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ABSTRACT. In this paper we present some New Batinetu - Tsintsifas type
inequalities in triangle.

Inequality 1. In any triangle ABC with area F', usual notations and
M € (BC),N € (CA), P € (AB) holds the inequality:

a®(BN + CP) + b*(CP + AM) + ¢3(AM + BN) > 163 - F?

Proof.
AM > hq, BN > hy,CP > he = Y _a®*(BN +CP) > " a®(hy + h,) =

h h h h Bitinetu-Giurgiu
=Y e (M) = 2ar Y e TS T ap s BF < 16v3 - P2

O
Inequality 2. If xz,y,z > 0, then in any triangle ABC with usual
notations i.e. a = BC,b = CA,c = AB, R circumradius, r inradius,

TasThy Te €xradii, s the semiperimeter and F' the area of the triangle, the
following inequalities are true:
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We denote U? = u, V2 = v, W? = w, then:
2 2 Bergstrom 2 Bergstrom
Zv+w-T2:ZV +W 2 g> 12(V+W ) gz

w e vz e =3 v

cyc cyc cyc
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s-(3V3r)F2=6-V3-F
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Inequality 3. If z,y,z > 0, then in any triangle ABC with usual
notations i.e. a = BC,B = CA,c = AB, s the semiperimeter and F the
area of triangle, the following inequalities are true:
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T ] =
(2) y+z.a2+z+x.b2+$7+y.0228\/§.1;‘
- z
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Proof.
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cyc cyc

3 R 3 R R Euler 3 R Mitrinovic S
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We denote u = \/z xvf\fwf\f then:

y+z 2 02 +U} 2Bergstroml v+ w 2 Bergstrom ] | v+ w 2_
Yy e 2 () 2 (X ) =

cyc cyc cyc cyc
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1 v+w M1 16
= _. S 2 (4 V2T F = . F
6<§ua>6( V21 - VF)? = V27 8V3
We denote u® = x,v% = y, w3 = z, then:

- . 3
y+z 3 v3+w3 3Rad0n 1 v+ w \3 Radon 1 1 v+ w (1)
Z z 72 u = 22 ( u a) = 432 Z u " =

cyc cyc cyc
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™1
z? (4-V27T - VF?P = . 42. V3. (WF)?P? =16 -V3-F-VF
We denote u* = z,v* = y,w* = z, then:
4
y+z 4 vt +w? , Radon 1 v+w \4Radon 1 1 v+ w @
Y=Yt 2 () 2 g (X 2
cye cyc cyc cyc
® 1 ,
> g (4 V2TVE) =32 F

Inequality 4. In any triangle ABC with area S and usual notations
the following inequality is true:

a? b2 c?

+ >4-v2-V3.8

Proof.
We have by Bergstrom’s inequality:

(1)

Z a2 Bergstrém’;inequality (CL +b+ C 452

B - B
cye y/cos 5 Deye \/COS 5 chc cos 2

Then by Mitrinovic’s inequality (s > 3v/3r) and the fact that S = rs we deduce
that

@) 4s - 3+/3r 124/3 S

/ B B
chc cos 5 chc cos 5 chc cos = 2
We consider the function f: (0,%) — R%, f(x) = y/cosz.
2 2
We have f”(z) = —1 .25 24sin 2 () g0 f is concave on (0, F).

COS T+COS /T
By Jensen’s inequality we get that:

(3)

AV H(E) () 29 (EEE) oy (2) <o —a s~

From (1), (2) and (3) we obtain that

2

@ BB 5.

;w/cosg 3\/>

Inequality 5. In any triangle ABC with s the semiperimeter and usual
notations the following inequality is true

O

a™ N pm n m S 3.9m
(s=b)™  (s—c)™ (s—a)™ —
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Proof.
By AM-GM inequality, the fact that abc =4 - R - S and Heron’s formula
S = /s(s—a)(s —b)(s — c) we have

a™ 5 abc m
Zm = 3(\/(3— a)(s—=b)(s— c)) N

cyc

W 3'(%@ ) =) =)

By the formula S = rs and Euler’s inequality R > 2r from (1) we get:

St = () s () e o o

cyc

O

Inequality 6. In any triangle ABC with the semiperimeter s, the
inradius r and usual notations, the following inequality is true
am+1 bm+1 c'rn—i-l

