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1901. For k > 0 prove that: f01 x3 tan~! (1 -+ ’;‘) dx =

LT 1 k+2\ KK 1
=k (a—1—6tan (T))+E—1—6+Ztan (k+1)

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Samar Das-India

LI k L I |*
x° tan~ (1+—>dx=—tan‘ (1+—)
0 x 4 x/|,

k x%dx

1
b —= =
4-,[0 2k = k2
2+7+F

2

1 k(1 k? 1
=Ztan"1(1+k)+§f xz—kx+?—ik2 dx =
0 k2+kx+7

1t ‘1(1+k)+[k x3 kzxz_l_k3 VoS dx

= —tan —_—— — x| —— _ =
2

4 8 3 16 16|, 32/ x2+kx+—k2

2

0

—1t -1(1+k)+k + tan~1(1+
—an 24 16 16 32 k" k

2

-5 -1(1+k)+k kz+k3 k4(t ‘1(1+2) n)—
—zan 24 16 '16 16\ " k)" 1)

kK2 K K51 1( Zx)

T 1 4 2 k1
— k (a—ﬁtan (1+E))+R‘R+ﬁ+1ta“ (k +1)

Solution 2 by Rana Ranino-Setif-Algerie

1 - E o) -1
k y=1+ tan
sz x3tan‘1(1+;>dx =xk4f ydylip
0 k

+1(k—1)5
k*tan~ly|” Kkt (® dy
- l_ 4(y - 1)“L+1 +ka+1 A+y)y-D*
=1tan‘1(k+1)+k—4fw( 2 __ 2 + t 1 )dyz
4 16 i, \—-D* (—-13 (-1 1+y°

1 1

k4[ 2 N tan-1 ]°°
16l 3G-D3 " G -2 y-1 s

1
= Ztan‘l(k +1) +
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—1t 1(k+1) nk4+ k kz+k3+k4t 1k+1) =
—zan 32 "24 16 16 ' 16 " =

k kK> K3 1 k*
+-—+—tan"1(k+1) - —(E— tan"'(k + 1)) =

24 16 16 4 16 \2
- X kz+k3+1t “Tk+1) k4t -1( ! )
24 16 16 4" 16" \k+1
1 kr2_4 k+2
-1 — tan-1[ _K — tan-1 —tan-1(1) —
tan <k+1) tan <1+k+2> tan ( e ) tan"1(1)
k
= tan™! (k'l'_Z) — E
= tan K )
Therefore,
1 k T 1 k+2 K k1
J 3tan~?! (1 + —) dx = k* (— ——tan™! (—)) +——-——+—-tan"1(k + 1)
0 x 64 16 K 16 16 ' 4
1902. Prove that:
o0 Hn — Hjp—1 i
2n\ 3 = 1—i
-1 n( )—2=8G+nlo 1+V2) —4Li ( >i+
Z)( W oo ey 8 ) 2\ 2
n=
3
+2i <2Li2 ((—1)z> + ntan‘1(4\/—1))
149 _ n
where H,, =j 1—x dx,Li,(x) is dilogarithm function, i is imaginary
o 1-—

unit and G is Catalan’s constant.

Proposed by Naren Bhandari-Bajura-Nepal

Solution by Rana Ranino-Setif-Algerie
Hn — Hyn-1

0= () ras

1 X"
Si :Hn—Hp-1 =2 d
mnce % nTl j;)1+x X

2n n
(")—13( L1 1>_2f2 2 g
an o \"T202) T ) OS5 YD
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4t 71 (v (—\/Ecosy)2 2z tan"!(Vxcosy)
;L jo 1+x<z 2n+1 f J;) (1+x)(\/_cosy)d ydx

Q2 8[ fztan‘l(xcosy)d _8J1 1 Jitan‘l(xcosy)
0

A+x)cosy P " ml, 1+2 0 cosy

dydx

|f fz tan—1(x cos y) du d dy -
u= y —_— = =
IBP: 4' cosy = {dx JO 1+x2cos?y 21+ 22

dx 4
v=tan " x

dv = ———
v 1+ x2

1

0 8 tan-1 jgtan‘l(xcosy)d 4-[1 tan‘lxd
=—|tan"1x - X
o  cosy 0 V1+ 2
0 2j‘%tan‘l(c:osy)d 4 1tan‘1xd
= - - — X
cosy 0 )y Vit

2 tan~(cos y) ol de -
.[0 cosy _f f 1+t2c052 dydt = EJ; m—flog(1+\/§)

.l'tal’l_ b x=sinhy

dx = ftan‘l(sinh )d
V1 + x? Yy

= f gd(y) dy (Gudermannian function)

T
I=~2y+i(Liz(~ie") - Liy(ie”))

tan”" x T log(1+\/_)
- e i - 2],

= i[Li, (-i(1+V2)) - Li, (i(1+V2))| - glog(l +2) -

—i(Liy(—i) — Li, (D)
Li,(—i) — Li,(i) = —2iG

Therefore,
© Hn_Hn 1 .
2n\ > 1—-i
-1 "( )— = 8G log(1 4Li ( ) i
Z)( ) FEniD + mlog(1 +v2) — 4Li, =)i+
n:

+2i (zuz ((—1)%) + ntan‘l(ﬂ))
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1903. Q(x) =T G) r (le) r (I;x) r (ng) sin(mx);0<x <1

Solve for real numbers:
x* — A + L 0
Q(x) =t
Proposed by Daniel Sitaru-Romania
Solution 1 by Adrian Popa-Romania

rzr(1—-z) =

[ X X 14
sin(mz) =T (E) r (1 B E) - sin (nx)

x—1 x+1 T - s
R T

2
So, we have:
T i3 X X
Q(x) = i (%) ' (%) -2 sin (7) cos (?) = 2m?
Qx) n* 22wt 2 2

Solution 2 by Kader Tapsoba-Burkina Faso
Q(x) =T (f) r (x - 1) r (1 _ x) r (2 _ x) sin(mx) =

2 2 2 2
X X 1 x 1 x\ .
= F(E)F(l—E)F(E-FE)F(E—E)S]H(TEX') =
/5 /5 ] % sin(mx) % sin(mx) )
= ' ey, Sin(mx) = — X\ 1 =
sin (T) Ccos (7) sin (T) cos (T) 7sin(mg)
Therefore,

, 4x 1 , 4x 1 1\? 1

x—m+F=O®x _ﬁ F—O@(x—;) =0:>x=?

Solution 3 by Ose Favour-Nigeria

0= )r ({5 (5o -

“rG)r(-3)rg)r(1-Grg))sinemn -
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= 1T CSC (E) - T CSC <M> sin(mtx) = 2m?

2 2
Therefore,
) 4-x+1 0o 52 4-x+1 0@( 1)20 1
—_——_— _— —_—— _— —_—— = = = —
. Q(x) mnt * 2n?2 * 2 x 4
Solution 4 by Hikmat Mammadov-Azerbaijan
X x+1 1—x 2—x\ .
Q(x) = F(E)F( > )r( > )r( 5 )sm(nx) =
b x x 1 x 1 )
= r(i)r(1 _E)F(E+§)F<1 - (§+E)>sm(nx)
I'(p)'(1 — =
(T -p) Sin(pm)
=T (1 4 ) r (1 ) T T
S+p|T|5-p)= =
2 2 sin (g + pn:) cos(pm)
1 11 ] 2 sin(mx) 2 sin(mrx)
Q) = — ey * Sin(x) = — X\ 1 =2m?
(5 eon () "™ in () o (5 Lontro
Therefore,

xz——+——04:>x2——x+——0<:>(x—l) =0=>x=—=
Qlx) mwt 2m?  mwt w?) T2
1904. Prove that:

00 o 1
(7[5 s (2
0 4

n=0

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Rana Ranino-Setif-Algerie

[els) ® 1
Q= f Z x"-1gin(-Dz" " (ﬂ) dx
0 4

n=0

("B _ { 1,if n = 4k 4k + 3
T -1ifn=4k+ 1,4k +2
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[ee]

© o 3
Q= j Z x¥ 1 sin(km) dx + f x¥+2 gjn (kn + T) dx +
0 &= 0

4k+1

0 X x4k 0 X2 x
+fo kZOSin(kn+%)dx+J0 zsin(kn+g)dx=

k=0

o X xZ
=fo kzz()(—x4)k<ﬁ+\/§+x>dx=

3, 1, 1
1 f°°x2+x\/f+2 =2 1 J°°t4 +V2t27 + 213
0 0

d
1+ xt x 442 1+t

V2

- 1 + v2 + 2 =7
"2\ an @) (3 n ()
Therefore,

.f Z x" 1sin- l)zn(n“) (E) dx =7
0 4

n=0

Solution 2 by Syed Shahabudeen-Kerala-India

Q= f Z x" 1sin- 1)7n(n+1) (n'n) dx
0 4

n=0
2

( 1)n(nz+1) . ( inn(2n+1)>_ tn? (n'n) . (mn?\ (nn)
=R(e = cos(—— | cos( sin { —— | sin (5

Iherefore, for 2n 4+ 1 and 2n condition:
Q - .I-
0

= n 2n+ 1w © (& n (NTT
Z x2" gin-L"! <¥>) dx + f <Z x2n1gin(-» (—)) dx =
4 . 2

n=0 n=0
=A+B

Similarly on applying the same condition:

f 2 ((4n+ D ) dx+fooo (i xAn+2 sin(@))dx

n=0
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oo

oo nt (o] ® x4n+1
j— n— 3
B = jo Z x sin(nm) |dx +f0 Z ((Zn ) dx,where

n=0 n=0 Sin Tn)
o ((An+ Dm 3 (—1)"_  ((4n+3)m B (-
sm( 2 )- 7z ,sm( 2 >— NG
sin(nm) = 0; sin (M) = (1"

. ©( V2 x? x
f(Z( x4)< +—+x>)dx=J0 <1+x4+(1+x4)\/§+1+x4>dx

By Beta function it is known:

f°° x4 d —1I‘(a+1)l‘(1 a+1)
o 11267 T s 4

< 1 @ 1 3 2
fo mdeO 1=y (1) (z)‘
“ x 1 /N m _11' T n_
fo 1= (z)—z' Q=g taty="
Therefore,

o)

[ele) 1
xn1sin(-DZ" " (E) dx=m
0 4 4
n=

1905. Prove that:

11 3v2 —log(1+ 2
ffxzyzx/x2+y2dxdy: 8 )
0 Jo

28

Proposed by Asmat Qatea-Afghanistan
Solution by Rana Ranino-Setif-Algerie

Polar coordinates substitution:

1

T
x=rc050(0<0<1,0<r<

cols 0) ;dxdy = rdrd@

= i 0(7T<0<7T0< <
y=rsmoiy 2" ST S5ine

1 01
= f f x*y%/x% + y2 dxdy =
0 Jo
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b4 1 b4 1

s 1
=j coszesinzef r°drdo +L cos? 0 sin? Bf rédrdf =
0 0 Z 0

_1j4sm 9d0+1ffcos20d0_Zj%sinzede(b ery)
~7), cos>8 7Jr sin® @ ~7), cos58 y Symmetry

=2
=5

NE

w s
2 (2 2 (%
tan”® Osec 6dO = 7[ (sec’0 —1)sec®0do = 7[ (sec® 8 —sec® 8)do
0 0

Using reduction formula:

3

i 1 i 3[4 V2 3 (i
4 4 4
f sec>0do = [— sec3 @ tan 9] + —J sec30df =—+—| seciOto
0 4 o 4Jy 2 0

T

z 1 T o1
f sec30d0=[—sec0tan0] +—f sec0doO =
0 2 o 2Jp

2 4 2 1
= \/2—_ + [E log(sec 6 + tan 0)] = g + Elog(l +2)

:%(é—i %+§10g(1+\/_)————10g(1+\/_)>
flflxzyz x2 +y2dxdy=3ﬁ_lozg8(1+\/§)
0 Jo

1906. Prove that:

s

f4 xsin x d 1 (8G — 3mlog 2)
X = mlo
o 1++V2cosx 8\/_ &

Proposed by Ose Favour-Nigeria
Solution 1 by Daniel Immarube-Nigeria

Y

Y3
4 xsinx 1 4 1
Q:f _ T dx ";P——(xlog(1+\/cosx))| + =
o 1++VZcosx V2 VZ [#log(1 + V2 cos x) dx

L Tog2 4 f%l (1+VZcosx)d
= ——-—10 = 0 Ccos x X
Vz'a Bt TR, B

1
® = —0,where
V2

10 | RMM-CALCULUS MARATHON 1901-2000
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n
0= f4log(1 +vV2cosx)dx =
0

w 3

= glogz + fozlog (\/Esin (;+§)) dx + leog (cos;) dx =

0

w s

=glog2 +glog2+fo_log(sm(; Z))dx+leog(cos;)dx=

m ud
4

=3?nlog2+j4log(sm(; Z)) dx+_[0 log(cos;) dx =

3n " T . X
_?log2+j4 log(sm )dx+j2 log(smi)dx=

3
_3_”10g2+f"10g(sm )dx j log(sm )dx+j log(sm )dx f log(sin;)dx
0

0
/s T T
—logZ Cly(m) — nlog2+Clz< >+—log2 Clz< )—Tlog2+Clz(E)+Elog2=

6(3)

3T 10g2 — Flog2 + Cl ( )+2ml ( >+2 logr (3) + 3™, 2m
=g log2 —log 2 mlog| —7 nlog <§) < log| — -
G(g) 2+2

2] < 2 ) 2] I‘<3) 31tl < 21 )
—2mlog —2mlogl'(=)——1log
2442 8 4 "\Jz2+v2

0 = cl, (g)—glogz, d):%(Clz(g)—glogZ)
T T 3r 1 T
Q=—mlog _W-I_\/—( ( )>:_ﬁl°g2+\/_i<az(i)>:

8C —3mlog?2
8\/_( g2)

Solution 2 by Probal Chakraborty-India
j‘% xsinx d f% (% ) sin (
_ x =
o 1+V2cosx 0 1+\/_cos(
7 xsin (

f Ccos x — sinx f
= - X —
42 )y 1+ cosx +sinx 0 1+\/_cos(1—x)

4=|=1

4=|=1

%)
)"
x)
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T
o m log(1 + +si )Z 1 (% x(cosx —sinx)
=1l og cos x + sinx T V2)y T+ cosx +sinx x

= % [log(1 + V2) —log 2] — J, where

f4 x(cos x — sin x)
dx
\/_

1+ cosx+sinx

1 T
— - log2 =

0 ﬁf%log(sinz+sin(%+x))dx 8v2

1
=—xlog(1+ cosx+ smx)

V2

X

2) dx

=%[log(1+ﬁ)—log2]—8—%log2— f log sin )dx+—f log sin

Q= T log 2 1 .]-710 (sinx)dx f lo sm )dx—

3T 1og2+-2 =L (86— 3m1082)
=———lo —_—= — O 10
8z -z 8z g
1907. Prove that:
1+log(l—e M)t 1, 2 3 4
=—e?+-ed+-et+-e+
e—1 2¢ T3¢ T3¢ Tg¢

Proposed by Vincenzo Dima-Netro-Italy
Solution by Yen Tung Chung-Taichung-Taiwan

1 1 1 1
— ) = — a2 4 a3 L 44 L 45 )
log(1—x) (x+2x +3x +4x +5x+ ) 1<x<1

log(1 —x) _ _(

1 1 1 1
o 1+—x+—x2+—x3+—x4+--->

2 3 4 5

log(1 —x) d 1 1, 1, 1,
dx(T) el (1rgrege g vget+o)]

X
“Tx lgd-v 1 2 3, 4
( +ox+—xt+-xd+- ),0<x<1

x2 2 3 4 5
Put x = e~ 1, we have:
€ log(1-e™)
- — —log(1—e” 1 2 3 4
1-—e1 :_(_ Co132,2, % -3 )
P 2+36 +4e +53 +
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e-1 1 2 3 4
1 1 -1 — -2 — 5,3 — 4 _ -5 eee
1—e‘1+ og(1+e1) >€ +3e +4e +5e +
-1 R | —p1
e +(1 e )log(l e ) 1 —2+Ze 3+§e—4+fe_5+.--
1_e—1 2 3 4 5

1+log(1-e™D! 1, 2 5.3 4. % 5

p— _2 +§e +Ze +§e + .-

1908. Find:

S5 ey

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Ahmed Yackoube Chach-Mauritania

Zk:(,+1>_zk:,+k_2k2+3k
'Y T LY TAT T

i=1 i=1

n k n
a=tim> > (i+3)| =1 Z =3hm > (2 73) -
T | \"T)| T A k(2k+3) 3ns K 2k+3
k=1]i=1 k=1
n-1
2y Z( 1 2 2 2 ) 2 1im A, + 21im B, wh
“3nm L \k+ 1 T2k+5 2k+t4 2k+4) 3nonin T 3aonOeowhere
n-1
= — — R
" k+1 k+2 n+1
k=0
n-1 n-1
B _Z( 1 1 ) 1 1 (n—»m)1<¢<5> ¢(2)>
n— —_— p— 5 —_— _— —
£ \2k+4 " 2k+5 4k=0(k+2)(k+7) 2\¥\2

~> g2 n—4+8(5 1 2)—32 8 o2
6 084 373\ '°8%)T 9 "3'°8

Solution 2 by Ankush Kumar Parcha-India

n k n -1 n
5 ZZ( ) i z k(k+1)+k i Z 4
T | £ = o 2 "a) Tam2kk+ Dk

-1

k=1
13 | RMM-CALCULUS MARATHON 1901-2000
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n

_ L Z 3 I (1 2 )
T s k(Zk ¥3) 4 noe £ \k” 2+ 3
PO +2) —9p@(2) =-— §ﬂ =§+y—210g2 -y =§—210g2

z 4 3 3
1
PO2) +yp@(z+5

wPp@(22) = 5 ( 2) +log2; @) = -

Therefore,

k -1

(1+3)

Solution 3 by Hikmat Mammadov-Azerbaijan

- Z( 3

=1]i=1

n

= llmz

k=1]i=1

8
=§(4—log8)

_85:( )—411 _32 8
34,\2k " 2k+3) 373" 9 38

8
=§(4—log8)

1909. Find a closed form:

Z 2n+1) 4n

Proposed by Vincenzo Dima-Netro-Italy
Solution 1 by Francesco Raso Stoia-Milan-Italy

f(x):imtfxznzmzf(%)
n=1

n
@ =), nvi <
n=1

Z(xf(x))’ = i 2nxn = i(Zn + 1)x%" — i x&n
n=2 =1 =i

14 | RMM-CALCULUS MARATHON 1901-2000
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had 2
Z(Zn + 1)x2" = T f P + Z(xf(x))’

2n+1 —
_E —jl_xzdx+2xf(x)

x2 1 f x? x2 1

do = ( + x+1)
2(1—x2) 2x = x +5log =

fe) = 1—x2 1—x%2 2x
_ 1 + 1
T 2(1—x2)  4x

Hence,

1

1 1 l -2

r(z)- ;37283
4 4

Solution 2 by Said Cerbach-Algiers-Algerie

x—1

1 -
og|x+1

21
—37 298

[ee)

= n -2n = Z
S 22n+12 ,let f(x) >
n=

n=1
()_1§: 2n n_1°°(2n+1 1 )n
flx) = n+1° 2 \2n+1 2n+1)"
n=

n
- xn X - x"
x" - E = - E
2n+1 1—x 2n+1
=1 n=1

1
n — —_
1x then S—f(4)

N |

N

2f(x) =

1

n

n
x o X
= ) _ 42
A 22n+1’letx g
n=

o)

t2 t2n ® t
2 — — -1 2 —
zf(t)_1—t2__22n+1__zt fou“du—

n=1 n=1
1< 1t u? 10 u?
:_—f Zuz" du=——f 2du=—f 5> du or
n=1
t 2 t
fouz—ldu log|— +t—log| |+t
1ft u? d —1+1l t—1
t), wz—1 2t Sle+1
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2=t ot e tee3 s=2_Lioes
*=37'73 3~ 08 3 28

Solution 3 by Santiago Alvarez —Quito-Ecuador

t=x°,

n=1 n=1 n=1
1 d (< 1d (< ! 1
[y )ee= (X -1)a= [ v 1o
_[_ dx_lflx_zdx__ljl 1 x_ljl xdx _
o (1-y)? 4Jo (1_x_2)2 2Joq_X 4Jo (1_x_2)2
4 4 4

P h(1)_z 1l (2+1) 2 1l 3
_(5)2" aM\z)T372%2z-1)737 2%
2

Solution 4 by Hikmat Mammadov-Azerbaijan

X

tanh~1(x) = f dt; -1<x<1

x (o]
tanh‘l(x)zf thndt; -1<x<1
0

Applying Fubini-Tonelli:

® X 2n+1
tanh™! =th2"dt— 1<x<1
anh~'(x) ; 2 1 X
n=0
tanh '(x) i xn 1 tanh~ 1(x) =
C Lui2n+1 x(1—2x2)
n=1
x tanh‘l(x) > a2t
2(1 —x2) 2x 2n+1
n=1
T S S (1) U (1 +z>
= — — — —) = e
putx =5 =3z~ M "3 1 wanh (@ =gleg(g—
n=1
Hence,
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ji n2 2 1,
— 2n+1 °8

3 2

Solution 5 by Fayssal Abdelli-Bejaia-Algerie

(o8] (o8] oo

—2n n+l1-n-1__, n+1
=Z 2—n=22—2n_z 2—2n=
2n+1 2n+1
= n= n=1
n2- -2n Z—Zn
Z 2 -2n __
Zn + 1 Zn +1

Z—Zn — Z Z—Zn _
n=1

- B

3 x5 x7

x
log(1+x)—log(1—x)=2x+2-?+2-?+2-7+--~

1 C+x)—z+a PSP (N
B\1=x) =~ 3 5 7
1+x

1-

=3=>x=

N =

@) <5> . Q
@3)1(%5)1(%7)1.,,

log3—2 4o =

=1+
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—Zn

10g3_1_22n+1

B=1-1log3= 21 11003
—B=1- = = —
o8 2 2 2°
Finally,

o)

ZZ m g4 B-T_1-log3+1
2n+1 - ~3 g

n=1

Hence,

had -2n
Z ———log3

1910. Prove that:

%) k
1| k
D212 lze= e

k=1 |n=0

W =

Proposed by Vincenzo Dima-Netro-Italy
Solution by Said Cerbach-Algiers-Algerie

We have:
1 [oe]
3 Zn' 2K Zz_l[‘”‘](")zk
k=1 |n=0 =1n=0
>k
bt 3 Lm0 z (sz)
k=1n=0 =n

Let: f(x) = Z kxk = xz kxk1 = xZ(x")’,then:
k=n k=n k=n

PR EY

k=n

1

For x = %we have: f G) = [En (%)n + %(%)n] - 4 then:

18 RMM-CALCULUS MARATHON 1901-2000
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0=43 (a3 <§>">=zi%<;>"+zi$<;>"=

n=0 n=0
=2§: 6l +ZZ Z +Zi ;)n_
P (n—1)! (n—-1)! n!
= Ve +2\/e =3e

1911. If we define the function forn > 1

n

$(n) = Z sin(‘l)%m(mm (11':1) sin(- D (?)

m=1

then prove that:

z 27z (n)=§(z+\/i)

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Ahmed Yackoube Chach-Mauritania

1
Let U,, = sin" ) (ﬂ) sin(-v2" " (@)
4

2
UZp = 0
a) Usp1 = sin™! <w> sin <w> = (—1)PV/2
b) Usp.3 = sin (@) sin(©dd) <@) = —\/%(—1)1’

4p

PO = ) U= ¢4p— 1) + Uy, = pl4p— 1D + 0 =
k=1

p-1 p-1
= Z Upms1 + Z Upmsz = ?(( 1P+l +1)
m=0 m=0
4p+1

SUP+1)= ) Uy=§@p) + Usps = $4p +2) =

19 RMM-CALCULUS MARATHON 1901-2000
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= (P D +VEDP

22
— _ - ((— +1
¢(4p) = p4p-1) 1 zﬁ(( P+ 1)
¢(4p+3) = F((—l)" +1)
= ¢m) _ o 4k + D, CPp(Ak+2) < Pp(dk+3) < P(4k)
Z T —akez T /T #las T 1k
n=1 k=0 k=0 2 2 k=0 2 2 k=1 22

Hence, we have:

Pk 1) ke k
2w WZZM[M« D1 +1) 4 V214 =
11 (—1)"+1 S (-] 14
_\/_E zﬁkzo 22k \/_Z 22k 22k _E
Coak+2) oMk+1) 1 ¢Mk+1) 14

k=0 24k2+2 _k=0 ZM% _ﬁk=o 24k2+1 _15\/2

oo¢(4k+3)_ 1 °°¢(4k+3)_ 1 I 1 1 . )
& e g _2\/2;)22" [zﬁ(( Dk +1)| =

k=0 k=0
4k 1 [0 &1 4
> £4¢ Zsz[ V- f[ = +Zﬁ]=—f
=i 2V2 |-~ £ 15v2
Therefore,

4 1 14 3
":E(”ﬁ)*E(“TE) =5(2+V2)
1912. Prove that:

Proposed by Vincenzo Dima-Netro-Italy
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Solution 1 by Ankush Kumar Parcha-India

( - K\
“. sin km © kg | = (eT%) | m T 7 1
I O R N N G L B e
ﬂ=kZ0(k!)\;;_k”k=‘s kzzo(k!)\/z_knk ="!|ka0 k! J}:J{ef }=eﬁﬁ
Therefore,
knt
sm(4) L
kzzo(k!)\/z_" mt = Ve

Solution 2 by Hikmat Mammadov-Azerbaijan

> sin °°2Re¥ e ik
-5 DS ,ir} k—m{z<k’;>;z—knk}

k=0 k=0
. thk 0 lﬂ'k 0
k= \/_
=ev2 < 4o
Z (kn)\/ i
Therefore,
0 ik
D i <
< 4o
4 (kD)V2
Hence,

> ﬂ in
’ {kz—o (l:)f/ﬁ "k} =R {eer %}

v R@?) =™ iR{eeiTn %} -~ (cos (g + isin g)) = g

oo in _Tl'
s
i (k')\/_

Solution 3 by Toubal Fethi-Algerie

8= kZO k')\/_
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o
PR bt c 3 B L BN by
| | |
V2 & K &k IL":O k }I
We have
in Vz
Q= S{e"e"} N o7 = Ver.
1913. Find:
sin~1(1-¢) cos x
Q = lim log ((cos x)°t* . (sin x)1+sinx) dx
E— .

