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TECHNIQUES FOR INTEGRAL CALCULUS

BY MARIAN URSARESCU AND FLORICA ANASTASE

Abstract: In this paper are presented few techniques for integral calcu-
lus and his applications.

1. Introduction.

Proposition 1.1
Let f : [a,b] > R,g : [a,b] - R* and u : [a,b] — R continuous
function with properties f(x) + f(s — ) = u(x),
g(x) =g(s — x),Vx € [a,b],s = a + b then:

G u(x)
= — ——d
ON / g(@) "
Proof. Using the substltutlon r = s —t, it follows:
v f(x) fs—t Pult) — f(t)
/a 9(z) (s —1) dt) = / g(t) “

_/ é t_/fjjdt

b b
f(z) 1 / u(x)
PV e =2 | B4y
/a g(x) 2 Ja g(x)
Application 1.1 Find:

I:/ﬂ (erl)sinxdx
0o 3+cosz

Hence,

Solution.
I:/W (x—i-l)S;nxdx:/” avsinac2 dx+/7r sinac2 g
o 9d+cos‘w o 3+cos‘w 0 d3+costw
=I; + I>, where
T xsinx m —x)sin(m — )
I - d =
! /0 3+ cos?x / 3+ cos?x o

T  sinzx Tsinx
=T
o 3+coslx 3 + 3+ cos?z

dx, thus



Il :71'12 — Il or Il = gIQ, where

IF/”Side:_/“d(wSﬂf)dx_
0 3+cos’x 0 3+cos’z
coswym _ 21
0 3v3
Application 1.2 Find:

I /‘/3 rarctgx

_v3 1 +ete?
Solution.
7= /\/g xarctgx _ /\/g (—x) arctg(—x)
\[ 1+ etgl” 3 14 etel=2)
ze'® T arctg x V3 2(1+ e'®% — 1) arctg x
1+etgz V3 14 etee
\/5
:/ rarctgrdr — I or
V3
V3 V3
21 = / rarctgrdr =2 / x arctg x dz, then
V3 0
V3 x2 V3 1 V3 33‘2
1= / rarctgx dr = (—arctgx) ‘ —/ ——dx
0 2 0 0

2 1+ 22

_m_V3
3 2
Application 1.3 Find:

V2
Solution.
1 1
I:/ﬂ z-In(1+ eV dp = /ﬂ (=) - In(1 + eHVI=(=2)%) gy
~ =
1 P) 1
3 1 +ervi-e g ov/I—a?
__/_} ln< Vit >da:-—[+/_1xln<e )d:U
2

of 2/“5 2 /1= 22dp “ 20 o
1
-

w/4
/ sin®t\/1 — sin%t - cost dt or
0
2



/4 T

w/4 1 [7/4 1 1
I:/ SithCOSQtdt:/ sin?2tdt = = [z — = sin4t
0 4 /o 8 4 0 32

Application 1.4 Find:

I_/’T/4 In(1 + tgx)
~Jo  2+sin2z + cos2z

Solution.

I_/”/4 In(1+tgz) gy T /”/4 In (14 tg(% — )
“Jo  2+sin2z +cos2z N 0

_/”/4 In2 —In(1+tgx)
~Jo  2+sin2zx +cos2z

/4 1 t=tg 1 1
21 :1112/ Yta l—thm dr = 1D2/ mdt, then
0 2+ 1+tg? x + 1+tg? x 0
In2 s
I =——(arctg V2 — =
2ﬂ( g 1)

Application 1.5 Find:
I /27r x + tg(sin x) s
0 2+ cosw
Solution 1.

I /27r x + tg(sinx) gy T /27r 21 — x — tg(sinz) d
0 2+ cosz 0 2+ cosw

27 1
:27r/ —dr—1
0o 2+cosx
1 2 1 s 1 2w 1
I:/ dx:/ dx—i—/ —dx
us 0 2+cosx 0 2+cosx ~ 2+cosz
T 1 T 1
:/ dﬂc+/ —dx
0 2-+cosw 0 2—cosx
w/2 1 w/2 1 w/2 1
:/ da:+/ da:+/ —da+
o 2+cosz o 2+cosz o 2+sinx
/2 1
Y N
o 2—sinx

1 1 1
1 2 1 1
:2/ 2dt+/ 21dt+/ 2dt+

2 +sin(§ — 2x) + cos(§ — x)

dzx



Solution 2.