Lom+l . /3.,
G-t T egn T eoam 2TV

Proof.
By AM-GM inequality, the fact that abc =4 - R - S and Heron’s formula
S = /s(s—a)(s —b)(s — c) we have

amtl (s (abc)m+1 _
Z (s —b)m™ 23 (\/((s —a)(s=0b)(s— c))m)

cyc

By the formula S = rs, Euler’s inequality (R > 2r) and Mitrinovic’s inequality
(s > 3+/3r) from (1) we get:

m+1 Am+19m+1lpm+1lgn . 23(nL+1) m-+1
e () < () <o

s — b) rmflsmfl rmfl -
cyc
>3.27F . {/r2.3V3 . p =327 {p3(V3B)3 =32 \/B Ly

Inequality 7. In any triangle ABC with the semiperimeter s, the
inradius r and usual notations the following inequality true:

]

+ +-2 >12.v3.r
c s s—b



NEW BATINEI‘U - PEDOE - BOTTEMA - TSINTSIFAS TYPE INEQUALITIES IN TRIANGLE

Proof.
By AM-GM inequality, the fact that abc =4 - R - S and Heron’s formula
S =/s(s—a)(s —b)(s — c) we have

REPN L 3'(§/<s—a)((salic)zj><s_c> =5 {2 =6 VR

cy

By Euler’s inequality (R > 2r) and Mitrinovic’s inequality (s > 3v/3r) from (1) we

get:
b
Y > 6. V2R%s > 6- /42 -3V = 12V3r
S—C
cyc

O

Inequality 8. In any triangle ABC with the are F', the altitudes
ha, hpy he(hg is the altitude from the vertex A, h is the altitude from
the vertex B, h. is the altitude from the vertex C) and usual notations,
the follwing inequality is true

a*(h? + h2?) + b*(h? + h2) + c*(hZ + h?) > 32V3F

Proof.
The inequality is equivalent is equivalent to

h2 4+ h2
(1) PR NETY

4F?
cyc
We have
MAh2 | BB BB (B B2y MG
S at =Y That = Y TR S S (Fha? 4 pae?) 2
cyc cyc a cyc a cyc a b
AM-GM h% ) h2 )
(2) > 22 7z @ -h—g-b = 2(ab + bc + ca)

cyc a

By well-known inequality of Gordon, i.e. ab+ bc+ ca > 4y/3F and (1) and (2) we
get the conclusion. O

Inequality 9. In any triangle ABC with the area F, the medians
Mg, Mp, Mc(M, is the mediane from the vertex A, m; is the mediane
from the vertex B, m. is the mediane from the vertex C) and usual
notations, the following inequality is true:

V3

7(&2 + b2+ c2) > amg + bmy + cme > 6F

Proof.
First, we prove that:

(1) A+ +>2v3a-m,
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Indeed,
a?4+0*+2 > 2V3-amy & (a2 +0%+c3)? > 12-a%2m? = 3a%-4m? = 3a*(2b*+2c*—a?)
& at + b+t + 20702 + 262 + 26202 > 6a2b? + 6c2a® — 3at
< dat + b2 + 2 — 4a? — 4c*a®? + 2022 >0
& (262 - v* — )% = (b* + % — 24%) > 0, true.

Therefore,

a® + b2+ 22\/§-a-ma

a® + b2+ 3 22\/§-b-ma

a? + b2+ 2> 2\/§~c~mc
which by adding up yielding that

(2) 3(a® + b2 + %) > 2V/3(amg + bmy, + emy)
Next we have:
(3) 2\/§(ama + bmyp + eme) > 2\/§(aha + bhy + che) = 12V/3F

where we denote h, the altitude from the vertex A, hy, the altitude from the vertex
B, h. the altitude from the vertex C.
From (2) and (3) we obtain the desired inequality. O

Inequality 10. In any triangle ABC with the area F, the medians
Mg, Mp, Me, (M, is the mediane from the vertex A, m; is the mediane
from the vertex B, m. is the mediane from the vertex C) and the usual
notations the following inequality is true:

2

a?+ b2+ >
RVE]

(amg + bmp + ecm.) > 4V3F

Proof.
First we prove that
(1) A+ +E>2V3a-m,
Indeed,

a2—|—b2+0222\/§-a-ma(:)(a2+b2+62)2 > 12-a2-mi:

=3a? - 4m? = 3a%(20% 4 2¢* — a?)
o at + b+t 420202 + 2622 + 26262 > 6a2b? + 6¢2a® — 3a
< dat + 0% + 2 — 4a?b? — 4c%a® + 2022 >0
& (20% —b* — ) = (b* + * —2a*)? > 0, true.

