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1. INTRODUCTION

HUYGENS’ INEQUALITY

sinx tan x

2 +

> 3, (1)

CUSA- HUYGENS INEQUALITY

sinx cos x+2

3 (2)

X

These inequalities are true for every x € (0, g).[l—G]

X _ X e+ e X eX —e X

e
Sinh(X) = T,COSh(x) = T; tanh(x) = ex + e X

These functions are called hyperbolic sine, cosine and tangent functions,
respectively.Logarithmic mean has applications in mathematics and physics. In
this article we will present a generalization of the logarithmic mean. The
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logarithmic mean of two positive numbers a and b is the number L(a, b)

defined as[7]

a-b

M D) = ogatogn

a*b,
with the convention that:
L(a,a) =lim,_,L(a,b) =a.

2. PRELIMINARIES

DEFINITION. sinh,,(x) = £=2—, cosh, (x) = £22—, 3)
_ 997"
tanh,(x) = e XER @>1

These functions are called generalized hyperbolic sine, cosine, and tangent functions,
respectively.[8]

LEMMA 1.[3] If V¢ > 1 and x = 0 then the following inequality is satisfied:
sinh,(x) > xIlng (4)
Proof. Let f: R — R be a function defined by f(x) = sinh,(x) — xlng
The derivative of f(x) is f'(x) = ln(p(coshq,(x) — 1)
If we apply the AM-GM inequality, we get that:
cosh,(x) = 1, forallx € R.
Then we obtain : f'(x) = 0,forall x € R.
This show that:f(x), x € R is an increasing function. Then we obtain
Forallx >0, f(x) > f(0)=0.0

LEMMA 2.[3] If V¢ > 1 and x = 0 then the following inequality is satisfied:
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tanh,(x) < xlng (5)

Proof: Let f: R™ — R be a function defined by f(x) = tanh,(x) — xlng

1
2
cosh¢

The derivative of f(x) is f'(x) = ln(p( - 1) <0.

This show that f(x), x > 0 is an decreasing function. Then we obtain :
Forallx >0, f(x) < f(0) =0.C
MAIN RESULT
THEOREM 1 Ifx = 0 and s > f > 1 then the following inequality is satisfied:
sinhg(x) = sinh(x) (6)
Proof: Let f: Rt — R be a function defined by

f(x) = sinhy(x) — sinhs(x)

s¥4s7X  frX4fX

f'(x) =Ing (coshs(x) - coshf(x)) =+ :

1

sxfx

Obviously forall x > 0, (s*—f%) (1 — ) > 0.This show that:

Sx+2—s_x - fx+2—f_x > 0. Then we obtain f'(x) = 0, for all x > 0.This show f(x),x = 0 is
an increasing function. Then we obtain Forall x > 0, f(x) = f(0) = 0.0
THEOREM 2: If x € R and s > f > 1 then the following inequality is satisfied:
coshg(x) = coshy(x) (7)
Proof: Let f: R* — R be a function defined by f(x) = cosh(x) — cosh(x)

f(x) is an even function then enough to show that theorem is true for x > 0.

The derivative of f(x) is f'(x) = lng (sinhs(x) — sinhf(x))
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if we use Theorem 1, then we obtain f'(x) = 0. This show f(x),x > 0 is an increasing

function. Then we obtain forall x > 0, f(x) = f(0) = 0.

THEOREM 3:a and b are two positive numbers and a # b then the following

inequality is satisfied:

/—ab < a-b a+

(logya—log,b)ing < 2

L p>1

(8)

Proof: From Lemma 2 we get that for all 0 = z € R the following inequality is true:

tanh
anhy(z) < 1’
zlng

_ tanh, (X2
If we take : z = =2 then # < 1, this means that:
2 Tln(p

x—y y—x
0] 2
x-y

—@ 2
72 (07 497 )ing

<1

=

0T x _yix
[ 2 — Q 2 _ Q _(py (p 2 -1
X — y y-x TXx-=Yy “yTx
Zy(‘PZ +‘P2)l"¢ 5= (" +@Ning o2
This show that -2 < O* + ¢
Tyln(p
If we take a = ¢*, b = ¢” then we obtain: ab atb

