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1001.1f0 <a <1< b then: (a+b— 1)1+ 1 < a®+ bP.

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Ifa=b=1wehave: (a+b—1)*P"1+1=qa%+ b’. Assume now thata # b.
Let f(x) = x*, x > 0. We have :

f'(x) =x*1+ (logx + 1)%.x* > 0 then f is convex on (0, ).

b—a
1=ta+(1—-t).band a+b—-1=(1—-t).a+tb.

Let t = € [0,1]. We have :

Then by Jensen's inequality we have :
1=f)=fta+(@-0t).b)<t.f(a)+(1—-t).f(b)=t.a®*+ (1 —1t).b"
And: (a+b—-1)1=fla+b-1)=f((1-0.a+tb)<(1-0t).a*+t.b®
Summing up the two inequalities, we obtain :
(a+b—1)*P"1 411 < a®+ b thedesired result.
Solution 2 by Daoudi Abdessattar-Tunisia

f:(0,0) - (0,), f(x) = x* convex function and (b, @) majorizes (b + a—1,1)ifa +
b — 1 is greater than 1, (b, a) majorizes 1,a + b — 1) if a + b — 1 is smaller than 1, then
by Karamata’s inequality

(a+b—1)2P-1 + 11 < g% + p®. Equality holds fora = b = 1.
1002. If x,y, z € R then prove that:
(2+y2+22)2 - (xy+yz+zx)? 2V6(x —y)(y—2)(z—x)(x + y + 2).
Proposed by Hikmat Mammadov-Azerbaijan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Leta=x—zand b =y —z. We have :
(x% + y? + 2%)? — (xy + yz + zx)?
=2+y*+z22—xy—yz—zx) (x> +y* + 22 + xy + yz + zx) =
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1
=§[(x—y)2 +@ -2+ -0 [x+y)?*-(x-2)(y—-2)+22°] =

1
=§[(a—b)2 + b%? + a?][(a+ b + 22)? — ab + 2z?]

= (a? — ab + b?*)(a?* + ab + b? + 4(a + b)z + 6z?).
Then: (x*+y*+z2)?% — (xy + yz + zx)*
= 6(a? —ab + b*)z? + 4(a® + b?®)z + a* + a®b? + b*

And: (x—y)(y—2)(z—x)(x+y+2z)=(a—b).b.(—a).(a+ b + 32)

= —ab(a? — b?) — 3ab(a — b)z.

So the problem becomes to prove that :

6(a? — ab + b?)z* + [4(a® + b3) + 3V6ab(a — b)|z + a* + a®b?* + b*
++V6ab(a® — b%) =0
Which is a quadratic on z.

Since a®? —ab + b?> > 0,Va,b € R so it suf fices to prove :
A=[4(a? + b) + 3V6ab(a— b)]’
— 24(a® — ab + b?) (a4 + a?b? + b* + V6ab(a? — bz)) <0
& —8a® + 24a°b + 6a*b* — 52a3b3 + 6a*b* + 24ab® — 8b° < 0
& —(a+ b)?(a—2b)?(2a — b)? < 0 which is true. Sothe proof is completed.
Equality holdsiffa=b=0o0ra+b=00ra—2b=00r2a—-b=0.
V6 6+V6  6-— \/€a>

& x=y=zor(x,y,z)=<—a, a, e

6 6
a € R, and their permutation.

1003.Ifa,b,c > 0,p,q, v > 1,pq + qr + rp = pqr then:
abcpqr < qraP + rpb? + pqc'.

Proposed by Daniel Sitaru-Romania

Solution 1 by proposer

f:(0,0) > R, f(x) =e* f"(x) = e* > 0, f —convex. By Jensen:
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fAix 4+ A,y + 232) < A f(x) + A, f(¥) + A3f(2),x,y,2 > 0

).1,).2,).3 > 0,11 +Az +13 =1

eMxthytizz < ) e* + A,eY + A€

1 1 1 1 1 1 pgqt+qr+rp
M=—A=— A=A+ LHh+3=—F+—F+—-="—7—"—"=1
p q r p q T pqr
1.1 1 1. 1 1
er’ @ T <Ee"+—ey+—e2=»e1J e? -er" <—e*+-e¥ + e’
(1
(1 —x =lIlna
—X
|e11’ =a x = plna
geay=b$<—y=lnb=> y = qlnb
Itlz z=rlnc
er =¢ =z =Inc

abc < leplna + 1 edlnb 4 %erlnc = abc < %(elna)p + %(elnb)q + % (elnc)r

1 1 1
abc < —a? +—-b%1+—c"
p q r
abcpqr < qra? + rpb? + pqc".

Equality holds for: a? = b? = c" .

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1 1
Since 5 + E + 7= 1then by Weighted AM — GM we have :

Ll pesl o s @oyp i () = ab
—.aP +—. +—.¢c = (a?)pr, 1. (c")r = abc.
P q r

Multiplying the both sides by pqr we get : qra® + rpb? + pqc" > abcpqr.
Solution 3 by Tapas Das-India

Let (a?, b?, c") with associated weight (qr, pr, pq).By AM-GM, we get:
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. qP - b4 - c’ 1
qr-a? +pr-b?+pq-c > (@P" - bPIT - cPAT)PaFqTITD

pq+qr+7rp
. P . h1 . T prq
qr-a? +pr-b? +pq-c > (abc)PIHT 7P = abe
pqr

pq +qr +rp =pqr

Hence,
qra? + rpb? + pqc” = abcpqr.

1004.If a,b,c > 0 and 4 > 0 then

a3 N b3 N c3 N 9 - 6
a?+ Aab+ b%? b%2+Abc+c?2 c*+Aca+a? (A+2)(a+b+c) A+2

Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
a3 ab(la + b) AM_tM ab(la + b) Aa+b 2a-b
=a-— 2 aA—-—5 T =a-— = .
a? + Aab + b2 a? + b% + Aab 2ab + Aab A+2 A+2
b3 2b—c c3 2c—a

and

Similarly we have : > > ,
tmitarty we irave bz +Abc+c2—~ A+2 cc+Aca+a?2 = 21+2

Summing up these inequalities we get
a3 N b3 N c? Ja+t b+c
a? + Aab + b%? b?2+Abc+c*? c2+Aica+a?: A+2
a b3 c? 9
+ + + >
a2+ Aab+ b%? b2+ Abc+c*? c2+Aca+a? (A+2)(a+b+c)

Then :

9 AM_GM o
b _ > —
(a+ +C)+a+b+c - A4+2

Equality holds iffa=b = c.

>
A+2

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

a+b+c

Fora,b,c>Oand/120wegivea+b+c=d:>T=1
al N b3 N c3 >a+b+c
a2+ 2Aab+b%2 b2+ Abc+c?2 c2+Aca+a:” A+2
(dx)3 (dy)? (dz)3 d

>
(dx)? 1 Adxdy + (dy)2 | (dy)? + Adydz + (dz)? ' (d2)? + Adzdx + (dx)? — A+ 2
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dx3 N dy3 N dz3 - d
X2+ 2Axy+y? y 4+ Ayz+2z?> zP+Azx+x? T A+2
x3 y3 z3 1

>

xz+Axy+y2+y2+Ayz+zz+zz+lzx+x2_/1+2
(x2 + y* +22)?(1+ 2) -

x3+y3 +23 + Ax%y + y*z + z2x) + xy? + yz? + zx%? —

(x4 + y* +z* + 2(x%y? + y?z? + szZ)) A+2)>
> x3 + y3 + 23 + A(x?y + y?z + z%x) + xy?* + yz® + zx?* which is true, because

1 1
x2y+yzz+zsz§and(x2+y2+zz)226
22+ y2+2) > (3P +y3+ 2 +xy* +yz2P +zx*)(x + y + 2)
al N b3 N c3 >a+b+c
a2+ 2Aab+b%2 b2+ Abc+c%2 c2+Aca+a?” A+2
a+b+c+ 9 - 6
A+2 A+2)a+b+c) A1+2

1005.Leta,b,c > 0,a + b + ¢ = 1.Prove that:

ab bc ca
/—+ /—+ /—zz\/az + b2 + 3abc.
c a b

cyc

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is equivalent to :

ab + bc + ca = Z \/abc(az + b2 + 3abc)

cyc

By CBS inequality we have :

bc(a? + b% + 3abc) < b 2+ b2+ 3ab
;\/a c(a? + b? + 3abc) <\/<chca >[chcc(a + b%? + 3a c)l
= b 2 + b2 3ab
\j(chca )[zcycc(a + b?) + 3abc
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_ j (chcab> . (chcab> (chca> = ab + bc + ca.

1
So the proof is completed. Equality holds iffa=b =c = 3

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0anda + b + ¢ = 1, we will obtain that

ba bc ca
’T+ ’Z+ ?foaz + b? + 3abc +/b? + c% + 3abc + +/c? + a? + 3abc
1 1 1

1 1 1 1 1 I\Nfa b b ¢ ¢ a
s (—+—+—> —+—+—+—+—+—+3(a+b+0c)
a b ¢ a b ¢c/\b a ¢c b a c

<1+1+1>2>(1+1+1>(a+b+b+c+c+a+3)
a b ¢/ " \a b ¢/\b a ¢c b a c
1 1 1 a b c

Solution 3 by Nguyen Van Canh-Ben Tre-Vietnam

ab bc ca
’T+ ’7+ ’?Zx/az + b2 + 3abc ++/b? + % + 3abc + /¢ + a? + 3abc

< ab + be + caZ\/abc(\/az+b2+3abc+\/b2+c2+3abc+\/cz+a2+3abc);(*)

By AM — GM Inequality we have:

ab + ca? + cb? + 3abc?
Jabc(a? + b? + 3abc) = /ab(ca? + cb? + 3abc?) < 7 ;

Similary:

bc + ab? + ac? + 3bca?
2 )

ac + bc? + ba? + 3ach?
2 )

Jabc(b? + ¢2 + 3abc) <

Jabc(c? + a2 + 3abc) <
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= +vabc (\/a2 + b? + 3abc + \/b2 + ¢ + 3abc + \/c2 +a? + 3abc)

- Yab+ Y ab(a+ b) + 3abc) a B Yab+ (X a)(} ab) — 3abc + 3abc. a
B 2 B 2

2Y ab — 3abc + 3abc
= 2 =Zab;

1
= (*)true.Proved.Equality @ a=b =c = 3

1006. Let a, b, c > 0,a+b+c=§+%+%.Provethat:

Z 1 >(x/5+x/3+\/?)2

a3(a? + ab + b?) — 9

cyc

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have :

1 N a2+ab+b2+ a? + ab + b?
a3(a? + ab + b?) 27 27
2
’ 1 a? + ab + b? 1
a3(a? + ab + b?)’ 27 T a

Then : 1 >1 2 |a% + ab + b? o)
N B@tab+b®)a 3 3

By CBS inequality we have :

a2+ab+b2+\/ab< (1+1> a2+ab+b2+ab _2( ' b)
3 3 = 3 3 3)73¢
az+ab+ b2 2 vab
Then : /f£§(a+b)—T 2)

9 RMM-INEQUALITIES MARATHON 1001-1100
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1 1 2 Vab
3(a2+ab+b2)_a 3< (a+ b)__>

From (1) & (2) we get : 3
1 4(a+b) 2+ab

a 9 + 9 (and analogs)
1 1 4 2
> I — v/
Thus, Za3(a2+ab+b2)_2a 92(““’”92 ab
cyc cyc cyc cyc
+\/_+
- a0 23 v = W)
cyc cyc cyc

Equality holds iffa=b =c = 1.
Solution 2 by Nguyen Van Canh-Ben Tre-Vietnam
By AM — GM Inequality we have:
2\/3(a% + ab + b%) = 2\/(a+ Vab + b).3(a —Vab + b)
<a++Vab+b+3(a—+Vab+b)=2(2a—Vab + 2b);

(2a —ab + 2b)"
3 )

=>a%+ab+ b*<

Similary:

(2b — Vbc + 2\/5)2 2+ cqta? < (2¢ —Vea + Za)2
¢’ +ca+a
3 ' - 3
Thus,

b%2 + bc+ ¢ <

1 3
=),
Za3(a2+ab+b2) a3(2a—m+2b)2

1 3 Radon Inequality 3 1+ 1+ 1
:32 (a) _ N ( b ) _
(2a —Vab + 2b) (4Y a - Y Vab)
_ 3(a+b+o)’® ()(\/_+\/_+\/_)
 (4Ya-3ab)’ 9

oGl =M (p=Y azq= Vab)

10 RMM-INEQUALITIES MARATHON 1001-1100
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©27p° 2 (p + 29)(4p — %
©11p3 - 24p*q + 15pq¢*—2¢*=>0= (11p — 2q)(p — 9)* = 0;
Which is true since p > q.Proved. Equality ® a=b=c=1.

1007. For a,b,c > O,i+%+%= 3,prove:
2

a b C 3/ a+b+c
2 T 2T 7 = _( )
b= +c c“+a- a*+b 2 \ab + bc + ca
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 1 1 Yeycab a 3( Teyea \?
Proof : —+-+—-=3=1= :Z—Z—
roo a+b+c 3abc bZ +¢c2 ~ 2\Xycab

cyc
@zcycabz a_ ©O3(%ga)
3abc 'Lub%+c2 T 2\Ycab
cyc
Assigningb+c=x,c+a=y,a+b=z2=2x4+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y
= x,y,Zz form sides of a

triangle with semiperimeter, circumradius and inradius = s, R, r (say) yielding 2 Z a

cyc

=Zx=Zs:Za:s::»a:s—x,b:s—y,c=s—z

cyc cyc

2
Via aforementioned substitutions,z a? = (Z a> -2 z ab=s%-2 Z(s —x)(s—vy)

cyc cyc cyc cyc

(2
= s? —2(4Rr+r2):>2a2 = s? — 8Rr — 2r?

cyc

3
Also,z ad = (Z a) —3(a+b)(b+c)(c+a)=s3—-3xyz=s3—12Rrs

cyc

2
= Z a3 © s3 — 12Rrs andz a’b? = (Z ab) - 2abcz a

cyc cyc cyc cyc

cyc

= (4Rr + rz)z —2ris.s
Z azp? 2 (4Rr + rz)z — 2r2s?

cyc

11 RMM-INEQUALITIES MARATHON 1001-1100
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Again, Zaz Za3 =Za5+ Zazb2 Za — abc Zab

cyc cyc cyc cyc cyc cyc
:Za5+ Zazb2 Za = Zaz Za3 + abc Zab
cyc cyc cyc cyc cyc cyc

via ((2) (s? — 8Rr — 2r%)(s® — 12Rrs) + rs(4Rr + r?)

N z s+ z a’b? z altZ (s? — 8Rr — 2r%)(s® — 12Rrs)

cyc cyc cyc

+r2s(4Rr + r?)

a Z‘,Cyc(a(c2 + a?)(a? + bz))
N Z -
oW b2 1 e [Teye(b? + c2)
cyc y
B (chc azbz)(zcyc a) + Yeye @ via OYQDICEY (s? — 8Rr — 2r2)(s® — 12Rrs) + r?s(4Rr + r?) o) o
- (chc az)(chc a’b?) — a2b2c? B (s — 8Rr — 2r2)((4Rr + r2)% — 2r2s2) — rts?
4Rr +r? (s? — 8Rr — 2r?)(s® — 12Rrs) + r?s(4Rr + r?) - 3 s?
3r2s (s — 8Rr — 2r2)((4Rr + r2)2 — 2r2s2) —r4s2 = 2 (4Rr +r?)?
& 2(4Rr + r2)3, ((s2 — 8Rr — 2r2)(s? — 12Rr) + r2(4Rr + rz))
> 9rzsz((s2 — 8Rr — 2r2)((4Rr +r?)? — 2r?s?) — r4sz)
& 18rs° + (128R3 — 48R?r — 192Rr? — 34r3)s*
—rs?(2560R* + 1024R3r — 192R?r? — 128Rr3 — 14r%)

(+2)
+r?(12288R5 + 12800R*r + 5120R%r? + 960R2r? + 80Rr* + 2r5) > 0

and - 18r(s? — 16Rr + 5r?)3 Gmgsen 0 - in order to prove (xx), it suffices to prove : LHS of (xx)
> 18r(s? — 16Rr + 5r2)3
& (128R3 — 48R?*r + 672Rr? — 304r3)s*
—rs2(2560R* + 1024R3r — 13632R?r? + 8768Rr3 — 1336r1%)
(***)

+12(12288R5 + 12800R*r + 78848R%r2 — 68160R2r® + 21680Rr* — 2248r°) > 0 > 0 and

Gerretsen

- (128R3 — 48R?r + 672Rr? — 304r3)(s? — 16Rr + 5r?)2 >

prove (xxx), it suffices to prove : LHS of (xxx)
> (128R3 — 48R?r + 672Rr? — 304r3)(s? — 16Rr + 5r?)?

0 .. in order to

(****

& (1536R* — 3840R%r + 8352R?r2 — 7680Rr3 + 1704r*)s? > r(20480R5 — 45568R*r

+104064R3r? — 118384R?r3 + 43760Rr* — 5352r5)
Now, - 1536R* — 3840R3r + 8352R?r% — 7680Rr3 + 1704r*
= (R—2r)(1152R® + 384R?*(R — 2r) + 6816Rr? + 5952r?)

Rouche

Euler
+13608r* > 13608r* > 0 .. LHS of (xx*x) >
(1536R* — 3840R%r + 8352R?*r? — 7680Rr? + 1704r*) (ZR2 + 10Rr — r?

?
—2(R - 2r)y/R% — 2Rr) > r(20480R% — 45568R*r + 104064R3r?
— 118384R?*r3 + 43760Rr* — 5352r5)

12 RMM-INEQUALITIES MARATHON 1001-1100
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& 3072R® — 12800R5r + 22336R*r2 — 32064R3r3® + 36640R%r* — 19040Rr>

?
+3648r° > 2(R — 2r)(1536R* — 3840R®r + 8352R*r? — 7680Rr?>
+1704r*).4/R2 — 2Rr

?
& (R —2r)(3072R% — 6656R*r + 9024R°r? — 14016R?r> + 8608Rr* — 1824r°)r > 2(R
—2r)(1536R* — 3840R%r + 8352R?r? — 7680Rr> + 1704r*)./R% — 2Rr

~* R—2r = 0 via Euler

3072R5 — 6656R*r + 9024R3r? — 14016R?r3 + 8608Rr*
—1824r5 > 2(1536R* — 3840R°r + 8352R?r? — 7680Rr? + 1704r*)./R? — 2Rr

(*****)

Again, - 3072R°® — 6656R*r + 9024R3r% — 14016R?r? + 8608Rr* — 1824r°
= (R — 2r)(2816R* + 256R3(R — 2r) + 8000R2r? + 1984Rr3 + 12576r%)

Eul
+23328r5 > 2332815

?
> 0« (##xxx) © (3072R® — 6656R*r + 9024R3r? — 14016R?r> + 8608Rr* — 1824r5)2 > 4(R?
— 2Rr)(1536R* — 3840R3r + 8352R%r2 — 7680Rr3 + 1704r*)2
© 25165824t — 1562378248 + 467927040t” — 916881408t° + 1258520576t°
—1104685056t* + 530042880t3 — 95773952t2 — 8173056t

? R
+ 3326976 = 0 (t = ;)

o (t-2) ((t —2)((t—2).P(t) + 7635057408) + 2885580288) + 544195584 > 0 - true

Euler

“t—2 = 0and
P(t) = 22544384t° + 2621440t>(t — 2) + 134479872t* + 154238976t3 + 528252928t

Eul
+ 1289803776t + 3163742208 > 0= (xxxx%) = (xxxx) = (x5%) = (4%)

= (%) is true
2

) @eD)

1 a b c 3( a+b+c

1 1
=>Vabc>0|—-+=-+—-=3, + + >
|a b c bZ+c¢2 c2+a? a*+b%z  2\ab+bc+ca

1008. Prove that :

(xX*+y*+ 22 —xy—yz—zx)3 2
(x —¥)*(y — 2)*(z — x)? 1

v

Vx+#y+z+x€R.

Proposed by Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The inequality is symmetrical, WLOG,we may assume that x >y > z.
Let a=x—y>0, b=y—2z>0. Wehave: x—z=a+b.
Wehave : 2(x* +y* + 2> —xy—yz—zx) = (x—y)* + (y —2)* + (x — 2)? =

CBS 2 2
— (a+ Db 3(a+b
=a2+b2+(a+b)22 T)+(a+b)2=¥
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Then :

27(a+b)° ™ 27(a + b)?, (2vVab)"
64 = 64

(xX2+y?2+2z>—xy—yz—1zx)3 =

27
= a’b?(a + b)?.

(X2 +y?+z2—xy—yz—zx)® 2
T > —.
herefore, G G -2PGa-»? -4

1009.Leta,b,c > 0:a+ b + c = 3. Prove that:

a+1 N b+1 N c+1 -
Vva?+3+4bc Vb2 +3+4ca Vc2+3+3ab

Proposed by Phan Ngoc Chau-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a+1 B (a+1)? AM;M (a+1)?
vaz+3+4bc (a+1)ya?2+3+4bca+1) (a+1)2-2|_(a2+3)+4bc(a+1)
Then : a+1 - (a+1)? (and logs)
en: Va2 +3+4bc _a?+a+2+4bc(a+1) and anatogs
Thus,
a+1 (a+1)*2 cBs (Zepea+ 3)2
Vaz b 2z:az+a+2+4bc(a+1) = 2
Seva®+3+4bc o (Zeyea)” +Xopea+ 6+ 12abe + 23, be
) (a+ b+ c)?
Since : ab+bc+caS#=3 and
a+b+c\’
abc < (T) =1 then we get :
a+1 (3+3)?

> =1
Va2 +3+4bc 3%2+3+6+12.1+2.3
cyc

Equality holds iffa=b=c=1.

Solution 2 by Michael Serghiou-Greece

a+1
cyc\/aZ+3+4bc

If one, or two of a, b, c = 0 it is easy to prove (1).

>1;(1)
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Let (p,q,7) = Qa,Yab,[Ja),p=3andq<3,r<1

First we have: Va2 + 3 = %\/(az +3)4 < i(a2 + 7), so (1) becomes the stronger

a+1
21 >1;(2)

Now, we exploit the convexity of f(t) = %on (0,0) (f”(t) = t% > 0) and the generalized

Jensen’s inequality, we have:

3 3 3

3 2xs
Zf(/lixi) > (Z’L)f@;;al?) withd, € {a+1,b+1,c+1}i=1,23
i=1 i=1

i=1 = iti
We have the stronger inequality:
36

LHS 5 > T
S(a+1) |5 (a? +7) +4bc|

>1

After some computation we get:
1
36 > n (78 —11q + 3r) + 12r + 4q] which reduces to:

[5(3—q) + 51(1 — r)] = 0 and obviously holds. We are done!

TN

Equality holdsforq =3, r=1,p=3©a=b=c=1.
1010. For a; > 0,i € 1, n, prove that:

2

n n
a; a;
Li(ay+a+--+ay)—a;” Li(af+aj+-+al) - a

Proposed by Hikmat Mammadov-Azerbaijan

Solution by Soumitra Mandal-Chandar Nagore-india
Let’s prove that:

2

X X X 1
—_> = x( - )20(:)
z:yz+z2 Zy+z Z y:+z2 y+z

cyc cyc cyc

Y-y +z(x-2)
(y +2)(y* + 2%)

15 RMM-INEQUALITIES MARATHON 1001-1100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
xy(x—1y) z(x — z)
vy +2)(y* +22) (v +2)(y* + z%)
yc cyc

>0

xy(x —y) yx(y — x)
L ¥+ 2)(y? + z2) £ (¥ +2)(x% + 22)

>0

1 1
ny(x_ y) {(y_l_z)(yz +ZZ) - (x+ Z)(xz + ZZ)} =0

cyc

24 .2)_ 2, 2
ny(x_y).(z+x)(z +x%) - (y+2)(y +z)20@

(y+ 2)(z + x)(y? + z2)(x% + z?)

cyc

x3—y34+z(x? —y?) + 2% (x —
ny(x_y) y ( y%) ( y)>0@

(y+ z2)(z+ x)(y? + 2%2) (2% + x2)

cyc

xy(x — y)?
+ x)(y? + 2z2) (2% + x2) —

2 v2 1,2
x*+y*+z +xy+yz+zx);(y+z)(z >0

which is true. So, is being established:
2

2y rA Ly
y:+z2 - Ly+tz

cyc cyc

Similarly, applying the same logic, we have:

n n
Z a3+ +an Za2+a3+ +an

Therefore,

2
a;

n
Z(“l+a2+ +a,) — ;(a§+a§+---+a§)—a§

1011. If0 < x,y,z < Zthen :

2cos?x.cos?y.cos?z <1+ cos2x.cos2y.cos2z < 8cos?x.cos’y.cos’z
Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

¢)) (2)
2 2 2,2 2 2 2 2
2cos“x.cos“y.cos“z <1+ cos2x.cos2y.cos2z < 8cos“x.cos“y.cos”z.
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15
Since 0 < x,y,z < 1 then we have : 2 < cos?x,cos?y,cos?z < 1.

We have : 1+ cos2x.cos2y.cos 2z
=1+ (2cos?x—1)(2cos’y—1)(2cos?z—1) =

= 8cos?x.cos?y.cos?z— 4(cos?x.cos?y + cos?y.cos?z + cos? z.cos? x)
+ 2(cos? x + cos? y + cos? z).

