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1001. If 𝟎 < 𝑎 ≤ 1 ≤ 𝑏 𝑡hen:  (𝒂 + 𝒃 − 𝟏)𝒂+𝒃−𝟏 + 𝟏 ≤ 𝒂𝒂 + 𝒃𝒃. 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑰𝒇 𝒂 = 𝒃 = 𝟏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  (𝒂 + 𝒃 − 𝟏)𝒂+𝒃−𝟏 + 𝟏 = 𝒂𝒂 + 𝒃𝒃.  𝑨𝒔𝒔𝒖𝒎𝒆 𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒂 ≠ 𝒃. 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒙𝒙,   𝒙 > 0.  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶ 

 𝒇′′(𝒙) = 𝒙𝒙−𝟏 + (𝐥𝐨𝐠𝒙 + 𝟏)𝟐. 𝒙𝒙 > 0 𝑡ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥 𝑜𝑛 (𝟎,∞). 

𝑳𝒆𝒕  𝒕 =
𝒃 − 𝟏

𝒃 − 𝒂
∈ [𝟎, 𝟏].  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟏 = 𝒕. 𝒂 + (𝟏 − 𝒕). 𝒃  𝒂𝒏𝒅  𝒂 + 𝒃 − 𝟏 = (𝟏 − 𝒕). 𝒂 + 𝒕. 𝒃. 

𝑻𝒉𝒆𝒏 𝒃𝒚 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟏 = 𝒇(𝟏) = 𝒇(𝒕. 𝒂 + (𝟏 − 𝒕). 𝒃) ≤ 𝒕. 𝒇(𝒂) + (𝟏 − 𝒕). 𝒇(𝒃) = 𝒕. 𝒂𝒂 + (𝟏 − 𝒕). 𝒃𝒃 

𝑨𝒏𝒅 ∶   (𝒂 + 𝒃 − 𝟏)𝒂+𝒃−𝟏 = 𝒇(𝒂 + 𝒃 − 𝟏) = 𝒇((𝟏 − 𝒕). 𝒂 + 𝒕. 𝒃) ≤ (𝟏 − 𝒕). 𝒂𝒂 + 𝒕. 𝒃𝒃 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔, 𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏 ∶ 

(𝒂 + 𝒃 − 𝟏)𝒂+𝒃−𝟏 + 𝟏 ≤ 𝒂𝒂 + 𝒃𝒃,   𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒓𝒆𝒔𝒖𝒍𝒕. 

Solution 2 by Daoudi Abdessattar-Tunisia 

𝒇: (𝟎,∞) → (𝟎,∞), 𝒇(𝒙) = 𝒙𝒙 convex function and (𝒃, 𝒂) majorizes (𝒃 + 𝒂 − 𝟏, 𝟏) if 𝒂 +
𝒃 − 𝟏 is greater than 1, (𝒃, 𝒂) majorizes 𝟏, 𝒂 + 𝒃 − 𝟏) if 𝒂 + 𝒃 − 𝟏 is smaller than 1, then 

by Karamata’s inequality   

(𝒂 + 𝒃 − 𝟏)𝒂+𝒃−𝟏 + 𝟏𝟏 ≤ 𝒂𝒂 + 𝒃𝒃. Equality holds for 𝒂 = 𝒃 = 𝟏. 

1002. If 𝒙, 𝒚, 𝒛 ∈ ℝ then prove that:  

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 − (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 ≥ √𝟔(𝒙 − 𝒚)(𝒚 − 𝒛)(𝒛 − 𝒙)(𝒙 + 𝒚 + 𝒛). 

Proposed by Hikmat Mammadov-Azerbaijan 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒂 = 𝒙 − 𝒛 𝒂𝒏𝒅 𝒃 = 𝒚 − 𝒛.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 − (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐

= (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 − 𝒙𝒚 − 𝒚𝒛 − 𝒛𝒙)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 
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=
𝟏

𝟐
[(𝒙 − 𝒚)𝟐 + (𝒚 − 𝒛)𝟐 + (𝒛 − 𝒙)𝟐][(𝒙+ 𝒚)𝟐 − (𝒙 − 𝒛)(𝒚 − 𝒛) + 𝟐𝒛𝟐] = 

=
𝟏

𝟐
[(𝒂 − 𝒃)𝟐 + 𝒃𝟐 + 𝒂𝟐][(𝒂 + 𝒃 + 𝟐𝒛)𝟐 − 𝒂𝒃 + 𝟐𝒛𝟐]

= (𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐)(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 + 𝟒(𝒂 + 𝒃)𝒛 + 𝟔𝒛𝟐). 

𝑻𝒉𝒆𝒏 ∶   (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 − (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐

= 𝟔(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐)𝒛𝟐 + 𝟒(𝒂𝟑 + 𝒃𝟑)𝒛 + 𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒃𝟒 

𝑨𝒏𝒅 ∶  (𝒙 − 𝒚)(𝒚 − 𝒛)(𝒛 − 𝒙)(𝒙 + 𝒚 + 𝒛) = (𝒂 − 𝒃). 𝒃. (−𝒂). (𝒂 + 𝒃 + 𝟑𝒛)

= −𝒂𝒃(𝒂𝟐 − 𝒃𝟐) − 𝟑𝒂𝒃(𝒂 − 𝒃)𝒛. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 : 

𝟔(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐)𝒛𝟐 + [𝟒(𝒂𝟑 + 𝒃𝟑) + 𝟑√𝟔𝒂𝒃(𝒂 − 𝒃)]𝒛 + 𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒃𝟒

+ √𝟔𝒂𝒃(𝒂𝟐 − 𝒃𝟐) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒂 𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒐𝒏 𝒛. 

𝑺𝒊𝒏𝒄𝒆 𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐 ≥ 𝟎, ∀𝒂, 𝒃 ∈ 𝑹 𝒔𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 

∆= [𝟒(𝒂𝟑 + 𝒃𝟑) + 𝟑√𝟔𝒂𝒃(𝒂 − 𝒃)]
𝟐

− 𝟐𝟒(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) (𝒂𝟒 + 𝒂𝟐𝒃𝟐 + 𝒃𝟒 + √𝟔𝒂𝒃(𝒂𝟐 − 𝒃𝟐)) ≤ 𝟎 

⇔−𝟖𝒂𝟔 + 𝟐𝟒𝒂𝟓𝒃 + 𝟔𝒂𝟒𝒃𝟐 − 𝟓𝟐𝒂𝟑𝒃𝟑 + 𝟔𝒂𝟐𝒃𝟒 + 𝟐𝟒𝒂𝒃𝟓 − 𝟖𝒃𝟔 ≤ 𝟎 

⇔ −(𝒂 + 𝒃)𝟐(𝒂 − 𝟐𝒃)𝟐(𝟐𝒂 − 𝒃)𝟐 ≤ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆.   𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝟎 𝒐𝒓 𝒂 + 𝒃 = 𝟎 𝒐𝒓 𝒂 − 𝟐𝒃 = 𝟎 𝒐𝒓 𝟐𝒂 − 𝒃 = 𝟎. 

⇔  𝒙 = 𝒚 = 𝒛 𝒐𝒓 (𝒙, 𝒚, 𝒛) = (
√𝟔

𝟔
𝒂,
𝟔 + √𝟔

𝟔
𝒂, −

𝟔 − √𝟔

𝟔
𝒂), 

 𝒂 ∈ 𝑹,   𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

1003. If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒑, 𝒒, 𝒓 > 𝟏, 𝒑𝒒 + 𝒒𝒓 + 𝒓𝒑 = 𝒑𝒒𝒓 then : 

𝒂𝒃𝒄𝒑𝒒𝒓 ≤ 𝒒𝒓𝒂𝒑 + 𝒓𝒑𝒃𝒒 + 𝒑𝒒𝒄𝒓. 

Proposed by Daniel Sitaru-Romania 

Solution 1 by proposer 

𝒇: (𝟎,∞) → ℝ, 𝒇(𝒙) = 𝒆𝒙, 𝒇′′(𝒙) = 𝒆𝒙 > 0, 𝑓 −convex. By Jensen: 
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𝒇(𝝀𝟏𝒙 + 𝝀𝟐𝒚 + 𝝀𝟑𝒛) ≤ 𝝀𝟏𝒇(𝒙) + 𝝀𝟐𝒇(𝒚) + 𝝀𝟑𝒇(𝒛), 𝒙, 𝒚, 𝒛 > 0 

𝝀𝟏, 𝝀𝟐, 𝝀𝟑 > 0, 𝝀𝟏 + 𝝀𝟐 + 𝝀𝟑 = 𝟏 

𝒆𝝀𝟏𝒙+𝝀𝟐𝒚+𝝀𝟑𝒛 ≤ 𝝀𝟏𝒆
𝒙 + 𝝀𝟐𝒆

𝒚 + 𝝀𝟑𝒆
𝒛 

𝝀𝟏 =
𝟏

𝒑
, 𝝀𝟐 =

𝟏

𝒒
, 𝝀𝟑 =

𝟏

𝒓
, 𝝀𝟏 + 𝝀𝟐 + 𝝀𝟑 =

𝟏

𝒑
+
𝟏

𝒒
+
𝟏

𝒓
=
𝒑𝒒 + 𝒒𝒓 + 𝒓𝒑

𝒑𝒒𝒓 
= 𝟏 

𝒆
𝟏
𝒑
𝒙+
𝟏
𝒒
𝒚+
𝟏
𝒓
𝒛
≤
𝟏

𝒑
𝒆𝒙 +

𝟏

𝒒
𝒆𝒚 +

𝟏

𝒓
𝒆𝒛 ⇒ 𝒆

𝟏
𝒑
𝒙
∙ 𝒆
𝟏
𝒒
𝒚
∙ 𝒆
𝟏
𝒓
𝒛 ≤

𝟏

𝒑
𝒆𝒙 +

𝟏

𝒒
𝒆𝒚 +

𝟏

𝒓
𝒆𝒛 

{
 
 

 
 𝒆

𝟏
𝒑
𝒙
= 𝒂

𝒆
𝟏
𝒒
𝒚
= 𝒃

𝒆
𝟏
𝒓
𝒛 = 𝒄

⟹

{
  
 

  
 
𝟏

𝒑
𝒙 = 𝒍𝒏𝒂

𝟏

𝒒
𝒚 = 𝒍𝒏𝒃

𝟏

𝒓
𝒛 = 𝒍𝒏𝒄

⇒ {
𝒙 = 𝒑𝒍𝒏𝒂
𝒚 = 𝒒𝒍𝒏𝒃
𝒛 = 𝒓𝒍𝒏𝒄

 

𝒂𝒃𝒄 ≤
𝟏

𝒑
𝒆𝒑𝒍𝒏𝒂 +

𝟏

𝒒
𝒆𝒒𝒍𝒏𝒃 +

𝟏

𝒓
𝒆𝒓𝒍𝒏𝒄 ⇒ 𝒂𝒃𝒄 ≤

𝟏

𝒑
(𝒆𝒍𝒏𝒂)

𝒑
+
𝟏

𝒒
(𝒆𝒍𝒏𝒃)

𝒒
+
𝟏

𝒓
(𝒆𝒍𝒏𝒄)

𝒓
 

𝒂𝒃𝒄 ≤
𝟏

𝒑
𝒂𝒑 +

𝟏

𝒒
𝒃𝒒 +

𝟏

𝒓
𝒄𝒓 

𝒂𝒃𝒄𝒑𝒒𝒓 ≤ 𝒒𝒓𝒂𝒑 + 𝒓𝒑𝒃𝒒 + 𝒑𝒒𝒄𝒓 . 

Equality holds for: 𝒂𝒑 = 𝒃𝒒 = 𝒄𝒓 . 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆  
𝟏

𝒑
+
𝟏

𝒒
+
𝟏

𝒓
= 𝟏 𝒕𝒉𝒆𝒏 𝒃𝒚 𝑾𝒆𝒊𝒈𝒉𝒕𝒆𝒅 𝑨𝑴 − 𝑮𝑴 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟏

𝒑
. 𝒂𝒑 +

𝟏

𝒒
. 𝒃𝒒 +

𝟏

𝒓
. 𝒄𝒓 ≥ (𝒂𝒑)

𝟏
𝒑. (𝒃𝒒)

𝟏
𝒒. (𝒄𝒓)

𝟏
𝒓 = 𝒂𝒃𝒄. 

𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒉𝒆 𝒃𝒐𝒕𝒉 𝒔𝒊𝒅𝒆𝒔 𝒃𝒚 𝒑𝒒𝒓 𝒘𝒆 𝒈𝒆𝒕 ∶ 𝒒𝒓𝒂𝒑 + 𝒓𝒑𝒃𝒒 + 𝒑𝒒𝒄𝒓 ≥ 𝒂𝒃𝒄𝒑𝒒𝒓. 

Solution 3 by Tapas Das-India 

Let (𝒂𝒑, 𝒃𝒒, 𝒄𝒓) with associated weight (𝒒𝒓, 𝒑𝒓, 𝒑𝒒).By AM-GM, we get: 
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𝒒𝒓 ∙ 𝒂𝒑 + 𝒑𝒓 ∙ 𝒃𝒒 + 𝒑𝒒 ∙ 𝒄𝒓

𝒑𝒒 + 𝒒𝒓 + 𝒓𝒑
≥ (𝒂𝒑𝒒𝒓 ∙ 𝒃𝒑𝒒𝒓 ∙ 𝒄𝒑𝒒𝒓)

𝟏
𝒑𝒒+𝒒𝒓+𝒓𝒑 

𝒒𝒓 ∙ 𝒂𝒑 + 𝒑𝒓 ∙ 𝒃𝒒 + 𝒑𝒒 ∙ 𝒄𝒓

𝒑𝒒𝒓
≥ (𝒂𝒃𝒄)

𝒑𝒓𝒒
𝒑𝒒+𝒒𝒓+𝒓𝒑 = 𝒂𝒃𝒄 

𝒑𝒒 + 𝒒𝒓 + 𝒓𝒑 = 𝒑𝒒𝒓  

Hence,  
𝒒𝒓𝒂𝒑 + 𝒓𝒑𝒃𝒒 + 𝒑𝒒𝒄𝒓 ≥ 𝒂𝒃𝒄𝒑𝒒𝒓. 

1004. If 𝒂, 𝒃, 𝒄 > 0 and 𝝀 ≥ 𝟎 then 

𝒂𝟑

𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐
+

𝒃𝟑

𝒃𝟐 + 𝝀𝒃𝒄 + 𝒄𝟐
+

𝒄𝟑

𝒄𝟐 + 𝝀𝒄𝒂 + 𝒂𝟐
+

𝟗

(𝝀 + 𝟐)(𝒂 + 𝒃 + 𝒄)
≥

𝟔

𝝀 + 𝟐
.  

 Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  
𝒂𝟑

𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐
= 𝒂 −

𝒂𝒃(𝝀𝒂 + 𝒃)

𝒂𝟐 + 𝒃𝟐 + 𝝀𝒂𝒃
 ≥⏞
𝑨𝑴−𝑮𝑴

 𝒂 −
𝒂𝒃(𝝀𝒂 + 𝒃)

𝟐𝒂𝒃 + 𝝀𝒂𝒃
= 𝒂 −

𝝀𝒂 + 𝒃

𝝀 + 𝟐
=
𝟐𝒂 − 𝒃

𝝀 + 𝟐
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒃𝟑

𝒃𝟐 + 𝝀𝒃𝒄 + 𝒄𝟐
≥
𝟐𝒃 − 𝒄

𝝀 + 𝟐
   𝒂𝒏𝒅   

𝒄𝟑

𝒄𝟐 + 𝝀𝒄𝒂 + 𝒂𝟐
≥
𝟐𝒄 − 𝒂

𝝀 + 𝟐
. 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 

𝒂𝟑

𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐
+

𝒃𝟑

𝒃𝟐 + 𝝀𝒃𝒄 + 𝒄𝟐
+

𝒄𝟑

𝒄𝟐 + 𝝀𝒄𝒂 + 𝒂𝟐
≥
𝒂 + 𝒃 + 𝒄

𝝀 + 𝟐
. 

𝑻𝒉𝒆𝒏 ∶   
𝒂𝟑

𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐
+

𝒃𝟑

𝒃𝟐 + 𝝀𝒃𝒄 + 𝒄𝟐
+

𝒄𝟑

𝒄𝟐 + 𝝀𝒄𝒂 + 𝒂𝟐
+

𝟗

(𝝀 + 𝟐)(𝒂 + 𝒃 + 𝒄)
≥ 

≥
𝟏

𝝀 + 𝟐
[(𝒂 + 𝒃 + 𝒄) +

𝟗

𝒂 + 𝒃 + 𝒄
] ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟔

𝝀 + 𝟐
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒂, 𝒃, 𝒄 > 0 and 𝝀 ≥ 𝟎 we give 𝒂 + 𝒃 + 𝒄 = 𝒅 ⇒
𝒂+𝒃+𝒄

𝒅
= 𝟏 

𝒂𝟑

𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐
+

𝒃𝟑

𝒃𝟐 + 𝝀𝒃𝒄 + 𝒄𝟐
+

𝒄𝟑

𝒄𝟐 + 𝝀𝒄𝒂 + 𝒂𝟐
≥
𝒂 + 𝒃 + 𝒄

𝝀 + 𝟐
 

(𝒅𝒙)𝟑

(𝒅𝒙)𝟐 + 𝝀𝒅𝒙𝒅𝒚 + (𝒅𝒚)𝟐
+

(𝒅𝒚)𝟑

(𝒅𝒚)𝟐 + 𝝀𝒅𝒚𝒅𝒛 + (𝒅𝒛)𝟐
+

(𝒅𝒛)𝟑

(𝒅𝒛)𝟐 + 𝝀𝒅𝒛𝒅𝒙 + (𝒅𝒙)𝟐
≥

𝒅

𝝀 + 𝟐
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𝒅𝒙𝟑

𝒙𝟐 + 𝝀𝒙𝒚 + 𝒚𝟐
+

𝒅𝒚𝟑

𝒚𝟐 + 𝝀𝒚𝒛 + 𝒛𝟐
+

𝒅𝒛𝟑

𝒛𝟐 + 𝝀𝒛𝒙 + 𝒙𝟐
≥

𝒅

𝝀 + 𝟐
 

𝒙𝟑

𝒙𝟐 + 𝝀𝒙𝒚 + 𝒚𝟐
+

𝒚𝟑

𝒚𝟐 + 𝝀𝒚𝒛 + 𝒛𝟐
+

𝒛𝟑

𝒛𝟐 + 𝝀𝒛𝒙 + 𝒙𝟐
≥

𝟏

𝝀 + 𝟐
 

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐(𝝀 + 𝟐)

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 + 𝝀(𝒙𝟐𝒚 + 𝒚𝟐𝒛 + 𝒛𝟐𝒙) + 𝒙𝒚𝟐 + 𝒚𝒛𝟐 + 𝒛𝒙𝟐
≥ 𝟏 

(𝒙𝟒 + 𝒚𝟒 + 𝒛𝟒 + 𝟐(𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒛𝟐𝒙𝟐)) (𝝀 + 𝟐) ≥ 

≥ 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 + 𝝀(𝒙𝟐𝒚 + 𝒚𝟐𝒛 + 𝒛𝟐𝒙) + 𝒙𝒚𝟐 + 𝒚𝒛𝟐 + 𝒛𝒙𝟐 which is true, because 

𝒙𝟐𝒚 + 𝒚𝟐𝒛 + 𝒛𝟐𝒙 ≤
𝟏

𝟗
 𝐚𝐧𝐝 (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 ≥

𝟏

𝟗
 

𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) ≥ (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 + 𝒙𝒚𝟐 + 𝒚𝒛𝟐 + 𝒛𝒙𝟐)(𝒙 + 𝒚 + 𝒛) 

𝒂𝟑

𝒂𝟐 + 𝝀𝒂𝒃 + 𝒃𝟐
+

𝒃𝟑

𝒃𝟐 + 𝝀𝒃𝒄 + 𝒄𝟐
+

𝒄𝟑

𝒄𝟐 + 𝝀𝒄𝒂 + 𝒂𝟐
≥
𝒂 + 𝒃 + 𝒄

𝝀 + 𝟐
 

𝒂 + 𝒃 + 𝒄

𝝀 + 𝟐
+

𝟗

(𝝀 + 𝟐)(𝒂 + 𝒃 + 𝒄)
≥

𝟔

𝝀 + 𝟐
 

1005. Let 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 1.Prove that :   

√
𝒂𝒃

𝒄
+ √

𝒃𝒄

𝒂
+ √

𝒄𝒂

𝒃
≥∑√𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄

𝒄𝒚𝒄

. 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

  𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥∑√𝒂𝒃𝒄(𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄)

𝒄𝒚𝒄

 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑√𝒂𝒃𝒄(𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄)

𝒄𝒚𝒄

≤ √(∑ 𝒂𝒃
𝒄𝒚𝒄

) [∑ 𝒄(𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄)
𝒄𝒚𝒄

]

= √(∑ 𝒂𝒃
𝒄𝒚𝒄

) [∑ 𝒄(𝒂𝟐 + 𝒃𝟐)
𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄] = 
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= √(∑ 𝒂𝒃
𝒄𝒚𝒄

) . (∑ 𝒂𝒃
𝒄𝒚𝒄

)(∑ 𝒂
𝒄𝒚𝒄

) = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒂, 𝒃, 𝒄 > 0 and 𝒂 + 𝒃 + 𝒄 = 𝟏, we will obtain that 

√
𝒃𝒂

𝒄
+√

𝒃𝒄

𝒂
+ √

𝒄𝒂

𝒃
≥ √𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄 + √𝒃𝟐 + 𝒄𝟐 + 𝟑𝒂𝒃𝒄 + √𝒄𝟐 + 𝒂𝟐 + 𝟑𝒂𝒃𝒄 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥ √

𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+ 𝟑 + √

𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
+ 𝟑 +√

𝒄

𝒂𝒃
+
𝒂

𝒃𝒄
+ 𝟑 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥ √(

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)(
𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
+ 𝟑(𝒂 + 𝒃 + 𝒄)) 

(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)
𝟐

≥ (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) (
𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
+ 𝟑) 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝒂

𝒄
+
𝒄

𝒃
+
𝒃

𝒂
+ 𝟑 

Solution 3 by Nguyen Van Canh-Ben Tre-Vietnam 

√
𝒂𝒃

𝒄
+√

𝒃𝒄

𝒂
+ √

𝒄𝒂

𝒃
≥ √𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄 + √𝒃𝟐 + 𝒄𝟐 + 𝟑𝒂𝒃𝒄 + √𝒄𝟐 + 𝒂𝟐 + 𝟑𝒂𝒃𝒄 

⇔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ √𝒂𝒃𝒄(√𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄+√𝒃𝟐 + 𝒄𝟐 + 𝟑𝒂𝒃𝒄+ √𝒄𝟐 + 𝒂𝟐 + 𝟑𝒂𝒃𝒄) ; (∗) 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐈𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐰𝐞 𝐡𝐚𝐯𝐞: 

√𝒂𝒃𝒄(𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄) = √𝒂𝒃(𝒄𝒂𝟐 + 𝒄𝒃𝟐 + 𝟑𝒂𝒃𝒄𝟐) ≤
𝒂𝒃+ 𝒄𝒂𝟐 + 𝒄𝒃𝟐 + 𝟑𝒂𝒃𝒄𝟐

𝟐
; 

𝐒𝐢𝐦𝐢𝐥𝐚𝐫𝐲: 

√𝒂𝒃𝒄(𝒃𝟐 + 𝒄𝟐 + 𝟑𝒂𝒃𝒄) ≤
𝒃𝒄 + 𝒂𝒃𝟐 + 𝒂𝒄𝟐 + 𝟑𝒃𝒄𝒂𝟐

𝟐
; 

√𝒂𝒃𝒄(𝒄𝟐 + 𝒂𝟐 + 𝟑𝒂𝒃𝒄) ≤
𝒂𝒄 + 𝒃𝒄𝟐 + 𝒃𝒂𝟐 + 𝟑𝒂𝒄𝒃𝟐

𝟐
; 
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⇒ √𝒂𝒃𝒄 (√𝒂𝟐 + 𝒃𝟐 + 𝟑𝒂𝒃𝒄 +√𝒃𝟐 + 𝒄𝟐 + 𝟑𝒂𝒃𝒄 +√𝒄𝟐 + 𝒂𝟐 + 𝟑𝒂𝒃𝒄)

≤
∑𝒂𝒃 + ∑𝒂𝒃(𝒂 + 𝒃) + 𝟑𝒂𝒃𝒄∑𝒂

𝟐
=
∑𝒂𝒃 + (∑𝒂)(∑𝒂𝒃)− 𝟑𝒂𝒃𝒄 + 𝟑𝒂𝒃𝒄∑𝒂

𝟐

=
𝟐∑𝒂𝒃 − 𝟑𝒂𝒃𝒄 + 𝟑𝒂𝒃𝒄

𝟐
=∑𝒂𝒃 ; 

⇒ (∗)𝐭𝐫𝐮𝐞. 𝐏𝐫𝐨𝐯𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 ⇔ 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

1006. Let 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 =
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
.Prove that : 

∑
𝟏

𝒂𝟑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)
𝒄𝒚𝒄

≥
(√𝒂 + √𝒃 + √𝒄)

𝟐

𝟗
. 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟏

𝒂𝟑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)
+ √

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟐𝟕
+ √

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟐𝟕

≥ 𝟑√
𝟏

𝒂𝟑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)
.√
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟐𝟕

 𝟐
𝟑

=
𝟏

𝒂
 

𝑻𝒉𝒆𝒏 ∶   
𝟏

𝒂𝟑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)
≥
𝟏

𝒂
−
𝟐

𝟑
√
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
  (𝟏) 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

√
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
+
√𝒂𝒃

𝟑
≤ √(𝟏 +

𝟏

𝟑
)(
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
+
𝒂𝒃

𝟑
) =

𝟐

𝟑
(𝒂 + 𝒃) 

𝑻𝒉𝒆𝒏 ∶   √
𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐

𝟑
≤
𝟐

𝟑
(𝒂 + 𝒃) −

√𝒂𝒃

𝟑
  (𝟐) 
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𝑭𝒓𝒐𝒎 (𝟏) & (𝟐) 𝒘𝒆 𝒈𝒆𝒕 ∶   
𝟏

𝒂𝟑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)
≥
𝟏

𝒂
−
𝟐

𝟑
. (
𝟐

𝟑
(𝒂 + 𝒃) −

√𝒂𝒃

𝟑
)

=
𝟏

𝒂
−
𝟒(𝒂 + 𝒃)

𝟗
+
𝟐√𝒂𝒃

𝟗
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒖𝒔,   ∑
𝟏

𝒂𝟑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)
𝒄𝒚𝒄

≥∑
𝟏

𝒂
𝒄𝒚𝒄

−
𝟒

𝟗
∑(𝒂 + 𝒃)

𝒄𝒚𝒄

+
𝟐

𝟗
∑√𝒂𝒃

𝒄𝒚𝒄

=∑𝒂

𝒄𝒚𝒄

−
𝟖

𝟗
∑𝒂

𝒄𝒚𝒄

+
𝟐

𝟗
∑√𝒂𝒃

𝒄𝒚𝒄

=
(√𝒂 + √𝒃 + √𝒄)

𝟐

𝟗
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐈𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐰𝐞 𝐡𝐚𝐯𝐞: 

𝟐√𝟑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) = 𝟐√(𝒂 + √𝒂𝒃 + 𝒃). 𝟑(𝒂 − √𝒂𝒃 + 𝒃)

≤ 𝒂 + √𝒂𝒃 + 𝒃 + 𝟑(𝒂 − √𝒂𝒃 + 𝒃) = 𝟐(𝟐𝒂 − √𝒂𝒃 + 𝟐𝒃); 

⇒ 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 ≤
(𝟐𝒂 − √𝒂𝒃 + 𝟐𝒃)

𝟐

𝟑
; 

𝐒𝐢𝐦𝐢𝐥𝐚𝐫𝐲: 

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐 ≤
(𝟐𝒃 − √𝒃𝒄 + 𝟐√𝒄)

𝟐

𝟑
; 𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐 ≤

(𝟐𝒄 − √𝒄𝒂 + 𝟐𝒂)
𝟐

𝟑
 

𝐓𝐡𝐮𝐬, 

∑
𝟏

𝒂𝟑(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)
≥∑

𝟑

𝒂𝟑(𝟐𝒂 − √𝒂𝒃 + 𝟐𝒃)
𝟐

= 𝟑∑
(
𝟏
𝒂)

𝟑

(𝟐𝒂 − √𝒂𝒃 + 𝟐𝒃)
𝟐 ≥⏞
𝐑𝐚𝐝𝐨𝐧 𝐈𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝟑(

𝟏
𝒂 +

𝟏
𝒃 +

𝟏
𝒄)

𝟑

(𝟒∑𝒂 − ∑√𝒂𝒃)
𝟐

=
𝟑(𝒂 + 𝒃 + 𝒄)𝟑

(𝟒∑𝒂 − ∑√𝒂𝒃)
𝟐 ≥
⏞
(∗)
(√𝒂 + √𝒃 + √𝒄)

𝟐

𝟗
; 

(∗) ⇔
𝟑𝒑𝟑

(𝟒𝒑 − 𝒒)𝟐
≥
𝒑 + 𝟐𝒒

𝟗
; (𝒑 = ∑𝒂 ≥ 𝒒 =∑√𝒂𝒃) 
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⇔ 𝟐𝟕𝒑𝟑 ≥ (𝒑 + 𝟐𝒒)(𝟒𝒑 − 𝒒)𝟐; 

⇔ 𝟏𝟏 𝒑𝟑 −  𝟐𝟒 𝒑𝟐𝒒 +  𝟏𝟓 𝒑 𝒒𝟐 −  𝟐 𝒒𝟑 ≥ 𝟎 ⇔ (𝟏𝟏 𝒑 −  𝟐 𝒒)(𝒑 −  𝒒)𝟐 ≥ 𝟎;  

𝐖𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐬𝐢𝐧𝐜𝐞 𝒑 ≥ 𝒒. 𝐏𝐫𝐨𝐯𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 ⇔ 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1007.  𝐅𝐨𝐫  𝒂, 𝐛, 𝐜 > 0 ,
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
= 𝟑,𝐩𝐫𝐨𝐯𝐞: 

𝒂

𝐛𝟐 + 𝐜𝟐
+

𝐛

𝐜𝟐 + 𝒂𝟐
+

𝐜

𝒂𝟐 + 𝐛𝟐
≥
𝟑

𝟐
(
𝒂 + 𝐛 + 𝐜

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
)

𝟐

  

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐏𝐫𝐨𝐨𝐟 ∶
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
= 𝟑 ⇒ 𝟏 =

∑ 𝒂𝐛𝐜𝐲𝐜

𝟑𝒂𝐛𝐜
⇒∑

𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
𝟑

𝟐
(
∑ 𝒂𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

⇔
∑ 𝒂𝐛𝐜𝐲𝐜

𝟑𝒂𝐛𝐜
.∑

𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
(∗) 𝟑

𝟐
(
∑ 𝒂𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦
⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂  

𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

𝐕𝐢𝒂 𝒂𝐟𝐨𝐫𝐞𝐦𝐞𝐧𝐭𝐢𝐨𝐧𝐞𝐝 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

=
(⦁)
𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐  

𝐀𝐥𝐬𝐨,∑𝒂𝟑

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) = 𝐬𝟑 − 𝟑𝒙𝐲𝐳 = 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬

⇒∑𝒂𝟑

𝐜𝐲𝐜

=
(⦁⦁)

𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 𝒂𝐧𝐝∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

= (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

=
(⦁⦁⦁)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬𝟐 
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𝐀𝐠𝒂𝐢𝐧,(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟑

𝐜𝐲𝐜

) =∑𝒂𝟓

𝐜𝐲𝐜

+(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)− 𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

)

⇒∑𝒂𝟓

𝐜𝐲𝐜

+ (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) = (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟑

𝐜𝐲𝐜

)+ 𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

) 

=
𝐯𝐢𝒂 (⦁),(⦁⦁)

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) + 𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

⇒∑𝒂𝟓

𝐜𝐲𝐜

+ (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) =
(⦁⦁⦁⦁)

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬)

+ 𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐) 

𝐍𝐨𝐰,∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

=
∑ (𝒂(𝐜𝟐 + 𝒂𝟐)(𝒂𝟐 + 𝐛𝟐))𝐜𝐲𝐜

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

=
(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 ) + ∑ 𝒂𝟓𝐜𝐲𝐜

(∑ 𝒂𝟐𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 ) − 𝒂𝟐𝐛𝟐𝐜𝟐
=

𝐯𝐢𝒂 (⦁),(⦁⦁⦁),(⦁⦁⦁⦁) (𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) + 𝐫𝟐𝐬(𝟒𝐑𝐫+ 𝐫𝟐)

(𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)((𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟐𝐫𝟐𝐬𝟐) − 𝐫𝟒𝐬𝟐
⇒ (∗) ⇔ 

𝟒𝐑𝐫 + 𝐫𝟐

𝟑𝐫𝟐𝐬
.
(𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) + 𝐫𝟐𝐬(𝟒𝐑𝐫+ 𝐫𝟐)

(𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)((𝟒𝐑𝐫+ 𝐫𝟐)𝟐 − 𝟐𝐫𝟐𝐬𝟐) − 𝐫𝟒𝐬𝟐
≥
𝟑

𝟐
.

𝐬𝟐

(𝟒𝐑𝐫 + 𝐫𝟐)𝟐
 

⇔ 𝟐(𝟒𝐑𝐫+ 𝐫𝟐)𝟑. ((𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟐𝐑𝐫)+ 𝐫𝟐(𝟒𝐑𝐫+ 𝐫𝟐))

≥ 𝟗𝐫𝟐𝐬𝟐((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)((𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟐𝐫𝟐𝐬𝟐) − 𝐫𝟒𝐬𝟐) 

⇔ 𝟏𝟖𝐫𝐬𝟔 + (𝟏𝟐𝟖𝐑𝟑 − 𝟒𝟖𝐑𝟐𝐫 − 𝟏𝟗𝟐𝐑𝐫𝟐 − 𝟑𝟒𝐫𝟑)𝐬𝟒

− 𝐫𝐬𝟐(𝟐𝟓𝟔𝟎𝐑𝟒 + 𝟏𝟎𝟐𝟒𝐑𝟑𝐫 − 𝟏𝟗𝟐𝐑𝟐𝐫𝟐 − 𝟏𝟐𝟖𝐑𝐫𝟑 − 𝟏𝟒𝐫𝟒)

+ 𝐫𝟐(𝟏𝟐𝟐𝟖𝟖𝐑𝟓 + 𝟏𝟐𝟖𝟎𝟎𝐑𝟒𝐫 + 𝟓𝟏𝟐𝟎𝐑𝟑𝐫𝟐 + 𝟗𝟔𝟎𝐑𝟐𝐫𝟑 + 𝟖𝟎𝐑𝐫𝟒 + 𝟐𝐫𝟓) ≥
(∗∗)

𝟎 

𝒂𝐧𝐝 ∵ 𝟏𝟖𝐫(𝐬𝟐 − 𝟏𝟔𝐑𝐫+ 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗)
≥ 𝟏𝟖𝐫(𝐬𝟐 − 𝟏𝟔𝐑𝐫+ 𝟓𝐫𝟐)𝟑 

⇔ (𝟏𝟐𝟖𝐑𝟑 − 𝟒𝟖𝐑𝟐𝐫 + 𝟔𝟕𝟐𝐑𝐫𝟐 − 𝟑𝟎𝟒𝐫𝟑)𝐬𝟒

− 𝐫𝐬𝟐(𝟐𝟓𝟔𝟎𝐑𝟒 + 𝟏𝟎𝟐𝟒𝐑𝟑𝐫 − 𝟏𝟑𝟔𝟑𝟐𝐑𝟐𝐫𝟐 + 𝟖𝟕𝟔𝟖𝐑𝐫𝟑 − 𝟏𝟑𝟑𝟔𝐫𝟒) 

+𝐫𝟐(𝟏𝟐𝟐𝟖𝟖𝐑𝟓 + 𝟏𝟐𝟖𝟎𝟎𝐑𝟒𝐫 + 𝟕𝟖𝟖𝟒𝟖𝐑𝟑𝐫𝟐 − 𝟔𝟖𝟏𝟔𝟎𝐑𝟐𝐫𝟑 + 𝟐𝟏𝟔𝟖𝟎𝐑𝐫𝟒 − 𝟐𝟐𝟒𝟖𝐫𝟓) ≥ 𝟎 ≥
(∗∗∗)

𝟎 𝒂𝐧𝐝

∵ (𝟏𝟐𝟖𝐑𝟑 − 𝟒𝟖𝐑𝟐𝐫 + 𝟔𝟕𝟐𝐑𝐫𝟐 − 𝟑𝟎𝟒𝐫𝟑)(𝐬𝟐 − 𝟏𝟔𝐑𝐫+ 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨  
𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗)

≥ (𝟏𝟐𝟖𝐑𝟑 − 𝟒𝟖𝐑𝟐𝐫 + 𝟔𝟕𝟐𝐑𝐫𝟐 − 𝟑𝟎𝟒𝐫𝟑)(𝐬𝟐 − 𝟏𝟔𝐑𝐫+ 𝟓𝐫𝟐)𝟐 

⇔ (𝟏𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟒𝟎𝐑𝟑𝐫 + 𝟖𝟑𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟔𝟖𝟎𝐑𝐫𝟑 + 𝟏𝟕𝟎𝟒𝐫𝟒)𝐬𝟐 ≥
(∗∗∗∗)

𝐫(𝟐𝟎𝟒𝟖𝟎𝐑𝟓 − 𝟒𝟓𝟓𝟔𝟖𝐑𝟒𝐫

+ 𝟏𝟎𝟒𝟎𝟔𝟒𝐑𝟑𝐫𝟐 − 𝟏𝟏𝟖𝟑𝟖𝟒𝐑𝟐𝐫𝟑 + 𝟒𝟑𝟕𝟔𝟎𝐑𝐫𝟒 − 𝟓𝟑𝟓𝟐𝐫𝟓) 

𝐍𝐨𝐰, ∵ 𝟏𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟒𝟎𝐑𝟑𝐫 + 𝟖𝟑𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟔𝟖𝟎𝐑𝐫𝟑 + 𝟏𝟕𝟎𝟒𝐫𝟒

= (𝐑 − 𝟐𝐫)(𝟏𝟏𝟓𝟐𝐑𝟑 + 𝟑𝟖𝟒𝐑𝟐(𝐑 − 𝟐𝐫) + 𝟔𝟖𝟏𝟔𝐑𝐫𝟐 + 𝟓𝟗𝟓𝟐𝐫𝟑)

+ 𝟏𝟑𝟔𝟎𝟖𝐫𝟒 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟑𝟔𝟎𝟖𝐫𝟒 > 0 ∴ 𝐿𝐻𝑆 𝑜𝑓 (∗∗∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝟏𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟒𝟎𝐑𝟑𝐫 + 𝟖𝟑𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟔𝟖𝟎𝐑𝐫𝟑 + 𝟏𝟕𝟎𝟒𝐫𝟒) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐

− 𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫) ≥
?
𝐫(𝟐𝟎𝟒𝟖𝟎𝐑𝟓 − 𝟒𝟓𝟓𝟔𝟖𝐑𝟒𝐫 + 𝟏𝟎𝟒𝟎𝟔𝟒𝐑𝟑𝐫𝟐

− 𝟏𝟏𝟖𝟑𝟖𝟒𝐑𝟐𝐫𝟑 + 𝟒𝟑𝟕𝟔𝟎𝐑𝐫𝟒 − 𝟓𝟑𝟓𝟐𝐫𝟓) 
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⇔ 𝟑𝟎𝟕𝟐𝐑𝟔 − 𝟏𝟐𝟖𝟎𝟎𝐑𝟓𝐫 + 𝟐𝟐𝟑𝟑𝟔𝐑𝟒𝐫𝟐 − 𝟑𝟐𝟎𝟔𝟒𝐑𝟑𝐫𝟑 + 𝟑𝟔𝟔𝟒𝟎𝐑𝟐𝐫𝟒 − 𝟏𝟗𝟎𝟒𝟎𝐑𝐫𝟓

+ 𝟑𝟔𝟒𝟖𝐫𝟔 ≥
?
𝟐(𝐑 − 𝟐𝐫)(𝟏𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟒𝟎𝐑𝟑𝐫 + 𝟖𝟑𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟔𝟖𝟎𝐑𝐫𝟑

+ 𝟏𝟕𝟎𝟒𝐫𝟒).√𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝐑 − 𝟐𝐫)(𝟑𝟎𝟕𝟐𝐑𝟓 − 𝟔𝟔𝟓𝟔𝐑𝟒𝐫 + 𝟗𝟎𝟐𝟒𝐑𝟑𝐫𝟐 − 𝟏𝟒𝟎𝟏𝟔𝐑𝟐𝐫𝟑 + 𝟖𝟔𝟎𝟖𝐑𝐫𝟒 − 𝟏𝟖𝟐𝟒𝐫𝟓)𝐫𝟔 ≥
?
𝟐(𝐑

− 𝟐𝐫)(𝟏𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟒𝟎𝐑𝟑𝐫 + 𝟖𝟑𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟔𝟖𝟎𝐑𝐫𝟑 + 𝟏𝟕𝟎𝟒𝐫𝟒).√𝐑𝟐 − 𝟐𝐑𝐫 

⇔
∵ 𝐑−𝟐𝐫 ≥ 𝟎 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫

𝟑𝟎𝟕𝟐𝐑𝟓 − 𝟔𝟔𝟓𝟔𝐑𝟒𝐫 + 𝟗𝟎𝟐𝟒𝐑𝟑𝐫𝟐 − 𝟏𝟒𝟎𝟏𝟔𝐑𝟐𝐫𝟑 + 𝟖𝟔𝟎𝟖𝐑𝐫𝟒

− 𝟏𝟖𝟐𝟒𝐫𝟓 ≥
?
⏟

(∗∗∗∗∗)

𝟐(𝟏𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟒𝟎𝐑𝟑𝐫 + 𝟖𝟑𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟔𝟖𝟎𝐑𝐫𝟑 + 𝟏𝟕𝟎𝟒𝐫𝟒).√𝐑𝟐 − 𝟐𝐑𝐫 

𝐀𝐠𝒂𝐢𝐧,∵ 𝟑𝟎𝟕𝟐𝐑𝟓 − 𝟔𝟔𝟓𝟔𝐑𝟒𝐫 + 𝟗𝟎𝟐𝟒𝐑𝟑𝐫𝟐 − 𝟏𝟒𝟎𝟏𝟔𝐑𝟐𝐫𝟑 + 𝟖𝟔𝟎𝟖𝐑𝐫𝟒 − 𝟏𝟖𝟐𝟒𝐫𝟓

= (𝐑 − 𝟐𝐫)(𝟐𝟖𝟏𝟔𝐑𝟒 + 𝟐𝟓𝟔𝐑𝟑(𝐑 − 𝟐𝐫) + 𝟖𝟎𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟗𝟖𝟒𝐑𝐫𝟑 + 𝟏𝟐𝟓𝟕𝟔𝐫𝟒)

+ 𝟐𝟑𝟑𝟐𝟖𝐫𝟓 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟑𝟑𝟐𝟖𝐫𝟓 

> 0 ∴ (∗∗∗∗∗) ⇔ (𝟑𝟎𝟕𝟐𝐑𝟓 − 𝟔𝟔𝟓𝟔𝐑𝟒𝐫 + 𝟗𝟎𝟐𝟒𝐑𝟑𝐫𝟐 − 𝟏𝟒𝟎𝟏𝟔𝐑𝟐𝐫𝟑 + 𝟖𝟔𝟎𝟖𝐑𝐫𝟒 − 𝟏𝟖𝟐𝟒𝐫𝟓)
𝟐
≥
?
𝟒(𝐑𝟐

− 𝟐𝐑𝐫)(𝟏𝟓𝟑𝟔𝐑𝟒 − 𝟑𝟖𝟒𝟎𝐑𝟑𝐫 + 𝟖𝟑𝟓𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟔𝟖𝟎𝐑𝐫𝟑 + 𝟏𝟕𝟎𝟒𝐫𝟒)𝟐 
⇔ 𝟐𝟓𝟏𝟔𝟓𝟖𝟐𝟒𝐭𝟗 − 𝟏𝟓𝟔𝟐𝟑𝟕𝟖𝟐𝟒𝐭𝟖 + 𝟒𝟔𝟕𝟗𝟐𝟕𝟎𝟒𝟎𝐭𝟕 − 𝟗𝟏𝟔𝟖𝟖𝟏𝟒𝟎𝟖𝐭𝟔 + 𝟏𝟐𝟓𝟖𝟓𝟐𝟎𝟓𝟕𝟔𝐭𝟓

− 𝟏𝟏𝟎𝟒𝟔𝟖𝟓𝟎𝟓𝟔𝐭𝟒 + 𝟓𝟑𝟎𝟎𝟒𝟐𝟖𝟖𝟎𝐭𝟑 − 𝟗𝟓𝟕𝟕𝟑𝟗𝟓𝟐𝐭𝟐 − 𝟖𝟏𝟕𝟑𝟎𝟓𝟔𝐭

+ 𝟑𝟑𝟐𝟔𝟗𝟕𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)((𝐭 − 𝟐). 𝐏(𝐭) + 𝟕𝟔𝟑𝟓𝟎𝟓𝟕𝟒𝟎𝟖) + 𝟐𝟖𝟖𝟓𝟓𝟖𝟎𝟐𝟖𝟖) + 𝟓𝟒𝟒𝟏𝟗𝟓𝟓𝟖𝟒 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐭 − 𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝   
𝐏(𝐭) = 𝟐𝟐𝟓𝟒𝟒𝟑𝟖𝟒𝐭𝟔 + 𝟐𝟔𝟐𝟏𝟒𝟒𝟎𝐭𝟓(𝐭 − 𝟐) + 𝟏𝟑𝟒𝟒𝟕𝟗𝟖𝟕𝟐𝐭𝟒 + 𝟏𝟓𝟒𝟐𝟑𝟖𝟗𝟕𝟔𝐭𝟑 + 𝟓𝟐𝟖𝟐𝟓𝟐𝟗𝟐𝟖𝐭𝟐

+ 𝟏𝟐𝟖𝟗𝟖𝟎𝟑𝟕𝟕𝟔𝐭 + 𝟑𝟏𝟔𝟑𝟕𝟒𝟐𝟐𝟎𝟖 >
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (∗∗∗∗∗) ⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗)
⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒ ∀ 𝒂, 𝐛, 𝐜 > 0 │
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
= 𝟑,

𝒂

𝐛𝟐 + 𝐜𝟐
+

𝐛

𝐜𝟐 + 𝒂𝟐
+

𝐜

𝒂𝟐 + 𝐛𝟐
≥
𝟑

𝟐
(
𝒂 + 𝐛 + 𝐜

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
)
𝟐

(𝐐𝐄𝐃) 

 

1008. Prove that :  

 
(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 − 𝒙𝒚 − 𝒚𝒛 − 𝒛𝒙)𝟑

(𝒙 − 𝒚)𝟐(𝒚 − 𝒛)𝟐(𝒛 − 𝒙)𝟐
≥
𝟐𝟕

𝟒
,   ∀𝒙 ≠ 𝒚 ≠ 𝒛 ≠ 𝒙 ∈ 𝑹.   

 Proposed by Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄𝒂𝒍,𝑾𝑳𝑶𝑮,𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒙 > 𝑦 > 𝑧. 

𝑳𝒆𝒕  𝒂 = 𝒙 − 𝒚 > 0,   𝑏 = 𝑦 − 𝑧 > 0.  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶  𝑥 − 𝑧 = 𝑎 + 𝑏. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 − 𝒙𝒚 − 𝒚𝒛 − 𝒛𝒙) = (𝒙 − 𝒚)𝟐 + (𝒚 − 𝒛)𝟐 + (𝒙 − 𝒛)𝟐 = 

= 𝒂𝟐 + 𝒃𝟐 + (𝒂 + 𝒃)𝟐 ≥⏞
𝑪𝑩𝑺

 
(𝒂 + 𝒃)𝟐

𝟐
+ (𝒂 + 𝒃)𝟐 =

𝟑(𝒂 + 𝒃)𝟐

𝟐
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𝑻𝒉𝒆𝒏 ∶ 

 (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 − 𝒙𝒚 − 𝒚𝒛 − 𝒛𝒙)𝟑 =
𝟐𝟕(𝒂 + 𝒃)𝟔

𝟔𝟒
 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟐𝟕(𝒂 + 𝒃)𝟐 . (𝟐√𝒂𝒃)

𝟒

𝟔𝟒

=
𝟐𝟕

𝟒
. 𝒂𝟐𝒃𝟐(𝒂 + 𝒃)𝟐. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 − 𝒙𝒚 − 𝒚𝒛 − 𝒛𝒙)𝟑

(𝒙 − 𝒚)𝟐(𝒚 − 𝒛)𝟐(𝒛 − 𝒙)𝟐
≥
𝟐𝟕

𝟒
. 

1009. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂 + 𝒃 + 𝒄 = 𝟑.  Prove that : 

𝒂 + 𝟏

√𝒂𝟐 + 𝟑 + 𝟒𝒃𝒄
+

𝒃 + 𝟏

√𝒃𝟐 + 𝟑 + 𝟒𝒄𝒂
+

𝒄 + 𝟏

√𝒄𝟐 + 𝟑 + 𝟑𝒂𝒃
≥ 𝟏. 

Proposed by Phan Ngoc Chau-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒂 + 𝟏

√𝒂𝟐 + 𝟑+ 𝟒𝒃𝒄
=

(𝒂 + 𝟏)𝟐

(𝒂 + 𝟏)√𝒂𝟐 + 𝟑 + 𝟒𝒃𝒄(𝒂 + 𝟏)
≥⏞

𝑨𝑴−𝑮𝑴 (𝒂 + 𝟏)𝟐

(𝒂 + 𝟏)𝟐 + (𝒂𝟐 + 𝟑)
𝟐 + 𝟒𝒃𝒄(𝒂 + 𝟏)

 

𝑻𝒉𝒆𝒏 ∶  
𝒂 + 𝟏

√𝒂𝟐 + 𝟑 + 𝟒𝒃𝒄
≥

(𝒂 + 𝟏)𝟐

𝒂𝟐 + 𝒂 + 𝟐 + 𝟒𝒃𝒄(𝒂 + 𝟏)
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒖𝒔,   

 ∑
𝒂+ 𝟏

√𝒂𝟐 + 𝟑+ 𝟒𝒃𝒄
𝒄𝒚𝒄

≥∑
(𝒂+ 𝟏)𝟐

𝒂𝟐 + 𝒂+ 𝟐 + 𝟒𝒃𝒄(𝒂 + 𝟏)
𝒄𝒚𝒄

 ≥⏞
𝑪𝑩𝑺

 
(∑ 𝒂𝒄𝒚𝒄 + 𝟑)

𝟐

(∑ 𝒂𝒄𝒚𝒄 )
𝟐
+∑ 𝒂𝒄𝒚𝒄 + 𝟔+ 𝟏𝟐𝒂𝒃𝒄 + 𝟐∑ 𝒃𝒄𝒄𝒚𝒄

 

𝑺𝒊𝒏𝒄𝒆 ∶   𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
= 𝟑  𝒂𝒏𝒅  

 𝒂𝒃𝒄 ≤ (
𝒂 + 𝒃 + 𝒄

𝟑
)
𝟑

= 𝟏  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑
𝒂+ 𝟏

√𝒂𝟐 + 𝟑 + 𝟒𝒃𝒄
𝒄𝒚𝒄

≥
(𝟑 + 𝟑)𝟐

𝟑𝟐 + 𝟑 + 𝟔 + 𝟏𝟐. 𝟏 + 𝟐. 𝟑
= 𝟏. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Michael Serghiou-Greece 

∑
𝒂+𝟏

√𝒂𝟐 + 𝟑 + 𝟒𝒃𝒄
𝒄𝒚𝒄

≥ 𝟏; (𝟏) 

If one, or two of 𝒂, 𝒃, 𝒄 = 𝟎 it is easy to prove (1). 
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Let (𝒑, 𝒒, 𝒓) = (∑𝒂, ∑𝒂𝒃,∏𝒂), 𝒑 = 𝟑 𝐚𝐧𝐝 𝒒 ≤ 𝟑, 𝒓 ≤ 𝟏 

First we have: √𝒂𝟐 + 𝟑 =
𝟏

𝟐
√(𝒂𝟐 + 𝟑)𝟒 ≤

𝟏

𝟒
(𝒂𝟐 + 𝟕), so (1) becomes the stronger 

∑
𝒂+𝟏

𝟏
𝟒
(𝒂𝟐 + 𝟕) + 𝟒𝒃𝒄𝒄𝒚𝒄

≥ 𝟏; (𝟐) 

Now, we exploit the convexity of 𝒇(𝒕) =
𝟏

𝒕
 on (𝟎,∞) ( 𝒇′′(𝒕) =

𝟐

𝒕𝟑
> 0) and the generalized 

Jensen’s inequality, we have: 

∑𝒇(𝝀𝒊𝒙𝒊)

𝟑

𝒊=𝟏

≥ (∑𝝀𝒊

𝟑

𝒊=𝟏

)𝒇 (
∑ 𝝀𝒊𝒙𝒊
𝟑
𝒊=𝟏

∑ 𝝀𝒊𝒙𝒊
𝟑
𝒊=𝟏

)  𝐰𝐢𝐭𝐡 𝝀𝒊 ∈ {𝒂 + 𝟏, 𝒃 + 𝟏, 𝒄 + 𝟏}, 𝒊 = 𝟏, 𝟐, 𝟑 

We have the stronger inequality: 

𝑳𝑯𝑺(𝟐) ≥
𝟑𝟔

∑(𝒂 + 𝟏) [
𝟏
𝟒
(𝒂𝟐 + 𝟕) + 𝟒𝒃𝒄]

≥ 𝟏 

After some computation we get: 

𝟑𝟔 ≥ [
𝟏

𝟒
(𝟕𝟖 − 𝟏𝟏𝒒 + 𝟑𝒓) + 𝟏𝟐𝒓 + 𝟒𝒒]  𝐰𝐡𝐢𝐜𝐡 𝐫𝐞𝐝𝐮𝐜𝐞𝐬 𝐭𝐨: 

𝟏

𝟒
[𝟓(𝟑 − 𝒒) + 𝟓𝟏(𝟏 − 𝒓)] ≥ 𝟎 and obviously holds. We are done! 

Equality holds for 𝒒 = 𝟑, 𝒓 = 𝟏, 𝒑 = 𝟑 ⇔ 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1010. For 𝒂𝒊 > 0, 𝑖 ∈ 𝟏, 𝒏̅̅ ̅̅ ̅, prove that: 

∑
𝒂𝒊

(𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏) − 𝒂𝒊

𝒏

𝒊=𝟏

≤∑
𝒂𝒊
𝟐

(𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝒏
𝟐) − 𝒂𝒊

𝟐

𝒏

𝒊=𝟏

 

Proposed by Hikmat Mammadov-Azerbaijan 
Solution by Soumitra Mandal-Chandar Nagore-India 

Let’s prove that: 

∑
𝒙𝟐

𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

≥∑
𝒙

𝒚 + 𝒛
𝒄𝒚𝒄

⇔∑𝒙(
𝒙

𝒚𝟐 + 𝒛𝟐
−

𝟏

𝒚 + 𝒛
)

𝒄𝒚𝒄

≥ 𝟎 ⇔ 

∑𝒙 ⋅
𝒚(𝒙 − 𝒚) + 𝒛(𝒙 − 𝒛)

(𝒚 + 𝒛)(𝒚𝟐 + 𝒛𝟐)
𝒄𝒚𝒄

≥ 𝟎 ⇔ 
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∑
𝒙𝒚(𝒙 − 𝒚)

(𝒚 + 𝒛)(𝒚𝟐 + 𝒛𝟐)
𝒄𝒚𝒄

+∑
𝒛(𝒙 − 𝒛)

(𝒚 + 𝒛)(𝒚𝟐 + 𝒛𝟐)
𝒄𝒚𝒄

≥ 𝟎 ⇔ 

∑
𝒙𝒚(𝒙 − 𝒚)

(𝒚 + 𝒛)(𝒚𝟐 + 𝒛𝟐)
𝒄𝒚𝒄

+∑
𝒚𝒙(𝒚 − 𝒙)

(𝒚 + 𝒛)(𝒙𝟐 + 𝒛𝟐)
𝒄𝒚𝒄

≥ 𝟎 ⇔ 

∑𝒙𝒚(𝒙 − 𝒚) {
𝟏

(𝒚 + 𝒛)(𝒚𝟐 + 𝒛𝟐)
−

𝟏

(𝒙 + 𝒛)(𝒙𝟐 + 𝒛𝟐)
}

𝒄𝒚𝒄

≥ 𝟎 ⇔ 

∑𝒙𝒚(𝒙 − 𝒚) ⋅
(𝒛 + 𝒙)(𝒛𝟐 + 𝒙𝟐) − (𝒚 + 𝒛)(𝒚𝟐 + 𝒛𝟐)

(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒚𝟐 + 𝒛𝟐)(𝒙𝟐 + 𝒛𝟐)
𝒄𝒚𝒄

≥ 𝟎 ⇔ 

∑𝒙𝒚(𝒙 − 𝒚) ⋅
𝒙𝟑 − 𝒚𝟑 + 𝒛(𝒙𝟐 − 𝒚𝟐) + 𝒛𝟐(𝒙 − 𝒚)

(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒚𝟐 + 𝒛𝟐)(𝒛𝟐 + 𝒙𝟐)
𝒄𝒚𝒄

≥ 𝟎 ⇔ 

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)∑
𝒙𝒚(𝒙 − 𝒚)𝟐

(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒚𝟐 + 𝒛𝟐)(𝒛𝟐 + 𝒙𝟐)
𝒄𝒚𝒄

≥ 𝟎 

which is true. So, is being established: 

∑
𝒙𝟐

𝒚𝟐 + 𝒛𝟐
𝒄𝒚𝒄

≥∑
𝒙

𝒚 + 𝒛
𝒄𝒚𝒄

 

Similarly, applying the same logic, we have: 

∑
𝒂𝟏
𝟐

𝒂𝟐
𝟐 + 𝒂𝟑

𝟐 +⋯+ 𝒂𝒏𝟐

𝒏

𝒊=𝟏

≥∑
𝒂𝟏

𝒂𝟐 + 𝒂𝟑 +⋯+ 𝒂𝒏

𝒏

𝒊=𝟏

 

Therefore, 

∑
𝒂𝒊

(𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏) − 𝒂𝒊

𝒏

𝒊=𝟏

≤∑
𝒂𝒊
𝟐

(𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝒏𝟐) − 𝒂𝒊
𝟐

𝒏

𝒊=𝟏

 

1011. If 𝟎 ≤ 𝒙, 𝒚, 𝒛 ≤
𝝅

𝟒
 then : 

𝟐 𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 ≤ 𝟏 + 𝐜𝐨𝐬𝟐𝒙 . 𝐜𝐨𝐬 𝟐𝒚 . 𝐜𝐨𝐬 𝟐𝒛 ≤ 𝟖 𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 

  Proposed by Daniel Sitaru-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟐𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 ≤⏞
(𝟏)

𝟏 + 𝐜𝐨𝐬𝟐𝒙 . 𝐜𝐨𝐬 𝟐𝒚 . 𝐜𝐨𝐬 𝟐𝒛 ≤⏞
(𝟐)

𝟖 𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛. 
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𝑺𝒊𝒏𝒄𝒆  𝟎 ≤ 𝒙, 𝒚, 𝒛 ≤
𝝅

𝟒
 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

𝟏

𝟐
≤ 𝐜𝐨𝐬𝟐 𝒙 , 𝐜𝐨𝐬𝟐 𝒚 , 𝐜𝐨𝐬𝟐 𝒛 ≤ 𝟏. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝟏 + 𝐜𝐨𝐬 𝟐𝒙 . 𝐜𝐨𝐬 𝟐𝒚 . 𝐜𝐨𝐬 𝟐𝒛

= 𝟏 + (𝟐 𝐜𝐨𝐬𝟐 𝒙 − 𝟏)(𝟐 𝐜𝐨𝐬𝟐 𝒚 − 𝟏)(𝟐𝐜𝐨𝐬𝟐 𝒛 − 𝟏) = 

= 𝟖𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 − 𝟒(𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 + 𝐜𝐨𝐬𝟐 𝒛 . 𝐜𝐨𝐬𝟐 𝒙)

+ 𝟐(𝐜𝐨𝐬𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒛). 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(𝟏) ⇔ 𝟑𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 − 𝟐(𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 + 𝐜𝐨𝐬𝟐 𝒛 . 𝐜𝐨𝐬𝟐 𝒙)

+ (𝐜𝐨𝐬𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒛) ≥ 𝟎 

⇔ 𝐜𝐨𝐬𝟐 𝒙 (𝟏 − 𝐜𝐨𝐬𝟐 𝒚)(𝟏 − 𝐜𝐨𝐬𝟐 𝒛) + 𝐜𝐨𝐬𝟐 𝒚 (𝟏 − 𝐜𝐨𝐬𝟐 𝒛)(𝟏 − 𝐜𝐨𝐬𝟐 𝒙)

+ 𝐜𝐨𝐬𝟐 𝒛 (𝟏 − 𝐜𝐨𝐬𝟐 𝒙)(𝟏 − 𝐜𝐨𝐬𝟐 𝒚) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝒙,𝒚, 𝒛) = (𝟎, 𝟎, 𝒛)  𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 (𝟐) ⇔ −𝟐(𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 + 𝐜𝐨𝐬𝟐 𝒛 . 𝐜𝐨𝐬𝟐 𝒙)

+ (𝐜𝐨𝐬𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒛) ≤ 𝟎 

⇔ −𝟐𝐜𝐨𝐬𝟐 𝒙 . (𝐜𝐨𝐬𝟐 𝒚 −
𝟏

𝟐
) − 𝟐𝐜𝐨𝐬𝟐 𝒚 . (𝐜𝐨𝐬𝟐 𝒛 −

𝟏

𝟐
) − 𝟐𝐜𝐨𝐬𝟐 𝒛 . (𝐜𝐨𝐬𝟐 𝒙 −

𝟏

𝟐
) ≤ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝐜𝐨𝐬𝟐 𝒙 , 𝐜𝐨𝐬𝟐 𝒚 , 𝐜𝐨𝐬𝟐 𝒛 ≥
𝟏

𝟐
.   

