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TSINTSIFAS – ȘAHIN’S INEQUALITY 

By Daniel Sitaru – Romania  

Abstract: In this paper we connect two famous relationships in any triangle, both published 

in American Mathematical Monthly. 

Keywords: Tsintsifas; Șahin 

Main result: If ࢟,࢞, ࢠ > 0 then in acute ઢ the following relationship holds: 
࢞

࢟ + ࢠ ⋅ +ࢇ
࢟

+ࢠ ࢞ ⋅ ࢈ +
ࢠ

࢞ + ࢟ ⋅ ࢉ ≥ ඥ࢘(ࡾ+  (࢘

Lemma 1 (TSINTSIFAS’ INEQUALITY): If ࢟,࢞, ࢠ > 0 then in acute ઢ holds: 
࢞

࢟ + ࢠ ⋅ ࢇ
 +

࢟
ࢠ + ࢞ ⋅ ࢈

 +
ࢠ

࢞ + ࢟ ⋅ ࢉ
 ≥ ࡲ√ 

Proof:    ௫
௬ା௭

⋅ ܽଶ + ௬
௭ା௫

⋅ ܾଶ + ௭
௫ା௬

⋅ ܿଶ = 

=
ݔ) + ݕ + ଶܽ(ݖ − ݕ) + ଶܽ(ݖ

ݕ + ݖ +
ݔ) + ݕ + ଶܾ(ݖ − ݖ) + ଶܾ(ݔ

ݖ + ݔ −
ݔ) + ݕ + ଶܿ(ݖ − ݔ) + ଶܿ(ݕ

ݔ + ݕ  

= ݔ) + ݕ + ቆ(ݖ
ܽଶ

ݕ + ݖ +
ܾଶ

ݖ + ݔ +
ܿଶ

ݔ + ቇݕ −
(ܽଶ + ܾଶ + ܿଶ) = 

= ൬
ݔ + ݕ

2 +
ݕ + ݖ

2 +
ݖ + ݔ

2 ൰ ቆ
ܽଶ

ݕ + ݖ +
ܾଶ

ݖ + ݔ +
ܿଶ

ݔ + ቇݕ −
(ܽଶ + ܾଶ + ܿଶ) ≥ 

≥
ௌ

ቌඨ
ݔ + ݕ

2 ⋅
ܽଶ

ݔ + ݕ + ඨ
ݕ + ݖ

2 ⋅
ܾଶ

ݕ + ݖ + ඨݖ + ݔ
2 ⋅

ܿଶ

ݖ + ݔ
ቍ

ଶ

− (ܽଶ + ܾଶ + ܿଶ) = 

= ൬
ܽ
√2

+
ܾ
√2

+
ܿ
√2
൰
ଶ

− (ܽଶ + ܾଶ + ܿଶ) =
1
2

(ܽ + ܾ + ܿ)ଶ − (ܽଶ + ܾଶ + ܿଶ) = 

=
2(ܾܽ + ܾܿ + ܿܽ) − (ܽଶ + ܾଶ + ܿଶ)

2 =
ଶݏ)2 + ଶݎ + (ݎ4ܴ − ଶݏ)2 − ଶݎ − (ݎ4ܴ

2 = 

= ଶݏ + ଶݎ + ݎ4ܴ − ଶݏ + ଶݎ + ݎ4ܴ = ଶݎ2 + ݎ8ܴ = ݎ)ݎ2 + 4ܴ) ≥
ைா்

 
≥ ݎ2 ⋅ 3√ݏ =  3√ܨ2

Equality holds for ܽ = ܾ = ܿ and ݔ = ݕ =  .ݖ

Observation: ൫√ܽ + √ܾ൯
ଶ

= ܽ + ܾ + 2√ܾܽ > ܽ + ܾ > ܿ = ൫√ܿ൯
ଶ
 

൫√ܽ + √ܾ൯
ଶ

> ൫√ܿ൯
ଶ
⇒ √ܽ + √ܾ > √ܿ and analogous: √ܾ + √ܿ > √ܽ;√ܿ + √ܽ > √ܾ 

hence: √ܽ,√ܾ,√ܿ can be sides in a triangle  

Lemma 2 (MEHMET ȘAHIN’S IDENTITY): Let ࢈,ࢇ,  be sides in a triangle. The triangle – ࢉ

formed with sides √ࢉ√,࢈√,ࢇ has area  ઢ = 

ඥ࢘(ࡾ +  (࢘

Proof:  Δ =ுாோைே ට√ା√ା√
ଶ

⋅ √ା√ି√
ଶ

⋅ √ା√ି√
ଶ

⋅ √ା√ି√
ଶ

= 
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=
1
4
ටቀ൫√ܽ + √ܾ൯

ଶ
− ൫√ܿ൯

ଶቁ ቀ൫√ܿ൯
ଶ
− ൫√ܽ − √ܾ൯

ଶ
ቁ = 

=
1
4
ට൫ܽ + ܾ + 2√ܾܽ − ܿ൯൫ܿ − ܽ − ܾ + 2√ܾܽ൯ = 

=
1
4
ටቀ2√ܾܽ + (ܽ + ܾ − ܿ)ቁ ቀ2√ܾܽ − (ܽ + ܾ − ܿ)ቁ =

1
4ඥ4ܾܽ − (ܽ + ܾ − ܿ)ଶ = 

=
1
4
ඥ4ܾܽ − ܽଶ − ܾଶ − ܿଶ − 2ܾܽ + 2ܾܿ + 2ܿܽ =

1
4ඥ2(ܾܽ + ܾܿ + ܿܽ) − (ܽଶ + ܾଶ + ܿଶ) = 

=
1
4
ඥ2ݏଶ + ଶݎ2 + ݎ8ܴ − ଶݏ2 + ଶݎ2 + ݎ8ܴ =

1
4
ඥ4ݎଶ + ݎ16ܴ =

1
2ඥݎ

(4ܴ +  (ݎ

Back to the main problem: 

We apply Tsintsifas’ inequality for the triangle with sides: √ܽ,√ܾ,√ܿ: 
ݔ

+ݕ ݖ ⋅ ൫√ܽ൯
ଶ

+
ݕ

ݖ + ݔ ⋅ ൫√ܾ൯
ଶ

+
ݖ

ݔ + ݕ ⋅ ൫√ܿ൯
ଶ
≥ 2√3Δ 

ݔ
ݕ + ݖ ⋅ ܽ +

ݕ
ݖ + ݔ ⋅ ܾ +

ݖ
ݔ + ݕ ⋅ ܿ ≥ 2√3 ⋅

1
2ඥݎ

(4ܴ +  (ݎ

ݔ
ݕ + ݖ ⋅ ܽ +

ݕ
ݖ + ݔ ⋅ ܾ +

ݖ
ݔ + ݕ ⋅ ܿ ≥ ඥ34ܴ)ݎ +  (ݎ

Equality holds for ܽ = ܾ = ܿ and ݔ = ݕ =   .ݖ

Reference: 

ROMANIAN MATHEMATICAL MAGAZINE – www.ssmrmh.ro 

SPECIAL LIMITS AND SUMS-(II) 

By Florică Anastase-Romania 

Abstract: In this paper are presented some calculation techniques on special class of limits 

and sums. 

Theorem 1. Let (ࢇ)ஹ, ஹ(࢈)  be sequences of real numbers such that 

ܕܑܔ
ஶ→

ࢇ = ,ࢇ ܕܑܔ
ஶ→

ା࢈) + ା࢈ + ⋯+ (࢈ = ࢈,࢈ > 0,∀݊ ∈ ℕ 

Prove that:   ܕܑܔ→ஶ(ࢇା࢈ା + ା࢈ାࢇ + ⋯+ (	࢈ࢇ =  ࢈ࢇ

Proof. Let ܿ = ܾାଵ + ܾାଶ + ⋯+ ܾଶ . Observe that (ܽ)ஹଵ and (ܿ)ஹଵ converges, then 

are bounded. Thus, exists ܯଵ > 0	and ܯଶ > 0 such that |ܽ| ≤ |ଵ and |ܿܯ ≤ ݊∀,	ଶܯ ∈ ℕ. 

Now, ∀ߝ > 0,∃݊ఌ ∈ ℕ such that ∀݊ ≥ ݊ఌ  we have |ܽ − ܽ| ≤ ఌ
ெା||

 and |ܿ − ܾ| ≤ ఌ
ெା||

. 
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Denoting ݀ = ܽାଵܾାଵ + ܽାଶܾାଶ + ⋯+ ܽଶܾଶ	, it follows that 

݀ = (ܽାଵ − ܽ)ܾାଵ + ⋯+ (ܽଶ − ܽ)ܾଶ + ܽܿ = 

= (ܽାଵ − ܽ)ܾାଵ + ⋯+ (ܽଶ − ܽ)ܾଶ + ܽ(ܿ − ܾ) + ܾܽ; 

|݀ − ܾܽ| ≤ |ܽାଵ − ܽ||ܾାଵ| + ⋯+ |ܽଶ − ܽ||ܾଶ| + |ܽ||ܿ − ܾ| 

For ݊ ≥ ݊ఌ  we have:  |݀ − ܾܽ| < ఌ
ெା||

(ܾାଵ + ⋯+ ܾଶ) + |ܽ| ఌ
ெା||

≤  ߝ

Hence, ∀ߝ > 0,∃݊ఌ ∈ ℕ such that ∀݊ ≥ ݊ఌ we have |݀ − ܾܽ| <  ,So .ߝ

lim
→ஶ

(ܽାଵܾାଵ + ܽାଶܾାଶ + ⋯+ ܽଶܾଶ	) = ܾܽ. 