Now we have :

(1) © 3 cos?x.cos?y.cos?z— 2(cos? x.cos?y + cos?y.cos?z + cos? z.cos? x)
+ (cos?x + cos?y + cos?z) >0

& cos?x (1 —cos?y)(1—cos?z) + cos?y (1 — cos?z)(1— cos?x)
+ cos?z(1—cos?x)(1—cos?y)>0

Which is true. Equality holds iff (x,y,z) = (0,0,z) and their permutation.
Also we have :

(2) © —2(cos? x.cos?y + cos? y.cos? z + cos? z.cos? x)
+ (cos?x + cos?y + cos?z) <0

1 1 1
o -2 coszx.<cos2y—z> —2coszy.(coszz—i) —2cos’z. coszx—z) <0

1
Which is true because cos? x,cos? y,cos? z > >

4
Equality holds iffx =y =z = n

Therefore, 2cos?x.cos?y.cos?z <1+ cos2x.cos2y.cos2z
< 8cos?x.cos?y.cos? z.

Solution 2 by Tapas Das-India

1
2 cos?xcos?ycos?z = Z(Z cos?x-2cos?y-2cos?z) =

= %(1 + cos 2x)(1 + cos 2y)(1 + cos 2z) = %(1 +a)(1+b)(1+0¢)

a=cos2x,b=cos2y,c=cos2z=a,b,ce (0,1)
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0<x< 0<2x <
—_ I
<x< <2x< >

(a-1)(b—-1)>20=>ab+1=>a+b
2(ab+1)=2a+b+ab+1=(a+1)(b+1);(1)
2(ab+1)-2(c+1)=22(a+1)(b+1)(c+1)
4(ab+1)(c+1)=2(a+1)(b+1)(c+1)

2@ab+1)(c+1)=(a+1)(b+1)(c+1)
(ab+1)(c+1) > %(a +1)(b+1)(c+1);(2)
From (1) and (2), we get :

1
2(abc+1) > E(a +1D)Mb+1)(c+1)
1
abc+1 > Z(a+ Db+1)(c+1)
1
1+ cos2xcos2ycos2z > 5(1 + cos2x)(1 + cos2y)(1 + cos 2z)

1
1+ cos2xcos2ycos2z > 1 2cos2xcos2ycos2z =

= 2cos?xcos?ycos?®z
8 cos?xcos?ycos?z=(1+ cos2x)(1+ cos2y)(1+ cos2z) =
=14+a+b+c+ab+bc+ca=>1+abc=

=1+ cos2xcos2ycos2z

Solution 3 by Fayssal Abdelli-Bejaia-Algerie

0< <Tl'
Sxyzs<y

2 cos?xcos?ycos?z <1+ cos2xcos2ycos2z < 8cos?xcos?ycos?z

2 cos? xcos?ycos?z <1+ cos2xcos2ycos2z;(A)
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2cos?xcos?ycos?z<1+ (1—2sin?x)(1— 2sin?y)(1 - 2sin?2)

2(1 —sin? x)(1 — sin? y)(1 —sin? z) <
<1+ (1-2sin?x — 2sin?y + 4 sin? xsin? y)(1 — 2 sin? z)
sin? x sin? y + sin? y sin? z + sin? z sin? x — 3 sin? x sin? y sin? z > 0; (B)
But: sin? x sin? y > sin? x sin? y sin? z, sin? zsin? y > sin? x sin? y sin? z,
sin? x sin? z > sin? x sin? y sin? z, because sin? x,sin? y,sin?z € (0,1) >
= (B) is true= (A) is true.
1+ cos2xcos2ycos 2z < 8cos? xcos? ycos?z;(C)
1+ (2cos?x—1)(2cos?y—1)(2cos?z—1) < 8cos?xcos?ycos?z
2cos?x+2cos?’y+2cos?z—4cos?xcos?’y—4cos?ycos?z—cos?zcos’x<0
2cos?y(1—2cos?z)+ 2cos?x(1—2cos?y)+2cos?z(1— cos?x)

2
ButOSxS%:%ScosxSl

1 .
3 <cos’x<1e —-1<1-2cos?x <0 (and analogs) = (C) is true.

1012.If a,b,c > 0,abc = 1, then:

(a+ b+ 1*
—s <81
a>+b>+1

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

Vi ted Chebysh 5+b5+1>1( +b+1)~“’=>(w+b+1)4
iarepeate ebyshev,a =3a\a a’+b5+1

__ 8 danal z:(a+b+1)4< Z a1
— : — —
_a+b+1an anatogs a>+b5+1 "~ at+b+1~

cyc cyc
?
Sa+b+1)Mbb+c+1)(c+a+1)=(a+b+1)(b+c+1)+(Mb+c+1)(c+a+1)
+(c+a+1)(a+b+1)@Zazb+2ab2+2abc—2—2(a+b+c)20

cyc cyc
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wabc=1 ?
S ab Za—c ZZZa
cyc cyc cyc
1
ab +§ Za Zab >22a+3abc
(*) cyc

cyc cyc

Za 33/azp2c2 ! ZZa

> 2
ab = 3 .
cyc

2
3 a z ab | > 2 a
cyc cyc
1
Also,via A — G,§ (Z ) z ab) >=.3%a 3\/ a?b?¢? = 3abc

%( a) (Z ab) Y 3abe - (i) + i) = () is true
cyc

cyc
SvVabc>0 | |>—1Z(a+b“)4 < 81 with equality iff a = b 1
a,b,c abc = 'cyca5+b5+1_ with equality iffa=b =c=
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
a*+b*+1

z:(a+b+1)“<81 332 < 81
a>+b5+1 7~ 7 a>+b5+1"
cyc cyc
3 332 a* +p*+1 < 81 Z 1 <1
(a*+b*+1)(a+b+1) " a+b+1"
cyc

cyc
(a+b+1D)bh+c+1D)+Bb+c+1)(ct+ta+1)+(c+a+1)(a+b+1)<
<(a+b+1)(b+c+1)(c+a+1)
a’?+b*+c*+3(ab+bc+ca)+4(a+b+c)+3<
< a?+ b%? + c? + a?b + b%*c + c*a + a*c + ¢*b + b*a + 3(ab + bc + ca) +
+2(a+b+c)+2abc+1

b b
2(a+b+c)< +b+a+ + whlchlstrue because
! z>  z%x?

xty? y? n

x?  y? z2 xt oyt oz
2| —+—+—|S =t ot —-t+t— > >
y z X yz zZx Xy z X y
x2 y2 2 3 y3 Z3
iz TSyt ata
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1013.fneN,n>3andm,x;, € [1,0),k=1,nm =

x1+x2+-~-+xn
— then:

n

Xk Xk Xk 2. m
z:(x1 + x5+ -+ xk) =n?-m
k=1

Proposed by D.M. Batinetu-Giurgiu-Romania
Solution by Tapas Das-India

n n

Xk Xk 4 ... Xk M Xk | Xk, Xk
z:(x1 +x5¢ + +xn)2nz \[xl XKk =
k=1 k=1

n n
Ty txp bty X1+ X2+ o+ x,\™

— n — m . — 2. m

=n ) x, =m ) xp'=n-'n =n“-m

n
k=1 k=1

1014. If x,y,z > 0 then:

ety L O+t @0t
xt +14x2y? + y*  y* + 14?22 + 24 z* + 1422x% + x*

Proposed by Marin Chirciu-Romania
Solution 1 by Fayssal Abdelli-Bejaia-Algerie

(et y)" 21 o xt 4 axdy 4 6x2y7 +4xyt +yt > x4 14xy? 4y
xt + 14x2y? + y* = Ay mery Ry Ty = Yy

4x3y + 4xy3 — 8x?y2 > 0 © 4xy(x* — 2xy+y*) >0 &
4xy(x — y)? = 0 true.

Similarly, we have:

(y +2)* (z +x)*
> 1and =>1
y*+14y%z2 + z* z* + 14z2x2 + x*
Hence,
(x +y)* (y +2)* (z+x)*

>3
x* +14x2y2 + y*  y* + 14y2z2 + 24 T AT A

Solution 2 by Tapas Das-India
(x +y)* = x* + 4x3y + 6x%y* + 4xy® + y* >
> xt + y* + 6x2y% + 4xy - 24/x2y? = x* + 14x%y* + y*

Hence,
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(x +y)*
4 272 4 2
x* + 14x*y= +y

Similarly, we have:

(y + 2)* (z + x)*
4 252 421and 4 2 42 421
y*+ 14y°z- + z z* + 14z°x* + x
Hence,
(x +y)* (y +2)* (z +x)*

>
xt +14x%y% + y*  y* + 14y?z2 + z* UV
1015.If a,b > e then:

b
(a + b)2Vab < gVab. (\/ab)aJr

Proposed by Daniel Sitaru-Romania
Solution 1 by Florentin Visescu-Romania

Jab Jab a+b a+b2\/E a+b
(a+b)»@ < 4. (Vab)™",  (222) < (Vab)

a+b 2vab
l°g( 2 )

< log(\/ﬁ)ﬁb, 2Vablog (%b) < (a + b) log(Vab)

log (a s b) - log(Vab)
- <

2
‘2|‘b Vab

Let £:[(0,0) - R, f(x) = loix,f’(x) _ 1-logx

x2

fx)=0eox=e

X 0 e

() +++++++0--———————
f(x) / é \‘

a+b
Jap < &2 log(vab) _ log(*;")
Ife <vVvab < 5 ,f N then N >

= a+b

+b log(~Vab log(%£2
fVab < == <e,f /then °g§a_;1 ) < ,,(+,? )
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Solution 2 by Ravi Prakash-New Delhi-India

a+b

(a+ b2/ < 435 (Vab)*™’,  (a+ b)2Vab < 22Vabab) 2

2

() @ (T s v

1
Let f(x) = xx,x > e =logf(x) = %logx

f(x)
f(x)

f —is a decreasing function on [e, )

Asab>e—>\/_>e=>f(a+b)<f(‘/_)

(a+ b)2V@ < 47 . (Vab)**"

Solution 3 by Soumava Chakraborty-Kolkata-India

(a+b)2V® < 49 (Vab)"™" & 2vab.In(a + b) < Vab.In4 + (a + b).In(vab)
& Vab(2In(a+b) —In4) < (a + b).ln(\/ﬁ)

1
=?(1—logx) <0,Vx>e

& Vab(2In(a +b) — 2In2) < (a + b).ln(\/ﬁ) & 2.Vab.In ath <(a+ b).ln(\/ﬁ)

b
In2t 2 ln(\/ ) a-; ln(\/ab) -
“atb - ‘Jab a+b Jab =0
2 2

+b ) 1
& f(a > ) — f(vab) < 0,where f(x) = %

a+bA-G (a+b

Now, via MVT and - > vab . f

) f(Vab)

(a+b_\/_) f'(®) (where\/_<£<a+b)

o (Va - \/_) 1-Ing
EZ

ab>e 1—1n
Now,E>Vvab > +‘Jee=>&>e=>mhnhi>1=>1-Inf<0=> EZE

:>f<a+b> (\/_)

<0

2 -
=>(\/E—2\/B) llgzlnﬁso‘”:)()f(a:b)_f(\/ﬁ)go=>(*)istrue
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b
SVab>e (a+b)?/® < 4% (Vab)*" equality iff a = b (QED)

Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand
Forx >y > 2elet x = yk,k > 1. Hence,

(a+ b)2Vab < gVab . (\/ab)a+b

a+b

(a + b)?Vab < 22Vab (2 Zab> , XY <27 (%’)

X

X

(yk)? < 27 (%) , YYRY - 2Yk < 2Vyrk

v )

k < e* 1 whichis true fromek¥ 1 > (k—-1)+1 = k.

y(k-1)

Solution 5 by Said Cerbach-Algiers-Algerie

Let f:[(0,00) - R, f(x) = “EX f'(x) = *E*

log(®?
Ife <+vVvab < azi,f \ then log\g;/_?) > oga(if )
2

2vVab

2Vablog (#) < (a+b)log(Vab), log (a -ZI_ b) < log(\/ﬁ)ﬁb

2Vab

(22 <(aB)™, (@) < 4@ (Vap)"’

1016.If x,y,z > 0 and 1 + 1 + 1 1 then prove that:
Xy yz @ zx

(x-1(@y-1)(z-1) <6V3-10

Proposed by Hikmat Mammadov-Azerbaijan
Solution 1 by Tapas Das-India

1 1 1
—t—+—=1x+y+z= ; (1
g x+y+z=xyz; (1)

Since x < xyz we have yz > 1 and similarly, zx > 1,xy > 1.
letx<1,y=>1z>1then(x—-1)(y—1)(z—1) <0O.

letx>1,y>1,z>1andx—1=a;y—1=b;z—1=c;a,b,c > 0then:
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a+1+b+1+c+1=(a+1)(b+1)(c+1)andusing (1), we obtain:

abc + ab + bc + ca = 2; (2)
Let t = Yabc = ab + bc + ca > 3t2; (3)
From (2) and (3): t3 + 3t*> < abc + ab + bc + ca = 2
(x+1)(x%?+2x—2) <0.S0, we musthave: x2 +2x -2 <0 =
(x+1)?<3=x<V3-1
B <(V3-1) =6V3-10
Solution 2 by Soumitra Mandal-Chandar-Nagore-india
letx—1=aq,y—-1=b;z—1=c=>x=a+1,y=b+1;z=c+1

wx,y,Z2>0=>a+1,b+1,c+1>0
1 1 1

1
Xy yz-l_a_1=>Z:(a+1)(b+1)_1:>
cyc

3+a+b+c=10+a)1+b)(1+c)
2=ab+bc+ca+abc:>223W+abc
2 —3m? — m3 > 0, where m® = abc
31-m*)-1+m3)=20=>1+m)(2-2m—m?) =0
2-2m—-m?>0,wherel+m*0and1+m>0

=>3=>1+m)?=> 3—12m:>\/§—12m:>(\/§—1)32abc
3v3-1-3-(v3) - 1+3-V3-12> abc= 6v3 — 10 > abc
(x-1Dy-1(z-1)<6V3-10
Equality holds forx = y = z = /3.

Solution 3 by Soumava Chakraborty-Kolkata-India

1 1 1 i
— —+—=1=>Zx(2xyzand(x—1)(y—1)(z—1)S6\/§—10
Xy Yz zx o

via (i)
@xyz—l—ny+ZxS6\/§—10 & 22x—2xy£6\/§—9

cyc cyc cyc cyc
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Zc c Zc c
(@ enn ol oo i
cyc cyc

@(zxy)@x)_z(zx) xyz<zx>+(m_9)xyz§o

cyc cyc cyc cyc

Assigningy+z=a,z+x=b,x+y=c>a+b-c=2z>0,b+c—a=2x
>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>>b
= a,b, cform sides
of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZszZaZZS:Zx:s:x:s—a,y

cyc cyc
=s—b,z=s—c¢

Via aforementioned substitutions, z Xy

cyc

= Z(s —a)(s—b) (g) 4Rr + r? and xyz(Zx) = J(s —a)(s—b)(s—c¢).s

cyc cyc

( ) (iif)
= |XyZ Zx =TS

cyc
~ via (ii), (iii), (+) © (4Rr + r?)s — 2s.rs + (6V3 - 9)r’s >0 © 4R+ r—2s + (6V3 — 9)r
>0 & 25 <4R—8r+6V3r © s < (3vV3 — 4)r + 2R > true via Blundon
1 1 1
:(-)istrue-'.(x—l)(y—l)(z—l)S6\/§—10Vx,y,z>0|—+—+—=1(QED)
Xy yz zx
1017.1fa,b,c > 0,a® + b3 + ¢ + d3® = 1 then:
1 N 1 N 1 N 1 - 1
a+b b+c c+d d+a 2abcd

Proposed by Marin Chirciu-Romania

Solution 1 by Tapas Das-India

a3+b3+c3+d3>a2+b2+cz+d2 a+b+c+d
4 - 4 4

1
a+b+c+d 4(a’b*c?d?)s
4 4

1
-2
4

>(a+b+c+d); (1
—— ( ); (D
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1 N 1 _a+b+c+d<(a+b+c+d)_a+b+c+d

a+b b+c (a+b)(c+d) ™ 2Vab-2Ved  4vVabed
1 N 1 _a+b+c+d<a+b+c+d
c+d d+a (c+d)(d+a)” 4Vabecd
1 1 1 1 a+b+c+d 1la+b+c+d
+ + + <2 =— <
a+b b+c c+d d+a 4+/abcd 2 vabcd
1 1 1 1

S — . =
2 \abcd abcd 2abcd
Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
1 1 1 1 < 1
a+b+b+c+c+d+d+a_2abcd

1«1 1 1 1 1 1 1 1 1a3+b3+c3+d3
(+++++++)

b b d d 2 abcd
1+1+1 1 a+b+c+dd
a b d_ abcd

abc + bcd + cda + dab < a® + b? + ¢3 + d3 true, because:
a® + b3 + ¢ > 3abc(and analogs). Hence,
3(a® + b3 + 3 + d?) > 3(abc + bed + cda + dab)
abc + bed + cda + dab < a3 + b3 + 3 + d3

Solution 3 by Soumava Chakraborty-Kolkata-India

2bd( p 1 )
- azs atb bic' ctd dta
a C a Hs<
= .cd + .da + .ab + bc < vab.cd + Vbc.da
a+b b+c c+d’ d+
++vcd.ab + Vda.bc
= Vabced(Ved + Vda + Vab + Vb ) < VabcdVerdfatbVdiatbic
1 1 1 )
2abcd< + + + ) < Vabcd a
a+b b+c c+d d+a

cyc

Chebyshev 1 Chebyshev 1
Again,1=Za3 > 2 Za Zaz > 2 Za .4Yabcd > 1

cyc cyc cyc cyc

via () 1 1 1 1
> Vvabcd Z a > Zabcd( + + =+ )
a+b b+c c+d d+a

cyc
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1 1 1 1
Va,b,c,d>0|a®+b?+c3+d3=1(QED)

<
=>a+b+b+c+c+d+d+a_Zabcd

1018. Let a, b, c > 1 be real numbers such that
abc(a—1)(b—1)(c — 1) = 1. Prove that:
a® + b® + c® + 9(a* + b* + ¢*) + 18(a® + b% + ¢?) >
>3(a®+b°>+c%)+13@+b>+c3)+12(a+b+c)+57

Proposed by Kunihiko Chikaya-Tokyo-Japan
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given inequality is equivalent to :
Z(a6 —3a°+9a*—13a® +18a%? - 12a+8) > 81 & Z(a2 —a+2)3>81.
cyc cyc
By AM — GM inequality we have :
Z(a2 —a+2)3= Z[a(a— D+1+1P3 > 227.a(a— 1).1.1

cyc cyc cyc

>27.33/abc(a—1)(b—1)(c— 1) = 81.

_ , , 1++5
So the proof is completed. Equality holds iffa=b =c = >

1019.Leta,b,c > 0 : ab + bc + ca = 3. Prove that:

. z (a — b)?
abc =24 a? — ab + b?

cyc

Proposed by Phan Ngoc Chau-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp=a+b+c, q=ab+bc+ca=3, r:=abc<1.
Since (a — b)? = (a? — ab + b?) — ab,
then the desired inequality can be written as

Z ab +24>Z7
az—ab+ b2 abc

cyc

ab

By AM — GM inequality we have : —— 1 ——;

1
2 _ab + b? — > 3.
+ c(a®* — ab + )+abc_
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Summing up this inequality with similar ones we get :

z b .3 . Z (a2—ab+b%)=9—pq+6r=9-3p+6
a’ —ab+b%?  abc ™ ca—a B pq~or = por

cyc cyc

21
So it suffices to prove that : - >18 + 3p — 671

9
From the known inequality (ab + bc + ca)? = 3abc(a + b + ¢) we get : - >3p

0.

21 21 9 6(1—-r2-r)"it
Therefore, -~ (18 + 3p — 61) 27— (18+;—6r> = - >

So the proof is completed. Equality holds iffa=b =c = 1.
Solution 2 by Soumava Chakraborty-Kolkata-India
—_h)2 2 2
1 1>1< (a—b) (b—-0) (c—a) )@24

— - — 24
az—ab+b%2 bZ-bc+c?2 c%-ca+a? abc

abc =24

>za2—ab+b2—ab_3 z ab

- a?—ab+b%2 a? — ab + b2
cyc cyc

@24 27 + ab (;)0
abc a2 —ab+bz —

cyc

ab 1 Bergstrom 9abc
Now, E —— 5 = abc E =
a’? —ab + b? c(az —ab+ bZ) chc (ab(chca - C)) — 3abc

cyc cyc

dabe LHS of ()
= - o "
(ZCYC a) (chc ab) - 6abC
LY 9abc
B abc (ZCYC a)(chc ab) - 6abc
. 8 Z 3abc _ 9(chc a) (chc ab) — 57abc

20S pe=2" (Zeye@)(Teyeab) —6abe (Zeyea)(Zeycab) — 6abce

8(chc ab). Yeycab ; 9(chc a)(chc ab) — 57abc
3v3abc " (Zeyea)(Teyeab) — 6abe

3
64 ? (9(Zeye@)(Zeyc ab) — 57abe 2
< 27a2b2c2'<z ab) < : . )

cyc > (chc a) (chc ab) — 6abc

=4

o)

Assigningb+c=x,ct+ta=y,a+b=z>x+y—-z2=2c>0,y+z—x=2a
>0andz+x-y=2b>0=>x+y>zy+z>x,2+x>y
= x,y,Zz form sides of a
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triangle with semiperimeter, circumradius and inradius = s, R, r (say) yielding 2 Z a
cyc
© G
=Zx=25=> Za=s sa=s—x,b=s—-yc=s—-z=|abc =r“s
cyc cyc

Via aforementioned substitutions,z ab = Z(s —x)(s —y) = 4Rr + r?

cyc cyc

(“‘)
= Z ab =" 4Rr + r?

cyc

64r3(4R +1)3  [(9s(4Rr + r2) — 57r2s\’
~via (¢),(e¢), (eee), (++) transforms into : ( ) ( ( ) )

27r*s2 s(4Rr + r2) — 6r?s

16(9R — 12r)? )
N (Em - 5r)2) & ||[44R—5r)* (4R +1)® > 27r(9R — 12r)%s?

Gerretsen

?
Now,LHS of (++x) <  27r(9R— 12r)?(4R? + 4Rr + 3r%) < 4(4R - 5r)2(4R +1)3

? R
& 4096t° — 15916t + 14068t3 + 4159t% + 2984t — 11564 > 0 (t = F)

Euler

?
e (t-2) ((t —2)(4096t3 + 246t% + 222t(t—2) + 511) + 6804) >0-true~t > 2

= (***) = (**) = (*) is true
1 1< (a—b)? (b — o) (c—a)

>
abc 24
= 3 (QED)

- a’? —ab +b? b2 —bc+ c? cz—ca+a2> Vabc>0 |ab+bc+ca

1020.1fa,b,c>0,a+b + ¢ = 1and0S/1S%then:

615_|_115_|_c5_|_)L Y >/1+1
b c a ane = 27

Proposed by Marin Chirciu-Romania
Solution 1 by Michael Sterghiou-Greece
+b+c=11€ [0 1]:>aL5+ 5+CS+A b >A+1-(1)
@ €= 4T T T T =T
1

r=_

Let (p,q,7v) = Ga,Yab,[]Ja),p=1,q < >

2
5

CBS 5 — 2
Za— Zab > Za3 :»Za—z(l 39 +37)
b b q

cyc cyc cyc cyc

W=

Za3=p3—3pq+3r

cyc
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It suffices to prove that:
(1 —3q + 3r)? A+1 (

— - >
f) q + Ar 57 2 Oas A

1
- —< N
r 27)_0:’)c

1 1 1
So, we need to show f (Z) >0asld< 2 or Ef(q, ) = 0, where
f(q,v) =972q*> —1917qr — 653q + 972r? + 648r + 108

fi(r) =27(-71q + 721 + 24) > 0as 71q < 73—1,r >0= f(q,r) 7

As1T > 4"9—_1 (3" degree Schur) it suffices that

4q -1

1
f(q, ) > 0or8(3q—1)(13q —6) = 0 which holds as q < 3’ 13g<6

Equality holds fora = b = ¢ = %

Solution 2 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=y,a+b=z=>x+y—-z2=2c>0,y+z—x=2a>0andz+x-y
=2b>0=x+y>zy+z>xz2+x>y=>xYyZformsides

of a triangle with semiperimeter, circumradius and inradius = s, R, r (say) yielding 2 Z a

=Zx=25=> Za=s >a=s—x,b=s—yc=s—z

®
Via aforementioned substitutions,z ab = Z(s —x)(s—y)=4Rr+r?>= Z ab = 4Rr + r?

cyc cyc cyc

2
ia (i) (i)
and Zaz = (Za) - ZZ ab "% s2 —2(4Rr +r?) :Zaz Z s2 — 8Rr — 2r2

cyc cyc cyc cyc
a> b®> ¢’

Now,—+—+—

b C a

1 3 4
a® b® b Bergstrom (chc a3)2 Holder (chc a3),§ (chc a) Chebyshev 1 )
=t > > 2L (Ya) (Y
ab " bc - ca chc ab 2:Cyc ab 27 chc ab cyc cyc

=>a5+b5+cs+)\b At
b C a anbce 27

o) (3] () €95 (-2 (2)
{5 ) o3 )

~

cyc cyc

4
1 Yeve @ — Yevcab) 2 (. ca)3 — 27abc
@E<Za> ( - chcaby )21<Z“>- 27

cyc cyc
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3 3
chc a* - chc ab)
o (Z a) ( Sojeab )%l (Z a) —27abc

cyc cyc

3
2 _
Now, (Z a) (chc ‘;‘cyc fl;yc ab)

cyc

3
1 via (i),Gi)  4s3
= 1 (Z a) —27abc &  ——— (s? —8Rr—2r2 — 4Rr — r2) > s3 — 27r2s

4Rr + r2

cyc

()
& 4s%(s? —12Rr — 3r?) > (4Rr + r?)(s? — 27r?)
Geretsen Euler
Now,2s? —27Rr > 2(16Rr—5r?) —27Rr=5r(R—2r) > 0= 2s? > 27Rr = LHS of (+)

?
> 54Rr(s? — 12Rr — 3r?%) > (4Rr + r?)(s? — 27r?%)
?

