𝟗𝐫𝟐) + 𝟖𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟖𝐫𝟑 > 𝟎

∴ 𝐋𝐇𝐒 𝐨𝐟 (𝟑) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 − 𝟏𝟓𝐑𝐫𝟐 − 𝟏𝟎𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫𝟐(𝟒𝐑 + 𝐫)(𝟒𝐑𝟐 + 𝟑𝐑𝐫 + 𝟐𝐫𝟐) ⇔ 𝟔𝟒𝐭𝟒 − 𝟏𝟎𝟒𝐭𝟑 − 𝟑𝟗𝐭𝟐 − 𝟐𝟒𝐭+ 𝟏𝟐 ≥

?
𝟎

⇔ (𝐭 − 𝟐)(𝟔𝟒𝐭𝟑 + 𝟐𝟒𝐭𝟐 + 𝟔𝐭 + 𝟑(𝐭 − 𝟐)) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (𝟑) ⇒ (𝟐)

⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒
𝐑

𝟐𝐫
+√

𝒂 + 𝐛

𝐛 + 𝐜
+
𝐛 + 𝐜

𝐜 + 𝒂
+
𝐜 + 𝒂

𝒂+ 𝐛
≥ 𝟏 +√

𝐛 + 𝐜

𝒂 + 𝐛
+
𝐜 + 𝒂

𝐛 + 𝐜
+
𝒂+ 𝐛

𝐜 + 𝒂
 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  ∑
𝒃 + 𝒄

𝒂 + 𝒃
𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 √(∑(𝒃 + 𝒄)𝟐) (∑
𝟏

(𝒂 + 𝒃)𝟐
) ≤⏞
𝑪𝑩𝑺 & 𝐴𝑀−𝐺𝑀

  √(∑𝟐(𝒃𝟐 + 𝒄𝟐)) (∑
𝟏

𝟒𝒂𝒃
) 

= √(∑𝒂𝟐) .
𝟐𝒔

𝟒𝑹𝒔𝒓
 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 √𝟗𝑹𝟐.
𝟏

𝟐𝑹𝒓
= 𝟑√

𝑹

𝟐𝒓
. 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝟏 + √
𝒃 + 𝒄

𝒂 + 𝒃
+
𝒄 + 𝒂

𝒃 + 𝒄
+
𝒂+ 𝒃

𝒄 + 𝒂
 ≤ 𝟏 +√𝟑√

𝑹

𝟐𝒓
 ≤⏞
𝑨𝑴−𝑮𝑴

 𝟏 +
√𝟑

𝟒
(
𝑹

𝟐𝒓
+ 𝟏+ 𝟏+ 𝟏) = 

=
𝑹

𝟐𝒓
+ √𝟑 − (𝟏 −

√𝟑

𝟒
)(
𝑹

𝟐𝒓
− 𝟏) ≤⏞

𝑬𝒖𝒍𝒆𝒓

 
𝑹

𝟐𝒓
+ √𝟑 ≤⏞

𝑨𝑴−𝑮𝑴

 
𝑹

𝟐𝒓

+√
𝒂 + 𝒃

𝒃 + 𝒄
+
𝒃 + 𝒄

𝒄 + 𝒂
+
𝒄 + 𝒂

𝒂 + 𝒃
,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

689. 𝑨𝑩𝑪𝑫 −square, 𝑬 is the midpoint of 𝑨𝑩, 𝑪𝑫 ∩ (𝑨𝑬𝑪) = 𝑭, 𝑶 is the 

center of (𝑨𝑬𝑪). Prove that: 

𝑭𝑬 ∥ 𝑫𝑶 and 𝑬𝑭:𝑶𝑫 = 𝟒 
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Proposed by Eldeniz Hesenov-Georgia 
Solution by Mansur Mansurov-Azerbaijan 

 

 

 

 

 

𝑭𝑪 ∥ 𝑨𝑩 ⇒ 𝑨𝑭 = 𝑬𝑪, 𝑭𝑫

= 𝑬𝑩 ⇒ 𝑨𝑴

= 𝑴𝑫 = 𝑫𝑭 

⇒ 𝝁(𝑬𝑭�̂�) = 𝟒𝟓° ⇒ 𝝁(𝑬𝑶�̂�) = 𝟗𝟎° ⇒ 𝑩, 𝑬,𝑶, 𝑪 −cyclic 

𝑬𝑶 = 𝑶𝑪 = 𝑹 ⇒ 𝝁(𝑬𝑩�̂�) = 𝝁(𝑪𝑩�̂�) = 𝟒𝟓° 

⇒ 𝑩,𝑫,𝑶 −collinear⇒ 𝝁(𝑶𝑫�̂�) = 𝟒𝟓° ⇒ 𝑶𝑫 ∥ 𝑬𝑭; (𝟏) 

𝑬𝑭

𝑶𝑫
=
𝑩𝑫

𝑶𝑫
=
𝑫𝑪

𝑫𝑯
= 𝟒 

690.  𝑯−orthocenter of 𝚫𝑨𝑩𝑪, 𝚫𝑫𝑬𝑭 −is orthic triangle of 

𝚫𝑨𝑩𝑪, 𝑹 −circumradius of 𝚫𝑨𝑩𝑪,𝝆 −is inradius of 𝚫𝑫𝑬𝑭. Prove that: 

𝑫𝑴

𝑴𝑨
=
(𝒂𝟐 − 𝒃𝟐 + 𝒄𝟐)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)

𝒂𝟐(−𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
,

𝑫𝑴

𝑴𝑨
⋅
𝑬𝑵

𝑵𝑩
⋅
𝑭𝑵

𝑵𝑪
=
𝟒𝝆

𝑹
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Proposed by Juan Jose Isach Mayo-Valencia-Spain 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

𝐜𝐨𝐬𝑨 =
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
, 𝐜𝐨𝐬𝑩 =

𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐

𝟐𝒂𝒄
 , 𝐜𝐨𝐬𝑪 =

𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃
 

In 𝚫𝑫𝑴𝑬 and 𝚫𝑨𝑴𝑬, we have: 

