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By Thanasis Gakopoulos-Farsala-Greece 

Edited by Florică Anastase-Romania 

Introduction. I have compiled into an article some basic exercises then I have created, 

proved and published in the past. 

    These exercises have been used by me and other team members as auxiliary exercises-

lemmas-theorems to solve geometric problems. I think it is useful. 

1. GAKOPOULOS’ LEMMA or THEOREM: 
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Proof. 

∗ Δ���, �������� − (Menelaus th. ): 
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Application 1. 

��

��
=

��

��
⋅

��

��
 

Proof.  

⎩
⎨

⎧
��

��
=

��

��
⋅

��

��
⋅

��

��
 (���������� �ℎ. )

��

��
⋅

��

��
⋅

��

��
= 1 (���� �ℎ. )

 



 
www.ssmrmh.ro 

 � RMM-GAKOPOULOS’ LEMMAS AND THEOREMS 

 

��

��
=

��

��
⋅

��

��
⋅

��

��
⋅

��

��
 or  

��

��
=

��

��
⋅

��

��
 

 

Application 2. 
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2. GAKOPOULOS-BLATSIS formulae: 

�� ∥ ��, �� ∥ ��                                                    ���� ∥ ����, ���� ∥ ����� 

[����] =
��� �

�
(�� ⋅ �� + �� + ��); [��������] =

��� �

�
(���� ⋅ ���� + ���� + ����)  
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Proof. 

2[����] = 2[����] + 2[���] + 2[���] 

= [����] + [����] + [����] + [����] 

= [����] + [����] = 

=
sin �

2
(�� ⋅ ��) +

sin �

2
(�� ⋅ ��) 

Hence, 

[����] =
sin �

2
(�� ⋅ �� + �� + ��); 

3. �����-NEW CRITERION FOR CYCLIC QUADRILATERAL-(1) 

 

�� ∥ ��;   �� ∥ �� 

���� −is cyclic⇔ 

��� = �� ⋅ �� + �� ⋅ �� 

Proof.  

Let �� = �, �� = �, �� = ��, 

�� = �� 

(�) −circumcircle of Δ���. 

Plagiognal system: �� ≡ ��, �� ≡ �� 

�(0,0), �(�, 0), �(0, �), �(��, ��) 

 

(�): �� + �� + 2�� ⋅ cos � − �� − �� = 0;  (1) 

��� = ��
� + ��

� + 2���� ⋅ cos � ;   (2) 

���� −is cyclic⇔ � ∈ (�) ⇔ ��
� + ��

� + 2���� ⋅ cos � − ��� − ��� = 0 ⇔ 

��� = �� ⋅ �� + �� ⋅ �� 

4. �����-NEW CRITERION FOR CYCLIC QUADRILATERAL-(2) 

�� ∥ ��;   �� ∥ ��;  ���� − �� ������ ⇔ ��� � =
�

�
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+
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Proof.��� = �� ⋅ �� + �� ⋅ �� (����1);   (1) 

��� = ��� + ��� + 2�� ⋅ �� ⋅ cos � ; (2) 

���� −cyclic
(�)
�� ��� = �� ⋅ �� + �� ⋅ ��

(�)
�� 

��� + ��� + 2�� ⋅ �� cos � = �� ⋅ �� + �� ⋅ �� 

2�� ⋅ �� cos � = �� ⋅ �� − ��� + �� ⋅ �� − ��� 

2�� ⋅ �� cos � = ��(�� − ��) + ��(�� − ��) 

2�� ⋅ �� cos � = �� ⋅ �� + �� ⋅ �� 

 

5. �����-NEW CRITERION FOR CYCLIC 

QUADRILATERAL-(3) 

���� −cyclic⇔ 

�� =
�� ⋅ ��� �� + �� ��� ��

���(�� + ��)
 

Proof.(by Mansur Mansurov) 

�� = 2� sin �� ; (1)  �� = 2� sin �� ; (2) 

�� = 2� sin(�� + ��) ;  (3) 

���� −cyclic⇔ 

�� ⋅ 2� sin �� + �� ⋅ 2� sin �� = �� ⋅ 2� sin(�� + ��) 

⇔ �� =
�� ⋅ sin �� + �� sin ��

sin(�� + ��)
 

 

6. �����-NEW CRITERION FOR CYCLIC QUADRILATERAL-(4) 