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒙 = 𝒚 = 𝒛 =
𝝅

𝟒
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝟐 𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛 ≤ 𝟏 + 𝐜𝐨𝐬𝟐𝒙 . 𝐜𝐨𝐬 𝟐𝒚 . 𝐜𝐨𝐬 𝟐𝒛

≤ 𝟖𝐜𝐨𝐬𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒚 . 𝐜𝐨𝐬𝟐 𝒛. 

Solution 2 by Tapas Das-India 

𝟐 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚𝐜𝐨𝐬𝟐 𝒛 =
𝟏

𝟒
(𝟐 𝐜𝐨𝐬𝟐 𝒙 ⋅ 𝟐 𝐜𝐨𝐬𝟐 𝒚 ⋅ 𝟐 𝐜𝐨𝐬𝟐 𝒛) = 

=
𝟏

𝟒
(𝟏 + 𝐜𝐨𝐬 𝟐𝒙)(𝟏 + 𝐜𝐨𝐬 𝟐𝒚)(𝟏 + 𝐜𝐨𝐬 𝟐𝒛) =

𝟏

𝟒
(𝟏 + 𝒂)(𝟏 + 𝒃)(𝟏 + 𝒄) 

𝒂 = 𝐜𝐨𝐬𝟐𝒙 , 𝒃 = 𝐜𝐨𝐬𝟐𝒚 , 𝒄 = 𝐜𝐨𝐬 𝟐𝒛 ⇒ 𝒂,𝒃, 𝒄 ∈ (𝟎, 𝟏) 
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𝟎 ≤ 𝒙 ≤
𝝅

𝟒
⇒ 𝟎 ≤ 𝟐𝒙 ≤

𝝅

𝟐
 

(𝒂 − 𝟏)(𝒃 − 𝟏) ≥ 𝟎 ⇒ 𝒂𝒃 + 𝟏 ≥ 𝒂 + 𝒃 

𝟐(𝒂𝒃 + 𝟏) ≥ 𝒂 + 𝒃 + 𝒂𝒃 + 𝟏 = (𝒂 + 𝟏)(𝒃 + 𝟏); (𝟏) 

𝟐(𝒂𝒃 + 𝟏) ⋅ 𝟐(𝒄 + 𝟏) ≥ 𝟐(𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏) 

𝟒(𝒂𝒃 + 𝟏)(𝒄 + 𝟏) ≥ 𝟐(𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏) 

𝟐(𝒂𝒃 + 𝟏)(𝒄 + 𝟏) ≥ (𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏) 

(𝒂𝒃 + 𝟏)(𝒄 + 𝟏) ≥
𝟏

𝟐
(𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏); (𝟐) 

From (1) and (2), we get : 

𝟐(𝒂𝒃𝒄 + 𝟏) ≥
𝟏

𝟐
(𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏) 

𝒂𝒃𝒄 + 𝟏 ≥
𝟏

𝟒
(𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏) 

𝟏 + 𝐜𝐨𝐬 𝟐𝒙 𝐜𝐨𝐬𝟐𝒚 𝐜𝐨𝐬𝟐𝒛 ≥
𝟏

𝟐
(𝟏 + 𝐜𝐨𝐬𝟐𝒙)(𝟏 + 𝐜𝐨𝐬 𝟐𝒚)(𝟏 + 𝐜𝐨𝐬 𝟐𝒛) 

𝟏 + 𝐜𝐨𝐬𝟐𝒙 𝐜𝐨𝐬𝟐𝒚 𝐜𝐨𝐬 𝟐𝒛 ≥
𝟏

𝟒
⋅ 𝟐 𝐜𝐨𝐬 𝟐𝒙 𝐜𝐨𝐬𝟐𝒚 𝐜𝐨𝐬 𝟐𝒛 = 

= 𝟐𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 𝐜𝐨𝐬𝟐 𝒛 

𝟖 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 𝐜𝐨𝐬𝟐 𝒛 = (𝟏 + 𝐜𝐨𝐬𝟐𝒙)(𝟏 + 𝐜𝐨𝐬𝟐𝒚)(𝟏 + 𝐜𝐨𝐬 𝟐𝒛) = 

= 𝟏 + 𝒂 + 𝒃 + 𝒄 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟏 + 𝒂𝒃𝒄 = 

= 𝟏 + 𝐜𝐨𝐬 𝟐𝒙 𝐜𝐨𝐬𝟐𝒚 𝐜𝐨𝐬 𝟐𝒛 

Solution 3 by Fayssal Abdelli-Bejaia-Algerie 

𝟎 ≤ 𝒙, 𝒚, 𝒛 ≤
𝝅

𝟒
 

𝟐𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚𝐜𝐨𝐬𝟐 𝒛 ≤ 𝟏 + 𝐜𝐨𝐬𝟐𝒙 𝐜𝐨𝐬𝟐𝒚 𝐜𝐨𝐬𝟐𝒛 ≤ 𝟖𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚𝐜𝐨𝐬𝟐 𝒛 

𝟐𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚𝐜𝐨𝐬𝟐 𝒛 ≤ 𝟏 + 𝐜𝐨𝐬𝟐𝒙 𝐜𝐨𝐬𝟐𝒚 𝐜𝐨𝐬 𝟐𝒛 ; (𝑨) 
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𝟐𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚𝐜𝐨𝐬𝟐 𝒛 ≤ 𝟏 + (𝟏 − 𝟐𝐬𝐢𝐧𝟐 𝒙)(𝟏 − 𝟐𝐬𝐢𝐧𝟐 𝒚)(𝟏 − 𝟐 𝐬𝐢𝐧𝟐 𝒛) 

𝟐(𝟏 − 𝐬𝐢𝐧𝟐 𝒙)(𝟏 − 𝐬𝐢𝐧𝟐 𝒚)(𝟏 − 𝐬𝐢𝐧𝟐 𝒛) ≤ 

≤ 𝟏 + (𝟏 − 𝟐𝐬𝐢𝐧𝟐 𝒙 − 𝟐𝐬𝐢𝐧𝟐 𝒚 + 𝟒𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚)(𝟏 − 𝟐𝐬𝐢𝐧𝟐 𝒛) 

𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 + 𝐬𝐢𝐧𝟐 𝒚 𝐬𝐢𝐧𝟐 𝒛 + 𝐬𝐢𝐧𝟐 𝒛 𝐬𝐢𝐧𝟐 𝒙 − 𝟑𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 𝐬𝐢𝐧𝟐 𝒛 ≥ 𝟎; (𝑩) 

But: 𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 ≥ 𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 𝐬𝐢𝐧𝟐 𝒛 , 𝐬𝐢𝐧𝟐 𝒛 𝐬𝐢𝐧𝟐 𝒚 ≥ 𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 𝐬𝐢𝐧𝟐 𝒛, 

𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒛 ≥ 𝐬𝐢𝐧𝟐 𝒙 𝐬𝐢𝐧𝟐 𝒚 𝐬𝐢𝐧𝟐 𝒛 , 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐬𝐢𝐧𝟐 𝒙 , 𝐬𝐢𝐧𝟐 𝒚 , 𝐬𝐢𝐧𝟐 𝒛 ∈ (𝟎, 𝟏) ⇒ 

⇒ (𝑩) is true⇒ (𝑨) is true. 

𝟏 + 𝐜𝐨𝐬𝟐𝒙 𝐜𝐨𝐬𝟐𝒚 𝐜𝐨𝐬 𝟐𝒛 ≤ 𝟖𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚𝐜𝐨𝐬𝟐 𝒛 ; (𝑪) 

𝟏 + (𝟐 𝐜𝐨𝐬𝟐 𝒙 − 𝟏)(𝟐𝐜𝐨𝐬𝟐 𝒚 − 𝟏)(𝟐 𝐜𝐨𝐬𝟐 𝒛 − 𝟏) ≤ 𝟖𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚𝐜𝐨𝐬𝟐 𝒛 

𝟐𝐜𝐨𝐬𝟐 𝒙 + 𝟐𝐜𝐨𝐬𝟐 𝒚 + 𝟐𝐜𝐨𝐬𝟐 𝒛 − 𝟒𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐 𝒚 − 𝟒𝐜𝐨𝐬𝟐 𝒚 𝐜𝐨𝐬𝟐 𝒛 − 𝐜𝐨𝐬𝟐 𝒛 𝐜𝐨𝐬𝟐 𝒙 ≤ 𝟎 

𝟐𝐜𝐨𝐬𝟐 𝒚 (𝟏 − 𝟐𝐜𝐨𝐬𝟐 𝒛) + 𝟐𝐜𝐨𝐬𝟐 𝒙 (𝟏 − 𝟐𝐜𝐨𝐬𝟐 𝒚) + 𝟐 𝐜𝐨𝐬𝟐 𝒛(𝟏 − 𝐜𝐨𝐬𝟐 𝒙) 

But 𝟎 ≤ 𝒙 ≤
𝝅

𝟒
⇒

√𝟐

𝟐
≤ 𝐜𝐨𝐬𝒙 ≤ 𝟏 

𝟏

𝟐
≤ 𝐜𝐨𝐬𝟐 𝒙 ≤ 𝟏 ⇔ −𝟏 ≤ 𝟏 − 𝟐𝐜𝐨𝐬𝟐 𝒙 ≤ 𝟎 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) ⇒ (𝑪) 𝐢𝐬 𝐭𝐫𝐮𝐞. 

1012. If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏𝑐 = 1, then: 

∑
(𝒂 + 𝒃 + 𝟏)𝟒

𝒂𝟓 + 𝒃𝟓 + 𝟏
𝒄𝒚𝒄

≤ 𝟖𝟏 

Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 𝐫𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯,𝒂𝟓 + 𝐛𝟓 + 𝟏 ≥
𝟏

𝟑𝟒
(𝒂 + 𝐛 + 𝟏)𝟓 ⇒

(𝒂 + 𝐛 + 𝟏)𝟒

𝒂𝟓 + 𝐛𝟓 + 𝟏

≤
𝟖𝟏

𝒂 + 𝐛 + 𝟏
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒∑

(𝒂+ 𝐛 + 𝟏)𝟒

𝒂𝟓 + 𝐛𝟓 + 𝟏
𝐜𝐲𝐜

≤ 𝟖𝟏∑
𝟏

𝒂 + 𝐛 + 𝟏
𝐜𝐲𝐜

≤
?
𝟖𝟏 

⇔ (𝒂 + 𝐛 + 𝟏)(𝐛 + 𝐜 + 𝟏)(𝐜 + 𝒂 + 𝟏) ≥
?
(𝒂 + 𝐛 + 𝟏)(𝐛 + 𝐜 + 𝟏) + (𝐛 + 𝐜 + 𝟏)(𝐜 + 𝒂 + 𝟏)

+ (𝐜 + 𝒂 + 𝟏)(𝒂 + 𝐛 + 𝟏) ⇔∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

+ 𝟐𝒂𝐛𝐜− 𝟐 − 𝟐(𝒂 + 𝐛 + 𝐜) ≥
?
𝟎 
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⇔
∵ 𝒂𝐛𝐜 = 𝟏

∑(𝒂𝐛(∑𝒂

𝐜𝐲𝐜

− 𝐜))

𝐜𝐲𝐜

≥
?
𝟐∑𝒂

𝐜𝐲𝐜

⇔
𝟐

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)+
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) ≥
?
⏟
(∗)

𝟐∑𝒂

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐀− 𝐆,
𝟐

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) ≥
𝟐

𝟑
(∑𝒂

𝐜𝐲𝐜

) . 𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

=
∵ 𝒂𝐛𝐜 = 𝟏

𝟐∑𝒂

𝐜𝐲𝐜

∴
𝟐

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) ≥
(𝐢)

𝟐∑𝒂

𝐜𝐲𝐜

 

𝐀𝐥𝐬𝐨, 𝐯𝐢𝒂 𝐀 − 𝐆,
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) ≥
𝟏

𝟑
. 𝟑√𝒂𝐛𝐜

𝟑
. 𝟑√𝒂𝟐𝐛𝟐𝐜𝟐

𝟑
= 𝟑𝒂𝐛𝐜

∴
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) ≥
(𝐢𝐢)

𝟑𝒂𝐛𝐜 ∴ (𝐢) + (𝐢𝐢) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒ ∀ 𝒂,𝐛, 𝐜 > 0 │𝒂𝐛𝐜 = 𝟏,∑
(𝒂 + 𝐛 + 𝟏)𝟒

𝒂𝟓 + 𝐛𝟓 + 𝟏
𝐜𝐲𝐜

≤ 𝟖𝟏 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

∑
(𝒂+ 𝒃+ 𝟏)𝟒

𝒂𝟓 + 𝒃𝟓 + 𝟏
𝒄𝒚𝒄

≤ 𝟖𝟏, 𝟑𝟑∑
𝒂𝟒 + 𝒃𝟒 + 𝟏

𝒂𝟓 + 𝒃𝟓 + 𝟏
𝒄𝒚𝒄

≤ 𝟖𝟏 

𝟑 ⋅ 𝟑𝟑∑
𝒂𝟒 + 𝒃𝟒 + 𝟏

(𝒂𝟒 + 𝒃𝟒 + 𝟏)(𝒂 + 𝒃 + 𝟏)
𝒄𝒚𝒄

≤ 𝟖𝟏, ∑
𝟏

𝒂 + 𝒃 + 𝟏
𝒄𝒚𝒄

≤ 𝟏 

(𝒂 + 𝒃 + 𝟏)(𝒃 + 𝒄 + 𝟏) + (𝒃 + 𝒄 + 𝟏)(𝒄 + 𝒂 + 𝟏) + (𝒄 + 𝒂 + 𝟏)(𝒂 + 𝒃 + 𝟏) ≤ 
≤ (𝒂+ 𝒃 + 𝟏)(𝒃 + 𝒄 + 𝟏)(𝒄 + 𝒂 + 𝟏) 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟒(𝒂 + 𝒃 + 𝒄) + 𝟑 ≤ 
≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 + 𝒂𝟐𝒄 + 𝒄𝟐𝒃 + 𝒃𝟐𝒂 + 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 

+𝟐(𝒂+ 𝒃 + 𝒄) + 𝟐𝒂𝒃𝒄 + 𝟏 

𝟐(𝒂 + 𝒃 + 𝒄) ≤
𝒂

𝒄
+
𝒄

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒂
 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 

𝟐 (
𝒙𝟐

𝒚
+
𝒚𝟐

𝒛
+
𝒛𝟐

𝒙
) ≤

𝒙𝟒

𝒚𝒛
+
𝒚𝟒

𝒛𝒙
+
𝒛𝟒

𝒙𝒚
+
𝒙𝟐𝒚𝟐

𝒛𝟐
+
𝒚𝟐𝒛𝟐

𝒙𝟐
+
𝒛𝟐𝒙𝟐

𝒚𝟐
 

𝒙𝟐

𝒚𝟐
+
𝒚𝟐

𝒛𝟐
+
𝒛𝟐

𝒙𝟐
≤
𝒙𝟑

𝒚𝟑
+
𝒚𝟑

𝒛𝟑
+
𝒛𝟑

𝒙𝟑
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1013. If 𝒏 ∈ ℕ,𝒏 ≥ 𝟑 and 𝒎, 𝒙𝒌 ∈ [𝟏,∞), 𝒌 = 𝟏, 𝒏̅̅ ̅̅ ̅,𝒎 =
𝒙𝟏+𝒙𝟐+⋯+𝒙𝒏

𝒏
, then: 

∑(𝒙𝟏
𝒙𝒌 + 𝒙𝟐

𝒙𝒌 +⋯+ 𝒙𝒏
𝒙𝒌)

𝒏

𝒌=𝟏

≥ 𝒏𝟐 ∙ 𝒎𝒎 

Proposed by D.M. Bătinețu-Giurgiu-Romania 
Solution by Tapas Das-India 

∑(𝒙𝟏
𝒙𝒌 + 𝒙𝟐

𝒙𝒌 +⋯+ 𝒙𝒏
𝒙𝒌)

𝒏

𝒌=𝟏

≥ 𝒏∑ √𝒙𝟏
𝒙𝒌 ∙ 𝒙𝟐

𝒙𝒌 ∙ … ∙ 𝒙𝒏
𝒙𝒌𝒏

𝒏

𝒌=𝟏

= 

= 𝒏∑𝒙
𝒌

𝒙𝟏+𝒙𝟐+⋯+𝒙𝒏
𝒏

𝒏

𝒌=𝟏

= 𝒏∑𝒙𝒌
𝒎

𝒏

𝒌=𝟏

≥ 𝒏 ∙ 𝒏 (
𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏

𝒏
)
𝒎

= 𝒏𝟐 ∙ 𝒎𝒎 

1014. If 𝒙, 𝒚, 𝒛 > 0 then: 

(𝒙 + 𝒚)𝟒

𝒙𝟒 + 𝟏𝟒𝒙𝟐𝒚𝟐 + 𝒚𝟒
+

(𝒚 + 𝒛)𝟒

𝒚𝟒 + 𝟏𝟒𝒚𝟐𝒛𝟐 + 𝒛𝟒
+

(𝒛 + 𝒙)𝟒

𝒛𝟒 + 𝟏𝟒𝒛𝟐𝒙𝟐 + 𝒙𝟒
≥ 𝟑 

Proposed by Marin Chirciu-Romania 
Solution 1 by Fayssal Abdelli-Bejaia-Algerie 

(𝒙 + 𝒚)𝟒

𝒙𝟒 + 𝟏𝟒𝒙𝟐𝒚𝟐 + 𝒚𝟒
≥
(?)

𝟏 ⇔ 𝒙𝟒 + 𝟒𝒙𝟑𝒚 + 𝟔𝒙𝟐𝒚𝟐 + 𝟒𝒙𝒚𝟑 + 𝒚𝟒 ≥ 𝒙𝟒 + 𝟏𝟒𝒙𝟐𝒚𝟐 + 𝒚𝟒 

𝟒𝒙𝟑𝒚 + 𝟒𝒙𝒚𝟑 − 𝟖𝒙𝟐𝒚𝟐 ≥ 𝟎 ⇔ 𝟒𝒙𝒚(𝒙𝟐 − 𝟐𝒙𝒚 + 𝒚𝟐) ≥ 𝟎 ⇔ 

𝟒𝒙𝒚(𝒙 − 𝒚)𝟐 ≥ 𝟎 true. 

Similarly, we have: 

(𝒚 + 𝒛)𝟒

𝒚𝟒 + 𝟏𝟒𝒚𝟐𝒛𝟐 + 𝒛𝟒
≥ 𝟏 𝐚𝐧𝐝 

(𝒛 + 𝒙)𝟒

𝒛𝟒 + 𝟏𝟒𝒛𝟐𝒙𝟐 + 𝒙𝟒
≥ 𝟏 

Hence, 

(𝒙 + 𝒚)𝟒

𝒙𝟒 + 𝟏𝟒𝒙𝟐𝒚𝟐 + 𝒚𝟒
+

(𝒚 + 𝒛)𝟒

𝒚𝟒 + 𝟏𝟒𝒚𝟐𝒛𝟐 + 𝒛𝟒
+

(𝒛 + 𝒙)𝟒

𝒛𝟒 + 𝟏𝟒𝒛𝟐𝒙𝟐 + 𝒙𝟒
≥ 𝟑 

Solution 2 by Tapas Das-India 

(𝒙 + 𝒚)𝟒 = 𝒙𝟒 + 𝟒𝒙𝟑𝒚 + 𝟔𝒙𝟐𝒚𝟐 + 𝟒𝒙𝒚𝟑 + 𝒚𝟒 ≥ 

≥ 𝒙𝟒 + 𝒚𝟒 + 𝟔𝒙𝟐𝒚𝟐 + 𝟒𝒙𝒚 ∙ 𝟐√𝒙𝟐𝒚𝟐 = 𝒙𝟒 + 𝟏𝟒𝒙𝟐𝒚𝟐 + 𝒚𝟒 

Hence, 
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(𝒙 + 𝒚)𝟒

𝒙𝟒 + 𝟏𝟒𝒙𝟐𝒚𝟐 + 𝒚𝟒
≥ 𝟏 

Similarly, we have: 

(𝒚 + 𝒛)𝟒

𝒚𝟒 + 𝟏𝟒𝒚𝟐𝒛𝟐 + 𝒛𝟒
≥ 𝟏 𝐚𝐧𝐝 

(𝒛 + 𝒙)𝟒

𝒛𝟒 + 𝟏𝟒𝒛𝟐𝒙𝟐 + 𝒙𝟒
≥ 𝟏 

Hence, 

(𝒙 + 𝒚)𝟒

𝒙𝟒 + 𝟏𝟒𝒙𝟐𝒚𝟐 + 𝒚𝟒
+

(𝒚 + 𝒛)𝟒

𝒚𝟒 + 𝟏𝟒𝒚𝟐𝒛𝟐 + 𝒛𝟒
+

(𝒛 + 𝒙)𝟒

𝒛𝟒 + 𝟏𝟒𝒛𝟐𝒙𝟐 + 𝒙𝟒
≥ 𝟑 

1015. If 𝒂, 𝒃 > 𝑒 then: 

(𝒂 + 𝒃)𝟐√𝒂𝒃 ≤ 𝟒√𝒂𝒃 ∙ (√𝒂𝒃)
𝒂+𝒃

 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Florentin Vișescu-Romania 

(𝒂 + 𝒃)𝟐√𝒂𝒃 ≤ 𝟒√𝒂𝒃 ∙ (√𝒂𝒃)
𝒂+𝒃
, (

𝒂 + 𝒃

𝟐
)
𝟐√𝒂𝒃

≤ (√𝒂𝒃)
𝒂+𝒃

 

𝐥𝐨𝐠 (
𝒂 + 𝒃

𝟐
)
𝟐√𝒂𝒃

≤ 𝐥𝐨𝐠(√𝒂𝒃)
𝒂+𝒃

, 𝟐√𝒂𝒃 𝐥𝐨𝐠 (
𝒂 + 𝒃

𝟐
) ≤ (𝒂 + 𝒃) 𝐥𝐨𝐠(√𝒂𝒃) 

𝐥𝐨𝐠 (
𝒂 + 𝒃
𝟐 )

𝒂 + 𝒃
𝟐

≤
𝐥𝐨𝐠(√𝒂𝒃)

√𝒂𝒃
 

Let 𝒇: [(𝟎,∞) → ℝ, 𝒇(𝒙) =
𝐥𝐨𝐠 𝒙

𝒙
, 𝒇′(𝒙) =

𝟏−𝐥𝐨𝐠 𝒙

𝒙𝟐
 

𝒇′(𝒙) = 𝟎 ⇔ 𝒙 = 𝒆 

 

If 𝒆 < √𝒂𝒃 ≤
𝒂+𝒃

𝟐
, 𝒇 ↘ then 

𝐥𝐨𝐠(√𝒂𝒃)

√𝒂𝒃
≥

𝐥𝐨𝐠(
𝒂+𝒃

𝟐
)

𝒂+𝒃

𝟐

 

If √𝒂𝒃 ≤
𝒂+𝒃

𝟐
≤ 𝒆, 𝒇 ↗ then 

𝐥𝐨𝐠(√𝒂𝒃)

√𝒂𝒃
≤

𝐥𝐨𝐠(
𝒂+𝒃

𝟐
)

𝒂+𝒃

𝟐
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Solution 2 by Ravi Prakash-New Delhi-India 

(𝒂 + 𝒃)𝟐√𝒂𝒃 ≤ 𝟒√𝒂𝒃(√𝒂𝒃)
𝒂+𝒃
, (𝒂 + 𝒃)𝟐√𝒂𝒃 ≤ 𝟐𝟐√𝒂𝒃(𝒂𝒃)

𝒂+𝒃
𝟐  

(
𝒂 + 𝒃

𝟐
)
𝟐√𝒂𝒃

≤ (𝒂𝒃)
𝒂+𝒃
𝟐 , (

𝒂 + 𝒃

𝟐
)

𝟐
𝒂+𝒃

≤ (√𝒂𝒃)
𝟏

√𝒂𝒃; (𝟏) 

Let 𝒇(𝒙) = 𝒙
𝟏

𝒙, 𝒙 ≥ 𝒆 ⇒ 𝐥𝐨𝐠 𝒇(𝒙) =
𝟏

𝒙
𝐥𝐨𝐠 𝒙 

𝒇′(𝒙)

𝒇(𝒙)
=
𝟏

𝒙𝟐
(𝟏 − 𝐥𝐨𝐠𝒙) < 0, ∀𝑥 > 𝑒 

𝒇 −is a decreasing function on [𝒆,∞)  

As 𝒂, 𝒃 ≥ 𝒆,
𝒂+𝒃

𝟐
≥ √𝒂𝒃 ≥ 𝒆 ⇒ 𝒇 (

𝒂+𝒃

𝟐
) ≤ 𝒇(√𝒂𝒃) 

(𝒂 + 𝒃)𝟐√𝒂𝒃 ≤ 𝟒√𝒂𝒃 ∙ (√𝒂𝒃)
𝒂+𝒃

 

Solution 3 by Soumava Chakraborty-Kolkata-India 

(𝒂 + 𝐛)𝟐√𝒂𝐛 ≤ 𝟒√𝒂𝐛. (√𝒂𝐛)
𝒂+𝐛

⇔ 𝟐√𝒂𝐛. 𝐥𝐧(𝒂 + 𝐛) ≤ √𝒂𝐛. 𝐥𝐧𝟒 + (𝒂 + 𝐛). 𝐥𝐧(√𝒂𝐛)

⇔ √𝒂𝐛(𝟐𝐥𝐧(𝒂 + 𝐛) − 𝐥𝐧𝟒) ≤ (𝒂 + 𝐛). 𝐥𝐧(√𝒂𝐛) 

⇔ √𝒂𝐛(𝟐𝐥𝐧(𝒂 + 𝐛) − 𝟐𝐥𝐧𝟐) ≤ (𝒂 + 𝐛). 𝐥𝐧(√𝒂𝐛) ⇔ 𝟐.√𝒂𝐛. 𝐥𝐧
𝒂 + 𝐛

𝟐
≤ (𝒂 + 𝐛). 𝐥𝐧(√𝒂𝐛)

⇔
𝐥𝐧
𝒂 + 𝐛
𝟐

𝒂 + 𝐛
𝟐

≤
𝐥𝐧(√𝒂𝐛)

√𝒂𝐛
⇔
𝐥𝐧
𝒂 + 𝐛
𝟐

𝒂 + 𝐛
𝟐

−
𝐥𝐧(√𝒂𝐛)

√𝒂𝐛
≤ 𝟎 

⇔ 𝐟(
𝒂 + 𝐛

𝟐
) − 𝐟(√𝒂𝐛) ≤

(∗)

𝟎,𝐰𝐡𝐞𝐫𝐞 𝐟(𝒙) =
𝐥𝐧𝒙

𝒙
 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐌𝐕𝐓 𝒂𝐧𝐝 ∵
𝒂 + 𝐛

𝟐
≥
𝐀−𝐆

√𝒂𝐛 ∴ 𝐟 (
𝒂 + 𝐛

𝟐
) − 𝐟(√𝒂𝐛)

= (
𝒂 + 𝐛

𝟐
− √𝒂𝐛) . 𝐟 ′(𝛏) (𝐰𝐡𝐞𝐫𝐞 √𝒂𝐛 < 𝛏 <

𝒂+ 𝐛

𝟐
)

⇒ 𝐟 (
𝒂 + 𝐛

𝟐
) − 𝐟(√𝒂𝐛) =

(𝐢) (√𝒂 − √𝐛)
𝟐

𝟐
.
𝟏 − 𝐥𝐧𝛏

𝛏𝟐
 

𝐍𝐨𝐰, 𝛏 > √𝒂𝐛 >
𝒂,𝐛 > 𝑒

√𝐞. 𝐞 ⇒ 𝛏 > 𝑒 ⇒ 𝐥𝐧𝛏 > 1 ⇒ 𝟏 − 𝐥𝐧𝛏 < 0 ⇒
𝟏 − 𝐥𝐧𝛏

𝛏𝟐
< 0

⇒
(√𝒂 − √𝐛)

𝟐

𝟐
.
𝟏 − 𝐥𝐧𝛏

𝛏𝟐
≤ 𝟎 ⇒

𝐯𝐢𝒂 (𝐢)

𝐟 (
𝒂 + 𝐛

𝟐
) − 𝐟(√𝒂𝐛) ≤ 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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⇒ ∀ 𝒂, 𝐛 > 𝑒, (𝒂 + 𝐛)𝟐√𝒂𝐛 ≤ 𝟒√𝒂𝐛. (√𝒂𝐛)
𝒂+𝐛
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 (𝐐𝐄𝐃) 

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒙 ≥ 𝒚 ≥ 𝟐𝒆 let 𝒙 = 𝒚𝒌, 𝒌 ≥ 𝟏. Hence, 

(𝒂 + 𝒃)𝟐√𝒂𝒃 ≤ 𝟒√𝒂𝒃 ∙ (√𝒂𝒃)
𝒂+𝒃

 

(𝒂 + 𝒃)𝟐√𝒂𝒃 ≤ 𝟐𝟐√𝒂𝒃 (
𝟐√𝒂𝒃

𝟐
)

𝒂+𝒃

,   𝒙𝒚 ≤ 𝟐𝒚 (
𝒚

𝟐
)
𝒙

 

(𝒚𝒌)𝒚 ≤ 𝟐𝒚 (
𝒚

𝟐
)
𝒙

,    𝒚𝒚𝒌𝒚 ∙ 𝟐𝒚𝒌 ≤ 𝟐𝒚𝒚𝒚𝒌  

𝒌𝒚 ≤ (
𝒚

𝟐
)
𝒚(𝒌−𝟏)

 

𝒌 ≤ 𝒆𝒌−𝟏 which is true from 𝒆𝒌−𝟏 ≥ (𝒌 − 𝟏) + 𝟏 = 𝒌. 

Solution 5 by Said Cerbach-Algiers-Algerie 

Let 𝒇: [(𝟎,∞) → ℝ, 𝒇(𝒙) =
𝐥𝐨𝐠 𝒙

𝒙
, 𝒇′(𝒙) =

𝟏−𝐥𝐨𝐠 𝒙

𝒙𝟐
 

If 𝒆 < √𝒂𝒃 ≤
𝒂+𝒃

𝟐
, 𝒇 ↘ then 

𝐥𝐨𝐠(√𝒂𝒃)

√𝒂𝒃
≥

𝐥𝐨𝐠(
𝒂+𝒃

𝟐
)

𝒂+𝒃

𝟐

 

𝟐√𝒂𝒃 𝐥𝐨𝐠 (
𝒂 + 𝒃

𝟐
) ≤ (𝒂 + 𝒃) 𝐥𝐨𝐠(√𝒂𝒃) , 𝐥𝐨𝐠 (

𝒂 + 𝒃

𝟐
)
𝟐√𝒂𝒃

≤ 𝐥𝐨𝐠(√𝒂𝒃)
𝒂+𝒃

 

(
𝒂 + 𝒃

𝟐
)
𝟐√𝒂𝒃

≤ (√𝒂𝒃)
𝒂+𝒃
, (𝒂 + 𝒃)𝟐√𝒂𝒃 ≤ 𝟒√𝒂𝒃 ∙ (√𝒂𝒃)

𝒂+𝒃
 

1016. If 𝒙, 𝒚, 𝒛 > 0 and 
𝟏

𝒙𝒚
+

𝟏

𝒚𝒛
+

𝟏

𝒛𝒙
= 𝟏 then prove that: 

(𝒙 − 𝟏)(𝒚 − 𝟏)(𝒛 − 𝟏) ≤ 𝟔√𝟑 − 𝟏𝟎 

Proposed by Hikmat Mammadov-Azerbaijan 
Solution 1 by Tapas Das-India 

𝟏

𝒙𝒚
+
𝟏

𝒚𝒛
+
𝟏

𝒛𝒙
= 𝟏 ⇔ 𝒙 + 𝒚 + 𝒛 = 𝒙𝒚𝒛; (𝟏) 

Since 𝒙 < 𝑥𝑦𝑧 we have 𝒚𝒛 > 1 and similarly, 𝒛𝒙 > 1, 𝑥𝑦 > 1.  

Let 𝒙 ≤ 𝟏, 𝒚 ≥ 𝟏, 𝒛 ≥ 𝟏 then (𝒙 − 𝟏)(𝒚 − 𝟏)(𝒛 − 𝟏) ≤ 𝟎. 

Let 𝒙 ≥ 𝟏, 𝒚 ≥ 𝟏, 𝒛 ≥ 𝟏 and 𝒙 − 𝟏 = 𝒂;𝒚 − 𝟏 = 𝒃; 𝒛 − 𝟏 = 𝒄; 𝒂, 𝒃, 𝒄 > 0 then: 
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𝒂 + 𝟏 + 𝒃 + 𝟏 + 𝒄 + 𝟏 = (𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏) and using (1), we obtain: 

𝒂𝒃𝒄 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟐;  (𝟐) 

Let 𝒕 = √𝒂𝒃𝒄
𝟑

⇒ 𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑𝒕𝟐; (𝟑) 

From (2) and (3): 𝒕𝟑 + 𝟑𝒕𝟐 ≤ 𝒂𝒃𝒄 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟐 

(𝒙 + 𝟏)(𝒙𝟐 + 𝟐𝒙 − 𝟐) ≤ 𝟎. So, we must have: 𝒙𝟐 + 𝟐𝒙− 𝟐 ≤ 𝟎 ⇒ 

(𝒙 + 𝟏)𝟐 ≤ 𝟑 ⇒ 𝒙 ≤ √𝟑 − 𝟏 

𝒙𝟑 ≤ (√𝟑 − 𝟏)
𝟑
= 𝟔√𝟑 − 𝟏𝟎 

Solution 2 by Soumitra Mandal-Chandar-Nagore-India 

Let 𝒙 − 𝟏 = 𝒂; 𝒚 − 𝟏 = 𝒃; 𝒛 − 𝟏 = 𝒄 ⇒ 𝒙 = 𝒂 + 𝟏;𝒚 = 𝒃 + 𝟏; 𝒛 = 𝒄 + 𝟏 

∵ 𝒙, 𝒚, 𝒛 > 0 ⇒ 𝑎 + 1, 𝑏 + 1, 𝑐 + 1 > 0 

𝟏

𝒙𝒚
+
𝟏

𝒚𝒛
+
𝟏

𝒛𝒙
= 𝟏 ⇒∑

𝟏

(𝒂 + 𝟏)(𝒃 + 𝟏)
𝒄𝒚𝒄

= 𝟏 ⇒ 

𝟑 + 𝒂 + 𝒃 + 𝒄 = (𝟏 + 𝒂)(𝟏 + 𝒃)(𝟏 + 𝒄) 

𝟐 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒂𝒃𝒄 ⇒ 𝟐 ≥ 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

+ 𝒂𝒃𝒄 

𝟐 − 𝟑𝒎𝟐 −𝒎𝟑 ≥ 𝟎, where 𝒎𝟑 = 𝒂𝒃𝒄 

𝟑(𝟏 −𝒎𝟐) − (𝟏 +𝒎𝟑) ≥ 𝟎 ⇒ (𝟏 +𝒎)(𝟐 − 𝟐𝒎−𝒎𝟐) ≥ 𝟎 

𝟐 − 𝟐𝒎 −𝒎𝟐 ≥ 𝟎, where 𝟏 +𝒎 ≠ 𝟎 and 𝟏 +𝒎 > 0 

⇒ 𝟑 ≥ (𝟏 +𝒎)𝟐 ⇒ √𝟑 − 𝟏 ≥ 𝒎 ⇒ √𝟑 − 𝟏 ≥ √𝒂𝒃𝒄
𝟑

⇒ (√𝟑 − 𝟏)
𝟑
≥ 𝒂𝒃𝒄 

𝟑√𝟑− 𝟏 − 𝟑 ∙ (√𝟑)
𝟐
∙ 𝟏 + 𝟑 ∙ √𝟑 ∙ 𝟏 ≥ 𝒂𝒃𝒄 ⇒ 𝟔√𝟑 − 𝟏𝟎 ≥ 𝒂𝒃𝒄 

(𝒙 − 𝟏)(𝒚 − 𝟏)(𝒛 − 𝟏) ≤ 𝟔√𝟑− 𝟏𝟎 

Equality holds for 𝒙 = 𝒚 = 𝒛 = √𝟑. 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝟏

𝒙𝐲
+
𝟏

𝐲𝐳
+
𝟏

𝐳𝒙
= 𝟏 ⇒∑𝒙

𝐜𝐲𝐜

=
(𝐢)
𝒙𝐲𝐳 𝒂𝐧𝐝 (𝒙 − 𝟏)(𝐲 − 𝟏)(𝐳 − 𝟏) ≤ 𝟔√𝟑 − 𝟏𝟎

⇔ 𝒙𝐲𝐳 − 𝟏 −∑𝒙𝐲

𝐜𝐲𝐜

+∑𝒙

𝐜𝐲𝐜

≤ 𝟔√𝟑 − 𝟏𝟎 ⇔
𝐯𝐢𝒂 (𝐢)

𝟐∑𝒙

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

≤ 𝟔√𝟑− 𝟗 
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⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)√
∑ 𝒙𝐜𝐲𝐜

𝒙𝐲𝐳
− 𝟐∑𝒙

𝐜𝐲𝐜

+ (𝟔√𝟑 − 𝟗)√
𝒙𝐲𝐳

∑ 𝒙𝐜𝐲𝐜
≥ 𝟎 (∵ (𝐢) ⇒ 𝟏 = √

∑ 𝒙𝐜𝐲𝐜

𝒙𝐲𝐳
= √

𝒙𝐲𝐳

∑ 𝒙𝐜𝐲𝐜
)

⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)− 𝟐(∑𝒙

𝐜𝐲𝐜

)√𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)+ (𝟔√𝟑 − 𝟗)𝒙𝐲𝐳 ≥
(⦁)

𝟎 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 𝑏 + 𝑐 − 𝒂 = 𝟐𝒙
> 0 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝒂 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝑏
⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬  
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂 = 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 ⇒ 𝒙 = 𝐬 − 𝒂, 𝐲

= 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 

𝐕𝐢𝒂 𝒂𝐟𝐨𝐫𝐞𝐦𝐞𝐧𝐭𝐢𝐨𝐧𝐞𝐝 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝒂)(𝐬 − 𝐛)

𝐜𝐲𝐜

=
(𝐢𝐢)
𝟒𝐑𝐫 + 𝐫𝟐 𝒂𝐧𝐝√𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) = √(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜). 𝐬

⇒  √𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
(𝐢𝐢𝐢)

𝐫𝐬 

∴ 𝐯𝐢𝒂 (𝐢𝐢), (𝐢𝐢𝐢), (⦁) ⇔ (𝟒𝐑𝐫 + 𝐫𝟐)𝐬 − 𝟐𝐬. 𝐫𝐬 + (𝟔√𝟑 − 𝟗)𝐫𝟐𝐬 ≥ 𝟎 ⇔ 𝟒𝐑+ 𝐫 − 𝟐𝐬 + (𝟔√𝟑 − 𝟗)𝐫

≥ 𝟎 ⇔ 𝟐𝐬 ≤ 𝟒𝐑 − 𝟖𝐫 + 𝟔√𝟑𝐫 ⇔ 𝐬 ≤ (𝟑√𝟑− 𝟒)𝐫 + 𝟐𝐑 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐁𝐥𝐮𝐧𝐝𝐨𝐧 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝒙 − 𝟏)(𝐲 − 𝟏)(𝐳 − 𝟏) ≤ 𝟔√𝟑 − 𝟏𝟎 ∀ 𝒙, 𝐲, 𝐳 > 0 │
𝟏

𝒙𝐲
+
𝟏

𝐲𝐳
+
𝟏

𝐳𝒙
= 𝟏 (𝐐𝐄𝐃) 

1017. If 𝒂, 𝒃, 𝒄 > 0, 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑 = 𝟏 then: 
𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒅
+

𝟏

𝒅 + 𝒂
≤

𝟏

𝟐𝒂𝒃𝒄𝒅
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Tapas Das-India 
 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑

𝟒
≥
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐

𝟒
∙
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
 

𝟏

𝟒
≥
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
∙
𝟒(𝒂𝟐𝒃𝟐𝒄𝟐𝒅𝟐)

𝟏
𝟒

𝟒
 

𝟏

√𝒂𝒃𝒄𝒅
≥ (𝒂 + 𝒃 + 𝒄 + 𝒅);  (𝟏) 
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𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
=
𝒂 + 𝒃 + 𝒄 + 𝒅

(𝒂 + 𝒃)(𝒄 + 𝒅)
≤
(𝒂 + 𝒃 + 𝒄 + 𝒅)

𝟐√𝒂𝒃 ∙ 𝟐√𝒄𝒅
=
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒√𝒂𝒃𝒄𝒅
 

𝟏

𝒄 + 𝒅
+

𝟏

𝒅 + 𝒂
=
𝒂 + 𝒃 + 𝒄 + 𝒅

(𝒄 + 𝒅)(𝒅 + 𝒂)
≤
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒√𝒂𝒃𝒄𝒅
 

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒅
+

𝟏

𝒅 + 𝒂
≤ 𝟐

𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒√𝒂𝒃𝒄𝒅
=
𝟏

𝟐

𝒂 + 𝒃 + 𝒄 + 𝒅

√𝒂𝒃𝒄𝒅
≤ 

≤
𝟏

𝟐
∙

𝟏

√𝒂𝒃𝒄𝒅
∙

𝟏

√𝒂𝒃𝒄𝒅
=

𝟏

𝟐𝒂𝒃𝒄𝒅
 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒅
+

𝟏

𝒅 + 𝒂
≤

𝟏

𝟐𝒂𝒃𝒄𝒅
 

𝟏

𝟒
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒄
+
𝟏

𝒅
+
𝟏

𝒅
+
𝟏

𝒂
) ≤

𝟏

𝟐
⋅
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑

𝒂𝒃𝒄𝒅
 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒅
≤
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑

𝒂𝒃𝒄𝒅
 

𝒂𝒃𝒄 + 𝒃𝒄𝒅 + 𝒄𝒅𝒂 + 𝒅𝒂𝒃 ≤ 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑 true, because: 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 ≥ 𝟑𝒂𝒃𝒄(and analogs). Hence, 

𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑) ≥ 𝟑(𝒂𝒃𝒄 + 𝒃𝒄𝒅 + 𝒄𝒅𝒂 + 𝒅𝒂𝒃) ⇔ 

𝒂𝒃𝒄 + 𝒃𝒄𝒅 + 𝒄𝒅𝒂 + 𝒅𝒂𝒃 ≤ 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝟐𝒂𝐛𝐜𝐝(
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝐝
+

𝟏

𝐝 + 𝒂
)

=
𝟐𝒂𝐛

𝒂 + 𝐛
. 𝐜𝐝 +

𝟐𝐛𝐜

𝐛 + 𝐜
. 𝐝𝒂 +

𝟐𝐜𝐝

𝐜 + 𝐝
. 𝒂𝐛 +

𝟐𝐝𝒂

𝐝 + 𝒂
. 𝐛𝐜 ≤

𝐇 ≤ 𝐆
√𝒂𝐛. 𝐜𝐝 + √𝐛𝐜. 𝐝𝒂

+ √𝐜𝐝. 𝒂𝐛 + √𝐝𝒂.𝐛𝐜 

= √𝒂𝐛𝐜𝐝(√𝐜𝐝 + √𝐝𝒂 + √𝒂𝐛+ √𝐛𝐜) ≤
𝐂𝐁𝐒

√𝒂𝐛𝐜𝐝. √𝐜 + 𝐝 + 𝒂 + 𝐛. √𝐝 + 𝒂+ 𝐛 + 𝐜

∴ 𝟐𝒂𝐛𝐜𝐝(
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝐝
+

𝟏

𝐝 + 𝒂
) ≤
(∗)

√𝒂𝐛𝐜𝐝(∑𝒂

𝐜𝐲𝐜

) 

𝐀𝐠𝒂𝐢𝐧, 𝟏 =∑𝒂𝟑

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟒
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) ≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟒
(∑𝒂

𝐜𝐲𝐜

) . 𝟒√𝒂𝐛𝐜𝐝
𝟒

⇒ 𝟏

≥ √𝒂𝐛𝐜𝐝(∑𝒂

𝐜𝐲𝐜

) ≥
𝐯𝐢𝒂 (∗)

𝟐𝒂𝐛𝐜𝐝(
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝐝
+

𝟏

𝐝 + 𝒂
) 
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⇒
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝐝
+

𝟏

𝐝 + 𝒂
≤

𝟏

𝟐𝒂𝐛𝐜𝐝
 ∀ 𝒂, 𝐛, 𝐜, 𝐝 > 0│𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝐝𝟑 = 𝟏 (𝐐𝐄𝐃) 

 

1018. Let 𝒂, 𝒃, 𝒄 > 1 𝑏𝑒 real numbers such that 

 𝒂𝒃𝒄(𝒂 − 𝟏)(𝒃 − 𝟏)(𝒄 − 𝟏) = 𝟏. Prove that :  

𝒂𝟔 + 𝒃𝟔 + 𝒄𝟔 + 𝟗(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) + 𝟏𝟖(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 

≥ 𝟑(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓) + 𝟏𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) + 𝟏𝟐(𝒂 + 𝒃 + 𝒄) + 𝟓𝟕 

 Proposed by Kunihiko Chikaya-Tokyo-Japan 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑(𝒂𝟔 − 𝟑𝒂𝟓 + 𝟗𝒂𝟒 − 𝟏𝟑𝒂𝟑 + 𝟏𝟖𝒂𝟐 − 𝟏𝟐𝒂 + 𝟖)

𝒄𝒚𝒄

≥ 𝟖𝟏 ⇔  ∑(𝒂𝟐 − 𝒂 + 𝟐)𝟑

𝒄𝒚𝒄

≥ 𝟖𝟏. 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑(𝒂𝟐 − 𝒂 + 𝟐)𝟑

𝒄𝒚𝒄

=∑[𝒂(𝒂 − 𝟏) + 𝟏 + 𝟏]𝟑

𝒄𝒚𝒄

≥∑𝟐𝟕.𝒂(𝒂 − 𝟏). 𝟏. 𝟏

𝒄𝒚𝒄

≥ 𝟐𝟕. 𝟑√𝒂𝒃𝒄(𝒂 − 𝟏)(𝒃 − 𝟏)(𝒄 − 𝟏)
𝟑

= 𝟖𝟏. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝟏 + √𝟓

𝟐
. 

1019. Let 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 3.  Prove that: 

  
𝟏

𝒂𝒃𝒄
− 𝟏 ≥

𝟏

𝟐𝟒
.∑

(𝒂 − 𝒃)𝟐

𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐
𝒄𝒚𝒄

 

Proposed by Phan Ngoc Chau-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒑 ≔ 𝒂 + 𝒃 + 𝒄,   𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑,   𝒓 ≔ 𝒂𝒃𝒄 ≤ 𝟏. 

𝑺𝒊𝒏𝒄𝒆  (𝒂 − 𝒃)𝟐 = (𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) − 𝒂𝒃,   

 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 

∑
𝒂𝒃

𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐
𝒄𝒚𝒄

+
𝟐𝟒

𝒂𝒃𝒄
≥ 𝟐𝟕. 

𝑩𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂𝒃

𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐
+ 𝒄(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) +

𝟏

𝒂𝒃𝒄
≥ 𝟑. 
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𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑
𝒂𝒃

𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐
𝒄𝒚𝒄

+
𝟑

𝒂𝒃𝒄
≥ 𝟗 −∑𝒄(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐)

𝒄𝒚𝒄

= 𝟗 − 𝒑𝒒 + 𝟔𝒓 = 𝟗 − 𝟑𝒑 + 𝟔𝒓 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶   
𝟐𝟏

𝒓
≥ 𝟏𝟖 + 𝟑𝒑 − 𝟔𝒓. 

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒌𝒏𝒐𝒘𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≥ 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 𝒘𝒆 𝒈𝒆𝒕 ∶  
𝟗

𝒓
≥ 𝟑𝒑 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟐𝟏

𝒓
− (𝟏𝟖 + 𝟑𝒑 − 𝟔𝒓) ≥

𝟐𝟏

𝒓
− (𝟏𝟖 +

𝟗

𝒓
− 𝟔𝒓) =

𝟔(𝟏 − 𝒓)(𝟐 − 𝒓)

𝒓
≥⏞
𝒓 ≤ 𝟏

 𝟎. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝟏

𝒂𝐛𝐜
− 𝟏 ≥

𝟏

𝟐𝟒
(

(𝒂 − 𝐛)𝟐

𝒂𝟐 − 𝒂𝐛+ 𝐛𝟐
+

(𝐛 − 𝐜)𝟐

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐
+

(𝐜 − 𝒂)𝟐

𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐
) ⇔

𝟐𝟒

𝒂𝐛𝐜
− 𝟐𝟒

≥∑
𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐 − 𝒂𝐛

𝒂𝟐 − 𝒂𝐛+ 𝐛𝟐
𝐜𝐲𝐜

= 𝟑 −∑
𝒂𝐛

𝒂𝟐 − 𝒂𝐛+ 𝐛𝟐
𝐜𝐲𝐜

⇔
𝟐𝟒

𝒂𝐛𝐜
− 𝟐𝟕 +∑

𝒂𝐛

𝒂𝟐 − 𝒂𝐛+ 𝐛𝟐
𝐜𝐲𝐜

≥
(∗)

𝟎 

𝐍𝐨𝐰,∑
𝒂𝐛

𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐
𝐜𝐲𝐜

= 𝒂𝐛𝐜∑
𝟏

𝐜(𝒂𝟐 − 𝒂𝐛+ 𝐛𝟐)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗𝒂𝐛𝐜

∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜 − 𝟑𝒂𝐛𝐜

=
𝟗𝒂𝐛𝐜

(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟔𝒂𝐛𝐜
∴ 𝐋𝐇𝐒 𝐨𝐟 (∗)

≥
𝟐𝟒

𝒂𝐛𝐜
− 𝟐𝟕 +

𝟗𝒂𝐛𝐜

(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟔𝒂𝐛𝐜
 

≥
?
𝟎 ⇔

𝟖

𝒂𝐛𝐜
≥
?
𝟗 −

𝟑𝒂𝐛𝐜

(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟔𝒂𝐛𝐜
=
𝟗(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟓𝟕𝒂𝐛𝐜

(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟔𝒂𝐛𝐜

⇔

𝟖(∑ 𝒂𝐛𝐜𝐲𝐜 ).√∑ 𝒂𝐛𝐜𝐲𝐜

𝟑√𝟑𝒂𝐛𝐜
≥
? 𝟗(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟓𝟕𝒂𝐛𝐜

(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟔𝒂𝐛𝐜
 

⇔
𝟔𝟒

𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐
. (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

≥
?
⏟
(∗∗)

(
𝟗(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟓𝟕𝒂𝐛𝐜

(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟔𝒂𝐛𝐜
)

𝟐

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦
⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂  
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𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒ ∑𝒂

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 ⇒ 𝒂𝐛𝐜 =

(⦁⦁)
𝐫𝟐𝐬  

𝐕𝐢𝒂 𝒂𝐟𝐨𝐫𝐞𝐦𝐞𝐧𝐭𝐢𝐨𝐧𝐞𝐝 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐

⇒ ∑𝒂𝐛

𝐜𝐲𝐜

=
(⦁⦁⦁)

𝟒𝐑𝐫 + 𝐫𝟐  

∴ 𝐯𝐢𝒂 (⦁), (⦁⦁), (⦁⦁⦁), (∗∗) 𝐭𝐫𝒂𝐧𝐬𝐟𝐨𝐫𝐦𝐬 𝐢𝐧𝐭𝐨 ∶
𝟔𝟒𝐫𝟑(𝟒𝐑 + 𝐫)𝟑

𝟐𝟕𝐫𝟒𝐬𝟐
≥ (

𝟗𝐬(𝟒𝐑𝐫 + 𝐫𝟐) − 𝟓𝟕𝐫𝟐𝐬

𝐬(𝟒𝐑𝐫 + 𝐫𝟐) − 𝟔𝐫𝟐𝐬
)

𝟐

=
𝟏𝟔(𝟗𝐑 − 𝟏𝟐𝐫)𝟐

(𝟒𝐑 − 𝟓𝐫)𝟐
⇔ 𝟒(𝟒𝐑− 𝟓𝐫)𝟐(𝟒𝐑+ 𝐫)𝟑 ≥

(∗∗∗)

𝟐𝟕𝐫(𝟗𝐑− 𝟏𝟐𝐫)𝟐𝐬𝟐  

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝟕𝐫(𝟗𝐑− 𝟏𝟐𝐫)𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐) ≤
?
𝟒(𝟒𝐑− 𝟓𝐫)𝟐(𝟒𝐑 + 𝐫)𝟑

⇔ 𝟒𝟎𝟗𝟔𝐭𝟓 − 𝟏𝟓𝟗𝟏𝟔𝐭𝟒 + 𝟏𝟒𝟎𝟔𝟖𝐭𝟑 + 𝟒𝟏𝟓𝟗𝐭𝟐 + 𝟐𝟗𝟖𝟒𝐭 − 𝟏𝟏𝟓𝟔𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟒𝟎𝟗𝟔𝐭𝟑 + 𝟐𝟒𝟔𝐭𝟐 + 𝟐𝟐𝟐𝐭(𝐭 − 𝟐) + 𝟓𝟏𝟏) + 𝟔𝟖𝟎𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒
𝟏

𝒂𝐛𝐜
− 𝟏 ≥

𝟏

𝟐𝟒
(

(𝒂 − 𝐛)𝟐

𝒂𝟐 − 𝒂𝐛 + 𝐛𝟐
+

(𝐛 − 𝐜)𝟐

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐
+

(𝐜 − 𝒂)𝟐

𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐
) ∀ 𝒂, 𝐛, 𝐜 > 0 │𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂

= 𝟑 (𝐐𝐄𝐃) 
 

1020. If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟏 and 𝟎 ≤ 𝝀 ≤
𝟏

𝟒
 then: 

𝒂𝟓

𝒃
+
𝒃𝟓

𝒄
+
𝒄𝟓

𝒂
+ 𝝀𝒂𝒃𝒄 ≥

𝝀 + 𝟏

𝟐𝟕
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Michael Sterghiou-Greece 

𝒂 + 𝒃 + 𝒄 = 𝟏, 𝝀 ∈ [𝟎,
𝟏

𝟒
] ⇒

𝒂𝟓

𝒃
+
𝒃𝟓

𝒄
+
𝒄𝟓

𝒂
+ 𝝀𝒂𝒃𝒄 ≥

𝝀 + 𝟏

𝟐𝟕
; (𝟏) 

Let (𝒑, 𝒒, 𝒓) = (∑𝒂, ∑𝒂𝒃,∏𝒂), 𝒑 = 𝟏, 𝒒 ≤
𝟏

𝟑
, 𝒓 ≤

𝟏

𝟐𝟕
 

(∑
𝒂𝟓

𝒃
𝒄𝒚𝒄

)(∑𝒂𝒃

𝒄𝒚𝒄

) ≥
𝑪𝑩𝑺

(∑𝒂𝟑

𝒄𝒚𝒄

)

𝟐

⇒∑
𝒂𝟓

𝒃
𝒄𝒚𝒄

≥
(𝟏 − 𝟑𝒒 + 𝟑𝒓)𝟐

𝒒
 

∑𝒂𝟑

𝒄𝒚𝒄

= 𝒑𝟑 − 𝟑𝒑𝒒 + 𝟑𝒓 
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It suffices to prove that: 

𝒇(𝝀) =
(𝟏 − 𝟑𝒒 + 𝟑𝒓)𝟐

𝒒
+ 𝝀𝒓 −

𝝀 + 𝟏

𝟐𝟕
≥ 𝟎 𝐚𝐬 𝝀 (𝒓 −

𝟏

𝟐𝟕
) ≤ 𝟎 ⇒ 𝒇 ↘ 

So, we need to show 𝒇 (
𝟏

𝟒
) ≥ 𝟎 as 𝝀 ≤

𝟏

𝟒
 or 

𝟏

𝟏𝟎𝟖𝒒
𝒇(𝒒, 𝒓) ≥ 𝟎, where 

𝒇(𝒒, 𝒓) = 𝟗𝟕𝟐𝒒𝟐 − 𝟏𝟗𝟏𝟕𝒒𝒓 − 𝟔𝟓𝟑𝒒 + 𝟗𝟕𝟐𝒓𝟐 + 𝟔𝟒𝟖𝒓 + 𝟏𝟎𝟖 

𝒇′(𝒓) = 𝟐𝟕(−𝟕𝟏𝒒 + 𝟕𝟐𝒓 + 𝟐𝟒) > 0 as 𝟕𝟏𝒒 ≤
𝟕𝟏

𝟑
, 𝒓 > 0 ⇒ 𝑓(𝒒, 𝒓) ↗ 

As 𝒓 ≥
𝟒𝒒−𝟏

𝟗
 (3rd degree Schur) it suffices that 

𝒇 (𝒒,
𝟒𝒒 − 𝟏

𝟗
) ≥ 𝟎 𝐨𝐫 𝟖(𝟑𝒒 − 𝟏)(𝟏𝟑𝒒 − 𝟔) ≥ 𝟎 𝐰𝐡𝐢𝐜𝐡 𝐡𝐨𝐥𝐝𝐬 𝐚𝐬 𝒒 ≤

𝟏

𝟑
, 𝟏𝟑𝒒 < 6 

Equality holds for 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛+ 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 > 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲
= 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬  

𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

=∑𝒙 = 𝟐𝐬 ⇒ ∑𝒂 = 𝐬 ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

𝐕𝐢𝒂 𝒂𝐟𝐨𝐫𝐞𝐦𝐞𝐧𝐭𝐢𝐨𝐧𝐞𝐝 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒂𝐛
𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 ⇒ ∑𝒂𝐛
𝐜𝐲𝐜

=
(𝐢)
𝟒𝐑𝐫+ 𝐫𝟐   

𝒂𝐧𝐝 ∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂
𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛
𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝐢)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

=
(𝐢𝐢)
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 

𝐍𝐨𝐰,
𝒂𝟓

𝐛
+
𝐛𝟓

𝐜
+
𝐜𝟓

𝒂

=
𝒂𝟔

𝒂𝐛
+
𝐛𝟔

𝐛𝐜
+
𝐜𝟔

𝐜𝒂
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝟑𝐜𝐲𝐜 )
𝟐

∑ 𝒂𝐛𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑ 𝒂𝟑𝐜𝐲𝐜 ).