; :/zw x + tg(sinx) P /w T+ x — tg(sinx) de
0 2+coszx - 2 —cosx

™ 1 ™ —t : 2m 1
:W/ dH/ wg(sm)dx:%/ LS
o 2—CosT x 2—CosT 0o 2—cosx

/2 1 /2 1 1 1
o inz o (3 , 1 3
& /22 T H(t+3) +<7

7271'2\/3
3
2. General result.

Proposition 2.1
Let f : R — R be continuous function such that

af(x+b)+B8f(c—=z) =g(z+b),Vz € R; (1)

where a, 3 € R*,a+3 # 0,b,c € R and g : R — R continuous
function with the primitives G. Then for all m,n € R such

that m +n = b + c,
[ _G(n)—G(m)‘
Liw= [ fl@)yde = T2 220, (2)

Proof. Replacing = with  — b, we get af (z) + 8f(b+ ¢ — ) = g(z), and
hence

f@) = ~9@) ~ 2o+~ a)

Integrating both sides on the interval [m,n], it follows:

mn—/ f(x /mng(ﬂc)d:c—ﬂ/nf(b—i—c—m)dx
—a[ (n) /fb+c—x
(btc—a=t) 1

=26 -+ 2 [T ar

Lonn <1 + g) :é[G(n) — G(m)], then

Corolary 2.1
If h: R — R is odd function,f—periodic function with f’—continuous, then

P k)
I = /0 m dx = flarctg h(n) — arctg h(m)],



where m +n =20. /
Proof. Let f(x) = 2@ then flea+20)+ f(—z) =20 - @) and for

1+h2(z) 1+h2(x)
h(x)
= = 1 = 2 = = 2 - _
a=p ,b=20,c=0,9(x) 0 T 02()

Let G : R — R,G(x) = 20 - arctgx be an primitive of the function g. For
m + n = 20 and using Proposition 2.1, we have:

In = / f(x) dx = flarctg h(n) — arctg h(m)]
Application 2.1 Find:
T gxsinz
I= ———d
/o 1+ costz "

Solution. Let f(z) esine_then f(z) + f(r — x) = T80L and using

o 1+cos? z’ 1+cos? z
Proposition 2.1 for m +n =, m =0,n =, we get:

I—/ﬂ Tsinx dx:ﬁ
o l+cos?z 4

Application 2.2 Find:

w/4
I:/ In(1+tgz)dx
0

Solution. Let f(x) =In(1+ tgx), then

s 1—tgx
— —x)=1In(1
f(7 =) =In( 1T tes

4
7r
f@)+ f(G — ) =2
Using Proposition 2.1, we get:

) =In2 —1In(1 +tga)

n J—
Im’n:/ In(l+tgz)de = n 2mln2; m—l—n:g

m
For m = 0,n = 7, it follows I = S In 2.
Application 8. If i : [0,1] — R is continuous function, then prove:

™

/ x-h(sinz)dr = / h(sinz) dx
0 2 Jo

Solution. Let f(x) = wh(sinz) — Fh(sinz), then f(x) + f(m —x) = 0.
Using Proposition 2.1, we get

/ h(z)de =0, m+n=m

For m = 0,n = m, we get the problem.
Application 2.3 Prove that:

/1 dz _/1 dzx
0 Val—4x3 + 622 —4x +2 o V14t



Solution. Let f:[0,1] — R, f(x) then

f(@)+ f(1 —2) =0.

Using Proposition 2, we have:

_ 1 1
T Vot —42834+622—4z+2 V14azd’

n
/ flx)de =0;m+n=1
m
For m = 0,n =1 we get the problem.