Application 1.  Find:  ષ = ஶ→ܕܑܔ ቀܖܑܛ
࣊

ା
+ ܖܑܛ ࣊

ା
+ ⋯+ ܖܑܛ ࣊


ቁ 

Solution. If in Theorem 1 we take ܽ = ݊ ⋅ sin గ


 and ܾ = ଵ


, we have: 

݊ ⋅ sin
ߨ
݊ → ,ߨ

1
݊ + 1 +

1
݊ + 2 + ⋯+

1
2݊ = ଶߛ − ߛ + log 2݊ − log݊ 

∵ ߛ = 1 + ଵ
ଶ

+ ⋯+ ଵ

− log݊ , ߛ −Euler Mascheroni Constant 

ଵ
ାଵ

+ ଵ
ାଶ

+ ⋯+ ଵ
ଶ
→ log 2. Hence, from Theorem 1: 

Ω = lim
→ஶ

ቀsin
ߨ

݊ + 1 + sin
ߨ

݊ + 2 + ⋯+ sin
ߨ

2݊
ቁ = log 2 

Application 2. Find: ષ = ஶ→ܕܑܔ ቂ( + ) ܖ܉ܜ ࣊
ା

+ +) ) ܖ܉ܜ ࣊
ା

+ ⋯+  ܖ܉ܜ ࣊

ቃ 

Solution. If in Theorem 1 we take ܽ = ݊ଶ ⋅ tanଶ గ

 and ܾ = ଵ


 we have: 

lim
→ஶ

ܽ = lim
→ஶ

݊ଶ ⋅ tanଶ
ߨ
݊ = ଶߨ ⋅ lim

→ஶ
ቆ
݊ଶ

ଶߨ ⋅ tanଶ
ߨ
݊ቇ =  ଶߨ

ܾାଵ + ܾାଶ + ⋯+ ܾଶ = ଵ
ାଵ

+ ଵ
ାଶ

+ ⋯+ ଵ
ଶ
→ log 2. Hence, from Theorem 1: 

Ω = lim
→ஶ

ቂ(݊ + 1) tanଶ
ߨ

݊ + 1 + (݊ + 2) tanଶ
ߨ

݊ + 2 + ⋯+ 2݊ tanଶ
ߨ

2݊
ቃ 

Application 3. Prove that: 

(ܑ) ܕܑܔ
ஶ→

ቀ


+ 
ቁ


శ + ൬

+ 
+ ൰

శ
శ

+ ⋯+ ൬
 − 
 ൰

ష

 =
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(ܑܑ) ܕܑܔ
	ஶ→

ቈ


 +  + ඥ)+ )
+ ⋯+



+ ඥ( − )
 =


  ܗܔ

Theorem 2:  Let , ∈ ℝ, > 1and	 ≠ , :ࢌ (−,∞) → ℝ, continuous function such that 
ܕܑܔ
→࢞

(࢞)ࢌ
࢞

= . Prove that: 

ܕܑܔ
ஶ→

൭− + ൭ + ቆࢌ
ି

 ቇ
൱


ୀ

൱ =

 

Proof. lim௫→
(௫)
௫

= 1	 ⇔ ∀݊ ∈ ℕ,∃ߦ > 0 

such that	1 − ߦ ≤
(௫)
௫
≤ 1 + ߦ ⇔ (1 − ݔ(ߦ ≤ (ݔ)݂ ≤ (1 + ݔ(ߦ ⇔ lim௫→ (ݔ)݂ = 0 

Then, it follows that  lim௫→
൫ଵା(௫)൯ିଵ

௫
=  ݍ

ݍ) − (ߦ
݅ିଵ

݊ ≤ ൭1 + ݂ ቆ
݅ିଵ

݊ ቇ
൱


− 1 ≤ ݍ) + (ߦ
݅ିଵ

݊ ⇔ 

ݍ) − )ߦ
݅ିଵ

݊



ୀଵ

≤൭1 + ݂ ቆ
݅ିଵ

݊ ቇ
൱


ୀଵ

− ݊ ≤ ݍ) + )ߦ
݅ିଵ

݊



ୀଵ

 

lim
→ஶ


݅ିଵ

݊



ୀଵ

= lim
→ஶ

1
݊൬

݅
݊൰

ିଵ

= නݔିଵ݀ݔ =
1


ଵ





ୀଵ

, lim
→ஶ

൭൭1 + ݂ ቆ
݅ିଵ

݊ ቇ൱


ୀଵ

− ݊൱ =
ݍ
 

Application 4.For , ∈ ℕ, ≥ , ≥  :find 

ષ = ܕܑܔ
ஶ→




 +  ⋅
ቌඨ + ܖܑܛ ቆ

ି

+) ቇ(


− ቍ
ା

ୀ




ୀ

 

Solution. In Theorem 1, we take 

ܽ = ቌඨ1 + sinቆ
݅ିଵ

݊ ቇ


− 1ቍ


ୀଵ

		and	ܾ =
1
݊ 


1

݊ + ݇ ⋅ 
ቌඨ1 + sinቆ

݅ିଵ

(݊ + ݇)ቇ


− 1ቍ
ା

ୀଵ




ୀଵ

= ܽାܾା



ୀଵ

 

ܾାଵ + ܾାଶ + ⋯+ ܾଶ =
1

݊ + 1 +
1

݊ + 2 + ⋯+
1

2݊ → log 2 
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Now, using Theorem 2, we have:   lim௫→
(ଵାୱ୧୬௫)

భ
ିଵ

௫
= ଵ


⇔ ∀݊ ∈ ℕ, ߦ∃ > 0 

such that:   ଵ

− ߦ ≤

൬ଵାୱ୧୬൬
షభ

 ൰൰

భ

ିଵ

షభ


≤ ଵ


+  ߦ

൬
1
 − ൰ߦ

݅ିଵ

݊ ≤


ୀଵ

ඨ1 + sinቆ
݅ିଵ

݊ ቇ


− ݊


ୀଵ

≤ ൬
1
 + ൰ߦ

݅ିଵ

݊



ୀଵ

 

lim→ஶ∑
షభ



ୀଵ = lim→ஶ

ଵ

∑ ቀ 


ቁ
ିଵ

= ∫ ݔିଵ݀ݔ = ଵ


ଵ



ୀଵ . So, it follows that: 

lim→ஶ ܽ = lim→ஶ ቆ−݊ + ∑ ට1 + sin ቀ
షభ


ቁ


ୀଵ ቇ = ଵ

మ
. Therefore, 

Ω = lim
→ஶ


1

݊ + ݇ ⋅ 
ቌඨ1 + sinቆ

݅ିଵ

(݊ + ݇)ቇ


− 1ቍ
ା

ୀଵ




ୀଵ

=
1
ଶ ⋅ log 2 

Application 5. For 	, ∈ ℕ, ≥ , ≥  find	

ષ = ܕܑܔ
ஶ→




 +  ⋅ 
ቌඨ + ܖ܉ܜ ቆ

ି
+) ቇ(


− ቍ

ା

ୀ




ୀ

 

Solution. In Theorem 1, we take  ܽ = ∑ ቆට1 + tan ቀ
షభ


ቁ


− 1ቇ

ୀଵ 	and	ܾ = ଵ


 


1

݊ + ݇ ⋅ 
ቌඨ1 + tanቆ

݅ିଵ
(݊ + ݇)ቇ


− 1ቍ

ା

ୀଵ

 = ܽାܾା



ୀଵ

 

ܾାଵ + ܾାଶ + ⋯+ ܾଶ =
1

݊ + 1 +
1

݊ + 2 + ⋯+
1

2݊ → log 2 

Now, using Theorem 2, we have:  lim௫→
(ଵା୲ୟ୬ ௫)

భ
ିଵ

௫
= ଵ


⇔ ∀݊ ∈ ℕ, ߦ∃ > 0 

1
 − ߦ ≤

ቀ1 + tan ቀ
షభ


ቁቁ

భ
 − 1

షభ



≤
1
 + ߦ  

ቀଵ

− ∑ቁߦ

షభ


≤

ୀଵ ∑ ට1 + tan ቀ
షభ


ቁ


− ݊

ୀଵ ≤ ቀଵ


+ ∑ቁߦ
షభ



ୀଵ . Hence: 
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lim
→ஶ


݅ିଵ

݊



ୀଵ

= lim
→ஶ

1
݊൬

݅
݊൰

ିଵ

= නݔିଵ݀ݔ =
1


ଵ





ୀଵ

 

lim
→ஶ

ܽ = lim
→ஶ

ቌ−݊ +  ඨ1 + tan ቆ
݅ିଵ

݊ ቇ




ୀଵ

ቍ =
1
 ଶ

Ω = lim
→ஶ


1

݊ + ݇ ⋅ 
ቌඨ1 + tanቆ

݅ିଵ
(݊ + ݇)ቇ


− 1ቍ

ା

ୀଵ




ୀଵ

=
1
ଶ ⋅ log 2 

Application 6. Find:  ܕܑܔ→ஶ∑  
ା

∑ ൬ 
ඥ(ା)ା

⋅ ܖܑܛ ቀ + 
ା

ቁ൰ା
ୀ ൨

ୀ  

Solution. In Theorem 1, we take:  ܽ = ∑ ቀ ଵ
√మା

⋅ sin ቀ1 + 

ቁቁ

ୀଵ 	and	ܾ = ଵ


 