-1
£>0 sin ~ &

Proposed by Daniel Sitaru-Romania
Solution 1 by Ose Favour-Nigeria

sin~1(1-¢)

Ccos X
Q =lim log ((cos x)°t* . (sin x)1+sinx) dx =
-0 i1
£>0 sin &
T T
2 Z cosx ]
= f cotxlog(cosx) dx + f ——log(sinx)dx=A+B
0 o 1+sinx

1 X1
- u
a* g’sxf >logudu = Zf w1 logudu'Z

1w 1 (! 1w 1 1 2
= —— _— 2n+1d = —— _ = 2) = ———
2Lm+1), 4zo(n+ 2”3 P =5
n= n=

1 2 2
u=sinx logu T (4
B = du=Li,(-1)=——==>0=A+B=——
fo 11l =-3 * 8
Solution 2 by Ankush Kumar Parcha-India
sin~1(1-¢) cos x
Q =lim log ((cos x)°t* . (sin x)1+sinx) dx =
0 ) . g
£>0 sin &
T YA
—Ftl( )al+f7 % log(sinx) dx =
= 0coxog cosx) dx | Ttsinx og(sinx)dx =
1 T L
ZCOSX Z COSX y=sinx
== log(1 — sin®x) d f ——log(sinx)dx~ =
Zfo Sinx og( sin“ x) dx + . T+sinx og(sinx) dx
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1 (tlog(1 — y? 1o
=f 8( y)dy+f 8y
2 y 1+y

=__fz dy+Z(—1)"J y'logydy =
(+ oo d=%)
2 2

I SRS

Solution 3 by Daniel Immarube-Nigeria

dy =

sin~1(1-¢)

Cos X
Q =lim log ((cos x)°°t* . (sin x)1+sinx) dx =
i:o sin~lg
T T
= [*cotxlog(cos x) d +F %Y log(sinx)dx =W + @
= 0coxogc:osx x | 1+sinx0gsmx x =
T
z R Txlogx 21 (tlogx 1
‘I’:.focotxlog(cosx)dxx E)SXJ; 1 gxz x = 4f 1§xdx=ZA
log® x
A:.l; x—Zf x"1log® xdx—I‘(a+1)z(a+1)
?
=(— 1)“F(a+1)((a+1):>'~P———l"(2)((2)——ﬁ
1
COS X xosinx CcOoSs X
D= f1+s log(sinx)dx ™ = f—1+sinx
_( 1)n2f atn-2dy — (_ )n 12 _( 1)n 121_“_2
8() n+a-1 1n2 12
n=
Therefore
Q=Y+ b= m 11-2_ m
24 12 8

1914. Prove that:

N[ ]

T
f ecosttan) co5(sin(tan x)) dx = > {e
0

Proposed by Asmat Qatea-Afghanistan
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Solution by Hamza Djahel-Algerie
Y3

2 © e®s*¥ cos(sin x)
Q= f ecos(tany) cog(sin(tan x)) dx = f >
0 0 14+ x

. eCOS X
e * cos(sinx) =

isinx —isinx] —
> [e +e | =

_[eCOSX+lSIle + eCOSX—lSlle] —

2

[ lx+ elx 1i lnx+e lnx_iCOS(nX)
> =
1 [ cos(nx
sz_f ( ) Z
n! J, 1+x2
n=0 n=0

1915. Prove that:

fl log x = 1 L (1) Liy (=)
o —x—17 T 291\ "\g) T H2V?

where ¢ —Golden ration and Li, (x) —dilogarithm function

N|H

1 T nz(e 1)" /4 _1_11

nl 2°¢

Proposed by Ose Favour-Nigeria
Solution 1 by Rana Ranino-Setif-Algerie

1 logx
as['loE
o X*—x-—1

#oxtn oo G () e ) e o)

1 log x 1 Tlo 1 |
P S S Y O W
0 1/,

dx
_ 1 1o x-¢ 1
(x (p)(x+(p) <p+(p o+ 0x+(p
. 1 ) lzlogx llogx
Slnce.(p+$—2(p—1,L12(z)——f0 1—zxdx_f 1dx

1 Llogx 1 logx
= f dx — f dx
20—1), x—¢ 29—-1),
Liz(%)

Therefore,

24
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1 logx 1 /1 ]
fo Zox—1% T zp-1\ 0 (5)_“2(_‘”)

Solution 2 by Ankush Kumar Parcha-India

1 logx 1 log x
.Q=f mdx=J 1 dx =
0 0 (x—¢) (x+$)

1f1 1 1 : p
=— - og xdx
P
1Tlogx 1 logx
VB =— [ 2B% gy 8% dx =
P
0 P—Xx 0o Xp+1

1 1 had X n 1 >
= _—f Z (—) log x dx — (pf Z(—x(p)"logxdx
P o n=0 ¢ 0 7=o0

! (-1)™n!
f xMlog"xdx = ———;m#* —-1;,n> -1
0

(m + 1)n+1’
_1y1 1 v (o)1)
@Q__EZW'OHDZ_(” L (n+1)? ”

Therefore,

fl log x gy — 1 Li (1) an
0o X2 —x—1 x_2<p—1 lZ(p ¢

1916. If 2 = [, .. folﬁi)gmnfgf?’ dx;, then find Q1.
2023 = '

Proposed by Syed Shahabudeen-Kerala-India
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Solution by Asmat Qatea-Afghanistan
2023

(-1) 2023
[Jor= [ g Jyormoeso] Jamar-
i) 0 2023 i=1

'Lzozsf ZZOZS]Og(x
0o 1 2023 ] 1 2023
=f (f x“dx) dt=J (1=5) at=
0 0 o M-t
(1- )—2022 @ 1
—-2023 - —
f -0 dt_l 2022 - 2022

2a-1 2B-1
(1+x) (1-x) dx . a,B >0

1917. Q(a,B) = [ T
Find a closed form and prove that

Q(3,5) >/Q2(4,5) - 0(3,6)
Proposed by Daniel Sitaru-Romania

Solution 1 by Ose Favour-Nigeria
Q) - fl (1 + x)2e1(1 — x)2B-1 I fl (14 x)22-1(1 — x)2B-1 e
, = » 1+ x2)a+ﬁ 0 (1 + xZ)a+ﬁ -
2a-1 2p-1
1-x 2 2x B
X_E4f1(1+x) (1+x) x = 2a+B P
0 (1 422 (2(1 + x2)>“+” o (1+x2)+h
(1+ x)?
P = f SR | SN .
T ), Arae BT ) a2 BT ) @+ ar)es
®  42B-1 2a—1
1 (X +x2)atb 1 (X +x2)etk
o — f x2F-1 dx Lx2a-1 4 x26-1 a2
A+x)e BT | Tasanes T
1 1 1
1 1 (x“_f +xP _7) xz1
f T )a+ﬁ dta fo a+oef
B(B.a) B(a,p)
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1

Q(a,p) = 2**F~1B(a, B)

128 32 32
Q(3,5)=2"B(3,5) =——,0(4,5) =28B(4,5) = — 9(3,6) =28B(3,6) = —
105’ 21
Hence,
128 32 32
Tos > /35 27 < 23,5) > JQ(4,5) - Q(3,6)
Solution 2 by Adrian Popa-Romania
1(1 4 x)2a-1(1 — x)26-1 e
ﬂ(“lﬁ) = 9 (1 +x2)a+ﬁ dx =
) 22a+2ﬁ—2t2a—1 (1 + t)2a+2ﬁ 2 u= t2
o (1+0)2a+26-2 2a+B(q + (2)a+h (1 + tz) at
. 2a-1 . a—1
= 20+h-2 () ] LA 24t6-2B(a, B)
o (A+wE 2\u o (1+uweth
Qa,p) = 2-2B(a, B)
r(3)r(s) 2!-4!
— 26 . — 96 . —n26.2 =
Q(3,5) =2°-B(3,5) =2 T(3+5) 2 1
r(4)r(s) 3!'-4!
_ 7. —97. —27.2 =
Q(4,5)=2"-B(4,5) =2 T(4+5) 2 31
r(3)r(e) _ 2! 5!

7.

=27. =227. "~ >~ _ = =
Q(3,6) =27-B(3,6) =2 T3 +6) 3l

7)6

\/9(4,5) Q@3, 6)——\/2' 3!-4!. 5'<— 21 -4l

%\/(2!)2-3-(4!)2-552!-4!@\/Es\/ﬁ.

Solution 3 by Hikmat Mammadov-Azerbaijan

1 (14 x)2e-1(1 — x)261
Q((X ﬂ)_ B (1+x2)“+ﬁ dx =
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n 2a+2B-2 20-1 T 28-1 n
_ j4 (vV2) cos™® (x 4-) cos (x + 4) c0s2@HB) x dy =

T cos? x cos2at2B-2 x

— 2a+ﬁ—1 f
T

2 2
= 2“*”‘1f sin?*~1ycos?f-1ydy = 2¢+6-2. ZJ sin?*~1ycos?f-1ydy
0 0

T
T y=x+1

cos?e1 (x — Z) cos?h-1 (x + g) dx =

SNE

SNE

3

r(3)re) 2! 4!
0@,5) =2¢-BG,5) =2° 775 = 20—
r4)r() 3!- 4!
04,5 =27 B8 =27 yag =2 =g
r(3)re) _, 2!-s!

—_— 7-_
r(a3+e) 8!

27 Q) 26
\/9(4,5)-9(3,6) =EV2! -31-41.5! < ;-2!-4! =

Q(3,6) =27-B(3,6) = 27 -

%\/(2!)2-3-(4!)2-5S2!-4!=>8>\/%.

1918. Prove without any software:

1 2 1 2
1—jex dxfe_x dx
0 0

Proposed by Daniel Sitaru-Romania

4e < (e —1)?

Solution by Said Cerbach-AIgierls-AIgerl:e

i}
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Using Cauchy-Schwarz’s inequality, we have:

1 1
f e*’ dxf e dx > 1 then
0 0

1 1 1 1
I= j e’ dxf e dx—1= J J (e"z‘y2 —1)dxdy. We have:
0 0 0 Jo
(e—1)> cosh1-1
4e 2
We use a change of variables: u = x — y and v = x + y then we have:

ewv —
I= ﬂ > dudv, where D is red sector.
D

1 2+ueuv_1 1 Z—ueuv_l
szf > dvdu+JJ dvdu =1_ + 1., where
0

"”““ g _j e

Wlth change uin I_, we have:
1 (2-u e w —1
= f f ——dudv, then:
u 2

uv uv 2

1 uv_l_e—uv 2 1 r2-u (eT—e_T)
f f dvdu = f f dvdu =
0 Yu 0 Yu 2
-u

1 r2- 1 2 %coshv — 1
f s1nh2 dvdu f f —————dvdu;(0<v<2)
0 0 Ju

dvdu

u 2
[ < j'zcoshx—ld - j‘lcoshl—ld _cosh1-1
=) 2 r= o 2 rET
1919. Find:
1+ 3k — 19(k + 2)
- 2k+1 -1 2k+1
o (kT o |
where n(s) = Z e is the Dirichlet’s eta function.
k=1

Proposed by Ankush Kumar Parcha-India

Solution by Ahmed Yackoube Chach-Mauritania
k+1

n(k+2)=(1-217®2)g(k+2) = ( zk+1) {(k+2)= W((k +2)

Thus, we have:
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103 —1n(k+2) 10341 - 1281 —18(k+2)

Q= T 2k+1 _ 1 2k+1 2k+1 _ 1 2k+1 2k+1
k=0 k=0
1341 —1 1[0 /3y o (1)
“n W“"”)—;[Z(z) 2= ) (3) cwrD)|-
k=0 k=0 k=0

A=Y rem(a-g) -

® k-1 ® k-1
226 w3 ) w

—1[n+21 242 _9) 2]—1
Trlg TAl08eT Sy al0BL =
1920. Prove the summation:

0o 1 LU
(_1)2"("“) +(-D" =« e4 sech (%)
=—|1+
3 2 L
n=_008n +4n“+2n+1 4 ed — 1

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Rana Ranino-Setif-Algerie
1 2 ,forn =4k
(—1)2"™* D 4 (—1)n = [—2 forn =4k +1
0, otherwise

. 1
(_1)711.(11.4'1) + (_1)n B
sn3+4n2+2n+1

n=-—oo

Q=

- 2 - 2
N Z 512n3 + 64n2 +8n+1 Z 512n3 + 448n2 + 136 n + 15

n=—oo n=-—oo

=0 —Q,

Using Residue Theorem: Z f(n) = —n){Rezidues of cot(mz) at f's poles}

n=-—oo
Q- —2 Z{R d ¢ cot(mz) = 1 i i}
LT A e O g Bz + )8z —1) ©° 8 8'8
cot(mz) 1 1 T
“|Bz+ DBz + DBz - 1) 8] 6t (3)
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R cot(mz) il 11—

t(in)
32 °'\8

R cot(mz) ] 1+ i
es (8z+1)(8z+1i)(8z— i)lgl = —g—zcot( )

l@8z+1)@Bz+)Bz—i)’ 8|

8

Q= gcot (E) + T coth (E)

8 8 8
Q- 2 Z Rezid of cot(mz) ¢
2 T LT Bz ) Bz + 2 ¥ DBz 12—

_ 3 1 i1
8 4 8 4 8

cot(mz) 1 1
Res . ~> "o
(8z+3)(8z+2+i)(8z+2—-i)" 8

R cot(mz) i 1-i t(n in)
€S |8z+3)8z+2+0)Bz+2—10)’ 8| 32 °

R cot(mz) i 1+ T im

il = -5
€S| 8z+3)8z+2+0)(Bz+2—1)'8 32 ° (4 8)

Q—nt (n) T t<n+i1t> 11'+i11' t(n_l_in) i t(n in)_
2788/ " 16°\2"8) 16 1627 8) 16 =

4 8
0, = Fran (%) + Ftan (§) - sech ()
Q= g [cot (g) — tan (g)] + g [coth (g) — tanh (E) + sech (E)]

4 4
+ coth () = 1+ cosh ()

s ()
(1) sen 3.

_m.m
- 2 sinh (%)
T

( o) (g)]

sinh (%) - cosh (%)

T

(¢°]

(o)

=2
VS
B
N——
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Therefore,

TE
(—1)%"(’”1) + (—1)" m e4 sech (%))

=—|1+
3 2 T
n=_o<>8n +4n“+2n+1 4 ed —1

1921. Find:

L]

Q_J cos x - sinh x dx
- 0 5+exsin(x+%)+e‘xcos(x+%)

Proposed by Daniel Sitaru-Romania
Solution 1 by Tapas Das-India

LetP=5+exsin(x+g)+e‘xcos(x+g)

dP = (e* —e™) [sin (x + %) + cos (x + E)] =dx

1 1
sinx + —=cosx + —=cosx — —sinx|dx =

x) [
V2 V2 V2 V2
= (e* — e"‘)\/i cos x dx = 2 sinh x V2 cos x dx = 2v/2 sinh x cos x

T

=(e*—e”

cos x - sinh x

Z
Q:-I;) 5+exsin(x+%)+e‘xcos(x+%)

dx =

1 [5*e'dp 1 : P5+e‘* 1 [5+et
= — — = —10 = (4]
2VZ)sez P 292 ° sivz  2V2 S\51vz
Solution 2 by Sakthi Vel-India

T
cos x - sinh x

1
sz dx =
0 5+exsin(x+%)+e‘xcos(x+%)
_j‘% cos x sinh x dx _
- smx CcOoS X cosx sinx)
054 ( )+ ( )
2z V2 Z 2
T
i cos x sinh x
:\/Ef - N dx:
o 5V2 +sinx 2 sinh x + cos x 2 cosh x

lety = 5V2 + sinx 2 sinh x + cos x 2 cosh x, dy = 4 cos xsinh xdx
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5v2+v2 sinh™ +\/fcosh4d 1 5 + e%
— V2 v _
5vZ2+2 y 2\[_ 5-+\ﬁz

1922. If we have the integral relation
2

([, o et

2

oo Vx 4 . 3x

then prove that B4 + 382 +9 =0
Proposed by Srinivasa Raghava-AIRMC-India

Solution by Rana Ranino-Setif-Algerie
2

(remGmYeos(erd) N[ Doos(x-2) | anp
{ )-( |

—oo Vx —oo Vx

1 (= sin(22) c>osin(?z—c) ’ * sin(2x) ooSin(%)
Q—Z f_oo = dx — 8 %—dx — f_w—% dx + _OO—W dx

_(A-B?—(A+B)?

2 = —AB
in
“ sin(2x) 0 sin(2x) 1 j‘°°sinx e 3 °°sinxd
— X = — X — X =
AR - B Wy W
2x-x 2x-—x
in in
_e3s smx es (¥ L 4
— | x3 " sinxdx
“val, =T,

Mellin Transform: f S~lsinxdx = sm( )I‘(s)

in in in

1= () 3(%) sin(@)r(z)r(s) = Eg)

© sin (%) p 0 sin (2) _ig smxd g _? “ sin x
o W LT f Ve ) =

—X 2, x
x x

B =

it (® 2 in T 2
= Y4e3 f x 3 lsinxdx = Y4e3 sin (— —) r (— —)
. 3 3
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r@)-r(-3)--3r(D) o-2T)

3V3m % 3V3n _%r 3np
e 3 =—-vm

4in 2in 1 l\/_ 1 l\/§
B =+V3e" 3=>[34+3[32+9 9<e 3 +e 3 +1) 9( +— +1>=0

1923. Find:

_ (Mog?y (Lix(y) - 6(2))
Q_fo (1-y)?

where Li,, (1) = Z,‘f’:lﬁ and {(2) = Li,(1).
Proposed by Narendra Bhandari-Bajura-Nepal
Solution 1 by Togrul Ehnmedov-Azerbaijan
We know that: Li,(x) — {(2) = Li,(x) — Li,(1) =

f"log(l -y)
= — —dy
1 y

1 logZx j‘x log(1—y)
o 1-x)%)

f *log(1—y) log(1 — x)
u = E— =—dx
1

I=- dxdy

y dy;du = o
log? x log? x

(1 — x)2 LY =T "%

xlog?x ] *log(1—1y)
1_—< — —2u2(1—x)>f1 — - dy

dv =

—log? x — 2Li,(1 — x)

! log? xlog(1 — x)
+ f dx

Tog(1 — x) Li, (1 —
_Zf ogl -0 Li,(A—x)
0 X

= 2¢(2) f

1—x X
11 I I3
; _fllog(l—y)

! 0 y

_ 1 1 _ i _
g( y) +f log? xlog(1 — x) Zf log(1 —x) Li,(1—x) dx
0 0

dy = —{(2)
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log? xlog(1 — x = 1
12=j 8 8( )dx=—Zka x*log? xdx =
0 1-x = 0

_szl(k+1)3 ka ka4 = 2((4)
B og(1 — x) Li,(1 — x) B 1longlz(x) 3
I3 —fo p dx—j0 1—x = —16(4)

1
I=282) + 1 — 213 = —28%*(2) - 264 + 5((3) =—-4{(4)
Solution 2 by Rana Ranino-Setif-Algerie

_ (Mog?y (Li(y) —3(2))
4= -[0 (1-y)?

log®y ,, —Ylo8"y
(1-y)? 1-y

dy

Integration by parts gives:

—2Li;(1-y)

1
1BP

1 2
(,, %2211 —y)) (Liy () -

0

'log? ylog(1 — y) og(1 — y) Li,(1 - y)
+ dy — 2 dy
0 1-y 0 y
og?(1—1y)logy f 1 logyle(y)
dy -2 | —I 27
0

1-y
A B

= —-5{(4) +f0

o H
log?(1-) =2 ) ~ty" —2Li5(¥)
n=1

- H, (1 1Li,(y)lo
A=22—"f y"‘llogydy—Zf Mdy:
e mJy 0 y

o)

Z 2[Lis(y) logy - Lis ()]}

o1
A= 2@+ 2Li (1) = 5@
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(2

[ee] (o] )
(Z)f y*logydy = Z
Z ; gydy = (n+1)2

[ee]

HY 1 <

_n+l1 .

Z(n+1)4 (n+ 1)2 Zn“ z
n=

n=2 n=2 n=1 n=1

(2)

I
NgE
|-

[M1s
3|55

3

B=1(4) —Z((4) = —Z((4)

Q = ~5¢(4) — 5 4(4) + 5 {(4) =~ (@)

_ (Mog?y (Liz(y) —3(2)
Q- fo Aoy dy = —4®)

1924. Prove that:

1(1+x)log?x
fo (1-x)3

7'[2
(Liz(x) - ?> dx = 2(2) — 10¢(3)

where Li, (x) is polylogarithm function, defined as Li,,(x) = >} %

Proposed by Narendra Bhandari-Bajura-Nepal
Solution by Togrul Ehmedov-Baku-Azerbaijan

_(f@+xlogix( . m? B
I—j; d-x° <L12(x)—?>dx—

xlog?Zx 2xlogx )
- <(1 —o7 1-x  2los1- x)> (Liz(x) —

=0

j‘llogleog(l—x) dx_zj‘llogxlog(l x) gy Zfllogz(l—x)dx:
0 (1-—2x)2 o 1-— 0 X
Iy I I3
= 11 - 212 - 213
L j.110g2 xlog(1 —x) gy B fllogxlog(l - X) ot 1 log?x dr —
= (1 —x)2 N 0 x(1—x) o 1—x)2"7"

Tog xlog(1 — x Tog2(1 — x
:_4f g x log( )x+f g(2 ) dx
0 1-x 0 X

I, Iy

11 = —412 +I4
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Togxlog(1 — x Tog2(1 — x
L= [ B gy, gy = [ EOEY
0 1-x 0

dx = 2{(3)
I, =—4I, +1, = 24(2) —4¢(3)
I=1,—-2I,—2I; =2{(2) — 204(3)
1925. Prove that:

! ! 1 (_l)n—l
dx,, ..dx,dx; = ———
jo jo logx; +logx; + -+ logx, Yo o GX20X =70

Proposed by Fao Ler-Iraq
Solution by proposer

1 1
1
dx, ..dx,dx; =
-fo L108x1+108xz+---+10gxn Xn - OX20X1

Xi

xj—e i e -1 e n-1 1
i f f d(e=) .. d(e~*2)d(e-"1) =
e~ %150 e~Xnsg X1~ X2 T T Xy

© © e—(x1+x2+~~+xn)
= (—1)"+1f f dx, ..dx,dx, =
0 0 xn + b + x2 + xl

= (_1)n+1f f f 1 (__de—(xn+~-~+x1)) dx, ..dx;dz =
1 Jo 0o Xn+ o +x+x\dz n
— (_1)n+1f

[e%) oo n o foe) n
(f e‘zxdx> dz == (—1)"+1f <f e %* dx> dz =
1 \Jo 1 \Jo

*® B (_1)11—1

" n-—1

Z—n+1

© [o=ZX|® n e
( ) dz == (—1)"+1f z"dz=(—1)""!
1

—<41o

~ o

1

-n+1

1926. Find:

1%—tan_1x
sz dx

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Rana Ranino-Setif-Algerie
1—x

L 1tan~?! xor=X
Q:f 4 dx:f (1+x)dx T+x
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Ttan1lx Ttan~1x Ttan1x
[, Py, e,
o X(1+x) 0o X o 1+x

G 1

1-x 4 -1 X 4 -1
X tan 1— —tan ' x
[ gxf (1+x)dx=j4
0 0

(4
dx=—-log2 -1
1+x 1+x o 40g

1% —tanlx
Therefore, Q = f

dx = G — Zlog 2
, 1-x XT07gls

Solution 2 by Hikmat Mammadov-Azerbaijan

1T _tan-1x 1tan! 1-x
1—x -2
n:j 4—dx=j (= )dx;(t— dt = dt)
0 0

1—x 1—x “1+x T (1+1)?
Q_Zfl tan 1t dt—zfl tan"'t tan 't it
I AV TTC TR ) R t 1+t

Ttan~1¢
A=f —Cdt=G=p2)
0

ltan 1t 1 og(1 +t) 11
= = -1 —_ _— = —
B .[; 151 dt = log(1+ t) tan t|0 J;) 1182 dt 3 log 2