(log¢ a-log, b)lne < 2
From Lemma 1 we get that for all 0 # z € R the following inequality is true:

sinhy(2)

>1,
zlne

— sinh, (=2
If we take : z = xz—ythen % > 1, this means that:
2

x=y y—x

@2 —¢ 2 -y _YX .
5 =x5—¢ 2z > 1, weobtain
Tln(p Tln(p
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o —@Y ytx .
o > ¢ 2 ,Now we take a = ¢@*, b = ¢ then we obtain:
2
a-b > Vab
(logya—log,b)ing :
The proof of theorem is complete. ]

Theorem 4 and theorem 5 are proved in [8]. We will give a few different proofs:

THEOREM 4 (HUYGENS’ INEQUALITY)If x #+ 0 and x € R then the following
inequality is satisfied:

sinhy(x)  tanhy(x)

2 + > 3lne, Vo > 1 9)

X

Proof: Let f: Rt — R be a function defined by

f(x) = 2sinh,(x) + tanh,(x) — 3xlng, x = 0

1
f'(x)= <Zcoshq,(x) + m — 3) lng

If we apply the AM-GM inequality, we get that: f'(x) > 0, forall x € R.
Then we obtain f(x), x = 0 is an increasing function. This show

Vx = 0, f(x) = f(0). We obtain: 2sinh,(x) + tanh,(x) = 3xlng, x > 0
Now if we divide both sides of the inequality by x > 0 then we obtain

sinh, (x) n tanh, (x)

X X

2

> 3lne.

The proof of theorem is complete. O

THEOREM 5(CUSA-HUYGENS INEQUALITY) If x # 0 and x € R then the
following inequality is satisfied:

sinh(x) < [cosh(p(x)+2

3 ]ln(p, Vo > 1 (10)

X
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Proof: Let f: Rt — R be a function defined by

fx) = x[coshq,(x) + 2]ln(p — 3sinh,(x), x>0

f(x)=2 (1 — coshq,(x)) Ing + xsinh,(x) (Ing)?

" (x) = (Ing)*? (xcoshq,(x)ln(p — sinhq,(x))
From Lemma 2 we obtain that: f"'(x) > 0,x > 0
This show that f'(x) and f(x) are increasing and positive functions.
x[cosh(p(x) + 2]lmp > 3sinh,(x)

Now if we divide both sides of the inequality by x > 0 then we obtain

sinh,(x) - [cosh¢(x) +2

3 ] Ing

X
The proof of theorem is complete. O

THEOREM 6: If x > 0 and s > f > 1 then the following inequality is satisfied:

a) sinhy(x)In f = sinhs(x)Ins (11)
b) tanhy(x)In f < tanhs(x)Ins (12)
c) coshy(x)In f > coshs(x)Ins (13)

Proof: a) f: R* — R be a function defined by
f(x) = sinhy(x)In f — sinhs(x)Ins
f'(x) =Inflns (coshs(x) — coshf(x))

From Theorem 2 we obtain f'(x) = 0, for all x € R. Then we obtain f(x),x >0 is an
increasing function. This show f(x) = f(0) if x > 0.That means
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sinhg(x) In f — sinh;(x) In s > 0.The proof of part a) is complete.

b) f: Rt - R be a function defined by

f(x) = tanhy(x) In f — tanhs(x)Ins

f’(x)=lnflns< 1 ! )

cosh?(x) cosh,zr (x)

From Theorem 2 we obtain f'(x) < 0, for all x € R. This show that f(x),x > 0 isan
decreasing function. Then we obtain :

Forallx >0, f(x) < f(0) = 0.
tanhy(x) In f — tanhs(x) Ins < 0.The proof of part b) is complete.

c) f:R* — R be a function defined by f(x) = coshs(x)In f — coshs(x)Ins

ff(x)=Inflns (sinhs(x) — sinhf(x))

From Theorem 1 we obtain f'(x) = 0 for all x > 0. That means f(x), x = 0 is an increasing
function. This show f(x) = f(0) if x > 0. This means that

coshy(x)In f — coshs(x) Ins > 0.The proof of theorem is complete.
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