𝑫𝑵

𝐬𝐢𝐧(𝝅 − 𝟐𝑩)
=

𝑬𝑵

𝐬𝐢𝐧 (
𝝅
𝟐 − 𝑨)

 𝐚𝐧𝐝
𝑬𝑴

𝐬𝐢𝐧 (
𝝅
𝟐 − 𝑪)

=
𝑨𝑴

𝐬𝐢𝐧𝑩
 

𝑫𝑴 ⋅ 𝐜𝐨𝐬 𝑨

𝐬𝐢𝐧𝟐𝑩
=
𝑨𝑴 ⋅ 𝐜𝐨𝐬𝑪

𝐬𝐢𝐧𝑩
⇒
𝑫𝑴

𝑨𝑴
=
𝟐𝐜𝐨𝐬 𝑪 ⋅ 𝐜𝐨𝐬 𝑩

𝐜𝐨𝐬 𝑨
 

𝑫𝑴

𝑨𝑴
=
𝟐 ⋅
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃 ⋅
𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐

𝟐𝒂𝒄
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄

=
(𝒂𝟐 − 𝒃𝟐 + 𝒄𝟐)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)

𝒂𝟐(−𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
 

Similarly, we get: 

𝑬𝑵

𝑵𝑩
=
𝟐𝐜𝐨𝐬 𝑨 ⋅ 𝐜𝐨𝐬𝑪

𝐜𝐨𝐬𝑩
 𝐚𝐧𝐝

𝑭𝑵

𝑵𝑪
=
𝟐 𝐜𝐨𝐬𝑨 ⋅ 𝐜𝐨𝐬𝑩

𝐜𝐨𝐬 𝑪
 

In 𝚫𝑫𝑪𝑬 we have: 

𝑫𝑬

𝐬𝐢𝐧 𝑪
=
𝒂 ⋅ 𝐜𝐨𝐬𝑪

𝐬𝐢𝐧 𝑨
⇒ 𝑫𝑬 =

𝒂 ⋅ 𝐬𝐢𝐧 𝑪𝐜𝐨𝐬 𝑪

𝐬𝐢𝐧 𝑨
 

Now, let’s calculate the inradius of 𝚫𝑫𝑬𝑭: 
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𝝆 =
𝑫𝑬 ⋅ 𝐬𝐢𝐧 (

𝑭𝑫𝑬
𝟐 ) ⋅ 𝐬𝐢𝐧 (

𝑭𝑬𝑫
𝟐 )

𝐜𝐨𝐬 (
𝑫𝑭𝑬
𝟐 )

=

𝒂 ⋅ 𝐬𝐢𝐧𝑪 𝐜𝐨𝐬 𝑪
𝐬𝐢𝐧𝑨 ⋅ 𝐬𝐢𝐧 (

𝝅
𝟐 − 𝑨) ⋅ 𝐬𝐢𝐧 (

𝝅
𝟐 − 𝑩)

𝐜𝐨𝐬 (
𝝅
𝟐 − 𝑪)

= 

=
𝒂 ⋅ 𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪

𝐬𝐢𝐧𝑨
 

  
𝑫𝑴

𝑴𝑨
⋅
𝑬𝑵

𝑵𝑩
⋅
𝑭𝑵

𝑵𝑪
= 𝟖 𝐜𝐨𝐬𝑨𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪 =

𝟖𝝆 ⋅ 𝐬𝐢𝐧 𝑨

𝒂
=
𝟖𝝆 ⋅ 𝐬𝐢𝐧 𝑨

𝟐𝑹 ⋅ 𝐬𝐢𝐧𝑨
 

𝑫𝑴

𝑴𝑨
⋅
𝑬𝑵

𝑵𝑩
⋅
𝑭𝑵

𝑵𝑪
=
𝟒𝝆

𝑹
 

691. Let 𝑰, 𝚫𝑫𝑬𝑭 be the incenter and the intouch triangle in 𝚫𝑨𝑩𝑪. Let 

𝑹𝟏, 𝑹𝟐, 𝑹𝟑 −be circumradii of 𝚫𝑨𝑬𝑭, 𝚫𝑨𝑫𝑭, 𝚫𝑪𝑫𝑬. Prove that: 

𝟖𝑹𝟏𝑹𝟐𝑹𝟑 = 𝑨𝑰 ⋅ 𝑩𝑰 ⋅ 𝑪𝑰 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Ertan Yildirim-Izmir-Turkiye 

 

Lemma 1: 𝐬𝐢𝐧
𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
=

𝒓

𝟒𝑹
 

Lemma 2: 𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
=

𝒔

𝟒𝑹
 

Lemma 3: 𝑨𝑰 =
𝒓

𝐬𝐢𝐧
𝑨

𝟐

 

In 𝚫𝑨𝑭𝑬, from Law of Sines: 
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𝒙

𝐬𝐢𝐧 𝑨
=

𝒔 − 𝒂

𝐬𝐢𝐧 (
𝝅
𝟐 −

𝑨
𝟐)
⇒

𝒙

𝟐 𝐬𝐢𝐧
𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

=
𝒔 − 𝒂

𝐜𝐨𝐬
𝑨
𝟐

⇒ 𝒙 = 𝟐(𝒔 − 𝒂) 𝐬𝐢𝐧
𝑨

𝟐
 

 

𝐬𝐢𝐧𝑨 =
𝑭𝑲

𝑹𝟏
⇒ 𝑹𝟏 =

(𝒔 − 𝒂) 𝐬𝐢𝐧
𝑨
𝟐

𝐬𝐢𝐧𝑨
=
(𝒔 − 𝒂) 𝐬𝐢𝐧

𝑨
𝟐

𝟐 𝐬𝐢𝐧
𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

=
𝒔 − 𝒂

𝟐 𝐜𝐨𝐬
𝑨
𝟐

 

Similarly, 

𝑹𝟐 =
𝒔 − 𝒃

𝟐 𝐜𝐨𝐬
𝑩
𝟐

 𝐚𝐧𝐝 𝑹𝟑 =
𝒔 − 𝒄

𝟐 𝐜𝐨𝐬
𝑪
𝟐

 