𝟏
𝟗
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

∑ 𝒂𝐛𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟐𝟕∑ 𝒂𝐛𝐜𝐲𝐜

(∑𝒂
𝐜𝐲𝐜

)

𝟒

(∑𝒂𝟐

𝐜𝐲𝐜

)

⇒
𝒂𝟓

𝐛
+
𝐛𝟓

𝐜
+
𝐜𝟓

𝒂
+ 𝛌𝒂𝐛𝐜 −

𝛌 + 𝟏

𝟐𝟕
 

≥
𝟏

𝟐𝟕∑ 𝒂𝐛𝐜𝐲𝐜

(∑𝒂
𝐜𝐲𝐜

)

𝟒

(∑𝒂𝟐

𝐜𝐲𝐜

) + 𝛌𝒂𝐛𝐜(∑𝒂
𝐜𝐲𝐜

) − (
𝛌 + 𝟏

𝟐𝟕
)(∑𝒂

𝐜𝐲𝐜

)

𝟒

(∵ 𝟏 =∑𝒂
𝐜𝐲𝐜

= (∑𝒂
𝐜𝐲𝐜

)

𝟒

)

=
𝟏

𝟐𝟕
(∑𝒂
𝐜𝐲𝐜

)

𝟒

(
∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜

− 𝟏) − 𝛌(∑𝒂
𝐜𝐲𝐜

)(
(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟐𝟕
− 𝒂𝐛𝐜) ≥

?
𝟎  

⇔
𝟏

𝟐𝟕
(∑𝒂
𝐜𝐲𝐜

)

𝟒

(
∑ 𝒂𝟐𝐜𝐲𝐜 −∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜

) ≥
?
𝛌(∑𝒂

𝐜𝐲𝐜

) .
(∑ 𝒂𝐜𝐲𝐜 )

𝟑
− 𝟐𝟕𝒂𝐛𝐜

𝟐𝟕
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⇔ (∑𝒂
𝐜𝐲𝐜

)

𝟑

(
∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜

) ≥
?
⏟
(∗)

𝛌((∑𝒂
𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒂𝐛𝐜)  

𝐍𝐨𝐰,(∑𝒂
𝐜𝐲𝐜

)

𝟑

(
∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜

)

≥
𝟏

𝟒
((∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒂𝐛𝐜) ⇔
𝐯𝐢𝒂 (𝐢),(𝐢𝐢) 𝟒𝐬𝟑

𝟒𝐑𝐫+ 𝐫𝟐
(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) ≥ 𝐬𝟑 − 𝟐𝟕𝐫𝟐𝐬 

⇔ 𝟒𝐬𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫− 𝟑𝐫𝟐) ≥
(⦁)

(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟐𝟕𝐫𝟐) 

𝐍𝐨𝐰,𝟐𝐬𝟐 − 𝟐𝟕𝐑𝐫 ≥
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧

𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝟐𝟕𝐑𝐫 = 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ 𝟐𝐬𝟐 ≥ 𝟐𝟕𝐑𝐫 ⇒ 𝐋𝐇𝐒 𝐨𝐟 (⦁)

≥ 𝟓𝟒𝐑𝐫(𝐬𝟐 − 𝟏𝟐𝐑𝐫− 𝟑𝐫𝟐) ≥
?
(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟐𝟕𝐫𝟐) 

⇔ (𝟓𝟎𝐑 − 𝐫)𝐬𝟐 + 𝟐𝟕𝐫𝟐(𝟒𝐑 + 𝐫) ≥
?
⏟
(⦁⦁)

𝟓𝟒𝐑(𝟏𝟐𝐑𝐫+ 𝟑𝐫𝟐) 

𝐀𝐠𝒂𝐢𝐧, 𝟐𝐬𝟐 ≥ 𝟐𝟕𝐑𝐫 ⇒ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝟐𝟕𝐑𝐫

𝟐
(𝟓𝟎𝐑− 𝐫) + 𝟐𝟕𝐫𝟐(𝟒𝐑 + 𝐫) ≥

?
𝟓𝟒𝐑(𝟏𝟐𝐑𝐫+ 𝟑𝐫𝟐)

⇔ 𝟓𝟎𝐑𝟐 − 𝐑𝐫+ 𝟖𝐑𝐫+ 𝟐𝐫𝟐 ≥
?
𝟒𝟖𝐑𝟐 + 𝟏𝟐𝐑𝐫 ⇔ 𝟐𝐑𝟐 − 𝟓𝐑𝐫+ 𝟐𝐫𝟐 ≥

?
𝟎 

⇔ (𝟐𝐑 − 𝐫)(𝐑 − 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ (∑𝒂

𝐜𝐲𝐜

)

𝟑

(
∑ 𝒂𝟐𝐜𝐲𝐜 −∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜

)

≥
𝟏

𝟒
((∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒂𝐛𝐜) ≥

𝟏
𝟒
 ≥ 𝛌

𝛌((∑𝒂
𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒂𝐛𝐜)  

(∵ (∑𝒂
𝐜𝐲𝐜

)

𝟑

− 𝟐𝟕𝒂𝐛𝐜 ≥
𝐀−𝐆

𝟎) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂𝟓

𝐛
+
𝐛𝟓

𝐜
+
𝐜𝟓

𝒂
+ 𝛌𝒂𝐛𝐜 −

𝛌 + 𝟏

𝟐𝟕
≥ 𝟎 ⇒

𝒂𝟓

𝐛
+
𝐛𝟓

𝐜
+
𝐜𝟓

𝒂
+ 𝛌𝒂𝐛𝐜

≥
𝛌 + 𝟏

𝟐𝟕
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝒂 + 𝐛+ 𝐜 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤

𝟏

𝟒
 (𝐐𝐄𝐃) 

Solution 3 by Daoudi Abdessatar-Tunisia 

𝒂 + 𝒃 + 𝒄 = 𝟏, 𝝀 ∈ [𝟎,
𝟏

𝟒
] ⇒

𝒂𝟓

𝒃
+
𝒃𝟓

𝒄
+
𝒄𝟓

𝒂
+ 𝝀𝒂𝒃𝒄 ≥

𝝀 + 𝟏

𝟐𝟕
; (𝑰) 

It suffices to prove that: 

∑
𝒂𝟓

𝒃
𝒄𝒚𝒄

−
𝟓

𝟏𝟎𝟖
+
𝟏

𝟒
𝒂𝒃𝒄 ≥ 𝟎 

Since 𝒂𝒃𝒄 ≤
𝟏

𝟐𝟕
 and 𝝀 ≤

𝟏

𝟒
, by AM-GM inequality, we have: 

𝒂𝟓

𝒃
+
𝒂𝟓

𝒃
+
𝟏

𝟗
(𝒂𝒃 + 𝒂𝒃) ≥

𝟒

𝟑
𝒂𝟑(𝒂𝒏𝒅 𝒔𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚) 

Let (𝒑, 𝒒, 𝒓) = ∑𝒂, ∑𝒂𝒃,∏𝒂)  then: 
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∑
𝒂𝟓

𝒃
𝒄𝒚𝒄

≥
𝟐

𝟑
∑𝒂𝟑

𝒄𝒚𝒄

−
𝟏

𝟗
𝒒 = 𝟐𝒓 +

𝟐

𝟑
−
𝟏𝟗

𝟗
𝒒;  

𝒇(𝒒) = −
𝟏𝟗

𝟗
𝒒 +

𝟗

𝟒
𝒓 +

𝟔𝟕

𝟏𝟎𝟖
 is a decreasing function, 𝒒 =

𝟏

𝟑
, 𝒓 =

𝟏

𝟐𝟕
 

𝐦𝐢𝐧{𝒇(𝒒)} = −
𝟏𝟗

𝟗
⋅
𝟏

𝟑
⋅
𝟗

𝟒
⋅
𝟏

𝟐𝟕
+
𝟔𝟕

𝟏𝟎𝟖
= 𝟎 

1021. Let 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 𝑎 + 𝑏 + 𝑐. Prove that: 

√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝒂𝟐
+
√𝟒(𝒃𝒄 + 𝒃𝒂)
𝟑

𝒃𝟐
+
√𝟒(𝒄𝒂 + 𝒄𝒃)
𝟑

𝒄𝟐
≥ 𝟑 (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
− 𝟏) 

Proposed by Phan Ngoc Chau-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)𝟐 ≥ 𝟑𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜) =
𝒂+𝐛+𝐜 = 𝒂𝐛+𝐛𝐜+𝐜𝒂

𝟑𝒂𝐛𝐜(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) ⇒ 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂

≥ 𝟑𝒂𝐛𝐜 ⇒∑
𝟏

𝒂
𝐜𝐲𝐜

≥
(𝐢)

𝟑 

𝐍𝐨𝐰,
√𝟒(𝒂𝐛+ 𝒂𝐜)
𝟑

𝒂𝟐
+
√𝟒(𝐛𝐜 + 𝐛𝒂)
𝟑

𝐛𝟐
+
√𝟒(𝐜𝒂 + 𝐜𝐛)
𝟑

𝐜𝟐

=∑
(
𝟏
𝒂
)
𝟐

√𝟏
𝟐
.
𝟏
𝟐
.

𝟏
𝒂𝐛 + 𝒂𝐜

𝟑
𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑∑.
(
𝟏
𝒂
)
𝟐

𝟏
𝟐
+
𝟏
𝟐
+

𝟏
𝒂𝐛+ 𝒂𝐜𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟑(∑

𝟏
𝒂𝐜𝐲𝐜 )

𝟐

𝟑 + ∑
𝟏

𝒂𝐛+ 𝒂𝐜𝐜𝐲𝐜

≥
𝐀−𝐆 𝟑(∑

𝟏
𝒂𝐜𝐲𝐜 )

𝟐

𝟑 +
𝟏
𝟐
.∑

𝟏

𝒂√𝐛𝐜
𝐜𝐲𝐜

=
𝟑(∑

𝟏
𝒂𝐜𝐲𝐜 )

𝟐

𝟑 +
𝟏
𝟐 .
∑ (√

𝟏
𝒂𝐛 .

√ 𝟏
𝒂𝐜)𝐜𝐲𝐜

 

≥
𝐂𝐁𝐒 𝟑(∑

𝟏
𝒂𝐜𝐲𝐜 )

𝟐

𝟑 +
𝟏
𝟐 .
√∑

𝟏
𝒂𝐛𝐜𝐲𝐜 . √∑

𝟏
𝒂𝐜𝐜𝐲𝐜

=
𝟑(∑

𝟏
𝒂𝐜𝐲𝐜 )

𝟐

𝟑 +
𝟏
𝟐
∑

𝟏
𝒂𝐛𝐜𝐲𝐜

 

=
𝟑(∑

𝟏
𝒂𝐜𝐲𝐜 )

𝟐

𝟑 +
𝟏
𝟐
∑

𝟏
𝒂𝐜𝐲𝐜

 (∵
𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂

𝒂𝐛𝐜
=
𝒂+ 𝐛 + 𝐜

𝒂𝐛𝐜
⇒∑

𝟏

𝒂𝐛
𝐜𝐲𝐜

=∑
𝟏

𝒂
𝐜𝐲𝐜

) ≥
?
𝟑(
𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
− 𝟏)

= 𝟑(∑
𝟏

𝒂
𝐜𝐲𝐜

− 𝟏)⇔
𝒙𝟐

𝟑 +
𝒙
𝟐

≥
?
𝒙 − 𝟏 (𝒙 =∑

𝟏

𝒂
𝐜𝐲𝐜

) 

⇔
𝟐𝒙𝟐

𝒙 + 𝟔
− 𝒙 + 𝟏 ≥

?
𝟎 ⇔

𝟐𝒙𝟐 − 𝒙𝟐 − 𝟔𝒙+ 𝒙 + 𝟔

𝒙 + 𝟔
≥
?
𝟎 ⇔ 𝒙𝟐 − 𝟓𝒙+ 𝟔 ≥

?
𝟎 ⇔ (𝒙 − 𝟑)(𝒙 − 𝟐) ≥

?
𝟎

→ 𝐭𝐫𝐮𝐞 ∵ 𝒙 =∑
𝟏

𝒂
𝐜𝐲𝐜

≥ 𝟑 𝐯𝐢𝒂 (𝐢) 



 
www.ssmrmh.ro 

34 RMM-INEQUALITIES MARATHON 1001-1100 

 

∴
√𝟒(𝒂𝐛+ 𝒂𝐜)
𝟑

𝒂𝟐
+
√𝟒(𝐛𝐜 + 𝐛𝒂)
𝟑

𝐛𝟐
+
√𝟒(𝐜𝒂 + 𝐜𝐛)
𝟑

𝐜𝟐
≥ 𝟑(

𝟏

𝒂
+
𝟏

𝐛
+
𝟏

𝐜
− 𝟏) ∀ 𝒂, 𝐛, 𝐜

> 0 │𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 = 𝒂 + 𝐛 + 𝐜 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟑.
√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝟑𝒂𝟐
+

𝟒

𝟑(𝒂𝒃 + 𝒂𝒄)
+ 𝟐.

𝟐

𝟑
≥ 𝟔√(

√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝟑𝒂𝟐
)

𝟑

.
𝟒

𝟑(𝒂𝒃 + 𝒂𝒄)
. (
𝟐

𝟑
)
𝟐𝟔

=
𝟒

𝒂
 

𝑻𝒉𝒆𝒏 ∶   
√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝒂𝟐
≥
𝟒

𝒂
−
𝟒

𝟑
−

𝟒

𝟑(𝒂𝒃 + 𝒂𝒄)
 ≥⏞
𝑪𝑩𝑺

 
𝟒

𝒂
−
𝟒

𝟑
−
𝟏

𝟑
(
𝟏

𝒂𝒃
+
𝟏

𝒂𝒄
) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒐𝒃𝒕𝒂𝒊𝒏𝒆𝒅 𝒃𝒚 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒘𝒆 𝒈𝒆𝒕

∶ 

√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝒂𝟐
+
√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝒂𝟐
+
√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝒂𝟐
≥ 𝟒 (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) − 𝟒 −

𝟐

𝟑
(
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒂𝒄
) 

𝑺𝒊𝒏𝒄𝒆  𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒂 + 𝒃 + 𝒄  𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
=
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒂𝒄
 

𝑨𝒏𝒅 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  

 (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)
𝟐

≥ 𝟑 (
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒂𝒄
)  𝒘𝒆 𝒈𝒆𝒕 ∶  

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥ 𝟑. 

𝑻𝒉𝒆𝒏 ∶  
√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝒂𝟐
+
√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝒂𝟐
+
√𝟒(𝒂𝒃 + 𝒂𝒄)
𝟑

𝒂𝟐
≥
𝟏𝟎

𝟑
(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) − 𝟒

≥ 𝟑 (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
− 𝟏). 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1022. If 𝒂, 𝒃, 𝒄, 𝒅 > 0 and 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑 = 𝟏 then: 

𝟏

𝟐
≥
𝒂𝟐𝒃𝟐

𝒂 + 𝒃
+
𝒃𝟐𝒄𝟐

𝒃 + 𝒄
+
𝒄𝟐𝒅𝟐

𝒄 + 𝒅
+
𝒅𝟐𝒂𝟐

𝒅 + 𝒂
 

Proposed by Alex Szoros-Romania 
Solution 1 by Adrian Popa-Romania 

𝒂𝟐𝒃𝟐

𝒂 + 𝒃
+
𝒃𝟐𝒄𝟐

𝒃 + 𝒄
+
𝒄𝟐𝒅𝟐

𝒄 + 𝒅
+
𝒅𝟐𝒂𝟐

𝒅 + 𝒂
≤
𝑨𝑮𝑴 𝒂𝟐𝒃𝟐

𝟐√𝒂𝒃
+
𝒃𝟐𝒄𝟐

𝟐√𝒃𝒄
+
𝒄𝟐𝒅𝟐

𝟐√𝒄𝒅
+
𝒅𝟐𝒂𝟐

𝟐√𝒅𝒂
= 

=
𝟏

𝟐
((𝒂𝒃)

𝟑
𝟐 + (𝒃𝒄)

𝟑
𝟐 + (𝒄𝒅)

𝟑
𝟐 + (𝒅𝒂)

𝟑
𝟐) ≤

? 𝟏

𝟐
 

𝟏 = 𝒂𝟑 ++𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑 =
𝒂𝟑 + 𝒃𝟑

𝟐
+
𝒃𝟑 + 𝒄𝟑

𝟐
+
𝒄𝟑 + 𝒅𝟑

𝟐
+
𝒅𝟑 + 𝒂𝟑

𝟐
≥
𝑨𝑮𝑴
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≥ (𝒂𝒃)
𝟑
𝟐 + (𝒃𝒄)

𝟑
𝟐 + (𝒄𝒅)

𝟑
𝟐 + (𝒅𝒂)

𝟑
𝟐 

𝟏 ≥ (𝒂𝒃)
𝟑
𝟐 + (𝒃𝒄)

𝟑
𝟐 + (𝒄𝒅)

𝟑
𝟐 + (𝒅𝒂)

𝟑
𝟐 𝐭𝐫𝐮𝐞! 

Solution 2 by George Titakis-Greece 

𝒂𝟐𝒃𝟐

𝒂 + 𝒃
+
𝒃𝟐𝒄𝟐

𝒃 + 𝒄
+
𝒄𝟐𝒅𝟐

𝒄 + 𝒅
+
𝒅𝟐𝒂𝟐

𝒅 + 𝒂
≤
(𝒂 + 𝒃)𝟒

𝟏𝟔(𝒂 + 𝒃)
+
(𝒃 + 𝒄)𝟒

𝟏𝟔(𝒃 + 𝒄)
+
(𝒄 + 𝒅)𝟒

𝟏𝟔(𝒄 + 𝒅)
+
(𝒅 + 𝒂)𝟒

𝟏𝟔(𝒅+ 𝒂)
= 

=
𝟏

𝟏𝟔
[(𝒂 + 𝒃)𝟑 + (𝒃 + 𝒄)𝟑 + (𝒄 + 𝒅)𝟑 + (𝒅 + 𝒂)𝟑] = 

=
𝟏

𝟏𝟔
[𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑) + 𝟑𝒂𝒃(𝒂 + 𝒃) + 𝟑𝒃𝒄(𝒃 + 𝒄) + 𝟑𝒄𝒅(𝒄 + 𝒅) + 𝟑𝒅𝒂(𝒅+ 𝒂)] ≤ 

≤
𝟏

𝟏𝟔
[𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑) + 𝟑 ⋅ 𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑)] = 

=
𝟖(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑)

𝟏𝟔
=
𝟏

𝟐
 

Equality holds for 𝒂 = 𝒃 = 𝒄 =
𝟏

√𝟒
𝟑 . 

Solution 3 by Tapas Das-India 

𝒂𝟑 + 𝒃𝟑 = (𝒂 + 𝒃)(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) ≥ (𝒂 + 𝒃)(𝟐𝒂𝒃 − 𝒂𝒃) = 𝒂𝒃(𝒂 + 𝒃) 

𝒂𝟐𝒃𝟐

𝒂 + 𝒃
+
𝒃𝟐𝒄𝟐

𝒃 + 𝒄
+
𝒄𝟐𝒅𝟐

𝒄 + 𝒅
+
𝒅𝟐𝒂𝟐

𝒅 + 𝒂
= 

=
𝒂𝒃 ⋅ 𝒂𝒃(𝒂 + 𝒃)

(𝒂 + 𝒃)𝟐
+
𝒃𝒄 ⋅ 𝒃𝒄(𝒃 + 𝒄)

(𝒃 + 𝒄)𝟐
+
𝒄𝒅 ⋅ 𝒄𝒅(𝒄 + 𝒅)

(𝒄 + 𝒅)𝟐
+
𝒅𝒂 ⋅ 𝒅𝒂(𝒅 + 𝒂)

(𝒅 + 𝒂)𝟐
≤ 

≤
𝒂𝒃

(𝒂 + 𝒃)𝟐
(𝒂𝟑 + 𝒃𝟑) +

𝒃𝒄

(𝒃 + 𝒄)𝟐
(𝒃𝟑 + 𝒄𝟑) +

𝒄𝒅

(𝒄 + 𝒅)𝟐
(𝒄𝟑 + 𝒅𝟑) +

𝒅𝒂

(𝒅 + 𝒂)𝟐
(𝒅𝟑 + 𝒂𝟑) ≤ 

≤
𝒂𝒃

𝟒𝒂𝒃
(𝒂𝟑 + 𝒃𝟑) +

𝒃𝒄

𝟒𝒃𝒄
(𝒃𝟑 + 𝒄𝟑) +

𝒄𝒅

𝟒𝒄𝒅
(𝒄𝟑 + 𝒅𝟑) +

𝒅𝒂

𝟒𝒅𝒂
(𝒅𝟑 + 𝒂𝟑) = 

=
𝒂𝟑 + 𝒃𝟑

𝟒
+
𝒃𝟑 + 𝒄𝟑

𝟒
+
𝒄𝟑 + 𝒅𝟑

𝟒
+
𝒅𝟑 + 𝒂𝟑

𝟒
=
𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑)

𝟒
=
𝟏

𝟐
 

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑

𝟐
≥
(𝒂𝒃)𝟐

𝒂 + 𝒃
+
(𝒃𝒄)𝟐

𝒃 + 𝒄
+
(𝒄𝒅)𝟐

𝒄 + 𝒅
+
(𝒅𝒂)𝟐

𝒅 + 𝒂
 

𝒂𝟑 + 𝒃𝟑

𝟒
≥
(𝒂𝒃)𝟐

𝒂 + 𝒃
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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⇔ 𝟐√𝒂𝒃 ⋅ 𝟐√(𝒂𝒃)𝟑 ≥ 𝟒(𝒂𝒃)𝟐 ⇔ 𝟒(𝒂𝒃)𝟐 ≥ 𝟒(𝒂𝒃)𝟐 𝐭𝐫𝐮𝐞. 

Thus, 

𝒂𝟑 + 𝒃𝟑

𝟒
+
𝒃𝟑 + 𝒄𝟑

𝟒
+
𝒄𝟑 + 𝒅𝟑

𝟒
+
𝒅𝟑 + 𝒂𝟑

𝟒
=
𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑)

𝟒
=
𝟏

𝟐
 

Solution 5 by Soumava Chakraborty-Kolkata-India 

𝒂𝟐𝐛𝟐

𝒂+ 𝐛
+
𝐛𝟐𝐜𝟐

𝐛 + 𝐜
+
𝐜𝟐𝐝𝟐

𝐜 + 𝐝
+
𝐝𝟐𝒂𝟐

𝐝 + 𝒂

=
𝟐𝒂𝐛

𝒂 + 𝐛
.
𝒂𝐛

𝟐
+
𝟐𝐛𝐜

𝐛 + 𝐜
.
𝐛𝐜

𝟐
+
𝟐𝐜𝐝

𝐜 + 𝐝
.
𝐜𝐝

𝟐

+
𝟐𝐝𝒂

𝐝 + 𝒂
.
𝐝𝒂

𝟐
≤
𝐇 ≤ 𝐆 𝟏

𝟐
(√𝒂𝐛.𝒂𝐛 + √𝐛𝐜. 𝐛𝐜 + √𝐜𝐝. 𝐜𝐝 + √𝐝𝒂. 𝐝𝒂) 

=
𝟏

𝟐
(𝒂√𝒂.𝐛√𝐛 + 𝐛√𝐛. 𝐜√𝐜 + 𝐜√𝐜. 𝐝√𝐝

+ 𝐝√𝐝. 𝒂√𝒂) ≤
𝐂𝐁𝐒 𝟏

𝟐
√𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝐝𝟑. √𝐛𝟑 + 𝐜𝟑 + 𝐝𝟑 + 𝒂𝟑

=
𝟏

𝟐
(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝐝𝟑) =

𝒂𝟑+𝐛𝟑+𝐜𝟑+𝐝𝟑 = 𝟏 𝟏

𝟐
 

⇒
𝟏

𝟐
≥
𝒂𝟐𝐛𝟐

𝒂 + 𝐛
+
𝐛𝟐𝐜𝟐

𝐛 + 𝐜
+
𝐜𝟐𝐝𝟐

𝐜 + 𝐝
+
𝐝𝟐𝒂𝟐

𝐝 + 𝒂
 (𝐐𝐄𝐃) 

1023. If 𝒙, 𝒚, 𝒛 > 0,
𝟏

𝟏+𝒙
+

𝟏

𝟏+𝒚
+

𝟏

𝟏+𝒛
= 𝟏 then: 

𝒙 + 𝒚 + 𝒛 ≥
𝟑

𝟒
𝒙𝒚𝒛 

Proposed by Marin Chirciu-Romania 
Solution 1 by Tapas Das-India 

𝟏

𝟏 + 𝒙
+

𝟏

𝟏 + 𝒚
+

𝟏

𝟏 + 𝒛
= 𝟏 ⇔ 

(𝟏 + 𝒚)(𝟏 + 𝒛) + (𝟏 + 𝒙)(𝟏 + 𝒛) + (𝟏 + 𝒚)(𝟏 + 𝒛) = (𝟏 + 𝒙)(𝟏 + 𝒚)(𝟏 + 𝒛) 

𝒙𝒚𝒛 = 𝟐 + 𝒙 + 𝒚 + 𝒛 ⇒ 𝒙 + 𝒚 + 𝒛 = 𝒙𝒚𝒛 − 𝟐; (𝟏) 

Now, 𝒙 + 𝒚 + 𝒛 ≥ 𝟑(𝒙𝒚𝒛)
𝟏

𝟑 

𝒙𝒚𝒛 − 𝟐 ≥ 𝟑(𝒙𝒚𝒛)
𝟏
𝟑 

Let (𝒙𝒚𝒛)
𝟏

𝟑 = 𝒂, then 𝒂𝟑 − 𝟐 ≥ 𝟑𝒂 ⇒ 𝒂𝟑 − 𝟑𝒂 − 𝟐 ≥ 𝟎 
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(𝒂 − 𝟐)(𝒂 + 𝟏)𝟐 ≥ 𝟎 ⇒ 𝒂 ≥ 𝟐 ⇒ (𝒙𝒚𝒛)
𝟏
𝟑 ≥ 𝟐 ⇒ 𝒙𝒚𝒛 ≥ 𝟖 

Now, 𝒙 + 𝒚 + 𝒛 −
𝟑

𝟒
𝒙𝒚𝒛 = 𝒙𝒚𝒛 − 𝟐 −

𝟑

𝟒
𝒙𝒚𝒛 =

𝟏

𝟒
𝒙𝒚𝒛 − 𝟐 ≥ 𝟎 ⇒ 

𝒙 + 𝒚 + 𝒛 ≥
𝟑

𝟒
𝒙𝒚𝒛 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟏

𝟏 + 𝒙
+

𝟏

𝟏 + 𝒚
+

𝟏

𝟏 + 𝒛
= 𝟏 ⇔ 

(𝟏 + 𝒚)(𝟏 + 𝒛) + (𝟏 + 𝒙)(𝟏 + 𝒛) + (𝟏 + 𝒚)(𝟏 + 𝒛) = (𝟏 + 𝒙)(𝟏 + 𝒚)(𝟏 + 𝒛) 

𝒙𝒚𝒛 = 𝟐 + 𝒙 + 𝒚 + 𝒛 ⇒ 𝒙 + 𝒚 + 𝒛 = 𝒙𝒚𝒛 − 𝟐 

𝟒𝒙𝒚𝒛 − 𝟖 ≥ 𝟑𝒙𝒚𝒛 ⇒ 𝒙𝒚𝒛 ≥ 𝟖 ⇒ 𝒙 + 𝒚 + 𝒛 ≥
𝟑

𝟒
𝒙𝒚𝒛 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝟏

𝟏 + 𝒙
+

𝟏

𝟏 + 𝐲
+

𝟏

𝟏 + 𝐳
= 𝟏 = 𝟐+∑

𝟏

𝟏 + 𝒙
𝐜𝐲𝐜

= 𝟑 ⇒ 𝟐 =∑(𝟏−
𝟏

𝟏 + 𝒙
)

𝐜𝐲𝐜

⇒ 𝟐

=∑
𝒙

𝟏 + 𝒙
𝐜𝐲𝐜

≤
𝐉𝐞𝐧𝐬𝐞𝐧

𝟑.

∑ 𝒙𝐜𝐲𝐜

𝟑

𝟏 +
∑ 𝒙𝐜𝐲𝐜

𝟑

 (∵ 𝐟(𝐭) =
𝐭

𝟏 + 𝐭
 𝐢𝐬 𝐜𝐨𝐧𝐜𝒂𝐯𝐞 ∀ 𝐭 > 0 𝒂𝐬 𝐟 ′′(𝐭)

=
−𝟐

(𝟏 + 𝐭)𝟑
< 0) 

⇒ 𝟐 ≤
𝟑∑ 𝒙𝐜𝐲𝐜

𝟑 + ∑ 𝒙𝐜𝐲𝐜
⇒ 𝟑∑𝒙

𝐜𝐲𝐜

≥ 𝟔+ 𝟐∑𝒙

𝐜𝐲𝐜

⇒∑𝒙

𝐜𝐲𝐜

≥
(∗)

𝟔 

𝐍𝐨𝐰,
𝟏

𝟏 + 𝒙
+

𝟏

𝟏 + 𝐲
+

𝟏

𝟏 + 𝐳
= 𝟏 ⇒∑((𝟏 + 𝐲)(𝟏 + 𝐳))

𝐜𝐲𝐜

=∏(𝟏 + 𝒙)

𝐜𝐲𝐜

⇒∑(𝟏+ 𝐲 + 𝐳 + 𝐲𝐳)

𝐜𝐲𝐜

= 𝟏 + 𝒙𝐲𝐳 +∑𝒙𝐲

𝐜𝐲𝐜

+∑𝒙

𝐜𝐲𝐜

⇒ 𝟑+ 𝟐∑𝒙

𝐜𝐲𝐜

+∑𝒙𝐲

𝐜𝐲𝐜

= 𝟏 + 𝒙𝐲𝐳 +∑𝒙𝐲

𝐜𝐲𝐜

+∑𝒙

𝐜𝐲𝐜

 

⇒ 𝒙𝐲𝐳 =∑𝒙

𝐜𝐲𝐜

+ 𝟐 ⇒
𝟑

𝟒
𝒙𝐲𝐳 =

𝟑

𝟒
∑𝒙

𝐜𝐲𝐜

+
𝟑

𝟐
=∑𝒙

𝐜𝐲𝐜

+
𝟑

𝟐
−
𝟏

𝟒
∑𝒙

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (∗)

∑𝒙

𝐜𝐲𝐜

+
𝟑

𝟐
−
𝟔

𝟒
=∑𝒙

𝐜𝐲𝐜

⇒ 𝒙 + 𝐲 + 𝐳 ≥
𝟑

𝟒
𝒙𝐲𝐳 ∀ 𝒙, 𝐲, 𝐳 > 0│

𝟏

𝟏 + 𝒙
+

𝟏

𝟏 + 𝐲
+

𝟏

𝟏 + 𝐳
= 𝟏 (𝐐𝐄𝐃) 

 

Solution 4 by Hikmat Mammadov-Azerbaijan 

𝟏

𝟏 + 𝒙
+

𝟏

𝟏 + 𝒚
+

𝟏

𝟏 + 𝒛
= 𝟏 ⇔ 

(𝟏 + 𝒚)(𝟏 + 𝒛) + (𝟏 + 𝒙)(𝟏 + 𝒛) + (𝟏 + 𝒚)(𝟏 + 𝒛) = (𝟏 + 𝒙)(𝟏 + 𝒚)(𝟏 + 𝒛) 
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𝒙𝒚𝒛 = 𝟐 + 𝒙 + 𝒚 + 𝒛 ⇒ 𝒙 + 𝒚 + 𝒛 = 𝒙𝒚𝒛 − 𝟐 

𝒙 + 𝒚 + 𝒛 ≥ 𝟑(𝒙 + 𝒚 + 𝒛 + 𝟐) ⇔ 𝒙 + 𝒚 + 𝒛 ≥ 𝟔; (𝟏) 

𝒙 + 𝒚 + 𝒛 + 𝟐 = 𝒙𝒚𝒛 ≤ (
𝒙 + 𝒚 + 𝒛

𝟑
)
𝟑

 

𝒂 ≔ 𝒂 + 𝒚 + 𝒛 ≥
?
𝟔 ⇒ 𝒂𝟑 − 𝟐𝟕𝒂 − 𝟓𝟒 ≥ 𝟎 ⇒ (𝒂 − 𝟔)(𝒂𝟐 + 𝟔𝒂 + 𝟗) ≥ 𝟎 

(𝒂 − 𝟔)(𝒂 + 𝟑)𝟐 ≥ 𝟎 ⇒ 𝒂 ≥ 𝟔; (𝟐) 

From (1) and (2), it follows that: 𝒙 + 𝒚 + 𝒛 ≥
𝟑

𝟒
𝒙𝒚𝒛 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟐. 

1024. If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏𝑐 = 𝑎 + 𝑏 + 𝑐 and 𝝀 ≥ 𝟎 then: 

√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 (𝝀 +
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) ≥ 𝟑(𝝀 + 𝟏) 

Proposed by Marin Chirciu-Romania 
Solution 1 by Tapas Das-India 

𝒂 + 𝒃 + 𝒄 = 𝒂𝒃𝒄; (𝟏) 

𝒂 + 𝒃 + 𝒄

𝟑
≥ (𝒂𝒃𝒄)

𝟏
𝟑 + 𝒃 + 𝒄 ≥ 𝟑(𝒂𝒃𝒄)

𝟏
𝟑 ⇒ 𝒂𝒃𝒄 ≥ 𝟑(𝒂𝒃𝒄)

𝟏
𝟑 

(𝒂𝒃𝒄)
𝟐
𝟑 ≥ 𝟑 ⇒ 𝒂𝒃𝒄 ≥ 𝟑

𝟑
𝟐; (𝟐) 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑(𝒂𝒃𝒄)
𝟐
𝟑 = 𝟗 ⇒ √𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
≥
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
=
𝒂 + 𝒃 + 𝒄

𝒂𝒃𝒄
=
𝒂𝒃𝒄

𝒂𝒃𝒄
= 𝟏 

√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 (𝝀 +
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) ≥ 𝟑𝝀 + √𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑(𝝀 + 𝟏) 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟏 =
𝟏

𝒂𝒃
+

𝟏

𝒃𝒄
+

𝟏

𝒄𝒂
⇒ 𝟗 ≤ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 and 𝟑 ≤ √𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

𝟑 ≤ 𝟑 (
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
) ≤ (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)
𝟐

≤ 𝟑(
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) 

⇒ 𝟏 ≤
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
 

√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 (𝝀 +
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) ≥ √𝟗(𝝀 +

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) = 
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= 𝟑 (𝝀 +
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) = 𝟑(𝝀 + 𝟏) 

Solution 3 by Soumava Chakraborty-Kolkata-India 

(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

≥ 𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

= 𝟑𝒂𝐛𝐜.√(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟑𝒂𝐛𝐜.√𝟑∑𝒂𝐛

𝐜𝐲𝐜

⇒ (∑𝒂𝐛

𝐜𝐲𝐜

) .√∑𝒂𝐛

𝐜𝐲𝐜

≥
(𝐢)

𝟑√𝟑𝒂𝐛𝐜 

𝐀𝐠𝒂𝐢𝐧, 𝒂𝐛𝐜 =∑𝒂

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √𝒂𝐛𝐜
𝟑

⇒ √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

≥ 𝟑 ⇒ 𝒂𝟐𝐛𝟐𝐜𝟐 ≥ 𝟐𝟕 ⇒ 𝒂𝐛𝐜 ≥
(𝐢𝐢)

𝟑√𝟑 ∴ (𝐢)⦁(𝐢𝐢)

⇒ (∑𝒂𝐛

𝐜𝐲𝐜

) .√∑𝒂𝐛

𝐜𝐲𝐜

≥ 𝟑√𝟑.𝟑√𝟑 ⇒ (√∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

≥ 𝟐𝟕 ⇒ √∑𝒂𝐛

𝐜𝐲𝐜

≥
(∗)

𝟑 

⇒ 𝛌(√𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 − 𝟑) ≥ 𝟎 (∵ 𝛌 ≥ 𝟎) ⇒ √𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂. 𝛌 ≥
(∗∗)

𝟑𝛌 

𝐅𝐮𝐫𝐭𝐡𝐞𝐫,∑
𝟏

𝒂𝟐
𝐜𝐲𝐜

≥
𝟏

𝟑
(∑

𝟏

𝒂
𝐜𝐲𝐜

)

𝟐

≥
𝟏

𝟑
. 𝟑∑

𝟏

𝒂𝐛
𝐜𝐲𝐜

=
𝒂 + 𝐛 + 𝐜

𝒂𝐛𝐜
= 𝟏 ⇒ √𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 (

𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
)

≥ √𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ≥
𝐯𝐢𝒂 (∗)

𝟑 ∴ √𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) ≥
(∗∗∗)

𝟑 

∴ (∗∗) + (∗∗∗) ⇒ √𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂. 𝛌 + √𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) ≥ 𝟑𝛌 + 𝟑

⇒ √𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂(𝛌 +
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
+
𝟏

𝐜𝟐
) ≥ 𝟑(𝛌 + 𝟏) ∀ 𝒂,𝐛, 𝐜 > 0│𝒂𝐛𝐜

= 𝒂 + 𝐛 + 𝐜 (𝐐𝐄𝐃)  

1025. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐. Prove that: 

𝟐√𝟐(√𝒂𝒃 + 𝒂𝒄 + √𝒃𝒄 + 𝒃𝒂 + √𝒄𝒂 + 𝒄𝒃) + 𝟗 ≥ 𝟕(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

Proposed by Phan Ngoc Chau-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑰𝒇 𝒂 = 𝒃 = 𝒄 = 𝟎 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒕𝒓𝒖𝒆.  𝑨𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒂 + 𝒃 + 𝒄 > 0. 

𝑯𝒐𝒎𝒐𝒈𝒆𝒏𝒊𝒛𝒊𝒏𝒈 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒈𝒆𝒕 𝒕𝒉𝒆 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒊𝒐𝒏 ∶ 
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𝟐√𝟐(𝒂 + 𝒃 + 𝒄)(√𝒂𝒃 + 𝒂𝒄 + √𝒃𝒄 + 𝒃𝒂 + √𝒄𝒂 + 𝒄𝒃) + 𝟗(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

≥ 𝟕(𝒂 + 𝒃 + 𝒄)𝟐 

⇔ 𝟐(𝒂 + 𝒃 + 𝒄)∑√𝟐𝒂(𝒃 + 𝒄)

𝒄𝒚𝒄

+ 𝟐∑𝒂𝟐

𝒄𝒚𝒄

≥ 𝟕∑𝒂(𝒃 + 𝒄)

𝒄𝒚𝒄

 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟐(𝒂 + 𝒃 + 𝒄)√𝟐𝒂(𝒃 + 𝒄) + 𝟐𝒂𝟐 = 𝟐.√𝟐𝒂𝟑(𝒃 + 𝒄) + 𝟒. √
𝒂(𝒃 + 𝒄)𝟑

𝟐
+ 𝟐𝒂𝟐 ≥ 

≥ 𝟕√(√𝟐𝒂𝟑(𝒃 + 𝒄))
𝟐

. (√
𝒂(𝒃 + 𝒄)𝟑

𝟐
)

𝟒

. 𝟐𝒂𝟐
𝟕

= 𝟕𝒂(𝒃 + 𝒄) 

𝑻𝒉𝒆𝒏 ∶   𝟐(𝒂 + 𝒃 + 𝒄)√𝟐𝒂(𝒃 + 𝒄) + 𝟐𝒂𝟐 ≥ 𝟕𝒂(𝒃 + 𝒄)  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝒂,𝒃, 𝒄) = (𝟏, 𝟏, 𝟏). 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐂𝒂𝐬𝐞 𝟏 ∶ 𝒂,𝐛, 𝐜 > 0  𝟐√𝟐𝒂(𝐛 + 𝐜) ≥
𝐆−𝐇 𝟖𝒂(𝐛 + 𝐜)

𝟐𝒂 + 𝐛 + 𝐜
=
𝟖𝒂(𝐛 + 𝐜 + 𝟐𝒂 − 𝟐𝒂)

𝟐𝒂 + 𝐛 + 𝐜

= 𝟖𝒂−
𝟏𝟔𝒂𝟐

𝟐𝒂 + 𝐛 + 𝐜
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

⇒ 𝟐√𝟐(√𝒂𝐛+ 𝒂𝐜 + √𝐛𝐜 + 𝐛𝒂+ √𝐜𝒂 + 𝐜𝐛) + 𝟗 

≥ 𝟖∑𝒂

𝐜𝐲𝐜

− 𝟏𝟔∑
𝒂𝟐

𝟐𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

+ 𝟗 ≥
?
𝟕(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

⇔ 𝟖∑𝒂

𝐜𝐲𝐜

− 𝟏𝟔∑
𝒂𝟐

𝟐𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

+
𝟗∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
≥
?
𝟕∑𝒂

𝐜𝐲𝐜

 (∵∑𝒂

𝐜𝐲𝐜

=∑𝒂𝟐

𝐜𝐲𝐜

⇒ 𝟏 =
∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
)

⇔∑𝒂

𝐜𝐲𝐜

+
𝟗∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
≥
?
⏟
(∗)

𝟏𝟔∑
𝒂𝟐

𝟐𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦
⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂  
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𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 ⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

𝐕𝐢𝒂 𝒂𝐟𝐨𝐫𝐞𝐦𝐞𝐧𝐭𝐢𝐨𝐧𝐞𝐝 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

=
(⦁)
𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐  

𝐍𝐨𝐰,∑
𝒂𝟐

𝟐𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

=∑
𝒂𝟐

𝒂+ 𝐛 + 𝐜 + 𝒂
𝐜𝐲𝐜

=∑
(𝐬 − 𝒙)𝟐

𝐲 + 𝐳
𝐜𝐲𝐜

=∑
(𝟐𝐬 − 𝒙 − 𝐬)𝟐

𝟐𝐬 − 𝒙
𝐜𝐲𝐜

=∑
(𝟐𝐬 − 𝒙)𝟐 − 𝟐𝐬(𝟐𝐬− 𝒙) + 𝐬𝟐

𝟐𝐬 − 𝒙
𝐜𝐲𝐜

=∑(𝟐𝐬 − 𝒙 − 𝟐𝐬)

𝐜𝐲𝐜

+ 𝐬𝟐∑
𝟏

𝐲+ 𝐳
𝐜𝐲𝐜

= −𝟐𝐬 + 𝐬𝟐
∑ ((𝐳 + 𝒙)(𝒙 + 𝐲))𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
 

= −𝟐𝐬 + 𝐬𝟐
(∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒙𝐲𝐜𝐲𝐜 ) + ∑ 𝒙𝐲𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

= −𝟐𝐬 +
𝐬

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
((∑𝒙

𝐜𝐲𝐜

)

𝟐

+ 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

= −𝟐𝐬 +
𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
=
𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
 

⇒ 𝟏𝟔∑
𝒂𝟐

𝟐𝒂 + 𝐛 + 𝐜
𝐜𝐲𝐜

=
𝟖𝐬(𝐬𝟐 − 𝟒𝐑𝐫− 𝟑𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
≤
?
∑𝒂

𝐜𝐲𝐜

+
𝟗∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
=

𝐯𝐢𝒂 (⦁)
𝐬 +

𝟗(𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)

𝐬

=
𝟏𝟎𝐬𝟐 − 𝟕𝟐𝐑𝐫 − 𝟏𝟖𝐫𝟐

𝐬

⇔ (𝟓𝐬𝟐 − 𝟑𝟔𝐑𝐫 − 𝟗𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ≥
?
𝟒𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐) 

⇔ 𝐬𝟒 − (𝟏𝟎𝐑𝐫 − 𝟖𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟕𝟐𝐑𝟐 + 𝟓𝟒𝐑𝐫 + 𝟗𝐫𝟐) ≥
?
⏟
(∗∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐

− 𝐫𝟐(𝟕𝟐𝐑𝟐 + 𝟓𝟒𝐑𝐫 + 𝟗𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝐑𝐫 + 𝟑𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)

− 𝐫𝟐(𝟕𝟐𝐑𝟐 + 𝟓𝟒𝐑𝐫 + 𝟗𝐫𝟐) = 𝟐𝟒𝐫𝟐(𝟐𝐑𝟐 − 𝟑𝐑𝐫 − 𝟐𝐫𝟐) = 𝟐𝟒𝐫𝟐(𝐑− 𝟐𝐫)(𝟐𝐑+ 𝐫) 

≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟐√𝟐(√𝒂𝐛+ 𝒂𝐜+ √𝐛𝐜 + 𝐛𝒂+ √𝐜𝒂 + 𝐜𝐛) + 𝟗

≥ 𝟕(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐), 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 

𝐂𝒂𝐬𝐞 𝟐 ∶ 𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝒂𝐦𝐨𝐧𝐠 𝒂,𝐛, 𝐜 = 𝟎  𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 𝒂𝐧𝐝 𝐛, 𝐜

> 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟐√𝟐(√𝒂𝐛+ 𝒂𝐜 + √𝐛𝐜 + 𝐛𝒂+ √𝐜𝒂 + 𝐜𝐛) + 𝟗

≥ 𝟕(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)  
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⇔ 𝟒.√𝟐𝐛𝐜+
𝟗(𝐛𝟐 + 𝐜𝟐)

𝐛 + 𝐜
≥ 𝟕(𝐛 + 𝐜) (∵ 𝐛𝟐 + 𝐜𝟐 = 𝐛 + 𝐜 ⇒ 𝟏 =

𝐛𝟐 + 𝐜𝟐

𝐛 + 𝐜
)

⇔ 𝟒√𝟐.√𝐛𝐜. (𝐛 + 𝐜) + 𝟗(𝐛𝟐 + 𝐜𝟐) ≥
(∗∗∗)

𝟕(𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆−𝐇

𝟒√𝟐.
𝟐𝐛𝐜

𝐛 + 𝐜
. (𝐛 + 𝐜) + 𝟗(𝐛𝟐 + 𝐜𝟐) ≥

?
𝟕(𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜)

⇔ 𝟖√𝟐𝐛𝐜+ 𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝟏𝟒𝐛𝐜 ≥
?
⏟

(∗∗∗∗)

𝟎 

𝐍𝐨𝐰,𝐯𝐢𝒂 𝐀 − 𝐆, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥ (𝟖√𝟐 + 𝟒 − 𝟏𝟒)𝐛𝐜 = 𝟐(𝟒√𝟐− 𝟓)𝐛𝐜 =
𝟐(𝟑𝟐 − 𝟐𝟓)

𝟒√𝟐 + 𝟓
𝐛𝐜 > 0

⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝟐√𝟐(√𝒂𝐛+ 𝒂𝐜 + √𝐛𝐜 + 𝐛𝒂+ √𝐜𝒂 + 𝐜𝐛) + 𝟗 ≥ 𝟕(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟑 ∶ 𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝒂𝐦𝐨𝐧𝐠 𝒂,𝐛, 𝐜 = 𝟎  𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎 𝒂𝐧𝐝 𝒂

> 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟐√𝟐(√𝒂𝐛+ 𝒂𝐜 + √𝐛𝐜 + 𝐛𝒂+ √𝐜𝒂 + 𝐜𝐛) + 𝟗 ≥ 𝟕(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

⇔ 𝟗 > 0 → 𝐭𝐫𝐮𝐞 

∴ 𝟐√𝟐(√𝒂𝐛+ 𝒂𝐜 + √𝐛𝐜 + 𝐛𝒂+ √𝐜𝒂 + 𝐜𝐛) + 𝟗 ≥ 𝟕(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝟐√𝟐(√𝒂𝐛+ 𝒂𝐜 + √𝐛𝐜 + 𝐛𝒂 + √𝐜𝒂 + 𝐜𝐛) + 𝟗

≥ 𝟕(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎 │𝒂 + 𝐛 + 𝐜 = 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛

= 𝐜 = 𝟏 (𝐐𝐄𝐃) 

Solution 3 by Michael Sterghiou-Greece 

𝟐√𝟐(√𝒂𝒃 + 𝒂𝒄 + √𝒃𝒄 + 𝒃𝒂 + √𝒄𝒂 + 𝒄𝒃) + 𝟗 ≥ 𝟕(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐); (𝟏) 

Let (𝒑, 𝒒, 𝒓) = (∑𝒂, ∑𝒂𝒃,∏𝒂). We homogenise (1) as 

𝟐√𝟐(∑𝒂

𝒄𝒚𝒄

)(∑√𝒂𝒃 + 𝒂𝒄

𝒄𝒚𝒄

) + 𝟗∑𝒂𝟐

𝒄𝒚𝒄

≥ 𝟕(∑𝒂

𝒄𝒚𝒄

)

𝟐

 

Multiplying by 𝒂 + 𝒃 + 𝒄 and considering that ∑𝒂 = ∑𝒂𝟐. 

Now, we assume 𝒑 = 𝟑. By AM-GM: 

√𝒂𝒃 + 𝒂𝒄 = √
𝟏

𝟐
⋅ 𝟐𝒂(𝒃 + 𝒄) ≥

𝟏

√𝟐
⋅

𝟐

𝟏
𝟐𝒂 +

𝟏
𝒃 + 𝒄

=
𝟒

√𝟐
⋅
𝒂(𝒃 + 𝒄)

𝒂 + 𝟑
 

(𝟏) ⇒ 𝟐𝟒(∑
𝒂(𝒃 + 𝒄)

𝒂 + 𝟑
𝒄𝒚𝒄

) + 𝟗(𝟗 − 𝟐𝒒) − 𝟔𝟑 ≥ 𝟎; (𝟐) 

This reduces to:  𝟒 ⋅
𝟓𝒓+𝟗𝒒

𝟑𝒒+𝒓+𝟓𝟒
− (𝒒 − 𝟏) ≥ 𝟎; (𝟑) 

If 𝒒 ≤ 𝟏 we are done, so let 𝒒 > 1, (𝟑) ⇒ 

−𝟑𝒒𝟐 − 𝟏𝟓𝒒 + 𝟓𝟒 + 𝒓(𝟐𝟏 − 𝒒) ≥ 𝟎 or the stronger as 
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 𝒓 ≥
𝟒𝒒−𝟗

𝟑
 (3rd  degree Schur’s inequality) true as 𝒒 ≤

𝒑𝟐

𝟑
= 𝟑 and 𝒒 > 1 by assumption. 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1026. If 𝒙, 𝒚, 𝒛 > 0 then: 

∑
𝒙

√𝒚𝟑 + 𝟐𝟓𝒙𝒚𝒛 + 𝒛𝟑
𝟑

𝒄𝒚𝒄

≥ 𝟏 

Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∑
𝒙.𝒙

𝟏
𝟑

√𝒙𝐲𝟑 + 𝟐𝟓𝒙𝟐𝐲𝐳 + 𝒙𝐳𝟑
𝟑

𝐜𝐲𝐜

=∑
𝒙
𝟒
𝟑

√𝒙𝐲𝟑 + 𝟐𝟓𝒙𝟐𝐲𝐳+ 𝒙𝐳𝟑
𝟑

𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧 (∑ 𝒙𝐜𝐲𝐜 )

𝟒
𝟑

(∑ 𝒙𝟑𝐲𝐜𝐲𝐜 +∑ 𝒙𝐲𝟑𝐜𝐲𝐜 + 𝟐𝟓𝒙𝐲𝐳(∑ 𝒙𝐜𝐲𝐜 ))

𝟏
𝟑

≥
?
𝟏

⇔
(∑ 𝒙𝐜𝐲𝐜 )

𝟒

∑ 𝒙𝟑𝐲𝐜𝐲𝐜 +∑ 𝒙𝐲𝟑𝐜𝐲𝐜 + 𝟐𝟓𝒙𝐲𝐳(∑ 𝒙𝐜𝐲𝐜 )
≥
?
𝟏 

⇔∑𝒙𝟒

𝐜𝐲𝐜

+ 𝟒∑𝒙𝟑𝐲

𝐜𝐲𝐜

+ 𝟒∑𝒙𝐲𝟑

𝐜𝐲𝐜

+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟏𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) ≥
?
∑𝒙𝟑𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟑

𝐜𝐲𝐜

+ 𝟐𝟓𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)

⇔∑𝒙𝟒

𝐜𝐲𝐜

+ 𝟑∑𝒙𝟑𝐲

𝐜𝐲𝐜

+ 𝟑∑𝒙𝐲𝟑

𝐜𝐲𝐜

+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟏𝟑𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) 

𝐍𝐨𝐰,∑𝒙𝟒

𝐜𝐲𝐜

+ 𝟑∑𝒙𝟑𝐲

𝐜𝐲𝐜

+ 𝟑∑𝒙𝐲𝟑

𝐜𝐲𝐜

+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟑∑(𝒙𝟑𝐲 + 𝒙𝐲𝟑)

𝐜𝐲𝐜

+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟕∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝟏𝟑∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥ 𝟏𝟑𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝒙

√𝐲𝟑 + 𝟐𝟓𝒙𝐲𝐳 + 𝐳𝟑
𝟑

𝐜𝐲𝐜

≥ 𝟏 ∀ 𝒙, 𝐲, 𝐳 > 0 (𝑄𝐸𝐷) 

Solution 2 by Biswajt Ghosh-India 

Let us prove that: 
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𝒙

√𝒚𝟑 + 𝟐𝟓𝒙𝒚𝒛 + 𝒛𝟑
𝟑

<
𝟏

𝟑
⇔ 𝟑𝒙 < √𝒚𝟑 + 𝟐𝟓𝒙𝒚𝒛 + 𝒛𝟑

𝟑
 

𝟐𝟕𝒙𝟑 < 𝒚𝟑 + 𝟐𝟓𝒙𝒚𝒛 + 𝒛𝟑 = 𝒚𝟑 +
𝟐𝟓

𝟑
(𝟑𝒙𝒚𝒛) + 𝒛𝟑 

𝟐𝟕𝒙𝟑 < (𝒚𝟑 + 𝒛𝟑) +
𝟐𝟓

𝟑
(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) 

𝟖𝟏𝒙𝟑 < 28(𝒚𝟑 + 𝒛𝟑) + 𝟐𝟓𝒙𝟑 

𝟓𝟔𝒙𝟑 < 28(𝒚𝟑 + 𝒛𝟑) ⇒ 𝟐𝒙𝟑 < 𝒚𝟑 + 𝒛𝟑; (𝟏) 

Similarly, 

𝟐𝒚𝟑 < 𝒙𝟑 + 𝒛𝟑; (𝟐) and 𝟐𝒛𝟑 < 𝒙𝟑 + 𝒚𝟑; (𝟑) 

By adding (1), (2) and (3): 

𝟐(𝒙𝟑 + 𝒚𝟑) < (𝒙𝟑 + 𝒚𝟑) + 𝟐𝒛𝟑 ⇒ 𝒙𝟑 + 𝒚𝟑 < 2𝒛𝟑; (𝟒) 

From (3) and (4): 𝟐𝒛𝟑 < 2𝒛𝟑 contradiction! 

Hence, 

𝒙

√𝒚𝟑 + 𝟐𝟓𝒙𝒚𝒛 + 𝒛𝟑
𝟑

>
𝟏

𝟑
⇒∑

𝒙

√𝒚𝟑 + 𝟐𝟓𝒙𝒚𝒛 + 𝒛𝟑
𝟑

𝒄𝒚𝒄

≥ 𝟏 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟏. 

Solution 3 by Michael Sterghiou-Greece 

∑
𝒙

√𝒚𝟑 + 𝟐𝟓𝒙𝒚𝒛 + 𝒛𝟑
𝟑

𝒄𝒚𝒄

≥ 𝟏; (𝟏) 

Let (𝒑, 𝒒, 𝒓) = (∑𝒙,∑𝒙𝒚,∏𝒙). WLOG, let 𝒑 = 𝟑. From the convexity of 𝒇(𝒕) =
𝟏

√𝒕
, weights 

𝒙, 𝒚, 𝒛: 

(𝟐); ∑
𝒙

√𝒚𝟑+𝟐𝟓𝒙𝒚𝒛+𝒛𝟑
𝟑𝒄𝒚𝒄 ≥ (∑ 𝒙𝒄𝒚𝒄 ) ⋅

𝟏

√
∑𝒙(𝒚𝟑+𝟐𝟓𝒙𝒚𝒛+𝒛𝟑)

𝒙+𝒚+𝒛

𝟑
=

𝟑

[
𝟏

𝟑
∑(𝒙𝒚𝟑+𝒙𝒛𝟑+𝟐𝟓𝒓)]

𝟏
𝟑

  which must be 

greater than 1. As: 

∑(𝒙𝒚𝟑 + 𝒙𝒛𝟑) = (∑𝒙𝟐)(∑𝒙𝒚) − (∑𝒙)𝒙𝒚𝒛 = (𝟗 − 𝟐𝒒)𝒒 − 𝟑𝒓 

∑𝒙(𝒙𝒚𝒛) = 𝟑𝒓 

(𝟐) ⇒
𝟖𝟏

(𝟗 − 𝟐𝒒)𝒒 − 𝟑𝒓 + 𝟕𝟓𝒓
≥ 𝟏 ⇔ 𝟐𝒒𝟐 − 𝟗𝒒 − 𝟕𝟐𝒓 + 𝟖𝟏 ≥ 𝟎, 𝐚𝐬 𝒓 ≤

𝒒𝟐

𝟗
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It suffices that 𝟑(𝟑 − 𝒒)(𝟐𝒒 + 𝟗) ≥ 𝟎 which is true as 𝒒 ≤
𝒑𝟐

𝟑
= 𝟑. 

Equality holds for 𝒙 = 𝒚 = 𝒛. 

