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701. 𝛀 = (𝑨, 𝑩, 𝑪, 𝑫,𝑷, 𝑸,𝑹, 𝑺) −stereo rhomboid (all faces are rhombus). 

Plane (𝑩, 𝑪,𝑹, 𝑸) = 𝑷,𝑨𝑩 = 𝟐, 𝑬, 𝑭, 𝑮 midpoints of 𝑩𝑪, 𝑹𝑺, 𝑨𝑷, respectively. 

𝒅(𝑲,𝑷) = 𝒅𝟏 = √
𝟐

𝟑
,𝒅(𝑨,𝑩𝑪) = 𝒅𝟐 = √𝟑, [𝑬𝑭𝑮] =

𝟑

√𝟐
(𝒂𝒓𝒆𝒂).  

Find 𝑽(𝛀) =? (𝒗𝒐𝒍𝒖𝒎𝒆). 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Let 𝑩𝑪 = 𝑩𝑸 = 𝑩𝑨 = 𝟐, 𝒙𝑩�̂� = 𝜽𝟑, 𝒚𝑩�̂� = 𝜽𝟏 , 𝒛𝑩�̂� = 𝜽𝟐 

Plagiogonal 3D system: 𝑩𝑪 ≡ 𝑩𝒙,𝑩𝑸 ≡ 𝑩𝒚, 𝑩𝑨 ≡ 𝑩𝒛 

𝑩(𝟎, 𝟎, 𝟎), 𝑪(𝟐, 𝟎, 𝟎), 𝑨(𝟎, 𝟎, 𝟐), 𝑺(𝟐, 𝟐, 𝟐),𝑲(𝟏, , 𝟏, 𝟏) 

Is 𝑷(𝑩,𝑪,𝑹, 𝑸) = 𝑷𝟏: 𝒛 = 𝟎 

Let �⃗⃗� = (𝒖𝟏, 𝒖𝟐 , 𝒖𝟑), �⃗⃗� 𝟏 ⊥ 𝑷𝟏, 𝒖𝟏 = 𝟏 ∙ (−𝐜𝐨𝐬 𝜽𝟐 + 𝐜𝐨𝐬𝜽𝟑 ∙ 𝐜𝐨𝐬 𝜽𝟏) 

𝒖𝟐 = 𝟏 ∙ (−𝐜𝐨𝐬 𝜽𝟏 + 𝐜𝐨𝐬𝜽𝟐 ∙ 𝐜𝐨𝐬 𝜽𝟑), 𝒖𝟑 = 𝟏 ∙ (𝟏 − 𝐜𝐨𝐬
𝟐 𝜽𝟐) 

|�⃗⃗� 𝟐| = 𝒖𝟏
𝟐 + 𝒖𝟐

𝟐 + 𝒖𝟑
𝟐 + 𝟐𝒖𝟏𝒖𝟐 𝐜𝐨𝐬 𝜽𝟑 + 𝟐𝒖𝟐𝒖𝟑 𝐜𝐨𝐬𝜽𝟏 + 𝟐𝒖𝟑𝒖𝟏 𝐜𝐨𝐬𝜽𝟐 

|�⃗⃗� |𝟐 = (−𝒃 + 𝒄𝒂)𝟐 + (−𝒂 + 𝒃𝒄)𝟐 + (𝟏 − 𝒄𝟐)𝟐 + 𝟐(−𝒃 + 𝒄𝒂)(−𝒂 + 𝒃𝒄)𝒄 + 

+𝟐(−𝒂 + 𝒃𝒄)(𝟏 − 𝒄𝟐)𝒂 + 𝟐(𝟏 − 𝒄𝟐)(−𝒃 + 𝒄𝒂)𝒃 

|�⃗⃗� |𝟐 = 𝒄𝟐𝒂𝟐 − 𝒂𝟐 − 𝟐𝒂𝒃𝒄𝟑 + 𝟐𝒂𝒃𝒄 + 𝒃𝟐𝒄𝟐 − 𝒃𝟐 + 𝒄𝟒 − 𝟐𝒄𝟐 + 𝟏 

𝒅𝟏
𝟐 =

(𝟏 ∙ 𝟏)𝟐

𝟏(𝟏 − 𝒄𝟐)𝟐
|𝒖|𝟐 ⇒ 𝒅𝟏

𝟐 =
−𝒂𝟐 + 𝟐𝒂𝒃𝒄 − 𝒃𝟐 − 𝒄𝟐 + 𝟏

𝟏 − 𝒄𝟐
=
𝟐

𝟑
; (𝟏) 
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Let 𝑭 ∈ (𝑩𝑪), 𝑭(𝒇, 𝟎, 𝟎) ∶ 𝑨𝑭 ⊥ 𝑩𝑪,𝑨𝑭⃗⃗⃗⃗  ⃗ = (𝒇, 𝟎,−𝟐),𝑩𝑪⃗⃗⃗⃗⃗⃗ = (𝟐, 𝟎, 𝟎) 

𝑨𝑭⃗⃗⃗⃗  ⃗ ∙ 𝑩𝑪⃗⃗⃗⃗⃗⃗ = 𝟐𝒇 + (−𝟒) 𝐜𝐨𝐬 𝜽𝟐 = 𝟎 ⇒ 𝒇 − 𝟐𝒃 = 𝟎 ⇒ 𝒇 = 𝟐𝒃 ⇒ 𝑭(𝟐𝒃, 𝟎, 𝟎) 

𝑨𝑭⃗⃗⃗⃗  ⃗ = (𝟐𝒃, 𝟎, −𝟐), |𝑨𝑭⃗⃗⃗⃗  ⃗|
𝟐
= 𝟒𝒃𝟐 + 𝟒 + 𝟐(𝟐𝒃)(−𝟐)𝒃 = −𝟒𝒃𝟐 + 𝟒 = 𝒅𝟐

𝟐 

⇒ −𝟒𝒃𝟐 + 𝟒 = 𝟑 ⇒ 𝒃 =
𝟏

𝟐
 𝐨𝐫 𝒃 = −

𝟏

𝟐
;  (𝟐) 

𝑬(𝟏, 𝟎, 𝟎), 𝑭(𝟐, 𝟐, 𝟏), 𝑮(𝟎, 𝟏, 𝟐), 𝑬𝑮⃗⃗ ⃗⃗  ⃗ = (−𝟏, 𝟏, 𝟐), 𝑬𝑭⃗⃗⃗⃗  ⃗ = (𝟏, 𝟐, 𝟏) 

|𝑬𝑮⃗⃗ ⃗⃗  ⃗|
𝟐
= 𝟏 + 𝟏 + 𝟒 + 𝟐(−𝟏)(𝟏) 𝐜𝐨𝐬 𝜽𝟑 + 𝟐(𝟏)(𝟐) 𝐜𝐨𝐬𝜽𝟏 + 𝟐(−𝟏)(𝟐) 𝐜𝐨𝐬𝜽𝟐 = 

= 𝟔 − 𝟐𝒄 + 𝟒𝒂 − 𝟒𝒃 

|𝑬𝑭⃗⃗⃗⃗  ⃗|
𝟐
= 𝟏 + 𝟒 + 𝟏 + 𝟐 ∙ 𝟏 ∙ 𝟐 𝐜𝐨𝐬 𝜽𝟑 + 𝟐 ∙ 𝟏 ∙ 𝟏 𝐜𝐨𝐬𝜽𝟏 + 𝟐 ∙ 𝟏 ∙ 𝟏 𝐜𝐨𝐬𝜽𝟐 = 

= 𝟔 + 𝟒𝒄 + 𝟒𝒂 + 𝟐𝒃 

𝑬𝑮⃗⃗ ⃗⃗  ⃗ ∙ 𝑬𝑭⃗⃗⃗⃗  ⃗ = −𝟏 + 𝟐 + 𝟐 + (−𝟐 + 𝟏) 𝐜𝐨𝐬𝜽𝟑 + (𝟏 + 𝟒) 𝐜𝐨𝐬𝜽𝟏 + (−𝟏 + 𝟐) 𝐜𝐨𝐬𝜽𝟐 = 
= 𝟑 − 𝒄 + 𝟓𝒂 + 𝒃 

[𝑬𝑭𝑮] =
𝟏

𝟐
√(𝟔 − 𝟐𝒄 + 𝟒𝒂 − 𝟒𝒃)(𝟔 + 𝟒𝒄 + 𝟒𝒂 + 𝟐𝒃) − (𝟑 − 𝒄 + 𝟓𝒂 + 𝒃)𝟐 =

𝟑

√𝟐
; (𝟑) 

(𝟏), (𝟑)
𝒃=
𝟏

𝟐
⇒  𝒂 = 𝟎,𝒃 =

𝟏

𝟐
, 𝒄 =

𝟏

𝟐
, 𝑽 = 𝟒√𝟐 

𝒂 = 𝟎. 𝟑𝟎𝟏𝟏𝟐𝟑, 𝒃 =
𝟏

𝟐
, 𝒄 = 𝟎. 𝟎𝟐𝟓, 𝑽 = 𝟔. 𝟓𝟐𝟗𝟗𝟐 

(𝟏), (𝟑)
𝒃=−

𝟏

𝟐
⇒   𝒂 = 𝟎, 𝒃 = −

𝟏

𝟐
, 𝒄 = −

𝟏

𝟐
,𝑽 = 𝟒√𝟐 

𝒂 = 𝟎. 𝟓𝟒𝟒𝟔𝟗𝟐, 𝒃 = −
𝟏

𝟐
, 𝑽 = 𝟒. 𝟗𝟓𝟔𝟖𝟐. Finally, 

𝑽 = 𝟒√𝟐,𝜽𝟏 = 𝟗𝟎°, 𝜽𝟐 = 𝟔𝟎°, 𝜽𝟑 = 𝟔𝟎° 𝐨𝐫 𝜽𝟏 = 𝟗𝟎°, 𝜽𝟐 = 𝟏𝟐𝟎°, 𝜽𝟑 = 𝟏𝟐𝟎°  
𝑽 = 𝟔. 𝟓𝟐𝟗𝟗𝟐 , 𝜽𝟏 = 𝟕𝟐. 𝟒𝟕𝟓°, 𝜽𝟐 = 𝟔𝟎°, 𝜽𝟑 = 𝟖𝟖. 𝟓𝟔𝟑°  
𝑽 = 𝟒, 𝟗𝟓𝟔𝟖𝟐, 𝜽𝟏 = 𝟓𝟔. 𝟗𝟗𝟔°, 𝜽𝟐 = 𝟏𝟐𝟎°, 𝜽𝟑 = 𝟏𝟑𝟎. 𝟔𝟒°  

 

702. 𝑷 −any point in plane (𝑨𝑩𝑪𝑫), 𝑷𝑩𝟐 − 𝑷𝑪𝟐 = 𝑷𝑨𝟐 − 𝑷𝑫𝟐 

Prove: 𝑨𝑩𝑪𝑫 is rectangle. 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by Hikmat Mammadov-Azerbaijan 

 

𝒎 = √𝒂𝟐 − 𝒉𝟏
𝟐 +√𝒃𝟐 − 𝒉𝟏

𝟐 ⇒ 𝒎−√𝒂𝟐 − 𝒉𝟏
𝟐 = √𝒃𝟐 − 𝒉𝟏

𝟐 

𝒎𝟐 + 𝒂𝟐 − 𝒉𝟏
𝟐 − 𝟐𝒎√𝒂𝟐 − 𝒉𝟏

𝟐 = 𝒃𝟐 − 𝒉𝟏
𝟐 , √𝒂𝟐 − 𝒉𝟏

𝟐 =
𝒎𝟐 + 𝒂𝟐 − 𝒃𝟐

𝟐𝒎
 

√𝒑𝟐 − 𝒉𝟐
𝟐 =

𝒏𝟐 + 𝒑𝟐 − 𝒒𝟐

𝟐𝒏
, √𝒑𝟐 − 𝒉𝟐

𝟐 − √𝒂𝟐 − 𝒉𝟏
𝟐 =

𝒏 −𝒎

𝟐
 

𝒏𝟐 + 𝒑𝟐 − 𝒒𝟐

𝟐𝒏
−
𝒎𝟐 + 𝒂𝟐 − 𝒃𝟐

𝟐𝒎
=
𝒏 −𝒎

𝟐
,

𝒑𝟐 − 𝒒𝟐

𝟐
−
𝒂𝟐 − 𝒃𝟐

𝟐
= 𝟎 ⇒

𝒂𝟐 − 𝒃𝟐

𝒑𝟐 − 𝒒𝟐
=
𝒎

𝒏
 

𝑩𝑪

𝑨𝑫
=
𝑷𝑩𝟐−𝑷𝑪𝟐

𝑷𝑨𝟐−𝑷𝑫𝟐
= 𝟏 ⇒ 𝑨𝑫 = 𝑩𝑪 ⇒ 𝑨𝑩𝑪𝑫 −is rectangle. 

703. (𝑨, 𝑩, 𝑪, 𝑫,𝑷, 𝑸,𝑹, 𝑺) = 𝛀 (stereo rhombus) 𝑨𝑩 = 𝟐 

𝑨𝑩�̂� = 𝜽𝟏 = 𝟗𝟎°, 𝑨𝑩�̂� = 𝜽𝟐 = 𝟔𝟎°, 𝑪𝑩�̂� = 𝜽𝟑 = 𝟔𝟎° 

Find: 𝒅(𝑨𝑷, 𝑩𝑪) =?, 𝒅(𝑩𝑺, 𝑪𝑹) =? 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 

𝑽 = 𝟐 ∙ 𝟐 ∙ 𝟐 ∙ √𝟏 − (
𝟏

𝟐
)
𝟐

− (
𝟏

𝟐
)
𝟐

= 𝟒√𝟐 

[𝑩𝑪𝑹𝑸] = 𝟐 ∙ 𝟐 ∙ 𝐬𝐢𝐧 𝟔𝟎° = 𝟐√𝟑 

𝒉 =
𝑽

[𝑩𝑪𝑹𝑸]
= 𝟐√

𝟐

𝟑
. 𝐒𝐨, 𝒅(𝑨𝑷, 𝑩𝑪) = 𝟐√

𝟐

𝟑
 

Plagiogonal 3D system: 𝑩𝑪 ≡ 𝑩𝒙,𝑩𝑸 ≡ 𝑩𝒚, 𝑩𝑨 ≡ 𝑩𝒛 

𝑩(𝟎, 𝟎, 𝟎), 𝑺(𝟐, 𝟐, 𝟐), 𝑪(𝟐, 𝟎, 𝟎), 𝑹(𝟐, 𝟐, 𝟎) 

Let 𝑴 ∈ (𝑩𝑪) ⇒ 𝑴(𝒎,𝒎,𝒎), 𝑵 ∈ (𝑪𝑹) ⇒ 𝑵(𝟐, 𝒏, 𝟎) 

𝑴𝑵𝟐 = (𝒎− 𝟐)𝟐 + (𝒎 − 𝒏)𝟐 +𝒎𝟐 + (𝒎− 𝟐)(𝒎− 𝒏) +𝒎(𝒎− 𝟐) = 𝒇(𝒎, 𝒏) 

{

𝒅𝒇

𝒅𝒎
= 𝟎

𝒅𝒇

𝒅𝒏
= 𝟎

⇒ {
𝟏𝟎𝒎− 𝟑𝒏 − 𝟖 = 𝟎
−𝟑𝒎 + 𝟐𝒏 + 𝟐 = 𝟎

⇒ {𝒎 =
𝟏𝟎

𝟏𝟏
,𝒏 =

𝟒

𝟏𝟏
} 

𝐦𝐢𝐧{𝑴𝑵𝟐} =
𝟖

𝟏𝟏
⇒ 𝒅(𝑩𝑺, 𝑪𝑷) = 𝟐√

𝟐

𝟏𝟏
 

𝑨𝑴 =
𝟐

𝟑
, 𝑨𝑵 =

𝟒

𝟑
,𝑴𝑵 = 𝟐√

𝟐

𝟑
, 𝑩𝑲 =

𝟏𝟎

𝟏𝟏
, 𝑪𝑳 =

𝟒

𝟏𝟏
,𝑲𝑳 = 𝟐√

𝟐

𝟏𝟏
 

704. In acute ∆𝑨𝑩𝑪 the following relationship holds: 

  √𝟐𝑹 (
𝟏

𝒎𝒂
+
𝟏

𝒎𝒃
+
𝟏

𝒎𝒄
) ≥ √

𝒓𝒂 + 𝒓𝒃
𝒓𝒂 + 𝒓𝒄

+√
𝒓𝒂 + 𝒓𝒄
𝒓𝒂 + 𝒓𝒃

.   

 Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑰𝒏 𝒂𝒏𝒚 𝒂𝒄𝒖𝒕𝒆 ∆𝑨𝑩𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒎𝒂 ≤ 𝟐𝑹𝐜𝐨𝐬
𝟐
𝑨

𝟐
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑻𝒉𝒆𝒏 ∶   𝟐𝑹 (
𝟏

𝒎𝒂
+
𝟏

𝒎𝒃
+
𝟏

𝒎𝒄
) ≥

𝟏

𝐜𝐨𝐬𝟐
𝑨
𝟐

+
𝟏

𝐜𝐨𝐬𝟐
𝑩
𝟐

+
𝟏

𝐜𝐨𝐬𝟐
𝑪
𝟐

=
(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟏  (𝟏) 

𝑵𝒐𝒘 𝒍𝒆𝒕 𝒖𝒔 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝒊𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪 ∶  
𝒃

𝒄
+
𝒄

𝒃
≤
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐𝑭
 (∗) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   (∗)  ⇔ (𝒃𝟐 + 𝒄𝟐)√𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)

≤ 𝟐𝒃𝒄√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 

⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟒 + 𝒄𝟒) [𝟐 (𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)− (𝒂𝟒+ 𝒃𝟒 + 𝒄𝟒)]

≤ 𝟒𝒃𝟐𝒄𝟐 (𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) 

⇔ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 − 𝟐𝒃𝟐𝒄𝟐(𝒃𝟒 + 𝒄𝟒) + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐 ≤ 𝟎 

⇔ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐

= −[𝒂𝟐(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟒 + 𝒄𝟒)]𝟐 ≤ 𝟎  

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

𝑺𝒊𝒏𝒄𝒆 √𝒓𝒃 + 𝒓𝒄, √𝒓𝒂 + 𝒓𝒃, √𝒓𝒂 + 𝒓𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆
′ 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺 𝒘𝒉𝒆𝒓𝒆

∶ 

𝟏𝟔𝑺𝟐 = 𝟐∑√𝒓𝒂 + 𝒓𝒃
 𝟐
√𝒓𝒂 + 𝒓𝒄

 𝟐

𝒄𝒚𝒄

−∑√𝒓𝒂 + 𝒓𝒃
 𝟒

𝒄𝒚𝒄

= 𝟒∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

= 𝟒𝒔𝟐  ⇒ 𝟐𝑺 = 𝒔. 

𝑻𝒉𝒆𝒏 (∗) 𝒊𝒏 

 ∆′ ⇒  
√𝒓𝒂 + 𝒓𝒃

√𝒓𝒂 + 𝒓𝒄
+
√𝒓𝒂 + 𝒓𝒄

√𝒓𝒂 + 𝒓𝒃
≤
√∑ √𝒓𝒂 + 𝒓𝒃

 𝟐
√𝒓𝒂 + 𝒓𝒄

 𝟐

𝒄𝒚𝒄

𝟐𝑺
=
√(∑ 𝒓𝒂𝒄𝒚𝒄 )

𝟐
+∑ 𝒓𝒂𝒓𝒃𝒄𝒚𝒄

𝒔
. 

   √
𝒓𝒂 + 𝒓𝒃
𝒓𝒂 + 𝒓𝒄

+ √
𝒓𝒂 + 𝒓𝒄
𝒓𝒂 + 𝒓𝒃

≤ √
(𝟒𝑹+ 𝒓)𝟐

𝒔𝟐
+ 𝟏 ≤⏞

(𝟏)

 √𝟐𝑹(
𝟏

𝒎𝒂
+
𝟏

𝒎𝒃
+
𝟏

𝒎𝒄
) ,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

705.In any ∆ABC holds: 

 
a

b
+
b

c
+
c

a
+
R3

r3
≥8+

a2

c2
+
c2

b2
+
b2

a2
 .   

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒙𝒂𝟐 + 𝒚𝒃𝟐 + 𝒛𝒄𝟐

≥ 𝟒𝑭√𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙,   ∀𝒙, 𝒚, 𝒛 > 0. 

𝑳𝒆𝒕 𝒙 =
𝒄𝟐

𝒂𝟐
,   𝒚 =

𝒂𝟐

𝒃𝟐
,   𝒛 =

𝒃𝟐

𝒄𝟐
 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒𝑭√

𝒂𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
 

𝑶𝒓  
𝒂𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
≤
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟏𝟔𝒔𝟐𝒓𝟐
=
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)𝟐

𝟒𝒔𝟐𝒓𝟐
 ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
(𝟒𝑹𝟐 + 𝟐𝒓𝟐)𝟐

𝟒𝒓𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)
= 

=
(𝟖𝑹𝟐 + 𝟒𝒓𝟐)𝟐

𝟖𝒓𝟑(𝟑𝟐𝑹 − 𝟓. 𝟐𝒓)
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
(𝟖𝑹𝟐 +𝑹𝟐)𝟐

𝟖𝒓𝟑(𝟑𝟐𝑹− 𝟓𝑹)
=
𝟑𝑹𝟑

𝟖𝒓𝟑
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   

 𝟖 +
𝒂𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
≤ 𝟑 + 𝟓 +

𝟑𝑹𝟑

𝟖𝒓𝟑
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 𝟑 +
𝟓𝑹𝟑

𝟖𝒓𝟑
+
𝟑𝑹𝟑

𝟖𝒓𝟑
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝑹𝟑

𝒓𝟑
,   ∀∆𝑨𝑩𝑪. 

Solution 2 by Soumava Chakraborty-Kolkata-India 
𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
⇒
𝐬𝟐

𝐫𝟐
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
𝐜𝐲𝐜

⇒∑
𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 
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𝐍𝐨𝐰,∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯,𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶ ∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯
𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 

 ∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

) 𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏+
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑𝟑

𝐫𝟑
≥ 𝟖+

𝒂𝟐

𝐜𝟐
+
𝐜𝟐

𝐛𝟐
+
𝐛𝟐

𝒂𝟐
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑
≥ (∑

𝐛

𝒂
𝐜𝐲𝐜

)

𝟐

− 𝟐∑
𝒂

𝐛
𝐜𝐲𝐜

⇔ 𝟑∑
𝒂

𝐛
𝐜𝐲𝐜

+
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑
≥⏞
(∗∗∗)

(∑
𝐛

𝒂
𝐜𝐲𝐜

)

𝟐

 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐀−𝐆

𝟗 +
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑

=
𝐑𝟑 + 𝐫𝟑

𝐫𝟑
 𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) ≤

𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝐬𝟒

𝐫𝟐(𝟒𝐑+ 𝐫)𝟐
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 (𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐)𝟐

𝐫𝟐(𝟒𝐑 + 𝐫)𝟐

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝐑𝟑 + 𝐫𝟑

𝐫𝟑
≥
(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝟐

𝐫𝟐(𝟒𝐑 + 𝐫)𝟐
⇔ 𝟏𝟔𝐭𝟓 − 𝟖𝐭𝟒 − 𝟑𝟏𝐭𝟑 − 𝟐𝟒𝐭𝟐 − 𝟏𝟔𝐭 − 𝟖 ≥ 𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)(𝟏𝟔𝐭𝟒 + 𝟐𝟒𝐭𝟑 + 𝟏𝟕𝐭𝟐 + 𝟏𝟎𝐭 + 𝟒) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 

,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑𝟑

𝐫𝟑
≥ 𝟖 +

𝒂𝟐

𝐜𝟐
+
𝐜𝟐

𝐛𝟐
+
𝐛𝟐

𝒂𝟐
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐏𝐫𝐨𝐯𝐞𝐝) 

 

706. In ∆𝑨𝑩𝑪 the following relationship holds: 

√
𝒃

𝒂
+ √

𝒄

𝒃
+ √

𝒂

𝒄
+
𝑹

𝟐𝒓
≥ 𝟏 + √

𝒂

𝒃
+ √

𝒃

𝒄
+ √

𝒄

𝒂
. 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

√
𝒂

𝒃
+√

𝒃

𝒄
+√

𝒄

𝒂
 ≤⏞
𝑪𝑩𝑺

 √(𝒂 + 𝒃 + 𝒄) (
𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒂
) = √𝟐𝒔.

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝒓𝒔
= √

𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝒓
≤ 

≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 √
(𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐) + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝒓
=
𝟐(𝑹 + 𝒓)

√𝟐𝑹𝒓
= 𝟐√

𝑹

𝟐𝒓
+ √

𝟐𝒓

𝑹
≤ 
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≤⏞
𝑨𝑴−𝑮𝑴 & 𝐸𝑢𝑙𝑒𝑟

 (
𝑹

𝟐𝒓
+ 𝟏) + 𝟏 = 𝟑+

𝑹

𝟐𝒓
− 𝟏 ≤⏞

𝑨𝑴−𝑮𝑴

 √
𝒃

𝒂
+ √

𝒄

𝒃
+ √

𝒂

𝒄
+
𝑹

𝟐𝒓
− 𝟏. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   √
𝒃

𝒂
+ √

𝒄

𝒃
+ √

𝒂

𝒄
+
𝑹

𝟐𝒓
≥ 𝟏 +√

𝒂

𝒃
+√

𝒃

𝒄
+√

𝒄

𝒂
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 
𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲+ 𝐳 ⇒ 𝒂 = 𝐲+ 𝐳, 𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 –  𝒂)(𝐬 –  𝐛)(𝐬 – 𝐜)
=
(∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
⇒
𝐬𝟐

𝐫𝟐
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 –  𝒂)(𝐬 –  𝐛)(𝐬 – 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
⇒ 𝟏 +

𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 + ∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐀𝐥𝐬𝐨,∑
𝒂

𝐛
𝐜𝐲𝐜

=∑
𝐲 + 𝐳

𝐳 + 𝒙
𝐜𝐲𝐜

⇒∑
𝒂

𝐛
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)(𝐲 + 𝐳)𝟐𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

(⦁), (⦁⦁), (⦁⦁⦁) ⇒
𝐬𝟐

𝐫𝟐
≥ (∑

𝒂

𝐛
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
)

⇔
(∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 + ∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)(𝐲 + 𝐳)𝟐𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

) 

⇔(∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙
𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)(𝐲 + 𝐳)𝟐

𝐜𝐲𝐜

)

⇔∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝟐𝐲
𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰,∀ 𝐮, 𝐯,𝐰 > 0, 𝐯𝟑 + 𝐯𝟑 + 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐮,𝐰𝟑 +𝐰𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐯 𝒂𝐧𝐝 𝐮𝟑 + 𝐮𝟑

+𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐰 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶ ∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝐯𝟐

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙 

∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

 ≥
(∗)

𝒙𝐲𝐳(∑𝒙𝟐𝐲
𝐜𝐲𝐜

)𝒂𝐧𝐝 ∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝒂

𝐛
𝐜𝐲𝐜

)(𝟏+
𝟒𝐑

𝐫
) ⇒ ∑

𝒂

𝐛
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝒂

𝐛
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝒂

𝐛
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝒂

𝐛
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑− 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝒂

𝐛
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝒂

𝐛
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑+ 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
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𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑− 𝟐𝐫)

𝟐𝐑𝐫
≥

𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 +𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑 + 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫) 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫− 𝟓𝐫𝟐) + 𝐑(𝐑− 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭 − 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
+
𝐑

𝟐𝐫
≥ 𝟏 +

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂

⇒
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
+
𝒂𝐛𝐜(𝒂 + 𝐛+ 𝐜)

𝟏𝟔𝐅𝟐
≥ 𝟏+

𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
 

⇒ 𝟏+
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
− (
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
) ≤
(𝒍) 𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟐(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐) − (𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)
 

𝐍𝐨𝐰,𝒂 + 𝐛+ 𝟐√𝒂𝐛 > 𝐜 ⇒ (√𝒂+ √𝐛)
𝟐
> 𝐜 ⇒ √𝒂+ √𝐛 > √𝐜 𝒂𝐧𝐝 𝐜𝐲𝐜𝐥𝐢𝐜 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

⇒ √𝒂,√𝐛,√𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 (𝐬𝒂𝐲) 𝒂𝐧𝐝 𝐯𝐢𝒂 (𝒍) 𝐨𝐧 ∆ 𝐗𝐘𝐙, 

𝟏 +√
𝒂

𝐛
+√

𝐛

𝐜
+√

𝐜

𝒂
− (√

𝐛

𝒂
+ √

𝐜

𝐛
+ √

𝒂

𝐜
)

≤
√𝒂𝐛𝐜(√𝒂 + √𝐛+ √𝐜)

𝟐∑ 𝒂𝐛𝐜𝐲𝐜 − ∑ 𝒂𝟐𝐜𝐲𝐜

≤
𝐂𝐁𝐒 √𝟏𝟐𝐑𝐫𝐬.√𝟐𝐬

𝟐(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)
=
√𝟐𝟒𝐑𝐫𝐬𝟐

𝟏𝟔𝐑𝐫+ 𝟒𝐫𝟐
≤
? 𝐑

𝟐𝐫

⇔ 𝟐𝟒𝐑𝐫𝐬𝟐 ≤
?
𝟒𝐑𝟐(𝟒𝐑 + 𝐫)𝟐 

⇔ 𝟔𝐫𝐬𝟐 ≤
?
⏟

(∗∗∗∗∗)

𝐑(𝟒𝐑+ 𝐫)𝟐 𝒂𝐧𝐝 ∵ 𝟔𝐫𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟔𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐑(𝟒𝐑+ 𝐫)𝟐 ≥ 𝟔𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝟏𝟔𝐭𝟑 − 𝟏𝟔𝐭𝟐 − 𝟐𝟑𝐭 − 𝟏𝟖 ≥ 𝟎 ⇔ (𝐭 − 𝟐)(𝟏𝟔𝐭𝟐 + 𝟏𝟔𝐭 + 𝟗) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞

∴ 𝟏 +√
𝒂

𝐛
+ √

𝐛

𝐜
+ √

𝐜

𝒂
− (√

𝐛

𝒂
+√

𝐜

𝐛
+√

𝒂

𝐜
) ≤

𝐑

𝟐𝐫
 

⇒ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,√
𝐛

𝒂
+√

𝐜

𝐛
+√

𝒂

𝐜
+
𝐑

𝟐𝐫
≥ 𝟏 + √

𝒂

𝐛
+√

𝐛

𝐜
+√

𝐜

𝒂
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

707. All the parallelograms are rhombuses, ∠𝑪𝑩𝑸 = ∠𝑸𝑩𝑨 = ∠𝑨𝑩𝑪 = 𝜽, 

𝐜𝐨𝐬 𝒙 =
𝟏

√𝟑𝟑
. Find: 𝜽. 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 
𝑩𝑪 ≡ 𝑩𝒙, 𝑩𝑸 ≡ 𝑩𝒚, 𝑩𝑨 ≡ 𝑩𝒛 

Let 𝑩𝑨 = 𝟐, 𝑩(𝟎, 𝟎, 𝟎), 𝑪(𝟐, 𝟎, 𝟎), 𝑺(𝟐, 𝟐, 𝟐),𝑴(𝟎, 𝟏, 𝟏) 

𝑴𝑺⃗⃗⃗⃗ ⃗⃗ (𝟐, 𝟏, 𝟏),𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗   (𝟐, −𝟏,−𝟏) 

𝑴𝑺⃗⃗⃗⃗ ⃗⃗  ∙ 𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  = 𝟒 − 𝟏 − 𝟏 + 𝐜𝐨𝐬 𝜽 (−𝟐 + 𝟐 − 𝟏 − 𝟏 − 𝟐 + 𝟐) = 𝟐 − 𝟐𝐜𝐨𝐬 𝜽 = 𝟐(𝟏 − 𝐜𝐨𝐬 𝜽) 

𝑴𝑺⃗⃗⃗⃗ ⃗⃗ 𝟐 = 𝟒 + 𝟏 + 𝟏 + 𝟐 𝐜𝐨𝐬𝜽 (𝟐 + 𝟏 + 𝟐) ⇒ 

|𝑴𝑺⃗⃗⃗⃗ ⃗⃗  |
𝟐
= √𝟔 + 𝟏𝟎𝐜𝐨𝐬𝜽 = √𝟔√𝟏− 𝐜𝐨𝐬𝜽 

𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  𝟐 = 𝟒 + 𝟏 + 𝟏 + 𝐜𝐨𝐬 𝜽 ∙ 𝟐(−𝟐 − 𝟐 + 𝟏) ⇒ 

|𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  | = √𝟔 − 𝟔𝐜𝐨𝐬𝜽 = √𝟔√𝟏− 𝐜𝐨𝐬𝜽 

𝐜𝐨𝐬 𝒙 =
𝑴𝑺⃗⃗⃗⃗ ⃗⃗ ∙ 𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  

|𝑴𝑺⃗⃗⃗⃗ ⃗⃗  | ∙ |𝑴𝑪⃗⃗ ⃗⃗ ⃗⃗  |
=

𝟐(𝟏 − 𝐜𝐨𝐬𝜽)

√𝟏𝟐√(𝟏 − 𝐜𝐨𝐬𝜽)(𝟑 + 𝟓𝐜𝐨𝐬𝜽)
= √

𝟏 − 𝐜𝐨𝐬𝜽

𝟑(𝟑 + 𝟓𝐜𝐨𝐬𝜽)
 

𝐜𝐨𝐬 𝒙 =
𝟏

√𝟑𝟑
⇒ 𝐜𝐨𝐬𝜽 =

𝟏

𝟐
⇒ 𝜽 = 𝟔𝟎° 

708. If 𝑿 ∈ 𝑰𝒏𝒕(𝚫𝑨𝑩𝑪), 𝑿𝑨′ = 𝑿𝑩′ = 𝑿𝑪′ = 𝑹,𝑹 −circumradii, 𝑿𝑨′ ⊥ 𝑩𝑪, 
𝑿𝑩′ ⊥ 𝑪𝑨, 𝑿𝑪′ ⊥ 𝑨𝑩, 𝒓′ −inradii in 𝚫𝑨𝑩′𝑪′. Prove that: 

𝒓′ =
𝒂 + 𝒃 + 𝒄

𝟒 (𝐜𝐨𝐬
𝑨
𝟐
+ 𝐜𝐨𝐬

𝑩
𝟐
+ 𝐜𝐨𝐬

𝑪
𝟐
)
; 𝒓′ ≥

𝒔

𝟑√𝟑
 

Proposed by Mehmet Şahin-Ankara-Turkiye 
Solution by Ertan Yildirim-Izmir-Turkiye 
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∑𝐜𝐨𝐬
𝑨

𝟐
𝒄𝒚𝒄

≤
𝟑√𝟑

𝟐
 

[𝑨′𝑩′𝑪′] =
𝑹𝟐

𝟐
(𝐬𝐢𝐧(𝝅 − 𝑨) + 𝐬𝐢𝐧(𝝅 − 𝑩) + 𝐬𝐢𝐧(𝝅 − 𝑪)) = 

=
𝑹𝟐

𝟐
(𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪) =

𝑹𝟐

𝟐
⋅
𝒂 + 𝒃 + 𝒄

𝟐𝑹
=
𝑹

𝟒
(𝒂 + 𝒃 + 𝒄) 

(𝒂′)𝟐 = 𝑹𝟐 +𝑹𝟐 − 𝟐𝑹 ⋅ 𝑹 ⋅ 𝐜𝐨𝐬(𝝅 − 𝑨) 

(𝒂′)𝟐 = 𝟐𝑹𝟔𝟐 (𝟏 + 𝐜𝐨𝐬𝑨) = 𝟐𝑹𝟐 ⋅ 𝟐 𝐜𝐨𝐬𝟐
𝑨

𝟐
= 𝟒𝑹𝟐 ⋅ 𝐜𝐨𝐬𝟐

𝑨

𝟐
 

𝒂′ = 𝟐𝑹 ⋅ 𝐜𝐨𝐬
𝑨

𝟐
.  Similarly, 

𝒃′ = 𝟐𝑹 ⋅ 𝐜𝐨𝐬
𝑩

𝟐
 𝐚𝐧𝐝 𝒄′ = 𝟐𝑹 ⋅ 𝐜𝐨𝐬

𝑪

𝟐
 𝐭𝐡𝐞𝐧: [𝑨′𝑩′𝑪′] =

𝑹

𝟒
(𝒂 + 𝒃 + 𝒄) =

(𝒂′ + 𝒃′ + 𝒄′)𝒓′

𝟒
 

𝑹

𝟒
(𝒂 + 𝒃 + 𝒄) =

𝟏

𝟐
⋅ 𝟐𝑹(𝐜𝐨𝐬

𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
) 𝒓′ 

𝒓′ =
𝒂 + 𝒃 + 𝒄

𝟒 (𝐜𝐨𝐬
𝑨
𝟐 + 𝐜𝐨𝐬

𝑩
𝟐 + 𝐜𝐨𝐬

𝑪
𝟐)
; 

𝒓′ =
𝟐𝒔

𝟒 (𝐜𝐨𝐬
𝑨
𝟐 + 𝐜𝐨𝐬

𝑩
𝟐 + 𝐜𝐨𝐬

𝑪
𝟐)
≥

𝒔

𝟐 ⋅
𝟑√𝟑
𝟐

=
𝒔

𝟑√𝟑
 

709. If 𝑿 ∈ 𝑰𝒏𝒕(𝚫𝑨𝑩𝑪), 𝑿𝑨′ = 𝑿𝑩′ = 𝑿𝑪′ = 𝑹,𝑹 −circumradii, 𝑿𝑨′ ⊥ 𝑩𝑪, 

𝑿𝑩′ ⊥ 𝑪𝑨, 𝑿𝑪′ ⊥ 𝑨𝑩, 𝑰𝒂 −excenter, then: 

𝟒[𝑨′𝑩′𝑪′] = [𝑰𝒂𝑰𝒃𝑰𝒄] 

Proposed by Mehmet Şahin-Ankara-Turkiye 
Solution by Ertan Yildirim-Izmir-Turkiye 
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[𝑨′𝑩′𝑪′] =
𝑹𝟐

𝟐
(𝐬𝐢𝐧(𝝅 − 𝑨) + 𝐬𝐢𝐧(𝝅 − 𝑩) + 𝐬𝐢𝐧(𝝅 − 𝑪)) = 

=
𝑹𝟐

𝟐
(𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪) =

𝑹𝟐

𝟐
⋅
𝒂 + 𝒃 + 𝒄

𝟐𝑹
=
𝑹

𝟒
(𝒂 + 𝒃 + 𝒄) 

[𝑨′𝑩′𝑪′] =
𝑹

𝟒
(𝒂 + 𝒃 + 𝒄) 

Since 𝚫𝑨𝑩𝑪 is orthic triangle of 𝚫𝑰𝒂𝑰𝒃𝑰𝒄, then: 

𝑩𝑪 = 𝒂 = 𝑰𝒃𝑰𝒄 𝐜𝐨𝐬 (
𝝅

𝟐
−
𝑨

𝟐
) = 𝑰𝒃𝑰𝒄 𝐬𝐢𝐧

𝑨

𝟐
 

𝒂 = 𝟐𝑹𝐬𝐢𝐧𝑨 = 𝑰𝒃 𝑰𝒄 𝐬𝐢𝐧
𝑨

𝟐
 

𝟐𝑹 ⋅ 𝟐 𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
= 𝑰𝒃𝑰𝒄 𝐬𝐢𝐧

𝑨

𝟐
⇒ 𝑰𝒃𝑰𝒄 = 𝟒𝑹𝐜𝐨𝐬

𝑨

𝟐
 

Hence, 

𝑰𝒃𝑰𝒄 = 𝟒𝑹𝐜𝐨𝐬
𝑨

𝟐
, 𝑰𝒂𝑰𝒄 = 𝟒𝑹𝐜𝐨𝐬

𝑩

𝟐
, 𝑰𝒂𝑰𝒃 = 𝟒𝑹𝐜𝐨𝐬

𝑪

𝟐
 

Lemma: [𝑰𝒂𝑰𝒃𝑰𝒄] = 𝟖𝑹
𝟐 ⋅ 𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
= (𝒂 + 𝒃 + 𝒄)𝑹 

Proof. 𝐂𝐨𝐬
𝑨

𝟐
= √

𝒔(𝒔−𝒂)

𝒃𝒄
( 𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

[𝑰𝒂𝑰𝒃𝑰𝒄] =
𝟏

𝟐
⋅ 𝟒𝑹𝐜𝐨𝐬

𝑩

𝟐
⋅ 𝟒𝑹𝐜𝐨𝐬

𝑪

𝟐
⋅ 𝐬𝐢𝐧 (

𝝅

𝟐
−
𝑨

𝟐
) = 𝟖𝑹𝟐 ⋅ 𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
= 

= 𝟖𝑹𝟔𝟐 ⋅ √
𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ √
𝒔(𝒔 − 𝒃)

𝒄𝒂
⋅ √
𝒔(𝒔 − 𝒄)

𝒂𝒃
= 

= 𝟖𝑹𝟐 ⋅
𝒔 ⋅ 𝒔𝒓

𝒂𝒃𝒄
= 𝟖𝑹𝟐 ⋅

𝒔𝟐𝒓

𝟒𝑹𝒓𝒔
= 𝟐𝑹𝒔 = (𝒂 + 𝒃 + 𝒄)𝑹 

⇒ [𝑨′𝑩′𝑪′] =
𝑹

𝟒
(𝒂 + 𝒃 + 𝒄) =

[𝑰𝒂𝑰𝒃𝑰𝒄]

𝟒
, 𝟒[𝑨′𝑩′𝑪′] = [𝑰𝒂𝑰𝒃𝑰𝒄] 

710. In ∆𝑨𝑩𝑪 the following relationship holds: 

  𝟐∑
𝟏

𝒉𝒂
√𝒎𝒃𝒎𝒄(𝒓𝒂 + 𝒓𝒄 − 𝒉𝒃)(𝒓𝒂 + 𝒓𝒃 − 𝒉𝒄)
𝟒

𝒄𝒚𝒄

≥∑
𝒃 + 𝒄

𝒂
𝒄𝒚𝒄

 

 Proposed by Bogdan Fuştei-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  √𝒎𝒃𝒎𝒄  ≥⏞
𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏

 √
(𝒄𝟐 + 𝒂𝟐)(𝒂𝟐 + 𝒃𝟐)

(𝟒𝑹)𝟐
 ≥⏞
𝑪𝑩𝑺

 
𝒄𝒂 + 𝒂𝒃

𝟒𝑹
=
𝒂(𝒃 + 𝒄)

𝟒𝑹
=
𝑭(𝒃 + 𝒄)

𝒃𝒄
  (𝟏) 

𝑨𝒍𝒔𝒐,   𝒓𝒂 + 𝒓𝒄 − 𝒉𝒃 =
𝑭

𝒔 − 𝒂
+

𝑭

𝒔 − 𝒄
−
𝟐𝑭

𝒃
= 𝑭(

𝒃

(𝒔 − 𝒄)(𝒔 − 𝒂)
−
𝟐

𝒃
) =⏞
𝒃 = (𝒔−𝒄)+(𝒔−𝒂)

𝑭.
(𝒔 − 𝒄)𝟐 + (𝒔 − 𝒂)𝟐

𝒃(𝒔 − 𝒄)(𝒔 − 𝒂)
 

𝑻𝒉𝒆𝒏 ∶ 

 √(𝒓𝒂 + 𝒓𝒄 − 𝒉𝒃)(𝒓𝒂 + 𝒓𝒃 − 𝒉𝒄) = √
𝑭𝟐

𝒃𝒄
.
[(𝒔 − 𝒄)𝟐 + (𝒔 − 𝒂)𝟐][(𝒔 − 𝒂)𝟐 + (𝒔 − 𝒃)𝟐]

(𝒔 − 𝒂)𝟐(𝒔 − 𝒃)(𝒔 − 𝒄)
≥ 

≥⏞
𝑪𝑩𝑺

√
𝑭𝟐

𝒃𝒄
.
[(𝒔 − 𝒄)(𝒔 − 𝒂)+ (𝒔 − 𝒂)(𝒔 − 𝒃)]𝟐

(𝒔 − 𝒂)𝟐(𝒔 − 𝒃)(𝒔 − 𝒄)
= √

𝑭𝟐

𝒃𝒄
.

𝒂𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝑭.𝒂

𝒃𝒄. 𝐬𝐢𝐧
𝑨
𝟐

= 

=⏞
𝑴𝒐𝒍𝒍𝒘𝒆𝒊𝒅𝒆 𝑭. (𝒃+ 𝒄)

𝒃𝒄. 𝐜𝐨𝐬
𝑩− 𝑪
𝟐

≥
𝑭(𝒃+ 𝒄)

𝒃𝒄
,   𝒕𝒉𝒆𝒏 ∶ 

 √(𝒓𝒂 + 𝒓𝒄 − 𝒉𝒃)(𝒓𝒂 + 𝒓𝒃 − 𝒉𝒄) ≥
𝑭(𝒃 + 𝒄)

𝒃𝒄
 (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟐

𝒉𝒂
√𝒎𝒃𝒎𝒄(𝒓𝒂 + 𝒓𝒄 −𝒉𝒃)(𝒓𝒂 + 𝒓𝒃 − 𝒉𝒄)
𝟒

≥
𝒂

𝑭
.
𝑭(𝒃 + 𝒄)

𝒃𝒄
=
𝒂

𝒃
+
𝒂

𝒄
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒖𝒑 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒊𝒕𝒉 𝒔𝒊𝒎𝒊𝒍𝒂𝒓 𝒐𝒏𝒆𝒔 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟐∑
𝟏

𝒉𝒂
√𝒎𝒃𝒎𝒄(𝒓𝒂 + 𝒓𝒄 − 𝒉𝒃)(𝒓𝒂 + 𝒓𝒃 − 𝒉𝒄)
𝟒

𝒄𝒚𝒄

≥∑(
𝒂

𝒃
+
𝒂

𝒄
)

𝒄𝒚𝒄

=∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

. 

711. In ∆𝑨𝑩𝑪 the following relationship holds: 

  
𝑹

𝟐𝒓
(
𝒓𝒂 + 𝒓𝒃
𝒓𝒃 + 𝒓𝒄

+
𝒓𝒃 + 𝒓𝒄
𝒓𝒄 + 𝒓𝒂

+
𝒓𝒄 + 𝒓𝒂
𝒓𝒂 + 𝒓𝒃

) ≥
𝒓𝒃 + 𝒓𝒄
𝒓𝒂 + 𝒓𝒃

+
𝒓𝒄 + 𝒓𝒂
𝒓𝒃 + 𝒓𝒄

+
𝒓𝒂 + 𝒓𝒃
𝒓𝒄 + 𝒓𝒂

 

 Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧
𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧
𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐
)𝐜𝐨𝐬

𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
∴ 𝐫𝐛 + 𝐫𝐜 =

(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐑

𝟐𝐫
(
𝐫𝒂 + 𝐫𝐛
𝐫𝐛 + 𝐫𝐜

+
𝐫𝐛 + 𝐫𝐜
𝐫𝐜 + 𝐫𝒂

+
𝐫𝐜 + 𝐫𝒂
𝐫𝒂 + 𝐫𝐛

) ≥
𝐀−𝐆 𝟑𝐑

𝟐𝐫
. √
𝐫𝒂 + 𝐫𝐛
𝐫𝐛 + 𝐫𝐜

.
𝐫𝐛 + 𝐫𝐜
𝐫𝐜 + 𝐫𝒂

.
𝐫𝐜 + 𝐫𝒂
𝐫𝒂 + 𝐫𝐛

𝟑

≥
? 𝐫𝐛 + 𝐫𝐜
𝐫𝒂 + 𝐫𝐛

+
𝐫𝐜 + 𝐫𝒂
𝐫𝐛 + 𝐫𝐜

+
𝐫𝒂 + 𝐫𝐛
𝐫𝐜 + 𝐫𝒂

=∑
(∑ 𝐫𝒂𝐜𝐲𝐜 ) − 𝐫𝐛

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

 

⇔
𝟑𝐑

𝟐𝐫
+∑

𝐫𝐛
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

≥
? 𝟒𝐑+ 𝐫

∏ (𝐫𝐛 + 𝐫𝐜)𝐜𝐲𝐜
.∑((𝐫𝐜 + 𝐫𝒂)(𝐫𝒂 + 𝐫𝐛))

𝐜𝐲𝐜

⇔
𝐯𝐢𝒂 (𝐢) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟑𝐑

𝟐𝐫

+∑
𝐫𝐛

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

≥
? 𝟒𝐑 + 𝐫

∏ (𝟒𝐑𝐜𝐨𝐬𝟐
𝐀
𝟐
)𝐜𝐲𝐜

. (𝟑(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)+∑𝐫𝒂
𝟐

𝐜𝐲𝐜

) 

⇔
𝟑𝐑

𝟐𝐫
+∑

𝐫𝐛
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

≥
? 𝟒𝐑 + 𝐫

𝟔𝟒𝐑𝟑.
𝐬𝟐

𝟏𝟔𝐑𝟐

. (𝟑𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)

⇔
𝟑𝐑

𝟐𝐫
+∑

𝐫𝐛
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

≥
?
⏟
(∗)

(𝟒𝐑+ 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐)

𝟒𝐑𝐬𝟐
 

𝐍𝐨𝐰,
𝟑𝐑

𝟐𝐫
+∑

𝐫𝐛
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

=
𝟑𝐑

𝟐𝐫
+∑

𝐫𝐛
𝟐

𝐫𝐛
𝟐 + 𝐫𝐛𝐫𝐜𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟑𝐑

𝟐𝐫

+
(𝟒𝐑 + 𝐫)𝟐

(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐 + 𝐬𝟐
≥
? (𝟒𝐑 + 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐)

𝟒𝐑𝐬𝟐
 

⇔
𝟑𝐑((𝟒𝐑 + 𝐫)𝟐 − 𝐬𝟐) + 𝟐𝐫(𝟒𝐑 + 𝐫)𝟐

𝟐𝐫((𝟒𝐑+ 𝐫)𝟐 − 𝐬𝟐)
≥
? (𝟒𝐑+ 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐)

𝟒𝐑𝐬𝟐

⇔ 𝟒𝐑𝐬𝟐(𝟑𝐑((𝟒𝐑+ 𝐫)𝟐 − 𝐬𝟐) + 𝟐𝐫(𝟒𝐑+ 𝐫)𝟐) ≥
?
𝟐𝐫(𝟒𝐑+ 𝐫)((𝟒𝐑 + 𝐫)𝟒 − 𝐬𝟒) 

⇔ (𝟔𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)𝐬𝟒 − (𝟗𝟔𝐑𝟒 + 𝟏𝟏𝟐𝐑𝟑𝐫 + 𝟑𝟖𝐑𝟐𝐫𝟐 + 𝟒𝐑𝐫𝟑)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟓 ≤
?
⏟
(∗∗)

𝟎  

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐)𝐬𝟐

− (𝟗𝟔𝐑𝟒 + 𝟏𝟏𝟐𝐑𝟑𝐫 + 𝟑𝟖𝐑𝟐𝐫𝟐 + 𝟒𝐑𝐫𝟑)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟓 ≤
?
𝟎 

⇔ (𝟕𝟐𝐑𝟒 + 𝟏𝟎𝟒𝐑𝟑𝐫 + 𝟒𝟎𝐑𝟐𝐫𝟐 + 𝟐𝟎𝐑𝐫𝟑 + 𝟑𝐫𝟒)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟒𝐑 + 𝐫)𝟓  

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟕𝟐𝐑𝟒 + 𝟏𝟎𝟒𝐑𝟑𝐫 + 𝟒𝟎𝐑𝟐𝐫𝟐 + 𝟐𝟎𝐑𝐫𝟑 + 𝟑𝐫𝟒)(𝟏𝟔𝐑𝐫

− 𝟓𝐫𝟐) ≥
?
𝐫(𝟒𝐑+ 𝐫)𝟓⇔ 𝟏𝟔𝐭𝟓 + 𝟑𝐭𝟒 − 𝟔𝟓𝐭𝟑 − 𝟓𝐭𝟐 − 𝟗𝐭 − 𝟐 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 
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⇔ (𝐭 − 𝟐)(𝟏𝟔𝐭𝟒 + 𝟑𝟓𝐭𝟑 + 𝟓𝐭𝟐 + 𝟓𝐭 + 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝐑

𝟐𝐫
(
𝐫𝒂 + 𝐫𝐛
𝐫𝐛 + 𝐫𝐜

+
𝐫𝐛 + 𝐫𝐜
𝐫𝐜 + 𝐫𝒂

+
𝐫𝐜 + 𝐫𝒂
𝐫𝒂 + 𝐫𝐛

)

≥
𝐫𝐛 + 𝐫𝐜
𝐫𝒂 + 𝐫𝐛

+
𝐫𝐜 + 𝐫𝒂
𝐫𝐛 + 𝐫𝐜

+
𝐫𝒂 + 𝐫𝐛
𝐫𝐜 + 𝐫𝒂

, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝒓𝒃 + 𝒓𝒄
𝒓𝒂 + 𝒓𝒃

+
𝒓𝒄 + 𝒓𝒂
𝒓𝒃 + 𝒓𝒄

+
𝒓𝒂 + 𝒓𝒃
𝒓𝒄 + 𝒓𝒂

 ≤⏞
𝑪𝑩𝑺

 

 √(∑(𝒓𝒃 + 𝒓𝒄)𝟐

𝒄𝒚𝒄

)(∑
𝟏

(𝒓𝒂 + 𝒓𝒃)𝟐
𝒄𝒚𝒄

)  ≤⏞
𝑨𝑴−𝑮𝑴

 √𝟐(∑𝒓𝒂𝟐

𝒄𝒚𝒄

+∑𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

)(∑
𝟏

𝟒𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

) = 

= √[(𝟒𝑹+ 𝒓)𝟐 − 𝒔𝟐].
𝟒𝑹 + 𝒓

𝟐𝒔𝟐𝒓
 ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 √
[(𝟒𝑹 + 𝒓)𝟐 − (𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)](𝟒𝑹 + 𝒓)

𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)𝒓

= √
𝟑𝟐𝑹𝟑 − 𝟖𝑹𝟐𝒓 + 𝟖𝑹𝒓𝟐 + 𝟑𝒓𝟑

(𝟏𝟔𝑹− 𝟓𝒓)𝒓𝟐
 ≤⏞
?

 
𝟑𝑹

𝟐𝒓
 

⇔ 𝟒(𝟑𝟐𝑹𝟑 − 𝟖𝑹𝟐𝒓 + 𝟖𝑹𝒓𝟐 + 𝟑𝒓𝟑) ≤ 𝟗𝑹𝟐(𝟏𝟔𝑹 − 𝟓𝒓)  
⇔ 𝟏𝟔𝑹𝟑 − 𝟏𝟑𝑹𝟐𝒓 − 𝟑𝟐𝑹𝒓𝟐 − 𝟏𝟐𝒓𝟑 ≥ 𝟎 

⇔ (𝑹 − 𝟐𝒓)(𝟏𝟔𝑹𝟐 + 𝟏𝟗𝑹𝒓 + 𝟔𝒓𝟐) ≥ 𝟎  𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 

  
𝒓𝒃 + 𝒓𝒄
𝒓𝒂 + 𝒓𝒃

+
𝒓𝒄 + 𝒓𝒂
𝒓𝒃 + 𝒓𝒄

+
𝒓𝒂 + 𝒓𝒃
𝒓𝒄 + 𝒓𝒂

≤
𝟑𝑹

𝟐𝒓
  ≤⏞
𝑨𝑴−𝑮𝑴

 
𝑹

𝟐𝒓
(
𝒓𝒂 + 𝒓𝒃
𝒓𝒃 + 𝒓𝒄

+
𝒓𝒃 + 𝒓𝒄
𝒓𝒄 + 𝒓𝒂

+
𝒓𝒄 + 𝒓𝒂
𝒓𝒂 + 𝒓𝒃

). 

712. If in ∆𝑨𝑩𝑪,𝝎 −Brocard's angle  then : 

𝐬𝐢𝐧𝝎 ≤ 𝟒√∏
𝒎𝒂

𝟐

𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

𝟑
. 

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒃

𝒄
+
𝒄

𝒃
≤
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐𝑭
  (∗) 
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𝑷𝒓𝒐𝒐𝒇 ∶    𝑺𝒊𝒏𝒄𝒆  𝟒𝑭 = √𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(∗)  ⇔ (𝒃𝟐 + 𝒄𝟐)√𝟐(𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)− (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)

≤ 𝟐𝒃𝒄√𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 

⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟒 + 𝒄𝟒) [𝟐 (𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)− (𝒂𝟒+ 𝒃𝟒 + 𝒄𝟒)]

≤ 𝟒𝒃𝟐𝒄𝟐 (𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) 

⇔ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)
𝟐
− 𝟐𝒃𝟐𝒄𝟐(𝒃𝟒 + 𝒄𝟒) + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)

𝟐
≤ 𝟎 

⇔ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐

= −[𝒂𝟐(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟒 + 𝒄𝟒)]𝟐 ≤ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

𝑺𝒊𝒏𝒄𝒆 𝒎𝒂 ,𝒎𝒃, 𝒎𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆𝒎 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂  

𝑭𝒎 =
𝟑𝑭

𝟒
 𝒕𝒉𝒆𝒏 𝒖𝒔𝒊𝒏𝒈 𝒍𝒆𝒎𝒎𝒂 𝒊𝒏 ∆𝒎, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
≤
√𝒎𝒂

𝟐𝒎𝒃
𝟐 +𝒎𝒃

𝟐𝒎𝒄
𝟐 +𝒎𝒄

𝟐𝒎𝒂
𝟐

𝟐𝑭𝒎
=
√ 𝟗
𝟏𝟔
(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)

𝟑𝑭
𝟐

=
𝟏

𝐬𝐢𝐧𝝎
. 

𝑻𝒉𝒆𝒏 ∶   𝐬𝐢𝐧𝝎 ≤
𝒎𝒃𝒎𝒄

𝒎𝒃
𝟐 +𝒎𝒄

𝟐
=

𝟒𝒎𝒃𝒎𝒄

𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝟒√∏
𝒎𝒂

𝟐

𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

𝟑
= √∏

𝟒𝒎𝒃𝒎𝒄

𝟒𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

𝟑
≥ √∏𝐬𝐢𝐧𝝎

𝒄𝒚𝒄

𝟑 = 𝐬𝐢𝐧𝝎. 

713. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑(
𝒂

(𝒃 + 𝒄) 𝐜𝐨𝐬𝟑
𝑨
𝟐

)

𝟐

𝒄𝒚𝒄

≥
𝟕𝟐𝑹𝟑

(𝟒𝑹 + 𝒓)𝟑 − 𝟐𝒔𝟐(𝟐𝑹 + 𝒓)
 

Proposed by Neculai Stanciu-Romania 
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Solution by Tapas Das-India 

𝐋𝐞𝐭 𝒙 = 𝐜𝐨𝐬𝟐
𝑨

𝟐
, 𝒚 = 𝐜𝐨𝐬𝟐

𝑩

𝟐
, 𝒛 = 𝐜𝐨𝐬𝟐

𝑪

𝟐
, 𝐭𝐡𝐞𝐧: 

∑𝐜𝐨𝐬𝟔
𝑨

𝟐
𝒄𝒚𝒄

=∑(𝐜𝐨𝐬𝟐
𝑨

𝟐
)
𝟑

𝒄𝒚𝒄

= 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 = 

= (𝒙 + 𝒚 + 𝒛) ((𝒙 + 𝒚 + 𝒛)𝟐 − 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)) + 𝟑𝒙𝒚𝒛;  (𝟏) 

𝒙 + 𝒚 + 𝒛 = 𝐜𝐨𝐬𝟐
𝑨

𝟐
+ 𝐜𝐨𝐬𝟐

𝑩

𝟐
+ 𝐜𝐨𝐬𝟐

𝑪

𝟐
= 𝟐 +

𝟐𝒓

𝑹
=
𝟒𝑹 + 𝒓

𝟐𝑹
 

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 =∑𝐜𝐨𝐬𝟐
𝑨

𝟐
𝐜𝐨𝐬𝟐

𝑩

𝟐
𝒄𝒚𝒄

= 𝟏 +
𝒔𝟐 + 𝒓𝟐 + 𝟖𝑹𝒓

𝟏𝟔𝑹𝟐
=
𝟏𝟔𝑹𝟐 + 𝒔𝟐 + 𝒓𝟐 + 𝟖𝑹𝒓

𝟏𝟔𝑹𝟐
 

𝒙𝒚𝒛 =∏𝐜𝐨𝐬𝟐
𝑨

𝟐
𝒄𝒚𝒄

= (
𝒔

𝟒𝑹
)
𝟐

=
𝒔𝟐

𝟏𝟔𝑹𝟐
 

𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 =
(𝟏) 𝟒𝑹 + 𝒓

𝟐𝑹
[(
𝟒𝑹+ 𝒓

𝟐𝑹
)
𝟐

−
𝟒𝟖𝑹𝟐 + 𝟑𝒔𝟐 + 𝟑𝒓𝟐 + 𝟐𝟒𝑹𝒓

𝟏𝟔𝑹𝟐
] +

𝟑𝒔𝟐

𝟏𝟔𝑹𝟐
= 

=
𝟒𝑹 + 𝒓

𝟐𝑹
∙
𝟒(𝟒𝑹+ 𝒓)𝟐 − 𝟒𝟖𝑹𝟐 − 𝟑𝒔𝟐 − 𝟑𝒓𝟐 − 𝟐𝟒𝑹𝒓

𝟏𝟔𝑹𝟐
+
𝟑𝒔𝟐

𝟏𝟔𝑹𝟐
= 

=
𝟒𝑹+ 𝒓

𝟐𝑹
∙
𝟔𝟒𝑹𝟐 + 𝟑𝟐𝑹𝒓 + 𝟒𝒓𝟐 − 𝟒𝟖𝑹𝟐 − 𝟑𝒔𝟐 − 𝟑𝒓𝟐 − 𝟐𝟒𝑹𝒓

𝟏𝟔𝑹𝟐
+
𝟑𝒔𝟐

𝟏𝟔𝑹𝟐
= 

=
𝟒𝑹 + 𝒓

𝟐𝑹
∙
𝟏𝟔𝑹𝟐 + 𝟖𝑹𝒓 + 𝒓𝟐 − 𝟑𝒔𝟐

𝟏𝟔𝑹𝟐
+
𝟑𝒔𝟐

𝟏𝟔𝑹𝟐
= 

=
𝟏

𝟑𝟐𝑹𝟑
(𝟔𝟒𝑹𝟑 + 𝟒𝟖𝑹𝟐𝒓 + 𝟏𝟐𝑹𝒓𝟐 + 𝒓𝟑 − 𝟔𝑹𝒔𝟐 − 𝟑𝒔𝟑𝒓) = 

=
𝟏

𝟑𝟐𝑹𝟑
[(𝟒𝑹 + 𝒓)𝟑 − 𝟑𝒔𝟐(𝟐𝑹 + 𝒓)] 

∑(
𝒂

(𝒃 + 𝒄) 𝐜𝐨𝐬𝟑
𝑨
𝟐

)

𝟐

𝒄𝒚𝒄

=∑(

𝒂
𝒃+ 𝒄

𝐜𝐨𝐬𝟑
𝑨
𝟐

)

𝟐

𝒄𝒚𝒄

=∑
(
𝒂

𝒃 + 𝒄)
𝟐

𝐜𝐨𝐬𝟔
𝑨
𝟐𝒄𝒚𝒄

≥ 

≥
(∑

𝒂
𝒃 + 𝒄)

𝟐

∑𝐜𝐨𝐬𝟔
𝑨
𝟐

≥
𝑵𝒆𝒔𝒃𝒊𝒕𝒕 𝟗

𝟒
∙

𝟑𝟐𝑹𝟑

(𝟒𝑹 + 𝒓)𝟐 − 𝟑𝒔𝟐(𝟐𝑹 + 𝒓)
=

𝟕𝟐𝑹𝟑

(𝟒𝑹 + 𝒓)𝟑 − 𝟐𝒔𝟐(𝟐𝑹 + 𝒓)
 

 

714. If 𝑿 ∈ 𝑰𝒏𝒕(𝚫𝑨𝑩𝑪), 𝑿𝑨′ = 𝑿𝑩′ = 𝑿𝑪′ = 𝑹,𝑹 −circumradii, 𝑿𝑨′ ⊥ 𝑩𝑪, 

𝑿𝑩′ ⊥ 𝑪𝑨, 𝑿𝑪′ ⊥ 𝑨𝑩, 𝒂′, 𝒃′, 𝒄′ −sides in 𝚫𝑨𝑩′𝑪′ then: 

𝒂

𝒂′
+
𝒃

𝒃′
+
𝒄

𝒄′
= 𝟐 (𝐬𝐢𝐧

𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
) 

Proposed by Mehmet Şahin-Ankara-Turkiye 
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Solution by Ertan Yildirim-Turkiye 

 

(𝒂′)𝟐 = 𝑹𝟐 +𝑹𝟐 − 𝟐𝑹 ∙ 𝑹 ∙ 𝐜𝐨𝐬(𝝅 − 𝑨) = 𝟐𝑹𝟐(𝟏 + 𝐜𝐨𝐬𝑨) = 𝟐𝑹𝟐 ∙ 𝟐 𝐜𝐨𝐬𝟐
𝑨

𝟐
== 𝟒𝑹𝟐 𝐜𝐨𝐬𝟐

𝑨

𝟐
 

𝒂 = 𝟐𝑹 ∙ 𝐜𝐨𝐬
𝑨

𝟐
, 𝐬𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲, 𝒃′ = 𝟐𝑹 ∙ 𝐜𝐨𝐬

𝑩

𝟐
 𝐚𝐧𝐝 𝒄′𝟐𝑹 ∙ 𝐜𝐨𝐬

𝑪

𝟐
 

𝒂

𝒂′
+
𝒃

𝒃′
+
𝒄

𝒄′
=

𝒂

𝟐𝑹𝐜𝐨𝐬
𝑨
𝟐

+
𝒃

𝟐𝑹𝐜𝐨𝐬
𝑩
𝟐

+
𝒄

𝟐𝑹𝐜𝐨𝐬
𝑪
𝟐

= 

=∑
𝟐𝑹 ∙ 𝐬𝐢𝐧𝑨

𝟐𝑹 ∙ 𝐜𝐨𝐬
𝑨
𝟐𝒄𝒚𝒄

=∑
𝟐𝐬𝐢𝐧

𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

𝐜𝐨𝐬
𝑨
𝟐𝒄𝒚𝒄

= 𝟐(𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
) 

715. 𝚫𝑨𝑩𝑪 scalen, 𝑷 = 𝑿(𝟏) of 𝚫𝑨𝑩𝑪 and 𝚫𝑿𝒀𝒁 antipedal triangle of 𝑷, 

𝑹 and 𝒓 circumradius and inradius of 𝚫𝑨𝑩𝑪,𝑹′ −circumradius of 𝚫𝑿𝒀𝒁. 

