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1. INTRODUCTION                                                

HUYGENS’ INEQUALITY 
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These inequalities are true for every � ∈ ��,
�

�
�.[1–6] 
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These functions are called hyperbolic sine, cosine and tangent functions, 

respectively.Logarithmic mean has applications in mathematics and physics. In 

this article we will present a generalization of the logarithmic mean. The 
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logarithmic mean of two positive numbers a and b is the number �(�, �) 

defined as[7]   

�(�, �) =
���

���������
 , � ≠ � , 

with the convention that: 

�(�, �) = ����→� �(�, �) = � . 

2. PRELIMINARIES 

DEFINITION. �����(�) =
������

�
, �����(�) =

������

�
,      (�) 

�����(�) =
������

������
, � ∈ �, � > � 

These functions are called generalized hyperbolic sine, cosine, and tangent functions, 

respectively.[8] 

LEMMA 1.[3] If  ∀� > � and � ≥ � then the following inequality is satisfied:    

 �����(�) ≥ ����   (�) 

Proof. Let �: �� → � be a function defined by �(�) = �����(�) − ����   

The derivative of �(�) is  ��(�) = ���������(�) − �� 

If we apply the AM-GM inequality, we get that: 

�����(�) ≥ �, for all � ∈ �. 

Then we obtain :  ��(�) ≥ �, for all � ∈ �. 

This show that:�(�), � ∈ � is an increasing function. Then we obtain 

For all � ≥ �, �(�) ≥ �(�) = �. □ 

LEMMA 2.[3] If  ∀� > � and � ≥ � then the following inequality is satisfied:    
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 �����(�) ≤ ����        (�) 

Proof: Let �: �� → � be a function defined by �(�) = �����(�) − ���� 

The derivative of f(x) is ��(�) = ��� �
�

�����
� − �� ≤ �. 

This show that �(�), � ≥ �  is an decreasing function. Then we obtain : 

For all � ≥ �, �(�) ≤ �(�) = �. □ 

MAIN RESULT 

THEOREM 1 If � ≥ � and � > � > � then the following inequality is satisfied: 

 �����(�) ≥ �����(�)        (�) 

Proof: Let �: �� → � be a function defined by 

 �(�) = �����(�) − �����(�) 

 ��(�) = ��� ������(�) − �����(�)� =
������

�
−

������

�
 

Obviously for all � ≥ �,  (��−��) �� −
�

����� ≥ �.This show that: 

 
������

�
−

������

�
≥ �. Then we obtain ��(�) ≥ �, ��� ��� � ≥ �.This show �(�), � ≥ � is 

an increasing function. Then we obtain For all � ≥ �, �(�) ≥ �(�) = �. □ 

THEOREM 2: If � ∈ �  and � > � > � then the following inequality is satisfied: 

 �����(�) ≥ �����(�)        (�) 

Proof: Let �: �� → � be a function defined by �(�) = �����(�) − �����(�) 

�(�) is an even function then enough to show that theorem is true for � ≥ �. 

The derivative of �(�) is ��(�) = ��� ������(�) − �����(�)� 
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if we use Theorem 1, then we obtain ��(�) ≥ �. This show �(�), � ≥ � is an increasing 

function. Then we obtain for all � ≥ �, �(�) ≥ �(�) = �. 

THEOREM 3: a and b are two positive numbers and � ≠ � then the following 

inequality is satisfied: 

 √�� <
���

� ���� ������ ���� �
<

���

�
 , � > �     (�) 

Proof:  From Lemma 2 we get that for all � ≠ � ∈ �  the following inequality is true: 

�����(�)

����
< �, 

If we take : � =
���

�
  then  

������
���

�
�
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�
���

< �, this means that: 
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���

� + �
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� � ���
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�
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� − �
���
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� − �
�
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���

� + �
���

� � ���
=

�� − ��

� − �
�

(�� + ��)���
∙

��
���

�

��
���

�

< � 

This show that  
�����

���

�
���

< �� + �� 

If we take  � = ��, � = �� then we obtain: 
���

� ���� ������ ���� �
<

���

�
. 

