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ABSTRACT. In this paper it’s given a simple proof for the famous Wang’s
inequality and a few applications.

WANG’S INEQUALITY:
If £ > 0,z # 1 then:

(1) logz < n({/z—1) < Yzlogz;n € Nyn > 1
Proof.

Let be the function f : (0,00) — R, f(z) = logz — n{/x — n, then
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flz) <0 _ logz —ny/xr—n<0 N n({/x —n) > logx
logx—n+%\/5>0 Yrxlogx >n(Yzx —1)

Application 1.
If 2,9,z > 0 then:

zyzexp(3n) < exp({/x + {/y+ {/z);n € N*

Proof.
By (1):
(2) logz < n({/z —n);
(3) logy < n(3/y —n);
(4) logz < n(¥/z —n);

By adding (2), (3) and (4):
logz +logy +logz < n({/z+ /y+ Vz) —3n
log(zyz) < n(Vx + /y+ Vz) —3n
zyz <exp(n(Yx+ Yy + Vz) — 3n)

zyzexp(3n) < exp(¥z + Yy + V/z);n € N*
Equality holds for x =y =2 = 1.

Application 2.

If z,y,2 > 0;m,n,p € N* then:
w3 exp(m + 1+ p) < exp(n ¥z +m V7 + pi/a)

Proof.
By (1):
(5) logz < ni/x—mn;
(6) logz <m ¥z —m;
(7) logz < p/x —p;

By adding (5), (6) and (7):
3logx < ni/x +m ¥z + p{/r — (m+n+p)
log(2®) < ni/x +m ¥/x +pYx — (m+n+p)
2* <exp(nYx +m ¥z +pfx— (m+n+p))

z3 exp(m +n +p) < exp(n ¥z +m ¥z + px)
Equality holds for x = 1.
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Application 3.
If z,y,z > 0,n € N* then:

e <1+1+1)>e (3n)
zyzexp| n( - > exp(3n

Proof.
By (1)

n(Va —1) < Yrlogx
(8) logx2n<1—%ﬁ);
(9) logy 2(1 - \}y>
(10) log22n<1—%ﬁ>;

By adding (8), (9) and (10):

1 1 1
log(zyz) > n(3 s + v + %)

1 1 1
ryz > exp| 3n — n( + + )

1 1 1
TYZz exp (n( + + ) > exp(3n)

Equality holds for x =y =2 = 1.
Application 4.

If x > 0;m,n,p € N* then:
myz+n{r+pYr<m+n+p+(m¥z+nYr+pYz)logx

Proof.
By (1):
(11) n(Yz—1) < Yxlogw;
(12) m(WE - 1) < Yaloga;
(13) p(Yr —1) < Yzlogx;

By adding (11), (12) and (13):
m ¥z +nc+pYfr—(m+n+p) < (m¥z+ne+pr)loga

my¥r+n{r+pdr<m+n+p+(m¥Vr+ni/x+pJr)logz
Equality holds for x = 1.
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Application 5.

Prove without any software:

V33 —1log3) <3

Proof.
Replace x =n =3 in (1):

3(V3—1) < V/3log3
3V/3—V3log3 <3
V3(3 —log3) < 3

(Il
Application 6.
Prove without any software:
22 —log2 > 2
Proof.
Replace © =n =2 in (1):
log2 < 2(V2 —1)
log2 < 2v/2 -2
2V/2 —log2 > 2
O
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