Prove that: 
[𝑿,𝒀,𝒁]

[𝑨,𝑩,𝑪]
=
𝟐𝑹

𝒓
, 𝑹′ = 𝟐𝑹. 

 
Proposed by Juan Jose Isach Mayo-Valencia-Spain 
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Solution by proposer 
𝚫𝑨𝑩𝑪 scalen, 𝑷 = 𝑿(𝟏) of 𝚫𝑨𝑩𝑪 and 𝚫𝑿𝒀𝒁 antipedal triangle of 𝑷, 

𝑰 −incenter of 𝚫𝑿𝒀𝒁 is the orthocenter of 𝚫𝑿𝒀𝒁. 

𝑶 −circumcenter of 𝚫𝑿𝒀𝒁 is the nine point center of 𝚫𝑿𝒀𝒁. 

𝑹 −circumradius of 𝚫𝑨𝑩𝑪 is the radius of Euler circle of 𝚫𝑿𝒀𝒁. 

𝑹′ −is the radius of circumcircle of 𝚫𝑿𝒀𝒁. 

We know that the circumradius of a triangle is twice the radius of its Euler circle 

associated, then we can affirm that 𝑹′ = 𝟐𝑹. 

𝐜𝐨𝐬
𝑨

𝟐
= √

𝒔(𝒔 − 𝒂)

𝒃𝒄
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝐬𝐢𝐧
𝑨

𝟐
= √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

 

𝑨𝑰 = √
(𝒔 − 𝒂)𝒃𝒄

𝒔
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

In 𝚫𝒁𝑨𝑰 rectangle in 𝑨, 𝑰𝒁�̂� =
𝑩

𝟐
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𝑨𝒁 = 𝑨𝑰 ⋅ 𝐜𝐨𝐭
𝑩

𝟐
= √

(𝒔 − 𝒃)𝒃𝒄

𝒔 − 𝒄
 

In 𝚫𝒀𝑨𝑰 rectangle in 𝑨, 𝑰𝒀�̂� =
𝑪

𝟐
,     𝑨𝒀 = 𝑨𝑰 ⋅ 𝐜𝐨𝐭

𝑪

𝟐
= √

(𝒔−𝒄)𝒃𝒄

𝒔−𝒃
 

𝒀𝒁 = 𝑨𝒁+ 𝑨𝒀 =
𝒂√𝒃𝒄

√(𝒔 − 𝒄)(𝒔 − 𝒃)
=

𝟐𝒂√𝒃𝒄

√(𝒂 + 𝒃 − 𝒄)(𝒂 − 𝒃 + 𝒄)
 

Similarly, 

𝑿𝒁 =
𝟐𝒃√𝒂𝒄

√(𝒂 + 𝒃 − 𝒄)(−𝒂 + 𝒃 + 𝒄)
 𝐚𝐧𝐝 𝑿𝒀 =

𝟐𝒄√𝒂𝒃

√(−𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒃 + 𝒄)
 

[𝑰, 𝒀, 𝒁] =
𝒀𝒁 ⋅ 𝑨𝑰

𝟐
= 𝑹(−𝒂 + 𝒃 + 𝒄), [𝑰, 𝑿, 𝒁] =

𝒁𝑿 ⋅ 𝑩𝑰

𝟐
= 𝑹(𝒂 − 𝒃 + 𝒄) 

[𝑰, 𝑿, 𝒀] =
𝑿𝒀 ⋅ 𝑰𝑪

𝟐
= 𝑹(𝒂+ 𝒃 − 𝒄) 

[𝑿, 𝒀, 𝒁] = [𝑰, 𝒀, 𝒁] + [𝑰, 𝒁, 𝑿] + [𝑰, 𝑿, 𝒀] = 𝑹(−𝒂 + 𝒃 + 𝒄) + 𝑹(𝒂 − 𝒃 + 𝒄) + 𝑹(𝒂 + 𝒃 − 𝒄)

= 𝑹(𝒂 + 𝒃 + 𝒄) =
𝟐𝑹[𝑨,𝑩, 𝑪]

𝒓
 

𝐇𝐨𝐰,𝑿𝒀 ⋅ 𝑿𝒁 ⋅ 𝒀𝒁 =
𝟖𝒂𝟐𝒃𝟐𝒄𝟐

(−𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒃 + 𝒄)(𝒂 + 𝒃 − 𝒄)
= 𝟖𝑹𝟐(𝒂 + 𝒃 + 𝒄) 

𝑹′ =
𝑿𝒀 ⋅ 𝑿𝒁 ⋅ 𝒀𝒁

𝟒[𝑿,𝒀, 𝒁]
= 𝟐𝑹 

716.  𝐅𝐢𝐧𝐝: 
𝑨𝑺

𝑺𝑫
⋅
𝑸𝑺

𝑺𝑷
=? 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by Jose Ferreira Queiroz-Olinda-Brazil 
𝑨𝑸 = 𝒔 − 𝒃,𝑸𝑩 = 𝒔 − 𝒂, 𝑩𝑫 = 𝒔 − 𝟐𝟎, 𝑫𝑪 = 𝒔 − 𝒃,𝑷𝑪 = 𝒔 − 𝒂 and 𝑨𝑷 = 𝒔 − 𝟐𝟎 

𝒄 = 𝟐𝟎, 𝒓𝒂 = 𝟑𝟎, 𝑹 = 𝟏𝟓, 𝟐𝒔 = 𝒂 + 𝒃 + 𝒄 

[𝑨𝑩𝑪] =
𝒂𝒃𝒄

𝟒𝑹
= 𝒓𝒂(𝒔 − 𝒂) 

𝒂𝒃 ⋅ 𝟐𝟎

𝟒 ⋅ 𝟏𝟓
=
𝟑𝟎(−𝒂 + 𝒃 + 𝟐𝟎)

𝟐
 

𝒂𝒃 = 𝟒𝟓(𝒃 − 𝒂 + 𝟐𝟎) 

𝒂𝒃

𝒃 − 𝒂 + 𝟐𝟎
= 𝟒𝟓 

Using Gakopoulos’ Lemmas 

𝑺𝑷

𝑺𝑸
=
𝑫𝑪

𝑫𝑩
⋅
𝑨𝑷

𝑨𝑪
⋅
𝑨𝑩

𝑨𝑸
 

𝑺𝑫

𝑺𝑨
=
𝟏

𝑩𝑪
(𝑩𝑫 ⋅

𝑪𝑷

𝑷𝑨
+𝑫𝑪 ⋅

𝑩𝑸

𝑸𝑨
) 

We have: 

𝑺𝑷

𝑺𝑸
=
𝒔 − 𝒃

𝒔 − 𝟐𝟎
⋅
𝒔 − 𝟐𝟎

𝒃
⋅
𝟐𝟎

𝒔 − 𝒃
=
𝟐𝟎

𝒃
 

𝑺𝑸

𝑺𝑷
=
𝒃

𝟐𝟎
,                     

𝑺𝑫

𝑺𝑨
=
𝟏

𝒂
((𝒔 − 𝟐𝟎) ⋅

𝒔 − 𝒂

𝒔 − 𝟐𝟎
+ (𝒔 − 𝒃) ⋅

𝒔 − 𝒂

𝒔 − 𝒃
) 

𝑺𝑫

𝑺𝑨
=
𝟏

𝒂
(𝟐𝒔 − 𝟐𝒂) =

𝟏

𝒂
(𝒃 − 𝒂 + 𝟐𝟎),       

𝑺𝑨

𝑺𝑫
=

𝒂

𝒃 − 𝒂 + 𝟐𝟎
 

Then, 

𝑺𝑨

𝑺𝑫
⋅
𝑺𝑸

𝑺𝑷
=
𝒃

𝟐𝟎
⋅

𝒂

𝒃 − 𝒂 + 𝟐𝟎
=
𝟒𝟓

𝟐𝟎
 

𝑺𝑨

𝑺𝑫
⋅
𝑺𝑸

𝑺𝑷
=
𝟗

𝟒
 

717. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑√𝟑
𝑹

𝒓
≥ 𝟐∑𝐜𝐨𝐬𝑨 𝐜𝐨𝐭

𝑨

𝟐
𝒄𝒚𝒄

+∑𝐜𝐨𝐭
𝑪

𝟐
(𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬𝑩)

𝒄𝒚𝒄

≥ 𝟔√𝟑 

Proposed by Alex Szoros-Romania 
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Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∵ ∑ 𝐜𝐨𝐭
𝑨

𝟐𝒄𝒚𝒄 = ∏ 𝐜𝐨𝐭
𝑨

𝟐𝒄𝒚𝒄 =
𝒔

𝒓
,   ∵ ∑ 𝐜𝐨𝐬𝑨𝒄𝒚𝒄 = 𝟏 +

𝒓

𝑹
  ∵ ∑ 𝐬𝐢𝐧 𝑨𝒄𝒚𝒄 =

𝒔 

𝑹
 

𝟐∑𝐜𝐨𝐬𝑨 𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

+∑𝐜𝐨𝐭
𝑪

𝟐
(𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩)

𝒄𝒚𝒄

= 

= 𝟐∑𝐜𝐨𝐬 𝑨𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

+∑𝐜𝐨𝐭
𝑪

𝟐
(𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪)

𝒄𝒚𝒄

−∑𝐜𝐨𝐬𝑨 𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

= 

=∑𝐜𝐨𝐬𝑨 𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

+∑𝐜𝐨𝐬𝑨

𝒄𝒚𝒄

∙∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

=∑(𝟏 − 𝟐𝐬𝐢𝐧𝟐
𝑨

𝟐
) 𝐜𝐨𝐭

𝑨

𝟐
𝒄𝒚𝒄

+ (𝟏+
𝒓

𝑹
) ∙
𝒔

𝒓
= 

=∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

−∑𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

+ (𝟏 +
𝒓

𝑹
) ∙
𝒔

𝒓
=
𝒔

𝒓
−
𝒔

𝑹
+
𝒔

𝒓
−
𝒔

𝑹
=
𝟐𝒔

𝒓
 

𝟔√𝟑 ≤
𝟐𝒔

𝒓
≤ 𝟑√𝟑 ∙

𝒔

𝒓
,    𝟑√𝟑 ∙ 𝒓 ≤ 𝒔 ≤

𝟑√𝟑

𝟐
∙ 𝑹(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) 

Solution 2 by Tapas Das-India 

𝐜𝐨𝐭
𝑪

𝟐
(𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩) = 𝐜𝐨𝐭

𝑪

𝟐
∙ 𝟐 𝐜𝐨𝐬

𝑨 + 𝑩

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
= 

= 𝐜𝐨𝐭
𝑪

𝟐
∙ 𝟐 𝐜𝐨𝐬 (

𝝅

𝟐
−
𝑪

𝟐
) 𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
= 𝐜𝐨𝐭

𝑪

𝟐
∙ 𝟐 𝐬𝐢𝐧

𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
= 

=
𝐜𝐨𝐬

𝑪
𝟐

𝐬𝐢𝐧
𝑪
𝟐

∙ 𝟐 𝐬𝐢𝐧
𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
= 𝟐𝐜𝐨𝐬

𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
= 

= 𝟐𝐜𝐨𝐬 (
𝝅

𝟐
−
𝑨 +𝑩

𝟐
) 𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
= 𝟐𝐬𝐢𝐧

𝑨 + 𝑩

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
= 

= 𝐬𝐢𝐧 𝑨 + 𝐬𝐢𝐧𝑩 

∑𝐜𝐨𝐭
𝑪

𝟐
(𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬𝑩)

𝒄𝒚𝒄

= 𝟐∑𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

; (𝟏) 

𝐜𝐨𝐬𝑨𝐜𝐨𝐭
𝑨

𝟐
= (𝟏 − 𝟐𝐬𝐢𝐧𝟐

𝑨

𝟐
) 𝐜𝐨𝐭

𝑨

𝟐
= 𝐜𝐨𝐭

𝑨

𝟐
− 𝟐𝐬𝐢𝐧𝟐

𝑨

𝟐
∙
𝐜𝐨𝐬

𝑨
𝟐

𝐬𝐢𝐧
𝑨
𝟐

= 

= 𝐜𝐨𝐭
𝑨

𝟐
− 𝟐 𝐬𝐢𝐧

𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
= 𝐜𝐨𝐭

𝑨

𝟐
− 𝐬𝐢𝐧 𝑨 

𝟐∑𝐜𝐨𝐬 𝑨𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

= 𝟐∑(𝐜𝐨𝐭
𝑨

𝟐
− 𝐬𝐢𝐧𝑨)

𝒄𝒚𝒄

; (𝟐) 

From (1), (2): 
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𝟐∑𝐜𝐨𝐬𝑨 𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

+∑𝐜𝐨𝐭
𝑪

𝟐
(𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩)

𝒄𝒚𝒄

= 𝟐∑𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

+ 𝟐∑(𝐜𝐨𝐭
𝑨

𝟐
− 𝐬𝐢𝐧 𝑨)

𝒄𝒚𝒄

= 

= 𝟐∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

≥ 𝟐 ∙ 𝟑√𝟑, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 

∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

≥ 𝟑√𝟑 𝐚𝐧𝐝 ∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

=∏𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

 

Now, we have: 

𝟐∑𝐜𝐨𝐬 𝑨𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

+∑𝐜𝐨𝐭
𝑪

𝟐
(𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩)

𝒄𝒚𝒄

= 𝟐∑𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

= 

= 𝟐∏𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒚𝒄

= 𝟐 ∙
𝒔

𝒓
≤ 𝟐 ∙

𝟑√𝟑𝑹

𝟐𝒓
= 𝟑√𝟑 ∙

𝑹

𝒓
 

∵ 𝒔𝟐 ≤
𝟐𝟕

𝟒
𝑹𝟐 

718. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟓𝑹𝟐

𝟏𝟐𝒓𝟐
≥

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+

𝒂𝒃𝒄

𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)
 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution by Alex Szoros-Romania 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟑
≥ 𝒂𝒃𝒄 ⇒

𝟏

𝟑
≥

𝒂𝒃𝒄

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑
⇒
𝟏

𝟔
≥

𝒂𝒃𝒄

𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)
; (𝟏) 

𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) ⇒
𝑹

𝟏𝟐𝒓
≥
𝟏

𝟔

(𝟏)
⇒ 

𝑹

𝟏𝟐𝒓
≥

𝒂𝒃𝒄

𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)
; (𝟐) 

∑(
𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

=∑(
𝒂

𝒃
+
𝒂

𝒄
)

𝒄𝒚𝒄

=∑
𝒂(𝒃 + 𝒄)

𝒃𝒄
𝒄𝒚𝒄

≥ 𝟒∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

 

∑(
𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

≥ 𝟒∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

; (𝟑) 

𝑹

𝒓
.=
𝒂

𝒃
+
𝒃

𝒂
(𝑩𝒂𝒏𝒅𝒊𝒍𝒂) ⇒

𝟑𝑹

𝒓
≥∑(

𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

(𝟑)
⇒  

𝟑𝑹

𝒓
≥ 𝟒∑

𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

⇒
𝟑𝑹

𝟒𝒓
≥∑

𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

; (𝟒) 

From (2),(4) we get: 
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𝑹

𝟏𝟐𝒓
+
𝟑𝑹

𝟒𝒓
≥∑

𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

+
𝒂𝒃𝒄

𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)
; (𝟓) 

We must show: 

𝟓𝑹𝟐

𝟏𝟐𝒓𝟐
≥
𝑹

𝟏𝟐𝒓
+
𝟑𝑹

𝟒𝒓
│:
𝑹

𝟒𝒓
;   (𝟔) ⇔

𝟓𝑹

𝟑𝒓
≥
𝟏

𝟑
+ 𝟑 ⇔ 

𝟓𝑹

𝟑𝒓
≥
𝟏𝟎

𝟑
⇔ 𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

From (5) and (6), we get: 

𝟓𝑹𝟐

𝟏𝟐𝒓𝟐
≥

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
+

𝒂𝒃𝒄

𝟐(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)
 

719. In 𝚫𝑨𝑩𝑪, 𝚪 −Toricelli’s point, holds: 

(𝚪𝑨𝟑 + 𝚪𝑩𝟑 + 𝚪𝑪𝟑) (
𝟏

𝚪𝑨
+
𝟏

𝚪𝑩
+
𝟏

𝚪𝑪
) ≥ 𝟑𝟔𝒓𝟐 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Tapas Das-India 

 

𝚪 −Toricelli’s point for triangle 𝑨𝑩𝑪, then ∠𝐀𝚪𝐁 = ∠𝐁𝚪𝐂 = ∠𝐂𝚪𝐀 

(𝚪𝑨𝟑 + 𝚪𝑩𝟑 + 𝚪𝑪𝟑) (
𝟏

𝚪𝑨
+
𝟏

𝚪𝑩
+
𝟏

𝚪𝑪
) = 

= ((𝚪𝑨
𝟑
𝟐)
𝟐

+ (𝚪𝑩
𝟑
𝟐)
𝟐

+ (𝚪𝑪
𝟑
𝟐)
𝟐

) (
𝟏

𝚪𝑨
+
𝟏

𝚪𝑩
+
𝟏

𝚪𝑪
) ≥ 
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≥ (𝚪𝑨 + 𝚪𝑩 + 𝚪𝑪)𝟐 ≥ 𝟑(𝚪𝑨 ∙ 𝚪𝑩 + 𝚪𝑩 ∙ 𝚪𝑪 + 𝚪𝑪 ∙ 𝚪𝑨) ≥ 𝟑 ∙ 𝟏𝟐𝒓𝟐 = 𝟑𝟔𝒓𝟐 

[𝑨𝑩𝚪] =
𝟏

𝟐
𝚪𝑨 ∙ 𝚪𝑩 ∙ 𝐬𝐢𝐧 𝟏𝟐𝟎° =

√𝟑

𝟒
∙ 𝚪𝑨 ∙ 𝚪𝑩 

Similarly, 

[𝑩𝑪𝚪] =
√𝟑

𝟒
∙ 𝚪𝑩 ∙ 𝚪𝑪 𝐚𝐧𝐝 [𝑪𝑨𝚪] =

√𝟑

𝟒
∙ 𝚪𝑨 ∙ 𝚪𝑪 

[𝑨𝑩𝑪] = [𝚪𝑨𝑩] + [𝚪𝑩𝑪] + [𝚪𝑪𝑨] =
√𝟑

𝟒
(𝚪𝑨 ∙ 𝚪𝑩 + 𝚪𝑩 ∙ 𝚪𝑪 + 𝚪𝑪 ∙ 𝚪𝑨) 

𝒓𝒔 =
√𝟑

𝟒
(𝚪𝑨 ∙ 𝚪𝑩 + 𝚪𝑩 ∙ 𝚪𝑪 + 𝚪𝑪 ∙ 𝚪𝑨) 

𝚪𝑨 ∙ 𝚪𝑩 + 𝚪𝑩 ∙ 𝚪𝑪 + 𝚪𝑪 ∙ 𝚪𝑨 =
𝟒𝒓𝒔

√𝟑
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟒𝒓 ∙ 𝟑√𝟑𝒓

√𝟑
= 𝟏𝟐𝒓𝟐 

Solution 2 by Adrian Popa-Romania 

 

(𝚪𝑨𝟑 + 𝚪𝑩𝟑 + 𝚪𝑪𝟑) (
𝟏

𝚪𝑨
+
𝟏

𝚪𝑩
+
𝟏

𝚪𝑪
) ≥
𝑪𝑩𝑺

(𝚪𝑨 + 𝚪𝑩 + 𝚪𝑪)𝟐 ≥
(?)

𝟑𝟔𝒓𝟐 

∵ (𝒙 + 𝒚 + 𝒛)𝟐 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 

[𝑨𝑩𝚪] =
𝟏

𝟐
𝚪𝑨 ∙ 𝚪𝑩 ∙ 𝐬𝐢𝐧 𝟏𝟐𝟎° =

√𝟑

𝟒
∙ 𝚪𝑨 ∙ 𝚪𝑩 

Similarly, 
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[𝑩𝑪𝚪] =
√𝟑

𝟒
∙ 𝚪𝑩 ∙ 𝚪𝑪 𝐚𝐧𝐝 [𝑪𝑨𝚪] =

√𝟑

𝟒
∙ 𝚪𝑨 ∙ 𝚪𝑪 

[𝑨𝑩𝑪] = [𝚪𝑨𝑩] + [𝚪𝑩𝑪] + [𝚪𝑪𝑨] =
√𝟑

𝟒
(𝚪𝑨 ∙ 𝚪𝑩 + 𝚪𝑩 ∙ 𝚪𝑪 + 𝚪𝑪 ∙ 𝚪𝑨) 

𝒓𝒔 =
√𝟑

𝟒
(𝚪𝑨 ∙ 𝚪𝑩 + 𝚪𝑩 ∙ 𝚪𝑪 + 𝚪𝑪 ∙ 𝚪𝑨) 

𝚪𝑨 ∙ 𝚪𝑩 + 𝚪𝑩 ∙ 𝚪𝑪 + 𝚪𝑪 ∙ 𝚪𝑨 =
𝟒𝒓𝒔

√𝟑
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟒𝒓 ∙ 𝟑√𝟑𝒓

√𝟑
= 𝟏𝟐𝒓𝟐 

720. 𝐋𝐞𝐭 𝝎 𝐛𝐞 𝐭𝐡𝐞 𝐁𝐫𝐨𝐜𝐚𝐫𝐝′𝐬 𝐚𝐧𝐠𝐥𝐞 𝐢𝐧 ∆𝑨𝑩𝑪.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

𝟒 +
𝟐

𝐬𝐢𝐧𝟐𝝎
>∑(𝒏𝒂 + 𝒈𝒂)√

𝒓𝒃 + 𝒓𝒄

𝒉𝒂
𝟑

𝒄𝒚𝒄

+∑
𝒏𝒂𝒈𝒂

𝒉𝒂
𝟐 (𝟐 −

𝟗√𝟐𝒓𝒃𝒓𝒄

𝒏𝒂 + 𝒈𝒂 + √𝟐𝒓𝒃𝒓𝒄
)

𝒄𝒚𝒄

 

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒓𝒃 + 𝒓𝒄
𝒓𝒃𝒓𝒄

=
𝟏

𝒓𝒃
+
𝟏

𝒓𝒄
=
𝒔 − 𝒃

𝑭
+
𝒔 − 𝒄

𝑭
=
𝒂

𝑭
=
𝟐

𝒉𝒂
,   𝒕𝒉𝒆𝒏 ∶ 

 √
𝒓𝒃 + 𝒓𝒄

𝒉𝒂
𝟑 =

√𝟐𝒓𝒃𝒓𝒄

𝒉𝒂
𝟐   (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒇 𝒙, 𝒚, 𝒛 > 0 𝑡ℎ𝑒𝑛 ∶  2(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) −
𝟗𝒙𝒚𝒛

𝒙 + 𝒚 + 𝒛
≤ 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐  (∗). 

𝑷𝒓𝒐𝒐𝒇 ∶   (∗)  ⇔ 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)(𝒙 + 𝒚 + 𝒛) − 𝟗𝒙𝒚𝒛 ≤ (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙 + 𝒚 + 𝒛) 

⇔ 𝒙𝒚(𝒙 + 𝒚) + 𝒚𝒛(𝒚 + 𝒛) + 𝒛𝒙(𝒛 + 𝒙) ≤ 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 + 𝟑𝒙𝒚𝒛,    

𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝑺𝒄𝒉𝒖𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

𝑺𝒆𝒕𝒕𝒊𝒏𝒈 𝒙 = 𝒏𝒂 ,   𝒚 = 𝒈𝒂,   𝒛 = √𝟐𝒓𝒃𝒓𝒄 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟐(𝒏𝒂𝒈𝒂 +𝒈𝒂√𝟐𝒓𝒃𝒓𝒄 + 𝒏𝒂√𝟐𝒓𝒃𝒓𝒄) −
𝟗𝒏𝒂𝒈𝒂√𝟐𝒓𝒃𝒓𝒄

𝒏𝒂 +𝒈𝒂 +√𝟐𝒓𝒃𝒓𝒄
≤ 𝒏𝒂

𝟐 + 𝒈𝒂
𝟐 + 𝟐𝒓𝒃𝒓𝒄 (𝟏) 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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 𝒏𝒂
𝟐 = 𝒓𝒃𝒓𝒄 +

(𝒃 − 𝒄)𝟐𝒔

𝒂
,   𝒈𝒂

𝟐 = 𝒓𝒃𝒓𝒄 −
(𝒃 − 𝒄)𝟐(𝒔 − 𝒂)

𝒂
,   𝒓𝒃𝒓𝒄 = 𝒔(𝒔 − 𝒂). 

𝑻𝒉𝒆𝒏 ∶ 

 𝒏𝒂
𝟐 + 𝒈𝒂

𝟐 + 𝟐𝒓𝒃𝒓𝒄 = 𝟒𝒔(𝒔 − 𝒂) + (𝒃 − 𝒄)
𝟐 = (𝒃 + 𝒄)𝟐 − 𝒂𝟐 + (𝒃 − 𝒄)𝟐

= 𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐 = 𝟒𝒎𝒂
𝟐. 

𝑻𝒉𝒆𝒏 ∶  

(𝟏)  ⇔  𝟐(𝒏𝒂 +𝒈𝒂)√𝟐𝒓𝒃𝒓𝒄 +𝒏𝒂𝒈𝒂 (𝟐 −
𝟗√𝟐𝒓𝒃𝒓𝒄

𝒏𝒂 +𝒈𝒂 + √𝟐𝒓𝒃𝒓𝒄
) ≤ 𝟒𝒎𝒂

𝟐  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∑(𝒏𝒂 + 𝒈𝒂)√
𝒓𝒃 + 𝒓𝒄

𝒉𝒂
𝟑

𝒄𝒚𝒄

+∑
𝒏𝒂𝒈𝒂

𝒉𝒂
𝟐 (𝟐 −

𝟗√𝟐𝒓𝒃𝒓𝒄

𝒏𝒂 +𝒈𝒂 + √𝟐𝒓𝒃𝒓𝒄
)

𝒄𝒚𝒄

= 

=∑
𝟏

𝒉𝒂
𝟐
((𝒏𝒂 +𝒈𝒂)√𝟐𝒓𝒃𝒓𝒄 + 𝒏𝒂𝒈𝒂 (𝟐 −

𝟗√𝟐𝒓𝒃𝒓𝒄

𝒏𝒂 +𝒈𝒂 + √𝟐𝒓𝒃𝒓𝒄
))

𝒄𝒚𝒄

 <⏞
(𝟏)

 ∑
𝟒𝒎𝒂

𝟐

𝒉𝒂
𝟐

𝒄𝒚𝒄

= 

=∑
𝒂𝟐(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)

𝟒𝑭𝟐
𝒄𝒚𝒄

=
𝟐∑ 𝒂𝟐𝒃𝟐𝒄𝒚𝒄 −∑ 𝒂𝟒𝒄𝒚𝒄

𝟒𝑭𝟐
+
∑ 𝒂𝟐𝒃𝟐𝒄𝒚𝒄

𝟐𝑭𝟐
. 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒊𝒆𝒔 ∶   𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

−∑𝒂𝟒

𝒄𝒚𝒄

= 𝟏𝟔𝑭𝟐  𝒂𝒏𝒅  

 𝐬𝐢𝐧𝝎 =
𝟐𝑭

√∑ 𝒂𝟐𝒃𝟐𝒄𝒚𝒄

, 𝒘𝒆 𝒈𝒆𝒕 ∶ 

∑(𝒏𝒂 +𝒈𝒂)√
𝒓𝒃 + 𝒓𝒄

𝒉𝒂
𝟑

𝒄𝒚𝒄

+∑
𝒏𝒂𝒈𝒂

𝒉𝒂
𝟐
(𝟐 −

𝟗√𝟐𝒓𝒃𝒓𝒄

𝒏𝒂 +𝒈𝒂 + √𝟐𝒓𝒃𝒓𝒄
)

𝒄𝒚𝒄

< 4+
𝟐

𝐬𝐢𝐧𝟐𝝎
 

721. 
𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

  
𝑹

𝟐𝒓
(√
𝒎𝒂 +𝒎𝒃

𝒎𝒃 +𝒎𝒄
+√

𝒎𝒃 +𝒎𝒄

𝒎𝒄 +𝒎𝒂
+√

𝒎𝒄 +𝒎𝒂

𝒎𝒂 +𝒎𝒃

) ≥ √
𝒎𝒃 +𝒎𝒄

𝒎𝒂 +𝒎𝒃
+√

𝒎𝒄 +𝒎𝒂

𝒎𝒃 +𝒎𝒄
+ √

𝒎𝒂 +𝒎𝒃

𝒎𝒄 +𝒎𝒂
 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution  by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑√
𝒎𝒃 +𝒎𝒄

𝒎𝒂 +𝒎𝒃
𝒄𝒚𝒄

  ≤⏞
𝑪𝑩𝑺

 √∑(𝒎𝒃 +𝒎𝒄)

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒂 +𝒎𝒃
𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 √𝟐∑𝒎𝒂

𝒄𝒚𝒄

.∑
𝟏

𝟒
(
𝟏

𝒎𝒂
+
𝟏

𝒎𝒃
)

𝒄𝒚𝒄

≤ 

≤⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

 √(𝟒𝑹+ 𝒓).∑
𝟏

𝒎𝒂
𝒄𝒚𝒄

 ≤⏞
𝒎𝒂 ≥ 𝒉𝒂

 √(𝟒𝑹+ 𝒓).∑
𝟏

𝒉𝒂
𝒄𝒚𝒄

= √
𝟒𝑹+ 𝒓

𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹

𝟐𝒓
. 

   √
𝒎𝒃 +𝒎𝒄

𝒎𝒂 +𝒎𝒃
+ √

𝒎𝒄 +𝒎𝒂

𝒎𝒃 +𝒎𝒄
+√

𝒎𝒂 +𝒎𝒃

𝒎𝒄 +𝒎𝒂
≤ 𝟑.

𝑹

𝟐𝒓
 ≤⏞
𝑨𝑴−𝑮𝑴

 

 
𝑹

𝟐𝒓
(√
𝒎𝒂 +𝒎𝒃

𝒎𝒃 +𝒎𝒄
+√

𝒎𝒃 +𝒎𝒄

𝒎𝒄 +𝒎𝒂
+√

𝒎𝒄 +𝒎𝒂

𝒎𝒂 +𝒎𝒃

) 

722.  𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

  √
𝟐

𝐬𝐢𝐧𝝎
∑√

𝒎𝒂
𝒉𝒂

𝒄𝒚𝒄

≥∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂
𝒄𝒚𝒄

 

Proposed by Bogdan Fuştei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 𝟏 ∶   𝑰𝒏 ∆𝑨𝑩𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
≤
𝟐𝒎𝒂

𝒉𝒂
  (𝟏) 

𝑷𝒓𝒐𝒐𝒇 ∶ 𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝟐𝒎𝒂

𝒉𝒂
≥⏞

𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏

 𝟐.
𝒃𝟐 + 𝒄𝟐

𝟒𝑹
.
𝟐𝑹

𝒃𝒄
=
𝒃

𝒄
+
𝒄

𝒃
,   𝒕𝒉𝒆𝒏 ∶  

𝒃

𝒄
+
𝒄

𝒃
≤
𝟐𝒎𝒂

𝒉𝒂
  (𝒊) 

𝒎𝒂 ,𝒎𝒃,𝒎𝒄 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒘𝒊𝒕𝒉 ∶  

𝑭𝒎 =
𝟑

𝟒
𝑭,   𝒎𝒂 =

𝟑

𝟒
𝒂,   𝒉𝒂 =

𝟐𝑭𝒎
𝒎𝒂

=
𝟑𝑭

𝟐𝒎𝒂
. 

𝑼𝒔𝒊𝒏𝒈 (𝒊) 𝒊𝒏 𝜟𝒎𝒂𝒎𝒃𝒎𝒄, 𝒘𝒆 𝒈𝒆𝒕 ∶   
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
≤
𝟐𝒎𝒂

𝒉𝒂
=
𝟑

𝟐
𝒂.
𝟐𝒎𝒂

𝟑𝑭
=
𝟐𝒎𝒂

𝒉𝒂
,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

𝑳𝒆𝒎𝒎𝒂 𝟐 ∶   𝑰𝒏 ∆𝑨𝑩𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒃

𝒄
+
𝒄

𝒃
≤
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐𝑭
  (∗) 



 
www.ssmrmh.ro 

31 RMM-GEOMETRY MARATHON 701-800 

 

𝑷𝒓𝒐𝒐𝒇 ∶    𝑺𝒊𝒏𝒄𝒆  𝟒𝑭 = √𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)  𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

(∗)  ⇔ (𝒃𝟐 + 𝒄𝟐)√𝟐(𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)− (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)

≤ 𝟐𝒃𝒄√𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 

⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟒 + 𝒄𝟒) [𝟐 (𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)− (𝒂𝟒+ 𝒃𝟒 + 𝒄𝟒)]

≤ 𝟒𝒃𝟐𝒄𝟐 (𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) 

⇔ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 − 𝟐𝒃𝟐𝒄𝟐(𝒃𝟒 + 𝒄𝟒) + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐

≤ 𝟎 

⇔ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐

= −[𝒂𝟐(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟒 + 𝒄𝟒)]𝟐 ≤ 𝟎  

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝟐 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝟐 𝒊𝒏 𝜟𝒎𝒂𝒎𝒃𝒎𝒄 , 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
≤
√𝒎𝒂

𝟐𝒎𝒃
𝟐 +𝒎𝒃

𝟐𝒎𝒄
𝟐 +𝒎𝒄

𝟐𝒎𝒂
𝟐

𝟐𝑭𝒎
=
√ 𝟗
𝟏𝟔
(𝒂𝟐𝒃𝟐 +𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)

𝟑𝑭
𝟐

=
𝟏

𝐬𝐢𝐧𝝎
  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

√
𝟏

𝐬𝐢𝐧𝝎
.√
𝟐𝒎𝒂

𝒉𝒂
≥ √

𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
.√
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
=
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   √
𝟐

𝐬𝐢𝐧𝝎
∑√

𝒎𝒂

𝒉𝒂
𝒄𝒚𝒄

≥∑(
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒃
)

𝒄𝒚𝒄

=∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂
𝒄𝒚𝒄

. 

 

 723. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

  
𝑹

𝟐𝒓
(√
𝒂 + 𝒃

𝒃 + 𝒄
+ √

𝒃 + 𝒄

𝒄 + 𝒂
+ √

𝒄 + 𝒂

𝒂 + 𝒃
) ≥ √

𝒃 + 𝒄

𝒂 + 𝒃
+ √

𝒄 + 𝒂

𝒃 + 𝒄
+ √

𝒂 + 𝒃

𝒄 + 𝒂
 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑√
𝒃+ 𝒄

𝒂 + 𝒃
𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 √∑(𝒃 + 𝒄)

𝒄𝒚𝒄

.∑
𝟏

𝒂 + 𝒃
𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 √𝟒𝒔.∑
𝟏

𝟒
(
𝟏

𝒂
+
𝟏

𝒃
)

𝒄𝒚𝒄

= √𝟐𝒔∑
𝟏

𝒂
𝒄𝒚𝒄

≤⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

 √𝟐𝒔.
√𝟑

𝟐𝒓
 ≤⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 √𝟑√𝟑𝑹.
√𝟑

𝟐𝒓
= 𝟑√

𝑹

𝟐𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹

𝟐𝒓
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

   √
𝒃 + 𝒄

𝒂 + 𝒃
+√

𝒄 + 𝒂

𝒃 + 𝒄
+√

𝒂 + 𝒃

𝒄 + 𝒂
≤ 𝟑.

𝑹

𝟐𝒓
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝑹

𝟐𝒓
(√
𝒂 + 𝒃

𝒃 + 𝒄
+ √

𝒃 + 𝒄

𝒄 + 𝒂
+ √

𝒄 + 𝒂

𝒂+ 𝒃
). 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(⦁) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫

= 𝟏 +
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳

⇒ 𝟏 +
𝟒𝐑

𝐫
=
(⦁⦁) 𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (⦁), (⦁⦁), (⦁⦁⦁) ⇒

𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (
𝒙𝐲𝐳 +∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

)

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰, ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 𝐰𝟑 +𝐰𝟑

+ 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 𝐯

= 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙, 
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 ∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥⏞
(∗)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆
⏟
(∗∗)

𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ∴ (∗) + (∗∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐬𝟐

𝐫𝟐

≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒ ∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐍𝐨𝐰,
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥
?
𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
⇔∑

𝒂

𝐛
𝐜𝐲𝐜

+∑
𝐛

𝒂
𝐜𝐲𝐜

+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
∑ (𝒂𝐛(∑ 𝒂𝐜𝐲𝐜 − 𝐜))𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
+
𝐑− 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

⇔
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝟒𝐑𝐫𝐬
+
𝐑 − 𝟐𝐫

𝟐𝐫
≥
?
𝟐∑

𝐛

𝒂
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫
≥
?
⏟
(∗∗∗)

𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝟐∑
𝐛

𝒂
𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁⦁⦁⦁) 𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐 + 𝐑(𝐑 − 𝟐𝐫)

𝟐𝐑𝐫

≥
𝟐𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

⇔ 𝐫𝐬𝟐 + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑 + 𝐫) ≥
(∗∗∗∗)

𝐫(𝟐𝐑− 𝐫)(𝟒𝐑+ 𝐫) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐑(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝐫) ≥
?
𝐫(𝟐𝐑 − 𝐫)(𝟒𝐑 + 𝐫)

⇔ 𝟒𝐭𝟑 − 𝟏𝟓𝐭𝟐 + 𝟏𝟔𝐭− 𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟒𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝐑

𝟐𝐫
≥ 𝟏 +

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜

⇒
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
+
𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟏𝟔𝐅𝟐
≥ 𝟏+

𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
 

⇒ 𝟏 +
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
− (
𝒂

𝐛
+
𝐛

𝐜
+
𝐜

𝒂
) ≤
(𝒍) 𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟐(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐) − (𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)
 

𝐍𝐨𝐰,
𝐬𝟐

𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐
≤
𝟑

𝟒
.√
𝐑

𝟐𝐫
⇔
𝟗𝐑

𝟑𝟐𝐫
≥

𝐬𝟒

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐

⇔ (𝟗𝐑− 𝟑𝟐𝐫)𝐬𝟒 + 𝟏𝟖𝐑𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟗𝐑(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
≥

(∗∗∗∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟗𝐑 − 𝟑𝟐𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗∗) ≥ 𝟏𝟖𝐑𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟗𝐑(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
> 0

⇒ (∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 
𝐂𝒂𝐬𝐞 𝟐  𝟗𝐑− 𝟑𝟐𝐫 < 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗∗)

≥ (𝟗𝐑 − 𝟑𝟐𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 + 𝟏𝟖𝐑𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟗𝐑(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
≥
?
𝟎 

⇔ (𝟑𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 − 𝟖𝟑𝐑𝐫𝟐 − 𝟗𝟔𝐫𝟑)𝐬𝟐 + 𝟗𝐑(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
≥
?
⏟

(∗∗∗∗∗∗)

𝟎 
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𝐂𝒂𝐬𝐞 𝟐𝐢  𝟑𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 − 𝟖𝟑𝐑𝐫𝟐 − 𝟗𝟔𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗∗∗) ≥ 𝟗𝐑(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

> 0 ⇒ (∗∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐𝐢𝐢  𝟑𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 − 𝟖𝟑𝐑𝐫𝟐 − 𝟗𝟔𝐫𝟑 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗∗∗)

≥ (𝟑𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 − 𝟖𝟑𝐑𝐫𝟐 − 𝟗𝟔𝐫𝟑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟗𝐑(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
≥
?
𝟎 

⇔ 𝟗𝐭𝟓 + 𝟒𝐭𝟒 − 𝟏𝟎𝐭𝟑 − 𝟒𝟒𝐭𝟐 − 𝟑𝟗𝐭− 𝟏𝟖 ≥
?
𝟎 ⇔ (𝐭 − 𝟐)(𝟗𝐭𝟒 + 𝟐𝟐𝐭𝟑 + 𝟑𝟒𝐭𝟐 + 𝟐𝟒𝐭+ 𝟗) ≥

?
𝟎

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞
∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟐𝐢, 𝟐𝐢𝐢, (∗∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞   

𝐟𝐨𝐫 𝒂𝒍𝒍 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 𝒂𝐧𝐝 𝐬𝐮𝐛𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝐥𝐲, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏, 𝟐, (∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒂𝒍𝒍 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬

⇒ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝐬𝟐

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
≤
(𝐦) 𝟑

𝟒
.√
𝐑

𝟐𝐫
 

∵ √𝒂 + 𝐛, √𝐛 + 𝐜, √𝐜 + 𝒂 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞,

∴ 𝐯𝐢𝒂 (𝒍) 𝐨𝐧 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 √𝒂 + 𝐛, √𝐛 + 𝐜, √𝐜 + 𝒂,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

𝟏 + √
𝐛 + 𝐜

𝒂 + 𝐛
+√

𝐜 + 𝒂

𝐛 + 𝐜
+√

𝒂 + 𝐛

𝐜 + 𝒂
− (√

𝒂+ 𝐛

𝐛 + 𝐜
+√

𝐛 + 𝐜

𝐜 + 𝒂
+√

𝐜 + 𝒂

𝒂 + 𝐛
)

≤
√∏ (𝒂 + 𝐛)𝐜𝐲𝐜 . (∑ √𝒂 + 𝐛𝐜𝐲𝐜 )

𝟐∑ (𝒂 + 𝐛)(𝐛 + 𝐜)𝐜𝐲𝐜 − ∑ (𝒂 + 𝐛)𝟐𝐜𝐲𝐜
≤

∑ (𝒂 + 𝐛)(𝐛 + 𝐜)𝐜𝐲𝐜

𝟐∑ (𝒂 + 𝐛)(𝐛 + 𝐜)𝐜𝐲𝐜 −∑ (𝒂 + 𝐛)𝟐𝐜𝐲𝐜
 

=
(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) + ∑ 𝒂𝐛𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟔∑ 𝒂𝐛𝐜𝐲𝐜 − 𝟐∑ 𝒂𝟐𝐜𝐲𝐜 − 𝟐∑ 𝒂𝐛𝐜𝐲𝐜
=
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

=
𝟏

𝟒
+

𝐬𝟐

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
≤

𝐯𝐢𝒂 (𝐦) 𝟏

𝟒
+
𝟑

𝟒
.√
𝐑

𝟐𝐫
 

⇒ √
𝐛 + 𝐜

𝒂 + 𝐛
+ √

𝐜 + 𝒂

𝐛 + 𝐜
+ √

𝒂+ 𝐛

𝐜 + 𝒂
− (√

𝒂+ 𝐛

𝐛 + 𝐜
+√

𝐛 + 𝐜

𝐜 + 𝒂
+√

𝐜 + 𝒂

𝒂 + 𝐛
) ≤

𝟑

𝟒
.(√

𝐑

𝟐𝐫
− 𝟏)

=
𝟑

𝟒
.

𝐑 − 𝟐𝐫
𝟐𝐫

√ 𝐑
𝟐𝐫 + 𝟏

≤
𝐄𝐮𝐥𝐞𝐫 𝟑

𝟖
.
𝐑 − 𝟐𝐫

𝟐𝐫
≤ √𝟑.

𝐑 − 𝟐𝐫

𝟐𝐫
 

⇒ √
𝐛 + 𝐜

𝒂 + 𝐛
+ √

𝐜 + 𝒂

𝐛 + 𝐜
+√

𝒂+ 𝐛

𝐜 + 𝒂
− (√

𝒂 + 𝐛

𝐛 + 𝐜
+ √

𝐛 + 𝐜

𝐜 + 𝒂
+ √

𝐜 + 𝒂

𝒂 + 𝐛
) ≤
(𝐧)

√𝟑.
𝐑 − 𝟐𝐫

𝟐𝐫
 

𝐍𝐨𝐰,
𝐑

𝟐𝐫
(√
𝒂 + 𝐛

𝐛 + 𝐜
+√

𝐛 + 𝐜

𝐜 + 𝒂
+√

𝐜 + 𝒂

𝒂 + 𝐛
) ≥ √

𝐛 + 𝐜

𝒂 + 𝐛
+ √

𝐜 + 𝒂

𝐛 + 𝐜
+ √

𝒂+ 𝐛

𝐜 + 𝒂
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⇔
𝐑− 𝟐𝐫

𝟐𝐫
. (√

𝒂 + 𝐛

𝐛 + 𝐜
+ √

𝐛 + 𝐜

𝐜 + 𝒂
+ √

𝐜 + 𝒂

𝒂+ 𝐛
) ≥
(∗∗∗∗∗∗)

√
𝐛 + 𝐜

𝒂 + 𝐛
+√

𝐜 + 𝒂

𝐛 + 𝐜
+ √

𝒂 + 𝐛

𝐜 + 𝒂

− (√
𝒂+ 𝐛

𝐛 + 𝐜
+√

𝐛 + 𝐜

𝐜 + 𝒂
+√

𝐜 + 𝒂

𝒂 + 𝐛
) 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗∗∗) ≥
𝐀−𝐆

√𝟑.
𝐑 − 𝟐𝐫

𝟐𝐫
≥

𝐯𝐢𝒂 (𝐧)

√
𝐛 + 𝐜

𝒂 + 𝐛
+√

𝐜 + 𝒂

𝐛 + 𝐜
+√

𝒂 + 𝐛

𝐜 + 𝒂

− (√
𝒂+ 𝐛

𝐛 + 𝐜
+√

𝐛 + 𝐜

𝐜 + 𝒂
+√

𝐜 + 𝒂

𝒂 + 𝐛
) ⇒ (∗∗∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞  

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝐑

𝟐𝐫
(√
𝒂+ 𝐛

𝐛 + 𝐜
+√

𝐛 + 𝐜

𝐜 + 𝒂
+√

𝐜 + 𝒂

𝒂 + 𝐛
)

≥ √
𝐛 + 𝐜

𝒂 + 𝐛
+ √

𝐜 + 𝒂

𝐛 + 𝐜
+√

𝒂+ 𝐛

𝐜 + 𝒂
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝑹

𝟐𝒓
∑√

𝒂+ 𝒃

𝒃 + 𝒄
𝒄𝒚𝒄

≥
𝑹

𝟐𝒓
⋅ 𝟑 =

𝟑𝑹

𝟐𝒓
; (𝟏) 

∑√
𝒃+ 𝒄

𝒂 + 𝒃
𝒄𝒚𝒄

≤
𝑪𝑩𝑺

√𝟑∑
𝒃+ 𝒄

𝒂 + 𝒃
𝒄𝒚𝒄

≤
𝑪𝑩𝑺

√
𝟑

𝟒
∑(𝒃 + 𝒄) (

𝟏

𝒂
+
𝟏

𝒃
)

𝒄𝒚𝒄

= 

= √
𝟑

𝟒
∑(𝟏+

𝒄

𝒂
+
𝒄

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

= √
𝟑

𝟒
(𝟑 +∑(

𝒃

𝒂
+
𝒂

𝒃
)

𝒄𝒚𝒄

+ (
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
)) = 

√
𝟑

𝟒
(𝟑 + 𝟐∑(

𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

− (
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
) = 

= √
𝟑

𝟒
(𝟑 +

𝟔𝑹

𝒓
− 𝟐) = √

𝟑

𝟒
⋅
𝟔𝑹

𝒓
=
𝟑

𝟐
√𝟐 ⋅

𝑹

𝒓
≤

𝑬𝒖𝒍𝒆𝒓 𝟑

𝟐
√(
𝑹

𝒓
)
𝟐

=
𝟐𝑹

𝟐𝒓
 

724. 𝐈𝐧 ∆𝑨𝑩𝑪,𝒏𝒂 − 𝐍𝐚𝐠𝐞𝐥
′𝐬 𝐜𝐞𝐯𝐢𝐚𝐧.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶  

𝒏𝒂𝒏𝒃𝒏𝒄∑(
𝒏𝒂𝒉𝒃
𝒏𝒃𝒉𝒂

+
𝒏𝒃𝒉𝒂
𝒏𝒂𝒉𝒃

)

𝒄𝒚𝒄

≥ 𝒔𝟑 

  Proposed by Bogdan Fuştei-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝑵 𝒃𝒆 𝒕𝒉𝒆 𝑵𝒂𝒈𝒆𝒍′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝜟𝑨𝑩𝑪 𝒂𝒏𝒅 𝑨𝑨′, 𝑩𝑩′, 𝑪𝑪′𝒃𝒆 𝒕𝒉𝒆 𝑵𝒂𝒈𝒆𝒍′𝒔 𝒄𝒆𝒗𝒊𝒂𝒏𝒔. 

 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝑨𝑩′ = 𝒔 − 𝒄,   𝑨𝑪′ = 𝒔 − 𝒃,   𝑩𝑪′ = 𝑪𝑩′ = 𝒔 − 𝒂. 

𝑭𝒓𝒐𝒎 𝑽𝒂𝒏 𝑨𝒖𝒃𝒆𝒍′𝒔 𝒕𝒉𝒆𝒐𝒓𝒎,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝑨𝑵

𝑵𝑨′
=
𝑨𝑪′

𝑪′𝑩
+
𝑨𝑩′

𝑩′𝑪
=
𝒔 − 𝒃

𝒔 − 𝒂
+
𝒔 − 𝒄

𝒔 − 𝒂
=

𝒂

𝒔 − 𝒂
 

𝑻𝒉𝒆𝒏 ∶  
𝒏𝒂
𝑵𝑨

= 𝟏 +
𝑨′𝑵

𝑵𝑨
= 𝟏 +

𝒔 − 𝒂

𝒂
=
𝒔

𝒂
 ⇒  𝒏𝒂 =

𝒔.𝑵𝑨

𝒂
=
𝑵𝑨. 𝒉𝒂
𝟐𝒓

 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔). 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐

∶  
𝒔. 𝑵𝑨

𝒂
.
𝒔. 𝑵𝑩

𝒃
.
𝒔.𝑵𝑪

𝒄
.∑(

𝑵𝑨

𝑵𝑩
+
𝑵𝑩

𝑵𝑨
)

𝒄𝒚𝒄

≥ 𝒔𝟑 

⇔∑(𝑵𝑨𝟐. 𝑵𝑪 + 𝑵𝑩𝟐. 𝑵𝑪)

𝒄𝒚𝒄

≥ 𝒂𝒃𝒄 ⇔∑(𝑵𝑩+ 𝑵𝑪)𝑵𝑩.𝑵𝑪

𝒄𝒚𝒄

≥ 𝒂𝒃𝒄. 

𝑰𝒏 ∆𝑩𝑵𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝑵𝑩 + 𝑵𝑪 ≥ 𝑩𝑪 = 𝒂  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
𝑻𝒉𝒆𝒏 ∶  

∑(𝑵𝑩+ 𝑵𝑪)𝑵𝑩.𝑵𝑪

𝒄𝒚𝒄

≥∑𝒂.𝑵𝑩.𝑵𝑪

𝒄𝒚𝒄

 ≥⏞
𝑯𝒂𝒚𝒂𝒔𝒉𝒊′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚

 𝒂𝒃𝒄,    

𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

725. 
𝐈𝐧 ∆𝑨𝑩𝑪,𝝎 − 𝐁𝐫𝐨𝐜𝐚𝐫𝐝′𝐬 𝐚𝐧𝐠𝐥𝐞.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶  

 
𝟏

𝟐
∑(

𝒉𝒃
𝒉𝒄
+
𝒉𝒄
𝒉𝒃
)
𝒘𝒂

𝟐

𝒉𝒂
𝟐

𝒄𝒚𝒄

≤ 𝟏 +
𝟏

𝟐 𝐬𝐢𝐧𝟐𝝎
 

Proposed by Bogdan Fuştei-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝟏

𝟐
(
𝒉𝒃
𝒉𝒄
+
𝒉𝒄
𝒉𝒃
)𝒘𝒂

𝟐 =
𝟏

𝟐
(
𝒄

𝒃
+
𝒃

𝒄
)(
𝟐𝒃𝒄. 𝐜𝐨𝐬

𝑨
𝟐

𝒃 + 𝒄
)

𝟐

=
𝟐𝒃𝒄(𝒃𝟐 + 𝒄𝟐)

(𝒃 + 𝒄)𝟐
. 𝐜𝐨𝐬𝟐

𝑨

𝟐
≤ 

≤⏞
𝑨𝑴−𝑮𝑴

 
[𝟐𝒃𝒄 + (𝒃𝟐 + 𝒄𝟐)]

𝟐

𝟒(𝒃 + 𝒄)𝟐
. 𝐜𝐨𝐬𝟐

𝑨

𝟐
= (
𝒃 + 𝒄

𝟐
. 𝐜𝐨𝐬

𝑨

𝟐
)

𝟐

 ≤⏞
𝑳𝒂𝒔𝒄𝒖

 𝒎𝒂
𝟐. 

𝑻𝒉𝒆𝒏 ∶   
𝟏

𝟐
(
𝒉𝒃
𝒉𝒄
+
𝒉𝒄
𝒉𝒃
)
𝒘𝒂

𝟐

𝒉𝒂
𝟐 ≤

𝒎𝒂
𝟐

𝒉𝒂
𝟐   (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟏

𝟐
∑(

𝒉𝒃
𝒉𝒄
+
𝒉𝒄
𝒉𝒃
)
𝒘𝒂

𝟐

𝒉𝒂
𝟐

𝒄𝒚𝒄

≤∑
𝒎𝒂

𝟐

𝒉𝒂
𝟐

𝒄𝒚𝒄

=∑
𝒂𝟐(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)

𝟏𝟔𝑭𝟐
𝒄𝒚𝒄

=
𝟐∑ 𝒂𝟐𝒃𝟐𝒄𝒚𝒄 −∑ 𝒂𝟒𝒄𝒚𝒄

𝟏𝟔𝑭𝟐
+
∑ 𝒂𝟐𝒃𝟐𝒄𝒚𝒄

𝟖𝑭𝟐
. 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒊𝒆𝒔 ∶ 

  𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

−∑𝒂𝟒

𝒄𝒚𝒄

= 𝟏𝟔𝑭𝟐  𝒂𝒏𝒅  𝐬𝐢𝐧𝝎 =
𝟐𝑭

√∑ 𝒂𝟐𝒃𝟐𝒄𝒚𝒄

, 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝟏

𝟐
∑(

𝒉𝒃
𝒉𝒄
+
𝒉𝒄
𝒉𝒃
)
𝒘𝒂

𝟐

𝒉𝒂
𝟐

𝒄𝒚𝒄

≤ 𝟏+
𝟏

𝟐𝐬𝐢𝐧𝟐𝝎
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 
 

𝟏

𝟐
∑(

𝐡𝐛
𝐡𝐜
+
𝐡𝐜
𝐡𝐛
)
𝐰𝒂
𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

=
𝟏

𝟐
∑((

𝐜

𝐛
+
𝐛

𝐜
) .

𝟒𝐛𝐜

(𝐛 + 𝐜)𝟐
.
𝐬(𝐬 − 𝒂)

𝐡𝒂
𝟐

)

𝐜𝐲𝐜

=∑((
𝟐(𝐛𝟐 + 𝐜𝟐)

(𝐛 + 𝐜)𝟐
− 𝟏 + 𝟏) .

𝐬(𝐬 − 𝒂)

𝐡𝒂
𝟐

)

𝐜𝐲𝐜

=∑(
(𝐛 − 𝐜)𝟐

(𝐛 + 𝐜)𝟐
.
𝐬(𝐬 − 𝒂)

𝐡𝒂
𝟐

)

𝐜𝐲𝐜

+∑
𝐬(𝐬 − 𝒂)

𝐡𝒂
𝟐

𝐜𝐲𝐜
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=
𝟏

𝟒
∑(

(𝐛 − 𝐜)𝟐

(𝐛 + 𝐜)𝟐
.
(𝐛 + 𝐜)𝟐 − 𝒂𝟐

𝐡𝒂
𝟐

)

𝐜𝐲𝐜

+
𝐬

𝟒𝐫𝟐𝐬𝟐
∑𝒂𝟐(𝐬 − 𝒂)

𝐜𝐲𝐜

=
𝟏

𝟒
∑
(𝐛 − 𝐜)𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

−
𝟏

𝟒
∑

𝒂𝟐(𝐛 − 𝐜)𝟐

(𝐛 + 𝐜)𝟐. 𝐡𝒂
𝟐

𝐜𝐲𝐜

+
𝐬𝟐

𝟒𝐫𝟐𝐬𝟐
(𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)) 

≤
𝟏

𝟏𝟔𝐫𝟐𝐬𝟐
∑𝒂𝟐(𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

+
𝟖𝐑𝐫𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐

𝟖𝐫𝟐𝐬𝟐
 (∵ −

𝒂𝟐(𝐛 − 𝐜)𝟐

𝟒(𝐛 + 𝐜)𝟐. 𝐡𝒂
𝟐
≤ 𝟎 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬)

=
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − 𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜) + 𝟖𝐑𝐫𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐

𝟖𝐫𝟐𝐬𝟐

=
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − 𝟖𝐑𝐫𝐬𝟐 ++𝟖𝐑𝐫𝐬𝟐 + 𝟖𝐫𝟐𝐬𝟐

𝟖𝐫𝟐𝐬𝟐
 

= 𝟏 +
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟖𝐫𝟐𝐬𝟐
= 𝟏 +

𝟏

𝟐𝐬𝐢𝐧𝟐𝛚
 (𝐐𝐄𝐃) 

 

726.
𝐋𝐞𝐭 𝑨𝑩𝑪 𝐛𝐞 𝐚 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐦𝐞𝐚𝐬𝐮𝐫𝐞𝐬 𝐨𝐟 𝐚𝐥𝐥 𝐢𝐭𝐬 𝐚𝐧𝐠𝐥𝐞𝐬 𝐬𝐦𝐚𝐥𝐥𝐞𝐫 𝐭𝐡𝐚𝐧 

𝟐𝝅

𝟑
 𝐚𝐧𝐝  𝑻 − 𝐢𝐭𝐬 𝐓𝐨𝐫𝐫𝐢𝐜𝐞𝐥𝐥𝐢 𝐩𝐨𝐢𝐧𝐭.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶ 

  𝟔𝒓 ≤ 𝑻𝑨 + 𝑻𝑩 + 𝑻𝑪 ≤ √𝒑𝟐 + 𝑺√𝟑 

Proposed by Alex Szoros-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

𝑳𝒆𝒕 𝒙 = 𝑻𝑨, 𝒚 = 𝑻𝑩, 𝒛 = 𝑻𝑪.  