1027. Let 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 3. Prove that: 

𝟑 + 𝟐(
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) ≥∑√𝟏 + 𝟒 (

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
)

𝒄𝒚𝒄

 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∑√𝟏+ 𝟒(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
)

𝐜𝐲𝐜

=∑(√
𝟒𝒂𝟐 + 𝟒𝐛𝟐 + 𝒂𝟐𝐛𝟐

𝒂𝐛
.√
𝟏

𝒂𝐛
)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑
𝟒𝒂𝟐 + 𝟒𝐛𝟐 + 𝒂𝟐𝐛𝟐

𝒂𝐛
𝐜𝐲𝐜

. √∑
𝟏

𝒂𝐛
𝐜𝐲𝐜

= √
𝟏

𝒂𝟐𝐛𝟐𝐜𝟐
. √𝟒∑𝐜(𝒂𝟐 + 𝐛𝟐)

𝐜𝐲𝐜

+∑𝐜𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

. √∑𝒂

𝐜𝐲𝐜

 

=
𝟏

𝒂𝐛𝐜√
∑𝒂

𝐜𝐲𝐜

. √𝟒∑(𝒂𝐛(𝒂+ 𝐛))

𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

=
𝟏

𝒂𝐛𝐜√
∑𝒂

𝐜𝐲𝐜

. √𝟒∑(𝒂𝐛(∑𝒂

𝐜𝐲𝐜

− 𝐜))

𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

=
𝟏

𝒂𝐛𝐜√
∑𝒂

𝐜𝐲𝐜

. √𝟒(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)− 𝟏𝟐𝒂𝐛𝐜+ 𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

 

=
∵ 𝟑 = 𝒂+𝐛+𝐜 𝟏

𝒂𝐛𝐜
√
𝟒

𝟗
(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟒

−
𝟏𝟐𝒂𝐛𝐜

𝟗
(∑𝒂

𝐜𝐲𝐜

)

𝟑

+ 𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) ≤
?
𝟑

+ 𝟐(
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
) =

𝟏

𝒂𝐛𝐜
(𝟑𝒂𝐛𝐜 + 𝟐∑𝒂𝟐

𝐜𝐲𝐜

) 

⇔ (𝟑𝒂𝐛𝐜+ 𝟐∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

≥
? 𝟒

𝟗
(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟒

−
𝟏𝟐𝒂𝐛𝐜

𝟗
(∑𝒂

𝐜𝐲𝐜

)

𝟑

+ 𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 
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⇔ 𝟗𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+ 𝟏𝟐𝒂𝐛𝐜(∑𝒂𝟐

𝐜𝐲𝐜

) ≥
? 𝟒

𝟗
(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟒

−
𝟏𝟐𝒂𝐛𝐜

𝟗
(∑𝒂

𝐜𝐲𝐜

)

𝟑

+ 𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 

⇔
∵ 𝟑 = 𝒂+𝐛+𝐜

𝟗𝒂𝟐𝐛𝟐𝐜𝟐 +
𝟒

𝟗
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

(∑𝒂

𝐜𝐲𝐜

)

𝟐

+
𝟏𝟐𝒂𝐛𝐜

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) ≥
? 𝟒

𝟗
(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟒

−
𝟏𝟐𝒂𝐛𝐜

𝟗
(∑𝒂

𝐜𝐲𝐜

)

𝟑

+ 𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 

⇔ 𝟖𝟏𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝟔𝒂𝐛𝐜(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)+ 𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

(∑𝒂

𝐜𝐲𝐜

)

𝟐

≥
?
𝟒(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟒

− 𝟏𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)

𝟑

+ 𝟗𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 

⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

𝟒∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟒∑𝒂𝟓𝐛

𝐜𝐲𝐜

+ 𝟒∑𝒂𝐛𝟓

𝐜𝐲𝐜

+ 𝟐𝟎𝒂𝐛𝐜 (∑𝒂𝟑

𝐜𝐲𝐜

) + 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 ≥
?
⏟
(∗)

𝟒∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+ 𝟒∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

+ 𝟖∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟗𝒂𝐛𝐜(∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

)  

𝐍𝐨𝐰, 𝟒∑𝒂𝟓𝐛

𝐜𝐲𝐜

+ 𝟒∑𝒂𝐛𝟓

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(𝟏)

𝟖∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

 

𝐀𝐥𝐬𝐨,𝟒∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟏𝟐𝒂𝟐𝐛𝟐𝐜𝟐 ≥
𝐒𝐜𝐡𝐮𝐫
⏟
(𝟐)

𝟒∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+ 𝟒∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

 

𝐌𝐨𝐫𝐞𝐨𝐯𝐞𝐫,∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≥
𝐒𝐜𝐡𝐮𝐫
⏟
(𝐢)

∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 ∑𝒂𝟑

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(𝐢𝐢)

𝟑𝒂𝐛𝐜 ∴ (𝐢) + (𝐢𝐢) ⇒ 𝟐∑𝒂𝟑

𝐜𝐲𝐜

≥∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

⇒ 𝟏𝟖𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

≥
(𝟑)

𝟗𝒂𝐛𝐜(∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 

𝒍𝒂𝐬𝐭𝐥𝐲, 𝟐𝒂𝐛𝐜(∑𝒂𝟑

𝐜𝐲𝐜

) ≥
𝐀−𝐆
⏟
(𝟒)

𝟔𝒂𝟐𝐛𝟐𝐜𝟐 ∴ (𝟏) + (𝟐) + (𝟑) + (𝟒) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞

⇒∑√𝟏+ 𝟒(
𝟏

𝒂𝟐
+
𝟏

𝐛𝟐
)

𝐜𝐲𝐜

≤ 𝟑 + 𝟐(
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
) ∀ 𝒂, 𝐛, 𝐜 > 0 │𝒂 + 𝐛 + 𝐜

= 𝟑 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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𝟐√𝟏 + 𝟒(
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
) ≤

𝟏 + 𝟒(
𝟏
𝒂𝟐
+
𝟏
𝒃𝟐
)

𝟏 +
𝟐𝒄
𝒂𝒃

+ (𝟏 +
𝟐𝒄

𝒂𝒃
)

=

(

 
𝒂𝒃 + 𝟒𝒄 (

𝒃
𝒄𝒂 +

𝒂
𝒃𝒄)

𝒂𝒃 + 𝟐𝒄
+ (

𝟐𝒄

𝒂𝒃
− 𝟏)

)

 + 𝟐 = 

=
𝟒𝒄(

𝒂
𝒃𝒄 +

𝒃
𝒄𝒂 +

𝒄
𝒂𝒃)

𝒂𝒃 + 𝟐𝒄
+ 𝟐 = 𝟐(

𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) (𝟏 −

𝒂𝒃

𝒂𝒃 + 𝟐𝒄
) + 𝟐. 

𝑻𝒉𝒆𝒏 ∶   √𝟏 + 𝟒(
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
) ≤ 𝟏 + (

𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) (𝟏 −

𝒂𝒃

𝒂𝒃 + 𝟐𝒄
)  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑√𝟏+ 𝟒(
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
)

𝒄𝒚𝒄

≤ 𝟑+ (
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
)(𝟑 −∑

𝒂𝒃

𝒂𝒃+ 𝟐𝒄
𝒄𝒚𝒄

) ≤⏞
𝑪𝑩𝑺

𝟑

+ (
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
)(𝟑 −

(∑ 𝒂𝒃𝒄𝒚𝒄 )
𝟐

∑ 𝒂𝒃(𝒂𝒃+ 𝟐𝒄)𝒄𝒚𝒄
) = 

= 𝟑 + (
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
)(𝟑 −

(∑ 𝒂𝒃𝒄𝒚𝒄 )
𝟐

∑ (𝒂𝒃)𝟐𝒄𝒚𝒄 + 𝟔𝒂𝒃𝒄
)

= 𝟑 + (
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
)(𝟑 −

(∑ 𝒂𝒃𝒄𝒚𝒄 )
𝟐

∑ (𝒂𝒃)𝟐𝒄𝒚𝒄 + 𝟐𝒂𝒃𝒄∑ 𝒂𝒄𝒚𝒄

) = 

= 𝟑 + (
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) (𝟑 − 𝟏) = 𝟑 + 𝟐(

𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) ,   𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒓𝒆𝒔𝒖𝒍𝒕. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟑 + 𝟐(
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) ≥∑√𝟏+ 𝟒 (

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
)

𝒄𝒚𝒄

 

𝟑 + 𝟐 (
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) ≥

𝟏

𝟑
∑√

𝟗

𝒂𝒃
(𝒂𝒃 + 𝟒(

𝒂

𝒃
+
𝒃

𝒂
))

𝒄𝒚𝒄

 

𝟑 + 𝟐(
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) ≥

𝟏

𝟑
(𝟗∑

𝟏

𝒂𝒃
𝒄𝒚𝒄

+∑𝒂𝒃

𝒄𝒚𝒄

+ 𝟒∑(
𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

) 
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𝟏𝟖 + 𝟏𝟐(
𝒂

𝒃𝒄
+
𝒃

𝒄𝒂
+
𝒄

𝒂𝒃
) ≥ 𝟗∑

𝟏

𝒂𝒃
𝒄𝒚𝒄

+∑𝒂𝒃

𝒄𝒚𝒄

+ 𝟒∑(
𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

 

𝟏𝟖𝒂𝒃𝒄 + 𝟏𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 

≥ 𝟗(𝒂 + 𝒃 + 𝒄) + (𝒂𝒃)𝟐𝒄 + (𝒃𝒄)𝟐𝒂 + (𝒄𝒂)𝟐𝒃𝟐 + 𝟒∑(𝒂𝟐𝒃 + 𝒂𝒃𝟐)

𝒄𝒚𝒄

 

𝟏𝟖𝒂𝒃𝒄 + 𝟒(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) +∑(𝒂𝒃𝟐 + 𝒂𝟐𝒃)

𝒄𝒚𝒄

≥ 

≥ 𝟐𝟕 +∑𝒂𝟐𝒃𝟐𝒄

𝒄𝒚𝒄

+ 𝟒∑𝒂𝟐𝒃 + 𝒂𝒃𝟐)

𝒄𝒚𝒄

 

𝟏𝟐𝒂𝒃𝒄 + 𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) ≥ 𝟑∑𝒂𝟐𝒃

𝒄𝒚𝒄

+∑𝒂𝟐𝒃𝟐𝒄

𝒄𝒚𝒄

 𝐭𝐫𝐮𝐞, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞: 

𝟑[(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) + 𝟑𝒂𝒃𝒄] ≥ 𝟑∑(𝒂𝟐𝒃 + 𝒂𝒃𝟐)

𝒄𝒚𝒄

 𝐚𝐧𝐝 𝟑𝒂𝒃𝒄 ≥∑𝒂𝟐𝒃𝟐𝒄

𝒄𝒚𝒄

 

1028. Let 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟏. Prove that: 

𝒂(𝒂𝟐 − 𝒃𝒄)

𝒂𝒃𝒄(𝒂𝟐 − 𝒃𝒄) + 𝟑(𝒃𝒄)𝟐
+

𝒃(𝒃𝟐 − 𝒄𝒂)

𝒂𝒃𝒄(𝒃𝟐 − 𝒄𝒂) + 𝟑(𝒄𝒂)𝟐
+

𝒄(𝒄𝟐 − 𝒂𝒃)

𝒂𝒃𝒄(𝒄𝟐 − 𝒂𝒃) + 𝟑(𝒃𝒂)𝟐
≥ 𝟎 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂(𝒂𝟐 − 𝐛𝐜)

𝒂𝐛𝐜(𝒂𝟐 − 𝐛𝐜) + 𝟑(𝐛𝐜)𝟐
+

𝐛(𝐛𝟐 − 𝐜𝒂)

𝒂𝐛𝐜(𝐛𝟐 − 𝐜𝒂) + 𝟑(𝐜𝒂)𝟐
+

𝐜(𝐜𝟐 − 𝒂𝐛)

𝒂𝐛𝐜(𝐜𝟐 − 𝒂𝐛) + 𝟑(𝒂𝐛)𝟐
≥ 𝟎

⇔∑
(𝒂𝟑 − 𝒂𝐛𝐜 + 𝟑𝐛𝐜) − 𝟑𝐛𝐜

𝐛𝐜(𝒂𝟑 − 𝒂𝐛𝐜 + 𝟑𝐛𝐜)
𝐜𝐲𝐜

≥ 𝟎 ⇔∑
𝟏

𝐛𝐜
𝐜𝐲𝐜

≥ 𝟑∑
𝟏

𝒂𝟑 − 𝒂𝐛𝐜+ 𝟑𝐛𝐜
𝐜𝐲𝐜

 

⇔
∵𝟏 = 𝒂+𝐛+𝐜

∑
𝟏

𝐛𝐜
𝐜𝐲𝐜

≥
(∗)

𝟑∑
𝟏

𝒂𝟑 − 𝒂𝐛𝐜 + 𝟑𝐛𝐜(𝒂 + 𝐛 + 𝐜)
𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝒂𝟑 − 𝒂𝐛𝐜 + 𝟑𝐛𝐜(𝒂 + 𝐛 + 𝐜) = 𝒂𝟑 + 𝟐𝒂𝐛𝐜+ 𝟑𝐛𝟐𝐜 + 𝟑𝐛𝐜𝟐

= 𝒂𝟑 + 𝐛𝟐𝐜 + 𝐛𝐜𝟐 + 𝟐𝐛𝐜(𝐛 + 𝐜) + 𝟐𝒂𝐛𝐜 ≥
𝐀−𝐆

𝟑√𝒂𝟑. 𝐛𝟐𝐜. 𝐛𝐜𝟐
𝟑

+ 𝟐𝐛𝐜(𝒂 + 𝐛 + 𝐜) =
𝒂+𝐛+𝐜 = 𝟏

𝟑𝒂𝐛𝐜+ 𝟐𝐛𝐜 
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⇒
𝟏

𝒂𝟑 − 𝒂𝐛𝐜 + 𝟑𝐛𝐜(𝒂 + 𝐛 + 𝐜)
≤

𝟏

𝟑𝒂𝐛𝐜+ 𝟐𝐛𝐜
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒ 𝟑∑

𝟏

𝒂𝟑 − 𝒂𝐛𝐜+ 𝟑𝐛𝐜(𝒂 + 𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟑∑
𝟏

𝟑𝒂𝐛𝐜 + 𝟐𝐛𝐜
𝐜𝐲𝐜

≤
?
∑

𝟏

𝐛𝐜
𝐜𝐲𝐜

=
𝒂 + 𝐛 + 𝐜

𝒂𝐛𝐜
=

𝒂+𝐛+𝐜 = 𝟏 𝟏

𝒂𝐛𝐜
 

⇔
𝟏

𝟑𝒂𝐛𝐜
≥
? 𝟏

𝐛𝐜(𝟑𝒂 + 𝟐)
+

𝟏

𝐜𝒂(𝟑𝐛 + 𝟐)
+

𝟏

𝒂𝐛(𝟑𝐜 + 𝟐)

=
𝒂(𝟑𝐛+ 𝟐)(𝟑𝐜 + 𝟐) + 𝐛(𝟑𝐜 + 𝟐)(𝟑𝒂+ 𝟐) + 𝐜(𝟑𝒂 + 𝟐)(𝟑𝐛 + 𝟐)

𝒂𝐛𝐜(𝟑𝒂+ 𝟐)(𝟑𝐛 + 𝟐)(𝟑𝐜 + 𝟐)
 

⇔ (𝟑𝒂+ 𝟐)(𝟑𝐛 + 𝟐)(𝟑𝐜 + 𝟐) ≥
?
𝟑𝒂(𝟑𝐛+ 𝟐)(𝟑𝐜 + 𝟐) + 𝟑𝐛(𝟑𝐜 + 𝟐)(𝟑𝒂 + 𝟐)

+ 𝟑𝐜(𝟑𝒂 + 𝟐)(𝟑𝐛 + 𝟐) ⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

𝟒 ≥
?
⏟
(∗∗)

𝟐𝟕𝒂𝐛𝐜+ 𝟗∑𝒂𝐛

𝐜𝐲𝐜

 

𝐍𝐨𝐰, 𝟏 = 𝒂 + 𝐛 + 𝐜 ≥
𝐀−𝐆

𝟑. √𝒂𝐛𝐜
𝟑

⇒ 𝟑. √𝒂𝐛𝐜
𝟑

≤ 𝟏 ⇒ 𝟐𝟕𝒂𝐛𝐜 ≤
(𝐢)

𝟏 𝒂𝐧𝐝 𝟑∑𝒂𝐛

𝐜𝐲𝐜

≤ (𝒂 + 𝐛 + 𝐜)𝟐 =
𝒂+𝐛+𝐜 = 𝟏

𝟏 ⇒ 𝟗∑𝒂𝐛

𝐜𝐲𝐜

≤
(𝐢𝐢)

𝟑 ∴ (𝐢) + (𝐢𝐢) ⇒ 𝟐𝟕𝒂𝐛𝐜+ 𝟗∑𝒂𝐛

𝐜𝐲𝐜

≤ 𝟒 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞

∴
𝒂(𝒂𝟐 − 𝐛𝐜)

𝒂𝐛𝐜(𝒂𝟐 − 𝐛𝐜) + 𝟑(𝐛𝐜)𝟐
+

𝐛(𝐛𝟐 − 𝐜𝒂)

𝒂𝐛𝐜(𝐛𝟐 − 𝐜𝒂) + 𝟑(𝐜𝒂)𝟐
+

𝐜(𝐜𝟐 − 𝒂𝐛)

𝒂𝐛𝐜(𝐜𝟐 − 𝒂𝐛) + 𝟑(𝒂𝐛)𝟐

≥ 𝟎 ∀ 𝒂,𝐛, 𝐜 > 0 │𝒂 + 𝐛 + 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1029. If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 𝜆 > 0 then: 

𝒂

(𝒃 + 𝒄)𝟑
+

𝒃

(𝒄 + 𝒂)𝟑
+

𝒄

(𝒂 + 𝒃)𝟑
≥
𝟐𝟕

𝟖𝝀𝟐
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Tapas Das-India 

𝒂

(𝒃 + 𝒄)𝟑
+

𝒃

(𝒄 + 𝒂)𝟑
+

𝒄

(𝒂 + 𝒃)𝟑
=

𝒂𝟒

(𝒂𝒃 + 𝒂𝒄)𝟑
+

𝒃𝟒

(𝒃𝒄 + 𝒃𝒂)𝟑
+

𝒄𝟒

(𝒄𝒂 + 𝒄𝒃)𝟑
≥

𝑹𝒂𝒅𝒐𝒏
 

≥
(𝒂 + 𝒃 + 𝒄)𝟒

(𝟐𝒂𝒃 + 𝟐𝒃𝒄 + 𝟐𝒄𝒂)𝟑
=

𝝀𝟒

𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑
≥ 

≥
𝝀𝟒

𝟖 ⋅
(𝒂 + 𝒃 + 𝒄)𝟔

𝟐𝟕

=
𝟐𝟕𝝀𝟒

𝟖𝝀𝟔
=
𝟐𝟕

𝟖𝝀𝟐
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Solution 2 by Daoudi Abdessattar-Tunisia 

(∑
𝒂

(𝒃 + 𝒄)𝟑
𝒄𝒚𝒄

)(∑𝒂

𝒄𝒚𝒄

)(∑𝒂

𝒄𝒚𝒄

) ≥
𝑯𝒐𝒍𝒅𝒆𝒓

(∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

)

𝟑

≥
𝑵𝒆𝒔𝒃𝒊𝒕𝒕

(
𝟑

𝟐
)
𝟑

 

𝒂

(𝒃 + 𝒄)𝟑
+

𝒃

(𝒄 + 𝒂)𝟑
+

𝒄

(𝒂 + 𝒃)𝟑
≥
𝟐𝟕

𝟖𝝀𝟐
 

Solution 3 by Marian Dincă-Romania 

Let 𝒇(𝒙) =
𝟏

𝒙𝟑
 convex function, decreasing and use weighted Jensen’s inequality: 

𝒂

(𝒃 + 𝒄)𝟑
+

𝒃

(𝒄 + 𝒂)𝟑
+

𝒄

(𝒂 + 𝒃)𝟑
= 𝒂𝒇(𝒃 + 𝒄) + 𝒃𝒇(𝒄 + 𝒂) + 𝒄𝒇(𝒂 + 𝒃) ≥ 

≥ (𝒂 + 𝒃 + 𝒄)𝒇(
𝒂(𝒃 + 𝒄) + 𝒃(𝒄 + 𝒂) + 𝒄(𝒂 + 𝒃)

𝒂 + 𝒃 + 𝒄
) ≥ (𝒂 + 𝒃 + 𝒄)𝒇(

𝟐(𝒂 + 𝒃 + 𝒄)

𝟑
) =

𝟐𝟕

𝟖𝝀𝟐
 

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝒂

(𝒃 + 𝒄)𝟑
+

𝒃

(𝒄 + 𝒂)𝟑
+

𝒄

(𝒂 + 𝒃)𝟑
=
(
𝒂

𝒃 + 𝒄)
𝟐

𝒂(𝒃 + 𝒄)
+
(
𝒃

𝒄 + 𝒂)
𝟐

𝒃(𝒄 + 𝒂)
+
(
𝒄

𝒂 + 𝒃)
𝟐

𝒄(𝒂 + 𝒃)
≥ 

≥
(
𝒂

𝒃 + 𝒄 +
𝒃

𝒄 + 𝒂 +
𝒄

𝒂 + 𝒃)
𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
≥
(
(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
)
𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
≥
𝟐𝟕

𝟖𝝀𝟐
 

(𝒂 + 𝒃 + 𝒄)𝟒

𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑
≥
𝟐𝟕

𝟖𝝀𝟐
⇔ (𝒂 + 𝒃 + 𝒄)𝟒𝝀𝟐 ≥ 𝟐𝟕(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 

(𝒂 + 𝒃 + 𝒄)𝟔(≥ 𝟐𝟕(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 

(𝒂 + 𝒃 + 𝒄)𝟐(𝒂 + 𝒃 + 𝒄)𝟐(𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟐𝟕(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 which is true because: 

(𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

1030. If 𝒂, 𝒃, 𝒄 > 0 then: 

 

𝒂(𝒃𝟑 + 𝒄𝟑)
𝒃 + 𝒄

+
𝒃(𝒄𝟑 + 𝒂𝟑)
𝒄 + 𝒂

+
𝒄(𝒂𝟑 + 𝒃𝟑)
𝒂 + 𝒃

𝒂(𝒃𝟐 + 𝒄𝟐)
𝒃 + 𝒄

+
𝒃(𝒄𝟐 + 𝒂𝟐)
𝒄 + 𝒂

+
𝒄(𝒂𝟐 + 𝒃𝟐)
𝒂 + 𝒃

≤
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
 

 Proposed by Daniel Sitaru-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) (
𝒂(𝒃𝟐 + 𝒄𝟐)

𝒃 + 𝒄
+
𝒃(𝒄𝟐 + 𝒂𝟐)

𝒄 + 𝒂
+
𝒄(𝒂𝟐 + 𝒃𝟐)

𝒂 + 𝒃
)

≥ (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (
𝒂(𝒃𝟑 + 𝒄𝟑)

𝒃 + 𝒄
+
𝒃(𝒄𝟑 + 𝒂𝟑)

𝒄 + 𝒂
+
𝒄(𝒂𝟑 + 𝒃𝟑)

𝒂 + 𝒃
) 

∑
𝒂𝟒(𝒃𝟐 + 𝒄𝟐)

𝒃 + 𝒄
𝒄𝒚𝒄

+∑
𝒂(𝒃𝟐 + 𝒄𝟐)(𝒃𝟑 + 𝒄𝟑)

𝒃 + 𝒄
𝒄𝒚𝒄

≥∑
𝒂𝟑(𝒃𝟑 + 𝒄𝟑)

𝒃 + 𝒄
𝒄𝒚𝒄

+∑
𝒂(𝒃𝟐 + 𝒄𝟐)(𝒃𝟑 + 𝒄𝟑)

𝒃 + 𝒄
𝒄𝒚𝒄

 

∑
𝒂𝟑[𝒂(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟑 + 𝒄𝟑)]

𝒃 + 𝒄
𝒄𝒚𝒄

≥ 𝟎  ⇔  ∑(
𝒂𝟑𝒃𝟐(𝒂 − 𝒃)

𝒃 + 𝒄
−
𝒂𝟑𝒄𝟐(𝒄 − 𝒂)

𝒃 + 𝒄
)

𝒄𝒚𝒄

≥ 𝟎 

⇔ ∑(
𝒂𝟑𝒃𝟐(𝒂 − 𝒃)

𝒃 + 𝒄
−
𝒃𝟑𝒂𝟐(𝒂 − 𝒃)

𝒄 + 𝒂
)

𝒄𝒚𝒄

≥ 𝟎 ⇔ 

 ∑
𝒂𝟐𝒃𝟐(𝒂 − 𝒃)[𝒂(𝒄 + 𝒂) − 𝒃(𝒃 + 𝒄)]

(𝒃 + 𝒄)(𝒄 + 𝒂)
𝒄𝒚𝒄

≥ 𝟎 ⇔∑
𝒂𝟐𝒃𝟐(𝒂 − 𝒃)𝟐(𝒂 + 𝒃 + 𝒄)

(𝒃 + 𝒄)(𝒄 + 𝒂)
𝒄𝒚𝒄

≥ 𝟎 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚
⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬   
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒ ∑𝒂

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛

= 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 ⇒ 𝒂𝐛𝐜 =
(⦁⦁)

𝐫𝟐𝐬  

𝐕𝐢𝒂 𝒂𝐟𝐨𝐫𝐞𝐦𝐞𝐧𝐭𝐢𝐨𝐧𝐞𝐝 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐

⇒ ∑𝒂𝐛

𝐜𝐲𝐜

=
(⦁⦁⦁)

𝟒𝐑𝐫 + 𝐫𝟐  𝒂𝐧𝐝 ∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (⦁),(⦁⦁⦁)

𝐬𝟐 − 𝟐∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜
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= 𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

=
(⦁⦁⦁⦁)

𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝒂𝟑

𝐜𝐲𝐜

= (∑𝒂
𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) =
𝐯𝐢𝒂 (⦁)

𝐬𝟑 − 𝟑𝒙𝐲𝐳 = 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬

⇒∑𝒂𝟑

𝐜𝐲𝐜

=
(⦁⦁⦁⦁⦁)

𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 

𝐍𝐨𝐰,∑
𝒂(𝐛𝟐 + 𝐜𝟐)

𝐛 + 𝐜
𝐜𝐲𝐜

=∑
𝒂(𝐛 + 𝐜)𝟐 − 𝟐𝒂𝐛𝐜

𝐛 + 𝐜
𝐜𝐲𝐜

=∑(𝒂(𝐛 + 𝐜))

𝐜𝐲𝐜

− 𝟐𝒂𝐛𝐜.
∑ ((𝐜 + 𝒂)(𝒂 + 𝐛))𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝐜𝐲𝐜

= 𝟐∑𝒂𝐛
𝐜𝐲𝐜

− 𝟐𝒂𝐛𝐜.
(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) + ∑ 𝒂𝐛𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝐜𝐲𝐜

 

= 𝟐∑𝒂𝐛
𝐜𝐲𝐜

− 𝟐𝒂𝐛𝐜.
(∑ 𝒂𝐜𝐲𝐜 )

𝟐
+∑ 𝒂𝐛𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝐜𝐲𝐜

=
𝐯𝐢𝒂 (⦁),(⦁⦁),(⦁⦁⦁)

𝟐(𝟒𝐑𝐫+ 𝐫𝟐) −
𝟐𝐫𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟒𝐑𝐫𝐬

=
𝟒𝐑(𝟒𝐑𝐫+ 𝐫𝟐) − 𝐫(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐𝐑
⇒ ∑

𝒂(𝐛𝟐 + 𝐜𝟐)

𝐛 + 𝐜
𝐜𝐲𝐜

=
(𝐢) (𝟒𝐑 − 𝐫)(𝟒𝐑𝐫 + 𝐫𝟐) − 𝐫𝐬𝟐

𝟐𝐑
 

𝐀𝐠𝒂𝐢𝐧,∑
𝒂(𝐛𝟑 + 𝐜𝟑)

𝐛 + 𝐜
𝐜𝐲𝐜

=∑𝒂(𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐)

𝐜𝐲𝐜

=∑𝒂𝐛(𝒂 + 𝐛)

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜 =
𝐯𝐢𝒂 (⦁⦁)

∑(𝐬 − 𝒙)(𝐬 − 𝐲)𝐳
𝐜𝐲𝐜

− 𝟑𝐫𝟐𝐬

=∑((𝐬𝟐 − 𝐬(𝟐𝐬 − 𝐳) + 𝒙𝐲)𝐳)

𝐜𝐲𝐜

− 𝟑𝐫𝟐𝐬 

= −𝐬𝟐∑𝒙
𝐜𝐲𝐜

+ 𝐬∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 − 𝟑𝐫𝟐𝐬 = −𝟐𝐬𝟑 + 𝟐𝐬(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐) + 𝟏𝟐𝐑𝐫𝐬 − 𝟑𝐫𝟐𝐬

⇒ ∑
𝒂(𝐛𝟑 + 𝐜𝟑)

𝐛 + 𝐜
𝐜𝐲𝐜

=
(𝐢𝐢)
𝟒𝐑𝐫𝐬 − 𝟓𝐫𝟐𝐬  

𝐍𝐨𝐰,

𝒂(𝐛𝟑 + 𝐜𝟑)
𝐛 + 𝐜

+
𝐛(𝐜𝟑 + 𝒂𝟑)
𝐜 + 𝒂

+
𝐜(𝒂𝟑 + 𝐛𝟑)
𝒂 + 𝐛

𝒂(𝐛𝟐 + 𝐜𝟐)
𝐛 + 𝐜

+
𝐛(𝐜𝟐 + 𝒂𝟐)
𝐜 + 𝒂

+
𝐜(𝒂𝟐 + 𝐛𝟐)
𝒂 + 𝐛

≤
𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
⇔ (∑𝒂𝟑

𝐜𝐲𝐜

)(∑
𝒂(𝐛𝟐 + 𝐜𝟐)

𝐛 + 𝐜
𝐜𝐲𝐜

)

≥ (∑𝒂𝟐

𝐜𝐲𝐜

)(∑
𝒂(𝐛𝟑 + 𝐜𝟑)

𝐛 + 𝐜
𝐜𝐲𝐜

) 

⇔
𝐯𝐢𝒂 (⦁⦁⦁⦁),(⦁⦁⦁⦁⦁),(𝐢),(𝐢𝐢)

(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬).
(𝟒𝐑 − 𝐫)(𝟒𝐑𝐫 + 𝐫𝟐) − 𝐫𝐬𝟐

𝟐𝐑
≥ (𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)(𝟒𝐑𝐫𝐬 − 𝟓𝐫𝟐𝐬)

⇔ (𝐬𝟐 − 𝟏𝟐𝐑𝐫)(𝟏𝟔𝐑𝟐 − 𝐫𝟐 − 𝐬𝟐) ≥ 𝟐𝐑(𝟒𝐑− 𝟓𝐫)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) 

⇔ 𝐬𝟒 − (𝟖𝐑𝟐 + 𝟐𝟐𝐑𝐫− 𝐫𝟐)𝐬𝟐 + 𝟖𝐑𝐫(𝟒𝐑+ 𝐫)𝟐 ≤
(∗)

𝟎  

𝐍𝐨𝐰,𝐑𝐨𝐮𝐜𝐡𝐞 ⇒ 𝐬𝟐 − (𝐦 − 𝐧) ≥ 𝟎 𝐚𝐧𝐝 𝐬𝟐 − (𝐦+ 𝐧) ≤ 𝟎,𝐰𝐡𝐞𝐫𝐞 𝐦 = 𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫− 𝐫𝟐 𝐚𝐧𝐝 𝐧

= 𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫 ∴ (𝐬𝟐 − (𝐦+ 𝐧))(𝐬𝟐 − (𝐦 − 𝐧)) ≤ 𝟎 

⇒ 𝐬𝟒 − 𝐬𝟐(𝟐𝐦) +𝐦𝟐 − 𝐧𝟐 ≤ 𝟎 ⇒ 𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑+ 𝐫)𝟑 ≤ 𝟎
⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐬𝟒 − (𝟖𝐑𝟐 + 𝟐𝟐𝐑𝐫 − 𝐫𝟐)𝐬𝟐 + 𝟖𝐑𝐫(𝟒𝐑+ 𝐫)𝟐 ≤ 𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑

⇔ (𝟒𝐑𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)𝐬𝟐 ≥
(∗∗)

𝐫(𝟒𝐑 − 𝐫)(𝟒𝐑 + 𝐫)𝟐  
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𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟒𝐑𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫− 𝐫𝟐 − 𝟐(𝐑− 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫) ≥
?
𝐫(𝟒𝐑

− 𝐫)(𝟒𝐑+ 𝐫)𝟐 

⇔ 𝟒𝐑𝟒 − 𝟏𝟎𝐑𝟑𝐫 + 𝐑𝟐𝐫𝟐 + 𝟔𝐑𝐫𝟑 ≥
?
(𝐑 − 𝟐𝐫)(𝟒𝐑𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐).√𝐑𝟐 − 𝟐𝐑𝐫

⇔ 𝐑(𝐑− 𝟐𝐫)(𝟒𝐑𝟐 − 𝟐𝐑𝐫− 𝟑𝐫𝟐) ≥
?
(𝐑 − 𝟐𝐫)(𝟒𝐑𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐). √𝐑𝟐 − 𝟐𝐑𝐫 

⇔𝐑(𝟒𝐑𝟐 − 𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≥
?
(𝟒𝐑𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐). √𝐑𝟐 − 𝟐𝐑𝐫 (∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎)

⇔ 𝐑𝟐(𝟒𝐑𝟐 − 𝟐𝐑𝐫− 𝟑𝐫𝟐)𝟐 ≥
?
(𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝐑𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)𝟐  

(∵ 𝟒𝐑𝟐 − 𝟐𝐑𝐫 − 𝟑𝐫𝟐 = (𝐑 − 𝟐𝐫)(𝟒𝐑 + 𝟔𝐫) + 𝟗𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟗𝐫𝟐 > 0) ⇔ 𝟐𝐫𝟑(𝟒𝐑 + 𝐫)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗∗)

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴

𝒂(𝐛𝟑 + 𝐜𝟑)
𝐛 + 𝐜

+
𝐛(𝐜𝟑 + 𝒂𝟑)
𝐜 + 𝒂

+
𝐜(𝒂𝟑 + 𝐛𝟑)
𝒂 + 𝐛

𝒂(𝐛𝟐 + 𝐜𝟐)
𝐛 + 𝐜

+
𝐛(𝐜𝟐 + 𝒂𝟐)
𝐜 + 𝒂

+
𝐜(𝒂𝟐 + 𝐛𝟐)
𝒂 + 𝐛

≤
𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
 

1031. If 𝒂, 𝒃, 𝒄, 𝒙, 𝒚 > 0 then:   

∑ (
√𝒂𝒙+𝒚

√𝒃𝒙+𝒚 + √𝒄𝒙+𝒚
−

𝒂√𝒙𝒚

𝒃√𝒙𝒚 + 𝒄√𝒙𝒚
)

𝒄𝒚𝒄(𝒂,𝒃,𝒄)

≥ 𝟎. 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco  

𝑳𝒆𝒕 𝒇(𝒕) =∑
𝒂𝒕

𝒃𝒕 + 𝒄𝒕
𝒄𝒚𝒄

,   𝒕 > 0. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝒇′(𝒕) = ∑
𝒍𝒏(𝒂). 𝒂𝒕(𝒃𝒕 + 𝒄𝒕) − 𝒂𝒕(𝒍𝒏(𝒃). 𝒃𝒕 + 𝒍𝒏(𝒄). 𝒄𝒕)

(𝒃𝒕 + 𝒄𝒕)𝟐
𝒄𝒚𝒄

= 

=∑(
𝒂𝒕𝒃𝒕(𝒍𝒏(𝒂) − 𝒍𝒏(𝒃))

(𝒃𝒕 + 𝒄𝒕)𝟐
−
𝒄𝒕𝒂𝒕(𝒍𝒏(𝒄) − 𝒍𝒏(𝒂))

(𝒃𝒕 + 𝒄𝒕)𝟐
)

𝒄𝒚𝒄

=∑(
𝒂𝒕𝒃𝒕(𝒍𝒏(𝒂) − 𝒍𝒏(𝒃))

(𝒃𝒕 + 𝒄𝒕)𝟐
−
𝒂𝒕𝒃𝒕(𝒍𝒏(𝒂) − 𝒍𝒏(𝒃))

(𝒄𝒕 + 𝒂𝒕)𝟐
)

𝒄𝒚𝒄

= 

=∑
𝒂𝒕𝒃𝒕(𝒍𝒏(𝒂) − 𝒍𝒏(𝒃))(𝒂𝒕 − 𝒃𝒕)(𝒂𝒕 + 𝒃𝒕 + 𝟐𝒄𝒕)

(𝒃𝒕 + 𝒄𝒕)𝟐(𝒄𝒕 + 𝒂𝒕)𝟐
𝒄𝒚𝒄

≥ 𝟎, 

𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝒍𝒏(𝒂) − 𝒍𝒏(𝒃) 𝒂𝒏𝒅 𝒂𝒕 − 𝒃𝒕 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒂, 𝒃, 𝒕 > 0. 

𝑻𝒉𝒆𝒏 𝒇 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (𝟎,∞). 

𝑺𝒊𝒏𝒄𝒆 
𝒙 + 𝒚

𝟐
≥ √𝒙𝒚  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒇 (

𝒙 + 𝒚

𝟐
) ≥ 𝒇(√𝒙𝒚)  ⇔ 
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 ∑
√𝒂𝒙+𝒚

√𝒃𝒙+𝒚 + √𝒄𝒙+𝒚
𝒄𝒚𝒄

≥∑
𝒂√𝒙𝒚

𝒃√𝒙𝒚 + 𝒄√𝒙𝒚
𝒄𝒚𝒄

. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,    

∑(
√𝒂𝒙+𝒚

√𝒃𝒙+𝒚 + √𝒄𝒙+𝒚
−

𝒂√𝒙𝒚

𝒃√𝒙𝒚 + 𝒄√𝒙𝒚
)

𝒄𝒚𝒄

≥ 𝟎. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒛 =
𝒙 + 𝒚

𝟐
,   𝒕 = √𝒙𝒚,   𝒑 = 𝒛 − 𝒕 ≥⏞

𝑨𝑴−𝑮𝑴

𝟎. 

𝑻𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑(
𝒂𝒛

𝒃𝒛 + 𝒄𝒛
−

𝒂𝒕

𝒃𝒕 + 𝒄𝒕
)

𝒄𝒚𝒄

≥ 𝟎 ⇔∑
𝒂𝒛(𝒃𝒕 + 𝒄𝒕) − 𝒂𝒕(𝒃𝒛 + 𝒄𝒛)

(𝒃𝒛 + 𝒄𝒛)(𝒃𝒕 + 𝒄𝒕)
𝒄𝒚𝒄

≥ 𝟎 

⇔∑(
𝒂𝒕𝒃𝒕(𝒂𝒑 − 𝒃𝒑)

(𝒃𝒛 + 𝒄𝒛)(𝒃𝒕 + 𝒄𝒕)
−

𝒄𝒕𝒂𝒕(𝒄𝒑 − 𝒂𝒑)

(𝒃𝒛 + 𝒄𝒛)(𝒃𝒕 + 𝒄𝒕)
)

𝒄𝒚𝒄

≥ 𝟎 

⇔∑(
𝒂𝒕𝒃𝒕(𝒂𝒑 − 𝒃𝒑)

(𝒃𝒛 + 𝒄𝒛)(𝒃𝒕 + 𝒄𝒕)
−

𝒂𝒕𝒃𝒕(𝒂𝒑 − 𝒃𝒑)

(𝒄𝒛 + 𝒂𝒛)(𝒄𝒕 + 𝒂𝒕)
)

𝒄𝒚𝒄

≥ 𝟎 

⇔∑
𝒂𝒕𝒃𝒕(𝒂𝒑 − 𝒃𝒑)[(𝒄𝒛 + 𝒂𝒛)(𝒄𝒕 + 𝒂𝒕) − (𝒃𝒛 + 𝒄𝒛)(𝒃𝒕 + 𝒄𝒕)]

(𝒃𝒛 + 𝒄𝒛)(𝒃𝒕 + 𝒄𝒕)(𝒄𝒛 + 𝒂𝒛)(𝒄𝒕 + 𝒂𝒕)
𝒄𝒚𝒄

≥ 𝟎 

⇔∑
𝒂𝒕𝒃𝒕(𝒂𝒑 − 𝒃𝒑)[(𝒂𝒛+𝒕 − 𝒃𝒛+𝒕) + 𝒄𝒛(𝒂𝒕 − 𝒃𝒕) + 𝒄𝒕(𝒂𝒛 − 𝒃𝒛)]

(𝒃𝒛 + 𝒄𝒛)(𝒃𝒕 + 𝒄𝒕)(𝒄𝒛 + 𝒂𝒛)(𝒄𝒕 + 𝒂𝒕)
𝒄𝒚𝒄

≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝒂𝒑 − 𝒃𝒑, 𝒂𝒛+𝒕 − 𝒃𝒛+𝒕, 𝒂𝒕 − 𝒃𝒕 𝒂𝒏𝒅 

 𝒂𝒛 − 𝒃𝒛 𝒉𝒂𝒗𝒆 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒔𝒊𝒈𝒏. 𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

 

1032. If 𝒂, 𝒃, 𝒄 > 0 then: 

𝟖(∑
𝒂𝟓

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

)(∑
𝒂𝟔

𝒃𝟑 + 𝒄𝟑
𝒄𝒚𝒄

)(∑
𝒂𝟕

𝒃𝟒 + 𝒄𝟒
𝒄𝒚𝒄

) ≥ (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑 

Proposed by Daniel Sitaru-Romania 
 



 
www.ssmrmh.ro 

55 RMM-INEQUALITIES MARATHON 1001-1100 

 

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟖(∑
𝒂𝟓

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

)(∑
𝒂𝟔

𝒃𝟑 + 𝒄𝟑
𝒄𝒚𝒄

)(∑
𝒂𝟕

𝒃𝟒 + 𝒄𝟒
𝒄𝒚𝒄

) ≥ 

= 𝟖 ⋅
(∑𝒂𝟑)𝟑

𝟑𝟑
⋅
(∑𝒂𝟐)𝟐

𝟐(∑𝒂𝟐𝒃𝟐)
⋅
(∑𝒂𝟑)𝟑

𝟐(∑𝒂𝟑𝒃𝟑)
⋅
(∑𝒂𝟒)𝟐

𝟐(∑𝒂𝟒𝒃𝟒)
≥ 

≥
(∑𝒂𝟑)𝟑

𝟑𝟑
⋅
𝟑(∑𝒂𝟐𝒃𝟐)

∑𝒂𝟐𝒃𝟐
⋅
𝟑(∑𝒂𝟑𝒃𝟑)

∑𝒂𝟑𝒃𝟑
⋅
𝟑(∑𝒂𝟒𝒃𝟒)

∑𝒂𝟒𝒃𝟒
= (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)𝟑 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐒𝐜𝐡𝐮𝐫 ⇒ ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐯𝟑 +𝐰𝟑 + 𝟑𝐮𝐯𝐰 ≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

+∑𝐮𝐯𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐮𝟑 + 𝐯𝟑 +𝐰𝟑 ≥ 𝟑𝐮𝐯𝐰

∴ 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩,𝟐∑𝐮𝟑

𝐜𝐲𝐜

≥
(∗)

∑𝐮𝟐𝐯

𝐜𝐲𝐜

+∑𝐮𝐯𝟐

𝐜𝐲𝐜

 

∑
𝒂𝟕

𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

=∑
𝒂𝟗

𝒂𝟐𝐛𝟒 + 𝒂𝟐𝐜𝟒
𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑ 𝒂𝟑𝐜𝐲𝐜 )

𝟑

𝟑(∑ 𝒂𝟒𝐛𝟐𝐜𝐲𝐜 +∑ 𝒂𝟐𝐛𝟒𝐜𝐲𝐜 )
≥

𝐯𝐢𝒂 (∗) (∑ 𝒂𝟑𝐜𝐲𝐜 )
𝟑

𝟔∑ 𝒂𝟔𝐜𝐲𝐜

∴∑
𝒂𝟕

𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

≥
(𝐢) (∑ 𝒂𝟑𝐜𝐲𝐜 )

𝟑

𝟔∑ 𝒂𝟔𝐜𝐲𝐜
 

𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝒂𝟔 ≥ 𝐛𝟔 ≥ 𝐜𝟔 𝒂𝐧𝐝 
𝟏

𝐛𝟑 + 𝐜𝟑
≥

𝟏

𝐜𝟑 + 𝒂𝟑
≥

𝟏

𝒂𝟑 + 𝐛𝟑

∴∑
𝒂𝟔

𝐛𝟑 + 𝐜𝟑
𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝒂𝟔

𝐜𝐲𝐜

)(∑
𝟏

𝐛𝟑 + 𝐜𝟑
𝐜𝐲𝐜

) ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟑
(∑𝒂𝟔

𝐜𝐲𝐜

)(
𝟗

𝟐∑ 𝒂𝟑𝐜𝐲𝐜
) 

∴∑
𝒂𝟔

𝐛𝟑 + 𝐜𝟑
𝐜𝐲𝐜

≥
(𝐢𝐢) 𝟑∑ 𝒂𝟔𝐜𝐲𝐜

𝟐∑ 𝒂𝟑𝐜𝐲𝐜
 

∑
𝒂𝟓

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

=∑
𝒂𝟔

𝒂𝐛𝟐 + 𝒂𝐜𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝟑𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝟐𝐛𝐜𝐲𝐜 +∑ 𝒂𝐛𝟐𝐜𝐲𝐜
≥

𝐯𝐢𝒂 (∗) (∑ 𝒂𝟑𝐜𝐲𝐜 )
𝟐

𝟐(∑ 𝒂𝟑𝐜𝐲𝐜 )

∴ ∑
𝒂𝟓

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
(𝐢𝐢𝐢) ∑ 𝒂𝟑𝐜𝐲𝐜

𝟐
 

∴ (𝐢)⦁(𝐢𝐢)⦁(𝐢𝐢𝐢) ⇒ 𝟖(∑
𝒂𝟓

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

)(∑
𝒂𝟔

𝐛𝟑 + 𝐜𝟑
𝐜𝐲𝐜

)(∑
𝒂𝟕

𝐛𝟒 + 𝐜𝟒
𝐜𝐲𝐜

)

≥ 𝟖⦁
∑ 𝒂𝟑𝐜𝐲𝐜

𝟐
⦁
𝟑∑ 𝒂𝟔𝐜𝐲𝐜

𝟐∑ 𝒂𝟑𝐜𝐲𝐜
⦁
(∑ 𝒂𝟑𝐜𝐲𝐜 )

𝟑

𝟔∑ 𝒂𝟔𝐜𝐲𝐜
= (𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

𝟑
 (𝐐𝐄𝐃) 
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1033. Let 𝒂, 𝒃, 𝒄 > 0.  Prove that: 

𝟏
𝒂
+ 𝒃

√𝟏
𝒂
+ 𝒂

+

𝟏
𝒃
+ 𝒄

√𝟏
𝒃
+ 𝒃

+

𝟏
𝒄
+ 𝒂

√𝟏
𝒄
+ 𝒄

≥ 𝟑√𝟐 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   

𝟏
𝒂 + 𝒃

√𝟏
𝒂+ 𝒂

=
√𝒂. (

𝟏
𝒂 + 𝒃)

√𝟏 + 𝒂𝟐
= 

=
√𝒂. (

𝟏
𝒂 + 𝒃)

(√𝟏 + 𝒂𝟐 + √𝟐𝒂) − √𝟐𝒂
≥⏞
𝑪𝑩𝑺

 
√𝒂. (

𝟏
𝒂 + 𝒃)

√(𝟏 + 𝟏)[(𝟏 + 𝒂𝟐) + 𝟐𝒂] − √𝟐𝒂
= 

=
√𝒂. (

𝟏
𝒂 + 𝒃)

√𝟐(𝒂 + 𝟏 − √𝒂)
= (

√𝒂. (
𝟏
𝒂 + 𝒃)

√𝟐(𝒂 − √𝒂 + 𝟏)
+
√𝟐(𝒂 − √𝒂 + 𝟏)

√𝒂
) −

√𝟐(𝒂 − √𝒂 + 𝟏)

√𝒂
≥ 

≥⏞
𝑨𝑴−𝑮𝑴

 𝟐√
𝟏

𝒂
+ 𝒃 − √𝟐(√𝒂 − 𝟏 +

𝟏

√𝒂
) ≥⏞
𝑪𝑩𝑺

 √𝟐(√
𝟏

𝒂
+ √𝒃) − √𝟐(√𝒂 − 𝟏 +

𝟏

√𝒂
) 

𝑻𝒉𝒆𝒏 ∶   

𝟏
𝒂 + 𝒃

√𝟏
𝒂+ 𝒂

≥ √𝟐(√𝒃 − √𝒂) + √𝟐. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   

𝟏
𝒃 + 𝒄

√𝟏
𝒃 + 𝒃

≥ √𝟐(√𝒄 − √𝒃) + √𝟐  𝒂𝒏𝒅  

 

𝟏
𝒄 + 𝒂

√𝟏
𝒄 + 𝒄

≥ √𝟐(√𝒂 − √𝒄) + √𝟐. 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒓𝒆𝒔𝒖𝒍𝒕. 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Said Cerbach-Algiers-Algerie 

𝟏
𝒂 + 𝒃

√𝟏
𝒂 + 𝒂

+

𝟏
𝒃 + 𝒄

√𝟏
𝒃 + 𝒃

+

𝟏
𝒄 + 𝒂

√𝟏
𝒄 + 𝒄

≥ 𝟑√𝟐 
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𝟏
𝒂 + 𝒃

√𝟏
𝒂 + 𝒂

=

𝟏
𝒂 + 𝒂 + 𝒃 − 𝒂

√𝟏
𝒂 + 𝒂

= √
𝟏

𝒂
+ 𝒂 +

𝒃 − 𝒂

√𝟏
𝒂 + 𝒂

 

Hence, 
𝟏
𝒂 + 𝒃

√𝟏
𝒂 + 𝒂

+

𝟏
𝒃 + 𝒄

√𝟏
𝒃 + 𝒃

+

𝟏
𝒄 + 𝒂

√𝟏
𝒄 + 𝒄

= √
𝟏

𝒂
+ 𝒂 +√

𝟏

𝒃
+ 𝒃 +√

𝟏

𝒄
+ 𝒄 + 

+
𝒃 − 𝒂

√𝟏
𝒂 + 𝒂

+
𝒄 − 𝒃

√𝟏
𝒃 + 𝒃

+
𝒂 − 𝒄

√𝟏
𝒄 + 𝒄

 

𝟏
𝒂 + 𝒃

√𝟏
𝒂+ 𝒂

+

𝟏
𝒃 + 𝒄

√𝟏
𝒃 + 𝒃

+

𝟏
𝒄 + 𝒂

√𝟏
𝒄 + 𝒄

≥ 𝟑√𝟐 + 𝒇(𝒂, 𝒃, 𝒄) 

√𝒂 +
𝟏

𝒂
≥
𝑨𝑮𝑴

√𝟐 

We will to prove that 𝒇(𝒂, 𝒃, 𝒄) ≥ 𝟎 

𝒅𝒇

𝒅𝒂
= −

𝟏

√𝒂 +
𝟏
𝒂

+
𝟏

√𝒄 +
𝟏
𝒄

−
𝟏

𝟐
⋅
𝒃 − 𝒂 −

𝒃
𝒂𝟐
+
𝟏
𝒂

(𝒂 +
𝟏
𝒂)

𝟑
𝟐

 

𝒅𝒇

𝒅𝒃
= −

𝟏

√𝟏
𝒃 + 𝒃

+
𝟏

√𝟏
𝒂 + 𝒂

−
𝟏

𝟐
⋅
𝒄 − 𝒃 −

𝒄
𝒃𝟐
+
𝟏
𝒃

(𝒃 +
𝟏
𝒃)

𝟐  

𝒅𝒇

𝒅𝒄
= −

𝟏

√𝟏
𝒄 + 𝒄

+
𝟏

√𝟏
𝒃 + 𝒃

−
𝟏

𝟐
⋅
𝒂 − 𝒄 −

𝒂
𝒄𝟐
+
𝟏
𝒄

(𝒄 +
𝟏
𝒄)

𝟑
𝟐

 

�⃗⃗� 𝒇(𝟏, 𝟏, 𝟏) = �⃗⃗� ,  

𝐇𝐞𝐬𝐬𝒇(𝟏, 𝟏, 𝟏) =

(

 
 
 
 

𝟏

√𝟐
𝟎 𝟎

𝟎
𝟏

√𝟐
𝟎

𝟎 𝟎
𝟏

√𝟐)

 
 
 
 

 

Hence, 𝒇(𝒂, 𝒃, 𝒄) ≥ 𝒇(𝟏, 𝟏, 𝟏). 
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1034. Let 𝒂, 𝒃, 𝒄 > 𝟎 , 𝒂 + 𝒃 + 𝒄 = 𝟑.  Prove that:   

𝒂𝟐 − 𝒃

𝒃(𝒃 + 𝒄)
+
𝒃𝟐 − 𝒄

𝒄(𝒄 + 𝒂)
+

𝒄𝟐 − 𝒂

𝒂(𝒂 + 𝒃)
≥ 𝟎  

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝟑(𝒂𝟐 − 𝒃)

𝒃(𝒃 + 𝒄)
=
𝟑𝒂𝟐 − (𝒂 + 𝒃 + 𝒄)𝒃

𝒃(𝒃 + 𝒄)
=
𝟑𝒂𝟐 − 𝒂𝒃

𝒃(𝒃 + 𝒄)
− 𝟏

=
𝟑𝒂𝟐 − 𝒂𝒃 + 𝟐𝒃(𝒃 + 𝒄)

𝒃(𝒃 + 𝒄)
− 𝟑 = 

=
𝒂(𝒂 + 𝒃)

𝒃(𝒃 + 𝒄)
+
𝟐(𝒂𝟐 + 𝒃𝟐 − 𝒂𝒃 + 𝒃𝒄)

𝒃(𝒃 + 𝒄)
− 𝟑 ≥⏞

𝑨𝑴−𝑮𝑴

 
𝒂(𝒂 + 𝒃)

𝒃(𝒃 + 𝒄)
+
𝟐(𝒂𝒃 + 𝒃𝒄)

𝒃(𝒃 + 𝒄)
− 𝟑

=
𝒂(𝒂 + 𝒃)

𝒃(𝒃 + 𝒄)
+
𝟐(𝒄 + 𝒂)

(𝒃 + 𝒄)
− 𝟑 

𝑻𝒉𝒆𝒏 ∶  𝟑.
𝒂𝟐 − 𝒃

𝒃(𝒃 + 𝒄)
≥
𝒂(𝒂 + 𝒃)

𝒃(𝒃 + 𝒄)
+
𝟐(𝒄 + 𝒂)

(𝒃 + 𝒄)
− 𝟑  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟑. 𝑳𝑯𝑺 ≥ (
𝒂(𝒂 + 𝒃)

𝒃(𝒃 + 𝒄)
+
𝒃(𝒃 + 𝒄)

𝒄(𝒄 + 𝒂)
+
𝒄(𝒄 + 𝒂)

𝒂(𝒂 + 𝒃)
) + 𝟐(

𝒄 + 𝒂

𝒃 + 𝒄
+
𝒂 + 𝒃

𝒄 + 𝒂
+
𝒃 + 𝒄

𝒂 + 𝒃
) − 𝟗 ≥⏞

𝑨𝑴−𝑮𝑴

 𝟑

+ 𝟐. 𝟑 − 𝟗 = 𝟎. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝒂𝟐 − 𝒃

𝒃(𝒃 + 𝒄)
+
𝒃𝟐 − 𝒄

𝒄(𝒄 + 𝒂)
+

𝒄𝟐 − 𝒂

𝒂(𝒂 + 𝒃)
≥ 𝟎.   𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝒂𝟐 − 𝐛

𝐛(𝐛 + 𝐜)
+
𝐛𝟐 − 𝐜

𝐜(𝐜 + 𝒂)
+

𝐜𝟐 − 𝒂

𝒂(𝒂 + 𝐛)
≥ 𝟎 ⇔

𝒂𝟐

𝐛(𝐛 + 𝐜)
+

𝐛𝟐

𝐜(𝐜 + 𝒂)
+

𝐜𝟐

𝒂(𝒂 + 𝐛)

≥∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

=
∵ 𝟏 = 

𝒂+𝐛+𝐜
𝟑 ∑ ((𝐜 + 𝒂)(𝒂 + 𝐛))𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝐜𝐲𝐜
.
𝒂 + 𝐛 + 𝐜

𝟑
 

⇔ 𝟑(∏(𝐛 + 𝐜)

𝐜𝐲𝐜

)(
𝒂𝟐

𝐛(𝐛 + 𝐜)
+

𝐛𝟐

𝐜(𝐜 + 𝒂)
+

𝐜𝟐

𝒂(𝒂 + 𝐛)
) ≥
(∗)

(∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

) 
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𝐍𝐨𝐰, (
𝒂𝟐

𝐛(𝐛 + 𝐜)
+

𝐛𝟐

𝐜(𝐜 + 𝒂)
+

𝐜𝟐

𝒂(𝒂 + 𝐛)
)(∑(𝒂(𝐛 + 𝐜))

𝐜𝐲𝐜

)(∑𝐛

𝐜𝐲𝐜

) ≥
𝐇𝐨𝐥𝐝𝐞𝐫

(∑𝒂

𝐜𝐲𝐜

)

𝟑

⇒
𝒂𝟐

𝐛(𝐛 + 𝐜)
+

𝐛𝟐

𝐜(𝐜 + 𝒂)
+

𝐜𝟐

𝒂(𝒂 + 𝐛)
≥
(𝐢) (∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝒂𝐛𝐜𝐲𝐜
 

𝐀𝐥𝐬𝐨,∏(𝐛 + 𝐜)

𝐜𝐲𝐜

≥
(𝐢𝐢) 𝟖

𝟗
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) ∴ (𝐢)⦁(𝐢𝐢) ⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗)

≥ 𝟑.
𝟖

𝟗
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) .
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝒂𝐛𝐜𝐲𝐜
≥
?
(∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

⇔ 𝟒(∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

) ≥
?
𝟑(∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟑∑𝒂𝐛

𝐜𝐲𝐜

) 

⇔∑𝒂𝟐

𝐜𝐲𝐜

≥
?
∑𝒂𝐛

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒂𝟐 − 𝐛

𝐛(𝐛 + 𝐜)
+
𝐛𝟐 − 𝐜

𝐜(𝐜 + 𝒂)
+

𝐜𝟐 − 𝒂

𝒂(𝒂 + 𝐛)
≥ 𝟎 ∀ 𝒂,𝐛, 𝐜

> 0 │𝒂 + 𝐛+ 𝐜 = 𝟑 (𝐐𝐄𝐃) 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝒂𝟐 − 𝒃

𝒃(𝒃 + 𝒄)
+
𝒃𝟐 − 𝒄

𝒄(𝒄 + 𝒂)
+

𝒄𝟐 − 𝒂

𝒂(𝒂 + 𝒃)
≥ 𝟎 

𝒂𝟐

𝒃(𝒃 + 𝒄)
+

𝒃𝟐

𝒄(𝒄 + 𝒂)
+

𝒄𝟐

𝒂(𝒂 + 𝒃)
≥

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
 

𝒂𝟐

𝒃
(𝒄 + 𝒂)(𝒂 + 𝒃) +

𝒃𝟐

𝒄
(𝒂 + 𝒃)(𝒃 + 𝒄) +

𝒄𝟐

𝒂
(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 

≥ (𝒂 + 𝒃)(𝒃 + 𝒄) + (𝒃 + 𝒄)(𝒄 + 𝒂) + (𝒄 + 𝒂)(𝒂 + 𝒃) 

𝒂𝟒

𝒃
+
𝒃𝟒

𝒄
+
𝒄𝟒

𝒂
+ 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝟐𝒄 + 𝒃𝟐𝒂 + 𝒄𝟐𝒃 +

𝒂𝟑𝒄

𝒃
+
𝒄𝟑𝒃

𝒂
+
𝒃𝟑𝒂

𝒄
≥ 

≥ (𝒂 + 𝒃 + 𝒄)𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟗 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝟐𝒄 + 𝒄𝟐𝒃 + 𝒃𝟐𝒄 ≥ 𝟔 

𝒂𝟒

𝒃
+
𝒃𝟒

𝒄
+
𝒄𝟒

𝒂
+
𝒂𝟑𝒄

𝒃
+
𝒄𝟑𝒃

𝒂
+
𝒃𝟑𝒂

𝒄
≥ 𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

𝒂𝟑

𝒃
(𝒂 + 𝒄) +

𝒃𝟑

𝒄
(𝒃 + 𝒂) +

𝒄𝟑

𝒂
(𝒄 + 𝒃) ≥ 𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 
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𝒂𝟒(𝒂 + 𝒄)𝟐

𝒂𝒃(𝒂 + 𝒄)
+
𝒃𝟒(𝒃 + 𝒂)𝟐

𝒃𝒄(𝒂 + 𝒃)
+
𝒄𝟒(𝒄 + 𝒃)𝟐

𝒄𝒂(𝒄 + 𝒃)
≥ 𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

(𝒂𝟐(𝒂 + 𝒄) + 𝒃𝟐(𝒃 + 𝒂) + 𝒄𝟐(𝒄 + 𝒃))
𝟐

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 + 𝟑𝒂𝒃𝒄
≥ 𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝟐𝒄 + 𝒃𝟐𝒂 + 𝒄𝟐𝒃)𝟐 ≥ 

≥ (𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 + 𝟑𝒂𝒃𝒄) 

(
𝟐(𝒂 + 𝒃 + 𝒄)𝟑

𝟗
)

𝟐

≥ (𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 + 𝟑𝒂𝒃𝒄) 

(
𝟐(𝒂 + 𝒃 + 𝒄)𝟑

𝟗
)

𝟐

≥
𝟐

𝟗
(𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄)𝟑 

𝟐

𝟗
(𝒂 + 𝒃 + 𝒄)𝟑 ≥ 𝟗(𝟑 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝐭𝐫𝐮𝐞 𝐟𝐫𝐨𝐦 𝒂 + 𝒃 + 𝒄 = 𝟑 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤ 𝟑. 

1035. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0.  Prove that: 

𝟐(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) − 𝟑𝒂𝒃𝒄

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 − 𝒂𝒃𝒄
≥

𝒃𝒄

𝒂𝟐 + 𝒃𝒄
+

𝒄𝒂

𝒃𝟐 + 𝒄𝒂
+

𝒂𝒃

𝒄𝟐 + 𝒂𝒃
≥

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 − 𝒂𝒃𝒄
 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒎𝒎𝒂 ∶  𝑰𝒇 𝒙, 𝒚, 𝒛 ≥ 𝟎 ∶ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 > 0 𝑡ℎ𝑒𝑛 ∶ 

 
𝒙

𝒙 + 𝒚
+

𝒚

𝒚 + 𝒛
+

𝒛

𝒛 + 𝒙
≥

𝒙 + 𝒚 + 𝒛

𝒙 + 𝒚 + 𝒛 − √𝒙𝒚𝒛
𝟑

. 