T
Hence, Q) = 2G — ZlogZ

Solution 3 by Daniel Immarube-Nigeria

T _
17 —tan 1x (1 dx Ttan1x Ttan 1x
ao [T et e,

ltan"'x = e ('log(1—x) 7 om
A:.I; T dx:j;—l_l_xz dx:f0 log(\/fsm(z—x)secx)dx:

(| (| i1
4 4 4 4 L

= log\/ff dx+f log(sin(——x)) dx+f log(secx)dx =-log2+ B+ C
0 0 4 0 8

n T
X=X
4

B = jj log (sin (g — x)) dx = fjlog(sin x) dx

X
1
f log(sinx) dx = — 2 Cl,(2x) —xlog2,Cl,(x)~Clausen function
0
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A= —%cl2 (2 -;)—glogz - —%mz (;)—;logZ

L

7 1
C= —j log(cosx) dx = EClz(n— 2x) —xlog?2
0

T
Cl, (E) = G = B(2), G — Catalan constant,  — diriclet Beta function.

s

C= Fl (cos x) dx = (la( zf) E1 2)— 10 (E)+El 2
= 0ogcosx x=—(5CL(m 2) ~71082)=—5CL(5)+log

W=B+C="log2 - ~cl (n) o2 — ~cl (n)+n1 2=
- —g08cT g Ty 08T lhg) T 08T

/4
§log2 -p2)=-w

I8
Hence, Q = B(2) — §log2

1
x+(1-y)n-1le-y

1927.1f 2 + = 0;y(0) = 1,y = f,(x) then find:

n

1
Q = lim [ n? fnfn(x) dx
0

n—oo

Proposed by Hikmat Mammadov-Azerbaijan
Solution by Fao Ler-Iraq

dy N 1 _o
dx x+ (1 —-yrley
d -1
4 X =—x—(A—-y)le”

dx x+ (1—y)rley’
X +x=—1—-y)"le?, xeY = f(—ey(l —y)* e ¥)dx

gy AL=W)"
n

x=—-e f(l -y ldy, x= + ce™”

a-y-
n

n
1—-vy(0
0= e‘ym)# +ce?® cel=0=>c=0=>x=e?

e?A—-y)"=nx, elY(1—y)" =nxe

a-»1-y 1 1 1-y 1 1
e n ( ) = H(nxe)n, = W(E (nxe)n

n
1 1
y=1—-nW (E (nxe)i>
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1 n 1 n
_ n 1 1 _ a1 1
Q = lim | n? j 1-nW (— (nxe)n) dx | =lim|n—-nd f w (— (nxe)n) dx | =
n—-oo 0 n n—oo 0 n
1 n
no111
=lim | n—n3 j w (nn enxn) dx | =
n—>oo 0
P E
=lim| n—n3 (nn en> j w (xn) dx | =
n—-oo 0

n
n""e
= lim (n — n"*ze‘lj W(x) d(x")) =
n—oo 0

n
11

ne"
=lim| n—- n"+3e‘1f (xe* )" W (xe*) d(xe*) | =
n—-o0o 0

n
1

= 1111_1)?0 n—n"t3e-1 ij”enx (% + 1) d (g) =

1 n 1 © ok "
= lim (n —ne! f x"e*(x + n) dx) = lim n™ <1 —e! J. x"(x +n) Z —dx) =
n—-oo n—-oo k'
0 0 e~
[} n
] 1«1 !t
=limn"(1- —Z —f (amthtl 4 pxti)dx | =

n—-oo e yrar k! 0

- 1i1< 1 k+1 +1)"_
e Liki\n+k+2 n+k+1 B

.y n1§:1< k+1 1 )"_
et \elk\ntk+1 n+k+2)) "

k=0

n 1t "
_ n+k n+k+1 —
_T]ll_r)?O e 4 k'.[;, (k+1)x - X )dx

1 S k+1
= lim x—xZ—x dx| =
n—o e ) k'

= 1111_13010 (Efo x"(e*(x+1) — xex)dx> =

n (! " n "
= lim <—f x"e* dx) = lim (— (=D 1 (n! —e! n)) =
n-o \ e 0 n—oo \ €
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n Py n n Py n
. NIV
=lim{n-n kU k! -
k=0 k=0
. NG SR LAY
=1l£‘.30<"’"! Z k! ) =1115‘1‘o<"'n! (k+n+1)'> -

_ 1111—>12> (nZ)(—l)kW) n—>°° <n+ 12( n+ 1) )

n
_ L n 1 i ( n )"_1_ (n+2) 1
el lny1 1 Tae\ny2) Tl n T e?

1+n+1

1928. Find:

= (4k)3 + 3
€= kZl (4k)!

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Fao Ler-Iraq

= (4k)3 + 3 k3+3
Q:Z (zzk)! 42 1+ D+ i+ (D9 =

[ee)

Zka_ 1+ Dk +ik+ (- )k)+4zk'(1+( Dk + ik + (D)%) -3 =

:Z(f(l)+f(_1)+f(i)+f(—i))+1(e+e—1+e"+e“')—3

[ee)

3
f(x) = k—x"—xe"’(x 2+3x+1) > f(1) =5e, f(— 1)—
i=1

) = -3e", f(-i) = —3e

9—1(5 +1 3el 3—")+3( +1)+3R(") 3=
—4 e e e e 48 e 2 ee =
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1 1 3 1 3 1
=—|5e+—--3(2cos 1) +—(e+—>+—c052—3=2e+——3
4 e 4 e/ 2 e

Solution 2 by Said Cerbach-Algerie

(4k)® 3 - [ (4k)? 3
Q= Z<(4k)' (4k)!> Z<(4k 1)! (4k)!>=

k=1
= (4k)2—1+1 — 4k +1 1 3
=kZl< (4k — 1)! (4k)'> ;((4k—2)!+(4k—1)!+(4k)!)=
o (4k-2+3 1 3\
_Z( (4k — 2)! + (4k_1)!+ (4k)!) B

=
1l

1

RN 3 1 N
_Z((4k—3)!+(4k—2)!+(4k—1)!+(4k)!)_

Z((élk)' (4k 1)' (4k1 2)' (4k1 3)') 2 ((4k)' (4k1 2)')

k=1

inverse of even numbers

-1 v 1
k=1 k=1

Therefore,Q = e+ 2cosh1 -3

1929. Lambert series type representation for v —1 factorial

(8! (~i): = 1 - 223,5,13)_"1

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Lucas Paes Barreto-Brazil

Byz (—D"™  mcsc(mx) 1 - = (1) ncsc(nx)+ 1

nz —x2 2x 2x2 nz — x2 2x 2x2

0 n _r
n (- e csc (ne 2) e
Takingx=e 2= ) ————e" = — +—
8 — e™? —1 2 2
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_ncsc(ne‘g) +1 12
e’ ~1 o7 sin (ne_z)

-n"
n=1 e™n? —1 - 26% 2 n=1
2 (—1)n r(1+ez)r(1-ez
>1-2 1521) = ( +eZ)n’( :2)
imern -1 I‘(1+e7—e_7)

(-D" n oom - (—D)m LT\ [ il
=>1—2nzlenn2_1=(ez)!(e 2)!=>1_2n=1"’""2—_1=(e z)1(e"2)!
. . _ = (_1)1’[
(‘)!(_‘)!‘1_2n=1—enn2—1

1930. Find:
1 Jog?x
Q= u_g—x)Z(Liz(x)—z(Z))dx
0
11'2

k
where Li,,(x) = Z,‘le% and Li, (1) = {(2) = .
Proposed by Narendra Bhandari-Bajura-Nepal

Solution by Said Attaoui-Oran-Algerie
-1
Ho=) %

k=1

log? x xlog? x
& dx =—-2Li,(1—x) + 1:g

(1 —x)?
Applying the property Li,(x) + Li,(1 — x) = {(2) —log xlog(1 — x), we obtain, with

First of all, with a simple integration, we can verify that:

integration by parts:
1

1 2
b x> (—Li,(1 —x) —logxlog(1 —x))| +
0

Q= I(—Zle(l —-x)+ 1—x
~2(Liz(2))"=-242(2)
xlog? x> log(1 — x)
dx =

1
—2Li,(1 —
+L < lz( X)+ 1—x x
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1_2Li,(1—x Tlog2 xlog(1 — x
=—2(2(2)+j $log(1—x)dx+f 8 & )dx=
0

0 1—x
1 _or: (1 _ 11na2(1 _
= —2(2(2)+f —Zleil *) log(1 — x) dx+J log”(1 xx) l0gxdx=
0
= -20%(2) + f M( 2Li,(1 —x) +log(1 — x) log x)dx

=K

Again integrating by parts and using the result fol 1:%“2 (x)dx = —%((4), we obtain

K = —Li,(x)(=2Liz(1 — x) + log(1 — x) log x)|}
1 —
+ f Liy (%) <l°g(1 x) _3log x) dx
0 X

1—x

1, 1 Togx . 1 9
- 3 (a00)], -3 | TE b ar = -3 0@+ 30w
Finally,

5 9 25 9
Q= —2(2(2) +Z((4) = —T((‘l) +Z((4) = —44(4)
1931. Find:

dxda

1 o
:JOf (1+x)(1+x2)(1+a2 x2)

Proposed by Ankush Kumar Parcha-India
Solution 1 by Togrul Enmedov-Azerbaijan

dxda = dadx

_ T X 1
_E!-E)I- (1+x)(1+x2)(1+a2x2) Of(1+x)(1+x2)0f(1+a2x2)

[ee)

_ arctanx
]l a+rxa+x)
0

Letx = tany
T
0 2
[ arctanx B f ycosy
“ ]l aroa+x) T siny + cosy
0 0
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T
2
sin
M = f ysiny
smy+cosy
0

T T
2 2
f ycosy J ysiny
siny + cosy siny + cosy

N3

T T

2 2

f ycosy d J ysiny _ J y(cosy — siny) d
siny + cosy y= siny + cosy B siny + cosy

0 0

I
2

I-M=

0
2
cosy — sin BP
y(cosy y) f log(siny + cosy) dy
0

siny + cosy =
T

log (\/_ sin (y + 4)) dy = — zlog(Z) — f log (sin (y + E)) dy
0

°‘~|:|

3n

= —;log(z) —l. log(siny) dy = — ;log(z) — (—;log(z) + G)

4

01
=Zlog(2)—G
o2
I+M=— 2 G
8 :>I=—+—log(2)——
1| 16 8
I-M =Zlog(2)—G

Solution 2 by Rana Ranino-Setif-Algerie

Q= X da dx =
‘fo fo(l—x)(1+x2)(1+a2x2) adax=

T w Y
= 2 t 4 t 4 t
xt:a"”f —dtzf +f dt
o 1+tant o 1+tant §1+tant

/4
Change t by Z — tin the 1°" integral and byz = t in the 2™
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T

ﬂ=%j:[(g—t)(1+tant)+(g+t)(1—tant)]dt=

3

NE

14 1 ? L )
= —j dt— | t-tantdt =—+ [t-log(cost)]; — f log(cost) dt =
4, 0 16 0

2

T o2 — 2 T log2
~ 16 8°g 274 %8
Theref ﬂ_f‘”f x dad _ m?*—8G +log4
ererorest=ly Jy Ao+ + a2 T 16
1932. Find:

sinx+\/§cosx

= - dx
sin(3x)

Proposed by Daniel Sitaru-Romania
Solution 1 by Samar Das-India

Q_fsinx+\/§t:osx _j‘ sinx + /3 cosx

sin(3x) 3sinx — 4sin3 x

_j‘ sinx + V3 cos x p _j‘ (sinx + V3 cosx)dx

sinx (3 — 4 sin? x) sinx (3 sin? x + 3 cos? x — 4 sin? x) -

(sinx++V3cosx)dx _ [(1+V3cosx)sec?xdx y=tanx
sin x cos? x (3 — tan? x) 3 —tan?x
(1 * \/7§> Yoo yiv3 1 /1 1
:f 3-y2 fy(B—yZ)dy:ﬁfGJr\/i—y)dy:
- —(loghy1 - loghT—y]) + ¢ = —tog| X+ ¢ -
V3 N N
= ilog Sin x | +C
V3 “IV3cosx —sinx
Solution 2 by Fayssal Abdelli-Algerie
sinx + V3 cosx sinx CcoS X
=f Singx) =f (30 dx+\/_f x=0Q,+Q,
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N _j sin x dx f sin x d _J‘ dx _
1 sin(3x) 3sinx—4sindx " ) 3—4sin?x

1

_ cos? x _ sec? x 3 sec? x y=tanx
=] %= | sectx—dan?x ™ = | 3@ -
 _4tan?x secZ x an2 x an? x

cosZx

f f(f N3 +y) 2\/§J<\/§—y+\/§1+y>dy=

1
= ——1log|3 — tan? x|

2V3
V3 cosx _J V3 cosxdx

sm(3x) sin2xcos x + cos2xsinx

B \/?_’f cos xdx B f cosxdx y=cos x
B sinx (2cos?2x+2cos2x—1) sinx (3 — 4 sin2 x)

2=

— dy _ dy -
- ﬁf)’@ —4y?) \/gfy(\/g— 2y)(vV3+2y)

\/_ 1 _V3 y(\/_+2y) _
f<y \/‘ 2y \/_+2y>dy_ lo‘x/‘ 2y =

_ V3 |sinx (V3 + 2sinx)
3 V3 —2sinx
V3 sinx (V3 + 2sinx 1
Q=—1lo ( _ ) + log|3 — tan? x| + C
3 V3 —2sinx 243

Solution 3 by Ankush Kumar Parcha-India

. T
Q_j‘sinx+\/§cosxd _ZfSln(x+§)d x%:y
B sin(3x) = sin(3x) r =

_ zf siny dv = Zf siny d
~ 7 ) sin(3y —m) Y= sin(3y) Y
« sin(3x) = sinx (2 cos(2x) + 1)

siny t=tany 1+ tz dt
Q= —Zf : dy = - f
siny(2cos2y+ 1)

2—-2t2+1+t21+¢t%
t—\/_
c+v3l

:_zf di _ 2 log
(v3) —e 23
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1 V3 +tanx —+vV3 +3tanx

=—Io
V3 & V3 +tanx++V3 —3tanx

Q 11 2tanx |+C
= —J]og|————
\/§ g\/§—tanx

Solution 4 by Abner Chinga Bazo-Lima-Peru

dx =

_f tanx + /3 d _J tanx + V3
~ ) sinx(2cos2x+ 1) = 2(1 — tan? x)+1)
COS X 1+ tan?x

tanx(

(tan x +v3) sec® x u=t_anxj du 1 du =
tan x (3 — tan? x) r o= u(\/§—u)_\/§ u(vV3-u) “

\/_f du = —(loglul —loglu—+3|)+C =

1 1 2tanx | s
= —J]log|————
V3 BIV3 —tanx
Solution 5 by Yen Tung Chung-Taichung-Taiwan

1 . V3
j‘sinx+\/3cosx ZJ‘ZSlnx+Tcosx
= X =

sin(3x) sin 3x dx =
. /4
—zfsm(ﬁg)d ezfng AL zf 09 40 =
B sin3x % sin(30 — ) sin30
_ 2." sin 6 do = Zf do _
B sin® —4sinOcos260 4cos?0—-1
1 1
:21.3c0s20—sm20dB_2 — tan d(tane)
2 canh-1 (tan 0) t pot tan .
= —tan am— an
V3 V3
1933. Prove the integral relation:
w
f min (sm(Zx) cos(2x),sin ( ) ( )) dx =
0

1
=3 12—\/2(25\/§+40 /\/§+5+141>

Proposed by Srinivasa Raghava-AIRMC-India

48 RMM-CALCULUS MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Adrian Popa-Romania

sin(2x) = cos(2x) = sin(2x) = sin (g — Zx) = 2x = (—1k (g — Zx) + km

b4 (4 w km
k—even=>Zx=E—2x+k1t:»4x=5+kn=>x=§_|_7
T 5w

T
k—odd = 2x =— 7 + 2x + kmr(no solution)

sin (;) = cos(2x) = sin (;) = sin (g — x) = ;—c = (—1)k (g - Zx) + kn

k r_r 2x + 2 5x+n+k
even 2 2 X w 2 2 w

B 5x W T
k=0= > =3 > x= 5
( sin (;),ifx € (Og)
So, min (sin(Zx),cos(Zx) ,sin (?Z—C),cos (;)) =<{cos(2x),ifx € (g%t)
5
ksin(Zx) Jif x € (Kn)

Q= fﬂ min (sin(Zx) ,cos(2x),sin (;) , COS (;)) dx =
0

5m
T

T
5 X 8
=f sin (—) dx+f cos(2x) dx+f sin(2x) dx =
A 5

T 5
x\5 1, ‘s 1
= —2cos (—)|O + = sm(Zx)|E — Ecos(Zx)
5

T

2 2 s
_ (Tt)+2+1 . (511) 1 . (211) 1+1 (511)
= —cos (75 5 sin(— 5 sin(—< 5 +5c0s(
Ty V10+4+2V5 /25445
Now, cos (—) = =
10 4 4
. /5T V2 . (2T V2
sin(7) =5 sin(g) =7 5+V5
(511) B V2
cos (=)= -3
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ﬂ=_\/_\/5+ 5 %_%_\g \/—_ﬁ

%—5\/_— "5+—7 %(12—\5(5 /5+\/§+4>>=

=%(12—\]2<5/5+\/§+4> =%(12—\[2(25(5+\/§)+40/5+\/§+16>>=
=%<12—\[2<25«/§+40 /\/§+5+141>>

1934. If we have the integrals:

*®  m x TX
a= f e_f(sz’x)(—l)f(x“)\/l + cosh (7) dx

B = foo e‘%(xzﬂ)(—l)x\/l + cosh (?) dx

then show that

31m T

e 64 (1 + ei)

a —
Al

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Rana Ranino-Setif-Algerie

1 N[ z 1 [ 5+i
a:_eG—’;u—mf T D(x+35Y) dx_l_ﬁe%m—mf oz (1-D(x —) dx =

2 —eo —o0
_V 1+ ie6—’1(1—7i) 4 Y 1+ ie%(17—7i) _ ie%(lﬂ') + ie:—4(17+") =
V2 V2 3 V2
1 = , s
= ﬁeﬁ(lﬂ) (1 + eE)
X

B = f e z(® (- 1)x\/1+cosh dx——f 2 (3 +x) ”’x(eix+e 4)dx=
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s . T .
e—3—2(15+8l) %) _E(x+1_4l) e—3—2(7+4l)
= e 2 4 ) dx+—

T . 11' . 1 . 11' TL’
— e 32(15+8D) | ,—35(7+24D) _ ,—33(7+8D) (e—Z + e_f) _

TN
e_g(x-l'%) dx =

_ o 32(7+8D (e B i) _ o 37(15+8D (1 _ ie%)

31 17 31m n 17i
| | 1't( + i) 1+ e4 e 6l (1 n 34) . 6:1.1[
B 1- iei V2 1-— ie%

Therefore,
31m b4
eo (1+e)

-
2

V2 1+e
1935. Solve for n € C:
1
Vn

Proposed by Srinivasa Raghava-AIRMC-India

.[00 (—1)xe(_%)(nx+1)dx =

Solution by Rana Ranino-Setif-Algerie

f ( 1)x (nx+1)dx foo emx— (1+nx) dx = foo e 2( +

n(3+4i) [ nn( +1—2i)2 (3+4i) 2 2 _m(3+4i)
—e 8n f ez 2n) dx = e 8n f _t dt = 8n
—0 —00 n

121

)dx:

ﬂzize_%=i:>—n(3—+4i)=—llog2
Vn V2 8n 2
(3 + 4i)
" 4log2
f a 1)x ("“Dd 1 :>n:1r(3+4i)
~Vn 4log 2
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1936. Prove that:

j‘%flt _1< sin x )d p n2+31 , T
an_ " | ——— x=—+=log2 ——
o Jo u+ cosx 16 2 °B 4

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Ruxandra Daniela Tonila-Romania

s

~ sin x 2
f f tan 1 )dudx=] I(x) dx
0

u+cosx

sin x n U+ cosx
I(x) = f tan~! (—) du = J (— —tan1 (—)) du
0 u+cosx o \2 sinx

1 1 1 /(4
 tan™ " x + tan (—) ==
X 2
1 r
1A u u
>I(x)==-— sinxf (— + cotx) tan~1 (— + cotx) du
2 o ‘Ssinx sinx

u u !
Z=— +cotx =>dz = (,—+cotx) dx
sinx sinx

1 X
u=0>z=cotx,u=1=>z=——+cotx =cot—
sinx 2

T cotf
:I(x)zi—sinxf tan"lzdz =
cotx

x
s . t |cot 1fCOt7 2z d
=——SsIlnx(x-tan" Z - = YA
2 ( cotx 2 J. z2+1

ot x

LN tx t -1( tx) tx - tan~1(cotx) 1l (z2+1) . =
=5 —sinx| cot;-tan”" (cotz) — cotx - tan"' (cotx) — > log(z =
T T tx x tx T x4 . 1l COt22+1 B
=3 sin x 5 COts —cots — S cotx +xcotx —Slog| —o'—— | | =

T T Zsin;coszyzc x Zsm;cos 5 m
=" +=- +—-cosx—xcosx +

inX 2 x 2
sin sin3
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Sinxl C0t2%+1
+ og| —2— | =
2 8 cot?x+1
. 2 X
T 2% X T sinx, cot”5 +1
=— —1mwcos’=+ xcos’ =+ —CcoSXx — XCOSX o
2 2 272 2 %8| cotZx+1
Therefore,
sin x
j j tan ‘1 )dudxz
u+cosx
T X
jf T 2% X T +sinxl cot’5+1 4
= — —1wcos? =+ xcos?’=+ —cosx —xcosx og| —=— X =
o \ 2 2 2772 2 8\ cotZx+1
2 L T n
w2 2 x 2 x
= —+ —sinx —nf cosz—dx+f x(cosz——cosx)dx+
1 (%2 : cot2)2—6+1 i T C
= | sinx-log| —=——— =—+——1tA+B+— 1
zf Bl coZx+1 4 "2 1)

Y3 77.'

X 21+ cosx

Azf cosz—dxzf —dxz—(x+smx)| =—+— (2)
o 72 o 2

NIJ

% X % 1+ cosx
Bzf x(cosz——cosx)dxzf x(——cosx)dxz
0 2 0 2

Y3 T T

2 1—cosx 1 2 2
=f X —dx =— f xdx—f xcosxdx | =
0 2 2\Jy 0

T
1 [ m? L Z 1/m? = L ™ m 1
:—(;—xsinxlg— ; (1—sinx)dx)=5<———cosx|(2,> R_Z+E;(3)

8 2
zx
COS” =~
(€2, 1)

s 2 r 2
7 cot 7+1 2 | sin®35 |
sz sinx-log| ——=———~ dxzf sinx-log\—)dxz

cot?’x +1 0 cos? x
sin? x
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sin? x
X =

z 2 X | gin2X
cos®5 + sin 7
cos?x + sin%x

2
=j sinx - log
0

- Zx
sin*3
b4 . X X 3
7 4smzicoszi 5
=j sinx - log dx=J
0 0

sinx - log (4 cos? ;) dx =

02X
sin®5

Tl' Tl' 11'

2 2 2 X
=2] sinx - log(Zcos )dx—Z logzj smxdx+J smx-log(cos—)dx =

0 0 0 2

n —_

log2+2f smxcos log(cos )dx = 2(log2 —4f2 (cosf) cosflog (cosf) dx
2 0 2 2 2
V2

t—cosfzdt—(cosf),dx x—0=>t—1x—E=>t——
2 AT - I

V2
z V2 V2 3 1
c=2 log2—4f tlogtdt | = 2|log2 — log > +t2|12 =2(§log2—5);(4)

1

T
!

From (1),(2),(3) and (4), it follows that:
2

fft - Sinx )dd—n+31 2
an u+cosx uaxr=16"2°8 4

Solution 2 by Hikmat Mammadov-Azerbaijan
1 2u )
tan_ i1tan™ (1 ) ==y dydu ~

[ o (2w [
J= an y + cos x ydx = 1+ u?