 𝑩𝒚 𝒕𝒉𝒆 𝒍𝒂𝒘 𝒐𝒇 𝒄𝒐𝒔𝒊𝒏𝒖𝒔 𝒊𝒏 ∆𝑩𝑻𝑪,   ∆𝑪𝑻𝑨,   ∆𝑨𝑻𝑩 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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𝒂 = 𝑩𝑪 = √𝒚𝟐 + 𝒚𝒛 + 𝒛𝟐  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

  𝑺 = 𝑺∆𝑨𝑻𝑩 + 𝑺∆𝑩𝑻𝑪 + 𝑺∆𝑪𝑻𝑨 =
𝟏

𝟐
𝒙𝒚. 𝐬𝐢𝐧

𝟐𝝅

𝟑
+
𝟏

𝟐
𝒚𝒛. 𝐬𝐢𝐧

𝟐𝝅

𝟑
+
𝟏

𝟐
𝒛𝒙. 𝐬𝐢𝐧

𝟐𝝅

𝟑

=
√𝟑

𝟒
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙). 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝑻𝑨 + 𝑻𝑩 + 𝑻𝑪 = 𝒙 + 𝒚 + 𝒛 ≥ √𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = √𝟑.
𝟒𝑺

√𝟑
= 𝟐√√𝟑𝒑𝒓 ≥⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 𝟔𝒓. 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝒑𝟐 + 𝑺√𝟑 =
(𝒂 + 𝒃 + 𝒄)𝟐 + 𝟒√𝟑𝑺

𝟒
=
𝟏

𝟒
[(∑√𝒚𝟐 + 𝒚𝒛 + 𝒛𝟐

𝒄𝒚𝒄

)

𝟐

+ 𝟑∑𝒙𝒚

𝒄𝒚𝒄

] = 

=
𝟏

𝟒
(𝟐∑𝒙𝟐

𝒄𝒚𝒄

+ 𝟒∑𝒙𝒚

𝒄𝒚𝒄

+ 𝟐∑√(𝒙𝟐 + 𝒙𝒚 + 𝒚𝟐)(𝒙𝟐 + 𝒙𝒛 + 𝒛𝟐)

𝒄𝒚𝒄

) = 

=
𝟏

𝟐
(∑𝒙𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒙𝒚

𝒄𝒚𝒄

+∑√[(𝒙 +
𝒚

𝟐
)
𝟐

+
𝟑𝒚𝟐

𝟒
] [(𝒙 +

𝒛

𝟐
)
𝟐

+
𝟑𝒛𝟐

𝟒
]

𝒄𝒚𝒄

) ≥ 

≥⏞
𝑪𝑩𝑺

 
𝟏

𝟐
(∑𝒙𝟐

𝒄𝒚𝒄

+𝟐∑𝒙𝒚
𝒄𝒚𝒄

+∑[(𝒙+
𝒚

𝟐
) (𝒙 +

𝒛

𝟐
)+
𝟑𝒚𝒛

𝟒
]

𝒄𝒚𝒄

) = (𝒙 + 𝒚+ 𝒛)𝟐

= (𝑻𝑨 +𝑻𝑩 +𝑻𝑪)𝟐. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝟔𝒓 ≤ 𝑻𝑨 + 𝑻𝑩 + 𝑻𝑪 ≤ √𝒑𝟐 + 𝑺√𝟑. 

727. If 𝒙, 𝒚, 𝒛 > 0 and 𝑨𝟏𝑩𝟏𝑪𝟐, 𝑨𝟐𝑩𝟐𝑪𝟐 are two triangles with the areas 𝑭𝟏, 

respectively 𝑭𝟐, then holds the following inequality: 

𝒙 + 𝒚

𝒛√𝒂𝟏𝒂𝟐 
+
𝒚 + 𝒛

𝒙√𝒃𝟏𝒃𝟐
+
𝒛 + 𝒙

𝒚√𝒄𝟏𝒄𝟐
≥

𝟐√𝟑

√𝑹𝟏𝑹𝟐
 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
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Solution  by Tapas Das-India 
𝒙 + 𝒚

𝒛√𝒂𝟏𝒂𝟐
+
𝒚 + 𝒛

𝒙√𝒃𝟏𝒃𝟐
+
𝒛 + 𝒙

𝒚√𝒄𝟏𝒄𝟐
≥
𝟐√𝒙𝒚

𝒛√𝒂𝟏𝒂𝟐
+
𝟐√𝒚𝒛

𝒙√𝒃𝟏𝒃𝟐
+
𝟐√𝒛𝒙

𝒚√𝒄𝟏𝒄𝟐
= 

= 𝟐(
√𝒙𝒚

𝒛
⋅

𝟏

√𝒂𝟏𝒂𝟐
+
√𝒚𝒛

𝒙
⋅

𝟏

√𝒃𝟏𝒃𝟐
+
√𝒛𝒙

𝒚
⋅
𝟏

√𝒄𝟏𝒄𝟐
) ≥ 

≥ 𝟐 ⋅ 𝟑 [
√𝒙𝒚 ⋅ √𝒚𝒛 ⋅ √𝒛𝒙

𝒙𝒚𝒛
⋅

𝟏

(𝒂𝟏𝒃𝟏𝒄𝟐)
𝟏
𝟐(𝒂𝟐𝒃𝟐𝒄𝟐)

𝟏
𝟐

]

𝟏
𝟑

= 

= 𝟔(
𝟏

√𝟒𝑹𝟏𝑭𝟏 ⋅ √𝟒𝑹𝟐𝑭𝟐
)

𝟏
𝟑

≥ 𝟔

(

 
𝟏

√𝟒 ⋅ 𝟒 ⋅ 𝑹𝟏𝑹𝟐 ⋅
𝟑√𝟑
𝟐
𝑹𝟏
𝑹𝟏
𝟐
⋅
𝟑√𝟑
𝟐
𝑹𝟐
𝑹𝟐
𝟐 )

 

𝟏
𝟑

= 

=
𝟔

√𝟑√𝑹𝟏𝑹𝟐
=

𝟐√𝟑

√𝑹𝟏𝑹𝟐
 

∵ 𝟒𝑹𝟏𝑭𝟏 = 𝟒𝑹𝟏𝒓𝟏𝒔𝟏 ≤ 𝟒𝑹𝟏
𝑹𝟏
𝟐
⋅
𝟑√𝟑

𝟐
𝑹𝟏 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

728. If 𝒙, 𝒚, 𝒛 > 0 and 𝑨𝟏𝑩𝟏𝑪𝟐, 𝑨𝟐𝑩𝟐𝑪𝟐 are two triangles with the areas 𝑭𝟏, 

respectively 𝑭𝟐, then holds the following inequality: 

𝒙 + 𝒚

𝒛
𝒂𝟏𝒃𝟐 +

𝒚+ 𝒛

𝒙
𝒃𝟏𝒄𝟐 +

𝒛 + 𝒙

𝒚
𝒄𝟏𝒂𝟐 ≥ 𝟖√𝟑𝑭𝟏𝑭𝟐 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
Solution 1 by Tapas Das-India 

𝒙 + 𝒚

𝒛
𝒂𝟏𝒃𝟐 +

𝒚 + 𝒛

𝒙
𝒃𝟏𝒄𝟐 +

𝒛 + 𝒙

𝒚
𝒄𝟏𝒂𝟐 ≥

𝟐√𝒙𝒚

𝒛
𝒂𝟏𝒃𝟐 +

𝟐√𝒚𝒛

𝒙
𝒃𝟏𝒄𝟐 +

𝟐√𝒛𝒙

𝒚
𝒄𝟏𝒂𝟐 ≥ 

≥ 𝟔(
√𝒙𝒚 ⋅ √𝒚𝒛 ⋅ √𝒛𝒙

𝒙𝒚𝒛
⋅ 𝒂𝟏𝒃𝟏𝒄𝟏 ⋅ 𝒂𝟐𝒃𝟐𝒄𝟐)

𝟏
𝟑

= 𝟔(𝒂𝟏𝒃𝟏𝒄𝟏)
𝟏
𝟑 ⋅ (𝒂𝟐𝒃𝟐𝒄𝟐)

𝟏
𝟑 ≥ 

≥ 𝟔 ⋅ (
𝟒𝑭𝟏

√𝟑
)

𝟑
𝟐
⋅
𝟏
𝟑
⋅ (
𝟒𝑭𝟐

√𝟑
)

𝟑
𝟐
⋅
𝟏
𝟑
= 𝟔 ⋅

𝟐√𝑭𝟏

(√𝟑)
𝟏
𝟐

⋅
𝟐√𝑭𝟐

(√𝟑)
𝟏
𝟐

= 𝟐𝟒 ⋅
√𝑭𝟏𝑭𝟐

√𝟑
= 𝟖 ⋅

𝟑√𝑭𝟏𝑭𝟐

√𝟑
= 𝟖√𝟑𝑭𝟏𝑭𝟐 
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Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝑻𝟏 = 𝒂𝟏𝒃𝟐, 𝑻𝟐 = 𝒃𝟏𝒄𝟐, 𝑻𝟑 = 𝒄𝟏𝒂𝟐 ⇒ 𝑻𝟏𝑻𝟐𝑻𝟑 = (𝒂𝟏𝒃𝟏𝒄𝟏)(𝒂𝟐𝒃𝟐𝒄𝟐) = 

= (𝟒𝑭𝟏𝑹𝟏)(𝟒𝑭𝟐𝑹𝟐) = 𝟏𝟔𝑭𝟏𝑭𝟐√(𝑹𝟏𝑹𝟏)(𝑹𝟐𝑹𝟐) ≥ 

≥ 𝟏𝟔𝑭𝟏𝑭𝟐√(
𝟐

𝟑√𝟑
𝒔𝟏 ⋅ 𝟐𝒓𝟏) (

𝟐

𝟑√𝟑
𝒔𝟐 ⋅ 𝟐𝒓𝟐) =

𝟏𝟔 ⋅ 𝟒

𝟑√𝟑
⋅ 𝑭𝟏𝑭𝟐√𝑭𝟏𝑭𝟐 =

𝟔𝟒

𝟑√𝟑
𝑭𝟏𝑭𝟐√𝑭𝟏𝑭𝟐  

𝑻𝟏𝑻𝟐𝑻𝟑 ≥ (
𝟒

√𝟑√𝑭𝟏𝑭𝟐
)

𝟑

; (∗) 

∑
𝒙+𝒚

𝒛
⋅ 𝑻𝟏

𝒄𝒚𝒄

=∑
𝒙+ 𝒚 + 𝒛

𝒛
⋅ 𝑻𝟏

𝒄𝒚𝒄

− (𝑻𝟏 + 𝑻𝟐 + 𝑻𝟑) = 

= (𝒙 + 𝒚 + 𝒛) (
𝑻𝟐
𝒙
+
𝑻𝟑
𝒚
+
𝑻𝟏
𝒛
) − (𝑻𝟏 + 𝑻𝟐 + 𝑻𝟑) ≥

𝑪𝑩𝑺
 

≥ (√𝑻𝟏 +√𝑻𝟐 +√𝑻𝟑)
𝟐
− (𝑻𝟏 + 𝑻𝟐 + 𝑻𝟑) = 

= 𝟐∑√𝑻𝟏𝑻𝟐
𝒄𝒚𝒄

≥
𝑨𝑮𝑴

𝟔 ⋅ √√(𝑻𝟏𝑻𝟐𝑻𝟑)𝟐
𝟑

= 𝟔 ⋅ √𝑻𝟏𝑻𝟐𝑻𝟑
𝟑 ≥

(∗)

𝟔 ⋅ 𝟒√𝑭𝟏𝑭𝟐 = 𝟖√𝟑𝑭𝟏𝑭𝟐 

729. 

𝑷𝑺

𝑺𝑸
= 𝒎,

𝒃

𝒄
= 𝒏 ≠ 𝟏,𝒎, 𝒏, 𝒃, 𝒄 ∈ ℕ. 𝐅𝐢𝐧𝐝:𝐦𝐢𝐧[𝑨𝑩𝑪] =? , ([∗] − 𝐚𝐫𝐞𝐚) 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by proposer 
Plagiogonal system: 𝑨𝑩 ≡ 𝑨𝒙, 𝑨𝑪 ≡ 𝑨𝒚 

Let 𝑨𝑷 = 𝒑,𝑨𝑸 = 𝒒, 𝑨(𝟎, 𝟎),𝑩(𝒄, 𝟎),𝑸(𝟎, 𝒒), 𝑪(𝟎, 𝒃) 

𝑷𝑺

𝑺𝑸
=
𝑩𝑴

𝑴𝑪
⋅
𝑨𝑷

𝑨𝑩
⋅
𝑨𝑪

𝑨𝑸
⇒ 𝒎 =

𝒑

𝒒
⋅
𝒃

𝒄
⇒
𝒒

𝒑
=
𝒏

𝒎
; (𝟏) 

𝝀𝟏 = 𝝀𝑷𝑸 = −
𝒒

𝒑
, 𝝀𝟐 = 𝝀𝑨𝑴 =

𝒃

𝒄
= 𝒏 

𝑷𝑸 ⊥ 𝑩𝑪 ⇒ (𝝀𝟏 + 𝝀𝟐) 𝐜𝐨𝐬𝑨 + 𝝀𝟏𝝀𝟐 + 𝟏 = 𝟎
(𝟏)
⇒ (−

𝒏

𝒎
+ 𝒏) ⋅

𝟏

𝟐
−
𝒏𝟐

𝒎
+ 𝟏 = 𝟎 

𝟐𝒏𝟐 + 𝒏− 𝟐𝒎−𝒎𝒏 = 𝟎 ⇒ 𝒎 = 𝟔, 𝒏 = 𝟒 

𝒏 = 𝟒 ⇒
𝒃

𝒄
= 𝟒 ⇒ 𝒃𝒎𝒊𝒏 = 𝟒, 𝒄𝒎𝒊𝒏 = 𝟏 

𝒎𝒊𝒏{[𝑨𝑩𝑪]} =
𝑨𝑩 ⋅ 𝑨𝑪 ⋅ 𝐬𝐢𝐧 𝑨

𝟐
=
𝟏 ⋅ 𝟒 ⋅

√𝟑
𝟐

𝟐
= √𝟑. 

730. 𝑺𝑨𝑩𝑪 −tetrahedron, 𝑺𝑨 = 𝟒, 𝑺𝑩 = 𝟖, 𝑺𝑪 = 𝟏𝟐, ∢𝑩𝑺𝑪 = 𝜽𝟏 =

𝟔𝟎°, ∢𝑪𝑺𝑨 = 𝜽𝟐 = 𝟔𝟎°, ∢𝑨𝑺𝑩 = 𝜽𝟑 = 𝟔𝟎°, 𝑶 −circumspherecenter, 

𝑮 −centroid of 𝑺𝑨𝑩𝑪. Find: [𝑺𝑶𝑮] =? (𝐚𝐫𝐞𝐚) 𝐚𝐧𝐝 𝒅(𝑶𝑮,𝑺𝑨) =? (𝐝𝐢𝐬𝐭𝐚𝐧𝐜𝐞). 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Plagiogonal 3D system: 𝑺𝑨 ≡ 𝑺𝒙, 𝑺𝑩 ≡ 𝑺𝒚, 𝑺𝑪 ≡ 𝑺𝒛 
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𝑺(𝟎, 𝟎, 𝟎), 𝑨(𝟒, 𝟎, 𝟎),𝑩(𝟎, 𝟖, 𝟎), 𝑪(𝟎, 𝟎, 𝟏𝟐), 𝑮 (
𝒂

𝟒
,
𝒃

𝟒
,
𝒄

𝟒
) 

𝑮(𝟏, 𝟐, 𝟑),𝑶(𝒐𝟏, 𝒐𝟐, 𝒐𝟑), 𝒐𝟏 =
𝟑𝒂− 𝒃 − 𝒄

𝟒
= −𝟐;𝒐𝟐 =

𝟑𝒃 − 𝒄 − 𝒂

𝟒
= 𝟐,𝒐𝟑 =

𝟑𝒄 − 𝒂 − 𝒃

𝟒
= 𝟔 

𝑶(−𝟐, 𝟐, 𝟔), 𝑺𝑮⃗⃗⃗⃗  ⃗ = (𝟏, 𝟐, 𝟑), |𝑺𝑮⃗⃗⃗⃗  ⃗|
𝟐
= 𝟏𝟐 + 𝟐𝟐 + 𝟏 ∙ 𝟐 + 𝟐 ∙ 𝟑 + 𝟑 ∙ 𝟏 = 𝟐𝟓 

𝑺𝑶⃗⃗⃗⃗  ⃗ = (−𝟐, 𝟐, 𝟔), |𝑺𝑶⃗⃗⃗⃗  ⃗|
𝟐
= (−𝟐)𝟐 + 𝟐𝟐 + 𝟔𝟐 − 𝟐 ∙ 𝟐 + 𝟐 ∙ 𝟔 − 𝟐 ∙ 𝟔 = 𝟒𝟎 

𝑺𝑮⃗⃗⃗⃗  ⃗ ∙ 𝑺𝑶⃗⃗⃗⃗  ⃗ = −𝟐 + 𝟒 + 𝟏𝟖 + (𝟐 − 𝟒 + 𝟏𝟐 + 𝟔 + 𝟔 − 𝟔) ∙
𝟏

𝟐
= 𝟐𝟖 

[𝑺𝑶𝑮] =
𝟏

𝟐
√|𝑺𝑮⃗⃗⃗⃗  ⃗|

𝟐
∙ |𝑺𝑶⃗⃗⃗⃗  ⃗|

𝟐
− (𝑺𝑮⃗⃗⃗⃗  ⃗ ∙ 𝑺𝑶⃗⃗⃗⃗  ⃗)

𝟐
=
𝟏

𝟐
√𝟐𝟓 ∙ 𝟒𝟎 − 𝟐𝟖𝟐, [𝑺𝑶𝑮] = 𝟑√𝟔  

𝑶𝑮: 
𝒙 − 𝟏

−𝟐 − 𝟏
=
𝒛 − 𝟑

𝟔 − 𝟑
⇒ 𝒙− 𝟏 = 𝟑 − 𝒛 

Let 𝑲 ∈ 𝑶𝑮,𝑲(𝒌𝟏, 𝟎, 𝒌𝟑). Is 𝒌𝟏 − 𝟏 = 𝟑 − 𝒌𝟑 ⇒ 𝒌𝟑 = 𝟒 − 𝒌𝟏, 𝑲(𝒌𝟏, 𝟐, 𝟒 − 𝒌𝟏) 

Let 𝑳 ∈ 𝑺𝑨 ⇒ 𝑳(𝒍𝟏, 𝟎, 𝟎) 

𝑲𝑳𝟐 = 𝒇(𝒌𝟏, 𝒍𝟏) = 

= (𝒌𝟏 − 𝒍𝟏)
𝟐 + 𝟐𝟐 + (𝟒 − 𝒌𝟏)

𝟐 + 𝟐(𝒌𝟏 − 𝒍𝟏) + 𝟐(𝟒 − 𝒌𝟏) + (𝒌𝟏 − 𝒍𝟏)(𝟒 − 𝒌𝟏) 

{
 

 
𝒅𝒇

𝒅𝒗𝒏
= 𝟎

𝒅𝒇

𝒅𝒍𝒏
= 𝟎

⇒ {
𝒌𝟏 =

𝟏𝟒

𝟑

𝒍𝟏 =
𝟏𝟔

𝟑

⇒ {
𝑲(
𝟏𝟒

𝟑
, 𝟐,−

𝟐

𝟑
)

𝑳(
𝟏𝟔

𝟑
, 𝟎, 𝟎)

 

𝐦𝐢𝐧𝑲𝑳𝟐 =
𝟖

𝟑
⇒ (𝑲𝑳)𝒎𝒊𝒏 = 𝟐√

𝟐

𝟑
⇒ 𝒅(𝑶𝑮,𝑺𝑨) = 𝟐√

𝟐

𝟑
. 

731. If 𝒙, 𝒚, 𝒛 > 0 then in 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟒𝒆𝒙
𝟐

𝒚 + 𝒛
+
𝒃𝟒𝒆𝒚

𝟐

𝒛 + 𝒙
+
𝒄𝟒𝒆𝒛

𝟐

𝒙 + 𝒚
> 16𝑭𝟐 

Proposed by D.M. Bătineţu-Giurgiu-Romania 
Solution by Tapas Das-India 

𝒂𝟐𝒙 + 𝒃𝟐𝒚 + 𝒄𝟐𝒛 ≥ 𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙;  (𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎); (𝟏) 

𝒆𝒕
𝟐
> 1 + 𝒕𝟐 ≥ 𝟐𝒕; (𝟐) 

𝒂𝟒𝒆𝒙
𝟐

𝒚 + 𝒛
+
𝒃𝟒𝒆𝒚

𝟐

𝒛 + 𝒙
+
𝒄𝟒𝒆𝒛

𝟐

𝒙 + 𝒚
≥
𝒂𝟒 ⋅ 𝟐𝒙

𝒚 + 𝒛
+
𝒃𝟒 ⋅ 𝟐𝒚

𝒛 + 𝒙
+
𝒄𝟒 ⋅ 𝟐𝒛

𝒙 + 𝒚
= 
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= 𝟐(
𝒂𝟒𝒙𝟐

𝒙𝒚 + 𝒙𝒛
+

𝒃𝟒𝒚𝟐

𝒚𝒛 + 𝒚𝒙
+

𝒄𝟒𝒛𝟐

𝒛𝒙 + 𝒛𝒚
) = 𝟐(

(𝒂𝟐𝒙)𝟐

𝒙𝒚 + 𝒙𝒛
+
(𝒃𝟐𝒚)𝟐

𝒚𝒛 + 𝒚𝒙
+
(𝒄𝟐𝒛)𝟐

𝒛𝒙 + 𝒛𝒚
) ≥ 

≥
𝟐(𝒂𝟐𝒙 + 𝒃𝟐𝒚 + 𝒄𝟐𝒛)𝟐

𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
≥
(𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝟐

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
=
𝟏𝟔𝑭𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
= 𝟏𝟔𝑭𝟐 

732. 

 

Find 𝒓. 

Proposed by Juan Jose Isach-Mayo-Valencia-Spain 

Solution by Jose Ferreira Queiroz-Olinda-Brazil 
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𝑨𝑩 = 𝑩𝑪 = 𝑪𝑫 = 𝑫𝑬 = 𝑬𝑨 = 𝒍 

𝑩𝑴 = 𝒙,𝑴𝑪 = 𝒍 − 𝒙, 𝑨𝑪 = 𝒛, 𝑨𝑴 = 𝒚,𝑨𝑭 = 𝒕 

∠𝑨𝑩𝑪 = 𝟏𝟎𝟖°, 𝐜𝐨𝐬 𝟏𝟎𝟖° =
𝟏

𝟒
(𝟏 − √𝟓) 

Applying cosine law in the 𝚫𝑨𝑩𝑴 and 𝚫𝑴𝑪𝑭: 

𝒚𝟐 = 𝒍𝟐 + 𝒙𝟐 − 𝟐𝒍𝒙 ∙ 𝐜𝐨𝐬 𝟏𝟎𝟖° =
𝒍𝟐

𝟒
+ (𝒍 − 𝒙)𝟐 − 𝟐

𝒍

𝟐
(𝒍 − 𝒙) 𝐜𝐨𝐬 𝟏𝟎𝟖° 

𝒙 =
𝒍(𝟑 − √𝟓)

𝟒
, 𝒚𝟐 = 𝒍𝟐 +

𝒍𝟐

𝟏𝟔
(𝟑 − √𝟓)

𝟐
− 𝟐𝒍 ∙

𝒍(𝟑 − √𝟓)

𝟒
∙
𝟏

𝟒
(𝟏 − √𝟓) 

𝟏𝟔𝒚𝟐 = 𝟏𝟒𝒍𝟐 + 𝟐√𝟓𝒍𝟐 ⇒ 𝒚 =
𝒍

𝟒
√𝟏𝟒+ 𝟐√𝟓 

In the 𝚫𝑨𝑩𝑪: 𝒛𝟐 = 𝟐𝒍𝟐 − 𝟐𝒍𝟐 ∙ 𝐜𝐨𝐬 𝟏𝟎𝟖° ⇒ 𝒛 =
𝒍

𝟐
√𝟔 + 𝟐√𝟓 

Now, in the 𝚫𝑨𝑭𝑪: 𝒕𝟐 = 𝒛𝟐 −
𝒍𝟐

𝟒
=
𝒍𝟐

𝟒
(𝟔 + 𝟐√𝟓) −

𝒍𝟐

𝟒
⇒ 𝒕 =

𝒍

𝟐
√𝟓 + 𝟐√𝟓 

In the 𝚫𝑨𝑭𝑴 applying sine law: 

𝒕

𝐬𝐢𝐧(𝝅 − 𝟐𝜽)
=

𝒚

𝐬𝐢𝐧𝜽
⇒ 𝐜𝐨𝐬𝜽 =

𝒕

𝟐𝒚
 

{
 
 

 
 
𝐜𝐨𝐬 𝜽 =

𝒍
𝟐
√𝟓 + 𝟐√𝟓

𝒍
𝟐
√𝟏𝟒 + 𝟐√𝟓

=
𝟏

𝟒𝟒
√𝟐𝟐(𝟐𝟓 + 𝟗√𝟓)

𝐬𝐢𝐧𝟐 𝜽 = 𝟏 − 𝐜𝐨𝐬𝟐 𝜽 ⇒ 𝐬𝐢𝐧𝜽 =
𝟑

𝟒𝟒
√𝟐𝟐(𝟕 − √𝟓)

 

[𝑨𝑭𝑴] =
𝟏

𝟐
𝒚𝒕 ∙ 𝐬𝐢𝐧𝜽 =

𝒓

𝟐
(𝒚𝒛 + 𝒕) 

𝒍

𝟒
√𝟏𝟒 + 𝟐√𝟓 ∙

𝒍

𝟐
√𝟓+ 𝟐√𝟓 ∙

𝟑

𝟒𝟒
√𝟐𝟐(𝟕 − √𝟓) = 𝒓(

𝒍

𝟐
√𝟏𝟒 + 𝟐√𝟓 +

𝒍

𝟐
√𝟓 + 𝟐√𝟓) 

𝟑𝒍

𝟒
√𝟓+ 𝟐√𝟓 = 𝒓 (√𝟏𝟒+ 𝟐√𝟓 +√𝟓 + 𝟐√𝟓) 

𝒓 =
𝟑𝒍

𝟒
∙

√𝟓 + 𝟐√𝟓

√𝟏𝟒 + 𝟐√𝟓+ √𝟓 + 𝟐√𝟓
, 𝒓 =

𝒍

𝟒
∙
−𝟓 − 𝟐√𝟓 + √𝟗𝟎 + 𝟑𝟖√𝟓

𝟑
 

𝒓 =
𝒍 (−𝟓 − 𝟐√𝟓+ √𝟗𝟎 + 𝟑𝟖√𝟓)

𝟏𝟐
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733. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∏(𝟏+
𝟏

𝒘𝒂
)

𝒄𝒚𝒄

≥ (𝟏 +
𝟐

𝟑𝑹
)
𝟑

 

Proposed by Marin Chirciu-Romania 
Solution 1 by Marian Ursărescu-Romania 

We must show that: 

√∏(𝟏 +
𝟏

𝒘𝒂
)

𝒄𝒚𝒄

𝟑
≥ 𝟏 +

𝟐

𝟑𝑹
; (𝟏) 

From Huygens’s inequality: 

√∏(𝟏 +
𝟏

𝒘𝒂
)

𝒄𝒚𝒄

𝟑
≥ 𝟏 + √

𝟏

𝒘𝒂𝒘𝒃𝒘𝒄

𝟑

; (𝟐) 

From (1) and (2) we must show: 

𝟏 + √
𝟏

𝒘𝒂𝒘𝒃𝒘𝒄

𝟑

≥ 𝟏 +
𝟐

𝟑𝑹
⇔ √𝒘𝒂𝒘𝒃𝒘𝒄

𝟑 ≤
𝟑𝑹

𝟐
⇔ 𝒘𝒂𝒘𝒃𝒘𝒄 ≤

𝟐𝟕𝑹𝟑

𝟖
; (𝟑) 

But 𝒘𝒂 ≤ √𝒔(𝒔 − 𝒂) ⇒ 𝒘𝒂𝒘𝒃𝒘𝒄 ≤ 𝒔𝑭 = 𝒔
𝟐𝒓; (𝟒) 

From (3) and (4) we must show: 

𝒔𝟐𝒓 ≤
𝟐𝟕𝑹𝟑

𝟖
; (𝟓) 

But 𝒔𝟐 ≤
𝟐𝟕𝑹𝟑

𝟒
(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) and 𝒓 ≤

𝑹

𝟐
 (𝑬𝒖𝒍𝒆𝒓) ⇒ 𝒔𝟐 ≤

𝟐𝟕𝑹𝟑

𝟖
⇒ (𝟓) 𝐭𝐫𝐮𝐞. 

Solution 2 by Tapas Das-India 

√∏(𝟏 +
𝟏

𝒘𝒂
)

𝒄𝒚𝒄

𝟑
≥

𝑯𝒐𝒍𝒅𝒆𝒓
𝟏 + √

𝟏

𝒘𝒂𝒘𝒃𝒘𝒄

𝟑

 

∏(𝟏+
𝟏

𝒘𝒂
)

𝒄𝒚𝒄

≥ [𝟏 + √
𝟏

𝒘𝒂𝒘𝒃𝒘𝒄

𝟑

]

𝟑

≥ [𝟏 + √
𝟏

𝒓𝒔𝟐

𝟑

]

𝟑

≥

[
 
 
 
 
 
 

𝟏 +
√

𝟏

𝟏
𝟐𝟕𝑹𝟑

𝟖

𝟑

]
 
 
 
 
 
 
𝟑

= (𝟏 +
𝟐

𝟑𝑹
)
𝟑
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But 𝒘𝒂 ≤ √𝒔(𝒔 − 𝒂) ⇒ 𝒘𝒂𝒘𝒃𝒘𝒄 ≤ 𝒔𝑭 = 𝒔
𝟐𝒓; 

𝒔𝟐 ≤
𝟐𝟕𝑹𝟑

𝟒
(𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄) and 𝒓 ≤

𝑹

𝟐
 (𝑬𝒖𝒍𝒆𝒓) ⇒ 𝒔𝟐 ≤

𝟐𝟕𝑹𝟑

𝟖
 

734. If 𝒙, 𝒚, 𝒛 > 0 then in 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒙𝟐𝒂𝟑

(𝒚 + 𝒛)𝟐𝒉𝒂
+

𝒚𝟐𝒃𝟑

(𝒛 + 𝒙)𝟐𝒉𝒃
+

𝒛𝟐𝒄𝟑

(𝒙 + 𝒚)𝟐𝒉𝒄
≥ 𝟐𝑭 

Proposed by D.M. Bătineţu-Giurgiu-Romania 
Solution by Tapas Das-India 

𝒙𝟐𝒂𝟑

(𝒚 + 𝒛)𝟐𝒉𝒂
+

𝒚𝟐𝒃𝟑

(𝒛 + 𝒙)𝟐𝒉𝒃
+

𝒛𝟐𝒄𝟑

(𝒙 + 𝒚)𝟐𝒉𝒄
=

𝒙𝟐𝒂𝟒

(𝒚 + 𝒛)𝟐𝟐𝑭
+

𝒚𝟐𝒃𝟒

(𝒛 + 𝒙)𝟐𝟐𝑭
+

𝒛𝟐𝒄𝟒

(𝒙 + 𝒚)𝟐𝟐𝑭
= 

=
𝟏

𝟐𝑭
[
(
𝒙

𝒚 + 𝒛𝒂
𝟐)
𝟐

𝟏
+
(
𝒚

𝒛 + 𝑿𝒃
𝟐)
𝟐

𝟏
+
(
𝒛

𝒙 + 𝒚 𝒄
𝟐)
𝟐

𝟏
] ≥ 

≥
𝟏

𝟐𝑭
⋅
(
𝒙

𝒚 + 𝒛𝒂
𝟐 +

𝒚
𝒛 + 𝒙𝒃

𝟐 +
𝒛

𝒙 + 𝒚𝒄
𝟐)
𝟐

𝟑
≥
𝟏

𝟐𝑭
⋅
(𝟐√𝟑𝑭)

𝟐

𝟑
=
𝟏

𝟔𝑭
⋅ 𝟏𝟐𝑭𝟐 = 𝟐𝑭 

∵
𝒙

𝒚 + 𝒛
𝒂𝟐 +

𝒚

𝒛 + 𝒙
𝒃𝟐 +

𝒛

𝒙 + 𝒚
𝒄𝟐 ≥ 𝟐√𝟑𝑭 (𝑻𝒔𝒊𝒏𝒕𝒔𝒊𝒇𝒂𝒔) 

735. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝒉𝒂

√𝒉𝒃
𝟐 − 𝒉𝒃𝒉𝒄 + 𝒉𝒄

𝟐𝒄𝒚𝒄

≥
𝟏𝟐𝒓𝟐

𝑹𝟐
 

  Proposed by Marian Ursărescu-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

∑
𝐡𝒂

√𝐡𝐛
𝟐 − 𝐡𝐛𝐡𝐜 + 𝐡𝐜

𝟐𝐜𝐲𝐜

=∑
𝐡𝒂
𝟐

𝐡𝒂.√𝐡𝐛
𝟐 − 𝐡𝐛𝐡𝐜 + 𝐡𝐜

𝟐𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟐

∑ (𝐡𝒂.√𝐡𝐛
𝟐 − 𝐡𝐛𝐡𝐜 + 𝐡𝐜

𝟐)𝐜𝐲𝐜

=
(∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟐

∑ (√𝐡𝒂.√𝐡𝒂𝐡𝐛
𝟐 − 𝐡𝒂𝐡𝐛𝐡𝐜 + 𝐡𝒂𝐡𝐜

𝟐)𝐜𝐲𝐜

≥
𝐂𝐁𝐒 (∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟐

√∑ 𝐡𝒂𝐜𝐲𝐜 . √∑ (𝐡𝒂𝐡𝐛
𝟐 − 𝐡𝒂𝐡𝐛𝐡𝐜 + 𝐡𝒂𝐡𝐜

𝟐)𝐜𝐲𝐜
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=
(∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟐

√∑ 𝐡𝒂𝐜𝐲𝐜 . √(∑ 𝐡𝒂𝐜𝐲𝐜 )(∑ 𝐡𝐛𝐡𝐜𝐜𝐲𝐜 ) − 𝟔𝐡𝒂𝐡𝐛𝐡𝐜

=
(∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟐

√∑ 𝐡𝒂𝐜𝐲𝐜 . √(∑ 𝐡𝒂𝐜𝐲𝐜 ) (∑ (
𝐜𝒂
𝟐𝐑
.
𝒂𝐛
𝟐𝐑
)𝐜𝐲𝐜 ) − 𝟔.

𝟖𝐫𝟑𝐬𝟑

𝟒𝐑𝐫𝐬

=
(∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟐

√∑ 𝐡𝒂𝐜𝐲𝐜 . √(∑ 𝐡𝒂𝐜𝐲𝐜 ) (
𝟐𝐫𝐬𝟐

𝐑
) −

𝟏𝟐𝐫𝟐𝐬𝟐

𝐑

≥
? 𝟏𝟐𝐫𝟐

𝐑𝟐
 

⇔
(∑ 𝐡𝒂𝐜𝐲𝐜 )

𝟑

(∑ 𝐡𝒂𝐜𝐲𝐜 ) (
𝟐𝐫𝐬𝟐

𝐑 ) −
𝟏𝟐𝐫𝟐𝐬𝟐

𝐑

≥
? 𝟏𝟒𝟒𝐫𝟒

𝐑𝟒
⇔

𝐑𝟓(∑ 𝐡𝒂𝐜𝐲𝐜 )
𝟑

𝟐𝐫𝐬𝟐 (
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐑 − 𝟔𝐫)
≥
?
𝟏𝟒𝟒𝐫𝟒

⇔ 𝐑𝟔 (∑𝐡𝒂
𝐜𝐲𝐜

)

𝟑

≥
?
⏟
(∗)

𝟏𝟒𝟒𝐫𝟓𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗)

≥ 𝟕𝟐𝟗𝐑𝟔𝐫𝟑 𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟏𝟒𝟒𝐫𝟓.
𝟐𝟕𝐑𝟐

𝟒
. (𝟒𝐑𝟐 − 𝟒𝐑𝐫

+ 𝟒𝐫𝟐) ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟕𝟐𝟗𝐑𝟔𝐫𝟑 ≥ 𝟏𝟒𝟒𝐫𝟓.
𝟐𝟕𝐑𝟐

𝟒
. (𝟒𝐑𝟐 − 𝟒𝐑𝐫+ 𝟒𝐫𝟐) ⇔ 𝟑𝐑𝟒 ≥ 𝟒𝐫𝟐(𝟒𝐑𝟐 − 𝟒𝐑𝐫 + 𝟒𝐫𝟐)

⇔ 𝟑𝐭𝟒 − 𝟏𝟔𝐭𝟐 + 𝟏𝟔𝐭− 𝟏𝟔 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟑𝐭𝟑 + 𝟒𝐭𝟐 + 𝟐𝐭(𝐭 − 𝟐) + 𝟖)

≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝐡𝒂

√𝐡𝐛
𝟐 − 𝐡𝐛𝐡𝐜 + 𝐡𝐜

𝟐𝐜𝐲𝐜

≥
𝟏𝟐𝐫𝟐

𝐑𝟐
 (𝐐𝐄𝐃),"=" 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑺𝒊𝒏𝒄𝒆  𝒉𝒂 =
𝒃𝒄

𝟐𝑹
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑
𝒉𝒂

√𝒉𝒃
𝟐 − 𝒉𝒃𝒉𝒄 + 𝒉𝒄

𝟐𝒄𝒚𝒄

=∑
𝒃𝒄

√(𝒄𝒂)𝟐 − 𝒄𝒂. 𝒂𝒃 + (𝒂𝒃)𝟐𝒄𝒚𝒄

=∑
√𝒃𝒄

𝒂√
𝒄
𝒃
+
𝒃
𝒄 − 𝟏

𝒄𝒚𝒄

≥ 

≥⏞
𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 ∑
√𝒃𝒄

𝒂√
𝑹
𝒓 − 𝟏

𝒄𝒚𝒄

=
𝒓

√𝒓(𝑹 − 𝒓)
∑
√𝒃𝒄

𝒂
𝒄𝒚𝒄

 ≥⏞
𝑨𝑴−𝑮𝑴

  
𝟐𝒓

𝒓 + (𝑹 − 𝒓)
. 𝟑 =

𝟔𝒓

𝑹
 ≥⏞
𝑬𝒖𝒍𝒆𝒓
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≥  
𝟔𝒓

𝑹
.
𝟐𝒓

𝑹
=
𝟏𝟐𝒓𝟐

𝑹𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
𝒉𝒂

√𝒉𝒃
𝟐 − 𝒉𝒃𝒉𝒄 + 𝒉𝒄

𝟐𝒄𝒚𝒄

≥
𝟏𝟐𝒓𝟐

𝑹𝟐
.  

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 

736. 𝐈𝐧 ∆𝑨𝑩𝑪,𝒏𝒂 − 𝐍𝐚𝐠𝐞𝐥
′𝐬 𝐜𝐞𝐯𝐢𝐚𝐧. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭:  

  ∑(
𝟐𝒏𝒂𝒉𝒃
𝒏𝒃𝒉𝒂

−
𝒏𝒂𝒉𝒄
𝒏𝒄𝒉𝒂

)

𝒄𝒚𝒄

≥ 𝟑 

Proposed by Bogdan Fuştei-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 −  𝐜) + 𝐜𝟐(𝐬 −  𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 −  𝐛)(𝐬 − 𝐜)

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 = 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 ⇒ 𝒂𝐧𝒂
𝟐

= 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀− 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐
𝐀

𝟐

= 𝒂𝐬𝟐 −
𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
 

= 𝒂𝐬𝟐 −
𝟒∆𝟐

𝐬 − 𝒂
= 𝒂𝐬𝟐 − 𝟐𝒂(

𝟐∆

𝒂
) (

∆

𝐬 − 𝒂
) = 𝒂𝐬𝟐 − 𝟐𝒂𝐡𝒂𝐫𝒂 ⇒ 𝐧𝒂

𝟐 + 𝟐𝐡𝒂𝐫𝒂 =
(∗)
𝐬𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝒈𝐬 

 
𝐋𝐞𝐭 𝐭𝐡𝐞 𝐍𝒂𝐠𝐞𝐥 𝐩𝐨𝐢𝐧𝐭 𝐛𝐞 𝐍.𝐍𝐨𝐰,𝐀′𝐁 = 𝐬 − 𝐜, 𝐀′𝐂 = 𝐬 − 𝐛, 𝐁′𝐀 = 𝐬 − 𝐜, 𝐁′𝐂 = 𝐬 − 𝒂,𝐂′𝐀

= 𝐬 − 𝐛, 𝐂′𝐁 = 𝐬− 𝒂 ∴
𝐀𝐍

𝐀′𝐍
=⏞

𝐕𝒂𝐧 𝐀𝐮𝐛𝐞𝐥 𝐬 − 𝐛

𝐬 − 𝒂
+
𝐬 − 𝐜

𝐬 − 𝒂
=

𝒂

𝐬 − 𝒂
⇒
𝐀′𝐍

𝐀𝐍
+ 𝟏

=
𝐬 − 𝒂

𝒂
+ 𝟏 
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⇒
𝐧𝒂
𝐀𝐍

=
𝐬

𝒂
⇒ 𝐀𝐍 =

𝒂𝐧𝒂
𝐬
 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝒍𝒂𝐫𝒍𝐲,𝐁𝐍 =

𝐛𝐧𝐛
𝐬
 𝒂𝐧𝐝 𝐂𝐍

=
𝐜𝐧𝐜
𝐬
 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 − 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲, 𝐁𝐍+ 𝐂𝐍 > 𝐵𝐶 ⇒

𝐛𝐧𝐛
𝐬
+
𝐜𝐧𝐜
𝐬
> 𝑎

⇒ 𝐛𝐧𝐛 + 𝐜𝐧𝐜 > 𝐬𝒂 >
?
𝒂𝐧𝒂 ⇔ 𝐬𝟐 >

?
𝐧𝒂
𝟐  

⇔
𝐯𝐢𝒂 (∗)

𝐧𝒂
𝟐 + 𝟐𝐡𝒂𝐫𝒂 >

?
𝐧𝒂
𝟐 ⇔ 𝟐𝐡𝒂𝐫𝒂 >

?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝐛𝐧𝐛 + 𝐜𝐧𝐜 > 𝑎𝐧𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝒍𝐲, 𝐜𝐧𝐜 + 𝒂𝐧𝒂

> 𝐛𝐧𝐛 𝒂𝐧𝐝 𝒂𝐧𝒂 + 𝐛𝐧𝐛 > 𝐜𝐧𝐜 ⇒ 𝒂𝐧𝒂, 𝐛𝐧𝐛 , 𝐜𝐧𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 
𝐬𝐞𝐦𝐢 − 𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫 𝐬′(𝐬𝒂𝐲) 𝒂𝐧𝐝 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝐬′ − 𝒂𝐧𝒂 = 𝒙, 𝐬

′ − 𝐛𝐧𝐛 = 𝐲, 𝐬
′ − 𝐜𝐧𝐜

= 𝐳 (𝒙, 𝐲, 𝐳 > 0),𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 𝟑𝐬′ − 𝟐𝐬′ = 𝐬′ =∑𝒙

𝐜𝐲𝐜

 

⇒ 𝒂𝐧𝒂 = 𝐲+ 𝐳, 𝐛𝐧𝐛 = 𝐳 + 𝒙, 𝐜𝐧𝐜 = 𝒙 + 𝐲 → (𝟏) 

𝐍𝐨𝐰,∑(
𝟐𝐧𝒂𝐡𝐛
𝐧𝐛𝐡𝒂

−
𝐧𝒂𝐡𝐜
𝐧𝐜𝐡𝒂

)

𝐜𝐲𝐜

≥ 𝟑 ⇔ 𝟐∑
𝒂𝐧𝒂
𝐛𝐧𝐛

𝐜𝐲𝐜

−∑
𝐛𝐧𝐛
𝒂𝐧𝒂

𝐜𝐲𝐜

≥ 𝟑 ⇔
𝐯𝐢𝒂 (𝟏)

𝟐∑
𝐲+ 𝐳

𝐳 + 𝒙
𝐜𝐲𝐜

≥ 𝟑 +∑
𝐳+ 𝒙

𝐲 + 𝐳
𝐜𝐲𝐜

⇔ 𝟐∑(𝒙 + 𝐲)(𝐲 + 𝐳)𝟐

𝐜𝐲𝐜

≥ 𝟑∏(𝒙+ 𝐲)

𝐜𝐲𝐜

+∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

 

⇔∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟐𝐲

𝐜𝐲𝐜

≥
(⦁)

𝟐∑𝒙𝐲𝟐

𝐜𝐲𝐜

 

𝐍𝐨𝐰, 𝒙𝟑 + 𝐳𝟐𝒙 ≥
𝐀−𝐆

𝟐𝐳𝒙𝟐, 𝐲𝟑 + 𝒙𝟐𝐲 ≥
𝐀−𝐆

𝟐𝒙𝐲𝟐, 𝐳𝟑 + 𝐲𝟐𝐳 ≥
𝐀−𝐆

𝟐𝐲𝐳𝟐 𝒂𝐧𝐝 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩,∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟐𝐲

𝐜𝐲𝐜

≥ 𝟐∑𝒙𝐲𝟐

𝐜𝐲𝐜

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑(
𝟐𝐧𝒂𝐡𝐛
𝐧𝐛𝐡𝒂

−
𝐧𝒂𝐡𝐜
𝐧𝐜𝐡𝒂

)

𝐜𝐲𝐜

≥ 𝟑 (𝐐𝐄𝐃) 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶   (
𝒏𝒂
𝒉𝒂
)
𝟐

=
𝒂𝟐

𝟒𝒔𝟐𝒓𝟐
(𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
) =

𝟏

𝟒𝒓𝟐
(
𝒂𝟐(𝒔 − 𝒂)

𝒔
+
𝒂(𝒃 − 𝒄)𝟐

𝒔
) = 

=
𝟏

𝟒𝒓𝟐
(
(𝒔 − 𝒂)[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒔
+ (𝒃 − 𝒄)𝟐) = 

𝟏

𝟒𝒓𝟐
(
𝟒(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔
+ (𝒃 − 𝒄)𝟐) =

𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐

𝟒𝒓𝟐
. 

𝑻𝒉𝒆𝒏 ∶   
𝒏𝒂
𝒉𝒂
= √𝟏 +

(𝒃 − 𝒄)𝟐

𝟒𝒓𝟐
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑳𝒆𝒕 �⃗⃗� = (𝟏,
𝒃 − 𝒄

𝟐𝒓
)  𝒂𝒏𝒅 �⃗⃗� = (𝟏,

𝒄 − 𝒂

𝟐𝒓
).   

𝑩𝒚 𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   ‖�⃗⃗� ‖ + ‖�⃗⃗� ‖ ≥ ‖�⃗⃗� + �⃗⃗� ‖ 

⇔√𝟏𝟐 + (
𝒃 − 𝒄

𝟐𝒓
)
𝟐

+ √𝟏𝟐 + (
𝒄 − 𝒂

𝟐𝒓
)
𝟐

≥ √𝟐𝟐 + (
𝒃 − 𝒂

𝟐𝒓
)
𝟐

> √𝟏 +
(𝒂 − 𝒃)𝟐

𝟒𝒓𝟐
 

𝑻𝒉𝒆𝒏 ∶   
𝒏𝒂
𝒉𝒂
+
𝒏𝒃
𝒉𝒃
>
𝒏𝒄
𝒉𝒄
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑵𝒐𝒘 𝒍𝒆𝒕 

 𝒙 =
𝒏𝒂
𝒉𝒂
,   𝒚 =

𝒏𝒃
𝒉𝒃
,   𝒛 =

𝒏𝒄
𝒉𝒄
.  𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑(
𝟐𝒙

𝒚
−
𝒙

𝒛
)

𝒄𝒚𝒄

≥ 𝟑 ⇔  𝟐∑(𝟐𝒙𝟐𝒛 − 𝒙𝟐𝒚)

𝒄𝒚𝒄

≥ 𝟔𝒙𝒚𝒛  

⇔∑[(𝒙𝒚𝟐 + 𝟐𝒙𝒚𝒛 + 𝒙𝒛𝟐) + (𝒚𝟑 − 𝒛𝟑 + 𝟑𝒚𝒛𝟐 − 𝟑𝒚𝟐𝒛)]

𝒄𝒚𝒄

≥ 𝟎 

⇔∑[𝒙(𝒚 − 𝒛)𝟐 + (𝒚 − 𝒛)𝟑]

𝒄𝒚𝒄

≥ 𝟎 ⇔∑(𝒙+ 𝒚 − 𝒛)(𝒚 − 𝒛)𝟐

𝒄𝒚𝒄

≥ 𝟎. 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝒙 + 𝒚 > 𝑧 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔).  𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

737. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝟏𝟏 ≤
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
+
𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤
𝟏𝟏𝑹𝟐

𝟒𝒓𝟐
 

   Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆  

:  𝒙𝒂𝟐 + 𝒚𝒃𝟐 + 𝒛𝒄𝟐 ≥ 𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙,   ∀𝒙, 𝒚, 𝒛 > 0. 
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𝑭𝒐𝒓  𝒙 =
𝒃𝟐

𝒂𝟐
,   𝒚 =

𝒄𝟐

𝒃𝟐
,   𝒛 =

𝒂𝟐

𝒄𝟐
 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒𝑭√

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
 

𝑻𝒉𝒆𝒏 ∶  
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
≤
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟏𝟔𝑭𝟐
=
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)𝟐

𝟒𝒔𝟐𝒓𝟐

=
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟒𝒓𝟐
. (𝟏 −

𝒓(𝟒𝑹+ 𝒓)

𝒔𝟐
) ≤ 

≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟐𝒓𝟐

𝟒𝒓𝟐
. (𝟏 −

𝒓(𝟒𝑹+ 𝒓)

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐
) =

(𝟐𝑹𝟐 + 𝒓𝟐)𝟐

𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
. 

𝑻𝒉𝒆𝒏 ∶  
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
+
𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤ 

(𝟐𝑹𝟐 + 𝒓𝟐)𝟐

𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
+ 𝟖 ≤⏞

?

 
𝟏𝟏𝑹𝟐

𝟒𝒓𝟐
 

⇔ 𝟖 ≤
𝟐𝟖𝑹𝟒 + 𝟒𝟒𝑹𝟑𝒓 + 𝟏𝟕𝑹𝟐𝒓𝟐 − 𝟒𝒓𝟒

𝟒𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
 

⇔  𝟐𝟖𝑹𝟒 + 𝟒𝟒𝑹𝟑𝒓 − 𝟏𝟏𝟏𝑹𝟐𝒓𝟐 − 𝟏𝟐𝟖𝑹𝒓𝟑 − 𝟏𝟎𝟎𝒓𝟒 ≥ 𝟎 

⇔ (𝑹− 𝟐𝒓)(𝟐𝟖𝑹𝟑 + 𝟏𝟎𝟎𝑹𝟐𝒓 + 𝟖𝟗𝑹𝒓𝟐 + 𝟓𝟎𝒓𝟑) ≥ 𝟎  

𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝑹 ≥ 𝟐𝒓. 

𝑻𝒉𝒆𝒏 ∶   
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
+
𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤
𝟏𝟏𝑹𝟐

𝟒𝒓𝟐
 

𝑨𝒔𝒔𝒖𝒎𝒆 𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒄 = 𝒎𝒊𝒏{𝒂, 𝒃, 𝒄}.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
+
𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

≥ 𝟏𝟏 

⇔ (
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
− 𝟐) + (

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
−
𝒃𝟐

𝒂𝟐
− 𝟏) − 𝟖(𝟏 −

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
) ≥ 𝟎 

⇔
(𝒂𝟐 − 𝒃𝟐)𝟐

𝒂𝟐𝒃𝟐
+
(𝒂𝟐 − 𝒄𝟐)(𝒃𝟐 − 𝒄𝟐)

𝒄𝟐𝒂𝟐
− 𝟖.

(𝒂 − 𝒃)𝟐 + (𝒂 − 𝒄)(𝒃 − 𝒄)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥ 𝟎 

⇔ (
(𝒂 + 𝒃)𝟐

𝒂𝟐𝒃𝟐
−

𝟖

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
) (𝒂 − 𝒃)𝟐 + (

(𝒂 + 𝒄)(𝒃 + 𝒄)

𝒄𝟐𝒂𝟐
−

𝟖

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
) (𝒂 − 𝒄)(𝒃 − 𝒄) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 ∶  
(𝒂 + 𝒃)𝟐

𝒂𝟐𝒃𝟐
−

𝟖

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥
𝟒𝒂𝒃

𝒂𝟐𝒃𝟐
−

𝟖

𝒂𝟐 + 𝒃𝟐
≥
𝟒

𝒂𝒃
−
𝟖

𝟐𝒂𝒃
= 𝟎 
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& 
(𝒂 + 𝒄)(𝒃 + 𝒄)

𝒄𝟐𝒂𝟐
−

𝟖

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥⏞
𝒃 ≥ 𝒄 (𝒂 + 𝒄). 𝟐𝒄

𝒄𝟐𝒂𝟐
−

𝟖

𝒂𝟐 + 𝟐𝒄𝟐

=
𝟐(𝒂𝟑 − 𝟑𝒂𝟐𝒄 + 𝟐𝒂𝒄𝟐 + 𝟐𝒄𝟑)

𝒄𝒂𝟐(𝒂𝟐 + 𝟐𝒄𝟐)
= 

=
𝟐[(𝒂 − 𝟐𝒄)𝟐(𝒂 + 𝒄) + 𝟐(𝒂 − 𝒄)𝒄𝟐]

𝒄𝒂𝟐(𝒂𝟐 + 𝟐𝒄𝟐)
 ≥⏞
𝒂 ≥ 𝒄

 𝟎  𝒂𝒏𝒅  (𝒂 − 𝒄)(𝒃 − 𝒄) ≥ 𝟎. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
+
𝟖(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥ 𝟏𝟏 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

738. In any ∆ 𝐀𝐁𝐂 the following relationship holds: 

𝐧𝒂 − 𝒈𝒂
𝟐

< 𝐦𝒂 ≤
𝟐𝒙 + 𝐲 + 𝐳 − √𝐲𝐳

√𝟑
; 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

 

𝒂𝐧𝒂
𝟐 . 𝒂𝒈𝒂

𝟐 ≥ 𝒂𝟐𝐬𝟐(𝐬 − 𝒂)𝟐

⇔ {𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) − 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)}{𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜)

− 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)} ≥
(𝟏)

𝒂𝟐𝐬𝟐(𝐬 − 𝒂)𝟐 

∵ 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝒙 𝒂𝐧𝐝 𝐜

= 𝒙 + 𝐲 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬, 

(𝟏) ⇔ {𝐳(𝐳 + 𝒙)𝟐 + 𝐲(𝒙 + 𝐲)𝟐 − 𝐲𝐳(𝐲 + 𝐳)}{𝐲(𝐳 + 𝒙)𝟐 + 𝐳(𝒙 + 𝐲)𝟐 − 𝐲𝐳(𝐲 + 𝐳)}

≥ 𝒙𝟐(𝐲 + 𝐳)𝟐(𝒙 + 𝐲 + 𝐳)𝟐 ⇔ 𝒙𝐲𝟐 + 𝒙𝐳𝟐 + 𝐲𝟑 + 𝐳𝟑 ≥ 𝟐𝒙𝐲𝐳+ 𝐲𝐳(𝐲 + 𝐳) 

⇔ 𝒙(𝐲 − 𝐳)𝟐 + (𝐲 + 𝐳)(𝐲 − 𝐳)𝟐 ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐧𝒂𝒈𝒂 ≥
(∗)

𝐬(𝐬 − 𝒂) 

𝐍𝐨𝐰, 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦

⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) =
(𝐢)
𝒂𝐧𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝 𝐛𝟐(𝐬 − 𝐛)

+ 𝐜𝟐(𝐬 − 𝐜) =
(𝐢𝐢)
𝒂𝒈𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝 (𝐢) + (𝐢) ⇒  

(𝐛𝟐 + 𝐜𝟐)(𝟐𝐬 − 𝐛 − 𝐜) = 𝒂𝐧𝒂
𝟐 + 𝒂𝒈𝒂

𝟐 + 𝟐𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) ⇒ 𝟐𝒂(𝐛𝟐 + 𝐜𝟐)

= 𝟐𝒂(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) + 𝒂(𝒂 + 𝐛 − 𝐜)(𝐜 + 𝒂 − 𝐛) ⇒ 𝟐(𝐛𝟐 + 𝐜𝟐)

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) + 𝒂𝟐 − (𝐛 − 𝐜)𝟐  

⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) − 𝒂𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐) ⇒ 𝟒𝐦𝒂
𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐)

⇒ (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐) ⇒ 𝐧𝒂
𝟐 + 𝒈𝒂

𝟐

= (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) 

⇒ 𝐧𝒂
𝟐 + 𝒈𝒂

𝟐 − 𝟐𝐧𝒂𝒈𝒂 = (𝐛 − 𝐜)
𝟐 + 𝟐𝐬(𝐬 − 𝒂) − 𝟐𝐧𝒂𝒈𝒂 ≤

𝐯𝐢𝒂 (∗)

(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) − 𝟐𝐬(𝐬 − 𝒂)

⇒ (𝐧𝒂 −𝒈𝒂)
𝟐 ≤ (𝐛 − 𝐜)𝟐 = (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) − 𝟒𝐬(𝐬 − 𝒂) 
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< (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) = 𝟒𝐦𝒂
𝟐 ⇒

(𝐧𝒂 −𝒈𝒂)
𝟐

𝟒
< 𝐦𝒂

𝟐 ⇒
|𝐧𝒂 − 𝒈𝒂|

𝟐
<
(⦁)

𝐦𝒂 

𝐀𝐠𝒂𝐢𝐧, (𝐢) − (𝐢𝐢) ⇒ 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) − 𝒂𝒈𝒂

𝟐 − 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)

= (𝐬 − 𝐜)(𝐛𝟐 − 𝐜𝟐) − (𝐬 − 𝐛)(𝐛𝟐 − 𝐜𝟐) ⇒ 𝒂(𝐧𝒂
𝟐 −𝒈𝒂

𝟐) = (𝐛𝟐 − 𝐜𝟐)(𝐛 − 𝐜)

= (𝐛 + 𝐜)(𝐛 − 𝐜)𝟐 ≥ 𝟎 

⇒ 𝐧𝒂 −𝒈𝒂 >
(⦁⦁)

𝟎 ∴ (⦁), (⦁⦁) ⇒
𝐧𝒂 − 𝒈𝒂
𝟐

< 𝐦𝒂  

𝐀𝐥𝐬𝐨, √𝟑𝐦𝒂 +√𝐲𝐳 ≤
𝐂𝐁𝐒
√𝟑 + 𝟏√𝐦𝒂

𝟐 + (𝐬 − 𝐛)(𝐬 − 𝐜) = √(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) + 𝒂𝟐 − (𝐛 − 𝐜)𝟐

= √(𝟐𝐬 − 𝒂)𝟐 = 𝟐𝐬 − 𝒂 = 𝐛 + 𝐜 ∴ √𝟑𝐦𝒂 +√𝐲𝐳 ≤
(⦁⦁⦁)

𝐛 + 𝐜 

𝒂𝐧𝐝 𝟐𝒙 + 𝐲 + 𝐳 = 𝐛 + 𝐜 − 𝒂 + (𝟐𝐬 − 𝐛 − 𝐜) = 𝐛 + 𝐜 − 𝒂 + 𝒂 = 𝐛 + 𝐜 ≥
𝐯𝐢𝒂 (⦁⦁⦁)

√𝟑𝐦𝒂 + √𝐲𝐳

⇒ 𝟐𝒙 + 𝐲 + 𝐳 −√𝐲𝐳 ≥ √𝟑𝐦𝒂 ⇒ 𝐦𝒂 ≤
𝟐𝒙+ 𝐲 + 𝐳 −√𝐲𝐳

√𝟑
 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂
𝐧𝒂 − 𝒈𝒂
𝟐

< 𝐦𝒂 ≤
𝟐𝒙+ 𝐲 + 𝐳 −√𝐲𝐳

√𝟑
; 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 (𝐐𝐄𝐃) 

 

739. If 𝒙, 𝒚, 𝒛 > 0, then in any 𝚫𝑨𝑩𝑪 with usual notations 𝒂 = 𝑩𝑪, 𝒃 = 𝑪𝑨, 
𝒄 = 𝑨𝑩, 𝒔 −semiperimeter and 𝑭 the area of triangle, then: 
𝒚 + 𝒛

𝒙
⋅ 𝒂𝟑 +

𝒛 + 𝒙

𝒚
⋅ 𝒃𝟑 +

𝒙 + 𝒚

𝒛
⋅ 𝒄𝟑 ≥ 𝟏𝟔 ⋅ √𝟑

𝟒
⋅ 𝑭√𝑭 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 
Solution by Tapas Das-India 
𝒚 + 𝒛

𝒙
⋅ 𝒂𝟑 +

𝒛 + 𝒙

𝒚
⋅ 𝒃𝟑 +

𝒙 + 𝒚

𝒛
⋅ 𝒄𝟑 = (

𝒚

𝒙
𝒂𝟑 +

𝒛

𝒚
𝒃𝟑 +

𝒙

𝒛
𝒄𝟑) + (

𝒛

𝒙
𝒂𝟑 +

𝒙

𝒚
𝒃𝟑 +

𝒚

𝒛
𝒄𝟑) ≥ 

≥ 𝟑 ⋅ √
𝒙

𝒛
⋅
𝒛

𝒚
⋅
𝒚

𝒙
(𝒂𝒃𝒄)𝟑

𝟑

+ 𝟑 ⋅ √
𝒛

𝒙
⋅
𝒙

𝒚
⋅
𝒚

𝒛
(𝒂𝒃𝒄)𝟑

𝟑

= 

= 𝟑𝒂𝒃𝒄 + 𝟑𝒂𝒃𝒄 = 𝟔𝒂𝒃𝒄 ≥ 𝟔(
𝟒𝑭

√𝟑
)

𝟑
𝟐
=
𝟔 ⋅ (𝟐𝟐)

𝟑
𝟐 ⋅ 𝑭√𝑭

𝟑
𝟏
𝟒

= 𝟑
𝟑
𝟒 ⋅ 𝟏𝟔𝑭√𝑭 ≥ 𝟏𝟔 ⋅ √𝟑

𝟒
⋅ 𝑭√𝑭 

740. In ∆𝑨𝑩𝑪 the following relationship holds: 

 ∑
𝒓𝒂

√𝒓𝒃𝟐 − 𝒓𝒃𝒓𝒄 + 𝒓𝒄𝟐𝒄𝒚𝒄

≥
𝟒𝑹 + 𝒓

𝟒𝑹 − 𝟓𝒓
 

Proposed by Marian Ursărescu-Romania 
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Solution 1 by Soumava Chakraborty-Kolkata-India 

∑
𝐫𝒂

√𝐫𝐛
𝟐 − 𝐫𝐛𝐫𝐜 + 𝐫𝐜

𝟐𝐜𝐲𝐜

=∑
(𝐫𝒂)

𝟑
𝟐

√𝐫𝒂𝐫𝐛
𝟐 − 𝐫𝒂𝐫𝐛𝐫𝐜 + 𝐫𝒂𝐫𝐜

𝟐𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧 (𝟒𝐑 + 𝐫)

𝟑
𝟐

√(∑ 𝐫𝒂𝐜𝐲𝐜 )(∑ 𝐫𝐛𝐫𝐜𝐜𝐲𝐜 ) − 𝟔𝐫𝒂𝐫𝐛𝐫𝐜

=
(𝟒𝐑 + 𝐫)

𝟑
𝟐

√𝐬𝟐(𝟒𝐑 + 𝐫) − 𝟔𝐫𝐬𝟐
=

(𝟒𝐑 + 𝐫)
𝟑
𝟐

√𝐬𝟐(𝟒𝐑 − 𝟓𝐫)
≥

𝐓𝐫𝐮𝐜𝐡𝐭 (𝟒𝐑 + 𝐫).√𝟑(𝟒𝐑 + 𝐫)

√(𝟒𝐑 + 𝐫)𝟐(𝟒𝐑 − 𝟓𝐫)
≥
? 𝟒𝐑 + 𝐫

𝟒𝐑 − 𝟓𝐫
 

⇔
𝟑

(𝟒𝐑 + 𝐫)(𝟒𝐑− 𝟓𝐫)
≥
? 𝟏

(𝟒𝐑 − 𝟓𝐫)𝟐
⇔ 𝟑(𝟒𝐑− 𝟓𝐫) ≥

?
𝟒𝐑 + 𝐫 ⇔ 𝟖(𝐑 − 𝟐𝐫) ≥

?
𝟎

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝐫𝒂

√𝐫𝐛
𝟐 − 𝐫𝐛𝐫𝐜 + 𝐫𝐜

𝟐𝐜𝐲𝐜

≥
𝟒𝐑 + 𝐫

𝟒𝐑 − 𝟓𝐫
,"=" 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑
𝒓𝒂

√𝒓𝒃𝟐 − 𝒓𝒃𝒓𝒄 + 𝒓𝒄𝟐𝒄𝒚𝒄

∙∑𝒓𝒂√𝒓𝒃
𝟐 − 𝒓𝒃𝒓𝒄 + 𝒓𝒄

𝟐

𝒄𝒚𝒄

≥
𝑪𝑩𝑺

(𝟒𝑹 + 𝒓)𝟐; (𝟏) 

𝟒𝑹 + 𝒓

𝟒𝑹 − 𝟓𝒓
∙∑√𝒓𝒂 ∙ √𝒓𝒂(𝒓𝒃

𝟐 + 𝒓𝒄
𝟐) − 𝒓𝒂𝒓𝒃𝒓𝒄

𝒄𝒚𝒄

≤
𝑪𝑩𝑺

 

≤
𝟒𝑹 + 𝒓

𝟒𝑹 − 𝟓𝒓
∙ √∑𝒓𝒂

𝒄𝒚𝒄

(∑𝒓𝒂(𝒓𝒃
𝟐 + 𝒓𝒄

𝟐) − 𝟑𝒓𝒂𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

) =

≤
𝟒𝑹 + 𝒓

𝟒𝑹 − 𝟓𝒓
∙ √(𝟒𝑹+ 𝒓)(∑𝒓𝒂

𝒄𝒚𝒄

∑𝒓𝒂𝒓𝒃
𝒄𝒚𝒄

− 𝟔𝒓𝒂𝒓𝒃𝒓𝒄) = 

=
𝟒𝑹 + 𝒓

𝟒𝑹− 𝟓𝒓
∙ √(𝟒𝑹+ 𝒓)((𝟒𝑹+ 𝒓)𝒔𝟐 − 𝟔𝒓𝒔𝟐) =

𝟒𝑹 + 𝒓

𝟒𝑹 − 𝟓𝒓
∙ √(𝟒𝑹+ 𝒓)(𝟒𝑹− 𝟓𝒓)𝒔𝟐 ≤ 

≤
𝟒𝑹 + 𝒓

𝟒𝑹 − 𝟓𝒓
√(𝟒𝑹+ 𝒓)(𝟒𝑹− 𝟓𝒓) ∙

𝟒𝑹 + 𝒓

√𝟑
∙ √𝟑(𝟒𝑹− 𝟓𝒓) = 

=
𝟒𝑹 + 𝒓

𝟒𝑹− 𝟓𝒓
∙ (𝟒𝑹 + 𝒓)(𝟒𝑹− 𝟓𝒓) = (𝟒𝑹+ 𝒓)𝟐 

∵ 𝒔 ≤
𝟒𝑹 + 𝒓

√𝟑
⇔ 𝒔 ≤ √𝟑(𝟒𝑹− 𝟓𝒓) ⇔ 𝒔 ≤

𝟒𝑹 + 𝒓

√𝟑
≤ √𝟑(𝟒𝑹− 𝟓𝒓) ⇔ 
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𝟒𝑹 + 𝒓 ≤ 𝟑(𝟒𝑹 − 𝟓𝒓) ⇔ 𝟐𝒓 ≤ 𝑹 (𝑬𝒖𝒍𝒆𝒓). 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑯ӧ𝒍𝒅𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 (∑
𝒓𝒂

√𝒓𝒃𝟐 − 𝒓𝒃𝒓𝒄 + 𝒓𝒄𝟐𝒄𝒚𝒄

)

𝟐

(∑𝒓𝒂(𝒓𝒃
𝟐 − 𝒓𝒃𝒓𝒄 + 𝒓𝒄

𝟐)

𝒄𝒚𝒄

) ≥ (∑𝒓𝒂
𝒄𝒚𝒄

)

𝟑

 

𝑻𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

  ∑
𝒓𝒂

√𝒓𝒃𝟐 − 𝒓𝒃𝒓𝒄 + 𝒓𝒄𝟐𝒄𝒚𝒄

≥ √
(∑ 𝒓𝒂𝒄𝒚𝒄 )

𝟑

(∑ 𝒓𝒂𝒄𝒚𝒄 )(∑ 𝒓𝒃𝒓𝒄𝒄𝒚𝒄 ) − 𝟔𝒓𝒂𝒓𝒃𝒓𝒄
= √

(𝟒𝑹+ 𝒓)𝟑

(𝟒𝑹 + 𝒓)𝒔𝟐 − 𝟔𝒓𝒔𝟐
= 

= √
(𝟒𝑹 + 𝒓)𝟑

(𝟒𝑹 − 𝟓𝒓)𝒔𝟐
 ≥⏞
?