𝑷𝒓𝒐𝒐𝒇 ∶ 𝑰𝒇 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ≥ √𝒙𝒚𝒛
𝟑 (𝒙 + 𝒚 + 𝒛).   𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑
𝒙

𝒙+ 𝒚
𝒄𝒚𝒄

≥
(∑ 𝒙𝒄𝒚𝒄 )

𝟐

∑ 𝒙(𝒙 + 𝒚)𝒄𝒚𝒄
=

(∑ 𝒙𝒄𝒚𝒄 )
𝟐

(∑ 𝒙𝒄𝒚𝒄 )
𝟐
− ∑ 𝒙𝒚𝒄𝒚𝒄

≥
(∑ 𝒙𝒄𝒚𝒄 )

𝟐

(∑ 𝒙𝒄𝒚𝒄 )
𝟐
− √𝒙𝒚𝒛

𝟑 . ∑ 𝒙𝒄𝒚𝒄

=
𝒙 + 𝒚 + 𝒛

𝒙 + 𝒚 + 𝒛 − √𝒙𝒚𝒛
𝟑

. 

𝑰𝒇 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 ≤ √𝒙𝒚𝒛
𝟑 (𝒙 + 𝒚 + 𝒛).   𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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∑
𝒙

𝒙+ 𝒚
𝒄𝒚𝒄

≥
(∑ 𝒛𝒙𝒄𝒚𝒄 )

𝟐

∑ 𝒛𝟐𝒙(𝒙 + 𝒚)𝒄𝒚𝒄
=

(∑ 𝒛𝒙𝒄𝒚𝒄 )
𝟐

(∑ 𝒛𝒙𝒄𝒚𝒄 )
𝟐
− 𝒙𝒚𝒛∑ 𝒙𝒄𝒚𝒄

≥
𝟏

𝟏 −
𝒙𝒚𝒛∑ 𝒙𝒄𝒚𝒄

(∑ 𝒛𝒙𝒄𝒚𝒄 )
𝟐

≥
𝟏

𝟏 −
𝒙𝒚𝒛∑ 𝒙𝒄𝒚𝒄

(√𝒙𝒚𝒛
𝟑 . ∑ 𝒙𝒄𝒚𝒄 )

𝟐

=
𝒙 + 𝒚 + 𝒛

𝒙 + 𝒚 + 𝒛 − √𝒙𝒚𝒛
𝟑

. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒐𝒐𝒇 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

𝑭𝒐𝒓 𝒙 = 𝒃𝟐𝒄,   𝒚 = 𝒂𝟐𝒃,   𝒛 = 𝒄𝟐𝒂,   𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 ∑
𝒃𝟐𝒄

𝒃𝟐𝒄 + 𝒂𝟐𝒃
𝒄𝒚𝒄

≥
𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 − 𝒂𝒃𝒄
. 

𝑻𝒉𝒆𝒏 ∶   
𝒃𝒄

𝒂𝟐 + 𝒃𝒄
+

𝒄𝒂

𝒃𝟐 + 𝒄𝒂
+

𝒂𝒃

𝒄𝟐 + 𝒂𝒃
≥

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 − 𝒂𝒃𝒄
. 

𝑭𝒐𝒓 𝒙 = 𝒂𝟐𝒃,   𝒚 = 𝒃𝟐𝒄,   𝒛 = 𝒄𝟐𝒂,   𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒂𝟐𝒃

𝒂𝟐𝒃 + 𝒃𝟐𝒄
𝒄𝒚𝒄

≥
𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 − 𝒂𝒃𝒄
. 

𝑻𝒉𝒆𝒏 ∶  

 ∑
𝒃𝒄

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

=∑(𝟏 −
𝒂𝟐𝒃

𝒂𝟐𝒃 + 𝒃𝟐𝒄
)

𝒄𝒚𝒄

≤ 𝟑 −
𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 − 𝒂𝒃𝒄

=
𝟐(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) − 𝟑𝒂𝒃𝒄

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 − 𝒂𝒃𝒄
. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄. 

1036. Let 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎 + 𝑏 + 𝑐 = 3.  Prove that:  

 
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
+

𝟑𝟔

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂
≥ 𝟏𝟓 

  Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒇 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎 + 𝑏 + 𝑐 = 3 𝑡ℎ𝑒𝑛 𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 ≤ 𝟒 −
𝟑𝒂𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
. 

𝑷𝒓𝒐𝒐𝒇 𝒐𝒇 𝑳𝒆𝒎𝒎𝒂 ∶  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝟐𝟕[𝟒 − (𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂)]

= 𝟒(𝒂 + 𝒃 + 𝒄)𝟑 − 𝟐𝟕(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) = 
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=∑𝒂(𝒃 + 𝟒𝒄 − 𝟐𝒂)𝟐

𝒄𝒚𝒄

 ≥⏞
𝑪𝑩𝑺

 
[∑ √𝒂𝒃𝒄(𝒃 + 𝟒𝒄 − 𝟐𝒂)𝒄𝒚𝒄 ]

𝟐

∑ 𝒃𝒄𝒄𝒚𝒄

=
𝟖𝟏𝒂𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
, 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

𝑨𝒍𝒔𝒐 𝒃𝒚 𝑺𝒄𝒉𝒖𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  (𝒂 + 𝒃 + 𝒄)𝟑 + 𝟗𝒂𝒃𝒄

≥ 𝟒(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

⇔  𝟐𝟕 + 𝟗𝒂𝒃𝒄 ≥ 𝟏𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)  𝒕𝒉𝒆𝒏 ∶   𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑𝒂𝒃𝒄 ≤ 𝟗  (𝟏) 

𝑩𝒂𝒄𝒌 𝒕𝒐 𝒎𝒂𝒊𝒏 𝒑𝒓𝒐𝒃𝒍𝒆𝒎,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
+

𝟑𝟔

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂
≥⏞

𝑨𝑴−𝑮𝑴 & 𝐿𝑒𝑚𝑚𝑎

 

≥ 
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
+

𝟑𝟔(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑𝒂𝒃𝒄
= 

=
𝟑

𝒂𝒃𝒄
+ (𝟗 +

𝟐𝟕𝒂𝒃𝒄

𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟑𝒂𝒃𝒄
) ≥⏞
(𝟏)

𝟑(
𝟏

𝒂𝒃𝒄
+ 𝒂𝒃𝒄) + 𝟗 ≥⏞

𝑨𝑴−𝑮𝑴

𝟑. 𝟐 + 𝟗 = 𝟏𝟓, 

𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒓𝒆𝒔𝒖𝒍𝒕.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄. 

1037. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂 + 𝒃 + 𝒄 = 𝟑 and 𝒏 ≥ 𝟐.  Prove that: 

𝟐(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂 − 𝟑) ≥  𝟑𝒏(√
𝟓𝒂𝒃 + 𝟒𝒄𝒂

𝟗

𝒏

+ √
𝟓𝒃𝒄 + 𝟒𝒂𝒃

𝟗

𝒏

+ √
𝟓𝒄𝒂 + 𝟒𝒃𝒄

𝟗

𝒏

− 𝟑) 

 Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝟐(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂 − 𝟑) ≥⏞
(∗)

 𝟑𝒏(√
𝟓𝒂𝒃 + 𝟒𝒄𝒂

𝟗

𝒏

+ √
𝟓𝒃𝒄 + 𝟒𝒂𝒃

𝟗

𝒏

+ √
𝟓𝒄𝒂 + 𝟒𝒃𝒄

𝟗

𝒏

− 𝟑) 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒏√
𝟓𝒂𝒃 + 𝟒𝒄𝒂

𝟗

𝒏

≤ √
𝟓𝒂𝒃 + 𝟒𝒄𝒂

𝟗
+√

𝟓𝒂𝒃 + 𝟒𝒄𝒂

𝟗
+ (𝒏 − 𝟐). 𝟏 =

𝟐

𝟑
√𝟓𝒂𝒃 + 𝟒𝒄𝒂 + 𝒏 − 𝟐 ≤ 

≤
𝟏

𝟑
(
𝟓𝒂𝒃 + 𝟒𝒄𝒂

𝟐𝒂 + √𝒂𝒃
+ (𝟐𝒂 + √𝒂𝒃)) + 𝒏 − 𝟐 =

𝟏

𝟑
(
𝟒𝒂(𝒂 + 𝒃 + 𝒄)

𝟐𝒂 + √𝒂𝒃
+ 𝟐√𝒂𝒃) + 𝒏 − 𝟐 
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𝑻𝒉𝒆𝒏 ∶   𝟑𝒏(√
𝟓𝒂𝒃 + 𝟒𝒄𝒂

𝟗

𝒏

− 𝟏) ≤ 𝟐√𝒂𝒃 +
𝟏𝟐𝒂

𝟐𝒂 + √𝒂𝒃
− 𝟔

= 𝟐√𝒂𝒃 −
𝟔√𝒃

𝟐√𝒂 + √𝒃
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝑹𝑯𝑺(∗) ≤ 𝟐(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂) − 𝟔∑
√𝒃

𝟐√𝒂 + √𝒃
𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

 𝟐(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)

−
𝟔(∑ √𝒃𝒄𝒚𝒄 )

𝟐

∑ √𝒃(𝟐√𝒂 + √𝒃)𝒄𝒚𝒄

= 

= 𝟐(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂) − 𝟔 = 𝟐(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂 − 𝟑),   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1038. If 𝒂, 𝒃 > 0 then :  (𝟑𝒂 + 𝟑𝒃)𝟓 + (𝟒𝒂)𝟒𝒂 ≥ 𝟏𝟓(𝟒𝒂)𝟒𝒃 

   Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(𝟑𝒂 + 𝟑𝒃)𝟓 + (𝟒𝒂)𝟒𝒂 = 𝟒.
(𝟑𝒂 + 𝟑𝒃)𝟓

𝟒
+ (𝟒𝒂)𝟒𝒂 ≥ 𝟓√(

(𝟑𝒂+ 𝟑𝒃)𝟓

𝟒
)

𝟒

. (𝟒𝒂)𝟒𝒂
𝟓

= 

= 𝟓𝒂(𝟑𝒂 + 𝟑𝒃)𝟒 = 𝟓𝒂(𝒂 + 𝒂 + 𝒂 + 𝟑𝒃)𝟒 ≥ 𝟓𝒂. 𝟒𝟒. 𝒂𝟑. 𝟑𝒃 = 𝟏𝟓(𝟒𝒂)𝟒𝒃. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝟑𝒃. 

 

1039. 𝐈𝐟 𝒙𝒊 > 0 (𝒊 = 𝟏, 𝒏), 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 ∑ 𝒙𝒊
𝒏
𝒊=𝟏 = 𝟏, 𝐚𝐧𝐝 𝒇 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝐱,  

𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬 

𝒊)  ∑𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

≥∑𝒇(
𝟏 − 𝒙𝒊
𝒏 − 𝟏

)

𝒏

𝒊=𝟏

.   𝒊𝒊)  
(𝟏 − 𝒙𝟏)(𝟏 − 𝒙𝟐)… (𝟏 − 𝒙𝒏)

𝒙𝟏𝒙𝟐…𝒙𝒏
≥ (𝒏 − 𝟏)𝒏.  

 Proposed by Neculai Stanciu-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝒊)  𝑺𝒊𝒏𝒄𝒆 𝒇 𝒊𝒔 𝒂 𝒄𝒐𝒏𝒗𝒆𝒙 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒕𝒉𝒆𝒏 𝒃𝒚 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑ 𝒇(𝒙𝒋)

𝟏≤𝒋≠𝒊≤𝒏

≥ (𝒏 − 𝟏)𝒇(
𝟏

𝒏 − 𝟏
∑ 𝒙𝒋

𝟏≤𝒋≠𝒊≤𝒏

) = (𝒏 − 𝟏)𝒇 (
𝟏 − 𝒙𝒊
𝒏 − 𝟏

),   ∀𝒊 = 𝟏, 𝒏. 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒊 = 𝟏, 𝟐,… , 𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶ 

(𝒏 − 𝟏)∑𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

≥ (𝒏 − 𝟏)∑𝒇(
𝟏 − 𝒙𝒊
𝒏 − 𝟏

)

𝒏

𝒊=𝟏

. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

≥∑𝒇(
𝟏 − 𝒙𝒊
𝒏 − 𝟏

)

𝒏

𝒊=𝟏

. 

𝒊𝒊) 𝑳𝒆𝒕 𝒈(𝒙) = − 𝐥𝐨𝐠(𝒙) , 𝒙 > 0.  𝑇ℎ𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑔 𝑖𝒔 𝒄𝒐𝒏𝒗𝒆𝒙 𝒐𝒏 (𝟎,∞). 

𝑩𝒚 𝒕𝒉𝒆 𝒒𝒖𝒆𝒔𝒕𝒊𝒐𝒏 𝒊) 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   ∑𝒈(𝒙𝒊)

𝒏

𝒊=𝟏

≥∑𝒈(
𝟏 − 𝒙𝒊
𝒏 − 𝟏

)

𝒏

𝒊=𝟏

 

⇔ −∑𝐥𝐨𝐠(𝒙𝒊)

𝒏

𝒊=𝟏

≥ −∑𝐥𝐨𝐠(
𝟏 − 𝒙𝒊
𝒏 − 𝟏

)

𝒏

𝒊=𝟏

 ⇔  𝐥𝐨𝐠 (
(𝟏 − 𝒙𝟏)(𝟏 − 𝒙𝟐)… (𝟏 − 𝒙𝒏)

(𝒏 − 𝟏)𝒏𝒙𝟏𝒙𝟐…𝒙𝒏
) ≥ 𝟎 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
(𝟏 − 𝒙𝟏)(𝟏 − 𝒙𝟐)… (𝟏 − 𝒙𝒏)

𝒙𝟏𝒙𝟐…𝒙𝒏
≥ (𝒏 − 𝟏)𝒏. 

1040. For 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 ≥ 𝟎 (𝒏 ∈ 𝑵
∗), 𝒌 > 0.  Prove that: 

(𝒂𝟏
𝟐 + 𝒌)(𝒂𝟏

𝟐 + 𝒂𝟐
𝟐 + 𝒌)… (𝒂𝟏

𝟐 + 𝒂𝟐
𝟐 +⋯+ 𝒂𝒏

𝟐 + 𝒌) ≥ √𝒌𝒏(𝒏 + 𝟏)𝒏+𝟏𝒂𝟏𝒂𝟐…𝒂𝒏 

  Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑺𝟎 = 𝒌  𝒂𝒏𝒅  𝑺𝒊 = 𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝒊
𝟐 + 𝒌,   ∀𝒊 = 𝟏,𝒏. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝑺𝒊 = 𝑺𝒊−𝟏 + 𝒂𝒊
𝟐,   ∀𝒊

= 𝟏, 𝒏,   𝒕𝒉𝒆𝒏 𝒃𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒊 = 𝟏, 𝒏 ∶ 

𝑺𝒊
𝒏+𝟐−𝒊 = [(𝒏 + 𝟏 − 𝒊).

𝑺𝒊−𝟏
𝒏 + 𝟏 − 𝒊

+ 𝒂𝒊
𝟐]
𝒏+𝟐−𝒊

≥ (𝒏 + 𝟐 − 𝒊)𝒏+𝟐−𝒊. (
𝑺𝒊−𝟏

𝒏 + 𝟏 − 𝒊
)
𝒏+𝟏−𝒊

. 𝒂𝒊
𝟐 

𝑻𝒉𝒆𝒏 ∶  
𝑺𝒊
𝒏+𝟐−𝒊

𝑺𝒊−𝟏
𝒏+𝟏−𝒊 ≥

(𝒏 + 𝟐 − 𝒊)𝒏+𝟐−𝒊

(𝒏 + 𝟏 − 𝒊)𝒏+𝟏−𝒊
. 𝒂𝒊

𝟐,   ∀𝒊 = 𝟏, 𝒏. 

𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒊 = 𝟏, 𝟐, … , 𝒏 𝒘𝒆 𝒈𝒆𝒕 ∶ 
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𝑺𝟏
𝒏+𝟏

𝑺𝟎
𝒏 .

𝑺𝟐
𝒏

𝑺𝟏
𝒏−𝟏 .

𝑺𝟑
𝒏−𝟏

𝑺𝟐
𝒏−𝟐…

𝑺𝒏
𝟐

𝑺𝒏−𝟏
=
(𝑺𝟏𝑺𝟐…𝑺𝒏)

𝟐

𝑺𝟎
𝒏 ≥

(𝒏 + 𝟐 − 𝟏)𝒏+𝟐−𝟏

(𝒏 + 𝟏 − 𝒏)𝒏+𝟏−𝒏
. 𝒂𝟏

𝟐𝒂𝟐
𝟐…𝒂𝒏

𝟐

= (𝒏 + 𝟏)𝒏+𝟏. 𝒂𝟏
𝟐𝒂𝟐

𝟐…𝒂𝒏
𝟐 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   (𝒂𝟏
𝟐 + 𝒌)(𝒂𝟏

𝟐 + 𝒂𝟐
𝟐 + 𝒌)… (𝒂𝟏

𝟐 + 𝒂𝟐
𝟐 +⋯+ 𝒂𝒏

𝟐 + 𝒌) = 𝑺𝟏𝑺𝟐…𝑺𝒏 ≥ 

≥ √𝑺𝟎
𝒏. (𝒏 + 𝟏)𝒏+𝟏. 𝒂𝟏𝟐𝒂𝟐𝟐…𝒂𝒏𝟐 = √𝒌𝒏(𝒏 + 𝟏)𝒏+𝟏𝒂𝟏𝒂𝟐…𝒂𝒏. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒊 = √
𝑺𝒊−𝟏

𝒏 + 𝟏 − 𝒊
,   ∀𝒊 = 𝟏, 𝒏. 

1041. Find 𝑴𝒂𝒙 value of 

 𝑷 = (√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 −
𝟏

𝟐
)
𝟐

+
(𝒃 − 𝒂)√𝒃𝒄 + (𝒄 − 𝒃)√𝒄𝒂 + (𝒂 − 𝒄)√𝒂𝒃

𝟐
, 

for all non-negative real numbers 𝒂, 𝒃, 𝒄 such that : 𝒂 + 𝒃 + 𝒄 = 𝟏.  

 Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟐𝑷 =
𝟏

𝟐
− 𝟐√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + (√𝒂𝟑𝒃 +√𝒃𝟑𝒄 + √𝒄𝟑𝒂)

− √𝒂𝒃𝒄(√𝒂 + √𝒃 + √𝒄). 

𝑨𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒂 = 𝒎𝒂𝒙{𝒂, 𝒃, 𝒄}.  𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = (𝒂 + 𝒃 + 𝒄)√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

= √[(𝒂 + 𝒃 − 𝒄)𝟐 + 𝟒𝒄(𝒂 + 𝒃)][𝒂𝒃+ 𝒄(𝒂 + 𝒃)] ≥ 

≥ √𝒂𝒃(𝒂 + 𝒃 − 𝒄) + 𝟐𝒄(𝒂 + 𝒃). 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒘𝒉𝒆𝒏 𝒄 = 𝟎 𝒐𝒓 𝒂 + 𝒃 − 𝒄 = 𝟐√𝒂𝒃. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  √𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ √𝒄𝒂(𝒄 + 𝒂 − 𝒃) + 𝟐𝒃(𝒄 + 𝒂). 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒃

= 𝟎 𝒐𝒓 𝒄 + 𝒂 − 𝒃 = 𝟐√𝒄𝒂. 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟐√𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂 ≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + (√𝒂𝟑𝒃+√𝒄𝟑𝒂) − √𝒂𝒃𝒄(√𝒃+ √𝒄) +√𝒂𝒃𝟑 +√𝒄𝒂𝟑 + 𝟐𝒃𝒄 

𝑻𝒉𝒆𝒏 ∶   𝟐𝑷 ≤
𝟏

𝟐
+√𝒃𝟑𝒄 − 𝒂√𝒃𝒄 − √𝒂𝒃𝟑 −√𝒄𝒂𝟑 − 𝟐𝒃𝒄

=
𝟏

𝟐
−√𝒃𝟑(√𝒂 − √𝒄) − 𝒂√𝒃𝒄 − √𝒄𝒂𝟑 − 𝟐𝒃𝒄 ≤

𝟏

𝟐
. 

𝑻𝒉𝒆𝒏 ∶   𝑷 ≤
𝟏

𝟒
 𝒘𝒊𝒕𝒉 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒂 = 𝟏, 𝒃 = 𝒄 = 𝟎 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑴𝒂𝒙{𝑷} =
𝟏

𝟒
. 

1042. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 , 𝑎𝑏𝑐 = 1.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

√
𝒂

𝒂+ 𝟔𝒃 + 𝟐𝒃𝒄
+ √

𝒃

𝒃 + 𝟔𝒄 + 𝟐𝒄𝒂
+ √

𝒄

𝒄 + 𝟔𝒂 + 𝟐𝒂𝒃
≥ 𝟏.  

 Proposed by Phan Ngoc Chau-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒂 =
𝒚

𝒙
,   𝒃 =

𝒛

𝒚
,   𝒄 =

𝒙

𝒛
,   𝒙, 𝒚, 𝒛 > 0.  𝑇ℎ𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠  

𝒚

√𝒚𝟐 + 𝟔𝒛𝒙 + 𝟐𝒙𝟐
+

𝒛

√𝒛𝟐 + 𝟔𝒙𝒚 + 𝟐𝒚𝟐
+

𝒙

√𝒙𝟐 + 𝟔𝒚𝒛 + 𝟐𝒛𝟐
≥ 𝟏. 

𝑩𝒚 𝑯ӧ𝒍𝒅𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(∑
𝒙

√𝒙𝟐 + 𝟔𝒚𝒛 + 𝟐𝒛𝟐
𝒄𝒚𝒄

)

𝟐

(∑𝒙(𝒙𝟐 + 𝟔𝒚𝒛 + 𝟐𝒛𝟐)

𝒄𝒚𝒄

) ≥ (𝒙 + 𝒚 + 𝒛)𝟑 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆𝒔 ∶ 

(𝒙 + 𝒚 + 𝒛)𝟑 ≥∑𝒙(𝒙𝟐 + 𝟔𝒚𝒛 + 𝟐𝒛𝟐)

𝒄𝒚𝒄

  𝒐𝒓  ∑𝒙𝟐𝒚

𝒄𝒚𝒄

+ 𝟑∑𝒙𝒚𝟐

𝒄𝒚𝒄

≥ 𝟏𝟐𝒙𝒚𝒛. 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  ∴ ∑𝒙𝟐𝒚

𝒄𝒚𝒄

,∑𝒙𝒚𝟐

𝒄𝒚𝒄

≥ 𝟑𝒙𝒚𝒛. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝐋𝐞𝐭 𝒂 =
𝒙

𝒚
, 𝒃 =

𝒚

𝒛
, 𝒄 =

𝒛

𝒙
⇒∑√

𝒂

𝒂 + 𝟔𝒃 + 𝟐𝒃𝒄
𝒄𝒚𝒄

=∑√
𝒙𝟐𝒛

𝒙𝟐𝒛 + 𝟔𝒚𝟐𝒛 + 𝟐𝒚𝟐𝒛
𝒄𝒚𝒄

= 

=∑√
𝒙𝟐𝒛𝟑

𝒙𝟑𝒛𝟑 + 𝟔𝒙𝟐𝒚𝟐𝒛𝟐 + 𝟐𝒙𝒚𝟐𝒛𝟑
𝒄𝒚𝒄

≥ 𝟏 

𝐈𝐟𝐟 
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝟑
𝟐

(∑(𝒙𝒚)𝟑 + 𝟏𝟖𝒙𝟐𝒚𝟐𝒛𝟐 + 𝟐∑𝒙𝒚𝟐𝒛𝟑)
𝟏
𝟐

≥
𝟏

𝟐
⇔ 
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(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑

∑(𝒙𝒚)𝟑 + 𝟏𝟖𝒙𝟐𝒚𝟐𝒛𝟐 + 𝟐∑𝒙𝒚𝟐𝒛𝟑
≥ 𝟏 ⇔ 

∑(𝒙𝒚)𝟑 + 𝟑∑𝒙𝒚𝟐𝒛𝟑 + 𝟑∑𝒙𝟐𝒚𝟑𝒛 + 𝟔𝒙𝟐𝒚𝟐𝒛𝟐

∑(𝒙𝒚)𝟑 + 𝟏𝟖𝒙𝟐𝒚𝟐𝒛𝟐 + 𝟐∑𝒙𝒚𝟐𝒛𝟑
≥ 𝟏 ⇔ 

∑𝒙𝒚𝟐𝒛𝟑 + 𝟑∑𝒙𝟑𝒚𝟐𝒛 ≥ 𝟏𝟐(𝒙𝒚𝒛)𝟐 𝐭𝐫𝐮𝐞. 

1043. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂 + 𝒃 + 𝒄 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒌 > 0.  Prove that : 

𝒂√𝟒𝒂𝟐 + 𝟓𝒃𝟐 + 𝒃√𝟒𝒃𝟐 + 𝟓𝒄𝟐 + 𝒄√𝟒𝒄𝟐 + 𝟓𝒂𝟐 ≤ 𝟐𝒌𝟐 − 𝒌 − 𝟔.  

 Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟐√𝟒𝒂𝟐 + 𝟓𝒃𝟐 ≤
𝟒𝒂𝟐 + 𝟓𝒃𝟐

𝟐𝒂 + 𝒃
+ (𝟐𝒂+ 𝒃) = (

𝟒𝒂𝟐 + 𝟓𝒃𝟐

𝟐𝒂 + 𝒃
− (𝟐𝒂 + 𝟓𝒃)) + 𝟒𝒂 + 𝟔𝒃

= 𝟒𝒂 + 𝟔𝒃 −
𝟏𝟐𝒂𝒃

𝟐𝒂 + 𝒃
 

𝑻𝒉𝒆𝒏 ∶   √𝟒𝒂𝟐 + 𝟓𝒃𝟐 ≤ 𝟐𝒂 + 𝟑𝒃 −
𝟔𝒂𝒃

𝟐𝒂 + 𝒃
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑𝒂√𝟒𝒂𝟐 + 𝟓𝒃𝟐

𝒄𝒚𝒄

≤∑𝒂(𝟐𝒂 + 𝟑𝒃 −
𝟔𝒂𝒃

𝟐𝒂 + 𝒃
)

𝒄𝒚𝒄

= 𝟐(𝒂 + 𝒃 + 𝒄)𝟐 − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟔∑
(𝒂𝒃)𝟐

𝒃(𝟐𝒂+ 𝒃)
𝒄𝒚𝒄

≤ 

≤⏞
𝑪𝑩𝑺

 𝟐𝒌𝟐 − 𝒌 − 𝟔.
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐

(𝒂 + 𝒃 + 𝒄)𝟐
= 𝟐𝒌𝟐 − 𝒌− 𝟔,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1044.  
𝐈𝐟 𝒂, 𝒃, 𝒄 > 𝟎,   𝒂 + 𝒃 + 𝒄 = 𝟑 𝐭𝐡𝐞𝐧 ∶ 

  ∑
𝒂𝟐

𝒂 + 𝟒𝒃𝟓
𝒄𝒚𝒄

≥
𝟑

𝟓
 

Proposed by Marin Chirciu-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒂𝟐

𝒂 + 𝟒𝒃𝟓
𝒄𝒚𝒄

=∑(𝒂−
𝟒𝒂𝒃𝟓

𝒂 + 𝟒𝒃𝟓
)

𝒄𝒚𝒄

 ≥⏞
𝑨𝑴−𝑮𝑴

 𝟑 −∑
𝟒𝒂𝒃𝟓

𝟓√𝒂(𝒃𝟓)𝟒
𝟓

𝒄𝒚𝒄

= 𝟑 −
𝟒

𝟓
∑√𝒂𝟒𝒃𝟓

𝟓

𝒄𝒚𝒄

≥ 

≥⏞
𝑨𝑴−𝑮𝑴

𝟑 −
𝟒

𝟓
∑
𝒃 + 𝟒𝒂𝒃

𝟓
𝒄𝒚𝒄

= 𝟑−
𝟒. 𝟑

𝟐𝟓
−
𝟏𝟔

𝟐𝟓
∑𝒂𝒃
𝒄𝒚𝒄

≥
𝟔𝟑

𝟐𝟓
−
𝟏𝟔

𝟐𝟓
.
(∑ 𝒂𝒄𝒚𝒄 )

𝟐

𝟑
=
𝟑

𝟓
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
𝒂𝟐

𝒂 + 𝟒𝒃𝟓
𝒄𝒚𝒄

≥
𝟑

𝟓
.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

∑
𝒂𝟐

𝒂 + 𝟒𝒃𝟓
𝒄𝒚𝒄

=∑
𝒂𝟒

𝒂𝟑 + 𝟒𝒂𝟐𝒃𝟓
𝒄𝒚𝒄

≥
(∑
𝒂𝟐

𝒃𝟐
)
𝟐

∑
𝒂𝟑

𝒃𝟒
+ 𝟒𝒂𝟐𝒃

≥
𝟑

𝟓
 

𝟓(∑
𝒂𝟒

𝒃𝟒
𝒄𝒚𝒄

+ 𝟐∑
𝒂𝟐

𝒄𝟐
𝒄𝒚𝒄

) ≥ 𝟑∑
𝒂𝟑

𝒃𝟒
𝒄𝒚𝒄

+ 𝟏𝟐∑𝒂𝟐𝒃

𝒄𝒚𝒄

 

𝟑∑
𝒂𝟒

𝒃𝟒
𝒄𝒚𝒄

≥∑
𝒂𝟑

𝒃𝟒
𝒄𝒚𝒄

∙∑𝒂

𝒄𝒚𝒄

= 𝟐 

𝟐∑
𝒂𝟒

𝒃𝟒
𝒄𝒚𝒄

≥∑
𝒂𝒃𝟑

𝒄𝟒
𝒄𝒚𝒄

+∑
𝒂𝟑

𝒃𝟑
𝒄𝒚𝒄

 

𝟐∑𝒂𝟖𝒄𝟒

𝒄𝒚𝒄

≥∑𝒂𝟓𝒃𝟕

𝒄𝒚𝒄

+∑𝒂𝟕𝒃𝒄𝟒

𝒄𝒚𝒄

 

∑(𝒂𝒃)𝟒(𝒂 − 𝒃)𝟐(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)

𝒄𝒚𝒄

≥ 𝟎 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 

∑
𝒂𝟐

𝒄𝟐
𝒄𝒚𝒄

≥∑𝒂𝟐𝒃

𝒄𝒚𝒄

⇔
𝟏

𝟑
(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂)𝟐 ≥ 𝒂𝒃𝒄(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) 
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𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂 ≥ 𝟑𝒂𝒃𝒄. 

1045. Let 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎𝑏𝑐 = 1.  Prove that : 

  
𝒃 + 𝒄

𝒂𝟑 + 𝟏
+
𝒄 + 𝒂

𝒃𝟑 + 𝟏
+
𝒂 + 𝒃

𝒄𝟑 + 𝟏
≥ 𝒂 + 𝒃 + 𝒄.  

 Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆 ∶  
𝒃 + 𝒄

𝒂𝟑 + 𝟏
=
𝒃𝒄(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
= 𝒃 + 𝒄 −

𝒂𝟐(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
  

𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘𝒔 ∶ 

𝒂𝟐(𝒃+ 𝒄)

𝒂𝟐 + 𝒃𝒄
+
𝒃𝟐(𝒄 + 𝒂)

𝒃𝟐 + 𝒄𝒂
+
𝒄𝟐(𝒂+𝒃)

𝒄𝟐 + 𝒄𝒂
≤ 𝒂+𝒃 + 𝒄. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒂𝟐(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

=∑
𝒂𝟐(𝒃 + 𝒄)𝟐

(𝒂𝟐 + 𝒃𝒄)(𝒃 + 𝒄)
𝒄𝒚𝒄

=∑𝒂𝟐.
(𝒃 + 𝒄)𝟐

𝒃(𝒄𝟐 + 𝒂𝟐) + 𝒄(𝒂𝟐 + 𝒃𝟐)
𝒄𝒚𝒄

≤ 

≤⏞
𝑪𝑩𝑺

 ∑𝒂𝟐 (
𝒃

𝒄𝟐 + 𝒂𝟐
+

𝒄

𝒂𝟐 +𝒃𝟐
)

𝒄𝒚𝒄

=∑(
𝒂𝟐𝒃

𝒄𝟐 + 𝒂𝟐
+

𝒂𝟐𝒄

𝒂𝟐 +𝒃𝟐
)

𝒄𝒚𝒄

= 

=∑(
𝒄𝟐𝒂

𝒃
𝟐
+ 𝒄𝟐

+
𝒃𝟐𝒂

𝒃
𝟐
+ 𝒄𝟐

)

𝒄𝒚𝒄

=∑𝒂
𝒄𝒚𝒄

. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 𝒇𝒐𝒍𝒍𝒐𝒘𝒔 ∶  

∑
𝒃𝒄(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

≥ 𝒂+ 𝒃 + 𝒄. 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

∑
𝒃𝒄(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

≥
[∑ 𝒃𝒄(𝒃 + 𝒄)𝒄𝒚𝒄 ]

𝟐

∑ 𝒃𝒄(𝒃 + 𝒄)𝒄𝒚𝒄 (𝒂𝟐 + 𝒃𝒄)
 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶   

(∑ 𝒃𝒄(𝒃 + 𝒄)
𝒄𝒚𝒄

)

𝟐

≥ (𝒂 + 𝒃 + 𝒄)(∑ 𝒃𝒄(𝒃 + 𝒄)
𝒄𝒚𝒄

(𝒂𝟐 + 𝒃𝒄)) 
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𝑾𝒉𝒊𝒄𝒉,   𝒂𝒇𝒕𝒆𝒓 𝒆𝒙𝒑𝒂𝒏𝒅𝒊𝒏𝒈 𝒂𝒏𝒅 𝒔𝒊𝒎𝒑𝒍𝒊𝒇𝒚𝒊𝒏𝒈 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

𝟐𝒂𝒃𝒄∑𝒂𝟑

𝒄𝒚𝒄

≥ 𝒂𝒃𝒄∑𝒂𝒃(𝒂 + 𝒃)

𝒂𝒚𝒄

  𝒐𝒓  𝒂𝒃𝒄∑(𝒂 + 𝒃)(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

≥ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑(
𝒃𝒄(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
− 𝒃 − 𝒄 + 𝒂)

𝒄𝒚𝒄

≥ 𝟎 ⇔ ∑
𝒂(𝒂𝟐 + 𝒃𝒄 − 𝒂𝒃− 𝒄𝒂)

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

≥ 𝟎 ⇔ 

∑
𝒂𝟐(𝒃 − 𝒂)(𝒄 − 𝒂)

𝒂𝟑 + 𝟏
𝒄𝒚𝒄

≥ 𝟎 

 ⇔⏞
𝒂𝒃𝒄 = 𝟏

 
𝒂𝟑(𝒃𝒄 − 𝒄𝒂)(𝒃𝒄 − 𝒂𝒃)

𝒂𝟑 + 𝟏
+
𝒃𝟑(𝒄𝒂 − 𝒂𝒃)(𝒄𝒂 − 𝒃𝒄)

𝒃𝟑 + 𝟏
+
𝒄𝟑(𝒂𝒃 − 𝒃𝒄)(𝒂𝒃 − 𝒄𝒂)

𝒄𝟑 + 𝟏
≥ 𝟎  

𝑾𝑳𝑶𝑮,𝒘𝒆 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕  𝒂 ≥ 𝒃 ≥ 𝒄  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆  𝒂𝒃 ≥ 𝒄𝒂 ≥ 𝒃𝒄  𝒂𝒍𝒔𝒐, 

(𝒃𝒄 − 𝒂𝒃)(𝒃𝒄− 𝒄𝒂) ≥ (𝒂𝒃 − 𝒄𝒂)(𝒄𝒂 − 𝒃𝒄)  𝒂𝒏𝒅  (𝒂𝒃− 𝒃𝒄)(𝒂𝒃− 𝒄𝒂) ≥ 𝟎 

𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

𝒂𝟑(𝒂𝒃 − 𝒄𝒂)(𝒄𝒂 − 𝒃𝒄)

𝒂𝟑 + 𝟏
+
𝒃𝟑(𝒄𝒂 − 𝒂𝒃)(𝒄𝒂 − 𝒃𝒄)

𝒃𝟑 + 𝟏
≥ 𝟎 

⇔ (𝒂𝒃− 𝒄𝒂)(𝒄𝒂 − 𝒃𝒄) (
𝒂𝟑

𝒂𝟑 + 𝟏
−

𝒃𝟑

𝒃𝟑 + 𝟏
) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆  𝒂𝒃 ≥ 𝒄𝒂 ≥ 𝒃𝒄 𝒂𝒏𝒅 
𝒂𝟑

𝒂𝟑 + 𝟏
≥

𝒃𝟑

𝒃𝟑 + 𝟏
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1046.𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶  

 
𝒃 + 𝒄

√𝒂𝟐 + 𝟑𝒃𝒄
+

𝒄 + 𝒂

√𝒃𝟐 + 𝟑𝒄𝒂
+

𝒂 + 𝒃

√𝒄𝟐 + 𝟑𝒂𝒃
≥ 𝟑.  

 Proposed by Tran Quoc Thinh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑯ӧ𝒍𝒅𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(∑
𝒃 + 𝒄

√𝒂𝟐 + 𝟑𝒃𝒄𝒄𝒚𝒄
)

𝟐

(∑ (𝒃 + 𝒄)(𝒂𝟐 + 𝟑𝒃𝒄)(𝟑𝒂 + 𝟐𝒃 + 𝟐𝒄)𝟑
𝒄𝒚𝒄

)

≥ (∑ (𝒃 + 𝒄)(𝟑𝒂 + 𝟐𝒃 + 𝟐𝒄)
𝒄𝒚𝒄

)

𝟑
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𝑺𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

(∑ (𝒃 + 𝒄)(𝟑𝒂 + 𝟐𝒃 + 𝟐𝒄)
𝒄𝒚𝒄

)

𝟑

≥ 𝟗∑ (𝒃 + 𝒄)(𝒂𝟐 + 𝟑𝒃𝒄)(𝟑𝒂 + 𝟐𝒃 + 𝟐𝒄)𝟑
𝒄𝒚𝒄

 

𝑾𝒉𝒊𝒄𝒉, 𝒂𝒇𝒕𝒆𝒓 𝒆𝒙𝒑𝒂𝒏𝒅𝒊𝒏𝒈 𝒂𝒏𝒅 𝒔𝒊𝒎𝒑𝒍𝒊𝒇𝒚𝒊𝒏𝒈, 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 ∶ 

𝟔𝟒∑𝒂𝟔

𝒄𝒚𝒄

+ 𝟐𝟏∑𝒂𝟓𝒃

𝒔𝒚𝒎

+ 𝟏𝟔∑𝒂𝟑𝒃𝟑

𝒄𝒚𝒄

≥ 𝟑𝟎∑𝒂𝟒𝒃𝟐

𝒔𝒚𝒎

+ 𝟑𝟔𝒂𝒃𝒄∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄∑𝒂𝟐𝒃

𝒔𝒚𝒎

+ 𝟔𝟎𝒂𝟐𝒃𝟐𝒄𝟐 

𝑩𝒚 𝑴𝒖𝒊𝒓𝒉𝒆𝒂𝒅′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟔𝟎∑𝒂𝟔

𝒄𝒚𝒄

≥ 𝟑𝟎∑𝒂𝟒𝒃𝟐

𝒔𝒚𝒎

, 𝟏𝟖∑𝒂𝟓𝒃

𝒔𝒚𝒎

≥ 𝟑𝟔𝒂𝒃𝒄∑𝒂𝟑

𝒄𝒚𝒄

, 

𝟑∑𝒂𝟓𝒃

𝒔𝒚𝒎

≥ 𝟑𝒂𝒃𝒄∑𝒂𝟐𝒃

𝒔𝒚𝒎

, 𝟒∑𝒂𝟔

𝒄𝒚𝒄

+ 𝟏𝟔∑𝒂𝟑𝒃𝟑

𝒄𝒚𝒄

≥ 𝟔𝟎𝒂𝟐𝒃𝟐𝒄𝟐. 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄. 

1047. Let 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎 + 𝑏 + 𝑐 = 7.  Prove that : 

  
𝒂𝟐

𝒃
+
𝒃𝟐

𝒄
+
𝒄𝟐

𝒂
≥ √(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟔𝒂𝒃𝒄

𝟑
. 

  Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂𝟐

𝒃
+
𝒃𝟐

𝒄
+
𝒄𝟐

𝒂
≥
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂
. 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑𝒂𝟐𝒃

𝒄𝒚𝒄

≤∑
𝒂𝟑 + 𝒂𝒃𝟐 + 𝒂𝟐𝒃

𝟑
𝒄𝒚𝒄

=
(𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟑
=
𝟕

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

𝑻𝒉𝒆𝒏 ∶ 

 
𝒂𝟐

𝒃
+
𝒃𝟐

𝒄
+
𝒄𝟐

𝒂
≥
𝟑

𝟕
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) = √

𝟑𝟑

𝟕𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟑

𝟑

 ≥⏞
𝑪𝑩𝑺

 √
𝟑𝟑

𝟕𝟑
.
(𝒂 + 𝒃+ 𝒄)𝟐

𝟑
. (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟑

= 

= √
𝟗

𝟕
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟑

 ≥⏞
𝑪𝑩𝑺

 √(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 +
𝟐

𝟕
.
(𝒂 + 𝒃 + 𝒄)𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟑

𝟑

≥ 
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≥⏞
𝑨𝑴−𝑮𝑴

 √(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 +
𝟐

𝟕
.
𝟕. 𝟑√𝒂𝒃𝒄

𝟑
. 𝟑√(𝒂𝒃𝒄)𝟐

𝟑

𝟑

𝟑

= √(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟔𝒂𝒃𝒄
𝟑

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝟕

𝟑
. 

1048. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂 + 𝒃 + 𝒄 = 𝟑.  Prove that : 

 
𝒂 − 𝟏

√𝒃 + 𝟑
+
𝒃 − 𝟏

√𝒄 + 𝟑
+
𝒄 − 𝟏

√𝒂 + 𝟑
≥ 𝟎. 

  Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑
𝟑𝒂 − (𝒂+ 𝒃+ 𝒄)

√𝒃+ 𝟑
𝒄𝒚𝒄

≥ 𝟎 ⇔∑(
𝒂 − 𝒃

√𝒃 + 𝟑
−
𝒄− 𝒂

√𝒃+ 𝟑
)

𝒄𝒚𝒄

≥ 𝟎 ⇔∑(
𝒂 −𝒃

√𝒃 + 𝟑
−
𝒂−𝒃

√𝒄 + 𝟑
)

𝒄𝒚𝒄

≥ 𝟎 

⇔∑
(𝒂 − 𝒃)(√𝒄 + 𝟑 − √𝒃 + 𝟑)

√(𝒃 + 𝟑)(𝒄 + 𝟑)
𝒄𝒚𝒄

≥ 𝟎 ⇔  ∑
√𝒂 + 𝟑. (𝒂 − 𝒃)(𝒄 − 𝒃)

√𝒃 + 𝟑 + √𝒄 + 𝟑
𝒄𝒚𝒄

≥ 𝟎 

𝑳𝒆𝒕 𝒙 =
√𝒄 + 𝟑

√𝒂 + 𝟑 + √𝒃 + 𝟑
,   𝒚 =

√𝒂 + 𝟑

√𝒃 + 𝟑 + √𝒄 + 𝟑
,   𝒛

=
√𝒃 + 𝟑

√𝒄 + 𝟑 + √𝒂 + 𝟑
.  𝑻𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒃𝒆𝒄𝒐𝒎𝒆𝒔, 

∑𝒙(𝒂− 𝒃)(𝒂− 𝒄)
𝒄𝒚𝒄

≥ 𝟎 ⇔∑[(𝒙 + 𝒚− 𝒛)+ (𝒛 + 𝒙 − 𝒚)](𝒂 −𝒃)(𝒂− 𝒄)
𝒄𝒚𝒄

≥ 𝟎 

⇔∑[(𝒙 + 𝒚 − 𝒛)(𝒂 − 𝒃)(𝒂 − 𝒄) + (𝒛 + 𝒙 − 𝒚)(𝒂 − 𝒃)(𝒂 − 𝒄)]

𝒄𝒚𝒄

≥ 𝟎 

⇔∑[(𝒙 + 𝒚 − 𝒛)(𝒂 − 𝒃)(𝒂 − 𝒄) + (𝒙 + 𝒚 − 𝒛)(𝒃 − 𝒄)(𝒃 − 𝒂)]

𝒄𝒚𝒄

≥ 𝟎 

⇔∑(𝒙 + 𝒚 − 𝒛)(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

≥ 𝟎. 

𝑺𝒊𝒏𝒄𝒆 𝒂 + 𝒃 + 𝒄 = 𝟑 𝒕𝒉𝒆𝒏 𝒂, 𝒃, 𝒄 ∈ [𝟎, 𝟑] 𝒂𝒏𝒅 
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 𝒙 + 𝒚 ≥ 𝟐.
√𝟑

𝟐√𝟑 + 𝟑
=
√𝟔

𝟐√𝟑
≥ 𝒛 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1049. Prove that: 

𝟎 < (𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙)𝟒 − 𝟑(𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙)𝟑 + 𝟒(𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙) + 𝟐 ≤ 𝟔 + 𝟐√𝟐,   ∀𝒙 ∈ 𝑹. 

Proposed by Hikmat Mammadov-Azerbaijan 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙 = √𝟐𝐜𝐨𝐬 (𝒙 −
𝝅

𝟒
) ∈ [−√𝟐, √𝟐]. 

𝑳𝒆𝒕 𝒇(𝒕) = 𝒕𝟒 − 𝟑𝒕𝟑 + 𝟒𝒕 + 𝟐,   𝒕 ∈ [−√𝟐, √𝟐]. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒇′(𝒕) = 𝟒𝒕𝟑 − 𝟗𝒕𝟐 + 𝟒 = (𝒕 − 𝟐)(𝟒𝒕𝟐 − 𝒕 − 𝟐)

= 𝟒(𝒕 − 𝟐) (𝒕 −
𝟏 − √𝟑𝟑

𝟖
)(𝒕 −

𝟏 + √𝟑𝟑

𝟖
). 

𝑻𝒉𝒆𝒏 𝒇 𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 [−√𝟐,
𝟏 − √𝟑𝟑

𝟖
]  𝒂𝒏𝒅 𝒐𝒏 [

𝟏 + √𝟑𝟑

𝟖
,√𝟐],    

𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 [
𝟏 − √𝟑𝟑

𝟖
,
𝟏 + √𝟑𝟑

𝟖
]. 

𝑻𝒉𝒆𝒏 𝐦𝐢𝐧
𝒕∈[−√𝟐,√𝟐]

{𝒇(𝒕)} = 𝒎𝒊𝒏 {𝒇(
𝟏 − √𝟑𝟑

𝟖
) , 𝒇(√𝟐)}

= 𝒎𝒊𝒏 {
𝟏𝟏𝟒𝟏 − 𝟏𝟔𝟓√𝟑𝟑

𝟓𝟏𝟐
, 𝟐(𝟑 − √𝟐)} > 0 

𝑩𝒆𝒄𝒂𝒖𝒔𝒆  𝟑 > √𝟐  𝒂𝒏𝒅  𝟏𝟔𝟓√𝟑𝟑 < 165.6 = 990 < 1141. 
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𝑨𝒏𝒅 ∶   𝐦𝐚𝐱
𝒕∈[−√𝟐,√𝟐]

{𝒇(𝒕)} = 𝒎𝒂𝒙 {𝒇(−√𝟐), 𝒇 (
𝟏 + √𝟑𝟑

𝟖
)}

= 𝒎𝒂𝒙 {𝟔 + 𝟐√𝟐,
𝟏𝟏𝟒𝟏 + 𝟏𝟔𝟓√𝟑𝟑

𝟓𝟏𝟐
} = 𝟔 + 𝟐√𝟐 

𝟏𝟏𝟒𝟏 + 𝟏𝟔𝟓√𝟑𝟑

𝟓𝟏𝟐
<
𝟏𝟏𝟒𝟏 + 𝟏𝟔𝟓. 𝟔

𝟓𝟏𝟐
=
𝟐𝟏𝟑𝟏

𝟓𝟏𝟐
< 5 < 𝟔 + 𝟐√𝟐. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝟎 < (𝐬𝐢𝐧 𝒙 + 𝐜𝐨𝐬 𝒙)𝟒 − 𝟑(𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙)𝟑 + 𝟒(𝐬𝐢𝐧𝒙 + 𝐜𝐨𝐬 𝒙) + 𝟐

≤ 𝟔 + 𝟐√𝟐,   ∀𝒙 ∈ 𝑹. 

1050. If 𝒂, 𝒃 > 0 then: 

𝟐𝒂

𝟐𝒂 + 𝟑𝒃
𝐥𝐨𝐠 (𝟏 +

𝟑𝒃

𝟐𝒂
) +

𝟑𝒃

𝟐𝒂 + 𝟑𝒃
𝐥𝐨𝐠 (𝟏 +

𝟐𝒂

𝟑𝒃
) ≤ 𝐥𝐨𝐠 𝟐 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Nikos Ntorvas-Greece 

Let be the function 𝒇(𝒕) = 𝒕 𝐥𝐨𝐠 𝒕 , 𝒕 > 0, 𝑓 −is a strictly convex function on (𝟎,∞), as a 

continuous function on (𝟎,∞) where 𝒇′′(𝒕) =
𝟏

𝒕
> 0,∀𝑡 > 0 

For 𝒕𝟏 + 𝒕𝟏 = 𝟏 we have from Jensen’s inequality that: 

𝒇(𝒕𝟏) + 𝒇(𝒕𝟐) ≥ 𝟐𝒇 (
𝒕𝟏 + 𝒕𝟐
𝟐

) ⇔ 𝒕𝟏 𝐥𝐨𝐠 𝒕𝟏 + 𝒕𝟐 𝐥𝐨𝐠 𝒕𝟐 ≥ 𝟐𝒇(
𝟏

𝟐
) ⇔ 

𝒕𝟏 𝐥𝐨𝐠 𝒕𝟏 + 𝒕𝟐 𝐥𝐨𝐠 𝒕𝟐 ≥ −𝐥𝐨𝐠 𝟐 ⇔ −𝒕𝟏 𝐥𝐨𝐠 𝒕𝟏 − 𝒕𝟐 𝐥𝐨𝐠 𝒕𝟐 ≤ 𝐥𝐨𝐠𝟐 ⇔ 

𝒕𝟏 𝐥𝐨𝐠 (
𝟏

𝒕𝟏
) + 𝒕𝟐 𝐥𝐨𝐠 (

𝟏

𝒕𝟐
) ≤ 𝐥𝐨𝐠𝟐 ; (𝟏) 

For 𝒕𝟏 =
𝟐𝒂

𝟐𝒂+𝟑𝒃
; (𝟐) and 𝒕𝟐 =

𝟑𝒃

𝟐𝒂+𝟑𝒃
; (𝟑), 𝒂, 𝒃 > 0 we have: 

𝒕𝟏 + 𝒕𝟐 = 𝟏, 𝟎 < 𝒕𝟏, 𝒕𝟐 < 1 

Combining (1), (2) and (3) we have: 

𝟐𝒂

𝟐𝒂 + 𝟑𝒃
𝐥𝐨𝐠 (𝟏 +

𝟑𝒃

𝟐𝒂
) +

𝟑𝒃

𝟐𝒂 + 𝟑𝒃
𝐥𝐨𝐠 (𝟏 +

𝟐𝒂

𝟑𝒃
) ≤ 𝐥𝐨𝐠 𝟐 

Equality holds for 𝟐𝒂 = 𝟑𝒃. 

Solution 2 by Tapas Das-India 

Let 𝒇(𝒙) = 𝐥𝐨𝐠𝒙 , 𝒙 > 0, then 𝒇′(𝒙) =
𝟏

𝒙
, 𝒇′′(𝒙) = −

𝟏

𝒙𝟐
< 0 ⇒ 𝑓 −concave on (𝟎,∞) 
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Let 𝒑 =
𝟐𝒂+𝟑𝒃

𝟐𝒂
, 𝒒 =

𝟐𝒂+𝟑𝒃

𝟑𝒃
. Using Jensen’s inequality: 

𝟏

𝒑
𝒇(𝒑) +

𝟏

𝒒
𝒇(𝒒) ≤ (

𝟏

𝒑
+
𝟏

𝒒
)𝒇(

𝒑 ⋅
𝟏
𝒑 + 𝒒 ⋅

𝟏
𝒒

𝟏
𝒑+

𝟏
𝒒

) 

𝟏

𝒑
𝒇(𝒑) +

𝟏

𝒒
𝒇(𝒒) ≤ (

𝟏

𝒑
+
𝟏

𝒒
)𝒇(

𝟐

𝟏
𝒑+

𝟏
𝒒

) 

𝟐𝒂

𝟐𝒂 + 𝟑𝒃
𝐥𝐨𝐠 (

𝟐𝒂+ 𝟑𝒃

𝟐𝒂
) +

𝟑𝒃

𝟐𝒂 + 𝟑𝒃
𝐥𝐨𝐠 (

𝟐𝒂 + 𝟑𝒃

𝟑𝒃
) ⇔ 

𝟐𝒂

𝟐𝒂 + 𝟑𝒃
𝐥𝐨𝐠 (𝟏 +

𝟑𝒃

𝟐𝒂
) +

𝟑𝒃

𝟐𝒂 + 𝟑𝒃
𝐥𝐨𝐠 (𝟏 +

𝟐𝒂

𝟑𝒃
) ≤ 𝐥𝐨𝐠 𝟐 

Equality holds for 𝟐𝒂 = 𝟑𝒃. 

1051. If 𝒂, 𝒃, 𝒄 > 0,
𝟏

𝒂+𝒃
+

𝟏

𝒃+𝒄
+

𝟏

𝒄+𝒂
= 𝟐 then  

𝒂 + 𝒃 + 𝒄 −
𝒂𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟐 

Proposed by Marin Chirciu-Romania 
Solution 1 by Vivek Kumar-India 

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
= 𝟐 ⇒ 

(𝒂 + 𝒃)(𝒃 + 𝒄) + (𝒃 + 𝒄)(𝒄 + 𝒂) + (𝒄 + 𝒂)(𝒂 + 𝒃) = 𝟐(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝟐(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟐𝒂𝒃𝒄 

(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) =
𝟐𝒂𝒃𝒄 + (𝒂 + 𝒃 + 𝒄)𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟐
 

Given inequality is: 

𝒂 + 𝒃 + 𝒄 −
𝒂𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟐 ⇔ 

(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄 ≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝟐𝒂𝒃𝒄 + (𝒂 + 𝒃 + 𝒄)𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟐
− 𝒂𝒃𝒄 ≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝟐𝒂𝒃𝒄 + (𝒂 + 𝒃 + 𝒄)𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 − 𝟐𝒂𝒃𝒄 ≥ 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ⇔ 

(𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂), which is true from AM-GM inequality. 
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Solution 2 by Tapas Das-India 

Let 𝒑 = 𝒂 + 𝒃 + 𝒄, 𝒒 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 𝒓 = 𝒂𝒃𝒄 

(𝒂 + 𝒃)(𝒃 + 𝒄) + (𝒃 + 𝒄)(𝒄 + 𝒂) + (𝒄 + 𝒂)(𝒂 + 𝒃) = 𝒑𝟐 + 𝒒 𝐚𝐧𝐝  

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) = 𝒑𝒒 − 𝒓 

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
= 𝟐 ⇒ 

(𝒂 + 𝒃)(𝒃 + 𝒄) + (𝒃 + 𝒄)(𝒄 + 𝒂) + (𝒄 + 𝒂)(𝒂 + 𝒃) = 𝟐(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) 

𝒑𝟐 + 𝒒 = 𝟐(𝒑𝒒 − 𝒓) ⇒ 𝒓 =
𝟐𝒑𝒒 − 𝒑𝟐 − 𝒒

𝟐
 

Now, 

𝒂 + 𝒃 + 𝒄 −
𝒂𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
− 𝟐 = 𝒑 −

𝒓

𝒒
− 𝟐 =

𝒑𝒒 − 𝒓 − 𝟐𝒒

𝒒
= 

=
𝟏

𝒒
[𝒑𝒒 − 𝟐𝒒 −

𝟏

𝟐
(𝟐𝒑𝒒 − 𝒑𝟐 − 𝒒)] =

𝟏

𝟐𝒒
(𝟐𝒑𝒒 − 𝟒𝒒 − 𝟐𝒑𝒒 + 𝒑𝟐 + 𝒒) = 

=
𝟏

𝟐𝒒
(𝒑𝟐 + 𝒒 − 𝟒𝒒) ≥ 𝟎 ⇒ 𝒂 + 𝒃 + 𝒄 −

𝒂𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟐 

Since 𝒑𝟐 + 𝒒 − 𝟒𝒒 = 

= (𝒂 + 𝒃 + 𝒄)𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟎 

⇒ (𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂), which is true from AM-GM  

Solution 3 by Alex Szoros-Romania 

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
= 𝟐 ⇒∑(𝒂 + 𝒃)(𝒂 + 𝒄)

𝒄𝒚𝒄

= 𝟐(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂); (𝟏) 

𝒂 + 𝒃 + 𝒄 −
𝒂𝒃𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟐 ⇔ 

(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄 ≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝟐(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

∑(𝒂+ 𝒃)(𝒂 + 𝒄)

𝒄𝒚𝒄

≥ 𝟒∑𝒂𝒃

𝒄𝒚𝒄

 

∑(𝒂𝟐 + 𝒂𝒄 + 𝒂𝒃 + 𝒃𝒄)

𝒄𝒚𝒄

≥ 𝟒∑𝒂𝒃

𝒄𝒚𝒄
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∑𝒂𝟐

𝒄𝒚𝒄

≥∑𝒂𝒃

𝒄𝒚𝒄

 

Solution 4 by Namig Mammadov-Azerbaijan 

Since ∑
𝟏

𝒂+𝟏
= 𝟐 then by Cauchy’s inequality: 

𝟐∑𝒂 =∑(𝒂 + 𝒃) ≥
𝟗

∑
𝟏

𝒂 + 𝒃

=
𝟗

𝟐
 

⇒ 𝒂+ 𝒃+ 𝒄 ≥
𝟗

𝟒
 and ∑𝒂𝒃∑𝒂 ≥ 𝟗𝒂𝒃𝒄 ⇒ 

𝒂𝒃𝒄

∑𝒂𝒃
≤
𝟏

𝟗
∑𝒂 

Hence, 

𝑳𝑯𝑺 ≥∑𝒂−
𝟏

𝟗
∑𝒂 =

𝟖

𝟗
∑𝒂 ≥

𝟖

𝟗
⋅
𝟗

𝟒
= 𝟐 

1052. If 𝒂, 𝒃, 𝒄 > 0 and 𝝀 ≥ 𝟐 then: 

∑
𝟑𝒂+ 𝒃 + 𝒄

𝟐𝒂 + 𝝀𝒃 + 𝝀𝒄
𝒄𝒚𝒄

≥
𝟏𝟓

𝟐(𝝀 + 𝟏)
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Mohammed Diai-Morocco 

(∗): ∑
𝟑𝒂 + 𝒃 + 𝒄

𝟐𝒂 + 𝝀𝒃 + 𝝀𝒄
𝒄𝒚𝒄

≥
𝟏𝟓

𝟐(𝝀 + 𝟏)
⇔∑

𝒂+
𝟏
𝟑
(𝒃 + 𝒄)

𝒂 +
𝝀
𝟐
(𝒃 + 𝒄)𝒄𝒚𝒄

≥
𝟓

𝝀 + 𝟏
⇔ 

𝟑 − (
𝝀

𝟐
−
𝟏

𝟑
)∑

𝒃+ 𝒄

𝒂 +
𝝀
𝟐 (𝒃 + 𝒄)𝒄𝒚𝒄

≥
𝟓

𝝀 + 𝟏
⇔∑

𝒃+ 𝒄

𝒂 +
𝝀
𝟐
(𝒃 + 𝒄)𝒄𝒚𝒄

≤
𝟔

𝝀 + 𝟏
; (∗) 

∑
𝒃+ 𝒄

𝒂 +
𝝀
𝟐
(𝒃 + 𝒄)𝒄𝒚𝒄

=∑
𝒃+ 𝒄

𝒑 +
𝝀 − 𝟐
𝟐

(𝒃 + 𝒄)𝒄𝒚𝒄

, 𝐰𝐡𝐞𝐫𝐞 𝒑 = 𝒂 + 𝒃 + 𝒄 

𝐒𝐢𝐧𝐜𝐞 𝐭𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝒙 →
𝒙

𝒑 +
𝝀 − 𝟐
𝟐 𝒙

 𝐢𝐬 𝐜𝐨𝐧𝐜𝐚𝐯𝐞,𝐰𝐞 𝐡𝐚𝐯𝐞: 

∑
𝒃+ 𝒄

𝒑 +
𝝀 − 𝟐
𝟐

(𝒃 + 𝒄)𝒄𝒚𝒄

≤ 𝟑
∑
𝒃 + 𝒄
𝟑

𝒑 +
𝝀 − 𝟐
𝟐

∑
𝒃 + 𝒄
𝟑

=
𝟔

𝝀 + 𝟏
⇒ (∗∗) ⇒ (∗) 𝐭𝐫𝐮𝐞. 
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Solution 2 by George Titakis-Greece 

∑
𝟑𝒂+ 𝒃 + 𝒄

𝟐𝒂 + 𝝀𝒃 + 𝝀𝒄
𝒄𝒚𝒄

=∑
𝟐𝒂 + (𝒂 + 𝒃 + 𝒄)

(𝟐 − 𝝀)𝒂 + 𝝀(𝒂 + 𝒃 + 𝒄)
𝒄𝒚𝒄

=∑
𝟐

𝒂
𝒂 + 𝒃 + 𝒄 + 𝟏

(𝟐 − 𝝀)
𝒂

𝒂 + 𝒃 + 𝒄 + 𝝀𝒄𝒚𝒄

=
(∗)

 

(∗) 𝒙 =
𝒂

𝒂 + 𝒃 + 𝒄
, 𝒚 =

𝒃

𝒂 + 𝒃 + 𝒄
, 𝒛 =

𝒄

𝒂 + 𝒃 + 𝒄
 

=
(∗)
∑

𝟐𝒙+ 𝟏

(𝟐 − 𝝀)𝒙 + 𝝀
𝒄𝒚𝒄

=∑
𝟐𝒙 + 𝟏

(𝟐 − 𝝀)𝒙 + 𝝀(𝒙 + 𝒚 + 𝒛)
𝒄𝒚𝒄

=∑
𝟐𝒙 + 𝟏

𝟐𝒙 + 𝝀(𝒚 + 𝒛)
𝒄𝒚𝒄

= 

= 𝟐∑
𝒙

𝟐𝒙 + 𝝀(𝒚 + 𝒛)
𝒄𝒚𝒄

+∑
𝟏

𝟐𝒙 + 𝝀(𝒚 + 𝒛)
𝒄𝒚𝒄

= 

= 𝟐∑
𝒙𝟐

𝟐𝒙𝟐 + 𝝀(𝒙𝒚 + 𝒙𝒛)
𝒄𝒚𝒄

+∑
𝟏

𝟐𝒙 + 𝝀(𝒚 + 𝒛)
𝒄𝒚𝒄

= 

= 𝟐∑
𝒙𝟐

𝟐𝒙𝟐 + (𝝀 − 𝟐)(𝒙𝒚 + 𝒙𝒛) + 𝟐(𝒙𝒚 + 𝒙𝒛)
𝒄𝒚𝒄

+∑
𝟏

𝟐𝒙 + 𝝀(𝒚 + 𝒛)
𝒄𝒚𝒄

≥ 

≥
𝟐(𝒙 + 𝒚 + 𝒛)𝟐

𝟐[𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)] + 𝟐(𝝀 − 𝟐)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
+

𝟗

𝟐(𝒙 + 𝒚 + 𝒛)(𝝀 + 𝟏)
 

=
𝟐(𝒙 + 𝒚 + 𝒛)𝟐

𝟐(𝒙 + 𝒚 + 𝒛)𝟐 + 𝟐(𝝀 − 𝟐)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
+

𝟗

𝟐(𝝀 + 𝟏)
≥ 

≥
𝟐(𝒙 + 𝒚 + 𝒛)𝟐

𝟐(𝒙 + 𝒚 + 𝒛)𝟐 + 𝟐(𝝀 − 𝟐) ⋅
(𝒙 + 𝒚 + 𝒛)𝟐

𝟑

+
𝟗

𝟐(𝝀 + 𝟏)
= 

=
𝟑

𝝀 + 𝟏
+

𝟗

𝟐(𝝀 + 𝟏)
=

𝟏𝟓

𝟐(𝝀 + 𝟏)
   

Equality holds for 𝒙 = 𝒚 = 𝒛 ⇔ 𝒂 = 𝒃 = 𝒄. 

