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Definition. We define v,(x) to be the greatest power in which a prime p divides x: if v,(x) = m, then
p™| x and p™*! } x. We also write p™||x if and only if vp(x) = m.

Properties.
1. v,(n)=meN" < p™|nandp™!tn.
2. vp(n) =0 < gecd(p,n) = 1.
3. vp(p) = 1,forall primes p.
4. vy(m+ n) = min{v,(m),v,(n)}.
5. vp(mn) = vy,(m) + v,(n).

Note. We have v,,(0) = o for all primes p.

Lemma 1. Let x and y be 2 integers and let n be a positive integer. Given an arbitrary prime p(in
particular, we can have p = 2) such that gcd(n,p) = 1, p | X — y and neither x, nor y is divisible by p,
we have:

vp(x" —y") = vp(x—y).

Proof. x"—y" = (x—y)(x" 1+ x"2y + -+ y" 1), Let's show that p § x"71 + x"2y 4 ... 4 yN~1,
From plx—y = x=y(modp) = x" 1 +x"2y4..4y?l=x""14x"2. x4 .. 4x"1 =

= nx""!(mod p). Now, because we know that gcd(n,p) = 1andp + x = p 4 nx" 1,

Therefore, sincep { nx" ! = vp(x* —y") =v,(x—y),q.ed

Lemma 2. Let x and y be 2 integers and let n be an odd positive integer. Given an arbitrary prime p(in
particular, we can have p = 2) such that gcd(n,p) = 1, p | x + y and neither x, nor y is divisible by p,
we have:

vp(xX* +y") = vy (x+y).

Lemma 1
Proof. Since n is an odd positive integer, we know that y" = —(—y)! =—= v,(x"+y") =

=vp,(x" = (=y)") = vp(x — (—y)) =vp(x"+y") =vp(x+y)qg.ed
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Theorem 1 (First Form of LTE). Let x and y be (not necessary positive) integers, let n be a positive

integer, and let p be an odd prime such thatp | x — y, p txand p t y. We have:
Vp(Xn —y") =vpx—y)+ Vp(n)-

Theorem 2 (Second Form of LTE). Let x, y be two integers, n be an odd positive integer, and p be an
odd prime such thatp | x+y, p{xand p}y. We have:

vp(x" +y") = vp(x+y) + vp(m).
Theorem 3 (LTE for p = 2). Let x and y be two odd integers such that 4 | x — y. We have:

V(" = y") = v (x — y) + v, (n).

Theorem 4. Let x and y be two odd integers and let n be an even positive integer. We have:

(" = y") = v (x = y) + v (x +y) + v (n) - 1.

. . . P 3n-1, .
Problem 1. Find all possible values of n, where n is a positive integer, such that —n s also an integer.

Theorem 4
Solution. If n is even —m—v,(3"-1")=v,3-1)+v,(3+1)+v,(n) —1=v,(n)+ 2.

n

3 . :
Because is an integer = v,(3" —1") > n = v,(n) + 2 = n, but we also know that v,(n) <

log,n =2 +log,n = n < log, 4 +log,n = n & log,(4n) = n < 4n = 2", which is true only for n
<4 (for n = 5, it’s easy to show that 2™ > 4n with the Principle of Mathematical Induction). Therefore,
in this case we have the solutionsn=2and n =4.

31—
21
1, where k is a positive integer. For n > 3, it’s clear that v,(2") 23 =4 2", but3" -1 = (4 - 1)" —
1=-1-1=-2=2(mod4)=443"—1forn23.

fn=1= !

= 1, which is an integer and so n = 1 is a solution. If nisodd andn>3 = = n = 2k +

In conclusion, n € {1, 2, 4}, q.e.d.

. T 5241, .
Problem 2. Find all positive integers a such that 3—: is an integer.
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Solution. From % = 32|52 4+ 1. Ifais even, then: 52 + 1 = (—1)? + 1 = 2(mod 3), which is false.

Theorem 2
So, a must be an odd positive integer —=——=v3(52 +1?) = v3(53+ 1) =v3(5+ 1) + v3(a) =

v3(52 +1) =vz(a) + 1. Leta = 3"s, wherer >0 and s > 1 are 2 integers = v3(a) =1, but v3(38) =a
5341
33
3" > r + 1 (it’s easy to show this with the Principle of Mathematical Induction). Therefore, r=0=s=1
= a=3.

and because is an integer = v3(3?) <v3(52+ 1) © 3's<r+1. For r =1, it's obvious that

Problem 3. Let p > 2013 be a prime. Also, let a and b be positive integers such that p | a + b, but

p%2ta+b. If p?|a2°13 4+ b2013, then find the number of positive integer n < 2013 such that
p" | 22013 4 2013,

Solution. From p | a+band p® ta+b = v,(a+b) = 1. We also must have v, (a?'3 + b2°13) > 2. If

Theorem 2
ptaandptb === v,(@*°"% 4+ b**13) = v,(a + b) + v,(2013) = 1, which is obvious false.