3. Extension result.

Proposition 3.1
Let f: [a — 6,a + 6] — R be continuous function such that
af(a+z)+ Bf(a —x) = v,Vx € [-0,0],a,8 € R*,v € R,
then:

a+0
@alf@Mw:jf%a+ﬂ¢o
a+6 _ a+6
i) [ fa)de =20 4 & 2 @
a—6 (84 « a

Proof. If f : [a — 0,a + 0] — R is continuous function and
u,v:[—0,0] = [a—0,a+0],u(zx) =a—t,v(x) = a+t, then:

a+0 u(0) 0
ngﬂ@m—/ ﬁﬂmm—/ﬁmwmwﬁ

—u(—

Z/_Zf(a+t)dt:/_99 (z—if(a—t)) dt =

270 B até _2n0 B ’ / _
=l fla—t)de ===+ a/gf(v(t))v (t) dt =
_270 a+6
_Oé+/ae f(z)dx
Therefore,
a+0 é a+0 w
| t@aes 2 [ pwyde =2 o

a+0 a a+0
zz)/ " f(x)dx—/_ef(x)d:):—i—/ " f(x) dx, where
0

[ s@yde= [u-0yOp@ae = [ jatoie -
a—0

—0



_p —0 (0% (6%
0 0 2] v(0) ,

_% - g 79f( —t)dt = % +§ . fu(@)v'(t) dt =

’Y@ /8 a+6
e ol () dx
So, we have:
a+6 0 a+6 a+6
| =22 [ pwdes [ e de -

Observation:
3.1) The function f : [a — 0,a + 0] — R is a — even function iff

fla—z) = f(a+2x),Ve <|6).
3.2) The function f : [a — 0,a + 0] — R is a — odd function iff
fla+z)=—f(a—2z),vY|z| <0.
Application 3.1 Find:

/1 473 — 622 4+ 8x — 3
I, =
0

@z t1) dr,n €N

Solution. The function g(z) = 22—z +1is 1 —even and h(z) = 42° — 622 +

8r — 3 is % — odd, so g}fl(g) is % — odd and using Proposition 3.1, we get:

D ga® — 622 +8x—3
In = 2 n

dr=0,neN
Application 3.2 Find:

1
I, = / (2z — I)Q"'HLe:”’_gE2 dr,neN
0

Solution. The function g(z) = (2z — 1)?"*1 is 1 — odd and h(z) = e* " g
3 —even, then f(z) = g(z) - h(z) is 3 — odd function.
Using Proposition 3.1, we get

1
I, = / (2z — 1)2”+16x*“”2 dr=0,VneN
0

Corolary 3.1
For any f : [a — 0,a + 8] — R exist a function f;,a — even
and f>,b — odd such that:

f(x) = fi(z) + fa(x), VX € [a — 6,a + 0].



Corolary 3.2
Let f,g : [a — 08,a + 8] — R integrable functions and f is
a — odd, then:

a+6 a6
/_0 f(x)g(x) dx = / f(x)(g(x) + g(2a — z))d=

Application 3.3
Let f:[—1,1] — R continuous function such that f(z) + f(—z) =
Yz € [~1,1]. Find:

(2n+1)
I, = / f(cosz)dzx, Vn € N
0
Solution.We have:

(2n+1)
Iy =11 +/ f(cosz)dx
(2n—1)m

g(z) = f(cosz) is 2nm — odd, then
(2n+1)m 2nm+m
In:/ f(cosx)dsz/ f(coszx)dx =
(

2n—1)m 2nm

o[ o[ cos = i) u
—2/0 f(cos(t+2n7r))dt—2/0 f( t)dt-?/_lmd
1

g(U)Z\/—
In:2/_11 s _2/f 1_u )u:27r/01\/1di‘7u?:772

Therefore, I,, = I,, 1 + 72 and hence I,, = (n + 1)72
Application 3.4 Find:

/4 zsin® z
I, = —5 5 dx,n € N
0 sin“" x + cos“" x

is 0 — even, then

2n

Solution. Let f(x) = wﬂf&ﬁw be § — even, then using Proposition
3.1, we have:
3T 3 cos®"
=11is — — even and —x) = = f(x
9(w) 4 iy 4 ) sin?" x 4 cos?n x /(@)

sin®” ¢ + cos?" x

_W/ d(a dx_w/w <f<x>+f<3§ —w)) dw—ﬂ/;/ﬁ— :

/ oS’z dx—/ﬂmf(x)dx— i fx)(x+7m—2z)de
0 0 /2



Application 3.5 Find:

™4 In(1 4t
I— / In(1+tgr) o
o sin2z + cos2x

Solution.
f(z) = enon 41_ - fcos ( — z) then f is % — even.
Iz/jﬂm / f(x)In(l +tgzx)de =
- ﬂz4f@ﬁ(hm1+tgx»+hm1+fém)>dm:ﬁjg ﬂé aw@flqp

Proposition 3.2
Let a,b € R,a < band f:[0,b —a] — R continuous function,
then:

b f(x —a) b —a

ﬂw—®+f®—@ 2

Proof. We have:

/‘fx_ax_“) o=

B fema) [ fea)
‘l CEDES T +/+f@—®+f®—@d

2
2 flx—a) /ﬂ fb—1)
— dx — dt
l fa—a)+fb—2) " Ju fO—1) + f(t—a)
a+b
:/ 2 f(x_a)+f(b_x)d$
o Jle—a)+fb-2)
~b—a
2
Application 3.6 Find:
I /”‘H arctg(z —n) de. neN
), arctg(x —n) +arctg(n +1—2)
Solution. Using Proposition 3.2, we have:
I /”+1 arctg(x — n) dp — 1
~J, arctg(z —n) + arctg(n + 1 — ) )

Application 3.7 For n € N;n > 1 find:

n+1 _ 1
7 :/ arctg(x 7214- )dx
n—1 arctg(m)




Solution. Using the relation arctg a + arctg 5 = arctg(%) we have:

r—(n—-1)+n+1)—=z

arctg(z — (n — 1)) + arctg((n + 1) — x) = arctg (

2
=arctg (7@ — n)2)
Now, making the substitution ¢t = 2n — x, we have:
n+1
t 1—1t
7 :/ arctg(n + )dt
n—1 arctg (ﬁ)

hence,

n+1 _ _
of :/ arctg(x —n + 1) + arctg(n + 1 — x) dp —
n

-1 arctg (ﬁ)

/n+1 arctg (ﬁ) i )
= — " P dr =

-1 arctg (ﬁ)
I=1

4. Improper integrals with parameter.
Application 4.1 Find:
/2 1—
I:/ ln< tcosw) dx <1
0 1+tcosz /) cosx
Solution. Let us denote:

w/2 1—
F(t) :/ In < tcosx) de then F'(0) =0 and
0 1+tcosx ) cosx

o /2 2 p +oo 1 p 2 T

t = _— = —2 - = — P
®) /0 2costz —1 " /0 1—2—w2 ™ V1= 2 2
F(t) = — marcsint + C, but from F(0) = 0, we get C = 0.

Application 4.2 Find:

/2 :
I:/ 1n<“+bsmx> @ o<p<a
0

. . )
a—bsinx ) sinz

Solution.

/2 a+bsinx\ dz /2 a—bsinx\ dr
I = In - - = — In - -
0 a—bsinx ) sinx 0 a+bsinx ) sinz

_ /”/2 I 1—2cos(Z — ) dx §-araig=t
0 1+ 2cos(3 —x) ) cos(§ —x)

SRR

10

l—(x—(n—-1))((n+1)—x)

):



/2 1—tcosz dx . )
=— In = marcsint = 7 arcsin(—)
0 1+tcosz /) cosx a

Application 4.3 Find:
I:/ In(1 +tcosx)d7$, It <1
0 cosx
Solution. We have:

™ d w/2 d ™ d
I :/ In(1 +tcosx) ° :/ In(1+tcosx) - —i—/ In(1 +tcosx) *
0 0 COS T )2 COS T

cos T
/2 d Q d
:/ In(1 + tcosx) T / In(1 — tcos(m — x))ix =
0 cosx /2 cos(m — x)

/2 d w/2 d
—/ In(1 + tcosx) < —/ In(1 — tcosx) -
0 0

cosx cosx
/2 l4+tcosz\ dx _
= In = marcsint
0 1—tcosz /) cosz
Application 4.4 Find:

I /”/2 arctg(t tg x)
0 tgx

dz, |t| <1

Solution.