Solution 3 by Alex Szoros-Romania 

We show that for 𝝀 ≥ 𝟐 holds: 

(𝟏): ∑
𝒂

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
𝒄𝒚𝒄

≥
𝟑

𝟐(𝝀 + 𝟏)
,𝐰𝐡𝐞𝐫𝐞 𝒂, 𝒃, 𝒄 > 0 

∑
𝒂

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
𝒄𝒚𝒄

=∑
𝒂𝟐

𝟐𝒂𝟐 + 𝝀(𝒂𝒃 + 𝒂𝒄)
𝒄𝒚𝒄

≥
(∑𝒂)𝟐

𝟐∑𝒂𝟐 + 𝟐𝝀∑𝒂𝒃
= 
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=
∑𝒂𝟐 + 𝟐∑𝒂𝒃

𝟐(∑𝒂𝟐 + 𝝀∑𝒂𝒃)
≥

𝟑

𝟐(𝝀 + 𝟏)
⇔ 

(𝝀 + 𝟏)∑𝒂𝟐

𝒄𝒚𝒄

+ (𝟐𝝀 + 𝟐)∑𝒂𝒃

𝒄𝒚𝒄

≥ 𝟑∑𝒂𝟐

𝒄𝒚𝒄

+ 𝟑𝝀∑𝒂𝒃

𝒄𝒚𝒄

⇔ 

(𝝀 − 𝟐)∑𝒂𝟐

𝒄𝒚𝒄

≥ (𝝀 − 𝟐)∑𝒂𝒃

𝒄𝒚𝒄

⇔ 

(𝝀 − 𝟐)∑(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

≥ 𝟎;∀ 𝝀 ≥ 𝟐;  (𝟏) 

On the other hand: 

𝒂

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
=

𝟑𝒂

𝟐𝒂 + 𝝀𝒃 + 𝝀𝒄
+
𝟏

𝝀
⋅

𝝀𝒃 + 𝝀𝒄

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
= 

=
𝟑𝒂

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
+
𝟏

𝝀
(𝟏 −

𝟐𝒂

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
) = (𝟑 −

𝟐

𝝀
) ⋅

𝒂

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
+
𝟏

𝝀
 

∑
𝒂

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
𝒄𝒚𝒄

= (𝟑 −
𝟐

𝝀
)∑

𝒂

𝟐𝒂 + 𝝀(𝒃 + 𝒄)
𝒄𝒚𝒄

+
𝟑

𝝀
≥
(𝟏)

 

≥ (𝟑 −
𝟐

𝝀
) ⋅

𝟑

𝟐(𝝀 + 𝟏)
+
𝟑

𝝀
=
𝟑

𝝀
(
𝟑𝝀 − 𝟐

𝟐𝝀 + 𝟐
+ 𝟏) =

𝟑

𝝀
⋅
𝟓𝝀

𝟐𝝀 + 𝟐
=

𝟏𝟓

𝟐(𝝀 + 𝟏)
 

1053. Prove that: 

∑
𝐭𝐚𝐧𝟐

𝒙
𝟐𝒌

𝟐𝟐𝒌𝑭𝒌
𝟐

𝒏

𝒌=𝟏

≥
(𝐜𝐨𝐭

𝒙
𝟐𝒏
− 𝟐𝒏+𝟏 𝐜𝐨𝐭 𝟐𝒙)

𝟐

𝟐𝟐𝒏𝑭𝒏𝑭𝒏+𝟏
, 𝒙 ∈ (𝟎,

𝝅

𝟒
) 

where 𝑭𝒌 is 𝒌 − 𝒕𝒉 Fibonacci number. 

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu-Romania 
Solution by Florică Anastase-Romania 

Using identity: 𝟐𝐜𝐨𝐭𝟐𝒂 − 𝐜𝐨𝐭 𝒂 = − 𝐭𝐚𝐧𝒂 , 𝒂 ≠
𝒌𝝅

𝟐
 and taking 

𝒂 = {𝒙;
𝒙

𝟐
, … ,

𝒙

𝟐𝒏
} ⇒

{
 
 

 
 

𝟐 𝐜𝐨𝐭 𝒙 − 𝐜𝐨𝐭 𝒙 = − 𝐭𝐚𝐧 𝒙

𝟐 𝐜𝐨𝐭 𝒙 − 𝐜𝐨𝐭
𝟐

𝒙
= − 𝐭𝐚𝐧

𝒙

𝟐
⋮

𝟐 𝐜𝐨𝐭
𝒙

𝟐𝒏−𝟏
− 𝐜𝐨𝐭

𝒙

𝟐𝒏
= − 𝐭𝐚𝐧

𝒙

𝟐𝒏

 

By multiplying the above relationships with 𝟏,
𝟏

𝟐
,
𝟏

𝟐𝟐
, … ,

𝟏

𝟐𝒏
 and by adding, we have: 
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∑
𝟏

𝟐𝒌

𝒏

𝒌=𝟏

𝐭𝐚𝐧
𝒙

𝟐𝒌
=
𝟏

𝟐𝒏
𝐜𝐨𝐭

𝒙

𝟐𝒏
− 𝟐𝐜𝐨𝐭 𝟐𝒙 ; (𝟏) 

𝑭𝒌𝑭𝒌+𝟏 = 𝑭𝒌(𝑭𝒌 + 𝑭𝒌−𝟏) = 𝑭𝒌
𝟐 + 𝑭𝒌𝑭𝒌−𝟏 

∑𝑭𝒌𝑭𝒌+𝟏

𝒏

𝒌=𝟏

=∑𝑭𝒌
𝟐

𝒏

𝒌=𝟏

+∑𝑭𝒌−𝟏𝑭𝒌

𝒏

𝒌=𝟏

 

∑𝑭𝒌
𝟐

𝒏

𝒌=𝟏

=∑𝑭𝒌𝑭𝒌+𝟏

𝒏

𝒌=𝟏

−∑𝑭𝒌−𝟏𝑭𝒌

𝒏

𝒌=𝟏

= ∑𝑭𝒌𝑭𝒌+𝟏

𝒏

𝒌=𝟏

−∑𝑭𝒌𝑭𝒌+𝟏

𝒏−𝟏

𝒌=𝟎

= 

= 𝑭𝒏𝑭𝒏+𝟏 − 𝑭𝟎𝑭𝟏 = 𝑭𝒏𝑭𝒏+𝟏; (𝟐) 

From (1) and (2) it follows: 

∑
𝐭𝐚𝐧𝟐

𝒙
𝟐𝒌

𝟐𝟐𝒌𝑭𝒌
𝟐

𝒏

𝒌=𝟏

= ∑
𝟏

𝑭𝒌
𝟐
(
𝐭𝐚𝐧

𝒙
𝟐𝒌

𝟐𝒌
)

𝟐
𝒏

𝒌=𝟏

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (∑

𝟏
𝟐𝒌

𝒏
𝒌=𝟏 𝐭𝐚𝐧

𝒙
𝟐𝒌
)
𝟐

∑ 𝑭𝒌
𝟐𝒏

𝒌=𝟏

=
(
𝟏
𝟐𝒏
𝐜𝐨𝐭

𝒙
𝟐𝒏
− 𝟐 𝐜𝐨𝐭𝟐𝒙)

𝟐

𝑭𝒏𝑭𝒏+𝟏

=
(𝐜𝐨𝐭

𝒙
𝟐𝒏 − 𝟐

𝒏+𝟏 𝐜𝐨𝐭 𝟐𝒙)
𝟐

𝟐𝟐𝒏𝑭𝒏𝑭𝒏+𝟏
 

1054. If 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝝀, 𝟎 < 𝜆 ≤ 1 then find minimum and 

maximum value of expression 

𝑷 = √𝒂𝟐 + 𝝀𝒂 + √𝒃𝟐 + 𝝀𝒃 + √𝒄𝟐 + 𝝀𝒄 

  Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝑷 =∑√𝒂𝟐 + 𝝀𝒂

𝒄𝒚𝒄

=
𝟏

𝟒
∑𝟐√𝟒𝒂(𝒂 + 𝝀)

𝒄𝒚𝒄

 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝟏

𝟒
∑[𝟒𝒂 + (𝒂 + 𝝀)]

𝒄𝒚𝒄

=
𝟓(𝒂 + 𝒃 + 𝒄) + 𝟑𝝀

𝟒
= 𝟐𝝀. 

𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝑷 𝒊𝒔 𝟐𝝀 𝒘𝒉𝒆𝒏 𝒂 = 𝒃 = 𝒄 =
𝝀

𝟑
. 
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𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝑷 =∑√𝒂𝟐 + 𝝀𝒂

𝒄𝒚𝒄

=∑√𝟐𝒂𝟐 + (𝝀 − 𝒂)𝒂

𝒄𝒚𝒄

 ≥⏞
𝟎 ≤ 𝒂 ≤ 𝝀

 ∑√𝟐𝒂𝟐

𝒄𝒚𝒄

= √𝟐(𝒂 + 𝒃 + 𝒄) = √𝟐𝝀. 

𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝑷 𝒊𝒔 √𝟐𝝀  𝒘𝒉𝒆𝒏 𝒂 = 𝝀 𝒂𝒏𝒅 𝒃 = 𝒄 = 𝟎. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

 

𝑷 = √𝒂𝟐 + 𝝀𝒂 +√𝒃𝟐 + 𝝀𝒃 + √𝒄𝟐 + 𝝀𝒄 ≤ √𝒂(𝒂 + 𝝀) + √𝒃(𝒃 + 𝝀) + √𝒄(𝒄 + 𝝀) ≤ 

≤ √(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝟑𝝀) = √𝟒𝝀𝟐 = 𝟐𝝀; (𝟏)  

𝑷 = √𝒂𝟐 + 𝝀𝒂 + √𝒃𝟐 + 𝝀𝒃 +√𝒄𝟐 + 𝝀𝒄 = 

= √𝒂𝟐 + (√𝝀𝒂)
𝟐
+√𝒃𝟐 + (√𝝀𝒃)

𝟐
+ √𝒄𝟐 + (√𝝀𝒄)

𝟐
≥ 

≥ √(𝒂+ 𝒃 + 𝒄)𝟐 + (√𝝀𝒂 + √𝝀𝒃 + √𝝀𝒄)
𝟐
= √𝝀𝟐 + 𝝀(√𝒂 + √𝒃 + √𝒄)

𝟐
= 

= √𝝀𝟐 + 𝝀[(𝒂 + 𝒃 + 𝒄) + 𝟐(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)] = 

= √𝝀𝟐 + 𝝀𝟐 + 𝟐𝝀(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂) ≥ √𝟐𝝀𝟐 = 𝝀√𝟐 

Hence, the minimum is √𝟐𝝀 and maximum is 𝟐𝝀. 

1055. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐𝒂𝒃𝒄 ≥ 𝟏.  Find the minimum value of 

𝑷 = √𝒂 + 𝟏 + √𝒃 + 𝟏 + √𝒄 + 𝟏.    

   Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧 𝐜𝐚𝐧 𝐛𝐞 𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 ∶  
𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
+

𝟏

𝒄 + 𝟏
≤ 𝟐. 
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𝐓𝐡𝐞𝐧 ∶   𝟐𝑷𝟐 ≥ (
𝟏

𝒂 + 𝟏
+

𝟏

𝒃 + 𝟏
+

𝟏

𝒄 + 𝟏
)(√𝒂 + 𝟏 + √𝒃 + 𝟏 + √𝒄 + 𝟏)

𝟐
 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 𝟑𝟑 = 𝟐𝟕. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞,   𝐭𝐡𝐞 𝐦𝐢𝐧𝐢𝐦𝐮𝐦 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝑷 𝐢𝐬 √
𝟐𝟕

𝟐
=
𝟑√𝟔

𝟐
 𝐰𝐡𝐞𝐧 𝒂 = 𝒃 = 𝒄 =

𝟏

𝟐
. 

Solution 2 by Hikmat Mammadov-Azerbaijan 

 

𝑷 = √𝒂 + 𝟏 + √𝒃 + 𝟏 + √𝒄 + 𝟏 ≥
𝑨𝑮𝑴

𝟑[(𝟏 + 𝒂)(𝟏 + 𝒃)(𝟏 + 𝒄)]
𝟏
𝟔 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Now we need to find 𝐦𝐢𝐧(𝟏 + 𝒂)(𝟏 + 𝒃)(𝟏 + 𝒄), for 𝒂, 𝒃, 𝒄 ∈ ℝ+ 

Since 𝒂, 𝒃, 𝒄 > 0 the minimum is achievable via reducing 𝒂, 𝒃, 𝒄 towards zero while 

satisfying the constant the optimal is when 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝟐𝒂𝒃𝒄 = 𝟏. 

From the application of AM-GM inequality, 𝒂 = 𝒃 = 𝒄 ⇒ 𝟐𝒂𝟑 + 𝟑𝒂𝟐 = 𝟏 

𝟐𝒂𝟑 + 𝟑𝒂𝟐 − 𝟏 = 𝟎 ⇒ (𝒂 + 𝟏)(𝟐𝒂𝟐 + 𝒂 − 𝟏) = 𝟎 

𝒂𝟏,𝟐 =
−𝟏 ± √𝟗

𝟒
=
𝟏

𝟐
, 𝒂𝟑 = −𝟏 

𝟐𝒂𝟑 + 𝟑𝒂𝟐 − 𝟏 = (𝒂 + 𝟏)𝟐(𝟐𝒂 − 𝟏) = 𝟎 ⇒ 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
. 

The minimum value of 𝑷 is 𝟑√
𝟑

𝟐
 achievable with 𝒂 = 𝒃 = 𝒄 =

𝟏

𝟐
. 

1056. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏.  𝐅𝐢𝐧𝐝 𝐭𝐡𝐞 𝐦𝐢𝐧𝐢𝐦𝐮𝐦 𝐯𝐚𝐥𝐮𝐞 𝐨𝐟 𝑷 ∶ 

𝑷 =
𝒂𝒃 + 𝟐𝒄√𝒂𝒃 + 𝟏

𝒄 + √𝒂𝒃
+
𝒃𝒄 + 𝟐𝒂√𝒃𝒄 + 𝟏

𝒂 + √𝒃𝒄
+
𝒄𝒂 + 𝟐𝒃√𝒄𝒂 + 𝟏

𝒃 + √𝒄𝒂
 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝑳𝑶𝑮,𝒘𝒆 𝒎𝒂𝒚 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒂 ≥ 𝒃 ≥ 𝒄. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝑷 =
𝒄√𝒂𝒃 + 𝟏

𝒄 + √𝒂𝒃
+
𝒂√𝒃𝒄 + 𝟏

𝒂 + √𝒃𝒄
+
𝒃√𝒄𝒂 + 𝟏

𝒃 + √𝒄𝒂
+ √𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂 ≥ 

≥⏞
𝒂,𝒃,𝒄 ≥ 𝟎

𝟏

𝒂+ √𝒃𝒄
+ (

𝟏

𝒃 + √𝒄𝒂
+ (𝒃+ √𝒄𝒂))+ (

𝟏

𝒄 + √𝒂𝒃
+ (𝒄 +√𝒂𝒃))+ √𝒃𝒄 − 𝒃 − 𝒄 ≥ 
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≥⏞
𝑨𝑴−𝑮𝑴

 
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂+ √𝒃𝒄
+ 𝟐+ 𝟐+√𝒃𝒄 − 𝒃− 𝒄

= 𝟒+
√𝒃𝒄(𝒂+ 𝟐√𝒃𝒄 − 𝒃 − 𝒄)

𝒂+ √𝒃𝒄
 ≥⏞
𝒂 ≥ 𝒃 & √𝒃𝒄 ≥ 𝒄

 𝟒. 

𝑺𝒐 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝑷 𝒊𝒔 𝟒 𝒇𝒐𝒓 (𝒂,𝒃, 𝒄) = (𝟏, 𝟏, 𝟎) 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

1057. If 𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇 > 0 then: 

𝟑𝒂𝒃𝒄𝒅𝒆𝒇(𝒂𝒃𝒄 + 𝒅𝒆𝒇 − 𝟓) + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒅𝒆 + 𝒆𝒇 + 𝒇𝒅) ≥ 𝟎 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Vivek Kumar-India 

If 𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇 > 0 then 

𝟑𝒂𝒃𝒄𝒅𝒆𝒇(𝒂𝒃𝒄 + 𝒅𝒆𝒇 − 𝟓) + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒅𝒆 + 𝒆𝒇 + 𝒇𝒅) ≥
𝑨𝑮𝑴

 

≥ 𝟑𝒂𝒃𝒄𝒅𝒆𝒇 ∙ 𝟐√𝒂𝒃𝒄𝒅𝒆𝒇 + 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

∙ 𝟑√(𝒅𝒆𝒇)𝟐
𝟑

− 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 = 

= 𝟔(𝒂𝒃𝒄𝒅𝒆𝒇)
𝟑
𝟐 + 𝟗(𝒂𝒃𝒄𝒅𝒆𝒇)

𝟐
𝟑 − 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 ≥

𝑨𝑮𝑴
 

≥ 𝟏𝟓 [(𝒂𝒃𝒄𝒅𝒆𝒇)
𝟑
𝟐 ∙ … ∙ (𝒂𝒃𝒄𝒅𝒆𝒇)

𝟑
𝟐⏟                  

𝟔−𝒕𝒊𝒎𝒆𝒔

(𝒂𝒃𝒄𝒅𝒆𝒇)
𝟐
𝟑 ∙ … ∙ (𝒂𝒃𝒄𝒅𝒆𝒇)

𝟐
𝟑⏟                  

𝟗−𝒕𝒊𝒎𝒆𝒔

]

𝟏
𝟏𝟓

− 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 = 

= 𝟏𝟓((𝒂𝒃𝒄𝒅𝒆𝒇)
𝟑
𝟐
∙𝟔 ∙ (𝒂𝒃𝒄𝒅𝒆𝒇)

𝟐
𝟑
∙𝟗)

𝟏
𝟏𝟓
− 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 = 

= 𝟏𝟓((𝒂𝒃𝒄𝒅𝒆𝒇)𝟗 ∙ (𝒂𝒃𝒄𝒅𝒆𝒇)𝟔)
𝟏
𝟏𝟓 − 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 = 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 − 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 = 𝟎 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝒆 = 𝒇 = 𝟏. 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒅𝒆 + 𝒆𝒇 + 𝒇𝒅) = (𝒂𝒃𝒄)(𝒅𝒆𝒇) (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) (
𝟏

𝒅
+
𝟏

𝒆
+
𝟏

𝒇
) ≥
𝑨𝑮𝑴

 

≥ (𝒂𝒃𝒄)(𝒅𝒆𝒇) ∙
𝟗

√(𝒂𝒃𝒄)(𝒅𝒆𝒇)
𝟑

≥
(∗)

 

Let 𝒂𝒃𝒄 = 𝒙,𝒅𝒆𝒇 = 𝒚; (∗) 

≥
(∗)

𝟑𝒙𝒚(𝒙 + 𝒚 − 𝟓) +
𝟗𝒙𝒚

√𝒙𝒚
𝟑

= 𝟑𝒙𝒚(𝒙 + 𝒚 − 𝟓 +
𝟑

√𝒙𝒚
𝟑

) = 



 
www.ssmrmh.ro 

84 RMM-INEQUALITIES MARATHON 1001-1100 

 

= 𝟑𝒙𝒚(𝒙 + 𝒚 +
𝟏

√𝒙𝒚
𝟑

+
𝟏

√𝒙𝒚
𝟑

+
𝟏

√𝒙𝒚
𝟑

− 𝟓) ≥
𝑨𝑮𝑴

𝟑𝒙𝒚(𝟓√𝒙𝒚 (
𝟏

√𝒙𝒚
𝟑

)

𝟑
𝟓

− 𝟓) = 

= 𝟑𝒙𝒚(𝟓 − 𝟓) = 𝟎 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝒆 = 𝒇 = 𝟏. 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟑𝒂𝒃𝒄𝒅𝒆𝒇(𝒂𝒃𝒄 + 𝒅𝒆𝒇 − 𝟓) + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒅𝒆 + 𝒆𝒇 + 𝒇𝒅) − 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 ≥ 𝟎 ⇔ 

𝟑𝒂𝒃𝒄𝒅𝒆𝒇(𝒂𝒃𝒄 + 𝒅𝒆𝒇 − 𝟓) + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒅𝒆 + 𝒆𝒇 + 𝒇𝒅) ≥ 𝟏𝟓𝒂𝒃𝒄𝒅𝒆𝒇 

𝟑(𝒂𝒃𝒄 + 𝒅𝒆𝒇) + (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) (
𝟏

𝒅
+
𝟏

𝒆
+
𝟏

𝒇
) ≥ 𝟏𝟓 

 𝟑(𝒂𝒃𝒄 + 𝒅𝒆𝒇) +
𝟏

𝒂𝒅
+

𝟏

𝒂𝒄
+

𝟏

𝒂𝒇
+

𝟏

𝒃𝒅
+

𝟏

𝒃𝒄
+

𝟏

𝒃𝒇
+

𝟏

𝒄𝒅
+

𝟏

𝒄𝒆
+

𝟏

𝒄𝒇
≥ 𝟏𝟓 

𝟏𝟓 √
(𝒂𝒃𝒄𝒅𝒆𝒇)𝟑

(𝒂𝒃𝒄𝒅𝒆𝒇)𝟑
𝟏𝟓

≥ 𝟏𝟓, 𝟏𝟓 ≥ 𝟏𝟓 

Equality holds for 𝒂 = 𝒃 = 𝒄 = 𝒅 = 𝒆 = 𝒇 = 𝟏. 

1058. If 𝒂, 𝒙 > 𝟎, 𝒃, 𝒄, 𝒚, 𝒛 ∈ ℝ then: 

(𝒂 + 𝒙)𝟐 − (𝒃 + 𝒚)𝟐 − (𝒄 + 𝒛)𝟐

𝒂 + 𝒙
≥
𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐

𝒂
+
𝒙𝟐 − 𝒚𝟐 − 𝒛𝟐

𝒙
 

Proposed by Daniel Sitaru-Romania 
Solution by Vivek Kumar-India 

(𝒂 + 𝒙)𝟐 − (𝒃 + 𝒚)𝟐 − (𝒄 + 𝒛)𝟐

𝒂 + 𝒙
≥
𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐

𝒂
+
𝒙𝟐 − 𝒚𝟐 − 𝒛𝟐

𝒙
 

𝒂 + 𝒙 −
(𝒃 + 𝒚)𝟐 + (𝒄 + 𝒛)𝟐

𝒂 + 𝒙
≥ 𝒂 −

𝒃𝟐 + 𝒄𝟐

𝒂
+ 𝒙 −

𝒚𝟐 + 𝒛𝟐

𝒙
 

𝒃𝟐 + 𝒄𝟐

𝒂
+
𝒚𝟐 + 𝒛𝟐

𝒙
≥
(𝒃 + 𝒚)𝟐 + (𝒄 + 𝒛)𝟐

𝒂 + 𝒙
 

𝒃𝟐 + 𝒄𝟐

𝒂
+
𝒚𝟐 + 𝒛𝟐

𝒙
= (

𝒃𝟐

𝒂
+
𝒚𝟐

𝒙
) + (

𝒄𝟐

𝒂
+
𝒛𝟐

𝒙
) ≥ 

≥
(𝒃 + 𝒚)𝟐

𝒂 + 𝒙
+
(𝒄 + 𝒛)𝟐

𝒂 + 𝒙
=
(𝒃 + 𝒚)𝟐 + (𝒄 + 𝒛)𝟐

𝒂 + 𝒙
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1059. If 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂 + 𝒃 + 𝒄 = 𝟐  then : 

√
𝒂 + 𝒃

𝒄𝟐 + 𝟏
+ √

𝒃 + 𝒄

𝒂𝟐 + 𝟏
+√

𝒄 + 𝒂

𝒃𝟐 + 𝟏
≥ 𝟐√𝟐. 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   √
𝒂 + 𝒃

𝒄𝟐 + 𝟏
= √

𝟐 − 𝒄

𝒄𝟐 + 𝟏
 ≥⏞
?

 √𝟐 (𝟏 −
𝒄

𝟐
)  ⇔ 

 𝟐 ≥ (𝒄𝟐 + 𝟏)(𝟐 − 𝒄)  ⇔  𝟎 ≥ −𝒄(𝒄 − 𝟏)𝟐 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒄 = 𝟎, 𝒄 = 𝟏 𝒐𝒓 𝒄 = 𝟐. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒈𝒆𝒕 ∶ 

  √
𝒃 + 𝒄

𝒂𝟐 + 𝟏
≥ √𝟐(𝟏 −

𝒂

𝟐
)   𝒂𝒏𝒅  √

𝒄 + 𝒂

𝒃𝟐 + 𝟏
≥ √𝟐(𝟏 −

𝒃

𝟐
). 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

√
𝒂 + 𝒃

𝒄𝟐 + 𝟏
+√

𝒃 + 𝒄

𝒂𝟐 + 𝟏
+ √

𝒄 + 𝒂

𝒃𝟐 + 𝟏
≥ √𝟐 (𝟑 −

𝒂 + 𝒃 + 𝒄

𝟐
) = 𝟐√𝟐. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝒂, 𝒃, 𝒄) = (𝟏, 𝟏, 𝟎) 𝒐𝒓 (𝟐,𝟎, 𝟎) 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

If 𝒂 = 𝟎, 𝒃 + 𝒄 = 𝟐, we have: 

√
𝒃

𝒄𝟐 + 𝟏
+ √

𝒃 + 𝒄

𝟏
+ √

𝒄

𝒃𝟐 + 𝟏
≥ 𝟐√𝟐 
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√
𝒃

𝒄𝟐 + 𝟏
+√

𝒄

𝒃𝟐 + 𝟏
≥ √𝟐 

(𝒃 + 𝒄)
𝟑
𝟐

(𝒃𝟐(𝒄𝟐 + 𝟏) + 𝒄𝟐(𝒃𝟐 + 𝟏))
𝟏
𝟐

≥ √𝟐 

(𝒃 + 𝒄)𝟑 ≥ 𝟐(𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟐 + 𝒄𝟐) 

𝒃𝟐 + 𝒃𝟐 + 𝟐𝒃𝒄 ≥ 𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟐 + 𝒄𝟐 𝐭𝐫𝐮𝐞, 𝒃 + 𝒄 = 𝟐, 𝒃𝒄 ≤ 𝟏. 

If 𝒂 = 𝒃 = 𝟎 ⇒ √
𝒄

𝟏
+√

𝒄

𝟏
= √𝟐 + √𝟐 = 𝟐√𝟐 

If 𝒂, 𝒃, 𝒄 > 0, then:   ∑ √
(𝒂+𝒃)𝟑

(𝒂+𝒃)𝟐(𝒄𝟐+𝟏)𝒄𝒚𝒄 ≥ 𝟐√𝟐 ⇔ 

(𝒂 + 𝒃 + 𝒃 + 𝒄 + 𝒄 + 𝒂)
𝟑
𝟐

((𝒂 + 𝒃)𝟐(𝒄𝟐 + 𝟏) + (𝒃 + 𝒄)𝟐(𝒂𝟐 + 𝟏) + (𝒄 + 𝒂)𝟐(𝒃𝟐 + 𝟏))
𝟏
𝟐

≥ 𝟐√𝟐 

𝟒𝟑 ≥ 𝟖[(𝒂 + 𝒃)𝟐(𝒄𝟐 + 𝟏) + (𝒃 + 𝒄)𝟐(𝒂𝟐 + 𝟏) + (𝒄 + 𝒂)𝟐(𝒃𝟐 + 𝟏)] 

𝟖 ≥ 𝟐(𝒂𝟐𝒄𝟐 + 𝒃𝟐𝒄𝟐 + 𝒂𝟐𝒃𝟐) + 𝟐(𝒂𝒃𝒄𝟐 + 𝒃𝒄𝒂𝟐 + 𝒄𝒂𝒃𝟐)

+ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

 [𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)](𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 

≥ 𝟒(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 + 𝒂𝒃𝒄𝟐 + 𝒃𝒄𝒂𝟐 + 𝒄𝒂𝒃𝟐) 

1060. Let 𝒂, 𝒃, 𝒄 > 0.Prove that: 

∑
𝟏

𝒂+ √𝒃𝒄
𝒄𝒚𝒄

+
𝟑

𝟐(𝒂 + 𝒃 + 𝒄 − √𝒂𝒃𝒄
𝟑

)
≥

𝟐𝟕

𝟒(𝒂 + 𝒃 + 𝒄)
 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝟏

𝒂 + √𝐛𝐜
+

𝟏

𝐛+ √𝐜𝒂
+

𝟏

𝐜 + √𝒂𝐛
+

𝟑

𝟐(𝒂 + 𝐛+ 𝐜 − √𝒂𝐛𝐜
𝟑

)
≥
𝐀−𝐆 𝟏

√𝒂.√𝒂+ √𝐛𝐜
+

𝟏

√𝐛.√𝐛 + √𝐜𝒂

+
𝟏

√𝐜.√𝐜 + √𝒂𝐛
+

𝟑

𝟐(𝒂+ 𝐛 + 𝐜 −
𝒂 + 𝐛+ 𝐜

𝟑
)
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≥
𝐂𝐁𝐒

∑
𝟏

√𝒂+ 𝐛. √𝒂+ 𝐜
𝐜𝐲𝐜

+
𝟗

𝟒∑ 𝒂𝐜𝐲𝐜

≥
? 𝟐𝟕

𝟒(𝒂 + 𝐛+ 𝐜)
⇔
(∑ √𝐛+ 𝐜𝐜𝐲𝐜 )

√∏ (𝐛 + 𝐜)𝐜𝐲𝐜

≥
? 𝟗

𝟐∑ 𝒂𝐜𝐲𝐜

⇔ (∑√𝐛+ 𝐜
𝐜𝐲𝐜

)(∑(𝐛+ 𝐜)

𝐜𝐲𝐜

) ≥
?
⏟
(∗)

𝟗.√∏(𝐛 + 𝐜)

𝐜𝐲𝐜

 

𝐍𝐨𝐰,(∑√𝐛+ 𝐜
𝐜𝐲𝐜

)(∑(𝐛+ 𝐜)

𝐜𝐲𝐜

)

=
𝟏

𝟑
(∑√𝐛+ 𝐜
𝐜𝐲𝐜

)(∑(𝐛+ 𝐜)

𝐜𝐲𝐜

)(∑𝟏
𝐜𝐲𝐜

) ≥
𝐇𝐨𝐥𝐝𝐞𝐫 𝟏

𝟑
(∑√𝐛+ 𝐜
𝐜𝐲𝐜

)

𝟑

≥
𝐀−𝐆 𝟏

𝟑
. 𝟐𝟕∏√𝐛+ 𝐜

𝐜𝐲𝐜

= 𝟗.√∏(𝐛 + 𝐜)

𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∀ 𝒂, 𝐛, 𝐜 > 0,
𝟏

𝒂 + √𝐛𝐜
+

𝟏

𝐛 + √𝐜𝒂
+

𝟏

𝐜 + √𝒂𝐛
+

𝟑

𝟐(𝒂 + 𝐛 + 𝐜 − √𝒂𝐛𝐜
𝟑

)

≥
𝟐𝟕

𝟒(𝒂 + 𝐛 + 𝐜)
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

1061. If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝝀 > 𝟎 then: 

𝒂

(𝒃 + 𝒄)𝟑
+

𝒃

(𝒄 + 𝒂)𝟑
+

𝒄

(𝒂 + 𝒃)𝟑
≥
𝟐𝟕

𝟖𝝀𝟐
 

Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒
𝟏

(𝐛 + 𝐜)𝟑
≥

𝟏

(𝐜 + 𝒂)𝟑
≥

𝟏

(𝒂 + 𝐛)𝟑

∴∑
𝒂

(𝐛 + 𝐜)𝟑
𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)∑
𝟏𝟒

(𝐛 + 𝐜)𝟑
𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧

 

𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)
𝟑𝟒

(∑ (𝐛 + 𝐜)𝐜𝐲𝐜 )
𝟑 =
∑ 𝒂𝐜𝐲𝐜  = 𝛌 𝟐𝟕𝛌

𝟖𝛌𝟑
=
𝟐𝟕

𝟖𝛌𝟐
 (𝐐𝐄𝐃) 

1062. Let 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎 + 𝑏 + 𝑐 = 1.  Prove that : 

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
≥ 𝟔 (

𝟏

𝟒 − (𝒂 − 𝒃)𝟐
+

𝟏

𝟒 − (𝒃 − 𝒄)𝟐
+

𝟏

𝟒 − (𝒄 − 𝒂)𝟐
). 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝟏

𝒃 + 𝒄
𝒄𝒚𝒄

=⏞
𝒂+𝒃+𝒄 = 𝟏

∑(
𝒂− 𝒃

𝟐(𝒃 + 𝒄)
−

𝒄 − 𝒂

𝟐(𝒃 + 𝒄)
+
𝟑

𝟐
)

𝒄𝒚𝒄

=∑(
𝒂− 𝒃

𝟐(𝒃+ 𝒄)
−

𝒂 − 𝒃

𝟐(𝒄 + 𝒂)
)

𝒄𝒚𝒄

+
𝟗

𝟐
= 

=
𝟏

𝟐
∑

(𝒂 − 𝒃)𝟐

(𝒃 + 𝒄)(𝒄 + 𝒂)
𝒄𝒚𝒄

+
𝟗

𝟐
≥
𝟏

𝟐
∑

(𝒂 − 𝒃)𝟐

(𝒂 + 𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

+
𝟗

𝟐
=
𝟏

𝟐
∑(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

+
𝟗

𝟐
. 

𝑻𝒉𝒆𝒏 ∶   
𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
≥
𝟏

𝟐
∑(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

+
𝟗

𝟐
  (𝟏) 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟔∑
𝟏

𝟒 − (𝒂 − 𝒃)𝟐
𝒄𝒚𝒄

=
𝟑

𝟐
∑(

(𝒂 − 𝒃)𝟐

𝟒 − (𝒂− 𝒃)𝟐
+ 𝟏)

𝒄𝒚𝒄

=
𝟑

𝟐
∑

(𝒂 − 𝒃)𝟐

𝟒 − (𝒂 − 𝒃)𝟐
𝒄𝒚𝒄

+
𝟗

𝟐
≤ 

≤
𝟑

𝟐
∑

(𝒂 − 𝒃)𝟐

𝟒 − (𝒂 + 𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

+
𝟗

𝟐
=
𝟏

𝟐
∑(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

+
𝟗

𝟐
. 

𝑻𝒉𝒆𝒏 ∶   
𝟏

𝟐
∑(𝒂− 𝒃)𝟐

𝒄𝒚𝒄

+
𝟗

𝟐
≥ 𝟔(

𝟏

𝟒 − (𝒂 − 𝒃)𝟐
+

𝟏

𝟒 − (𝒃 − 𝒄)𝟐
+

𝟏

𝟒 − (𝒄 − 𝒂)𝟐
)  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚.  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒂, 𝒃, 𝒄 > 0 and 𝒂 + 𝒃 + 𝒄 = 𝟏, we will obtain that: 

(𝒂 + 𝒃) + (𝒃 + 𝒄) + (𝒄 + 𝒂) = 𝟐 ⇔
𝟐

(𝒂 + 𝒃) + (𝒃 + 𝒄) + (𝒄 + 𝒂)
= 𝟏 

𝟐

𝟗
(
𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
) ≥ 𝟏 ⇒

𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
≥
𝟗

𝟐
 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 
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𝟔

𝟒 + 𝟐(𝒂 − 𝒃)
≤
𝟔

𝟒
⇒ 𝟒 ≤ 𝟒 + (𝒂 − 𝒃) ⇒ (𝒂− 𝒃)𝟐 ≥ 𝟎, 𝐬𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲 

𝟔

𝟒 + (𝒃 − 𝒄)𝟐
≤
𝟔

𝟒
 𝐚𝐧𝐝

𝟔

𝟒 + (𝒄 − 𝒂)𝟐
≤
𝟔

𝟒
 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞,
𝟏

𝒂 + 𝒃
+

𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
≥
𝟗

𝟐
=
𝟔

𝟒
+
𝟔

𝟒
+
𝟔

𝟒
≥ 

≥
𝟔

𝟒 + (𝒂− 𝒃)𝟐
+

𝟔

𝟒 + (𝒃 − 𝒄)𝟐
+

𝟔

𝟑 + (𝒄 − 𝒂)𝟐
 

Solution 3 by Vivek Kumar-India 

∑
𝟏

𝒂+ 𝒃
𝒄𝒚𝒄

≥ 𝟔∑
𝟏

𝟒 − (𝒂 − 𝒃)𝟐
𝒄𝒚𝒄

= 𝟔∑
𝟏

(𝟐𝒂 + 𝟐𝒃 + 𝟐𝒄)𝟐 − (𝒂 − 𝒃)𝟐
𝒄𝒚𝒄

= 

= 𝟔∑
𝟏

(𝟑𝒂 + 𝒃 + 𝟐𝒄)(𝒂 + 𝟑𝒃 + 𝟐𝒄)
𝒄𝒚𝒄

; (𝒂 + 𝒃 + 𝒄 = 𝟏) 

= 𝟔∑
𝟏

(𝒂 + 𝒃 + 𝟐(𝒄 + 𝒂))(𝒂 + 𝒃 + 𝟐(𝒃 + 𝒄))
𝒄𝒚𝒄

 

𝐋𝐞𝐭: 𝒃 + 𝒄 = 𝒙, 𝒄 + 𝒂 = 𝒚,𝒂 + 𝒃 = 𝒛 ⇒ 𝒙 + 𝒚 + 𝒛 = 𝟐 

∑
𝟏

𝒙
𝒄𝒚𝒄

≥ 𝟔∑
𝟏

(𝒛 + 𝟐𝒚)(𝒛 + 𝟐𝒙)
𝒄𝒚𝒄

⇔∑
𝟏

𝒙
𝒄𝒚𝒄

≥
𝟑

𝟐
∑

𝟒

(𝒛 + 𝟐𝒚)(𝒛 + 𝟐𝒙)
𝒄𝒚𝒄

 

∑
𝟏

𝒙
𝒄𝒚𝒄

≥
𝟑

𝟐
∑

𝟐𝒙 + 𝟐𝒚 + 𝟐𝒛

(𝒛 + 𝟐𝒚)(𝒛 + 𝟐𝒙)
𝒄𝒚𝒄

⇔ 𝟐∑
𝟏

𝒙
𝒄𝒚𝒄

≥
𝟑

𝟐
∑

𝒛 + 𝟐𝒚 + 𝒛 + 𝟐𝒙

(𝒛 + 𝟐𝒚)(𝒛 + 𝟐𝒙)
𝒄𝒚𝒄

 

𝟐∑
𝟏

𝒙
𝒄𝒚𝒄

≥ 𝟑∑(
𝟏

𝒛 + 𝟐𝒙
+

𝟏

𝒛 + 𝟐𝒚
)

𝒄𝒚𝒄

 

𝟐(
𝟏

𝒙
+
𝟏

𝒚
+
𝟏

𝒛
) ≥ 𝟑(

𝟏

𝒛 + 𝟐𝒙
+

𝟏

𝒛 + 𝟐𝒚
+

𝟏

𝒙 + 𝟐𝒚
+

𝟏

𝒙 + 𝟐𝒛
+

𝟏

𝒚 + 𝟐𝒙
+

𝟏

𝒚 + 𝟐𝒛
) 

∑(
𝟏

𝒙
+
𝟏

𝒚
)

𝒄𝒚𝒄

≥ 𝟑∑(
𝟏

𝒙 + 𝟐𝒚
+

𝟏

𝟐𝒙 + 𝒚
)

𝒄𝒚𝒄

 

∑
𝒙+𝒚

𝒙𝒚
𝒄𝒚𝒄

≥ 𝟗∑
𝒙 + 𝒚

(𝒙 + 𝟐𝒚)(𝟐𝒙 + 𝒚)
𝒄𝒚𝒄

 

∑(𝒙+ 𝒚)((𝒙 + 𝟐𝒚)(𝟐𝒙 + 𝒚) − 𝟗𝒙𝒚)

𝒄𝒚𝒄

≥ 𝟎 
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∑(𝒙 + 𝒚)(𝟐𝒙𝟐 + 𝟐𝒚𝟐 + 𝟓𝒙𝒚 − 𝟗𝒙𝒚)

𝒄𝒚𝒄

≥ 𝟎, 𝟐∑(𝒙+ 𝒚)(𝒙 − 𝒚)𝟐

𝒄𝒚𝒄

≥ 𝟎 

1063. If 𝒂, 𝒃, 𝒄 > 0,   𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟑𝒂𝒃𝒄 and 𝝀 >0 then : 

∑√
𝒂

(𝝀 + 𝟏)𝒂𝟐 + 𝟏
𝒄𝒚𝒄

≤
𝟑

𝟐
√
𝟏

𝟐
+
𝟏

𝝀
. 

Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

  
𝒂

(𝝀 + 𝟏)𝒂𝟐 + 𝟏
=

𝒂

𝝀𝒂𝟐 + (𝒂𝟐 + 𝟏)
≤⏞

𝑨𝑴−𝑮𝑴 𝒂

𝝀𝒂𝟐 + 𝟐𝒂
=

𝟏

𝝀𝒂 + 𝟐
≤⏞
𝑪𝑩𝑺 𝝀

𝒂 + 𝟐

(𝝀 + 𝟐)𝟐
. 

𝑻𝒉𝒆𝒏 ∶   √
𝒂

(𝝀 + 𝟏)𝒂𝟐 + 𝟏
≤

𝟏

𝝀 + 𝟐
√
𝝀

𝒂
+ 𝟐  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶ ∑√
𝒂

(𝝀 + 𝟏)𝒂𝟐 + 𝟏
𝒄𝒚𝒄

≤
𝟏

𝝀 + 𝟐
.∑√

𝝀

𝒂
+ 𝟐

𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 
𝟏

𝝀 + 𝟐
.√𝟑∑(

𝝀

𝒂
+ 𝟐)

𝒄𝒚𝒄

=
𝟏

𝝀 + 𝟐
.√𝟑(

𝝀(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝒃𝒄
+ 𝟔) ≤ 

≤
𝟏

𝝀 + 𝟐
.√𝟑 (

𝝀(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂𝒃𝒄
+ 𝟔) =

√𝟑(𝟑𝝀 + 𝟔)

𝝀 + 𝟐
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝟑√𝝀 + 𝟐

𝟐√𝟐𝝀

=
𝟑

𝟐
√
𝟏

𝟐
+
𝟏

𝝀
,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏 𝒂𝒏𝒅 𝝀 = 𝟐. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑√
𝒂

(𝛌 + 𝟏)𝒂𝟐 + 𝟏
𝐜𝐲𝐜

=∑
√𝟒𝒂.√(𝛌 + 𝟏)𝒂𝟐 + 𝟏

𝟐((𝛌 + 𝟏)𝒂𝟐 + 𝟏)
𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝟒𝒂+ (𝛌 + 𝟏)𝒂𝟐 + 𝟏

𝟒((𝛌 + 𝟏)𝒂𝟐 + 𝟏)
𝐜𝐲𝐜

=
𝟑

𝟒
+∑

𝒂

(𝛌 + 𝟏)𝒂𝟐 + 𝟏
𝐜𝐲𝐜

≤
𝐀−𝐆 𝟑

𝟒
+∑

𝒂

𝛌𝒂𝟐 + 𝟐𝒂
𝐜𝐲𝐜

=
𝟑

𝟒
+
𝟏

𝟐
∑

𝟐+ 𝛌𝒂 − 𝛌𝒂

𝟐 + 𝛌𝒂
𝐜𝐲𝐜
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=
𝟑

𝟒
+
𝟑

𝟐
−
𝛌

𝟐
.∑

𝒂

𝟐+ 𝛌𝒂
𝐜𝐲𝐜

=
𝟗

𝟒
−
𝛌

𝟐
.∑

𝟏

𝟐
𝒂
+ 𝛌𝐜𝐲𝐜

≤
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

𝟒
−
𝟗𝛌

𝟐
.

𝟏

𝟐∑ 𝒂𝐛𝐜𝐲𝐜

𝒂𝐛𝐜 + 𝟑𝛌

≤
𝟗

𝟒
−
𝟗𝛌

𝟐
.

𝟏

𝟐∑ 𝒂𝟐𝐜𝐲𝐜

𝒂𝐛𝐜
+ 𝟑𝛌

=
𝒂𝟐+𝐛𝟐+𝐜𝟐 = 𝟑𝒂𝐛𝐜 𝟗

𝟒
−
𝟗𝛌

𝟐
.

𝟏

𝟔𝒂𝐛𝐜
𝒂𝐛𝐜

+ 𝟑𝛌

=
𝟗

𝟒
−
𝟑𝛌

𝟐
.
𝟏

𝛌 + 𝟐
≤
? 𝟑

𝟐
.√
𝟏

𝟐
+
𝟏

𝛌
 

⇔
𝛌

𝛌 + 𝟐
+√

𝛌 + 𝟐

𝟐𝛌
≥
?
⏟
(∗)

𝟑

𝟐
 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) =
𝟏

𝟐
.
𝟐𝛌

𝛌 + 𝟐
+
𝟏

𝟐
.√
𝛌 + 𝟐

𝟐𝛌
+
𝟏

𝟐
.√
𝛌 + 𝟐

𝟐𝛌
≥
𝐀−𝐆

𝟑√
𝟏

𝟖
.√
𝛌 + 𝟐

𝟐𝛌
.√
𝛌 + 𝟐

𝟐𝛌
.
𝟐𝛌

𝛌 + 𝟐

𝟑

=
𝟑

𝟐

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∀ 𝒂,𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑𝒂𝐛𝐜 𝒂𝐧𝐝 𝛌 > 0,∑√
𝒂

(𝛌 + 𝟏)𝒂𝟐 + 𝟏
𝐜𝐲𝐜

≤
𝟑

𝟐
.√
𝟏

𝟐
+
𝟏

𝛌
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 𝒂𝐧𝐝 𝛌 = 𝟐 (𝐐𝐄𝐃) 

1064. If 𝒙, 𝒚, 𝒛 > 0 and 𝝀 ≥ 𝟎 then: 

∑
𝟏

𝒚(𝒙 + 𝝀𝒚)
𝒄𝒚𝒄

≥
𝟐𝟕

(𝝀 + 𝟏)(𝒙 + 𝒚 + 𝒛)𝟐
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Vivek Kumar-India 

∑
𝟏

𝒚(𝒙 + 𝝀𝒚)
𝒄𝒚𝒄

∑𝒚

𝒄𝒚𝒄

∑(𝒙 + 𝝀𝒚)

𝒄𝒚𝒄

≥
𝑯𝒐𝒍𝒅𝒆𝒓

(𝟏 + 𝟏 + 𝟏)𝟑 

∑
𝟏

𝒚(𝒙 + 𝝀𝒚)
𝒄𝒚𝒄

≥
𝟐𝟕

∑𝒚∑(𝒙 + 𝝀𝒚)
=

𝟐𝟕

(∑𝒙)(∑𝒙 + 𝝀∑𝒙)
≥

𝟐𝟕

(𝝀 + 𝟏)(𝒙 + 𝒚 + 𝒛)𝟐
 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝟏

𝐲(𝒙 + 𝛌𝐲)
+

𝟏

𝐳(𝐲 + 𝛌𝐳)
+

𝟏

𝒙(𝐳 + 𝛌𝒙)

=
𝟏𝟑

(√𝐲(𝒙 + 𝛌𝐲))
𝟐
+

𝟏𝟑

(√𝐳(𝐲 + 𝛌𝐳))
𝟐

+
𝟏𝟑

(√𝒙(𝐳 + 𝛌𝒙))
𝟐 ≥
𝐑𝒂𝐝𝐨𝐧 (𝟏 + 𝟏 + 𝟏)𝟑

(√𝐲(𝒙 + 𝛌𝐲) + √𝐳(𝐲 + 𝛌𝐳) + √𝒙(𝐳 + 𝛌𝒙))
𝟐 
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≥
𝐂𝐁𝐒 𝟐𝟕

(𝐲 + 𝐳 + 𝒙)(𝒙 + 𝛌𝐲 + 𝐲 + 𝛌𝐳 + 𝐳 + 𝛌𝒙)
=

𝟐𝟕

(𝒙 + 𝐲 + 𝐳)((𝐲 + 𝐳 + 𝒙) + 𝛌(𝒙 + 𝐲 + 𝐳))

=
𝟐𝟕

(𝛌 + 𝟏)(𝒙 + 𝐲 + 𝐳)𝟐
 (𝐐𝐄𝐃) 

1065. If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 then: 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃 + 𝟏)
≤
𝟏

𝟐
 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Vivek Kumar-India 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
≤
𝑨𝑮𝑴 𝒂𝒄𝟑

𝟐√𝒄𝟒 ⋅ 𝟏 ⋅ 𝟑√𝒄𝟐 ⋅ 𝒄 ⋅ 𝟏
𝟑 =

𝒂𝒄𝟑

𝒃𝒄𝟐 ⋅ 𝒄
=
𝒂

𝟔
 

Analogously, 

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
≤
𝒃

𝟔
 𝐚𝐧𝐝 

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃+ 𝟏)
≤
𝒄

𝟔
 

Therefore, 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃 + 𝟏)
≤ 

≤
𝒂 + 𝒃 + 𝒄

𝟔
=
𝟏

𝟐
 

Solution 2 by Tapas Das-India 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃 + 𝟏)
≤
𝟏

𝟐
⇔ 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃 + 𝟏)
≤
𝟑

𝟔
⇔ 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃+ 𝟏)
≤
𝒂 + 𝒃 + 𝒄

𝟔
 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
−
𝒂

𝟔
= 𝒂 ⋅

𝟔𝒄𝟑 − (𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
≤ 𝟎 𝐬𝐢𝐧𝐜𝐞 

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏) ≥ 𝟐√𝒄𝟒 ⋅ 𝟏 ⋅ 𝟑√𝒄𝟐 ⋅ 𝒄 ⋅ 𝟏
𝟑

= 𝟔𝒄𝟑 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
≤
𝒂

𝟔
 

Analogously, 
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𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
≤
𝒃

𝟔
 𝐚𝐧𝐝 

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃+ 𝟏)
≤
𝒄

𝟔
 

Therefore, 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃 + 𝟏)
≤ 

≤
𝒂 + 𝒃 + 𝒄

𝟔
=
𝟏

𝟐
 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃 + 𝟏)
= 

=
𝒂

(𝒃𝟐 +
𝟏
𝒃𝟐
) (𝒃 + 𝟏 +

𝟏
𝒃)
+

𝒃

(𝒄𝟐 +
𝟏
𝒄) (𝒄 + 𝟏 +

𝟏
𝒄)
+

𝒄

(𝒂𝟐 +
𝟏
𝒂𝟐
) (𝒂 + 𝟏 +

𝟏
𝒂)
≤
𝟏

𝟐
⇔ 

𝒂

𝟐 ⋅ 𝟑
+

𝒃

𝟐 ⋅ 𝟑
+

𝒄

𝟐 ⋅ 𝟑
≤
𝟏

𝟐
⇔
𝒂 + 𝒃 + 𝒄

𝟔
≤
𝟏

𝟐
⇔ 𝒂+ 𝒃 + 𝒄 ≤ 𝟑 𝐨𝐤. 

Solution 4 by Sakthi Vel-India 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃+ 𝟏)
≤
𝟏

𝟐
 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
=

𝒂𝒄𝟑

𝒄𝟐 (𝒄𝟐 +
𝟏
𝒄𝟐
) 𝒄 (𝒄 +

𝟏
𝒄 + 𝟏)

=
𝒂

(𝒄𝟐 +
𝟏
𝒄𝟐
) (𝒄 +

𝟏
𝒄 + 𝟏)

≤
𝑨𝑮𝑴

 

≤
𝒂

𝟐√𝒄𝟐 ⋅
𝟏
𝒄𝟐
⋅ 𝟑√𝒄 ⋅

𝟏
𝒄 ⋅ 𝟏

𝟑

≤
𝒂

𝟔
 

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
≤
𝒃

𝟔
 𝐚𝐧𝐝 

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃+ 𝟏)
≤
𝒄

𝟔
 

Therefore, 

𝒂𝒄𝟑

(𝒄𝟒 + 𝟏)(𝒄𝟐 + 𝒄 + 𝟏)
+

𝒃𝒂𝟑

(𝒂𝟒 + 𝟏)(𝒂𝟐 + 𝒂 + 𝟏)
+

𝒄𝒃𝟑

(𝒃𝟒 + 𝟏)(𝒃𝟐 + 𝒃 + 𝟏)
≤
𝒂 + 𝒃 + 𝒄

𝟔
=
𝟏

𝟐
 

1066. If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑 then: 

𝒂

𝟑𝒃𝟒 + 𝟏
+

𝒃

𝟑𝒄𝟒 + 𝟏
+

𝒄

𝟑𝒂𝟒 + 𝟏
≥
𝟑

𝟒
 

Proposed by Marin Chirciu-Romania 
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Solution by Alex Szoros-Romania 
For all 𝒂, 𝒃, 𝒄 > 0 holds: 

(∑𝒂)𝟐 ≥ 𝟑∑𝒂𝒃 ⇒ (∑𝒂)𝟐 ≥ 𝟗 ⇒ ∑𝒂 ≥ 𝟑; (𝟏) 

We show that for all 𝒙 > 0 holds:   

𝟏

𝟑𝒙𝟒 + 𝟏
≥
−𝟑𝒙

𝟒
+ 𝟏; (𝟐) 

(𝟐) ⇔
𝟏

𝟑𝒙𝟒 + 𝟏
≥
−𝟑𝒙+ 𝟒

𝟒
⇔ 𝟒 ≥ (𝟑𝒙𝟒 + 𝟏)(−𝟑𝒙 + 𝟒) ⇔ 

𝟒 ≥ −𝟗𝒙𝟓 + 𝟏𝟐𝒙𝟒 − 𝟑𝒙 + 𝟒 ⇔ 𝟗𝒙𝟓 − 𝟏𝟐𝒙𝟒 + 𝟑𝒙 ≥ 𝟎 ⇔ 

𝟑𝒙(𝟑𝒙𝟒 − 𝟒𝒙𝟑 + 𝟏) ≥ 𝟎 ⇔ 𝟑𝒙(𝒙 − 𝟏)𝟐(𝟑𝒙𝟐 + 𝟐𝒙 + 𝟏) ≥ 𝟎 

Equality holds for 𝒙 = 𝟏. 

(𝟐) ⇒
𝟏

𝟑𝒃𝟒 + 𝟏
≥
−𝟑𝒃

𝟒
+ 𝟏│ ∙ 𝒂 ⇒

𝒂

𝟑𝒂𝟒 + 𝟏
≥
−𝟑𝒂𝒃

𝟒
+ 𝒂 

∑
𝒂

𝟑𝒃𝟒 + 𝟏
𝒄𝒚𝒄

≥ −
𝟑

𝟒
∑𝒂𝒃

𝒄𝒚𝒄

+∑𝒂

𝒄𝒚𝒄

 

∑
𝒂

𝟑𝒃𝟒 + 𝟏
𝒄𝒚𝒄

≥ −
𝟑

𝟒
∙ 𝟑 +∑𝒂

𝒄𝒚𝒄

≥
(𝟏)

−
𝟗

𝟒
+ 𝟑 =

𝟑

𝟒
 

1067.   𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 𝟎 , 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

√𝟒 − 𝒂𝒃 + √𝒂𝒃

𝟐𝒄 + √𝒂𝒃
+
√𝟒 − 𝒃𝒄 + √𝒃𝒄

𝟐𝒂 + √𝒃𝒄
+
√𝟒 − 𝒄𝒂 + √𝒄𝒂

𝟐𝒃 + √𝒄𝒂
≥ √𝟑 + 𝟏.  