 
𝟒𝑹 + 𝒓

𝟒𝑹 − 𝟓𝒓
 ⇔  (𝟒𝑹+ 𝒓)(𝟒𝑹 − 𝟓𝒓) ≥ 𝒔𝟐 

⇔ (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝒔𝟐) + 𝟒(𝑹 − 𝟐𝒓)(𝟑𝑹+ 𝒓)
≥ 𝟎,   𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 

𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 ≥ 𝒔𝟐  𝒂𝒏𝒅 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝑹 ≥ 𝟐𝒓. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 
 

741. In ∆𝑨𝑩𝑪 the following relationship holds: 

  
(𝟐 + √𝟐)𝑹𝟐

𝒓𝟐
≥
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
+
𝟒√𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥ 𝟖 + 𝟒√𝟐 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(𝟐 + √𝟐)𝑹𝟐

𝒓𝟐
≥⏞
(𝟐)
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
+
𝟒√𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥⏞
(𝟏)

𝟖 + 𝟒√𝟐 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  (𝟏) ⇔
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
− 𝟖 ≥ 𝟒√𝟐(𝟏 −

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
) 
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⇔
𝒂(𝒃 − 𝒄)𝟐 + 𝒃(𝒄 − 𝒂)𝟐 + 𝒄(𝒂 − 𝒃)𝟐

𝒂𝒃𝒄
≥ 𝟐√𝟐.

(𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 + (𝒂 − 𝒃)𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
 

⇔ (
𝟏

𝒃𝒄
−

𝟐√𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
) (𝒃 − 𝒄)𝟐 + (

𝟏

𝒄𝒂
−

𝟐√𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
)(𝒄 − 𝒂)𝟐

+ (
𝟏

𝒂𝒃
−

𝟐√𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
)(𝒂 − 𝒃)𝟐 ≥ 𝟎 

⇔ 𝑺𝒂(𝒃 − 𝒄)
𝟐 + 𝑺𝒃(𝒄 − 𝒂)

𝟐 + 𝑺𝒄(𝒂 − 𝒃)
𝟐 ≥ 𝟎,   𝒘𝒉𝒆𝒓𝒆 

 𝑺𝒂 =
𝟏

𝒃𝒄
−

𝟐√𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑨𝒔𝒔𝒖𝒎𝒆 𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒂 ≥ 𝒃 ≥ 𝒄.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝑺𝒂 ≥ 𝑺𝒃 ≥ 𝑺𝒄 . 

𝑨𝒍𝒔𝒐,  

  𝑺𝒃 + 𝑺𝒄 =
𝟏

𝒄𝒂
+
𝟏

𝒂𝒃
−

𝟒√𝟐

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥⏞

𝑨𝑴−𝑮𝑴 𝟐

𝒂√𝒃𝒄
−

𝟒√𝟐

𝟐𝒂√𝒃𝟐 + 𝒄𝟐
≥⏞

𝑨𝑴−𝑮𝑴

 

≥
𝟐

𝒂√𝒃𝒄
−
𝟐√𝟐

𝒂√𝟐𝒃𝒄
= 𝟎. 

𝑻𝒉𝒆𝒏 ∶   𝑺𝒂 ≥ 𝑺𝒃 ≥ 𝟎  𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 (𝒄 − 𝒂)
𝟐 ≥ (𝒂 − 𝒃)𝟐 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑺𝒂(𝒃 − 𝒄)
𝟐 + 𝑺𝒃(𝒄 − 𝒂)

𝟐 + 𝑺𝒄(𝒂 − 𝒃)
𝟐 ≥ 𝟎 + 𝑺𝒃(𝒂 − 𝒃)

𝟐 + 𝑺𝒄(𝒂 − 𝒃)
𝟐

= (𝑺𝒃 + 𝑺𝒄)(𝒂 − 𝒃)
𝟐 ≥ 𝟎 

𝑻𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒐𝒇 (𝟏) 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
+
𝟒√𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤
𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)

𝟒𝑹𝒔𝒓
+ 𝟒√𝟐 = 

=
𝒔𝟐

𝟐𝑹𝒓
+
𝒓

𝟐𝑹
+ 𝟏 + 𝟒√𝟐 ≤⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 & 𝐸𝑢𝑙𝑒𝑟

 

≤
𝟐𝟕𝑹𝟐

𝟒. 𝟐𝑹𝒓
.
𝑹

𝟐𝒓
+
𝒓

𝟐𝑹
. (
𝑹

𝟐𝒓
)
𝟑

+ (𝟏 + 𝟒√𝟐) (
𝑹

𝟐𝒓
)
𝟐

=
(𝟐 + √𝟐)𝑹𝟐

𝒓𝟐
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
(𝟐 + √𝟐)𝑹𝟐

𝒓𝟐
≥
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
+
𝟒√𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≥ 𝟖 + 𝟒√𝟐. 
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742. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑√(𝒓𝒃 + 𝒉𝒂)(𝒉𝒂 + 𝒓𝒄)

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥
𝟏

𝑹
 

Proposed by Ertan Yildirim-Izmir-Turkiye 

Solution 1 by Marian Ursărescu-Romania 

∑√(𝒓𝒃 + 𝒉𝒂)(𝒉𝒂 + 𝒓𝒄)

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥
𝟏

𝑹
⇔ 

     ∑√(𝒓𝒃 + 𝒉𝒂)(𝒉𝒂 + 𝒓𝒄)

𝒄𝒚𝒄

≥
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝑹
;      (𝟏) 

      𝑩𝒖𝒕: 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓;               (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒘𝒆 𝒎𝒖𝒔𝒕 𝒔𝒉𝒐𝒘: 

  ∑√(𝒉𝒂 + 𝒓𝒃)(𝒉𝒂 + 𝒓𝒄)

𝒄𝒚𝒄

≥
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝑹
;        (𝟑)  

𝑭𝒓𝒐𝒎 𝑯𝒖𝒚𝒈𝒆𝒏𝒔′𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆: 

√(𝒉𝒂 + 𝒓𝒃)(𝒉𝒂 + 𝒓𝒄) ≥ 𝒉𝒂 + √𝒓𝒃𝒓𝒄 ⇒ 

∑√(𝒉𝒂 + 𝒓𝒃)(𝒉𝒂 + 𝒓𝒄)

𝒄𝒚𝒄

≥∑𝒉𝒂
𝒄𝒚𝒄

+∑√𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

;    (𝟒) 

                ∑𝒉𝒂
𝒄𝒚𝒄

=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹
;                           (𝟓) 

√𝒓𝒃𝒓𝒄 ≥
𝟐𝒓𝒃𝒓𝒄
𝒓𝒃 + 𝒓𝒄

⇒∑√𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

≥ 𝟐∑
𝒓𝒃𝒓𝒄
𝒓𝒃 + 𝒓𝒄

𝒄𝒚𝒄

= 

  = 𝟐 ∙
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹
=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹
;           (𝟔)  

𝑭𝒓𝒐𝒎 (𝟒), (𝟓) 𝒂𝒏𝒅 (𝟔): 

∑√(𝒉𝒂 + 𝒓𝒃)(𝒉𝒂 + 𝒓𝒄)

𝒄𝒚𝒄

≥
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓 + 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹
= 

=
𝟐𝒔𝟐 + 𝟐𝒓𝟐 + 𝟖𝑹𝒓

𝟐𝑹
=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝑹
⇒ (𝟑) 𝒊𝒕′𝒔 𝒕𝒓𝒖𝒆.  
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Solution 2 by Tapas Das-India 

√𝒔(𝒔 − 𝒂) =
√𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

√(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝑭

√(𝒔 − 𝒃)(𝒔 − 𝒄)
≥

𝑨𝑴−𝑮𝑴
 

≥
𝑭

𝒔 − 𝒃 + 𝒔 − 𝒄
𝟐

=
𝟐𝑭

𝟐𝒔 − (𝒃 + 𝒄)
=
𝟐𝑭

𝒂
= 𝒉𝒂 

⇒∑√𝒔(𝒔 − 𝒂)

𝒄𝒚𝒄

≥∑𝒉𝒂
𝒄𝒚𝒄

 

√(𝒉𝒂 + 𝒓𝒃)(𝒉𝒂 + 𝒓𝒄) ≥
𝑯𝒐𝒍𝒅𝒆𝒓

𝒉𝒂 +√𝒓𝒃𝒓𝒄 

⇒∑√(𝒉𝒂 + 𝒓𝒃)(𝒉𝒂 + 𝒓𝒄)

𝒄𝒚𝒄

≥∑𝒉𝒂
𝒄𝒚𝒄

+∑√𝒓𝒃𝒓𝒄
𝒄𝒚𝒄

= 

=∑𝒉𝒂
𝒄𝒚𝒄

+∑√
𝑭𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

=∑𝒉𝒂
𝒄𝒚𝒄

+∑√𝒔(𝒔 − 𝒂)

𝒄𝒚𝒄

≥ 

≥∑𝒉𝒂
𝒄𝒚𝒄

+∑𝒉𝒂
𝒄𝒚𝒄

= 𝟐∑𝒉𝒂
𝒄𝒚𝒄

= 𝟐(
𝟐𝑭

𝒂
+
𝟐𝑭

𝒃
+
𝟐𝑭

𝒄
) = 𝟒𝑭 ∙

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
= 

=
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟒𝑹𝑭
∙ 𝟒𝑭 =

𝟏

𝑹
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)  

743. In ∆𝑨𝑩𝑪 the following relationship holds: 

 
𝟑𝑹𝟐

𝟒𝒓𝟐
≥∑

𝒂(𝒃 + 𝒄)

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥ 𝟐 +
𝟖(𝒂𝒃𝒄)𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
 

 Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝒂(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
+
𝐛(𝐜 + 𝒂)

𝐜𝟐 + 𝒂𝟐
+
𝐜(𝒂 + 𝐛)

𝒂𝟐 + 𝐛𝟐
=∑

∑ 𝒂𝐛𝐜𝐲𝐜 − 𝐛𝐜

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

=
(∑ 𝒂𝐛𝐜𝐲𝐜 )

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

∑(𝐜𝟐 + 𝒂𝟐)(𝒂𝟐 + 𝐛𝟐)

𝐜𝐲𝐜

−
𝟏

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

∑𝐛𝐜(𝐜𝟐 + 𝒂𝟐)(𝒂𝟐 + 𝐛𝟐)

𝐜𝐲𝐜
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=
(∑ 𝒂𝐛𝐜𝐲𝐜 )

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

(∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟑∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)−
𝟏

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

∑(𝐛𝐜(𝒂𝟒 +∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

))

𝐜𝐲𝐜

=
𝟏

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

((∑𝒂𝐛
𝐜𝐲𝐜

)(∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟑∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) − 𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

−(∑𝒂𝐛
𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)) 

=
𝟏

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

((∑𝒂𝐛
𝐜𝐲𝐜

)(∑𝒂𝟒

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)− 𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐))

=
𝟒(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)𝟐 − 𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

=
(∗)
∑
𝒂(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝟐 +
𝟖(𝒂𝐛𝐜)𝟐

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
=
𝟖(𝒂𝐛𝐜)𝟐 + 𝟐((∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 ) − (𝒂𝐛𝐜)𝟐)

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

=
𝟒(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)((𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) + 𝟗𝟔𝐑𝟐𝐫𝟐𝐬𝟐

∏ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

≤∑
𝒂(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

⇔
𝐯𝐢𝒂 (∗)

(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)𝟐 − 𝟐𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)
≥ (𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)((𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) + 𝟐𝟒𝐑𝟐𝐫𝟐𝐬𝟐 

⇔ (𝟑𝐑 − 𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟑𝟖𝐑𝟐 + 𝟓𝐑𝐫) + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟑 ≥
(⦁)

𝟎  

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝟑𝐑− 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫(𝟑𝟖𝐑𝟐 + 𝟓𝐑𝐫))𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
𝟎

⇔ (𝟏𝟎𝐑𝟐 − 𝟑𝟔𝐑𝐫+ 𝟓𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(⦁⦁)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟎𝐑𝟐 − 𝟑𝟔𝐑𝐫+ 𝟓𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥ 𝐫(𝟒𝐑 + 𝐫)𝟑 > 0
⇒ (⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟎𝐑𝟐 − 𝟑𝟔𝐑𝐫+ 𝟓𝐫𝟐 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁)

= −(−(𝟏𝟎𝐑𝟐 − 𝟑𝟔𝐑𝐫+ 𝟓𝐫𝟐))𝐬𝟐 + 𝐫(𝟒𝐑+ 𝐫)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟏𝟎𝐑𝟐 − 𝟑𝟔𝐑𝐫 + 𝟓𝐫𝟐))(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≥
?
𝟎 

⇔ 𝟐𝟎𝐭𝟒 − 𝟐𝟎𝐭𝟑 − 𝟐𝟑𝐭𝟐 − 𝟑𝟖𝐭 + 𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟐𝟎𝐭𝟑 + 𝟐𝟎𝐭𝟐 + 𝟏𝟓𝐭 + 𝟐(𝐭 − 𝟐)) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏, 𝟐, (⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝒂(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
+
𝐛(𝐜 + 𝒂)

𝐜𝟐 + 𝒂𝟐
+
𝐜(𝒂 + 𝐛)

𝒂𝟐 + 𝐛𝟐
≥ 𝟐+

𝟖(𝒂𝐛𝐜)𝟐

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
, 

𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍 

𝐀𝐠𝒂𝐢𝐧,∑
𝒂(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
𝐀−𝐆 𝟏

𝟐𝒂𝐛𝐜
∑𝒂𝟐(𝟐𝐬 − 𝒂)

𝐜𝐲𝐜

=
𝟒𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)

𝟖𝐑𝐫𝐬

=
𝐬𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐

𝟒𝐑𝐫
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟒𝐑𝟐 + 𝟐𝐑𝐫+ 𝟒𝐫𝟐

𝟒𝐑𝐫
≤
? 𝟑𝐑𝟐

𝟒𝐫𝟐
⇔ 𝟑𝐭𝟑 − 𝟒𝐭𝟐 − 𝟐𝐭 − 𝟒 ≥

?
𝟎  
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⇔ (𝐭 − 𝟐)(𝟑𝐭𝟐 + 𝟐𝐭 + 𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝟑𝐑𝟐

𝟒𝐫𝟐
≥
𝒂(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
+
𝐛(𝐜 + 𝒂)

𝐜𝟐 + 𝒂𝟐
+
𝐜(𝒂 + 𝐛)

𝒂𝟐 + 𝐛𝟐
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,
𝟑𝐑𝟐

𝟒𝐫𝟐
≥
𝒂(𝐛 + 𝐜)

𝐛𝟐 + 𝐜𝟐
+
𝐛(𝐜 + 𝒂)

𝐜𝟐 + 𝒂𝟐
+
𝐜(𝒂 + 𝐛)

𝒂𝟐 + 𝐛𝟐

≥ 𝟐+
𝟖(𝒂𝐛𝐜)𝟐

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

∑
𝒂(𝒃 + 𝒄)

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 ∑
𝟐𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 ∑
𝟐𝒂

𝟒
(
𝟏

𝒃
+
𝟏

𝒄
)

𝒄𝒚𝒄

=
𝟏

𝟐
∑(

𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

 ≤⏞
𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 

≤  
𝟏

𝟐
∑
𝑹

𝒓
𝒄𝒚𝒄

=
𝟑𝑹

𝟐𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝟒𝒓𝟐
. 

𝑨𝒍𝒔𝒐 ∶ 

 𝟑 −∑
𝒂(𝒃 + 𝒄)

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

=∑(𝟏 −
𝒂(𝒃 + 𝒄)

𝒃𝟐 + 𝒄𝟐
)

𝒄𝒚𝒄

=∑(
𝒄(𝒄 − 𝒂)

𝒃𝟐 + 𝒄𝟐
−
𝒃(𝒂 − 𝒃)

𝒃𝟐 + 𝒄𝟐
)

𝒄𝒚𝒄

=∑(
𝒂(𝒂− 𝒃)

𝒄𝟐 + 𝒂𝟐
−
𝒃(𝒂 − 𝒃)

𝒃𝟐 + 𝒄𝟐
)

𝒄𝒚𝒄

= 

=∑
(𝒂 − 𝒃)[𝒂(𝒃𝟐 + 𝒄𝟐) − 𝒃(𝒄𝟐 + 𝒂𝟐)]

(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒄𝒚𝒄

=∑
(𝒂 − 𝒃)𝟐(𝒄𝟐 − 𝒂𝒃)

(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒄𝒚𝒄

≤∑
(𝒂 − 𝒃)𝟐𝒄𝟐

(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒄𝒚𝒄

≤ 

≤∑
(𝒂 + 𝒃)𝟐(𝒂 − 𝒃)𝟐𝒄𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
𝒄𝒚𝒄

=
∑ (𝒂𝟒 − 𝟐𝒂𝟐𝒃𝟐 + 𝒃𝟒)𝒄𝒚𝒄 𝒄𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)

= 𝟏 −
𝟖(𝒂𝒃𝒄)𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
. 

𝑻𝒉𝒆𝒏 ∶ 

  ∑
𝒂(𝒃 + 𝒄)

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥ 𝟐 +
𝟖(𝒂𝒃𝒄)𝟐

(𝒂𝟐 + 𝒃𝟐)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 
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744. 𝑺𝑨𝑩𝑪 −tetrahedron, 𝑮 −centroid, (𝒔) −circumsphere, (𝑺𝑨𝑩) = (𝑷) 

𝑺𝑨 = 𝟐, 𝑺𝑩 = 𝟑, 𝑺𝑪 = 𝟒,∠𝑩𝑺𝑪 = ∠𝑪𝑺𝑨 = ∠𝑨𝑺𝑩 = 𝟔𝟎° 

𝑺𝑮 ∩ (𝒔) = 𝑫,𝑪𝑫 ∩ (𝑷) = 𝑭. Find: 𝑺𝑭 =? and ∠(𝑪𝑫, (𝑷)) =? 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Plagiogonal 3D system: 𝑺𝑨 ≡ 𝑺𝒙; 𝑺𝑩 ≡ 𝑺𝒚; 𝑺𝑪 ≡ 𝑺𝒛 

𝑺(𝟎, 𝟎, 𝟎), 𝑨(𝟐, 𝟎, 𝟎),𝑩(𝟎, 𝟑, 𝟎), 𝑪(𝟎, 𝟎, 𝟒),𝑫(𝒅𝟏, 𝒅𝟐, 𝒅𝟑), 𝑭(𝒇𝟏, 𝒇𝟐, 𝒇𝟑) 

𝒅𝟏 =
𝟓𝟖

𝟓𝟓
,𝒅𝟐 =

𝟖𝟕

𝟓𝟓
, 𝒅𝟑 =

𝟏𝟏𝟔

𝟓𝟓
 

𝑪𝑫:
𝒙

𝟓𝟖
𝟓𝟓

=
𝒚

𝟖𝟕
𝟓𝟓

=
𝒛 − 𝟒

𝟏𝟏𝟔
𝟓𝟓 − 𝟒

 

(𝑺𝑨𝑩): 𝒛 = 𝟎 ⇒ 𝒇𝟏 =
𝟓𝟖

𝟐𝟔
; 𝒇𝟐 =

𝟖𝟕

𝟐𝟔
; 𝒇𝟑 = 𝟎 

𝑺𝑭𝟐 = 𝒇𝟏
𝟐 + 𝒇𝟐

𝟐 + 𝒇𝟏𝒇𝟐 ⇒ 𝑺𝑭 =
𝟐𝟗√𝟏𝟗

𝟐𝟔
 

𝑪𝑫⃗⃗⃗⃗⃗⃗ (
𝟓𝟖

𝟓𝟓
,
𝟖𝟕

𝟓𝟓
, −
𝟏𝟎𝟒

𝟓𝟓
) 

�⃗⃗� ∥ 𝑪𝑫⃗⃗⃗⃗⃗⃗ , �⃗⃗� (𝟓𝟖, 𝟖𝟕,−𝟏𝟎𝟒) 

(𝑺𝑨𝑩): 𝒛 = 𝟎, 𝒖′⃗⃗  ⃗ = (𝒖𝟏
′ , 𝒖𝟐

′ , 𝒖𝟑
′ ), 𝒖′⃗⃗  ⃗ ⊥ (𝑺𝑨𝑩) 

𝒖𝟏
′ = −

𝟏

𝟒
;𝒖𝟐
′ = −

𝟏

𝟒
;𝒖𝟑
′ =

𝟑

𝟒
; �⃗⃗� ∥ 𝒖′⃗⃗  ⃗, �⃗⃗� (−𝟏,−𝟏, 𝟑) 
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|�⃗⃗� |𝟐 = 𝟏 + 𝟏 + 𝟗 + 𝟏 − 𝟑 − 𝟑 = 𝟔 ⇒ |�⃗⃗� | = √𝟔 

|�⃗⃗� |𝟐 = 𝟓𝟖𝟐 + 𝟖𝟕𝟐 + (−𝟏𝟎𝟒)𝟐 + 𝟓𝟖 ∙ 𝟖𝟕 − 𝟖𝟕 ∙ 𝟏𝟎𝟒 − 𝟓𝟖 ∙ 𝟏𝟎𝟒 = 𝟏𝟏𝟕𝟏𝟓 

|�⃗⃗� | = √𝟏𝟏𝟕𝟏𝟓  

�⃗⃗� ∙ �⃗⃗� = 𝟓𝟖 − 𝟖𝟕 − 𝟑 ∙ 𝟏𝟎𝟒 + (−𝟓𝟖 − 𝟖𝟕) + (𝟑 ∙ 𝟖𝟕 + 𝟏𝟎𝟒) + (𝟑 ∙ 𝟓𝟖 + 𝟏𝟎𝟒) = 𝟒𝟏 

𝐜𝐨𝐬 𝝆 =
�⃗⃗� ∙ �⃗⃗� 

|�⃗⃗� | ∙ |�⃗⃗� |
=

𝟒𝟏

√𝟔 ∙ √𝟏𝟏𝟕𝟏𝟓
=

𝟒𝟏

√𝟕𝟎𝟐𝟗𝟎
 

𝐬𝐢𝐧𝜽 = 𝐜𝐨𝐬𝝆 =
𝟒𝟏

√𝟕𝟎𝟐𝟗𝟎
⇒ 𝜽 = 𝐬𝐢𝐧−𝟏 (

𝟒𝟏

√𝟕𝟎𝟐𝟗𝟎
) ≈ 𝟖, 𝟗° 

745. 𝑺𝑨𝑩𝑪 −tetrahedron, 𝑮 −centroid, 

𝑺𝑨 = 𝟒, 𝑺𝑩 = 𝟖, 𝑺𝑪 = 𝟏𝟐,∠𝑩𝑺𝑪 = 𝜽𝟏 = 𝟔𝟎°, ∠𝑪𝑺𝑨 = 𝜽𝟐 = 𝟔𝟎°, 

∠𝑨𝑺𝑩 = 𝜽𝟑 = 𝟔𝟎°,𝑶 −circumspherecenter, 𝑮 −centroid of 𝑺𝑨𝑩𝑪, 

𝑺𝑾−bisector of ∠𝑨𝑺𝑩, 𝑷 = 𝑶𝑮 ∩ (𝑨𝑺𝑩). Find: 

[𝑺𝑶𝑮] =? , 𝒅(𝑶𝑮,𝑺𝑨) =? , ∢(𝑺𝑮, (𝑨𝑺𝑪)) =? , ∢(𝑶𝑮, 𝑺𝑾) =? , 𝑺𝑷 =? 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by proposer 

Plagiogonal 3D system: 𝑺𝑨 ≡ 𝑺𝒙; 𝑺𝑩 ≡ 𝑺𝒚; 𝑺𝑪 ≡ 𝑺𝒛 

𝑺(𝟎, 𝟎, 𝟎), 𝑨(𝟒, 𝟎, 𝟎), 𝑩(𝟎, 𝟖, 𝟎), 𝑪(𝟎, 𝟎, 𝟏𝟐), 𝑮 (
𝒂

𝟒
,
𝒃

𝟒
,
𝒄

𝟒
) ⇒ 𝑮(𝟏,𝟐, 𝟑) 

𝑶(𝒐𝟏, 𝒐𝟐, 𝒐𝟑), 𝒐𝟏 =
𝟑𝒂 − 𝒃 − 𝒄

𝟒
= −𝟐; 𝒐𝟐 =

𝟑𝒃 − 𝒄 − 𝒂

𝟒
= 𝟐; 𝒐𝟑 =

𝟑𝒄 − 𝒂 − 𝒃

𝟒
= 𝟔 
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𝑶(−𝟐, 𝟐, 𝟔), 𝑺𝑮⃗⃗⃗⃗  ⃗ = (𝟏, 𝟐, 𝟑), |𝑺𝑮⃗⃗⃗⃗  ⃗|
𝟐
= 𝟐𝟓; 𝑺𝑶⃗⃗⃗⃗  ⃗ = (−𝟐, 𝟐, 𝟔); |𝑺𝑶⃗⃗⃗⃗  ⃗|

𝟐
= 𝟒𝟎, 𝑺𝑮⃗⃗⃗⃗  ⃗ ∙ 𝑺𝑶⃗⃗⃗⃗  ⃗ = 𝟐𝟖 

[𝑺𝑶𝑮] =
𝟏

𝟐
√|𝑺𝑮⃗⃗⃗⃗  ⃗|

𝟐
∙ |𝑺𝑶⃗⃗⃗⃗  ⃗|

𝟐
− (𝑺𝑮⃗⃗⃗⃗  ⃗ ∙ 𝑺𝑶⃗⃗⃗⃗  ⃗)

𝟐
= 𝟑√𝟔  

𝑶𝑮:
𝒙 − 𝟏

−𝟐 − 𝟏
=
𝒛 − 𝟑

𝟔 − 𝟑
⇒ 𝒙 − 𝟏 = 𝟑 − 𝒛 

Let 𝑲 ∈ 𝑶𝑮,𝑲(𝒌𝟏, 𝟎, 𝒌𝟑). Is 𝒌𝟏 − 𝟏 = 𝟑 − 𝒌𝟑 ⇒ 𝒌𝟑 = 𝟒 − 𝒌𝟏, ⇒ 𝑲(𝒌𝟏, 𝟐, 𝟒 − 𝒌𝟏). 

Let 𝑳 ∈ 𝑺𝑨 ⇒ 𝑳(𝒍𝟏, 𝟎, 𝟎).  𝑲𝑳
𝟐 = 𝒇(𝒌𝟏, 𝒍𝟏) = 

= (𝒌𝟏 − 𝒍𝟏)
𝟐 + 𝟐𝟐 + (𝟒 − 𝒌𝟏)

𝟐 + 𝟐(𝒌𝟏 − 𝒍𝟏) + 𝟐(𝟒 − 𝒌𝟏) + (𝒌𝟏 − 𝒍𝟏)(𝟒 − 𝒌𝟏) 

{
 

 
𝒅𝒇

𝒅𝒌𝒏
= 𝟎

𝒅𝒇

𝒅𝒍𝒏
= 𝟎

⇒ {
𝒌𝟏 =

𝟏𝟒

𝟑

𝒍𝟏 =
𝟏𝟔

𝟑

⇒ 𝑲(
𝟏𝟒

𝟑
, 𝟐, −

𝟐

𝟑
) , 𝑳 (

𝟏𝟔

𝟑
, 𝟎, 𝟎) 

𝐦𝐢𝐧{𝑲𝑳𝟐} =
𝟖

𝟑
⇒ 𝑲𝑳𝒎𝒊𝒏 = 𝟐√

𝟐

𝟑
⇒ 𝒅(𝑶𝑮,𝑺𝑨) = 𝟐√

𝟐

𝟑
 

𝑺𝑮⃗⃗⃗⃗  ⃗ = (−𝟑, 𝟎, 𝟑) ⇒ 𝑺𝑮⃗⃗⃗⃗  ⃗ ∥ (𝒙𝑺𝒛) ⇒ 𝑺𝑮 ∥ (𝑨𝑪𝑺) 

𝑺𝑮⃗⃗⃗⃗  ⃗ = (−𝟑, 𝟎, 𝟑) ⇒ 𝑺𝑮⃗⃗⃗⃗  ⃗ ∥ 𝑺𝑾′(𝑺𝑾′ −bisector of ∢𝒛𝑺𝒙) 

𝑺𝑾 ⊥ 𝑺𝑾′( 𝑺𝑾 bisector of ∢𝒙𝑺𝒚)  ⇒ 𝑶𝑮 ⊥ 𝑶𝑾 

Is 𝑶𝑮:𝒙 − 𝟏 = 𝟑 − 𝒛 ⇒ 𝒙 = 𝟒. Let 𝑺𝑮 ∩ (𝑨𝑺𝑩) = 𝑷. So, 

𝑷(𝟒, 𝟐, 𝟎). Is 𝑺𝑷𝟐 = 𝟒𝟐 + 𝟐𝟐 + 𝟐 ∙ 𝟒 ∙ 𝟐 ∙
𝟏

𝟐
⇒ 𝑺𝑷 = 𝟐√𝟕. 

746. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∶  

 𝐜𝐨𝐬𝟕 (
𝝅

𝟏𝟖
) + 𝐜𝐨𝐬𝟗 (

𝟓𝝅

𝟏𝟖
) + 𝐜𝐨𝐬𝟗 (

𝟕𝝅

𝟏𝟖
) = 𝐜𝐨𝐬𝟗 (

𝝅

𝟏𝟖
) + 𝐜𝐨𝐬𝟕 (

𝟓𝝅

𝟏𝟖
) + 𝐜𝐨𝐬𝟕 (

𝟕𝝅

𝟏𝟖
) 

  Proposed by Carlos Paiva-Brazil 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒂 = −𝐜𝐨𝐬 (
𝝅

𝟏𝟖
) ,   𝒃 = 𝐜𝐨𝐬 (

𝟓𝝅

𝟏𝟖
) ,   𝒄 = 𝐜𝐨𝐬 (

𝟕𝝅

𝟏𝟖
). 

𝑻𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  𝒂𝟗 + 𝒃𝟗 + 𝒄𝟗 = 𝒂𝟕 + 𝒃𝟕 + 𝒄𝟕 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  − 𝐜𝐨𝐬 (𝟑 ×
𝝅

𝟏𝟖
) = 𝐜𝐨𝐬 (𝟑 ×

𝟓𝝅

𝟏𝟖
) = 𝐜𝐨𝐬 (𝟑 ×

𝟕𝝅

𝟏𝟖
)

= −
√𝟑

𝟐
 𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 𝐜𝐨𝐬 𝟑𝜶 = 𝟒𝐜𝐨𝐬𝟑 𝜶 − 𝟑 𝐜𝐨𝐬𝜶, 

𝒕𝒉𝒆𝒏 𝒂, 𝒃, 𝒄 𝒂𝒓𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏  𝟒𝒙𝟑 − 𝟑𝒙 +
√𝟑

𝟐
= 𝟎. 

𝑭𝒓𝒐𝒎 𝑽𝒊𝒆𝒕𝒂′𝒔 𝒇𝒐𝒓𝒎𝒖𝒍𝒂𝒔, 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 𝒂 + 𝒃 + 𝒄 = 𝟎,   𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = −
𝟑

𝟒
,   𝒂𝒃𝒄 = −

√𝟑

𝟖
. 

𝑺𝒊𝒏𝒄𝒆 ∶ 

 𝒙𝟗 − 𝒙𝟕 =
𝟏

𝟏𝟐𝟖
(𝟒𝒙𝟑 − 𝟑𝒙 +

√𝟑

𝟐
) (𝟑𝟐𝒙𝟔 − 𝟖𝒙𝟒 − 𝟒√𝟑𝒙𝟑 − 𝟔𝒙𝟐 − 𝟐√𝟑𝒙 − 𝟑) −

𝟑√𝟑

𝟏𝟐𝟖
𝒙𝟐

−
𝟑

𝟔𝟒
𝒙 +

𝟑√𝟑

𝟐𝟓𝟔
, 

𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒂𝟗 − 𝒂𝟕 = −
𝟑√𝟑

𝟏𝟐𝟖
𝒂𝟐 −

𝟑

𝟔𝟒
𝒂 +

𝟑√𝟑

𝟐𝟓𝟔
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

  (𝒂𝟗 + 𝒃𝟗 + 𝒄𝟗) − (𝒂𝟕 + 𝒃𝟕 + 𝒄𝟕) = −
𝟑√𝟑

𝟏𝟐𝟖
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟑

𝟔𝟒
(𝒂 + 𝒃 + 𝒄) + 𝟑.

𝟑√𝟑

𝟐𝟓𝟔
= 

= −
𝟑√𝟑

𝟏𝟐𝟖
[(𝒂 + 𝒃 + 𝒄)𝟐 − 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)] +

𝟗√𝟑

𝟐𝟓𝟔
= 

= −
𝟑√𝟑

𝟏𝟐𝟖
.
𝟑

𝟐
+
𝟗√𝟑

𝟐𝟓𝟔
= 𝟎, 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

 

747. In ∆𝑨𝑩𝑪 the following relationship holds: 

  √∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

+√∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

+ √∑
𝒃 + 𝒄

𝒂
𝒄𝒚𝒄

+√∑
𝒃𝟐 + 𝒄𝟐

𝒂𝟐
𝒄𝒚𝒄

≤
𝟑√𝟔𝑹

𝟐𝒓
 

  Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

=∑(
𝟐𝒔

𝒂
− 𝟏)

𝒄𝒚𝒄

=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹𝒓
− 𝟑

=
𝒔𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓

𝟐𝑹𝒓
 ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
𝟐𝑹𝟐 + 𝑹𝒓+ 𝟐𝒓𝟐

𝑹𝒓
 (𝟏) 

𝑨𝒏𝒅,   ∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

 ∑
𝒂

𝟒
(
𝟏

𝒃
+
𝟏

𝒄
)

𝒄𝒚𝒄

=
𝟏

𝟒
∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

 ≤⏞
(𝟏)

 
𝟐𝑹𝟐 + 𝑹𝒓 + 𝟐𝒓𝟐

𝟒𝑹𝒓
  (𝟐) 

𝑵𝒐𝒘,  

  ∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≤⏞
𝑨𝑴−𝑮𝑴

 ∑
𝒂𝟐

𝟐𝒃𝒄
𝒄𝒚𝒄

=
∑ 𝒂𝟑𝒄𝒚𝒄

𝟐𝒂𝒃𝒄
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟒𝑹𝒓
 ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

≤ 
𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝟒𝑹𝒓
=
𝟐𝑹 − 𝒓

𝟐𝒓
 (𝟑) 

   ∑
𝒃𝟐 + 𝒄𝟐

𝒂𝟐
𝒄𝒚𝒄

=∑(
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
)

𝒄𝒚𝒄

=∑((
𝒂

𝒃
+
𝒃

𝒂
)
𝟐

− 𝟐)

𝒄𝒚𝒄

 ≤⏞
𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 

≤   ∑((
𝑹

𝒓
)
𝟐

− 𝟐)

𝒄𝒚𝒄

= 𝟑(
𝑹

𝒓
)
𝟐

− 𝟔  (𝟒) 

𝑼𝒔𝒊𝒏𝒈 (𝟏), (𝟐), (𝟑) 𝒂𝒏𝒅 (𝟒), 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆

∶  
𝟑

𝟐
√
𝟐𝑹𝟐 +𝑹𝒓 + 𝟐𝒓𝟐

𝑹𝒓
+ √

𝟐𝑹 − 𝒓

𝟐𝒓
+ √𝟑(

𝑹

𝒓
)
𝟐

− 𝟔 ≤
𝟑√𝟔𝑹

𝟐𝒓
 (∗) 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝑳𝑯𝑺(∗) ≤⏞
𝑪𝑩𝑺

 √(𝟑 + 𝟏 + 𝟐)(
𝟑(𝟐𝑹𝟐 +𝑹𝒓 + 𝟐𝒓𝟐)

𝟒𝑹𝒓
+
𝟐𝑹 − 𝒓

𝟐𝒓
+
𝟑

𝟐
(
𝑹𝟐

𝒓𝟐
− 𝟐)) = 
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= √𝟔(
𝟑𝑹𝟐

𝟐𝒓𝟐
+
𝟓𝑹

𝟐𝒓
−
𝟏𝟏

𝟒
+
𝟑𝒓

𝟐𝑹
) ≤⏞

?

 
𝟑√𝟔𝑹

𝟐𝒓
 ⇔  

𝟑𝑹𝟐

𝟒𝒓𝟐
−
𝟓𝑹

𝟐𝒓
+
𝟏𝟏

𝟒
−
𝟑𝒓

𝟐𝑹
≥ 𝟎

⇔ (
𝑹

𝟐𝒓
− 𝟏) (

𝟑𝑹

𝟐𝒓
− 𝟐 +

𝟑𝒓

𝟐𝑹
) ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝑹 ≥ 𝟐𝒓.  𝑻𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝟒∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟒∑
𝟐𝐬 − (𝐛 + 𝐜)

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟒(
𝟐𝐬∑ (𝐜 + 𝒂)(𝒂 + 𝐛)𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝐜𝐲𝐜
− 𝟑)

= 𝟒(
𝟐𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
− 𝟑) =

𝟖(𝐬𝟐 − 𝐑𝐫 − 𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
=
(⦁)
𝟒∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 𝒂𝐧𝐝, 

𝟒∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐀−𝐆 𝟒

𝟐𝒂𝐛𝐜
.∑𝒂𝟑

𝐜𝐲𝐜

⇒ 𝟒∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
(⦁⦁) 𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝐑𝐫
 𝒂𝐧𝐝,∑

𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

=∑
𝟐𝐬− 𝒂

𝒂
𝐜𝐲𝐜

=
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝐬
− 𝟑 ⇒∑

𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁) 𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐

𝟐𝐑𝐫
 𝒂𝐧𝐝, 

∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

=∑(
𝐛𝟐

𝐜𝟐
+
𝐜𝟐

𝐛𝟐
)

𝐜𝐲𝐜

=∑((
𝐛

𝐜
+
𝐜

𝐛
)
𝟐

− 𝟐)

𝐜𝐲𝐜

≤
𝐁𝒂𝐧𝐝𝐢𝐥𝒂

∑(
𝐑𝟐

𝐫𝟐
− 𝟐)

𝐜𝐲𝐜

∴∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

≤
(⦁⦁) 𝟑(𝐑𝟐 − 𝟐𝐫𝟐)

𝐫𝟐
 

𝐍𝐨𝐰,√∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+√∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

+√∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+ √∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

=
𝟏

𝟐
.√∑

𝟒𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝟒𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+
𝟏

𝟐
. √∑

𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒
√𝟔.

𝟏

𝟒
.√∑

𝟒𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+∑
𝟒𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

+∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

+∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜
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≤
𝐯𝐢𝒂 (⦁),(⦁⦁),(⦁⦁⦁),(⦁⦁⦁⦁)

√
𝟔

𝟒
.√
𝟖(𝐬𝟐 −𝐑𝐫 − 𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
+
𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝐑𝐫
+
𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐

𝐑𝐫
+
𝟔(𝐑𝟐 − 𝟐𝐫𝟐)

𝐫𝟐
≤
? 𝟑√𝟔𝐑

𝟐𝐫
 

⇔
𝟔

𝟒
.
𝟖𝐑𝐫𝟐(𝐬𝟐 −𝐑𝐫 − 𝐫𝟐) + 𝐫(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)(𝟐𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐) + 𝟔𝐑(𝐑𝟐 − 𝟐𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)

𝐑𝐫𝟐(𝐬𝟐 +𝟐𝐑𝐫+ 𝐫𝟐)
≤
? 𝟗.𝟔𝐑𝟐

𝟒𝐫𝟐
 

⇔ (𝟑𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝟏𝟐𝐑𝐫𝟐 − 𝟒𝐫𝟑)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ≥
?
⏟
(∗)

𝟖𝐑𝐫𝟐(𝐬𝟐 −𝐑𝐫 − 𝐫𝟐)  

∵ 𝟑𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝟏𝟐𝐑𝐫𝟐 − 𝟒𝐫𝟑 = (𝐑 − 𝟐𝐫)(𝟐𝐑𝟐 +𝐑(𝐑 − 𝟐𝐫) + 𝟖𝐫𝟐) + 𝟏𝟐𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟐𝐫𝟑 > 0

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐢)

(𝟑𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝟏𝟐𝐑𝐫𝟐 − 𝟒𝐫𝟑)(𝟏𝟖𝐑𝐫 − 𝟒𝐫𝟐) 𝒂𝐧𝐝, 

𝐑𝐇𝐒 𝐨𝐟 (∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐢𝐢)

𝟖𝐑𝐫𝟐(𝟒𝐑𝟐 + 𝟑𝐑𝐫 + 𝟐𝐫𝟐) ∴ (𝐢), (𝐢𝐢)

⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞

∶ (𝟑𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝟏𝟐𝐑𝐫𝟐 − 𝟒𝐫𝟑)(𝟏𝟖𝐑𝐫 − 𝟒𝐫𝟐) ≥ 𝟖𝐑𝐫𝟐(𝟒𝐑𝟐 + 𝟑𝐑𝐫 + 𝟐𝐫𝟐) 

⇔ 𝟐𝟕𝐭𝟒 − 𝟗𝟒𝐭𝟑 + 𝟏𝟏𝟐𝐭𝟐 − 𝟔𝟖𝐭 + 𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟕𝐭𝟐 + 𝟏𝟒𝐭 + 𝟔𝟎) + 𝟏𝟏𝟔) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,√∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+√∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

+√∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+ √∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

≤
𝟑√𝟔𝐑

𝟐𝐫
,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

748. In ∆𝑨𝑩𝑪 the following relationship holds: 

 √∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
𝒄𝒚𝒄

+ √∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂
𝒄𝒚𝒄

+ √∑
𝒎𝒂

𝟐

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒄𝒚𝒄

+ √∑
𝒎𝒃

𝟐 +𝒎𝒄
𝟐

𝒎𝒂
𝟐

𝒄𝒚𝒄

≤
𝟑√𝟔𝑹

𝟐𝒓
 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑩𝒚 𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 ∆𝒎𝒂𝒎𝒃𝒎𝒄 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒙.𝒎𝒂
𝟐 + 𝒚.𝒎𝒃

𝟐 + 𝒛.𝒎𝒄
𝟐 ≥ 𝟒𝑭𝒎√𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙,   ∀𝒙,𝒚, 𝒛 > 0.  ∴ 𝑭𝒎 =

𝟑𝑭

𝟒
. 
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𝑭𝒐𝒓  𝒙 =
𝒎𝒃

𝟐

𝒎𝒂
𝟐
,   𝒚 =

𝒎𝒄
𝟐

𝒎𝒃
𝟐
,   𝒛 =

𝒎𝒂
𝟐

𝒎𝒄
𝟐
,   𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

  𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐 ≥ 𝟑𝑭√

𝒎𝒂
𝟐

𝒎𝒃
𝟐
+
𝒎𝒃

𝟐

𝒎𝒄
𝟐
+
𝒎𝒄

𝟐

𝒎𝒂
𝟐

 

𝑻𝒉𝒆𝒏 ∶  
𝒎𝒂

𝟐

𝒎𝒃
𝟐
+
𝒎𝒃

𝟐

𝒎𝒄
𝟐
+
𝒎𝒄

𝟐

𝒎𝒂
𝟐
≤
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐

𝟏𝟔𝑭𝟐
=
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐

𝟒𝒔𝟐𝒓𝟐

=
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟒𝒓𝟐
. (𝟏 −

𝒓(𝟒𝑹+ 𝒓)

𝒔𝟐
) ≤ 

 ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟐𝒓𝟐

𝟒𝒓𝟐
. (𝟏 −

𝒓(𝟒𝑹 + 𝒓)

𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐
) =

(𝟐𝑹𝟐 + 𝒓𝟐)
𝟐

𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐)
. 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 ∶  

 
𝒎𝒃

𝟐

𝒎𝒂
𝟐
+
𝒎𝒄

𝟐

𝒎𝒃
𝟐
+
𝒎𝒂

𝟐

𝒎𝒄
𝟐
≤

(𝟐𝑹𝟐 + 𝒓𝟐)
𝟐

𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐)
,   𝒕𝒉𝒆𝒏 ∶  ∑

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒎𝒂
𝟐

𝒄𝒚𝒄

≤
𝟐(𝟐𝑹𝟐 + 𝒓𝟐)

𝟐

𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
 (𝟏) 

𝑨𝒍𝒔𝒐,   ∑
𝒎𝒂

𝟐

𝒎𝒃
𝟐 +𝒎𝒄

𝟐
𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

 ∑
𝒎𝒂

𝟐

𝟒
(
𝟏

𝒎𝒃
𝟐
+
𝟏

𝒎𝒄
𝟐
)

𝒄𝒚𝒄

=
𝟏

𝟒
∑
𝒎𝒃

𝟐 +𝒎𝒄
𝟐

𝒎𝒂
𝟐

𝒄𝒚𝒄

 ≤⏞
(𝟏)

 
(𝟐𝑹𝟐 + 𝒓𝟐)

𝟐

𝟐𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
 (𝟐) 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂
𝒄𝒚𝒄

=∑(
𝒎𝒃

𝒎𝒂
+
𝒎𝒄

𝒎𝒂
)

𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 𝟐√(∑𝒎𝒂
𝟐)(∑

𝟏

𝒎𝒂
𝟐
) ≤ 

≤⏞
𝒎𝒂  ≥ √𝒔(𝒔−𝒂)

 𝟐√(
𝟑

𝟒
∑𝒂𝟐) (∑

𝟏

𝒔(𝒔 − 𝒂)
) ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 𝟐√
𝟑

𝟒
. 𝟗𝑹𝟐.

𝟒𝑹+ 𝒓

𝒔𝟐𝒓
 ≤⏞
𝑫𝒐𝒖𝒄𝒆𝒕

 
𝟑𝑹

𝒓
  (𝟑) 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

 ∑
𝒎𝒂

𝟒
(
𝟏

𝒎𝒃
+
𝟏

𝒎𝒄
)

𝒄𝒚𝒄

=
𝟏

𝟒
∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂
𝒄𝒚𝒄

≤⏞
(𝟑)

 
𝟑𝑹

𝟒𝒓
  (𝟒) 

𝑼𝒔𝒊𝒏𝒈 (𝟏), (𝟐), (𝟑) 𝒂𝒏𝒅 (𝟒), 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 
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𝟑

𝟐
√
𝟑𝑹

𝒓
+
𝟑

𝟐
√

𝟐(𝟐𝑹𝟐 + 𝒓𝟐)𝟐

𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐)
≤
𝟑√𝟔𝑹

𝟐𝒓
 (∗) 

𝑳𝑯𝑺(∗) ≤⏞
𝑪𝑩𝑺

 
𝟑

𝟐
√𝟐(

𝟑𝑹

𝒓
+

𝟐(𝟐𝑹𝟐 + 𝒓𝟐)𝟐

𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐)
) ≤⏞
?

 
𝟑√𝟔𝑹

𝟐𝒓
 ⇔ 

 
𝟑𝑹

𝒓
+

𝟐(𝟐𝑹𝟐 + 𝒓𝟐)
𝟐

𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐)
≤
𝟑𝑹𝟐

𝒓𝟐
 

⇔  𝟐(𝟐𝑹𝟐 + 𝒓𝟐)
𝟐
≤ 𝟑(𝑹𝟐 − 𝑹𝒓)(𝟒𝑹𝟐 + 𝟒𝑹𝒓+ 𝟑𝒓𝟐)  ⇔ 𝟒𝑹𝟒 − 𝟏𝟏𝑹𝟐𝒓𝟐 − 𝟗𝑹𝒓𝟑 − 𝟐𝒓𝟒 ≥ 𝟎 

⇔ (𝑹 − 𝟐𝒓)(𝟒𝑹𝟑 + 𝟖𝑹𝟐𝒓 + 𝟓𝑹𝒓𝟐 + 𝒓𝟑) ≥ 𝟎  

𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝑹 ≥ 𝟐𝒓. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   

 √∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
𝒄𝒚𝒄

+√∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂
𝒄𝒚𝒄

+√∑
𝒎𝒂

𝟐

𝒎𝒃
𝟐 +𝒎𝒄

𝟐
𝒄𝒚𝒄

+√∑
𝒎𝒃

𝟐 +𝒎𝒄
𝟐

𝒎𝒂
𝟐

𝒄𝒚𝒄

≤
𝟑√𝟔𝑹

𝟐𝒓
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

=∑
∑ 𝐦𝒂𝐜𝐲𝐜 − (𝐦𝐛  +𝐦𝐜)

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

= (∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

)− 𝟑 ≤
𝐀−𝐆 𝟏

𝟐
(∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

√𝐦𝐛𝐦𝐜𝐜𝐲𝐜

)

− 𝟑 ≤
𝐂𝐁𝐒 𝟏

𝟐
(∑𝐦𝒂

𝐜𝐲𝐜

) .√∑
𝟏

𝐦𝐛
𝐜𝐲𝐜

. √∑
𝟏

𝐦𝐜
𝐜𝐲𝐜

− 𝟑 

=
𝟏

𝟐
(∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

)− 𝟑 ≤
𝐁𝒂𝐠𝐞𝐫 + 𝐦𝒂 ≥ 𝐡𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟒𝐑+ 𝐫

𝟐
(∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

)− 𝟑 =
𝟒𝐑 + 𝐫

𝟐𝐫
− 𝟑

⇒∑
𝟒𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

≤
(⦁) 𝟖𝐑 − 𝟏𝟎𝐫

𝐫
 𝒂𝐧𝐝, 

∑
𝐦𝐛  + 𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

=∑
∑ 𝐦𝒂𝐜𝐲𝐜 −𝐦𝒂

𝐦𝒂
𝐜𝐲𝐜

= (∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

)− 𝟑 ≤
𝐁𝒂𝐠𝐞𝐫 + 𝐦𝒂 ≥ 𝐡𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

(𝟒𝐑 + 𝐫)(∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

)− 𝟑 =
𝟒𝐑 + 𝐫

𝐫
− 𝟑

⇒ 𝟐∑
𝐦𝐛  + 𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≤
(⦁⦁) 𝟖𝐑− 𝟒𝐫

𝐫
 𝒂𝐧𝐝, 
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∑
𝟒𝐦𝒂

𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

∑(𝐦𝒂
𝟐 (
𝟏

𝐦𝐛
𝟐 +

𝟏

𝐦𝐜
𝟐
))

𝐜𝐲𝐜

=∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

⇒∑
𝟒𝐦𝒂

𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

≤
(⦁⦁⦁)

∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

 

𝐍𝐨𝐰,√∑
𝐦𝒂

𝐦𝐛  +𝐦𝐜
𝐜𝐲𝐜

+√∑
𝐦𝐛  +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

+√∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

+ √∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

 

=
𝟏

𝟐
.√∑

𝟒𝐦𝒂

𝐦𝐛  +𝐦𝐜
𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝐦𝐛  +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝐦𝐛  +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝟒𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

+
𝟏

𝟐
.√∑

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒
√𝟔.

𝟏

𝟒
.√∑

𝟒𝐦𝒂

𝐦𝐛  +𝐦𝐜
𝐜𝐲𝐜

+ 𝟐∑
𝐦𝐛  + 𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

+∑
𝟒𝐦𝒂

𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

+ 𝟐∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁),(⦁⦁),(⦁⦁⦁)

 

√
𝟔

𝟒
.√
𝟖𝐑 − 𝟏𝟎𝐫 + 𝟖𝐑− 𝟒𝐫

𝐫
+ 𝟑∑

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
? 𝟑√𝟔𝐑

𝟐𝐫
 

⇔ 𝟑∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
? 𝟗𝐑𝟐

𝐫𝟐
−
𝟏𝟔𝐑− 𝟏𝟒𝐫

𝐫
⇔ ∑

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
?
⏟
(∗)

𝟗𝐑𝟐 − 𝟏𝟔𝐑𝐫+ 𝟏𝟒𝐫𝟐

𝟑𝐫𝟐
 

𝐍𝐨𝐰,∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

= (∑𝐦𝒂
𝟐

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝟐

𝐜𝐲𝐜

)− 𝟑 ≤
𝐋𝒂𝐬𝐜𝐮 + 𝐀−𝐆 𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐𝐬
.∑

𝟏

𝐬 − 𝒂
𝐜𝐲𝐜

− 𝟑

=
𝟑(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)(𝟒𝐑𝐫+ 𝐫𝟐)

𝟐𝐬. 𝐫𝟐𝐬
− 𝟑 ≤

? 𝟗𝐑𝟐 − 𝟏𝟔𝐑𝐫+ 𝟏𝟒𝐫𝟐

𝟑𝐫𝟐
  

⇔ 𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑𝐫 + 𝐫𝟐) ≤
?
𝟐𝐬𝟐(𝟗𝐑𝟐 − 𝟏𝟔𝐑𝐫+ 𝟐𝟑𝐫𝟐)

⇔ (𝟏𝟖𝐑𝟐 − 𝟔𝟖𝐑𝐫+ 𝟑𝟕𝐫𝟐)𝐬𝟐 + 𝟗(𝟒𝐑𝐫 + 𝐫𝟐)𝟐 ≥
?
⏟
(∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟖𝐑𝟐 − 𝟔𝟖𝐑𝐫+ 𝟑𝟕𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 𝟗(𝟒𝐑𝐫+ 𝐫𝟐)𝟐 > 0
⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟖𝐑𝟐 − 𝟔𝟖𝐑𝐫 + 𝟑𝟕𝐫𝟐 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗)

= −(−(𝟏𝟖𝐑𝟐 − 𝟔𝟖𝐑𝐫+ 𝟑𝟕𝐫𝟐))𝐬𝟐 + 𝟗(𝟒𝐑𝐫 + 𝐫𝟐)𝟐 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟏𝟖𝐑𝟐 − 𝟔𝟖𝐑𝐫 + 𝟑𝟕𝐫𝟐))(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐) + 𝟗(𝟒𝐑𝐫 + 𝐫𝟐)𝟐 ≥
?
𝟎

⇔ 𝟑𝟔𝐭𝟒 − 𝟏𝟎𝟎𝐭𝟑 + 𝟑𝟕𝐭𝟐 + 𝟖𝐭 + 𝟔𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟑𝟔𝐭𝟐 + 𝟒𝟒𝐭 + 𝟔𝟗) + 𝟏𝟎𝟖) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,√∑
𝐦𝒂

𝐦𝐛  +𝐦𝐜
𝐜𝐲𝐜

+ √∑
𝐦𝐛  + 𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

+ √∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

+√∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
𝟑√𝟔𝐑

𝟐𝐫
,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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749. In ∆𝑨𝑩𝑪 the following relationship holds: 

  
𝟑𝑹

𝟐𝒓
≥
𝒂 + 𝒃 + 𝒄

√𝒂𝒃𝒄
𝟑 ≥ √

𝒂 + 𝒃

𝒂 + 𝒄

𝟐𝟎𝟐𝟐

+ √
𝒃 + 𝒄

𝒃 + 𝒂

𝟐𝟎𝟐𝟐

+ √
𝒄 + 𝒂

𝒄 + 𝒃

𝟐𝟎𝟐𝟐

≥ 𝟑 

Proposed Nguyen Van Canh-Ben Tre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒕 𝒙 ≔
𝒂 + 𝒃

𝒂 + 𝒄
,   𝒚 ≔

𝒃 + 𝒄

𝒃 + 𝒂
,   𝒛 ≔

𝒄 + 𝒂

𝒄 + 𝒃
.  ∴ 𝒙𝒚𝒛 = 𝟏. 

𝑩𝒚 𝑨𝑴 − 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  √𝒙
𝟐𝟎𝟐𝟐 + √𝒚

𝟐𝟎𝟐𝟐 + √𝒛
𝟐𝟎𝟐𝟐 ≥ 𝟑√ √𝒙𝒚𝒛

𝟐𝟎𝟐𝟐𝟑
= 𝟑. 

𝑩𝒚 𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒏 ≥ 𝒎 > 0,𝑤𝑒 ℎ𝑎𝑣𝑒 ∶ 

𝒙𝒏 + 𝒚𝒏 + 𝒛𝒏 ≥ (𝒙𝒎 + 𝒚𝒎 + 𝒛𝒎) (
𝒙𝒏−𝒎 + 𝒚𝒏−𝒎 + 𝒛𝒏−𝒎

𝟑
) ≥⏞
𝑨𝑴−𝑮𝑴

 

 (𝒙𝒎 + 𝒚𝒎 + 𝒛𝒎). √(𝒙𝒚𝒛)𝒏−𝒎
𝟑

 

𝑻𝒉𝒆𝒏 ∶   𝒙𝒏 + 𝒚𝒏 + 𝒛𝒏 ≥ 𝒙𝒎 + 𝒚𝒎 + 𝒛𝒎,   ∀𝒏 ≥ 𝒎 > 0. 