𝑹𝑯𝑺 = 𝑨𝑰 ⋅ 𝑩𝑰 ⋅ 𝑪𝑰 =
𝒓

𝐬𝐢𝐧
𝑨
𝟐

⋅
𝒓

𝐬𝐢𝐧
𝑩
𝟐

⋅
𝒓

𝐬𝐢𝐧
𝑪
𝟐

=
𝒓𝟑

𝒓
𝟖𝑹

= 𝟒𝑹𝒓𝟐 

𝑳𝑯𝑺 = 𝟖𝑹𝟏𝑹𝟐𝑹𝟑 = 𝟖
𝒔 − 𝒂

𝟐𝐜𝐨𝐬
𝑨
𝟐

⋅
𝒔 − 𝒃

𝟐𝐜𝐨𝐬
𝑩
𝟐

⋅
𝒔 − 𝒄

𝟐 𝐜𝐨𝐬
𝑪
𝟐

=
𝒔𝒓𝟐

𝒔
𝟒𝑹

= 𝟒𝑹𝒓𝟐 

692. In ∆𝑨𝑩𝑪 the following relationship holds: 

  𝒎𝒊𝒏 {
𝟒𝑹 + 𝒓

𝟓𝑹 − 𝒓
+
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
,
𝟔𝑹 + 𝟒𝒓

𝟗𝑹 − 𝟐𝒓
+ 𝟐 (

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
)} ≥ 𝟒.  

Proposed by Alex Szoros-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
 ≥⏞
𝑪𝑩𝑺

 
(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
=

𝟒𝒔𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓
= 𝟒 −

𝟒𝒓(𝟒𝑹+ 𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓
≥ 

≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝟒 −
𝟒𝒓(𝟒𝑹+ 𝒓)

(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)+ 𝒓𝟐 +𝟒𝑹𝒓
= 𝟒−

𝟒𝑹+ 𝒓

𝟓𝑹− 𝒓
. 

𝑻𝒉𝒆𝒏 ∶   
𝟒𝑹 + 𝒓

𝟓𝑹 − 𝒓
+
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≥ 𝟒  (𝟏) 

𝑵𝒐𝒘,   𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
=
(𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟑𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄
= 

=
𝟐𝒔. 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) + 𝟑. 𝟒𝑹𝒔𝒓

𝟐𝒔. (𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝑹𝒔𝒓
=
𝟐(𝒔𝟐 − 𝒓𝟐 −𝑹𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
= 𝟐 −

𝒓(𝟔𝑹 + 𝟒𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
≥ 

≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝟐 −
𝒓(𝟔𝑹+𝟒𝒓)

(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)+ 𝒓𝟐 +𝟐𝑹𝒓
= 𝟐−

𝟔𝑹+ 𝟒𝒓

𝟐(𝟗𝑹− 𝟐𝒓)
. 

𝑻𝒉𝒆𝒏 ∶  
𝟔𝑹 + 𝟒𝒓

𝟗𝑹 − 𝟐𝒓
+ 𝟐 (

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) ≥ 𝟒  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒘𝒆 𝒈𝒆𝒕 ∶  

𝒎𝒊𝒏 {
𝟒𝑹 + 𝒓

𝟓𝑹 − 𝒓
+
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
,
𝟔𝑹 + 𝟒𝒓

𝟗𝑹 − 𝟐𝒓
+ 𝟐(

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
)} ≥ 𝟒. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
≥
𝟗(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

(𝒂 + 𝐛 + 𝐜)𝟐
≥
?
𝟒 −

𝟒𝐑 + 𝐫

𝟓𝐑 − 𝐫
=
𝟏𝟔𝐑− 𝟓𝐫

𝟓𝐑 − 𝐫
⇔
𝟗(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐𝐬𝟐
≥
? 𝟏𝟔𝐑− 𝟓𝐫

𝟓𝐑 − 𝐫

⇔ 𝟗(𝟓𝐑− 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) ≥
?
𝟐(𝟏𝟔𝐑− 𝟓𝐫)𝐬𝟐 

⇔ (𝟏𝟑𝐑+ 𝐫)𝐬𝟐 ≥
?
⏟
(𝐢)

𝐫(𝟏𝟖𝟎𝐑𝟐 + 𝟗𝐑𝐫 − 𝟗𝐫𝟐) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (𝐢) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟑𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟏𝟖𝟎𝐑𝟐 + 𝟗𝐑𝐫− 𝟗𝐫𝟐)

⇔ 𝟏𝟒𝐑𝟐 − 𝟐𝟗𝐑𝐫 + 𝟐𝐫𝟐 ≥
?
𝟎 ⇔ (𝟏𝟒𝐑− 𝐫)(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫

⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
≥ 𝟒−

𝟒𝐑+ 𝐫

𝟓𝐑 − 𝐫
⇒
𝟒𝐑+ 𝐫

𝟓𝐑− 𝐫
+
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
≥
(∗)

𝟒  
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𝐀𝐠𝒂𝐢𝐧, 𝟐∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟐∑
𝟐𝐬− (𝐛 + 𝐜)

𝐛 + 𝐜
𝐜𝐲𝐜

=
𝟒𝐬

∏ (𝐛 + 𝐜)𝐜𝐲𝐜
. ((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

)+∑𝒂𝐛

𝐜𝐲𝐜

)− 𝟔

=
𝟒𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
. (𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟔 ≥

?
𝟒 −

𝟔𝐑+ 𝟒𝐫

𝟗𝐑 − 𝟐𝐫
 

⇔
𝟐(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
≥
? 𝟖𝟒𝐑− 𝟐𝟒𝐫

𝟗𝐑 − 𝟐𝐫

⇔ (𝟗𝐑 − 𝟐𝐫)(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) ≥
?
(𝟒𝟐𝐑− 𝟏𝟐𝐫)(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)

⇔ (𝟑𝐑 + 𝟐𝐫)𝐬𝟐 ≥
?
𝐫(𝟒𝟖𝐑𝟐 + 𝟏𝟕𝐑𝐫 − 𝟏𝟎𝐫𝟐) → 𝐭𝐫𝐮𝐞 

∵ (𝟑𝐑 + 𝟐𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝐑 + 𝟐𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) = 𝐫(𝟒𝟖𝐑𝟐 + 𝟏𝟕𝐑𝐫 − 𝟏𝟎𝐫𝟐) ∴ 𝟐∑
𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