_ u(1 + v)

=1—y 1tan™! 1 vl tan u + tan(uv)

f f dudv = f f udv =
(1+u?)(1+ v)?2 1+ u?)(1+ v)?2

ududv t=u

> w? Zf tan—! ud +f f
o 1122 T ) QA+ )+ uzv?)
1+v

2

2

B zflf dtdv t=u
") s A+ + ) +tv?) T
_ 1+ y?
v=% lfllog((l +§)2> (1 +y)dy f f1log (1+ )2) (1+y)dy
2 )y y
RMM-CALCULUS MARATHON 1901-2000
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1 (! (llog(1+y?) — 2log(1 + 11 '
___jj g y)y 8 y)dy—iflog(1+y2)dy+f(1+J’)d3’=
0 0

ly24+1-1

Ly 28,1 ) = L (10g2 2]
= 2 iy %) 2 0og o 1+y2

> dy>+210g2—1=

2

1l'+31 2 T
16 ' 2 °8°7

Therefore,

fft _1 sin x )d d _1tz_|_3l 5 /[4
an u+cosx nax 16 ZOg 4

Solution 3 by Togrul-Ehmedov-Azerbaijan

T T
21 . 12
sin sinx
I= arctan ( arctan ) dxda =
a+c a + cosx
00 00

I
2

1 ]
| sinx 7 1+ acosx |

= f | [xarctan( f xa dxl da =
of 0 |

=l

a+cosx 2 +2acosx+1
T
1 12
nf ¢ ff 1+ acosx dxd
= arcan X xda =
2 a2+ 2acosx+1
00

N A

z
log(2 1+ log(2
_EIOg()+El_fx acosx dadx-Z[Og() r

a? +2acosx+1 2 ' 4] f XQ(x) dx
0

1
Q()_j‘ 1+ a cosx
)= | @ +2acosx+ 1

0

I log(a(a+ 2cosx) + 1)
= |cosx

a+ cosx> !
2

+ sinxarctan ( -
sinx

0
1 4+ cosx

sinx

log(2) + log(1 + cosx) .
= COSX + sinxarctan (

2
_log(2)
2

) — sinxarctan(ctgx) =

cosx + %cosxlog(l + cosx) + sinx (E — E) — sinx (E - x) =

lo(2) 2 2 2
og(2 1 X
= gz COSX + Ecosxlog(l + cosx) + Esinx
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T

2
_ ;[log(Z) 4 ;l _ f XQ(x) dx =
0

z
nflog(2) = log(2)
= El + —l - f X

1 X
cosx + Ecosxlog(l + cosx) + Esinxl dx =

N[ A

i1
2 2
n[log(2) m| log(2) 1 1( ., .
= EI > + Zl i xcosx dx — EJ xcosxlog(1 + cosx) dx — EJ x“sinxdx =

0
nt[log(2) =| log(2)m 1 1 ¢ log(2) = 1
‘ElT+Zl_—[__1]_EM_E["_Z]‘? 2~z t173M
L)

i s
2 2 2
X
M= f xcosxlog(1 + cosx) dx = log(2) j xcosx dx + 2 j xcosxlog (cos (E)) dx
0 0

I
2

= log(2) [; - 1] +2 f xcosxlog (cos ;)) dx = log(2) [g - 1] + 2N

0
s

xcos(2x) log(cosx) dx =

Q\g

T
2
N= f xcosxlog (cos (2)) dx =4

T

T[

4 4
= 8f xcos?xlog(cosx) dx — 4 f xlog(cosx) dx = 8K — 4Q
0

0

21 2

1
G
Q= fxlog(cosx) dx = % — m((B) — —log(Z)
0

T
4

K= f xcos?xlog(cosx) dx =
0

A

0

2

2
—X'2+1 2+X21( )+fxz+1 2+Xt dx =
= 4sm X 8COS X ) 0g(COSX Sinzx 8COS X ) anx dx =

o 0
2

0

1[2 1 .,
=——log(2) 16 a +Efxsm xdx +
0

I

Q| =
Q| =

T i
4 4 4
f sin2x dx — f tanx dx + f x2tanx dx
0 0 0
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x2tanx dx

°\-h|=|

= 7 log(2) | il Y LAY PR @+
=208 7et 62| T2l6a 16 8| T 16 16 °B

L

i
r 4
2
L= fxztanx dx = 3—210g(2) +2 J xlog(cosx) dx =
o

0
2 nG 21 2
g—zlog(Z) +— (161tG 21((3) 4n? log(2)) = =" —((3) — —log(Z)
K = 1 2|~ P LY D I (2)+1L—
%812 116 62| T2|6a 16 '8 16 16°g
_nG 21 1 nm n 2
=16 256 =2 0(3) + i 3—210g(2) t38" 32" 1—610g(2) —log(Z)
2 m
N=8K-4Q=1-— —log(Z) + R - Elog(Z) -2
2 m
=Zlog(2) [— —1|+2N=2+ ?2— 210g(2) -
L log(Z) m 1 m
I—§+ 2 2 1—EM E+210g(2)——
1937. Prove:

1
1+x X —
Izjx(l_l_xz)log( )dx—ﬁ(2)+ ((2)

Where {(s)isthe Euler — Riemann zeta function.
And B(x) is the Dirichlet — beta function.

Proposed by Ankush Kumar Parcha-India
Solution 1 by Togrul Ehmedov-Azerbaijan
1

1
l_f 1+xl (x—l)d _ f1+xl (1—x>d
) x(1+x?) C\xr1) " 1122 B\1/
00 0

L tl—x_
1e 1+x 7Y
log(y)
I =— d
J @+ +y) Y
1 1 1 2
. logy) . _ flog(y) ~ ylog(y) _ (™ _6
1 ) A+yA+y?) g ) 1+y? g ) A+yA+y%) Y 32 2
G %
-T2 32
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I—ZI—ZGT[Z—GRZ—Zgz
= 21, = - (————)- 12 = B@) +33(2)

2 32
1
ylog(y) n* G
N 0 = - __
ote J A+ya+) P 3272
Solution 2 by Daniel Immarube-Nigeria
-1
1 1+y y—1 y"% 1 logy
ﬂ=j lo ( )d EAR dy = 2I
o Y1 +y2) Sy +1)? o 1+ +y?) Y
(! logy B 1f1 logy 1j1ylogy 1J110gyd
s A+a+y» P 72), 21 7 2), 1T 2], y+1 Y
--fll"gayd — (=1)*T(a+ 1)1 - 2-9¢(a + 1)
"y 14y y= a ¢la
o (D"
2
Z(2n+1)2 h2)
(- 1)" msag. 1 ['logy 1 ('logy
I'= Zdaf dx y+1dy+§f y+1dy_

=_Em—23r(1 2- 1)((2)+ (-Dr(-27194(2) =

= 2 B@) +14(2) ~ 122 =

- ED_3 1)
Q=-2[=-2 (—@—i((2)> = B(2) +%((2)

1938. Evaluate

2
.- 4j log(x) log(1 + x )

x5 +x
0
Proposed by Daniel Inmarube-Nigeria

Solution by Togrul Ehmedov

7 log(x) log(1 + x2 rl log(1 + x2
I=4f g(x)log(1 + x )dx=4f og(x) log(1 + x?)
X5 +Xx x(x*+1)

Letx? =y
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[e9) 1 [*3)

[— f log(y)log(1 +y) . f log(y) log(1 +y) f log(y)log(1 +y)

y(y2+1) y(y2+1) y(y2+1)
1 1
log(y) log(1 +y) ylog(y) (log(1 +y) —log(y))
J yy?+1) ) y2+1
1 1 1
_ f log(y)log(1 +y) . f ylog@)log1 +y) , f ylog(y) |
. y(yz2+1) y ) y2+1 yZ+1 Y
1 1 1
log(y) log(1 +y) ylog(y)log(1 +y) ylog?(y)
= dy — 2 5 d 5 dy
] y y°+1 y-+1
= Il —_ 2[2 + 13
1
log(y)log(1 +y) 3
L= dy = —23(3)
y 4
0
1
_ (ylog(y)log(1+y) 17, 15
(ylog?y) 3
_ (ylog*(y) . 3
Is _f v2+1 W=16%3)

3 2

1939.1f 0 < a < f < 7 then:

B B
f f J4 — (sinx + siny)? dxdy > 2(B — a)(sinB — sina)

Proposed by Daniel Sitaru-Romania

Solution by proposer
Letbea, b € (0,1).

(a—b)2>0= —a®? — b* < —-2ab
1 —a? — b%? + a’?b? <1 — 2ab + a?b?
(1-a?®)(1-b?) < (1-ab)?

2,/(1—a?)(1 - b2) <2 —2ab

2—a?-b*+2/(1-a?)(1-b2) <4—a?—b?-2ab

1-a®2+1-b2+2/(1-a2)(1—b%) <4—(a+b)?

59 RMM-CALCULUS MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
V1-a?++1—-b%<.4—(a+b)?

Let be a = sinx, b = siny,x,y € (O,g) = a,be (0,1)

V1 — sin2x + /1 — sin?y < /4 — (sinx + siny)?
B B

B B
j f J4 — (sinx + siny)? dxdy > J J(cosx + cosy) dxdy
a a

B B
f f J4 — (sinx + siny)? dxdy > 2(B — a)(sinp — sina)

Equality holds for a = .

1940. If n € (—1, 1] then prove:

f” txt _1< nsinx )d o -
Ocozan 1+ ncosx x =mlog(l+n)

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Rana Ranino-Setif-Algerie

sin x
tan‘l( nsinx )—tan‘l( ysinx )"_J‘" (1 + ycosx)? B
1+ ncosx 1+ycosx/l, J, 1+ y?sin? x

(1+ ycosx)?

(" sin x d
_f y2+2ycosx+1 Y
s1nxcot 1 + cos x
0n) = ff 2+2ycosx+1 dxdy = ff 2+2ycosx+1dxdy:

dtdy =

f f (1+)((1+ y)2 +(1-y)?*t?)

! (1-y)? 3
_f_f <1+t2_(1+y)2+(1 y)2t2>dtdy_

"1
Zfoy( 1+y dy = f y = mlog(1 +n)
Therefore,
fﬂ tot —1( nsinx )d = mlog(1+
Ocozan 1+ncosx x = mlog(1+n)
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Solution 2 by Hikmat Mammadov-Azerbaijan

s

x nsinx m-ﬁli « 1 1+ m)t?
Q = t-t _1<—)d = ZJ- ———tan ! —— | dt
() jo 2 T+ ncosx/ ™ o t(1+1t2) an 1 - mt?
1

=2 fo t(1 + ) [tan-1(0) + tan-1(mO]

2]] dtda ij 1 J“’ 1 a® dtda —
- 1+ t3)(1 + a%t?) 41-a%), \1+¢ 1+a2e2 “=

zf ! (E+E)da=1tlog( 2 )

q41—-a?\2 2 1-m
Therefore,
f” txt _1( nsinx )d log(1 + 1)
cot-tan™ | ———)dx=rmlo n
0 2 1+ncosx &

1941. Find a closed form:

111
0= .[.[.[tan‘l(xyz) dxdydz
000

Proposed by Togrul Ehmedov-Azerbaijan

Solution by proposer

XyzZ = U

Xy

11
1
_ = -1
,ffxy,f tan ' (u) dudy dx
00 "0

1 : xy
= f l ng(Y) tan~1(u) du
0 0

—flog(y) tan~1(xy) dy| dx
0

0
1 1

1
flog(y) tan~!(xy)dydx = — f log(y) f tan~1(xy) dx dy
0

2
log(y) [tan*(y) M] a

_ log(y) log(y? + 1) 1
log(y) tan~1(y) dy + zf y dy = -1, + Elz

c")’_‘c\’_‘c\’_‘
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1
2

T 1 b1
I = j log(y) tan~*(y) dy = 7+ log(2) — §

48 ' 2
0
"log(v) log(y? + 1) 3
_ (log(y)log(y* + _ 3
1= [T T Sy - - )
0
1= -1 +21 =" 1ioe2) m_3 (3)
= i+l = —5108(2) =75 =35¢
1942. Find:
1 xVxlogx

= ———dx
fox2+x+1

Proposed by Vasile Mircea Popa-Romania
Solution 1 by Ankush Kumar Parcha-India

Q_flx xlogx (' (1-x)xJ/xlogx B
o 2+ x+1 = o @—x)(x2+x+1) =

IxVxlogx 1x%\J/xlog x
:f 3 dx—f 3

= Z f x*"2logx dx — Z f "2 logxdx =
n=0"0 n=0"0
1

o (-1)™n!
j;x lOg xdxzm,n>—1,m¢—1

( P™(z) = (-1)™'Im!{(m + 1,z))

o)

D s LG R B (T )

Solution 2 by Sakthi Vel-India

— x_
x2+x+1 1—x3

d 1 1
=Z<x3"f x xlogxdx—f x3nx? xlogxdx) =
n=0 0 0

1 xv/xlogx 1(1 - x)x/xlogx
) ax= | ;
0 0
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= Z <jlx3"(x\/§) logxdx — flx?’"(xzﬁ) logxdx> e
0 0

1 )

1
y6n+4 logy dy _ 4J y6n+6 logy dy)
0
(x):logy =z > ye *dy = —dz - e”*

; Z <.[ —z(6n+7)zdz _ J —z(6n+6) ZdZ> (z)
— 0

(**) zibn+7)=a,z(6n+5)=>»
) o a da ([ a da
Y R =
i \Jo é6n+76n+7 6n+56n+5
-4§ =5 (v () )
36 o 52 9(¥ ) ¥ e
= (n+3)

Solution 3 by Togrul Ehmedov-Azerbaijan

Let x = t*

1 1 1
= J‘x xlog(x)d B 4] t*log(t) dt = 4f t*(1 - t?)log(t)
_0x2+x+1 e rer1 T 0(t4+t2+1)(1—t2)

f (- t6)log<t>

— t6
Letté =y
1 2 f 11
1 f (ys —y) log(y) s 1 f (y 6 —3'6) log(y)

I=—
9 1-y 1-y
0 o

dy

1 1 108(}’)
= af dy

0

t*"1log(t
_gUdt:_

We know that f
1-t¢

0

1.5 74
1 c\ye " —yé " )log(y) 1 - 5
=3 SRR
9 1-y 9 6 6
0
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Solution 4 by Ose Favour-Nigeria

1 1 1 1-x)1
9=] xJxlogx | _fx\/E( x) ogx
0 0

x_
x2+x+1 1—x3

3 5
IxZlogx 1x210gx . xox3
[, [,
0 1-x

1—x3
1.1 5.1
1( (*x2"3 'logx Lx6'37 logx
_1 f—dx—j X0 OBX b=
9\ Jo 1-x 0 1-x

1tx-1logx 1
wPpW(x) = —L 1—_tdx and yPV (1 +2) =PV (2) + p

PO - 2) + PV (2) = n? csc?(nz)

500 () w0 §)) =5 (0 (§) 2w+ 1)

Solution 5 by Daniel Immarube -Nigeria

3 5
1 xv/xlogx Ixzlogx 1xZlogx
[, e
0o X*+x+1 0

1—_x3 —1_x3 dx=11—12
; _'j‘lelogxd _1j‘1x_%logxd 1 - d fl ne(a-d) 4 o=
17 ) 1= %79, T1-x Y T9l\dal), * X) a0 =
n=0
__1 1 _ Lo (5)
9 4 5\2 9 6
" (n+5)

1-2 79

n=0
1w 1 1 7
- __ _—am (L
92 7\ 2 911) (6)
"=°( +E)
Therefore,
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=30 )- o0 )

Solution 6 by Fethi Toubal-Algerie

1 4 1.4 2
xxlox = t*logt t*(1—t*)logt
“=jz g ff4 8L, =4J ( )ﬁgdt
0 X +x+1 tr+t2+t 0 1-t
t*logt tlogt
=4f g6dt—4j S dt =
o 1t o 1—t

[ee)

1 1 s
=4 f t*log tz tom-D qg — J tlogt z tém-V g =
0 0

n=1

=4 E ft6" Zlogtdt— 4 E Jt“logtdt—
4 N 1 + 4 1 = —4 1 + 4 1 =
Z (6n — 1)2 Z (6n+1)2 Z (6n + 5)2 Z (n+1)2
n=1 n=1 n=0 n=0

_ —%w(” (2) N %,,,(1) (%) _ %{(p(l) (Z) _ o™ (E)}

6
1,1 01
=j j jtan‘l(xyz) dxdydz
0o Jo Jo

Proposed by Togrul Ehmedov-Azerbaijan
Solutions 1 by Asmat Qatea-Afghanistan

1943. Find:

xyz=t

1 1 (1 dx=‘—iE 1 ,1 ,yz d
yz t
= f f f tan"!(xyz) dxdydz = f f f tan lt—dydz =
0 yz
f f [ttan 1t - —log(l + tz)] —dydz =

'log(1 + y?z*
f f tan~1(yz) dydz——f f 08( y z )
A B
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jjllog(”yzzz)dd _Z(_l)“ff ~1. y2n-1 gxdy =

—_1\n-1
y D =%n(3)

n=1

1 1 yz:t,dy:% 1 ,z dt
=f ftan‘l(yz)dydz = J J tan"lt—dz =

0 Jo 0o Jo z

! 1 “d ! log(1 + 22
=f [ttan‘lt——log(1+t2)] —_J tan™ Zdz__J M
0 2 0 0 2 0 VA

1 1T o (=)t [t
=[ztan‘1z——log(1+zz)] - = E b)) Jzzn‘ldz=
2 o 2 < M 0
n=

L 1l 2 1 m?
2 2°g 4 12

1 T l 1 n?
Solution 2 by Asmat Qatea-Afghanistan

= .[: .[: j:tan‘l(xyz) dxdydz = Z (2 L™ lf f f (xyz)** ldxdydz =
i( nmt <f 2n-1 dx>3 _1 NG Dl

8L, (2n-Dnd

o n-1
Z Z(nl)l)n3 82(_ " 1( ___i_i>:

2n—-1 n n?2 nd

Q=
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Solution 3 by Sakthi Vel-India

(-1
1 2n+1 —
j j j tan '(xyz) dxdydz = f f f Z n T 1(;vcyz) dxdydz =
f f f Zz(r_li_),; 2n+1 2n+122n+1 dxdydz—

( 1)11 1 1
— f x2n+1 dxj y2n+1 dyj ZZn+1 dz =
- 2n+1), 0 0

od (—1) x2n+2 1 y2n+2 1 Z2n+2 1 s (—1)"
“Li2n+12n+2| 2n+2| 2n+2| L @Zn+1D@2n+2)°
n=0 0 0 0 =0
_12 (-1 _12( 1)n[ 8 4 2 1 ]_
8 0(2n+1)(n+1)3_8 4 2n+1 n+1 (n+1)?2 (m+1)3]
n= n=
1D CEDM o EDn2 o Cor |
8 2n+1 n+1 (n+1)2 (n+1)3|
n=0 n=0 n=0 n=0 )
1 n1) n2) n3) w 1 m* 1
= — -1 —_ —_ —_ —_——_—— _—_— =
gtan " 1-— 4 8 ~ 1 2982 13 g1®

1944. Find:

o0 o0
log™(xy)
Q(m) —Jbf(1+X2)(1+y2)dxdy,mER,m>0

Proposed by Togrul Ehmedov-Azerbaijan
Solution by proposer

Letxy =z

B cr xlog™(z) X
0(m) = J-J. (1 + x2)(z2 + x2) dzdx = flog (z)f (1 +x2)(z2 + x2) dxdz

f logm+1(Z) f logm+1(Z) f logm+1(Z)
= — Z —dz+ — Z
-1 zz2 -1

0 0 1 -1
lOgm+1(Z) . lOgm+1(Z)
= fﬁd + ( 1) f ﬁdz
0 0
m+1
— (1+( 1)m)fog—(z)dz
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1

log"(z)
Note: j 721 dz = (1

1 ) (—1)™1n!Z(n + 1)

- 2n+1
0
Then we can write
1

log™+1(z) 1 -

a(m) = (1 + (=1)™) (1 _ 2;2) (—D)™2(m + 1)! Z(m + 2)

1 )(m+1)!((m+2)

2m+2

— ((_1)m+2 + (_1)2m+2) (1 _

= (14 (=)™ (1 - 2;2) (m + 1)!Z(m + 2)
1945, Find:

1
[ xlog?(1 + x)
B (x2 +1)2

Proposed by Togrul Ehmedov-Azerbaijan
Solution 1 by Artan Ajredini-Presheva-Serbie

1
_ (xlog?(1+x) 1r  log?(1+x) ! 1 log(1+x)

GZ+DZ ~ T 2@2+D) |, Sy 0@+ T
1 1 (llog(1+x) 111 -x)log(1+x)
R P - — =
4log 2+2j; 1+ x dx+2_];) 211 dx
1 1 11 (llog(1+x) 1 (1xlog(1+ x)
S P Noo? il M dx—= /=2 gy =
4log 2+4log (1+x)|0+2f0 21 dx Zfo 211 x
= Yogz2 4 og?2 4 Flogz - - 12 10g22 -
T TG 0B AT 0 AT g 082 T 192 T 192 %8 47
3 nl 5 2 12l 2.
~16 28 192 192 °8

Solution 2 by Hamza Djahel-Algerie

1—x 1-—
J —y:>x:—y

1+x 1+y
2dy

L P =arye
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1 2 1_1—y
xlog“(1+x) . 1+y 2
QO = _— = 1 2( ) =
jo 1+x2 dx f01+y2 8 1+y dy

—fl( ! Y )[1 2 —log(1 +y)|2dy =
=), Ty 12/ l082 T8l T YIRAy =

B jl [log2 — log(1 + y)]*dy
A 1+y

1
_f 13 Z[log2(1+y)—210g210g(1-|-y)_|_10g22] dy
0 y

og2(1+y) lylog(1+y) 1
= ————dy—Q+2log2 | ————dy —1 ZZJ d
,[0 1+y y +2log ,[0 1+ y? y—lo8 0 1+ y? y
20 = tlog32 + 210g2 (o + 18 2) _ L1gg3
~3 08 %8%\96 " 8 2 %8
_log32+1t21 5
~ 24 96 B
Solution 3 by proposer
1
= xlog?(1+x) 1log2(1+ x)| log(1 + x)
)T Dz T2 1ex | ) @@+
0 0
1
_ log2(2)+f log(1 + x)
B 4 (1+x)(1 +x2)
0
1 1 1
[ = log(1 + x) 1 j‘log(1+x)d fxlog(1+x) flog(1+x)
7)) @+x0A+x?) X_Z 1+x X 1 + x2 1 + x2
0 0 0 0

= % [{%logz (2)} — {%logz(z) + 1—16Z(2)} + {g lOg(Z)}]
= 1_16 [3 logZ(2) — %((2) + nlog(z)]

log2(2 1 1
=28 4( )+R[3 logZ(Z)—E((2)+ﬂlog(2)]

_ 1_16 [— log?(2) — %((2) + nlog(Z)]

Note:
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log(1 + x) 1
f —1ix X=3lg'@

0

1
xlog(1 + x) 1, 1
0

log(1 + x) 1'[
f T1xz 9x=glos2

0

1946. Find:

1 -1
=f f log(x5 _|_x2y3 _|_y2x3 +y5) dXdy
0 J0

Proposed by Asmat Qatea-Afghanistan
Solution by Ankush Kumar Parcha-Iindia

1,1 11
= f f log(x® + x2y3 + y?x3 + y°) dxdy = f f log[(x? + y?)(x3 + y3)] dxdy =
o Jo o Jo

1
- f f [log(x? + y*) +log(x® + y°)]dxdy =

1
= f [xlog(x? + y?)]idy — f f Ziy? dxdy +f [xlog(x® + y3)]idy —
0 0

ffx3+ — T 3dxdy =

f log(1 +y?) dy — Zf f dxdy + f log(1 + y*) dy
— Bf f dxdy, (1)
f log(1+ y*)dy — Zf f dxdy + f log(1 + y3) dy

y?
3_[0 fo By dxdy; (2)
By adding (1) and (2), we get:
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1

1
3
ﬂ=j 10g(1+y2)dy—1+f log(1+y3)dy—==
0

0 2

_ 2yl (Y t1-1 3] _ fﬁ _3
= [ylog(1 +5?)]" zfo Ty - ety -2 | S —dy -3

—logZ+E—3—242log2 1j1 y-1 4 Sfl dy

= 108415 2 08273 yz—y+1 Y+3 y -y+1

dx 2 _4( 2ax+Db
L2 (2
ax’+bx+c aac— b? 4ac — b?
Therefore,

n(3 +2v2)+6log8 —45
6

1 -1
= f f log(x® + x2y% + y*x% + y°) dxdy =

0 Jo

1947. Find:
1
2 (1
Q=] xlog(x“+1)tan (;) dx
0

Proposed by Togrul Ehmedov-Azerbaijan
Solution 1 by Rana Ranino-Setif-Algerie

1 1
Q= f xlog(x? + 1) tan™?! (;) dx "%
0

== %[((1 + x2)log(1 + x2) — (1 + xz)) tan™! (;)]1 + %fl(logu +x2) - 1Ddx =

= 1 2 + fl 1+x*)d 1f1<1 1 )d
= —log og x“) dx 2), 1522 x

1 1 1 T
.I;log(1+x2)dx: [xlog(1+x2)](1,—2f0 (1—1+x2)dx:log2 +§_2

Therefore,

1

1 1 3

sz xlog(x2+1)tan‘1( )dx——logZ +—log2+Z—§
0
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Solution 2 by Ankush Kumar Parcha-India

1 1
Q= j xlog(x? + 1) tan™! (—) dx
0 x
T (1 1
= Ef xlog(1 + x?) dx — J xlog(1 + x?) tan"1 x dx
0 0

-1 1

X 4yn+l (1
_ EZ ( 113 fo X2+ gy — ltanz d ((xz + 1) log(1 + x2) — xz)l +

0

11 1
- 2 2) _ A2 _
+2,f 1_|_x2[(x + 1) log(1 + x*) — x*]dx

m S (- 11! x2
_ - —(log2-1)+=]| (log(1+x? - =
n(n+1) 8( 08 )+2L 0g(1 +x%) 1+ x2 dx

mlog2 m

Z( 1)n+1(n nj—l) 4 +§+

1 1 1 x2 1
U ranct s -2 [ <y [
+5 | xlog( +x3)| T ™) T

_ni 1)"+1 o (—1)" 1tlog2_|_1t_|_1l 5 3[11+x2—1d B
Tl n+1 4 8 2|0 i

_nlogZ Tl'+1'l'+10g2 3+3n'
4 4 8 2 2 8

Therefore,

1 1 mlog(2e) +log4 — 6
sz xlog(x? + 1) tan™! (;)dxz g )4 &
0

Solution 3 by Ose Favour-Nigeria

1 1
Q= f xlog(x? + 1) tan™! (;) dx ¥
0

= %[((1 +x2)log(1+x%) — (1 + xz)) tan~! (%)]1 + %fl(log(l +x2) —1)dx =
0 0

s 11! 1!
=—(log2+1)+—f log(1+x2)dx——f dx =
4 2 ), 2),
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2

=Za z+1)+11 (1+ 2)|1 fl X d 1.z a 2+1)+1 242 >
=2 og 2xog )y L 1122 X 21 og og 22

1948. Prove that:

x tan
1+ 2x2 2v2 V2 V2 2V2

Proposed by Hamza Djahel-Algerie

[ g i () 4 o ()

Solution by Rana Ranino-Setif-Algerie
_f%tan‘l(\/l—ZxZ) jﬁtan (V1 —x2)
0 V2

d
1+ 2x2 1 + x2 x

L 1 2
x=sint 1 (Zcosttan '(cost) cos“t

\/_E 0 1+ sin?t dt = Tf f (14 sin?t)(1 + y? cos?t) dtdy

x=tant 1 .]' .]' dxdy
h 1+ 2x2)(1 +x2 + y?)