/2 arctg ttgw /2
1= —————du=
tgx 1+u2tg :U 1+u2tg x
+o00 1
—|—v2 —|—u2U2 o w?—1Jy 1—|—u21)2 14—1;2

:/0 uz_l-g(u—l)du: In(1+1¢)

Application 4.5 Find:

)
2

I:/ In(1 — 2tcosx + t*) dw, |t| < 1
0

Solution. Let be the function:

/ In(1 — 2t cosz + t?) dx, F(0) =0

— +00 _ 2
/ 2(t cosx)zdx:4/ 2t 1+(t2+1)u du =
o 1—2tcosxz+t o (4w =124 (1+1¢)u?]

2/ + o1 L du =
0 1+u2 t (t=1)24(t+1)%? N

2 1+1¢
=7 [; — lim arctg(1 +tu)

V—00 —

=]

v
0] = 0. Therefore, F'(t) =0
11




Application 4.6 Let f [ %,a} — R,a > 1 continuous function. Find:

22
_ <£L’ +1>lnxdm)\€R
Solution. We have:
[ < 1) .
x
_ ( ) ne f<m2)‘/—\|—1>lnwdx
x x x
—Il —|— 12, where
2 +1 e—1/a
L = ( + ) nac 2/ — I, thus
x
I —O
Application 4.7 Find:
w/2
I :/ In(sinz) dx
0
Solution.
/2 w/2 T T
I :/ In(sinz) doe = / In(2sin = cos =) dx
0 0 2 2
w/2 w/2 T
= ln2+/ In(sin — )d$+/ In(cos —) dx
0 2 0 2
w/4 /4
In2+2 In(siny) dy + 2 In(cosy) dy

w/4

In(siny) dy + 2 ln(sin(g —y))dy

/2

In(siny) dy
/4

In(siny) dy + 2

Il
:1 (CNEE= T Y w\ﬂ o
= =)
[\] [\}
+ +
[\ [N}
3
>~
— — S—

2 In 2 + 21, therefore
[=—— ln 2
2

Application 4.8 Find:

In(1 — t222)
I = 76& tl <1
/0 —do.

Solution. Let us denote:

0] — 22
F(t):/o 1(11\/_72)@: 1] <1, F(0) =0
12



1 2 w/2 22
—2t
F/(t) = r dr = —2t _smu du
0o (1—1t222)vV1 — a2 0

1—#2sinu

+o00o ’U2
:_Qt/o a2

2/+°° 1 1 1 1
=—- — dv=m|-— ——
t Jo 1+02 1+ (1—2)? t

tvV1 —t?
F(t) =rIn (H Vl_t2>

2
Application 4.9 Find:

27
I:/ In(l —tcosx)dz, |t| <1
0
Solution. Let be the function:

27 i
F(t) :/ In(l —tcosz)dr = 2/ In(1 —tcosa)dz,|t| <1, F(0)=0
0 0

™ +o0o 1— 2
F’(t):—Z/ mdx:—ll/ 5 “ s du
o 1—tcosz o (I4+u?)A—t+(1+t)u?)

4/+°° 1 1 P 1
— — u = -
t)o \I+u2 T—t+(1+0)d2 "\

t /12
F(t) =27 In (H ”1_t2>
2

Application 4.10 Find:

/2
I :/ In(t? — sin z) dz, |t| > 1
0

Solution. Let be the function:

71'/2 71'/2 )
F(t) =/ In(t? — sin® ) do = glnt +/ (1 S0,
0 0

t2
m Tn(1 - %) t+VIZ—1
Tt [ B gy g Y T
2 0 1—19? 2t
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