Now, WLOG let’s consider that p | aand p { b= p + a + b, which is false. Thereforep |laand p | b. If p
laandp | b= p2013 | 22013 and p2013 | p2013 —; 2013 | 42013 | 2013 — pk | 52013 4 2013 fo
every k positive integer, k £ 2013. In conclusion, the answer is: n can take all positive integers less than
or equal to 2013 and so the number of positive integer n <2013 is 2013.

Problem 4. Let a and b two integers and p # 3 a prime number such that p | a + b and p? | a2 + b3,
Show that p? | a + borp3 | a3 + b3.

Solution. Ifpla, frompla+b=plb= p3|a3and p3 | b3 = p3 | a® + b3. Analogous if p | b. Now,

Theorem 2
let’s consider that p + ab. Because p | a + b === v,,(a*> + b®) = v,(a +b) + v,(3) = = v,(a + b).

Fromp?|a®+b® = v,(@®+b’)=22=v,(a+b)=2=p?la+h.

Problem 5. Find all positive integer solutions of the equation x2009 4 y2009 =72

Solution. Because x +y | x2009 4 y2009

and x+y>1 = 7|x+y. Removing the highest possible
power of 7 from x, y, we get from Theorem 2 that: v,(x2%99 + y2009) = v_(x +y) + v,(2009) =
=v,(x+y)+ 2= x2009 4 y2009 = 49k (x + y), where 7 t k. From x2009 4 y2009 = 72 — the only
prime factor of x2999 4 y2009 js 7 = k = 1. Therefore, x200% + y2009 = 49(x +y). If x=1ory=1 =
y200% = 48 + 49y or x2°99 = 48 + 49x, which obvious doesn’t have any solutions in Z, because LHS is
always greater than RHS. In conclusion, the equation x2009 4 y2009 = 72

Z..

doesn’t have any solutions in
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Problem 6. Let k > 1 be an integer. Show that there exists infinitely many positive integers n such that

n|1"+2" + .- k"

Solution. Case I. k is not a power of 2. Let p be any odd prime divisor of k. Let’s show that n = p™ works
for any positive integer m.

Consider i" + (p — )", where i =1,2,3,...,p— 1. From Theorem 2, we have: v,(i" + (p —1)") =
=vp(p) +vp(n) = 1+ m. Therefore, p™*![i"+ (p—1D". Summing, we have: p™*|2(1" +
+20 + 4+ (p—iD)Mandsop™ [ 1P+ 2" + -+ (p— D"+ p "+ (p+ D™ + -+ k™.

In conclusion, n = p™ works for every positive integer m.
Case Il. k is a power of 2.

Let p be any odd prime divisor of k + 1. Using a similar proof above, it’s easy to show that n = p™ works
again for any positive integer m.

Problem 7. Let k be a positive integer. Find all positive integers n such that 3% | 2™ — 1.

Solution. If n is an odd positive integer = n = 2a + 1, where a is a nonnegative integer. Then,
2n—1=2%_1=3-1)2"_-1=-1-1=-2=1(mod3), but because v3(3¥) >0, this
case is impossible. So, n is an even number, n = 2m, where m is a positive integer. Now, we have:
3k14™ — 1. From Theorem 1: v3(4™ —1) = v3(4™ —1™) = v3(4 — 1) + v3(m) = 1 + v3(m) =
= v3(m) = k — 1.Therefore, the answerisn = 2 - 3K=1 .t where t is a nonnegative integer.

Problem 8. Prove that for all positive integers n, there is a positive integer m that 7" | 3™ + 5™ — 1.

Solution. We will show that m = 7%~ works. From Theorem 1 = v,(37" +47"") = v,(3 + 4)+

+v,(7" D) =14n—-1=n=3""" = —47"""(mod 7).

In a similar way, we get 5™ = —2M(mod 71) < 577 = —27" " (mod 71). So, we get: 37" 4+ 57" ' =
—47" 27" (mod 7") & 37 457 — 1= —(47n_1 +27 4+ 1)(mod 7™). Since we want to
show that 37" +57" ' —1=0(mod7"), it's enough to show that 47" 427" +1= =

0(mod 7™). Since 7 + 27" " — 1(since 2! = 2,4,1 (mod 7) and 2! = 1(mod 7) & i = 0(mod 3)), it is
enough to show that: (47" +27"  +1)(2”" ' —1) = 0(mod 7) < 87" ' — 1 = 0(mod 7), which is
actually true from Theorem 1: v7(87n_1 -1)=v,(8—1) +v,(7" ) =n,

7[1—1 7[1—1 7]1—1

In conclusion, there is a positive integer m such that 7 | 3™ + 5™ — 1, m =771,
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