CRUX MATHEMATICORUM CHALLENGES-(VII)

DANIEL SITARU - ROMANIA

4679. Let (xn)n>1 be a sequence of real numbers such that
T = %,wz = % and for n > 2,

2NTpt1 Tpn—1 = M+ 1Ty - Tpe1 + (0 — D)Xy - Ty

lim (g + mn)nwn

n— oo

Find

Proof.

The answer is e’%, which is about 0.86230.

Let y, = % Then y; = 7,y2 = 10 and 2y, = yn+1 + Yn—1, so that y, = 3n + 4,
an arithmetic progression with common difference 3. Hence

n 1
TS ta 3
and
- n? 1 4n?
T ’(E) (3(3n+4)2)’
where u,, = m. Therefore

2

2 ne, ‘;#
lim <§ + xn) = lim [(1 _ Un)ﬁ} 8@Bn+H? _ (6_1)2&7 — e

n—oo

S

B104. Find all real roots of the equation:
52° — 922 — 152 +3 =0

Proof.

52 — 927 — 152 +3 =0

523 — 92% — 152 + 3 + 5(3x — 2%) = 5(3x — 2*)
3 — 922 =53z — 2?)

3(1 — 32%) = 5(3z — 2%)
Let’s observe that x = :t? are not solutions, so we can divide by 1 — 322 the
equation:

3r—2° 5

(1) = -

1—-322 3
rer{ )+ @ac(-5.50\{+5}
r =tana
1
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3tan o — tan® « 5

1—3tan’a 3
= 3a G{ arctang + krlk € Z}

1 5 km T T T

k=0= ! rctan 2 = t (1 t 5)
= 1 = — arctan — xr1 = tan| — arctan —
173 3 ! 3 3

(1) <
)
tan3a = -
anda = g

1 5 1 5 m
k:1:>a2:garctanf+§:>x2:tan<§arctanf+f)

3 3 3
k=—-1=a«a —larctané—zix —tan(larctan§—z>
- 273 33 77T 3 33

O

B107. In AABC (a,b,c - sides; s - semiperimeter; r - inradii) the
following relationship holds:
a b c 10872

>
\/s+b+\/s+c+\/s—|—a “avs+b+bys+c+eyst+a

Solution 1 by proposer.

() () ()

cyc

() () (o)

cyc cyc cyc

HOLDER (Z\f \/\/7 \/a m)

cyc

3
= (Z(%)?’) =(a+b+c)?

cyc

() (5) () ()

o

cyc cyc

9 MITRINOVICI

=4s > 4(3v/3r)% = 10872
aV's+b |> 10812
Z 108’1"
e Vs +b chc avs+b
a b c 10872

+ + 2
Vs+b Vs+c Vsta avs+bd+by/stctcesta
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Solution 2 by Marin Chirciu - Romania.
Inequality can be written:

a b c
b+b > 10872
<\/s+b+\/s+c+\/s+a>(a\/8+ +bVs+c+cevs+a) > 108r

Which results by CBS:

a b ¢ N W N gs
(\/s+b+\/8+c+\/8+a>(a sHbFbvstetevsta) 2

€]
> (a+b+c)? =4p* > 108r%, where (1) & 4p* > 108r? < p? > 2772, (Mitrinovici).

Equality holds for an equilateral triangle.
O

B120. If z,y,z € (0,1);zy + yz + zx = 1 then:
(1+2*)(1+y% n (1+y*)1+2%) (1+Z2)(1+w2) S 48

w2y2 Y 2,2 222 - 2 + y2 + 22

Solution 1 by proposer.
Lemma 1:
In AABC the following relationship holds:
C

A B
tan? B + tan? 5 + tan? 5 >1

Proof. Let be f:(0,7) = R; f(x) = tan® £

sin £ 1
f(z)= cos® £ . f"(x)= m > 0; f convexe

A A+B+C
Ztan2 Bl > 3 tan? ; =

cyc

- 3tan2(%> - 3-(%)2 —1

By Jensen:

Lemma 2:
In AABC the following relationship holds:

1 1 1

+ + = -
sin? 5 sin g sin? Q sin % sin? % sin

Proof.

ac - ab
Ey: TR e DY ey e o ey e

2 2 cyc

abe a
_(s—a)(s—b)(s—c)'%;s—a_

abe

= a0 o s =

cyc
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4RFs?
_ ARl Z(a32 —as(2s — a) + abc) =