ܾାଵ + ܾାଶ + ⋯+ ܾଶ =
1

݊ + 1 +
1

݊ + 2 + ⋯+
1

2݊ → log 2 

∵  sin(1 + ݅ܽ)


ୀଵ

=
sin 

ଶ
⋅ sin ቀ1 + 

ଶ
+ 

ଶ
ቁ

sin 
ଶ

=௧. ݑ ,∀݊ ∈ ℕ∗ 

Because:  sinቀ1 + 

ቁ > 0,∀݇ ∈ {1,2, … ,݊} we get, 

௨
√మା

≤ ܽ = ∑ ቀ ଵ
√మା

⋅ sin ቀ1 + 

ቁቁ

ୀଵ ≤ ௨
√మାଵ

,∀݊ ∈ ℕ∗. So, for ܽ = ଵ

 it follows, 

sin ଵ
ଶ
⋅ sin ଷାଵ

ଶ

√݊ଶ + ݊ ⋅ sin ଵ
ଶ

≤ ܽ ≤
sin ଵ

ଶ
⋅ sin ଷାଵ

ଶ

√݊ଶ + 1 ⋅ sin ଵ
ଶ

;∀݊ ∈ ℕ∗, lim
→ஶ

ܽ = 2 sin
1
2 ⋅ sin

3
2 

lim
→ஶ


1

݊ + ݇ቆ
1

ඥ(݊ + ݇)ଶ + ݅
⋅ sin ൬1 +

݅
݊ + ݇൰ቇ

ା

ୀଵ

൩


ୀଵ

= 2 sin
1
2 ⋅ sin

3
2 ⋅ log 2 

Application 7. For 	, ∈ ℕ, ≥ , ≥  find 	

ષ = ܕܑܔ
ஶ→




 + 
ቌඨ + ܗܔ ቆ+

ି
) + ቇ(


− ቍ

ା

ୀ




ୀ

 

Solution. In Theorem 1, we take:  ܽ = ∑ ቆට1 + logቀ1 + షభ


ቁ


− 1ቇ

ୀଵ 	and	ܾ = ଵ


 

ܾାଵ + ܾାଶ + ⋯+ ܾଶ = ଵ
ାଵ

+ ଵ
ାଶ

+ ⋯+ ଵ
ଶ
→ log 2. Now, using Theorem 2, we get 
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lim௫→
(ଵା୪୭(ଵା௫))

భ
ିଵ

௫
= ଵ


⇔ ∀݊ ∈ ℕ,∃ߦ > 0		such that 

ଵ

− ߦ ≤

൬ଵା୪୭൬ଵା
షభ

 ൰൰

భ

ିଵ

షభ


≤ ଵ


+  and then		ߦ

൬
1
 − ൰ߦ

݅ିଵ

݊ ≤


ୀଵ

 ඨ1 + logቆ1 +
݅ିଵ

݊ ቇ


− ݊


ୀଵ

≤ ൬
1
 + ൰ߦ

݅ିଵ

݊



ୀଵ

 

lim
→ஶ


݅ିଵ

݊



ୀଵ

= lim
→ஶ

1
݊൬

݅
݊൰

ିଵ

= නݔିଵ݀ݔ =
1


ଵ





ୀଵ

 

lim
→ஶ

ቌ−݊ + ඨ1 + logቆ1 +
݅ିଵ

݊ ቇ




ୀଵ

ቍ =
1
 ଶ

Ω = lim
→ஶ


1

݊ + ݇
ቌඨ1 + logቆ1 +

݅ିଵ
(݊ + ݇)ቇ


− 1ቍ

ା

ୀଵ




ୀଵ

=
1
ଶ log 2 

Application 8. For 	, ∈ ℕ, ≥ , ≥   :find	

ષ = ܕܑܔ
ஶ→




 + 
ቌටࢋ

ష
(శ)



− ቍ
ା

ୀ




ୀ

 

Solution. In Theorem 1, we take: ܽ = ∑ ൭ට݁
షభ




− 1൱
ୀଵ 	and	ܾ = ଵ

ା
 

ܾାଵ + ܾାଶ + ⋯+ ܾଶ = ଵ
ାଵ

+ ଵ
ାଶ

+ ⋯+ ଵ
ଶ
→ log 2. Now, from Theorem 2, we get 

lim௫→
(ೣିଵ)

భ
ିଵ

௫
= ଵ


	⇔ 	∀݊ ∈ ℕ, ߦ∃ > 0		such that ଵ


− ߦ ≤

൭
షభ
 ିଵ൱

భ

ିଵ

షభ


≤ ଵ


+  ߦ

൬
1
 − ൰ߦ

݅ିଵ

݊ ≤


ୀଵ

 ට݁
షభ




− ݊


ୀଵ

≤ ൬
1
 + ൰ߦ

݅ିଵ

݊



ୀଵ

 

lim
→ஶ


݅ିଵ

݊



ୀଵ

= lim
→ஶ

1
݊൬

݅
݊൰

ିଵ

= නݔିଵ݀ݔ =
1


ଵ





ୀଵ
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lim
→ஶ

൭−݊ +  ට݁
షభ




ୀଵ

൱ =
1
ଶ , Ω = lim

→ஶ


1
݊ + ݇

ቌට݁
షభ

(శೖ)


− 1ቍ
ା

ୀଵ




ୀଵ

=
1
ଶ log 2 

Application 9.  For  > 0 find:   ષ = ஶ→ܕܑܔ ∑ ቂ 
ା

∑ 

శା(ା)
ା
ୀ ቃ

ୀ  

Solution. In Theorem 1, we take  ܽ = ∑ 

శభା

ୀଵ = ଵ


⋅ ∑

ቀ ቁ


ଵା 
శభ


ୀଵ 	and	ܾ = ଵ


 

1
1 + ଵ



⋅
1
݊൬

݇
݊൰



ୀଵ

≤ ݔ ≤
1
݊൬

݇
݊൰



ୀଵ

,∀݊ ≥ 1, lim
→ஶ

1
݊ ⋅ ൬

݇
݊൰



ୀଵ

= න ݔ
ଵ


ݔ݀ =

1
 + 1 

Ω = lim
→ஶ


1

݊ + ݇
݅

(݊ + ݇)ାଵ + ݅

ା

ୀଵ

൩


ୀଵ

=
1

 + 1 log 2 

Application 10.  For ,,࢈,ࢇ ∈ ℕ	such that ) − (࢈ = +ࢇ ,	 find 

ષ = ܕܑܔ
ஶ→




+ ࢇ ܖܑܛ ቆ
࢈

+) ቇ(


ୀ

൩


ୀ

 

Solution. If in Theorem 1 we take:ܽ = ∑ ݅݊݅ݏ ቀ 
್


ቁ

ୀଵ 	and	ܾ = ଵ

 

ܾାଵ + ܾାଶ + ⋯+ ܾଶ =
1

݊ + 1 +
1

݊ + 2 + ⋯+
1

2݊ → log 2 

Now, using Theorem 2, we get 

ܽ = ݅݊݅ݏ ቆ
݅

݊ቇ


ୀଵ

= ቌ
݊݅ݏ ቀ 

್


ቁ

್



ቍ



݅ା

݊



ୀଵ

= ቌ
݊݅ݏ ቀ 

್


ቁ

್



ቍ



݅ା

݊ାାଵ



ୀଵ

⇔ 

∀݊ ∈ ℕ,∃ߦ > 0	such that1 − ߦ ≤ ൭
௦൬ 

್

൰

್


൱



≤ 1 + ߦ  

(	1 − )ߦ
݅ା

݊ାାଵ ≤ ܽ ≤


ୀଵ

(	1 + )ߦ
݅ା

݊ାାଵ



ୀଵ

 

lim
→ஶ


݅ା

݊ାାଵ = lim
→ஶ

1
݊൬

݅
݊൰

ା

= නݔା݀ݔ =
1

ܽ + ܾ + 1

ଵ





ୀଵ



ୀଵ
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lim
→ஶ

݅݊݅ݏ ቆ
݅

݊ቇ =
1

ܽ + ܾ + 1



ୀଵ

 

Ω = lim
→ஶ


1

݊ + ݇݅ sin ቆ
݅

(݊ + ݇)ቇ


ୀଵ

൩


ୀଵ

=
1

ܽ + ܾ + 1 ⋅ log 2 
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FEW OUTSTANDING LIMITS-(III) 

By Florică Anastase-Romania 

First section.  