𝑭𝒐𝒓 𝒎 =
𝟏

𝟐𝟎𝟐𝟐
≤
𝟐

𝟑
= 𝒏,   𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 ∑ √
𝒂 + 𝒃

𝒂 + 𝒄

𝟐𝟎𝟐𝟐

𝒄𝒚𝒄

≤∑√(
𝒂+ 𝒃

𝒂 + 𝒄
)
𝟐𝟑

𝒄𝒚𝒄

 ≤⏞
𝑨𝑴−𝑮𝑴

 ∑ √
(𝒂+ 𝒃)𝟐

𝟒𝒂𝒄

𝟑

𝒄𝒚𝒄

= 

=
𝟏

√𝒂𝒃𝒄
𝟑 ∑√𝒃. (

𝒂 + 𝒃

𝟐
)
𝟐𝟑

𝒄𝒚𝒄

 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝟏

√𝒂𝒃𝒄
𝟑 ∑

𝟏

𝟑
(𝒃 + 𝟐(

𝒂 + 𝒃

𝟐
))

𝒄𝒚𝒄

= 

=
𝒂 + 𝒃 + 𝒄

√𝒂𝒃𝒄
𝟑 =

𝟐𝒔

√𝟒𝑹𝒔𝒓
𝟑 ≤⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 & 𝐸𝑢𝑙𝑒𝑟

 
𝟑√𝟑𝑹

√𝟒. 𝟐𝒓. 𝟑√𝟑𝒓. 𝒓
𝟑

=
𝟑𝑹

𝟐𝒓
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟑𝑹

𝟐𝒓
≥
𝒂 + 𝒃 + 𝒄

√𝒂𝒃𝒄
𝟑 ≥ √

𝒂 + 𝒃

𝒂 + 𝒄

𝟐𝟎𝟐𝟐

+ √
𝒃+ 𝒄

𝒃 + 𝒂

𝟐𝟎𝟐𝟐

+ √
𝒄 + 𝒂

𝒄 + 𝒃

𝟐𝟎𝟐𝟐

≥ 𝟑. 
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750.  

 

𝑨𝑩𝑪𝑫𝑬𝑭𝑮𝑯 −parallelipiped, 𝑲, 𝑳,𝑴, 𝑸, 𝑹, 𝑺 −midpoints of 

𝑩𝑪,𝑮𝑯,𝑨𝑬, 𝑨𝑩, 𝑪𝑮, 𝑬𝑯, (𝑲, 𝑳,𝑴) = (𝑷𝟏), (𝑸, 𝑹, 𝑺) = (𝑷𝟐) 

Find: ∢((𝑷𝟏), (𝑷𝟐)) 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Let 𝑩𝑪 = 𝟐𝒂,𝑩𝑭 = 𝟐𝒃,𝑩𝑨 = 𝟐𝒄 

Plagiogonal 3D system: 𝑩𝑪 ≡ 𝑩𝒙;𝑩𝑭 ≡ 𝑩𝒚;𝑩𝑨 ≡ 𝑩𝒛 

𝑩(𝟎, 𝟎, 𝟎), 𝑲(𝒂, 𝟎, 𝟎), 𝑳(𝟐𝒂, 𝟐𝒃, 𝒄),𝑴(𝟎, 𝒃, 𝟐𝒄),𝑸(𝟎, 𝟎, 𝒄), 𝑹(𝟐𝒂, 𝒃, 𝟎), 𝑺(𝒂, 𝟐𝒃, 𝟐𝒄) 

(𝑷𝟏): |

𝟏 𝟏 𝟏 𝟏
𝒙 𝒂 𝟐𝒂 𝟎
𝒚
𝒛
𝟎
𝟎
𝟐𝒃
𝒄

𝒃
𝟐𝒄

| = 𝟎, (𝑷𝟏): 𝒃𝒄𝒙 − 𝒂𝒄𝒚 + 𝒂𝒃𝒛 = 𝒂𝒃𝒄 

 

(𝑷𝟏):
𝒙

𝒂
−
𝒚

𝒃
+
𝒛

𝒄
= 𝟏 

{
 
 

 
 
𝟎

𝒂
−
𝟎

𝒃
+
𝒛

𝒄
= 𝟏 → 𝑸 ∈ (𝑷𝟏)

𝟐𝒂

𝒂
−
𝒃

𝒃
+
𝟎

𝒄
= 𝟏 → 𝑹 ∈ (𝑷𝟏)

𝒂

𝒂
−
𝟐𝒃

𝒃
+
𝟐𝒄

𝒄
= 𝟏 → 𝑺 ∈ (𝑷𝟏)

⟹ ∢((𝑷𝟏), (𝑷𝟐)) = 𝟎 
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751. If 𝑶−circumcenter then: 

𝑺𝑷

𝑺𝑸
=
𝑨𝑷

𝑨𝑸
∙
(𝒃 − 𝒄𝒄𝒐𝒔𝑨)

(𝒄 − 𝒃𝒄𝒐𝒔𝑨)
, 𝒄𝒐𝒔𝑨 =

𝑺𝑷
𝑺𝑸
∙
𝑨𝑸
𝑨𝑷
−
𝒃
𝒄

𝑺𝑷
𝑺𝑸
∙
𝑨𝑸
𝑨𝑷
∙
𝒃
𝒄
− 𝟏

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 

Solution by Jose Ferreira Queiroz-Brazil 

We know that: 

𝑩𝑫

𝑫𝑪
=
𝒄(𝒃 − 𝒄𝒄𝒐𝒔𝑨)

𝒃(𝒄 − 𝒃𝒄𝒐𝒔𝑨)
 

By Gakopoulos’ lemma: 

𝑺𝑸

𝑺𝑷
=
𝑫𝑪

𝑫𝑩
∙
𝑨𝑸

𝑨𝑪
∙
𝑨𝑩

𝑨𝑷
⟹
𝑺𝑷

𝑺𝑸
=
𝑨𝑷

𝑨𝑸
∙
𝑨𝑪

𝑨𝑩
∙
𝑩𝑫

𝑫𝑪
⟹ 

𝑺𝑷

𝑺𝑸
=
𝑨𝑷

𝑨𝑸
∙
𝒃

𝒄
∙
𝒄(𝒃 − 𝒄𝒄𝒐𝒔𝑨)

𝒃(𝒄 − 𝒃𝒄𝒐𝒔𝑨)
=
𝑨𝑷

𝑨𝑸
∙
(𝒃 − 𝒄𝒄𝒐𝒔𝑨)

(𝒄 − 𝒃𝒄𝒐𝒔𝑨)
⟹ 

𝒄𝒐𝒔𝑨 =

𝑺𝑷
𝑺𝑸 ∙

𝑨𝑸
𝑨𝑷 −

𝒃
𝒄

𝑺𝑷
𝑺𝑸 ∙

𝑨𝑸
𝑨𝑷 ∙

𝒃
𝒄 − 𝟏
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752. If 𝑶−circumcenter,𝑶,𝑨, 𝑫 −collinears then: 

𝒄𝒐𝒔𝑩 =

𝒂𝟐 + 𝒄𝟐 (𝟏 +
𝒅𝟐
𝒅𝟏
) ± √(𝒂𝟐 + 𝒄𝟐 (𝟏 +

𝒅𝟐
𝒅𝟏
))

𝟐

− 𝟖𝒂𝟐𝒄𝟐
𝒅𝟐
𝒅𝟏

𝟒𝒂𝒄
 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Brazil 
 

𝒅𝟏
𝒅𝟐
=
𝒔𝒊𝒏𝟐𝑪

𝒔𝒊𝒏𝟐𝑩
 

𝒄𝟐 = 𝒂𝟐 + 𝒃𝟐 − 𝟐𝒂𝒃𝒄𝒐𝒔𝑪, 𝒃𝟐 = 𝒂𝟐 + 𝒄𝟐 − 𝟐𝒂𝒄𝒄𝒐𝒔𝑩 

𝒅𝟏
𝒅𝟐
=
𝒄

𝟐𝑹
∙
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃
∙
𝟐𝑹

𝒃𝒄𝒐𝒔𝑩
=
𝒄(𝒂𝟐 + 𝒂𝟐 + 𝒄𝟐 − 𝟐𝒂𝒄𝒄𝒐𝒔𝑩 − 𝒄𝟐)

𝟐𝒂𝒃𝟐𝒄𝒐𝒔𝑩
 

𝟐𝒂𝒃𝟐𝒄𝒐𝒔𝑩 ∙
𝒅𝟏
𝒅𝟐
= 𝒄(𝟐𝒂𝟐 − 𝟐𝒂𝒄𝒄𝒐𝒔𝑩) 

(𝒂𝟐 + 𝒄𝟐 − 𝟐𝒂𝒄𝒄𝒐𝒔𝑩)𝒄𝒐𝒔𝑩 ∙
𝒅𝟏
𝒅𝟐
= 𝒂𝒄 − 𝒄𝟐𝒄𝒐𝒔𝑩 

𝟐𝒂𝒄𝒄𝒐𝒔𝟐𝑩− (𝒂𝟐 + 𝒄𝟐 (𝟏 +
𝒅𝟐
𝒅𝟏
)) 𝒄𝒐𝒔𝑩 + 𝒂𝒄

𝒅𝟐
𝒅𝟏
= 𝟎 
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𝒄𝒐𝒔𝑩 =

𝒂𝟐 + 𝒄𝟐 (𝟏 +
𝒅𝟐
𝒅𝟏
) ± √(𝒂𝟐 + 𝒄𝟐 (𝟏 +

𝒅𝟐
𝒅𝟏
))

𝟐

− 𝟖𝒂𝟐𝒄𝟐
𝒅𝟐
𝒅𝟏

𝟒𝒂𝒄
 

753. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝒃𝟐𝒄𝟐

𝒄𝒚𝒄

= 𝟏𝟔𝑭𝟐 + 𝟐𝑭𝟐∑(
𝒂

𝒉𝒂
−
𝒃

𝒉𝒃
)

𝟐

𝒄𝒚𝒄

 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 

∑𝒃𝟐𝒄𝟐

𝒄𝒚𝒄

= 𝟏𝟔𝑭𝟐 + 𝟐𝑭𝟐∑(
𝒂

𝒉𝒂
−
𝒃

𝒉𝒃
)
𝟐

𝒄𝒚𝒄

=∑𝒃𝟐𝒄𝟐

𝒄𝒚𝒄

= 𝟏𝟔𝑭𝟐 + 𝟐𝑭𝟐∑(
𝒂𝟐

𝟐𝑭
−
𝒃𝟐

𝟐𝑭
)

𝟐

𝒄𝒚𝒄

= 

=  𝟏𝟔𝑭𝟐 +
𝟐𝑭𝟐

𝟒𝑭𝟐
∑(𝒂𝟐 − 𝒃𝟐)𝟐 =

𝒄𝒚𝒄

𝟏𝟔𝑭𝟐 +
𝟏

𝟐
(𝟐∑𝒂𝟒

𝒄𝒚𝒄

− 𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

) = 

= 𝟏𝟔𝑭𝟐 − (𝟏𝟔𝑭𝟐 −∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

) =∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

 

754. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟗𝑹

𝟒𝒓
≥ (∑√

𝒂

𝒃 + 𝒄
)

𝟐

≥
𝟑𝟔𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Tapas Das-India 

(∑√
𝒂

𝒃 + 𝒄
)

𝟐

= (√
𝒂

𝒃 + 𝒄
+√

𝒃

𝒄 + 𝒂
+√

𝒄

𝒂 + 𝒃
)

𝟐

 

≤ (𝒂 + 𝒃 + 𝒄) (
𝟏

𝒃 + 𝒄
+

𝟏

𝒄 + 𝒂
+

𝟏

𝒂 + 𝒃
) ≤

𝟏

𝟒
(𝒂 + 𝒃 + 𝒄) (

𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒄
+
𝟏

𝒂
+
𝟏

𝒂
+
𝟏

𝒃
) 

(𝑨𝑴 ≥ 𝑯𝑴) 

=
𝟏

𝟒
(𝒂 + 𝒃 + 𝒄) ⋅ 𝟐 (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) =

𝟏

𝟐
⋅ 𝟐𝒔 ⋅ (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) 
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≤ 𝒔 ⋅
𝟗𝑹

𝟒𝑭
[𝑵𝒐𝒕𝒆:

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≤
𝟗𝑹

𝟒𝑭
] = 𝒔 ⋅

𝟗𝑹

𝟒𝒓𝒔
=
𝟗𝑹

𝟒𝒓
 

2nd part 

√
𝒂

𝒃 + 𝒄
+√

𝒃

𝒄 + 𝒂
+ √

𝒄

𝒂+ 𝒃
≥ 𝟑 ⋅ (√

𝒂

𝒃 + 𝒄
⋅ √

𝒃

𝒄 + 𝒂
⋅ √

𝒄

𝒂 + 𝒃
)

𝟏
𝟑

 

= 𝟑 [
𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
]

𝟏
𝟔

 

𝑨𝑴 ≥ 𝑮𝑴 

(√
𝒂

𝒃 + 𝒄
+√

𝒃

𝒄 + 𝒂
+ √

𝒄

𝒂 + 𝒃
)

𝟐

≥ 𝟗
(𝒂𝒃𝒄)

𝟏
𝟑

[(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)]
𝟏
𝟑 

 

We need to show: 

𝟗
(𝒂𝒃𝒄)

𝟏
𝟑

[(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)]
𝟏
𝟑

≥
𝟑𝟔𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
 

or 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
𝟐
𝟑 ≥ 𝟒(𝒂𝒃𝒄)

𝟐
𝟑 

or 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥ 𝟖𝒂𝒃𝒄 

This is true 

∴ (∑√
𝒂

𝒃 + 𝒄
)

𝟐

≥
𝟑𝟔𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
=
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
=
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝑭
≤

𝟐𝟕𝑹𝟐

𝟒 +
𝑹𝟐

𝟒 + 𝟐𝑹
𝟐

𝟒𝑹𝑭
 

(𝒔𝟐 ≤
𝟐𝟕

𝟒
𝑹𝟐, 𝑹 ≥ 𝟐𝒓) 

=
𝟗𝑹𝟐

𝟒𝑹𝑭
=
𝟗𝑹

𝟒𝑭
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755. 𝑳𝒆𝒕 𝝎 − 𝒃𝒆 𝒕𝒉𝒆 𝑩𝒓𝒐𝒄𝒂𝒓𝒅′𝒔 𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 ∆𝑨𝑩𝑪.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

∑
𝒎𝒂
𝒘𝒂
. √
𝒎𝒂

𝒉𝒂

𝟒

𝒄𝒚𝒄

≥ √
𝐬𝐢𝐧𝝎

𝟖

𝟒

.∑
𝒃 + 𝒄

𝒂
𝒄𝒚𝒄

 

Proposed by Bogdan Fuștei-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

  
𝒃𝒄

𝒃𝟐 + 𝒄𝟐
≥ 𝐬𝐢𝐧𝝎  (∗) 

𝑷𝒓𝒐𝒐𝒇 ∶    𝑺𝒊𝒏𝒄𝒆  𝐬𝐢𝐧𝝎 =
𝟐𝑭

√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐
  𝒂𝒏𝒅 

 𝟒𝑭 = √𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒), 

𝒕𝒉𝒆𝒏 ∶ 

 (∗)  ⇔  𝟐𝒃𝒄√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 ≥ (𝒃𝟐 + 𝒄𝟐)√𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) 

⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 𝟒𝒃𝟐𝒄𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) ≥ (𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟒 + 𝒄𝟒)[𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)] 

⇔  𝟎 ≥ −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐

= −[𝒂𝟐(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟒 + 𝒄𝟒)]𝟐 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒐𝒇 𝒍𝒆𝒎𝒎𝒂 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

𝑵𝒐𝒘 ∶   
𝒎𝒂

𝒘𝒂
 ≥⏞
𝑳𝒂𝒔𝒄𝒖

  

𝒃 + 𝒄
𝟐 . 𝐜𝐨𝐬

𝑨
𝟐

𝟐𝒃𝒄
𝒃 + 𝒄

. 𝐜𝐨𝐬
𝑨
𝟐

=
(𝒃 + 𝒄)𝟐

𝟒𝒃𝒄
=
(𝒃𝟐 + 𝒄𝟐) + 𝟐𝒃𝒄

𝟒𝒃𝒄
 ≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 
𝟐√𝟐𝒃𝒄(𝒃𝟐 + 𝒄𝟐)

𝟒𝒃𝒄
= √

𝟏

𝟐
(
𝒃

𝒄
+
𝒄

𝒃
). 

𝑨𝒍𝒔𝒐,   
𝒎𝒂

𝒉𝒂
 ≥⏞
𝑻𝒆𝒓𝒆𝒔𝒉𝒊𝒏

 
𝒃𝟐 + 𝒄𝟐

𝟒𝑹.𝒉𝒂
=
𝒃𝟐 + 𝒄𝟐

𝟐𝒃𝒄
=
𝟏

𝟐
(
𝒃

𝒄
+
𝒄

𝒃
). 

𝑻𝒉𝒆𝒏 ∶ 
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𝒎𝒂

𝒘𝒂
. √
𝒎𝒂

𝒉𝒂

𝟒

≥ √
𝟏

𝟐
(
𝒃

𝒄
+
𝒄

𝒃
) . √

𝟏

𝟐
(
𝒃

𝒄
+
𝒄

𝒃
)

𝟒

= √
𝟏

𝟖
.
𝒃𝒄

𝒃𝟐 + 𝒄𝟐

𝟒

. (
𝒃

𝒄
+
𝒄

𝒃
) ≥⏞
𝑳𝒆𝒎𝒎𝒂

 √
𝐬𝐢𝐧𝝎

𝟖

𝟒

. (
𝒃

𝒄
+
𝒄

𝒃
). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∑
𝒎𝒂

𝒘𝒂
. √
𝒎𝒂

𝒉𝒂

𝟒

𝒄𝒚𝒄

≥∑√
𝐬𝐢𝐧𝝎

𝟖

𝟒

. (
𝒃

𝒄
+
𝒄

𝒃
)

𝒄𝒚𝒄

= √
𝐬𝐢𝐧𝝎

𝟖

𝟒

.∑
𝒃 + 𝒄

𝒂
𝒄𝒚𝒄

. 

756.  𝑰𝒏 ∆𝑨𝑩𝑪 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑 𝒉𝒐𝒍𝒅𝒔:  

 √∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

+ √∑
𝒎𝒃 +𝒎𝒄
𝒎𝒂

𝒄𝒚𝒄

+ √∑
𝒃𝟐 + 𝒄𝟐

𝒂𝟐
𝒄𝒚𝒄

+ √∑
𝒎𝒃

𝟐 +𝒎𝒄
𝟐

𝒎𝒂
𝟐

𝒄𝒚𝒄

 ≤⏞
(∗)

 
𝟐√𝟔𝑹

𝒓
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 ∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

=∑(
𝟐𝒔

𝒂
− 𝟏)

𝒄𝒚𝒄

=
𝟐𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝟒𝑹𝒔𝒓
− 𝟑 ≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

 
𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝟐𝑹𝒓
− 𝟑 =

𝟐𝑹

𝒓
+ 𝟏 +

𝟐𝒓

𝑹
. 

𝑨𝒏𝒅 ∶  ∑
𝒃𝟐 + 𝒄𝟐

𝒂𝟐
𝒄𝒚𝒄

=∑𝒂𝟐

𝒄𝒚𝒄

.∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

− 𝟑 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 & 𝑆𝑡𝑒𝑖𝑛𝑖𝑛𝑔

 
𝟗𝑹𝟐

𝟒𝒓𝟐
− 𝟑. 

𝑻𝒉𝒆𝒏 ∶   ∑
𝒃+ 𝒄

𝒂
𝒄𝒚𝒄

+∑
𝒃𝟐 + 𝒄𝟐

𝒂𝟐
𝒄𝒚𝒄

≤
𝟗𝑹𝟐

𝟒𝒓𝟐
+
𝟐𝑹

𝒓
− 𝟐 +

𝟐𝒓

𝑹

=
𝟑𝑹𝟐

𝒓𝟐
− (

𝑹

𝟐𝒓
− 𝟏) (

𝟑𝑹

𝟐𝒓
− 𝟏 +

𝟐𝒓

𝑹
) ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝒓𝟐
  (𝟏) 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 ∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂
𝒄𝒚𝒄

=∑(
𝒎𝒃

𝒎𝒂
+
𝒎𝒄

𝒎𝒂
)

𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 𝟐√(∑𝒎𝒂
𝟐) (∑

𝟏

𝒎𝒂
𝟐
) ≤ 

≤⏞

𝒎𝒂 ≥ √𝒔(𝒔−𝒂)

 𝟐√(
𝟑

𝟒
∑𝒂𝟐) (∑

𝟏

𝒔(𝒔 − 𝒂)
) ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 𝟐√
𝟑

𝟒
. 𝟗𝑹𝟐.

𝟒𝑹 + 𝒓

𝒔𝟐𝒓
 ≤⏞
𝑫𝒐𝒖𝒄𝒆𝒕

 
𝟑𝑹

𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓 𝟑𝑹𝟐

𝟐𝒓𝟐
  (𝟐) 



 
www.ssmrmh.ro 

80 RMM-GEOMETRY MARATHON 701-800 

 

𝑨𝒍𝒔𝒐, 

   ∑
𝒎𝒃

𝟐 +𝒎𝒄
𝟐

𝒎𝒂
𝟐

𝒄𝒚𝒄

=∑𝒎𝒂
𝟐

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒂
𝟐

𝒄𝒚𝒄

− 𝟑 ≤⏞

𝒎𝒂  ≥ √𝒔(𝒔−𝒂)

 
𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐
.∑

𝟏

𝒔(𝒔 − 𝒂)
𝒄𝒚𝒄

− 𝟑

=
𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐
.
𝟒𝑹 + 𝒓

𝒔𝟐𝒓
− 𝟑

=
𝟑(𝟒𝑹 + 𝒓)

𝟐𝒓
(𝟏 −

𝒓(𝟒𝑹 + 𝒓)

𝒔𝟐
) − 𝟑 ≤⏞

𝑫𝒐𝒖𝒄𝒆𝒕 𝟑(𝟒𝑹+ 𝒓)

𝟐𝒓
(𝟏 −

𝟑𝒓

𝟒𝑹 + 𝒓
) − 𝟑 = 

=
𝟑(𝟐𝑹− 𝒓)

𝒓
− 𝟑 =

𝟑𝑹𝟐

𝟐𝒓𝟐
− 𝟑 (

𝑹

𝟐𝒓
− 𝟏) (

𝑹

𝒓
− 𝟐) ≤⏞

𝑬𝒖𝒍𝒆𝒓 𝟑𝑹𝟐

𝟐𝒓𝟐
  (𝟑) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

  𝑳𝑯𝑺(∗)  ≤⏞
𝑪𝑩𝑺,(𝟐) & (𝟑)

 √𝟐 (∑
𝒃 + 𝒄

𝒂
+∑

𝒃𝟐 + 𝒄𝟐

𝒂𝟐
) + 𝟐√

𝟑𝑹𝟐

𝟐𝒓𝟐
 ≤⏞
(𝟏)

√𝟐.
𝟑𝑹𝟐

𝒓𝟐
.+
√𝟔𝑹

𝒓
=
𝟐√𝟔𝑹

𝒓
. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

=∑
𝟐𝐬− 𝒂

𝒂
𝐜𝐲𝐜

=
𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝐬
− 𝟑 ⇒∑

𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

=
(⦁) 𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐

𝟐𝐑𝐫
 𝒂𝐧𝐝, 

∑
𝐦𝐛  + 𝐦𝐜
𝐦𝒂

𝐜𝐲𝐜

=∑
∑ 𝐦𝒂𝐜𝐲𝐜 −𝐦𝒂

𝐦𝒂
𝐜𝐲𝐜

= (∑𝐦𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

)− 𝟑 ≤
𝐁𝒂𝐠𝐞𝐫 + 𝐦𝒂  ≥ 𝐡𝒂  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

(𝟒𝐑 + 𝐫)(∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

)− 𝟑

=
𝟒𝐑+ 𝐫

𝐫
− 𝟑 ⇒∑

𝐦𝐛  + 𝐦𝐜
𝐦𝒂

𝐜𝐲𝐜

≤
(⦁⦁) 𝟒𝐑 − 𝟐𝐫

𝐫
 𝒂𝐧𝐝, 

∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

=∑(
𝐛𝟐

𝐜𝟐
+
𝐜𝟐

𝐛𝟐
)

𝐜𝐲𝐜

=∑((
𝐛

𝐜
+
𝐜

𝐛
)
𝟐

− 𝟐)

𝐜𝐲𝐜

≤
𝐁𝒂𝐧𝐝𝐢𝐥𝒂

∑(
𝐑𝟐

𝐫𝟐
− 𝟐)

𝐜𝐲𝐜

∴∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

≤
(⦁⦁⦁) 𝟑(𝐑𝟐 − 𝟐𝐫𝟐)

𝐫𝟐
 𝒂𝐧𝐝, 

∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

= (∑𝐦𝒂
𝟐

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝟐

𝐜𝐲𝐜

)− 𝟑 ≤
𝐋𝒂𝐬𝐜𝐮 + 𝐀−𝐆 𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐𝐬
.∑

𝟏

𝐬 − 𝒂
𝐜𝐲𝐜

− 𝟑

=
𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬. 𝐫𝟐𝐬
− 𝟑 
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⇒∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝟑((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑 + 𝐫) − 𝟐𝐬𝟐𝐫)

𝟐𝐬𝟐𝐫
 

𝐍𝐨𝐰,√∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+√∑
𝐦𝐛  + 𝐦𝐜
𝐦𝒂

𝐜𝐲𝐜

+√∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

+√∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
𝐂𝐁𝐒
√𝟒.√∑

𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+∑
𝐦𝐛  + 𝐦𝐜
𝐦𝒂

𝐜𝐲𝐜

+∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

+∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

 

≤
𝐯𝐢𝒂 (⦁),(⦁⦁),(⦁⦁⦁),(⦁⦁⦁⦁)

𝟐. √
𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐

𝟐𝐑𝐫
+
𝟒𝐑 − 𝟐𝐫

𝐫
+
𝟑(𝐑𝟐 − 𝟐𝐫𝟐)

𝐫𝟐
+
𝟑((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑 + 𝐫) − 𝟐𝐬𝟐𝐫)

𝟐𝐬𝟐𝐫
≤
? 𝟐√𝟔𝐑

𝐫
 

⇔
𝟔𝐑(𝐑𝟐 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝐬𝟐(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐) + 𝟐𝐑𝐫(𝟒𝐑− 𝟐𝐫)𝐬𝟐 + 𝟑𝐑𝐫((𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)(𝟒𝐑+ 𝐫) − 𝟐𝐬𝟐𝐫)

𝟐𝐑𝐫𝟐𝐬𝟐
≤
? 𝟔𝐑𝟐

𝐫𝟐
 

⇔ (𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 + 𝟐𝟏𝐑𝐫𝟐 − 𝐫𝟑)𝐬𝟐 + 𝟑𝐑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 − 𝐫𝐬𝟒 ≥
?
⏟
(∗)

𝟎  

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝐑𝟑 − 𝟐𝟎𝐑𝟐𝐫 + 𝟐𝟏𝐑𝐫𝟐 − 𝐫𝟑 − 𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)) 𝐬𝟐

+ 𝟑𝐑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
?
𝟎

⇔ (𝟔𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟕𝐑𝐫𝟐 − 𝟒𝐫𝟑)𝐬𝟐 + 𝟑𝐑𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
⏟
(∗∗)

𝟎  

𝐂𝒂𝐬𝐞 𝟏  𝟔𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟕𝐑𝐫𝟐 − 𝟒𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 𝟑𝐑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 > 0

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟔𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟕𝐑𝐫𝟐 − 𝟒𝐫𝟑 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗)

= −(−(𝟔𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟕𝐑𝐫𝟐 − 𝟒𝐫𝟑))𝐬𝟐 + 𝟑𝐑𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟔𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟕𝐑𝐫𝟐 − 𝟒𝐫𝟑)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐) + 𝟑𝐑𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
𝟎

⇔ 𝟏𝟐𝐭𝟓 − 𝟑𝟔𝐭𝟒 + 𝟏𝟗𝐭𝟑 + 𝟐𝐭𝟐 + 𝟏𝟗𝐭− 𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟐𝐭𝟑 + 𝟏𝟐𝐭𝟐 + 𝟏𝟗𝐭+ 𝟑𝟎) + 𝟔𝟑) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 
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∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,√∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

+ √∑
𝐦𝐛  + 𝐦𝐜
𝐦𝒂

𝐜𝐲𝐜

+ √∑
𝐛𝟐 + 𝐜𝟐

𝒂𝟐
𝐜𝐲𝐜

+√∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

≤
𝟐√𝟔𝐑

𝐫
,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

757. 𝑰𝒏 ∆𝑨𝑩𝑪 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑 𝒉𝒐𝒍𝒅𝒔: 

  √∑
𝒘𝒂

𝒘𝒃 +𝒘𝒄
𝒄𝒚𝒄

+√∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
𝒄𝒚𝒄

+ √∑
𝒘𝒃 +𝒘𝒄
𝒘𝒂

𝒄𝒚𝒄

+ √∑
𝒎𝒂

𝟐

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒄𝒚𝒄

 ≤⏞
(∗)

 
𝟓√𝟔𝑹

𝟒𝒓
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒘𝒃 +𝒘𝒄
𝒘𝒂

𝒄𝒚𝒄

=∑(
𝒘𝒃
𝒘𝒂
+
𝒘𝒄
𝒘𝒂
)

𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

𝟐√(∑𝒘𝒂
𝟐) (∑

𝟏

𝒘𝒂
𝟐
) ≤⏞
𝒉𝒂 ≤ 𝒘𝒂 ≤ √𝒔(𝒔−𝒂)

𝟐√(∑𝒔(𝒔 − 𝒂))(∑
𝟏

𝒉𝒂
𝟐)

=
√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒓
 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 
𝟑𝑹

𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝟐𝒓𝟐
  (𝟏) 

∎∑
𝒘𝒂

𝒘𝒃 + 𝒘𝒄
𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

 ∑
𝒘𝒂
𝟒
(
𝟏

𝒘𝒃
+
𝟏

𝒘𝒄
)

𝒄𝒚𝒄

=
𝟏

𝟒
∑
𝒘𝒃 +𝒘𝒄
𝒘𝒂

𝒄𝒚𝒄

 ≤⏞
(𝟏)

 
𝟑𝑹𝟐

𝟖𝒓𝟐
  (𝟐) 

∎∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
𝒄𝒚𝒄

≤⏞
𝑨𝑴−𝑮𝑴

∑
𝒎𝒂

𝟐√𝒎𝒃𝒎𝒄𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺 𝟏

𝟐
√(∑𝒎𝒂

𝟐) (∑
𝟏

𝒎𝒃𝒎𝒄
) ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 

 
𝟏

𝟐
√
𝟑. 𝟗𝑹𝟐

𝟒
.
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝒎𝒂𝒎𝒃𝒎𝒄
≤⏞

𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓 & 𝒎𝒂 ≥ √𝒔(𝒔−𝒂)

 
𝟑𝑹

𝟒
√
𝟑(𝟒𝑹 + 𝒓)

𝒔𝟐𝒓
 ≤⏞
𝑫𝒐𝒖𝒄𝒆𝒕

 

≤  
𝟑𝑹

𝟒
√
𝟑(𝟒𝑹+ 𝒓)

𝟑𝒓(𝟒𝑹+ 𝒓). 𝒓
=
𝟑𝑹

𝟒𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝟖𝒓𝟐
  (𝟑) 

𝑨𝒍𝒔𝒐,   

 ∑
𝒎𝒂

𝟐

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒄𝒚𝒄

=∑𝒎𝒂
𝟐

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒄𝒚𝒄

− 𝟑 ≤⏞
𝒎𝒂 ≥ √𝒔(𝒔−𝒂)

 
𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐
.∑

𝟏

𝒔(𝒔 − 𝒃) + 𝒔(𝒔 − 𝒄)
𝒄𝒚𝒄

− 𝟑

=
𝟑(𝒔𝟐−𝒓𝟐−𝟒𝑹𝒓)

𝟐𝒔𝟐
.∑

𝒔
𝒂

𝒄𝒚𝒄

−𝟑 =
𝟑
𝟐
(𝟏−

𝒓(𝟒𝑹+ 𝒓)

𝒔𝟐
) .
𝒔𝟐+ 𝒓𝟐+𝟒𝑹𝒓

𝟒𝑹𝒓
− 𝟑 ≤ 



 
www.ssmrmh.ro 

83 RMM-GEOMETRY MARATHON 701-800 

 

≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟑

𝟐
(𝟏 −

𝒓(𝟒𝑹+ 𝒓)

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐
) .
𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐

𝑹𝒓
− 𝟑

=
𝟑(𝟐𝑹𝟐 + 𝒓𝟐)(𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐)

𝑹𝒓(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
− 𝟑 = 

=
𝟑𝑹𝟐

𝟖𝒓𝟐
−
𝟑(𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟒𝑹𝟑 + 𝟒𝑹𝟐𝒓 + 𝟑𝑹𝒓𝟐 + 𝟒𝒓𝟑) + 𝟏𝟐𝒓𝟒]

𝟖𝑹𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝟖𝒓𝟐
   (𝟒) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

   𝑳𝑯𝑺(∗) ≤⏞
(𝟏),(𝟐),(𝟑),(𝟒)

 𝟑√
𝟑𝑹𝟐

𝟖𝒓𝟐
+√

𝟑𝑹𝟐

𝟐𝒓𝟐
=
𝟓√𝟔𝑹

𝟒𝒓
 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

=∑
∑ 𝐦𝒂𝐜𝐲𝐜 − (𝐦𝐛  + 𝐦𝐜)

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

= (∑𝐦𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

)− 𝟑 ≤
𝐀−𝐆 𝟏

𝟐
(∑𝐦𝒂
𝐜𝐲𝐜

)(∑
𝟏

√𝐦𝐛𝐦𝐜𝐜𝐲𝐜

)

− 𝟑 ≤
𝐂𝐁𝐒 𝟏

𝟐
(∑𝐦𝒂
𝐜𝐲𝐜

) .√∑
𝟏

𝐦𝐛
𝐜𝐲𝐜

. √∑
𝟏

𝐦𝐜
𝐜𝐲𝐜

− 𝟑 

=
𝟏

𝟐
(∑𝐦𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

)− 𝟑 ≤
𝐁𝒂𝐠𝐞𝐫 + 𝐦𝒂  ≥ 𝐡𝒂  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟒𝐑 + 𝐫

𝟐
(∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

)− 𝟑 =
𝟒𝐑 + 𝐫

𝟐𝐫
− 𝟑

⇒∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

≤
(⦁) 𝟒𝐑 − 𝟓𝐫

𝟐𝐫
 𝒂𝐧𝐝, 

∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟒
∑(𝐦𝒂

𝟐 (
𝟏

𝐦𝐛
𝟐
+
𝟏

𝐦𝐜
𝟐
))

𝐜𝐲𝐜

=
𝟏

𝟒
∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

=
𝟏

𝟒
((∑𝐦𝒂

𝟐

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝟐

𝐜𝐲𝐜

)− 𝟑) ≤
𝐋𝒂𝐬𝐜𝐮 + 𝐀−𝐆 𝟏

𝟒
(
𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐𝐬
.∑

𝟏

𝐬 − 𝒂
𝐜𝐲𝐜

− 𝟑) 

=
𝟏

𝟒
(
𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬. 𝐫𝟐𝐬
− 𝟑)

⇒∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

≤
(⦁⦁) 𝟑

𝟖𝐬𝟐𝐫
((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑 + 𝐫) − 𝟐𝐬𝟐𝐫)  𝒂𝐧𝐝, 
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∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

=∑
∑ 𝐰𝒂𝐜𝐲𝐜 −𝐰𝒂

𝐰𝒂
𝐜𝐲𝐜

= (∑𝐰𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐰𝒂
𝐜𝐲𝐜

) − 𝟑

≤ (∑𝐦𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

)− 𝟑 ≤
𝐁𝒂𝐠𝐞𝐫 𝟒𝐑+ 𝐫

𝐫
− 𝟑 ⇒∑

𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

≤
(⦁⦁⦁) 𝟒𝐑 − 𝟐𝐫

𝐫
 

𝐍𝐨𝐰,√∑
𝐰𝒂

𝐰𝐛  + 𝐰𝐜
𝐜𝐲𝐜

+√∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

+√∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

+√∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

√
𝟏

𝟒
∑(𝐰𝒂 (

𝟏

𝐰𝐛
+
𝟏

𝐰𝐜
))

𝐜𝐲𝐜

+√∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

+√∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

+√∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

 

= √
𝟏

𝟒
∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

+ √∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

+ √∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

+√∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

= √
𝟏

𝟒
∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

+ √
𝟏

𝟒
∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

+ √
𝟏

𝟒
∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

+ √∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

+√∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒

√𝟏 + 𝟏 + 𝟏 + 𝟏 + 𝟏.√
𝟑

𝟒
∑
𝐰𝐛  + 𝐰𝐜

𝐰𝒂
𝐜𝐲𝐜

+∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

+∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (⦁),(⦁⦁),(⦁⦁⦁)

√𝟓.√
𝟑(𝟒𝐑 − 𝟐𝐫)

𝟒𝐫
+
𝟒𝐑 − 𝟓𝐫

𝟐𝐫
+

𝟑

𝟖𝐬𝟐𝐫
((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑 + 𝐫) − 𝟐𝐬𝟐𝐫) ≤

? 𝟓𝐑√𝟔

𝟒𝐫
 

⇔
𝟓

𝟖𝐬𝟐𝐫
. (𝟑 ((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑+ 𝐫) − 𝟐𝐬𝟐𝐫) + 𝟔(𝟒𝐑 − 𝟐𝐫)𝐬𝟐 + 𝟒(𝟒𝐑− 𝟓𝐫)𝐬𝟐) ≤

?
𝟐𝟓𝐑𝟐.

𝟑

𝟖

⇔ (𝟏𝟓𝐑𝟐 − 𝟓𝟐𝐑𝐫 + 𝟑𝟓𝐫𝟐)𝐬𝟐 + 𝟑𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
⏟
(∗)

𝟎  

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟓𝐑𝟐 − 𝟓𝟐𝐑𝐫 + 𝟑𝟓𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 > 0

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟓𝐑𝟐 − 𝟓𝟐𝐑𝐫 + 𝟑𝟓𝐫𝟐 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗)

= −(−(𝟏𝟓𝐑𝟐 − 𝟓𝟐𝐑𝐫 + 𝟑𝟓𝐫𝟐))𝐬𝟐 + 𝟑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟏𝟓𝐑𝟐 − 𝟓𝟐𝐑𝐫 + 𝟑𝟓𝐫𝟐)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐) + 𝟑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
?
𝟎

⇔ 𝟔𝟎𝐭𝟒 − 𝟏𝟒𝟖𝐭𝟑 + 𝟐𝟓𝐭𝟐 + 𝟖𝐭 + 𝟏𝟎𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
)  

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟔𝟎𝐭𝟐 + 𝟗𝟐𝐭 + 𝟏𝟓𝟑) + 𝟐𝟓𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,√∑
𝐰𝒂

𝐰𝐛  + 𝐰𝐜
𝐜𝐲𝐜

+√∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

+ √∑
𝐰𝐛  + 𝐰𝐜
𝐰𝒂

𝐜𝐲𝐜

+ √∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

≤
𝟓𝐑√𝟔

𝟒𝐫
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

 

758.  𝑰𝒏 ∆𝑨𝑩𝑪 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

 
𝒂𝟐

𝒃
+
𝒃𝟐

𝒄
+
𝒄𝟐

𝒂
≥
𝟐

𝟑
∑𝒂

𝒄𝒚𝒄

.∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

+∑
(𝒂 − 𝒃)𝟐

𝟑𝒃
𝒄𝒚𝒄

 

  Proposed by Neculai Stanciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒊𝒗𝒆𝒍𝒚 𝒆𝒒𝒖𝒊𝒗𝒂𝒍𝒆𝒏𝒕 𝒕𝒐 ∶ 

∑(
𝒂𝟐

𝒃
− 𝟐𝒂 + 𝒃)

𝒄𝒚𝒄

−
𝟏

𝟑
∑
(𝒂 − 𝒃)𝟐

𝒃
𝒄𝒚𝒄

≥
𝟐

𝟑
∑𝒂

𝒄𝒚𝒄

. (∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

−
𝟑

𝟐
) 

⇔∑
(𝒂 − 𝒃)𝟐

𝒃
𝒄𝒚𝒄

−
𝟏

𝟑
∑
(𝒂 − 𝒃)𝟐

𝒃
𝒄𝒚𝒄

≥
𝟐

𝟑
∑𝒂

𝒄𝒚𝒄

.∑(
𝒂

𝒃 + 𝒄
−
𝟏

𝟐
)

𝒄𝒚𝒄

 

⇔∑
(𝒂 − 𝒃)𝟐

𝒃
𝒄𝒚𝒄

≥∑𝒂

𝒄𝒚𝒄

.∑(
𝒂− 𝒃

𝟐(𝒃+ 𝒄)
−

𝒄 − 𝒂

𝟐(𝒃 + 𝒄)
)

𝒄𝒚𝒄

 

⇔∑
(𝒂 − 𝒃)𝟐

𝒃
𝒄𝒚𝒄

≥∑𝒂

𝒄𝒚𝒄

.∑(
𝒂 − 𝒃

𝟐(𝒃 + 𝒄)
−

𝒂 − 𝒃

𝟐(𝒄 + 𝒂)
)

𝒄𝒚𝒄

 

⇔∑
(𝒂 − 𝒃)𝟐

𝒃
𝒄𝒚𝒄

≥∑𝒂

𝒄𝒚𝒄

.∑
(𝒂 − 𝒃)𝟐

𝟐(𝒃 + 𝒄)(𝒄 + 𝒂)
𝒄𝒚𝒄

⇔∑(
𝟏

𝒃
−

𝒂 + 𝒃 + 𝒄

𝟐(𝒃 + 𝒄)(𝒄 + 𝒂)
) (𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

≥ 𝟎 

⇔∑
𝟐𝒄𝟐 + 𝒃(𝒂 − 𝒃 + 𝒄) + 𝟐𝒄𝒂

𝟐𝒃(𝒃 + 𝒄)(𝒄 + 𝒂)
. (𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

≥ 𝟎,   𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒊𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 
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759. 𝑰𝒏 ∆𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔: 

  √∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
𝒄𝒚𝒄

+ √∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

+√∑
𝒎𝒂

𝟐

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒄𝒚𝒄

+ √∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≤
√𝟔𝑹

𝒓
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

 ∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
𝒄𝒚𝒄

≤⏞
𝑨𝑴−𝑮𝑴

∑
𝒎𝒂

𝟐√𝒎𝒃𝒎𝒄𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺 𝟏

𝟐
√(∑𝒎𝒂

𝟐) (∑
𝟏

𝒎𝒃𝒎𝒄
) ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 

 
𝟏

𝟐
√
𝟑. 𝟗𝑹𝟐

𝟒
.
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝒎𝒂𝒎𝒃𝒎𝒄
≤ 

≤⏞

𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓 & 𝒎𝒂  ≥ √𝒔(𝒔−𝒂)

 
𝟑𝑹

𝟒
√
𝟑(𝟒𝑹 + 𝒓)

𝒔𝟐𝒓
 ≤⏞
𝑫𝒐𝒖𝒄𝒆𝒕

 
𝟑𝑹

𝟒
√
𝟑(𝟒𝑹+ 𝒓)

𝟑𝒓(𝟒𝑹+ 𝒓). 𝒓
=
𝟑𝑹

𝟒𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝟖𝒓𝟐
  (𝟏) 

𝑨𝒏𝒅 ∶ 

 ∑
𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

 ≤⏞
𝑪𝑩𝑺

 ∑
𝒂

𝟒
(
𝟏

𝒃
+
𝟏

𝒄
)

𝒄𝒚𝒄

=
𝟏

𝟒
∑(

𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

 ≤⏞
𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 
𝟏

𝟒
∑
𝑹

𝒓
𝒄𝒚𝒄

=
𝟑𝑹

𝟒𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝟖𝒓𝟐
  (𝟐) 

𝑨𝒍𝒔𝒐,   

 ∑
𝒎𝒂

𝟐

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒄𝒚𝒄

=∑𝒎𝒂
𝟐

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒄𝒚𝒄

− 𝟑 ≤⏞
𝒎𝒂 ≥ √𝒔(𝒔−𝒂)

 
𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐
.∑

𝟏

𝒔(𝒔 − 𝒃) + 𝒔(𝒔 − 𝒄)
𝒄𝒚𝒄

− 𝟑

= 

=
𝟑(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟐𝒔𝟐
.∑

𝒔

𝒂
𝒄𝒚𝒄

− 𝟑 =
𝟑

𝟐
(𝟏 −

𝒓(𝟒𝑹+ 𝒓)

𝒔𝟐
) .
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝒓
− 𝟑 ≤ 

≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟑

𝟐
(𝟏 −

𝒓(𝟒𝑹+ 𝒓)

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐
) .
𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐

𝑹𝒓
− 𝟑

=
𝟑(𝟐𝑹𝟐 + 𝒓𝟐)(𝑹𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐)

𝑹𝒓(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
− 𝟑 = 
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=
𝟑𝑹𝟐

𝟖𝒓𝟐
−
𝟑(𝑹 − 𝟐𝒓)[(𝑹 − 𝟐𝒓)(𝟒𝑹𝟑 + 𝟒𝑹𝟐𝒓 + 𝟑𝑹𝒓𝟐 + 𝟒𝒓𝟑) + 𝟏𝟐𝒓𝟒]

𝟖𝑹𝒓𝟐(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝟖𝒓𝟐
   (𝟑) ,  

𝒂𝒏𝒅 ∶ 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≤⏞
𝑨𝑴−𝑮𝑴

∑
𝒂𝟑

𝟐𝒂𝒃𝒄
𝒄𝒚𝒄

=
𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓)

𝟐. 𝟒𝑹𝒔𝒓
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝟒𝑹𝒓

=
𝟑𝑹𝟐

𝟖𝒓𝟐
− (

𝑹

𝟐𝒓
− 𝟏) (

𝟑𝑹

𝟒𝒓
−
𝟏

𝟐
) ≤⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹𝟐

𝟖𝒓𝟐
  (𝟒) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝑳𝑯𝑺(∗) ≤⏞
(𝟏),(𝟐),(𝟑),(𝟒)

 𝟒√
𝟑𝑹𝟐

𝟖𝒓𝟐
=
√𝟔𝑹

𝒓
 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

=∑
∑ 𝐦𝒂𝐜𝐲𝐜 − (𝐦𝐛  + 𝐦𝐜)

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

= (∑𝐦𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

)− 𝟑 ≤
𝐀−𝐆 𝟏

𝟐
(∑𝐦𝒂
𝐜𝐲𝐜

)(∑
𝟏

√𝐦𝐛𝐦𝐜𝐜𝐲𝐜

)

− 𝟑 ≤
𝐂𝐁𝐒 𝟏

𝟐
(∑𝐦𝒂
𝐜𝐲𝐜

) .√∑
𝟏

𝐦𝐛
𝐜𝐲𝐜

. √∑
𝟏

𝐦𝐜
𝐜𝐲𝐜

− 𝟑 

=
𝟏

𝟐
(∑𝐦𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

)− 𝟑 ≤
𝐁𝒂𝐠𝐞𝐫 + 𝐦𝒂  ≥ 𝐡𝒂  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟒𝐑 + 𝐫

𝟐
(∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

)− 𝟑 =
𝟒𝐑 + 𝐫

𝟐𝐫
− 𝟑

⇒∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

≤
(⦁) 𝟒𝐑 − 𝟓𝐫

𝟐𝐫
 𝒂𝐧𝐝, 

∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝟒
∑(𝐦𝒂

𝟐 (
𝟏

𝐦𝐛
𝟐
+
𝟏

𝐦𝐜
𝟐
))

𝐜𝐲𝐜

=
𝟏

𝟒
∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐦𝒂
𝟐

𝐜𝐲𝐜

=
𝟏

𝟒
((∑𝐦𝒂

𝟐

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝟐

𝐜𝐲𝐜

)− 𝟑) ≤
𝐋𝒂𝐬𝐜𝐮 + 𝐀−𝐆 𝟏

𝟒
(
𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐𝐬
.∑

𝟏

𝐬 − 𝒂
𝐜𝐲𝐜

− 𝟑) 

=
𝟏

𝟒
(
𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬. 𝐫𝟐𝐬
− 𝟑)

⇒∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

≤
(⦁⦁) 𝟑

𝟖𝐬𝟐𝐫
((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑 + 𝐫) − 𝟐𝐬𝟐𝐫)  𝒂𝐧𝐝, 
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∑
𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

=∑
𝟐𝐬− (𝐛 + 𝐜)

𝐛 + 𝐜
𝐜𝐲𝐜

= (
𝟐𝐬∑ (𝐜 + 𝒂)(𝒂 + 𝐛)𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝐜𝐲𝐜
− 𝟑) = (

𝟐𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
− 𝟑)

⇒∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

=
(⦁⦁⦁) 𝟐(𝐬𝟐 −𝐑𝐫 − 𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
 𝒂𝐧𝐝, 

∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

𝟐𝒂𝐛𝐜
.∑𝒂𝟑

𝐜𝐲𝐜

⇒∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
(⦁⦁⦁⦁) 𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐑𝐫
  

𝐍𝐨𝐰,√∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

+√∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+√∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

+√∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐂𝐁𝐒
√𝟒.√∑

𝐦𝒂
𝐦𝐛  + 𝐦𝐜

𝐜𝐲𝐜

+∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

+∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

≤
𝐯𝐢𝒂 (⦁),(⦁⦁),(⦁⦁⦁),(⦁⦁⦁⦁)

𝟐.√
𝟒𝐑 − 𝟓𝐫

𝟐𝐫
+
𝟐(𝐬𝟐 − 𝐑𝐫 − 𝐫𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
+

𝟑

𝟖𝐬𝟐𝐫
((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑 + 𝐫) − 𝟐𝐬𝟐𝐫) +

𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐑𝐫
 

= 𝟐.√
𝟑𝐑(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)((𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟒𝐑 + 𝐫) − 𝟐𝐬𝟐𝐫) + 𝟒𝐑(𝟒𝐑 − 𝟓𝐫)𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) + 𝟐𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟏𝟔𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝐑𝐫 − 𝐫𝟐)

𝟖𝐑𝐬𝟐𝐫(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
? 𝐑√𝟔

𝐫
 

⇔ (𝟏𝟐𝐑𝟑 − 𝟐𝟖𝐑𝟐𝐫 + 𝟏𝟓𝐑𝐫𝟐 + 𝟒𝐫𝟑)𝐬𝟒 + 𝐫𝐬𝟐(𝟐𝟒𝐑𝟒 + 𝟒𝐑𝟑𝐫 + 𝟖𝟐𝐑𝟐𝐫𝟐 + 𝟔𝟔𝐑𝐫𝟑 + 𝟔𝐫𝟒) + 𝐑𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) − 𝟐𝐫𝐬𝟔 ≥
?

⏟
(∗)

𝟎  

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟐𝐑𝟑 − 𝟐𝟖𝐑𝟐𝐫 + 𝟏𝟓𝐑𝐫𝟐 + 𝟒𝐫𝟑 − 𝟐𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐))𝐬𝟒

+ 𝐫𝐬𝟐(𝟐𝟒𝐑𝟒 + 𝟒𝐑𝟑𝐫 + 𝟖𝟐𝐑𝟐𝐫𝟐 + 𝟔𝟔𝐑𝐫𝟑 + 𝟔𝐫𝟒)

+ 𝐑𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) ≥
?
𝟎 

⇔ (𝟏𝟐𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫 + 𝟕𝐑𝐫𝟐 −𝟐𝐫𝟑)𝐬𝟒 + 𝐫𝐬𝟐(𝟐𝟒𝐑𝟒 +𝟒𝐑𝟑𝐫+ 𝟖𝟐𝐑𝟐𝐫𝟐 +𝟔𝟔𝐑𝐫𝟑 + 𝟔𝐫𝟒) + 𝐑𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫+ 𝟑𝟎𝐑𝐫𝟐 +𝟑𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎  

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟐𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫 + 𝟕𝐑𝐫𝟐 − 𝟐𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗)

≥ 𝐫𝐬𝟐(𝟐𝟒𝐑𝟒 + 𝟒𝐑𝟑𝐫 + 𝟖𝟐𝐑𝟐𝐫𝟐 + 𝟔𝟔𝐑𝐫𝟑 + 𝟔𝐫𝟒)

+ 𝐑𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) > 0 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟐𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫 + 𝟕𝐑𝐫𝟐 − 𝟐𝐫𝟑 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) 

= −(−(𝟏𝟐𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫 + 𝟕𝐑𝐫𝟐 − 𝟐𝐫𝟑))𝐬𝟒 + 𝐫𝐬𝟐(𝟐𝟒𝐑𝟒 + 𝟒𝐑𝟑𝐫 + 𝟖𝟐𝐑𝟐𝐫𝟐 + 𝟔𝟔𝐑𝐫𝟑 + 𝟔𝐫𝟒)

+ 𝐑𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(−(−(𝟏𝟐𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫 + 𝟕𝐑𝐫𝟐 − 𝟐𝐫𝟑)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐)

+ 𝐫(𝟐𝟒𝐑𝟒 + 𝟒𝐑𝟑𝐫 + 𝟖𝟐𝐑𝟐𝐫𝟐 + 𝟔𝟔𝐑𝐫𝟑 + 𝟔𝐫𝟒))𝐬𝟐

+𝐑𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) ≥
?
𝟎 
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⇔ (𝟒𝟖𝐑𝟒 − 𝟕𝟐𝐑𝟑𝐫 − 𝟕𝟔𝐑𝟐𝐫𝟐 − 𝟔𝐑𝐫𝟑 + 𝟕𝟗𝐫𝟒)𝐬𝟐 + 𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) ≥
?
⏟
(∗∗∗)

𝟎  

𝐂𝒂𝐬𝐞 𝟐𝐢  𝟒𝟖𝐑𝟒 − 𝟕𝟐𝐑𝟑𝐫 − 𝟕𝟔𝐑𝟐𝐫𝟐 − 𝟔𝐑𝐫𝟑 + 𝟕𝟗𝐫𝟒 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗)

≥ 𝐑𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) > 0 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐𝐢𝐢  𝟒𝟖𝐑𝟒 − 𝟕𝟐𝐑𝟑𝐫 − 𝟕𝟔𝐑𝟐𝐫𝟐 − 𝟔𝐑𝐫𝟑 + 𝟕𝟗𝐫𝟒 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗)

= −(−(𝟒𝟖𝐑𝟒 − 𝟕𝟐𝐑𝟑𝐫 − 𝟕𝟔𝐑𝟐𝐫𝟐 − 𝟔𝐑𝐫𝟑 + 𝟕𝟗𝐫𝟒)) 𝐬𝟐

+ 𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟒𝟖𝐑𝟒 − 𝟕𝟐𝐑𝟑𝐫 − 𝟕𝟔𝐑𝟐𝐫𝟐 − 𝟔𝐑𝐫𝟑 + 𝟕𝟗𝐫𝟒)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

+ 𝐫𝟑(𝟗𝟔𝐑𝟑 + 𝟗𝟔𝐑𝟐𝐫 + 𝟑𝟎𝐑𝐫𝟐 + 𝟑𝐫𝟑) ≥
?
𝟎 

⇔ 𝟐𝟒𝐭𝟔 − 𝟏𝟐𝐭𝟓 − 𝟓𝟔𝐭𝟒 − 𝟓𝟔𝐭𝟑 + 𝟐𝟎𝐭𝟐 + 𝟒𝟏𝐭 + 𝟑𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟒𝐭𝟒 + 𝟖𝟒𝐭𝟑 + 𝟏𝟖𝟒𝐭𝟐 + 𝟑𝟒𝟒𝐭 + 𝟔𝟔𝟎) + 𝟏𝟑𝟎𝟓) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝  

𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟐𝐢 𝒂𝐧𝐝 𝟐𝐢𝐢, (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,√∑
𝐦𝒂

𝐦𝐛  + 𝐦𝐜
𝐜𝐲𝐜

+√∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+ √∑
𝐦𝒂
𝟐

𝐦𝐛
𝟐 +𝐦𝐜

𝟐
𝐜𝐲𝐜

+√∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐑√𝟔

𝐫
 (𝐐𝐄𝐃 

760. 𝑰𝒏 ∆𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔: 

  
𝟑𝑹

𝟒𝒓√𝒂𝒃𝒄
𝟑 ≥

𝒂

𝒄(𝒂 + 𝒃)
+

𝒃

𝒂(𝒃 + 𝒄)
+

𝒄

𝒃(𝒄 + 𝒂)
≥

𝟑

𝟐√𝒂𝒃𝒄
𝟑  

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒂

𝒄(𝒂 + 𝒃)
𝒄𝒚𝒄

≥⏞
𝑪𝑩𝑺

 

(∑ √
𝒂
𝒄𝒄𝒚𝒄 )

𝟐

∑ (𝒂 + 𝒃)𝒄𝒚𝒄
=

∑ (
𝒂
𝒄 + 𝟐

√
𝒂
𝒃)𝒄𝒚𝒄

𝟐∑ 𝒂𝒄𝒚𝒄
 ≥⏞
𝑨𝑴−𝑮𝑴

 

∑ 𝟑√
𝒂
𝒄 .
√
𝒂
𝒃

 𝟐𝟑

𝒄𝒚𝒄

𝟐∑ 𝒂𝒄𝒚𝒄
= 

=
𝟑∑ 𝒂𝒄𝒚𝒄

√𝒂𝒃𝒄
𝟑

. 𝟐∑ 𝒂𝒄𝒚𝒄

=
𝟑

𝟐√𝒂𝒃𝒄
𝟑 . 

