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Introduction. / have compiled into an article some basic exercises then | have created,

proved and published in the past.
These exercises have been used by me and other team members as auxiliary exercises-
lemmas-theorems to solve geometric problems. | think it is useful.

1. GAKOPOULOS’ LEMMA or THEOREM:
Ps BM AP AC

Or

PS QA _BM (A
SQ AP MC AB

Proof.
* APQR, AST — (Menelaus th. ):
SP TR AQ
Rl R PR C)
SQ TP AR
PR || BC ap _ 4B AR = AP - AB - AC 2
* =5 — = = . . .
AR AC ;@)
SP MC AQ PS _ BM AP AC

—_—_— =S — = — —« —
AP PQ _MC 4B 40 ™"
AB

From (1)and (2) :@m
PS Q4 _ BM CA
SQ AC MC AB

Application 1.

PS PB AC
SQ  QC 4B
Proof.
PS BM AP AC

—=——— (Gak los th.
SO~ MC AB AQ(aopouos )

BM CQ AP i
MC QA PR~ \EVEHH
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PS AQ PB AP AC

SQ _cQ 4P 4B ag°

PS _PB AC
SQ QC AB
Application 2.
a8 = ac;ES PS PB
SQ QC
Proof.

PS PB ACAB Ac PS PB
SQ QC AB SQ QC

2. GAKOPOULOS-BLATSIS formulae:
DE | AB,DF || BC

B E C

sin B sin B
[ABCD] = T(BCBF+BA+BE), [AlBlClDl] =T(BIC1 . BlFl +BlA1 +BlE1)
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Proof.

2[ABCD] = 2[BFDE] + 2[ECD] + 2[ADF] ~ p_o-=========-
— [BFDE] + [DPCE] + [BFDE] + [AQDF]
= [BCPF]+[ABEQl = P NO -

sin B sin B
:T(BC-BF) +T(BA-BE)

Hence,

sin B
[ABCD] =T(BC-BF+BA+BE); B

3. NCCQ1-NEW CRITERION FOR CYCLIC QUADRILATERAL-(1)

DE || AB; FD || BC
ABCD —is cyclice
BD?* = BC - BE + BA - BF
Proof.
Let BC = a,BA =c,BE =d;,
BF =d,

(w) —circumcircle of AABC.

Plagiognal system: BC = BX, BA = By
B(0,0),C(a,0),A(0,c),D(d,,d;)

(w):x®>+y%+2xy-cosB—ax—cy=0; (1)
BD? = d? + d% + 2d,d, - cosB; (2)
ABCD —is cyclice D € (w) © d? + d3 + 2d,d, - cosB —ad, —cd, =0 &
BD? = BC - BE + BA- BF
4. NCCQ2-NEW CRITERION FOR CYCLIC QUADRILATERAL-(2)

) ] 1S CyCIlIC COS
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Proof.BD? = BC - BE + BA - BF (NCCQ1); (1)
BD? = BE? + BF% + 2BE - BF - cos B; (2)

ABCD —cyclic(=12 BD? =BC -BE + BA - BFg
BE? + BF? + 2BE - BF cosB = BC - BE + BA - BF
2BE - BF cosB = BC - BE — BE* + BA - BF — BF?
2BE - BF cos B = BE(BC — BE) + BF(BA — BF)

2BE - BF cosB = BE - EC + BF - FA

5. NCCQ3-NEW CRITERION FOR CYCLIC

QUADRILATERAL-(3)

ABCD —cyclice A
_ BA-sinf, + BCsin 0,

BD
sin(91 + 92)

Proof.(by Mansur Mansurov)
AD = 2R sin6,; (1) CD = 2Rsinf8,;(2)
AC = 2R sin(6, + 6,); (3)
ABCD —cyclice
BC - 2Rsin6@, + BA- 2Rsin6; = BD - 2R sin(8, + 6,)

BA -sinf; + BC sin 8,
sin(6; + 6,)

B

< BD =

6. NCCQ4-NEW CRITERION FOR CYCLIC QUADRILATERAL-(4)

ABCD , 4 _1 AB-AP+AD-AQ
— = = —.
Cyclic COSs 2 AP . AQ

Proof. Let AB = b,AP = p,AD =d,AQ =q
Plagiogonal system: AB = Ax,AD = Ay
A(0,0),B(b,0),P(p,0),D(0,d),Q(0,q),C(cq1,c3)
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_bp(g—d)