≥ 𝟒 −
𝟔𝐑+ 𝟒𝐫

𝟗𝐑 − 𝟐𝐫
⇒
𝟔𝐑+ 𝟒𝐫

𝟗𝐑 − 𝟐𝐫
+ 𝟐∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

≥
(∗∗)

𝟒  

∴ (∗), (∗∗) ⇒ 𝐦𝐢𝐧{
𝟒𝐑+ 𝐫

𝟓𝐑− 𝐫
+
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
,
𝟔𝐑 + 𝟒𝐫

𝟗𝐑 − 𝟐𝐫
+ 𝟐∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

} ≥ 𝟒 (𝐐𝐄𝐃) 

 

693. In acute ∆𝑨𝑩𝑪  the following relationship holds: 

𝒂 𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪 + 𝒃 𝐜𝐨𝐬 𝑪 𝐜𝐨𝐬 𝑨 + 𝒄 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬𝑩 < √
𝟐

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐). 

Proposed by George Apostolopoulos-Messolonghi-Greece 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑳𝑯𝑺 ≤ √(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝐜𝐨𝐬𝟐𝑩 . 𝐜𝐨𝐬𝟐 𝑪 + 𝐜𝐨𝐬𝟐 𝑪 . 𝐜𝐨𝐬𝟐 𝑨 + 𝐜𝐨𝐬𝟐 𝑨 . 𝐜𝐨𝐬𝟐𝑩). 

  ∑𝐜𝐨𝐬𝟐𝑩 . 𝐜𝐨𝐬𝟐 𝑪

𝒄𝒚𝒄

=∑
𝟏

(𝟏 + 𝐭𝐚𝐧𝟐 𝑩)(𝟏 + 𝐭𝐚𝐧𝟐 𝑪)
𝒄𝒚𝒄

≤⏞
𝑨𝑴−𝑮𝑴

 ∑
𝟏

𝟐 𝐭𝐚𝐧𝑩 . 𝟐 𝐭𝐚𝐧𝑪
𝒄𝒚𝒄

=
𝟏

𝟒
<
𝟐

𝟑
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝒂 𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪 + 𝒃 𝐜𝐨𝐬 𝑪𝐜𝐨𝐬 𝑨 + 𝒄 𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩 < √
𝟐

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒘𝒊𝒍𝒍 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶ 

𝒂. 𝐜𝐨𝐬 𝑩 . 𝐜𝐨𝐬𝑪 + 𝒃. 𝐜𝐨𝐬𝑪 . 𝐜𝐨𝐬𝑨 + 𝒄. 𝐜𝐨𝐬𝑨 . 𝐜𝐨𝐬𝑩 ≤
√𝟑

𝟒
.√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

< √
𝟐

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

𝑺𝒊𝒏𝒄𝒆 𝒂 = 𝟐𝑹𝐬𝐢𝐧 𝑨 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒂. 𝐜𝐨𝐬 𝑩 . 𝐜𝐨𝐬𝑪 + 𝒃. 𝐜𝐨𝐬𝑪 . 𝐜𝐨𝐬𝑨 + 𝒄. 𝐜𝐨𝐬 𝑨 . 𝐜𝐨𝐬𝑩
= 𝟐𝑹. 𝐜𝐨𝐬𝑨 . 𝐜𝐨𝐬 𝑩 . 𝐜𝐨𝐬𝑪 . (𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧 𝑪) = 

= 𝟐𝑹. 𝐜𝐨𝐬 𝑨 . 𝐜𝐨𝐬𝑩 . 𝐜𝐨𝐬 𝑪 . 𝐭𝐚𝐧 𝑨 . 𝐭𝐚𝐧𝑩 . 𝐭𝐚𝐧 𝑪 = 𝟐𝑹. 𝐬𝐢𝐧𝑨 . 𝐬𝐢𝐧𝑩 . 𝐬𝐢𝐧𝑪 = 𝟐𝑹.
𝒔𝒓

𝟐𝑹𝟐

=
𝒔𝒓

𝑹
≤⏞

𝑬𝒖𝒍𝒆𝒓

 
𝒔

𝟐
=
𝒂 + 𝒃 + 𝒄

𝟒
 ≤⏞
𝑪𝑩𝑺

 
√𝟑

𝟒
.√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝒂. 𝐜𝐨𝐬𝑩 . 𝐜𝐨𝐬 𝑪 + 𝒃. 𝐜𝐨𝐬𝑪 . 𝐜𝐨𝐬 𝑨 + 𝒄. 𝐜𝐨𝐬 𝑨 . 𝐜𝐨𝐬𝑩 ≤
√𝟑

𝟒
. √𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

< √
𝟐

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

694. 𝐏𝐫𝐨𝐯𝐞 𝐨𝐫 𝐝𝐢𝐬𝐩𝐫𝐨𝐯𝐞 ∶  In any ∆ABC :  

a

b
+
b

c
+
c

a
+
R2

4r2
≥1+

b2

a2
+
c2

b2
+
a2

c2
 .    

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑭𝒐𝒓 𝒂 ∆𝑨𝑩𝑪 𝒘𝒊𝒕𝒉 𝒔𝒊𝒅𝒆𝒔 ∶ 𝒂 = 𝟓,   𝒃 = 𝒄 = 𝟒  𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑹

𝟐𝒓
=

𝒂𝒃𝒄

(𝒂+ 𝒃− 𝒄)(𝒂− 𝒃 + 𝒄)(−𝒂+𝒃 + 𝒄)
=
𝟓× 𝟒𝟐

𝟓
𝟐
× 𝟑

=
𝟏𝟔

𝟏𝟓
 

𝑻𝒉𝒆𝒏 ∶   
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝑹𝟐

𝟒𝒓𝟐
=
𝟓

𝟒
+ 𝟏 +

𝟒

𝟓
+ (
𝟏𝟔

𝟏𝟓
)
𝟐

=
𝟑𝟕𝟔𝟗

𝟗𝟎𝟎
. 
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𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝟏 +
𝒃𝟐

𝒂𝟐
+
𝒄𝟐

𝒃𝟐
+
𝒂𝟐

𝒄𝟐
= 𝟏 +

𝟏𝟔

𝟐𝟓
+ 𝟏 +

𝟐𝟓

𝟏𝟔
=
𝟏𝟔𝟖𝟏

𝟒𝟎𝟎
. 

