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Abstract. In this paper it’s presented a simple proof for Lehmer’s inequality,
corollaries and applications.

LEHMER’S INEQUALITY:
If a, b, x > 0 then:

(1) 0 < log
(

1 +
x

a

)
log
(

1 +
b

x

)
<
b

a

Proof.
Lemma.
If x > 0 then:

log(1 + x) < x

Proof of lemma.

Let be the function f : (0,∞)→ R; f(x) = log(1 + x)− x, then

f ′(x) =
1

1 + x
− 1 =

−x
1 + x

< 0⇒ f - decreasing

For x > 0:

sup f(x) = lim
x→0+

f(x) = lim
x→0+

[log(1 + x)− x] = 0⇒ f(x) < 0, > 0.

By Lemma:
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(3) 0 = log 1 < log
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)
<
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x

By multiplying (2) and (3):
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Corollary 1.
If a, b > 0 then:
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1 +
1

a

)
log(1 + b) <

b

a

Proof.
We take x = 1 in (1). �
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Corollary 2.
If a, b > 0 then:
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Proof.
We take x =

√
ab in (1):
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Application 1.
If a, b > 0 then:

e2
√

b
a > 1 + 2

√
b

a
+
b

a

Proof.
By Lemma:

log(1 + x) < x⇒ ex > 1 + x, ∀x > 0

(4) e
x
a > 1 +

x

a
;

(5) e
b
x > 1 +

b

x

By multiplying (4) and (5):

e
x
a · e b

x >
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)
(6) e

x
a+ b
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;

For x =
√
ab in (6):
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Application 2.

Ω = lim
x→∞

log
(

1 +
1

x4

)
log(1 + x2) = 0
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Proof.
By (1):

0 < log
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)
log
(

1 +
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1
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<
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· x2 =

1
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0 < log
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Therefore,

0 ≤ lim
x→∞

log
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)
log(1 + x2) ≤ lim
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1

x2
= 0

Ω = lim
x→∞

log
(

1 +
1

x4

)
log(1 + x2) = 0

�

Application 3.

Ω =

∞∑
n=1

log
(
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n4

)
log(1 + n2) <

π2
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Proof.
By (1):

0 < log
(

1 +
1

n4

)
log(1 + n2) <

1

n4
· n2 =

1

n2

Ω =

∞∑
n=1

log(1 +
1

n4

)
log(1 + n2) <
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n=1

1

n2
=
π2
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ISBN 978-606-94524-1-7
[22] Daniel Sitaru, Fenomen Analitic. Cartea Românească Educational Publishing House, Piteşti,
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Românească Publishing House, Piteşti, 2018, ISBN 978-606-94524-6-2
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[43] Daniel Sitaru, Mihály Bencze, Marian Ursărescu, Olympic Mathematical Energy. Studis Pub-
lishing House, 9/786074/800213
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