=1 X=c =

Y

q pq — bd
=

Y __qdp—4a)

d pq — bd

(D

Cy =

From NCCQ1, we have ABCD is cyclice® AC?2 = AB -¢; + AD - ¢, &
1 bp+dq

¢+ c2 + 2c,c,c0sA = bey +dcy, © cosA = —

1 AB-AP + AD - AQ
& cosA ==
2 AP - AQ
7. AREA OF CYCLIC QUADRILATERAL
sin B
[ABCD] = BD? - 5

Proof. BD? = BE - BC + BF - BA(by NCCQ1)

sin B
[ABCD] = —— (BC - BF + BA - BE); (Gakopoulos — Blatsis formulae)
[ABCD] _ sinB
BD2 2
sin B
[ABCD] = BD? - >

BE = BF =
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8. LENGTH OF ANGLE BISECTOR OF TRIANGLE

BA-BC
BD

Proof. From NCCQ3, we have:
BA -sin@ + BC sin 6
BD = sin(26) -

BA + BC
~ 2cos@ s ()
2BA - BC
~BA+BC
BA+ BC BA-BC
2cos®  BE ’

From (1) and (2): BE = 242¢
BD

BE =

(2)

9. CIRCUMRADIUS OF TRIANGLE

__OP?+0Q*-PQ?

RZ
2
Proof. From NCC(Q4, we have:
1 AB-AP + AD - AQ
COSA—E' AP 40 ; (D
AP? + AQ? — PQ?
CosA = 24P - PQ ; (2)

From (1) and (2), we get: AP? + AQ? — PQ? = AB- AP + AC - AQ &
AP(AP — AB) + AQ(AQ — AC) — PQ% = 0 &
AP -PB+AQ-QC—PQ* =0

OP? + 0Q* — PQ?
2

OP2 —R2+0Q?—-R?—PQ?=0o R%=
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A

SN

10. PERPENDICULAR CRITERION

D e (AC),DE | AB, DF | BC

PoLBCo it FA_, BP
o — — R
Q BF ' BE PQ

Proof. From NCCQ2, we have: 2R osB ; (D)
2 BF ' BE

BP EC FA BP
=
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11. LINE PASSES THROUGH THE INCENTER OF TRIANGLE

DIF 1l (1 1) (1 1)_ AC
, 1, r — collilnear < E—R + —BCBA

BF BA
Proof.
Bl =Bl =11, =11, =i
%11,C = B,
r
AIEL:sin(ILE) = n

_F 1 acsinB-1/2
L_S sinB_ a+2+CSinB --------

ac

_ a
' a+b+c()
B I_I E D C
DI i “
{AD111~ADBF=> DF _ BF
AFI1,~AFDB FI i
FD BD
i+i
ﬁ_ [
BF ' BD
=1;(2)
D,IF 1li i+i 1 1+1 1
— cS—+—=1—+—=-
i colineal = 5 T ph BF "BD i
1 1 AB+BC+CA 1 1 1 1 AC
— = & —t—=—t+—+ &
BF ' BD BC - BA BD ' BF BC BA ' BC-BA

(1 1)+(1 1)_ AC
BD BC BF BAJ  BC-BA

12. LINE PASSES THROW

CIRCUMCENTER OF TRIANGLE

B, 0,D —collinear&

AD c(a—ccosB)
- = o
DC a(c—acosB)

ac(AD — DC \ ) /
cosB = ( ) B ;

~ a?AD — c¢*DC ~N_
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Proof.

Let AD = d,, DC = d,. From Plagiogonal system theory, we have:

ad,
B =g 14
cdq
B =054,
a—ccosB
B0, = 2sin? B
c—acosB
B0, = 2sin? B

BD, BO, ad, a—ccosB

B,0,D — colli =4 = & = =
cotinear BD, BO, «cd; c—acosB
d, AD BY/a( B) B ac(AD — DC)
—_—— —_ —_ C} e —
4~ DC c(a—ccosB)/a(c —acos cos TAD — 2DC
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