& (50R—r1)s? +27r2(4R + 1) 5 54R(12Rr + 3r?)
o)

?
—r1)+27r%(4R + 1) > 54R(12Rr + 3r?)

Again, 2s* >

? ?
< 50R? — Rr + 8Rr + 2r? > 48R? + 12Rr & 2R? — 5Rr + 2r? > 0

3
u 2
< 2R-r)(R—2r) > 0 > true~ R E>l 2r = (e¢) = (o) is true = (Z a> <chca chcab)

Ycycab
3 %EA 3
Z al] —27abc | = A Z a| —27abc

cyc cyc

cyc

1
4

v

3
A—G as 5 5 A+1 as 5 5
Za —27abc = 0 |> (x)istrue>—+—+—+2Aabc———=>0=>—+—+ —+ Aabc
b c a 27 b c a

cyc

A+1 1
Z?Va,b,c>0|a+b+c=1and0SlSZ(QED)

Solution 3 by Daoudi Abdessatar-Tunisia
+b+ —1/16[01]:(1 +b5+cs+1b >A+1-(I)
@ €= 4T T T T =T

It suffices to prove that:

R —— >
Z 108+4abc 0

cyc
Since abc < % and A < %, by AM-GM inequality, we have:

a5+a5+1(b+ b)>4 3(and similarly)
b b 9a a _3a and sitmilarlty

Let (p,q,7) = Ya,Yab,[]a) then:
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z 1, 2 19
b—3 @’ —ga=2rtz-oq;

cyc cyc
fl = ——q +2 i + Tog IS @ decreasing function, g = % = 21—7
19 1 9 1 67
min{f(q)}=—— =~

9 3 4 27 108
1021.Leta,b,c > 0,ab + bc + ca = a + b + c. Prove that:

3 3

4(ab + 4(bc+ b 4 +ch 1 1

\/ (a2 ac)_l_\/(c a) \/ (ca + cb) 3( 1 +__1)
a b? c?

Proposed by Phan Ngoc Chau-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

b+c = ab+b
arhre=ZDhrbere 3abc(ab + bc + ca) = ab + bc + ca

(ab + bc + ca)? > 3abc(a+b +c)
1 ®
> 3abc= —=>3
cyc a

i/4(ab + ac) N 2{/4(bc + ba) N 3{/4(ca + cb)

Now

122 a* 122 b® c* 122 122
= Z (E) A8, z — E) . Berg;tmm 3 (chc E)l AZS 31(chc E) .
cycs%-%-abiac o 2Tzt @bt ac 3+ Loyegb+ ac 3+7'chcm
3 (Borg)
3o [0
cBs 3 (chc %)2 ~ 3 (chc %)2

L1 1 1 341y 1
343 (Sacgy (Sacae 3 T 2Eocab

12
S(chca) .ab+bc+ca a+b+c Z Z ( L1 +1 1)
Tauly 17 abc ab c

3 +72cyca cyc cyc
1 x* 2 1
=3 Z——l z=x—1 x—Z—
cyca 3+2 cyca
2x2 ? 2x% — x? —6x+x+67
=3 -x+1>0s >0 o x?2 —5x+6>0<:>(x 3)(x— 2)>0
xX+6 X+ 6

1
- true '.'x=2523via(i)

cyc
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4(ab+ac) 3/4(bc+ba 4(ca+cb 1 1
= (az = (bz = (cz )—3(5+3+z‘1)"“'b'c
>0 |ab+bc+ca=a+b+c(QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality we have :

3 3/4(ab + ac) 4 2 66 <f/4(ab + ac))3 4 (2)2 4

2.5 > . (3) ==
3a? +3(ab+ ac) + 3 3a? 3(ab+ ac) \3 a
Them 34(ab+ac)>4 4 4 C£S4 4 1(1+1)

en: a? a 3 3(ab+ac) " a 3 3\ab ac

Summing up this inequality with similar ones obtained by permutation we get

3 3 3
4(ab + ac 4(ab + ac 4(ab + ac 1 1 1 2/1 1 1
Jhlab ta) | Viabtao) Vaabrad) , aEe il a2 ALl
a? a? a? a b c 3\ab bc ac
. 1 1 1 1 1 1
Since ab+ bc+ca=a+b+c wehave: —+—+—=—+—+—
a b ¢ ab bc ac

And from the inequality
(1+1+1>2>3(1+1+1> t'1+1+1>3
a b =" \ab  bc weget: uTpTe="
4(ab + ac 3/a(ab + ac 4(ab + ac 1 1 1

:\/(2 )Jr\/(2 )\/(2 )_(++)_4
a a a 3

Then
1 1 1
23(—+—+——1>.
a b c
Equality holds iffa=b =c=1.
1022.1f a,b,c,d > 0 and a® + b3 + ¢ + d® = 1 then:
1 - a? b? .\ b?c? N c?d>? . d?a?
2 a+b b+c c+d d+a

Proposed by Alex Szoros-Romania

Solution 1 by Adrian Popa-Romania
a2 b2 bZ CZ CZ dZ dZ aZ AGM aZ b2 bZCZ CZ d2 dZaZ
+ + + < + + + =
a+b b+c c+d d+a 2vab 2Vbe 2Ved 2Vda

((ab)z + (BO)? + (cd)? + (da)z)

2

5 5. 3.3 @+b PP+ A+dd d®+adam
1= ++P + Pt dP =t ——— >
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3 3 3 3
> (ab)2z + (bc)2z + (cd)2 + (da)2
3 3 3 3
1> (ab)Z + (bc)2 + (cd)Z + (da)Z true!
Solution 2 by George Titakis-Greece

a?b? +b2c2 +c2d2 +d2a2 - (a + b)* N (b + c)* N (c+ d)* N (d+ a)* 3
a+b b+c c+d d+a16(a+b) 16(b+c) 16(c+d) 16(d+a)

=1—16[(a+b)3+(b+c)3+(c+d)3+(d+a)3]=

1
=16 [2(a® + b3 + ¢ + d3) + 3ab(a + b) + 3bc(b + ¢) + 3cd(c + d) + 3da(d + a)] <

1
S1—6[2(a3+b3+c3+d3)+3-2(a3+b3+c3+d3)]=

_8(a3+b3+c3+d3)_1
- T -

Equality holds fora = b = ¢ = %.

Solution 3 by Tapas Das-India
a® + b3 = (a+ b)(a? — ab + b?) > (a+ b)(2ab — ab) = ab(a + b)
a’b* b*c* c*d* d*a?
a+b+b+c+c+d+d+a:

_ab-ab(a+b) bc-bc(b+c¢) cd-cd(c+d) da-da(d+ a)
ST @ib? | roZ | crd? T @drar

(a® + b?) + (b® + c3) (c2+d?) + (d®+a3 <

<a cd a
N CEY)L (b+)2 +(+dV d+ a)?

ab bc da
<235 b( +b3)+ (b3+c3)+ (c +d3)+ (d3+a3)
_a+hp +b3+c +c +d3+d3+a _2(a? +b3+c +d?)
4 4 4 4 4
Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand

1
2

al+b3+c3+d3 - (ab)? N (bc)? (cd)? N (da)?
2 “a+b b+c c+d d+a

a® + b3 - (ab)?

4 “a+b

(and analogs)
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< 2Vab - 2,/(ab)3 > 4(ab)? < 4(ab)? > 4(ab)? true.
Thus,
a3+b3+b3+c3 A+d® d®+ad _2(a3+b3+c3+d3) 1

4 2 T4 T4 T 4 2

Solution 5 by Soumava Chakraborty-Kolkata-India

a’b? b%*c? c%2d®> d?%a?
a+b+b+c+c+d+d+a
_ 2ab ab+ 2bc bc+ 2cd cd
“a+b 2 b+4+c 2 c+d 2
2da daHs=G1
+d+a'7 < =(Vab.ab +vbec.bc + Ved. cd + Vda. da)

= %(a\/& bVb + bVb. cvc + cve. dVd

CBS 1
+dVd.ava) < E\/a3 +b3+c3+d3./b3+c3+d3+ad

1 a3+b3+c3+a3=11

— 3 b3 3 d3 - -

2(a + b3+ c® +d3) >

:>1>a2b2+b2c2+c2d2+d2a2 ED

2 a+b b+c c+d d+a(Q )
1

1 1
1023.If x,y,z > 0, Tix + 1ty + i 1 then:

3
x+y+zZnyz

Proposed by Marin Chirciu-Romania
Solution 1 by Tapas Das-India

1 1 1

1+x 1+y 1+z

1+y)1+2)+A+x)A+2)+A+y)A+2=A+x)A+y)(1+2)
xyz=2+x+y+z=>x+y+z=xyz—2;(1)

1e

1

Now, x + y + z > 3(xyz)3
1
xyz —2 = 3(xyz)3

1
Let (xyz)3 = a,thena® —-2>3a=>a®>-3a-2>0
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1
(a-—2)(a+1)?>20=>a=>22>(xyz)3>2=>xyz>8

Now,x+y+z—%xyz=xyz—2—%xyz=ixyz—220:)

3
x+y+zZnyz

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand
1 1 1
Trx 1+y 14z
1+y)A+2)+A+x)A+2)+1+y)A1+2)=1+x)A+y)(1+2)
Xyz=2+x+y+z>x+y+z=xyz—2

3
4xyz—823xyz:>xy228=>x+y+221xyz

Solution 3 by Soumava Chakraborty-Kolkata-India

1 + 1 + 1 —1—2+z 1 —3=>2—Z( 1 )=>2
1+x 14y 14z = 1+x h 1+x
cyc cyc
chcx
]ensen 3 t
21+x < W('-‘f(t):1 tisconcave\7’t>0asf”(t)
cyc 1+T
—<0
(1+1¢t)3 )
52< 3 oyex :>3Zx>6+22x:>2x>6
3+ chcx £
yc cyc cyc
N r L, .1 —1:2((1+ )(1+))—1_[(1+ ):Z(1+ +z+yz)
Mritx 1y 1tz y 2= * yrzTyz

cyc cyc cyc

:1+xyz+ny+Zx:>3+ZZx+ny:1+xyz+ny+Zx

cyc cyc cyc cyc cyc cyc

3 3 3 Vla(*)
:>xyz=Zx+2:nyz:ZZx+E:Zx+———z Zx+———= X

cyc cyc cyc cyc cyc cyc

=1 (QED)

3
Sx+y+z>ayzvay,z>0 +
x+y+zzaayzvayz> 0| o 1+y 1+2

Solution 4 by Hikmat Mammadov-Azerbaijan

1+1+1
1+x 1+y 1+z

1+y)1+2+A+x)A+2)+A1+y)A1+2=A+x)A+y)(1+2)

=1
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xyz=2+x+y+z=>x+y+z=xyz—2

x+y+z=>23(x+y+z+2)ex+y+z=>6;(1)

x+y+z>3

x+y+z+2=xyz$( 3

a=a+y+z>6=>a3-27a-54>0= (a—6)(a®+6a+9) >0
(a—6)(a+3)2>0=>a=>6;(2)

From (1) and (2), it follows that: x + y + z > %xyz
Equality holds forx =y =z = 2.
1024.If a,b,c > 0,abc = a+ b + cand 4 = 0 then:

1 1
+or ) 230+ 1)

Proposed by Marin Chirciu-Romania

1
\/ab+bc+ca(/1+

Solution 1 by Tapas Das-India

a+b+c=abc;(1)

a+b+c

1 1 1

3 > (abc)3 + b + ¢ = 3(abc)3 = abc = 3(abc)3
Z 3

(abc)3 =3 = abc > 32;(2)

2
ab + bc + ca > 3(abc)3 =9 =>+Vab+ bc+ca >3
1 1 1 1 1 1 a+b+c abc

J— J— D e —_= = =
2 e 2 ab T be T ca abc abc 1
1 1 1
\/ab+bc+ca(A+—+ﬁ+ >>31+\/ab+bc+ca=3(l+1)

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

1=i+i+i:>9§ab+bc+caand3S\/ab+bc+ca
ab bc ca

3<3(1+1+1> (1+1+1)2<3(1+1+1)
~— " \ab bc a b ¢/ ~ \a? b? 2

1 1
Slsptpta
Jab T hcTea 1 1 1 1 1 1
ab+bc+ca(/1+¥+ﬁ+ >>\/ (/1+—+b2+ )=
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1 1 1
- 3(,1+—+b—2+ ) —3+1)
Solution 3 by Soumava Chakraborty-Kolkata-India

2 2
Zab > 3abc2a: 3abc. Za > 3abc. 3Zab
cyc cyc cyc

cyc
O]
> Z ab |. z ab > 3+/3abc
cyc cyc

A-G (i)
Again, abc = z a > 3.Vabc = a?b%c? > 3 = a?b%c? > 27 = abc > 3V3 - (i)s(ii)

cyc

3
:(Zab). /Zabg&@.&@:( Zab> > 27 = /Zab(*Z)B
cyc cyc cyc

cyc

(+)
= A(Vab+bc+ca—3)=0(~1=0)=Vab+bc+ca.d > 31

2

1 _1 1 1 1 a+b+c 1 1 1
Furtherza22§ za 2§.SZE:T:1:>Vab+bc+ca(— —+C—2>
cyc cyc cyc

via (*)

> 3. ab+bc+ca(— m+c—2) > 3

>+Vab +bc+ ca

1 1
.(**)+(***):>\/ab+bc+ca.)t+\/ab+bc+ca(— +c—2)231+3
1 1
ab+bc+ca(l+ b2+ )>3(l+1)Vabc>0|abc
=a+b+c(QED)

1025.Let a,b,c > 0,a + b + ¢ = a® + b? + c?. Prove that

2vV2(Vab + ac + Vbc + ba + Vca + cb) + 9 = 7(a* + b* + ¢?)

Proposed by Phan Ngoc Chau-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

If a=b=c=0theinequality is true. Assume thata+b+c >0

Homogenizing the given inequality we get the equivalent expression
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2v2(a+ b + c)(Vab + ac + Vbc + ba + Vca + cb) + 9(a? + b? + ¢?)

>7(a+ b + c)?

o2(a+b+c) 2a(b+c)+2 ) a*>7 ) a(b+c)
PR

cyc cyc cyc

By AM — GM inequality we have :

a(b + ¢)3
2(a+b+c)J2a(b+c) +2a% =2.\/2a3(b + ¢) + 4. /%+2a22

4

> 77 (\/2a3(b + c))z. /M .2a%2 =7a(b+ ¢)

Then: 2(a+ b+ c)\/2a(b+c) +2a* > 7a(b + ¢) (and analogs)

Summing up this inequality with similar ones yields the desired inequality.
Equality holds iff (a,b,c) = (1,1,1).
Solution 2 by Soumava Chakraborty-Kolkata-India

H 8a(b + ¢) 8a(b+c+2a—2a)
2a+b+c 2a+b+c

|Case1: a,b,c> 0|2\/2a(b+c) >

_g 16a? d |
= oa 2a+b+can anaogs

= 2v2(Vab + ac + Vbc + ba + Vea + cb) + 9
2

a ?
zsz —162— 9 > 7(a? + b? + c2
a 2a+b+c+ (a? + b? + ¢?)

cyc cyc

a?
@82a—162—
2a+b+c
cyc cyc
2
92"3""1 2 Z .,-Za:ZaZ:I:ZCYCa
chca . chca
yc cyc cyc
9) a?
@Za+ A Z
Dcyc@ w 2a+b+c
cyc cyc
Assignmgb+c=x,c+a—y,a+b—z=>x+y—z=2c>0,y+z—x=2a

>0andz+x—-y=2b>0=>x+y>zy+z>x,Z2+x>Yy
= x,y,Zz form sides of a
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triangle with semiperimeter, circumradius and inradius = s, R, r (say) yielding 2 Z a

=Zx=Zs:Za=s=>a:s—x,b=s—y,c=s—z

cyc cyc

cyc

Via aforementioned substitutions,z a’ = Z al —2 Z ab=s%-2 Z(s —x)(s—vy)

cyc cyc cyc cyc
()
=s? — 2(4Rr + r?) :Zaz = s — 8Rr — 2r?
cyc
a? a? (s — x)? (2s — x —s)?
wowY LY@y gas-xos?
2a+b+c a+b+c+a y+z 2s—x
cyc cyc cyc cyc
2s — x)% — 2s(2s — x) +s? 1
=z( ) ( ) =Z(Zs—x—Zs)+szz
2s — y+z
cyc cyc cyc
chc((z +x)(x +y))
=—-2s+s
Hcyc(Y‘l' z)
Y X2+ 2 e xy) + Yo X
— _254s2 ( cyc cyc Y) cyc Xy

2s(s% + 2Rr +r?)
2

=-2 +s% + 4Rr +r?

s
S-|_2(52+2Rr+r2) ;x
s(5s? + 4Rr +r?) s(s? —4Rr — 3r?)

2(s% + 2Rr +r?) - 2(s% + 2Rr +r2)
8s(s? — 4Rr — 3r2) 9Xeyca® via (4 9(s? — 8Rr — 2r?)
:1622a+b+c s + 2Rr + r? z Ty oa ey S+ s

cyc cyc

_ 10s? — 72Rr — 18r?

=-2s+

S
& (552 — 36Rr — 9r?)(s? + 2Rr + r?) > 4s?(s% — 4Rr — 3r?)
?

© s* — (10Rr — 8r%)s* — r?(72R* + 54Rr + 9r%) = 0
()
Gerretsen
Now,LHS of (+x) >  (6Rr+ 3r?)s?

Gerretsen

—r?(72R? + 54Rr + 9r?) (6Rr + 3r?)(16Rr — 5r?)
—r?(72R? + 54Rr + 9r?%) = 241~2(2R2 —3Rr —2r%) = 24r*(R— 2r)(2R + 1)
Eger 0 = (%) = () is true ~ 2v2(Vab + ac + Vbc + ba + Vca + cb) +9
> 7(a% + b? + %), equalityiffa=b=c=1
Case 2 : Exactly one among a,b,c =0 | WLOG we may assume a = 0 and b, c

> 0 and then : 2v2(Vab + ac + Vbc + ba + Vca + cb) + 9
> 7(a? + b? + c?)
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9(b? + ¢ b2 + c2
@4.v2bc+u27(b+c) “b?+ct=b+c=>1=
b+c b+c

kK k

(CED)
& 4V2.Vbe. (b +¢) +9(b% + c?) = 7(b?+ c? + 2bc)
G-H 2bc ?
Now, LHS of (x*x) > 4\/§.b—+c. (b +¢) + 9(b?% + ¢2) > 7(b? + ¢2 + 2bc)
?

& 8V2bc+2b2 +2¢2—14bc > 0

[}
(%)

2(32-25
Now,via A — G, LHS of (++++) > (8V2 + 4 — 14)bc = 2(4V2 — 5)bc = ( )

e " he>0
42 +5

= (x**x) = (x*x) is true
« 2v/2(Vab + ac + Vbc + ba + Vca + ¢b) + 9 = 7(a? + b? + c?) (strict inequality)
|Case 3 : Exactly 2 among a,b,c = 0|WLOG we may assumeb =c=0and a
> 0 and then : 2V2(Vab + ac + Vbc + ba + Vea + cb) + 9 > 7(a? + b% + ¢?)
< 9 > 0 - true
« 2v/2(Vab + ac + Vbc + ba + Vea + ¢b) + 9 = 7(a? + b? + c?) (strict inequality)

- combining all cases,2vV2(Vab + ac + Vbc + ba + Vca + cb) + 9
>7(a’?+b%*+c?)Vab,c=>0 |a+b+c=a?+b?+c? equalityiffa =b
=c=1(QED)

Solution 3 by Michael Sterghiou-Greece

2v2(Vab + ac + Vbc + ba + Vca + ¢b) + 9 > 7(a? + b* + ¢%); (1)

Let (p,q,7) = Oa, Yab,[]a). We homogenise (1) as
2

2V2 Za Z\/ab—-l—ac +9Za227 Za

cyc cyc cyc cyc
Multiplying by a + b + ¢ and considering that Ya = Y a?.
Now, we assume p = 3. By AM-GM:

/1 1 2 4 a(b+c)
vab + a 2 2a(b+c)_\/E 1 N 1 77 at3
2 b

a

+
a

a(b+ c)

1) = 24 Z— 9(9 — 2q) — 63 > 0; (2

(0= —— | +909-29) @
cyc

5r4+9¢q

3q+r+54

This reduces to: 4 - —(gq—1)=0;(3)
If g < 1wearedone,soletqg >1,(3) =

—3q* —15q + 54 + (21 — q) = 0 or the stronger as
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— 2
r= 4"3—9 (3 degree Schur’s inequality) true as q < % = 3 and q > 1 by assumption.

Equality holds fora = b =c = 1.
1026. If x,y,z > 0 then:

x
23 3 321
\/y + 25xyz + z

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

1

z X.x3
Vxy3 + 25x%yz + xz3

cyc
4

4
B z x3 Radon (chc x)§

>
Vxy3 + 25x%yz + xz3

V-~
-

W =

cyc

(Beye 23y + Zeye xy? + 25xy2(Seyex) )
(chc x) ’?

>1
chcx y+ chc xy + ZSXYZ(ZCYC x)

?
@2x4+42x3y+42xy3 +6Zx2y2+12xyz<2x> 22x3y+2xy3

cyc cyc cyc cyc cyc cyc cyc

+ 25xyz Zx
cyc
@Z 4+32:x y+3ny +62 2>13xyz<2x>

cyc cyc cyc cyc cyc

Now,Z:x4 +32x y+32xy +6Z:x2 2

cyc cyc cyc cyc
A-G
> Z x’y?+3 Z(x3y +xy3) + GZnyZ > 72 x%y? + 62 x2y?
cyc cyc cyc cyc cyc
= 132 x%y? > 13xyz Z x | = (+) is true
cyc cyc
. x

>1Vxy,z>0(QED)

T Vy3 + 25xyz + 23
Solution 2 by Biswajt Ghosh-India

Let us prove that:
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X

1 3
— 3 3
§/y3 e ZS<3=>3x<\/y + 25xyz + z

25
27x3 <y3 +25xyz+2z3 =y3 + ?(Bxyz) + z3

27x3 < (y3 +23) + 23—5(x3 +y3 + 23)
81x3 < 28(y3 + z3) + 2543
56x3 <28(y3+23) = 2x3 <y3+23;,(1)
Similarly,
2y3 <x3+ 2% (2)and 223 < x3 +y3;(3)
By adding (1), (2) and (3):
23 +y) < (3 +y3) +223 =2 a3 +y3 <223, (4)

From (3) and (4): 223 < 223 contradiction!

Hence,

X 1 X
3 >—:>~Z:3 =>1
Vy3+25xyz+23 3 Vy3 + 25xyz + 73

cyc
Equality holds forx =y =z = 1.
Solution 3 by Michael Sterghiou-Greece

).

S V3 +25xyz + z3

1;(1)

Let (p,q,7) = Cx,Yxy,[[x). WLOG, let p = 3. From the convexity of f(t) = welghts

Xy, z

_ 3

'{/m (chcx) N ~ = 1 Which must be
2x(y°+25xyz+2°) [%Z(xy3+xz3+25r)]3
x+y+z

greater than 1. As:
Y(xy? +x2°) = Ex?) (Xxy) — Ex)xyz = (9 — 2q)q — 3r
Yx(xyz) = 3r

(2); chc

81

2
q

>1e2qg*>—-9q—72r +81 >0, <—

(9-2q)q —3r+75r 1 1 r+el=0asr 9

(2)=
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<P_3
3

It suffices that 3(3 — q)(2q + 9) = 0 whichis trueas q <
Equality holds for x =y = z.