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(𝒂+ 𝒃+ 𝒄)√𝟑(𝟒 − 𝒂𝒃) = (𝒂+ 𝒃+ 𝒄)√𝒂𝒃 + 𝟒𝒃𝒄 + 𝟒𝒄𝒂

= √[(𝒂+ 𝒃− 𝒄)𝟐 + 𝟒𝒄(𝒂+ 𝒃)][𝒂𝒃 + 𝟒𝒄(𝒂+𝒃)] ≥ 

≥⏞
𝑪𝑩𝑺

 (𝒂+ 𝒃− 𝒄)√𝒂𝒃 + 𝟒𝒄(𝒂 +𝒃) = 𝟐 (𝟐𝒄 +√𝒂𝒃) (𝒂+ 𝒃)− (𝒂+ 𝒃+ 𝒄)√𝒂𝒃 

𝑻𝒉𝒆𝒏 ∶  √𝟒 − 𝒂𝒃 + √𝒂𝒃 ≥
𝟐(𝟐𝒄 + √𝒂𝒃)(𝒂 + 𝒃)

√𝟑(𝒂 + 𝒃 + 𝒄)
+ (𝟏 −

𝟏

√𝟑
)√𝒂𝒃  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
√𝟒 − 𝒂𝒃 + √𝒂𝒃

𝟐𝒄 + √𝒂𝒃
𝒄𝒚𝒄

≥∑(
𝟐(𝒂 + 𝒃)

√𝟑(𝒂 + 𝒃 + 𝒄)
+ (𝟏 −

𝟏

√𝟑
) .

√𝒂𝒃

𝟐𝒄 + √𝒂𝒃
)

𝒄𝒚𝒄

= 

=
𝟒

√𝟑
+ (𝟏 −

𝟏

√𝟑
) .∑

𝒂𝒃

𝒂𝒃 + 𝟐𝒄√𝒂𝒃
𝒄𝒚𝒄

 ≥⏞
𝑪𝑩𝑺

 
𝟒

√𝟑
+ (𝟏 −

𝟏

√𝟑
) .

(∑ √𝒂𝒃𝒄𝒚𝒄 )
𝟐

∑ (𝒂𝒃 + 𝟐𝒄√𝒂𝒃)𝒄𝒚𝒄

=
𝟒

√𝟑
+ (𝟏 −

𝟏

√𝟑
) . 𝟏 = √𝟑 + 𝟏.𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1068. If 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 > 0 then prove that : 

𝟑∑𝒂𝒌
𝟑

𝒏

𝒌=𝟏

+ 𝟗∑
𝟏

𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑
𝒄𝒚𝒄

≥ 𝟒𝒏 ⋅ √𝟑
𝟒

 

Proposed by Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟑∑𝒂𝒌
𝟑

𝒏

𝒌=𝟏

+ 𝟗∑
𝟏

𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑
𝒄𝒚𝒄

 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓 & 𝐶𝐵𝑆

 𝟑.
(∑ 𝒂𝒌𝒄𝒚𝒄 )

𝟑

 𝒏𝟐
+ 𝟗.

𝒏𝟐

∑ (𝒂𝟏 + 𝒂𝟐 + 𝒂𝟑)𝒄𝒚𝒄
= 

=
𝟑(∑ 𝒂𝒌𝒄𝒚𝒄 )

𝟑

 𝒏𝟐
+ 𝟑.

𝒏𝟐

∑ 𝒂𝒌𝒄𝒚𝒄
 ≥⏞
𝑨𝑴−𝑮𝑴

 𝟒√
𝟑(∑ 𝒂𝒌𝒄𝒚𝒄 )

𝟑

 𝒏𝟐
. (

𝒏𝟐

∑ 𝒂𝒌𝒄𝒚𝒄
)

𝟑
𝟒

= 𝟒𝒏. √𝟑
𝟒
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒌 =
𝟏

√𝟑
𝟒 . 

1069. Let 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 3.  Prove that : 

√
𝒂(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
+ √

𝒃(𝒄 + 𝒂)

𝒃𝟐 + 𝒄𝒂
+ √

𝒄(𝒂 + 𝒃)

𝒄𝟐 + 𝒂𝒃
≥ (𝒂𝒃𝒄)𝟐 + 𝟐 

  Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
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 ∑√
𝒂(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

=∑
𝟐𝒂(𝒃 + 𝒄)

𝟐√(𝒂𝟐 + 𝒃𝒄). 𝒂(𝒃 + 𝒄)𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 ∑
𝟐𝒂(𝒃 + 𝒄)

(𝒂𝟐 + 𝒃𝒄) + 𝒂(𝒃 + 𝒄)
𝒄𝒚𝒄

= 

=∑
𝟐𝒂(𝒃 + 𝒄)

(𝒂 + 𝒃)(𝒂 + 𝒄)
𝒄𝒚𝒄

=
𝟐∑ 𝒂(𝒃 + 𝒄)𝟐𝒄𝒚𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
= 𝟐 +

𝟖𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
= 

= 𝟐 +
𝟖(𝒂𝒃𝒄)𝟐

𝒄(𝒂 + 𝒃). 𝒂(𝒃 + 𝒄). 𝒃(𝒄 + 𝒂)
≥⏞

𝑨𝑴−𝑮𝑴

𝟐 +
𝟖(𝒂𝒃𝒄)𝟐

(
𝒄(𝒂 + 𝒃) + 𝒂(𝒃 + 𝒄) + 𝒃(𝒄 + 𝒂)

𝟑 )
𝟑

= 𝟐 + (𝒂𝒃𝒄)𝟐. 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand 
 

∑√
𝒂(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

≥
𝟐

𝟏 +
𝒂𝟐 + 𝒃𝒄
𝒂(𝒃 + 𝒄)

+
𝟐

𝟏 +
𝒃𝟐 + 𝒄𝒂
𝒃(𝒄 + 𝒂)

+
𝟐

𝟏 +
𝒄𝟐 + 𝒃𝒂
𝒄(𝒂 + 𝒃)

= 

= 𝟐 [
𝒂(𝒃 + 𝒄)

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒃(𝒄 + 𝒂)

(𝒃 + 𝒂)(𝒃 + 𝒄)
+

𝒄(𝒂 + 𝒃)

(𝒄 + 𝒂)(𝒄 + 𝒃)
] ≥ (𝒂𝒃𝒄)𝟐 + 𝟐 

𝟐[𝒂(𝒃+ 𝒄)𝟐 + 𝒃(𝒄 + 𝒂)𝟐 + 𝒄(𝒂 + 𝒃)𝟐] ≥ ((𝒂𝒃𝒄)𝟐 + 𝟐)(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) 

𝟐(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐 + 𝟔𝒂𝒃𝒄) ≥ 

≥ ((𝒂𝒃𝒄)𝟐 + 𝟐)( 𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐 + 𝟐𝒂𝒃𝒄) 

𝟖𝒂𝒃𝒄 ≥ (𝒂𝒃𝒄)𝟐(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐 + 𝟐𝒃𝒂𝒄) 

𝟖 ≥ 𝒂𝒃𝒄(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐 + 𝟐𝒂𝒃𝒄) 

𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟑 ≥ 𝟐𝟕𝒂𝒃𝒄(𝒂𝟐𝒃 + 𝒂𝒃𝟐 + 𝒃𝟐𝒄 + 𝒃𝒄𝟐 + 𝒄𝟐𝒂 + 𝒄𝒂𝟐 + 𝟐𝒂𝒃𝒄) true because  

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

1070. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 , 𝒂 + 𝒃 + 𝒄 = 𝟓.  Prove that : 

𝟏

(𝒂𝟐 + 𝒃𝒄)(𝒃 + 𝒄)
+

𝟏

(𝒃𝟐 + 𝒄𝒂)(𝒄 + 𝒂)
+

𝟏

(𝒄𝟐 + 𝒂𝒃)(𝒂 + 𝒃)
≥

𝟏

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ (𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂),   ∀𝒂, 𝒃, 𝒄 ≥ 𝟎 

𝑻𝒉𝒆𝒏 ∶   
𝟏

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≤

𝟓

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
,   𝒔𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 
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∑
𝟏

(𝒂𝟐 + 𝒃𝒄)(𝒃+ 𝒄)
𝒄𝒚𝒄

≥
𝟓

(𝒂+ 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
⇔ 

∑
(𝒂 +𝒃)(𝒂+ 𝒄)

𝒂𝟐 +𝒃𝒄
𝒄𝒚𝒄

≥ 𝟓 ⇔∑(𝟏 +
𝒂(𝒃 + 𝒄)

𝒂𝟐 +𝒃𝒄
)

𝒄𝒚𝒄

≥ 𝟓⇔∑
𝒂(𝒃 + 𝒄)

𝒂𝟐 +𝒃𝒄
𝒄𝒚𝒄

≥ 𝟐 ⇔ 

∑𝒂(𝒃 + 𝒄) (𝒃𝟐 + 𝒄𝒂) (𝒄𝟐 +𝒂𝒃)
𝒄𝒚𝒄

≥ 𝟐(𝒂𝟐 +𝒃𝒄) (𝒃𝟐 + 𝒄𝒂) (𝒄𝟐 + 𝒂𝒃) 

⇔∑(𝒂𝟒𝒃𝟐 + 𝒂𝟐𝒃𝟒)

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄∑(𝒂𝟐𝒃 + 𝒂𝒃𝟐)

𝒄𝒚𝒄

≥ 𝟐∑(𝒂𝒃)𝟑

𝒄𝒚𝒄

+ 𝟐𝒂𝒃𝒄∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟒(𝒂𝒃𝒄)𝟐 

⇔ (𝒂 − 𝒃)𝟐(𝒃 − 𝒄)𝟐(𝒄 − 𝒂)𝟐 + 𝒂𝒃𝒄∑(𝒂𝟐𝒃 + 𝒂𝒃𝟐)

𝒄𝒚𝒄

+ 𝟐(𝒂𝒃𝒄)𝟐 ≥ 𝟎,   𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝒂, 𝒃, 𝒄) = (
𝟓

𝟐
,
𝟓

𝟐
, 𝟎)  𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

1071. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

𝟏

𝒂 + √𝒃𝒄
+

𝟏

𝒃 + √𝒄𝒂
+

𝟏

𝒄 + √𝒂𝒃
≥ 𝟐 (

𝟏

𝟏 + √𝒂𝒃
+

𝟏

𝟏 + √𝒃𝒄
+

𝟏

𝟏 + √𝒄𝒂
− 𝟏) 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝑳𝑶𝑮,𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒂 ≥ 𝒃 ≥ 𝒄.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 
𝟏

𝟏 + √𝒂𝒃
= 𝟏 −

√𝒂𝒃

𝟏 + √𝒂𝒃
 ≤⏞
𝒂𝒃 ≤𝟏

 𝟏 −
√𝒂𝒃

𝟐
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶   𝟐 (
𝟏

𝟏 + √𝒂𝒃
+

𝟏

𝟏 + √𝒃𝒄
+

𝟏

𝟏 + √𝒄𝒂
− 𝟏) ≤ 𝟒 − (√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)  (𝟏) 

𝑨𝒍𝒔𝒐 𝒃𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

  
𝟏

𝒃 + √𝒄𝒂
+ (𝒃 + √𝒄𝒂) ≥ 𝟐 & 

𝟏

𝒄 + √𝒂𝒃
+ (𝒄 + √𝒂𝒃) ≥ 𝟐 
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𝑻𝒉𝒆𝒏 ∶  
𝟏

𝒂 + √𝒃𝒄
+

𝟏

𝒃 + √𝒄𝒂
+

𝟏

𝒄 + √𝒂𝒃
≥ 𝟒 +

𝟏

𝒂 + √𝒃𝒄
− (𝒃 + 𝒄 + √𝒂𝒃 + √𝒄𝒂)  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 

 
𝟏

𝒂 + √𝒃𝒄
− (𝒃 + 𝒄) ≥ −√𝒃𝒄 

⇔
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂 + √𝒃𝒄
− (𝒃 + 𝒄) + √𝒃𝒄 ≥ 𝟎 ⇔  

√𝒃𝒄(𝒂 + 𝟐√𝒃𝒄 − 𝒃 − 𝒄)

𝒂 + √𝒃𝒄
≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝒂 ≥ 𝒃 𝒂𝒏𝒅 √𝒃𝒄 ≥ 𝒄. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝒂, 𝒃, 𝒄)
= (𝟏, 𝟏, 𝟎) 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

 1072. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎 + 𝑏 + 𝑐 = 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

𝟏

𝟏 + √𝒂𝒃
+

𝟏

𝟏 + √𝒃𝒄
+

𝟏

𝟏 + √𝒄𝒂
≥

√𝒂 + √𝒃 + √𝒄 + 𝟑

√𝒂 + √𝒃 + √𝒄 + √𝒂𝒃𝒄
 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑
√𝒂+ √𝒃 + √𝒄 + √𝒂𝒃𝒄

𝟏 + √𝒂𝒃
𝒄𝒚𝒄

≥ √𝒂+ √𝒃+ √𝒄 + 𝟑   𝒐𝒓  ∑
√𝒂+ √𝒃

𝟏+ √𝒂𝒃
𝒄𝒚𝒄

≥ 𝟑. 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒘𝒆𝒍𝒍 𝒌𝒏𝒐𝒘𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶  𝒙 + 𝒚 + 𝒛 ≥ √𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙),   𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑
√𝒂+ √𝒃

𝟏 + √𝒂𝒃
𝒄𝒚𝒄

≥ √𝟑∑
(√𝒃+ √𝒄)(√𝒄 + √𝒂)

(𝟏 + √𝒃𝒄)(𝟏+ √𝒄𝒂)𝒄𝒚𝒄

 ≥⏞
?

 𝟑 

⇔∑(√𝒃 + √𝒄)(√𝒄 + √𝒂)(𝟏 + √𝒂𝒃)

𝒄𝒚𝒄

≥ 𝟑(𝟏 + √𝒂𝒃)(𝟏 + √𝒃𝒄)(𝟏 + √𝒄𝒂) 

⇔ (𝒂 + 𝒃 + 𝒄) + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟑 + 𝟑𝒂𝒃𝒄,   𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 ∶ 

(𝒂+ 𝒃+ 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 +𝒃𝒄 + 𝒄𝒂) = 𝟑(𝒂+𝒃 + 𝒄)  ⇒ 𝒂+ 𝒃 + 𝒄 ≥ 𝟑, 
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(𝒂𝒃 + 𝒃𝒄+ 𝒄𝒂)𝟐 ≥ 𝟑𝒂𝒃𝒄(𝒂+ 𝒃+ 𝒄) = 𝟑𝒂𝒃𝒄(𝒂𝒃 +𝒃𝒄 + 𝒄𝒂)  ⇒ 𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑𝒂𝒃𝒄. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1073. 𝐈𝐟 𝒙, 𝒚, 𝒛 𝐚𝐫𝐞 𝐝𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞𝐬 𝐫𝐞𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 

 √𝒙 + √𝒚 + √𝒛 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

  
𝒙𝒚

𝒙 − 𝒚
𝐥𝐨𝐠 (

𝒙

𝒚
) +

𝒚𝒛

𝒚 − 𝒛
𝐥𝐨𝐠 (

𝒚

𝒛
) +

𝒛𝒙

𝒛 − 𝒙
𝐥𝐨𝐠 (

𝒛

𝒙
) ≤

𝟏

𝟑
 

Proposed by Hikmat Mammadov-Azerbaijan 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒕𝒉𝒆 𝒈𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒎𝒆𝒂𝒏 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒍𝒐𝒈𝒂𝒓𝒊𝒕𝒉𝒎𝒊𝒄 𝒎𝒆𝒂𝒏, 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  √𝒙𝒚 ≤
𝒙 − 𝒚

𝐥𝐨𝐠 𝒙 − 𝐥𝐨𝐠 𝒚
  𝒕𝒉𝒆𝒏 ∶   

𝐥𝐨𝐠 (
𝒙
𝒚)

𝒙 − 𝒚
≤

𝟏

√𝒙𝒚
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 ∶ 

  
𝒙𝒚

𝒙 − 𝒚
𝐥𝐨𝐠 (

𝒙

𝒚
) +

𝒚𝒛

𝒚 − 𝒛
𝐥𝐨𝐠 (

𝒚

𝒛
) +

𝒛𝒙

𝒛 − 𝒙
𝐥𝐨𝐠 (

𝒛

𝒙
) ≤ √𝒙𝒚 +√𝒚𝒛 + √𝒛𝒙 ≤ 

≤
(√𝒙 + √𝒚 + √𝒛)

𝟐

𝟑
=
𝟏

𝟑
  𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒆𝒕𝒆𝒅. 

1074. If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 1 then: 

∑(𝒂+ 𝒃) √𝒂𝒂𝒃𝒃
𝒂+𝒃

𝒄𝒚𝒄

≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒂𝒃𝒃𝒄𝒄 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 
 

Let 𝒇: 𝑰 → ℝ a convex function, 𝒙, 𝒚, 𝒛 ∈ 𝑰 and 𝒂, 𝒃, 𝒄 > 0, then: 

𝒂𝒇(𝒙) + 𝒃𝒇(𝒚) + 𝒄𝒇(𝒛) + (𝒂 + 𝒃 + 𝒄)𝒇 (
𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛

𝒂 + 𝒃 + 𝒄
) ≥ 

≥ (𝒂 + 𝒃)𝒇 (
𝒂𝒙 + 𝒃𝒚

𝒂 + 𝒃
) + (𝒃 + 𝒄)𝒇 (

𝒃𝒙 + 𝒄𝒚

𝒃 + 𝒄
) + (𝒄 + 𝒂)𝒇 (

𝒄𝒛 + 𝒂𝒙

𝒄 + 𝒂
) ; (𝑷𝒐𝒑𝒐𝒗𝒊𝒄𝒊𝒖) 

If 𝒂 + 𝒃 + 𝒄 = 𝟏, we obtain: 

𝒂𝒇(𝒙) + 𝒃𝒇(𝒚) + 𝒄𝒇(𝒛) + 𝒇(𝒂𝒙 + 𝒃𝒚 + 𝒄𝒛) ≥ 
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≥ (𝒂 + 𝒃)𝒇 (
𝒂𝒙 + 𝒃𝒚

𝒂 + 𝒃
) + (𝒃 + 𝒄)𝒇 (

𝒃𝒙 + 𝒄𝒚

𝒃 + 𝒄
) + (𝒄 + 𝒂)𝒇 (

𝒄𝒛 + 𝒂𝒙

𝒄 + 𝒂
) 

Let 𝑰 = ℝ, 𝒇(𝒙) = 𝒆𝒙 and 𝒙 = 𝐥𝐨𝐠 𝒂 , 𝒚 = 𝐥𝐨𝐠𝒃 , 𝒛 = 𝐥𝐨𝐠 𝒄, then: 

𝒂𝒆𝐥𝐨𝐠 𝒂 + 𝒃𝒆𝐥𝐨𝐠 𝒃 + 𝒄𝒆𝐥𝐨𝐠 𝒄 + 𝒆𝒂 𝐥𝐨𝐠 𝒂+𝒃 𝐥𝐨𝐠 𝒃+𝒄 𝐥𝐨𝐠 𝒄 ≥ 

≥ (𝒂 + 𝒃)𝒆
𝒂 𝐥𝐨𝐠 𝒂+𝒃 𝐥𝐨𝐠 𝒃

𝒂+𝒃 + (𝒃 + 𝒄)𝒆
𝒃 𝐥𝐨𝐠 𝒃+𝒄 𝐥𝐨𝐠 𝒄

𝒃+𝒄 + (𝒄 + 𝒂)𝒆
𝒄 𝐥𝐨𝐠 𝒄+𝒂 𝐥𝐨𝐠 𝒂

𝒄+𝒂 ⇔ 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒂𝒃𝒃𝒄𝒄 ≥ (𝒂 + 𝒃)(𝒂𝒂𝒃𝒃)
𝟏
𝒂+𝒃 + (𝒃 + 𝒄)(𝒃𝒃𝒄𝒄)

𝟏
𝒄+𝒃 + (𝒄 + 𝒂)(𝒄𝒄𝒂𝒂)

𝟏
𝒄+𝒂 

∑(𝒂+ 𝒃) √𝒂𝒂𝒃𝒃
𝒂+𝒃

𝒄𝒚𝒄

≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒂𝒃𝒃𝒄𝒄 

1075. If 𝒂, 𝒃, 𝒄 > 0 then prove that: 

√
𝒂 + 𝒃

𝒂𝟐 + 𝒃𝟐
+ √

𝒃𝟐 + 𝒄𝟐

𝒃𝟑 + 𝒄𝟑
+√

𝒄𝟑 + 𝒂𝟑

𝒄𝟒 + 𝒂𝟒
≤
𝟏

√𝒂
+
𝟏

√𝒃
+
𝟏

√𝒄
 

Proposed by Tran Quoc Thinh-Vietnam 
Solution 1 by Soumitra Mandal-Chandar Nagore-India 

√
𝒂 + 𝒃

𝒂𝟐 + 𝒃𝟐
+√

𝒃𝟐 + 𝒄𝟐

𝒃𝟑 + 𝒄𝟑
+ √

𝒄𝟑 + 𝒂𝟑

𝒄𝟒 + 𝒂𝟒
≤ 

≤ √
𝟐(𝒂 + 𝒃)

(𝒂 + 𝒃)𝟐
+ √

𝟐(𝒃𝟐 + 𝒄𝟐)

(𝒃 + 𝒄)(𝒃𝟐 + 𝒄𝟐)
+ √

𝟐(𝒄𝟑 + 𝒂𝟑)

(𝒄 + 𝒂)(𝒄𝟑 + 𝒂𝟑)
= 

∵ 𝟐(𝒙𝒏+𝟏 + 𝒚𝒏+𝟏) ≥ (𝒙 + 𝒚)(𝒙𝒏 + 𝒚𝒏), 𝒏 ≥ 𝟏 

= √
𝟐

𝒂 + 𝒃
+√

𝟐

𝒃 + 𝒄
+√

𝟐

𝒄 + 𝒂
≤
𝟏

𝟐
∑(

𝟏

√𝒂
+
𝟏

√𝒃
)

𝒄𝒚𝒄

=
𝟏

√𝒂
+
𝟏

√𝒃
+
𝟏

√𝒄
 

∵ 𝒙 →
𝟏

√𝒙
 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝐱 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧. 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Tapas Das-India 

𝒂 + 𝒃

𝒂𝟐 + 𝒃𝟐
−

𝟐

𝒂 + 𝒃
=
(𝒂+ 𝒃)𝟐 − 𝟐(𝒂𝟐 + 𝒃𝟐)

(𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)
=
𝟐𝒂𝒃 − (𝒂𝟐 + 𝒃𝟐)

(𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)
 

∵ 𝒂𝟐 + 𝒃𝟐 ≥ 𝟐𝒂𝒃 
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√
𝒂 + 𝒃

𝒂𝟐 + 𝒃𝟐
≤ √

𝟐

𝒂 + 𝒃
 

𝒃𝟐 + 𝒄𝟐

𝒃𝟑 + 𝒄𝟑
−

𝟐

𝒃 + 𝒄
=
(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄) − 𝟐(𝒃𝟑 + 𝒄𝟑)

(𝒃 + 𝒄)(𝒃𝟑 + 𝒄𝟑)
= 

=
𝒃𝒄(𝒃 + 𝒄) − (𝒃𝟑 + 𝒄𝟑)

(𝒃 + 𝒄)(𝒃𝟑 + 𝒄𝟑)
≤ 𝟎 

∵ 𝒃𝟑 + 𝒄𝟑 = (𝒃 + 𝒄)(𝒃𝟐 − 𝒃𝒄 + 𝒄𝟐) ≥ 𝒃𝒄(𝒃 + 𝒄) 

√
𝒃𝟐 + 𝒄𝟐

𝒃𝟑 + 𝒄𝟑
≤ √

𝟐

𝒃 + 𝒄
 

𝒄𝟑 + 𝒂𝟑

𝒄𝟒 + 𝒂𝟒
−

𝟐

𝒄 + 𝒂
=
(𝒄𝟑 + 𝒂𝟑)(𝒄 + 𝒂) − 𝟐(𝒄𝟒 + 𝒂𝟒)

(𝒄𝟒 + 𝒂𝟒)(𝒄 + 𝒂)
= 

=
𝒄𝒂(𝒄𝟐 + 𝒂𝟐) − (𝒄𝟒 + 𝒂𝟒)

(𝒄𝟒 + 𝒂𝟒)(𝒄 + 𝒂)
≤ 𝟎 

∵ 𝒄𝒂(𝒄𝟐 + 𝒂𝟐) ≤
𝒄𝟐 + 𝒂𝟐

𝟐
(𝒄𝟐 + 𝒂𝟐) =

(𝒄𝟐 + 𝒂𝟐)𝟐

𝟐
 

(𝒄𝟒 + 𝒂𝟒)(𝟏𝟐 + 𝟏𝟐) ≥ (𝒄𝟐 + 𝒂𝟐)𝟐 ⇒ 𝒄𝟒 + 𝒂𝟒 ≥
𝟏

𝟐
(𝒄𝟐 + 𝒂𝟐)𝟐 

√
𝒄𝟑 + 𝒂𝟑

𝒄𝟒 + 𝒂𝟒
≤ √

𝟐

𝒄 + 𝒂
 

√
𝒂 + 𝒃

𝒂𝟐 + 𝒃𝟐
+ √

𝒃𝟐 + 𝒄𝟐

𝒃𝟑 + 𝒄𝟑
+√

𝒄𝟑 + 𝒂𝟑

𝒄𝟒 + 𝒂𝟒
≤ √

𝟐

𝒂 + 𝒃
+ √

𝟐

𝒃 + 𝒄
+ √

𝟐

𝒄 + 𝒂
≤ 

≤
𝟏

𝟒
∑

𝟏

√𝒂
𝒄𝒚𝒄

≤∑
𝟏

𝟐
𝟏

√𝒂
+
𝟏

√𝒃

𝒄𝒚𝒄

=
𝟏

𝟐
∑(

𝟏

√𝒂
+
𝟏

√𝒃
)

𝒄𝒚𝒄

=
𝟏

√𝒂
+
𝟏

√𝒃
+
𝟏

√𝒄
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

1076. If 𝒂, 𝒃, 𝒄 > 0, 𝑎𝑏𝑐 = 1 then: 

𝟏 + 𝒂

𝟐 + 𝒃
+
𝟏 + 𝒃

𝟐 + 𝒄
+
𝟏 + 𝒄

𝟐 + 𝒂
≤
𝟐(𝒂 + 𝒃 + 𝒄)

𝟑
 

Proposed by Tran Quoc Thinh-Vietnam 
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Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟏 + 𝒂

𝟐 + 𝒃
+
𝟏 + 𝒃

𝟐 + 𝒄
+
𝟏 + 𝒄

𝟐 + 𝒂
≤
𝟐(𝒂 + 𝒃 + 𝒄)

𝟑
 

𝟑 − 𝒂 − 𝟐𝒂𝒃

𝒃 + 𝟐
+
𝟑 − 𝒃 − 𝟐𝒃𝒄

𝒄 + 𝟐
+
𝟑 − 𝒄 − 𝟐𝒂𝒄

𝒂 + 𝟐
≤ 𝟎 

(𝟑 − 𝒂 − 𝟐𝒂𝒃)(𝒂 + 𝟐)(𝒄 + 𝟐) + (𝟑 − 𝒃 − 𝟐𝒃𝒄)(𝒂 + 𝟐)(𝒃 + 𝟐)

+ (𝟑 − 𝒄 − 𝟐𝒂𝒄)(𝒃 + 𝟐)(𝒄 + 𝟐) ≤ 𝟎 

𝒃(𝒂 + 𝒃 + 𝒄) + 𝟐𝟒 ≤ 

≤ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟕(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝒂𝟐𝒄 + 𝒄𝟐𝒃 + 𝒃𝟐𝒂 + 𝟒(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) 

𝒃(𝒂 + 𝒃 + 𝒄) ≤ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝒂𝟐𝒄 + 𝒄𝟐𝒃 + 𝒃𝟐𝒂 + 𝟑(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂) 

𝟔 (
𝒙

𝒚
+
𝒚

𝒛
+
𝒛

𝒙
)
𝟐

≤ 𝟐((
𝒙

𝒚
)
𝟐

+ (
𝒚

𝒛
)
𝟐

+ (
𝒛

𝒙
)
𝟐

) +
𝒙𝒛

𝒚𝟐
+
𝒛𝒚

𝒙𝟐
+
𝒙𝒚

𝒛𝟐
+ 𝟑(

𝒙𝟐

𝒚𝒛
+
𝒚𝟐

𝒛𝒙
+
𝒛𝟐

𝒙𝒚
) 

𝟔(𝒙𝟐𝒛 + 𝒛𝟐𝒚 + 𝒚𝟐𝒙) ≤ 𝟐(𝒙𝟑𝒛 + 𝒚𝟑𝒙 + 𝒛𝟑𝒚) +
(𝒙𝒛)𝟐

𝒚
+
(𝒚𝒛)𝟐

𝒙
+
(𝒙𝒚)𝟐

𝒛
+ 

+𝟑(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 

(𝒙𝒛)𝟐

𝒚
+
(𝒚𝒛)𝟐

𝒙
+
(𝒙𝒚)𝟐

𝒛
+ 𝟑(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) ≥ 𝟐(𝒙𝟐𝒛 + 𝒛𝟐𝒚 + 𝒚𝟐𝒙) 𝐚𝐧𝐝  

𝟐(
𝒙𝟑𝒛

𝒚
+
𝒚𝟑𝒙

𝒛
+
𝒛𝟑𝒚

𝒙
) + 𝟐(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) ≥ 𝟒(𝒙𝟐𝒛 + 𝒛𝟐𝒚 + 𝒚𝟐𝒙) 

(
𝒙𝟑𝒛

𝒚
+
𝒚𝟑𝒙

𝒛
+
𝒛𝟑𝒚

𝒙
) + (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑) ≥ 𝟐(𝒙𝟐𝒛 + 𝒛𝟐𝒚 + 𝒚𝟐𝒙) 

𝒙𝟒𝒛𝟐 + 𝒚𝟒𝒙𝟐 + 𝒛𝟒𝒚𝟐 + 𝒙𝟒𝒚𝒛 + 𝒚𝟒𝒛𝒙 + 𝒛𝟒𝒙𝒚 ≥ 𝟐(𝒙𝟑𝒚𝟐𝒛 + 𝒛𝟑𝒚𝟐𝒙 + 𝒚𝟑𝒙𝟐𝒛) 

Solution 2 by proposer 

𝟏 + 𝒂

𝟐 + 𝒃
+
𝟏 + 𝒃

𝟐 + 𝒄
+
𝟏 + 𝒄

𝟐 + 𝒂
≤
𝟐(𝒂 + 𝒃 + 𝒄)

𝟑
; (∗) 

(∗) ⇔
𝟐

𝟑
(𝟏 + 𝒂) −

𝟏 + 𝒂

𝟐 + 𝒃
+
𝟐

𝟑
(𝟏 + 𝒃) −

𝟏 + 𝒃

𝟐 + 𝒄
+
𝟐

𝟑
(𝟏 + 𝒄) −

𝟏 + 𝒄

𝟐 + 𝒂
≥ 𝟐 

(𝟏 + 𝒂)(𝟏 + 𝟐𝒃)

𝟐(𝟐 + 𝒃)
+
(𝟏 + 𝒃)(𝟏 + 𝟐𝒄)

𝟑(𝟐 + 𝒄)
+
(𝟏 + 𝒄)(𝟏 + 𝟐𝒂)

𝟑(𝟐 + 𝒂)
≥ 𝟐; (𝟏) 

𝐋𝐞𝐭
𝟏 + 𝟐𝒙

𝟐 + 𝒙
≥
𝟏 + 𝟓𝒙

𝟏 + 𝒙
; (𝟐) ⇔ (𝒙 − 𝟏)𝟐 ≥ 𝟎, ∀𝒙 > 0 
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Use (2) and AM-GM, we have: 

(𝟏 + 𝒂)(𝟏 + 𝟐𝒃)

𝟐(𝟐 + 𝒃)
+
(𝟏 + 𝒃)(𝟏 + 𝟐𝒄)

𝟑(𝟐 + 𝒄)
+
(𝟏 + 𝒄)(𝟏 + 𝟐𝒂)

𝟑(𝟐 + 𝒂)
≥ 

≥
(𝟏 + 𝒂)(𝟏 + 𝟓𝒃)

𝟗(𝟏 + 𝒃)
+
(𝟏 + 𝒃)(𝟏 + 𝟓𝒄)

𝟗(𝟏 + 𝒄)
+
(𝟏 + 𝒄)(𝟏 + 𝟓𝒂)

𝟗(𝟏 + 𝒂)
≥ 

≥ 𝟑√
(𝟏 + 𝒂)(𝟏 + 𝟓𝒃)

𝟗(𝟏 + 𝒃)
⋅
(𝟏 + 𝒃)(𝟏 + 𝟓𝒄)

𝟗(𝟏 + 𝒄)
⋅
(𝟏 + 𝒄)(𝟏 + 𝟓𝒂)

𝟗(𝟏 + 𝒂)

𝟑

= 

=
𝟏

𝟑
√(𝟏 + 𝟓𝒂)(𝟏 + 𝟓𝒃)(𝟏 + 𝟓𝒄)
𝟑

= 

=
𝟏

𝟑
√𝟏 + 𝟓(𝒂 + 𝒃 + 𝒄) + 𝟐𝟓(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟏𝟐𝟓𝒂𝒃𝒄
𝟑

≥ 

≥
𝟏

𝟑
√𝟏 + 𝟏𝟓√𝒂𝒃𝒄

𝟑
+ 𝟕𝟓√𝒂𝟐𝒃𝟐𝒄𝟐

𝟑
+ 𝟏𝟐𝟓𝒂𝒃𝒄

𝟑

=
𝟏

𝟑
√𝟏 + 𝟏𝟓 + 𝟕𝟓 + 𝟏𝟐𝟓
𝟑

= 𝟐 

Solution 3 by Tran Quoc Anh-Vietnam 

𝐋𝐞𝐭 𝑺 =
𝒂 + 𝟏

𝒃 + 𝟐
+
𝒃 + 𝟏

𝒄 + 𝟐
+
𝒄 + 𝟏

𝒂 + 𝟐
 𝐚𝐧𝐝 𝐥𝐞𝐭 𝒂 ≥ 𝒃 ≥ 𝒄 𝐭𝐡𝐞𝐧 𝒂 + 𝟏 ≥ 𝒃 + 𝟏 ≥ 𝒄 + 𝟏 

𝐨𝐫
𝟏

𝒂 + 𝟐
≤

𝟏

𝒃 + 𝟐
≤

𝟏

𝒄 + 𝟐
 

𝑺 = (𝒂 + 𝟏) ⋅
𝟏

𝒃 + 𝟐
+ (𝒃 + 𝟏) ⋅

𝟏

𝒄 + 𝟐
+ (𝒄 + 𝟏) ⋅

𝟏

𝒂 + 𝟐
≤

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 

≤
𝒂 + 𝒃 + 𝒄 + 𝟑

𝟑
(
𝟏

𝒂 + 𝟐
+

𝟏

𝒃 + 𝟐
+

𝟏

𝒄 + 𝟐
) 

𝐖𝐞 𝐦𝐮𝐬𝐭 𝐬𝐡𝐨𝐰: 
𝒂 + 𝒃 + 𝒄 + 𝟑

𝟑
(
𝟏

𝒂 + 𝟐
+

𝟏

𝒃 + 𝟐
+

𝟏

𝒄 + 𝟐
) ≤

𝟐

𝟑
(𝒂 + 𝒃 + 𝒄) 

𝟏

𝒂 + 𝟐
+

𝟏

𝒃 + 𝟐
+

𝟏

𝒄 + 𝟐
≤ 𝟐(

𝒂 + 𝒃 + 𝒄

𝒂 + 𝒃 + 𝒄 + 𝟑
) = 𝟐 −

𝟔

𝒂 + 𝒃 + 𝒄 + 𝟑
 

𝟏

𝒂 + 𝟐
+

𝟏

𝒃 + 𝟐
+

𝟏

𝒄 + 𝟐
+

𝟔

𝒂 + 𝒃 + 𝒄 + 𝟑
≤ 𝟐 

𝐁𝐮𝐭 𝐟𝐫𝐨𝐦 𝐀𝐌 − 𝐆𝐌:𝒂 + 𝒃 + 𝒄 + 𝟑 ≥ 𝟑√𝒂𝒃𝒄
𝟑

+ 𝟑 = 𝟔,𝐡𝐞𝐧𝐜𝐞 

𝟏

𝒂 + 𝟐
+

𝟏

𝒃 + 𝟐
+

𝟏

𝒄 + 𝟐
+

𝟔

𝒂 + 𝒃 + 𝒄 + 𝟑
≤

𝟏

𝒂 + 𝟐
+

𝟏

𝒃 + 𝟐
+

𝟏

𝒄 + 𝟐
+ 𝟏 

𝟏

𝒂 + 𝟐
+

𝟏

𝒃 + 𝟐
+

𝟏

𝒄 + 𝟐
+ 𝟏 ≤ 𝟐 ⇔

𝟏

𝒂 + 𝟐
+

𝟏

𝒃 + 𝟐
+

𝟏

𝒄 + 𝟐
≤ 𝟏 
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(𝒂 + 𝟐)(𝒃 + 𝟐) + (𝒂 + 𝟐)(𝒄 + 𝟐) + (𝒃 + 𝟐)(𝒄 + 𝟐) − (𝒂 + 𝟐)(𝒃 + 𝟐)(𝒄 + 𝟐) ≤ 𝟎 

𝟒 − 𝒂𝒃𝒄 − 𝒃𝒂 − 𝒃𝒄 − 𝒄𝒂 ≤ 𝟎 

𝟑 ≤ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂; (𝟏) 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

= 𝟑 

1077. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐 ≤
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≤
𝑹𝟐

𝟐𝒓𝟐
 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution 1 by Alex Szoros-Romania 

∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

+
𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≥ 𝟐; (𝟏) 

⇔∑𝒂(𝒂 + 𝒃)(𝒂 + 𝒄)

𝒄𝒚𝒄

+ 𝟒𝒂𝒃𝒄 ≥ 𝟐(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) 

∑𝒂[𝒂𝟐 + (𝒃 + 𝒄)𝒂 + 𝒃𝒄]

𝒄𝒚𝒄

+ 𝟒𝒂𝒃𝒄 ≥ 𝟐 [𝟐𝒂𝒃𝒄 +∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

] 

∑𝒂𝟑

𝒄𝒚𝒄

+∑(𝒃 + 𝒄)𝒂𝟐

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 + 𝟒𝒂𝒃𝒄 ≥ 𝟒𝒂𝒃𝒄 + 𝟐∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

 

∑𝒂𝟑

𝒄𝒚𝒄

+∑(𝒃 + 𝒄)𝒂𝟐

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 ≥ 𝟐∑(𝒃 + 𝒄)𝒂𝟐

𝒄𝒚𝒄

 

∑𝒂𝟑

𝒄𝒚𝒄

−∑(𝒃 + 𝒄)𝒂𝟐

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 ≥ 𝟎, ∑𝒂(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒄𝒚𝒄

≥ 𝟎 (𝑺𝒄𝒉𝒖𝒓) 

∵
𝑹

𝒓
≥
𝒃

𝒄
+
𝒄

𝒃
 𝐢𝐧 𝐚𝐧𝐲 𝚫𝑨𝑩𝑪 (𝑩𝒂𝒏𝒅𝒊𝒍𝒂) 

⇒
𝟑𝑹

𝒓
≥∑(

𝒃

𝒄
+
𝒄

𝒃
)

𝒄𝒚𝒄

=∑(
𝒂

𝒃
+
𝒂

𝒄
)

𝒄𝒚𝒄

≥∑
𝟒𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

 

𝟑𝑹

𝟒𝒓
≥∑

𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

; (𝟐) 

∵ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) ⇒
𝑹

𝟒𝒓
≥
𝟏

𝟒
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(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖𝒂𝒃𝒄 (𝑪𝒆𝒔𝒂𝒓𝒐) ⇒
𝟏

𝟐
≥

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
 

𝑹

𝟒𝒓
≥

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
; (𝟑) 

From (2), (3): 

𝟑𝑹

𝟒𝒓
+
𝑹

𝟒𝒓
≥∑

𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

+
𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
 

𝑹

𝒓
≥∑

𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

+
𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
;  (𝟒) 

𝑹𝟐

𝟐𝒓𝟐
=
𝑹

𝒓
∙
𝑹

𝟐𝒓
≥
𝑹

𝒓
∙ 𝟏 =

𝑹

𝒓
; (𝟓) 

From (4), (5): 

𝑹𝟐

𝟐𝒓𝟐
≥∑

𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

+
𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
; (𝟔) 

From (1), (6): 

𝟐 ≤
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≤
𝑹𝟐

𝟐𝒓𝟐
 

Solution 2 by Tapas Das-India 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
=
(𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟑𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄
= 

=
𝟐𝒔 ∙ 𝟐(𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝒓) + 𝟑 ∙ 𝟒𝑹𝒓𝒔

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝑹𝒓𝒔
= 𝟐 −

𝒓(𝟔𝑹+ 𝟒𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
 

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
=

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄
= 

=
𝟒 ∙ 𝟒𝑹𝒓𝒔

𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟒𝑹𝒓𝒔
=

𝟖𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
= 

= 𝟐 −
𝒓(𝟔𝑹+ 𝟒𝒓)

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
+

𝟖𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
= 𝟐 +

𝟐𝑹𝒓 − 𝟒𝒓𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
≥ 𝟎; (∵ 𝑹 ≥ 𝟐𝒓) 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≥ 𝟐 
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Now, we have: 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
= 

= 𝟐 +
𝟐𝑹𝒓 − 𝟒𝒓𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝟐 +

𝟐𝑹𝒓 − 𝟒𝒓𝟐

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
= 

= 𝟐 +
𝟐𝑹𝒓 − 𝟒𝒓𝟐

𝟏𝟖𝑹𝒓 − 𝟒𝒓𝟐
= 𝟐 +

𝑹 − 𝟐𝒓

𝟗𝑹 − 𝟐𝒓
≤

𝑬𝒖𝒍𝒆𝒓
𝟐 +

𝑹 − 𝟐𝒓

𝟏𝟔𝒓
 

We need to show: 

𝟐 +
𝑹 − 𝟐𝒓

𝟏𝟔𝒓
≤
𝑹𝟐

𝟐𝒓𝟐
⇔ (𝑹 − 𝟐𝒓)(𝟖𝑹+ 𝟏𝟓𝒓) ≥ 𝟎 𝐭𝐫𝐮𝐞. 

Therefore, 

𝟐 ≤
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≤
𝑹𝟐

𝟐𝒓𝟐
 

1078. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0. Prove that: 

𝟏

𝟐𝒂𝟐 + 𝟓𝒂√𝒃𝒄 + 𝟐𝒃𝒄
+

𝟏

𝟐𝒃𝟐 + 𝟓𝒃√𝒄𝒂 + 𝟐𝒄𝒂
+

𝟏

𝟐𝒄𝟐 + 𝟓𝒄√𝒂𝒃 + 𝟐𝒂𝒃
≥

𝟏

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Duc Nguyen-Vietnam 

Set (𝒂, 𝒃, 𝒄) → (𝒂𝟐, 𝒃𝟐, 𝒄𝟐), we need to prove: 

∑
𝟏

𝟐𝒂𝟒 + 𝟓𝒂𝟐𝒃𝒄 + 𝟐(𝒃𝒄)𝟐
𝒄𝒚𝒄

≥
𝟏

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐
 

Case 1:  𝒂𝒃𝒄 = 𝟎 it is obviously true. 

Case 2: 𝒂𝒃𝒄 > 0 we can assume that 𝒂𝒃𝒄 = 𝟏. 

Set 𝒕 = 𝒃 + 𝒄, 𝒔 = 𝒃𝒄 with 𝒂 = 𝐦𝐢𝐧{𝒂, 𝒃, 𝒄} ⇒ 𝒂𝒔 = 𝟏 

Hence, the inequality becomes proving: 

𝒇(𝒔) =
𝟐𝒕𝟒 + 𝟒𝒔𝟐 − 𝟖𝒔𝒕𝟐 + 𝟓𝒕 + 𝟐𝒂𝟐𝒕𝟐 − 𝟒𝒂

(𝟒𝒔𝟐 + 𝒂 + 𝟐𝒂𝟑𝒕 − 𝟔𝒕)(𝒔𝟐 + 𝟒𝒂+ 𝟐𝒂𝟑𝒕 − 𝟔𝒕)
+

𝟏

𝟐𝒂𝟒 + 𝟓𝒂+ 𝟐𝒔𝟐
−

𝟏

(𝒂𝒕)𝟐 − 𝟐𝒂+ 𝒔𝟐
≥ 𝟎 

𝒇′(𝒔) < 0, 𝑠 ∈ [𝟏;
𝒕𝟐

𝟒
] ⇒ 𝒇(𝒔) ≥ 𝒇 (

𝒕𝟐

𝟒
) ≥ 𝟎 

Equality holds iff 𝒂 = 𝒃 = 𝒄 > 0. 
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1079. If 𝒂, 𝒃, 𝒄, 𝝀, 𝒏 > 0,   𝑎 + 𝑏 + 𝑐 = 3 then: 

(𝒏 + 𝝀
𝒃

𝒂
)

𝟏
𝒃𝟐

(𝒏 + 𝝀
𝒄

𝒃
)

𝟏
𝒄𝟐
(𝒏 + 𝝀

𝒂

𝒄
)

𝟏
𝒂𝟐
≥ (𝝀 + 𝒏)𝟑 

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒍𝒏((𝒏 + 𝝀
𝒃

𝒂
)

𝟏

𝒃𝟐

(𝒏 + 𝝀
𝒄

𝒃
)

𝟏

𝒄𝟐
(𝒏 + 𝝀

𝒂

𝒄
)

𝟏

𝒂𝟐
) =∑

𝒍𝒏(𝒏 + 𝝀
𝒃
𝒂)

𝒃𝟐
𝒄𝒚𝒄

= 𝒍𝒏(𝒏)∑
𝟏

𝒃𝟐
𝒄𝒚𝒄

+∑
𝒍𝒏(𝟏 +

𝝀
𝒏 .
𝒃
𝒂)

𝒃𝟐
𝒄𝒚𝒄

= 

= 𝒍𝒏(𝒏)∑
𝟏

𝒃𝟐
𝒄𝒚𝒄

+∫ (∑

𝝀
𝒏

𝒃(
𝝀𝒃
𝒏 𝒙 + 𝒂)𝒄𝒚𝒄

)𝒅𝒙
𝟏

𝟎

 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
𝟑𝟑. 𝒍𝒏(𝒏)

(∑ 𝒃𝒄𝒚𝒄 )
𝟐

+
𝝀

𝒏
.∫

𝟑𝟑

(∑ 𝒃𝒄𝒚𝒄 ) [∑ (
𝝀𝒃
𝒏 𝒙 + 𝒂)𝒄𝒚𝒄 ]

𝒅𝒙
𝟏

𝟎

= 

= 𝟑𝒍𝒏(𝒏) +
𝝀

𝒏
.∫

𝟑𝒅𝒙

𝝀
𝒏𝒙 + 𝟏

𝟏

𝟎

= 𝟑𝒍𝒏(𝒏) + [𝟑𝒍𝒏(
𝝀

𝒏
𝒙 + 𝟏)]

𝟎

𝟏

= 𝟑𝒍𝒏(𝝀 + 𝒏) = 𝒍𝒏[(𝝀 + 𝒏)𝟑]. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   (𝒏 + 𝝀
𝒃

𝒂
)

𝟏

𝒃𝟐

(𝒏 + 𝝀
𝒄

𝒃
)

𝟏

𝒄𝟐
(𝒏 + 𝝀

𝒂

𝒄
)

𝟏

𝒂𝟐
≥ (𝝀 + 𝒏)𝟑. 

1080. Let 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎 + 𝑏 + 𝑐 =
𝟐

𝟑
.  Prove that: 

𝟏

𝒂𝟑 + 𝒂𝒃𝒄
+

𝟏

𝒃𝟑 + 𝒂𝒃𝒄
+

𝟏

𝒄𝟑 + 𝒂𝒃𝒄
≥

𝟏

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐
 

 Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution 1 by Vivek Kumar-India 

Let 𝒂 =
𝟏

𝟑𝒙
, 𝒃 =

𝟏

𝟑𝒚
, 𝒄 =

𝟏

𝟑𝒛
⇒

𝟏

𝟑𝒙
+

𝟏

𝟑𝒚
+

𝟏

𝟑𝒛
=
𝟐

𝟑
 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟐𝒙𝒚𝒛 
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𝟏

𝒂𝟑 + 𝒂𝒃𝒄
+

𝟏

𝒃𝟑 + 𝒂𝒃𝒄
+

𝟏

𝒄𝟑 + 𝒂𝒃𝒄
≥

𝟏

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐
⇔ 

∑
𝟏

(
𝟏
𝟑𝒙)

𝟑

+
𝟏
𝟑𝒙 ∙

𝟏
𝟑𝒚 ∙

𝟏
𝟑𝒛

𝒄𝒚𝒄

≥
𝟏

(
𝟏
𝟑𝒙)

𝟐

(
𝟏
𝟑𝒚)

𝟐

+ (
𝟏
𝟑𝒚)

𝟐

(
𝟏
𝟑𝒛)

𝟐

+ (
𝟏
𝟑𝒛)

𝟐

(
𝟏
𝟑𝒙)

𝟐 ⇔ 

∑
𝟐𝟕𝒙𝟑𝒚𝒛

𝒙𝟐 + 𝒚𝒛
𝒄𝒚𝒄

≥
𝟖𝟏𝒙𝟐𝒚𝟐𝒛𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
, ∑

𝒙𝟐

𝒙𝟐 + 𝒚𝒛
𝒄𝒚𝒄

≥
𝟑𝒙𝒚𝒛

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
 

Now, we have: 

∑
𝒙𝟐

𝒙𝟐 + 𝒚𝒛
𝒄𝒚𝒄

≥
𝑪𝑩𝑺 (𝒙 + 𝒚 + 𝒛)𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙
 

(𝒙 + 𝒚 + 𝒛)𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
≥

𝟑𝒙𝒚𝒛

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
; (∗) 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
≥

𝟑
𝟐
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐
 

𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) + (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) − 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 ≥ 𝟎 

((𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) − (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)) (𝟐(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) + 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)) ≥ 𝟎 

Which is true because 𝒙𝟐 + 𝒚𝟐 + 𝒙𝟐 ≥ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝟏

𝒂𝟑 + 𝒂𝒃𝒄
𝒄𝒚𝒄

=∑
(𝒃𝒄)𝟐

𝒂𝒃𝒄(𝒂𝟐𝒃𝒄 + 𝒃𝟐𝒄𝟐)
𝒄𝒚𝒄

 ≥⏞
𝑨𝑴−𝑮𝑴

 
𝟏

𝒂𝒃𝒄
∑

(𝒃𝒄)𝟐

𝒄𝟐𝒂𝟐 + 𝒂𝟐𝒃𝟐

𝟐 + 𝒃𝟐𝒄𝟐𝒄𝒚𝒄

≥ 

≥⏞
𝑪𝑩𝑺

 
(∑ 𝒃𝒄𝒄𝒚𝒄 )

𝟐

𝒂𝒃𝒄. 𝟐∑ 𝒃𝟐𝒄𝟐𝒄𝒚𝒄
 ≥⏞
(∑  𝒙 )𝟐 ≥ 𝟑∑  𝒙𝒚

 
𝟑𝒂𝒃𝒄∑ 𝒂𝒄𝒚𝒄

𝟐𝒂𝒃𝒄∑ 𝒃𝟐𝒄𝟐𝒄𝒚𝒄
=

𝟏

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐
,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝟐

𝟗
. 

1081. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂 + 𝒃 + 𝒄 = 𝟓.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂 −
𝟓

𝟐
)

𝟐

+ 𝟓 ≥ 𝟓(√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 −
𝟑

𝟐
)
𝟐

 

  Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 
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(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)
𝟐
− 𝟓(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂) ≥ 𝟓(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟏𝟓√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

𝑶𝒓  

 𝟏𝟓√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟓(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟓(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂) − (√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)
𝟐
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝟓√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = (𝒂 + 𝒃 + 𝒄)√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 

= √[(−𝒂 + 𝒃 + 𝒄)𝟐 + 𝟒𝒂(𝒃 + 𝒄)][𝒃𝒄 + 𝒂(𝒃 + 𝒄)] ≥⏞
𝑪𝑩𝑺

 √𝒃𝒄(−𝒂 + 𝒃 + 𝒄) + 𝟐𝒂(𝒃 + 𝒄) 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝟓√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ √𝒄𝒂(𝒂 − 𝒃 + 𝒄) + 𝟐𝒃(𝒄 + 𝒂) 

𝑨𝒏𝒅,   𝟓√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ √𝒂𝒃(𝒂 + 𝒃 − 𝒄) + 𝟐𝒄(𝒂 + 𝒃) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟏𝟓√𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂 ≥ (𝒂 + 𝒃 + 𝒄)(√𝒂𝒃+ √𝒃𝒄+ √𝒄𝒂) − (√𝒂𝒃+ √𝒃𝒄 + √𝒄𝒂)
𝟐
+ 𝟓(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 

= 𝟓(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟓(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂) − (√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)
𝟐
,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅 𝒊𝒇𝒇 (𝒂,𝒃, 𝒄) = (
𝟓

𝟐
,
𝟓

𝟐
, 𝟎)  𝒐𝒓 (𝟓, 𝟎, 𝟎) 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏𝒔. 

1082. 𝐈𝐟 𝟎 ≤ 𝒂, 𝒃, 𝒄 ≤ 𝟏 𝐚𝐧𝐝 𝝀 ≥ 𝟏 𝐭𝐡𝐞𝐧 ∶ 

 
𝟏

𝝀 + 𝒂
+

𝟏

𝝀 + 𝒃
+

𝟏

𝝀 + 𝒄
≤

𝟑

𝝀 + √𝒂𝒃𝒄
𝟑  

Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑰𝒇 𝒄 = 𝟎 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 
𝟏

𝝀 + 𝒂
+

𝟏

𝝀 + 𝒃
≤
𝟐

𝝀
 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆  

𝟏

𝝀 + 𝒂
+

𝟏

𝝀 + 𝒃
≤
𝟏

𝝀
+
𝟏

𝝀
=
𝟐

𝝀
. 
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𝑨𝒔𝒔𝒖𝒎𝒆 𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒂, 𝒃, 𝒄 > 0 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑓(𝒙) =
𝟏

𝝀 + 𝒆𝒙
,   𝒙 ≤ 𝟎. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒇′(𝒙) = −
𝒆𝒙

(𝝀 + 𝒆𝒙)𝟐
 𝒂𝒏𝒅 𝒇′′(𝒙) = −

𝒆𝒙(𝝀 − 𝒆𝒙)

(𝝀 + 𝒆𝒙)𝟐
 ≤⏞
𝝀 ≥ 𝟏 ≥ 𝒆𝒙

𝟎,   ∀𝒙 ≤ 𝟎. 

𝑻𝒉𝒆𝒏 𝒇 𝒊𝒔 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒂𝒏𝒅 𝒃𝒚 𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑
𝟏

𝝀+ 𝒂
𝒄𝒚𝒄

=∑𝒇(𝒍𝒏(𝒂))

𝒄𝒚𝒄

≤ 𝟑𝒇(
𝒍𝒏(𝒂) + 𝒍𝒏(𝒃) + 𝒍𝒏(𝒄)

𝟑
) = 𝟑𝒇 (𝒍𝒏(√𝒂𝒃𝒄

𝟑
)) =

𝟑

𝝀 + √𝒂𝒃𝒄
𝟑  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄. 

1083. Let 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 3.  Prove that: 

𝒂 + √𝒃𝒄

√𝒂𝟐 + 𝟑 + √𝒃𝒄
+

𝒃 + √𝒄𝒂

√𝒃𝟐 + 𝟑 + √𝒄𝒂
+

𝒄 + √𝒂𝒃

√𝒄𝟐 + 𝟑 + √𝒂𝒃
≤ 𝟐 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  
𝒂 + √𝒃𝒄

√𝒂𝟐 + 𝟑 + √𝒃𝒄
=

𝒂 + √𝒃𝒄

√𝒂𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + √𝒃𝒄
= 

(𝒂 + √𝒃𝒄) (√(𝒂 + 𝒃)(𝒂 + 𝒄) − √𝒃𝒄)

𝒂(𝒂 + 𝒃 + 𝒄)
= 

=
𝟐(𝒂 + √𝒃𝒄)√(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝟐(𝒂 + √𝒃𝒄)√𝒃𝒄

𝟐𝒂(𝒂 + 𝒃 + 𝒄)
 ≤⏞
𝑨𝑴−𝑮𝑴

 

≤ 
(𝒂 + √𝒃𝒄)

𝟐
+ (𝒂 + 𝒃)(𝒂 + 𝒄) − 𝟐(𝒂 + √𝒃𝒄)√𝒃𝒄

𝟐𝒂(𝒂 + 𝒃 + 𝒄)
 

𝑻𝒉𝒆𝒏 ∶  
𝒂 + √𝒃𝒄

√𝒂𝟐 + 𝟑 + √𝒃𝒄
≤
𝟐𝒂 + 𝒃 + 𝒄

𝟐(𝒂 + 𝒃 + 𝒄)
. 

  
𝒃 + √𝒄𝒂

√𝒃𝟐 + 𝟑 + √𝒄𝒂
≤
𝒂 + 𝟐𝒃 + 𝒄

𝟐(𝒂 + 𝒃 + 𝒄)
  𝒂𝒏𝒅  

𝒄 + √𝒂𝒃

√𝒄𝟐 + 𝟑 + √𝒂𝒃
≤
𝒂 + 𝒃 + 𝟐𝒄

𝟐(𝒂 + 𝒃 + 𝒄)
. 
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𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒓𝒆𝒔𝒖𝒍𝒕𝒔. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1084. If 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 > 0, 𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏 = 𝒏,𝒏 ≥ 𝟐, then: 

𝟏

𝒏 − 𝒂𝟏
+

𝟏

𝒏 − 𝒂𝟐
+⋯+

𝟏

𝒏 − 𝒂𝒏
≥

𝒏

𝒏 − 𝟏
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Tapas Das-India 

𝐋𝐞𝐭 𝒇(𝒙) =
𝟏

𝒏 − 𝒙
, 𝒙 > 0 𝐭𝐡𝐞𝐧 𝒇′(𝒙) =

𝟏

(𝒏 − 𝒙)𝟐
, 𝒇′′(𝒙) =

𝟐

(𝒏 − 𝒙)𝟑
> 0 

𝒇 − 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝐱 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐢𝐧 (𝟎,∞). 

