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Proposition 1. If a€ R, f,g,h:R — Rare continue functions with fand godd and &

even, then ]l. f(x)- ln(l +ef™ ) arctg(h(x)ﬁx = j. f(x) g(x)arctg(h(x))dx

Proof. [= If(x) ln(l +efW )arctg(h(x))dx, and putting x=u(t)=—t,u'(t)=-1

u(a) =—a, u(—a) = a we obtain

= j F0)In(1+ 2 Jarctg(h(—x)x = - j F)In(1 + e Jarctg(h(x) ix =

g()

—J‘f(x) ln( e Jarctg(h(x))dx =— jf(x) In(l +e5™ )arctg h(x))dx +
+ j f(x)g(x)arctg(h(x))dx =1 +2- j f(x)g(x)arctg(h(x))dx, so

1= J‘f(x)g(x)arctg(h(x))dx, g.e.d.

Proposition 2. If a,hb e R, a<b,c € R, iar f : R — R, is continue, then Si se calculeze:

b

e/ (f(x - a))e b-a
C e (fx—a) + e/ (fb-n)e 2

1
b f(x-a) _ R
Proof. [ = ¢ (f(x a)) —dx , where we putting

2o (f(x—a))e +e" O (f(b-)e

x=u(@)=a+b—t,u'(t)=—-1Lu(a)=b,u(b) = a and we obtain

b

. f(””"’)(f(a+b—x—a))l-
e/ (f(atb—x—a))e +¢/ I (f(b—a—b+x)e

1dx=
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.[f e (f(b — X))% dx , so
L (f (b)) e (f(x-a):

a |-
a |-

"=b—a, hence

21 = I+I—b e’ a)(f(x a)) e’ X)(f(b x)) dx:j)-dx:x
e/ (f(x—a))e +e " (F(b—))e

| —

Proposition3.I1f ae R, , b,c € (l,oo) and f,g:R — R are continue and odd, then

T F()In(B# + 5O ) = ln(bc)j‘ F(0)g(x)dx .

Proof. /= If(x) ln(bg(x) +cf™ )dx, where we putting x = u(t) = ¢,

u'(t) =-1u(a) = -a,u(-a)=a, so

-a B B a bg(x) +Cg(x)
= [- F@OmE= + O k-1ydr = fn = =

=]+ j F(x0)In(be)* P dx = -1 + ln(bc)jﬂ f(x)gx)dx (1)

Also we have (fg)(—x)= f(—x)g(-x)=—f(x)(—g(x))=(fg)(x), i.e. fg:R—> R, is even —

so by (1) we obtain 2/ = ln(bc)]z‘(fg)(x)dx = 2ln(bc)ff f(x)g(x)dx, hence

= In(bo) [ £ (x)g(x)dx.

Proposition 4. If a,be R, a<b and f: R — R is derivanble with the derivative continue
and g: R —> R, issuchthat f(a+b—-x)= f(x),g(a+b—-x)g(x)=1,Vx e R, then

j[ ZAC . f(x)ln(1+g(x))jd == I SG)+ f()Ing(x) .

1+ g(x)

Proof. f(a+b—x)= f(x),VxeR,so: f(a+b—x)=—f"(x),VxeR.
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I= j( S ) + f'(x)In(1+ g(x)) dx, where we putting
"1+ g(x)

x=u()=a+b—-t, u'(t)=-1u(a)=>b,u(b) =a , therefore

]:_T(M+f'(a+b—t)ln(1+g(a+b—f)))d =

\1+gla+b-1)
:i f(x) ~ f(x )ln( ! ] t =
e L g(x)
g(x)
zj‘ ];(x)g(x) —f’(x)ln(1+ g(x))+ f'(x) lng(x)jdt.
A\ 1+g(x)
Hence,
2 - J‘((l +1i(x)()];(X) +f’(x)1ng(x)jdx=j(f(x)+f'(x)lng(x))dx' q.e.d.

Proposition 5. If a,be R,a<b and f,g,h: R — R are continue, such that

fa+b-x)=—f(x),gla+b—x)=g(x),h(a+b—-x)=—h(x),Vx € R, then

I f (x)(arctgg(x))ln(l +e'"™ )clx = %J‘ f(xX)h(x)arctgg(x)dx .

b
Proof. /= If(x)(arctgg(x))ln(l +e'™ )ix , where we make the changes
x=u(@®)=a+b—-t, u'(t)=-1Lu(a)=b,u(b)=a,then
I= —I f(a+b—-1t)arctgg(a+b- t))ln(l + et )it =
b

h(x)

= —j f (x)(arctgg(x))ln(l +e " )ix =— J‘ f (x)(arctgg(x))ln T)dx =

= —J‘ f (x)(arctgg(x))ln(l + "™ }lx + I f (x)(arclgg(x))h(x)dx .
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b
Hence, 2/ = j f(x)h(x)arctgg(x)dx, q.e.d

Proposition 6. If a,b € R: and f:R — R is continue and even, then

h S ()

J;bz +arctgx ++b* + arctg’x

Proof. Putting x = u(t) = —t, u'(t)=—-Lu(a)=—a,u(—a) = a, then

1 a
%:Eiﬂmﬂ'

I:a J () ,1x:_f f(=1)

.[ 2 4 2 2 4 2 (=)dr =
Zab” +arctgx +4/b" + arctg”x « b” —arctgt +/b" +arctg”t

| AU it

_J;bz —arctgt ++/b* + arctg’t

So,

dx =

21=1+1:ff@) !

