FAMOUS INEQUALITIES IN TRIANGLE REDESIGNED WITH
CONWAY’S METHOD
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ABSTRACT. In this paper is presented the Conway’s method used for redesign
famous inequalities in triangle as Euler, Mitrinovic, Leibniz, Ionescu-Weitzenbock,
Leuenberger, Steining, Bandila, Neuberg, Gordon, Goldner, Curry, Doucet,
Gotman and Makowski.

Main results:

If z,y,z € R are such that: x +y > 0;y+ 2> 0;z2+2 > 0;2y + yz + zx > 0 then:
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CONWAY’S METHOD
Let be z,y,z € Rsuchthat t +y > 0;y +2 > 0; 2z + 2z > 0; 2y + yz + zz > 0.

Denote a = v/x+y, b=y +2,c=+vz+ .

We will prove that a, b, ¢ can be sides in a triangle ABC"
a+tb>ceVrity+Vy+z>Vata

r+yt+y+z+2y/(z+y)(y+z2)>z+z
y++(@+yly+z) >0
y+\/xz+yz+:cy+y2>y+|y|20

Analogous: b+ ¢ > a;c+a > b.
The semiperimeter:

s=%(\/x+y+¢y+z+x/z+w>

We will prove that area:

1
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1
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Let r, R be inradii and circumradii in AABC:"
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Let mg, my, m. be medians in AABC:

1 1 1
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Analogous:

m; = =
4 e 4
Let hg, hy, he be altitudes in AABC:
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hC:\/xy+yz+zw: Ly
r+y r+y
Proof of 1.

In AABC the following relationship holds:
R > 2r (Euler)

Replace the values of R,r with Conway’s substitutions:

Vatyy+E+a) NS
2/rytyz+zr T Vrty+tVytat Vet

Y @+ 9V E+2)(z+y) > Ay +yz + 22)

cyc

Proof of 2.
In AABC the following relationship holds:

s > 3v/3r (Mitrinovic)
Replace the values of s, with Conway’s substitutions:

\/x+y+\/y+z+¢z+:c>3\/§_ Ty +yz + zx
2 B VEty+Vy+z+vVzta

(Ve Fy+Vy+z+Veta)® =63y +yz+za)

Proof of 3.
In AABC the following relationship holds:

3v3

s < TR (Mitrinovic)
Replace the values of s, R with Conway’s substitutions:

Vaty+tVytztvata 3v3 V(& +y)(y+2)(z+a)
2 -2 2y +yz + zx
2VETFy+Vy+z+ Vet a)ay Tyt ar <33 +y)(y+2)(z + )
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Proof of 4.
In AABC the following relationship holds:

a® + b + 2 < 9R? (Leibniz)
Replace the values of a, b, ¢, R with Conway’s substitutions:
(VEFIP + (VIR + (Ve <o It B L)
Yz +y)y+2)(z+=)
d(zy +yz + zx)
8(x +y+2)(zy +yz+20) <9Iz +y)(y+2)(z + )

20 +y+2) <

Proof of 5.
In AABC the following relationship holds:

a® + b* 4 ¢ > 4V/3F (Ionescu-Weitzenbock)

Replace the values of a, b, ¢, F with Conway’s substitutions:
1
(VET9)? + (Vi F 2P+ (VaTa? 2 V3 SVt st o

2z +y+2) > 2v3(xy + yz + zx)
x4+y+z>3ay+yz+ zx)

Proof of 6.
In AABC the following relationship holds:

1 1 1
- + 3 + - > g (Leuenberger)

Replace the values of a, b, ¢, R with Conway’s substitutions:

1 1 1 ' 2Vzry +yz + zx
\/x+y+\/y+z+\/z+x = V3 \/(z+y)(y+z)(z+x)

1 1 1 3(zy +yz + zx)
\/:c+y+\/y+z+\/z+x Z2\/(95+y)(y+z)(z+:c)

Proof of 7.
In AABC the following relationship holds:

1 1 1 3
T4+ S< V3 (Leuenberger)
a b ¢ 2r

Replace the values of a, b, ¢, r with Conway’s substitutions:

1 1 1 <\/§.\/x—|—y+\/y+z+\/z+a:

+ + -
Vety Jyt+z o itz 2 Vay +yz+ zx
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Proof of 8.
In AABC the following relationship holds:

1 1 1 1
s + e + o > Vo (Leuenberger)
Replace the values of a, b, ¢, R with Conway’s substitutions:

1 N 1 N 1 S d(xy + yz + zx)
VeE+ye+z) Vu++e) VeEtalet+y)  @ry+)(+a)
O
Proof of 9.
In AABC the following relationship holds:
1 1 1

1
St et < s (Leuenberger)
Replace the values of a, b, ¢ with Conway’s substitutions:

1 1 1 <(\/x+y+\/y+z+\/z+:r)2

+ + <
Vet +z) Jy+2)y+a) JE+a)(z+y) A(zy +yz + 2x)
a
Proof of 10.
In AABC the following relationship holds:
1111
a2 b 2~ 2Rr
Replace the values of a, b, ¢, r, R with Conway’s substitutions:
1 N 1 N 1 < VEFy+Vy+tz+vVz+x
vty yt+z o oztr T aty(y+a)(z+a)

(Steinig)

Proof of 11.
In AABC the following relationship holds:
1 1 1 1 ..
; + b72 + 0*2 < @ (Stemlg)
Replace the values of a, b, ¢, r, R with Conway’s substitutions:
1 N 1 N 1 < WVeFy+Vy+tz+vVz+a)?
x+y y+z z+ax " d(zy +yz + zx)