𝑵𝒐𝒘,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 
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  ∑
𝒂

𝒄(𝒂 + 𝒃)
𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

 ∑
𝒂

𝟒𝒄
(
𝟏

𝒂
+
𝟏

𝒃
)

𝒄𝒚𝒄

=
𝟏

𝟒
∑
𝒂𝟐 + 𝒂𝒃

𝒂𝒃𝒄
𝒄𝒚𝒄

=
𝟑𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟏𝟔𝑹𝒔𝒓
≤ 

≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
𝟏𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟖𝒓𝟐

𝟖√𝟐𝒔𝟐𝑹𝟐𝒓𝟐
𝟑

. √𝒂𝒃𝒄
𝟑

 ≤⏞
𝑪𝒐𝒔𝒏𝒊𝒕𝒂 𝒂𝒏𝒅 𝑻𝒖𝒓𝒕𝒐𝒊𝒖

 
𝟔𝑹𝟐 + 𝟐𝑹. 𝟐𝒓 + (𝟐𝒓)𝟐

𝟒√𝟐𝟕𝑹𝒓.𝑹𝟐𝒓𝟐
𝟑

. √𝒂𝒃𝒄
𝟑

 ≤⏞
𝑬𝒖𝒍𝒆𝒓

 

≤  
𝟔𝑹𝟐 + 𝟐𝑹.𝑹 + 𝑹𝟐

𝟒. 𝟑𝑹𝒓. √𝒂𝒃𝒄
𝟑 =

𝟑𝑹

𝟒𝒓√𝒂𝒃𝒄
𝟑 . 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝟑𝑹

𝟒𝒓√𝒂𝒃𝒄
𝟑 ≥

𝒂

𝒄(𝒂 + 𝒃)
+

𝒃

𝒂(𝒃 + 𝒄)
+

𝒄

𝒃(𝒄 + 𝒂)
≥

𝟑

𝟐√𝒂𝒃𝒄
𝟑 . 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝒂

𝐜(𝒂 + 𝐛)
+

𝐛

𝒂(𝐛 + 𝐜)
+

𝐜

𝐛(𝐜 + 𝒂)
=
∑ (𝒂𝟐𝐛(∑ 𝒂𝐛𝐜𝐲𝐜 + 𝐜𝟐))𝐜𝐲𝐜

𝒂𝐛𝐜(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

=
(∑ 𝒂𝐛𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐛𝐜𝐲𝐜 ) + 𝒂𝐛𝐜(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
𝐀−𝐆 (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)(∑ 𝒂𝟑𝐜𝐲𝐜 + 𝟒𝐑𝐫𝐬)

𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)(𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟒𝐑𝐫𝐬)

𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 (𝟒𝐑𝟐 + 𝟖𝐑𝐫 + 𝟒𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝟒𝐑𝐫𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

∴
𝒂

𝐜(𝒂 + 𝐛)
+

𝐛

𝒂(𝐛 + 𝐜)
+

𝐜

𝐛(𝐜 + 𝒂)
≤
(∗) (𝐑𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝐑𝐫𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

𝐀𝐥𝐬𝐨,
𝟑𝐑

𝟒𝐫. √𝒂𝐛𝐜
𝟑 ≥

𝐀−𝐆 𝟗𝐑

𝟒𝐫. 𝟐𝐬
≥
? (𝐑𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝐑𝐫𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

⇔ 𝟗𝐑𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ≥
?
𝟖(𝐑𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐) 

⇔ (𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐)𝐬𝟐 + 𝐫(𝟓𝟎𝐑𝟑 + 𝟗𝟕𝐑𝟐𝐫 + 𝟖𝟎𝐑𝐫𝟐 + 𝟐𝟒𝐫𝟑) ≥
?
⏟
(⦁)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥ 𝐫(𝟓𝟎𝐑𝟑 + 𝟗𝟕𝐑𝟐𝐫 + 𝟖𝟎𝐑𝐫𝟐 + 𝟐𝟒𝐫𝟑) > 0

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁)

= −(−(𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐))𝐬𝟐 + 𝐫(𝟓𝟎𝐑𝟑 + 𝟗𝟕𝐑𝟐𝐫 + 𝟖𝟎𝐑𝐫𝟐 + 𝟐𝟒𝐫𝟑) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝐑𝟐 − 𝟏𝟔𝐑𝐫 − 𝟖𝐫𝟐)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫(𝟓𝟎𝐑𝟑 + 𝟗𝟕𝐑𝟐𝐫 + 𝟖𝟎𝐑𝐫𝟐 + 𝟐𝟒𝐫𝟑)

= 𝟐𝐑𝟐(𝟐𝐑𝟐 − 𝟓𝐑𝐫 + 𝟐𝐫𝟐) = 𝟐𝐑𝟐(𝐑 − 𝟐𝐫)(𝟐𝐑 − 𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝, 

𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 ∴
𝟑𝐑

𝟒𝐫. √𝒂𝐛𝐜
𝟑

≥
(𝐑𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)

𝐑𝐫𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≥

𝐯𝐢𝒂 (∗) 𝒂

𝐜(𝒂 + 𝐛)
+

𝐛

𝒂(𝐛 + 𝐜)
+

𝐜

𝐛(𝐜 + 𝒂)
 

∴
𝟑𝐑

𝟒𝐫. √𝒂𝐛𝐜
𝟑 ≥

𝒂

𝐜(𝒂 + 𝐛)
+

𝐛

𝒂(𝐛 + 𝐜)
+

𝐜

𝐛(𝐜 + 𝒂)
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𝐍𝐨𝐰,
𝒂

𝐜(𝒂 + 𝐛)
+

𝐛

𝒂(𝐛 + 𝐜)
+

𝐜

𝐛(𝐜 + 𝒂)
=∑

(√
𝒂
𝐜
)

𝟐

𝒂 + 𝐛
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

(∑ √
𝒂
𝐜𝐜𝐲𝐜 )

𝟐

𝟒𝐬

=

∑
𝐛
𝒂𝐜𝐲𝐜 + 𝟐∑ √

𝒂
𝐛𝐜𝐲𝐜

𝟒𝐬
≥
? 𝟑

𝟐. √𝒂𝐛𝐜
𝟑 =

𝟑∑ 𝒂𝐜𝐲𝐜

𝟒𝐬. √𝒂𝐛𝐜
𝟑 ⇔∑

𝐛

𝒂
𝐜𝐲𝐜

+ 𝟐∑√
𝒂

𝐛
𝐜𝐲𝐜

≥
?
⏟
(⦁⦁)

𝟑∑ 𝒂𝐜𝐲𝐜

√𝒂𝐛𝐜
𝟑  

𝐛

𝒂
+√

𝐛

𝐜
+ √

𝐛

𝐜
≥
𝐀−𝐆

𝟑√
𝐛𝟐

𝒂𝐜

𝟑

= 𝟑√
𝐛𝟑

𝒂𝐛𝐜

𝟑

⇒
𝐛

𝒂
+√

𝐛

𝐜
+√

𝐛

𝐜
≥

𝟑𝐛

√𝒂𝐛𝐜
𝟑  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

⇒∑(
𝐛

𝒂
+√

𝐛

𝐜
+ √

𝐛

𝐜
)

𝐜𝐲𝐜

≥∑
𝟑𝐛

√𝒂𝐛𝐜
𝟑

𝐜𝐲𝐜

⇒∑
𝐛

𝒂
𝐜𝐲𝐜

+ 𝟐∑√
𝒂

𝐛
𝐜𝐲𝐜

≥
𝟑∑ 𝒂𝐜𝐲𝐜

√𝒂𝐛𝐜
𝟑 ⇒ (⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂

𝐜(𝒂 + 𝐛)
+

𝐛

𝒂(𝐛 + 𝐜)
+

𝐜

𝐛(𝐜 + 𝒂)
≥

𝟑

𝟐. √𝒂𝐛𝐜
𝟑  𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,

𝟑𝐑

𝟒𝐫. √𝒂𝐛𝐜
𝟑

≥
𝒂

𝐜(𝒂 + 𝐛)
+

𝐛

𝒂(𝐛 + 𝐜)
+

𝐜

𝐛(𝐜 + 𝒂)

≥
𝟑

𝟐. √𝒂𝐛𝐜
𝟑 , 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

761. 𝑰𝒏 ∆𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒐𝒓 𝒅𝒊𝒔𝒑𝒓𝒐𝒗𝒆 ∶ 

𝟏) 𝟐∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+∑𝒎𝒂
𝟐

𝒄𝒚𝒄

≤ 𝟑𝒔𝟐.   𝟐) ∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒎𝒂
𝟐

𝒄𝒚𝒄

≥ 𝟑𝒔𝟐 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟏) 𝑳𝒆𝒕 𝑨𝑩𝑪 𝒃𝒆 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶   𝒂 = 𝟏 𝒂𝒏𝒅 𝒃 = 𝒄 = 𝟓.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒔 =
𝟏𝟏

𝟐
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒎𝒂
𝟐 =

𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐

𝟒
=
𝟗𝟗

𝟒
,   𝒎𝒃

𝟐 = 𝒎𝒄
𝟐 =

𝟐𝒄𝟐 + 𝟐𝒂𝟐 − 𝒃𝟐

𝟒
=
𝟐𝟓

𝟒
 

𝑨𝒏𝒅 ∶  

𝒘𝒂
𝟐 = 𝒃𝒄 (𝟏 − (

𝒂

𝒃 + 𝒄
)
𝟐

) =
𝟗𝟗

𝟒
,   𝒘𝒃

𝟐 = 𝒘𝒄
𝟐 = 𝒄𝒂(𝟏 − (

𝒃

𝒄 + 𝒂
)
𝟐

) =
𝟓𝟓

𝟑𝟔
,   

 𝒕𝒉𝒆𝒏 ∶ 

𝟐∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+∑𝒎𝒂
𝟐

𝒄𝒚𝒄

= 𝟐(
𝟗𝟗

𝟒
+ 𝟐 ×

𝟓𝟓

𝟑𝟔
) + (

𝟗𝟗

𝟒
+ 𝟐 ×

𝟐𝟓

𝟒
) = 

=
𝟑𝟑𝟒𝟑

𝟑𝟔
>
𝟑𝟔𝟑

𝟒
= 𝟑 × (

𝟏𝟏

𝟐
)
𝟐

= 𝟑𝒔𝟐 . 

𝑺𝒐 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝟐∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+∑𝒎𝒂
𝟐

𝒄𝒚𝒄

≤ 𝟑𝒔𝟐 𝒊𝒔 𝒏𝒐𝒕 𝒂𝒍𝒘𝒂𝒚𝒔 𝒕𝒓𝒖𝒆. 
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𝟐) 𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

 𝒎𝒂
𝟐 + 𝒘𝒂

𝟐  ≥⏞
𝑨𝑴−𝑮𝑴

 𝟐𝒎𝒂𝒘𝒂  ≥⏞
𝑳𝒂𝒔𝒄𝒖

 𝟐.
𝒃 + 𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐
.
𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬

𝑨

𝟐
= 𝟐𝒔(𝒔 − 𝒂). 

𝑻𝒉𝒆𝒏 ∶ 

 ∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒎𝒂
𝟐

𝒄𝒚𝒄

=∑(𝒘𝒂
𝟐 +𝒎𝒂

𝟐)

𝒄𝒚𝒄

+∑𝒎𝒂
𝟐

𝒄𝒚𝒄

≥∑𝟐𝒔(𝒔 − 𝒂)

𝒄𝒚𝒄

+∑𝒔(𝒔 − 𝒂)

𝒄𝒚𝒄

= 𝟑𝒔𝟐. 

𝑺𝒐 ∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒎𝒂
𝟐

𝒄𝒚𝒄

≥ 𝟑𝒔𝟐  

𝒊𝒔 𝒕𝒓𝒖𝒆 𝒊𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 
 

762. In acute 𝚫𝑨𝑩𝑪, 𝒉𝒂 > 𝒉𝒃, 𝒉𝒂 > 𝒉𝒄, 𝒉𝒂 = 𝒎𝒃. Prove that: 

𝒎(∢𝑨𝑩𝑪) < 60° 

Proposed by Iulia Sanda, Ramona Nălbaru – Romania  
Solution 1 by Adrian Popa-Romania 

𝒉𝒂 > 𝒉𝒃 ⇒ 𝒂 < 𝑏 

𝒉𝒂 > 𝒉𝒄 ⇒ 𝒂 < 𝑐 

𝒎𝒃 = 𝒉𝒂 ⇒ 𝒎𝒃
𝟐 = 𝒉𝒂

𝟐 

𝒎𝒃
𝟐 =

𝟐(𝒂𝟐 + 𝒄𝟐) − 𝒃𝟐

𝟒
𝑪𝒐𝒔𝒊𝒏𝒆 𝑻𝒉𝒆𝒐𝒓𝒆𝒎:𝒃𝟐 = 𝒂𝟐 + 𝒄𝟐 − 𝟐𝒂𝐜𝐨𝐬𝑩

} ⇒ 

𝒎𝒃
𝟐 =

𝟐(𝒂𝟐 + 𝒄𝟐) − 𝒂𝟐 − 𝒄𝟐 + 𝟐𝒂𝐜𝐨𝐬𝑩

𝟒
=
𝒂𝟐 + 𝒄𝟐 + 𝟐𝒂𝒄𝐜𝐨𝐬𝑩

𝟒
 

𝑺 =
𝒂𝒉𝒂
𝟐
⇒ 𝒉𝒂 =

𝟐𝑺

𝒂
=
𝟐𝒂𝒄𝐬𝐢𝐧𝑩

𝟐𝒂
= 𝒄𝐬𝐢𝐧𝑩 ⇒ 𝒉𝒂

𝟐 = 𝒄𝟐 𝐬𝐢𝐧𝟐𝑩 = 𝒄𝟐(𝟏 − 𝐜𝐨𝐬𝟐 𝑩) 

So, 𝒂𝟐 + 𝒄𝟐 + 𝟐𝒂𝒄𝐜𝐨𝐬 𝑩 = 𝟒𝒄𝟐 − 𝟒𝒄𝟐 𝐜𝐨𝐬𝟐𝑩 

𝟒𝒄𝟐 𝐜𝐨𝐬𝟐𝑩 + 𝟐𝒂𝒄 𝐜𝐨𝐬𝑩 + 𝒂𝟐 − 𝟑𝒄𝟐 = 𝟎 

𝚫 = 𝟒𝒂𝟐𝒄𝟐 − 𝟏𝟔𝒄𝟐(𝒂𝟐 − 𝟑𝒄𝟐) = 𝟒𝒄𝟐(𝒂𝟐 − 𝟒𝒂𝟐 + 𝟏𝟐𝒄𝟐) = 𝟒𝒄𝟐(𝟏𝟐𝒄𝟐 − 𝟑𝒂𝟐) = 

= 𝟏𝟐𝒄𝟐(𝟒𝒄𝟐 − 𝒂𝟐) 

𝐜𝐨𝐬𝑩 =
−𝟐𝒂𝒄 ± 𝟐𝒄√𝟑(𝟒𝒄𝟐 − 𝒂𝟐)

𝟖𝒄𝟐
=
−𝒂 ± √𝟑(𝟒𝒄𝟐 − 𝒂𝟐)

𝟒𝒄
𝚫𝑨𝑩𝑪 → 𝒂𝒄𝒖𝒕𝒆 𝒂𝒏𝒈𝒍𝒆𝒅 ⇒ 𝐜𝐨𝐬𝑩 > 0

} ⇒ 
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⇒ we must show that 
−𝒂+√𝟑(𝟒𝒄𝟐−𝒂𝟐)

𝟒𝒄
>
𝟏

𝟐
⇔ 

⇔ −𝟐𝒂 + 𝟐√(𝟒𝒄𝟐 − 𝒂𝟐) ⋅ 𝟑 > 4𝒄 |: 𝟐 ⇔ √𝟑√𝟒𝒄𝟐 − 𝒂𝟐 > 2𝒄 + 𝒂|
𝟐

⇔ 

⇔ 𝟏𝟐𝒄𝟐 − 𝟑𝒂𝟐 > 4𝒄𝟐 + 𝟒𝒂𝒄 + 𝒂𝟐 

𝟖𝒄𝟐 > 4𝒂𝟐 + 𝟒𝒂𝒄|: 𝟒 ⇒ 𝟐𝒄𝟐 > 𝒂𝟐 + 𝒂𝒄  

𝒂 < 𝑐 ⇒ 𝒂𝟐 < 𝒄𝟐

𝒂𝒄 < 𝒄𝟐
} ⇒ 𝒂𝒄 + 𝒂𝟐 < 2𝒄𝟐 (True) ⇒ 𝐜𝐨𝐬𝑩 >

𝟏

𝟐
⇒ �̂� < 60° 

Solution 2 by Tapas Das-India 

𝒉𝒂 > 𝒉𝒃 ⇒
𝟐𝑭

𝒂
>
𝟐𝑭

𝒃
⇒ 𝒃 > 𝑎 

𝒉𝒂 > 𝒉𝒄 ⇒
𝟐𝑭

𝒂
>
𝟐𝑭

𝒄
⇒ 𝒄 > 𝑎 

𝒉𝒂 = 𝒎𝒃, ∴ 𝒉𝒂
𝟐 = 𝒎𝒃

𝟐 ⇒
𝟒𝑭𝟐

𝒂𝟐
=
𝟏

𝟒
(𝟐𝒂𝟐 + 𝟐𝒄𝟐 − 𝒃𝟐) 

⇒
𝟒

𝒂𝟐
⋅ (
𝟏

𝟐
𝒂𝒄 𝐬𝐢𝐧𝑩)

𝟐

=
𝟏

𝟒
(𝟐𝒂𝟐 + 𝟐𝒄𝟐 − 𝒃𝟐) 

⇒
𝟒

𝒂𝟐
⋅
𝟏

𝟒
⋅ 𝒂𝟐𝒄𝟐 𝐬𝐢𝐧𝟐 𝑩 =

𝟏

𝟒
(𝟐𝒂𝟐 + 𝟐𝒄𝟐 − 𝒃𝟐) 

⇒ 𝒄𝟐 𝐬𝐢𝐧𝟐 𝑩 =
𝟐𝒂𝟐+𝟐𝒄𝟐−𝒃𝟐

𝟒
⇒ 𝐬𝐢𝐧𝟐 𝑩 =

𝟐𝒂𝟐+𝟐𝒄𝟐−𝒃𝟐

𝟒𝒄𝟐
     (1) 

Now 
𝟐𝒂𝟐+𝟐𝒄𝟐−𝒃𝟐

𝟒𝒄𝟐
−
𝟑

𝟒
=
𝟐𝒂𝟐+𝟐𝒄𝟐−𝒃𝟐−𝟑𝒄𝟐

𝟒𝒄𝟐
=
𝟐𝒂𝟐−𝒃𝟐−𝒄𝟐

𝟒𝒄𝟐
= 

=
(𝒂𝟐 − 𝒃𝟐) + (𝒂𝟐 − 𝒄𝟐)

𝟒𝒄𝟐
=
(𝒂 + 𝒃)(𝒂 − 𝒃) + (𝒂 + 𝒄)(𝒂 − 𝒄)

𝟒𝒄𝟐
< 0 

(∵ 𝒂 < 𝑏, 𝑎 < 𝑐) 

∴
𝟐𝒂𝟐+𝟐𝒄𝟐−𝒃𝟐

𝟒𝒄𝟐
<
𝟑

𝟒
⇒ 𝐬𝐢𝐧𝟐 𝑩 <

𝟑

𝟒
   (From (1)) 

∴ 𝐬𝐢𝐧𝑩 <
√𝟑

𝟐
, 𝑩 < 60° 

We know that 𝐬𝐢𝐧𝒙 is an increasing function when 𝒙 > 0 

∴ 𝒇(𝒙) = 𝐬𝐢𝐧𝒙 <
√𝟑

𝟐
⇒ 𝐬𝐢𝐧𝒙 < 𝐬𝐢𝐧 𝟔𝟎° , 𝒙 < 60° 
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Solution 3 by Hikmat Mammadov-Azerbaijan 

𝒉𝒂 > 𝒉𝒄 ⇒ 𝒂 < 𝑐 → (𝒂 ⋅ 𝒉𝒂 = 𝒄 ⋅ 𝒉𝒄 ⇒ 𝒂 < 𝑐) 

𝒎𝒃 = 𝒉𝒂⇔ 𝒉𝒂 = √
𝟐 ⋅ (𝒂𝟐 + 𝒄𝟐) − 𝒃𝟐

𝟒
= √

𝒂𝟐 + 𝒄𝟐 + 𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐

𝟒
 

= √
𝒂𝟐 + 𝒄𝟐 + 𝟐𝒂𝒄 𝐜𝐨𝐬𝑩

𝟒
< √

𝟐𝒄𝟐 + 𝟐𝒄𝟐 𝐜𝐨𝐬 𝑩

𝟒
 

⇔
𝒉𝒂
𝒄
< √

𝟏 + 𝐜𝐨𝐬𝑩

𝟐
⇔ 𝐬𝐢𝐧𝑩 < 𝐜𝐨𝐬

𝑩

𝟐
→ (𝟏 + 𝐜𝐨𝐬 𝑩 = 𝟐𝐜𝐨𝐬𝟐

𝑩

𝟐
) 

⇔ 𝟐𝐬𝐢𝐧
𝑩

𝟐
𝐜𝐨𝐬

𝑩

𝟐
< 𝐜𝐨𝐬

𝑩

𝟐
⇔ 𝐬𝐢𝐧

𝑩

𝟐
<
𝟏

𝟐
⇔
𝑩

𝟐
<
𝝅

𝟔
⇔ 𝑩 <

𝝅

𝟑
⇒ 𝒎(∢𝑨𝑩𝑪) < 60° 

763. 𝑰𝒏 ∆𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔: 

  𝟑 +∑(
𝒏𝒂
𝒓𝒂
)
𝟐

𝒄𝒚𝒄

 ≥⏞
(∗)

 𝟐(√𝟐 − 𝟏)∑√
𝟐(𝟐𝒎𝒂 + 𝒏𝒂 − 𝒉𝒂)

𝒓𝒂
𝒄𝒚𝒄

 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
=  𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂

= 𝒔𝟐 −
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
= 𝒔𝟐 −

𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂  (𝒊) 

𝑨𝒍𝒔𝒐,   𝟐𝒓𝒂(𝒏𝒂 + 𝒉𝒂) ≤⏞
𝑨𝑴−𝑮𝑴

𝒓𝒂
𝟐 + 𝒏𝒂

𝟐 + 𝟐𝒉𝒂𝒓𝒂 =⏞
(𝒊)

𝒓𝒂
𝟐 + 𝒔𝟐 = 𝒔𝟐 (𝐭𝐚𝐧𝟐

𝑨

𝟐
+ 𝟏) =

𝒔𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐

=
𝒔. 𝒃𝒄

𝒔 − 𝒂
= 𝟐𝒓𝒂.

𝟐𝑹𝒉𝒂
𝒓
. 

𝑻𝒉𝒆𝒏 ∶   𝒏𝒂 + 𝒉𝒂 ≤
𝑹𝒉𝒂
𝒓
  ⇒   𝟐𝒎𝒂 + 𝒏𝒂 − 𝒉𝒂 ≤⏞

𝑷𝒂𝒏𝒂𝒊𝒕𝒐𝒑𝒐𝒍

𝟐.
𝑹𝒉𝒂
𝟐𝒓

+
𝑹𝒉𝒂
𝒓
− 𝟐𝒉𝒂

= 𝟐(
𝑹

𝒓
− 𝟏)𝒉𝒂  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 
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𝑻𝒉𝒆𝒏 ∶  𝑹𝑯𝑺(∗) ≤ 𝟒(√𝟐 − 𝟏)√
𝑹

𝒓
− 𝟏.∑√

𝒉𝒂
𝒓𝒂

𝒄𝒚𝒄

 ≤⏞

𝟐(√𝟐−𝟏) < 1

𝟐√
𝑹 − 𝒓

𝒓
.∑√

𝟐(𝒔 − 𝒂)

𝒂
𝒄𝒚𝒄

≤ 

≤⏞
𝑪𝑩𝑺

𝟐√
𝑹 − 𝒓

𝒓
. √𝟐∑(𝒔 − 𝒂)

𝒄𝒚𝒄

.∑
𝟏

𝒂
𝒄𝒚𝒄

 ≤⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

 𝟐√
𝑹 − 𝒓

𝒓
. 𝟐𝒔.

√𝟑

𝟐𝒓
 ≤⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟔√
𝑹(𝑹− 𝒓)

𝟐𝒓𝟐
  (𝟏) 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  𝑳𝑯𝑺(∗)  =⏞
(𝒊)

 𝟑 +∑
𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂

𝒓𝒂𝟐
𝒄𝒚𝒄

= 𝟑 + 𝒔𝟐.∑
𝟏

𝒓𝒂𝟐
𝒄𝒚𝒄

− 𝟒∑
𝒔− 𝒂

𝒂
𝒄𝒚𝒄

= 

= 𝟑 + 𝒔𝟐.
𝒔𝟐 − 𝟐𝒓(𝟒𝑹+ 𝒓)

𝒔𝟐𝒓𝟐
− 𝟒.

𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟒𝑹𝒓
=
(𝑹− 𝒓)𝒔𝟐 − 𝟖𝑹𝟐𝒓 + 𝟗𝑹𝒓𝟐 − 𝒓𝟑

𝑹𝒓𝟐
≥ 

≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 
(𝑹 − 𝒓)(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) − 𝟖𝑹𝟐𝒓 + 𝟗𝑹𝒓𝟐 − 𝒓𝟑

𝑹𝒓𝟐
=
𝟒(𝑹 − 𝒓)(𝟐𝑹 − 𝒓)

𝑹𝒓
≥ 

≥⏞
𝑬𝒖𝒍𝒆𝒓

 
𝟒√
𝑹
𝟐
(𝑹 − 𝒓).

𝟑𝑹
𝟐

𝑹𝒓
= 𝟔√

𝑹(𝑹 − 𝒓)

𝟐𝒓𝟐
≥⏞
(𝟏)

 𝑹𝑯𝑺(∗),   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐏𝐫𝐨𝐨𝐟 ∶ 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 

= 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 

⇒ 𝒂𝐧𝒂
𝟐 = 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀− 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐

𝐀

𝟐
 

= 𝒂𝐬𝟐 −
𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
= 𝒂𝐬𝟐 −

𝟒∆𝟐

𝐬 − 𝒂
 

= 𝒂𝐬𝟐 − 𝟐𝒂(
𝟐∆

𝒂
) (

∆

𝐬 − 𝒂
) = 𝒂𝐬𝟐 − 𝟐𝒂𝐡𝒂𝐫𝒂 ∴ 𝐧𝒂

𝟐 =
(∗)
𝐬𝟐 − 𝟐𝐫𝒂𝐡𝒂 

⇒ (𝐧𝒂 + 𝐫𝒂)
𝟐 − 𝐬𝟐 − 𝐫𝒂

𝟐 = 𝐬𝟐 − 𝟐𝐫𝒂𝐡𝒂 + 𝐫𝒂
𝟐 + 𝟐𝐧𝒂𝐫𝒂 − 𝐬

𝟐 − 𝐫𝒂
𝟐 = 𝟐𝐫𝒂(𝐧𝒂 − 𝐡𝒂) 

⇒ (𝐧𝒂 + 𝐫𝒂)
𝟐 = 𝐬𝟐 + 𝐬𝟐𝐭𝒂𝐧𝟐

𝐀

𝟐
+ 𝟐𝐫𝒂(𝐧𝒂 − 𝐡𝒂) ≥ 𝐬

𝟐 + 𝐬𝟐𝐭𝒂𝐧𝟐
𝐀

𝟐
= 𝐬𝟐𝐬𝐞𝐜𝟐

𝐀

𝟐
 

⇒ 𝐧𝒂
𝟐 + 𝐫𝒂

𝟐 ≥
𝟏

𝟐
(𝐧𝒂 + 𝐫𝒂)

𝟐 ≥
𝟏

𝟐
𝐬𝟐𝐬𝐞𝐜𝟐

𝐀

𝟐
 

⇒
𝐧𝒂
𝟐 + 𝐫𝒂

𝟐

𝐫𝒂
𝟐

≥
𝟏

𝟐
.
𝐬𝟐 (𝟏 + 𝐭𝒂𝐧𝟐

𝐀
𝟐
)

𝐬𝟐𝐭𝒂𝐧𝟐
𝐀
𝟐

=
𝟏

𝟐
. (𝟏 + 𝐜𝐨𝐭𝟐

𝐀

𝟐
) 

⇒ 𝟏 + (
𝐧𝒂
𝐫𝒂
)
𝟐

≥
𝟏

𝟐
𝐜𝐨𝐬𝐞𝐜𝟐

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 
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⇒
𝐯𝐢𝒂 𝐬𝐮𝐦𝐦𝒂𝐭𝐢𝐨𝐧

𝟑 +∑(
𝐧𝒂
𝐫𝒂
)
𝟐

𝐜𝐲𝐜

≥
(⦁) 𝟏

𝟐
∑𝐜𝐨𝐬𝐞𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝒂𝟐𝐧𝒂
𝟐 ≤ 𝟒(𝐑 − 𝐫)𝟐𝐬𝟐 ⇔

𝐯𝐢𝒂 (∗)

𝒂𝟐(𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂) ≤ 𝟒(𝐑 − 𝐫)
𝟐𝐬𝟐 

⇔ (𝟒𝐑𝟐𝐬𝐢𝐧𝟐𝐀)𝐬𝟐 − 𝟒𝐫𝐬 (𝟒𝐑𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
) (𝐬𝐭𝒂𝐧

𝐀

𝟐
) ≤ 𝟒(𝐑𝟐 − 𝟐𝐑𝐫+ 𝐫𝟐)𝐬𝟐 

⇔ 𝐑𝟐(𝟏 − 𝐬𝐢𝐧𝟐𝐀) − 𝟐𝐑𝐫(𝟏 − 𝟐𝐬𝐢𝐧𝟐
𝐀

𝟐
) + 𝐫𝟐 ≥ 𝟎 ⇔ 𝐑𝟐𝐜𝐨𝐬𝟐𝐀 − 𝟐𝐑𝐫𝐜𝐨𝐬𝐀+ 𝐫𝟐 ≥ 𝟎 

⇔ (𝐑𝐜𝐨𝐬𝐀 − 𝐫)𝟐 ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝒂𝐧𝒂 ≤ 𝟐𝐑𝐬 − 𝟐𝐫𝐬 ⇒
𝐧𝒂
𝐡𝒂
≤

𝟐𝐑𝐬

𝒂(
𝟐𝐫𝐬
𝒂
)
−

𝟐𝐫𝐬

𝒂 (
𝟐𝐫𝐬
𝒂
)

 

⇒
𝐧𝒂
𝐡𝒂
≤
𝐑

𝐫
− 𝟏 𝒂𝐧𝐝 ∵ 𝐯𝐢𝒂 𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥,

𝟐𝐦𝒂
𝐡𝒂

≤
𝐑

𝐫
∴
𝟐𝐦𝒂
𝐡𝒂

+
𝐧𝒂
𝐡𝒂
− 𝟏 ≤

𝐑

𝐫
+
𝐑

𝐫
− 𝟏− 𝟏 

⇒
𝟐𝐦𝒂 + 𝐧𝒂 − 𝐡𝒂

𝐡𝒂
≤ 𝟐(

𝐑

𝐫
− 𝟏) ⇒ √

𝟐(𝟐𝐦𝒂 + 𝐧𝒂 − 𝐡𝒂)

𝐫𝒂
≤ 𝟐.√

𝐑 − 𝐫

𝐫
.√
𝐡𝒂
𝐫𝒂

 

⇒ 𝟐(√𝟐 − 𝟏).√
𝟐(𝟐𝐦𝒂 + 𝐧𝒂 − 𝐡𝒂)

𝐫𝒂
≤
𝟐(𝟐 − 𝟏)

√𝟐 + 𝟏
. 𝟐.√

𝐑 − 𝐫

𝐫
.√
𝐡𝒂
𝐫𝒂

 

<
√𝟐 > 1 𝟒

𝟐
.√
𝐑 − 𝐫

𝐫
.√
𝐡𝒂
𝐫𝒂

 

∴ 𝟐(√𝟐− 𝟏).√
𝟐(𝟐𝐦𝒂 + 𝐧𝒂 − 𝐡𝒂)

𝐫𝒂
<
𝟒

𝟐
.√
𝐑 − 𝐫

𝐫
.√
𝐡𝒂
𝐫𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒
𝐯𝐢𝒂 𝐬𝐮𝐦𝐦𝒂𝐭𝐢𝐨𝐧

𝟐(√𝟐 − 𝟏)∑√
𝟐(𝟐𝐦𝒂 + 𝐧𝒂 − 𝐡𝒂)

𝐫𝒂
𝐜𝐲𝐜

<
𝟒

𝟐
.√
𝐑 − 𝐫

𝐫
.∑√

𝐡𝒂
𝐫𝒂

𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒 𝟒

𝟐
.√
𝟑(𝐑 − 𝐫)

𝐫
.√∑

𝐡𝒂
𝐫𝒂

𝐜𝐲𝐜

=
𝟏

𝟐
. √
𝟒𝟖(𝐑 − 𝐫)

𝐫
.√∑

𝟐𝐫𝐬

𝟒𝐑𝐬 (𝐜𝐨𝐬𝟐
𝐀
𝟐
) (𝐭𝒂𝐧𝟐

𝐀
𝟐
)𝐜𝐲𝐜

 

=
𝟏

𝟐
.√
𝟐𝟒(𝐑− 𝐫)

𝐑
.√∑𝐜𝐨𝐬𝐞𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

 

∴ 𝟐(√𝟐 − 𝟏)∑√
𝟐(𝟐𝐦𝒂 + 𝐧𝒂 − 𝐡𝒂)

𝐫𝒂
𝐜𝐲𝐜

<
(⦁⦁) 𝟏

𝟐
.√
𝟐𝟒(𝐑 − 𝐫)

𝐑
.√∑𝐜𝐨𝐬𝐞𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

 

∴ (⦁), (⦁⦁) ⇒ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

≥ √
𝟐𝟒(𝐑− 𝐫)

𝐑
.√∑𝐜𝐨𝐬𝐞𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

⇔∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

≥
𝟐𝟒(𝐑− 𝐫)

𝐑
 

⇔
∑ 𝐛𝐜(𝐬 − 𝒂)𝐜𝐲𝐜

(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
≥
𝟐𝟒(𝐑− 𝐫)

𝐑
⇔
𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬

𝐫𝟐𝐬
≥
𝟐𝟒(𝐑 − 𝐫)

𝐑
 

⇔ 𝐑(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) ≥ 𝟐𝟒𝐫𝟐(𝐑 − 𝐫) ⇔ 𝐑𝐬𝟐 ≥
(𝐢)

𝟖𝐑𝟐𝐫 + 𝟐𝟑𝐑𝐫𝟐 − 𝟐𝟒𝐫𝟑 
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𝐍𝐨𝐰,𝐑𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐑(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝟖𝐑𝟐𝐫 + 𝟐𝟑𝐑𝐫𝟐 − 𝟐𝟒𝐫𝟑 ⇔ 𝟐𝐑𝟐 − 𝟕𝐑𝐫 + 𝟔𝐫𝟐 ≥

?
𝟎 

⇔ (𝐑− 𝟐𝐫)(𝟐𝐑 − 𝟑𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝟑 +∑(
𝐧𝒂
𝐫𝒂
)
𝟐

𝐜𝐲𝐜

≥ 𝟐(√𝟐 − 𝟏)∑√
𝟐(𝟐𝐦𝒂 + 𝐧𝒂 − 𝐡𝒂)

𝐫𝒂
𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

764. 𝑰𝒏 ∆𝑨𝑩𝑪, 𝒑𝒓𝒐𝒗𝒆 𝒐𝒓 𝒅𝒊𝒔𝒑𝒓𝒐𝒗𝒆 ∶ 

𝟏)∑𝒈𝒂
𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+ 𝟑∑𝒎𝒂
𝟐

𝒄𝒚𝒄

≥ 𝟔𝒔𝟐.   𝟐) 𝟑∑𝒈𝒂
𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+∑𝒎𝒂
𝟐

𝒄𝒚𝒄

≤ 𝟔𝒔𝟐. 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟏) 𝑳𝒆𝒕 𝑨𝑩𝑪 𝒃𝒆 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶   𝒂 = 𝟑 𝒂𝒏𝒅 𝒃 = 𝒄 = 𝟐.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒔 =
𝟕

𝟐
. 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶   𝒎𝒂
𝟐 =

𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐

𝟒
=
𝟕

𝟒
,   𝒎𝒃

𝟐 = 𝒎𝒄
𝟐 =

𝟐𝒄𝟐 + 𝟐𝒂𝟐 − 𝒃𝟐

𝟒
=
𝟏𝟏

𝟐
, 

𝑨𝒏𝒅 ∶  𝒘𝒂
𝟐 = 𝒃𝒄(𝟏 − (

𝒂

𝒃 + 𝒄
)
𝟐

) =
𝟕

𝟒
,   𝒘𝒃

𝟐 = 𝒘𝒄
𝟐 = 𝒄𝒂(𝟏 − (

𝒃

𝒄 + 𝒂
)
𝟐

) =
𝟏𝟐𝟔

𝟐𝟓
, 

𝑨𝒏𝒅 ∶  𝒈𝒂
𝟐 = (𝒔 − 𝒂) (𝒔 −

(𝒃 − 𝒄)𝟐

𝒂
) =

𝟕

𝟒
,  

  𝒈𝒃
𝟐 = 𝒈𝒄

𝟐 = (𝒔 − 𝒃) (𝒔 −
(𝒄 − 𝒂)𝟐

𝒃
) =

𝟗

𝟐
, 

∑𝒈𝒂
𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+ 𝟑∑𝒎𝒂
𝟐

𝒄𝒚𝒄

= 

= (
𝟕

𝟒
+ 𝟐 ×

𝟗

𝟐
) + 𝟐(

𝟕

𝟒
+ 𝟐 ×

𝟏𝟐𝟔

𝟐𝟓
) + 𝟑(

𝟕

𝟒
+ 𝟐 ×

𝟏𝟏

𝟐
) =

𝟑𝟔𝟑𝟑

𝟓𝟎
< 

<
𝟏𝟒𝟕

𝟐
= 𝟔 × (

𝟕

𝟐
)
𝟐

= 𝟔𝒔𝟐.  𝑺𝒐 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝟏) 𝒊𝒔 𝒏𝒐𝒕 𝒂𝒍𝒘𝒂𝒚𝒔 𝒕𝒓𝒖𝒆. 

𝟏) 𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒕𝒐 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒑𝒂𝒓𝒕, 𝒊𝒇 𝒘𝒆 𝒕𝒂𝒌𝒆 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 ∶ 

  𝒂 = 𝟏 𝒂𝒏𝒅 𝒃 = 𝒄 = 𝟏𝟎,  
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𝒘𝒆 𝒇𝒊𝒏𝒅 ∶   𝟑∑𝒈𝒂
𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒘𝒂
𝟐

𝒄𝒚𝒄

+∑𝒎𝒂
𝟐

𝒄𝒚𝒄

> 663 > 6 (
𝟐𝟏

𝟐
)
𝟐

= 𝟔𝒔𝟐. 

𝑺𝒐 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝟐) 𝒊𝒔 𝒏𝒐𝒕 𝒂𝒍𝒘𝒂𝒚𝒔 𝒕𝒓𝒖𝒆. 

765. 𝑰𝒇 𝒙, 𝒚, 𝒛 > 0 𝑡ℎ𝑒𝑛 𝑖𝑛 ∆𝐴𝐵𝐶 ∶ 

𝟏

√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
.∑

𝒙𝒓𝒂
𝒔 − 𝒏𝒂

𝒄𝒚𝒄

≥ √𝟐∑
𝒔(𝒔 − 𝒄)

(𝒔 − 𝒏𝒂)(𝒔 − 𝒏𝒃)
𝒄𝒚𝒄

−∑(
𝒓𝒂

𝒔 − 𝒏𝒂
)
𝟐

𝒄𝒚𝒄

 

  Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒔𝟐 − 𝒏𝒂
𝟐 = 𝒔𝟐 − (𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
) =

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂

=
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
=
𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝟐𝒓𝒂𝒉𝒂. 

𝑻𝒉𝒆𝒏 ∶  
𝒓𝒂

𝒔 − 𝒏𝒂
=
𝒔 + 𝒏𝒂
𝟐𝒉𝒂

=
𝒂(𝒔 + 𝒏𝒂)

𝟒𝑭
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   (𝒂𝒏𝒂)
𝟐 = 𝒂𝟐. 𝒔(𝒔 − 𝒂) + 𝒂. 𝒔(𝒃 − 𝒄)𝟐

= 𝒔(𝒔 − 𝒂)[𝒂𝟐 − (𝒃 − 𝒄)𝟐] + 𝒔𝟐(𝒃 − 𝒄)𝟐 = 

= 𝟒𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) + 𝒔𝟐(𝒃 − 𝒄)𝟐 = 𝟒𝒔𝟐𝒓𝟐 + 𝒔𝟐(𝒃 − 𝒄)𝟐.   𝑻𝒉𝒆𝒏 ∶  𝒂𝒏𝒂
= 𝒔√𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑵𝒐𝒘,   

 𝒂𝒏𝒂 + 𝒃𝒏𝒃 = 𝒔(√(𝟐𝒓)𝟐 + (𝒃 − 𝒄)𝟐 + √(𝟐𝒓)𝟐 + (𝒄 − 𝒂)𝟐) ≥⏞
𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊

 

≥ 𝒔√(𝟐𝒓 + 𝟐𝒓)𝟐 + [(𝒃 − 𝒄) + (𝒄 − 𝒂)]𝟐 = 

= 𝒔√𝟏𝟔𝒓𝟐 + (𝒂 − 𝒃)𝟐 > 𝑠√𝟒𝒓𝟐 + (𝒂 − 𝒃)𝟐 = 𝒄𝒏𝒄 .  𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒂 + 𝒃 > 𝑐, 

𝑻𝒉𝒆𝒏 ∶  𝒂(𝒔 + 𝒏𝒂) + 𝒃(𝒔 + 𝒏𝒃) > 𝑐(𝒔 + 𝒏𝒄)  𝒐𝒓  
𝒓𝒂

𝒔 − 𝒏𝒂
+

𝒓𝒃
𝒔 − 𝒏𝒃

>
𝒓𝒄

𝒔 − 𝒏𝒄
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𝑻𝒉𝒖𝒔,   √
𝒓𝒂

𝒔 − 𝒏𝒂
+ √

𝒓𝒃
𝒔 − 𝒏𝒃

> √
𝒓𝒂

𝒔 − 𝒏𝒂
+

𝒓𝒃
𝒔 − 𝒏𝒃

> √
𝒓𝒄

𝒔 − 𝒏𝒄
  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 √
𝒓𝒂

𝒔 − 𝒏𝒂
, √

𝒓𝒃
𝒔 − 𝒏𝒃

, √
𝒓𝒄

𝒔 − 𝒏𝒄
 𝒄𝒂𝒏 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒂 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆ 𝒘𝒊𝒕𝒉 𝒂𝒓𝒆𝒂 𝑺. 

𝑼𝒔𝒊𝒏𝒈 𝑶𝒑𝒑𝒆𝒏𝒉𝒆𝒊𝒎′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒏 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∆ 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝟏

√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
.∑𝒙√

𝒓𝒂
𝒔 − 𝒏𝒂

 𝟐

𝒄𝒚𝒄

≥ 𝟒𝑺 = √𝟐∑√
𝒓𝒂

𝒔 − 𝒏𝒂

 𝟐

√
𝒓𝒃

𝒔 − 𝒏𝒃

 𝟐

𝒄𝒚𝒄

−∑√
𝒓𝒂

𝒔 − 𝒏𝒂

 𝟒

𝒄𝒚𝒄

= 

⇔ 
𝟏

√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
.∑

𝒙𝒓𝒂
𝒔 − 𝒏𝒂

𝒄𝒚𝒄

≥ √𝟐∑
𝒔(𝒔 − 𝒄)

(𝒔 − 𝒏𝒂)(𝒔 − 𝒏𝒃)
𝒄𝒚𝒄

−∑(
𝒓𝒂

𝒔 − 𝒏𝒂
)
𝟐

𝒄𝒚𝒄

 

766. 𝑰𝒏 ∆𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔: 

(∑
𝑔𝑎

𝑔𝑏 + 𝑔𝑐
) (∑

𝑔𝑏 + 𝑔𝑐
𝑔𝑎

) (∑
𝑤𝑎

𝑤𝑏 +𝑤𝑐
) (∑

𝑤𝑏 +𝑤𝑐
𝑤𝑎

) (∑
𝑚𝑎

𝑚𝑏 +𝑚𝑐
) (∑

𝑚𝑏 +𝑚𝑐
𝑚𝑎

) ≤
729𝑅6

64𝑟6
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∎∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂

=∑(
𝒎𝒃

𝒎𝒂

+
𝒎𝒄

𝒎𝒂

) ≤⏞
𝑪𝑩𝑺

𝟐√(∑𝒎𝒃
𝟐) (∑

𝟏

𝒎𝒂
𝟐
) ≤⏞
𝒎𝒂 ≥ √𝒔(𝒔−𝒂)

𝟐√(
𝟑

𝟒
∑𝒂𝟐) (∑

𝟏

𝒔(𝒔 − 𝒂)
) ≤ 

≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

√𝟑.𝟗𝑹𝟐.
𝟒𝑹 + 𝒓

𝒔𝟐𝒓
 ≤⏞
𝑫𝒐𝒖𝒄𝒆𝒕

 𝟑𝑹√
𝟑(𝟒𝑹+ 𝒓)

𝟑𝒓(𝟒𝑹+ 𝒓). 𝒓
=
𝟑𝑹

𝒓
  (𝟏) 

∎∑
𝒘𝒃 +𝒘𝒄
𝒘𝒂

=∑(
𝒘𝒃
𝒘𝒂
+
𝒘𝒄
𝒘𝒂
) ≤⏞
𝑪𝑩𝑺

𝟐√(∑𝒘𝒃
𝟐) (∑

𝟏

𝒘𝒂
𝟐
) ≤⏞
𝒉𝒂 ≤ 𝒘𝒂 ≤ √𝒔(𝒔−𝒂)

𝟐√(∑𝒔(𝒔 − 𝒂))(∑
𝟏

𝒉𝒂
𝟐) = 

=
√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒓
 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 
𝟑𝑹

𝒓
  (𝟐) 

∎∑
𝒈𝒃 + 𝒈𝒄
𝒈𝒂

=∑(
𝒈𝒃
𝒈𝒂
+
𝒈𝒄
𝒈𝒂
) ≤⏞
𝑪𝑩𝑺

𝟐√(∑𝒈𝒃
𝟐) (∑

𝟏

𝒈𝒂
𝟐
) ≤⏞
𝒉𝒂 ≤ 𝒈𝒂 ≤ √𝒔(𝒔−𝒂)

𝟐√(∑𝒔(𝒔 − 𝒂)) (∑
𝟏

𝒉𝒂
𝟐) = 
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=
√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒓
 ≤⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 
𝟑𝑹

𝒓
  (𝟑) 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒎𝒂

𝒎𝒃 +𝒎𝒄
 ≤⏞
𝑪𝑩𝑺

 ∑
𝒎𝒂

𝟒
(
𝟏

𝒎𝒃
+
𝟏

𝒎𝒄
) =

𝟏

𝟒
∑
𝒎𝒃 +𝒎𝒄

𝒎𝒂
 ≤⏞
(𝟏)

 
𝟑𝑹

𝟒𝒓
 (𝟒) 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   ∑
𝒘𝒂

𝒘𝒃 +𝒘𝒄
≤
𝟑𝑹

𝟒𝒓
 (𝟓)  𝒂𝒏𝒅  ∑

𝒈𝒃 + 𝒈𝒄
𝒈𝒂

≤
𝟑𝑹

𝟒𝒓
 (𝟔) 

𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 (𝟏), (𝟐), (𝟑), (𝟒), (𝟓), (𝟔) 𝒚𝒊𝒆𝒍𝒅𝒔 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚. 

767. 𝑰𝒏 ∆𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔: 

𝟓(𝒂 + 𝐛 + 𝐜).∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝟒(𝒂+ 𝐛 + 𝐜).∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

+
(𝟔𝒂𝐛𝐜)𝟐

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 𝐇𝐨𝐥𝐝𝐞𝐫,(∑𝒂(𝐛𝟐 + 𝐜𝟐)

𝐜𝐲𝐜

)(∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

) ≥ (∑𝒂

𝐜𝐲𝐜

)

𝟐

⇒∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
𝟒𝐬𝟐

∑ 𝒂(𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜

=
𝟒𝐬𝟐

∑ 𝒂𝐛(𝟐𝐬 − 𝐜)𝐜𝐲𝐜
=

𝟒𝐬𝟐

𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬
 

⇒ 𝟓(𝒂 + 𝐛 + 𝐜).∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
(𝐢) 𝟐𝟎𝐬𝟐

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐
 𝒂𝐧𝐝,∑

𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

=
∑ (𝐜 + 𝒂)(𝒂 + 𝐛)𝐜𝐲𝐜

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

=
(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) + ∑ 𝒂𝐛𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
=
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

⇒ 𝟒(𝒂 + 𝐛 + 𝐜).∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

=
𝟐𝟎𝐬𝟐 + 𝟏𝟔𝐑𝐫 + 𝟒𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐

∴ 𝟓(𝒂 + 𝐛+ 𝐜).∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

− 𝟒(𝒂 + 𝐛 + 𝐜).∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝐢) 𝟐𝟎𝐬𝟐

𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐

−
𝟐𝟎𝐬𝟐 + 𝟏𝟔𝐑𝐫 + 𝟒𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
 

=
𝟒𝐫((𝟏𝟔𝐑 − 𝐫)𝐬𝟐 + 𝐫(𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐))

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)
≥
? 𝟖(𝟔𝒂𝐛𝐜)𝟐

((𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂))
𝟐 =

𝟏𝟒𝟒.𝟖𝐑𝟐𝐫𝟐

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐

⇔ (𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ((𝟏𝟔𝐑 − 𝐫)𝐬𝟐 + 𝐫(𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐)) ≥
?
𝟐𝟖𝟖𝐑𝟐𝐫(𝐬𝟐 − 𝟐𝐑𝐫

+ 𝐫𝟐) 
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⇔ (𝟏𝟔𝐑− 𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟐𝟒𝟖𝐑𝟐 − 𝟏𝟐𝐑𝐫 + 𝟐𝐫𝟐) + 𝐫𝟐(𝟓𝟗𝟐𝐑𝟑 − 𝟐𝟖𝟒𝐑𝟐𝐫 − 𝟒𝐑𝐫𝟐 − 𝐫𝟑) ≥
?
⏟
(⦁)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝟏𝟔𝐑− 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫(𝟐𝟒𝟖𝐑𝟐 − 𝟏𝟐𝐑𝐫 + 𝟐𝐫𝟐))𝐬𝟐

+ 𝐫𝟐(𝟓𝟗𝟐𝐑𝟑 − 𝟐𝟖𝟒𝐑𝟐𝐫 − 𝟒𝐑𝐫𝟐 − 𝐫𝟑) ≥
?
𝟎 

⇔ (𝟖𝐑𝟐 − 𝟖𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 + 𝐫(𝟓𝟗𝟐𝐑𝟑 − 𝟐𝟖𝟒𝐑𝟐𝐫 − 𝟒𝐑𝐫𝟐 − 𝐫𝟑) ≥
?
⏟
(⦁⦁)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟖𝐑𝟐 − 𝟖𝟒𝐑𝐫 + 𝟑𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥ 𝐫(𝟓𝟗𝟐𝐑𝟑 − 𝟐𝟖𝟒𝐑𝟐𝐫 − 𝟒𝐑𝐫𝟐 − 𝐫𝟑)

= 𝐫(𝐑 − 𝟐𝐫)(𝟓𝟗𝟐𝐑𝟐 + 𝟗𝟎𝟎𝐑𝐫 + 𝟏𝟕𝟗𝟔𝐫𝟐) + 𝟑𝟓𝟗𝟏𝐫𝟒 ≥
𝐄𝐮𝐥𝐞𝐫

𝟑𝟓𝟗𝟏𝐫𝟒 > 0

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

(𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟖𝐑𝟐 − 𝟖𝟒𝐑𝐫 + 𝟑𝐫𝟐 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁)

= −(−(𝟖𝐑𝟐 − 𝟖𝟒𝐑𝐫 + 𝟑𝐫𝟐))𝐬𝟐 + 𝐫(𝟓𝟗𝟐𝐑𝟑 − 𝟐𝟖𝟒𝐑𝟐𝐫 − 𝟒𝐑𝐫𝟐 − 𝐫𝟑) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟖𝐑𝟐 − 𝟖𝟒𝐑𝐫 + 𝟑𝐫𝟐)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐)

+ 𝐫(𝟓𝟗𝟐𝐑𝟑 − 𝟐𝟖𝟒𝐑𝟐𝐫 − 𝟒𝐑𝐫𝟐 − 𝐫𝟑) ≥
?
𝟎

⇔ 𝟖𝐭𝟒 + 𝟕𝟐𝐭𝟑 − 𝟏𝟒𝟔𝐭𝟐 − 𝟔𝟏𝐭 + 𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟖𝐭𝟑 + 𝟖𝟖𝐭𝟐 + 𝟐𝟗𝐭+ (𝐭 − 𝟐) + 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐

⇒ (⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (⦁⦁) ⇒ (⦁)

⇒  𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 

∴ ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬, 𝟓(𝒂 + 𝐛 + 𝐜).∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

− 𝟒(𝒂 + 𝐛 + 𝐜).∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

≥
𝟖(𝟔𝒂𝐛𝐜)𝟐

((𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂))
𝟐

≥
(𝟔𝒂𝐛𝐜)𝟐

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
 

⇒ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝟓(𝒂 + 𝐛 + 𝐜).∑
𝒂

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝟒(𝒂 + 𝐛+ 𝐜).∑
𝟏

𝐛+ 𝐜
𝐜𝐲𝐜

+
(𝟔𝒂𝐛𝐜)𝟐

(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)
, 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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768. 𝑰𝒏 𝒂𝒄𝒖𝒕𝒆 ∆𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔 ∶ 

  𝒎𝒂𝒙 (
𝒉𝒂
𝒓𝒂
,
𝒉𝒃
𝒓𝒃
,
𝒉𝒄
𝒓𝒄
) ≥∑√

𝒏𝒃𝒏𝒄
𝒓𝒓𝒂

𝒄𝒚𝒄

. (∑
𝒘𝒃 + 𝒘𝒄
𝒂

𝒄𝒚𝒄

)

−𝟏

 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  

𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
=  𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
= 𝒔𝟐 −

𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
= 

= 𝒔𝟐 −
𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂,   𝒕𝒉𝒆𝒏 ∶  𝒏𝒂

𝟐 + 𝟐𝒉𝒂𝒓𝒂 = 𝒔
𝟐  (𝒊) 

𝑨𝒍𝒔𝒐,   𝟐𝒓𝒂(𝒏𝒂 + 𝒉𝒂) ≤⏞
𝑨𝑴−𝑮𝑴

𝒓𝒂
𝟐 + 𝒏𝒂

𝟐 + 𝟐𝒉𝒂𝒓𝒂 =⏞
(𝒊)

𝒓𝒂
𝟐 + 𝒔𝟐 = 𝒔𝟐 (𝐭𝐚𝐧𝟐

𝑨

𝟐
+ 𝟏) = 

=
𝒔𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐

=
𝒔. 𝒃𝒄

𝒔 − 𝒂
= 𝟐𝒓𝒂.

𝑹𝒉𝒂
𝒓
. 

𝑻𝒉𝒆𝒏 ∶   𝒏𝒂 + 𝒉𝒂 ≤
𝑹𝒉𝒂
𝒓
  𝒐𝒓  𝒏𝒂 ≤ (

𝑹

𝒓
− 𝟏)𝒉𝒂  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

⇒ √
𝒏𝒃𝒏𝒄
𝒓𝒓𝒂

≤ (
𝑹

𝒓
− 𝟏)√

𝒉𝒃𝒉𝒄
𝒓𝒓𝒂

= (
𝑹

𝒓
− 𝟏)√

𝒄𝒂. 𝒂𝒃

𝟒𝑹𝟐𝒓𝒓𝒂
= 

= (
𝑹

𝒓
− 𝟏)√

𝟒𝑹𝒔𝒓.𝟒𝑹𝐬𝐢𝐧
𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

𝟒𝑹𝟐𝒓. 𝒔 𝐭𝐚𝐧
𝑨
𝟐

= 𝟐(
𝑹

𝒓
− 𝟏) 𝐜𝐨𝐬

𝑨

𝟐
 

𝑻𝒉𝒆𝒏 ∶   ∑√
𝒏𝒃𝒏𝒄
𝒓𝒓𝒂

𝒄𝒚𝒄

≤ 𝟐(
𝑹

𝒓
− 𝟏)∑𝐜𝐨𝐬

𝑨

𝟐
𝒄𝒚𝒄

  (𝟏) 

𝑨𝒍𝒔𝒐,   ∑
𝒘𝒃 +𝒘𝒄
𝒂

𝒄𝒚𝒄

=∑𝒘𝒂 (
𝟏

𝒃
+
𝟏

𝒄
)

𝒄𝒚𝒄

=∑
𝟐𝒃𝒄. 𝐜𝐨𝐬

𝑨
𝟐

𝒃 + 𝒄
.
𝒃 + 𝒄

𝒃𝒄
𝒄𝒚𝒄

= 𝟐∑𝐜𝐨𝐬
𝑨

𝟐
𝒄𝒚𝒄

 (𝟐) 
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𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒘𝒆 𝒈𝒆𝒕 ∶   ∑√
𝒏𝒃𝒏𝒄
𝒓𝒓𝒂

𝒄𝒚𝒄

. (∑
𝒘𝒃 + 𝒘𝒄
𝒂

𝒄𝒚𝒄

)

−𝟏

≤
𝑹

𝒓
− 𝟏  (∗) 

𝑵𝒐𝒘 𝒘𝒆 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒂 ≥ 𝒃 ≥ 𝒄.  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒉𝒂 ≤ 𝒉𝒃 ≤ 𝒉𝒄 𝒂𝒏𝒅 𝒓𝒂 ≥ 𝒓𝒃 ≥ 𝒓𝒄, 

𝒕𝒉𝒆𝒏 ∶   
𝒉𝒂
𝒓𝒂
≤
𝒉𝒃
𝒓𝒃
≤
𝒉𝒄
𝒓𝒄
  ⇒   𝒎𝒂𝒙(

𝒉𝒂
𝒓𝒂
,
𝒉𝒃
𝒓𝒃
,
𝒉𝒄
𝒓𝒄
) =

𝒉𝒄
𝒓𝒄
=
𝟐(𝒔 − 𝒄)

𝒄
=
𝒂 + 𝒃

𝒄
− 𝟏  (∗∗) 

𝑭𝒓𝒐𝒎 (∗) 𝒂𝒏𝒅 (∗∗) 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶   
𝒂 + 𝒃

𝒄
≥
𝑹

𝒓
=

𝟐𝒂𝒃𝒄

(−𝒂 + 𝒃 + 𝒄)(𝒂 − 𝒃 + 𝒄)(𝒂 + 𝒃 − 𝒄)
 

⇔ (𝒂+ 𝒃)(−𝒂 + 𝒃 + 𝒄)[𝟐𝒃𝒄 − (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)] ≥ 𝟐𝒂𝒃𝒄𝟐 

⇔ (−𝒂𝟐 + 𝒃𝟐 + 𝒄𝒂 + 𝒃𝒄).𝟐𝒃𝒄(𝟏 − 𝐜𝐨𝐬𝑨) ≥ 𝟐𝒂𝒃𝒄𝟐 

⇔ (−𝒂𝟐 + 𝒃𝟐 + 𝒄𝒂 + 𝒃𝒄) + (𝒂𝟐 − 𝒃𝟐 − 𝒄𝒂 − 𝒃𝒄) 𝐜𝐨𝐬 𝑨 ≥ 𝒄𝒂 

⇔ (𝟐𝒃𝒄. 𝐜𝐨𝐬 𝑨 − 𝒄𝟐) + 𝒃𝒄 + (𝒂𝟐 − 𝒃𝟐 − 𝒄𝒂 − 𝒃𝒄) 𝐜𝐨𝐬𝑨 ≥ 𝟎 

⇔ 𝒄(𝒃 − 𝒄) + (𝒂𝟐 − 𝒃𝟐 − 𝒄𝒂 + 𝒃𝒄) 𝐜𝐨𝐬𝑨 ≥ 𝟎 

⇔  𝒄(𝒃 − 𝒄) + (𝒂 − 𝒃)(𝒂 + 𝒃 − 𝒄) 𝐜𝐨𝐬𝑨 ≥ 𝟎 

𝑾𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆  𝒂 ≥ 𝒃 ≥ 𝒄 𝒂𝒏𝒅 ∆𝑨𝑩𝑪 𝒊𝒔 𝒂𝒄𝒖𝒕𝒆. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

769. 𝑰𝒏 𝒂𝒄𝒖𝒕𝒆 ∆𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔 ∶  

 
𝒂𝟒𝒃𝟒

𝒄𝟓
+
𝒃𝟒𝒄𝟒

𝒂𝟓
+
𝒄𝟒𝒂𝟒

𝒃𝟓
≥ 𝟗√𝟑𝑹𝟑 

Proposed by Daniel Sitaru-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑺𝒊𝒏𝒄𝒆 ∆𝑨𝑩𝑪 𝒊𝒔 𝒂𝒄𝒖𝒕𝒆 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

𝒂𝟐 + 𝒃𝟐 ≥ 𝒄𝟐  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑳𝒆𝒕  𝟐𝒙 ≔ −𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐,   𝟐𝒚 ≔ 𝒂𝟐 − 𝒃𝟐 + 𝒄𝟐,   𝟐𝒛 ≔ 𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐 ,   ∴ 𝒙, 𝒚, 𝒛 ≥ 𝟎. 

𝒕𝒉𝒆𝒏 ∶   𝒂 = √𝒚+ 𝒛,   𝒃 = √𝒛 + 𝒙,   𝒄 = √𝒙 + 𝒚. 

𝑵𝒐𝒘 ∶ 
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𝟏𝟔𝑭𝟐 = 𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

−∑𝒂𝟒

𝒄𝒚𝒄

= 𝟐∑(𝒚 + 𝒛)(𝒛 + 𝒙)

𝒄𝒚𝒄

−∑(𝒚 + 𝒛)𝟐

𝒄𝒚𝒄

= 𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙). 

𝑩𝒚 𝑰𝒓𝒂𝒏 𝟗𝟔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

 
𝟏

(𝒙 + 𝒚)𝟐
+

𝟏

(𝒚 + 𝒛)𝟐
+

𝟏

(𝒛 + 𝒙)𝟐
≥

𝟗

𝟒(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
 

⇔ 
𝟏

𝒂𝟒
+
𝟏

𝒃𝟒
+
𝟏

𝒄𝟒
≥

𝟗

𝟏𝟔𝑭𝟐
 𝒊𝒏 𝒂𝒏𝒚 𝒂𝒄𝒖𝒕𝒆 ∆𝑨𝑩𝑪. 

𝑵𝒐𝒘 𝒃𝒚 𝑷𝒐𝒘𝒆𝒓 𝑴𝒆𝒂𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆(∴
𝟗

𝟒
> 1) ∶ 

𝟏

𝒂𝟗
+
𝟏

𝒃𝟗
+
𝟏

𝒄𝟗
= (

𝟏

𝒂𝟒
)

𝟗
𝟒
+ (

𝟏

𝒃𝟒
)

𝟗
𝟒
+ (

𝟏

𝒄𝟒
)

𝟗
𝟒
≥ 𝟑 [

𝟏

𝟑
(
𝟏

𝒂𝟒
+
𝟏

𝒃𝟒
+
𝟏

𝒄𝟒
)]

𝟗
𝟒
≥ 𝟑(

𝟏

𝟑
.
𝟗

𝟏𝟔𝑭𝟐
)

𝟗
𝟒
= 𝟑√(

√𝟑

𝟒𝑭
)

𝟗

. 