���� − ������ ⇔ ��� � =
�

�
⋅

�� ⋅ �� + �� ⋅ ��

�� ⋅ ��
 

Proof. Let �� = �, �� = �, �� = �, �� = � 

Plagiogonal system: �� ≡ ��, �� ≡ �� 

�(0,0), �(�, 0), �(�, 0), �(0, �), �(0, �), �(��, ��) 
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From ����1, we have  ���� is cyclic⇔ ��� = �� ⋅ �� + �� ⋅ �� ⇔ 

��
� + ��

� + 2���� cos � = ��� + ��� ⇔ cos � =
1

2
⋅

�� + ��

��
 

⇔ cos � =
1

2
⋅

�� ⋅ �� + �� ⋅ ��

�� ⋅ ��
 

7. AREA OF CYCLIC QUADRILATERAL 

[����] = ��� ⋅
��� �

�
 

Proof. ��� = �� ⋅ �� + �� ⋅ ��( by ����1) 

[����] =
��� �

�
(�� ⋅ �� + �� ⋅ ��); (���������� − ������� ��������) 

�� = �� ⇒
[����]

��� =
��� �

�
 

[����] = ��� ⋅
sin �

2
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8. LENGTH OF ANGLE BISECTOR OF TRIANGLE 

�� =
��⋅��

��
 

Proof. From ����3, we have: 

�� =
�� ⋅ sin � + �� sin �

sin(2�)
= 

=
�� + ��

2 cos �
; (1) 

�� =
2�� ⋅ ��

�� + ��
cos � 

�� + ��

2 cos �
=

�� ⋅ ��

��
; (2) 

From (1) and (2):  �� =
��⋅��

��
 

9. CIRCUMRADIUS OF TRIANGLE 

�� =
��� + ��� − ���

�
 

Proof. From ����4, we have: 

cos � =
1

2
⋅

�� ⋅ �� + �� ⋅ ��

�� ⋅ ��
; (1) 

cos � =
��� + ��� − ���

2�� ⋅ ��
; (2) 

From (1) and (2), we get: ��� + ��� − ��� = �� ⋅ �� + �� ⋅ �� ⇔ 

��(�� − ��) + ��(�� − ��) − ��� = 0 ⇔ 

�� ⋅ �� + �� ⋅ �� − ��� = 0 ⇔ 

��� − �� + ��� − �� − ��� = 0 ⇔ �� =
��� + ��� − ���

2
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10. PERPENDICULAR CRITERION 

� ∈ ���� �, �� ∥ ��, �� ∥ �� 

�� ⊥ �� ⇔
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Proof. From ����2, we have: 
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11. LINE PASSES THROUGH THE INCENTER OF TRIANGLE 

�, �, � − ��������� ⇔ �
�
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−
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��
� + �

�

��
−
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��
� =

��

�� ⋅ ��
 

Proof. 

��� = ��� = ��� = ��� = � 

∢���� = �, 

Δ����: sin(����) =
�

�
 

� =
�

�
⋅

1

sin �
=

�� sin � ⋅ 1/2
�����

�
sin �

 

� =
��

� + � + �
; (1) 

 

�
Δ����~Δ���
Δ����~Δ���

⇒ �

��
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=

�

��
��
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=

�

��

⇒
�
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= 1; (2) 

�, �, � − collinear ⇔
�
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+

�

��
= 1 ⇔

1
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+

1
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=

1
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1

��
+

1

��
=

�� + �� + ��

�� ⋅ ��
⇔

1

��
+

1

��
=

1

��
+

1

��
+

��

�� ⋅ ��
⇔ 

�
�
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−

�

��
� + �

�

��
−

�

��
� =

��

��⋅��
 

12. LINE PASSES THROW 

CIRCUMCENTER OF TRIANGLE 

�, �, � −collinear⇔ 

��

��
=

�(� − � ��� �)

�(� − � ��� �)
⇔ 

��� � =
��(�� − ��)

���� − ����
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Proof. 

Let �� = ��, �� = ��. From Plagiogonal system theory, we have: 

��� =
���

�� + ��
 

��� =
���

�� + ��
 

��� =
� − � cos �

2 sin� �
 

��� =
� − � cos �

2 sin� �
 

�, �, � − collinear ⇔
���

���
=

���

���
⇔

���

���
=

� − � cos �

� − � cos �
⇔ 

��

��
=

��

��
= �(� − � cos �)/�(� − � cos �) ⇔ cos � =

��(�� − ��)

���� − ����
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