_ f f dxdy N f f dxdy
S 2v2Jo Jo M +2x)A+x2+y2)  2v2 )y Jo (1 +2y2)(1 + x% + y2)
1,1

dxdy _
fo fo (1+2y2)(1 + x2 +y2)
_ dxdy dxdy
_zfo fo (2x2+1)(2y2+1)_f fo 1+ 2x2)(1 + 22 + y2)

dxdy
\/—f f (Zx2 + 1)(2y2 + 1)

1

1
‘/ifo 2x% + 1fo 2y2 +1 zﬁ(zan
IR
- (L)) (T (1 (1
T 2V2 (tan (F)) F (_ —tan- (\/—7) — tan <\/_§)>
= %(tan_1 (%)) 4\/_ (tan_l(\/_) — tan-1 (\/%))

2
= % (tan‘1 (\%)) + %tan‘1 (ﬁ)

Therefore,

1(v2))°
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1

ztan" (V1 — 2x2 1 1\’ 1

[P0 - (et () et ()

0 1+ 2x 2V2 V2 42 2V2
1949.1f 0 < a < b then:

xdy >
0 Ja X2 +y% +4xy 2(a? + ab + b?)

Proposed by Asmat Qatea-Afghanistan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

J-b.’-b 1 b b 2 b b 2
—dxdy:f f dxdyzf f ———dxdy =
a Ja X2 +y? +4xy a Ja 3x+y)2—(x—y)? a Ja 3(x+y)?

b b b
=§f [_xiy]adyzgj; (aj-y_b-ll—y)dy_B(b a)f 4(a+y)(b+y) =

AM GM

2 8(b a) 1 _8(b a) 1 B
= f(a+y)+(b+y)]2 Y="73 [_2(2y+a+b)a_

4(b—-a) 1 1 8(b — a)? 8(b — a)?
- 3 (3a+b_a+ 3b> ~3@Ba+b)(a+3b) 16(a’+ab+b?2)—7(b— a)?
8(b — a)?
— 16(a? + ab + b?)

Th ff ! dxdy > 2= D)°
erefore, a Ja X2+ y*+4xy * y_Z(a2+ab+b2)'

1950. If 0 < a < b then:

a+b
2 a+b
f e X dx < tan‘l( ) — tan"!(Vab)
Jab 2

Proposed by Daniel Sitaru-Romania
Solution 1 by Tapas Das-India

Let f(x) = e = (1+**) _ 1, then

f'(x) = —2x3e ¥ < 0> f —decreasing, then f(x) < f(0) =
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1
e¥(1+x)—-1<0=>e*(1+x)<1>e* <
xZ2+1
a+b a+b
2 =z 1 atb a+b
j edx < f >dx = tan‘1x|\/2_ = tan‘l( ) —tan"'(Vab)
Jab vap 1+x ab

Solution 2 by Khaled Abd Imouti-Damascus-Syria

2 2 1
e >1+xVxeER=2e ¥ <——
x2+1

a+b a+b
z 1 atb a+b

fT e *dx < dx =tan x| 2 = tan™! (
JVab Jab 1+ x? Vab

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

) —tan"!(Vab)

1
e’ >1+x2VxER> e * <
xz2+1
a+b a+b
=z =z 1 ath a+b
e dx < dx=tan x| 2 =tan™!'(——) - tan"!(Vab)
Jab Jab 1+ x2 Vab 2

Solution 4 by Christos Tsifakis-Greece

1
et21+t,VtEIR§:>e"221+x2,VxE]R:>e‘x2S 3
x+1
a+b a+b
=z =z 1 ath a+b
f e"‘zdxsf >dx =tan ' x| 2 = tan™’ (—)—tan‘l(\/ab)
Jab Jab 1+x Vab 2

1951.If a, b > 0 then:

4 f 1 dx f ® dx 2
< + <
a+b o ax+(1—-x)b J, x+a)(x+b) ™ Vab
Proposed by Daniel Sitaru-Romania
Solution by Ravi Prakash-New Delhi-India

Letb > a:
j‘l dx _fl dx 1 log[(x( b)+b]1—
o xa+(1—x)b 0x(a—b)+b_a—b0g[xa o

1
=73 (logb —loga)
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j dx B 1 )d 1 1 (x+b)
o x+a)x+b) a-bJy \x+b x+a *=a-b %\xta 0

1 (1 11 (b)) loga —1loghb
—p\ 987798 a—b

Thus, we must to show that:

4 ) loga—loghb 2

<2- <
a+b™ a—>b _w/ab@
2 1 —logh 1
< oga —log < (1)
a+b a—>b vab

Fort > 0, we have:

a— b\?
t2 + 2tVab +ab<t2+(a+b)t+ab<t2+(a+b)t+ab+( > ) =

2

a+b a + b\>
=t2+(a+b)t+(T> S(t+ 5 )

Hence,
1 1 1
STt )+ b) - z
(t+aJ2rb) (t + Vab)

@ dt « dt
( a;b)zsfo (t+a)(t+b)Sf0 (¢ + vab)’

r

o)

loga —loghb
<— < —
a-b t + Vabl,

1
~ a+b
t+ 2

0
2 Sloga—logbS 1
a+b a—b>b vab

. 2
For a = b, all the three expressions are equal to -

1952. If a,b > 0 then prove that :

0 Jg X3+y3 MY =23+ a?b + ab? + b3

Proposed by Asmat Qatea-Afghanistan
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality we have :

1. 4(x* +y%) syl 4(x3 + y?)
3 3 2= 3 3 2
xty (a3+a2b+ab2+b3) x+y (a3+a2b+ab2+b3)
4

a3 + a2b + ab®* + b
Then :

1 4 4(x3 +y3)
x3+y®~ a®+a’b+ab?>+ b3 (a®+a’b+ ab? + b3)%

fbfb " >fbfb : MY Y ey =
a Ja X3+y3 ray = a Ja \@®+a%b +ab? +b® (a3+ a’b+ ab? + b3)? xay =

B 4(b — a)? 2(b — a)(b* — a*)
~a®+a?b+ab®>+b3 (a3 +a?b + ab? + b3)?
4(b — a)? 2(b — a)?

~a®+a?b+ab?+b® a3+ a?b+ab?+b3

fbfb 1 dxdy > 2(a — b)?
a Ja X3+y3 Y= @3 a?b + ab? + b*

1953. Find:
(n?-2)(n+1)!

Proposed by Daniel Sitaru-Romania

Solution by Adrian Popa-Romania

(k*—1Dk!'=Kk3k!— k! =k? k-k!'— k! = K*((k+ 1! —k!) — k! =
=k2(k+1)!—Kk?* k!l —k!l=(k+1-1)*k+1) —k® k! — k! =
=(k+1D?*k+1)-2k+1D)E+D!'+(]R+1D!—K?> k' — k! =
=(k+1D*k+1D!—Kk? - k'+ (k+ D! — k! —2((k+ 2)! — (k+ 1)!)
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S=>Y R -Dk!'= ) (k+1D*k+1)!'—k2- kD + ) (k+ 1! —k!)—

—zZ((k+2)!—(k+1)!)= n+1D?2m+1)!'-8+(m+1D!—-2-2((n+2)!-6)

=+ +2n+1+1-2n-4)+2=m+1)n*>-2)+2

n (n?-2)(n+1)!
. 1 _
@=m ((n2 —2)(n+1)! (;(H B 1)"!)) -

2 (n2-2)(n+1)!
— 13 — 52
_1115?0(1+(n2—2)(n+ 1)!) - €

1954. Prove that:

(00]

z z( D™ "B + 2, DM+ 2 Hpnss Homsy = log* 2

n=0m=0
where $(m, n) —is the Euler integral of the first kind, H,, is the nt* harmonic

number and [-] is the floor function.
Proposed by Ankush Kumar Parcha-India

Solution by Syed Shahabudeen India
0= Z Z( DMPB( + 2, DM + 2 Hinsz Hime =

n=0 m=0

i i(_ )n+m [nZLZ]H[mT”] _ i (_1)m "‘_"'1] h ( 1"H [n;1 _
n+2)(m+2) L m+1 ——]

n=0m=0 n=1

2
= (-1H ki)
2
= Z— ,where
P k+1

o (—1)kH
v % —(_1)H +1H +(_1)H _|_1H g =
k+1 2 LT3ty 2T g2

k=1

Xl ) L
S L\zk+1 27T L2k + 1) (2K
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m(2k+1)(2k) fz x2edx = = J:(Liz(xz)+%log2(1—x2))

jolLlZ(x ydx = Zm - Z (%_ﬁ) =J(2)+2log4 -4
k=1 k=1

1
1 1d? (1(1-¢)" 14 (T(3)T(a+1)
jlogz(l—xz)dx=— zf ( ) dt = -— (2) 3 ,
0 2da* )y At 2da I‘(a+—)

2
1

when a = O,f log?(1 — x?)dx =log?4 — 4log4 + 8 — 2{(2)
0

24

= log _
Z 2k+2)2k 2(((2)+210g4—4+ —210g4+4—((2)>—

_log*(4)
4
_ (log*(4) g _log*(22)
—< 1 ) =1 ~log’(2)
1955. Find:
1 sin x\ ® (4
Q = lim — ( ) X E (O,—), (x)®) — kthderivative.
nﬁoonk=1 X 2

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

d* (sinx) 1 f" e (t_l_kn) dtt —ux
= _ -

dxk\ x xk+1 ) €os 2
dk (sinx) 1 fl ok ( +k11.'> p
il —xk+10ux cos (ux +—-)xdu

1 (! kn 1 kr
= i f ukx**1 cos (ux + —) du = f uk - cos (ux + —) du
0 0

2 2

b b
v —1<cosz<1,Vze Rand f fx)dx < f g(x)dx,x € [a, b]
a a

1 1 K 1
T
—f u"dusf ukcos(ux+7>dusfu"du,OSusl
0 0 0
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1 1
kr
j ukcos<ux+—>du < f uk du
0 2 0
1' d* sinxy| . =1 jxtk e
ot 12 dxk( x ) = aoen xk+1 ) cos( + 2)
=t km
= lim J u* cos (ux + —) du‘
n-on 0 2
1 1 kn
lim — f ukcos(ux+—>du < lim — ZJ ukdu = lim — Z
n-onda |l 2 n-owon n-on k+1
;cl+% k+1 1 k 1k+1 1
lim +1 + 1 .
li Z =S lim——=0
nt 71 k+1 n—>oo n+1)—n nl—>nolon+2
0 < 1 d* (smx> 1 zn:
n dxk n
k= k=1
1 sin x\ ®
Therefore = lim — ( ) =0
noenet X

1956. Prove that:

“log1+y) 5
-fo y(1+y?) dy =542

where {(s), R(s) > 1is the Euler-Riemann zeta function.
Proposed by Ankush Kumar Parcha-India

Solution 1 by Daniel Immarube-Nigeria

_j‘°°log(1+y) _fllog(1+y)d f°°log(1+y)d 4l
Tl A+ P T yar P T yary P T
'log(1 + y) 'log(1 +y) lylog(1+y)

o Y1 +y%) 0 0 1+y?

'logy 1ylog(1+y) 1(2)
log(1 +
13:f y log( 2y)al
0 1+y
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-1 jl . (1_x)d +f1 X log(1—x?) dx | = = (B - 4)
T2\ 7)1+ BT 12 B T )T

A—fl X (1—x)d B
B AT AV e

llogx Ixlogx 3 (llogx 3
= — _— = —— =—d(2
<fol+xdx+fo 1+x2dx> 4J01+xdx 8(()
1 1
x xwx2 1 [ logx
B = log(1 — x2 = —J
f01+x2 0g(1 —x*) dx 0 2—X

2
—15: e jlt"-ll atdt—ll z2 nz—ll 22 "
2L \2n ) )0 OB P T 08 f T T % 2T 0y
1 13 2 m* 1, 1(m* 1 1
I3=E(A+B)=— s ——-=-+-log*’2 | =5|-——5+-log“2 | = —+-log* 2

2 n? mw* 1
@, w1
12 96 8

. y@+y?) o Y:+1
1ylog (%) lylog(y + 1) lylogy
zfo y(1+y?) y:o y2+1 y_oy2+1 Y=
=15 +1((2)=n—2+110g22
8 9 ' 8

dx =

dy =

1f1 logy
0

:IS_Z y+1dy

Q=l 41 = o = 242
=Tt = 48” = 8{( )
Solution 2 by Togrul Ehnmedov-Azerbaijan

_ oolog(1+x) _f {1 X }
I—f XE+ D) dx = | log(1+ x) < 21 dx
0 0

log(1 + x) xlog(1 + x)
_ [rosten,, [xlogeo,
X X“+1

0 0

[e) 1 [oe)
log(1 + log(1 + log(1 +
I =f—g(x x)dxzf—g(x X)dx+f—g(x x)dx
0 0 1
1 1

_ f log(1 + x) dx+ f log(1 + x) — log(x) dx
X X

0 0
1 1
1 1+ 1
—Zfde—f 0gX)
X X

0 0
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oo 1 oo
log(1 + log(1 + log(1 +
[ og( ")dx=f" 0g1+%) E 0g1+x)

x2+1 x2+1 x2+1
0 ) 0 . 1
3 fxlog(l + x) N J log(1 + x) — log(x)
B x2+1 X x(x2 +1)

0

0
1 1
log(1 + x) log(x)
=of X dx_(!x(x2+1) X
1 1 1
_ j‘log(l + x) dx — J log.i(x) ds + J xlog(x) dx

X xz2+1
0 0 0

1 1
log(1 + 1
I = Il - IZ = 2 de— og(X) dX
X
0

X
0

1 1 1
log(1 + x) log(x) xlog(x)
—{f—x dx—f " dx+f—x2+1dx}

0 0 0

X X2+1 X7 2 g )~ 8@

0 0
Solution 3 by Kartick Chandra Betal-India

_ j‘°° log(1+y) _ fl log(1+y) j‘°° log(1+ y)
0 0 1

1 1
=flog(1+x)dx_-]‘xlog(x)d _ @ < ((2)) 5

y(1+y?) y(l + y2) y(1+y3?)
_fllog(1+y) "yllog(1+y) —logyl | _
o Y1 +y?) 1+y2
_f1(1+y2)log(1+y) ylogyd _fllog(1+y)d 1f110gy B
A y(1+y?) Y=o 1427 4), 1+y 7
llog(1 +y) 1 og(1+y)
=f —dy——[logylog(1+y)]o f— y =
0 y ) 4 0 Yy
5 ( log(1+y)
-3 5 dy = 0@ + (@)

1957. For n > 0 prove that:

f%log(sin" X + cos™ x) ? (4 )
0

- dx =
sin x cos x 24

Proposed by Asmat Qatea-Afghanistan
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Solution by Pham Duc Nam-Vietnam

0 fz_tlog(sin" x + cos™ x) 4 fz log(tan™ x + 1) + log(cos™ x)
= X =
0 0

sin x cos x tan x cos? x

s n 1 n
_ jzlog(tan" x+1)—3log (m) 1 I j“’ log(¢" + 1) — 5log(t? + 1)
0 0

dt =

tan x cos? x t

dt

1log(t" + 1) — %log(tZ +1) 4 »log(t" + 1) — glog(t2 +1)
- jo : £+ jl t

u*+1 +1
@ log(t" + 1) — glog(t2 +1) t=% 1 log( un ) - —log (—)
j dt = J du =
1 0

t 1 ..
uu

+1 n u? +1
1log —_— —ilog 0z
=f du =
o u
1log(t" + 1) — log t" — %log(t2 +1) + glog t?
_fo Z dt =
n n 2
1log(t +1)—7log(t +1)
| a
0

N t
121og(t" + 1) — nlog(t? + 1 Tog(t" + 1 Tog(t2 + 1
o [Pl D nlog@ D, _, [T D, ["leCrD,
0 0 0

t t t

— 2] — nK.
Tog(t" + 1 nepy (log(v+1) 1 1 1 (tlog(v +1
]:f g( )dtt:vf g( )__vﬁ_ldv:_f gw+1)
0 t 0 ! n nJ, v

Tog(t? +1 2 (11 +1 1 y B | +1
K:f og( )dtv:tf oglw+1) dv:_f ogw+1)

0 0 Vv 2\v 2 Jo v
2

[—2 K—(Z n)fllog(v+1)d n<4 )
=2-nk="2)] — & VE2a\n "

1958. Prove that:

j jz xsmydxdy — 2B(2)

ysinx
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where f(s) is the Dirichlet’s beta function.

Proposed by Ankush Kumar Parcha-India
Solution 1 by Rana Ranino-Setif-Algerie

T
zxsm * sin 2z x
oo e [0
ysmx o ¥ o Sinx
T

—g[xlog (;)]0 _gjo log (tan( )) dx

= log (tan (;)) =-2 i cos;in:ll) x

%

P

NI

n=0
sin n11:+ = (=)
Zz +1f cos(2n +1)xdx = ”Z (2n+1)2 ~ L @n+ 1)
Therefore,
f J'zxsmyd Iy = 1B(2
ysinx y =np(2)

Solution 2 by Probal Chakraborty-Kokata-India

zxsmy “siny z x T(z x
f f dyzf dyf - dxz—f —dx =
y sinx o Yy sin x 2 ), sinx

_m ("2x(sin"'x) dx n'J‘ldx = (2x)2" B nz
S 2)y Vi—aF 2% 2 n(Z") 24Li(2n+ 1)2(2")

AZG—lfl (1+smx> i
S =5 og 1 —sin x 4 (2n+1)2(2n)

.V 2 3 \jn
Q= lim

- nyH,(Hy + H, + -+ H,))

=16 = nf(2)

1959. Find:

Proposed by Daniel Sitaru-Romania
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Solution 1 by Adrian Popa-Romania

2
JH 1H 1H 1H Z
Z _ - <
1+ > 2 + 3 3+ -+ o in <

1 1

1 1 1
1/H1+ EH2+ §H3++ EHnS\/Hn(H1+H2++Hn)

H +\/H2\[H3+ +/1H 1
0< <—>0

n/H,(Hy + Hy + -+ H,) n

Therefore,

Q = lim

100 nyH,(Hy + Hy + -+ H,)

Solution 2 by Ravi Prakash-New Delhi-India
Let a; = \/%and b, = \/H for 1 < k < n. By CBS inequality:

e (5] o

k=1 k=1

$ e ($2)S0)- S

k=1 k=1

,/ +JH2+JH3+ + tm,
n
<—>0

nH,(Hy + Hy + -+ H,) n

Therefore,

w/H1+\/%H2+\/%H3+"'+ ’%Hn
Q = lim

n—00 nH,(Hy; + H, + -+ H,)
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Solution 3 by Syed Shahabudeen-Kerala-India

By CBS inequality:

5 )(z o) (518 v

cyc k=1 k=1

<

\/H1+H2++Hn

vH +\[ H, + \[H3+ -+ /1H 1
0< <—>0

n/H,(H; + Hy + -+ H,,) n

n

Therefore,

Q = lim

100 nyH,(Hy + Hy + -+ H,)

1960. Prove that:

1
3t (1)
j\/§ 1 — 2x2 dx_1311'2
o 1+ x2 288

Proposed by Hamza Djahel-Algerie

Solution 1 by Pham Duc Nam-Vietnam

1
1 -1(____ = t
0 fﬁta“ (,/—1_2xz>d Tf tan‘l(\/t2+2)
= X =
0 0

1+ x?2 (t2 + 1)W
1
”fl dt 1tan- (ﬁ) dt=J+K
o (B+IVE+2Z Jo B+1VE+1
B 1 dt t=VZtanu tan_l(\/l_i) du _ V2 _
Bl fo e+1Ve2+2 fo (2tan?u + 1)V2 cos?u
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_ jtan—l(%) % ducosu o tan—l(%)
0

sinfu+1 = tan 1(smu)|0

1 T
“tan"lx 4 tan~! (—) = —
X 2

=fltan—1<\%+2)dt jlta _1(ﬁ)d
o (2+1VeE2+2 o (2+1VaZ+2

g
b @rna@+yz+2 ) L,y ri\@ 1 2 ayr2) YT

2

M dxdy dxdy 1 odx
_jojo(1+x2)(1+y2) jj(y 2+ 1D)(x2+y2 +2) <J0 x2+1> —K

2K—(t |) Tt Kz_n :ﬂ_nn T 51t2
= (tan™" x 16 32 2'6 32 96
N Vi-2x7 G odx  (aEant(Vis 2x?) |
Q= 5 dx = - 5
0 1+x 0o X°+ 1 x-+1
L |\/— j‘\/gtan (V1 - 2x2) _m? F
Tpan X X2+ 1 12

j‘\/—tan (V1 - 2x2) NP R j‘s"‘ [)tan‘l(cosu) cosudu _
0

x =
2
xt+1 1+%sm2u

_ .z j:in_1<\/g> tan‘lgcisstitl)lzdl(lsinu) _
sin‘1<\/§> N fsin_1<\/§> sinu - tan~! (%) 2
0

1+ cos?u du=%+6

tan-1 (sinu)
= tan

V2
‘- fsin—1<\/§) sinu - tan~! (%) s — fsm
0

1+ cos2u

0
j sin? u
(1 + coszu)(1 + k2 sinZ2u)

12
sin \/;

dk =

dk du

1 1 tanu)
B fﬁ VZtan ( V2 ) tan !(tanuvk?+1)
0

- 2k2+1 K2+ 1)VKE +1
0
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_\/_j\/— %tan‘l(tanuv2k2+1) L
22 +1 )y @K+ DVRE+ 1 16 96
_1 1
\/— V1—2x2 sz) n? mw? w?* 5m* 13m?
f 1+x2 *“12736 16 96 288

Solution 2 by Rana Ranino-Setif-Algerie

1 tan™?! (;) 1 1

V1 — 242

Q= f\@ 1 > 2x% gy ¥ [tan‘1 (—) tan~! x]\/:17
0 1+x V1 — 2x? 0
1
j‘ﬁ xtanlx dx o f
0 — x?)V1 — 2x? T 18
Let: 1 — 2x2 =
¢ Y1y

t x
ttan‘l (—) xtan™ 1(—)
szﬁ V2 +2e2) 5 txv‘fl Vit2x?) o _
0 (2 4+ t2)V1 + t2 (14 x2)V1 + 2x2

2
x
B ,[;, j;, (1 +x2)(1 + 2x% + y2x?2) dxdy =

U A | 1 n? ltan”! (\/2 +y2)
,f(,1+y2f (1+x2 1+(2+y2)x2> Y= 16 0 (14922 + 2 Y
1tan™?! (\/2 + yz) 572
f dy = —(Ahmad’s Integral)
0o (1+y2)2+y?
1 tan? (;)
Q- j‘ﬁ V1— 222 dx = n? w? n? N 5n? 13m?
A 1+ 2 *T12736 16 ' 96 288
1961. Prove that:
o + 3 1
f f Vx \/; dydx=m (\/E - —) + log (— (2v2 + B)ﬁ)
11 (1+,/xy) (1 +xy(1+xy(1+xy))) 2 8

Proposed by Srinivasa Raghava-AIRMC-India
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Solution by Rana Ranino-Setif-Algerie

B a—
1 1 (1+/xy) (1 +xy(1+xy(1+ xy)))

[o) [e) \/E
- ZL fl (14 /xy)A +xy)(A + x2y?) dxdy

_zjf\/_(l J_) i Jvzj“’ u?(1 - u) Gy

dydx =

1 (°u?*(1—u) v(1—-v)
=8 ——.[ .8 du —8-[ = .38 dv =
v), 1-u 1 1 1-v
[e9) 21_ o 1-—
=8j L;ﬂdu_} va-v g,
Q- 8.[‘°°u(1—u)2d _g * u?—u du =
-0, T1—w® TR Grwa+rwa+un) ™

_4.[‘°° 1 1 ud u_ 2u du =
), Wtu 1+ 1wt 1wt 14ut) T

1 1
=4 [log(l +u)—tan lu— Zlog(l +x1) — Etan‘l(uz)]
1

“ut+1+4+ut-1
+4f du =
1

1+ ut
3n 1+i Oo1_%
=—T—3log2+4j- 1du+4f ulduz
1 w2+ 1 u?+—
u u
y=u—% y=u+%

-3 8+4f00 ax +4foo @

-T2 7% L x2+2 ), yr—2
3 3 1 V2
=—7—10g8+m/§+\/flog(3+2\/§)=n<\/§—5>+log<§(3+2\/§) )

Therefore,

® Vx +.fy _ 234 10e( vz
J1 -[1 (1+\/x_y)(1+xy(1+xy(1+$'€y)))dydx_n(\/E 2)+l g(8(2ﬁ+3) )
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1962. Prove that:

11
2
X x
I= f f —yarctan \Jx% + y? arctan (—2> dx dy
0o NXE+y? y
Proposed by Asmat Qatea-Afghanistan
Solution by Togrul Ehmedov-Azerbaijan

11
X x?
I= f f—yarctan \JXx? + y? arctan <—2> dxdy =
x2 +y? y
00
11 )
— Xy 2 4 y2 y
= ————arctan/x* + y# arctan Z dxdy
00
11 5 )
X X
2l = f f—yarctan VX% +y {arctan( > + arctan <y >} dxdy
) X2 + y2 y? x?2

11
T
= tan/x? + y? dxdy
sz - arctan +/

o0 w/x + y?