𝑨𝒍𝒔𝒐 𝒃𝒚 𝑪𝒂𝒓𝒍𝒊𝒕𝒛′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   𝒂𝒃𝒄 ≥ √(
𝟒𝑭

√𝟑
)
𝟑

. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   

 
𝒂𝟒𝒃𝟒

𝒄𝟓
+
𝒃𝟒𝒄𝟒

𝒂𝟓
+
𝒄𝟒𝒂𝟒

𝒃𝟓
= (𝒂𝒃𝒄)𝟒. (

𝟏

𝒂𝟗
+
𝟏

𝒃𝟗
+
𝟏

𝒄𝟗
) ≥ (𝟒𝑹𝑭)𝟑.√(

𝟒𝑭

√𝟑
)
𝟑

. 𝟑√(
√𝟑

𝟒𝑭
)

𝟗

= 𝟗√𝟑𝑹𝟑. 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

770. Prove that in any triangle 𝑨𝑩𝑪 holds: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑𝑭 𝐬𝐢𝐧 𝟐𝒙 +∑(𝒂 𝐬𝐢𝐧 𝒙 − 𝒃 𝐜𝐨𝐬 𝒙)𝟐

𝒄𝒚𝒄

 

for any 𝒙 ∈ (𝟎,
𝝅

𝟐
) 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  
Solution by Tapas Das – India  

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟒𝑭√𝟑 

(𝐬𝐢𝐧𝑨)−𝟏 + (𝐬𝐢𝐧𝑩)−𝟏 + (𝐬𝐢𝐧𝑪)−𝟏 ≥ 𝟑√(𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪)−𝟏
𝟑

 

We know that 
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𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪 ≤
𝟑√𝟑

𝟖
 

∴ (𝐬𝐢𝐧𝑨)−𝟏 + (𝐬𝐢𝐧𝑩)−𝟏 + (𝐬𝐢𝐧𝑪)−𝟏 ≥ 𝟐√𝟑 

𝒃𝒄 + 𝒄𝒂 + 𝒂𝒃 = 𝟐𝑭[(𝐬𝐢𝐧𝑨)−𝟏 + (𝐬𝐢𝐧𝑩)−𝟏(𝐬𝐢𝐧𝑪)−𝟏] ≥ 𝟐𝑭 ⋅ 𝟐√𝟑 = 𝟒𝑭√𝟑 

∑(𝒂𝐬𝐢𝐧𝒙 − 𝒃 𝐜𝐨𝐬 𝒙)𝟐 = 

= (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 𝐬𝐢𝐧𝟐 𝒙 + (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 𝐜𝐨𝐬𝟐 𝒙 − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝐬𝐢𝐧 𝟐𝒙 

= (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝐬𝐢𝐧 𝟐𝒙 

Now, 

𝟒√𝟑𝑭𝐬𝐢𝐧𝟐𝒙 +∑(𝒂𝐬𝐢𝐧𝒙 − 𝒃𝐜𝐨𝐬 𝒙)𝟐 = 

= 𝟒√𝟑𝑭𝐬𝐢𝐧𝟐𝒙 + (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝐬𝐢𝐧𝟐𝒙 

Now, 

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − [𝟒√𝟑𝑭𝐬𝐢𝐧𝒙 +∑(𝒂𝐬𝐢𝐧 𝒙 + 𝒃 𝐜𝐨𝐬 𝒙)𝟐] = 

= (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − 𝟒√𝟑𝑭𝐬𝐢𝐧𝟐𝒙 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝐬𝐢𝐧𝟐𝒙 

= 𝐬𝐢𝐧 𝟐𝒙 [(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝟒√𝟑𝑭] ≥ 𝟎 

∴ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑𝑭𝐬𝐢𝐧𝟐𝒙 −∑(𝒂𝐬𝐢𝐧 𝒙 − 𝒃 𝐜𝐨𝐬 𝒙)𝟐 

Equality occurs when 𝒂 = 𝒃 = 𝒄. (Equilateral triangle) 

771. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐩𝐫𝐨𝐯𝐞 𝐨𝐫 𝐝𝐢𝐬𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟏)∑𝒈𝒂
𝟐

𝐜𝐲𝐜

+ 𝟐∑𝐰𝒂
𝟐

𝐜𝐲𝐜

+ 𝟑∑𝐧𝒂
𝟐

𝐜𝐲𝐜

≥ 𝟔𝐬𝟐, 

(𝟐) 𝟑∑𝒈𝒂
𝟐

𝐜𝐲𝐜

+ 𝟐∑𝐰𝒂
𝟐

𝐜𝐲𝐜

+∑𝐧𝒂
𝟐

𝐜𝐲𝐜

≤ 𝟔𝐬𝟐, 

(𝟑) 𝒈𝒂 + 𝟐𝐦𝒂 > 𝐧𝒂 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂𝐧𝒂
𝟐 . 𝒂𝒈𝒂

𝟐 ≥ 𝒂𝟐𝐬𝟐(𝐬 − 𝒂)𝟐 

⇔ {𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) − 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)}{𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜) − 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)} 
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≥
(𝟏)

𝒂𝟐𝐬𝟐(𝐬 − 𝒂)𝟐 
∵ 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙 𝒂𝐧𝐝    

𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬, 
(𝟏) ⇔ {𝐳(𝐳 + 𝒙)𝟐 + 𝐲(𝒙 + 𝐲)𝟐 − 𝐲𝐳(𝐲 + 𝐳)}{𝐲(𝐳 + 𝒙)𝟐 + 𝐳(𝒙 + 𝐲)𝟐 − 𝐲𝐳(𝐲 + 𝐳)} 

≥ 𝒙𝟐(𝐲 + 𝐳)𝟐(𝒙 + 𝐲 + 𝐳)𝟐⇔ 𝒙𝐲𝟐 + 𝒙𝐳𝟐 + 𝐲𝟑 + 𝐳𝟑 ≥ 𝟐𝒙𝐲𝐳 + 𝐲𝐳(𝐲 + 𝐳) 

⇔ 𝒙(𝐲 − 𝐳)𝟐 + (𝐲 + 𝐳)(𝐲 − 𝐳)𝟐 ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐧𝒂𝒈𝒂 ≥
(∗)

𝐬(𝐬 − 𝒂) 
𝐍𝐨𝐰, 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 

⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) =
(𝐢)
𝒂𝐧𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝   

𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜) =
(𝐢𝐢)
𝒂𝒈𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝 (𝐢) + (𝐢) ⇒ 
(𝐛𝟐 + 𝐜𝟐)(𝟐𝐬 − 𝐛 − 𝐜) = 𝒂𝐧𝒂

𝟐 + 𝒂𝒈𝒂
𝟐 + 𝟐𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)  

⇒ 𝟐𝒂(𝐛𝟐 + 𝐜𝟐) = 𝟐𝒂(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐) + 𝒂(𝒂 + 𝐛 − 𝐜)(𝐜 + 𝒂 − 𝐛) ⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) 
= 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) + 𝒂𝟐 − (𝐛 − 𝐜)𝟐  

⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) − 𝒂𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐) ⇒ 𝟒𝐦𝒂
𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) 

⇒ (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) 

⇒ 𝐧𝒂
𝟐 +𝒈𝒂

𝟐 =
(∗∗)
(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) 

⇒ 𝐧𝒂
𝟐 +𝒈𝒂

𝟐 − 𝟐𝐧𝒂𝒈𝒂 = (𝐛 − 𝐜)
𝟐 + 𝟐𝐬(𝐬 − 𝒂) − 𝟐𝐧𝒂𝒈𝒂 ≤

𝐯𝐢𝒂 (∗)

(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) 
−𝟐𝐬(𝐬 − 𝒂) ⇒ (𝐧𝒂 −𝒈𝒂)

𝟐 ≤ (𝐛 − 𝐜)𝟐 = (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) − 𝟒𝐬(𝐬 − 𝒂) 

< (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) = 𝟒𝐦𝒂
𝟐 ⇒

(𝐧𝒂 −𝒈𝒂)
𝟐

𝟒
< 𝐦𝒂

𝟐 ⇒
|𝐧𝒂 − 𝒈𝒂|

𝟐
<
(⦁)

𝐦𝒂 

𝐀𝐠𝒂𝐢𝐧, (𝐢) − (𝐢𝐢) ⇒ 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) − 𝒂𝒈𝒂

𝟐 − 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 

= (𝐬 − 𝐜)(𝐛𝟐 − 𝐜𝟐) − (𝐬 − 𝐛)(𝐛𝟐 − 𝐜𝟐) ⇒ 𝒂(𝐧𝒂
𝟐 − 𝒈𝒂

𝟐) = (𝐛𝟐 − 𝐜𝟐)(𝐛 − 𝐜) 

= (𝐛 + 𝐜)(𝐛 − 𝐜)𝟐 ≥ 𝟎 

⇒ 𝐧𝒂 −𝒈𝒂 >
(⦁⦁)

𝟎 ∴ (⦁), (⦁⦁) ⇒
𝐧𝒂 −𝒈𝒂
𝟐

< 𝐦𝒂 ⇒ 𝒈𝒂 + 𝟐𝐦𝒂 > 𝐧𝒂 ⇒ (𝟑) 𝒊𝒔 𝒕𝒓𝒖𝒆 

∑𝒈𝒂
𝟐

𝐜𝐲𝐜

+ 𝟐∑𝐰𝒂
𝟐

𝐜𝐲𝐜

+ 𝟑∑𝐧𝒂
𝟐

𝐜𝐲𝐜

 

=∑(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐)

𝐜𝐲𝐜

+ 𝟐∑(𝐰𝒂
𝟐 + 𝐧𝒂

𝟐)

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (∗∗)

∑(𝐛− 𝐜)𝟐

𝐜𝐲𝐜

+ 𝟐𝐬𝟐 + 𝟐∑(𝐰𝒂
𝟐 + 𝐧𝒂

𝟐)

𝐜𝐲𝐜

 

≥∑(𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

+ 𝟐𝐬𝟐 + 𝟒∑𝐰𝒂𝐧𝒂
𝐜𝐲𝐜

 

≥∑(𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

+ 𝟐𝐬𝟐 + 𝟒∑𝐰𝒂𝐦𝒂
𝐜𝐲𝐜

≥
𝐋𝒂𝐬𝐜𝐮 + 𝐀−𝐆

∑(𝐛− 𝐜)𝟐

𝐜𝐲𝐜

+ 𝟐𝐬𝟐 + 𝟒∑𝐬(𝐬 − 𝒂)

𝐜𝐲𝐜

 

=∑(𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

+ 𝟔𝐬𝟐 ≥ 𝟔𝐬𝟐 ⇒ (𝟏) 𝒊𝒔 𝒕𝒓𝒖𝒆 

𝐍𝐨𝐰,∑
𝒂

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

=∑
(𝒂 − 𝟐𝐬) + 𝟐𝐬

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

= 𝟐𝐬
∑ (𝐜 + 𝒂)𝟐(𝒂 + 𝐛)𝟐𝐜𝐲𝐜

∏ (𝐛 + 𝐜)𝟐𝐜𝐲𝐜
−∑

𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

 

=
(∑ (𝐜 + 𝒂)(𝒂 + 𝐛)𝐜𝐲𝐜 )

𝟐
− 𝟐. 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝟒𝐬)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
−
∑ (𝐜 + 𝒂)(𝒂 + 𝐛)𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
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=
((∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) + ∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐
− 𝟏𝟔𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) − (𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
 

⇒∑
𝒂

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

 

=
(∗∗∗) (𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟏𝟔𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) − (𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
 

𝐀𝐠𝒂𝐢𝐧, 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 

= 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 ⇒ 𝒂𝐧𝒂
𝟐 

= 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀− 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐
𝐀

𝟐
= 𝒂𝐬𝟐 −

𝟒𝒂𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

⇒ 𝐧𝒂
𝟐 =⏞
(𝐢𝐢𝐢)

𝐬𝟐 −
𝟒𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

∴ (𝐢𝐢𝐢), (∗∗) ⇒ 𝒈𝒂
𝟐 = (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) − 𝐬𝟐 +

𝟒𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

= 𝐬𝟐 − 𝟐𝐬𝒂 + 𝒂𝟐 + (𝐛 − 𝐜)𝟐 − 𝒂𝟐 +
𝟒𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

= (𝐬 − 𝒂)𝟐 + (𝐛 − 𝐜 + 𝒂)(𝐛 − 𝐜 − 𝒂) +
𝟒𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

= (𝐬 − 𝒂)𝟐 − 𝟒(𝐬 − 𝐛)(𝐬 − 𝐜) +
𝟒𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

= (𝐬 − 𝒂)𝟐 + 𝟒(𝐬 − 𝐛)(𝐬 − 𝐜) (
𝐬

𝒂
− 𝟏) 

= (𝐬 − 𝒂)𝟐 +
𝟒(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
= (𝐬 − 𝒂)𝟐 +

𝟒𝐫𝟐𝐬

𝒂
= (𝐬 − 𝒂)𝟐 + 𝟐𝐫𝐡𝒂 

⇒ 𝒈𝒂
𝟐 = (𝐬 − 𝒂)𝟐 + 𝟐𝐫𝐡𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 → (𝟐) 

𝐀𝐥𝐬𝐨,𝟐∑𝐰𝒂
𝟐

𝐜𝐲𝐜

= 𝟐∑(𝐛𝐜 −
𝒂𝟐𝐛𝐜

(𝐛 + 𝐜)𝟐
)

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (∗∗∗)

𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

+𝟒𝐑𝐫.
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) + 𝟏𝟔𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) − (𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐

(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)𝟐
 

∴ 𝟑∑𝒈𝒂
𝟐

𝐜𝐲𝐜

+ 𝟐∑𝐰𝒂
𝟐

𝐜𝐲𝐜

+∑𝐧𝒂
𝟐

𝐜𝐲𝐜

 

=∑(𝐧𝒂
𝟐 +𝒈𝒂

𝟐)

𝐜𝐲𝐜

+ 𝟐∑𝒈𝒂
𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

+𝟒𝐑𝐫.
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) + 𝟏𝟔𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) − (𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐

(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)𝟐
 

=
𝐯𝐢𝒂 (∗∗) 𝒂𝐧𝐝 (𝟐)

∑(𝐛− 𝐜)𝟐

𝐜𝐲𝐜

+ 𝟐𝐬𝟐 + 𝟐∑(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

+ 𝟒𝐫∑𝐡𝒂
𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

+𝟒𝐑𝐫.
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)(𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) + 𝟏𝟔𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) − (𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐

(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)𝟐
 

= 𝟒∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐𝐬𝟐 − 𝟐𝐬𝟐 +
𝟐𝐫(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝐑
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+𝟒𝐑𝐫.
−𝟒𝐬𝟒 + 𝐬𝟐(𝟔𝐑𝐫 + 𝟏𝟐𝐫𝟐) − 𝟐𝐫𝟐(𝟒𝐑𝟐 +𝐑𝐫)

(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)𝟐
≥
?
𝟔𝐬𝟐 

⇔ 𝟖(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐) − 𝟔𝐬𝟐 +
𝟐𝐫(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝐑
 

+𝟒𝐑𝐫.
−𝟒𝐬𝟒 + 𝐬𝟐(𝟔𝐑𝐫 + 𝟏𝟐𝐫𝟐) − 𝟐𝐫𝟐(𝟒𝐑𝟐 + 𝐑𝐫)

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
≥
?
𝟎 

⇔
(𝐑 + 𝐫)𝐬𝟔 − 𝐫𝐬𝟒(𝟐𝟎𝐑𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐) − 𝐫𝟐𝐬𝟐(𝟐𝟖𝐑𝟑 − 𝟗𝐑𝐫𝟐 − 𝟑𝐫𝟑)

𝐑(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)𝟐
 

−𝐫𝟑(𝟖𝟎𝐑𝟒 + 𝟔𝟖𝐑𝟑𝐫 + 𝟏𝟐𝐑𝟐𝐫𝟐 − 𝟒𝐑𝐫𝟑 − 𝐫𝟒)

𝐑(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
≥
?
𝟎 

⇔ (𝐑 + 𝐫)𝐬𝟔 − 𝐫𝐬𝟒(𝟐𝟎𝐑𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐) − 𝐫𝟐𝐬𝟐(𝟒𝟖𝐑𝟑 − 𝟗𝐑𝐫𝟐 − 𝟑𝐫𝟑) 

−𝐫𝟑(𝟖𝟎𝐑𝟒 + 𝟔𝟖𝐑𝟑𝐫 + 𝟏𝟐𝐑𝟐𝐫𝟐 − 𝟒𝐑𝐫𝟑 − 𝐫𝟒) ≥
?
⏟
(⦁⦁⦁)

𝟎 

∵ (𝐑 + 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎, 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥ (𝐑 + 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟐𝟖𝐑𝟐 + 𝟑𝟗𝐑𝐫 − 𝟏𝟐𝐫𝟐)𝐬𝟒 − 𝐫𝐬𝟐(𝟖𝟏𝟔𝐑𝟑 + 𝟐𝟖𝟖𝐑𝟐𝐫 − 𝟒𝟏𝟒𝐑𝐫𝟐 + 𝟕𝟐𝐫𝟑) 

+𝐫𝟐(𝟒𝟎𝟏𝟔𝐑𝟒 + 𝟏𝟖𝟖𝐑𝟑𝐫 − 𝟐𝟔𝟓𝟐𝐑𝟐𝐫𝟐 + 𝟏𝟎𝟕𝟗𝐑𝐫𝟑 − 𝟏𝟐𝟒𝐫𝟒) ≥
(⦁⦁⦁⦁)

𝟎 

∵ (𝟐𝟖𝐑𝟐 + 𝟑𝟗𝐑𝐫 − 𝟏𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎, 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁⦁) 

≥ (𝟐𝟖𝐑𝟐 + 𝟑𝟗𝐑𝐫 − 𝟏𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟐𝟎𝐑𝟑 + 𝟏𝟕𝟎𝐑𝟐𝐫 − 𝟗𝟎𝐑𝐫𝟐 + 𝟏𝟐𝐫𝟑)𝐬𝟐 ≥
(⦁⦁⦁⦁⦁)

 

𝐫(𝟕𝟖𝟖𝐑𝟒 + 𝟏𝟑𝟐𝟗𝐑𝟑𝐫 − 𝟏𝟒𝟗𝟎𝐑𝟐𝐫𝟐 + 𝟒𝟓𝟒𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) 

𝐈𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁⦁⦁) ≥
𝐖𝒂𝒍𝐤𝐞𝐫

 
(𝟐𝟎𝐑𝟑 + 𝟏𝟕𝟎𝐑𝟐𝐫 − 𝟗𝟎𝐑𝐫𝟐 + 𝟏𝟐𝐫𝟑)(𝟐𝐑𝟐 + 𝟖𝐑𝐫 + 𝟑𝐫𝟐) 

≥
?
𝐫(𝟕𝟖𝟖𝐑𝟒 + 𝟏𝟑𝟐𝟗𝐑𝟑𝐫 − 𝟏𝟒𝟗𝟎𝐑𝟐𝐫𝟐 + 𝟒𝟓𝟒𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) 

⇔ 𝟒𝟎𝐭𝟓 − 𝟐𝟖𝟖𝐭𝟒 − 𝟖𝟗𝐭𝟑 + 𝟏𝟑𝟎𝟒𝐭𝟐 − 𝟔𝟐𝟖𝐭 + 𝟖𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟕)(𝟒𝟎𝐭𝟑 + 𝟕𝟏𝐭𝟐 + 𝐭(𝐭 − 𝟐) + 𝐭 + 𝟐𝟖𝟕) + 𝟏𝟗𝟔𝟗) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐭 ≥ 𝟕 

⇒ (⦁⦁⦁⦁⦁) ⇒ (⦁⦁⦁⦁) ⇒ (⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 𝐰𝐢𝐭𝐡 
𝐑

𝐫
≥ 𝟕 

∴ 𝐫𝐞𝐯𝐞𝐫𝐬𝐞 𝐨𝐟 (𝟐) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 𝐰𝐢𝐭𝐡 
𝐑

𝐫
≥ 𝟕 

⇒ (𝟐) 𝒊𝒔 𝒏𝒐𝒕 𝒂𝒍𝒘𝒂𝒚𝒔 𝒕𝒓𝒖𝒆 (𝐃𝐨𝐧𝐞) 

772. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟒𝑹 + 𝒓 ≥
𝒑

√𝟑
+ √𝟒𝒑𝟐𝑹

𝟑
≥ 𝟑√𝒑𝟐𝒓

𝟑
 

Proposed by Alex Szoros-Romania 
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Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 

  
𝒑

√𝟑
+ √𝟒𝒑𝟐𝑹

𝟑
=
𝒑

√𝟑
+
√𝟐𝒑. 𝟐𝒑. 𝟑√𝟑𝑹
𝟑

√𝟑
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝒑

√𝟑
+
𝟐𝒑 + 𝟐𝒑 + 𝟑√𝟑𝑹

𝟑√𝟑
=
𝟕𝒑

𝟑√𝟑
+ 𝑹 ≤ 

≤⏞
𝑩𝒍𝒖𝒏𝒅𝒐𝒏

 
𝟕[𝟐𝑹 + (𝟑√𝟑 − 𝟒)𝒓]

𝟑√𝟑
+ 𝑹 = 𝟒𝑹 + 𝒓−

𝟗√𝟑 − 𝟏𝟒

𝟑√𝟑
(𝑹 − 𝟐𝒓) ≤⏞

𝑬𝒖𝒍𝒆𝒓

 𝟒𝑹 + 𝒓. 

𝑨𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

𝒑

√𝟑
+ √𝟒𝒑𝟐𝑹

𝟑
 ≥⏞
𝑬𝒖𝒍𝒆𝒓

 
√𝒑𝟐. 𝒑
𝟑

√𝟑
+ √𝟒𝒑𝟐. 𝟐𝒓

𝟑
 ≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
√𝒑𝟐. 𝟑√𝟑𝒓
𝟑

√𝟑
+ 𝟐√𝒑𝟐𝒓

𝟑
= 𝟑√𝒑𝟐𝒓

𝟑
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   

 𝟒𝑹 + 𝒓 ≥
𝒑

√𝟑
+ √𝟒𝒑𝟐𝑹

𝟑
≥ 𝟑√𝒑𝟐𝒓

𝟑
.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 ∆𝑨𝑩𝑪 𝒊𝒔 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍. 

Solution 2 by Tapas Das-India  

𝟒𝒑𝟐𝑹 ≥ 𝟒𝒑𝟐 ⋅ 𝟐𝒓 = 𝟖𝒑𝟐𝒓     (𝑹 ≥ 𝟐𝒓) 

√𝟒𝒑𝟐𝑹
𝟑

≥ 𝟐√𝒑𝟐𝒓
𝟑

 

Now, we need to show 

𝒑

√𝟑
≥ √𝒑𝟐𝒓

𝟑
  or  

𝒑𝟑

𝟑√𝟑
≥ 𝒑𝟐𝒓 

or 𝒑 ≥ 𝟑√𝟑𝒓   This is true (𝒑𝟐 ≥ 𝟐𝟕𝒓𝟐) 

∴
𝒑

√𝟑
≥ √𝒑𝟐𝒓

𝟑
 

∴
𝒑

√𝟑
+ √𝟒𝒑𝟐𝑹

𝟑
≥ √𝒑𝟐𝒓

𝟑
+ 𝟐√𝒑𝟐𝒓

𝟑
= 𝟑√𝒑𝟐𝒓

𝟑
 

Note: 𝒑𝟐 ≤
(𝟒𝑹+𝒓)𝟐

𝟑
 

Now, 
𝒑

√𝟑
≤
𝟒𝑹+𝒓

√𝟑⋅√𝟑
=
𝟒𝑹+𝒓

𝟑
     (1) 

Now, (𝟒𝑹 + 𝒓) −
(𝟒𝑹+𝒓)

𝟑
=
𝟐

𝟑
(𝟒𝑹 + 𝒓) 
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We need to show 

𝟐

𝟑
(𝟒𝑹 + 𝒓) ≥ √𝟒𝒑𝟐𝑹

𝟑
  or 

𝟖

𝟐𝟕
(𝟒𝑹 + 𝒓)𝟑 ≥ 𝟒𝒑𝟐𝑹 or 𝟖(𝟒𝑹 + 𝒓)𝟑 ≥ 𝟐𝟕 × 𝟒𝒑𝟐𝑹 

or 𝟖(𝟒𝑹+ 𝒓)𝟑 ≥ 𝟏𝟎𝟖𝒑𝟐𝑹 or 𝟖(𝟔𝟒𝑹𝟑 + 𝟒𝟖𝑹𝟐𝒓 + 𝟏𝟐𝑹𝒓𝟐 + 𝒓𝟑) ≥ 𝟏𝟎𝟖𝒑𝟐𝑹 

or 𝟓𝟏𝟐𝑹𝟑 + 𝟑𝟖𝟒𝑹𝟐𝒓 + 𝟗𝟔𝑹𝒓𝟐 + 𝟖𝒓𝟑 ≥ 𝟏𝟎𝟖𝒑𝟐𝑹 

Now, 𝟏𝟎𝟖𝒑𝟐𝑹 ≤ 𝟏𝟎𝟖𝑹(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) 

(Gerretsen’s) 

⇒ 𝟏𝟎𝟖𝒑𝟐𝑹 ≤ 𝟒𝟑𝟐𝑹𝟑 + 𝟒𝟑𝟐𝑹𝟐𝒓 + 𝟑𝟐𝟒𝒓𝟐𝑹 

Now, 

(𝟓𝟏𝟐𝑹𝟑 + 𝟑𝟖𝟒𝑹𝟐𝒓 + 𝟗𝟔𝑹𝒓𝟐 + 𝟖𝒓𝟑) − (𝟒𝟑𝟐𝑹𝟑 + 𝟒𝟑𝟐𝑹𝟐𝒓 + 𝟑𝟐𝟒𝒓𝟐𝑹) = 

= 𝟖𝟎𝑹𝟑 − 𝟒𝟖𝑹𝟐𝒓 − 𝟐𝟐𝟖𝑹𝒓𝟐 + 𝟖𝒓𝟑 = 𝟒[𝟐𝟎𝑹𝟑 − 𝟏𝟐𝑹𝟐𝒓 − 𝟓𝟕𝑹𝒓𝟐 + 𝟐𝒓𝟑] 

= 𝟒(𝑹 − 𝟐𝒓)(𝟐𝟎𝑹𝟐 + 𝟐𝟖𝑹𝒓 − 𝒓𝟐) ≥ 𝟎 

∴
𝟐

𝟑
(𝟒𝑹 + 𝒓) ≥ √𝟒𝒑𝟐𝑹

𝟑
 

𝒑

√𝟑
+ √𝟒𝒑𝟐𝑹

𝟑
≤
𝟒𝑹 + 𝒓

𝟑
+
𝟐

𝟑
(𝟒𝑹+ 𝒓) = 𝟒𝑹+ 𝒓 

Solution 3 by Soumava Chakraborty-Kolkata-India 

𝟒𝐑 + 𝐫 ≥
𝐩

√𝟑
+ √𝟒𝐩𝟐𝐑

𝟑
⇔ (𝟒𝐑+ 𝐫 −

𝐩

√𝟑
)
𝟑

≥ (√𝟒𝐩𝟐𝐑
𝟑

)
𝟑

 

⇔ (𝟒𝐑+ 𝐫)𝟑 −
𝐩𝟑

𝟑√𝟑
−
𝟑𝐩(𝟒𝐑+ 𝐫)

√𝟑
. (𝟒𝐑 + 𝐫 −

𝐩

√𝟑
) ≥ 𝟒𝐩𝟐𝐑 

⇔ (𝟒𝐑+ 𝐫)𝟑 − 𝟒𝐩𝟐𝐑+ 𝐩𝟐(𝟒𝐑 + 𝐫) ≥ √𝟑𝐩((𝟒𝐑 + 𝐫)𝟐 +
𝐩𝟐

𝟗
) ⇔ ((𝟒𝐑 + 𝐫)𝟑 + 𝐩𝟐𝐫)

𝟐
 

≥ (√𝟑𝐩((𝟒𝐑 + 𝐫)𝟐 +
𝐩𝟐

𝟗
))

𝟐

⇔ ((𝟒𝐑 + 𝐫)𝟑 + 𝐩𝟐𝐫)
𝟐
≥
𝟑𝐩𝟐

𝟖𝟏
(𝐩𝟐 + 𝟗(𝟒𝐑 + 𝐫)𝟐)

𝟐
 

⇔ 𝟐𝟕((𝟒𝐑 + 𝐫)𝟑 + 𝐩𝟐𝐫)
𝟐
≥
(∗)

𝐩𝟐(𝐩𝟐 + 𝟗(𝟒𝐑+ 𝐫)𝟐)
𝟐

 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝟕((𝟒𝐑+ 𝐫)𝟑 + 𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐))
𝟐

  

𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 + 𝟗(𝟒𝐑+ 𝐫)𝟐)
𝟐

 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶  

𝟐𝟕((𝟒𝐑 + 𝐫)𝟑 + 𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐))
𝟐
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≥ (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 + 𝟗(𝟒𝐑+ 𝐫)𝟐)
𝟐

 

⇔ 𝟏𝟒𝟑𝟔𝐭𝟓 − 𝟕𝟑𝟐𝐭𝟒 − 𝟐𝟏𝟐𝟕𝐭𝟑 − 𝟑𝟑𝟑𝟒𝐭𝟐 − 𝟏𝟓𝟔𝟔𝐭− 𝟕𝟓𝟔 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟒𝟑𝟔𝐭𝟒 + 𝟐𝟏𝟒𝟎𝐭𝟑 + 𝟐𝟏𝟓𝟑𝐭𝟐 + 𝟗𝟕𝟐𝐭 + 𝟑𝟕𝟖) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟒𝐑+ 𝐫 ≥
𝐩

√𝟑
+ √𝟒𝐩𝟐𝐑

𝟑
 

𝐀𝐠𝒂𝐢𝐧,
𝐩

√𝟑
+ √𝟒𝐩𝟐𝐑

𝟑
≥
𝐄𝐮𝐥𝐞𝐫 𝐩

√𝟑
+ √𝟖𝐩𝟐𝐫

𝟑
≥
?
𝟑. √𝐩𝟐𝐫

𝟑
⇔

𝐩

√𝟑
≥
?
√𝐩𝟐𝐫
𝟑

⇔
𝐩𝟑

𝟑√𝟑
≥
?
𝐩𝟐𝐫 

⇔ 𝐩 ≥
?
𝟑√𝟑𝐫 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 ∴

𝐩

√𝟑
+ √𝟒𝐩𝟐𝐑

𝟑
≥ 𝟑. √𝐩𝟐𝐫

𝟑
 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝟒𝐑 + 𝐫 ≥
𝐩

√𝟑
+ √𝟒𝐩𝟐𝐑

𝟑
≥ 𝟑. √𝐩𝟐𝐫

𝟑
, 

𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

773. 𝑶𝑨 = 𝒂, 𝑶𝑩 = 𝒃, 𝑶𝑪 = 𝒄, ∢𝑩𝑶𝑪 = 𝜽𝟏, ∢𝑪𝑶𝑨 = 𝜽𝟐, ∢𝑨𝑶𝑩 = 𝜽𝟑 

𝑺𝟏 = [𝑶𝑩𝑪], 𝑺𝟐 = [𝑶𝑪𝑨], 𝑺𝟑 = [𝑶𝑨𝑩], 𝑺𝟒 = [𝑨𝑩𝑪]. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

𝑺𝟒
𝟐 −∑𝑺𝒌

𝟐

𝟑

𝒌=𝟏

=
𝒂𝒃𝒄

𝟐
∙∑𝒂(−𝒄𝒐𝒔𝜽𝟏 + 𝒄𝒐𝒔𝜽𝟐 ∙ 𝒄𝒐𝒔𝜽𝟑)

𝒄𝒚𝒄

 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Plagiogonal 3D system: 

𝑶(𝟎, 𝟎, 𝟎), 𝑨(𝒂, 𝟎, 𝟎),𝑩(𝟎, 𝒃, 𝟎), 𝑪(𝟎, 𝟎, 𝒄), 𝑨𝑩⃗⃗⃗⃗⃗⃗ (−𝒂, 𝒃, 𝟎), 𝑨𝑪⃗⃗⃗⃗  ⃗(−𝒂, 𝟎, 𝒄) 
 

|𝑨𝑩⃗⃗⃗⃗⃗⃗ |
𝟐
= 𝒂𝟐 + 𝒃𝟐 − 𝟐𝒂𝒃𝒄𝒐𝒔𝜽𝟏, |𝑨𝑪⃗⃗⃗⃗  ⃗|

𝟐
= 𝒂𝟐 + 𝒄𝟐 − 𝟐𝒂𝒄𝒄𝒐𝒔𝜽𝟐 

 

𝑺𝟒
𝟐 =

𝟏

𝟒
(|𝑨𝑩⃗⃗⃗⃗⃗⃗ |

𝟐
∙  |𝑨𝑪⃗⃗⃗⃗  ⃗|

𝟐
− (𝑨𝑩⃗⃗⃗⃗⃗⃗ ∙ 𝑨𝑪⃗⃗⃗⃗  ⃗)

𝟐
) 
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𝑺𝟒
𝟐 =∑(

𝒂𝒃𝒔𝒊𝒏𝜽𝟑
𝟐

)
𝟐

+

𝒄𝒚𝒄

𝒂𝒃𝒄

𝟐
∙∑𝒂(−𝒄𝒐𝒔𝜽𝟏 + 𝒄𝒐𝒔𝜽𝟐 ∙ 𝒄𝒐𝒔𝜽𝟑)

𝒄𝒚𝒄

 

𝑺𝟒
𝟐 −∑𝑺𝒌

𝟐

𝟑

𝒌=𝟏

=
𝒂𝒃𝒄

𝟐
∙∑𝒂(−𝒄𝒐𝒔𝜽𝟏 + 𝒄𝒐𝒔𝜽𝟐 ∙ 𝒄𝒐𝒔𝜽𝟑)

𝒄𝒚𝒄

 

If 𝜽𝟏 = 𝜽𝟐 = 𝜽𝟑 = 𝟗𝟎° ⟹   𝑺𝟒
𝟐 = ∑ 𝑺𝒌

𝟐𝟑
𝒌=𝟏  

If 𝜽𝟏 = 𝜽𝟐 = 𝜽𝟑 = 𝟔𝟎° ⟹ ∑ 𝑺𝒌
𝟐𝟑

𝒌=𝟏 − 𝑺𝟒
𝟐 =

𝒂𝒃𝒄(𝒂+𝒃+𝒄)

𝟖
 

774.  𝑰𝒇 𝝎 − 𝑩𝒓𝒐𝒄𝒂𝒓𝒅′𝒔 𝒂𝒏𝒈𝒍𝒆 𝒊𝒏 ∆𝑨𝑩𝑪 𝒕𝒉𝒆𝒏 ∶ 

𝒎𝒂
𝒉𝒃
+
𝒎𝒃

𝒉𝒄
+
𝒎𝒄
𝒉𝒂
≥

𝟑

𝟐𝐬𝐢𝐧𝝎
 

Proposed by Bogdan Fuștei-Romania 
Solution 1  by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶ 𝑭𝒐𝒓 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 ∆𝑨𝑩𝑪 𝒂𝒏𝒅 ∆𝑨𝟏𝑩𝟏𝑪𝟏 𝒐𝒇 𝒂𝒓𝒆𝒂 𝑭 𝒂𝒏𝒅 𝑭𝟏 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚  

𝒂𝒏𝒅 𝑴 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒂𝟏. 𝑨𝑴 + 𝒃𝟏. 𝑩𝑴 + 𝒄𝟏. 𝑪𝑴 ≥ √
𝟏

𝟐
∑𝒂𝟏𝟐. (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

𝒄𝒚𝒄

+ 𝟖𝑭𝑭𝟏,     (𝑩𝒐𝒕𝒕𝒆𝒎𝒂
′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚) 

(

 

𝑺𝒆𝒆 ∶  𝑶.𝑩𝑶𝑻𝑻𝑬𝑴𝑨,   𝑹. Ž. 𝑫𝑱𝑶𝑹𝑫𝑬𝑽𝑰Ć,   𝑹.𝑹. 𝑱𝑨𝑵𝑰Ć,   𝑫. 𝑺.𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰Ć 𝑨𝑵𝑫 𝑷.𝑴. 𝑽𝑨𝑺𝑰Ć 
, 𝑮𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔,

𝑾𝒐𝒍𝒕𝒆𝒓𝒔 − 𝑵𝒐𝒐𝒓𝒅𝒉𝒐𝒇𝒇 𝑷𝒖𝒃𝒍𝒊𝒔𝒉𝒊𝒏𝒈,𝑮𝒓𝒐𝒏𝒊𝒏𝒈𝒆𝒏,

𝑻𝒉𝒆 𝑵𝒆𝒕𝒉𝒆𝒓𝒍𝒂𝒏𝒅𝒔, (𝟏𝟗𝟔𝟗),𝒑𝒑.𝟏𝟏𝟖, 𝒕𝒉. 𝟏𝟐.𝟓𝟔. )

  

𝑪𝒉𝒐𝒐𝒔𝒊𝒏𝒈 𝒂𝟏 = 𝒃,   𝒃𝟏 = 𝒄,   𝒄𝟏 = 𝒂 𝒂𝒏𝒅 𝑴 ≡ 𝑮 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒃. 𝑨𝑮 + 𝒄.𝑩𝑮 + 𝒂.𝑪𝑮 ≥ √
𝟏

𝟐
∑𝒃𝟐. (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

𝒄𝒚𝒄

+ 𝟖𝑭𝟐.   (∴ 𝑭𝟏 = 𝑭) 

⇔ 
𝟐𝑭

𝒉𝒃
.
𝟐

𝟑
𝒎𝒂 +

𝟐𝑭

𝒉𝒄
.
𝟐

𝟑
𝒎𝒃 +

𝟐𝑭

𝒉𝒂
.
𝟐

𝟑
𝒎𝒄 ≥ √

𝟏

𝟐
∑𝒂𝟒

𝒄𝒚𝒄

+
𝟏

𝟐
(𝟐∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

−∑𝒂𝟒

𝒄𝒚𝒄

) = √∑𝒂𝟐𝒃𝟐

𝒄𝒚𝒄
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⇔ 
𝒎𝒂

𝒉𝒃
+
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒂
≥
𝟑√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟒𝑭
=

𝟑

𝟐𝐬𝐢𝐧𝝎
,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

Solution 2  by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶ 𝑰𝒇 𝑷,𝑴 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 ∶ 

𝒂. 𝑨𝑷. 𝑨𝑴 + 𝒃. 𝑩𝑷.𝑩𝑴 + 𝒄.𝑪𝑷. 𝑪𝑴 ≥ 𝒂𝒃𝒄  (𝑮.𝑩𝒆𝒏𝒏𝒆𝒕𝒕′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚) 

(𝑹𝒆𝒇𝒆𝒓𝒆𝒏𝒄𝒆 ∶ 𝟓𝟖𝟒 𝑮.𝑩𝒆𝒏𝒏𝒆𝒕𝒕 −𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒆 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔) 

𝑭𝒐𝒓 𝑷 ≡ 𝜴 𝒂𝒏𝒅 𝑴 = 𝑮,𝒘𝒉𝒆𝒓𝒆 𝜴 𝒊𝒔 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝑩𝒓𝒐𝒄𝒂𝒓𝒅′𝒔 𝒑𝒐𝒊𝒏𝒕 

 𝒂𝒏𝒅 𝑮 𝒊𝒔 𝒕𝒉𝒆 𝒄𝒆𝒏𝒕𝒓𝒐𝒊𝒅 𝒐𝒇 ∆𝑨𝑩𝑪, 

𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  𝒂. 𝑨𝜴. 𝑨𝑮 + 𝒃. 𝑩𝜴. 𝑩𝑮 + 𝒄. 𝑪𝜴. 𝑪𝑮 ≥ 𝒂𝒃𝒄,   𝒘𝒊𝒕𝒉 ∶ 

𝑨𝜴 = 𝒃.
𝐬𝐢𝐧𝝎

𝐬𝐢𝐧 𝑨
= 𝒃𝒄.

𝐬𝐢𝐧𝝎

𝒉𝒃
 𝒂𝒏𝒅 𝑨𝑮 =

𝟐

𝟑
𝒎𝒂  (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒏 ∶   𝒂. 𝒃𝒄.
𝐬𝐢𝐧𝝎

𝒉𝒃
.
𝟐

𝟑
𝒎𝒂 + 𝒃. 𝒄𝒂.

𝐬𝐢𝐧𝝎

𝒉𝒄
.
𝟐

𝟑
𝒎𝒃 + 𝒂.𝒃𝒄.

𝐬𝐢𝐧𝝎

𝒉𝒂
.
𝟐

𝟑
𝒎𝒄 ≥ 𝒂𝒃𝒄 

⇔ 
𝒎𝒂

𝒉𝒃
+
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒂
≥

𝟑

𝟐𝐬𝐢𝐧𝝎
,   𝒂𝒔 𝒅𝒆𝒔𝒊𝒓𝒆𝒅. 

775. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟓

𝒎𝒃 +𝒎𝒄
+

𝒃𝟓

𝒎𝒄 +𝒎𝒂
+

𝒄𝟓

𝒎𝒂 +𝒎𝒃
≥
𝟏𝟔√𝟑

𝟑
𝑭𝟐 

 

Proposed by D.M.Bătinețu-Giurgiu, Claudia Nănuți-Romania 
Solution by Marin Chirciu-Romania 
Lemma 

In ABC  

 

5 516

27 4b c

a s

m m R r


 
 . 

By Hőlder: 

 
 

 
   

5 55 5 5

3

2 32 16

3 27 2 27 2 4 27 4

LeuenbergerHolder

b c b c a

a sa s s

m m m m m R r R r
   

     




 
. 

Equality holds for an equilateral triangle 
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By Lemma remains to prove: 
 

5
216

3 3
27 4

s
F

R r



. 

 

5
216 16 3

27 4 3

s
F

R r





 

5
2 216 16 3

27 4 3

s
s r

R r





 

3
23

9 4

s
r

R r



, 

( by Mitrinovic 3 3p r .) Remains to prove: 

 

2
23 3

3
9 4

s
r

R r







 

2
2

3 4

s
r

R r



  2 23 4s r R r  , 

(by Gerretsen 2 216 5s Rr r  .) 

 2 216 5 3 4Rr r r R r    2R r , (Euler). 

Equality holds for an equilateral triangle 
 

776. 

𝐈𝐧 ∆ 𝐀𝐁𝐂 (𝒂𝒄𝒖𝒕𝒆), 𝐥𝐞𝐭 𝛉𝟏 = ∠(𝐰𝒂, 𝐧𝒂), 𝛉𝟐 = ∠(𝐰𝐛, 𝐧𝐛), 𝛉𝟑 = ∠(𝐰𝐜, 𝐧𝐜). 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝟎 ≤ 𝛉𝟏 + 𝛉𝟐 + 𝛉𝟑 < 𝜋 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝐈𝐟 𝐛 > 𝑐, 𝛉𝟏 = ∠(𝐰𝒂, 𝐧𝒂) = ∠(𝐛,𝐰𝒂) − ∠(𝐛, 𝐧𝒂) < ∠(𝐛,𝐰𝒂) =
𝐀

𝟐
<
𝐀 < 

𝛑
𝟐 𝛑

𝟒
 

∴ 𝛉𝟏 <
𝛑

𝟒
 𝒂𝐧𝐝, 

𝐢𝐟 𝐜 > 𝑏, 𝛉𝟏 = ∠(𝐰𝒂, 𝐧𝒂) = ∠(𝐜,𝐰𝒂) − ∠(𝐜, 𝐧𝒂) < ∠(𝐜,𝐰𝒂) =
𝐀

𝟐
<
𝐀 < 

𝛑
𝟐 𝛑

𝟒
∴ 𝛉𝟏 <

𝛑

𝟒
 

 

∴ ∀ 𝒂𝒄𝒖𝒕𝒆 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 𝐀𝐁𝐂,𝛉𝟏 <
(∗) 𝛑

𝟒
 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝐥𝒂𝐫𝐥𝐲,∀ 𝒂𝒄𝒖𝒕𝒆 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 𝐀𝐁𝐂,𝛉𝟐, 𝛉𝟑 <

(∗∗) 𝛑

𝟒
 

 

∴ (∗) + (∗∗) ⇒ 𝛉𝟏 + 𝛉𝟐 + 𝛉𝟑 <
𝛑

𝟒
+
𝛑

𝟒
+
𝛑

𝟒
=
𝟑𝛑

𝟒
< 𝛑 ∴ 𝛉𝟏 + 𝛉𝟐 + 𝛉𝟑 < 𝜋 

 
𝑨𝒍𝐬𝐨, 𝛉𝟏 ≥ 𝟎,𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲 𝐢𝐟𝐟 𝐰𝒂 = 𝐧𝒂 ⇒ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍  

 
𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝐥𝐲, 𝛉𝟐 , 𝛉𝟑 ≥ 𝟎 ⇒ 𝛉𝟏 + 𝛉𝟐 + 𝛉𝟑 ≥ 𝟎 

 
∴ 𝟎 ≤ 𝛉𝟏 + 𝛉𝟐 + 𝛉𝟑 < 𝜋,𝑤𝑖𝑡ℎ 𝑒𝑞𝑢𝒂𝐥𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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777. 𝑰𝒏 ∆𝑨𝑩𝑪,𝑨𝑫,𝑩𝑬, 𝑪𝑭 − 𝒊𝒏𝒕𝒆𝒓𝒏𝒂𝒍 𝒃𝒊𝒔𝒆𝒄𝒕𝒐𝒓𝒔.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

(
𝑬𝑭

𝑩𝑪
)
𝟒

+ (
𝑭𝑫

𝑪𝑨
)
𝟒

+ (
𝑫𝑬

𝑨𝑩
)
𝟒

+
𝟑

𝟏𝟔
≤
𝟑

𝟖
. (
𝑹

𝟐𝒓
)
𝟐

 

Proposed by George Apostolopoulos-Messolonghi-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒕 𝒂 = 𝑩𝑪, 𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆 𝒍𝒆𝒏𝒈𝒕𝒉𝒔 𝒐𝒇 ∆𝑨𝑩𝑪. 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 𝑨𝑬 =
𝒃𝒄

𝒂 + 𝒄
 𝒂𝒏𝒅 𝑨𝑭 =

𝒃𝒄

𝒂 + 𝒃
. 

𝑩𝒚 𝒕𝒉𝒆 𝑳𝒂𝒘 𝒐𝒇 𝒄𝒐𝒔𝒊𝒏𝒆𝒔 𝒊𝒏 ∆𝑨𝑬𝑭 ∶ 

𝑬𝑭𝟐 = 𝑨𝑬𝟐 + 𝑨𝑭𝟐 − 𝟐.𝑨𝑬. 𝑨𝑭. 𝐜𝐨𝐬 𝑨 = (
𝒃𝒄

𝒂 + 𝒄
)
𝟐

+ (
𝒃𝒄

𝒂 + 𝒃
)
𝟐

− 𝟐(
𝒃𝒄

𝒂 + 𝒄
) (

𝒃𝒄

𝒂 + 𝒃
) .
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄[(𝒃 − 𝒄)𝟐 + 𝟐𝒃𝒄− 𝒂𝟐]

(𝒂 + 𝒃)(𝒂 + 𝒄)

= 𝒃𝟐𝒄𝟐 (
𝟏

𝒂 + 𝒄
−

𝟏

𝒂 + 𝒃
)
𝟐

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
−

𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)

=
𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
−
𝒃𝒄(𝒃 − 𝒄)𝟐[(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝒃𝒄]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
≤ 

≤
𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
≤⏞

𝑨𝑴−𝑮𝑴 𝒂𝟐𝒃𝒄

𝟐√𝒂𝒃.𝟐√𝒂𝒄
=
𝒂√𝒃𝒄

𝟒
. 

𝑻𝒉𝒆𝒏 ∶   (
𝑬𝑭

𝑩𝑪
)
𝟒

≤
𝒃𝒄

𝟏𝟔𝒂𝟐
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝒃𝟐 + 𝒄𝟐

𝟑𝟐𝒂𝟐
   (𝑨𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   (
𝑬𝑭

𝑩𝑪
)
𝟒

+ (
𝑭𝑫

𝑪𝑨
)
𝟒

+ (
𝑫𝑬

𝑨𝑩
)
𝟒

+
𝟑

𝟏𝟔
≤∑

𝒃𝟐 + 𝒄𝟐

𝟑𝟐𝒂𝟐
𝒄𝒚𝒄

+
𝟑

𝟏𝟔

=
𝟏

𝟑𝟐
∑(

𝒂

𝒃
+
𝒃

𝒂
)
𝟐

𝒄𝒚𝒄

≤⏞
𝑩𝒂𝒏𝒅𝒊𝒍𝒂 𝟏

𝟑𝟐
∑(

𝑹

𝒓
)
𝟐

𝒄𝒚𝒄

=
𝟑

𝟖
. (
𝑹

𝟐𝒓
)
𝟐

. 
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778. Prove that: [𝑨𝑩𝑬] + [𝑨𝑫𝑭] ≥ [𝑪𝑬𝑭]. 

 

Proposed by Binh Luc-Vietnam 
Solution by Rajarshi Chakraborty-India 

 

[𝑨𝑩𝑬] =
𝟏

𝟐
𝒔𝒙; [𝑨𝑫𝑭] =

𝟏

𝟐
𝒔𝒚; [𝑪𝑬𝑭] =

𝟏

𝟐
(𝒔 − 𝒙)(𝒔 − 𝒚) 

𝒔𝟐 + 𝒙𝟐 = 𝑨𝑬𝟐; 𝒔𝟐 + 𝒚𝟐 = 𝑨𝑭𝟐; (𝒔 − 𝒙)𝟐 + (𝒔 − 𝒚)𝟐 = 𝑭𝑬𝟐 

𝒔𝟐 + 𝒙𝟐 + 𝒔𝟐 + 𝒚𝟐 − (𝒔 − 𝒙)𝟐 − (𝒔 − 𝒚)𝟐

𝟐(𝒔𝟐 + 𝒙𝟐)
𝟏
𝟐 ⋅ (𝒔𝟐 + 𝒚𝟐)

𝟏
𝟐

=
𝟏

𝟐
 

𝟐𝒔𝒙 + 𝟐𝒔𝒚 = [(𝒔𝟐 + 𝒙𝟐)(𝒔𝟐 + 𝒚𝟐)]
𝟏
𝟐 
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[𝑨𝑩𝑬] + [𝑨𝑫𝑭] =
𝟏

𝟒
[(𝒔𝟐 + 𝒙𝟐)(𝒔𝟐 + 𝒚𝟐)]

𝟏
𝟐 =

𝟏

√𝟑
[𝑨𝑬𝑭] 

[𝑭𝑬𝑪] = 𝒔𝟐 − (𝟏 +
𝟏

√𝟑
) [𝑨𝑬𝑭] 

[𝑨𝑩𝑬] + [𝑨𝑫𝑭] − [𝑭𝑬𝑪] = (𝟕 +
𝟐

√𝟑
) [𝑨𝑬𝑭] − 𝒔𝟐 

𝐦𝐢𝐧{[𝑨𝑬𝑭]} = 𝐦𝐢𝐧 {
𝟏

𝟐
⋅
𝒔

𝐜𝐨𝐬𝜽
⋅

𝒔

𝐜𝐨𝐬(𝟑𝟎° − 𝜽)
⋅
√𝟑

𝟐
} = 

=
𝒔𝟐√𝟑

𝟐
𝐦𝐢𝐧 {

𝟏

𝐜𝐨𝐬 𝟑𝟎° + 𝐜𝐨𝐬(𝟑𝟎° − 𝟐𝜽)
} =

𝒔𝟐√𝟑

𝟐
⋅

𝟏

𝟏 +
√𝟑
𝟐

=
𝒔𝟐

𝟏 +
𝟐

√𝟑

 

Therefore, 

[𝑨𝑩𝑬] + [𝑨𝑫𝑭] − [𝑭𝑬𝑪] ≥ (𝟏 +
𝟐

√𝟑
) ⋅ 𝒔𝟐 (𝟏 +

𝟐

√𝟑
) − 𝒔𝟐 = 𝟎 

779. Prove: [𝑫𝑬𝑭] ≥ (√𝟐 − 𝟏)[𝑨𝑩𝑪𝑫] 

 

Proposed by Luc Binh-Vietnam 
Solution 1 by Daniel Sitaru-Romania 

𝑨𝑩 = 𝒂, 𝑨𝑬 = 𝒙, 𝒙 ∈ [𝟎, 𝒂], 𝒕𝒂𝒏(∢𝑨𝑫𝑬) =
𝒙

𝒂
,𝝁(∢𝑭𝑫𝑪) =

𝝅

𝟒
− 𝒂𝒓𝒄𝒕𝒂𝒏

𝒙

𝒂
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𝑭𝑪 = 𝒂𝒕𝒂𝒏 (
𝝅

𝟒
− 𝒂𝒓𝒄𝒕𝒂𝒏

𝒙

𝒂
) =

𝒂(𝒂 − 𝒙)

𝒂 + 𝒙
, 𝑩𝑭 = 𝒂 − 𝑭𝑪 =

𝟐𝒂𝒙

𝒂 + 𝒙
 

𝒇: [𝟎, 𝒂] → ℝ, 𝒇(𝒙) = [𝑫𝑬𝑭] = 𝒂𝟐 − [𝑨𝑫𝑬] − [𝑫𝑭𝑪] − [𝑩𝑬𝑭] 

𝒇(𝒙) = 𝒂𝟐 −
𝒂𝒙

𝟐
−
𝒂

𝟐
∙
𝒂(𝒂 − 𝒙)

𝒂 + 𝒙
−
𝒂 − 𝒙

𝟐
∙
𝟐𝒂𝒙

𝒂 + 𝒙
=
𝒂𝟑 + 𝒂𝒙𝟐

𝟐(𝒂 + 𝒙)
 

𝒇′(𝒙) =
𝟐𝒂𝒙𝟐 + 𝟐𝒂𝒙 − 𝟐𝒂𝒙𝟑

𝟒(𝒂 + 𝒙)𝟐
, 𝒇′(𝒙) = 𝟎 ⟹ 𝒙 = (√𝟐 − 𝟏)𝒂 

[𝑫𝑬𝑭] = 𝒇(𝒙) ≥ 𝒇((√𝟐 − 𝟏)𝒂) = (√𝟐 − 𝟏)𝒂𝟐 = (√𝟐 − 𝟏)[𝑨𝑩𝑪𝑫] 

Solution 2 by Ravi Prakash-New Delhi-India 

 

𝐋𝐞𝐭:  𝑨𝑩 = 𝒂,
𝑪𝑫

𝑫𝑪
= 𝐭𝐚𝐧 (

𝝅

𝟖
− 𝜽) ;  −

𝝅

𝟖
< 𝜃 <

𝝅

𝟖
⇒ 𝑪𝑭 = 𝒂 𝐭𝐚𝐧 (

𝝅

𝟖
− 𝜽) = 𝒚𝟐 

Similarly: 

𝑨𝑬 = 𝒂 𝐭𝐚𝐧 (
𝝅

𝟖
+ 𝜽) = 𝒙𝟏 

[𝑫𝑬𝑭] =
𝟏

𝟐
|𝒙𝟏𝒚𝟐 − 𝒙𝟐𝒚𝟏| =

𝟏

𝟐
𝒂𝟐 (𝟏 − 𝐭𝐚𝐧 (

𝝅

𝟖
− 𝜽) 𝐭𝐚𝐧 (

𝝅

𝟖
+ 𝜽)) = 



 
www.ssmrmh.ro 

119 RMM-GEOMETRY MARATHON 701-800 

 

=
𝟏

𝟐
𝒂𝟐 ⋅ (𝟏 −

𝐬𝐢𝐧𝟐 (
𝝅
𝟖) − 𝐬𝐢𝐧

𝟐 𝜽

𝐜𝐨𝐬𝟐
𝝅
𝟖 − 𝐬𝐢𝐧

𝟐 𝜽
) =

𝒂𝟐

𝟐
⋅
𝐜𝐨𝐬𝟐 (

𝝅
𝟖) − 𝐬𝐢𝐧

𝟐 (
𝝅
𝟖)

𝐜𝐨𝐬𝟐 (
𝝅
𝟖) − 𝐬𝐢𝐧

𝟐 𝜽
= 

=
𝒂𝟐

𝟐
𝐜𝐨𝐬 (

𝝅

𝟒
) ⋅

𝟏

𝐜𝐨𝐬𝟐 (
𝝅
𝟖) − 𝐬𝐢𝐧

𝟐 𝜽
≥
𝒂𝟐

𝟐√𝟐
𝐬𝐞𝐜𝟐 (

𝝅

𝟖
) = 

=
𝒂𝟐

𝟐√𝟐
(𝟏 + (√𝟐 − 𝟏)

𝟐
) =

𝒂𝟐

𝟐√𝟐
(𝟒 − 𝟐√𝟐) = 𝒂𝟐(√𝟐 − 𝟏) = (√𝟐− 𝟏)[𝑨𝑩𝑪𝑫]. 

780. In 𝚫𝑨𝑩𝑪: 

∑
𝒓𝒂
𝟑

𝒓𝒃 +√𝒓𝒃𝒓𝒄 + √𝒓𝒂𝒓𝒃𝒓𝒄
𝟑

≥ √𝟑𝑭 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das-India 
 

√𝒓𝒃𝒓𝒄 ≤
𝒓𝒃+𝒓𝒄

𝟐
    (AM-GM),   √𝒓𝒂𝒓𝒃𝒓𝒄

𝟑 ≤
𝒓𝒂+𝒓𝒃+𝒓𝒄

𝟑
 

∴ 𝒓𝒃 +√𝒓𝒃𝒓𝒄 + √𝒓𝒂𝒓𝒃𝒓𝒄
𝟑 ≤ 𝒓𝒃 +

𝒓𝒃 + 𝒓𝒄
𝟐

+
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄

𝟑
 

=
𝟏

𝟔
(𝟔𝒓𝒃 + 𝟑𝒓𝒃 + 𝟑𝒓𝒄 + 𝟐𝒓𝒂 + 𝟐𝒓𝒃 + 𝟐𝒓𝒄) =

𝟏

𝟔
(𝟐𝒓𝒂 + 𝟏𝟏𝒓𝒃 + 𝟓𝒓𝒄) 

∴ ∑
𝒓𝒂
𝟑

𝒓𝒃 +√𝒓𝒃𝒓𝒄 + √𝒓𝒃𝒓𝒂𝒓𝒄
𝟑

≥∑
𝒓𝒂
𝟑

𝟏
𝟔
(𝟐𝒓𝒂 + 𝟏𝟏𝒓𝒃 + 𝟓𝒓𝒄)

= 𝟔∑
𝒓𝒂
𝟑

𝟐𝒓𝒂 + 𝟏𝟏𝒓𝒃 + 𝟓𝒓𝒄
 

≥
𝑯𝒐𝒍𝒅𝒆𝒓

𝟔
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟑

𝟑(𝟐𝒓𝒂 + 𝟏𝟏𝒓𝒃 + 𝟓𝒓𝒄 + 𝟐𝒓𝒃 + 𝟏𝟏𝒓𝒄 + 𝟓𝒓𝒂 + 𝟐𝒓𝒄 + 𝟏𝟏𝒓𝒂 + 𝟓𝒓𝒃)
 

= 𝟔 ⋅
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟑

𝟑 × 𝟏𝟖(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)
=
𝟏

𝟗
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟐 =
𝟏

𝟗
(𝟒𝑹 + 𝒓)𝟐 ≥

𝟏

𝟗
𝟑𝒔𝟐 =

𝟏

𝟑
𝒔𝟐 

Note: 𝒔𝟐 ≤
(𝟒𝑹+𝒓)𝟐

𝟑
 

∴∑
𝒓𝒂
𝟑

𝒓𝒃 +√𝒓𝒃𝒓𝒄 + √𝒓𝒂𝒓𝒃𝒓𝒄
𝟑

≥
𝟏

𝟑
𝒔𝟐 =

𝟏

𝟑

𝑭𝟐

𝒓𝟐
 , 𝑭 = 𝒓 ⋅ 𝒔 

∴ 𝒔 =
𝑭

𝒓
=
𝟏

𝟑
⋅ 𝑭 ⋅

𝑭

𝒓𝟐
=
𝟏

𝟑
⋅ 𝑭 ⋅

𝒓 ⋅ 𝒔

𝒓𝟐
≥
𝟏

𝟑
𝑭 ⋅
𝒓

𝒓𝟐
⋅ 𝟑√𝟑𝒓 = √𝟑𝑭 

Note: 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐  (Mitrinovic)   ∴ 𝒔 ≥ 𝟑√𝟑𝒓 
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781. In 𝚫𝑨𝑩𝑪, 𝑰 −incenter, �̂� −constant,𝒂, 𝒃, 𝒄 −variable,∢𝑫𝑬𝑭 = 𝜽. 

Find: 𝜽𝒎𝒊𝒏 = 𝒇𝟏(�̂�), 𝜽𝒎𝒂𝒙 = 𝒇𝟐(�̂�). 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

Plagiogonal system: 𝑩𝑪 ≡ 𝑩𝒙,𝑩𝑨 ≡ 𝑩𝒚 

𝑩(𝟎, 𝟎),𝑫(𝒅, 𝟎), 𝒅 =
𝒂𝒄

𝒃 + 𝒄
,𝑭(𝟎, 𝒇), 𝒇 =

𝒂𝒄

𝒂 + 𝒃
, 𝑬(𝒆, 𝒆), 𝒆 =

𝒂𝒄

𝒂 + 𝒄
 

𝝀𝑬𝑫 = 𝝀𝟐 =
𝒃+ 𝒄

𝒃 − 𝒂
, 𝝀𝑬𝑭 = 𝝀𝟏 =

𝒇 − 𝒆

𝟎 − 𝒆
=
𝒃 − 𝒄

𝒃 + 𝒂
 

𝐭𝐚𝐧 𝜽 =
(𝝀𝟐 − 𝝀𝟏) 𝐬𝐢𝐧𝑩

(𝝀𝟐 + 𝝀𝟏) 𝐜𝐨𝐬 𝑩 + 𝝀𝟏𝝀𝟐 + 𝟏
=

−𝟐𝒃(𝒂 + 𝒄) 𝐬𝐢𝐧𝑩

𝒂𝟐 + 𝒄𝟐 − 𝟐𝒂𝒄 ∙ 𝐜𝐨𝐬𝑩 − 𝟐𝒃𝟐 − 𝟐𝒃𝟐 𝐜𝐨𝐬𝑩
= 

=
−𝟐𝒃(𝒂 + 𝒄) 𝐬𝐢𝐧𝑩

𝒃𝟐 − 𝟐𝒃𝟐 − 𝟐𝒃𝟐 𝐜𝐨𝐬 𝑩
=
𝟐(𝒂 + 𝒄) 𝐬𝐢𝐧𝑩

𝒃(𝟏 + 𝟐 𝐜𝐨𝐬𝑩)
=

𝟐(𝒂 + 𝒄)

√𝒂𝟐 + 𝒄𝟐 − 𝟐𝒂𝒄𝐜𝐨𝐬 𝑩
∙

𝐬𝐢𝐧𝑩

𝟏 + 𝟐𝐜𝐨𝐬𝑩
 

𝐭𝐚𝐧𝜽 =
𝟐(
𝒂
𝒄 + 𝟏)

√(
𝒂
𝒄)
𝟐

+ 𝟏 − 𝟐(
𝒂
𝒄)𝐜𝐨𝐬 𝑩

∙
𝐬𝐢𝐧𝑩

𝟏 + 𝟐𝐜𝐨𝐬𝑩
=

𝟐(𝒙 + 𝟏)

√𝒙𝟐 + 𝟏 − 𝟐𝒙𝐜𝐨𝐬𝑩
∙

𝐬𝐢𝐧𝑩

𝟏 + 𝟐 𝐜𝐨𝐬𝑩
 

𝐰𝐡𝐞𝐫𝐞, 𝒙 =
𝒂

𝒃
, 𝒚 = 𝐭𝐚𝐧 𝜽.𝐈𝐟 𝒙 → 𝟎 ⇒ 𝒚 →

𝟐 𝐬𝐢𝐧𝑩

𝟏+𝟐 𝐜𝐨𝐬 𝑩
 

𝐈𝐟 𝒙 = 𝟏; (𝒂 = 𝒃) ⇒ 𝒚 = 𝟐√𝟐 ∙
√𝟏 + 𝐜𝐨𝐬 𝑩

𝟏 + 𝟐𝐜𝐨𝐬𝑩
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Finally,  

𝟐 𝐬𝐢𝐧𝑩

𝟏 + 𝟐 𝐜𝐨𝐬𝑩
< 𝐭𝐚𝐧 𝜽 ≤ 𝟐√𝟐 ∙

√𝟏 + 𝐜𝐨𝐬𝑩

𝟏 + 𝟐𝐜𝐨𝐬 𝑩
 

𝐭𝐚𝐧−𝟏 (
𝟐 𝐬𝐢𝐧𝑩

𝟏 + 𝟐 𝐜𝐨𝐬𝑩
) < 𝜃 < 𝐭𝐚𝐧−𝟏 (𝟐√𝟐 ∙

√𝟏 + 𝐜𝐨𝐬𝑩

𝟏 + 𝟐𝐜𝐨𝐬𝑩
) 

𝟏 + 𝟐 𝐜𝐨𝐬𝑩 ≠ 𝟎 ⇒ 𝐜𝐨𝐬𝑩 ≠ −
𝟏

𝟐
⇒ 𝑩 ≠ 𝟏𝟐𝟎°. If 𝑩 = 𝟏𝟐𝟎° ⇒ 𝜽 = 𝟗𝟎°. 

782. 𝚫𝑨𝑩𝑪 isn’t right, 𝒂, 𝒃, 𝒄 −are integers,  
𝑷𝑺

𝑺𝑸
=
𝟑

𝟒
. 

