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Abstract: In this paper are presented new solutions for a few R.M.M.
problems.

Proposition 1.(Cauchy-D’Alembert)

If (an)n≥1 is a sequence of real numbers such that lim
n→∞

an+1

an
=

a > 0, then:

lim
n→∞

n
√
an = a

Proof. We have:

(1) lim
n→∞

n
√
an = lim

n→∞
e

1
n
logn Stolz−Cesaro

= e
lim

n→∞
log(an+1)−log an

n+1−n =

= e
lim

n→∞
log(

an+1
an

)
= e

log( lim
n→∞

an+1
an

)
= lim

n→∞

an+1

an
= a

Proposition 2.

If (an)n≥1 is a sequence of real numbers strictly positive such that

lim
n→∞

an+1

nt·an
= a; t > 0 then:

(2) lim
n→∞

n
√
an

nt
=

a

et

Proof. We have:

lim
n→∞

n
√
an
nt

= lim
n→∞

n

√
an
nnt

C−D′A
= lim

n→inf

an+1

(n+ 1)(n+1)t
=

= lim
n→∞

an+1

an · nt
·
(

n

n+ 1

)(n+1)t

= a · 1

et
=

a

et

APPLICATIONS

App. 1) If (an)n≥1 is a sequence of real numbers such that

lim
n→∞

an+1

nt·an
= a and b, c ≥ 1, b ̸= c, then find:

Ω = lim
n→∞

(
n
√
b − n

√
c) · n

√
an

Solution 1. We have:

Ω = lim
n→∞

(
n
√
b− n

√
c) · n

√
an = lim

n→∞
n
√
c

(
n

√
b

c
− 1

)
· n ·

n
√
an
n

=

1



= 1 · lim
n→∞

e
1
n
log( b

c
) − 1

1
n log( bc)

· lim
n→∞

n
√
an
n

· log(b
c
) =

= 1 · 1 · a
e
· log(b

c
) =

a

e
(log b− log a)

Solution 2. We have:

(
n
√
b− n

√
c) · n

√
an = (

n
√
b− 1 + 1− n

√
c) · n ·

n
√
an
n

; (∀)n ∈ N∗ − 1

Ω = lim
n→∞

(
n
√
b = n

√
c) · n

√
an =

a

e
· lim
n→∞

(
n
√
b− 1
1
n

−
n
√
c− 1
1
n

)
=

=
a

e
· lim
n→∞

(
e

1
n
log b − 1
1
n log b

· log b− e
1
n
log c − 1
1
n log c

· log c

)
=

=
a

e
(1 · log b− 1 · log c) = a

e
(log b− log c)

If c = 1 and an = (2n− 1)!!, then a = 2 and lim
n→∞

( n
√
b− 1) · n

√
(2n− 1)!! =

2
e log b i.e. we obtain the Proposed Problem UP.445 from R.M.M.

App. 2) Find:

(4) Ω = lim
n→∞

e−2Hn ·
n∑

k=1

k
√
k!

Solution.

Bn = e−2Hn ·
n∑

k=1

k
√
k! = n2 · e−2Hn ·

n∑
k=1

k
√
k!

n2
= e−2γn ·

n∑
k=1

k
√
k!

n2

Ω = lim
n→∞

Bn
Stolz−Cesaro

= lim
n→∞

e−2γn ·
n+1
√
(n+ 1)!

(n+ 1)2 − n2
=

= e−2γ · lim
n→∞

n+1
√

(n+ 1)!

2n+ 1
= e−2γ · lim

n→∞

n+1
√
(n+ 1)!

n+ 1
· n+ 1

2n+ 1
=

=
e−2γ

2
· lim
n→∞

n
√
n!

n
=

e−2γ

2
· lim
n→∞

n

√
n!

nn
=

C−D′A
=

e−2γ

2
· lim
n→∞

(n+ 1)!

(n+ 1)n+1
· n

n

n!
=

=
e−2γ

2
· lim
n→∞

(
n

n+ 1

)
=

e−2γ

2e
=

1

2e1+2γ

i.e. we obtain the Proposed Problem UP.442 from R.M.M.