Proof of 12.
In AABC the following relationship holds:
b R
“+ % < = (Bindila)

Replace the value of b, ¢, r, R with Conway’s substitutions:

\/erer\/erz - VeFy+Vy+z+vzta)/(@+y)(y+2)(z+x)
T+ 2z T+y ~ 2(zy + yz + zx)
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Proof of 13.
In AABC the following relationship holds:

a® +b? + ¢ > 36r* (Neuberg)

Replace the values of a, b, ¢, r with Conway’s substitutions:

(z+y+2) Ve +y+Vy+tz+Vz+a)?>18(xy+yz + 22)

Proof of 14.
In AABC the following relationship holds:

ab + be + ca > 3612 (Leuenberger)

Replace the values of a, b, ¢, r with Conway’s substitutions:

36(zy + yz + zx)

Vie+y)@+2)+/(y+2)y+2)+/(z +2)(z +y) >

(VT Fy+Vy+z+vz+a)?

O
Proof of 15.
In AABC the following relationship holds:
ab + be + ca < 9R? (Leuenberger)
Replace the values of a,b, ¢, R with Conway’s substitutions:
Iz +y)(y+2)(z+ )
<
Va2 + Vi F D a) + VE Gy <
O
Proof of 16.
In AABC the following relationship holds:
ab + be + ca > 4v/3F (Gordon)
Replace the values of a, b, ¢, F with Conway’s substitutions:
VE+y)@+2)+Vy+2)y+2)+V(E+2)(z+y) > 23y +yz + 22)
O

Proof of 17.
In AABC the following relationship holds:

a +b* + ¢* > 16F? (Goldner)

Replace the values of a, b, ¢, F' with Conway’s substitutions:
1
Ve Fy)'+ (Vy+2) + (Va+2)' 216 2 (ay +yz + 22)

(x+y)?+ W+ 22+ (2 +2)* > d(ay +yz + 22)
x2+y2+z22xy+yz+zx
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Proof of 18.
In AABC the following relationship holds:
a®b? +b*c + c*a® > 16F? (Goldner)
Replace the values of a, b, ¢, F with Conway’s substitutions:

(@+y)e+2)+y+2)y+2)+(E+2)(z+y) > 4(ey +yz + 22)

a
Proof of 19.
In AABC the following relationship holds:
9abc
— > 4/3F (C
a+b+c V3 (Curry)
Replace the values of a, b, ¢, F with Conway’s substitutions:
9
Ve +GETe) |, prm s
VEty+Vy+z+vzta
|
Proof of 20.

In AABC the following relationship holds:
5v/3 < 4R +r (Doucet)
Replace the values of s, R, r with Conway’s substitutions:
Gy +Acte) 2 ETETE
Ty + Yz + 2z Vrty+Vy+z+vVz+z
a

V3T +y+Vy+ 2+vVz + ) < 4\/

Proof of 21.
In AABC the following relationship holds

mq + mp + me > 9r (Gotman)

Replace the values of mg, my, m. with Conway’s substitutions:

\/x—l—erZ \/ z+x \/Z+o:+y> 9vzy +yz + zx

— yt+ ——+
Y 4 T Vrty+Vytz+Vz+ta

4 4

Proof of 22.
In AABC the following relationship holds:

IR
Mg +my +me < > (Gotman)

Replace the values of m,, my, m., R with Conway’s substitutions:

+ + + 9/ (x + +2)(z+
%Hyz+%+zx+¢+xyg¢<ym )G+a)
4 4 4 4y/zy +yz + zx
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Proof of 23.
In AABC the following relationship holds:

3
1 1 1
he TRy TR
Replace the values of hg, hy, he, F' with Conway’s substitutions:

3Vay +yz + zx
VEty+y+z+vVztae

< V3F2 (Makowski)

3
< </4(wy+yz+zm)
O

Observations:
Recall these famous inequalities in triangles: (a, b, c - sides; r, R - inradii, circum-
radii, F' - area, hq, hy, he - altitudes; mg, mp, m. - medians; s -semiperimeter)
1. R > 2r (EULER)
2. s > 3y/3r (MITRINOVIC I)
3. s < 33 R (MITRINOVICI II)
4. a®+0% + c2 < 9R? (LEIBNIZ)
5. a2 + b2 + ¢ > 4\/3F (IONESCU-WEITZENBOCK)
6 Y3 (LEUENBERGER I)
7
8
9

¥3 (LEUENBERGER 1)

> (LEUENBERGER I1I)
(LEUENBERGER V)
~ (STEINIG I)

11 &+ 5 (STEINIG IT)

12. g +e< i DILA)

13. a® 402 + 2 > 36r (NEUBERG)

14. ab + bc + ca > 36r? (LEUENBERGER V)
15. ab+ bc + ca < 9R? (LEUENBERGER VI)
16. ab + bc 4 ca > 4v/3F (GORDON)

17. a* + b* + ¢* > 16F? (GOLDNER I)

18. a?b? + b%c? + ?a® > 16F? (GOLDNER II)

19. 94k > 4F+/3 (CURRY)

20. sv/3 < 4R +r (DOUCET)
21. my +my +me > 9r (GOTMAN 1)
22. my, + mp + me < 22 (GOTMAN 1I)

23. — 3 < VB (MAKOWSKI)

h,l +hb+hc

10.
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