Theorem 1. Let be ࢌ: [,] → ℝ integrable function. Then: 

ࢇ∀	( ∈ [,], ܕܑܔ
ஶ→ܖ

 ⋅ න ࢞ࢊ(࢞)ࢌ࢞
ࢇ


= 																																											 

,ܖܗܑܜ܋ܖܝ	ܛܝܗܝܖܑܜܖܗ܋	ܛܑ	ࢌ	ܑ	( ܕܑܔ
ஶ→ܖ

 ⋅ න ࢞ࢊ(࢞)ࢌ࢞



=  ()ࢌ

Proof.  

݅)	We	have: ቤ݊ න ݔ݀(ݔ)݂ݔ



ቤ ≤ ݊න ݔ݀|(ݔ)݂|ݔ




≤
݊ܽାଵ

݊ + 1 ⋅ ,ܯ where	ܯ ≔ ตݑݏ
௫∈[,]

 |(ݔ)݂|

So, lim
୬→ஶ

݊ ⋅ න ݔ݀(ݔ)݂ݔ



= 0 

݅݅)	For	0 < ܽ < 1	we	have:	݊ ⋅ න ݔ݀(ݔ)݂ݔ
ଵ


= ݊ ⋅ න ݔ݀(ݔ)݂ݔ




+ ݊ ⋅ න ݔ݀(ݔ)݂ݔ

ଵ
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Let be ߳ > 0. Because ݂ −continuous function in ݔ = 1, then ∃ܽఢ ∈ [0,1] such that 
ݔ∀ ∈ [ܽ(߳), 1] we have |݂(ݔ) − ݂(1)| < ఢ

ସ
. From (݅) it follows that ∃݊ଵ(߳) ∈ ℕ∗ such that 

∀݊ ≥ ݊ଵ(߳) we have: 

ቤ݊ ⋅ න ݔ݀(ݔ)݂ݔ
(ఢ)


ቤ <

߳
2. 

But: ቤ݊ ⋅ න ݔ݀(ݔ)݂ݔ
ଵ

(ఢ)
− ݂(1)ቤ = ݊ ቤන −(ݔ)൫݂ݔ ݂(1)൯݀ݔ

ଵ

(ఢ)
+ ቆ

1 − ܽ(߳)ାଵ

݊ + 1 −
1
݊ቇ݂

(1)ቤ 

≤ ݊න −(ݔ)݂|ݔ ݔ݀|(1)݂
ଵ

(ఢ)
+

݊
݊ + 1 ฬ

1
݊ − ܽ(߳)ାଵฬ |݂(1)| < 

<
߳
4 ⋅

݊
݊ + 1

(1 − ܽ(߳)ାଵ) +
݊

݊ + 1 ฬ
1
݊ − ܽ(߳)ାଵฬ |݂(1)| < 

<
߳
4 + ฬ

1
݊ − ܽ(߳)ାଵฬ |݂(1)| 

Because	 ฬ
1
݊ − ܽ(߳)ାଵฬ |݂(1)|

→ஶ
ሱ⎯⎯ሮ 0	∃݊ଶ(߳) ∈ ℕ∗	such	that	∀݊ ≥ ݊ଶ(߳)	we	have: 

ฬ
1
݊ − ܽ(߳)ାଵฬ |݂(1)| <

߳
4 

Let be	݊ ≥ ݊ = max{݊ଵ(߳),݊ଶ(߳)}.Thus, 

ቤ݊ ⋅ න ݔ݀(ݔ)݂ݔ
ଵ


− ݂(1)ቤ ≤ ݊ ⋅ ቤන ݔ݂(ݔ)݂ݔ

(ఢ)


ቤ + ቤ݊ ⋅ න ݔ݀(ݔ)݂ݔ − ݂(1)

ଵ

(ఢ)
ቤ < 

<
߳
2 + ቀ

߳
4 +

߳
4
ቁ = ߳  

Therefore, lim
୬→ஶ

݊ ⋅ න ݔ݀(ݔ)݂ݔ
ଵ


= ݂(1) 

Application 1. Find: 

(ࢇ 	 ܕܑܔ
ஶ→

 ⋅ න ܖ܉ܜ ࢞ ࢞ࢊ
࣊



																																			 

(࢈ ܕܑܔ
ஶ→ܖ

 ⋅ න ቀࢋ
࢞

࢞శ − ቁ࢞ࢊ
࢈

ࢇ
;  < ܽ < ܾ. 

Solution.  

ܫ	(ܽ = න tan ݔ ݔ݀
ഏ
ర


= න cosଶ ݔ ⋅ ൬

tan ݔ
cosଶ ݔ൰݀ݔ

ഏ
ర


=

1
2(݊ + 1) +

2
݊ + 1න sinଶ ݔ ⋅ tan ݔ ݔ݀

ഏ
ర


= 

=
1

2(݊ + 2) +
2

݊ + 1 ⋅ sinଶ ߦ ⋅  ܫ

Therefore, lim
→ஶ

݊ ⋅ න tan ݔ ݔ݀
ഏ
ర


= lim

→ஶ
݊ ⋅ ܫ =

1
2 

ܾ)	Because	݁௨ = 1 + ݑ +
ଶݑ

2 ݁ఏ௨ , 0 < ߠ < 1, we	have: 

݊ ⋅ න ቀ݁
ೣ

శೣ − 1ቁ݀ݔ



= ݊ ൬ܾ − ܽ − ݊ ⋅ log ฬ

ܾ + ݊
ܽ + ݊ฬ൰ +

ଶߦ݊

2(݊ + ଶන(ߦ ݁
ೣ

శೣ




 ݔ݀

Therefore,	 

lim
୬→ஶ

݊ ⋅ න ቀ݁
ೣ

శೣ − 1ቁ ݔ݀



=

1
2

(ܾଶ − ܽଶ) 
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Application 2.Find: 

ષ = ܕܑܔ
ஶ→

ඨ 
 + 



ୀ

 

Solution. 

Let	݂(ݔ) = ඨ ݇
݊ଷ + ݇ 	and	݃(ݔ) =

݇
݊ଷ + ݇ ,݊ ∈ ℕ∗,݃ᇱ(ݔ) =

݊ଷ

(݊ଷ + ଶ(ݔ > 0,	 

Then	݃ −increasing thus,  ݂ −increasing. So, ݂(݇) ≤ (ݔ)݂ ≤ ݂(݇ + ݔ∀,(1 ∈ [݇,݇ + 1] 

݂(݇) ≤ න (ݔ)݂
ାଵ


ݔ݀ ≤ ݂(݇ + 1),∀݇ ∈ {1,2, … , ݊ − 1} 

Hence, 

݂(1) + ݂(2) + ⋯+ ݂(݊ − 1) ≤ න (ݔ)݂


ଵ
ݔ݀ ≤ ݂(2) + ݂(3) + ⋯+ ݂(݊) 

Let	us	denote:ܽ = ඨ ݇
݊ଷ + ݇



ୀଵ

, then	we	have: 

ܽ − ට
݊

݊ଷ + ݊ ≤ න (ݔ)݂


ଵ
ݔ݀ ≤ ܽ −ඨ 1

݊ଷ + 1 ; (∗) 

On the other hand, 

න ݔ݀(ݔ)݂


ଵ
= න ට

ݔ
݊ଷ + ݔ ݔ݀



ଵ
≤ න

ݔ݀ݔ√
√݊ଷ + 1



ଵ
=

1
√݊ଷ + 1

⋅
ݔ2

య
మ

3
ቮ

ଵ



=
2
3 ⋅

݊
య
మ − 1

√݊ଷ + 1 →ஶ
ሱ⎯⎯ሮ

2
3 

න ݔ݀(ݔ)݂


ଵ
≥ න

ݔ݀ݔ√
√݊ଷ + ݊



ଵ
=

1
√݊ଷ + ݊

⋅
2
3
ቀ݊

య
మ − 1ቁ

→ஶ
ሱ⎯⎯ሮ

2
3 

Therefore,			Ω = lim
→ஶ

ඨ ݇
݊ଷ + ݇



ୀଵ

=
2
3 

Second section. 
Application 3. Find: 

ષ = ܕܑܔ
ஶ→

൮ܕܑܔ
ஶ→

൭+ ܗܔ൬ + ିܖ܉ܜ ൬
!
൰൰!



ୀ

൱

!
!

൲ 

Solution. We have: 

lim
→ஶ

log ൬1 + tanିଵ ൬
݇!
݉!൰൰ = lim

→ஶ
ቌ

logቀ1 + tanିଵ ቀ!
!
ቁቁ

tanିଵ ቀ!
!
ቁ

⋅
tanିଵ ቀ!

!
ቁ

!
!

⋅
݇!
݉!ቍ = 0 

lim
→ஶ

൭1 +  log൬1 + tanିଵ ൬
݇!
݉!൰൰



ୀଵ

൱

భ

∑ ౢౝቀభశ౪షభቀೖ!
!ቁቁ


ೖసభ

= ݁ 

lim
→ஶ

݉! log൬1 + ଵି݊ܽݐ ൬
݇!
݉!൰൰



ୀଵ

= 
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lim
→ஶ

ቌ
logቀ1 + tanିଵ ቀ!

