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Problem. Prove that
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where G is the Catalan’s constant defined as G = E ﬁ and Lix(z) = E x_k is a polylogarithm
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function.
Solution. Before showing the result, we needs to state the following proposition on which the Catalan’s
constant appears.

Proposition. We have
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Proof. Applying the geometric series Z 2" = T, Ve get by integrating by parts
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Now, let J:/ Mdm. So we have by substitute ¢ = _x7 dt = ————— dz in result (1).
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Now, we need to evaluate the integral / L(x) x
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Indeed, we have
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Let J,(z) = / % dz, a € IR*. Integrating by parts, we get
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Because J,(0) =0, Ya, we thus have
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It is known that Lis(—1) = —3¢(2), to provide the value of Liy(—3) we use the property of the dilogarithm
function Lip(1 — u) + Lis (1 — 1) = —1log®(u) for u = 1. So we have Lio(—3) = —Li, (3) — 21og*(2).

Hence
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