From Lemma 1  we get that for all � ≠ � ∈ �  the following inequality is true: 

�����(�)

����
> �, 

If we take : � =
���

�
 then  

������
���

�
�

���

�
���

> �, this means that: 

�
���
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=
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���

� > �, we obtain 
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�����

���

�
���

> �
���

� , Now we take  � = ��, � = �� then we obtain: 

���

� ���� ������ ���� �
> √�� . 

The proof of theorem is complete.        □ 

Theorem 4 and theorem 5 are proved in [8]. We will give a few different proofs: 

THEOREM 4 (HUYGENS’ INEQUALITY)If � ≠ � and � ∈ � then the following 

inequality is satisfied: 

 �
�����(�)

�
+

�����(�)

�
> ����, ∀� > �     (�) 

Proof: Let �: �� → � be a function defined by 

�(�) = ������(�) + �����(�) − �����, � ≥ � 

��(�) = �������(�) +
�

�����
� (�)

− �� ��� 

If we apply the AM-GM inequality, we get that: ��(�) ≥ �, for all � ∈ �. 

Then we obtain �(�), � ≥ � is an increasing function. This show 

∀� ≥ �, �(�) ≥ �(�). We obtain: ������(�) + �����(�) ≥ �����, � ≥ � 

Now if we divide both sides of the inequality by � > � then we obtain 

�
�����(�)

�
+

�����(�)

�
> ����. 

The proof of theorem is complete. □ 

THEOREM 5(CUSA-HUYGENS INEQUALITY) If � ≠ � ��� � ∈ � then the 

following inequality is satisfied: 

 
�����(�)

�
< �

�����(�)��

�
� ���, ∀� > �      (��) 
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Proof: Let �: �� → � be a function defined by 

�(�) = �������(�) + ����� − ������(�), � ≥ � 

��(�) = � �� − �����(�)� ��� + ������(�)(���)� 

���(�) = (���)� �������(�)��� − �����(�)� 

From  Lemma 2 we obtain that: ���(�) ≥ �, � ≥ � 

This show that ��(�) ��� �(�) ��� ���������� ��� �������� ���������. 

�������(�) + ����� ≥ ������(�) 

Now if we divide both sides of the inequality by � > � then we obtain 

�����(�)

�
< �

�����(�) + �

�
� ��� 

The proof of theorem is complete. □ 

THEOREM 6: If � ≥ � and � > � > � then the following inequality is satisfied: 

 a) �����(�) �� � ≥ �����(�) �� �      (��) 

 b) �����(�) �� � ≤ �����(�) �� �      (��) 

  c) �����(�) �� � ≥ �����(�) �� �      (��) 

Proof: a) �: �� → � be a function defined by 

�(�) = �����(�) �� � − �����(�) �� � 

��(�) = �� � �� � ������(�) − �����(�)� 

From Theorem 2 we obtain ��(�) ≥ �, for all � ∈ �. Then we obtain �(�), � ≥ � is an 

increasing function. This show �(�) ≥ �(�) if � ≥ �.That means 
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 �����(�) �� � − �����(�) �� � ≥ �.The proof of part a) is complete.  

b) �: �� → � be a function defined by 

�(�) = �����(�) �� � − �����(�) �� � 

��(�) = �� � �� � �
�

�����
�(�)

−
�

�����
�(�)

� 

From Theorem 2 we obtain ��(�) ≤ �, for all � ∈ �. This show that �(�), � ≥ �  is an 

decreasing function. Then we obtain : 

For all � ≥ �, �(�) ≤ �(�) = �. 

�����(�) �� � − �����(�) �� � ≤ �.The proof of part b) is complete. 

c) �: �� → � be a function defined by �(�) = �����(�) �� � − �����(�) �� � 

��(�) = �� � �� � ������(�) − �����(�)� 

From Theorem 1 we obtain ��(�) ≥ � ��� ��� � ≥ �. That means �(�), � ≥ � is an increasing 

function. This show �(�) ≥ �(�) if � ≥ �. This means that 

�����(�) �� � − �����(�) �� � ≥ �.The proof of theorem is complete. 
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