!
ቁቁ

tanିଵ ቀ !
!
ቁ

⋅
tanିଵ ቀ!

!
ቁ

!
!

⋅ ݇!ቍ = ݇!


ୀଵ

 

Ω = lim
→ஶ

൮ lim
→ஶ

൭1 +  log ൬1 + tanିଵ ൬
݇!
݉!൰൰



ୀଵ

൱

!
!

൲ = 

= lim
→ஶ

⎩
⎪
⎨

⎪
⎧

lim
→ஶ

൦൭1 +  log൬1 + tanିଵ ൬
݇!
݉!൰൰



ୀଵ

൱

భ

∑ ౢౝቀభశ౪షభቀೖ!
!ቁቁ


ೖసభ

൪

!
! ⋅∑ ୪୭ቀଵା୲ୟ୬షభቀ ೖ!

!ቁቁ

ೖసభ

	

⎭
⎪
⎬

⎪
⎫

= 

= ݁ ୪୧୫
→ಮ

భ
!⋅൫∑ !

ೖసభ ൯ =⏞
 .ିௌ

݁ ୪୧୫
→ಮ

(శభ)!
(శభ)!ష! = ݁ 

Application 4. Find: 

ષ = ܕܑܔ
ஶ→

൮ ܕܑܔ
ஶ→

൭ + ܖܑܛ ൬

൰!



ୀ

൱

(!)



൲ 

Solution. We have: 

lim
→ஶ

൭1 +  sinଶ ൬
݇
݉!൰



ୀଵ

൱

భ

∑ ౩మቀ ೖ!ቁ

ೖసభ

= ݁ 

lim
→ஶ

3 ⋅ (݉!)ଶ ⋅ ∑ sinଶ ቀ 
!
ቁ

ୀଵ

݊ଷ = lim
→ஶ

൮
3
݊ଷ ⋅ 

ቌ
sin ቀ 

!
ቁ


!

ቍ

ଶ

⋅ ݇ଶ


ୀଵ

൲ =
3
݊ଷ ⋅ ݇ଶ



ୀଵ

=
3 ⋅ ݊(݊ + 1)(2݊ + 1)

6݊ଷ  

Ω = lim
→ஶ

൮ lim
→ஶ

൭1 +  sinଶ ൬
݇
݉!൰



ୀଵ

൱

య(!)మ

య

൲ = 

= lim
→ஶ

൮ lim
→ஶ

൭1 +  sinଶ ൬
݇
݉!൰



ୀଵ

൱

భ

∑ ౩మቀ ೖ!ቁ

ೖసభ

൲

(!)మ

మయ ⋅∑ ୱ୧୬మቀ ೖ!ቁ

ೖసభ

= ݁ 

Application 5. Find: 

ષ = ܕܑܔ
ஶ→

൭ ܕܑܔ
ஶ→

൭ෑ( + ൬ܖ܉ܜ
!
൰!



ୀ

൱൱

!
!

 

Solution. 

lim
→ஶ

݉! ⋅ log൬1 + ݊ܽݐ ൬
݇!
݉!൰൰



ୀଵ

= lim
→ஶ

ቌ
logቀ1 + tan ቀ!

!
ቁቁ

tan ቀ !
!
ቁ

⋅ tan
ቀ!
!
ቁ

!
!



ୀଵ

⋅ ݇!ቍ = ݇!


ୀଵ
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Ω = lim
→ஶ

൭ lim
→ஶ

൭ෑ(1 + tan ൬
݇!
݉!൰



ୀଵ

൱൱

!
!

= 

= ݁ ୪୧୫
→ಮ

ቀ ୪୧୫
ౣ→ಮ

!
! ୪୭ቀ∏ (ଵା௧ቀೖ!

!ቁ

ೖసభ ቁቁ = ݁ ୪୧୫

→ಮ
భ
!⋅∑ !

ೖసభ =⏞
.ିௌ

݁ ୪୧୫
→ಮ

(శభ)!
(శభ)!ష! = ݁ 

Application 6. Find: 

ષ = ܕܑܔ
ஶ→

ቌ + ൭

࢙

࣊


ି

ୀ

൱

ି

ቍ



 

Solution. 

∀݊ ∈ ℕ∗,݊ ≥ 2:
݇
݊ ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

=
1
2 ݐܿ

ߨ
2݊ 

Let be ݖ = ݏܿ గ


+ ݊݅ݏ݅ గ


, then: 

݇݊݅ݏ
ߨ݇
݊

ିଵ

ୀଵ

= ݖ)݉ܫ + ଶݖ2 + ଷݖ3 + ⋯ (݊ − ,(ିଵݖ(1 ݖ = −1 ⇒ 

ݖ + ଶݖ2 + ଷݖ3 + ⋯ (݊ − ିଵݖ(1 =
(݊ − ାଵݖ(1 − ݖ݊ + ݖ

ݖ) − 1)ଶ =
(1 − ݖ(݊ + ݊ + ݖ

ݖ) − 1)ଶ = 

=
݊ − (݊ − ݖ(2

1 − ଶ݊݅ݏ2 గ
ଶ

+ ݊݅ݏ2݅ గ
ଶ
ݏܿ గ

ଶ
− 1

=
݊ − (݊ − ݖ(2

ଶ݊݅ݏ4− గ
ଶ
ቀܿݏ గ


+ ݊݅ݏ݅ గ


ቁ

= 

=
݊ − 2

ଶ݊݅ݏ4 గ
ଶ

−
݊

ଶ݊݅ݏ4 గ
ଶ

ቀܿݏ
ߨ
݊ − ݊݅ݏ݅

ߨ
݊
ቁ ⇒ 

݇݊݅ݏ
ߨ݇
݊

ିଵ

ୀଵ

= ݉ܫ ൭݇ݖ
ିଵ

ୀଵ

൱ =
݊݅ݏ݊ గ



ଶ݊݅ݏ4 గ
ଶ

=
݊
2 ݐܿ

ߨ
2݊ ⇒ 

݇
݊ ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

=
1
2 ݐܿ

ߨ
2݊ 

lim
→ஶ

ቌ1݈݃ + ൭
݇
݊ ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

൱

ିଵ

ቍ



= lim
→ஶ

݈݃݊ ቀ1 + ݊ܽݐ2
ߨ

2݊
ቁ = 

= lim
→ஶ

݈݃ ቀ1 + ݊ܽݐ2 గ
ଶ
ቁ

݊ܽݐ2 గ
ଶ

∙
݊ܽݐ2 గ

ଶ
గ
ଶ

∙
ߨ

2݊ ∙ ݊ =  ߨ

Ω = lim
→ஶ

ቌ1 + ൭
݇
݊ ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

൱

ିଵ

ቍ



= ݁గ  

Application 7. Find: 

ષ = ܕܑܔ
ஶ→

ඩ࢙ࢉ
) − )࣊

 ∙ ି࢙ࢉ ൬
࣊
 ൰



ୀ



 

Solution. 

∵ ܿݏ
(݊ − ߨ݇(1

݊ ∙ ିଵݏܿ ൬
ߨ݇
݊ ൰



ୀଵ

=
݊

2ିଵ ,∀݊ ∈ ℕ,݊ ≥ 3 
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(1 + (ݖ = ቀ
݉
݈
ቁ ݖ



ୀ

,݉ ∈ ℕ∗; (1) 

Let ݖ = ݏܿ ଶగ


+ ݊݅ݏ݅ ଶగ


,݇ = 1,݊തതതതത ⇒ 1 + ݖ = 1 + ݏܿ ଶగ


+ ݊݅ݏ݅ ଶగ


= 

= ݏ2ܿ
ߨ݇
݊ ൬ܿݏ

ߨ݇
݊ + ݊݅ݏ݅

ߨ݇
݊ ൰ ⇒ 

2ܿݏ
ߨ݇
݊ ൬ܿݏ

ߨ݇݉
݊ + ݊݅ݏ݅

ߨ݇݉
݊ ൰ = ቀ

݉
݈
ቁ ൬ܿݏ

ߨ2݈݇
݊ + ݊݅ݏ݅

ߨ2݈݇
݊ ൰



ୀ

⇒ 

2ܿݏ
ߨ݇
݊ ݏܿ

ߨ݇݉
݊ = ቀ

݉
݈
ቁ ݏܿ

ߨ2݈݇
݊



ୀ

, ݇ = 1,݊തതതതത ⇒ 

2ܿݏ
ߨ݇
݊ ݏܿ

ߨ݇݉
݊



ୀଵ

= ቀ
݉
݈
ቁ



ୀ

ܿݏ
ߨ2݅݇
݊



ୀଵ

= 

= ቀ
݉
0
ቁ 1



ୀଵ

+ ቀ
݉
݅
ቁ



ୀଵ

ܿݏ
ߨ2݈݇
݊



ୀଵ

; (2) 