11
T

Iz—ff ———arctan/x? + y?2 dxdy
400 Jx2+y?

x2+1

1
= f X f arctan(z) dzdx
0 X

11
Xy
I =ff—arctan\/x2 + y2 dxdy
X2 + v2
>0 X“+y

x2 +y?=z2
VxZ+1 x=1 1 1
xzf tan(z)d 1f X tany/x% +1 f tan(x) d
=|— arctan(z) dz — arctan+/x — arctan(x) dx
2 2 ) \Jx2 2
X 0 +1 0

x=0

V2
1
3 f arctan(z)dz — - f

1
=3 M1 — Itp + Iyl

1

arctanvx2 + 1dx + = f x? arctan(x) dx
0

vxZ +1

log(3) N log(2) oW

arctan(z) dz = v2arctanv2 — > > 1

Il
H"’sl
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V2 V2

= f k?arctan(k) dk — f arctan(k) dk
1

arctan+/x2 + 1dx
1

1
Ly = j X
- ; vxZ +1 , ,
x“+1=k
g3) log(2) = 1]

B 22 tanvZ + lo
— [Tz areen 6 6 12 6
log(3) log(2) =
_ [ﬁarctanf _log®)  log?) x
V2 2log(3) 2log(2) m 1
= ——arctanv2 + 3 - 3 +€_E
1
log2) m™ 1
— | w2 _ - _Z
I = fx arctan(x) dx = = 128
0
7log(3) 2log(2) =
3 6

2V2
e arctan\/i - 12

1
I, = 2 [l1a — L +Ig] =
T V2 7mlog(3) mlog(2) m2
I= le = — marctany2 — 48 3 ~ 24
1963. Find:
1 -1
n 0 n
. xZn x2n+1
Q = lim — dx —dx
n—oo ex ex
0 0
Proposed by Daniel Sitaru-Romania
Solution 1 by Adrian Popa-Romania
[x2n  A=toemogr 10 o1y 1 1 (2n)
— - [} e 7))~ 1,-t — N I
I1(n)—fex2dX—fet 2\/2—2 t( 2) e dt_zl-‘<n+2)_2.4_n.n!\/E
0 0 0
2n+l  xP=tq °°tn 1 . () |
— o - _ — n+1)-1,-t — N
I,(n) f g dx 2fedt th e tdt 2I‘(n+1)
0 0 0
1 -1
< xZn nie x2n+1 n n 11(n)
Q = lim —dx f —dx =lim [—<=
= = oo L@
0

0
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— lim (2n + 2)! 2 -n! _
nos2 -4 m+ DIV T (2n)! -
D m\/’?

2n+1)2n+2)
noe  4(n+ 1)2
Solution 2 by Ravi Prakash-New Delhi-India

an=1I‘(n+1),bn=—I‘(n+1)=—n'
2 2 2
3 1
z Ani1 by I‘(n+§) n! n+a
_rlzl—>nolo<b> _rlz—wob 'a_=1lll_)l‘2> 1\ (n+1)! noon+ 1
n n+1 n F(n+i)
1964. Find:
. m-DI(1+V2+V3+ - +Vn)
Q = lim 1
n-oo
nI‘(n+Z)

Proposed by Daniel Sitaru — Romania
Solution 1 by Asmat Qatea-Afghanistan

(n—-DI(1+V2Z+V3+-+Vn) _

Q = lim
n-oo 1
nl‘(n+7)
n—1)! n-'m
—llmn - llm\/_ ( i \/_dx lim Vn T(n)
n—-oo n—oo n—-oo
r n+2) 0 n I‘( 2)
2 i 1 2
_5-1111_)[2)112 n2_§

Solution 2 by Hikmat Mammadov-Azerbaijan

Note: (n — 1)! =T'(n)

21 21 1
—x*e™* <T'(x) < |—x*e *el2x
X X

We also need bound on Y}_, Vk
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n n 2 3
Z\/E>f \/ﬂdu=§n2
k=1 0

and

<

n n+1 2 3
Z <f \/ﬁdu=§(n+1)f
k=1 0
2 3 - 2 3
> gnz <Z\/E<§(n+ 1)z
k=1

2 3 _1 2 3 1 1
=n2\/2an" zZe™ §(n +1)2V/2mn" 2e "el2n

<Q<
=8= nV2m (n + %)n e""'%

2 n-1 1
3+ 1)2n""2V/e 2 (1+5) 2 1 2
lim —— = lim=+/e —=lim=-ve—==
n-o n n+1) n-oo 3 1 n-ow 3 \/E 3
2 1+2
n
2 3 1
znzn" 2Ve 2 1 2 1 2
lim — = lim =+e = lim = e==3

1965. If we define the integral-function

x(x+1)

PYn) = foo\/l + cosh(mnx) e dx

then show that

n( n+1

f Yyn+DyPpn—-1e 2 dn= 2e4(1 + e™) (1 + e4)

Proposed by Srinivasa Raghava-AIRMC-India
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Solution by Rana Ranino-Setif-Algerie

P(n) = f /1 + cosh(nmx) e_M(xH)dx
P(n) =V2 f cosh nnx) _n(x2+x)dx =

_ ﬁf e—g(xz—(n—l)x) dx + _J e—%(x2+(1+n)x) dx

n(n-1)2 11'(n+1)2
pw = [ BT gy © [ St g
n)= e X e X
V2 o V2
n(n—1)2 n(n+1)%
Pn)=e 8 +e B8

= fww(n - 1DyYyn+ 1)e_wdn

o n(n—-2)% mn? mn? n(n+2)?2 an(n+1)
Q=f e 8 +es8 e8 +e 8 e 2 dn

o m(1-n) w(1+n) mn(n+2)
Q= 1+e 2 )(1+e 2 )e 4 dn=

.l‘ ( n(1-n) 1t(1+n)) nn(n+2)
e

1+e™+e 2 +e 2 4 dn

nn(n+2) ©  m(n®+2n-4)
f dn + f e 4 dn +

*® mn?+4n-2) m(® _mn?
+f — dn+e2f e 4.dn

4

m (® 1t(n+1)2 5T [® 1r(n+1)2 3w [® 1r(n+2)2
Q=e4f e dn+e4f e dn +e Zf e dn+2e2

51 3
ﬂ—2e4+2e4 + 2e2 +2e2—

L Sm m L4 L
=2e4<1+e"+e4 +e4>=2e4(1+e"+(1+e”)e4)

nn(n+1)

fmn(n —-1Dan+1)e dn = Ze%(l +em) (1 + e%)
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1966.

1 1

oo xZn n 00 x2n+1 n
Q= f - dx f >
o e* o e*

Prove that:

1
n(n,n
= 4 = lim M
() "7 gu(2n, 2n)
Where B(x,y), R(x) > 0, R(y) > 0 is the Euler integral of the first kind.

lim

Proposed by Ankush Kumar Parcha-India
Solution 1 by Bui Hong Suc-Vietnam

1 1

B 00 x2n n 00 x2n+1 n B
Q= .];) e? dx -]; exz =

1 1

— <j:o;(x2)" ;e—x d(x2)> ( f (x2)nt1-1g-* d(x2)> n
1
:<1. (n+1>> ( @+ D) /J (nts \

2 (n+1/

SN

B(n,n) = %)(T) - ﬁ%(n, n) = mnl ﬂl(Zn 2n) = -~ (2n)

J@n)" V(4n)
We use Stirling’s formula:

(""‘%) \/ﬁ-e_"_%-(n+%)

1
=ez-(n+-) -(n+1)"2
Vi+1)  \oq.en1.(n+ 1)"% ( 2)

S () el oo
J@n) V2n e—2n(2n)2"—%

2=

n
n

N =

95 | RMM-CALCULUS MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
/J N

0 Jm+1) (e; L ( 1)" ) n
- ~ 22" 2.nz - (n+< -(n+1)‘"‘z>
1 1 \2 2
ﬁn(n,n) (\/’mz)n n
V(2n)

1 1
1 n+D\" 1\" L1+ 1\
=<(%)2'22n'<n+i> '(n21)2> =22(ﬁ)2n.<1+21n>.<1+1>

1 1 _—
= [ 1+— 2n
Asn - o0 A = lim 2 — = lim 22 ()" <—> <L>
n—oo Bn(nn) n—oo 4n 1+1_1 1+1_1
Solurion 2 by Hikmat Mammadov-Azerbaijan

1 1
Note: I'(x) = /—Zn_exlnx—x—ilnx+0(x—2) (1 ) (%))

* =x2 * 1 *® 1 1 1
f xne Py = f tte t—dt = f t" zetdt ==T (n + —)
0 dx %dt 0 2Vt 0

2 2

" it gt 2 foot"“‘% 1 dt:lfoot" ‘tdtzlr +1
.[; x e ; e Vi 2) e > (n+1)
1 n+1 In n+1 - n+1 —lln n+1 +0 1 \
D[l (14 o (1)
Q=1lim|-——22] =lim N I
\ D I+ )= (n+1)——1n(n+1)+o( <1+0 111)>/

Sim

noo | F'(n+ 1)

1
ln(“’ﬁ)
1
. In(n+d)-Inm+1 ) 1
=11me“(" )“(" )= lime \*n/ =e® =

n—->oo n—->oo

_Im)T(n) _ r(n)? __ I(m)-r(n)
B(n,n) = T T = Generally, B(m,n) = T

1
L 1
/ eZn ln(n)—Zn—ln(n)+0(n—2) <1 ‘o0 (%)> \n
Q= llm B(n, n)n = lim

n-oo kezn ln(2n)—2n—%ln(2n)+0(nl—2) <1 +0 (%)))
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r(2n)?

_ lim e2m@-2mem = @) 21 o am) =
4’ T(an)

n—-oo

e4n In(2n) —4n—ln(2n)+0( < _2

= 11m B(2n, Zn)n = lim | |
n—oo \e4nln(4n) 4n——ln(4n)+0( < i > /
n?

= lim e4n In(2n)—-4nin(4n) _ eln(%) — i
n—-oo 16
( )1 1
n,n)n Q a 1
Y S S
n—-oo — n—oo =
B(2n,2n)n Bn,n)n 7 3

1967. Find:
_t t
(s, ) = lim | (x + 1)S(<I‘(x + 2)x+1) - (x)5(<I‘(x + 1)x) s, teR
X—00
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

Solution by Hikmat Mammadov-Azerbaijan

1 1
I(x) = (—zn_ex logx—ilogx+0(x—2) <1 10 (1)
X

Q(S t) = eZ(x+1)

1 1
log(2m)+slog(x)+t 1+ log(x+2)—-t— +0
er ( ) ( ) (1 +0 (F))

1 1 2 1
log(x+1)=logx+—+0(—2>, log(x+2)=logx+—+0<—2)

t+s 1 1
(s, £) = <1 10 (1)) e-tytts ( 2(x+1) log(Zn)+2(x+1) logx+T+0(x—z) e2% log(Zn)+ logx+0( ))
X

1 ttts t t t+s _
=<1+0(;>>e x ((1+—2(x+1)log(21r)+—2( +1)logx+ p )

1+tl (2 )+tl +0(10gx)
2x OBLAT) T l0BX x -
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B 1+0(1> tgrs[ETS t 1 t log(2 )+0(logx)2 _
B x))¢* x  2x(x+1) BF¥ T 2x(x+ 1) OBV X B

(1vo()emwr (0 o)) = (140 (3) e (cns o [5))

10;t+s<1

lim Q(s,t) =

n—->oo

ett+s=1
oo, t+s>1

1968. Find:

-1
n
Q = lim e>™*1tan® n (f e>*(tan* x + tan® x + tan® x)dx)
0

n—oo

Proposed by Daniel Sitaru-Romania
Solution 1 by Pham Duc Nam-Vietnam

t=tan x

f e5*(tan* x + tan® x + tan® x)dx = f e tan* x (1 + tan x + tan® x)dx =

-1
5e5 tan™ "t

- t - IBP
= fe“a" 1ft‘*( ) +1>dt=fe5ta“ ltt4dt+f—2 dt =
2 +1 t2 +1

_ t5 e’ tan~1¢ 1 _ t5e® tan~1¢ t5e® tan~1¢
:>fe5ta" 1‘t4dt+f—dt=—t5e5ta“ 1t—f—dt+f—dt

t2+1 5 t2+1 t2+1

1 - 1
= EtseStan "tic= Etans(xes") +C

n
1
f e5*(tan* x + tan® x + tan® x)dx = Etan5 (nes™)
0

n -1 et tan®n
Q = lim e®**1tan® n f e’ (tan*x + tan® x + tan®x)dx | =5lim ——————
N0 0 n-co tan®(ne>m)

= 5e
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Solution 2 by Hikmat Mammadov-Azerbaijan

y=tanx

n tann
j e5*(tan* x + tan® x + tan® x)dx ~ = f eSEn Y (yt 4 y5 4 y6).
0 0

1+y2dy=

5

tann tann y
=f eStan_lyy4dy+J eStan_ly dy —
0 0

1+y?

5

1 (tann 9 tann 9 y
— f eS tan ydyS + j eS tan" "y dy
5 0 0

1+y?

1 . tann tann ) yS tann ) y5
— _ySpStanTy _ S5tan™ "y d J S5tan” "y dy =
e e + e
57 o fo 1+y2 7", 1+y2%

1
=z tan®(ne")

n -1
Q = lim e"*1tan® n < f e5*(tan* x + tan® x + tan® x)dx) =
0

n—->oo

5n+1 5
e’ 1tan®n _
= 51im ————— = 5e lim e5(n—tan™" (tanm))
n-o tan’(nesm) n-wm

i3 i3
tan—1(tann) = n for -3 <n< >

Q = 5eif n tends to a number in (—g,g)

1969. Find:

n+1 n+2
log (e ‘(n+1)n ) -log (e : (n)n+1)
Q = lim
n-olog(e®(n+ 1) -n") -log(e - (n + 1) - n**1)

Proposed by Daniel Sitaru — Romania
Solution by Asmat Qatea-Afghanistan

ln(e(n+1)"> 1+(1+ﬁ)ln(n+1)
p1 = lim = lim =

noln(e® - (n+1)-n") noon+In(n+1)+nln(n)
Hopital
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n
=lim2*1l___n =—=0
n—oo
1+m+lnn+1
n+2
In (e(n)n+1> 1+ (1 + )ln(n)
p2 = lim = lim n+1 =
n-wln(e-(n+1) -n"*1) ns0l+Iln(n+1)+ M+ 1)In(n)
Hopital
n+1_ ..
1, n n
n (n+1)2 2_0
1 n+1 o
n+1+ln(n)+—
Q=p1-p2=0

1970.

N U (2k)! _y 7
Z (2k + 1)2(2kck) ( m) =2nG — E((3)

Here G is the Catalan Constant

Proposed by Kaushik Mahanta-Assam-India
Solution by Ajenikoko Gbolahan-Nigeria

2o

Y= Z(2k+1)2 2 (2k+ 1

[ee)

22k

= r+ 02 (27

lIJ—T[
172

il f_smnﬂ(x) dx summing u
(2k+1)2(2 ) 2k+1 g up
o] T
T 22k (2 _
p, = = —f tanh~1(sin x) dx
0

2 & (2k + 1)? (Zkk) 2
Y3

T (2
Yy, = Zf In(1 + sinx) —In(1 — sinx) dx
0
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s T
Z X T

P, = j In(1 + sinx) dx = f In(2) +21In sm( )dx
0 0 2 4

11' 3

X547 T 2 3
P, = Eln(2)+4 j lnsinxdx—j Insin x dx
0 0

b4 b4 T G (4
®, =2 In(2) + 4{E In(2) — (—Zln(z) E)} =26-2In(2)

m ud

2
q)zzf
0
®, =1 (z)+4{ T 1n2) G}— 26 - ZIn(2)
2 =5 i 2) = 2

w
‘P1=ZX4G=1TG

T 3
In(1 —sinx) dx = Eln(z) + 4_[ Insin x dx
0

s T
® =@ -, =26-51In2) - (-26 ——ln(z)) = 4G,

i 22k(2k)!! i 2

0 (2k +1)2(2k + 1)" =0 2k + 1)3 . )
@k X 4+/xsin~1 <g> 2
Q= kz=1 (Zkk) "1z x4 —2) (x - 16x* and integrate [0,y])
_ o 16Ky B sin~1(2y)
B ;(Zk +1) (Zkk) - 2/1-4y?

re-indexing, divide both sides by y and integrate

16ky2k+1 fy sin 1(2}’)

Q =
£ (2 + 1)2 (Zk ) 2y./1— 4-y
Q- i 16ky2k lfy sin 1(2y)
& (2k + 1)2 (Zk ) 2yJ1 - 4y

Q- Z 16*(y(1 - y)) y(1-¥) gjn 1(Zy)

(2k+1)2(2k) \/y(l ¥) 1—4y?

k=0
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0

Y1-¥) sin~1(2y,)

0(2k+1)3 Zk f Vy(l y) 2}’1/1 4y}
%sin‘l(Zyl) 2sin™?! < ’1 - 4y%>

y, = (2y, = sinx)
0 2y, /1 - 4)’%
T T
T

2 2 7 7
‘P2=—f xcscdx—j x%cscx, Y, =G —(2n6—-{(3) | =={(3) — G
2 ), o 2 2

dydy,

Yoy, —W, = G- (;z@) - n'G) — 216G —;((3)

1971. Find a closed form:
11

1
_ 3221(1 —)dd
Ofl(x+xy)n t gy X

Proposed by Asmat Qatea-Afghanistan
Solution by Rana Ranino-Setif-Algerie

1 1 1
- 3 2 .
—f j (x° + 2x y}ln(l-i—x_'_y)dxdy

1x3+2x%y
= fjf e dzdydx (y=ux z=uvx)

1 3 1+ 2u SFmay x 1+ 2v
_ 4 P
ﬂ—J; x f f TRl —  dudvdx = j I J- g —— dudvdx

1t i u+t2
2n=f x*fxf" 1+”+ ”duduatx_zf fjdudvdx
0 0

X 1
ﬂ=J’ xidx ==
a 3

1972. Solve for real numbers:

X
1 e% + (t + 1)2 . eZarctantdt _ e%?
X t2+1

1

Proposed by Daniel Sitaru-Romania
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Solution 1 by Igor Soposki-Skopje-Macedonia

x x

2 2

(;2++li . e2arctant g4 — f C+2t+1 . e2arctant (¢ —
1 1

t2+1
X

£ 2t IBP
— f eZarctantdt+J . e2arctant gy =

t?+1
1
X X
— erarctanx _ e2 j Zarctantdt + J 2t . eZarctantdt —
t2+1
1 1
— erarctanx _ eg
p 2
1 eg + (t+ 1) _eZarctantdt - e¥
t?+1
1
1, Ty 23 2V3 2V3 T
_(ez + erarctanx _ ez) =e 3, e2arctanx = e 3 - 2arctanx = T S>x= g
X
Solution 2 by Asmat Qatea-Afghanistan
2V3

X
1 %+ (t+1)?
X € t2+1
1

. eZarctantdt> —e 3

X

x
(eg _l_erarctantdt_l_f 2t _e2arctantdt> — e?
1

t2+1
1 e 23
—| ez + f(teZarctant)ldt —e 3
x
1, n 3 23 2V3 2 T
o (e7 + xe2arctanx _ ef) =e3, earctanx — 73~ _ 2qrctanx = T\/_ sx=

1973. Find:

dx

J x3 + x — arctanx
(x% + 1)(x2 — arctan?x)

Proposed by Daniel Sitaru-Romania
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Solution 1 by Ose Favour-Nigeria

i x3 4+ x — atanx dx"=tg‘°’)ftanyseczy—yd
) x%2 +1)(x2 — atan?x) o tan?y — y?2 ¥
u=tan®y-v?® - tanysecly — y du

I = f f —du

u 2(tanysec?y — y) u

1 1

Solution 2 by Pham Duc Nam-Vietnam

dx
1+x2

Lett = arctanx,x = tant,dt =

tan3t + tant — t 5 5 1 5
f o dt,u=tan’*t—t°, _du=(tan’t+tant —t)dt
tan“t —t 2
111 1 1
—_ | = — 25 42 — 2 _ 2
> j udu > In(tan®t — t*) + C > In(x* — arctan®x) + C
Solution 3 by Saboor Halimi-Afghanistan

2 2
Let u be: x*—arctan®(x)

due 2X_2a11-(:tz1.1'i(x) i ___}X_arctzulfx)c _ du
1 +x“ 14-x" -
1
u|=>—ln|x —arctan (x)|+C'

Solution 4 by Yen Tung Chung-Taichung-Taiwan

x* +x —arctan x 1 ( arctanx}t
J' — - .d\r:I - ] R X
(x +lf)(_x‘ —arctan” x ) ° x° —arctan” x x“+1

J

~

arctanx
let u=x"—arctan- x= du-‘ X — ldix

x»+1 )

—j— —du =—ln|u|+C =—1-1n|x2 —arctan’ xl +C
2
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1974. Find a closed form:

111
Q—fff © - xyiz” dxdyd
_0 ) (1 — x2y2z2)(x3 + y3 + z3) rayaz

Proposed by Asmat Qatea-Afghanistan
Solution by Rana Ranino-Setif-Algerie

Q= fff s dxdyd
(1—xyz2)(x3+y3+z3) g

% Eyt et ~=3xys
3Q=J’ J’ J’ dxdyd
(1 —x%y?22)(x3 + y* + 2%) sl

x5+ y% + 25 — x3y3 — x323 — y323
n—-ff f ¥ - Y2 dxdydz
1 — x?y?z?