𝑺𝒊𝒏𝒄𝒆 ∶   𝟗 × 𝟏𝟔𝟖𝟏 = 𝟏𝟓𝟏𝟐𝟗 > 15076 = 4 × 3769 𝑡ℎ𝑒𝑛 𝑤𝑒 𝑔𝑒𝑡 ∶ 

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝑹𝟐

𝟒𝒓𝟐
< 1+

𝒃𝟐

𝒂𝟐
+
𝒄𝟐

𝒃𝟐
+
𝒂𝟐

𝒄𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝑹𝟐

𝟒𝒓𝟐
≥ 𝟏 +

𝒃𝟐

𝒂𝟐
+
𝒄𝟐

𝒃𝟐
+
𝒂𝟐

𝒄𝟐
 𝒊𝒔 𝒏𝒐𝒕 𝒕𝒓𝒖𝒆 𝒇𝒐𝒓 𝒂𝒍𝒍 ∆𝑨𝑩𝑪. 

695. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒓 (𝟓 +
𝟐𝑹

𝒓
)
𝟐

≥ (∑𝒂

𝒄𝒚𝒄

)(∑
𝟏

𝒂
𝒄𝒚𝒄

)(∑𝒉𝒂
𝒄𝒚𝒄

) ≥ 𝟖𝟏𝒓 

Proposed by Alex Szoros-Romania 
Solution by Tapas Das-India 

We know that: 

𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 = 𝟐𝑭 (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)  𝐚𝐧𝐝 𝟗𝒓 ≤ 𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 ≤

𝟗𝑹

𝟐
⇔ 

𝟗𝒓

𝟐𝑭
≤
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≤
𝟗𝑹

𝟒𝑭
 

(∑𝒂

𝒄𝒚𝒄

)(∑
𝟏

𝒂
𝒄𝒚𝒄

)(∑𝒉𝒂
𝒄𝒚𝒄

) = 𝟐𝑭 ⋅∑𝒂

𝒄𝒚𝒄

⋅ (∑
𝟏

𝒂
𝒄𝒚𝒄

)

𝟐

= 

= 𝟐𝑭 ⋅ 𝟐𝒔(∑
𝟏

𝒂
𝒄𝒚𝒄

)

𝟐

≥ 𝟐𝑭 ⋅ 𝟐𝒔 ⋅
𝟗𝒓

𝟐𝑭
⋅
𝟗𝒓

𝟐𝑭
=
𝟐𝒔 ⋅ 𝟗𝒓 ⋅ 𝟗𝒓

𝟐𝒓𝒔
= 𝟖𝟏𝒓 

(∑𝒂

𝒄𝒚𝒄

)(∑
𝟏

𝒂
𝒄𝒚𝒄

)(∑𝒉𝒂
𝒄𝒚𝒄

) = 𝟐𝑭 ⋅ 𝟐𝒔 ⋅ (∑
𝟏

𝒂
𝒄𝒚𝒄

)

𝟐

= 

= 𝟐𝒓𝒔 ⋅ 𝟐𝒔(∑
𝟏

𝒂
𝒄𝒚𝒄

)

𝟐

= 𝒓 ⋅ 𝟒𝒔𝟐(∑
𝟏

𝒂
𝒄𝒚𝒄

)

𝟐

 

We need show: 
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𝒓 (𝟓 +
𝟐𝑹

𝒓
)
𝟐

≥ 𝒓 ⋅ 𝟒𝒔𝟐 (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)
𝟐

 

𝟓 +
𝟐𝑹

𝒓
≥ (𝒂 + 𝒃 + 𝒄) (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) 

𝟓 +
𝟐𝑹

𝒓
≥ 𝟐𝒔 ⋅

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
 

𝟐𝒔 ⋅
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
− 𝟐𝒔 ⋅

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝒓𝒔
=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝒓
 

𝒔𝟐 ≤ 𝟒𝑹𝟔𝟐+ 𝟒𝑹𝒓 + 𝟑𝒓𝟐(𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏) 

𝟐𝒔 ⋅
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
≤
𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝒓
 

𝟓 +
𝟐𝑹

𝒓
−
𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝟐𝑹𝒓
=
𝟏𝟎𝑹𝒓 + 𝟒𝑹𝟐 − 𝟒𝑹𝟐 − 𝟖𝑹𝒓 − 𝟒𝒓𝟐

𝟐𝑹𝒓
= 

=
𝟐𝑹𝒓 − 𝟒𝒓𝟐

𝟐𝑹𝒓
≥ 𝟎; (𝑹 ≥ 𝟐𝒓) 

𝟓 +
𝟐𝑹

𝒓
≥
𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝟐𝑹𝒓
 

𝟓 +
𝟐𝑹

𝒓
≥ 𝟐𝒔 ⋅

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
 

𝒓 (𝟓 +
𝟐𝑹

𝒓
)
𝟐

≥ (∑𝒂

𝒄𝒚𝒄

)(∑
𝟏

𝒂
𝒄𝒚𝒄

)(∑𝒉𝒂
𝒄𝒚𝒄

) 

696. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝑹 + 𝒓

𝟑𝒓
≥∑

𝟐𝒂𝟐 + 𝒃𝟐

(𝟐𝒂 + 𝒃)𝟐
𝒄𝒚𝒄

≥ 𝟏. 