1027.Leta,b,c > 0,a + b + ¢ = 3. Prove that

3+2(p-+ b, —)z ) 1+4(1 1)

bc ca ab b2
cyc

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
1 | cBS 4a? + 4b? + a?b? 1
) \[z ab ' \/;E

4a? + 4b2 + a?b?
".|ab

cyc

ab

> frealEem)=Y
cyc cyc
1 \/42 c(a2+b2)+2ca2b2.\/2a
cyc

a?b2c?’
cyc cyc

L\/z a.J4Z(ab(a+b)) +abcz ab

abc
cyc
— c> + abcz ab

cyc

1
e S i (e
cyc cyc

abc
cyc cyc

= b [ (42
" abc a a
cyc
4
#3=atb+c 1 (4 Z b Z 12abc Z
abc |9 a a 9
cyc cyc
C 1
—)=— 3abc+22:a2
abc
cyc
4 3
12abc
Za - Za + abc Zab Za
cyc cyc

2
? 4
=N 3abc+22:a2 25 ab
cyc cyc cyc

cyc

)(z ab>_ mbz rabeab
) +abc<§ab><; a>;3

cyc

cyc
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2 4

3

212 2 ) ) ? 4 12abc
< 9a“b“c” + 4 Za + 12abc Za 26 Zab Za i Za

cyc cyc cyc cyc cyc

*3 =a+b+c 4
&  9a’b?c? +§ Zaz

+ abc Zab Za

cyc cyc
2 2

12abc ” ? 4
Za + Za Za 26 Zab Za

cyc cyc cyc cyc cyc cyc
3
12abc
- z a| + abc
cyc cyc cyc
2 4
?
& 81a’b?c? + 36abce Zaz al|+4 a >4 Zab Za

expanding and re—arranging

cyc cyc cyc cyc cyc cyc

—12abc Za + 9abc Zab Za

cyc cyc cyc

4Za6+42a5b+42ab5+20abc<z >+6a2b2 2>4Z 4b2+4z 2b4+sz a®b® + 9abc

cyc cyc cyc cyc (O cyc cyc

(

Zazb +Z:ab2

cyc cyc

)

Now, 42 5b+42ab5 > 82 a3b3

cyc cyc (1) cyc
Also, 42 a® + 12a%b?c 2® > 42 4b2+4z a’b*
cyc cyc cyc

sch
Moreover,z a® + 3abc c>urz a’b + z ab2 and z 3abc () + (i) = 2 Z

cyc ® ‘eyc cyc cyc (")

3)
> Z a’b + Z ab? = 18abcz a3 > 9abc Z a’b + Z ab? | and

cyc cyc cyc cyc cyc

A-G
lastly, 2abc Z a £6a2b2c2 ~(M+ @)+ B)+ (@) = (x)is true

cyc 4)

cyc

= 3 (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have :

cyc

1 b
:Z 1+4< ) 3+2( +—+—)Vabc>0|a+b+c
bc ab
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zj1+4(1 + 1)<1+4(1 b2)+(1+£)

bZ 2c ab
1+ ab

b a
_ /ab+4c(ca bc)+(2" 1)\+2 _
_\ ab + 2c ab / B

a b c
_4C(E+_+_)+2_2( +b+6)(1 ab )+2
B ab + 2¢ ~ “\bc ca ab ab + 2c '

ca ab
Then : 1+4(1 1><1+(a+b+c)(1 ab )( d logs)
en: bZ bc ca ab ab + 2¢) |[4neanatogs

Summing up this inequality with similar ones we get :
1 1
R 4( bZ)
cyc
SN C)<3 Y e >3
- bc ca ab ab+2c| —
cyc
2
AP (Zeyeab)” ) _
bc ca ab Ycycab(ab + 2c)
2
a b c ab
= 3+(—+—+—> 3 - (Zeye ab)
bc ca ab Ycyc(ab)? + 6abc
2
3+(a b+c> 3 (Zcycab) _
B bc ' ca ' ab Yeyc(ab)? + 2abc Y yca)

b a b c .
=3+ (bc+_+_> 3-1)=3 +2(bc+a+ﬁ>' the desired result.

Equality holds fora=b =c=1.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

3+2( +b+c) Z 1+4(1 1)
bc ca ab b2

cyc

3+2(bc ca ab) 3ZJ <“b+4<g+g>>

cyc

T LA —<9Z—+Zab+42(b a)>

cyc cyc cyc
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18+12(bc+a+5)>9Z—+Zab+42( )

cyc cyc cyc
18abc + 12(a? + b? + ¢?) >
>9(a+ b +c) + (ab)?c + (bc)%a + (ca)?b? + 4Z(a2b + ab?)

cyc

18abc + 4(a® + b3 + ¢3) + Z:(ab2 + a?b) >

cyc

> 27+ Z a’b?c + 42 a’b + ab?)

cyc cyc

12abc + 3(@® + b3 +c3) >3 Z a’b + z a’?b?c true, because:

cyc cyc
3[(a3® + b3 + ¢3) + 3abc] > BZ(azb + ab?) and 3abc > Z a’b?c
cyc cyc
1028.Leta,b,c > 0,a + b + ¢ = 1. Prove that:

a(a? — bc) N b(b%? — ca) N c(c? — ab) o
abc(a? — bc) + 3(bc)?2  abc(b? — ca) + 3(ca)?  abc(c? — ab) + 3(ba)? —

Proposed by Phan Ngoc Chau-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a(a? —bc) N b(b? — ca) . c(c? — ab) -
abc(a? — bc) + 3(bc)?2  abce(b? — ca) + 3(ca)?  abc(c? — ab) + 3(ab)?z —

Z(a — abc + 3bc) — 3bc >0 Zl>3z 1
@ —
bc(a3 —abc+3bc) bc — a3 — abc + 3bc

cyc cyc

1=a+b+c 1 ® 1
S —_— > 32
bc a3 —abc+3bc(a+b+c)
cyc cyc

Now, a® — abc + 3bc(a + b + ¢) = a® + 2abc + 3b?c + 3bc?

A-G
= a3 + b%c + bc? + 2bc(b + ¢) + 2abc > 33 a3.b2c.bc?

a+b+c=1

+ 2bc(a+b+c) = "~ 3abc+ 2bc
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and analogs = 3 Z

cyc

Z Z a+b+ca+b+c 1 1
3abc+2bc bc  abc abc

cyc cyc

1
—abc+3bc(a+b + c) 3abc + 2bc

1
a3 —abc+ 3bc(a+b +c¢)

o 12 1 N 1 N 1
3abc  bc(3a+2) ca(B3b+2) ab(3c+2)
a(3b+2)(3c+2)+bBc+2)Ba+2)+c(Ba+2)3b+2)
- abc(3a+ 2)(3b + 2)(3c + 2)

< (3a+2)(3b+2)(3c+2) é 3a(3b+2)(3c+2)+3b(3c+2)(Ba+2)

expanding and re—arranging

+3c(Ba+2)(3b+2) o 4 > 27abc+92ab
(2) e

A-G ®
Now,1=a+b+c > 3.Vabc=3.Yabc<1=27abc < 1and32ab
cyc
a+b+c=1 (i)
<(a+b+c)? = 1=>9ZabSS-‘-(i)+(ii)=>27abc+9 ab <4
cyc cyc
= (xx) > (%) is true
. a(a? —bc) b(b? — ca) N c(c? — ab)
" abc(a? —bc) + 3(bc)?2  abe(b? —ca) +3(ca)?  abc(c? — ab) + 3(ab)?
>0vVab,c>0|a+b+c=1(QED)
1029.Ifa,b,c > 0,a+ b 4+ c = A > 0 then:

a N b N c - 27
(b+c¢)? (c+a) (a+b)3 822

Proposed by Marin Chirciu-Romania

Solution 1 by Tapas Das-India

a b c at b* ct Radon
= >
(b +¢)3 + (c+a)i + (a+b)3 (ab+ ac)? + (bc + ba)3 + (ca+cb)? —
(a+b+c)* B y -
~ (2ab + 2bc + 2ca)? 8(ab + bc+ca)3 ~
At 272 27
Tg.latb+co)f 815 822
27
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Solution 2 by Daoudi Abdessattar-Tunisia

(Swte)(Se)(Se) e (Same) )

cyc cyc cyc cyc

a 4 b N c - 27
(b+c¢)} (c+a)® (a+b)3 822

Solution 3 by Marian Dinca-Romania

1 . . . ) .
Let f(x) = — convex function, decreasing and use weighted Jensen’s inequality:

a b c
b+03 cta)3d  @atb)y3

=af(b+c)+bf(c+a)+cf(a+b) =

a(b+c)+b(c+a)+cla+b)
a+b+c

~ 822

2(a+b+c)f< 2(a+b+c)) 27

) >(a+b+of ( 3
Solution 4 by Sanong Huayrerai-Nakon Pathom-Thailand
a \? b \* c \?
a b ¢ (b+c) (c+a) (a+b) >

Bb+o3 cta® @+b3® alb+c blcta) cath) >

( a b c )2 ( (a+ b+ c)? )2

b+tc'cta a+h 2(ab + bc + ca) 27

2(ab + bc + ca) ~ 2(ab+ bc+ca) — 8A%

(a+b+c)* 27
> 472 > 3
8(ab + bc + ca)3 2 g2 © (@+b+0)*A* = 27(ab + be + ca)

(a+ b+ ¢)®(=27(ab + bc + ca)?
(a+b+c)(@a+b+c)(a+b+c)? =>27(ab + bc + ca)? which is true because:

(a+ b+ c)? > 3(ab + bc + ca)
1030. If a, b, c > 0 then:

a3 +c2®) b +a®)  cla®+b?)

b+c c+a a+b <a3+b3+c3
a(b?> +c?)  b(c®> +a?)  c(a?+b*) ™ a? + b? + c?
b+c c+a a+b

Proposed by Daniel Sitaru-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
The desired inequality is succesively equivalent to :
a(b? + ¢?) N b(c?* +a?) c(a? + b?)
b+ c c+a a+b

(a® + b3 +c3)<

> (a? + b* + ¢?) (a(b3 +c) n b(c® + a®) N c(a®+ b3)>

b+c c+a a+b

Z a*(b? + ¢?) N Z a(b? + c*) (b3 + ) - Z a3(b?® + ) Z a(b? + c*) (b3 + c3)
b+c b+c - b+c b+c

cyc cyc cyc cyc

a3[a(b? + ¢?) — (b3 + 3)] alb’(a—b) a3c*(c—a)
Z b+c 0@Z< b+c B b+c >20

cyc cyc
<a3b2 (a—b) b3a?(a- b)>
S Z — >0 e
b+c c+a
cyc

a’b?*(a — b)[a(c+ a) — b(b + ¢)] a’b*(a—b)*(a+ b +c)
) b+ +a 200 ) brocra -

cyc
Solution 2 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=y,a+b=z2=2>x4+y—-z2=2c>0,y+z—x =2a
>0andz+x—-y=2b>0=x4+y>zy+z>xz2+x>y
= x,y,z form sides
of a triangle with semiperimeter, circumradius and inradius

:s,R,r(say)yieldingZZa:Zx:25:> Za(.z)s >a=s—xb

cyc cyc cyc

(CD)]
=s—y,c=s—z=|abc = r’s

Via aforementioned substitutions, Z ab = Z(s —x)(s—y) =4Rr +r?

cyc cyc

:Zab 4Rr + r? andZaZ

cyc cyc

= Za) —ZZabVia(i’(N) sZ—ZZ(s—x)(s—y)

cyc cyc cyc
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=s2—-2(4Rr+r?) = Z a2 "=” s _ 8Rr — 2r2 and also,z a3

cyc cyc
3

via (»)
= Za —3(a+b)(b+c)(c+a) = s®—-3xyz=s3—12Rrs

cyc

2 2 2 _
NOW,Z a(b? + ¢?) _ Z a(b + ¢)? — 2abc _ Z(a(b N c)) — 2abe chc((c + a)(a+ b))

= b+c L b+c o [leye(b + ©)

=2 Z ab — 2abc (chc @ 42X ab) + Zeycab

o [Leye(b + ©)
2
Yieye @) + Xeye b via(2),(s0), (oo 2r%s(s? + 4Rr + r?
=22ab—2abc.( ik ) cye @D via (DL )2(4Rr+r2)— ( )

e Meye(b +©) 4Rrs

_ 4R(4Rr +r?) —r(s* + 4Rr + r?) s z a(b? + c?) @ (4R — r)(4Rr +r?) —rs?

B 2R b+c 2R

cyc

b3 + ¢3 i (e
Again,za(b—_‘_cc) = Z a(b? —bc+c?) = z ab(a + b) — 3abc via () Z(s —x)(s —y)z — 3r2s

cyc cyc cyc cyc

= Z:((s2 —s(2s—z)+ xy)z) —3r3s

cyc

= —s? Z x+ SZ x% + 3xyz — 3r%s = —2s3 + 2s(s? — 4Rr — r?) + 12Rrs — 3r?s

cyc cyc
a(b? + c3) ai)
= Z¥ = 4Rrs — 5r2s
b+c
cyc
a?®+c3) b +a®) | cla®+b3)
Now —PT¢ t T cta a+tb a3+b3+c3@ Za3 Za(b2+c2)
"a(b? + ¢?)  b(c? +a?)  c(a?+b?) = a?+ b2 + 2 b+c
+c cta a+b e e
3, 03
> Zaz Za(b +c3)
b+c
cyc cyc
via (seee),(s00ee),(0),(ii) 4R —r)(4Rr + r?) — rs?
=% (s3 - 12Rrs).( X SR ) > (s? — 8Rr — 2r?)(4Rrs — 5r?%s)

& (s? — 12Rr)(16R? — r? — s2) > 2R(4R — 5r)(s? — 8Rr — 2r?)

)
& ||s* — (8R% + 22Rr —r?)s? + 8Rr(4R+1r)2 < 0
Now, Rouche = s> —(m —n) > 0and s> — (m +n) < 0,where m = 2R?+ 10Rr—r?andn
=2(R—-2r).v/RZ—2Rr . (s2 —(m+ n))(s2 —(m- n)) <0

=>s*—s22m)+m?-n?2<0>s*—s?(4R?>+20Rr—2r>) + r4R+r)3> <0
= in order to prove (»), it suffices to prove :
s* — (8R% + 22Rr — r?)s? + 8Rr(4R + r)? < s* — s2(4R? + 20Rr — 2r?) + r(4R +r)3

D)
< ||(4R% + 2Rr +r?)s? > r(4R —r)(4R +r)?
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Now,LHS of (+5) > (4R? + 2Rr +1?) (2R2 +10Rr —r2 — 2(R — mm) > r(4R
—1r)(4R +1)?
© 4R* — 10R*r + R%r? + 6Rr? > (R — 2r) (4R? + 2Rr + r2).\/RZ — 2Rr
© R(R — 2r)(4R% — 2Rr — 3r2) = (R — 2r)(4R? + 2Rr + r2)./R% — ZRr

? Euler
< R(4R?% — 2Rr — 3r2) > (4R? + 2Rr + r2).\/R2 — 2Rr ( R-2r > 0)

& R%(4R? — 2Rr — 3r?)% > (R? — 2Rr)(4R? + 2Rr + r2)?
ler

E ?
( 4R? — 2Rr — 3r? = (R — 2r)(4R + 6r) + 9r? > orz> 0) © 2r3(4R +r1)? = 0 > true = ()

a3 +c®) b +a®)  cla®+b?)

3 3, .3
a’+b’+c
= () is true - b2+c2 c2+a2 az+b2 =5 2 1 o2
a(b +c)+b(c +a)+c(a +b?) ~ a2 +b?% +c

b+c c+a a+b

1031.If a,b,c,x,y > 0 then:

axty av*y
— > 0.
Z VDY £\ cXtY pIRY 4 eV )

cyc(a,b,c)

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

at
Letf(t) =Zm, t>0.

cyc

We have :

o O In(a).a' (b + ¢') — a'(In(b). b* + In(c).c*)
fl@= ; (bt + ct)2 -
B a‘bt(In(a) — In(b)) ctat(ln(c) — In(a))
B Z( (bt + ct)2 (bt + )2 )

cyc

B a‘bt(In(a) — In(b)) atbt(ln(a) - ln(b)) B
- ; ( (bt + ct)2 - (ct + at)? > -
B atb‘(ln(a) — ln(b))(at — bY)(at + bt + 2c¢Y) -0
B Z (bt + ct)2(ct + at)? -

cyc
because In(a) — In(b) and a' — b* have the same sign for any a,b,t > 0.
Then f is increasing on (0, ).

Xy xy thenwe have:f(x;—y> > f(\/xy)

Since
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5 V& .y @l
LB N LapV 1+ oY

Therefore,

axty avxy
— > 0.
D\ b 1ol ) =0

cyc
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

y AM-GM
, t=Jxy, p=z—-t = 0.

The desired inequality is succesively equivalent to :

X+

Let z =

t

a’? a a?(bt + ¢t) — at(b? + ¢?)
E - >0 e E =0
b?+c* b'+ct (b* + ¢*)(b* + c*)
cyc

cyc
atbt(aP — bP) ctat(c? — ab)
- Z <(bz +c) (bt +¢t) (b7 + ) (b + ct)> =9

cyc

atbt(a? — bP) atbt(aP — bP)
=) <(bl TOB T (@t a)ic T at)> 20

cyc

atbt(a? — bP)[(c? + a?)(ct + at) — (b? + c?) (bt + ¢Y)] 0
Z (b + c?)(bt + ct)(c% + a?)(ct + at) -

cyc

>0

atbt(a? — bP)[(a?*t — b7t + c?(at — b?) + ct(a? — b?)]
Z (b% + c2)(bt + ct)(c? + a?)(ct + at)

cyc
Which is true because a? — b?, a?*t — b?*t, at — bt and

a’ — b” have the same sign. So the proof is complete.

1032.If a, b, c > 0 then:

g za_s Za_6 Za_7 S (@ 4B+ 6D
b? + c? b3 + ¢3 b*+c* |~

cyc cyc cyc

Proposed by Daniel Sitaru-Romania
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Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

a’® a® a’
8 ;C:b2+cZ ;b3+c3 ;b4+c4
a®)? Qa®)? Ga®)?  Cah?
33 2(Xazb?) 2(3a3bh®) 2(Ta*b?) =

(Za3)3 3(Xa’b?) 3(¥a’b®) 3(Ya'b*)
33 Ya2b?  Ya3b3 = Ya*b*

=8-

= (a3 + b3 + c3)3

Solution 2 by Soumava Chakraborty-Kolkata-India

Schur = vVu,v,w>0,u +v3+ w3 +3uvw22u2v+2uv2 and u3 + v3 + w3 > 3uvw

cyc cyc
()
.. summing up, 2 z ud > z u?v + z uv?
cyc cyc cyc

3 . 3

a’ a’ Holder (chc a3) via (x) (chc a3)
S Y 2 )

b* + c¢# a’b* + a%c* 3(chc a*b? + chc a2b4) 62cyc ab

cyc cyc

Y0 Eed)

b4 + c4 6 Ycycab

cyc

1 1
= =
b3+c3 c3+a3 a3 +b3

' Z a6 Chebishev 1 z 6 z 1 Berg;trom 1 z 6 9
TLb3+ced T3 @ b3 + ¢3 - 3 @ 2% cycad

WLOG assuminga > b > ¢ = a® > b® > c® and

cyc cyc cyc

Z a® (11) 3chc a®
b3 + c3 2% cycad

cyc

5

S5 e e () o G
bZ2+c2 Ziab?+ acz = 2 2 =
T b% +c e ab® + ac chc a‘b + chc ab Z(chc a3)
a5 (iii) chc a3
bZ+c¢z2 — 2

cyc

+ (i) > 8 (Z b? + c2 (Z b3 + c3> (Z bt + c4>

cyc

ge chc a? . 3 chc a® (chc a )
B 2 2 chc a3 6 chc

= (a3 +b? + ¢3)° (QED)
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1033. Let a, b,c > 0. Prove that:

1 1 1
E-I_b_I_E-l_C E+a

_|_
1 1 1
\/a +a \/E +b \/E +c
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Tib va(i+np)

> 32

We have : - = N =
a +a
@len) w  afe)

=(m+\/2_a)—\/2_a2 VA + DA+ a?) + 2a] - V2a
Va. (G +b) (ﬁ(%w) +ﬁ(a—ﬁ+1)>_ﬁ<a—ﬁ+1>>

“V2(a+1-va) \vVZ(a—va+1) Ja N
AMEM /1 1\ % 1 1
> 2 E+b—ﬁ(\/a—1+\/—a) > \/E(\/;+\/3>—\/§(\/E—1+\/—E)
T+b
Then: -2 >V2(vVb - a) + V2,
e
Fte
Similarly we have : b >V2(vVe—+Vb) + V2 and
o
1
~+a
€ > VZ(va-—+e) + V2.
E+C

Summing up these inequalities yields the desired result.
Equality holds iffa=b=c=1.
Solution 2 by Said Cerbach-Algiers-Algerie

1 1 1
a+b E+C E+a

1 * 1 * 1
\[a+a \[E-I_b \[E-I_C

> 32
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1 1

~+b —+a+b-a 1 b—a
T 1 =\}5+a+ 1
—+a a+a E+a

Hence,
Lip 2ic lia 1 1 1
a b c _
+ + = |—4+a+ |-+b+ |—+c+
1 1 1 a b c
\/E+a B+b E+C
b
1
1

cre > 3v2 4+ f(a,b,c)

\[% \[b+b J +c

’ 1 A6M
a+— > V2

We will to prove that f(a,b,c) = 0

b 1
af 1 1 1 b-a-E+5
da 1 1_2. 3

= ol 1\2

Jard Jerd 5 @iy

c 1
df 1 1 1 ¢—b—37+3
db~ 1 1 2 1,2

\/B-I_b \/a+a (b+E)

a 1
df 1 1 1 a-¢c-at¢

— = +
dc 1 1 2 3
= = 1\2

Af(1,1,1) = 0,

i

1
= | - |
Hessf(1,1,1) kO 7z 0)
0o o0 L
V2.

Hence, f(a,b,c) = f(1,1,1).

57

RMM-INEQUALITIES MARATHON 1001-1100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1034.Leta,b,c > 0,a + b + ¢ = 3. Prove that:

a’—b b? — ¢ c?—a
+ + >
b(b+c) c(c+a) a(a+b)

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

0

3(a2—b)_3a2—(a+b+c)b_3a2—ab

Wehave: 4 0o = b(b + c) “bb+o)
B 3a? —ab +2b(b + ¢)
B b(b +c)
_a(a+b) N 2(a? + b%* — ab + bc) AM;M a(a+b) N 2(ab + bc)
" b(b+0) b(b + c) = bb+c) bb+c)

_a(a+b) 2(c+a)
“bb+o ! Bto

Then : 3 a’—b >a(a+b)+2(c+a) 3 (and logs)
2 bb+o " bb+co)  (b+o) and anatogs

Summing up this inequality with similar ones we get :

3. LHS > a(a+b)+b(b+c)+c(c+a) (c+a+a+b+b+C) gAMéGMg
' “\b(b+c) c(ct+a) a(a+b) b+c c+a a+b -
+2.3—-9=0.
a’—b b%? — ¢ ¢ —a ) )
Therefore, > 0. Equality holdsiffa=>b =c.

b(b+c)+c(c+a)+a(a+b)
Solution 2 by Soumava Chakraborty-Kolkata-India
a’—b b*i-c cZ—a a? b? c?

b(b+c)+c(c+a)+a(a+b)20@b(b+c)+c(c+a)+a(a+b)

_atb+c

1 1="3 Yyllc+a)@+b)) a+b+c
2Z:b+c B [eye(d +©) "3

cyc

aZ bZ cZ (%)
N 3<H(b+c)><b(b+c)+c(c+a)+a(a+b)> > (Zaz +32ab><2a>

cyc cyc cyc cyc
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3
@ b* Holder
Now, <b(b 70 Tccra) T atat b)) (Z(a(b + c))) (Z > > <Z a>

cyc cyc

a? b? 2 O (Teye a)
> + + =
b(b+c) clc+a) ala+b) 2} .ab

Also, n(b +c) (;) § (Z ><z ab) ~ (i)e(ii) = LHS of (*)

cyc cyc cyc

il ez
4(zaz+zzab);3(zaz+3zab>

cyc cyc cyc cyc

@z 2;2 b - true = (x)ist @b b® —c < —a =>0Vab,
- *
a = a rue 1strue b(b + ¢) c(c+a) ala+b) b ¢

cyc cyc
>0 |a+b+c=3(QED)
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
a’—-b b* —c ct—a
+ +
b(b+c) c(c+a) a(a+b)
a? N b? N c? - 1 N 1 N 1
b(b+c) c¢(c+a) a(a+b) a+b b+c c+a

>0

a? b? c?
?(c+a)(a+b)+?(a+b)(b+c)+z(b+c)(c+a)2
>(@a+b)b+c)+(b+c)(c+a)+(c+a)la+b)

a* b* * a’c b b3a

—+—+—+a +b3+c3+a*c+b*a+ctb+—+—+

b c b a c
>(a+b+c)>+ab+bc+ca=9+ab+bc+ca

v

a+b3+cd+a’c+c*b+b*c>6

¢t a®c b bia
—+—+—+ + + =3 +ab+bc+ca
b c a b a c

a b? c?
?(a+c)+?(b+a)+;(c+b)23+ab+bc+ca
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a4(a+c)2+b4(b+a)2+c4(6'+b)2>3+ b+ be+
ab(a+c) bc(a+b) calc+b) @ cred

2
(az(a+ c)+b%*(b+a)+c*(c+ b))
a?b + b%c + c%a + 3abc

(a3 + b3 + 2 + a’c + b*a + ¢?b)? >

>3+ab+ bc+ca

> (3 + ab + bc + ca)(a’b + b?*c + c*a + 3abc)

2(a+b+c)?
(25

2
) > (3 +ab + bc + ca)(a?b + b%*c + c*a + 3abc)

<2(a +b+c)3

2
2
5 ) 26(3+ab+bc+ca)(a+b+c)3

2
§(a+b+c)3 >9(3+ab + bc +ca) truefroma+b+c=3
ab + bc + ca < 3.
1035.Leta,b,c > 0 : ab + bc + ca > 0. Prove that:

2(a?b + b?*c + c*a) — 3abc bc ca ab a’b + b%*c + c*a
> + + >
a’b + b%c + c%2a — abc a?+bc b?+ca c%+ab— a’b + b%c + c2a — abc

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma: If x,y,z>0:xy+yz+2zx > 0then:

X y z x+y+z
+ + > —
x+y y+tz z+x x+y+z-—/xyz

Proof : If xy + yz + zx > }/xyz(x + y + z). By CBS inequality we have :

Z X 2 (chc x)z _ (chc x)z 2 (ZC}’C x)z
cyc xX+y chc x(x +y) (chc x)z - chc Xy (chc x)z - 3\/ xXyz. chc x
x+y+z

:x+y+z—3,/xyz'

If xy + yz+ zx < 3/xyz(x + y + z). By CBS inequality we have :
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Z X - (chc zx)2 _ (chc zslc)2 - 1
Six +Y Yoy Z2x(x +y) (chczx)2 — XYZ Ycyc X B 1— M
(Zeye 2x)
1 xt+y+z

_ XYZ Xy X Tx+ y+z—3[xyz
2
(3/xyz. Yeye x)

So the poof of the lemma is completed.