∵ ܽିଵܿ(ߠ݇)ݏ


ୀଵ

=
ܽାଵܿ(ߠ݊)ݏ − ܽܿݏ(݊ + ߠ(1 + ߠݏܿ − ܽ

ܽଶ − ߠݏ2ܽܿ + 1 ; ܽ = ߠ,1 =
ߨ2݈
݊ ⇒ 

ܿݏ
ߨ2݈݇
݊



ୀଵ

=
ߨ2݈ݏܿ − ݏܿ (ାଵ)ଶగ


+ ݏܿ ଶగ


− 1

2 − ݏ2ܿ ଶగ


= 0,∀݈ = 1,݉തതതതതത;݉ < ݊; (3) 

From (2), (3) it follows that: 

2ܿݏ
ߨ݇
݊ ݏܿ

ߨ݇݉
݊



ୀଵ

= ݊ ቀ
݉
0
ቁ ⇒ܿݏ

ߨ݇
݊ ݏܿ

ߨ݇݉
݊



ୀଵ

=
݊

2 

For ݉ = ݊ − 1, it follows that: ∑ ݏܿ (ିଵ)గ


∙ ିଵݏܿ ቀగ

ቁ

ୀଵ = 
ଶషభ

 

Ω = lim
→ஶ

ඩܿݏ
(݊ − ߨ݇(1

݊ ∙ ିଵݏܿ ൬
ߨ݇
݊ ൰



ୀଵ



= lim
→ஶ	

ට
݊

2ିଵ


=ିᇲ lim
→ஶ

݊ + 1
2 ∙

2ିଵ

݊ =
1
2 

Application 8. Find: 

ષ = ܕܑܔ
ஶ→

⎝

⎜
⎛
ܕܑܔ
→࢞ ࣊



ቌ
࢚࢞ࢉ
 ∙ ൭


࢙

࣊


ି

ୀ

൱

ି

ቍ


(࢞)ࢇ࢚

⎠

⎟
⎞

 

Solution. 

∀݊ ∈ ℕ∗,݊ ≥ 2:
݇
݊ ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

=
1
2 ݐܿ

ߨ
2݊ 

Let be ݖ = ݏܿ గ


+ ݊݅ݏ݅ గ


, then: 

݇݊݅ݏ
ߨ݇
݊

ିଵ

ୀଵ

= ݖ)݉ܫ + ଶݖ2 + ଷݖ3 + ⋯ (݊ − ,(ିଵݖ(1 ݖ = −1 ⇒ 
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ݖ + ଶݖ2 + ଷݖ3 + ⋯ (݊ − ିଵݖ(1 =
(݊ − ାଵݖ(1 − ݖ݊ + ݖ

ݖ) − 1)ଶ =
(1 − ݖ(݊ + ݊ + ݖ

ݖ) − 1)ଶ = 

=
݊ − (݊ − ݖ(2

1 − ଶ݊݅ݏ2 గ
ଶ

+ ݊݅ݏ2݅ గ
ଶ
ݏܿ గ

ଶ
− 1

=
݊ − (݊ − ݖ(2

ଶ݊݅ݏ4− గ
ଶ
ቀܿݏ గ


+ ݊݅ݏ݅ గ


ቁ

= 

=
݊ − 2

ଶ݊݅ݏ4 గ
ଶ

−
݊

ଶ݊݅ݏ4 గ
ଶ

ቀܿݏ
ߨ
݊ − ݊݅ݏ݅

ߨ
݊
ቁ ⇒ 

݇݊݅ݏ
ߨ݇
݊

ିଵ

ୀଵ

= ݉ܫ ൭݇ݖ
ିଵ

ୀଵ

൱ =
݊݅ݏ݊ గ



ଶ݊݅ݏ4 గ
ଶ

=
݊
2 ݐܿ

ߨ
2݊ ⇒ 

݇
݊ ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

=
1
2 ݐܿ

ߨ
2݊ 

Ω = lim
௫→ ഏ

మ

ቌ
ݔݐܿ

2 ∙ ൭
݇
݊ ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

൱

ିଵ

ቍ

భ
ೌ(మೣ)

= lim
௫→ ഏ

మ

ቆ
ݔݐܿ

2 ∙ ൬
1
2 ݐܿ

ߨ
2݊൰

ିଵ

ቇ

భ
ೌ(మೣ)

 

= lim
௫→ ഏ

మ

൭
ݔݐܿ
ݐܿ గ

ଶ

൱
௧(ଶ௫)

= lim
௫→ ഏ

మ

൭1 +
ݔݐܿ − ݐܿ గ

ଶ

ݐܿ గ
ଶ

൱
௧(ଶ௫)

= 

= lim
௫→ ഏ

మ

൭1 +
ݔݐܿ − ݐܿ గ

ଶ

ݐܿ గ
ଶ

൱

 ഏమ
ೣష ഏమ

∙
ቀೣష ഏమቁ(మೣ)

	 ഏమ
= 

= ݁
୪୧୫
ೣ→ ഏ

మ

௧(ଶ௫)∙
ೞቀ ഏమషೣቁ

ೞೣ∙ೞ ഏ
మ
∙௧ ഏ

మ	
= ݁

ି భ
ೞഏ = 

Ω = lim
→ஶ

⎝

⎛ lim
௫→ ഏ

మ

ቌ
1
2

൭(ݔݐܿ)
݇
݊ ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

൱

ିଵ

ቍ

భ
ೌ(మೣ)

⎠

⎞ = lim
→ஶ

݁
ି

ഏ


ೞഏ
∙భഏ =

1
√݁ഏ  

Reference: 

ROMANIAN MATHEMATICAL MAGAZINE- www.ssmrmh.ro 

ABOUT A RMM INEQUALITY-(XII) 

By Marin Chirciu-Romania  

1) If ࢈,ࢇ, ࢉ > 0 then: 


ࢇ

࢈ + ૠ࢈ࢇ√ ≥

 

Proposed by Daniel Sitaru-Romania  

Solution: Using the means inequality we obtain: 

ܵܪܮ = 
ܽ

3ܾ + √ܾܽళ ≥
ெିீெ


ܽ

3ܾ + ା


= 
7ܽ

ܽ + 27ܾ = 7
ܽଶ

ܽଶ + 27ܾܽ ≥
௦௧

 

≥ 7 ⋅ (∑)మ

∑(మାଶ)
≥
(ଵ) ଷ

ସ
= ⇔ where (1) ,ܵܪܴ 7 ⋅ (∑)మ

∑(మାଶ)
≥ ଷ

ସ
⇔ 
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⇔ 28 ቀܽቁ
ଶ
≥ 3(ܽଶ + 27ܾܽ) ⇔ 

⇔ 28 ቀܽଶ + 2ܾܿቁ ≥ 3ܽଶ + 81ܾܿ ⇔ 28ܽଶ + 56ܾܿ ≥ 

≥ 3ܽଶ + 81ܾܿ ⇔ 25ܽଶ ≥ 25ܾܿ ⇔ܽଶ ≥ܾܿ ⇔(ܾ − ܿ)ଶ ≥ 0 

Equality holds if and only if ܽ = ܾ = ܿ.Remark: The problem can be developed. 

2) If ࢈,ࢇ, ࢉ > 0 and ࣅ ≥ 


, ∈ ℕ, ≥  then: 


ࢇ

࢈ࣅ + ି࢈ࢇ√ ≥


ࣅ +  

Marin Chirciu  

Solution: Using the means inequality we obtain: 

ܵܪܮ = 
ܽ

ܾߣ + √ܾܽିଵ ≥
ெିீெ


ܽ

ܾߣ + ା(ିଵ)


= 
݊ܽ

ܽ + ݊ߣ) + ݊ − 1)ܾ = 

= ݊ ∑ మ

మା(ఒାିଵ)
≥

௦௧
݊ ⋅ (∑)మ

∑(మା(ఒାିଵ))
≥
(ଵ) ଷ

ఒାଵ
=  where ,ܵܪܴ

(1)⇔ ݊ ⋅ (∑)మ

∑(మା(ఒାିଵ))
≥ ଷ

ఒାଵ
⇔ ߣ)݊ + 1)(∑ܽ)ଶ ≥ 3∑(ܽଶ + ݊ߣ) + ݊ − 1)ܾܽ) ⇔ 

⇔ ߣ)݊ + 1) ቀܽଶ + 2ܾܿቁ ≥ 3ܽଶ + ݊ߣ)3 + ݊ − 1)ܾܿ ⇔ 

⇔ ߣ)݊ + 1)ܽଶ + +ߣ)2݊ 1)ܾܿ ≥ 3ܽଶ + ݊ߣ)3 + ݊ − 1)ܾܿ ⇔ 

⇔ ݊ߣ) + ݊ − 3)∑ܽଶ ≥ ݊ߣ) + ݊ − 3)	∑ ܾܿ, which follows from (݊ߣ + ݊ − 3) ≥ 0, true 

from ߣ ≥ ଵ
ଶ

, ݊ ∈ ℕ, ݊ ≥ 2 and ∑ܽଶ ≥ ∑ܾܿ ⇔ ∑(ܾ − ܿ)ଶ ≥ 0 

Equality holds if and only if ܽ = ܾ = ܿ. 