Proposed by Alex Szoros-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒇 𝒙, 𝒚 > 0  𝑡ℎ𝑒𝑛 ∶ 

  
𝟏

𝟗
(
𝒙

𝒚
+
𝒚

𝒙
+ 𝟏) ≥

𝟐𝒙𝟐 + 𝒚𝟐

(𝟐𝒙 + 𝒚)𝟐
≥
𝟏

𝟑
. 
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𝑷𝒓𝒐𝒐𝒇 ∶   𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(𝟐 + 𝟏)(𝟐𝒙𝟐 + 𝒚𝟐) ≥ (𝟐𝒙 + 𝒚)𝟐  𝒕𝒉𝒆𝒏 ∶  
𝟐𝒙𝟐 + 𝒚𝟐

(𝟐𝒙 + 𝒚)𝟐
≥
𝟏

𝟑
. 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 
𝟏

𝟗
(
𝒙

𝒚
+
𝒚

𝒙
+ 𝟏) ≥

𝟐𝒙𝟐 + 𝒚𝟐

(𝟐𝒙 + 𝒚)𝟐
 ⇔ (𝒙𝟐 + 𝒚𝟐 + 𝒙𝒚)(𝟐𝒙 + 𝒚)𝟐 ≥ 𝟗𝒙𝒚(𝟐𝒙𝟐 + 𝒚𝟐) 

⇔ 𝟒𝒙𝟒 − 𝟏𝟎𝒙𝟑𝒚 + 𝟗𝒙𝟐𝒚𝟐 − 𝟒𝒙𝒚𝟑 + 𝒚𝟒 ≥ 𝟎 ⇔ 

 (𝒙 − 𝒚)𝟐. [𝟑𝒙𝟐 + (𝒙 − 𝒚)𝟐] ≥ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑻𝒉𝒆𝒏 ∶   
𝟏

𝟗
(
𝒙

𝒚
+
𝒚

𝒙
+ 𝟏) ≥

𝟐𝒙𝟐 + 𝒚𝟐

(𝟐𝒙 + 𝒚)𝟐
≥
𝟏

𝟑
,   ∀𝒙, 𝒚 > 0. 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝒂𝒏𝒅 𝑩𝒂𝒏𝒅𝒊𝒍𝒂′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (∴
𝒂

𝒃
+
𝒃

𝒂
≤
𝑹

𝒓
)  𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟏

𝟗
(
𝑹

𝒓
+ 𝟏) ≥

𝟐𝒂𝟐 + 𝒃𝟐

(𝟐𝒂 + 𝒃)𝟐
≥
𝟏

𝟑
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Namig Mammadov-Azerbaijan 
We will use some inequalities: 

𝟏) 𝟐∑𝒂𝟑 ≥∑𝒂𝒃(𝒂 + 𝒃) 

𝟐) 𝟑𝒂𝒃𝒄 +∑𝒂𝟑 ≥∑𝒂𝒃(𝒂+ 𝒃) (𝑺𝒄𝒉𝒖𝒓) 

𝟑)
𝑹

𝒓
≥
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝒃𝒄

𝟐𝒂𝒃𝒄
 

𝐋𝐞𝐭 𝒉 =∑
𝟐𝒂𝟐 + 𝒃𝟐

(𝟐𝒂 + 𝒃)𝟐
⇒ 𝒉 − 𝟏 =∑(

𝟐𝒂𝟐 + 𝒃𝟐

(𝟐𝒂 + 𝒃)𝟐
−
𝟏

𝟑
) =

𝟐

𝟑
∑

(𝒂 − 𝒃)𝟐

(𝟐𝒂 + 𝒃)𝟐
≥ 𝟎 

⇒ 𝒉 ≥ 𝟏 

𝒉 − 𝟏 =
𝟐

𝟑
∑
(𝒂− 𝒃)𝟐

𝒂𝒃
⋅

𝒂𝒃

(𝟐𝒂+ 𝒃)𝟐
≤
𝟐

𝟑
∑
(𝒂 − 𝒃)𝟐

𝒂𝒃
⋅
𝟏

𝟔
=
𝟏

𝟗
∑
(𝒂 − 𝒃)𝟐

𝒂𝒃
= 

=
𝟏

𝟗𝒂𝒃𝒄
∑(𝒂 − 𝒃)𝟐𝒄 

𝑹+ 𝒓

𝟑𝒓
− 𝟏 =

𝑹 − 𝟐𝒓

𝟑𝒓
=
𝑹

𝟑𝒓
−
𝟐

𝟑
≥
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝒃𝒄

𝟔𝒂𝒃𝒄
−
𝟐

𝟑
=
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 − 𝟑𝒂𝒃𝒄

𝟔𝒂𝒃𝒄
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So, we need to prove: 
𝟏

𝟗𝒂𝒃𝒄
∑(𝒂 − 𝒃)𝟐𝒄 ≤

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 − 𝟑𝒂𝒃𝒄

𝟔𝒂𝒃𝒄
 ⇔ 

𝟑∑𝒂𝟑 − 𝟗𝒂𝒃𝒄 ≥ 𝟐∑(𝒂 − 𝒃)𝟐𝒄 ; (𝟒) 

The difference 𝑳𝑯𝑺 − 𝑹𝑯𝑺 of (4)= 

= [𝟐∑𝒂𝟑 −∑𝒂𝒃(𝒂 + 𝒃)] + [𝟑𝒂𝒃𝒄 +∑𝒂𝟑 −∑𝒂𝒃(𝒂 + 𝒃)] ≥ 𝟎 

which is true due the inequalities (1) and (2). 

697. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝑭∑
𝟏

𝒉𝒂
𝐜𝐨𝐭

𝑨

𝟐
𝒄𝒚𝒄

≥ 𝟒𝑹 + 𝒓 

Proposed by Marian Ursărescu-Romania 
Solution 1 by Alex Szoros-Romania 

𝒂𝒉𝒂 = 𝟐𝑭 ⇒
𝟏

𝒉𝒂
=
𝒂

𝟐𝑭
 

𝑭∑
𝟏

𝒉𝒂
𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

= 𝑭∑
𝒂

𝟐𝑭
𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

=
𝟏

𝟐
∑𝒂√

𝒔(𝒔 − 𝒂)

(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

= 

=
𝟏

𝟐
∑
𝒂𝒔(𝒔 − 𝒂)

𝑺
𝒄𝒚𝒄

=
𝒔

𝑭
∑(𝒂𝒔 − 𝒂𝟐)

𝒄𝒚𝒄

=
𝟏

𝟐𝒓
(𝒔∑𝒂

𝒄𝒚𝒄

−∑𝒂𝟐

𝒄𝒚𝒄

) = 

=
𝟏

𝟐𝒓
(𝒔 ⋅ 𝟐𝒔 − (𝟐𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓)) =

𝟐𝒓𝟐 + 𝟖𝑹𝒓

𝟐𝒓
= 𝟒𝑹 + 𝒓 ≥ 𝟒𝑹+ 𝒓 

Solution 2 by Tapas Das-India 

∑𝒂𝟐

𝒄𝒚𝒄

= 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) 

𝐭𝐚𝐧
𝑨

𝟐
= √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔(𝒔 − 𝒂)
=
𝒓𝒂
𝒔
⇒ 𝐜𝐨𝐭

𝑨

𝟐
=
𝒔

𝒓𝒂
 

𝒓𝒂 =
𝑭

𝒔 − 𝒂
⇒ 𝑭∑

𝟏

𝒉𝒂
𝐜𝐨𝐭

𝑨

𝟐
𝒄𝒚𝒄

=
𝟏

𝟐
∑𝒂𝐜𝐨𝐭

𝑨

𝟐
𝒄𝒚𝒄

=
𝟏

𝟐
∑𝒂 ⋅

𝑭

𝒓𝒂
𝒄𝒚𝒄

= 
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=
𝒔

𝟐
∑𝒂 ⋅

𝒔 − 𝒂

𝑭
𝒄𝒚𝒄

=
𝒔

𝟐𝑭
(𝒔∑𝒂

𝒄𝒚𝒄

−∑𝒂𝟐

𝒄𝒚𝒄

) = 

=
𝒔

𝟐𝑭
(𝟐𝒓𝟐 + 𝟖𝑹𝒓) =

𝒔(𝒓𝟐 + 𝟒𝑹𝒓)

𝒓𝒔
= 𝟒𝑹 + 𝒓 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝑭∑
𝟏

𝒉𝒂
𝐜𝐨𝐭

𝑨

𝟐
𝒄𝒚𝒄

=∑
𝒂𝒉𝒂
𝟐𝒉𝒂

⋅ 𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

=∑
𝟐𝑹𝐬𝐢𝐧𝑨

𝟐
𝒄𝒚𝒄

⋅ 𝐜𝐨𝐭
𝑨

𝟐
= 

= 𝑹∑𝟐𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
⋅
𝐜𝐨𝐬

𝑨
𝟐

𝐬𝐢𝐧
𝑨
𝟐𝒄𝒚𝒄

= 𝑹∑𝟐𝐜𝐨𝐬𝟐
𝑨

𝟐
𝒄𝒚𝒄

= 𝑹∑(𝟏 + 𝐜𝐨𝐬 𝑨)

𝒄𝒚𝒄

= 

= 𝟑𝑹 + 𝑹∑𝐜𝐨𝐬𝑨

𝒄𝒚𝒄

= 𝟑𝑹 + 𝑹(𝟏 +
𝒓

𝑹
) 

698. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

√(𝒓𝒂 + 𝒓𝒃)(𝒓𝒂 + 𝒓𝒄) + √(𝒓𝒃 + 𝒓𝒂)(𝒓𝒃 + 𝒓𝒄) + √(𝒓𝒄 + 𝒓𝒃)(𝒓𝒄 + 𝒓𝒂) ≥ 𝟏𝟖𝒓  

Proposed by Ertan Yildirim-Izmir-Turkiye 
Solution 1 by Tapas Das-India 

(𝒓𝒂 + 𝒓𝒃)(𝒓𝒂 + 𝒓𝒄) ≥ 𝟐√𝒓𝒂𝒓𝒃 ⋅ 𝟐√𝒓𝒂𝒓𝒄 ≥ 𝟒𝒘𝒃𝒘𝒄 ≥ 𝟒𝒉𝒃𝒉𝒄 = 

= 𝟒 ⋅
𝟐𝑭

𝒃
⋅
𝟐𝑭

𝒄
=
𝟏𝟔𝑭𝟐

𝒃𝒄
 

√(𝒓𝒂 + 𝒓𝒃)(𝒓𝒂 + 𝒓𝒄) ≥
𝟒𝑭

√𝒃𝒄
 

Analogous, 

√(𝒓𝒃 + 𝒓𝒂)(𝒓𝒃 + 𝒓𝒄) ≥
𝟒𝑭

√𝒂𝒄
 

√(𝒓𝒄 + 𝒓𝒃)(𝒓𝒄 + 𝒓𝒂) ≥
𝟒𝑭

√𝒂𝒃
 

By adding, we have: 

√(𝒓𝒂 + 𝒓𝒃)(𝒓𝒂 + 𝒓𝒄) + √(𝒓𝒃 + 𝒓𝒂)(𝒓𝒃 + 𝒓𝒄) + √(𝒓𝒄 + 𝒓𝒃)(𝒓𝒄 + 𝒓𝒂) ≥ 
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≥ 𝟒𝑭(
𝟏

√𝒃𝒄
+
𝟏

√𝒄𝒂
+
𝟏

√𝒂𝒃
) ≥ 𝟒𝑭(

𝟏

𝒃 + 𝒄
𝟐

+
𝟏

𝒄 + 𝒂
𝟐

+
𝟏

𝒂 + 𝒃
𝟐

) = 

= 𝟖𝑭𝟐(
𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
+

𝟏

𝒂 + 𝒃
≥ 𝟖𝑭𝟐 ⋅

(𝟏 + 𝟏 + 𝟏)𝟐

𝟐(𝒂 + 𝒃 + 𝒄)
=
𝟖𝑭 ⋅ 𝟗

𝟒𝒔
=
𝟗 ⋅ 𝟖𝒓𝒔

𝟒𝒔
= 𝟏𝟖𝒓 

Solution 2 by Alex Szoros-Romania 

∑𝒓𝒂𝒓𝒃
𝒄𝒚𝒄

=∑
𝑭𝟐

(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒄𝒚𝒄

=∑𝒔(𝒔 − 𝒄)