1 1 x6 xsys 1,1 -, xé 3
“%Um“"dﬂ’z-ﬂf f mr“’“‘m'f f f md"d’“

B
A Zj zznf Zn[ X6 dxdydz = Z(2n+ D2Gn+ )

n=0

imged s - 72967 @) 5 Q)
T 364&4\2n+7 2n+1 (2n+1)2"72"’2 722¥2)*23v7
_ 23+nr2
540 48

= 1 1 1 - 1
B = I 2"] 2n+3f 2n+3 dydydz =
Zoz ~e R i (Zn+ D(2n + 4)?
n=0

1o/ 1 1 1v 1 1 1 1y 1
B‘EZ( ’m)‘ﬁz(n—n—yz’ B @-5¢(3) @

n=0 n+%
PO R0, WO, W .. WL W RO
“18 9 BT 72 36 9 BT 73
1 r1 1 x _x3 323 2 49
ff el
o o A =x2y22)(x* + y* + 2°) 14-4 9 270

1975. Let (x,,),>1 be a sequence such that x; = 2,x, = 16 and

n2+3n+2 .n% +n _ .2n%+4n s 0,
Xn “Xpio = Xpiq V= 1.Find:

Proposed by Ruxandra Daniela Tonila-Romania
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Solution 1 by proposer

xn2+3n+2 x;lH_-;n — x12111+4n o x(n+1)(n+2) xzinzﬂ) — 1211(111+2)
L logx, l0px.s _2logr.
noTndz Tt n n+2 n+1
Let (y,,),>1 be a sequence such that y,, = I8 with y1=log2,y, =2log2.
Then:
Yn+ Yniz = 2Yn+1
We have:

142 =2re(@r-1)2%=0sr=1
= Yo = 1T+ nc,r" = ¢4 + nc,
{ y1=¢1+c; =log2 {cz=log2
Y2 =€1+ 2c, =2log2 c,=0
Therefore, y,, = nlog2 S x, = Z"Z,Vn =1

01 V2 Rk, (k- Dk
_n'i?oz (Zk) = Lk @I e 2!

S T(k)-T(k+ D _
=i k. k
lggkilz T2k + D n_)oo E 2 .-B(k,k+1)

1
= lim 2"-f 11 —x)k dx = limf ZZ" k=1(1 — x)k dx
n—-00
k=1 0

n—-co

o)

:flz[qux—x)]" dx:f11-< 1 _1) i
0 0

] x \1-2x(1—x)

C 1

k=1

11 2x(1-%x) 1 2x-2
ﬁg:f _.—dx:_f
0

x 222 —2x+1 L2 —2x i1

B fi x-2 zfl 1 p
"2\ 2z —2x+1 T a2+
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1 1 1

=——|log(2x?* —2x+1)| - f
2 0

5 dx
0

E
1

1
) = arctan(2x-1) |

1
> ( arctan2 {x — 5 |

1

0 0

T
Hence, Q = 2

Solution 2 by Remus Florin Stanca-Romania

AT H3NAZ xﬁg" = f{ff’“" >M?+3n+2)Inx, + (m? + n)In(x,,,) =

1

_ 2 .
= (2n* + 4n)lnx,, 4| (n D@2

Inx, Inxyio 2Inx,4q |
= t = = =
n n+2 n+1 =JYn yn+yn+2
=2Yni1 > Yn+2 = Yni1 = Ynr1 ~Yn = =Y2 = Y1 =

In x,,
=In4-In2=In2=>y,=y,+(n—1)-In2 = nln2=>T=nln2=>

X, =2" =
_ 1 r()rk + 1)
:'“—ih'%‘ozk ck, 'kck T (Zk)'_ rk+1) =Bl k+1) =
kl

1
= f 11 - x)kdx =
0

1 (2x(1 - x)) 1 21-x)
Q=1lim | =-2(1—x)-x-li = co————dx =
SRR % (A=) -x-lim =—r x)—1 f 222 —2x+ 1%
1 fl -2 zfl 1 dx) =
“ T2\, 22 —2x+1 Y T %) 2 —2x+ 1) T
1 1 1
= —=In|2x? — 2x + 1| +f dx=2=.=2
2 O R .
x — —
v2/  \V2
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1976. Find:

1
_ ) t-xt
o=l g™ | Gme®t
0

Proposed by Daniel Sitaru-Romania
Solution 1 by Bedri Hajrizi-Mitrovica-Kosovo

1 1
t-xt 1 1 j1+xt—xt

(1 + xt)2 dt = _(x+1)lnx+lnx 1+ xt
0

0

1 1 : xt 1 1 In(x+1) In2
- _(x+1)lnx+ﬁf<1_m>dt= _(x+1)lnx+m(1_ Inx +W)
0 1
Q = lim (lnzx- _ex dt) =
x—00 . (1 + xt)2

5 In? 1 N 1 1 ln(x+1)+ln2 B
=t Bl (x+ Dinx  Inx Inx Inx B

x
+Inx—In(x+1) + an) =In2 + limln—— = [n2
x+1

X—00

( Inx
xX—00 (x+1)
Solution 2 by Pham Duc Nam-Vietnam

= lim

u=t

fl X gp= fl L d(xt+1) 1
T oAt = X , —
o (1+xt)2 InxJ, (1+xt)2 dv = 1+ x0)2

L L B
o ImxJy 1+xt

du=dt

d(x‘+1):>{v: 1

1 +at

:>f1 e dt = i
o M+xH27  Imx(1+ab)

B 1 L1 fl 1
T lmx(1+x) Im?x), xt(xt+1) ()

1 1 ('1 1 (1
- _ —d ty _ j d t
lnx(1+x)+ln2xf0 xt ) In?xJ, xt+1 <2

1

1 N 1 . xt
T lmx(1+x) In?x )

0

_ 1 1 (

=— l In2
lnx(1+x)+ln2x " +in )

x+1
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= 0 = lim | In? fl X 4e) = tim | 2 t 1 (ln—"—+mn2)
* = . S — — —
] Rl o (1 +xt)? it Inx(1+x) In?x nx+1 n

=i ( lnx)+l (i X 41 2) = In2
=iuium 1+ mil\in +1 n n

X X—o0

=0

Solution 3 by Rana Ranino-Setif-Algerie

1 tx-f
Q= lim lngzxf —dt
x—hon 0 (1 + xt)?

I d
_logy . _ dy

xt = = =
log x vlogx
_,1
: logy m" ' logy ””'[ g:vr
}T;.J- 1+y)? +y)2 = o (L+y)? dy log(y + 1)_ 145 = log2

Solution 4 by Adrian Popa-Romania

1

1
t-xt 1 1 j‘1+xt—x"

(1 + xt)? dt = _(x+1)lnx+lnx 1+ xt
0

0

1
1 1 xt
= - + 1- dt =
(x+1Dinx  Inx 1+ xt
0

1 1 In(x+1) In2
= 1- +

- +
(x+1Dinx  Inx Inx Inx

1
Q = lim | in? f L
Tame| a2 T
0

5 In2 1 N 1 1 ln(x+1)+ln2 _
=t (x + Dinx  Inx Inx Inx B

X
+Inx—In(x+1) + an) =In2 + lim ln——- = In2
x+1

X—00

_ 1 ( Inx
AN CTED)
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1977. Find:
sin 2x - cos4x - cos 8x

QZJ 51n5(Z—x)+cos5(Z—x)dx

Proposed by Daniel Sitaru — Romania
Solution 1 by Adrian Popa-Romania

aly =8

T
0 jZ sin(—2x) cos(—4x) cos(—8x)
= X =
T oeins (T 5 (T
z SIn (4+x)+cos (4+x)

f% —sin(2x) cos(4x) cos(8x) d

= X =
TeosS (E_ (T ins (E_ (T

7 COS (2 (4+x))+s1n (2 (4+x))

B f% sin 2x cos 4x cos 8x

"%°°Ss(%_x)+sin5(%—x)dx= ~1=20=0=20=0

Solution 2 by Hikmat Mammadov-Azerbaijan

Q- j‘% sin(2x) - cos(4x) - cos(8x) .
- -z sin* (% - x) + cos® (% - x)
cos® (7 —x) = 2 cos (5 —x) + = cos[3 (5~ )] +_cos[ -]
sin® (g—x) =gsin (——x)—ism S(g—x)] sm [5 (——x)]

cos® (g — x) + sin® (g — x)

= g<ﬁ cos(x) + %sin(x) + %cos(x) — \/%sin(x))

cos(3x) + %sm(Sx) — \/%sm(Sx) — icos(3x))

+35(-
+16(- 7z

V2
cos(5x) — %sm(Sx} — \%cos(Sx) + \/%sm(Sx))
5v2 V2

\/7 .
. (x) — e cos(3x) — T cos(5x) = even function

The integrand is odd due to sin(2x) = Q =0
110
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Solution 3 by Ankush Kumar Parcha-India

3 f% sin(2x) - cos(4x) - cos(8x)
- . o (T T
- sin® (I - x) + cos® (Z - x)

NN f% sin(2x) - cos(4x) - cos(8x)
"4

7 (cos(x) — sin(x))5 + (cos(x) + sin(x))> x

sin(2x)-cos(4x)-cos(8x)
(cos(x)—sin(x))3+(cos(x)+sin(x))> ’
sin(2x) - cos(4x) - cos(8x)

" (cos(x) + sin(x))® + (cos(x) — sin(x))5 f(=x) = —f(x)
That means f(x) is an odd function and we know,

f 0 dx = {2 f f@) dx, if f(=x) = f(x)
- 0
- 0, if f(-x)=—f(x)
_ f% sin(2x) - cos(4x) - cos(8x) =

-7 sin® (% - x) + cos® (% - x)

Let (x) =

replace x by —x

f(=x) =

1978. Find:

0 j sinx + 4cosx
~ ) 5(e~* + sinx) + 3cosx

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohammad Rostami-Afghanistan

Q= f sinx + 4cosx dx =
~ ) 5(e* + sinx) + 3cosx =

f 5(e™* + sinx) + 3cosx + cosx — 5e™* — 4sinxd
_ X =

5(e * + sinx) + 3cosx

—5e™* + 5cosx — 3sinx — sinx — 4cosx
f (1 + — - ) dx
5(e~* + sinx) + 3cosx

_ fd N —5e™* 4+ 5cosx — 3sinx
ol Rt 5(e~* + sinx) + 3cosx

20 = x+ In(5(e ™™ + sinx) + 3cosx) + C

x 1
Q= 2 + Eln(S(e‘x + sinx) + 3cosx) + C
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Solution 2 by Tapas Das-India

u = 5(1 + e*sinx) + 3e*cosx

du = e*(2sinx + 8cosx)dx

3 du = e*(sinx + 4cosx)dx
j sinx + 4cosx 4 e*(sinx + 4cosx)
X =
5(e * + smx) + 3cosx

5(1 + e*sinx) + 3e*cosx x
j—du = —loquI + (= —log|5(1 + e*sinx) + 3e*cosx| + C

Solution 3 by Saboor Halimi-Afghanistan
m = 5(1 + e*sinx) + 3e*cosx dm = e*(2sinx + 8cosx)dx
> dm = e*(sinx + 4cosx)dx
sinx + 4cosx e*(sinx + 4cosx)
Q= — - dx = - dx =
5(e * + sinx) + 3cosx 5(1 + e*sinx) + 3e*cosx
_ f 1
2m

1
= | —dm = -log|lm| + (= ElogIS(l + e*sinx) + 3e*cosx| + C
1979. Find a closed form:

11 dxd

X

o= ] y
00

x+y)/A-x)1-y)

Proposed by Abdul Mukhtar-Nigeria
Solution by Rana Ranino-Setif-Algerie

1
— dxd
-LJ;Jv'lwxx+J",,f1~—- ¥

d.'xd.'
f j @-y-#2 yZ) 4
T

x=rcos@ (G{H{E D<r< 3
Polar coordinates substitution : i

- s 1 ) dxdy = rdrdé
y =rsingd (E{E{E 0<r< )

Xx=1=x

y=1-¥

a = lej._(; dxd

2::}'

IJL,: i

sin#

W T
drdﬂ + 4J;r j a’.rdﬂ

=[5
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; 1 .’2'. 1
= -—2] [log(2 - rz)]g—"-‘_a de — ZL [log(2 — rz)lf:'-'m dé
0 kS

w T
r 1 z 1
b= _ZL lOg(l-Zcosze)de—z.’;f_ log(l —Zsinze)de

9=;-9 9:%4-6
-— 4"’131" ( sin 20 )de— 4_["' ( cos 20 )do“"'ga 2]"2"1 ( cos @ )d
& 0 o8 1+ sin26 & %8 1+ cos 26 = o5 1+cose ¥
= _
9=r9

w "
Z Z

Q=-2 f log(cos @) do + Zf log (2 cos? —‘;-) de
0 0

1{' G ™
Q= 2ﬂlog2+8‘[ log(cos @) de = 2mlog2 +8(-2——Zlog2)

dxdy = 4G

ffomxﬂ',/—

1980. Find a closed form:

n
3
3 2tanx
Q= J In )dx
) \/— 3+ tanx

Proposed by Jalam Hauwa’u-Nigeria

Solution by Rana Ranino-Setif-Algerie

2tanx
s fl ( )
o8 V3 + tanx

- e V3 + tanx o 1+3y?
1-y
Qy.-_lfy‘/gfl log?y _§f1(1+y)(1—3’3)1°g3yd
T T o | Y= 0 T=y° d

1 2 5
37— 37t — tE‘l) log3t

6=t 1 (t6 + t3
Q= f dt
8643 J, 1—t¢
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1 1 2 5
yo=t 4 1 (tE" +t37 -3l = ﬁa'*) log®t
8643 J, L%

0= gara (2 ) -0 0)++6) v ()

s () +u () =som 9o () +y0 ()=

fl"gs (.ﬁz -TI; x) ax= 3313:: 4323 (""’m (a) b G))

dt

1981.

> cos (S0 () - (s + )] = 2min zsin ()

k=1

Where () is digamma function

Proposed by Asmat Qatea-Afghanistan
Solution by Hamza Djahel-Algerie

s = cos (47 5~ 5+ 3] - 2ntnz5n (1)
D cos () g = D cos () () - D o))
- cos(ST) ) - iws«‘;“nm’%
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= cos (M) (£) v (g +3)] -

k=

= eos (TYu(ge) + D cos(ST)u (2 +3)

k=1 k=n+1

== cos ()0 )« Qe (5 w0 (543

[y

= S(n) = i cos (%) (%) — i cos (l;—n)lp (% + 1)
k=1 k=1
== 3 as (7)o gz) -9 5 1) -

k=1

2
= —kZl nCOZ( ) = 2nln(2 sin (2—))
Notice
_ i coS,((kx) —1In (2 sin (;)) Px+1)—yx) = ;

k=1

1982. Prove the below integral

f°° f‘”logﬁ(xy) — logZ(x) — logZ(y) dnd  444m((2)
o Jo \/;(1+x3)(1+y)2(1+x2) e AT Y)

Where {(s), R(s) > 1 is the Euler-Riemann zeta function.

Proposed by Ankush Kumar Parcha-India
Solution by proposer

_ o o logZ(xy)-logs (x)—logZ(y)
SayA = fo fo Jy(1+x3)(1+y)2(1+22)

- f‘” fwlogﬁ(x) +logZ(y) + 2log.(x) log.(y) — logZ(x) — logZ(y) [ 1+x 1-x—x2
0o Jo 2\/§(1+y)2 1+ x? 1+ a3
A_f‘”f‘”loge(x)loge(y) 1+x +1—x—x3
b b Jya+y? |1+x2 1+ a3

dxdy =

dxdy =
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j j " (1 +x)log.(x)log.(y) , dy + f f *(1-x—x%)log,(x)log.(y) dxdy
(1 + y)2(1 + x2) (1 + y)2(1 + x3)
[ 1(1 +x)log,.(x) “ 1+ x)log.(x) 1
“‘ d] I j(., 1+ x2 +f0 1+ x2 dx+ i
" da \/_(1 + )2 a=1|+ (1 —x—xz)gloge(x) i ®(1—x—x%)log.(x) dxl
0 1+x 0 1+x3 |
1(1 +x)log,(x) 71 (1 -Zi_ Z) log.(2) 4z
j;, 1+ x? - f1= 14 z2 2
lf ? ( 22 )
2 2_7-1
(a+ y) +J‘ 1(1—x—x?%)log.(x) i f%ﬂ (Z zi )loge(z) dz
0 1+x3 1_, 1423 z?
i z 73
'log, (x) ' xlog,(x)
__]; 1+x2dx+2J; 1+x2
a———1 1 1
f _ _ f loge(®) .. . f loge(xz) dx +
0 (1+y)a2+2a 0 0 1+x
11— x —x*)log.(x) 'log, (x)
+2f 3 dx + J. dx
i 0 1+x 0
g—%[ﬁ a—— ——a 1[2( 1" | x*log,(x)dx + Z(—l)"fo x3"log,(x) dx
a= n=0
Tm)r(n) _ xn1 B
(' Tm+n) fo @+ = ﬁ(m'")>
1 n=e (_1)n+1 1 n=w (_1)n+1
1 5 9 nz 9 N2
f_l_ir(“—i)r(z—“) n=t w0 (n+3)
2 da r(2) 1 (—1)n+1 1% (—1)n+1
a=1|—— + =
4 —~ n2 9 —~ 132
L w0 (n+3) |
(—=1D)™n!

1
< f x™logl(x)dx = n>-1l.m=+ —1>
0

( + 1)n+1 ’
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SUCHRICH)R

s(a-g3-a) (90 (e-D)-v0G-9)]_|-s(s(25)-¢2)-

N[

5
—EU(Z)

S R A |

) (g) -9 (3) - 512

(+ 91~ 2) = UMY (@) + (D cot(rez))

2 B)r ) (w0 Q)90 ) g (eset (B) - meser () - s

(- p™ (1 +2) =p®(2) + (D"l z71)

n( 2) 16m? — 48n? — 51? s 37n¢(2) 222m{(2)
2 12 - 36 72 432

A
2

_ f f “loge(xy) —loge(x) —loge(y) , .~ 444m{(2)
B A+ A+yrA+az) 0T 432

1983. Find:

. .f1 .f1 .f1 yz? edvd
= ———— = dxdydz
0o Jo Jo 1— (xy2)?
Proposed by Ankush Kumar Parcha-India
Solution by Pham Duc Nam-Vietnam

+ oo

1
«Recall: —— = Z " (x| < 1)
=0

=>I—f f f yz Z(xyz)“ dxdydz—f j j Zx3"y3"+1 3n+2 dxdydz

_ 1 N TG+ D) Z ~B(3n+1,3)
- Bn+1)Bn+2)3n+ 3) = rn+4) 2
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R = e

x=z| 5———dx
1—x3 2)o x24+x+1

—1f1__(2x+1)+2

2 x2+x+1 dx
_1|/ T 2x+1 _2x+1 +3f1 1 d\l
2 x2+x+1 2 ), 2 (v3)\ o
\ (=+3) (%) )
I PP +1|1+13 . 2x+1)"
= 4n(x x )0 22\/_arcan 3
1 V3,m m V3 1 7 In3 mw—+3In3
=——In3 —(———):—n——ln3: - =
4 2\3 6/ 12 4 43 4 43
1984. Find:

V3
z2sin|ln(tanx
”=f [In( )]dx
0

In(tanx)

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Pham Duc Nam-Vietnam

¢ dx dx

xLet:t = —In(tanx) = tanx =e ', dt = — — = ——
cosxsinx cos’xtanx
(1 + tan? x) —et
= x:>dx=—_2dt
tanx 1+e 2t
0 f+ sint et Qe f“’"sint et dt 1j+°" sint . 1f+°° sint

>0 = —dt = ——dt == ==

0 t 1+e2t 0 t 1+e?%t 2), tcosht 4)_,, tcosht

. 1 [(**sin(kt) , 1 (% @ /sin(kt)
*Defme:I(k)sz tcoshtdt(kzo):”(k)zz_[ ﬁ( )d

—oo tcosht
3 1f+°"cos(kt)d 1 f”" ekt

= — 2 dt = —
4)_ . cosht 4 cosht

+oo ikt
* f coshi dt, Define a rectangular closed contour, counter-clockwise direction: C

=[-R,R]U[R R+ in]U[R+im,—R +im]U[—R + im,—R](R — +2°)

And: f(z) = inside the contour.
ezkz R ikt R+im eikz —R+im  gikz -R  ikz
= -[c coshz dz = J_R cosht dt+ jR coshz dz+ ,[RH,, coshz dz+ f_Rﬂ-n coshz dz
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R+in 'kz -R eikz
* By: ML inequality = f dz = f dz = 0whenR — +oo
coshz _R+inCOShz
—R+in eikz —R+in eikz
*f dz,let:z=u+inm =
R+in COSshz R+ir COshz

-R eik(u+i1t) -R eiku—n'k R eiku
_ _ _ ,-mk
—f —_du—f —du—e"f du
r Ccosh(u+im) R —cCoshu _rCcoshu
R ikt
= e Tk f dt
_grCosht

elkz
* fccoshzdz = ZniRes(f(z),z =

eikz

in P in
7)— i l?%(z—?)

Z gikz —nk —nk
= 2mi(—ie 2 ) =2me 2

PN coshz
i
= 2milim2 (z - —

Z_)i?ﬂ 2 )_ (ez(z—%") _ 1)

—rk R ikt R ikt R ikt
= 2me 2 = e_"kf dt + f dt =>f dt
_rcosht _rcosht _grcosht

—ntk —nk

2me 2 " cos(kt) 2me z
= ok 1 , taking real partand let R — +o0 = cosht — o™ 7 1
—mk —mk
, me 2 . ) ) T e 2
=1 (k) = m, mtegratlng both sides = I(k) = E mdk
w2 nk nk (4
=—.—arctane2 + C = arctane2 +C/let:k=0=>C=——
2 4
nk T 4

= I(k) = arctane2 — 1 =0 =1I1(1) = arctan e2 “1- arctan e2 —arctan(1)

= arctan (tanh Z) = %arctan (sinhz)

Solution 2 by Rana Ranino-Setif-Algerie

_ z sin[In(tanx) ]
8= jo In(tan x)

ta“x e~* sin t 1 * cos(yt)
= - dt = = — Gy
tcosht 2J, Jo cosht

x="Y T T
_m T h(ﬂy)d ,..__,Zlfi dx _1]‘5 cosh x
= i ’ secC 2 y = 2 5 cosh x - 2 o 14 Sinhz x x
u=sinhx q sinh(g) du 1 T
Q = 5— A ‘i+—112' = “é‘arctan [Slnh (E‘)]
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1985. Prove the below closed form:

f"" log(1 + x?)
0

T
1+ 22 dx=3—2(1210g2—7)

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan

B

“log(1+ x2) = (x=tany) (IBP)
Q= fo de = - ZL cos*ylog(cosy)dy =

[ —

NI

T
2

|3 T o1 [z 1(z_ 3 (z
—2|§ylog(cosy)| +3—2 smytanydy+ f51n(2y)tanydy+§f ytanydy
| 0 0

L ——

=—-2|—

7w 3 2
ea T g|ylosglcosy)lg fytanydy

71 T 7
=-3>"1 ylog(cos y)I2 (—y log(cosy)|2 + f log(cos y) dy)
0
_71t3f71( )d_7n3(n12)
=-3372 og(cosy)dy = 32 2 208
7t 3w
:__+—log2——(1210g2 7)
32
1986. Prove that:
flsin(nlogx)d 1 = th(n)
X =———C0 mn
0 1—x 2n 2

Proposed by Asmat Qatea-Afghanistan
Solution by Santiago Alvarez-Quito-Ecuador

Isin(nlog x 1giln(x™)
Q:f &d‘x <f dx)—d(Zf m+kdx>

. i 1 o~ im—k+1 ) Z 1 1w
SN\ Llimtk+1) N\ LT+ T "Lz k2 T 2 20T
k=0 k=0 k=1
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1987. Find:
Larctanx.ln(x* + 1)

0=
jo (x* +1)?
Proposed by Togrul Ehmedov-Azerbaijan

Solution 1 by Pham Duc Nam-Vietnam

u=In(x*+1)
_arctanx
Tz
N x2+1
L arctan?x + —+ +xarcmnx( b tanx then IBP)
= —Qar . = ar
|v = garctan’x 1D 2 D ub:u = arctan x then
_1 +1 ( ¢ 4 1 +xarctanx)|1
n(xf + D(garctan®x + o St ST 1)
Zfl x (1 . N 1 +xarctanx)
X1\ oretan®x 4x2+1) " 2%+ 1)
1x2 arctanx

In2 11'2+1+11' 1f1xarctan2xd 1]1 X f 4
“MeaT8716) 2)y  22+1 T2l @@+ 02 7), @+
1

et e
*k — — X = =
o (x% +1)2 4(x2 + D)l

1x2 arctanx

flxz arctanxd Lot t . it f
T dx,let:t=arctanx=>dt=——=> | —————dx
0 x2+1  Jy (x2+1)?

(x% +1)?
w ™
J‘Zt n? ¢ dt th(l—COSZt) P W W +1
= sin = r_r
0 0 2 64 16 8
Ly arctan® x dx Ly arctan®x
* | ——Z——dx,let:t = arctanx = dt = — > | —5 4 —dx
(i} x“+1 x-+1 0 x“+1

s
1, IBP 212
= | t*tantdt —— —In(cost)t |g
0

w 2 T

4 b4 1
+2f tin(cost)dt =——In2 +2f tin(cost)dt
0 32 0
s

i 1 -  €0S(2kt)
*Zf tln(cost)dt=2f t —an—Z(—l) ——|d
0 0 =] k

m s +oo
% 1  €0S(2kt)

= —Zlnzf tdt—Zf tZ(—l) Tdt
0

T +oo

=——ln2 zf Z(_ M
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T +oo

tcos(Zkt) 1BP (—1)k . mk k
*Zf Z( dt <1rksm—+2€os——2)

4k3 2 2

. (—U"sin”—" S (—DFosTHE S )
=_§: 2 +§‘ 2
4 k2 2k3 2k3
k=1 k=1

(1) sm— A G VA -1y =
42 Z(z]+1)2 Z(z]+1)2 ~3¢

+w(—1)kcosn7k 1+°°(_1),- 1 3 3
ea1{212—1(3=1_6]Z; JE :1_6(_1((3)):_6_4((3)

+ o0

=——((3)
=1
m? T 3 3 T 21 n?
=2 ln(cost)dt——ﬁlnz (——G——((3)+—((3))=ZG__((3)__ln2
fxarcwn =" 24" G 3 21 2="6-22¢(3 21 2
Zr1 e (() ni=g "() n

N 0=In2 +1+11' 1 1t2 1't+1 lnG 213 nzlz
"648168641682 (()2"

lZﬂ2 1+1t 1t2+1l' n' G+ 3
n 32 8 16/ 64 16 8 128(()

Solution 2 by Rana Ranino-Setif-Algerie

x=tany

L
Q = —2]4ycoszylog(cosy) dy

am_ [(y?2 & YSir;(ZY) " cos(Zy))l S y)] f ( ysn;(Zy) i COSS{Zy)) Sy

T
n? w 1(z T 1(%
S0 (AR o= 2 _ 2 o
Q (64+16)log2 2]0 y“tanydy fo ysin‘ydy 4f0 cos(2y)tany dy

13 e

* T 1 m? ¢ 21 2
f4y2mnydy= [—y?2 log(cosy)]§+2f vy log(cosy) dy——logZ +2(7r8 ——128{(3) —logZ)
0 0

w
nG 21
f y tanydy——— ((3)——log2

y2  ysin(2y) cos(Zy) T 1

f%'zd— +
| AR T @ 16" 8

1
— ElogZ

N =

w w
3 T T

f cos(2y)tanydy = f4(2 cos?y —1)tanydy = f (sin(2y) —tany)dy =
0 0 o
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arctan x log(1 + x%) n? nG m? w1 1
J; 1+ x2)2 dx = gz-lugz+lﬁlugZ—-Fﬁ*128@’{3)—-6—4+E+810g2--4-_

1988. Prove that:

tanh-1 (cscx — sec x) G
an

|

csCx + secx
where G is Catalan’s constant.