App.3) Let (an)n≥1 sequence of real numbers strictly positive such

that lim
n→∞

an+1

n·an
= a > 0 then find:

(5) Ω = lim
n→∞

(e2Hn+1 − e2Hn) ·
1

n
√
an

2



Solution.

Let: Gn = (e2Hn+1 − e2Hn) · 1
n
√
an

= e2Hn(e2(Hn+1−Hn) − 1) · 1
n
√
an

=

= e2Hn

(
e

2
n+1 − 1

)
· 1

n
√
an

=
e2Hn

n2
· n

n+ 1
· (n+ 1)

(
e

2
n+1 − 1

)
· n

n
√
an

=

= e2γn · n

n+ 1
· 2 · e

2
n+1 − 1

2
n+1

· n
n
√
an

; (∀)n ∈ N∗

Ω = lim
n→∞

Gn = 2 · e2γ · 1 · e
a
=

2

a
· e1+2γ .

If an = n!, then lim
n→∞

n
n
√
an

= e and we get the Proposed Problem UP.444

from R.M.M.

App. 4) Let u, v > 0 and (an)n≥, (bn)n≥1 sequences of real num-

bers strictly positive such that lim
n→∞

an+1

nu·an
= a > 0, lim

n→∞
bn+1

nv·bn =

b > 0, then find:

(6) Ω = lim
n→∞

nu+v−2 · n
√
an · n

√
bn · sin

1

nu
· sin

1

nv

Solution. We have:

Dn = nu+v−2 · n
√
an · n

√
bn ·sin

1

nu
·sin 1

nv
= nu+v ·

n
√
an
n

·
n
√
bn
n

·sin 1

nu
·sin 1

nv
=

=
n
√
an
n

·
n
√
bn
n

·
sin 1

nu

1
nu

·
sin 1

nv

1
nv

; (∀)n ∈ N∗ − {1}

Ω = lim
n→∞

Dn =
a

e
· b
e
· 1 · 1 =

ab

e2

If an = n!, bn = (2n− 1)!!, then a = 1, b = 2 and if u = 2, v = 3, we get:

Dn = n3 · n
√
n! · n

√
(2n− 1)!! · sin 1

n2
· sin 1

n3
, then lim

n→∞
Dn =

2

e
i.e. the Proposed Problem UP.446 from R.M.M.

App.5) If u, v ∈ N∗, n ≥ 2, a ≥ 1 find lim
n→∞

Sn, where

Sn = e(u+v)Hn · ( nv√
a − 1) · sin

1

nu

Solution. We have:

Sn = e(u+v)Hn · ( nv√
a− 1) · sin 1

nu
=

e(u+v)Hn

nu+v
· n

u+v( nv√
a− 1)

1
nv

·
sin 1

nu

1
nu

=

= e(u+v)γn · e
1
nv log a − 1
1
v log a

· log a ·
sin 1

nu

1
nu

; (∀)n ∈ N∗ − {1}

Ω = lim
n→∞

Sn = e(u+v)γ · 1 · log a · 1 = e(u+v) log a

If u = 3, v = 2 then Sn = e5Hn( n2√
a− 1) · sin2 1

n , then lim
n→∞

Sn = e5γ · log a.

3



App.6) Let u, v > 0 and (an)n≥1, (bn)n≥1 sequences of real num-

bers such that lim
n→∞

an+1

n·an
= a > 0, lim

n→∞
bn+1

n·bn = b > 0, then find:

(7) Ω = lim
n→∞

nt+u−2 · n
√
an · n

√
bn · tan

1

nt
· sin

1

nu

Solution. We have:

Un = nt+u−2 · n
√
an · n

√
bn · tan 1

nt
· sin 1

nu
=

=
n
√
an
n

·
n
√
bn
n

·
tan 1

nt

1
nt

·
sin 1

nu

1
nu

lim
n→∞

Un =
a

e
· b
e
· 1 · 1 =

ab

e2
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