For x = b?>c, y = a®’h, z= c*a, we have :

Z b%c - a’b + b%c + c%a
b%c + a?2b — a?b + b%c + c%2a — abc

cyc

h bc N ca N ab - a’b + b%*c + c*a
en: > .
a?+bc b?+ca c%+ab — a’b+ b%c + c?a — abc
a’b a’b + b%*c + c%*a

For x = a?b, y = b%*c, z = c*a, we have : Z

cyc

> )
a’b + b%c — a?b + b%c + c2a — abc

Then :
Z bc Z L a’b <3 a’b + b%c + c%a
a? + bc a’b + b%c) ~ a?b + b%c + c?a — abc

cyc cyc
_ 2(a?b + b*c + c*a) — 3abc
a’b + b%*c + c?a — abc
So the proof is completed. Equality holds for a=b = c.
1036.Leta,b,c > 0:a + b + ¢ = 3. Prove that:

! + ! + ! + 56 > 15
a? ¢z a?b + b%c + c?a —
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

3abc
ab + bc + ca’

Proof of Lemma : We have : 27[4 — (a’?b + b*c + c?a)]
=4(a+ b+ )3 —27(a®b + b%*c + c?a) =

Lemma: Ifab,c>0:a+b+c=3thena’b+b*c+c*a<4-
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2
= Z alb + dc —2a)? S 1oy Vabe(b +4c —20)]
B chc bc

cyc

B 81abc th . let
= 2b+ be tea’ e proof is complete.

Also by Schur’s inequality we have : (a+ b + ¢)3 + 9abc
>4(a+ b+ c)(ab + bc + ca)
< 27 +9abc > 12(ab + bc + ca) then: 4(ab + bc + ca) —3abc <9 (1)

Back to main problem,we have :

1 1 1 36 AM—GME:\ Lemma

—t—+ = >
a2+b2+cz+a2b+b2c+c2a -
1 1 1 36(ab + bc + ca)
> —+—+—+ =
ab bc ca 4(ab+ bc + ca) — 3abc
¢9) AM—-GM

-3 +(9+ 27abc )’>“3( + b)+9 S 3.2+49=15
"~ abc 4(ab + bc + ca) — 3abc) ~ " \abc ance - 7 Y

the desired result. Equality holds iff a = b = c.
1037.Leta,b,c > 0:a+ b+ c = 3 and n = 2. Prove that:

9 9 9

n|/5ab +4ca »|5bc+ 4ab n|5ca+ 4bc
2(Vab +Vbc ++ca—3) > 3n j +j +j -3

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(*)
- n|5ab+ 4ca "|5bc+ 4ab n|5ca+ 4bc
2(Vab +Vbc ++ca—-3) = 3n \/ +\/ +j -3

9 9 9

By AM — GM inequality we have :

n|5ab + 4ca 5ab + 4ca 5ab + 4ca 2
n\/ S\j +\/ +(n—2).1=§v5ab+4ca+n—23

9 9 9
1(5ab + 4ca 1/4a(a+ b+ c) )
<-|———+(2a+Vab) |+ n-2=—- +2Vab )|+n—-2
3<2a+\/ab ( )> 3( 2a ++ab
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n|5ab + 4ca 12a
Then: 3n — 1 |<2Vvab+ —
(J 9 ) 2a ++Va

_6Vb
2va + Vb

Summing up this inequality with similar ones we get :

_ 2vab —

(and analogs)

CB
RHS(,, < 2(Vab + Vbc + Vca) — 62 <2(\/_+\/_c+\/c_a)

cyc

2\/_+\/_
6B _
Yeye Vb(2+va +Vb)
= 2(Vab + Vbc +ca) — 6 = 2(Vab + Vbc + Vca — 3), as desired.
Equality holdsiffa=b =c = 1.
1038. If a,b > 0 then: (3a + 3b)°® + (4a)*a > 15(4a)*b

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have :

5 5 4
(3a + 3b)® + (4a)*a = 4.@ + (4a)*a > 5](@) .(4a)*a =

=5a(3a+3b)* =5a(a+a+a+3b)* > 5a.4*. a3 3b = 15(4a)*b.
Equality holds if f a = 3b.

1039. If x; > 0 (i = 1,n),such that Y, x; = 1,and f is convex,

then prove the following inequalities

) Zf(xl)>2f<n 4y TR A0 gy

X1X2 ... Xp

Proposed by Neculai Stanciu-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
i) Since f is a convex function then by Jensen's inequality we have :

f(xj)z(n—l)f % xj|=m—-1Df 1-x , Vi=1,n.
n-—1

n—1
1<j+isn 1<j#isn

Summing up this inequality fori=1,2,..,nwe get :

(n- 1)if(x,-) > (n- 1)if(i__’;").
i=1 i=1

Therefore, z": fx;) = Zn:f (i__xll)
i=1 i=1

ii) Let g(x) = —log(x),x > 0. The function g is convex on (0, x).

- - n n 1 B xi
By the question i) we have : E g(x;) = E g (n — 1)
i=1 i=1

n n 1-— i 1-— 1— (1-— :
=3 —;log(xi) > _;log(rxl> PEN 10g<( x)1—x3)...(1—x )) o

n—1)"x1x5 ...x,

1—-x)1—x,)..(1—x
Therefore, ( 1)( 2) - ( n) >(n-1n"
X1X32 ... Xp

1040. For a4, a,, ... ,a, = 0 (n € N*),k > 0. Prove that:

(a2 + k)(a? + a2 + k) ... (a2 + a2 + -+ a,? + k) = Jk*"(n + 1)"*1a,a, ...a,

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
LetSy =k and S; = a*>+a>+ - +a;?+k, Vi=1n.

We have : S; = S;_; + a;%, Vi

=1,n, then by AM — GM inequality we have for anyi=1,n:

. S. . n+2-i S. 1 n+1-i
stris|ma1-0 e z@rzo0 (F) el
S_n+2—i (n +2— i)n+2—i
Then : — a? vi=1n

i_1n+1—i “(n+1- l')n+1—i' i

Multiplying this inequality fori=1,2,... ,nwe get :
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S St St S, (818,807 L (n+ 2 —1)nrt
n - n-1° n-2 " = n 2 — n+l-n
So SV S, Sn-1 So n+1-n)

2

.a,%a? .. a,

=+ 1)" a,%a,? ... a,>

Therefore, (a;?> +k)(a?+a®>+k)..(a;> +a®>++a,?+k)=5.5,..5, >

> /So"™ (n+ D" a,2a,? ...a,2 = Jk*"(n+ 1" a,a, ... a,.

Si_
Equality holds if a; = #11_1 Vi=1,n

1041. Find Max value of

2 J— J— —_—
Pz(\/ab+bc+ca—%> +(b a)Vbc + (¢ I;)\/ﬁ+(a c)\/@’

for all non-negative real numbers a, b, csuchthat:a+ b + c = 1.

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have :

1
2P =E—2\/ab+bc+ca+2(ab+bc+ca) + (\/a3b+\/b3c+\/c3a)
—Vabc(va + Vb ++c).

Assume that a = max{a,b,c}. By CBS inequality we have :

vab + bc+ca=(a+ b+ c)Vab + bc + ca
= J[(@a+ b —c)? + 4c(a+ b)][ab + c(a + b)] >
>+vVab(a+ b —c) + 2c(a + b). Equality holds whenc =0ora+ b — c = 2Vab.

Similarly we have : Vab + bc + ca = +v/ca(c+ a — b) + 2b(c + a). Equality for b
=0orc+a—>b=2Jca.

Summing up these inequalities we get :

2\/ab+bc+ca2Z(ab+bc+ca)+(\/a3b+ c3a)—\/abc(\/3+\/a+\/ab3+\/ca3+2bc
1
Then : ZPSE+\/b3 — avbc —+ ab? —+/ca® — 2bc
1 1
:E—\/b3(\/5—\/2)—a\/ﬁ—\/ca3—ZbCSE.

1
Then: P < 1 with equality for a =1,b = ¢ = 0 and their permutation.
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1
Therefore, Max{P} = 7

1042. Leta,b,c > 0 ,abc = 1. Prove that :

a b
] ; Ny
a+ 6b + 2bc b + 6c + 2ca c+ 6a+ 2ab

Proposed by Phan Ngoc Chau-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

z X
Let a = %, b= ;, c= 7 x,y,Z > 0. The inequality in the statement becomes

z X
Y + + =>1
VY2 +6zx +2x2 |22+ 6xy +2y%  \[x% + 6yz + 272

By Holder's inequality we have :
2
x

Jx% + 6yz + 222

Z:x(x2 +6yz+2z%) |>(x+y+2z)3

cyc

cyc

So it suffices to proves :

(x+y+2)3=> Z x(x* + 6yz + 22%) or Z x’y+3 Z xy? > 12xyz.

cyc cyc cyc

Which is true by AM — GM inequality -. Z xzy,z xy? > 3xyz.

cyc cyc
So the proof is completed. Equality holdsa=b = c = 1.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Let xb y z zJ a z x2z
= — = — = - = —_— =
era y’ 2 x a+ 6b+ 2bc x?z + 6y%?z + 2y?z

cyc cyc

x%z3
= =1
Z x3z3 + 6x%2y%z?% + 2xy%z3 —

cyc

3
2
£ (xy +yz + zx) >

1
O(xy)? + 18x2y222 + 2Yxy?2z3)2

(=14

N =
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(xy + yz + zx)3 -

Y (xy)3 + 18x%2y2z% + 2y xy?z3 —

Y(xy)3 + 33xy?z3 + 3Yx%y3z + 6x%y?z? 1o
Y(xy)3 + 18x2y2z2 + 2Y xy?z3 -

Yxy?z3 + 3Yx3y%z > 12(xyz)? true.
1043.Leta,b,c >0:a+b+c=ab + bc+ ca = k > 0. Prove that:

av/4a? + 5b? + b\/4b? + 5¢2 + c\/4c? + 5a% < 2k% — k — 6.

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality we have :

4a? + 5b> 4a? + 5b?
2y/4a?2 +5b2 <—— + (2a+ b) = (—— (2a + 5b)> +4a + 6b

1e

2a+ b 2a+ b

12ab
2a+ b

a
Then: +/4a? +5b%2 < 2a+3b—2a+b

Summing up this inequality with similar ones we get :

6ab
Za\/4a2+5b2SZa(2a+3b— )

2a+ b

=4a+ 6b —

(and analogs)

cyc cyc

=2(a+b+c)®>— (ab + bc + ca) 62 (ab)* <
= a C a C ca b(2a+b)_
cyc

(ab + bc + ca)?
(a+ b+ c)?

Equality holds iffa=b=c=1.

=2k%* -k — 6, asdesired.

1044.
Ifa,bc>0, a+b+c=3then:

a? 3

—2_

Za+4b5 5
cyc

Proposed by Marin Chirciu-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a? 4abs \ MM 4ab®
: = - = - 55/a(b5)*
We have Za+4b5 Z(“ a+4b5> = 3 ESW

cyc cyc cyc
4
=3- Ez Vatbs =
cyc
AM—-GM
3 3_32b+4ab_ 4. 3_22 b_g_g (chca) _3
5 5 25 25 25° 3 5
cyc cyc
a? 3
Therefore, Zw =3 Equality holdsiffa=b =c=1.

cyc

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

2

a?\’
a at - (ZF)
Za+4b5_2a3+4a2b5_ a3

3
5 2p 3
cyc cyc bF + 4a*b
a* a? a3
2
5 ZF”ZTZ > BZFJ’ 1zza b
cyc cyc cyc cyc
3 Z bt = Z b* Z a=
cyc cyc cyc
ab? a3
2y T Y
cyc cyc cyc
2 Z adc* > Z a’b’ + z a’bct
cyc cyc cyc

Z(ab)“(a — b)?(a? + ab + b?) > 0 true and

cyc

ZCZ_Z a’bh & = (a2b+b2c+c a)? > abc(a?b + b*c + c*a)

cyc cyc
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a’b + b*c + c*a > 3abc.

1045. Leta,b,c > 0 : abc = 1. Prove that :

b+c+c+a a+b
G+l Bl Br1-

>a+b+c.

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since b+c_bc(b+c)_b a’(b + ¢)
M w11~ a@+bc " aZ+be
then the given inequality can be written as follows :

a?(b+c) b*(c+a) c*(a+b)
a’+bc  p?®+ca c?+ca

. a’(b + c) a’*(b+c)* (b + ¢)?
We have : Z Z( —;az.

<a+b+c.

<
a? + bc a? + be)(b + ¢) b(c? + a?) + c(a? + b?%) —
cyc
CBS
- b c a’b a’c
= za2<02+a2+a2+b2>:z<cz+a2+a2+bz>:
cyc cyc

c’a b’a
= + =Y a
Z (bz +c2 b+ c2> z

cyc cyc
So the proof is completed. Equality holds iffa=b=c=1.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality can be written as follows :

bc(b + ¢)
PECEER
a- + bc

cyc
By CBS inequality we have :
2
Z bc(b + ¢) - [chc bc(b + c)]
a?+bc ~ Y.y cbc(b +c) (a? + be)

cyc
So it suffices to prove :

2
<Z be(b + c)> >(a+b+c) (Z be(b + o) (a2 + bc)>
cyc cyc
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Which, after expanding and simplifying equivalent to :
Zabcz a’ > abcz ab(a + b) or ach(a + b)(a — b)? > 0 which is true.

cyc ayc cyc

Equality holdsiffa=b =c = 1.
Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is successively equivalent to :

be(b + ¢) a(a +bc—ab—ca)
z —b—-—c+a >0<:>z >0
"a%+bc a? + bc

cyc cyc

>0

z a*(b—a)(c— @ _
ad+1
cyc
abc=1 g3(pc — ca)(bc —ab) b3(ca—ab)(ca—bc) c3(ab— bc)(ab — ca)
S 3 + 3 + 3 =
a’+1 b’ +1 cc+1

WLOG,we assume that a > b > ¢ then we have ab > ca = bc also,
(bc — ab)(bc — ca) = (ab — ca)(ca — bc) and (ab — bc)(ab—ca) >0
So it suffices to prove that :

a3(ab — ca)(ca—bc) b3(ca— ab)(ca— bc)

a’d+1 b3 +1 =0
a® b3
_ _ - >
< (ab - ca)(ca — bc) <a3 1 % 1) >0
a? b3

Which is true because ab > ca > bc and > .
a3+1 b3+1
Equality holds iffa=b =c = 1.

1046.Let a, b,c > 0. Prove that :
b+ c c+a a+b
+ + >
va? +3bc Vb%+3ca Vc?+ 3ab
Proposed by Tran Quoc Thinh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder's inequality we have :

2
(Z %) (Z (b + ¢)(a? +3bc)(3a + 2b + zc)3>
cyeva c cye

3
> <chc(b +c)(3a+2b + Zc))
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So it suffices to prove that :

3
(Z (b+0c)(3a+2b+ 2c)> > 92 (b + ¢)(a? + 3bc)(3a + 2b + 2¢)3
cyc cyc

Which,after expanding and simplifying, becomes :

642:a6 +le a’b + 162 a’h?

cyc sym cyc
> 30 Z a*b? + 36abcz a® + 3abc z a’b + 60a?b?c?
sym cyc sym

By Muirhead's inequality we have :

602 a® > 30 Z a*b?, 18 Z a’h > 36abcz a3,

cyc sym sym cyc
3 Z a’h > 3abcz a’b, 42 ab® + 162 a3b?® > 60a?b?c?.
sym sym cyc cyc

Summing up these inequalities yields the desired inequality.
Equality holds iffa=b = c.
1047.Leta,b,c > 0:a+ b+ c = 7. Prove that :

2 2 2
a“ b
F+?+;23{/(atz+b2+c2)2+6abc.

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By CBS i lity we have : =424 C 5 (@ b T C)
y inequality we have : b Y et a2 @b 1 bhie T a

By AM — GM inequality we have :

ad+ab’+a*h (a+b+c)@a*+b%>+c*) 7
Zazbsz 3 :( )(3 )=§(a2+b2+c2)

cyc cyc

Then :

a’? b* c? 65\53\]33 (a+b+c)2(2+b2+ 2y2
— (a c2)? =

3 3|33
— Yt —+—>"(a%+ b2 2y = [ (a2 + b2 23 S|,
b+c+a_7(a+ +c%) j73(a+ +c?)3 > 7 3

CBS 2(q2 2 2
=3\/2(a2+b2+cz)2 > i/(a2+b2+c2)2+z.(a+b+c) @b+,
7 = 7 3 =
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AM—GM 3 3 3
- 2 7.3Vabc. 35/ (abc)?
> \/(a2+b2 +c2)2+7. 3 (abe) = /(a? + b% + ¢2)2 + 6abc

7
Equality holdsiffa=b =c = 3
1048.Leta,b,c > 0:a+ b + c = 3. Prove that :

a—1 N b—1 N c—1 =0
Vvb+3 Vec+3 Va+3

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given inequality is successively equivalent to :

3a—(a+b+c) a—>b c—a a—>b a—b>b
>0 — >0 - >0
Z Vb + 3 c)z(\/b+3 \/b+3> Qz(\/b+3 \/c+3>

cyc cyc cyc

@Z(a—b)(\/c+3—\/b+3)>0® \/a+3.(a—b)(c—b)>0
J >

o (b+3)(c+3) & Vbh+3+vc+3
ve+3 va+3
Let x = , Y= , Z
Vva+3++vVb+3 Vvb+3++c+3
vb+3

. The inequality becomes,

“Ve+3+Va+3

Zx(a—b)(a—c)zo @Z[(x+y—z)+(z+x—y)](a—b)(a—c)20

cyc cyc

@Z[(x+y—z)(a—b)(a—c)+(z+x—y)(a—b)(a—c)]20

cyc

oY lx+y-D@-bla-o+x+y-b-b-al20

cyc

@Z(x+y—z)(a—b)2 > 0.

cyc

Sincea+ b+ c=3thena,b,c €[0,3] and
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+y>2 V3 vé > z (and logs)
X = L. = = Z and analogs
Y 2V3+3 2V3 g

So the proof is completed. Equality holds iffa=b =c = 1.

1049. Prove that:

0 < (sinx + cos x)* — 3(sinx + cos x)3 + 4(sinx + cosx) + 2 < 6 + 22, Vx € R.

Proposed by Hikmat Mammadov-Azerbaijan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have : sinx + cosx = V2 cos (x - g) e [-v2,V2].

Let f(t) = t* —3t3 + 4t + 2, t € [V2,V2].

Wehave: f'(t) =4t3—-9t> +4=(t—2)(4t> -t —2)

=4(t—2)<t—1_m><t—1+\/ﬁ>.
8 8
Then f is decreasing on [—ﬁﬂ and on [1 +£/ﬁ\/§l
. . Il —V33 1+ \/ﬁl
increasing on , .
8 8
_ . 1-+33
Then te[r—n\/lfl,l«/i]{f(t)} = min {f( 3 >f(\/§)}
. {1141 ;11265@'2(3 B \/E)} -0

Because 3 > V2 and 165V33 < 165.6 = 990 < 1141.
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And : te[rf'\/%f]{f (0)} = max {f (-v2).f <

1++/33
i)

1141 + 165v33
= max{6 + 2V2, =6+2V2
512
1141 + 165v33 1141+ 165.6 2131
< = <5< 6+2vV2.

512 512 512

Therefore, 0 < (sinx + cos x)* — 3(sinx + cos x)3 + 4(sinx + cos x) + 2
<6+2V2, Vx€ER.

1050. If a, b > 0 then:

2a

3b> b (1+2a)<1 2
2a + 3b o8 =108

log(1+_ T 2a+3b 3b

2a
Proposed by Daniel Sitaru-Romania
Solution 1 by Nikos Ntorvas-Greece

Let be the function f(t) = tlogt,t > 0, f —is a strictly convex function on (0, ), as a
continuous function on (0, ©) where f''(t) = % >0,vt>0

For t; + t; = 1 we have from Jensen’s inequality that:

ti + ¢,

£t + £t = 2f (2

tilogt, +tylogt, > —log2 & —t;logt; —t;logt, <log2 &

1
)@tllogt1+tzlogt2 22f(5) =3

1 1
t,log (a> + t, log <E> <log2;(1)

2a 3b
Fort, = Tav3n’ (2)and t, = 7a13n’ (3),a, b > 0 we have:

t1+t2 = 1,0< tl,tz < 1
Combining (1), (2) and (3) we have:

2a (1+3b)+ b, (1+2a)<1 2
2a+3b °8\" "2a) " 2a+3b 0B\ T3p)="08
Equality holds for 2a = 3b.

Solution 2 by Tapas Das-India

Let f(x) =logx,x > 0,then f'(x) = i,f”(x) = —xiz < 0 = f —concave on (0, )
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Letp = 2a2+a3b, q= 2“3;317. Using Jensen’s inequality:
1 1
1 1 1 1 P';,"“I'a
“f@) +f@=(5+)
p/ P =) 1.1
P q

1 1 1 1 2
@+ @<+ )| g

p'q
2a 2a+ 3b 3b 2a+ 3b
2a +3b °g< 2a )+2a+3b Og( 3b )
3b 3b 2a
2a+ 3bl°g<1 +E> T oa+ 3bl°g(1 +ﬁ) < log2
Equality holds for 2a = 3b.
1051. If @, b, ¢ > 0,—— + — + —— = 2 then
a+b b+c c+a

abc
> 2
ab + bc + ca
Proposed by Marin Chirciu-Romania

a+b+c—

Solution 1 by Vivek Kumar-india

1 N 1 N 1 9
=2=
a+b b+c c+a

(a+b)(b+c)+(b+c)(c+a)+ (c+a)(a+b) =2(a+b)(b+c)(c+a)
a’?+b*+c?+3(ab+bc+ca) =2(a+b+c)(ab+ bc + ca) — 2abc

2abc + (a+ b+ c)? + ab + bc + ca
(a+b+c)(ab+ bc + ca) = >

Given inequality is:
abc
a+b+c——F-2>22¢6
ab + bc + ca
(a+ b+ c)(ab + bc + ca) — abc = 2(ab + bc + ca)
2abc + (a+ b+ c)? + ab + bc + ca
2

2abc + (a+ b + ¢)? + ab + bc + ca — 2abc > 4(ab + bc + ca)

— abc = 2(ab + bc + ca)

(a+ b + c)? > 3(ab + bc + ca), which is true from AM-GM inequality.
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Solution 2 by Tapas Das-India

Letp=a+b+c,q=ab+ bc+car=abc
(a+b)(b+c)+ (b+c)(c+a)+ (c+a)a+b) =p*+qand
(a+b)(b+c)(c+a)=pqg—T1
1 1 1
a+b+b+c+c+a=2:
(a+b)(b+c)+(b+c)(c+a)+ (c+a)la+b) =2(a+b)(b+c)(c+a)

2pq —p* —q
p2+q=2(pq—r)=>r=f
Now,
abc r pq—r—2q
atbtc ab + bc + ca P q q

1 1 ) 1 )
= pq—Zq—E(qu—p -q) =E(2pq—4q—2pq+p +q) =

1, abc
—E(p +q—4q)20:>a+b+c—m22
Sincep? +q—4q =
=(a+b+c)*+ (ab + bc+ ca) —4(ab + bc + ca) >0
= (a+ b+ c)? = 3(ab + bc + ca), which is true from AM-GM
Solution 3 by Alex Szoros-Romania

1+1+1
a+b b+c c+a

=2> Z(a+ b)(a+c)=2(a+b)(b+c)(c+ a);(1)

cyc

abc
a+b+c———mm>2
ab + bc + ca

(a+ b +c)(ab + bc + ca) — abc = 2(ab + bc + ca)
(a+b)(b+c)(c+a) =2(ab+ bc + ca)
2(a+ b)(b+c)(c+a) = 4(ab + bc + ca)

Z(a+ b)(a+c) > 42 ab

cyc cyc

Z(a2 +ac + ab + bc) > 4Zab

cyc cyc
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ZaZZZab

cyc cyc

Solution 4 by Namig Mammadov-Azerbaijan

Since Z L = 2 then by Cauchy’s inequality:

ZZ Z(a+b)>

:>a+b+c2%and2ab2a29abc:>

a+b

abc 1
<

1052.If a,b,c > 0 and A > 2 then:

3a+b+c - 15
2a+ Ab+ Ac — 2(A+1)

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Mohammed Diai-Morocco

) 3a+b+c a+z (b+C) 5
*'ZZa+Ab+Ac 2(A+1)‘:’Z 2151 °

cyc cyc + (b+C)
3_ (/1 1)2 b+c - 5 - b+c < 6 S
_—— "k
A - A - ’

b+c b+c
ZA—:Z /1—2 ,wherep=a+b+c

X
Since the function x — — -7 is concave, we have:
p+ 2 X
b +c
Z b+c <3 > 6 (e) = () t
= (xx) = (%) true.
A—2 - /1 2 b
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Solution 2 by George Titakis-Greece

a
3a+b+c 2a+(a+b+c) _z 205bh¥ctl ©

2a+ Ab + Ac Cyc(Z—A)a+A(a+b+c) cyc(z_l)

a
a+b+c+l

cyc
a b c
(*)x=a+b+c’y=a+b+c'z=a+b+c
*) 2x+1 2x+1 2x+1

2-Dx+1 (2 - Dx+tAx+y+2z) ch+/1(y+z)=

cyc

=2 =
ZZx+A(y+z)+ZZx+A(y+z)
cyc cyc
52

Z 2x2 + Alxy + x2) 22x+ A(y+z)

cyc

xZ

- zz >
£ 2x2+(A—-2)(xy+xz) + 2(xy + xz) + s 2x+ Ay +2)

> 2(x +y+2z)? 9
2[x2+y2+ 22+ 2(xy+yz+zx)|+2(A - 2)(xy + yz + zx) 2(x+y+z)(/1+1)

2(x+y+ z)? 9

T2ty +22+2(- 2)(xy+yz+zx) 2(A+1)_
2(x+y+2z)? 9

= e )(x+ T2 20+

2(x+y+z)2+2(1_2).+

3 9 15

“A+1 7 2+1D 23+ D
Equality holdsforx =y=z < a=b =c.
Solution 3 by Alex Szoros-Romania

We show that for A > 2 holds:

a 3
: >

cyc

z B a? - X a)? B
2a+A(b+c) Zi2a?+A(ab+ac) 2 a?+2AYab
cyc

cyc
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Ya*+2Y ab 3
= > =
20 a%?+21Yab) — 2(1+1)

(A+1)Za2+(21+2)2ab232a2+312ab®

cyc cyc cyc cyc
(A—Z)Zaz > (A—Z)Zab o
cyc cyc

(A—Z)Z(a—b)z >0vaz2 (1)

cyc
On the other hand:
a 3a 1 Ab + Ac
2a+A(b+0) 2atAb+ic A 2a+tAb+o

3a 1 2a 2 a 1

:2a+A(b+c)+I(1_2a+A(b+c)>=(3_z).2a+/1(b+c)+z
a 2 a 3@
ZZa+A(b+c)=(3_z)cyc2a+l(b+c)+i =

cyc
>(3 2) 3 +3_3(32—2+1>_3 51 15
- Al 20+1) 2 a2\22+2 A 2442 2(A+1)

1053. Prove that:

X 2

" tan® ok (cot% — 2™l cot Zx) T
> ,XE|0,—

Z 22k 2 22nF F, .4 ( 4)

where F, is k — th Fibonacci number.

Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania
Solution by Florica Anastase-Romania

Using identity: 2 cot2a — cota = —tana,a # k;" and taking
( 2cotx —cotx = —tanx
2 cot t2 t x
x x cotx — cot— = —tan—-
a={x% .2} l E
2 2" :
X X X
kZ cot = cotﬁ =— tanz—n
By multiplying the above relationships with 1,%,212, ’zi" and by adding, we have:
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1 X 1 X
ﬁtanﬁ = ﬁcotﬁ —2cot2x;(1)
k=1

FiFiy1 = Fi(Fi + Fiq) = F + FiFy_

n n n
ZFka+1 = ZFi +sz—1Fk
k=1 k=1 k=1
n n n n—-1
Fi = Z FyFiiq — Z Fi_1Fy = szFk+1 - z FiFisa =
1 k=1 k=1 k=0

k=1

n

=FpFpy1 — FoF1 = FpFy04;(2)

From (1) and (2) it follows:

2 1 2 2
z": tan? % ~ i 1 [tan % Berg;trom (Z}(‘zlﬁtan %) ~ (Zi” cotzin — 2 cot Zx)
k=1 ZZkFi k=1 FIZ‘ 2" - ;cl=1 Flzc FnFn+1

2

(cotzx—n — 21 cot Zx)
22nFnFn+1

1054.If a,b,c > 0,a+ b+ c = 4,0 < A < 1 then find minimum and

maximum value of expression

P=+va?+2ia++Vb2+ab++/c?+Ac
Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
1 AM—GM 4
P = Z Jat + da = ZZ 2 /4ala+ 1) < ZZ[‘M + (a+ 2)]
cyc cyc cyc
5(a+b+c)+ 34
= = 2A.

4

W >

Then the maximum value of Pis 2Awhena=b =c =
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0
Now we have : P=Z\/a2+la=z\/2a2+(l—a)a

cyc cyc cyc

=+v2(a+b+c) =22

Then the minimum value of P is\2A whena =Aandb = c = 0.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

P=va?+ia+Vb2+ib+c2+Ac< . Ja(a+2) +/bb+21)+ Jclc+2)<

<J@+b+c)a+b+c+31)=+422=22(1)

P=+vVaz+2a++b2+2Ab++/c2+Ac=

= a2+ (VER) + b2+ (VIB) + [ + (VO 2

v+ s 7 - e e 3

=\/AZ+A[(a+b+c)+2(\/E+\/E+x/ﬁ)]=

=\/AZ+AZ+21(\/E+\/E+\/E)2W=N§

Hence, the minimum is V24 and maximum is 2.

1055.Leta,b,c > 0 : ab + bc + ca + 2abc > 1. Find the minimum value of

P=Va+1+Vvb+1+Vc+1.
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1
< 2.
a+1+b+1+c+1_2

The given condition can be written as follows :
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Holder

(Vat+i+Vb+1+ver1) 2 33=27.

Th -2P2>< 1 + 1 )
en “\a+1 b+1 c+1

o 27 3Ve 1
Therefore, the minimum value of P is > T whena=b=c= >

Solution 2 by Hikmat Mammadov-Azerbaijan

P=VaF i+ Vb Fi+veri = 3[(1+ @)1+ B)(1+)6
Equality holds fora = b = c.
Now we need to find min(1 + a)(1 + b)(1 + ¢),fora,b,c € R,

Since a, b, ¢ > 0 the minimum is achievable via reducing a, b, c towards zero while
satisfying the constant the optimal is when ab + bc + ca + 2abc = 1.
From the application of AM-GM inequality,a = b = ¢ = 2a® + 3a? =1
263 +3a2-1=0=>(a+1)2a’?+a-1)=0

-1+v9 1

a1‘2=—4‘ =E,a3=—1

1
2a3+3a2—1=(a+1)2(2a—1)=0=>a=b=c=z.

The minimum value of P is BJ; achievablewitha =b =c¢ = %

1056. Leta,b,c > 0 : ab + bc + ca = 1. Find the minimum value of P :

_ab+2cx/ab+1+bc+2a\/ﬁ+1+ca+2b\/a+1
c +Vab a + Vbc b + +ca

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG,we may assume thata > b > c.

cvab + 1 a\/ c+1 b\/ca+1
We have : P = ++vab ++Vbc ++ca >
c++Vab a+\/ b+\/ca

1 1 1
a+m+<b+m+(b+ﬁ)>+<c+m+(c+\/E)>+\/b_—b—c2
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AM—GM

-~ ab+ bc+ ca

> ————+2+2++Jbc—b—-c
a+ vbc

Vbe(a + 2Vbc — b — ¢) *=b&be=¢
a++Vbc

So the minimum value of P is 4 for (a,b,c) = (1,1,0) and their permutation.

4.

1057.1fa,b,c,d, e, f > 0 then:

3abcdef(abc + def —5) + (ab + bc + ca)(de + ef + fd) = 0
Proposed by Daniel Sitaru-Romania
Solution 1 by Vivek Kumar-india
Ifa,b,c,d e f > 0then

AGM
3abcdef(abc + def —5) + (ab + bc + ca)(de + ef + fd) =
> 3abcdef - 2,/abcdef + 33/(abc)? - 33/ (def)? — 15abcdef =

3 2 AGM
= 6(abcdef)? + 9(abcdef)3 — 15abcdef >
1
15

— 15abcdef =

> 15 [(abcdef)% I (abcdef)% (abcdef)é Ct (abcdef)%

6—times 9—times

1
36 2,4\15
=15 ((abcdef)z - (abcdef)3 ) — 15abcdef =

= 15((abcdef)? - (abcdef)6)11_5 — 15abcdef = 15abcdef — 15abcdef = 0
Equality holdsfora=b=c=d=e=f =1.
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
(ab + bc + ca)(de + ef + fd) = (abc)(def) (1 + 1 + 1) (1 + 1 + 1) AgM
a b c/\d e f

9 O]
2 (abe)(def) -5 (@bo)(def)

Let abc = x,def = y; (*)

(;)3 (x+ 5)+9xy 3 < + 5+ 3 )
= 3xy(x+y— —=3xy(x+y— — =
3/xy B/xy
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_3 ( ! 5>’*§”’3 5° (1 ) 5
=3xy(x+y+3 + - Xy Xy - =
‘/ 1/xy xy Jxy
=3xy(5-5)=0
Equalityholdsfora=b=c=d=e=f = 1.

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

3abcdef(abc + def — 5) + (ab + bc + ca)(de + ef + fd) — 15abcdef > 0 &
3abcdef(abc + def — 5) + (ab + bc + ca)(de + ef + fd) = 15abcdef

3(abc + d )+(1+1+1)(1+1+1)>15
anc ef a b c/\d e f -

>1
f+ +— +bf+ ++f 5

15°@bedef)® o e s
(abcdef)? — -

Equalityholdsfora=b=c=d=e=f = 1.
1058.If a,x > 0,b,c,y,z € R then:

3(abc + def) + + -+

(a+x)2—(b+y)2—(c+z)2>az—b2—c2_|_x2—y2—z2
a+x o a b

Proposed by Daniel Sitaru-Romania

Solution by Vivek Kumar-india
(a+x)?>—(b+y)?—(c+2)? - a? — b? — ¢? +x2—y2—zz

a+x a X

b+y)?+ (c+2)? b? + c? 2 + 72

a+x—( 2 ( ) =a-— +x—y

a+x a x
b2+cz_|_yz+zz>(b+y)2+(c+z)2

a X a+x

b? + ¢? y + 7% <b2 y2> <c2 zz>
+ )+ [=+=)=
a x a x a «x

>(b+y)2+(c+z)2_(b+y)2+(c+z)2
~ a+x a+x a+x
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1059.Ifa,b,c=>0:a+ b+ c= 2 then:

a+b+ b+c+ c+a>
cz+1 az+1 bz +1 "~

2+/2.

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a+b 2—-¢c 4 c
. = > 211 ——

We have \[c2+1 \[c2+1 2V2(1-3) =
2>(?+1)2-¢) © 0> —c(c—-1)?

Which is true. Equality holds iff c =0,c =1o0rc = 2.

Similarly we get :

Summing up these inequalities we get :

a+b b+c c+a a+b+c
> R ——— .
\/c2+1+ja2+1+\/b2+1_ﬁ(3 2 ) 2v2

Equality holds iff (a,b,c) = (1,1,0) or (2,0,0) and their permutation.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Ifa=0,b+ c=2,wehave:

b b+c c
>
jc2+1+\/ 1 Jr\}b2+1—2\/E
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b c
>
/c2+1+ b2+1—\/E

(b + 0)2

> V2
(b2(c% + 1) + c2(b? + 1))%

(b + ¢)3 > 2(2b%c? + b? + ¢?)
b% + b%? + 2bc > 2b%*c? + b%? 4+ c? true,b+ c = 2,bc < 1.

|fa=b=0:>\E+\E=\/i+\/_=2\/i

b)3
If a,b,c > 0, then: Y. /% >2\2 e

3
(a+b+b+c+c+a)

;=2V2
((@+b)2(c2+ 1)+ (b +c)%(a? + 1) + (c + a)2(b? + 1))?

43 >8[(a+b)*(c*+1)+ (b+c)*(a®*+1) + (c+ a)?>(b? + 1)]
8 > 2(a?c? + b%*c? + a?b?) + 2(abc? + bca? + cab?)
+ 2(a? + b%? + ¢* + ab + bc + ca)
[a? + b% + ¢ + 2(ab + bc + ca)](ab + bc + ca) >
> 4(a?b? + b%c* + c*a? + abc? + bca? + cab?)

1060. Let a, b, c > 0.Prove that:

1 3 27
+ =
Za+\/bc 2(a+b+c—3\/abc) 4(a+b+c)

cyc
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 1 3 A-G 1 1
+ + + > +
a++vbc b++ca c++ab Z(a+b+c—3\/abc) va.va++vVbc Vb.Vb ++Vca
1 3

+ +
VeV +ab 2(a+b+c——a+g+c)
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cgs 1 N 9 ; 27 (chc\/b +c) ; 9
> > e =
Va+bva+c 4Xga 4(@+b+c) ’1_[ b +0) 2)yca
cyc

cyc

N (Z \/m) (Z(b + c)> >0, “_[(b +0)
o o O e

Now, (Z «m) <Z(b " c))

cyc cyc

T SR BRI

cyc cyc cyc cyc

=9, l—l(b +¢) = (%) is true

cyc
PR S 3
a+vbc b++veca c+Vab 2(a+b+c—Vabc)
27 o
Zm,equalltylffa—b—c(QED)
1061.Ifa,b,c > 0,a+ b+ c = A > 0 then:

~Vab,c>0,

a N b N c - 27
(b+c)? (c+a)® (a+b)3 822

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

1 1
(b + c)3 (c+ a)3 (a+b)3

Chebyshev 1 Radon
DYSLEEEE D))y S
(b+c¢)3 (b+c¢)3

WLOG assuminga >b >c=

cyc cyc cyc
1 Z 34 Yeye@=2 27X 27 (QED)
7zl /2. @ 3 = gk gz
3 o (chc(b + c)) 8A 8A
1062.Leta,b,c > 0:a+ b + c = 1. Prove that :
1 N 1 N 1 - 6( 1 N 1 N 1 )
a+b b+c c+a \4—(a—-b)%2 4—-(b—0¢c)? 4-—(c—a)?)

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a+b+c=1 — —_ — —
zb-ll-c = z<2?b+bc)_2(cb+ac)+;)=;(2?b+bc)_2?c+l;))+;=

cyc cyc

1 — b)? 9 1 b)?
_1 (a—b) 2.1 (a — b) z(a b)2+_
2L.(b+c)(c+a) 2 2 (a+b+c)2
cyc cyc
1 1 1 1 9
: > — —b)2+=
Then a+b+b+c+c+a_22(a b) +2 1)

cyc

Also we have :

(a — b)? (a—b)? 9
624—@ b)? zZ( 4-@-b2 > 224—(a pEtzs

3 (a — b)?
SEz:él—(a+b+c)2 zz(“ b)2+_

cyc cyc

1 1 1
4—(a—b)2+4—(b—c)2+4—(c—a)2)

1 9
Then : 2z:(a b)? + = >6(

7 2 (2)

cyc

From (1) and (2) yields the desired inequality.
1
Equality holdsiffa=b =c= 3

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c > 0and a + b + ¢ = 1, we will obtain that:

2
@+b)+(b+c)+(cta) (a+b)+(B+0)+(c+a)
2( 1 N 1 N 1 >> R 1 N 1 N 1 >9 d'si
9\a+b b+c c+a/ a+b b+c c+a_2an since
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6 <6=>4<4+( b) = (a — b)? > 0, similarl
4+2(a—b)_4- = a a = U, simuarly

6 _6 ., 6 _6
4+(Mb-c)?" 4 4+ (c—a)> ™ 4
1 1 1 9 6
a+b+b+c+c+a 2 4
> 6 + 6 +
“4+(@a—-b)? 4+bh-c)? 3+ (c—a)?

Therefore,

=)}

Solution 3 by Vivek Kumar-india

1 1 1
Za+b2624—(a—b)2=6Z(2a+2b+2c)2—(a—b)2=

cyc cyc cyc

1
:62(3a+b+2c)(a+3b+2c);(a+b+c=1)
cyc

_62 1
- £ (a+b+2(c+a))(a+b+2(b+c))

Letb+c=x,c+a=ya+b=z=>x+y+z=2

1 1 1 3 4
ZEZ6Z(Z+2y)(z+2x)®Z;2§; (z+ 2y)(z+ 2x)

cyc cyc cyc

Zl 3 2x + 2y + 2z Zl 3 z+2y+z+2x

—>= = -2

x 2L.(z+2y)(z+2x) x 2L.(z+2y)(z+ 2x)
cyc yc cyc

C
2) 2230 (it o)
X z+2x z+2y

cyc cyc
( 1 N 1 N 1 4 1 4 1 4 1 )
z+2x z+2y x+2y x+2z y+2x y+2z

1 1 1 1
2.G+5)23 0 ()
Xy x+2y 2x+y

cyc cyc

cyc

1 1 1
2(—+—+—>23
X y z

z:x+y>9 x+y
xy (x+2y)2x+y)
cyc

cyc

Z(x +y)((x+2y)2x+y) —9xy) =0

cyc
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Z(x +y)(2x* + 2y + 5xy — 9xy) = 0, 22(x+ Nx—-y)3?=0

cyc cyc

1063.1f a,b,c > 0, a? + b? + ¢?> = 3abc and 1 >0then:

Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

- A
a a AM-GM a 1 cgs 2+2

— < = .
A+1)a?+1 2Aa?+(a?+1) ~ 2Aa?+2a ra+2 = (A+2)2

Then : a L 2,5 (and analogs)
en: I afDaZ+1-1+2 and analogs

CBS
Then : ZJ(A+1)a2+1_A+2 ZF < A+2 3Z<§+2)

cyc cyc cyc

1 3 )L(ab+bc+ca)_|_6 -
A+ 2 abc -

1 jg (A(az th2te?) 6) _/332+6) M 3va+2

< —F.

TA+2 abc A+2 - 222
3 1+1 desired
=5 [zt as desired.

Equality holdsiffa=b=c=1and 1 = 2.
Solution 2 by Soumava Chakraborty-Kolkata-India
Z meA Gz4a+(l+1)a2+1
I(k + l)at2 +1 2((A+ Va2 + 1) 4((A+ a2 +1)
+ Z A<G 3 2+ Aa—Aa
(l+1)a2+1 - 4 la2+2a 4 2. 2+2a

cyc
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_3+3 A a 9 A 1 Bergitromg 92 1
=242 = L N
. chc2+)ta 4 chc_‘*')L t 2 zc:{)ccab'+3)L
<2_9_ ;a +b2+c -3abc9 9 ;
T4 2 2%y a? 2 2 6abc
e e a1

Now, LHS of (+) 1 22 1 A+2 1 )L+ZA;G 31 A+2 [A+2
ow LSOt = a2tz Tz ° 2% | 22 A+2
= (*) is true
-'.Va,b,c>0|a2+b2+c2=3abcandl>02 2
’ A+1a%2+1
cyc
1 1
<E ’E+X,equalityiffa=b=c=1andl=2(QED)

1064. If x,y,z > 0and A > 0 then:

w

z 1 - 27
yx+1dy) - A+ 1D)(x+y+ 2)?
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Vivek Kumar-india

Holder
Z}’(x+ly)zy (x+4dy) > (1+1+1)3

cyc cyc

Z 1 27 B 27 - 27
Lay(x+2y) ~ Ly X(x+4y) CE0CEx+2X0) T A+ D +y +2)?

Solution 2 by Soumava Chakraborty-Kolkata-India

1 1 1
y(x +1y) * z(y +2z) * x(z+ Ax)
13 13
= +
(We+1)  (2o+3)

N 13 Radon 1+1+1)3
(VxG+m) (Yo + a0y 22 + Jx@+ o)
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cgs 27 _ 27
T tz+0)EHAy+y+Az+z+Ax) (x+y+z)(yrz+x) FAx+y+2))
27
T+ D +y+2)? (QED)

1065.If a,b,c > 0,a + b + ¢ = 3 then:
ac? N ba? . ch3 _ 1
(c*+1D(c2+c+1) (a*+1)(a®?+a+1) B*+1)BZ+b+1) " 2

Proposed by Daniel Sitaru-Romania

Solution 1 by Vivek Kumar-india

3 3

ac? AGM ac ac a

< = =
(c*+1)(c2+c+1) = 2¢/c*1-3VcZ-¢c-1 bc>-c 6

Analogously,

ba3 b cb?®

C
< - < -
@rD@tarD 6™ BT DG sbrD -6
Therefore,
ac? N ba3 N cb?® -
(c*+1)(c2+c+1) (a*+1)(a?+a+1) B*+1)B2+b+1) "
a+b+c 1
<  —=_
- 6 2

Solution 2 by Tapas Das-India

ac? N ba?® N ch? - 1 o
(c*+1)(c2+c+1) (a*+1)(a?2+a+1) B*+1)B2+b+1) " 2
ac? N ba? N ch? - 3 o
(c*+1)(c?+c+1) (a*+1)(a2+a+1) B*+1)bB2+b+1)” 6
ac? N ba? N ch3 - a+b+c
(c*+1)(c2+c+1) (a*+1)(a?2+a+1) B*+1)B2+b+1) " 6
ac3 a 6c3 —(c*+1)(c*+c+1) ]
< 0 since

G +D+c+1D) 6 & (@+D(E+c+ D)

(c*+1D)(+c+1)>2Jct-1-3Yc% ¢c-1=6c3

ac? a

< —
(c*+1)(c?+c+1) ™ 6

Analogously,
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ba3 - b d cb?® _€
@+D@+a+D -6 B +DB2+b+1) 6
Therefore,
ac? ba3 cb?®

<
(c4+1)(c2+c+1)+(a4+1)(a2+a+1)+(b4+1)(b2+b+1)_
a+b+c 1

< =

- 6 2
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

ac3 N ba3 N ch3 3
(c*+1D(c2+c+1) (a*+1)(@+a+1) (b*+1)B> +b+1)
a b c 1
= + +

(D) br1+D) (@4 (cr1+D) (@+L)(ar1+) 2"

b2

N N c <1 a+b+c
23232329 &6

Solution 4 by Sakthi Vel-India

1
SE@a+b+cS30k.

ac? N ba?® N cb?® - 1
(c*+1)(c2+c+1) (a*+1)(a’2+a+1) B*+1)B2+b+1) " 2
ac? ac? a AGM
= = <
(c*+D(?+c+1) (2,1 1 2, 1 1 B
c (c +cz)c(c+c+1) (c + 2)(c+c+1)
a a
< Sg
1 .3 1
2., . L
ZJC P 3\/0 c 1
ba3 - b q cb?® _€
(a4+1)(a2+a+1)_6an (b*+1)(b2+b+1)" 6
Therefore,
ac? N ba3 N ch? <a+b+c_1
(c*+1)(c?+c+1) (a*+1D)(a®2+a+1) (B*+1D)B*+b+1) 6 )
1066.If a,b,c > 0,ab + bc + ca = 3 then:
a b c 3

+ + > —
3b¥*+1 3c¢c*+1 3a*+1 4

Proposed by Marin Chirciu-Romania
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Solution by Alex Szoros-Romania
Forall a, b, c > 0 holds:

Ca)? > 3Yab=> GCa)*>9=Ya=3;(1)
We show that for all x > 0 holds:

2_
3xt+1 4
1 -3x+4
>
3xt+1 4
4>-9x° +12x*-3x+4o9° -12x*+3x>0o
3x(Bx*—4x3+1) >0 3x(x—1)?2Bx2+2x+1)>0

12

2) o ©4>0CBx*+1)(-3x+4) &

Equality holds for x = 1.

@) - —-3b N 1| a - —3ab N
= ca=
3pt+1- 4 =34 r1- 24 ¢
D Sri gt
3t +1- 4L.¢ a
cyc cyc cyc
JRCESE B R I
3pt+1- 4 a="37°7%
cyc cyc

1067. Leta,b,c > 0,ab + bc + ca = 3.Prove that :

\/4—ab+\/ab+\/4—bc+\/ﬁ+\/4—ca+\/a
2c +Vab 2a + Vbc 2b + /ca

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

>3 +1.

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

(a+b+c)/3(4—ab)=(a+b+c)/ab+4bc+ 4ca
=J[(@a+b—c)?+4c(a+ b)l[ab + 4c(a + b)] >

CBS
S (a+b—c)m+4c(a+b)=2(Zc+\/ﬁ)(a+b)—(a+b+c)\/ﬁ

2(2c + Vab)(a + b)
V3(a+b+c)

1
Then: v4 —ab +Vab > + (1 — \/_§) Vvab (and analogs)
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\/4—ab+\/ab> ( 2(a+b) (1 1 ) vab > 3
2c ++Vab _Cyc V3(a+b+c) ‘2c++ab)

Therefore, Z

cyc

V3

CBS 4 ( ) 1) (chc m)z

4 1 ab ~
=—+(1——).Z— S —+(1-—=).
V3 V3 & ab + 2cab V3 V3/ ¥.(ab + 2cVab)
4+(1 1)1 V3 + 1. Equality holds iff a = b 1
= — ——].1= . uali olasi a= =Cc=1.
V3 V3 quatty

1068. If a4, a,, ..., a,, > 0 then prove that :

n
1
3Zak3+9z > 4n -3
— a1+a2+a3

cyc

Proposed by Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

n Holder & CBS 3 2
1 ~ 2 a n
3 E ak3+9 E —_— > 3.( e k) +9
= a; +a, + as

n? .chc(al t+a; + a3) B
cyc

_3Coca)’ pacm g 44\/3(26yc ) ( " >3 =4n.V3

n? . chc a - n? chc ay
. . 1
Equality holds iffa, =a, = - =a;, = ﬁ
1069.Leta,b,c > 0 : ab + bc + ca = 3. Prove that :
a(b + c) b(c + a)
+ + > (abc)? + 2
\/az + bc \/bz + ca (abc)

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :
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a(b +c) 3 2a(b + ¢) AM;M 2a(b + c) B
Z a? + bc _;2\/(612+bc).a(b+c) - ;(a2+bc)+a(b+C) =

cyc

2a(b + ¢) 2% cycalb + c)? 8abc

- cyc(a+b)(a+c)_(a+b)(b+c)(c+a)=2+(a+b)(b+c)(c+a)=

—24 8(abc)? AMr;GMZ N 8(abc)?
~ " cl@a+blab+c).blcta) ~ (c(a +b)+alb+c)+b(c+ a))3
3

= 2 + (abc)?. Equality holds iffa=b =c = 1.