Find [𝑨𝑩𝑪] minimum (area). 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

𝑩𝑷 = 𝑩𝑸. Using Gakopoulos’ Lemma: 

𝑷𝑺

𝑺𝑸
=
𝑩𝑷

𝑩𝑸
⋅
𝒄 − 𝒂 𝐜𝐨𝐬𝑩

𝒂 − 𝒄 𝐜𝐨𝐬𝑩
⇒
𝟑

𝟒
=
𝒄 − 𝒂 𝐜𝐨𝐬𝑩

𝒂 − 𝒄 𝐜𝐨𝐬𝑩
⇒ 𝐜𝐨𝐬𝑩 =

𝟒𝒄 − 𝟑𝒂

𝟒𝒂 − 𝟑𝒄
 

[𝑨𝑩𝑪] = 𝑭 =
𝟏

𝟐
𝒂𝒄 𝐬𝐢𝐧𝑩 ,   𝟒𝑭𝟐 = 𝒂𝟐𝒄𝟐(𝟏 − 𝐜𝐨𝐬𝟐 𝑩) 

𝑭𝟐 =
𝒂𝟐𝒄𝟐

𝟒
⋅
𝟕(𝒂𝟐 − 𝒄𝟐)

(𝟒𝒂 − 𝟑𝒄)𝟐
, 𝑭 =

𝒂𝒄√𝟕

𝟐
⋅
√𝒂𝟐 − 𝒄𝟐

𝟒𝒂 − 𝟑𝒄
 

𝑭 −minimum, 𝒂, 𝒄 integers: 𝒂 = 𝟓, 𝒄 = 𝟒, then: 

𝐜𝐨𝐬 𝑩 =
𝟒 ⋅ 𝟒 − 𝟑 ⋅ 𝟓

𝟒 ⋅ 𝟓 − 𝟑 ⋅ 𝟒
=
𝟏

𝟖
, 𝒃𝟐 = 𝒂𝟐 + 𝒄𝟐 − 𝟐𝒂𝒄 𝐜𝐨𝐬𝜽 
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𝒃𝟐 = 𝟓𝟐 + 𝟒𝟐 − 𝟐 ⋅ 𝟒 ⋅ 𝟓 ⋅
𝟏

𝟖
, 𝒃 = 𝟔,𝑭 =

𝟏𝟓√𝟕

𝟐
. 

783.∢𝒙𝑶𝒚 = ∢𝒙′𝑶𝒚′ = 𝟗𝟎°, ∢𝒙𝑶𝒙′ = 𝟑𝟎°, 𝑶𝑨 = 𝟐, 𝑶𝑩 = 𝟑 

Find 𝑭 = [𝑷𝑸𝑹𝑺] −area. 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

𝒙𝑶𝒚−orthogonal system, (𝒄): 𝒚 = 𝒙𝟐, 𝑨(𝟐, 𝟎), 𝑩(𝟑, 𝟎), 𝒙′𝑶𝒚−orthogonal system 

(𝒄′): 𝒚′ = 𝒙′𝟐, ∢𝒙𝑶𝒙′ = 𝟑𝟎° 

𝑨 ∈ (𝜺𝟏), 𝑩 ∈ (𝜺𝟐), (𝜺𝟏) ∥ (𝜺𝟐) ∥ 𝑶𝒚′  

{
(𝜺𝟏) ∩ (𝒄) = {𝑷},   (𝜺𝟏) ∩ (𝒄

′) = {𝑸}

(𝜺𝟐) ∩ (𝒄
′) = {𝑹},   (𝜺𝟐) ∩ (𝒄) = {𝑺}

, 

{(𝒙𝑶𝒚),𝒚 = 𝒙𝟐} → {(𝒙𝑶𝒚′), 𝒚 = 𝒇𝟏(𝒙)}, 𝒚 → 𝒚𝟏 𝐬𝐢𝐧 𝟏𝟐𝟎° , 𝒙 = 𝒙𝟏 + 𝒚𝟏 𝐜𝐨𝐬 𝟏𝟐𝟎° 

𝒚 = 𝒙𝟐 ⇒ 𝒚𝟏 ⋅ (
√𝟑

𝟐
) = (𝒙𝟏 + 𝒚𝟏 ⋅ (−

𝟏

𝟐
))

𝟐

⇒ 𝒚𝟏 = 𝟐𝒙 + √𝟑 −√𝟑 + 𝟒√𝟑𝒙𝟏 

𝒇𝟏(𝒙) = 𝟐𝒙 + √𝟑− √𝟑+ 𝟒√𝟑𝒙 
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{(𝒙′𝑶𝒚′), 𝒚′ = 𝒙′𝟐} → {(𝒙𝑶𝒚′), 𝒚 = 𝒇𝟐(𝒙)}, 𝒚′ → 𝒚𝟐 𝐜𝐨𝐬 𝟏𝟐𝟎° , 𝒙 = 𝒙𝟐 + 𝒚𝟐 𝐬𝐢𝐧𝟏𝟐𝟎° 

𝒚′ = 𝒙′𝟐 ⇒ 𝒚𝟐 + 𝒙𝟐 ⋅ (−
𝟏

𝟐
) = (𝒙𝟐 ⋅

√𝟑

𝟐
)

𝟐

⇒ 𝒚𝟐 =
𝟑𝒙𝟐

𝟒
+
𝒙

𝟒
, 𝒇𝟐(𝒙) =

𝟑𝒙𝟐

𝟒
+
𝒙

𝟐
 

𝑭 = [𝑷𝑸𝑹𝑺] = 𝐬𝐢𝐧𝟏𝟐𝟎° ⋅ ∫ [𝒇𝟐(𝒙) − 𝒇𝟏(𝒙)]
𝟑

𝟐

𝒅𝒙 = 

=
𝟔 − 𝟔√𝟑 + 𝟑(𝟏 + 𝟒√𝟑)

𝟑
𝟐 −√𝟓𝟖𝟓 + 𝟓𝟖𝟒√𝟑

𝟒√𝟑
≅ 𝟑. 𝟐𝟔𝟓𝟏𝟔𝟓𝟐𝟖𝟏𝟓𝟗𝟑𝟕 

784. Prove that: 

[𝑨𝑩𝑪𝑫] = 𝑩𝑫𝟐 ∙
𝒔𝒊𝒏𝑩

𝟐
 

 

  Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution 1 by Daniel Sitaru-Romania 

𝑨𝑩 = 𝟐𝑹𝒔𝒊𝒏(𝝅 − 𝑨 −
𝑩

𝟐
) = 𝟐𝑹𝒔𝒊𝒏(𝑨 +

𝑩

𝟐
) = 𝟐𝑹𝒔𝒊𝒏(𝝅 − 𝑪 +

𝑩

𝟐
) = 𝟐𝑹𝒔𝒊𝒏(𝑪 −

𝑩

𝟐
) 

𝑩𝑪 = 𝟐𝑹𝒔𝒊𝒏(𝝅 − 𝑪 −
𝑩

𝟐
) = 𝟐𝑹𝒔𝒊𝒏(𝑪 +

𝑩

𝟐
) 

[𝑨𝑩𝑪𝑫] = [𝑨𝑩𝑫] + [𝑩𝑪𝑫] =
𝟏

𝟐
𝑨𝑩 ∙ 𝑩𝑫𝒔𝒊𝒏

𝑩

𝟐
+
𝟏

𝟐
𝑩𝑪 ∙ 𝑩𝑫𝒔𝒊𝒏

𝑩

𝟐
= 

=
𝟏

𝟐
𝟐𝑹𝒔𝒊𝒏(𝑪 −

𝑩

𝟐
) ∙ 𝑩𝑫𝒔𝒊𝒏

𝑩

𝟐
+
𝟏

𝟐
𝟐𝑹𝒔𝒊𝒏(𝑪 +

𝑩

𝟐
) ∙ 𝑩𝑫𝒔𝒊𝒏

𝑩

𝟐
= 

= 𝑹 ∙ 𝑩𝑫𝒔𝒊𝒏
𝑩

𝟐
(𝒔𝒊𝒏(𝑪 −

𝑩

𝟐
) + 𝒔𝒊𝒏(𝑪 +

𝑩

𝟐
)) = 
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= 𝑹 ∙ 𝑩𝑫𝒔𝒊𝒏
𝑩

𝟐
(𝒔𝒊𝒏𝑪𝒄𝒐𝒔

𝑩

𝟐
− 𝒔𝒊𝒏

𝑩

𝟐
𝒄𝒐𝒔𝑪 + 𝒔𝒊𝒏𝑪𝒄𝒐𝒔

𝑩

𝟐
+ 𝒔𝒊𝒏

𝑩

𝟐
𝒄𝒐𝒔𝑪) = 

=  𝑹 ∙ 𝑩𝑫𝒔𝒊𝒏
𝑩

𝟐
∙ 𝟐𝒔𝒊𝒏𝑪𝒄𝒐𝒔

𝑩

𝟐
= 𝑹 ∙ 𝑩𝑫𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪 = 

=
𝑩𝑫

𝟐𝒔𝒊𝒏𝑪
∙ 𝑩𝑫𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪 = 𝑩𝑫𝟐 ∙

𝒔𝒊𝒏𝑩

𝟐
 

Solution 2 by proposer 

𝑩𝑫𝟐 = 𝑩𝑬 ∙ 𝑩𝑪 + 𝑩𝑭 ∙ 𝑩𝑨 (𝑵𝑪𝑪𝑸𝟏 − 𝑮𝒂𝒌𝒐𝒑𝒐𝒖𝒍𝒐𝒔 𝒕𝒉𝒆𝒐𝒓𝒆𝒎) 

[𝑨𝑩𝑪𝑫] =
𝒔𝒊𝒏𝑩

𝟐
(𝑩𝑪 ∙ 𝑩𝑭 + 𝑩𝑨 ∙ 𝑩𝑬) (𝑮𝒂𝒌𝒐𝒑𝒐𝒖𝒍𝒐𝒔 − 𝑩𝒍𝒂𝒕𝒔𝒊𝒔 𝒇𝒐𝒓𝒎𝒖𝒍𝒂) 

𝑩𝑬 = 𝑩𝑭 ⟹
[𝑨𝑩𝑪𝑫]

𝑩𝑫𝟐
=
𝒔𝒊𝒏𝑩

𝟐
⟹ [𝑨𝑩𝑪𝑫] = 𝑩𝑫𝟐 ∙

𝒔𝒊𝒏𝑩

𝟐
 

 

785. 𝑫𝑨 = 𝒙, 𝑨𝑩 = 𝒙 + 𝟏, 𝑩𝑪 = 𝒙 + 𝟐,𝑩𝑬 = 𝟐. [𝑨𝑩𝑪𝑫] =? 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by proposer 

{
𝑩𝑫 ⋅ 𝑩𝑬 = 𝑩𝑨 ⋅ 𝑩𝑪            
𝑩𝑫𝟐 = 𝑩𝑨 ⋅ 𝑩𝑪 +𝑫𝑨 ⋅ 𝑫𝑪

; (𝑮𝒂𝒌𝒐𝒑𝒐𝒖𝒍𝒐𝒔′𝒕𝒉) 
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⇒ 𝑩𝑫𝟐 ⋅ 𝑩𝑬𝟐 = 𝑩𝑨𝟐 ⋅ 𝑩𝑪𝟐, (𝑩𝑨 ⋅ 𝑩𝑪 +𝑫𝑨 ⋅ 𝑫𝑪) ⋅ 𝑩𝑬𝟐 = 𝑩𝑨𝟐 ⋅ 𝑩𝑪𝟐 

𝟏

𝑩𝑬𝟐
=

𝟏

𝑩𝑨 ⋅ 𝑩𝑪
+
𝑫𝑨 ⋅ 𝑫𝑪

(𝑩𝑨 ⋅ 𝑩𝑪)𝟐
⇒
𝟏

𝟑𝟐
=

𝟏

(𝒙 + 𝟏)(𝒙 + 𝟐)
+

𝒙𝟐

(𝒙 + 𝟏)𝟐(𝒙 + 𝟐)𝟐
 

𝒙 = 𝟐, 𝒔 =
𝟐 + 𝟐 + 𝟑 + 𝟒

𝟐
=
𝟏𝟏

𝟐
 

[𝑨𝑩𝑪𝑫] = (𝒔 − 𝟐)√(𝒔 − 𝟑)(𝒔 − 𝟒) ⇒ [𝑨𝑩𝑪𝑫] =
𝟕√𝟏𝟓

𝟒
 

786. 𝑰𝒇 𝑴 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪) 𝒕𝒉𝒆𝒏 ∶ 

𝑨𝑴

𝒉𝒃
+
𝑩𝑴

𝒉𝒄
+
𝑪𝑴

𝒉𝒂
≥
𝟏

𝟑
(
𝒃 + 𝒄

𝒂
+
𝒄 + 𝒂

𝒃
+
𝒂 + 𝒃

𝒄
) 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶  𝑰𝒇 𝑷,𝑴 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪), 𝒕𝒉𝒆𝒏 ∶ 

𝒂. 𝑨𝑷. 𝑨𝑴 + 𝒃. 𝑩𝑷.𝑩𝑴 + 𝒄.𝑪𝑷. 𝑪𝑴 ≥ 𝒂𝒃𝒄  (𝑮.𝑩𝒆𝒏𝒏𝒆𝒕𝒕′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚) 

(𝑹𝒆𝒇𝒆𝒓𝒆𝒏𝒄𝒆 ∶ 𝟓𝟖𝟒 𝑮.𝑩𝒆𝒏𝒏𝒆𝒕𝒕 −𝑴𝒖𝒍𝒕𝒊𝒑𝒍𝒆 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔) 

𝑭𝒐𝒓 𝑷 ≡ 𝜴,𝒘𝒉𝒆𝒓𝒆 𝜴 𝒊𝒔 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝑩𝒓𝒐𝒄𝒂𝒓𝒅′𝒔 𝒑𝒐𝒊𝒏𝒕,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝒂.𝑨𝜴. 𝑨𝑴 + 𝒃. 𝑩𝜴. 𝑩𝑴 + 𝒄. 𝑪𝜴. 𝑪𝑴 ≥ 𝒂𝒃𝒄,   𝒘𝒊𝒕𝒉 ∶ 

𝑨𝜴 = 𝒃.
𝐬𝐢𝐧𝝎

𝐬𝐢𝐧𝑨
= 𝒃𝒄.

𝐬𝐢𝐧𝝎

𝒉𝒃
 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)  𝒂𝒏𝒅 𝐬𝐢𝐧𝝎 =

𝟐𝑭

√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐
. 

𝑻𝒉𝒆𝒏 ∶   
𝑨𝑴

𝒉𝒃
+
𝑩𝑴

𝒉𝒄
+
𝑪𝑴

𝒉𝒂
≥
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐𝑭
=
𝟐𝑹√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝒂𝒃𝒄
 (𝟏) 

𝑵𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 𝟑𝑹√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐  ≥⏞
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

√(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) ≥ 

≥⏞
𝑪𝑩𝑺

 𝒂𝟐𝒃+ 𝒃𝟐𝒄 + 𝒄𝟐𝒂.   𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚 𝒘𝒆 𝒈𝒆𝒕 ∶  𝟑𝑹√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 ≥ 𝒂𝒃𝟐 + 𝒃𝒄𝟐 + 𝒄𝒂𝟐. 

𝑻𝒉𝒆𝒏 ∶   𝟔𝑹√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 ≥ 𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐) 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝑨𝑴

𝒉𝒃
+
𝑩𝑴

𝒉𝒄
+
𝑪𝑴

𝒉𝒂
≥
𝟏

𝟑
(
𝒃 + 𝒄

𝒂
+
𝒄 + 𝒂

𝒃
+
𝒂 + 𝒃

𝒄
). 
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787. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐥𝐞𝐭 𝛗𝟏 = ∠(𝒈𝒂, 𝐧𝒂), 𝛗𝟐 = ∠(𝒈𝐛, 𝐧𝐛), 𝛗𝟑 = ∠(𝒈𝐜, 𝐧𝐜). 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝟎 ≤ 𝛗𝟏 +𝛗𝟐 + 𝛗𝟑 < 𝜋 

Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐢𝐧𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲 ⇒ 𝒈𝒂 ≤ 𝐀𝐈 + 𝐫 ≤
?
𝐰𝒂 ⇔

𝐫

𝐬𝐢𝐧
𝐀
𝟐

+ 𝐫 ≤
? 𝟐𝒂𝐛𝐜𝐜𝐨𝐬

𝐀
𝟐

𝒂(𝐛 + 𝐜)
 

⇔
𝐫

𝐬𝐢𝐧
𝐀
𝟐

+ 𝐫 ≤
? 𝟖𝐑𝐫𝐬𝐜𝐨𝐬

𝐀
𝟐

𝟒𝐑(𝐛 + 𝐜)𝐬𝐢𝐧
𝐀
𝟐 𝐜𝐨𝐬

𝐀
𝟐

⇔
𝟏

𝐬𝐢𝐧
𝐀
𝟐

+ 𝟏 ≤
? 𝒂 + 𝐛 + 𝐜

(𝐛 + 𝐜)𝐬𝐢𝐧
𝐀
𝟐

 

⇔
𝟏

𝐬𝐢𝐧
𝐀
𝟐

+ 𝟏 ≤
?
+

𝒂

(𝐛 + 𝐜)𝐬𝐢𝐧
𝐀
𝟐

+
𝟏

𝐬𝐢𝐧
𝐀
𝟐

⇔ (𝐛 + 𝐜)𝐬𝐢𝐧
𝐀

𝟐
≤
?
𝒂 

⇔ 𝟒𝐑𝐜𝐨𝐬
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐬𝐢𝐧
𝐀

𝟐
≤
?
𝟒𝐑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
⇔ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≤
?
𝟏 → 𝐭𝐫𝐮𝐞 

 

∴ 𝒈𝒂 ≤ 𝐰𝒂 ≤ √𝐬(𝐬 − 𝒂) ≤ 𝐦𝒂 ≤ 𝐧𝒂 ∴ 𝛗𝟏 = ∠(𝒈𝒂, 𝐧𝒂) ≥ 𝟎, 
 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝐧𝒂 = 𝒈𝒂𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒
𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩

𝛗𝟏 +𝛗𝟐 +𝛗𝟑 ≥ 𝟎, 
 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝐧𝒂 = 𝒈𝒂, 𝐧 = 𝒈𝐛, 𝐧𝐜 = 𝒈𝐜 ⇒ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍  
 

𝐂𝒂𝐬𝐞 𝟏  𝐛 > 𝑐 

 
∠(𝒈𝒂, 𝐧𝒂) = ∠(𝐜,𝐰𝒂) − ∠(𝐜, 𝒈𝒂) + ∠(𝐛,𝐰𝒂) − ∠(𝐛, 𝐧𝒂) 

=
𝐀

𝟐
+
𝐀

𝟐
− (∠(𝐜, 𝒈𝒂) + ∠(𝐛, 𝐧𝒂)) < 𝐀 (∵ ∠(𝐜, 𝒈𝒂) + ∠(𝐛, 𝐧𝒂) > 0) ∴ ∠(𝒈𝒂, 𝐧𝒂) < 𝐀 
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𝐂𝒂𝐬𝐞 𝟐  𝐜 > 𝑏 

 
∠(𝒈𝒂, 𝐧𝒂) = ∠(𝐛,𝐰𝒂) − ∠(𝐛, 𝒈𝒂) + ∠(𝐜,𝐰𝒂) − ∠(𝐜, 𝐧𝒂) 

=
𝐀

𝟐
+
𝐀

𝟐
− (∠(𝐛,𝒈𝒂) + ∠(𝐜, 𝐧𝒂)) < 𝐀 (∵ ∠(𝐛,𝒈𝒂) + ∠(𝐜, 𝐧𝒂) > 0) ∴ ∠(𝒈𝒂, 𝐧𝒂) < 𝐀 

𝐂𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏, 𝟐, 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,𝛗𝟏 = ∠(𝒈𝒂, 𝐧𝒂) < 𝐀 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝒍𝐲, 
𝛗𝟐 = ∠(𝒈𝐛, 𝐧𝐛) < 𝐁 𝒂𝐧𝐝 𝛗𝟑 = ∠(𝒈𝐜, 𝐧𝐜) < 𝐂 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐬𝐮𝐦𝐦𝒂𝐭𝐢𝐨𝐧, 

𝛗𝟏 + 𝛗𝟐 +𝛗𝟑 < 𝐴 + 𝐵 + 𝐶 = 𝜋, 
∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝟎 ≤ 𝛗𝟏 +𝛗𝟐 +𝛗𝟑 < 𝜋, 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
   

788.  𝑰𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪,   𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

  
𝟑𝑹𝟐

𝟐𝒓𝟐
 ≥⏞
(𝟏)

 ∑(
𝒂

𝒃
)
𝟐

𝒄𝒚𝒄

+ 𝟑 ≥⏞
(𝟐)

∑(
𝒂

𝒃
+
𝒃

𝒂
)

𝒄𝒚𝒄

 

Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝒆𝒎𝒎𝒂 ∶ 

  𝑰𝒏 𝒂𝒏𝒚 ∆𝑨𝑩𝑪 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶   
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≤
𝑹

𝒓
+ 𝟏. 

𝑷𝒓𝒐𝒐𝒇 ∶   𝑾𝒆 𝒂𝒔𝒔𝒖𝒎𝒆 𝒕𝒉𝒂𝒕 𝒄 = 𝐦𝐢𝐧{𝒂, 𝒃, 𝒄} .  𝑰𝒇 𝒂 ≥ 𝒃 ≥ 𝒄 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

𝑹

𝒓
+ 𝟏 ≥⏞

𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 
𝒂

𝒄
+
𝒄

𝒂
+ 𝟏 =

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
(𝒂 − 𝒃)(𝒃 − 𝒄)

𝒃𝒄
≥
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
. 

𝑰𝒇 𝒃 ≥ 𝒂 ≥ 𝒄 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  
𝑹

𝒓
+ 𝟏 ≥⏞

𝑩𝒂𝒏𝒅𝒊𝒍𝒂

 
𝒃

𝒄
+
𝒄

𝒃
+ 𝟏 =

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
(𝒃 − 𝒂)(𝒂 − 𝒄)

𝒂𝒃
≥
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
. 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆. 
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𝑾𝒆 𝒉𝒂𝒗𝒆 ∶  ∑(
𝒂

𝒃
)
𝟐

𝒄𝒚𝒄

+ 𝟑 = (∑
𝒂

𝒃
)
𝟐

− 𝟐∑
𝒃

𝒂
𝒄𝒚𝒄

+ 𝟑 ≤⏞
𝑳𝒆𝒎𝒎𝒂 & 𝐴𝑀−𝐺𝑀

(
𝑹

𝒓
+ 𝟏)

𝟐

− 𝟐. 𝟑 + 𝟑 = 

=
𝑹𝟐

𝒓𝟐
+
𝟐𝑹

𝒓
− 𝟐 =

𝟑𝑹𝟐

𝟐𝒓𝟐
− 𝟐(

𝑹

𝟐𝒓
− 𝟏)

𝟐

≤
𝟑𝑹𝟐

𝟐𝒓𝟐
. 

𝑵𝒐𝒘 𝒍𝒆𝒕 𝒙 ≔
𝒂

𝒃
,   𝒚 ≔

𝒃

𝒄
,   𝒛 ≔

𝒄

𝒂
,   𝒑 ≔ 𝒙 + 𝒚 + 𝒛,   𝒒 ≔ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙,   𝒓 ≔ 𝒙𝒚𝒛 = 𝟏. 

𝑻𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝟐) 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 ∶  𝒑𝟐 + 𝟑 ≥ 𝒑 + 𝟑𝒒. 

𝑩𝒚 𝑺𝒄𝒉𝒖𝒓′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒒 ≤
𝒑𝟑 + 𝟗𝒓

𝟒𝒑
=
𝒑𝟑 + 𝟗

𝟒𝒑
,  

𝒔𝒐 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶  𝒑𝟐 + 𝟑 ≥ 𝒑 + 𝟑.
𝒑𝟑 + 𝟗

𝟒𝒑
 ⇔ 

(𝒑 − 𝟑)(𝒑𝟐 − 𝒑 + 𝟗)

𝟒𝒑
≥ 𝟎, 

𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝒑 ≥⏞
𝑨𝑴−𝑮𝑴

𝟑√𝒓
𝟑 = 𝟑 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅. 

789. In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑𝒂𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪

𝒄𝒚𝒄

≤
𝟐𝒔

𝟑
⋅

𝒓𝟐

𝑹𝟐
+ 𝟐

𝒓𝟐

𝑹𝟐
+ 𝟐

𝒓
𝑹
− 𝟏

 

Proposed by Marin Chirciu-Romania 
Solution by Marian Ursărescu-Romania 

From Law of Sine: 

𝟐𝑹∑
𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪

𝐜𝐨𝐬 𝑩𝐜𝐨𝐬 𝑪
𝒄𝒚𝒄

≤
𝟐𝒔

𝟑
⋅

𝟐𝑹𝟐 + 𝒓𝟐

𝒓𝟐 + 𝟐𝑹𝒓 − 𝑹𝟐
⇔ 

𝑹𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 ⋅∑
𝟏

𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪
𝒄𝒚𝒄

≤
𝒔

𝟑
⋅

𝟐𝑹𝟐 + 𝒓𝟐

𝒓𝟐 + 𝟐𝑹𝒓 − 𝑹𝟐
;          (𝟏) 

𝐁𝐮𝐭: 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 =
𝒔𝒓

𝟐𝑹𝟐
 𝐚𝐧𝐝 ∑

𝟏

𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪
𝒄𝒚𝒄

=
𝟒𝑹(𝑹+ 𝒓)

𝒔𝟐 − (𝟐𝑹+ 𝒓)𝟐
;           (𝟐) 

From (1) and (2), we must show that: 

𝑹 ⋅
𝒔𝒓

𝟐𝑹𝟐
⋅
𝟒𝑹(𝑹 + 𝒓)

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐
≤
𝒔

𝟑
⋅

𝟐𝑹𝟐 + 𝒓𝟐

𝒓𝟐 + 𝟐𝑹𝒓 − 𝑹𝟐
⇔ 
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𝟔𝒓(𝑹 + 𝒓)

𝒔𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐
≤

𝟐𝑹𝟐 + 𝒓𝟐

𝒓𝟐 + 𝟐𝑹𝒓 − 𝑹𝟐
;                 (𝟑) 

From Walker’s inequality:   𝒔𝟐 ≥ 𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟑𝒓𝟐 

𝒔𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐 ≥ −𝟐𝑹𝟐 + 𝟒𝑹𝒓+ 𝟐𝒓𝟐 = 𝟐(𝒓𝟐 + 𝟐𝑹𝒓 − 𝑹𝟐);         (𝟒) 

From (3) and (4), we must show: 

𝟑𝒓(𝑹 + 𝒓)

𝒓𝟐 + 𝟐𝑹𝒓 − 𝑹𝟐
≤

𝟐𝑹𝟐 + 𝒓𝟐

𝒓𝟐 + 𝟐𝑹𝒓 − 𝑹𝟐
⇔ 𝟑𝑹𝒓 + 𝟑𝒓𝟐 ≤ 𝟐𝑹𝟐 + 𝒓𝟐 ⇔ 

𝟐𝑹𝟐 − 𝟑𝑹𝒓 − 𝟐𝒓𝟐 ≥ 𝟎 ⇔ (𝑹 − 𝟐𝒓)(𝟐𝑹 + 𝒓) ≥ 𝟎 which is true from  

Euler’s inequality:   𝑹 ≥ 𝟐𝒓. 

790. 

 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 

𝒂 = 𝟓, 𝒃 = 𝟔, 𝟑𝒓 = 𝒄 − 𝟐 

Using Gakopoulos’ Lemmas: 

(
𝟏

𝑩𝑫
−
𝟏

𝑩𝑪
) + (

𝟏

𝑩𝑭
−
𝟏

𝑩𝑨
) =

𝑨𝑪

𝑩𝑪 ⋅ 𝑩𝑨
 

We have: 

(
𝟏

𝟒
−
𝟏

𝟓
) + (

𝟏

𝒄 − 𝟐
−
𝟏

𝒄
) =

𝟔

𝟓𝒄
⇒ {
𝒄𝟏 = 𝟐𝟐
𝒄𝟐 = 𝟒

⇒ 𝒄 = 𝟒 
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Angle bisector theorem in the 𝚫𝑩𝑫𝑭: 

𝑭𝑰

𝑩𝑭
=
𝑰𝑫

𝑩𝑫
⇒
𝑭𝑰

𝟐
=
𝑭𝑫− 𝑭𝑰

𝟒
⇒ 𝑭𝑰 =

𝑭𝑫

𝟑
 

In the 𝚫𝑨𝑩𝑪: 𝟔𝟐 = 𝟓𝟐 + 𝟒𝟐 − 𝟐 ⋅ 𝟓 ⋅ 𝟒 𝐜𝐨𝐬𝑩 ⇒ 𝐜𝐨𝐬𝑩 =
𝟏

𝟖
 

In the 𝚫𝑩𝑫𝑭:  𝑭𝑫𝟐 = 𝟐𝟐 + 𝟒𝟐 − 𝟐 ⋅ 𝟐 ⋅ 𝟒 ⋅
𝟏

𝟖
⇒ 𝑭𝑫 = 𝟑√𝟐 

Hence: 𝑭𝑰 =
𝟑√𝟐

𝟑
, 𝑭𝑰 = √𝟐 

791. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑
(𝒔𝒊𝒏𝑨 + 𝒔𝒊𝒏𝑩 − 𝒔𝒊𝒏𝑪)(𝒔𝒊𝒏𝑨 + 𝒔𝒊𝒏𝑪 − 𝒔𝒊𝒏𝑩)

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

=  𝟒 −
𝟐𝒓

𝑹
 

Proposed by Ertan Yildirim-Izmir-Turkiye 
Solution by Daniel Sitaru-Romania 
 

∑
(𝒔𝒊𝒏𝑨 + 𝒔𝒊𝒏𝑩 − 𝒔𝒊𝒏𝑪)(𝒔𝒊𝒏𝑨 + 𝒔𝒊𝒏𝑪 − 𝒔𝒊𝒏𝑩)

𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
𝒄𝒚𝒄

= 

 

=∑
(
𝒂
𝟐𝑹+

𝒃
𝟐𝑹 −

𝒄
𝟐𝑹) (

𝒂
𝟐𝑹+

𝒄
𝟐𝑹 −

𝒃
𝟐𝑹)

𝒃
𝟐𝑹 ∙

𝒄
𝟐𝑹𝒄𝒚𝒄

= 

 

=∑
(𝒂 + 𝒃 − 𝒄)(𝒂 + 𝒄 − 𝒃)

𝒃𝒄
𝒄𝒚𝒄

=∑
(𝟐𝒔 − 𝟐𝒄)(𝟐𝒔 − 𝟐𝒃)

𝒃𝒄
𝒄𝒚𝒄

= 

 

= 𝟒∑
(𝒔 − 𝒄)(𝒔 − 𝒃)

𝒃𝒄
𝒄𝒚𝒄

= 𝟒∑𝒔𝒊𝒏𝟐
𝑨

𝟐
𝒄𝒚𝒄

= 𝟒(𝟏 −
𝒓

𝟐𝑹
) = 𝟒 −

𝟐𝒓

𝑹
 

792. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 (𝒂𝐜𝐮𝐭𝐞), 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝐦𝐢𝐧{∠(𝐧𝒂, 𝐧𝐛), ∠(𝐧𝐛, 𝐧𝐜), ∠(𝐧𝐜, 𝐧𝒂)} ≤
𝟑𝛑

𝟒
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 
 

 
∠(𝐧𝒂, 𝐧𝐛) + ∠(𝐧𝐛, 𝐧𝐜) + ∠(𝐧𝐜, 𝐧𝒂) = 𝐦∡(𝐀𝐍𝐁) +𝐦∡(𝐁𝐍𝐂) + 𝐦∡(𝐂𝐍𝐀) 

 
= (𝛑 − (𝛂𝟐 + 𝛃𝟏)) + (𝛑 − (𝛃𝟐 + 𝛄𝟏)) + (𝛑 − (𝛄𝟐 + 𝛂𝟏)) 

 
= 𝟑𝛑 − (𝛂𝟏 + 𝛂𝟐) − (𝛃𝟏 + 𝛃𝟐) − (𝛄𝟏 + 𝛄𝟐) = 𝟑𝛑− (𝐀 + 𝐁 + 𝐂) = 𝟑𝛑 − 𝛑 = 𝟐𝛑 

 

⇒
∠(𝐧𝒂, 𝐧𝐛) + ∠(𝐧𝐛, 𝐧𝐜) + ∠(𝐧𝐜, 𝐧𝒂)

𝟑
=
𝟐𝛑

𝟑
 

 

∴ 𝐦𝐢𝐧{∠(𝐧𝒂, 𝐧𝐛), ∠(𝐧𝐛, 𝐧𝐜), ∠(𝐧𝐜, 𝐧𝒂)} ≤
∠(𝐧𝒂, 𝐧𝐛) + ∠(𝐧𝐛, 𝐧𝐜) + ∠(𝐧𝐜, 𝐧𝒂)

𝟑
 

 

=
𝟐𝛑

𝟑
≤
𝟑𝛑

𝟒
 (𝐐𝐄𝐃) 

 

793. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
√𝒃+ 𝝀𝒄 − 𝒂

𝒃 + 𝝀𝒄
𝒄𝒚𝒄

≤
𝟑√𝝀𝟐 + 𝟐𝝀

(𝝀 + 𝟏)√𝒂 + 𝒃 + 𝝀𝒄
;   𝝀 ≥ 𝟏 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

First, we will show that the result is true for 𝝀 = 𝟏. 

∑
√𝒃+ 𝒄 − 𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

≤
𝟑√𝟑

𝟐√𝒂 + 𝒃 + 𝒄
; (𝒂 + 𝒃 + 𝒄 = 𝟐𝒔) 
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𝐋𝐞𝐭 𝒇(𝒙) =
√𝟐𝒔 − 𝟐𝒙

𝟐𝒔 − 𝒙
⇒ 𝒇′(𝒙) =

−𝟑𝒙

(𝟐𝒔 − 𝒙)𝟐√𝟐𝒔 − 𝟐𝒙
 

⇒ 𝒇′′(𝒙) = −𝟑

[
 
 
 (𝟐𝒔 − 𝒙)𝟐√𝟐𝒔 − 𝟐𝒙 + 𝒙[(𝟐𝒔 − 𝒙)√𝟐𝒔 − 𝟐𝒙 +

𝟏
𝟐 ⋅
(𝟐𝒔 − 𝒙)𝟐

√𝟐𝒔 − 𝟐𝒙
(𝟐𝒔 − 𝒙)𝟒(𝟐𝒔 − 𝟐𝒙)

]
 
 
 

< 0 

⇒ 𝒇−concave function, use Jensen’s inequality: 

𝒇(𝒂) + 𝒇(𝒃) + 𝒇(𝒄) ≤ 𝒇(
𝒂 + 𝒃 + 𝒄

𝟑
) 

∑
√𝟐𝒔 − 𝟐𝒙

𝟐𝒔 − 𝒂
𝒄𝒚𝒄

≤
𝟑√𝟐𝒔 −

𝟐∑𝒂
𝟑

𝟐𝒔 −
∑𝒂
𝟑

⇔∑
√𝟐𝒔 − 𝟐𝒙

𝟐𝒔 − 𝒂
𝒄𝒚𝒄

≤
𝟑√𝟑 ⋅ √𝟐𝒔

𝟒𝒔
  

∑
√𝒃+ 𝒄 − 𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

≤
𝟑√𝟑

𝟐
⋅
𝟏

√𝟐𝒔
, ∑

√𝒃 + 𝒄 − 𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

≤
𝟑√𝟑

𝟐√𝒂 + 𝒃 + 𝒄
 

794. In acute 𝚫𝑨𝑩𝑪,𝑯 −orthocenter, holds: 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√[𝑨𝑩𝑪] (√[𝑯𝑩𝑪] + √[𝑯𝑪𝑨] + √[𝑯𝑨𝑩]) 

[∗] −area. 

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam 
Solution by Tapas Das-India 

[𝑨𝑩𝑪] = [𝑯𝑨𝑩] + [𝑯𝑩𝑪] + [𝑯𝑪𝑨] 

√[𝑯𝑩𝑪] + √[𝑯𝑪𝑨] + √[𝑯𝑨𝑩] ≤
𝑪𝑩𝑺

√𝟑[𝑨𝑩𝑪] 

We need to show:  

𝒂𝟐 + 𝒃𝟐𝟐 + 𝒄𝟐 ≥ 𝟒√[𝑨𝑩𝑪] ⋅ √𝟑[𝑨𝑩𝑪] 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑 ⋅ [𝑨𝑩𝑪];   (𝟏) 

Let 𝒂 = 𝒙 + 𝒚, 𝒃 = 𝒚 + 𝒛, 𝒄 = 𝒛 + 𝒙; 𝒙, 𝒚, 𝒛 > 0, then  

(𝟏) ⇔ ((𝒙 + 𝒚)𝟐 + (𝒚 + 𝒛)𝟐 + (𝒛 + 𝒙)𝟐)𝟐 ≥ (𝟒𝒙𝒚 + 𝟒𝒚𝒛 + 𝟒𝒛𝒙)𝟐 

⇔ ((𝒙 + 𝒚)𝟐 + (𝒚 + 𝒛)𝟐 + (𝒛 + 𝒙)𝟐)𝟐 ≥ 𝟏𝟔(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐;     (𝟐) 

∵ (𝒑 + 𝒒 + 𝒓)𝟐 ≥ 𝟑(𝒑𝒒 + 𝒒𝒓 + 𝒓𝒑) 

(𝟐) ⇒ ((𝒙 + 𝒚)𝟐 + (𝒚 + 𝒛)𝟐 + (𝒛 + 𝒙)𝟐)𝟐 ≥ 𝟏𝟔 ⋅ 𝟑(𝒙𝟐𝒚𝒛 + 𝒙𝒚𝟐𝒛 + 𝒙𝒚𝒛𝟐) 
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((𝒙 + 𝒚)𝟐 + (𝒚 + 𝒛)𝟐 + (𝒛 + 𝒙)𝟐)𝟐 ≥ 𝟒𝟖𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

Equality holds for 𝒙 = 𝒚 = 𝒛 ⇔ 𝒂 = 𝒃 = 𝒄. 

 

795.  

In 𝚫𝑨𝑩𝑪, 𝑰 −incenter, 𝑭𝑬 ∥ 𝑩𝑫,𝑩𝑭 = 𝟖,𝑫𝑬 = 𝟔,𝑷𝑩𝑫𝑬𝑭 = 𝟓𝟐 perimeter. 

Find [𝑨𝑩𝑪𝑫], [∗] −area of ∗ 

Proposed by Thanasis Gakopoulos-Farsala-Greece 
Solution by Jose Ferreira Queiroz-Olinda-Brazil 
 

𝑨𝑩 = 𝒄, 𝑨𝑭 = 𝒄 − 𝟖,𝑫𝑪 = 𝒒 

𝑨𝑪 = 𝒃,𝑨𝑬 = 𝒃 − 𝟔 

𝑩𝑪 = 𝒂, 𝑩𝑫 = 𝒑 

𝒂 + 𝟖 + 𝟔 + 𝑭𝑬 = 𝟓𝟐 ⇒ 𝒂 + 𝑬𝑭 = 𝟑𝟖 

𝚫𝑨𝑭𝑬~𝚫𝑨𝑩𝑪:
𝒄 − 𝟖

𝒄
=
𝒃 − 𝟔

𝒃
⇒ 𝒃

=
𝟑𝒄

𝟒
; (𝟏) 

𝑮𝒂𝒌𝒐𝒑𝒐𝒖𝒍𝒐𝒔′𝑳𝒆𝒎𝒎𝒂:  

(
𝟏

𝑨𝑭
−
𝟏

𝑨𝑩
) + (

𝟏

𝑨𝑬
−
𝟏

𝑨𝑪
) =

𝑩𝑪

𝑨𝑩 ∙ 𝑨𝑪
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𝟏

𝒄 − 𝟖
−
𝟏

𝒄
+

𝟏

𝒃 − 𝟔
−
𝟏

𝒃
=
𝒂

𝒃𝒄
 

(𝟏) ⇒ 𝒂 =
𝟏𝟒𝒄

𝒄 − 𝟖
 

𝑮𝒂𝒌𝒐𝒑𝒐𝒖𝒍𝒐𝒔′𝑳𝒆𝒎𝒎𝒂: 

𝑭𝑬𝟐 =
𝟏

𝑨𝑭 ∙ 𝑨𝑬
(𝑨𝑭+ 𝑨𝑬)𝟐(𝑨𝑩 ∙ 𝑨𝑫 + 𝑨𝑭 ∙ 𝑨𝑬) − 𝟐(𝑨𝑩 + 𝑨𝑫)(𝑨𝑭+ 𝑨𝑬) 

𝑬𝑭 = 𝟏𝟒 ⇒ 𝒂 = 𝟐𝟒 ⇒ 𝒄 =
𝟗𝟔

𝟓
⇒ 𝒃 =

𝟕𝟐

𝟓
 

𝒂𝟐 = 𝒃𝟐 + 𝒄𝟐 − 𝟐𝒃𝒄 ∙ 𝐜𝐨𝐬𝑨 

𝟐𝟒𝟐 = (
𝟗𝟔

𝟓
)
𝟐

+ (
𝟕𝟐

𝟓
)
𝟐

− 𝟐 ∙
𝟗𝟔

𝟓
∙
𝟕𝟐

𝟓
∙ 𝐜𝐨𝐬𝑨 

𝐜𝐨𝐬𝑨 = 𝟎 ⇒ 𝑨 =
𝝅

𝟐
 

𝑩𝑪 −diameter, 
𝑨

𝟐
=
𝝅

𝟒
, 𝑫 =

𝝅

𝟐
⇒ 𝒑 = 𝒒 and 𝟐𝒒𝟐 = 𝒂𝟐 ⇒ 𝒒 =

𝒂√𝟐

𝟐
⇒ 𝒒 = 𝟏𝟐√𝟐 

𝑭𝟏 = [𝑨𝑩𝑪] =
𝟏

𝟐
𝒃𝒄 =

𝟏

𝟐
∙
𝟕𝟐

𝟓
∙
𝟗𝟔

𝟓
=
𝟑𝟒𝟓𝟔

𝟐𝟓
 

𝑭𝟐 = [𝑩𝑫𝑪] =
𝟏

𝟐
𝒒𝟐 =

𝟏

𝟐
(𝟏𝟐√𝟐)

𝟐
= 𝟏𝟒𝟒 

𝑭 = [𝑨𝑩𝑪𝑫] =
𝟑𝟒𝟓𝟔

𝟐𝟓
+ 𝟏𝟒𝟒 =

𝟕𝟎𝟓𝟔

𝟐𝟓
 

796. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝟏

𝐭𝐚𝐧
𝑨
𝟐
+ √𝟏 + 𝐭𝐚𝐧𝟐

𝑨
𝟐

𝒄𝒚𝒄

≤
𝟒𝑹 + 𝒓

𝒔
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 

∑𝐬𝐞𝐜
𝑨

𝟐
𝒄𝒚𝒄

=∑√𝟏+ 𝐭𝐚𝐧𝟐
𝑨

𝟐
𝒄𝒚𝒄

≤
𝑪𝑩𝑺

√𝟑 ∙ √𝟑 +∑𝐭𝐚𝐧𝟐
𝑨

𝟐
𝒄𝒚𝒄

= 

= √𝟑 ∙ √𝟑 + (
𝟒𝑹+ 𝒓

𝒔
)
𝟐

− 𝟐 = √𝟑 ∙ √𝟏 + (
𝟒𝑹 + 𝒓

𝒔
)
𝟐

 

Now, we have: 
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∑
𝟏

𝐭𝐚𝐧
𝑨
𝟐 +

√𝟏 + 𝐭𝐚𝐧𝟐
𝑨
𝟐

𝒄𝒚𝒄

=∑
𝟏

𝐭𝐚𝐧
𝑨
𝟐 + 𝐬𝐞𝐜

𝑨
𝟐𝒄𝒚𝒄

= 

=∑
𝐬𝐞𝐜𝟐

𝑨
𝟐 − 𝐭𝐚𝐧

𝟐 𝑨
𝟐

𝐭𝐚𝐧
𝑨
𝟐 + 𝐬𝐞𝐜

𝑨
𝟐𝒄𝒚𝒄

=∑
(𝐬𝐞𝐜

𝑨
𝟐 + 𝐭𝐚𝐧

𝑨
𝟐)(𝐬𝐞𝐜

𝑨
𝟐 − 𝐭𝐚𝐧

𝑨
𝟐)

𝐭𝐚𝐧
𝑨
𝟐 + 𝐬𝐞𝐜

𝑨
𝟐𝒄𝒚𝒄

= 

=∑(𝐬𝐞𝐜
𝑨

𝟐
− 𝐭𝐚𝐧

𝑨

𝟐
)

𝒄𝒚𝒄

=∑𝐬𝐞𝐜
𝑨

𝟐
𝒄𝒚𝒄

−
𝟒𝑹 + 𝒓

𝒔
≤ √𝟑 ∙ √𝟏 +

𝟒𝑹 + 𝒓

𝒔
−
𝟒𝑹 + 𝒓

𝒔
 

We need to show: 

√𝟑 ∙ √𝟏 +
𝟒𝑹 + 𝒓

𝒔
−
𝟒𝑹 + 𝒓

𝒔
≤
𝟒𝑹 + 𝒓

𝒔
, √𝟑 ∙ √𝟏 +

𝟒𝑹 + 𝒓

𝒔
≤ 𝟐 ∙

𝟒𝑹 + 𝒓

𝒔
 

𝟑(𝟏 +
𝟒𝑹 + 𝒓

𝒔
) ≤ 𝟒 (

𝟒𝑹+ 𝒓

𝒔
)
𝟐

, 𝟑 ≤
(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
⇔ 𝒔𝟐 ≤

(𝟒𝑹 + 𝒓)𝟐

𝟑
  (𝐭𝐫𝐮𝐞!) 

Therefore, 

∑
𝟏

𝐭𝐚𝐧
𝑨
𝟐 +

√𝟏 + 𝐭𝐚𝐧𝟐
𝑨
𝟐

𝒄𝒚𝒄

≤
𝟒𝑹 + 𝒓

𝒔
 

Note: 

𝟏)                  ∑ 𝐭𝐚𝐧
𝑨

𝟐
𝒄𝒚𝒄

=
𝟒𝑹 + 𝒓

𝒔
 

𝟐)  ∑𝐭𝐚𝐧𝟐
𝑨

𝟐
𝒄𝒚𝒄

= (
𝟒𝑹 + 𝒓

𝒔
)
𝟐

− 𝟐 

𝟑)         
𝟏

𝒏
∑𝒙𝒌

𝒎

𝒏

𝒌=𝟏

≤ (
𝟏

𝒏
∑𝒙𝒌

𝒏

𝒌=𝟏

)

𝒎

 

797. In 𝚫𝑨𝑩𝑪,𝑻 −Toricelli’s point, holds: 

𝑻𝑨𝟐𝒏 + 𝑻𝑩𝟐𝒏 + 𝑻𝑪𝟐𝒏 ≥ 𝟑(𝟐𝒓)𝟐𝒏, 𝒏 ∈ ℕ 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

Let 𝑻𝑨 = 𝒙; 𝑻𝑩 = 𝒚; 𝑻𝑪 = 𝒛, then: 



 
www.ssmrmh.ro 

136 RMM-GEOMETRY MARATHON 701-800 

 

𝑭 = [𝑨𝑩𝑪] = [𝑨𝑻𝑩] + 𝑩𝑻𝑪] + [𝑪𝑻𝑨] = 

=
𝒙𝒚

𝟐
𝐬𝐢𝐧
𝟐𝝅

𝟑
+
𝒚𝒛

𝟐
𝐬𝐢𝐧
𝟐𝝅

𝟑
+
𝒛𝒙

𝟐
𝐬𝐢𝐧
𝟐𝝅

𝟑
=
√𝟑

𝟒
(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 

⇒ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 =
𝟒𝑭

√𝟑
;       (𝟏) 

𝑻𝑨𝟐𝒏 + 𝑻𝑩𝟐𝒏 + 𝑻𝑪𝟐𝒏 = 𝒙𝟐𝒏 + 𝒚𝟐𝒏 + 𝒛𝟐𝒏 ≥ 

≥
𝟑

𝟑𝟐𝒏
(𝒙 + 𝒚 + 𝒛)𝟐𝒏 =

𝟑

𝟑𝟐𝒏
[(𝒙 + 𝒚 + 𝒛)𝟐]𝒏 ≥ 

≥
𝟑

𝟑𝟐𝒏
[𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)]𝒏 =

𝟑

𝟑𝟐𝒏
⋅ 𝟑𝒏(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝒏 = 

=
𝟑

𝟑𝟐𝒏
⋅ 𝟑𝒏 (

𝟒𝑭

√𝟑
)
𝒏

=
𝟑

𝟑𝟐𝒏
⋅ 𝟑𝒏 (

𝟒𝒓𝒔

√𝟑
)
𝒏

≥
𝟑

𝟑𝟐𝒏
⋅ 𝟑𝒏 (

𝟒𝒓 ⋅ 𝟑√𝟑𝒓

√𝟑
)

𝒏

= 𝟑(𝟐𝒓)𝟐𝒏 

798. 𝐏𝐫𝐨𝐯𝐞 𝐨𝐫 𝐝𝐢𝐬𝐩𝐫𝐨𝐯𝐞:  𝐈𝐧 ∆ 𝐀𝐁𝐂:     𝐧𝒂 + 𝐫𝒂 ≥ 𝟐𝒈𝒂 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐞 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫 𝒂𝐧 𝐢𝐬𝐨𝐬𝐜𝐞𝐥𝐞𝐬 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐛 = 𝐜 

𝐍𝐨𝐰, 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) =
(𝐢)
𝒂𝐧𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝  

𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜) =
(𝐢𝐢)
𝒂𝒈𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝 (𝐢) + (𝐢) ⇒ 
(𝐛𝟐 + 𝐜𝟐)(𝟐𝐬 − 𝐛 − 𝐜) = 𝒂𝐧𝒂

𝟐 + 𝒂𝒈𝒂
𝟐 + 𝟐𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)  

⇒ 𝟐𝒂(𝐛𝟐 + 𝐜𝟐) = 𝟐𝒂(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) + 𝒂(𝒂 + 𝐛 − 𝐜)(𝐜 + 𝒂 − 𝐛) 
⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) + 𝒂𝟐 − (𝐛 − 𝐜)𝟐 

⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) − 𝒂𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐) 
⇒ 𝟒𝐦𝒂

𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐) 

⇒ 𝐧𝒂
𝟐 +𝒈𝒂

𝟐 =
(∗)
(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) 

𝐀𝐥𝐬𝐨, 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 

= 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 

⇒ 𝒂𝐧𝒂
𝟐 = 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀 − 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐

𝐀

𝟐
= 𝒂𝐬𝟐 −

𝟒𝒂𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

⇒ 𝐧𝒂
𝟐 =
(∗∗)
𝐬𝟐 −

𝟒𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

∴ (∗), (∗∗) ⇒ 𝒈𝒂
𝟐 = (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) − 𝐬𝟐 +

𝟒𝐬(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂
 

= (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) − 𝐬𝟐 +
𝐬(𝒂𝟐 − (𝐛 − 𝐜)𝟐)

𝒂
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= (𝐛 − 𝐜)𝟐 −
𝐬(𝐛 − 𝐜)𝟐

𝒂
+ 𝐬(𝐬 − 𝒂) = 𝐬(𝐬 − 𝒂) (∵ 𝐛 = 𝐜) ⇒ 𝒈𝒂

𝟐 =
(⦁)
𝐬(𝐬 − 𝒂) 

𝐀𝐠𝒂𝐢𝐧, (𝐢) − (𝐢𝐢) ⇒ 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) − 𝒂𝒈𝒂

𝟐 − 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 
= (𝐬 − 𝐜)(𝐛𝟐 − 𝐜𝟐) − (𝐬 − 𝐛)(𝐛𝟐 − 𝐜𝟐) ⇒ 𝒂(𝐧𝒂

𝟐 − 𝒈𝒂
𝟐) = (𝐛𝟐 − 𝐜𝟐)(𝐛 − 𝐜) 

= (𝐛 + 𝐜)(𝐛 − 𝐜)𝟐 = 𝟎 (∵ 𝐛 = 𝐜) ⇒ 𝐧𝒂 = 𝒈𝒂 

∴ 𝐧𝒂 + 𝐫𝒂 − 𝟐𝒈𝒂 = 𝐫𝒂 − 𝒈𝒂 ≥
?
𝟎 ⇔
𝐯𝐢𝒂 (⦁) 𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

(𝐬 − 𝒂)𝟐
≥
?
𝐬(𝐬 − 𝒂) 

⇔
𝒂𝟐 − (𝐛 − 𝐜)𝟐

𝟒
≥
?
(𝐬 − 𝒂)𝟐 ⇔ 𝒂𝟐 ≥

?
𝟒(𝐬 − 𝒂)𝟐 (∵ 𝐛 = 𝐜) ⇔ 𝒂 ≥

?
𝐛 + 𝐜 − 𝒂 

⇔ 𝟐𝒂 ≥
?
𝟐𝐛 ⇔ 𝒂 ≥

?
𝐛, 𝐛𝐮𝐭 𝐢𝐟 𝐁 = 𝐂 = 𝟕𝟓° (𝒂𝒏𝒅 𝐀 = 𝟑𝟎°), 

𝐭𝐡𝐞𝐧 ∶ 𝒂 − 𝐛 = 𝟐𝐑(𝐬𝐢𝐧𝟑𝟎° − 𝐬𝐢𝐧𝟕𝟓°) < 0 ⇒ 𝑎 < 𝐛 ⇒ 𝐧𝒂 + 𝐫𝒂 − 𝟐𝒈𝒂 < 0 
∴ 𝐧𝒂 + 𝐫𝒂 < 2𝒈𝒂 𝐟𝐨𝐫 𝐀 = 𝟑𝟎° 𝒂𝐧𝐝 𝐁 = 𝐂 = 𝟕𝟓° 
∴ 𝐧𝒂 + 𝐫𝒂 ≥ 𝟐𝒈𝒂 𝐢𝐬 𝐧𝐨𝐭 𝒂𝒍𝐰𝒂𝐲𝐬 𝐭𝐫𝐮𝐞 (𝐃𝐨𝐧𝐞) 

 

799. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝟔 ≤∑
𝒂

𝒃 + 𝒄
𝐜𝐬𝐜𝟐

𝑨

𝟐
𝒄𝒚𝒄

≤
𝟑𝑹

𝒓
 

Proposed by Marin Chirciu-Romania 

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

We have: 

  ∑
𝒂

𝒃 + 𝒄
𝐜𝐬𝐜𝟐

𝑨

𝟐
𝒄𝒚𝒄

= ∑
𝒂𝒃𝒄

(𝒃 + 𝒄)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓 𝟑𝟑. 𝒂𝒃𝒄

∑ (𝒃 + 𝒄)𝒄𝒚𝒄 . ∑ (𝒔 − 𝒃)(𝒔 − 𝒄)𝒄𝒚𝒄
= 

=
𝟐𝟕. 𝟒𝑹𝒔𝒓

𝟒𝒔. 𝒓(𝟒𝑹 + 𝒓)
=
𝟐𝟕𝑹

𝟒𝑹 + 𝒓
= 𝟔 +

𝟑(𝑹 − 𝟐𝒓)

𝟒𝑹 + 𝒓
 ≥⏞
𝑬𝒖𝒍𝒆𝒓

 𝟔. 

Also we have: 

 ∑
𝒂

𝒃 + 𝒄
𝐜𝐬𝐜𝟐

𝑨

𝟐
𝒄𝒚𝒄

=  ∑
𝒂𝒃𝒄

(𝒃 + 𝒄)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

≤⏞
𝑯𝑴−𝑨𝑴

∑
𝒂(𝒃 + 𝒄)

𝟒(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

= 
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=
𝟏

𝟒𝒔𝒓𝟐
∑𝒂(𝒃 + 𝒄)(𝒔 − 𝒂)

𝒄𝒚𝒄

=
𝟏

𝟒𝒔𝒓𝟐
. 𝟑𝒂𝒃𝒄 =

𝟑𝑹

𝒓
. 

Therefore:   𝟔 ≤ ∑
𝒂

𝒃+𝒄
𝐜𝐬𝐜𝟐

𝑨

𝟐𝒄𝒚𝒄 ≤
𝟑𝑹

𝒓
. 

Solution 2 by Tapas Das-India 

𝒂

𝒃 + 𝒄
𝐜𝐬𝐜𝟐

𝑨

𝟐
=

𝟐𝑹 𝐬𝐢𝐧𝑨

𝟐𝑹𝐬𝐢𝐧𝑩 + 𝟐𝑹 𝐬𝐢𝐧𝑪
∙
𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐

= 

=
𝐬𝐢𝐧𝑨

𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪
∙
𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐

=
𝟐𝐬𝐢𝐧

𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐

𝟐 𝐬𝐢𝐧
𝑩 + 𝑪
𝟐 𝐜𝐨𝐬

𝑩 − 𝑪
𝟐

∙
𝟏

𝐬𝐢𝐧𝟐
𝑨
𝟐

= 

=
𝐜𝐨𝐬

𝑨
𝟐

𝐬𝐢𝐧
𝑨
𝟐 𝐬𝐢𝐧 (

𝝅
𝟐 −

𝑨
𝟐) 𝐜𝐨𝐬

𝑩 − 𝑪
𝟐

=
𝐜𝐨𝐬

𝑨
𝟐

𝐬𝐢𝐧
𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐 𝐜𝐨𝐬

𝑩 − 𝑪
𝟐

= 

=
𝟏

𝐬𝐢𝐧
𝑨
𝟐
𝐜𝐨𝐬

𝑩 − 𝑪
𝟐

=
𝟐

𝟐𝐜𝐨𝐬
𝑩 − 𝑪
𝟐

𝐜𝐨𝐬
𝑩 + 𝑪
𝟐

=
𝟐

𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪
 

∑
𝒂

𝒃+ 𝒄
𝐜𝐬𝐜𝟐

𝑨

𝟐
𝒄𝒚𝒄

=∑
𝟐

𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪
𝒄𝒚𝒄

≥ 𝟐 ∙
𝟗

𝟐∑𝐜𝐨𝐬 𝑨
=

𝟗

𝟏 +
𝒓
𝑹

 

∑
𝒂

𝒃+ 𝒄
𝐜𝐬𝐜𝟐

𝑨

𝟐
𝒄𝒚𝒄

=∑
𝒂𝒃𝒄

(𝒃 + 𝒄)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

= 

=∑
𝒂𝒃𝒄(𝒔 − 𝒂)

(𝒃 + 𝒄)(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒄𝒚𝒄

= 𝒂𝒃𝒄∑
𝒔− 𝒂

(𝒃 + 𝒄)𝒔𝒓𝟐
𝒄𝒚𝒄

= 

=
𝒂𝒃𝒄

𝒔𝒓𝟐
∑
𝒔−𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

=
𝟒𝑹𝒓𝒔

𝒔𝒓𝟐
∑
𝒔−𝒂

𝒃 + 𝒂
𝒄𝒚𝒄

= 

=
𝟒𝑹

𝒓
∑(

𝒔

𝒃 + 𝒄
−

𝒂

𝒃 + 𝒄
)

𝒄𝒚𝒄

=
𝟒𝑹

𝒓
∑
𝟏

𝟐
(𝟏 +

𝒂

𝒃 + 𝒄
)

𝒄𝒚𝒄

= 

=
𝟒𝑹

𝒓
(
𝟑

𝟐
−
𝟏

𝟐
∑

𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

) ≤
𝟒𝑹

𝒓
∙
𝟑

𝟒
=
𝟑𝑹

𝒓
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800. 

𝑰 − 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒊𝒏 ∆𝑨𝑩𝑪.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 

𝑨𝑰 + 𝟒𝑹 + 𝒓𝒃 + 𝒓𝒄 + 𝒓

𝟑𝒎𝒂 +𝒎𝒃 +𝒎𝒄 + 𝒉𝒂 − 𝒓
≤ √

𝑹

𝟐𝒓
 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐜𝐨𝐬
𝑨

𝟐
= √

𝒔(𝒔 − 𝒂)

𝒃𝒄
= √

𝒂. 𝟐(𝒔 − 𝒂)

𝟖𝑹𝒓
 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝒂 + 𝟐(𝒔 − 𝒂)

𝟐√𝟖𝑹𝒓
=
𝒃 + 𝒄

𝟒√𝟐𝑹𝒓
  (𝟏) 

𝑵𝒐𝒘,   𝑨𝑰 =
𝒓

𝐬𝐢𝐧
𝑨
𝟐

=
𝟒𝑹𝒓𝐜𝐨𝐬

𝑨
𝟐

𝒂
  ≤⏞
(𝟏)

√
𝑹𝒓

𝟐
.
𝒃 + 𝒄

𝒂
= √

𝑹𝒓

𝟐
. (
𝟐𝒔

𝒂
− 𝟏) = √

𝑹

𝟐𝒓
(𝒉𝒂 − 𝒓)  (𝟐) 

𝑨𝒍𝒔𝒐,   𝒓𝒃 + 𝒓𝒄 = 𝒔𝒓(
𝟏

𝒔 − 𝒃
+

𝟏

𝒔 − 𝒄
) =

𝒔𝒓. 𝒂

(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝒂(𝒔 − 𝒂)

𝒓

=
𝒂𝒃𝒄

𝒔𝒓
. 𝐜𝐨𝐬𝟐

𝑨

𝟐
≤⏞
(𝟏)

𝟒𝑹𝐜𝐨𝐬
𝑨

𝟐
.
𝒃 + 𝒄

𝟒√𝟐𝑹𝒓
= 

= 𝟐√
𝑹

𝟐𝒓
.
𝒃 + 𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐
 ≤⏞
𝑳𝒂𝒔𝒄𝒖

 𝟐√
𝑹

𝟐𝒓
.𝒎𝒂.    𝑻𝒉𝒆𝒏 ∶  𝒓𝒃 + 𝒓𝒄 ≤ 𝟐√

𝑹

𝟐𝒓
.𝒎𝒂 (𝟑) 

𝑻𝒉𝒖𝒔,   𝟒𝑹+ 𝒓 =∑
𝒓𝒃 + 𝒓𝒄
𝟐

𝒄𝒚𝒄

 ≤⏞
(𝟑)

 ∑√
𝑹

𝟐𝒓
.𝒎𝒂

𝒄𝒚𝒄

= √
𝑹

𝟐𝒓
(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)  (𝟒) 

𝑨𝒅𝒅𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 (𝟐), (𝟑) 𝒂𝒏𝒅 (𝟒) 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝑨𝑰 + 𝟒𝑹 + 𝒓𝒃 + 𝒓𝒄 + 𝒓 ≤ √
𝑹

𝟐𝒓
(𝟑𝒎𝒂 +𝒎𝒃 +𝒎𝒄 + 𝒉𝒂 − 𝒓). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   
𝑨𝑰 + 𝟒𝑹+ 𝒓𝒃 + 𝒓𝒄 + 𝒓

𝟑𝒎𝒂 +𝒎𝒃 +𝒎𝒄 + 𝒉𝒂 − 𝒓
≤ √

𝑹

𝟐𝒓
. 

 



 
www.ssmrmh.ro 

140 RMM-GEOMETRY MARATHON 701-800 

 

 

 

 

 

 

 

 

It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