Note: For ࣅ = , = ૠ we obtain the problem proposed by Daniel Sitaru in RMM 12/2020 

Reference:  ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

 

THE CONTRAHARMONIC MEAN AND CONNECTIONS 

Daniel Sitaru, Claudia Nănuți – Romania  

Abstract: In this paper is presented the contraharmonic mean with properties and a few 

connections with the other means. 
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Let be ࢇ ,ࢇ, … ࢇ, > 0;݊ ∈ ℕ∗. Define: 

,ࢇ,ࢇ) … (ࢇ, =
ࢇ + ࢇ + ⋯+ ࢇ

ࢇ + ࢇ + ⋯+ ࢇ
 

Property 1: In these conditions ࢇ),ࢇ , …  .is a mean (ࢇ,

Proof: Let be ݉ = minଵஸஸ ܽ ܯ; = maxଵஸஸ ܽ 

ܽଵଶ + ܽଶଶ + ⋯+ ܽଶ = ܽଵ ⋅ ܽଵ + ܽଶ ⋅ ܽଶ + ⋯ܽ ⋅ ܽ ≥ 

≥ ݉ܽଵ + ݉ܽଶ + ⋯+ ݉ܽ = ݉(ܽଵ + ܽଶ + ⋯+ ܽ) ,				భ
మାమ

మା⋯ାమ

భାమା⋯ା
≥ ݉   (1) 

ܽଵଶ + ܽଶଶ + ⋯+ ܽଶ = ܽଵ ⋅ ܽଵ + ܽଶ ⋅ ܽଶ + ⋯+ ܽ ⋅ ܽ ≤ 

≤ ଵܽܯ + ଶܽܯ + ⋯+ ܽܯ = ଵܽ)ܯ + ܽଶ + ⋯+ ܽ) ,			భ
మାమమା⋯ାమ

భାమା..ା
≤  (2)   ܯ

By (1); (2): ݉ ≤ ଵ,ܽଶܽ)ܥ , … , ܽ) ≤  (3)    ܯ

,ଵܽ)ܥ ܽଶ, … ,ܽ) = ,ܽ)ܥ ܽ, … ,ܽ) = మ


= ܽ, ,ଵܽ)ܥ ܽଶ, … ,ܽ) = ܽ	   (4) 

By (3); (4)⇒ ,ଵܽ)ܥ ܽଶ, … , ܽ) is a mean. 

Recall:  The harmonic mean: (࢈,ࢇ)ࡴ = ࢈ࢇ
࢈ାࢇ

,  The geometric mean: (࢈,ࢇ)ࡳ =  ࢈ࢇ√

The logarithmic mean: (࢈,ࢇ)ࡸ = ቊ
ࢇ;ࢇ = ࢈

ࢇି࢈
ܗܔ ܗܔି࢈ ࢇ

ࢇ; ≠ (࢈,ࢇ) :The arithmetic mean ,࢈ = ࢈ାࢇ


 

The generalized mean:	(࢈,ࢇ)ࡹ = ටࢇା࢈




, the quadratic mean:	(࢈,ࢇ)ࡽ = ටࢇା࢈


 

It is known that: 

 ≤ (࢈,ࢇ)ࡴ ≤ (࢈,ࢇ)ࡳ ≤ (࢈,ࢇ)ࡸ ≤ (࢈,ࢇ)ࡹ ≤ (࢈,ࢇ) ≤ (࢈,ࢇ)ࡽ ≤  (5)    ࡹ

Property 2: ࢇ)ࡽ,ࢇ, … (ࢇ, ≤ ,ࢇ,ࢇ) …  (6)     (ࢇ,

Proof:  (6) ⇔ ටభ
మାమ

మା⋯ାమ


≤ భ

మାమ
మା⋯ାమ

భାమା⋯ା
,			భ

మାమ
మା⋯ାమ


≤ ൫భ

మାమ
మା⋯ାమ൯

మ

(భାమା⋯ା)మ
 

(ܽଵ + ܽଶ + ⋯+ ܽ)ଶ ≤ ݊(ܽଵଶ + ܽଶଶ + ⋯+ ܽଶ) 

ܽଵଶ + ܽଶଶ + ⋯+ ܽଶ + 2  ܽ ܽ
ଵஸழஸ

≤ ݊(ܽଵଶ + ܽଶଶ + ⋯+ ܽଶ) 

(݊ − 1)(ܽଵଶ + ܽଶଶ + ⋯+ ܽଶ) − 2  ܽ ܽ
ଵஸழஸ

≥ 0,  ൫ܽ − ܽ൯
ଶ

ଵஸழஸ

≥ 0 



Romanian Mathematical Society-Mehedinți Branch 2023 
 

21 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

In these conditions (5) can be written: 

 ≤ (࢈,ࢇ)ࡴ ≤ (࢈,ࢇ)ࡳ ≤ (࢈,ࢇ)ࡸ ≤ (࢈,ࢇ)ࡹ ≤ (࢈,ࢇ) ≤ (࢈,ࢇ)ࡽ ≤ (࢈,ࢇ) ≤  ࡹ

Property 3:  If ࢞ > 0	then: ࢇ࢞),ࢇ࢞, … , (ࢇ࢞ = ,ࢇ,ࢇ)࢞ …  (ࢇ,

Proof:  ܽݔ)ܥଵ,ܽݔଶ , … , (ܽݔ = (௫భ)మା(௫మ)మା⋯ା(௫)మ

௫భା௫మା⋯ା௫
= 

=
ଶ(ܽଵଶݔ + ܽଶଶ + ⋯+ ܽଶ)
ଵܽ)ݔ + ܽଶ + ⋯+ ܽ) = ݔ ⋅

ܽଵଶ + ܽଶଶ + ⋯+ ܽଶ

ܽଵ + ܽଶ + ⋯+ ܽ
= ,ଵܽ)ܥݔ ܽଶ, … ,ܽ) 

Property 4:  (࢈,ࢇ) = (࢈,ࢇ)  (࢈,ࢇ)ࡴ−

Proof:   2ܣ(ܽ, ܾ) ,ܽ)ܪ− ܾ) = 2 ⋅ ା
ଶ
− ଶ

ା
= (ା)మିଶ

ା
= మାమ

ା
=  (ܾ,ܽ)ܥ

Property 5: ൫(࢈,ࢇ),(࢈,ࢇ)ࡴ൯ =  (࢈,ࢇ)

Proof: 

,ܽ)ܪ൫ܣ ,ܽ)ܥ,(ܾ ܾ)൯ =
ଶ
ା

+ మାమ

ା
2 =

2ܾܽ + ܽଶ + ܾଶ

2(ܽ + ܾ) =
(ܽ + ܾ)ଶ

2(ܽ + ܾ) =
ܽ + ܾ

2 = ,ܽ)ܪ ܾ) 

Property 6:  ࡳ൫(࢈,ࢇ),(࢈,ࢇ)൯ =  (࢈,ࢇ)ࡽ

Proof: ܩ൫ܣ(ܽ, ൯(ܾ,ܽ)ܥ,(ܾ = ඥܣ(ܽ, ܾ) ⋅ (ܾ,ܽ)ܥ = 

= ඨܽ + ܾ
2 ⋅

ܽଶ + ܾଶ

ܽ + ܾ = ඨܽ
ଶ + ܾଶ

2 = ܳ(ܽ,ܾ) 

Property 7: ࡳ൫(࢈,ࢇ)ࡴ(࢈,ࢇ)൯ =  (࢈,ࢇ)ࡳ

Proof: ܩ൫ܣ(ܽ, ൯(ܾ,ܽ)ܪ,(ܾ = ඥܣ(ܽ, ܾ) ⋅ ,ܽ)ܪ ܾ) = ටା
ଶ
⋅ ଶ
ା

= √ܾܽ = ,ܽ)ܩ ܾ) 

Property 8:  ࡸ൫ࢇ
,࢈൯

(࢈,ࢇ)ࡸ
=  (࢈,ࢇ)

Proof:    

,ଶܽ)ܮ ܾଶ)
,ܽ)ܮ ܾ) =

మିమ

୪୭ మି୪୭ మ

ି
୪୭ ି୪୭ 

=
(ܾ − ܽ)(ܾ + ܽ)
2(log ܾ − logܽ) ⋅

logܾ − logܽ
ܾ − ܽ =

ܽ + ܾ
2 = ,ܽ)ܣ ܾ) 

Property 9: 

ඨ
(࢈,ࢇ)ࡸ

ࡸ ቀ
ࢇ

, 
࢈
ቁ

=  (࢈,ࢇ)ࡳ



Romanian Mathematical Society-Mehedinți Branch 2023 
 

22 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

Proof: 

ඨ
,ܽ)ܮ ܾ)

ܮ ቀଵ


, ଵ

ቁ

= ඩ
ܾ − ܽ

log ܾ − logܽ ⋅
log ଵ


− log ଵ


ଵ

− ଵ



= 

= ඨ
ܾ − ܽ

log ܾ − logܽ ⋅
ܾܽ
ܽ − ܾ ⋅

(− logܾ + logܽ) = √ܾܽ = ,ܽ)ܩ ܾ) 

Property 10:   