1
+
e b* + arctgx +b* +arctg’x  b* —arctgx ++/b* + arctg’x
< 2(b2+w/b4+ tg’ )
_ J.f(x)‘ arctg”x =
-a (b4 +4/b* + arctgzx)z —arctg’x
2(b2 +4/b + arctgzx)

a L
O T v g 7 [ 0

hence:
I = ij.f(x)abc
b '

Proposition 7. If a eRi and f,g,h:R — Rare continue and odd and k:R — (1,) is
continue and even, then

[ 7m0y + (k)" Y = [ £ (g (@) + h(x) ) Ink(x)dx.

Proof. Putting x =u(t) =—t, u'(t) = -1,u(a) = —a,u(—a) = a, then
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I= j £ In((k ()% + (k(x))" Jix = j LIk (=0)2 + (k(=0))" " N=1)dt =

” s BTV IO (16 il (16)
= _J;f (x) ln((k(X) @ 4 (k(x)™ ))ix =— J; f(x)In x(k(x))g (x)+hi) dx =

=1+ j S In(k () dx = 1 + j F()(g(x) + h(x))In(k(x))dx,

so, 2] = j F(@)(g(x) + h(x))In(k(x))dx , and

f(=0)(g(—x) + h(=x) )In(k(—x)) = — £ (x)(— g(x) — h(x))In(k(x)) = £ (x)(g(x) + h(x))In(k(x)),
i.e. f(x)(g(x)+h(x))In(k(x))is even. Therefore,

21 = 2[ £(x)(g(x) + h(x))In(k(x))dx, 50 T = [ £(x)(g(x) + h(x))Ink(x))dx,

Proposition 8. If /: R — R is continue such that f(x)= f(1-x),Vx e R, then

VI-x +4/x
! L W fjf(x)dx
Proof. Let x =u(t)=1—1¢, u'(t) = —1,u(0) =1,u(1) = 0. Therefore,
N x+
= - d
1 j ST A jl \/—f( j 2(1_ f(t)t
Hence

x+41-x  Jx++1-x
dx =
2l = I[ 1++/2x 1+4/2(l—x)]f(X)x

0

: 1 !
_£<&+ﬂ)f<x)(1+@+1+m]dx_

24++/2x +4/2(1—x)
+1- .
#))- 1+4/2x +4/2(1 - x) +24/x(1 - x)

o'——.—‘

5 | RMM-ELEGANT,CLASSIC AND NEW IN INTEGRAL CALCULATION



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

:j Wx +1=0) fN2(2 +4x ++1-x)
? N2 x 1= x) #14+2x(1-x)

(G 10 f V22 +Vx +V1-x)

dx =

2 2(Wx +1-x)+ (x +41-x)

j\/i(\/_+f+ﬂ)f(x)
N S PR g

Proposition 9. If a,be R, ce R—{1} and f,g: R — Rare continue such that

dx =x/§'jff(x)dx.

fla+b—x)=cf(x),gla+b—-x)=—-g(x),VxeR, then

;ff(x) ln(l + et }lx = iiff(x)g(x)dx .

b
Proof. 1=jf(x)1n(1+eg(x>}zx, x=u(t)=a+b—t, u(a)=b,u(b)=a,u'(t)y=-1, then

1= jff(a +b—1t) 1n(1 4 g8 )(—l)dt = 'b[cf(t) 1n(1 PRI0) )it _

1+ 5"

—c j fOn=di = c- [r@m{+e e[ fo)nedr =
=cl—c- [ f()g(x)dx < (1-)] = —c- [ f(¥)g(x)dx <

s (e-Di=c- j F(X)g(x)dx o [ = j F(x)g(x)dx .
a c_l a

Proposition 10. If a, m € Ri si f:R — R is continue and odd, then

[EALSSET Y

1

% (1+x2”’ );
1 1

1
Proof. Putting x =u(?) = o u'(ty=——,u(a)=—, u(lj =a we obtain
t a a
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; :jf(ln2n+l )f) - jif(_ 1n2"! t)(_ijdt _

1
+x2'”)

1 \m
(th’"}

—

:j‘f( ln2n+llt)'izdt - _jff(anHf)d =—1,
é (1+t2’”)7 t %(1+t2’”)5
t2
Hence, 1 =0.
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