Solution 2 by Sanong Huayrerai-Nakon Pathom-Thailand

a(b + ¢) 2 2 2
Z a2+bc2 a2+bc+ b2+ca+ 2+ ba

a(b + c) b(c +a) c(a+b)
a(b+ ¢) b(c + a) c(a+b)
@ibato Grabto (ctra)lctb)
2[a(b + ¢)?> + b(c + a)? + c(a+ b)?] = ((abc)?> + 2)(a+ b)(b + ¢)(c + a)
2(a?b + ab? + b%*c + bc? + c?a + ca? + 6abc) >
> ((abc)? + 2)(a?b + ab? + b%*c + bc? + c?a + ca? + 2abc)
8abc > (abc)?(a?b + ab? + b%*c + bc? + c?a + ca? + 2bac)

8 > abc(a?b + ab? + b%*c + bc? + c¢*a + ca? + 2abc)
8(ab + bc + ca)® = 27abc(a’b + ab? + b*c + bc? + c¢*a + ca? + 2abc) true because
ab + bc + ca = 3.
1070.Leta,b,c > 0,a+ b + ¢ = 5. Prove that :

> (abc)? + 2

1 1 1 1
+ + >
(a2 +bc)(b+c) (b%2+ca)(c+a) (c2+ab)(a+b) ab+ bc+ca

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Wehave: (a+b+c)(ab+ bc+ca)=>(a+b)(b+c)(c+a), Va,b,c =0

5

: <
Then ab+bc+ca” (a+b)(b+c)(c+a)’

so it suffices to prove :
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1 5
CZyC(aZ + bc)(b + ¢) = (a+b)(b+c)(c+a) <

(a+b)(a+c)>5@z<1+a(b+c)>25@za(b+c)>2(:

a?+bc a? + bc a?+ bc —

cyc cyc cyc

z a(b + ) (b2 + ca) (c¢? + ab) = 2(a? + bc) (b2 + ca) (c? + ab)

cyc

= Z:(a“b2 + a?b*) + 3ach(a2b + ab?) > 2 Z:(ab)3 + Zabcz a3 + 4(abc)?

cyc cyc cyc cyc

o (a-b)?%(b-0)?*(c—a)?+ ach(azb + ab?) + 2(abc)? > 0, which is true.

cyc

So the proof is completed.
. , 55 , ,
Equality holds if f (a,b,c) = (EE 0) and their permutation.

1071. Leta,b,c > 0 : ab + bc + ca = 1. Prove that :

1 1 1 1 1 1
+ + 22( + + —1)
a++vVbc b++ca c++ab 1+vab 1++Vbc 1++ca

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG,assume thata > b > c. We have :

1 L Vab al,’~<511 \/ab( 4 logs)
=1- < — —— (and analogs
1+ Vab 1++Vab 2 g
Then : 2( ! + ! + ! —1)34—(\/ab+\/ﬁ+\/a) (1)
1+vVab 1++Vbc 1++ca
Also by AM — GM inequality we have :
1 +(b++ca) 22& 1 +(c+Vab) > 2
ca) > c ab) >
b ++/ca c++Vab
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1 1 1 1

+ + >4+
a++Vbc b++ca c++Vab a ++bc

From (1) and (2) it suffices to prove :

Then : —(b+c+Vab +ca) (2)

1
a+m—(b+c)2—\/l§

b + bc + vbc(a + 2Vbc — b —
O e b+ +Vbc20 & (a c)zo
a ++/bc a ++bc

Which is true because a > b and Vbc > c.

=4

So the proof is completed. Equality holds iff (a, b, c)
= (1,1,0) and their permutation.

1072. Leta,b,c >0:a+ b+ c = ab + bc + ca. Prove that :

1 .\ 1 .\ 1 >x/5+x/3+\/5+3
1++vVab 1++vVbc 1++ca +a++Vb++c+Vabc

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given inequality is equivalent to :

va + Vb + V¢ +Vabc Vva++b
Z T >va++Jb+vc+3 or Zl+\/ﬁ

cyc cyc

= 3.

Using the well known inequality : x+y+z > \/B(xy +yz + zx), we get:

Z\/E+x/5 32(\/5+\/E)(\/E+\/E) S 4
cyc

15 vab - (1++vbc)(1+Vea) —

cyc

& ) (Vb +c) (Ve + va)(1 + Vab) = 3(1 + Vab)(1 + Vbe)(1 + vea)
cyc

S (a+b+c)+ (ab+ bc + ca) = 3 + 3abc, which is true because :

(a+b+c)?>3(ab+bc+ca)=3(a+b+c) >a+b+c=>3,

98 RMM-INEQUALITIES MARATHON 1001-1100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(ab + bc + ca)? > 3abc(a+ b + ¢) = 3abc(ab + bc + ca) = ab + bc + ca > 3abc.

So the proof is completed. Equality holds iffa=b =c = 1.
1073. If x, y, z are different positives real numbers such that

Vx + \/; ++/z = 1, then prove that :

os(5) +5 =28 () sz <3

Xy
xX—=Yy

Proposed by Hikmat Mammadov-Azerbaijan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Applying the inequality between the geometric mean and the logarithmic mean,

x
x-y log(5) 4
—————— then: <
logx —logy x=y /xy

We have : /xy < (and analogs)

Therefore :

Xy X yz y ZX z
x_ylog(;)+y_Zlog(;)+Z_xlog(;)S\/x_y+\/ﬁ+ Zx <

<(\/§+\/;+\/E)2 1

3 =3 and the proof is competed.

1074.If a,b,c > 0,a + b + ¢ = 1 then:

z(a +b)“"Va®b? < a® + b? + % + a®bbct

cyc

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

Let f: I - R a convex function, x,y,z € I and a, b, c > 0, then:

af (x) + bf ¥) + cf(2) + (a + b + Of (%) 8

cz + ax
c+a

ax + by
a+b

>+(b+c)f(bz::'y>+(c+a)f(

Ifa+ b+ c =1, we obtain:
af(x) + bf(y) + cf(2) + f(ax + by + cz) >

> (a+b) f( ) ; (Popoviciu)
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bx + cy

s @or () or () e (212

let] =R, f(x) =e*andx =loga,y =logh,z = logc, then:
aeloga + belogb + celogc + ealoga+blogb+clogc >

aloga+blogb blog b+clogc clogc+aloga
> (a+ b)e”  a+b +(b+c)e b+ +(c+a)e  cta &

1 1 1
a? + b% + c% + a®b®c¢ > (a + b)(a®*h?)2+? + (b + ¢)(bc®)<*? + (c + a)(ca®)c+a

Z(a + b)YV a®h? < a® + b? + ¢ + a®bPc*

cyc

1075. If a, b, c > 0 then prove that:

a+b N b2+c2+ cf”+a3 1 1+1
i Bra ! drars \/— Vb ¢

Proposed by Tran Quoc Thinh-Vietnam
Solution 1 by Soumitra Mandal-Chandar Nagore-india

a+b N b2+c2+ c3+a3<
a? +b?  [b3+c3  ct+at™
- 2(a+b)+ 2(b% +c?) N 2(c3+a®)
~ .| (a+ b)? (b + ¢)(b% + ¢?) (c+a)(c3+a3)
2"+ ym D) > (x+ )™ +yH),n>1

22 2<1Z<1+1>_1+1+1
~Ja+hb b+c c+a_2cyc Va Vvb/ Vva Vb Ve

1
 x » — is convex function.
X

Equality holds fora = b = c.
Solution 2 by Tapas Das-India

a+b 2 (a+b)?-2(a®+b*) 2ab-(a®+b?)
a?+b? a+b  (a2+b>)(a+b)  (a®+b?>)(a+Db)

- a? + b* > 2ab
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a+b 2
<
a?+b%2~ Ja+bh

b? + ¢? 2 (B*+cA)b+c)-20b*+c%)
b>+c¢3 b+c (b +c)(b® + ¢3) B
_belb+o) - (b¥+ ) _
b+ +c¥)
“b3+c2=(b+c)(b?—-bc+c?) = bc(b+c)

b? + c? 2
<
b3+c¢3~ |b+c

A +ad 2 (+a’)ct+a)—2(c*+a*)

ct+a* c+a (c*+at)(c+a) B
B ca(c? +a?) — (c* + a*)
B (c*+a®)(c+a)

24 2 2 4 2)\2
c“+a (c* + a?)
(c2+a2)=—2

<0

v ca(c® +a?) <

1
(c*+a)(12+1>)>(c*+a®*)?=>ct+a* > E(c2 + a?)?
c3+ a3 2
<
ct + a* c+a
a+b+ b2+cz+ (:3+a3< 2 N 2 N 2 -
a? + b2 b3 + ¢3 ct+a*” Ja+ b b+c c+a”

<1zl<z 1 1z<1+1) 1+1+1

< — — < T:— B —_— ] = — e — —

4(‘_’}’(‘\/& cyc 1 1 chC \/E \/E \/E b \/E
__l__

Va* b

Equality holds fora = b = c.
1076.If a,b,c > 0,abc = 1 then:

1+a 1+b 1+c 2(a+b+c)
+ + <
2+b 2+4+c 2+a 3
Proposed by Tran Quoc Thinh-Vietnam
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Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

1+a 1+b 1+c 2(a+b+c)
+ + <
2+b 2+4c¢c 2+a 3
3—a—hw+3—b—2m
b+ 2 c+2

3—c—2ac

<

a+ 2 B
B3—a—-2ab)(a+2)(c+2)+(B3—-b—-2bc)(a+2)(b+2)

+(B—-c—2ac)(b+2)(c+2)<0
b(a+b+c)+24<

< 2(a? + b%> + ¢?) + 7(ab + bc + ca) + a*c + ¢*b + b*a + 4(a?b + b?*c + c*a)
b(a+ b+ c) < 2(a? + b% + ¢?) + a’c + ¢*b + b%a + 3(a?b + b%*c + c*a)

X z\?2 x\? z  z\%\ xz zy «x x2  y* z?
6(—+X+—> sz((—) +(2) + (%) >+—2+—Z+—Z+3<—+y—+—>
y z «x y z X yz x2  z yz zx Xy

xz)? z)?  (xy)?
6(x*z + 2%y + y?x) < 2(x3z+ y3x + Z3y) + ( y) + (yx) + ( i) +
+3(x3 + y3 + z3) which is true, because

xz)? z)?2  (xy)?

( y) + (yx) + ( ;’) +3(x3 +y3 +23) > 2(x?z + z%y + y*x) and
x3z y3x Z3

2 " Tt +2(x3 + y3 +23) > 4(x%z + 2%y + y*x)

x3z y3x Z3
" o + (3 +y3+23) = 2(x%z + 2%y + y*x)

x*z? + y*x? + zty? + xtryz + yrzx + zhxy > 2(x3y?z + 23y*x + y3x%2)
Solution 2 by proposer

1+a 1+b 1+c¢ 2(a+b+c)
+ + < ; (%
24+b 2+4c 2+a 3
2 1+a 2 1+b 2 1+c¢
— - - - >
(*)<=3(1+a) 2+b+3(1+b) 2+C+3(1+c) 2+a_2
1+a)(1+2b) (1+b)(A+2c) 1+c)(1+2a)

>2;:(1
22+t T 32+o0 T 3@2ra =22W
1+2x 1+ 5x

> ; —-1)% >
T 2 1+x,(2)<:>(x 1)“>0,vx>0

Let
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Use (2) and AM-GM, we have:

1+a)1+2b) (1+b)1+20) (1+0 +2a)
22+b) T 32+0 | 32+a)
(1+@A+5h) A+b)(A+50) (A+01+5a)
2T 91+b) | 91+0 | 9d+a

N 7(1 +a@)(1+5b) (1+h)(1+50) (1+0)(1+5a) _

9(1 + b) 9(1+¢) 91+ a)
1
= §i/(l +5a)(1+5b)(1 + 5¢) =
1
= §i/1 +5(a+b+c) +25(ab + bc + ca) + 125abc >

13 1
> 5\[1 + 15¥abc + 753 a?b?c? + 125abc = 5%/1 +15+ 75 + 125 =2

Solution 3 by Tran Quoc Anh-Vietnam

a+1 b+1 c+1
LetS = + + andleta>b>cthena+1>b+1>c+1
b+2 c¢c+2 a+2
1 1 1

< <
a+2 b+2 c+2

or

1 1 1 Chebyshev
S=(a+1) b+2+(b+1) C+2+(c+1) P <
at+b+c+3 1 1 1
< ( 4 + )
3 a+2 b+2 c+2
W tsh _a+b+c+3(1 4 1 4 1 )<2(+b+)
¢ must show: 3 a+2 b+2 c+2/°3¢ ¢

1 N 1 N 1 < (a+b+c )_ B 6
a+2 b+2 c¢c+2- \a+b+c+3 a+b+c+3
1 N 1 N 1 N 6 -
a+2 b+2 c¢c+2 a+b+c+3"

BmﬁnmAM—GMm+b+c+323@Mw+3=6mmme

1 N 1 N 1 N 6 - 1 N 1 N 1 N
a+2 b+2 c¢c+2 a+b+c+3 a+2 b+2 c+2
1 1 1 1 1 1

< <
atr2 przterztis?e gty ez st

2

1
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(@a+2)(b+2)+(a+2)(c+2)+(b+2)(c+2)—(a+2)(b+2)(c+2)<0

4 —abc—ba—bc—ca<0
3 <ab+ bc+ca;(1)
ab+bc+ca23W= 3
1077. In AABC the following relationship holds:

2<a+b+c+ 4abc <R2
“"b+c c+a a+b (a+b)(b+c)(c+a)  2r?

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution 1 by Alex Szoros-Romania

4abc > 2.1
;b+c (a+b)(b+c)(c+a) — 1)

=3 Z a(a+ b)(a+c) + 4abc >2(a+ b)(b+c)(c+a)

cyc

Z ala? + (b + ¢)a + bc] + 4abc > 2 [Zabc + Z ab(a + b)

cyc

cyc

Z ad + Z(b + c¢)a? + 3abc + 4abc > 4abc + ZZ ab(a + b)

cyc cyc cyc
Z ad + Z(b + ¢)a? + 3abc > ZZ(b + ¢)a?
cyc cyc cyc
Z a3 — Z(b + c¢)a? + 3abc > 0, Z a(a—b)(a—c) =0 (Schur)
cyc cyc cyc
R>b+c' AABC (Bandila)
2+, inany andila

v

L)Y Y

cyc cyc
- > (2
r_Zb+c 2)
cyc
1

R
* R > 2r (Eul >—2>—
r (Euler) 727
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1 4abc
(a+ b)(b+c)(c +a) =8abc (Cesaro) = = 7 2 (a+ Db + o) (c+a)

R - 4abc .(3)
ar~(a+b)b+o)(c+a)’
From (2), (3):

3R R 4abc
yrReE Zb+c @+b)b+0c+a)

cyc

4abc
72;b+c+(a+b)(b+c)(c+a); (4)

2r2

R®* R R R
e ERERTO

From (4), (5):

4abc
ﬁzzycmﬁ(a+b)(b+c)(c+a)‘(6)

From (1), (6):

2<a+b+c+ 4abc <R2
“b+c c+a a+b (a+b)(b+c)(c+a)” 2r?

Solution 2 by Tapas Das-India

a b c (a+ b+ c)(a®? + b? + ¢?) + 3abc
b+c+c+a+a+b: (a+ b+ c)(ab + bc + ca) — abc -
25s-2(s>+1>—4Rr) +3-4Rrs r(6R + 4r)

- 2s(s2+ 12+ 4Rr) — 4ARrs T T S2 412+ 2Rr

4abc 4abc
(a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)—abc_
4 -4Rrs 8Rr
- 2s(s2+ 12+ 4Rr) — 4Rrs ~s2+12+ 2Rr
a b c 4abc
b+c+c+a+a+b+(a+b)(b+c)(c+a):
r(6R + 41r) 8Rr 2Rr — 41?
:2_52+r2+2Rr+52+r2+2Rr:2+sz+r2+2Rr20;(".R22r)
a b c 4abc

>
b+r:+c+a+a+b+(a+b)(b+c)(c+a)_2
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Now, we have:
a b c 4abc _
b+c+c+a+a+b+(a+b)(b+c)(c+a)_
_5 2Rr — 412 Gerrétsen2 2Rr — 412 _
=4t T 16Rr — 512 + 12 + 2Rr

s2 4+12 4+ 2Rr -
2+2Rr—4-r2 2_l_R—Zr Etierz_l_R—Zr
- 18Rr — 412 9R —2r 161

We need to show:

R —2r R?
<— (R-2r)(8R + 157r) = 0 true.

2
+ 167 2r2

Therefore,
<a+b+c+ 4abc <R2
“"b+c c+a a+b (a+b)(b+c)(c+a)” 2r2
1078. Let a,b,c > 0,ab + bc + ca > 0. Prove that:
1 1 1 1
2a2+5am+2bc+2b2+5b\/c_a+2ca+2c'2+5cm+2ab2ab+bC+C€l

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Duc Nguyen-Vietnam
Set (a, b, ¢) - (a?,b?,c?), we need to prove:

2

1 1
>
Z 2a* + 5a%bc + 2(bc)? ~ a?b? + b?%c? + c?a?

cyc
Case 1: abc = 0 it is obviously true.
Case 2: abc > 0 we can assume that abc = 1.
Sett =b +c,s = bcwitha = min{a,b,c} 2 as=1
Hence, the inequality becomes proving:

2t* + 4s? — 8st? + 5t + 2a’t? — 4a N 1 o
(4s2+ a+2a3t—6t)(s®2+4a+2a3t—6t) 2a*+5a+2s?2 (at)?—2a+s%—

t? t?
1;Zl = f(s) 2f<z> >0

f(s) =

f'(s)<0,s€

Equality holds iffa = b = ¢ > 0.
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1079.Ifa,b,c,A,n >0, a+ b+ c = 3 then:

1 1 1
(n + Ag)bz (n + A%)CZ (n - Ag)az > (A +n)3

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

= 1 1 b
we have: ln(<n+aZ>”2 (n ) <n+z%>“2)=2—’"("; &

cyc

A b
= ln(n)zb—lz+zln(1:2n.a) =
cyc cyc
1 i Holder o3
= l"(")Zb_lz * f (Z b _> e 2 2
cyc 0 \oeh (W.X + a) (chc b)
2 (! 33
+ ;.f b dx =

0 (Zeyeb) [chc (Wx + a)]

A (! 3dx y) 1
= 3In(n) +—.f 7 = 3In(n) + [31n (—x + 1)] =3In(A+n) = In[(A + n)3].
MJoZx41 n 0
n
b bl_2 c & a -
o E\c? A\a? 3
Therefore, (n+Aa> (n+Ab) (n+lc) > (A+ n)3.

1080.Leta,b,c >0:a+ b+ c = g Prove that:

1 1 1 1
+ + >
a3+ abc b3+ abc 3+ abc ~ a?b? + b%c? + c?a?
Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution 1 by Vivek Kumar-india

1 1 1 1 1 1 2
Leta=—,b=—,c=— — T T -
3x 3y 3z 3x 3y 3z 3

Xy +yz+zx = 2xyz
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1 1 1 1

+ + > &
a3 +abc b3 +abc c3 + abc — a?b? + b%c? + c%a?

P I 1
3 - 2 2 2 2 2 2
(3t G0 Gy) tG) G (3@ G
27x°yz __81x*y’z* % 3xyz
Zx2+yzzx2+y2+z2’ Zx2+yzzx2+y2+z2

cyc cyc

=

Now, we have:

Z x? cBs (x+y+ 2)>
x2+yz — x:+y:+z2+xy+yz+zx

cyc

(x+y+2)? 3xyz

sk
x2+y2+zZ+xy+yz+zx_x2+y2+z2’()

x2 +y?+ 22+ 2(xy + yz + zx) >%(xy+yz+zx)
X2+ y*+z22+xy+yz+zx —  x2+y?+2z2
22+ y2+z2) + (P2 +y P+ z2H)(xy+yz+2zx) - 3(xy+yz+zx)? > 0
((x2 +y2+z8) - (xy+yz+ zx)) (Z(x2 +y2+z28)+3(xy+yz+ zx)) >0
Which is true because x? + y? + x% > xy + yz + zx.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

IRERNE S - T T

a3+ abc  Luiabc(a?bc + b%c?) ~ abclic?a’®+a’b® ., 57

cyc cyc cyc 2 + b4c

CBS 2 (X x)2=23Y xy

frd bc - 3abc a 1

S (Zeye be) > Zeye@ _ as desired.

2abc Y, b%c? ~ a?b? + b2c? + c2a?’

2

Equality holds iffa=b =c= 9
1081. Leta,b,c > 0:a+ b + c = 5. Prove that:

2 3\ 2

(m+\/ﬁ+\/c_—;) +525(\/ab+bc+ca—z)

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is successively equivalent to :
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(\/(E+\/I;+\/c_a)2—5(\/ﬁ+\/l;+\/c_a)25(ab+bc+ca)—15\/ab+bc+ca

Or

15Vab + bc + ca = 5(ab + bc + ca) + 5(Vab + Vbc + Vea) — (Vab +\/l;+\/c_a)2.

We have :

5Vab + bc+ ca=(a+ b+ c)Vab + bc + ca =

CBS
=J[(ca+b+0c)?+4alb+)l[bc+alb+c)] = Vbc(—a+b+c)+2alb+c)

Similarly we have :

5vVab + bc + ca > vJcala—b + ¢) + 2b(c + a)
And, 5Vab + bc + ca>+Vab(a+ b —c) + 2c(a+ b)

Summing up these inequalities we get :

15\/ab+bc+ca2(a+b+c)(m+\/m+\/a)—(\/E+\/E+\/a)2+5(ab+bc+ca)=

2
= 5(ab + bc + ca) + 5(Vab + Vbc + Vca) — (Vab + Vbc + Vca)", as desired.
55
Equality hold iff (a,b,c) = (E'E' 0) or (5,0,0) and their permutations.

1082.1f 0 < a,b,c<1and A > 1then:

1 1 1 3
+ + < 3
A+a A+b A+c 2+ Vabc

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

<2 o
If c = 0 the problem becomes 1ta /1 b= I which is true because
1 N 1 1 1 2
Ata 2+b-2721°7
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1
Assume now that a,b,c > 0 and let f(x) = Trer x <
e~ ex(l_ex) Aszex
H 4 = —-———— " = —-———————— < v <
We have : f'(x) 1 o) and f" (x) 1 o2 < 0 Vx<O0

Then f is concave and by Jensen's inequality we have :

1 In(a) + In(b) + In(c) 3 B 3
Zm=2f(ln(a))s3f< 3 >=3f(ln(vabc))—m

cyc cyc

Equality holds iffa=b = c.
1083.Leta,b,c > 0 : ab + bc + ca = 3. Prove that:

a + Vbc N b ++ca . c++Vab -y
Vva? +3++vVbc Vb2+3++ca Ve2+3+Vab

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

a++vVbc a ++/bc B
va2+3++Vbc +Va?+ab+ bc+ ca+Vbc

(a+\/ﬁ)(\/(a+b)(a+c)—\/m) B

a(a+b+c)
_2(a+vbe)J(a+b)a+c)—2(a+Vbe)vbe 5
- 2a(a+ b+ c) =

- (a+Vbe)” + (a + b)(a+ c) — 2(a + Vbc)Vbe

2a(a+ b+ c)
a++vVbc 2a+b+c
Then : < :
Vaz+3 ++vbc 2(a+b+c)
b++ca a+2b+c c++Vab a+b+2c

< and < .
Vb2 +3++ea  2(a+b+c) Vez2 +3++ab ™ 2(a+b+c)
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Summing up these inequalities yields the desired results.

Equality holds iffa=b =c= 1.

1084.1f a4, a,, ...,a, > 0,a; +a, +---+a, =n,n = 2, then:

1 1 1 n
+ + ot >
n—-a n-—a, n-a, n-1

Proposed by Marin Chirciu-Romania
Solution 1 by Tapas Das-India

f"(x) -2 >

Let f(x) = 23

x > 0 then f'(x) = =02’

f — is convex function in (0, ).