= —%4
cyce
4Rs>
= S (%5 — as? + abe) =
3
F cyc
4Rs? ( 9 )
T F . 2e2 SZ‘L -5 Za+3abc =
Fors cyc cyc
4R
= ﬁ(s -2(82 _,r2 _4RT) _ 283 + 12RF) _
r
4R ,_ 4 9 5
:Tﬂ(23 — 2sr* — 8Rrs — 2s° + 12RF) =
4
= Fifg(*?rFf8RF+12RF) -
4R 4R(4R — 2
= —(~2r —8R+12R) = # _
r r
. 8R(2R—T) EU;ERS-QT-(Q-QT_T) B
N r2 = 2 =
167 -3r 4872
= T = 7,.2 = 48

Back to the main problem:
z,y,2 € (0,1) = (F)a, B,y €<0, %);

r =tanq;y = tan f3;z = tan~y
1—-yz
xyt+yztze=1=zay+z)=1l—-yz=2=
Y+ z

1-tanftany
tan 5 + tany

tana = tan( — (5+7)) = a =7~ (8+7)
Denote: A =2a;B =23;C =2y

tano = = tana = cot(8 + )

A B C
«a 276 277 21 + + Y
t A t t ¢
=tan —:y = tan —: z = tan —
T 5y 5% 5
LA 22, B oyt O 27
SinT — = ——— ST — = ——— ;S — =
2 1+a? 2 1+y? 2 1+22
(L+a®)(1+y’)  (+y)(1+2°) (1+25)(1+a%) 48
222 Y222 2242 S iy 2

& (Zx2><z(1+x;g;12+y2)>248

cyc cyc
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o (ZtaHQ g) : (Z 1) > 4

cyc cyc 1+x2  1+y2

A 1
& tan® = |- - ]>48
(Z an 2) (Zsin%xsng)—

cyc cyc

By lemma 1 and lemma 2:

A
1 20 >
(1) Ztan 5 >1
cyc
(2) P
v sin? g sin? g -

By multiplying (1); (2):

A 1
tan® = |- — 5 | =48
(w3 ) (S s )?

cyc

w
S

Equality holdsif A=B=C=%=z=y=2=
Solution 2 by Marin Chirciu - Romania.

B C
In the identity Z tan 5 tan 5 = 1 replace:

( ) (t A an B C)
= —_— n —_— —
T,Y, % an —,tan o, tan o
> 1+ +2%) 3 (1+tan? Z)(1 + tan? &) _
Y222 tan? g tan? %
_Ysin®§  1-57  8R(2R-1)
[sin® 4 % r2
A (4R +7)?
2 2, .2 2
T +y +z :Ztan 5:])7272
Inequality can be written:
8R(2R — ) 48 S8R(2R—1) [(4R +1r)?
r2 = (R+r)? = r2 ' P2 - 2} > 48

p2

Which results by Blundon-Gerretsen:

pQSR(4R+r)2
2(2R—r)
Remains to prove:
SR(2R —7) | (4R +1)? R(2R—r) [2(2R—r
CR=DUR 1 ], g RER=1) 2000 ) g,
2@R=T)

S 2R-r)(R—-r)>r? e 2R? - 3Rr—2r> >0 (R—2r)2R+7) >0,



6 DANIEL SITARU - ROMANIA

obviously by Euler R > 2r.
Equality holds by an equilateral triangle. In the initial inequality the equality holds

for:

S
H
Ned
H
™
H
Sl
(o8]

B124. In AABC the following relationship holds:
a* bt
— 4 — + — > 14478

Wq Wy We

(wg, wp, we - internal bisectors; r - inradii)

Solution 1 by proposer.

2be A 2Vbe
= S — = — < —
Wa = 3,08 b+c\/s(s a) < /s(s —a)

2V ) o< (VE— Vo)

because
b+c

w, < 4/$(s — a) and analogous:
wp < 4/ 8(s —b);w. < \/s(s—c)

(wa +wy +we)* < (v/s(s —a) + V/s(s = b) + /s(s — ¢))* <

CAUCHY-SCHWARZ
< (12+12+1%)(s(s—a) +s(s—b) +s(s—¢)) =

=3(3s2 —s(a+b+c)) = 3(3s% — 5 - 25) = 35>

3
(wq +wp +we)? < 3s% = Z(a+b+c)2 <

9
(3a® + 3b* + 3¢%) = Z(a2 + 0% +2)

3
Wa + wy + we < 5\/a2+b2+02

4 4 4 2)2 22 2)2
a b c a b c
at B @) 0 (@)
Wy Wy We Wq Wy We
BERGSTOM (g2 + b2 + )2 (D (a® +b* + ¢?)