𝒄𝒚𝒄

= 𝒔∑(𝒔 − 𝒄)

𝒄𝒚𝒄

= 𝒔𝟐 

(𝒓𝒂 + 𝒓𝒃)(𝒓𝒂 + 𝒓𝒄) = 𝒓𝒂
𝟐 +∑𝒓𝒂𝒓𝒃

𝒄𝒚𝒄

= 𝒓𝒂
𝟐 + 𝒔𝟐 

√(𝒓𝒂 + 𝒓𝒃)(𝒓𝒂 + 𝒓𝒄) ≥ √𝒓𝒂𝟐 + 𝒔𝟐 

∑√(𝒓𝒂 + 𝒓𝒃)(𝒓𝒂 + 𝒓𝒄)

𝒄𝒚𝒄

≥∑√𝒓𝒂𝟐 + 𝒔𝟐

𝒄𝒚𝒄

≥ √(∑𝒓𝒂
𝒄𝒚𝒄

)

𝟐

+ (𝟑𝒔)𝟐 = 

= √(𝟒𝑹 + 𝒓)𝟐 + 𝟗𝒔𝟐 ≥ √(𝟗𝒓)𝟐 + 𝟗 ⋅ 𝟐𝟕𝒓𝟐 = √𝟑𝟐𝟒𝒓𝟐 = 𝟏𝟖𝒓 

699. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
(𝟐𝒂)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)(𝟑(𝒃 + 𝒄))
𝟐

𝒄𝒚𝒄

≥
𝟏

𝒓(𝟒𝑹 + 𝒓)
 

Proposed by Neculai Stanciu-Romania 
Solution by Tapas Das-India 

∑
(𝟐𝒂)𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)(𝟑(𝒃 + 𝒄))
𝟐

𝒄𝒚𝒄

=
𝟒

𝟗
∑

(
𝒂

𝒃 + 𝒄)
𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

≥ 

≥
𝟒

𝟗
⋅

(∑
𝒂

𝒃 + 𝒄)
𝟐

∑(𝒔 − 𝒃)(𝒔 − 𝒄)
≥

𝑵𝒆𝒔𝒃𝒊𝒕𝒕 𝟒

𝟗
⋅

(
𝟑
𝟐)
𝟐

∑(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

=
𝟒

𝟗
⋅
𝟗

𝟒
⋅

𝟏

∑(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝟏

𝟑𝒔𝟐 − 𝟐𝒔∑𝒂 + ∑𝒂𝒃
= 

=
𝟏

𝟑𝒔𝟐 − 𝟒𝒔𝟐 + 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓
=

𝟏

𝒓(𝟒𝑹 + 𝒓)
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700. 

 

 

 

 

 

 

𝑩𝑫

𝑫𝑪
= 𝒙,

𝑪𝑬

𝑬𝑨
= 𝒚,

𝑩𝑭

𝑭𝑨
= 𝒛.  𝐏𝐫𝐨𝐯𝐞:  

𝑭𝑿

𝑿𝑬
⋅
𝑩𝑼

𝑼𝑬
=
𝒙𝟐(𝒚 + 𝟏)𝟐

𝒛 + 𝟏
 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution 1 by Rajarshi Chakraborty-India 

{𝑮} = 𝑭𝑬 ∩ 𝑩𝑪 

𝑩𝑫

𝑫𝑪
= 𝒙,

𝑪𝑬

𝑬𝑨
= 𝒚,

𝑩𝑭

𝑭𝑨
= 𝒛 ⇒

𝑪𝑨

𝑬𝑨
= 𝒚 + 𝟏,

𝑩𝑨

𝑭𝑨
= 𝒛 + 𝟏 

From Menelaus’ theorem: 

𝑩𝑼

𝑼𝑬
⋅
𝑬𝑨

𝑪𝑨
⋅
𝑪𝑫

𝑩𝑫
= 𝟏 ⇒

𝑩𝑼

𝑼𝑬
=
𝑪𝑨

𝑬𝑨
⋅
𝑩𝑫

𝑪𝑫
= (𝒚 + 𝟏) ⋅

𝑩𝑫

𝑪𝑫
= (𝒚 + 𝟏)𝒙 

𝐀𝐥𝐬𝐨,
𝑩𝑼

𝑼𝑬
⋅
𝑬𝑿

𝑭𝑿
⋅
𝑭𝑨

𝑩𝑨
= 𝟏 ⇒

𝑩𝑼

𝑼𝑬
⋅
𝑭𝑨

𝑩𝑨
=
𝑭𝑿

𝑬𝑿
⇒
𝒙(𝒚 + 𝟏)

𝒛 + 𝟏
=
𝑭𝑿

𝑬𝑿
 

𝐒𝐨,
𝑩𝑼

𝑬𝑼
⋅
𝑭𝑿

𝑬𝑿
= 𝒙(𝒚 + 𝟏) ⋅

𝒙(𝒚 + 𝟏)

𝒛 + 𝟏
=
𝒙𝟐(𝒚 + 𝟏)𝟐

𝒛 + 𝟏
 

Solution 2 by Hikmat Mammadov-Azerbaijan 

𝑼𝑬

𝑩𝑼
=

𝒑𝒒

𝒙(𝒒 + 𝒒𝒚)
⇒
𝑩𝑼

𝑼𝑬
= 𝒙(𝒚 + 𝟏),

𝑭𝑿

𝑿𝑬
=

𝑩𝑼 ⋅ 𝒓

𝑼𝑬(𝒓 + 𝒓𝒛)
⇒
𝑭𝑿

𝑿𝑬
=

𝑩𝑼

𝑼𝑬(𝟏 + 𝒛)
 

𝑭𝑿

𝑿𝑬
⋅
𝑩𝑼

𝑼𝑬
= (
𝑩𝑼

𝑼𝑬
)
𝟐

⋅
𝟏

𝒛 + 𝟏
=
𝒙𝟐(𝒚 + 𝟏)𝟐

𝒛 + 𝟏
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


