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Abstract. In this paper it’s given a simple proof for the famous Wang’s

inequality and a few applications.

WANG’S INEQUALITY:
If x > 0, x 6= 1 then:

(1) log x < n( n
√
x− 1) < n

√
x log x;n ∈ N, n ≥ 1

Proof.

Let be the function f : (0,∞)→ R, f(x) = log x− n n
√
x− n, then

f ′(x) =
1

x
− n · 1

n
· x 1

n−1 =
1− n
√
x

x

f ′(x) = 0⇒ 1− n
√
x = 0⇒ 1 = n

√
x⇒ x = 1

lim
x→0+

f(x) = lim
x→0+

(log x− n n
√
x− n) = −∞

lim
x→∞

log x− n
n
√
x

= lim
x→∞

1
x

1
nx

1
n−1

= lim
x→∞

n

x2− 1
n

= 0

lim
x→∞

f(x) = lim
x→∞

(log x− n n
√
x− n) = lim

x→∞
n
√
x
( log x− n

n
√
x

− n
)
=∞(0− n) = −∞

M = sup
x>0

f(x) = f(1) = −n− 1 < 0

f(x) < 0,∀x > 0, x 6= 1

Let be g : (0,∞)→ R, g(x) = log x− n+ x−
1
n , then

g′(x) =
1

x
− 1

n
· x

1
n

x
=

n− n
√
x

nx

g′(x) = 0⇒ n− n
√
x = 0⇒ x = nn

g(nn) = log(nn)− n+ (nn)−
1
n =

1

n
> 0

lim
x→∞

g(x) = lim
x→∞

(
log x− n+

1
n
√
x

)
=∞

lim
x→0+

log x

x−
1
n

= lim
x→0+

1
x

− 1
nx
− 1

n−1
= −n n

√
0 = 0

lim
x→0+

g(x) = lim
x→0+

(
log x− n+

1
n
√
x

)
= −n+ lim

x→0+

n
√
x log x+ 1

n
√
x

= −n+
1

0+
=∞

m = inf
x>0

g(x) = g(nn) =
1

n
> 0⇒ g(x) > 0
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f(x) < 0

g(x) > 0
⇒

{
log x− n n

√
x− n < 0

log x− n+ 1
n
√
x
> 0

⇒

{
n( n
√
x− n) > log x

n
√
x log x > n( n

√
x− 1)

�

Application 1.
If x, y, z > 0 then:

xyz exp(3n) ≤ exp( n
√
x+ n
√
y + n
√
z);n ∈ N∗

Proof.
By (1):

(2) log x ≤ n( n
√
x− n);

(3) log y ≤ n( n
√
y − n);

(4) log z ≤ n( n
√
z − n);

By adding (2), (3) and (4):

log x+ log y + log z ≤ n( n
√
x+ n
√
y + n
√
z)− 3n

log(xyz) ≤ n( n
√
x+ n
√
y + n
√
z)− 3n

xyz ≤ exp(n( n
√
x+ n
√
y + n
√
z)− 3n)

xyz exp(3n) ≤ exp( n
√
x+ n
√
y + n
√
z);n ∈ N∗

Equality holds for x = y = z = 1. �

Application 2.

If x, y, z > 0;m,n, p ∈ N∗ then:

x3 exp(m+ n+ p) ≤ exp(n n
√
x+m m

√
x+ p p

√
x)

Proof.
By (1):

(5) log x ≤ n n
√
x− n;

(6) log x ≤ m m
√
x−m;

(7) log x ≤ p p
√
x− p;

By adding (5), (6) and (7):

3 log x ≤ n n
√
x+m m

√
x+ p p

√
x− (m+ n+ p)

log(x3) ≤ n n
√
x+m m

√
x+ p p

√
x− (m+ n+ p)

x3 ≤ exp(n n
√
x+m m

√
x+ p p

√
x− (m+ n+ p))

x3 exp(m+ n+ p) ≤ exp(n n
√
x+m m

√
x+ p p

√
x)

Equality holds for x = 1. �
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Application 3.
If x, y, z > 0, n ∈ N∗ then:

xyz exp

(
n
( 1

n
√
x
+

1
n
√
y
+

1
n
√
z

))
≥ exp(3n)

Proof.
By (1):

n( n
√
x− 1) ≤ n

√
x log x

(8) log x ≥ n
(
1− 1

n
√
x

)
;

(9) log y ≥
(
1− 1

n
√
y

)
;

(10) log z ≥ n
(
1− 1

n
√
z

)
;

By adding (8), (9) and (10):

log(xyz) ≥ n
(
3− 1

n
√
x
+

1
n
√
y
+

1
n
√
z

)
xyz ≥ exp

(
3n− n

( 1
n
√
x
+

1
n
√
y
+

1
n
√
z

))

xyz exp

(
n
( 1

n
√
x
+

1
n
√
y
+

1
n
√
z

))
≥ exp(3n)

Equality holds for x = y = z = 1. �

Application 4.

If x > 0;m,n, p ∈ N∗ then:

m m
√
x+ n n

√
x+ p p

√
x ≤ m+ n+ p+ (m m

√
x+ n n

√
x+ p p

√
x) log x

Proof.
By (1):

(11) n( n
√
x− 1) < n

√
x log x;

(12) m( m
√
x− 1) < m

√
x log x;

(13) p( p
√
x− 1) < p

√
x log x;

By adding (11), (12) and (13):

m m
√
x+ n n

√
x+ p p

√
x− (m+ n+ p) ≤ (m m

√
x+ n n

√
x+ p p

√
x) log x

m m
√
x+ n n

√
x+ p p

√
x ≤ m+ n+ p+ (m m

√
x+ n n

√
x+ p p

√
x) log x

Equality holds for x = 1. �
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Application 5.
Prove without any software:

3
√
3(3− log 3) < 3

Proof.
Replace x = n = 3 in (1):

3(
3
√
3− 1) <

3
√
3 log 3

3
3
√
3− 3
√
3 log 3 < 3

3
√
3(3− log 3) < 3

�

Application 6.
Prove without any software:

2
√
2− log 2 > 2

Proof.
Replace x = n = 2 in (1):

log 2 < 2(
√
2− 1)

log 2 < 2
√
2− 2

2
√
2− log 2 > 2

�
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[11] Daniel Sitaru, Claudia Nănuţi, Mathematical Lessons. Ecko – Print Publishing, Drobeta
Turnu Severin, 2013, ISBN 978-606-8332-47-5
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[13] Daniel Sitaru, Claudia Nănuţi, Mathematics Olympics. Ecko – Print Publishing, Drobeta

Turnu Severin, 2014, ISBN 978-606-8332-51-2
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cational Publishing House, Piteşti, ISBN 976-606-94591-0-4
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[44] Daniel Sitaru, Marian Ursărescu, Olympiad Problems Geometry, Volume I. Studis Publishing

House, 9/786164/801489
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