> > =
Wo +wp +we — 3v/a? + 02+ 2

2 WEITZENBOCK 2
= (a® +b* +c?) > §(4F\/§)% =

3
2 MITRINOVICI 9
= §(4\/§r5)% > 5(4\/57“ - 3V3r)? =

]

<

3
2

[\

6r° = 14473

3

(36r2)2 = = - (6r)> = = - 21

[SUIN N
w

[SVRN )

Equality holds for a = b = c.
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Solution 2 by Marin Chirciu - Romania.
By Bergstrom’s inequality:

4 cs 2)2 aZ a 2)2 L b
LHS — Z i > (Z a ) m >u) (Z a ) euenberger
wa

2 S wn S S, >
L (@ _ (20 — 1 — 4Rp))? Gertsen
~ 4R+ 4R +r -
4(16Rr — 512 — r? — 4Rr)? _ 4(12Rr — 612)2 _ 4 36r2(2R —r)? (;) 14473
- 4R+ r 4R+r 4R+r - ’
2 2
where (1) & i 3621%(2_'_RT_ r) > 1441 & 2R —7r)? > r(4R+ 1) &

4R* —4Rr +1* > ARr +1? & R > 2r, (Euler).
Equality holds for an equilateral triangle.

Remark.
The problem can be generalized:
In AABC: ) ) )
a7 P S gnnet e
We Wy W
Proposed by Marin Chirciu - Romania
Proof.
By Hoélder:
a?n Ccs (Z a2)n Ma>Wa (Z a2)” Leuenberger
LHS = _— > = > e >
Z we T 32w, T 323 m, =
(Z a2)n B (2(p2 —r2 4Rr))” Gerr>etsen
T 3" 24R+r) 3" 24R+r) -
2"(16Rr — 5r2 —r? —4Rr)"  2"(12Rr — 6r%)"
- 3n=2(4R + ) 3" 2(4R+ )
2" (6r)"(2R—r)™ (V) on1
= > 12™p°"
3"2(4R+r) - '
2" - (6r)" (2R —r)" 2n—1 (6r)"(2R —1)" 2n—1
h 1) < > 120" — > 6" &
where (1) 3" 2(4R+r) — 3" 2(AR+r) —
(2R —1)" on—1 (2R —1)" 1 2R—r\» _ 4R+
—_— - >y e —— > @( ) > ,
3" 2(AR+r) — 3" 2(AR+1) 3 ) = or

Which will be proved by mathematical induction:

2R—r\" _4R+r
P :( ) > n €N,
O A
2R—r _ 4R+
P(1): > > 2r, (Euler).
(1) 3 = o & R > 2r, (Euler)
P(k) = P(k+1),k > 1it is equivalent with
2R — 4
P(1): R?,r ! > P;;rr < R > 2r, (Euler).

Equality holds for an equilateral triangle.
Note.

For n = 2 it’s obtained Problem B124 from Crux Mathematicorum, No. 48 (3),
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March 2022, proposed by Daniel Sitaru.

In AABC: P .
L b s
W Wy W
Proposed by Daniel Sitaru - Romania
Remark.
Problem can be developed:
In AABC: ) 2 )
I D St =S \
me My Mg
Proposed by Marin Chirciu - Romania
Proof.
By Holder:
2n og 2\ Leuenberger 2)n
Lis =y S (S tengesr (Sar
Mg 323" m, 3"=2(4R +r)
_ (2(p* — r? — 4Rr))™ Gerretsen 2™(16Rr — 5r% — r? — 4Rr)™
3"=2(4R +r) - 3"2(4R + 1)
_ 2"(12Rr — 612)" 2" (6r)" (2R —1)" (;) Lnp2n—1
3 2(4R+7r) 3" 2(4R+7) - ’
2" - (6r)" (2R — )" o1, (6r)"(2R—7)" on—1
h 1) < >12M Tt e e ————— > 6T &
where (1) 3" 2(4R+r) — 3 2(4R+r) —

(2R —r)" on_1 2R—nr)" 1 2R—r\» _ 4R+

— > e - > @( ) > ,

3" 2(4R+71) — 3" 2(AR+71) — 3 ) = or

Which can be proved by mathematical induction.
2R—r\" _4R+r
P :( ) > ,
W\ =5—) 29 "
2R — 4
P(1): R?,r ! > P;:—r < R > 2r, (Euler).
P(k) = P(k+1),k > 1it’s equivalent with
2R—7r _ 4R+r
: >
3r  —  9r
Equality holds for an equilateral triangle.

e N*.

P(1)

< R > 2r, (Euler).

O
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