Therefore,

a®? + b+ 22\/§~a~ma
A+ 02+ >2V3-b-my
a?+v:+2> 2\/§~c~mc
which by adding up yielding that
(2) 3(a® 4+ 0% + ¢%) > 2v3(amq + bmy + cm,.)
Next we have:

(3) 2\/§(ama + bmyp + eme) > 2\/§(aha + bhy + ch.) = 12V3F
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where we denote h, the altitude from the vertex A, h;, the altitude from the vertex
B, h. the altitude from the vertex C.
From (2) and (3) we obtain the desired inequality. O

Inequality 11. In any triangle ABC with the area F, the altitudes
hg, hyp, he, the interior angles bisectors w,, wp, w. and the usual notations
the following inequality is true:

4F jw
2 2 2 a
a4+ b +c¢ Z—(——l— + )>4\/_F
vV3\h, hy he

Proof.
WLOG we can assume that a < b < ¢, then w, > wp > w, and hy > hy > h.. By
Chebyshev’s inequality we get that:

Wq 1 1
i< (Se)(24)

1
2F( a+b+c)=

©

S~—
Sl

I
o
==
“1:1\%

w, — 2bc CObA 2bc [s(s—a) _ \/7_ Q\F s—a)=/s(s—a),

b+c 2 b+c be

and other two similar. )
Using the inequality z2 + y? + 22 > W, (*) and (3) we deduce that

= a) 2
Zs(s a) > ey — & 357 > < Vs(s—a)) @Z\/s(s—a) <sV3 e

cyc

cyc

(4) oY w, < V3

From (1), (2), (4) and (*) we obtain that
(5)

we 1 1 s (a+b+e)?  3(a®+b*+c?)
Za < = Wa Z .5V 2 = <
e ha 3 (Z > (Z hq ) 3 F AFV3 4FV/3

cyc cyc

Since wg > hg, wp > hp, we > he from (5) we get:

we _ 3(a® + b2+ c?) 5 o o AF fw,  wp
3Ly SR e @ P 2 (4 o+ o) 2 4VEF
Zha 4FV/3 V3\he  hy ke

O

Inequality 12. If xz,y,z > 0 and A1 B,C1, A2 B2C5 are two triangles
with the areas F;, respectively F5, then the following inequality holds:

x z z4+x
+ yalbz + y+ bica + + ciaz > 8\/3F F;
z T y
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Proof.

Z $+ya1b2 Z 22 xyclbg Z 2-3- ¥ H( xy(hbg) =6- Y a1b101a2b202 =
z z z

Carliz 4F1v3 4F5v3 443
=6'\/V(a1bm)2-V(azbch)Q >"6. ;f- ;‘fza 3f~\/F1F2:8\/3F1F2

Remark.
If x = y = z, then by the above inequality we obtain:
arby + bico + crag > 4@, i.e. a Tsintsifas type inequality.
O
Inequality 13. If x,y,z > 0 and A;B:C1,A>2B>C> are two triangle

with the circumradius R; respectively R, then the following inequality
holds:

z+y n y+z n z+x 2\/5
Z+/a10a2 T/ b1b2 Yyy/CiC2 RV R1R2
Proof.
AT DR BESER,
zy/aias zZy/a1as z a1a2 a1b101a2b202
6 Euler
= {3/4R1F1 -4R2F2 \/16R1F1R2F2 \/16R181T1R282T2 \/16R1R25152 . % . %
6 Mitrinovic 6
T st o = =
6 4R1R25182 €/4R%R% . 3\/§R1 . 3\/§R2
_ 6 B 6 23
S/ARSRS - (V/3)6 V3-VRiR: VRiR;
Remark.

If AABC = AAB,Cy; = AA3B>C5, then by the above inequality we obtain

r+y y+z z+x _ 2V3
+ + >
za xb yc R

and if x = y = z, then by the last inequality we obtain

1 1 1_ /3

—+ - 4+ — > —, i.e Ionescu - Tiu - Leuenberger inequality
a b ¢ R

O
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