)
n—x

By Jensen's: f(ay) + f(a;) + -+ flay) = n f (S )

n
1 1 n
+ + ot >nf(1) =——
n-a n-—a, n—a, n-—1
Solution 2 by Ertan Yildirim-Turkiye
n-a+n—a,+--+n-—a, HiM-AM n
Z 1 1 1
n
n-a, n-a,7 " Tn-a,
n-n—(a;+a,++a,) n
1 1 1
n
n-a; n-a,t " Tn—a,
nz—n> n
n 1 1 1
n-—a; n-a,t " Tn-a,
1 1 1 n? n
+ + ot > =
n—-a, n-—a, n—-a, n*-n n-1
Solution 3 by Vivek Kumar-india
1 1 1 cBs A+1+-+1)2
+ + ot > =
n-a, n-a, n—a, m-a)+n—-ay)++n—-a,)

2 2

n n n
C(n+n+-+tn)—(a;ta;++a,) n:-n n-1
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Solution 4 by Fayssal Abdelli-Algerie

1 1 1 Bergstrom A+1+-+ 1)2
+ +.+ > =
n-a, n-a, n-—a, m-—a)+n—ay)+--+n-a,)
n? n? n

" mtn++n-—(a+taz+-+a, n2-n n-1
1085. If m,n,p € N — {0} then:

m p mnp
1 1 1<1
ADNADIELEDN
=1 k=1 k=1 k=1

Proposed by Daniel Sitaru-Romania
Solution by Ravi Prakash-New Delhi-India

Let us first show that if m,n > 1, then:

n m mn n mn
Zl_l_ 1<1+ 1 Zl< 1 1)
— — _@ — —_—
k k~ k k-~ k’
k=1 k=1 k=1 k=2 k=m+1
mn
Zl—(l + 1 + +1)+( 1 + 1 + +1)+
k \m+1 m+2 2m 2m+1 2m+2 3m

1 1 1
e —— et — | >
+<3m+1+3m+2+ +4m>+ +((n 1)m+1 (n—1)m+2+ +nm)_

1086. For ay,a;, ... ,a, = 0: Yq<icjcn ;@ =
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- 1-— a;
z > n — 2. When does equality hold?
i=1ai+\/ai2 _ait+ 1

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Forke 1,n, we have: a;? —ayt +1=1—a,(t — a;)

= Z a;a; — Z aa; = 0.

1<i<jsn 1<ismizk

Now we have :

t=+t2.1=/[(t - 2a)? +4a;(t — a)][(a? — ait + 1) + a;,(t — a))] >
CBS

2 (t - Zai)\/ aiz — ait +1+ Za,(t - a,-) = (t - Zal) (\/ aiz - a,-t +1+ a,-) + ait

Then: (1 —a)t=>(t—2a;) ( a’?—at+1+ a,-) or

1—ai Zai . _
>1- r Vie 1l,n.

ai+ﬂai2—ait+1_

- 1- a; - Za,-
Therefore, Z > z (1 — ) =n-—2.
=1 a; + 4/ aiz — ait +1 =1 t
Equality holds iff (a,,a,, as, ...,a,) = (1,1,0, ...,,0) and their permutation.
1087.1f a,b,c,d > 0 then:
(@ + b®)(a* + b* + ¢*)(a® + b° + c® + d°) -
alb3ctd(a+b)(a+b+c)la+b+c+d) —

Proposed by Daniel Sitaru-Romania

Solution 1 by Vivek Kumar-india

1 2
3 p3 _a“_l_b4 cBs (a? + b?)? cBs (7(a+b)2)
¢ “a b~ a+b ~ a+b

1
= a3+ b3 21(a+b)3:(1)
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CBS

1 cBs 1 /1
at+ b+t > §(a2+b2+cz)2 > §(§(a+b+c)2)

2

1
=>a4+b4+c42E(a+b+C)4;(2)

s s s, 45 a® b® c® d®cBs(a’+b?+c+dP)?
AS+b+cS+dS=—+—+—+— 2 =
a b ¢ d a+b+c+d

2

a* b* *  d*
(7+T+?+7) Cﬁ‘ (a® + b? + ¢ + d?)? C§S

a+b+c+d - a+b+c+d

(%(a+b+c+d)2)4

(a+b+c+d)3

1
=>a5+b5+c5+d5Zﬁ(a+b+c+d)5?(3)

Now, from (1), (2) and (3) we get:
(@® +b%)(a" + b* + cD)(a® + b5 + ¢S + d°)
atb3ctd(a+b)(a+b+c)a+b+c+d) —

1 3. 1 4. 1 5
>4(a+b) 27(a+b+c) 256(a+b+c+d) _
- atb3cid(a+b)(a+b+c)(a+b+c+d)

B 1 _(a+b)2(a+b+c)3(a+b+c+d)4AgM
4-27-256 a3b3c2d -
___ 1 (24ab)’(3¥abc) - (4Vabcd)' _

—4-27-256 a3b3cid
1 4ab -27abc - 256abcd
~4-27-256 a3b3c2d =1

Solution 2 by Tapas Das-India

a’+b®> a*+b* a+b (a? + b*)(a+ b)

> 3 3>
> > > > =>a’+b’>> >
a*+b*+c* a*+b3+c® a+b+c (a+b+c)a®+ b3+ c3)
> . s>at+bpt+ct>
3 3 3 3
a5+b5+c5+d5>a4+b4+c4 a+b+c+d
4 - 4 4
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(a*+b*+ct+dY)(a+b+c+d)
4
(@® +b%)(a* + b* + cH)(a® + b5 + ¢S + d°)
atb3ctd(a+b)(a+b+c)a+b+c+d) —
- (a*> +b*)(a+b)(a+b+c)(@®+b’+c*)a+b+c+d)(a*+b*+c*+d¥)
= 24a3b3c2d(a+b)(a+b+c)(a+b+c+d) B
_(a*+b*)(a® + b* + ) (a* + b* + c* +dY) - 2ab - 3abc - 4abcd
a 24a3b3c?d - 24a3b3c?d B
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

>a’+b5+c5+d°>

a®+ b3 = (a+ b)(a® —ab + b?) > (a+ b)(2ab — ab) = ab(a + b)
(a+b+c)4>a+b+c
33 - 27

+b+c+d)*(a+b+c+d +b+c+d
(a ¢ )4((1 ¢ )Za 4C - 4%/ (abcd)*
=abcd(a+b+c+d)
(a*+b*+c*+dY)(a+b+c+d)
4

a* + b* + c* >

-27abc = abc(a+ b + c)

a>+b5+c+d5>

>a’+b5+c5+d°>

Hence,
(@ + b3 (a* + b* + c)(a® + b5 + ° + d°) >
> a3b3c*d(a+b)(a+b+c)la+b+c+d)
Therefore,

(@® +b%)(a* + b* + cD)(a® + b5 + ¢S + d°) L
atb3cid(a+b)(a+b+c)(a+b+c+d) —

Solution 4 by Hikmat Mammadov-Azerbaijan

1
a® + b3 =E(a+ b)(a? + b?) > ab(a + b)

>(a+b+c)(a3+b3+c3)

a*+ b* +c* > 3 > abc(a+ b+ c)
e s s, s @+bt+ct+d)(atb+c+d)
a’>+b>+c’+d> > 2 >abcd(a+b+c+d)
Hence,
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(@ + b3 (a* + b* + cH)(a® + b5 + ° + d°) >

>a’b3c’d(a+b)(a+b+c)la+b+c+d)
Therefore,

(@ +b%)(a* + b* + cH)(a® + b5+ 5+ d°)
atb3ctd(a+b)(a+b+c)a+b+c+d) —
1088.Ifa,b,c,d,e,f > 0,a+b+c=d+ e+ f = 1then:

Vad* + Ybe* + 3cfr <1

Proposed by Daniel Sitaru-Romania
Solution 1 by Tapas Das-India

AcMa+4d b+4e c+4
Vad* + be* +3cf* < ——t——— 5f=

1 1
=Z[(a+b+c)+4(a+b+c)]=§(1+4)=1

Solution 2 by Hikmat Mammadov-Azerbaijan

AGMa+4d b+4e c+4
Vad* + Ybe* +cf* < ——t—e 5f=

1 1
=Z[(a+b+c)+4(a+b+c)]=§(1+4)=1

1089. Let a,b,c > 0,ab + bc + ca = 1. Find Min. value of the following

expression:

P_\/E(Za—1)+\/a(2b—1)+x/E(2c—1)
" 2a++be 2b + ca 2¢ + Vab

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

+2(a+b+c—1)>

Solution by proposer

_Vbc(2a—1) +ea(2b—1) Vab(2c—1)

P= i+ +
2a +Vbc 2b + +/ca 2c +Vab
2a(Vvbc+ 1 2b(vVca + 1 2c(vab +1
= ( )+ ( )+ ( )+Z(a+b+c—1)2—3
2a +Vbc 2b ++ca 2c ++Vab

Using AM-GM inequality:

+2(a+b+c—1)>
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ab + bc + ca ab+bc+ca ala+b +c)
2=2 a++Vbc)<a++b —— =2Vbc+ ———F—
\j a++Vb ( ) a + +bc a ++Vbc

= a(1+Vbc) + b +c = (b+c)(2a + Vbc)

2a(vVbc + 1) N 2(b+¢)
2a +Vbc  2a++bc
Also by HM-GM:

2bc 2
> — >
\/bc_b+c=>2a+\/bc_b+c

>2(b+c)

Hence,

2a(vbc + 1)
2a +bc

Summing up similar inequalities, we get:

>2(b+c)—(b+c)?

P>2(a+b+c—1)?%-3+4(a+b+c)—-2@®+b*+c*+1) =1
Pyin =1 (a,b,c) €{(1,1,0);(1,0,1); (0,1,1)}
1090. Leta,b,c > 0:a+ b + c = 1. Prove that:

a++bc b++ca c+\/_ J_+\/_c+\/ﬁ

a+1 b+1 c+1 —

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

a++vbc b++ca c++ab Vab +bc + Vca

l1=a+b+c=> + + <1+
a+1 b+1 c+1 2
a + Vbc b++vca c++Va va +\/_c+\/ca

S +b
a+1 Ty r1 Torg Satbted

;<m<a11_%)> Za+1 24 ( (—a— ))
@zaiié ()

cyc cyc

=

cyc

117 | RMM-INEQUALITIES MARATHON 1001-1100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

. ) b . d l 1Z \/b_ 1—a A;Gl b+cy/1—a
ow,1—a=b+c>0an anaogs=>2 C(a+1) -2 ( 2 )(a+1>
P cyc

1—a\?
2
—g ? a—\—55—) 2
Z at+1 Za+1 z a+1
cyc cyc cyc

2a+1—a\/2a—1+a
@Z( 2 a)+(1 2 )QO@%Z@a—Déo

cyc cyc

? b+c=1 ? 1 1—a
<:>3(a+b+c)—320a+<+:§ 3—320—>true-‘-52(\/m( ))

a+1
cyc
2

<§ T S (Wist
= = (%) 1S true
at+1

cyc

a++vbc b++ca c++ab

“vabc>0|a+tb+c=1,
abe>0lathtc a+1 b+l | c+1

1+\/ab+\/ﬁ+\/a

2
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have : Z(a-l_m—m)

1
,with equality iffa=b =c = 3 (QED)

a+1 2

cyc
_ b+c

_zZa+(1—a)VbcAM Gné‘ as<t 2a+ (1 - a). 7
B 2(a+1) - 2(a+1)

cyc cyc
N4a+(1-a)?® ~a+l 1+3

B 4(a+1) 4 = 4

cyc cyc

a++vVbc b++ca c+\/ab<1+\/ab+\/ﬁ+\/ﬁ

a+1 + b+1 + c+1 — 2

Therefore,

1
Equality holds iffa=b =c = 3

1091. If x, y,z > 0 such that xyz = 1, then prove that :
(x"+y7+27)?>3(x°+y° + 2

Proposed by Marius Dragan, Neculai Stanciu-Romania
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is successively equivalent to :

x4+ y1 4 214 1+ 2(xy)” + 2(y2)7 + 2(2zx)” > 3(x° +y° + 2°)
14, 14, 14, 2 2 2 >3(x° +9° + 2°)
ex T +y Ttz +?+?+?_ x'+y +z
14 9, 2 14 9, 2 14 9, %
@(x — 3x +?>+<y -3y +W)+(Z -3z +?)20.

2
Let f(x) = x'* —3x° + —+27In(x), x> 0.
x

14 27
We have : f'(x) = 14x'% — 27x® Ty md [
112 27
= 182x'% — 216x° + —- — —,Vx > 0.
X8 x

By AM — GM inequality we have :

1 s/ 1 7 5 1\ 10
12 — .8 12 _
4x1° + e >5 (xlz)“.x8 = 5x% and 3x'% + g > 10 |(x12)3, (xs) =7

216 8+27<216(4 12+1>+27(3 12+7>_1809 2, 621
T =Ty M s T\ 710 ¥ T 108

112
< 182.7(12 + 8
X

So f"(x) >0, Vx> 0and f' is increasing on (0,»), since f'(1) = 0 then :

f'(x) <0,vx€e(0,1]and f'(x) 20, Vx € [1,0),s0 f(x) = f(1) =0, Vx € (0, ).

2
Then : x* —3x° + ] > —27In(x) (and analogs)

Therefore,
x4 —3x% + 2 > » (-27In(x)) = —27In(xyz) = 0
x7) = B ya) =5
cyc cyc

and the proof is complete.
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Solution 2 by Soumava Chakraborty-Kolkata-India

1 1 1 1
x+1}G+1E+1}<(x+DxF+1V(@Ez+1)z ﬂ(x +1)x3>1

@2((%—3).1n(x+1)> 2o

cyc

cyc

Letf(x)=<1—3> Inx+1D)vx>0=>f ,,(x)ZZIn(x+1)_ 2 _ 13 >0
x ' x3 x2(x+1) x(x+1)2
o 2In(x+1) 2(x+1)+x(1-3x) olnkx+1)> —3x3 + 3x% + 2x
x3 x2(x+1)2 2(x +1)2
o In(x+1) - —3x3 +3x2 +2x
s 2+ o 2(x+ 1)2 (3 1
LetP() = Inx +1) - —p T2 22y 0. p 0 =TI S 05 poyis

Ton[0,0)=>Vx=>0,P(x)=>P(0)=0/="iffx=0=>Vx>0P(x)>0
Jensen

n 1
= (xx)istruevVx>0=>f @S0 f(x) is convex .. z ((; — 3).ln(x + 1)) >

cyc
1 X+y+z +y+z=1
’ (m_?’)'ln( Z +1) =T 0= (0 istrue
3

1 1 1
s+ 12+ 12+ 12 < (xx+ Dx(y+1)Y(z+1)zVxy,z>0 (x+y+z=1"="iffx
1
=y=z=g3 (QED)

1092.If a,b,c > 0,abc = 1 then:
(5Va+3-8)(5vb+3-8)(5Vc+3-8)>8

Proposed by Tran Quoc Thinh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

25a +11 \ MM 25a + 11
. —_ = _— >
We have l_[(S\/a+3 8) 1;[(5 _a+3+8) > l_[ 5.(a+3)+4+8

cyc cyc 1
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— 64 1_[ (255::6171) o8 1_[(25a +11) > H(Sa +67)

cyc cyc cyc

< 13(a+ b+ c) +395(ab + bc + ca) = 1224, which is true because :

a+b+c>3Yabc =3 and ab + bc + ca > 33/ (abc)? = 3.
So the proof is completed. Equality holds iffa=b =c = 1.

1093. Leta,b,c = 0 : ab + bc + ca > 0. Prove that:

\/a4 + 4abc(b + ¢) \/b“ + 4abc(c + a) \/c4 + 4abc(a + b) - (a+ b+ ¢)?
a? + 2bc b2 + 2ca c2 +2ab ~a?+ b? + c?

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have : (ab + bc + ca)\/a4 + 4abc(b + ¢)
= J/[(ab — bc + ca)? + 4abc(b + c)][a* + 4abc(b + ¢)] >

CBS
S (ab - bc + ca)a? + 4abc(b + ©)
= (ab — bc + ca)(a? + 2bc) + 2bc(ab + bc + ca)

Then :
\/a‘* + 4abc(b+c) ab—bc+ca 2bc MM ab — bc + ca 2bc
= + 2 + ,
a? + 2bc ab + bc+ca a?+ 2bc ab + bc +ca a? + b? + ¢2

Similarly we have :

\/b“ + 4abc(c + a) - ab + bc — ca N 2ca \/c‘* + 4abc(a + b)
b2 + 2ca ~“ab+ bc+ca a?+ b?%+ c? ¢+ 2ab
—ab + bc + ca 2ab

= + .
ab + bc+ca a?+ b? + ¢?

Summing up these inequalities we get :
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\/a4 + 4abc(b + ¢) N \/b4 + 4abc(c + a) \/c4 + 4abc(a + b)

a? + 2bc b?% + 2ca ¢z +2ab
2(ab+bc+ca) (a+b+c)?
- a?+b%2+c¢2  a?+b?%+c?

Equality holds iff (a=b =c) or (a=b, c =0) and their permutation.

1094. If x,y,z > 0 and xy + yz + zx = 1 then prove that:

(x+y)(y+z)(z+x)(x+ x2+1)(y+\/y2+1)(z+ zz+1)28

Proposed by Hikmat Mammadov-Azerbaijan

Solution 1 by Sanong Huayrerai-Nakon Pathom-Thailand

(x+y)(y+z)(z+x)(x+ x% + 1) (y+\/y2 + 1) (z+ z2 +1) =
= (x+y)(y+z)(z+x)(x+ (x+z),/x+y)(y+ (y+z),/y+z)(z+ (z+y)\/z+x)
>x+@+2)z+0)(x+x+ [yz)(y+y+Vzx)(z+z+ [xy) =

2yz 2zx 2xy
) (Zy + ) (Zz + ) >8
yt+z Z+x

X+y

>x+y)(y+2)(z+x) (Zx +

xy+2)+yzy(z+x)+zxz(x+y) +xy
>
(x+y)(y+2)(z+x) y+z T x

x+y
(xy+yz+zx)3>1

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

cBS
x+V2+1=x+ 2 +xy+yz+zx=x+/(x+y)x+z) > x+ (x4 [yz) >

GM-HM
~ 2yz 2(xy +yz + zx 2
S gy Y2 _ (xy+y )

. [x2
Ttz Stz —y_l_Z.Then- (y+z)(x+ x +1)22.

Similarly we have : (z + x) (y+\/y2 + 1) >2& (x+y) (z+ Vz? + 1) > 2.

Therefore, (x+y)(y +2z)(z+ x) (x+ x2 + 1) (y +y%2+ 1) (z+ z2 + 1) > 8.
122
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1095.If x,y,z > 0 such that x + y + z = 1, then prove that:

1 1 1
E+1D3-+1D3-E+1D3<(x+Dx-(y+ 1)V (z+ 1)z
Proposed by Marius Dragan, Neculai Stanciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is successively equivalent to :
In(x+1) In(x+1)
YimE+ D<) T e Y Ex-D.I =<0
cyc cyc cyc

In(x+1)
WLOG,we assume thatx >y > z. Let g(x) = T,x € (0,1).

—In(x+1)

x2

_x
x+1

We have : g'(x) = < 0, because

Inx+1)>1- vx € (0,1).

X
x+1 x+1’
Then g is decreasing on (0,1) and since: x >y > zthen:

In(x+1) - In(y+1) - In(z+1)

3x—1>3y—-1>3z-1 and
x y z

By Chebyshev's inequality we get :

Z(Sx _ 1).@ < %(Z(Sx _ 1)) (Z w>

cyc cyc cyc

=(x+y+z—1).Z@=0.

cyc
1096. Leta,b,c > 0 : (ab)? + (bc)? + (ca)? = 1. Prove that :

1 1 1 (a+ b +c)3 +9abc

> 7
a2+bc+b2+ca+c2+ab+(a+b)(b+c)(c+a)_

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a? (a+ b+ c)® +9abc

a2+bc+(a+b)(b+c)(c+a)_6 )

Lemma: Ifa,b,c>0then: Z

cyc

Proof : We have: (x) &

2
[[6+0.) o+ @+b+o®+9abez 6] [b+0
a“ + bc

cyc cyc cyc

b +
@Z< a( c)> Z(b+c)+a3+b3+c3+3abc2SZaZ(b+c)

a? + b

cyc cyc
a3(b + c)?
= Z <¥+ a(a? + bc)) > ZZaz(b + 0),
a’ + bc
cyc cyc
which is true by AM — GM inequality

. a3(b + ¢)?

2 > 2
22+ be + a(a” + bc) = 2a*(b + c¢) (and analogs)

Fromthel it suffices t t-a® 1-b 1-¢
rom the lemma, it suffices to prove : > 1.
p a’+bc b +ca c%:+ab

We have :

a? + b% + ¢ = J[(—a? + b2 + ¢2)? + 4a%(b? + ¢2)][(bc)? + a2(b? + ¢2)] =

CBS
S be(—a? + b? + ¢?) + 2a%(b? + ¢?)
= (a? + bc)(—a? + b? + ¢?) + a*(a? + b? + ¢?)
1-—a? —a?+b?+c?

: >
Then Zrbe> 1T (and analogs)

1—a? —a? + b? + ¢? .
Z =1 and the proof is completed.

Therefore : Z >
/ a? + bc a’? + b? + c2

cyc cyc

Equality holds if f (a,b,c) = (1,1,0) and their permutation.
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1097.If f : (0,) — (0, e) is increasing function with -, f(x;) = n,

then prove that:

1 1 1
O f(xz) o f(xn) = fla)f @D f () O2) L f(x,) o)
Proposed by Marius Dragan, Neculai Stanciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is successively equivalent to :

n C In(f(x) PRGNS
;m(ﬂxa)z_ e Z(f( D- D=z

WLOG,we assume that x; > x, > --- > x,, then we have :

f(x1) = flxg) = - = ).

Let g(x) = @,x € (0,e). We have : g'(x) = %() >0,vx € (0,e).

Then g is increasing on (0, e) and since :
e> f(xy) = f(xy) == f(x,) > 0then:

In(f(xy1)) - In(f(xy)) o ln(f(xn))
fx) = fx) T T fOn)

N () 1 C B = In(f(x))
;(f(xi) 1). £ 25<;(f(xi) 1)>(i:1 e )

1 = - In(f(x)) _
— H<;f(xi) — n) <i=1 D) ) =0.

1098. Let x,y,z,a,b,c > 0 such that abc = xyz,

and by Chebyshev's inequality we get :

max{a,b,c} > max{x,y, z}, min{a,b,c} < min{x,y, z}.
Provethat: a+b+c=>2x+y+z

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution 1 Mohamed Amine Ben Ajiba-Tanger-Morocco

Assumethat: a>b>c, x>y >z Wehave: a>x andz > c (1)
(@a+b+c0)—(x+y+2) = (a 1)+ b_4 +z(c 1)>
a c x+y =x(3 yy p >
t—1 > In(t), Vt>0.

> x.ln (;) +y.ln (g) +z.ln (g) =(x—yin (g) +y.ln (%) —zln (;)

abc = xyz (6))

~

= (x—yln (g) +(y—2).ln (;) S 0 and the proof is complete.

Solution 2 by Marian Dinca-Romania
leta>b>cx>y=>z
a=zxc<z
a+b+c—x—-y—-z=Ax+By+Cz—x—-y—z

Let£=A21,
a

< I

=BE=C§1:%A—1M+(B—1W+(C—Dz=

=A-Dx-y)+(A-1+B-1)(y—-2)+(A—-1+B-1+C—-1)z=>0
1

ABC=1AB=,21

A-120A-1+B-1=A+B-2>2JAB-22>0
A-1+B-1+C-1=A+B+C>3VABC-3=0
Solution 3 by Hikmat Mammadov-Azerbaijan
We mayassumea = b = cand x = y > z then
loga > logx
loga +logb >logx +logy
loga +logb +1logc >logx +1logy +logz

Now with majorization principle (Hardy-Litllewood-Polya inequality)
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eloga + elogb + elogc > elogx + elogy + elogz

a+b+c=>2x+y+z
1099. Let 1 > 0 fixed. If a,b,c > 0,a®> + b*>* +c* =1

then find min and max of:

P=1\a+2b%+b+ Ac? +c + Aa?
Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have :

CBS CBS
P 2 fBla+b+c+A(a®+b?+c2)] < \/3[\/3(a2+b2+c2)+/1]

= /3(\/5 + 2).
. . V3
So the maximum value of Pis [3(V3+ 1) fora=b= €=

Also we have : P? = Z(a + Ab?) + Zz J(a+ ab2)(b + Ac?) >

cyc cyc
ab,cz0 O0<abc=s1
S Data+2) Varb S Y@ +a+2Va) B2 =(1+VD)
cyc cyc cyc cyc

So the minimum value of Pis 1 + ﬁfor a=1and

b = ¢ = 0 and their permutation.

1100. If x,y,z € [0, g) then:

ZZ inx(4 2 ) <1—[(1+sinx)
exp 3 sinx cos“x) | < 1 sinx

cyc cyc

Proposed by Daniel Sitaru-Romania
Solution by Ravi Prakash-New Delhi-India
0 Sx<§—>0§sina< 1. Denote a = sinx.
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l (1+a)—2 +2 34...>2 +23—2(3 + a?)
ogl_a—aga _aga—gaa
1+ sinx 2 2
log (—) > —(3sinx + sin3x) = =sinx(4 — cos*x)
1-sinx 3 3
1+ sinx - 2 “ 2y)
1 sinx > exp 3 sinx cos“x
1+ sinx - 1—[ 2 “ 2y)
1 sinx > exp 3 sinx cos“x
cyc cyc

cyc

1+sinx> ZZ inx(4 2y)
——>ex —sinx(4 — cos“x
1-—sinx P 3
cyc

Equality holds forx =y =z = 0.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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