Proposed by Ankush Kumar Parcha-India
Solution 1 by Asmat Qatea-Afghanistan

w 17.' s

Q_fzt h_l(cscx—secx)d _1JZI (cosx)d _1JZI (cotx) d G
- ), cscx+secx) T 2), B\sinx) T2, OBV TS

1+x)

1
. -1, __
- tanh™" z ZIOg(l—x

Solution 2 by Bui Hong Suc-Vietnam

v tanh 1z = 1log (1 * x)
2 1—x

cscx + secx 2 __CsCcx —secx

CSCX —secXx
tanh™? (M) _ llog (1 + m) _
cscx +secx

_1l (2cscx>_1l (cotx) = 1l t )
_ZOgZSecx —Zogcox— 2og anx

T T

1 CSCX — secx 112 1 G

Q= tanh 1 (——)d =——fl t dx=—=-(—-G) ==
.I;, an (cscx+secx) . 2 ), og(tan x) dx 2 (=6)

Solution 3 by Toubal Fethi-Algerie

v tanh 1z = 1log (1 al x)
2 1—x

Y

4 —
= [t (S 2 ogtan ) - ( flogaanx)dx)
0

CcSCx + secx

We use Fourier series of x - log(tan x):
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T

s o]
1 2cos(2(2k - 1x) 1 1
Q_Z<4jo 2k 1 dx —;Zk_lj;cos(Z(Zk—l)x)dx—

oo n 0 . w o)
_ Z 1 Isin(Z(Zk - D) 1osin (kr-3) 1< cosliem)
CLi2k—-1

22k-1) | Ek=1 2k—12 _Ek=1(2k— 02

1w (-1 1 G
22 k-2 2 972

1989. Find:

A

2
= f Vtan xlog(tan x) dx
0

Proposed by Kader Tapsoba-Burkina Faso
Solution 1 by Rana Ranino-Setif-Algerie

1 a 21
—llm—f (sinx)® 3(cosx) 5= 3dx——llm—B(i — ——i)

2 5-00s 2 3'3 2
+~B(z,1—
(z, z) = sin(rmz)
2 21
po 1w () e .
Q= lim e s Zm - 4 MR _ms 2m\ . 4., 02m 6
() PTem (PaT) s ()
Therefore,

3
2 Y/
= f {tan xlog(tan x) dx = <
0

Solution 2 by Bamidele Oluwatosin-Nigeria

et | L) 1)

szj;tanpxdxzj; sin? xcos P xdx = 2T (1) =3 >

T

aQ,) (2 m? p+1 p+1
— P _ P - - F -
ap ; tan? xlog(tan x) dx 2 cot n( > ) csc n( > )

2

d (Q1> n 2
__ V3 _ %3 __T (M) (3’3+1) _r
Q= ap —fo Vtan xlog(tan x) dx = 1 cot(m > cse{m(—, =%
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1990. Prove that:

jl sin(nlog x) log(1 — x) log x p 1 mcoth(nw) m?csch?(nm)
0 X TR 2n? 2n

Proposed by Asmat Qatea-Afghanistan

Solution by Rana Ranino-Setif-Algerie

lsin(nlogx)log(1—x)logx = t=—logx
Q =f p dx =
0

(o] © 1 [ee]
= f tsin(nt)log(1 —e ) dt = — Z —j tsin(nt) e *t dt =
0 0

k
k=1
-1 9 -1 9
- —kt = R
ko f cos(nt) e dt = ) 3o (k2 T nZ) Z (n2 T k2)2
k=1 k=1
_ mcoth(nm) L ]
Using identity: Z derivative both sides w.r.ton
W k? + n2 n
i 2n _ mcoth(nm) N % csch?(nm)
(n?2+ k2?2 n? n

2 N i 2n _ mcoth(nm) N % csch?(nm)
n? + k2?2 2 n

Z _mcoth(nm) m?csch’(nm) 1
(n2 + kZ)2 2n? 2n 3

Therefore,

j‘l sin(nlog x)log(1 — x) log x i 1 mcoth(nm) m?csch?(nm)
o x Y 2n? 2n

1991.
If0<a<bthen:

b b b 2 y2 g2
y? z

jJJ(x+y+z)<—+—+—>dxdydzz3(b—a)3(a2+ab+b2)
0 Ja y z x

Proposed by Daniel Sitaru-Romania
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Solution 1 by Soumitra Mandal-Chandar Nagore-india

bbb 2
m( )( >dxdydz
aaa cyc cyc
b b b b b
dy
fxzdxfdyfdz+ J—sz+
cyCa a a a ya

- 4 _ g4 3_ 3 2 _ 42
=(b—a)2(b3—a3)+3-(b a)(b a)ln(g)+(b a’)(b a)ln(g)

b
N
cyC a

b b bd
ZJdexszzJ—y
y
a a a

cyc

4 2

l
= (b — a)3(b? + ba + a?) +3(b —a)3(b + a)(b? + a?) - n(“)

b—a
, (b= @b+ @) ® + ba+a) m(Q)
2 b—a
> (b—a)3(b2+ba+a2)+%(b—a)3(b+a)(b2+a2)-bi+a

(b—a)®(b+ a)(b? + ba+a?*) 2
+ .
2 b+a

— 1 2 —
let f(x) = o forallx>0,f"(x) = e >0 forallx>0

hence f is convex -. applying Hermite — Hadamard

2 1 d 1+1
< X _a’' b
a+b " b—al) x = 2
a
3(b — a)3(b? + a?
= (b - a)?(b? + ba + a?) + ( )2( )+(b—a)3(b2+ba+a2)
3(b — a)?(b? + a?
we need to prove, 2(b — a)3(b? + ba + a?) + ( )2( )
3(b? + a?
23(b—a)3(b2+ba+a2)®Z(b2+ba+a2)+¥
3(b? + a?)

> 3(b? + ba + a?) & 5 > b?% 4+ ba + a?  b? + a?

> 2ab,whichistrueby A M > G.M

fff(Z x) (2 x—;) dxdydz > 3(b — a)3(b? + ba + a?)(proved)

cyc
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Equality holds for a = b.

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

x* y* 223X +y+7R
Lemma: If x,y,z> 0then: —+y—+—2 ( Y ) (1)
y z x XxX+y+z

3(x% +y? + 2%)
xt+y+z

X2
Proof : We have : (1)@2(7—2x+y>2 —(x+y+2)

cyc

@z(x—y)z>2(x2+y2+zz)—2(xy+yz+zx)_ (x — y)?
- x+y+z CLix+y+z

cyc cyc

Which is true because x +y +z >y (and analogs).

X2 y2 g2
Nowwehave:fff(x+y+z)<—+—+—>dxdydzz
a a a y z X

Lerg_‘ma b /b /b b b b
> f f f 3(x% + y? + z%)dxdydz = 3] dyf dzf 3x%dx =
a a a a a a

=3(b—a)?(b® —a®) =3(b— a)*(a® + ab + b?), as desired.
Equality holds for a = b.

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

x? y? zz>3(x2+y2+zz)
y z x  x+ty+tz
x? y
<:>(x+y+z)< +—+ >>3(x + y? +z2)@2—+2—>zz
y cyc cyc cyc
2 2

52 zBERGSTROM 1

I S| (2] T2

cyc cyc cyc cyc cyc cyc

__1 sz +zxy2 ZZxZ@
chcxy

cyc cyc cyc
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2 2 2
= sz —ZZxZny+ ny >0 sz_ny >0
cyc cyc cyc cyc cyc cyc
Equality holds for: x =y = z.

b b b X2yt g2
f f f(x+y+z) —+—+4+—|dxdydz >
a y z x

a a

Lerfr_lﬂ_\ma b b (b b b b
> f f f 3(x? + y% + z%)dxdydz = BJ dyj dzJ 3x%dx =
a a a a a

=3(b - a)?(b3 —a®) =3(b—-a)®(a? + ab + b?)
1992. For a,b > 0 prove that :

b b /8
f f Vx% + y2dxdy > 27 [7a3 +7b3 —9ab(a + b) + 4+ a3b3]
a a

Proposed by Asmat Qatea-Afghanistan

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Lemma :

2
If x,y > 0then: /x%+y? 2%[2(x+y)—\/x_y].

Proof : After squaring both sides,the inequality is equivalent to :

(x— ) +8/xy. (V2 — )"
9

> 0 which is true for any x,y > 0.

Using the lemma we get :
b b V2 (b b
ff\/x2+y2dxdy2?f f [2(x +y) — /xy|dxdy
a a

=§[4Lbdy-£bxdx—<j:\/§dx>z
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2 2
‘f l4(b a) <b— - %) - <2\;_ Zr [7a +7b3 —9ab(a+ b) + 4w/a3b3]
Equality holds iff a = b.
1993. Find:
2= 3 (Y (i () 2 )
1 M\ k1) 8kt 1) _an+t4k—5
n= k=1

Proposed by Daniel Sitaru — Romania
Solution 1 by Naren Bhandari-Bajura-Nepal

2= (Y (i (=) o (e s

We can observe that for k = n — k + 1 the sum becomes

2= (' (i () o ()

k=n—-k+1

which further can be decomposed into two infinite arctangent sum le.

- (e o) (B o )

Now, note that:

M
tal[1_1<(k+1)+(2—k)>

3
. -1 — i
lim i tan (kz k- 1) Jim £ 1+2-kk+1)

M

= lim Z(tan‘l(k +1) + tan"1(2 — k))

Since sum is telescoping sum and gives us the partial sum as

3
Q, = nl/li_l}go(tan‘l(M +4)+tan (M +5) + tan ' (M + 6)) — tan"1(0) = -

ask+1+2—-k=3
Since 8k? — 4k — 1 cannot be factored into two linear factors so that sum becomes

telescoping to make it multiple and divide by any number now
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oo N

0= 3 ! (=) = m 2 ™ (=20 —5)
4 8k% — 4k 1) " e L \a0kr =20k -5

As
40k? —20k—-5=4(k+1) + (6k+ 1)(6k—5)
6k +1 6k —5

“2(k+1) 2k
thus
. 6k+1 6k—5 v
_ 2(k+1) 2k Z( (6k+1) _ (6k—5>)
— 1 1(_
£ _Zta“ Gk+D6k—5) |~ £\ Za+n/ " (T

k=1 1+

4k(k+ 1)

Observe that Q, is telescoping sum giving us the partial sum as

0, = n ((tan_l (%)) —tan~! (%)) =tan"1(3) — tan! (%)

Therefore,

372

=5 - () S

Note: The principle branch
—Z<tan"'x <~ thus
2 2
—mx<tan"lx+tan"ly <m.As
Q= 37" > m. Therefore,

3n T , w2
Q= S5 =5 So, the answer is —

Solution 2 by Hikmat Mammadov-Azerbaijan

(kzl (tan_l (lﬁﬁ) tan™! (8(n “k+ 1)22— 4n + 4k — 5))) -
= (Z tan~! (#)) (r;) tan~! (8(m n 1)22_ yye— 5)) =00,

< k+1)— (k-2 $
Q, = Z tan~1 <1(+-I(_k ?I— 1)((k — 2))> = Z(tan‘l(k +1)—tan Y(k—-2)) =
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= —(tan"1(-1) + tan"1(0) + tan"1(1)) + ll(ilg tan " 1(k+1) =

T (T4

2 2 4 2
bm+1)  bm
2 _cm+1)+k cm+k
8m2+12m+3_1+ bm  b(m+1)
cm+k com+1)+k
1 3 b(m+ 1)(ecm + k) — bm(c(m+ 1) + k) B
4m2+6m+%_(Cm+k)(6‘(m+1)+k)+b2m(m+1)_
" mm+1)B2+c2)+k2+ck(m+1)
1

T+, bt tack K tck
bk ™M bk m bk

b2 +c2 b%+c%+ck _

Evaluating the coefficients P 4 and P 6
b* +c* 2c 2c
bk +7=4+7=6=>a=b.
kK +ck 3 k 3 k 1
bk ZE:E+1:§:>E:§:>b:2k
:>b2+cz:4=M=4k2:>k=1andb=c=2
bk 2k? '
2(m+1) 2m
2m+1)+1 2m+1 (m+1)2m+1)—mQ2m+ 3)
2(m+ 1) 2m " 2m+1)(2m+3)+4mm+1)

It 3m+D+1 Zm+1

2m?2+3m+1+2m? -3m
4m2 +8m + 3 + 4m? + 4m

Thus,
- 2(m+1) 2m
= -1~ "7 J_ -1 =
2, Z <tan <2(m +1)+ 1) tan <2m + 1))
m=0

2(M+1) T

l t 1 —  —° ) t -1 O =t -1 1 e
e ran <2(M+1)+1> an an™(1) =7
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T T 2
S Q=5 0Q=—

Q. =
=% =5 4 8

1994. Find:

-2
n k

) ) B |

Qzllmz zl k—i+—

n—oo 2
k=1|i=1

Proposed by Vasile Mircea Popa-Romania
Solution by Pham Duc Nam-Vietnam

zk:z( k—i+ ) i(ki—i2+%i)=kk(k2+1)—%k(k+1)(2k+1)+%k(k+1)
i=1 i=1

1 1
= k(e + 1)(6k — 22k +1) +3) = S k(k + 1)(2k +1)

-2

z ( i+t ) (ik(k+1)(2k+1)>_2— 144
12 (k(k + 1)(2k + 1)
1 11 11 16
*(k(k+1)(2k+1))2_ﬁ+(k+1)2+ (k+1_E)+(2k+1)2

- (k+1)2 kil_% +ﬁ
1) (g S ) )

- 1 2
Z == (Basel Problem)

>0 =Ilim Z ( —i+ )
n—eo

k=1|i=1

oo

2

Z(k+1)2 Zkz :%_1

(1
=1

@k+ 12 (Zm*)

) = —6 (Telescoping series)

?rlb-‘

2
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8

Known: ) - Z Z =Y Z Sror
rown: n? 2k)? ali(k? Lin? al.(k? 46
n is even nisodd
:Z 16 _ o™ )= 2n2—16
k_1(2k+1)2_ 8 —on

n
>0=Ilim
n—)oo

Brte-eod)]

i=1

= Z( (k+1)2 6(k:—1_%)+(2k1f1)2>
:144<”_2 m
6

7m?
+?—1—6+2n2—16 =144 ——-23 = 48(7n% — 69)
1995. Prove that:

=1
8y Lo
Zin?(7)

Proposed by Toubal Fethi-Algerie
Solution by Rana Ranino-Setif-Algerie

1996. Find:
dx
Proposed by Le Thu-Vietnam
Solution 1 by Rana Ranino-Setif-Algerie
Using identity: (sin"1 z)? = %21(1222;)[
133
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2n
5 S o ()
Q= ]1 ) (zé);d = zfol <sin-1 (\E))Z dx x=2§“2y4f%y sin(2y) dy =

T
= [—2}’2 cos 2y + 2ysin 2y + cos Zy]g =——-1

N

1.2 (Zx)n
Therefore, Q=J ——dx=—-1
0

X =
S (3)

Solution 2 by Peter Oladele-Akure-Nigeria

QR RIS S

2 2 2
znr > e Z”nI‘ n+2)

N[ S

\/_I‘(n+ 1)

f z\/_ (2" 2")x"l"(n) f Z "F(n) _
n=1

nZI‘ n+ Z"I‘
1 2 u:\/E
x 2
= 2f <sin‘1 <J:>> dx = 8f - (sin"'u)? du 12r
0 2 0
V2 VZ
_g qu - (sin~1 u)zl 2 8 Zu?-(sin"'w)?  ysinlu

T T
_g ? Zfzd 1J‘Z sodvl) = 8 n?  [m? n+2 _m—2
“%1e |2,V T2 TP = 16 (16 16 " 16 16

Solution 3 by Hikmat Mammadov-Azerbaijan
-1 2 _
(sin"'x)* = > z (Zn) n2

© V2
1 2x)" 1 X 2 u= JZ_C 2 —cin—1
Q =f Z ( 2) dx = Zf sin~1 I dx :I8f u-(sinlu)?du’ "= "
0 nz( ") 0 2 0
n=1 n
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T T

4 4
= 8] t?-sintcostdt = 4f t?d(sin2t) =
0 0

11' 3

n 4 1
= —2tcos(2t)|5 + 4-] tcos(2t) dt = ZJ t d(sin2t) =
0 0

n

. I 4 s i T
= 2tsin(2t)|, - Zf sin(2t) dt = >+ cos(2t)|; = 71
0

Theref Q Jl ) —(Zx)nd T_1
erejore = X =——
’ 2(2n
o &n?(?) 2

1997. Prove that:

z( 1)" csch2 ( ) + sech? (nzn)) = —%

Proposed by Lucas Paes Barreto-Brazil
Solution by Asmat Qatea-Afghanistan

n . smh2 ) + cosh? (ﬂn)
Q= Z( 1) cschz( > )+ sech2 Z( 1) <smh2 (’Zrzn) cosh? (7121)

sinh? x + cosh? x = cosh(2x)

2 sinh x cosh x = sinh(2x)
n cosh(mn) " cosh(mn) 1y _1
. Z( V < smhz(nn)) B 42(_ : <Smh2(”n)> * <_ E> B

1 1 2 (-DF
xsinh(mx) mx? 11'k_1x2 + k2

smh(nx) nx z( 1)k

Because:

take derivative:

(0]

—m cosh(mtx 1 2 k% —x
) ;Z(—nk

2
1 _1\x
sinh?(mx) X2 X2 + k2 (‘multlply by(—1)* and take kz_l >
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[ee]

ncosh(nx) (-1)* 2< =X
Z(_) smhz(n'x) r=] X2 _;ZZ(_DI‘ x2 + k2

x=1k=1

0

mwcosh(mx) 1 =n?

Hence: —Z(—l) —_————=0>

sinh?(mx) = 12

. cosh(mx) 1
Z(_ ) sinh?(mrx) - 12

1998. If we define the sum function:

S(n) = Z (_1)[mT+1] (sin (?) + cos (?))

m=0

then prove the sum:

- S(5n) 5
z 5: 32(11+\/—+ /2(5+\/_)>

n=0

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Asmat Qatea-Afghanistan

S =14 Z( 1)[k+1 (sin (ks_n) + cos (k?n))

[n+r 1]

Zf(k)—z Z fmk —71+1)

r=1 k=1

S(5n) =1+ as, + asy_q + Asg_z + Asp_3 + Asp_s

Sn+r—-1

[—]zn;r=1,2,3,4,5
5

5k—-r+1 _{k, r=01

[ 5 ]_k—l,r=2,3,4

{sin(kn +0) = (—1)*sin0@
cos(km+ 0) = (—1)kcos 0

s, = Z(—l)k(sin(kn) + cos(km)) = n
k1
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[ /[

Z< b (-1 sin (5) - 1% s (5) = -in (5) + s

N——
N—

Asp_yq = Z(—l)k ((—1)" sin (%T) + (=D* cos
3}

. (4 Ty 4m\
sin <?>—sm (E) cos (?) = —cos

(
an () =sn () o () = -ens (2

n=0
21 _ 2(5+\/§)_ T 1++5
sin (?> 2 ; COS (E) ="
Therefore,

- S(5n) 5
; = 32<11+\/—+ /2(5+\/_))

1999. Prove that:

s z x8 1 X ) X +1( . )
= = —cos—cosh— + = (cosh x + cos x
k:0(8k)! 2 42 V2 4

Proposed by Asmat Qatea-Afghanistan
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Solution by Pham Duc Nam-Vietnam

+ oo
8k 1 x x 1
= —cos—cosh— + ) (coshx + cos x)

@K 2 V2 V2
n

n+1

+ oo

o du =nt"1
PROVE: L(") = fo TR TS S Y
S

the=St|™T q ot n n(n 1) n!
— _ _ tn—l —Stdt — _£ tn—l L tn 2

| e, temac=See) = () =...= G

=0
+oo +oo

* Taking Laplace Transform: L(S) = z ( ((Bk) )) z (58k+1) —1

k=0 k=0

s s3 1 1

SIZ+ D 2P+ 1) T 8G-1 T8G+ 1D

7
s
* Taking Inverse Laplace Transform:S = L1 - 1)

_ o s s3 N 1 N 1

B 4(s2+1) 2(s*+1) 8(s—1) 8(s+1)

1 1 1 svV2 -1 sVZ +1
=—cosx+-(e*+e¥)+—L1 +
geosrtgle e N s <s2—5\/§+1 52+sﬁ+1>

=2coshx
o x/i(s—%) ) \I
" AHE R E)

1
= %(coshx + cos x) +F<\Ee N cosﬁ-'_ V2evZ cos%)

1 1
= — B —
4(coshx+cosx)+4¢:os\/_< vz +eV

1
=2 (coshx + cosx) +

=2 cosh—
V2

1 X x 1
= |=cos—=cosh— + — (cosh x + cos x)

2P 2N 2

2000. Find:

ok In—i—j\/m2n—i—j
— l+]
=l ZZ ( )( n—i )

Proposed by Daniel Sitaru-Romania
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Solution by Hikmat Mammadov-Azerbaijan

In—i—j\/M2n—i—j
— l+]
€= 1112?0 n- 27"22 ( )( n-—i )

i=1j=

2n—i—j=22n—-1;, n+1>i+j

1 Bn-i—j) 2n—-i-j)! 2n-1)!
Q_rllLTonz Z 33-() 2n—i—j)in! m-Din+1—i—j) (2n-1)!

1+]<n+1

) 2n—1\/3n—i—j
nli?onz Z 33n- (l+1>( n )( 2n—1 )
1+]<n+1

n n
1 2n—-1 In—i—j
nl—l;?on< )Z Z 33n- 0+1>( 2n—1 )

1=1

kzz_ll' 2n—-1 3n—-k-1
= nl—glon( >Z33nk1( 2n—1 )

appendix

bellow . 1 2n-1 3n—2
= l'm_( n )33n2(3" 1)(n 1)

n-w 2N
xlog x—x— logx+0( ) 1
I'(x) = V2me (1 +0 (x)>

VEZsyy>T(2) =(v—-1)!

g1, 1 1 1Gn
26332 12 T(n)3

JZmem1oEGm- 3n——10g(3")+0( z) <1 +0 (1)

1 1 1
—lim ——

M 23—z 2 1 1
2now3 " 2nvZme™ log(3m)-3n—3 10g(3m)+0(; 3) <1 +0 (%))

i 111 m
R LA T
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Appendix:
Zn: k (3n—1—k>11 1 (3n—2)
£33kt 2n—1 /2 32 2n-1
1 Bn—m-2)!
i(Sft—l—k) 1 m=k-1 31;nm12) < o n-m-1)! _
2n—1 (3" 2 3n-2 (3n—-2)!
k=1 m=0 2n—-1 m=0 (n — 1)|
~ "i . (n-1)! 1
N z (n—1-—m)! (3n—2)!
m=0 Bn-2—-m)!

_ Z 2 m(-m-D)(-m-2)..(-(n-1-(m-1))
- Lm! (-(3n-2))(-3n-3))..(-Bn-2-(m-1))
= ,F1(1,-(n—1);-(3n - 2);2)

n

210 ot B B W Gy B i =
= ,F1(1,-(n—1);-B3n-2);z) =

= ("~ (- - -G - 22
—1
+231:1—_2 F1(2;—(n—1); —(3n — 2);z))
3n—2 n-—1 n-1n-2) n-1)Mn-2)(n-3)
:(Zn—1>(1 3n—2x+(3n—2)(3n—3)zz+(3n—2)(3n—3)(3n—4)zg
ey n-1 42 n-1)n-2) 43
n—22"2Gn-2@n_32"3")
3n—2
=) @ —- 1 -Bn - 2);2)

> (M) = G T) artim- im0
k=1

=S - () e an
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n
Kk 3n-1-k 1 3n-2
ZW( 2n—1 )=m(2n_1) 2F1(1—(n = 1);=(3n = 2);3) =
k=1

_ 1 (311—2)311—1
3¥n2\2n-1/) 2
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru

142 RMM-CALCULUS MARATHON 1901-2000