𝐁𝐲 𝐉𝐞𝐧𝐬𝐞𝐧′𝐬:  𝒇(𝒂𝟏) + 𝒇(𝒂𝟐) + ⋯+ 𝒇(𝒂𝒏) ≥ 𝒏 𝒇 (
𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏

𝒏
) 

𝟏

𝒏 − 𝒂𝟏
+

𝟏

𝒏 − 𝒂𝟐
+⋯+

𝟏

𝒏 − 𝒂𝒏
≥ 𝒏𝒇(𝟏) =

𝒏

𝒏 − 𝟏
 

Solution 2 by Ertan Yildirim-Turkiye 

𝒏 − 𝒂𝟏 + 𝒏 − 𝒂𝟐 +⋯+ 𝒏− 𝒂𝒏
𝒏

≥
𝑯𝑴−𝑨𝑴 𝒏

𝟏
𝒏 − 𝒂𝟏

+
𝟏

𝒏 − 𝒂𝟐
+⋯+

𝟏
𝒏 − 𝒂𝒏

 

𝒏 ∙ 𝒏 − (𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏)

𝒏
≥

𝒏

𝟏
𝒏 − 𝒂𝟏

+
𝟏

𝒏 − 𝒂𝟐
+⋯+

𝟏
𝒏 − 𝒂𝒏

 

𝒏𝟐 − 𝒏

𝒏
≥

𝒏

𝟏
𝒏 − 𝒂𝟏

+
𝟏

𝒏 − 𝒂𝟐
+⋯+

𝟏
𝒏 − 𝒂𝒏

 

𝟏

𝒏 − 𝒂𝟏
+

𝟏

𝒏 − 𝒂𝟐
+⋯+

𝟏

𝒏 − 𝒂𝒏
≥

𝒏𝟐

𝒏𝟐 − 𝒏
=

𝒏

𝒏 − 𝟏
 

Solution 3 by Vivek Kumar-India  

𝟏

𝒏 − 𝒂𝟏
+

𝟏

𝒏 − 𝒂𝟐
+⋯+

𝟏

𝒏 − 𝒂𝒏
≥
𝑪𝑩𝑺 (𝟏 + 𝟏 +⋯+ 𝟏)𝟐

(𝒏 − 𝒂𝟏) + (𝒏 − 𝒂𝟐) +⋯+ (𝒏 − 𝒂𝒏)
= 

=
𝒏𝟐

(𝒏 + 𝒏 + ⋯+ 𝒏) − (𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏)
=

𝒏𝟐

𝒏𝟐 − 𝒏
=

𝒏

𝒏 − 𝟏
 

 



 
www.ssmrmh.ro 

112 RMM-INEQUALITIES MARATHON 1001-1100 

 

Solution 4 by Fayssal Abdelli-Algerie 

𝟏

𝒏 − 𝒂𝟏
+

𝟏

𝒏 − 𝒂𝟐
+⋯+

𝟏

𝒏 − 𝒂𝒏
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝟏 + 𝟏 + ⋯+ 𝟏)𝟐

(𝒏 − 𝒂𝟏) + (𝒏 − 𝒂𝟐) +⋯+ (𝒏 − 𝒂𝒏)
= 

=
𝒏𝟐

(𝒏 + 𝒏 + ⋯+ 𝒏) − (𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏)
=

𝒏𝟐

𝒏𝟐 − 𝒏
=

𝒏

𝒏 − 𝟏
 

1085. If 𝒎,𝒏, 𝒑 ∈ ℕ − {𝟎} then: 

∑
𝟏

𝒌

𝒏

𝒌=𝟏

+∑
𝟏

𝒌

𝒎

𝒌=𝟏

+∑
𝟏

𝒌

𝒑

𝒌=𝟏

≤ 𝟏+ ∑
𝟏

𝒌

𝒎𝒏𝒑

𝒌=𝟏

 

Proposed by Daniel Sitaru-Romania 

Solution by Ravi Prakash-New Delhi-India 

Let us first show that if 𝒎,𝒏 ≥ 𝟏, then: 

∑
𝟏

𝒌

𝒏

𝒌=𝟏

+∑
𝟏

𝒌

𝒎

𝒌=𝟏

≤ 𝟏 +∑
𝟏

𝒌

𝒎𝒏

𝒌=𝟏

⇔∑
𝟏

𝒌

𝒏

𝒌=𝟐

≤ ∑
𝟏

𝒌

𝒎𝒏

𝒌=𝒎+𝟏

;   (𝟏) 

∑
𝟏

𝒌

𝒎𝒏

𝒌=𝒎+𝟏

= (
𝟏

𝒎+ 𝟏
+

𝟏

𝒎 + 𝟐
+⋯+

𝟏

𝟐𝒎
) + (

𝟏

𝟐𝒎+ 𝟏
+

𝟏

𝟐𝒎+ 𝟐
+⋯+

𝟏

𝟑𝒎
) + 

+(
𝟏

𝟑𝒎+ 𝟏
+

𝟏

𝟑𝒎 + 𝟐
+⋯+

𝟏

𝟒𝒎
)+ ⋯+ (

𝟏

(𝒏 − 𝟏)𝒎+ 𝟏
+

𝟏

(𝒏 − 𝟏)𝒎+ 𝟐
+⋯+

𝟏

𝒏𝒎
) ≥ 

≥
𝒎

𝟐𝒎
+
𝒎

𝟑𝒎
+⋯+

𝒎

𝒏𝒎
=
𝟏

𝟐
+
𝟏

𝟑
+ ⋯+

𝟏

𝒏
=∑

𝟏

𝒌

𝒏

𝒌=𝟏

 

Now, 

∑
𝟏

𝒌

𝒏

𝒌=𝟏

+∑
𝟏

𝒌

𝒎

𝒌=𝟏

+∑
𝟏

𝒌

𝒑

𝒌=𝟏

= (∑
𝟏

𝒌

𝒏

𝒌=𝟏

+∑
𝟏

𝒌

𝒎

𝒌=𝟏

) +∑
𝟏

𝒌

𝒑

𝒌=𝟏

≤ 

≤ 𝟏 +∑
𝟏

𝒌

𝒎𝒏

𝒌=𝟏

+∑
𝟏

𝒌

𝒑

𝒌=𝟏

≤ 𝟏 + 𝟏 + ∑
𝟏

𝒌

𝒎𝒏𝒑

𝒌=𝟏

= 𝟐 + ∑
𝟏

𝒌

𝒎𝒏𝒑

𝒌=𝟏

 

1086. 𝐅𝐨𝐫 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 ≥ 𝟎 ∶  ∑ 𝒂𝒊𝒂𝒋𝟏≤𝒊 <𝑗≤𝑛 = 𝟏.  𝐒𝐞𝐭 𝒕 = ∑ 𝒂𝒊𝟏≤ 𝒊 ≤𝒏   𝐭𝐡𝐞𝐧: 
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∑
𝟏−𝒂𝒊

𝒂𝒊 +√𝒂𝒊𝟐 − 𝒂𝒊𝒕 + 𝟏

𝒏

𝒊=𝟏

≥ 𝒏− 𝟐.  𝐖𝐡𝐞𝐧 𝐝𝐨𝐞𝐬 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝? 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑭𝒐𝒓 𝒌 ∈ 𝟏,𝒏,   𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝒂𝒌
𝟐 − 𝒂𝒌𝒕 + 𝟏 = 𝟏 − 𝒂𝒌(𝒕 − 𝒂𝒌)

= ∑ 𝒂𝒊𝒂𝒋
𝟏≤𝒊 <𝑗≤𝑛

− ∑ 𝒂𝒌𝒂𝒊
𝟏≤ 𝒊≤𝒏,𝒊≠𝒌 

≥ 𝟎. 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝒕 = √𝒕𝟐. 𝟏 = √[(𝒕 − 𝟐𝒂𝒊)𝟐 + 𝟒𝒂𝒊(𝒕 − 𝒂𝒊)][(𝒂𝒊𝟐 − 𝒂𝒊𝒕 + 𝟏) + 𝒂𝒊(𝒕 − 𝒂𝒊)] ≥ 

≥⏞
𝑪𝑩𝑺

 (𝒕 − 𝟐𝒂𝒊)√𝒂𝒊𝟐 − 𝒂𝒊𝒕 + 𝟏 + 𝟐𝒂𝒊(𝒕 − 𝒂𝒊) = (𝒕 − 𝟐𝒂𝒊) (√𝒂𝒊𝟐 − 𝒂𝒊𝒕 + 𝟏 + 𝒂𝒊) + 𝒂𝒊𝒕 

𝑻𝒉𝒆𝒏 ∶   (𝟏 − 𝒂𝒊)𝒕 ≥ (𝒕 − 𝟐𝒂𝒊) (√𝒂𝒊𝟐 − 𝒂𝒊𝒕 + 𝟏 + 𝒂𝒊)   𝒐𝒓  

 
𝟏 − 𝒂𝒊

𝒂𝒊 +√𝒂𝒊𝟐 − 𝒂𝒊𝒕 + 𝟏
≥ 𝟏 −

𝟐𝒂𝒊
𝒕
,   ∀𝒊 ∈ 𝟏, 𝒏. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
𝟏 − 𝒂𝒊

𝒂𝒊 + √𝒂𝒊𝟐 − 𝒂𝒊𝒕 + 𝟏

𝒏

𝒊=𝟏

≥∑(𝟏−
𝟐𝒂𝒊
𝒕
)

𝒏

𝒊=𝟏

= 𝒏− 𝟐. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝒂𝟏, 𝒂𝟐, 𝒂𝟑, … , 𝒂𝒏) = (𝟏, 𝟏, 𝟎, … , 𝟎) 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

1087. If 𝒂, 𝒃, 𝒄, 𝒅 > 0 then: 

(𝒂𝟑 + 𝒃𝟑)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓)

𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅)
≥ 𝟏 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Vivek Kumar-India 

𝒂𝟑 + 𝒃𝟑 =
𝒂𝟒

𝒂
+
𝒃𝟒

𝒃
≥
𝑪𝑩𝑺 (𝒂𝟐 + 𝒃𝟐)𝟐

𝒂 + 𝒃
≥
𝑪𝑩𝑺 (

𝟏
𝟐
(𝒂 + 𝒃)𝟐)

𝟐

𝒂 + 𝒃
 

⇒ 𝒂𝟑 + 𝒃𝟑 ≥
𝟏

𝟒
(𝒂 + 𝒃)𝟑; (𝟏) 



 
www.ssmrmh.ro 

114 RMM-INEQUALITIES MARATHON 1001-1100 

 

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥
𝑪𝑩𝑺 𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 ≥

𝑪𝑩𝑺 𝟏

𝟑
(
𝟏

𝟑
(𝒂 + 𝒃 + 𝒄)𝟐)

𝟐

 

⇒ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥
𝟏

𝟐𝟕
(𝒂 + 𝒃 + 𝒄)𝟒; (𝟐) 

𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓 =
𝒂𝟔

𝒂
+
𝒃𝟔

𝒃
+
𝒄𝟔

𝒄
+
𝒅𝟔

𝒅
≥
𝑪𝑩𝑺 (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒅𝟑)𝟐

𝒂 + 𝒃 + 𝒄 + 𝒅
= 

=
(
𝒂𝟒

𝒂 +
𝒃𝟒

𝒃 +
𝒄𝟒

𝒄 +
𝒅𝟒

𝒅 )
𝟐

𝒂 + 𝒃 + 𝒄 + 𝒅
≥
𝑪𝑩𝑺 (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒅𝟐)𝟐

𝒂 + 𝒃 + 𝒄 + 𝒅
≥
𝑪𝑩𝑺

 

≥
(
𝟏
𝟒
(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟐)

𝟒

(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟑
 

⇒ 𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓 ≥
𝟏

𝟐𝟓𝟔
(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟓; (𝟑) 

Now, from (1), (2) and (3) we get: 

(𝒂𝟑 + 𝒃𝟑)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓)

𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅)
≥ 

≥

𝟏
𝟒
(𝒂 + 𝒃)𝟑 ∙

𝟏
𝟐𝟕
(𝒂 + 𝒃 + 𝒄)𝟒 ∙

𝟏
𝟐𝟓𝟔

(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟓

𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅)
= 

=
𝟏

𝟒 ∙ 𝟐𝟕 ∙ 𝟐𝟓𝟔
∙
(𝒂 + 𝒃)𝟐(𝒂 + 𝒃 + 𝒄)𝟑(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟒

𝒂𝟑𝒃𝟑𝒄𝟐𝒅
≥
𝑨𝑮𝑴

 

≥
𝟏

𝟒 ∙ 𝟐𝟕 ∙ 𝟐𝟓𝟔
∙
(𝟐√𝒂𝒃)

𝟐
(𝟑√𝒂𝒃𝒄

𝟑
)
𝟑
∙ (𝟒√𝒂𝒃𝒄𝒅

𝟒
)
𝟒

𝒂𝟑𝒃𝟑𝒄𝟐𝒅
= 

=
𝟏

𝟒 ∙ 𝟐𝟕 ∙ 𝟐𝟓𝟔
∙
𝟒𝒂𝒃 ∙ 𝟐𝟕𝒂𝒃𝒄 ∙ 𝟐𝟓𝟔𝒂𝒃𝒄𝒅

𝒂𝟑𝒃𝟑𝒄𝟐𝒅
= 𝟏 

Solution 2 by Tapas Das-India 

𝒂𝟑 + 𝒃𝟑

𝟐
≥
𝒂𝟐 + 𝒃𝟐

𝟐
∙
𝒂 + 𝒃

𝟐
⇒ 𝒂𝟑 + 𝒃𝟑 ≥

(𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)

𝟐
 

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒

𝟑
≥
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟑
∙
𝒂 + 𝒃 + 𝒄

𝟑
⇒ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥

(𝒂 + 𝒃 + 𝒄)(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

𝟑
 

𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓

𝟒
≥
𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒

𝟒
∙
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
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⇒ 𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓 ≥
(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒅𝟒)(𝒂 + 𝒃 + 𝒄 + 𝒅)

𝟒
 

(𝒂𝟑 + 𝒃𝟑)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓)

𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅)
≥ 

≥
(𝒂𝟐 + 𝒃𝟐)(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)(𝒂 + 𝒃 + 𝒄 + 𝒅)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒅𝟒)

𝟐𝟒𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅)
= 

=
(𝒂𝟐 + 𝒃𝟐)(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒅𝟒)

𝟐𝟒𝒂𝟑𝒃𝟑𝒄𝟐𝒅
≥
𝟐𝒂𝒃 ∙ 𝟑𝒂𝒃𝒄 ∙ 𝟒𝒂𝒃𝒄𝒅

𝟐𝟒𝒂𝟑𝒃𝟑𝒄𝟐𝒅
= 𝟏 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝒂𝟑 + 𝒃𝟑 = (𝒂 + 𝒃)(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) ≥ (𝒂 + 𝒃)(𝟐𝒂𝒃 − 𝒂𝒃) = 𝒂𝒃(𝒂 + 𝒃) 

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥
(𝒂 + 𝒃 + 𝒄)𝟒

𝟑𝟑
≥
𝒂 + 𝒃 + 𝒄

𝟐𝟕
∙ 𝟐𝟕𝒂𝒃𝒄 = 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓 ≥
(𝒂 + 𝒃 + 𝒄 + 𝒅)𝟒(𝒂 + 𝒃 + 𝒄 + 𝒅)

𝟒
≥
𝒂 + 𝒃 + 𝒄 + 𝒅

𝟒
∙ 𝟒√(𝒂𝒃𝒄𝒅)𝟒

𝟒

= 𝒂𝒃𝒄𝒅(𝒂 + 𝒃 + 𝒄 + 𝒅) 

⇒ 𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓 ≥
(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒅𝟒)(𝒂 + 𝒃 + 𝒄 + 𝒅)

𝟒
 

Hence, 

(𝒂𝟑 + 𝒃𝟑)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓) ≥ 

≥ 𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅) 

Therefore, 

(𝒂𝟑 + 𝒃𝟑)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓)

𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅)
≥ 𝟏 

Solution 4 by Hikmat Mammadov-Azerbaijan 

𝒂𝟑 + 𝒃𝟑 =
𝟏

𝟐
(𝒂 + 𝒃)(𝒂𝟐 + 𝒃𝟐) ≥ 𝒂𝒃(𝒂 + 𝒃) 

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥
(𝒂 + 𝒃 + 𝒄)(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

𝟑
≥ 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓 ≥
(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒅𝟒)(𝒂 + 𝒃 + 𝒄 + 𝒅)

𝟒
≥ 𝒂𝒃𝒄𝒅(𝒂 + 𝒃 + 𝒄 + 𝒅) 

Hence, 
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(𝒂𝟑 + 𝒃𝟑)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓) ≥ 

≥ 𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅) 

Therefore, 

(𝒂𝟑 + 𝒃𝟑)(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)(𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒅𝟓)

𝒂𝟑𝒃𝟑𝒄𝟐𝒅(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒅)
≥ 𝟏 

1088. If 𝒂, 𝒃, 𝒄, 𝒅, 𝒆, 𝒇 > 0, 𝑎 + 𝑏 + 𝑐 = 𝑑 + 𝑒 + 𝑓 = 1 then: 

√𝒂𝒅𝟒
𝟓

+ √𝒃𝒆𝟒
𝟓

+ √𝒄𝒇𝟒
𝟓

≤ 𝟏 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Tapas Das-India 

√𝒂𝒅𝟒
𝟓

+ √𝒃𝒆𝟒
𝟓

+ √𝒄𝒇𝟒
𝟓

≤
𝑨𝑮𝑴 𝒂 + 𝟒𝒅

𝟓
+
𝒃 + 𝟒𝒆

𝟓
+
𝒄 + 𝟒𝒇

𝟓
= 

=
𝟏

𝟒
[(𝒂 + 𝒃 + 𝒄) + 𝟒(𝒂 + 𝒃 + 𝒄)] =

𝟏

𝟓
(𝟏 + 𝟒) = 𝟏 

Solution 2 by Hikmat Mammadov-Azerbaijan 

√𝒂𝒅𝟒
𝟓

+ √𝒃𝒆𝟒
𝟓

+ √𝒄𝒇𝟒
𝟓

≤
𝑨𝑮𝑴 𝒂 + 𝟒𝒅

𝟓
+
𝒃 + 𝟒𝒆

𝟓
+
𝒄 + 𝟒𝒇

𝟓
= 

=
𝟏

𝟒
[(𝒂 + 𝒃 + 𝒄) + 𝟒(𝒂 + 𝒃 + 𝒄)] =

𝟏

𝟓
(𝟏 + 𝟒) = 𝟏 

1089. Let 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏. Find Min. value of the following 

expression: 

𝑷 =
√𝒃𝒄(𝟐𝒂 − 𝟏)

𝟐𝒂 + √𝒃𝒄
+
√𝒄𝒂(𝟐𝒃 − 𝟏)

𝟐𝒃 + √𝒄𝒂
+
√𝒂𝒃(𝟐𝒄 − 𝟏)

𝟐𝒄 + √𝒂𝒃
+ 𝟐(𝒂 + 𝒃 + 𝒄 − 𝟏)𝟐 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by proposer 
 

𝑷 =
√𝒃𝒄(𝟐𝒂− 𝟏)

𝟐𝒂 + √𝒃𝒄
+
√𝒄𝒂(𝟐𝒃 − 𝟏)

𝟐𝒃 + √𝒄𝒂
+
√𝒂𝒃(𝟐𝒄 − 𝟏)

𝟐𝒄 + √𝒂𝒃
+ 𝟐(𝒂 + 𝒃 + 𝒄 − 𝟏)𝟐 

=
𝟐𝒂(√𝒃𝒄 + 𝟏)

𝟐𝒂 + √𝒃𝒄
+
𝟐𝒃(√𝒄𝒂 + 𝟏)

𝟐𝒃 + √𝒄𝒂
+
𝟐𝒄(√𝒂𝒃 + 𝟏)

𝟐𝒄 + √𝒂𝒃
+ 𝟐(𝒂 + 𝒃 + 𝒄 − 𝟏)𝟐 − 𝟑 

Using AM-GM inequality: 
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𝟐 = 𝟐√
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂 + √𝒃𝒄
(𝒂 + √𝒃𝒄) ≤ 𝒂 + √𝒃𝒄 +

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂 + √𝒃𝒄
= 𝟐√𝒃𝒄 +

𝒂(𝒂 + 𝒃 + 𝒄)

𝒂 + √𝒃𝒄
 

⇒ 𝒂(𝟏 + √𝒃𝒄) + 𝒃 + 𝒄 ≥ (𝒃 + 𝒄)(𝟐𝒂 + √𝒃𝒄) 

𝟐𝒂(√𝒃𝒄 + 𝟏)

𝟐𝒂 + √𝒃𝒄
+
𝟐(𝒃 + 𝒄)

𝟐𝒂 + √𝒃𝒄
≥ 𝟐(𝒃 + 𝒄) 

Also by HM-GM:  

√𝒃𝒄 ≥
𝟐𝒃𝒄

𝒃 + 𝒄
⇒ 𝟐𝒂 + √𝒃𝒄 ≥

𝟐

𝒃 + 𝒄
 

Hence, 

𝟐𝒂(√𝒃𝒄 + 𝟏)

𝟐𝒂 + √𝒃𝒄
≥ 𝟐(𝒃 + 𝒄) − (𝒃 + 𝒄)𝟐 

Summing up similar inequalities, we get: 

𝑷 ≥ 𝟐(𝒂 + 𝒃 + 𝒄 − 𝟏)𝟐 − 𝟑 + 𝟒(𝒂 + 𝒃 + 𝒄) − 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏) = 𝟏 

𝑷𝑴𝒊𝒏 = 𝟏 ⇔ (𝒂, 𝒃, 𝒄) ∈ {(𝟏, 𝟏, 𝟎); (𝟏, 𝟎, 𝟏); (𝟎, 𝟏, 𝟏)} 

1090. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 𝟎 ∶ 𝒂 + 𝒃 + 𝒄 = 𝟏.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

𝒂 +√𝒃𝒄
𝒂 + 𝟏

+
𝒃+ √𝒄𝒂
𝒃+ 𝟏

+
𝒄+ √𝒂𝒃
𝒄+ 𝟏

≤ 𝟏+
√𝒂𝒃 +√𝒃𝒄 + √𝒄𝒂

𝟐
 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝟏 = 𝒂 + 𝐛 + 𝐜 ⇒
𝒂 + √𝐛𝐜

𝒂 + 𝟏
+
𝐛 + √𝐜𝒂

𝐛 + 𝟏
+
𝐜 + √𝒂𝐛

𝐜 + 𝟏
≤ 𝟏 +

√𝒂𝐛 + √𝐛𝐜 + √𝐜𝒂

𝟐

⇔
𝒂 + √𝐛𝐜

𝒂 + 𝟏
+
𝐛 + √𝐜𝒂

𝐛 + 𝟏
+
𝐜 + √𝒂𝐛

𝐜 + 𝟏
≤ 𝒂+ 𝐛 + 𝐜 +

√𝒂𝐛+ √𝐛𝐜 + √𝐜𝒂

𝟐
 

⇔∑(𝒂−
𝒂

𝒂 + 𝟏
)

𝐜𝐲𝐜

≥∑(√𝐛𝐜(
𝟏

𝒂 + 𝟏
−
𝟏

𝟐
))

𝐜𝐲𝐜

⇔∑
𝒂𝟐

𝒂+ 𝟏
𝐜𝐲𝐜

≥
𝟏

𝟐
∑(√𝐛𝐜(

𝟐 − 𝒂 − 𝟏

𝒂 + 𝟏
))

𝐜𝐲𝐜

⇔∑
𝒂𝟐

𝒂+ 𝟏
𝐜𝐲𝐜

≥
(∗) 𝟏

𝟐
∑(√𝐛𝐜 (

𝟏 − 𝒂

𝒂+ 𝟏
))

𝐜𝐲𝐜
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𝐍𝐨𝐰, 𝟏 − 𝒂 = 𝐛 + 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒
𝟏

𝟐
∑(√𝐛𝐜 (

𝟏 − 𝒂

𝒂+ 𝟏
))

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

𝟐
∑((

𝐛+ 𝐜

𝟐
)(
𝟏 − 𝒂

𝒂+ 𝟏
))

𝐜𝐲𝐜

=∑

(𝟏 − 𝒂)𝟐

𝟒
𝒂 + 𝟏

𝐜𝐲𝐜

≤
?
∑

𝒂𝟐

𝒂 + 𝟏
𝐜𝐲𝐜

⇔∑
𝒂𝟐 − (

𝟏 − 𝒂
𝟐

)
𝟐

𝒂+ 𝟏
𝐜𝐲𝐜

≥
?
𝟎 

⇔∑
(
𝟐𝒂+ 𝟏 − 𝒂

𝟐
) (
𝟐𝒂− 𝟏+ 𝒂

𝟐
)

𝒂 + 𝟏
𝐜𝐲𝐜

≥
?
𝟎 ⇔

𝟏

𝟒
∑(𝟑𝒂− 𝟏)

𝐜𝐲𝐜

≥
?
𝟎

⇔ 𝟑(𝒂 + 𝐛 + 𝐜) − 𝟑 ≥
?
𝟎 ⇔
𝒂+𝐛+𝐜 = 𝟏

𝟑 − 𝟑 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴

𝟏

𝟐
∑(√𝐛𝐜(

𝟏 − 𝒂

𝒂 + 𝟏
))

𝐜𝐲𝐜

≤∑
𝒂𝟐

𝒂 + 𝟏
𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∀ 𝒂, 𝐛, 𝐜 > 0 │𝒂 + 𝐛 + 𝐜 = 𝟏,
𝒂 + √𝐛𝐜

𝒂 + 𝟏
+
𝐛 + √𝐜𝒂

𝐛 + 𝟏
+
𝐜 + √𝒂𝐛

𝐜 + 𝟏

≤ 𝟏 +
√𝒂𝐛 + √𝐛𝐜 + √𝐜𝒂

𝟐
,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =

𝟏

𝟑
 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑(
𝒂 + √𝒃𝒄

𝒂 + 𝟏
−
√𝒃𝒄

𝟐
)

𝒄𝒚𝒄

=∑
𝟐𝒂 + (𝟏 − 𝒂)√𝒃𝒄

𝟐(𝒂 + 𝟏)
𝒄𝒚𝒄

 ≤⏞
𝑨𝑴−𝑮𝑴,   𝒂 < 1

 ∑
𝟐𝒂 + (𝟏 − 𝒂).

𝒃 + 𝒄
𝟐

𝟐(𝒂 + 𝟏)
𝒄𝒚𝒄

= 

=∑
𝟒𝒂+ (𝟏 − 𝒂)𝟐

𝟒(𝒂 + 𝟏)
𝒄𝒚𝒄

=∑
𝒂+ 𝟏

𝟒
𝒄𝒚𝒄

=
𝟏 + 𝟑

𝟒
= 𝟏. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝒂 + √𝒃𝒄

𝒂 + 𝟏
+
𝒃 + √𝒄𝒂

𝒃 + 𝟏
+
𝒄 + √𝒂𝒃

𝒄 + 𝟏
≤ 𝟏 +

√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂

𝟐
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
. 

1091. 𝐈𝐟 𝒙, 𝒚, 𝒛 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒙𝒚𝒛 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

(𝒙𝟕 + 𝒚𝟕 + 𝒛𝟕)𝟐 ≥ 𝟑(𝒙𝟗 + 𝒚𝟗 + 𝒛𝟗)  

Proposed by Marius Drăgan, Neculai Stanciu-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

𝒙𝟏𝟒 + 𝒚𝟏𝟒 + 𝒛𝟏𝟒 + 𝟐(𝒙𝒚)𝟕 + 𝟐(𝒚𝒛)𝟕 + 𝟐(𝒛𝒙)𝟕 ≥ 𝟑(𝒙𝟗 + 𝒚𝟗 + 𝒛𝟗) 

⇔ 𝒙𝟏𝟒 + 𝒚𝟏𝟒 + 𝒛𝟏𝟒 +
𝟐

𝒛𝟕
+
𝟐

𝒙𝟕
+
𝟐

𝒚𝟕
≥ 𝟑(𝒙𝟗 + 𝒚𝟗 + 𝒛𝟗) 

⇔ (𝒙𝟏𝟒 − 𝟑𝒙𝟗 +
𝟐

𝒙𝟕
) + (𝒚𝟏𝟒 − 𝟑𝒚𝟗 +

𝟐

𝒚𝟕
) + (𝒛𝟏𝟒 − 𝟑𝒛𝟗 +

𝟐

𝒛𝟕
) ≥ 𝟎. 

𝑳𝒆𝒕  𝒇(𝒙) = 𝒙𝟏𝟒 − 𝟑𝒙𝟗 +
𝟐

𝒙𝟕
+ 𝟐𝟕𝒍𝒏(𝒙),   𝒙 > 0. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒇′(𝒙) = 𝟏𝟒𝒙𝟏𝟑 − 𝟐𝟕𝒙𝟖 −
𝟏𝟒

𝒙𝟖
+
𝟐𝟕

𝒙
  𝒂𝒏𝒅  𝒇′′(𝒙)

= 𝟏𝟖𝟐𝒙𝟏𝟐 − 𝟐𝟏𝟔𝒙𝟖 +
𝟏𝟏𝟐

𝒙𝟖
−
𝟐𝟕

𝒙𝟐
, ∀𝒙 > 0. 

𝑩𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟒𝒙𝟏𝟐 +
𝟏

𝒙𝟖
≥ 𝟓√(𝒙𝟏𝟐)𝟒.

𝟏

𝒙𝟖

𝟓

= 𝟓𝒙𝟖  𝒂𝒏𝒅  𝟑𝒙𝟏𝟐 +
𝟕

𝒙𝟖
≥ 𝟏𝟎√(𝒙𝟏𝟐)𝟑. (

𝟏

𝒙𝟖
)
𝟕𝟓

=
𝟏𝟎

𝒙𝟐
. 

𝟐𝟏𝟔𝒙𝟖 +
𝟐𝟕

𝒙𝟐
≤
𝟐𝟏𝟔

𝟓
(𝟒𝒙𝟏𝟐 +

𝟏

𝒙𝟖
) +

𝟐𝟕

𝟏𝟎
(𝟑𝒙𝟏𝟐 +

𝟕

𝒙𝟖
) =

𝟏𝟖𝟎𝟗

𝟏𝟎
𝒙𝟏𝟐 +

𝟔𝟐𝟏

𝟏𝟎𝒙𝟖

< 182𝒙𝟏𝟐 +
𝟏𝟏𝟐

𝒙𝟖
. 

𝑺𝒐 𝒇′′(𝒙) > 0,   ∀𝑥 > 0 𝑎𝑛𝑑 𝒇′ 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (𝟎,∞),   𝒔𝒊𝒏𝒄𝒆 𝒇′(𝟏) = 𝟎 𝒕𝒉𝒆𝒏 ∶ 

𝒇′(𝒙) ≤ 𝟎, ∀𝒙 ∈ (𝟎, 𝟏] 𝒂𝒏𝒅 𝒇′(𝒙) ≥ 𝟎,   ∀𝒙 ∈ [𝟏,∞), 𝒔𝒐 𝒇(𝒙) ≥ 𝒇(𝟏) = 𝟎,   ∀𝒙 ∈ (𝟎,∞). 

𝑻𝒉𝒆𝒏 ∶  𝒙𝟏𝟒 − 𝟑𝒙𝟗 +
𝟐

𝒙𝟕
≥ −𝟐𝟕𝒍𝒏(𝒙)   (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   

 ∑(𝒙𝟏𝟒 − 𝟑𝒙𝟗 +
𝟐

𝒙𝟕
)

𝒄𝒚𝒄

≥∑(−𝟐𝟕𝒍𝒏(𝒙))

𝒄𝒚𝒄

= −𝟐𝟕𝒍𝒏(𝒙𝒚𝒛) = 𝟎,   

 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 



 
www.ssmrmh.ro 

120 RMM-INEQUALITIES MARATHON 1001-1100 

 

Solution 2 by Soumava Chakraborty-Kolkata-India 

 

(𝒙 + 𝟏)𝟑(𝐲 + 𝟏)𝟑(𝐳 + 𝟏)𝟑 ≤ (𝒙 + 𝟏)
𝟏
𝒙(𝐲 + 𝟏)

𝟏
𝐲(𝐳 + 𝟏)

𝟏
𝐳 ⇔∏(𝒙 + 𝟏)

𝟏
𝒙
−𝟑

𝐜𝐲𝐜

≥ 𝟏

⇔∑((
𝟏

𝒙
− 𝟑) . 𝐥𝐧(𝒙 + 𝟏))

𝐜𝐲𝐜

≥
(∗)

𝟎 

𝐋𝐞𝐭 𝐟(𝒙) = (
𝟏

𝒙
− 𝟑) . 𝐥𝐧(𝒙 + 𝟏) ∀ 𝒙 > 0 ⇒ 𝐟 

′′(𝒙)
=
𝟐𝐥𝐧(𝒙 + 𝟏)

𝒙𝟑
−

𝟐

𝒙𝟐(𝒙+ 𝟏)
−

𝟏 − 𝟑𝒙

𝒙(𝒙 + 𝟏)𝟐
> 0

⇔
𝟐𝐥𝐧(𝒙 + 𝟏)

𝒙𝟑
>
𝟐(𝒙 + 𝟏) + 𝒙(𝟏 − 𝟑𝒙)

𝒙𝟐(𝒙 + 𝟏)𝟐
⇔ 𝐥𝐧(𝒙 + 𝟏) >

−𝟑𝒙𝟑 + 𝟑𝒙𝟐 + 𝟐𝒙

𝟐(𝒙 + 𝟏)𝟐
 

⇔ 𝐥𝐧(𝒙 + 𝟏) −
−𝟑𝒙𝟑 + 𝟑𝒙𝟐 + 𝟐𝒙

𝟐(𝒙 + 𝟏)𝟐
>
(∗∗)

𝟎 

𝐋𝐞𝐭 𝐏(𝒙) = 𝐥𝐧(𝒙 + 𝟏) −
−𝟑𝒙𝟑 + 𝟑𝒙𝟐 + 𝟐𝒙

𝟐(𝒙 + 𝟏)𝟐
 ∀ 𝒙 ≥ 𝟎 ∴ 𝐏′(𝒙) =

𝒙𝟐(𝟑𝒙+ 𝟏𝟏)

𝟐(𝒙 + 𝟏)𝟑
≥ 𝟎 ⇒ 𝐏(𝒙) 𝐢𝐬

↑ 𝐨𝐧 [𝟎,∞) ⇒ ∀ 𝒙 ≥ 𝟎,𝐏(𝒙) ≥ 𝐏(𝟎) = 𝟎,′′=′′ 𝐢𝐟𝐟 𝒙 = 𝟎 ⇒ ∀ 𝒙 > 0, 𝐏(𝒙) > 0 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒙 > 0 ⇒ 𝐟 
′′(𝒙)

> 0 ⇒ 𝐟(𝒙) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 ∴∑((
𝟏

𝒙
− 𝟑) . 𝐥𝐧(𝒙 + 𝟏))

𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧

 

𝟑((
𝟏

𝒙 + 𝐲 + 𝐳
𝟑

− 𝟑) . 𝐥𝐧 (
𝒙 + 𝐲 + 𝐳

𝟑
+ 𝟏)) =

𝒙+𝐲+𝐳 = 𝟏
𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (𝒙 + 𝟏)𝟑(𝐲 + 𝟏)𝟑(𝐳 + 𝟏)𝟑 ≤ (𝒙 + 𝟏)
𝟏
𝒙(𝐲 + 𝟏)

𝟏
𝐲(𝐳 + 𝟏)

𝟏
𝐳  ∀ 𝒙, 𝐲, 𝐳 > 0 │𝒙 + 𝐲 + 𝐳 = 𝟏, ′′ =′′ 𝐢𝐟𝐟 𝒙

= 𝐲 = 𝐳 =
𝟏

𝟑
 (𝐐𝐄𝐃) 

 

1092. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂𝒃𝒄 = 𝟏 𝐭𝐡𝐞𝐧 ∶ 

  (𝟓√𝒂 + 𝟑 − 𝟖)(𝟓√𝒃 + 𝟑 − 𝟖)(𝟓√𝒄 + 𝟑 − 𝟖) ≥ 𝟖 

Proposed by Tran Quoc Thinh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∏(𝟓√𝒂 + 𝟑 − 𝟖)

𝒄𝒚𝒄

=∏(
𝟐𝟓𝒂 + 𝟏𝟏

𝟓√𝒂+ 𝟑 + 𝟖
)

𝒄𝒚𝒄

 ≥⏞
𝑨𝑴−𝑮𝑴

 ∏(
𝟐𝟓𝒂 + 𝟏𝟏

𝟓.
(𝒂 + 𝟑) + 𝟒

𝟒 + 𝟖
)

𝒄𝒚𝒄

= 
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= 𝟔𝟒∏(
𝟐𝟓𝒂 + 𝟏𝟏

𝟓𝒂 + 𝟔𝟕
)

𝒄𝒚𝒄

 ≥⏞
?

 𝟖 ⇔  𝟖∏(𝟐𝟓𝒂 + 𝟏𝟏)

𝒄𝒚𝒄

≥∏(𝟓𝒂 + 𝟔𝟕)

𝒄𝒚𝒄

 

⇔ 𝟏𝟑(𝒂+ 𝒃 + 𝒄) + 𝟑𝟗𝟓(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟏𝟐𝟐𝟒,   𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 ∶ 

𝒂 + 𝒃 + 𝒄 ≥ 𝟑√𝒂𝒃𝒄
𝟑

= 𝟑  𝒂𝒏𝒅  𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

= 𝟑. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1093. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

√𝒂𝟒 + 𝟒𝒂𝒃𝒄(𝒃 + 𝒄)

𝒂𝟐 + 𝟐𝒃𝒄
+
√𝒃𝟒 + 𝟒𝒂𝒃𝒄(𝒄 + 𝒂)

𝒃𝟐 + 𝟐𝒄𝒂
+
√𝒄𝟒 + 𝟒𝒂𝒃𝒄(𝒂 + 𝒃)

𝒄𝟐 + 𝟐𝒂𝒃
≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)√𝒂𝟒 + 𝟒𝒂𝒃𝒄(𝒃 + 𝒄)

= √[(𝒂𝒃 − 𝒃𝒄 + 𝒄𝒂)𝟐 + 𝟒𝒂𝒃𝒄(𝒃 + 𝒄)][𝒂𝟒 + 𝟒𝒂𝒃𝒄(𝒃 + 𝒄)] ≥ 

≥⏞
𝑪𝑩𝑺

 (𝒂𝒃 − 𝒃𝒄 + 𝒄𝒂)𝒂𝟐 + 𝟒𝒂𝒃𝒄(𝒃 + 𝒄)

= (𝒂𝒃 − 𝒃𝒄 + 𝒄𝒂)(𝒂𝟐 + 𝟐𝒃𝒄) + 𝟐𝒃𝒄(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

𝑻𝒉𝒆𝒏 ∶  

 
√𝒂𝟒 + 𝟒𝒂𝒃𝒄(𝒃 + 𝒄)

𝒂𝟐 + 𝟐𝒃𝒄
≥
𝒂𝒃 − 𝒃𝒄 + 𝒄𝒂

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
+

𝟐𝒃𝒄

𝒂𝟐 + 𝟐𝒃𝒄
≥⏞

𝑨𝑴−𝑮𝑴

 
𝒂𝒃 − 𝒃𝒄 + 𝒄𝒂

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
+

𝟐𝒃𝒄

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

√𝒃𝟒 + 𝟒𝒂𝒃𝒄(𝒄 + 𝒂)

𝒃𝟐 + 𝟐𝒄𝒂
≥
𝒂𝒃 + 𝒃𝒄 − 𝒄𝒂

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
+

𝟐𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
  &  

√𝒄𝟒 + 𝟒𝒂𝒃𝒄(𝒂 + 𝒃)

𝒄𝟐 + 𝟐𝒂𝒃

≥
−𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
+

𝟐𝒂𝒃

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
. 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒆𝒔𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 
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√𝒂𝟒 + 𝟒𝒂𝒃𝒄(𝒃 + 𝒄)

𝒂𝟐 + 𝟐𝒃𝒄
+
√𝒃𝟒 + 𝟒𝒂𝒃𝒄(𝒄 + 𝒂)

𝒃𝟐 + 𝟐𝒄𝒂
+
√𝒄𝟒 + 𝟒𝒂𝒃𝒄(𝒂 + 𝒃)

𝒄𝟐 + 𝟐𝒂𝒃

≥ 𝟏 +
𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
=
(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝒂 = 𝒃 = 𝒄) 𝒐𝒓 (𝒂 = 𝒃,   𝒄 = 𝟎) 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

 

1094. 𝐈𝐟 𝒙, 𝒚, 𝒛 > 0 𝐚𝐧𝐝 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) (𝒙 + √𝒙𝟐 + 𝟏) (𝒚 + √𝒚𝟐 + 𝟏) (𝒛 + √𝒛𝟐 + 𝟏) ≥ 𝟖 

Proposed by Hikmat Mammadov-Azerbaijan 

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand 

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒙 + √𝒙𝟐 + 𝟏) (𝒚 + √𝒚𝟐 + 𝟏) (𝒛 + √𝒛𝟐 + 𝟏) = 

= (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒙 + (𝒙 + 𝒛)√𝒙 + 𝒚)(𝒚 + (𝒚 + 𝒛)√𝒚+ 𝒛)(𝒛 + (𝒛 + 𝒚)√𝒛 + 𝒙) 

≥ (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒙 + 𝒙 +√𝒚𝒛)(𝒚 + 𝒚 + √𝒛𝒙)(𝒛 + 𝒛 + √𝒙𝒚) ≥ 

≥ (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) (𝟐𝒙 +
𝟐𝒚𝒛

𝒚 + 𝒛
) (𝟐𝒚 +

𝟐𝒛𝒙

𝒛 + 𝒙
) (𝟐𝒛 +

𝟐𝒙𝒚

𝒙 + 𝒚
) ≥ 𝟖 

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)
𝒙(𝒚 + 𝒛) + 𝒚𝒛

𝒚 + 𝒛

𝒚(𝒛 + 𝒙) + 𝒛𝒙

𝒛 + 𝒙

𝒛(𝒙 + 𝒚) + 𝒙𝒚

𝒙 + 𝒚
≥ 𝟏 

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑 ≥ 𝟏 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒙 + √𝒙𝟐 + 𝟏 = 𝒙 + √𝒙𝟐 + 𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙 = 𝒙 +√(𝒙 + 𝒚)(𝒙 + 𝒛) ≥⏞
𝑪𝑩𝑺

 𝒙 + (𝒙 + √𝒚𝒛) ≥ 

≥⏞
𝑮𝑴−𝑯𝑴

 𝟐𝒙 +
𝟐𝒚𝒛

𝒚 + 𝒛
=
𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝒚 + 𝒛
=

𝟐

𝒚 + 𝒛
. 𝑻𝒉𝒆𝒏 ∶   (𝒚 + 𝒛) (𝒙 + √𝒙𝟐 + 𝟏) ≥ 𝟐. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒛 + 𝒙) (𝒚 + √𝒚𝟐 + 𝟏) ≥ 𝟐  &  (𝒙 + 𝒚) (𝒛 + √𝒛𝟐 + 𝟏) ≥ 𝟐. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) (𝒙 + √𝒙𝟐 + 𝟏)(𝒚 + √𝒚𝟐 + 𝟏) (𝒛 + √𝒛𝟐 + 𝟏) ≥ 𝟖. 
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1095. 𝐈𝐟 𝒙, 𝒚, 𝒛 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒙 + 𝒚 + 𝒛 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

(𝒙 +𝟏)𝟑 ∙ (𝒚+ 𝟏)𝟑 ∙ (𝒛 + 𝟏)𝟑 ≤ (𝒙 +𝟏)
𝟏
𝒙 ∙ (𝒚+ 𝟏)

𝟏
𝒚 ∙ (𝒛 + 𝟏)

𝟏
𝒛 

Proposed by Marius Drăgan, Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑𝟑𝒍𝒏(𝒙 + 𝟏)
𝒄𝒚𝒄

≤∑
𝒍𝒏(𝒙 + 𝟏)

𝒙
𝒄𝒚𝒄

  ⇔  ∑(𝟑𝒙 − 𝟏).
𝒍𝒏(𝒙 + 𝟏)

𝒙
𝒄𝒚𝒄

≤ 𝟎 

𝑾𝑳𝑶𝑮,𝒘𝒆 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒙 ≥ 𝒚 ≥ 𝒛.  𝑳𝒆𝒕 𝒈(𝒙) =
𝒍𝒏(𝒙 + 𝟏)

𝒙
, 𝒙 ∈ (𝟎, 𝟏). 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒈′(𝒙) =

𝒙
𝒙 + 𝟏 − 𝒍𝒏

(𝒙 + 𝟏)

𝒙𝟐
≤ 𝟎, 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 

 𝒍𝒏(𝒙 + 𝟏) ≥ 𝟏 −
𝟏

𝒙 + 𝟏
=

𝒙

𝒙 + 𝟏
,∀𝒙 ∈ (𝟎, 𝟏). 

𝑻𝒉𝒆𝒏 𝒈 𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (𝟎, 𝟏) 𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 ∶  𝒙 ≥ 𝒚 ≥ 𝒛 𝒕𝒉𝒆𝒏 ∶ 

𝟑𝒙 − 𝟏 ≥ 𝟑𝒚 − 𝟏 ≥ 𝟑𝒛 − 𝟏  𝒂𝒏𝒅  
𝒍𝒏(𝒙 + 𝟏)

𝒙
≤
𝒍𝒏(𝒚 + 𝟏)

𝒚
≤
𝒍𝒏(𝒛 + 𝟏)

𝒛
 

𝑩𝒚 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑(𝟑𝒙 − 𝟏).
𝒍𝒏(𝒙 + 𝟏)

𝒙
𝒄𝒚𝒄

≤
𝟏

𝟑
(∑(𝟑𝒙 − 𝟏)
𝒄𝒚𝒄

)(∑
𝒍𝒏(𝒙 + 𝟏)

𝒙
𝒄𝒚𝒄

)

= (𝒙 + 𝒚+ 𝒛 − 𝟏).∑
𝒍𝒏(𝒙 + 𝟏)

𝒙
𝒄𝒚𝒄

= 𝟎. 

1096. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶  (𝒂𝒃)𝟐 + (𝒃𝒄)𝟐 + (𝒄𝒂)𝟐 = 𝟏.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

𝟏

𝒂𝟐 + 𝒃𝒄
+

𝟏

𝒃𝟐 + 𝒄𝒂
+

𝟏

𝒄𝟐 + 𝒂𝒃
+
(𝒂 + 𝒃 + 𝒄)𝟑 + 𝟗𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≥ 𝟕 

  Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒇 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝒕𝒉𝒆𝒏 ∶  ∑
𝒂𝟐

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

+
(𝒂 + 𝒃 + 𝒄)𝟑 + 𝟗𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≥ 𝟔  (∗) 

𝑷𝒓𝒐𝒐𝒇 ∶   𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  (∗) ⇔ 

∏(𝒃 + 𝒄)

𝒄𝒚𝒄

.∑
𝒂𝟐

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

+ (𝒂 + 𝒃 + 𝒄)𝟑 + 𝟗𝒂𝒃𝒄 ≥ 𝟔∏(𝒃+ 𝒄)

𝒄𝒚𝒄

 

⇔∑(𝟏+
𝒂(𝒃 + 𝒄)

𝒂𝟐 + 𝒃𝒄
)𝒂𝟐(𝒃 + 𝒄)

𝒄𝒚𝒄

+ 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝟑𝒂𝒃𝒄 ≥ 𝟑∑𝒂𝟐(𝒃 + 𝒄)

𝒄𝒚𝒄

 

⇔∑(
𝒂𝟑(𝒃 + 𝒄)𝟐

𝒂𝟐 + 𝒃𝒄
+ 𝒂(𝒂𝟐 + 𝒃𝒄))

𝒄𝒚𝒄

≥ 𝟐∑𝒂𝟐(𝒃 + 𝒄)

𝒄𝒚𝒄

,   

 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 

∴
𝒂𝟑(𝒃 + 𝒄)𝟐

𝒂𝟐 + 𝒃𝒄
+ 𝒂(𝒂𝟐 + 𝒃𝒄) ≥ 𝟐𝒂𝟐(𝒃 + 𝒄)  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂, 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶   
𝟏 − 𝒂𝟐

𝒂𝟐 + 𝒃𝒄
+
𝟏 − 𝒃𝟐

𝒃𝟐 + 𝒄𝒂
+
𝟏 − 𝒄𝟐

𝒄𝟐 + 𝒂𝒃
≥ 𝟏. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = √[(−𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟒𝒂𝟐(𝒃𝟐 + 𝒄𝟐)][(𝒃𝒄)𝟐 + 𝒂𝟐(𝒃𝟐 + 𝒄𝟐)] ≥ 

≥⏞
𝑪𝑩𝑺

 𝒃𝒄(−𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟐𝒂𝟐(𝒃𝟐 + 𝒄𝟐)

= (𝒂𝟐 + 𝒃𝒄)(−𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝒂𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

𝑻𝒉𝒆𝒏 ∶   
𝟏 − 𝒂𝟐

𝒂𝟐 + 𝒃𝒄
≥
−𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 ∶   ∑
𝟏 − 𝒂𝟐

𝒂𝟐 + 𝒃𝒄
𝒄𝒚𝒄

≥∑
−𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

= 𝟏  𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 (𝒂, 𝒃, 𝒄) = (𝟏, 𝟏, 𝟎) 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 
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1097. 𝐈𝐟 𝒇 ∶  (𝟎,∞) → (𝟎, 𝒆) 𝐢𝐬 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐰𝐢𝐭𝐡 ∑ 𝒇(𝒙𝒊)
𝒏
𝒊=𝟏 = 𝒏, 

 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

𝒇(𝒙𝟏). 𝒇(𝒙𝟐)… 𝒇(𝒙𝒏) ≥ 𝒇(𝒙𝟏)
𝟏

𝒇(𝒙𝟏). 𝒇(𝒙𝟐)
𝟏

𝒇(𝒙𝟐)…𝒇(𝒙𝒏)
𝟏

𝒇(𝒙𝒏) 

Proposed by Marius Drăgan, Neculai Stanciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑ 𝒍𝒏(𝒇(𝒙𝒊))

𝒏

𝒊=𝟏

≥∑
𝒍𝒏(𝒇(𝒙𝒊))

𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

  ⇔  ∑(𝒇(𝒙𝒊)− 𝟏).
𝒍𝒏(𝒇(𝒙𝒊))

𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

≥ 𝟎 

𝑾𝑳𝑶𝑮,𝒘𝒆 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒙𝟏 ≥ 𝒙𝟐 ≥ ⋯ ≥ 𝒙𝒏 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝒇(𝒙𝟏) ≥ 𝒇(𝒙𝟐) ≥ ⋯ ≥ 𝒇(𝒙𝒏). 

𝑳𝒆𝒕 𝒈(𝒙) =
𝒍𝒏(𝒙)

𝒙
, 𝒙 ∈ (𝟎, 𝒆).  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒈′(𝒙) =

𝟏 − 𝒍𝒏(𝒙)

𝒙𝟐
> 0, ∀𝑥 ∈ (𝟎, 𝒆). 

𝑻𝒉𝒆𝒏 𝒈 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (𝟎, 𝒆) 𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 ∶ 

 𝒆 > 𝒇(𝒙𝟏) ≥ 𝒇(𝒙𝟐) ≥ ⋯ ≥ 𝒇(𝒙𝒏) > 0 𝑡ℎ𝑒𝑛 ∶ 

𝒍𝒏(𝒇(𝒙𝟏))

𝒇(𝒙𝟏)
≥
𝒍𝒏(𝒇(𝒙𝟐))

𝒇(𝒙𝟐)
≥ ⋯ ≥

𝒍𝒏(𝒇(𝒙𝒏))

𝒇(𝒙𝒏)
 𝒂𝒏𝒅 𝒃𝒚 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑(𝒇(𝒙𝒊)− 𝟏).
𝒍𝒏(𝒇(𝒙𝒊))

𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

≥
𝟏

𝒏
(∑(𝒇(𝒙𝒊)−𝟏)

𝒏

𝒊=𝟏

)(∑
𝒍𝒏(𝒇(𝒙𝒊))

𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

)

=
𝟏

𝒏
(∑𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

− 𝒏)(∑
𝒍𝒏(𝒇(𝒙𝒊))

𝒇(𝒙𝒊)

𝒏

𝒊=𝟏

) = 𝟎. 

1098. 𝐋𝐞𝐭 𝒙, 𝒚, 𝒛, 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃𝒄 = 𝒙𝒚𝒛,    

𝒎𝒂𝒙{𝒂, 𝒃, 𝒄} ≥ 𝒎𝒂𝒙{𝒙, 𝒚, 𝒛},   𝒎𝒊𝒏{𝒂, 𝒃, 𝒄} ≤ 𝒎𝒊𝒏{𝒙, 𝒚, 𝒛}. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶    𝒂 + 𝒃 + 𝒄 ≥ 𝒙 + 𝒚 + 𝒛.   

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution 1 Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑨𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 ∶  𝒂 ≥ 𝒃 ≥ 𝒄,   𝒙 ≥ 𝒚 ≥ 𝒛.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒂 ≥ 𝒙  𝒂𝒏𝒅 𝒛 ≥ 𝒄  (𝟏) 

(𝒂+ 𝒃+ 𝒄)− (𝒙 + 𝒚+ 𝒛) = 𝒙 (
𝒂

𝒙
− 𝟏)+ 𝒚(

𝒃

𝒚
− 𝟏)+ 𝒛 (

𝒄

𝒛
− 𝟏) ≥ 

≥⏞
𝒕−𝟏 ≥ 𝒍𝒏(𝒕),   ∀𝒕>0.

 𝒙. 𝒍𝒏 (
𝒂

𝒙
)+ 𝒚. 𝒍𝒏(

𝒃

𝒚
)+ 𝒛. 𝒍𝒏(

𝒄

𝒛
) = (𝒙 − 𝒚)𝒍𝒏(

𝒂

𝒙
)+𝒚. 𝒍𝒏(

𝒂𝒃

𝒙𝒚
)− 𝒛. 𝒍𝒏 (

𝒛

𝒄
)

= 

=⏞
𝒂𝒃𝒄 = 𝒙𝒚𝒛

 (𝒙 − 𝒚)𝒍𝒏 (
𝒂

𝒙
)+ (𝒚 − 𝒛). 𝒍𝒏 (

𝒛

𝒄
) ≥⏞
(𝟏)

𝟎  𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

Solution 2 by Marian Dincă-Romania 

Let 𝒂 ≥ 𝒃 ≥ 𝒄, 𝒙 ≥ 𝒚 ≥ 𝒛 

𝒂 ≥ 𝒙, 𝒄 ≤ 𝒛 

𝒂 + 𝒃 + 𝒄 − 𝒙 − 𝒚 − 𝒛 = 𝑨𝒙 + 𝑩𝒚 + 𝑪𝒛 − 𝒙 − 𝒚 − 𝒛 

Let 
𝒙

𝒂
= 𝑨 ≥ 𝟏,

𝒃

𝒚
= 𝑩,

𝒄

𝒛
= 𝑪 ≤ 𝟏 = (𝑨 − 𝟏)𝒙 + (𝑩 − 𝟏)𝒚 + (𝑪 − 𝟏)𝒛 = 

= (𝑨 − 𝟏)(𝒙 − 𝒚) + (𝑨− 𝟏 + 𝑩 − 𝟏)(𝒚 − 𝒛) + (𝑨 − 𝟏 + 𝑩− 𝟏 + 𝑪 − 𝟏)𝒛 ≥ 𝟎 

𝑨𝑩𝑪 = 𝟏,𝑨𝑩 =
𝟏

𝑪
≥ 𝟏 

𝑨 − 𝟏 ≥ 𝟎,𝑨 − 𝟏 + 𝑩 − 𝟏 = 𝑨 + 𝑩− 𝟐 ≥ 𝟐√𝑨𝑩 − 𝟐 ≥ 𝟎 

𝑨 − 𝟏 + 𝑩 − 𝟏 + 𝑪 − 𝟏 = 𝑨 + 𝑩+ 𝑪 ≥ 𝟑√𝑨𝑩𝑪
𝟑

− 𝟑 = 𝟎 

Solution 3 by Hikmat Mammadov-Azerbaijan 

We may assume 𝒂 ≥ 𝒃 ≥ 𝒄 and 𝒙 ≥ 𝒚 ≥ 𝒛 then 

𝐥𝐨𝐠 𝒂 ≥ 𝐥𝐨𝐠 𝒙 

𝐥𝐨𝐠𝒂 + 𝐥𝐨𝐠 𝒃 ≥ 𝐥𝐨𝐠 𝒙 + 𝐥𝐨𝐠 𝒚 

𝐥𝐨𝐠 𝒂 + 𝐥𝐨𝐠 𝒃 + 𝐥𝐨𝐠 𝒄 ≥ 𝐥𝐨𝐠 𝒙 + 𝐥𝐨𝐠 𝒚 + 𝐥𝐨𝐠 𝒛 

Now with majorization principle (Hardy-Litllewood-Polya inequality) 
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𝒆𝐥𝐨𝐠 𝒂 + 𝒆𝐥𝐨𝐠 𝒃 + 𝒆𝐥𝐨𝐠 𝒄 ≥ 𝒆𝐥𝐨𝐠 𝒙 + 𝒆𝐥𝐨𝐠 𝒚 + 𝒆𝐥𝐨𝐠 𝒛 

𝒂 + 𝒃 + 𝒄 ≥ 𝒙 + 𝒚 + 𝒛 

1099. 𝐋𝐞𝐭 𝝀 ≥ 𝟎 𝐟𝐢𝐱𝐞𝐝.  𝑰𝒇 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟏  

𝐭𝐡𝐞𝐧 𝐟𝐢𝐧𝐝𝐦𝐢𝐧 𝐚𝐧𝐝𝐦𝐚𝐱 𝐨𝐟: 

𝑷 = √𝒂 + 𝝀𝒃𝟐 +√𝒃 + 𝝀𝒄𝟐 + √𝒄 + 𝝀𝒂𝟐 

  Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝑷 ≤⏞
𝑪𝑩𝑺

 √𝟑[𝒂 + 𝒃 + 𝒄 + 𝝀(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)] ≤⏞
𝑪𝑩𝑺

 √𝟑 [√𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝝀]

= √𝟑(√𝟑 + 𝝀). 

𝑺𝒐 𝒕𝒉𝒆 𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝑷 𝒊𝒔 √𝟑(√𝟑 + 𝝀) 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄 =
√𝟑

𝟑
. 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝑷𝟐 =∑(𝒂 + 𝝀𝒃𝟐)

𝒄𝒚𝒄

+ 𝟐∑√(𝒂 + 𝝀𝒃𝟐)(𝒃 + 𝝀𝒄𝟐)

𝒄𝒚𝒄

≥ 

≥⏞
𝒂,𝒃,𝒄 ≥ 𝟎

∑𝒂

𝒄𝒚𝒄

+ 𝝀 + 𝟐∑√𝝀𝒃𝟐. 𝒃

𝒄𝒚𝒄

 ≥⏞
𝟎 ≤ 𝒂,𝒃,𝒄 ≤ 𝟏

 ∑𝒂𝟐

𝒄𝒚𝒄

+ 𝝀 + 𝟐√𝝀∑𝒃𝟐

𝒄𝒚𝒄

= (𝟏 + √𝝀)
𝟐

 

𝑺𝒐 𝒕𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝑷 𝒊𝒔 𝟏 + √𝝀 𝒇𝒐𝒓 𝒂 = 𝟏 𝒂𝒏𝒅 

 𝒃 = 𝒄 = 𝟎 𝒂𝒏𝒅 𝒕𝒉𝒆𝒊𝒓 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏. 

1100. If 𝒙, 𝒚, 𝒛 ∈ [𝟎,
𝝅

𝟐
) then: 

𝒆𝒙𝒑(
𝟐

𝟑
∑𝒔𝒊𝒏𝒙(𝟒 − 𝒄𝒐𝒔𝟐𝒙)

𝒄𝒚𝒄

) ≤∏(
𝟏+ 𝒔𝒊𝒏𝒙

𝟏 − 𝒔𝒊𝒏𝒙
)

𝒄𝒚𝒄

 

Proposed by Daniel Sitaru-Romania 
Solution  by Ravi Prakash-New Delhi-India 

𝟎 ≤ 𝒙 <
𝝅

𝟐
→ 𝟎 ≤ 𝒔𝒊𝒏𝒂 < 𝟏. Denote  𝒂 = 𝒔𝒊𝒏𝒙. 
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𝒍𝒐𝒈 (
𝟏 + 𝒂

𝟏 − 𝒂
) = 𝟐𝒂 +

𝟐

𝟑
𝒂𝟑 +⋯ ≥ 𝟐𝒂 +

𝟐

𝟑
𝒂𝟑 =

𝟐

𝟑
(𝟑𝒂 + 𝒂𝟑) 

 

𝒍𝒐𝒈(
𝟏 + 𝒔𝒊𝒏𝒙

𝟏 − 𝒔𝒊𝒏𝒙
) ≥

𝟐

𝟑
(𝟑𝒔𝒊𝒏𝒙 + 𝒔𝒊𝒏𝟑𝒙) =

𝟐

𝟑
𝒔𝒊𝒏𝒙(𝟒 − 𝒄𝒐𝒔𝟐𝒙) 

 
𝟏 + 𝒔𝒊𝒏𝒙

𝟏 − 𝒔𝒊𝒏𝒙
≥ 𝒆𝒙𝒑 (

𝟐

𝟑
𝒔𝒊𝒏𝒙(𝟒 − 𝒄𝒐𝒔𝟐𝒙)) 

∏
𝟏+ 𝒔𝒊𝒏𝒙

𝟏 − 𝒔𝒊𝒏𝒙
𝒄𝒚𝒄

≥∏𝒆𝒙𝒑(
𝟐

𝟑
𝒔𝒊𝒏𝒙(𝟒 − 𝒄𝒐𝒔𝟐𝒙))

𝒄𝒚𝒄

 

 

∏
𝟏+ 𝒔𝒊𝒏𝒙

𝟏 − 𝒔𝒊𝒏𝒙
𝒄𝒚𝒄

≥ 𝒆𝒙𝒑(∑
𝟐

𝟑
𝒔𝒊𝒏𝒙(𝟒 − 𝒄𝒐𝒔𝟐𝒙)

𝒄𝒚𝒄

) 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟎. 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