ࡸ ቀ
ࢇ

, 
࢈
ቁ

ࡸ ቀ 
ࢇ

, 
࢈
ቁ

=  (࢈,ࢇ)ࡴ

Proof:   
ቀభೌ,భ್ቁ

ቀ భ
ೌమ

, భ
್మ
ቁ

=

భ
್ష

భ
ೌ

ౢౝభ್షౢౝ
భ
ೌ

భ
್మ
ି భ
ೌమ

= ቀଵ

− ଵ


ቁ ⋅ ଵ

ି ୪୭ ା୪୭ 
⋅ మమ

మିమ
⋅ (−2 logܾ + 2 logܽ) = 

=
ܽ − ܾ
ܾܽ ⋅

1
logܾ − log ܽ ⋅

2ܽଶܾଶ

(ܽ − ܾ)(ܽ + ܾ) (logܾ − logܽ) =
2ܾܽ
ܽ + ܾ =  (ܾ,ܽ)ܪ

Property 11:   (࢈,ࢇ) + (ࢉ,࢈) + (ࢇ,ࢉ) ≥ ࢈,ࢇ)ࡳ,  (ࢉ

Proof: 

(ܾ,ܽ)ܥ ≥ ,ܽ)ܩ ܾ) ⇒ܥ(ܽ, ܾ)
௬

≥ܩ(ܽ,ܾ)
௬

= √ܾܽ + √ܾܿ + √ܿܽ ≥
ெିீெ

 

≥ 3 ⋅ ට൫√ܾܽ൯ ⋅ ൫√ܾܿ൯ ⋅ ൫√ܿܽ൯
య

= 3√ܾܽܿయ = ,ܽ)ܩ3 ܾ, ܿ) 

Property 12 

(࢈,ࢇ)
(ࢉ,࢈) + (ࢉ,࢈)

(ࢇ,ࢉ) + (ࢇ,ࢉ)
(࢈,ࢇ) ≥

(࢈,ࢇ)
(ࢉ,࢈) + (ࢉ,࢈)

(ࢇ,ࢉ) + (ࢇ,ࢉ)
 (7)     (࢈,ࢇ)

Proof: Denote: ݑ = ,(ܾ,ܽ)ܥ ݒ = ,ܾ)ܥ ݓ,(ܿ =  (ܽ,ܿ)ܥ

(7) ⇔
ଶݑ

ଶݒ
௬

≥
ݑ
ݒ

௬

⇔
ଶݑ

ଶݒ
ଶ(ݓݒݑ)

௬

≥
ݑ
ݒ

ଶ(ݓݒݑ)
௬

⇔ݑସݓଶ

௬

≥ ଶ(ݓݒݑ)
ݑ
ݒ

௬

 

ݑସݓଶ

௬

=
1
6

(ଶݓସݑ6)
௬

=
1
6

ଶݓସݑ4) + ଶݓସݑ + (ଶݓସݑ
௬

= 

=
1
6

ଶݓସݑ4) + ଶݕସݒ + (ଶݒସݓ
௬

≥
ெିீெ 1

66 ⋅ ඥ(ݑସݓଶ)ସ ⋅ ସݒ ⋅ ଶݑ ⋅ ଶలݒସݓ

௬

= 



Romanian Mathematical Society-Mehedinți Branch 2023 
 

23 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

= ඥݑଵ଼ ⋅ ݒ ⋅ ଵଶలݓ

௬

= ݑଷݓݒଶ

௬

= (ݓݒݑ)ଶ
௬

⋅
ݑ
ݒ = ଶ(ݓݒݑ)

ݑ
ݒ

௬

 

REFERENCES: 

ROMANIAN MATHEMATICAL MAGAZINE – www.ssmrmh.ro  

 

ABOUT AN INEQUALITY BY MARIAN URSĂRESCU-(XV) 

By Marin Chirciu-Romania  

1) In ઢ,  :Prove that .ࡵઢ,ࡵઢ,ࡵcircumradii of ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incenter – ࡵ

൬
ࢇࡾ

ࢇ ൰


+ ൬
࢈ࡾ

࢈ ൰


+ ൬
ࢉࡾ

ࢉ ൰


≥  

Proposed by Marian Ursărescu – Romania  

Solution: We prove: 

Lemma 1:  2) In ઢ,  :Prove that .ࡵcircumradii of ઢ – ࢇࡾ ,incenter – ࡵ

ࢇࡾ = ܖܑܛࡾ

 

Proof:  Using the formula ܵ = 
ସோ

 in Δܥܤܫ we obtain: 

ܴ =
ܤܫ ⋅ ܥܫ ⋅ ܥܤ

4ܵூ
=

ܤܫ ⋅ ܥܫ ⋅ ܽ

4 ூ⋅ூ⋅ୱ୧୬(ூ)
ଶ

=
ܽ

2 ⋅ cos 
ଶ

=
2ܴ sinܣ
2 ⋅ cos 

ଶ

=
2ܴ ⋅ 2 sin 

ଶ
cos 

ଶ

2 ⋅ cos 
ଶ

= 2ܴ ⋅ sin
ܣ
2 

Lemma 2:  3) In ઢ,  :Prove that .ࡵcircumradii of ઢ – ࢇࡾ ,incenter – ࡵ

൬
ࢇࡾ

ࢇ ൰


=

 ቈ + ൬

ࡾ + ࢘
 ൰



 

Proof: Using the formula ܴ = 2ܴ sin 
ଶ
 we obtain: 

൬
ܴ
ܽ ൰

ଶ

= ቌ
2ܴ sin 

ଶ
ܽ

ቍ

ଶ

= ቌ
2ܴ sin 

ଶ
2ܴ sin ܽ

ቍ

ଶ

= ቌ
sin 

ଶ

2 sin 
ଶ

cos 
ଶ

ቍ

ଶ

= 

= ቌ
sin 

ଶ

2 sin 
ଶ

cos 
ଶ

ቍ

ଶ

= ቌ
1

2 cos 
ଶ

ቍ

ଶ

=
1
4

1
cosଶ 

ଶ

=
1
4 ቈ1 + ൬

4ܴ + ݎ
 ൰

ଶ

 

which follows from the identity in triangle: 


1

cosଶ 
ଶ

= 1 + ൬
4ܴ + ݎ
 ൰

ଶ
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Let’s get back to the main problem. Using the Lemma the inequality can be written: 

ଵ
ସ
1 + ቀସோା


ቁ
ଶ
൨ ≥ 1 ⇔ 1 + ቀସோା


ቁ
ଶ
≥ 4 ⇔ (4ܴ + ଶ(ݎ ≥  ଶ (Doucet’s inequality)3

Equality holds if and only if the triangle is equilateral. 

Remark: The inequality can be strengthened. 

4) In ઢ,  :Prove that .ࡵઢ,ࡵઢ,ࡵcircumradii of ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incenter – ࡵ

൬
ࢇࡾ

ࢇ ൰


+ ൬
࢈ࡾ

࢈ ൰


+ ൬
ࢉࡾ
ࢉ ൰



≥

൬ −

࢘
ࡾ ൰ 

Marin Chirciu  

Solution : Using the Lemma we obtain: 

൬
ܴ
ܽ ൰

ଶ

=
1
4 ቈ1 + ൬

4ܴ + ݎ
 ൰

ଶ

 ≥
1
4 ቈ1 +

(4ܴ + ଶ(ݎ

ܴ(4ܴ + ଶ(ݎ =
1
4 ቈ1 +

2(2ܴ − (ݎ
ܴ  =

1
4 ൬

5ܴ − ݎ2
ܴ ൰ 

= ଵ
ସ
ቀ5 − ଶ

ோ
ቁ, which follows from Blundon-Gerretsen inequality: ଶ ≤ ோ(ସோା)మ

ଶ(ଶோି)
 

Equality holds if and only if the triangle is equilateral. 

Remark: Inequality 4) is stronger than inequality 1). 

5) In ઢ,  :Prove that .ࡵઢ,ࡵઢ,ࡵcircumradii of ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incenter – ࡵ

൬
ࢇࡾ

ࢇ ൰


+ ൬
࢈ࡾ

࢈ ൰


+ ൬
ࢉࡾ

ࢉ ൰


≥

൬ −

࢘
ࡾ ൰ ≥  

Marin Chirciu  

Solution: See inequality 4) and ଵ
ସ
ቀ5 − ଶ

ோ
ቁ ≥ 1 ⇔ ܴ ≥  (Euler’s inequality) ,ݎ2

Equality holds if and only if the triangle is equilateral. 

Remark: Let’s find an inequality of opposite sense. 

6) In ઢ,  :Prove that .ࡵઢ,ࡵઢ,ࡵcircumradii of ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incenter –	ࡵ

൬
ࢇࡾ

ࢇ ൰


+ ൬
࢈ࡾ

࢈ ൰


+ ൬
ࢉࡾ

ࢉ ൰


≤

൬ +

ࡾ
 ൰࢘

Marin Chirciu  

Solution: Using the Lemma the inequality can be written: 

1
4 ቈ1 + ൬

4ܴ + ݎ
 ൰

ଶ

 ≤
1
4 1 +

(4ܴ + ଶ(ݎ
(ସோା)మ

ோା

 =
1
4 ൬1 +

ܴ + ݎ
ݎ ൰ =

1
4 ൬2 +

ܴ
 ൰ݎ

which follows from Gerretsen inequality: ଶ ≥ ݎ16ܴ − ଶݎ5 ≥ (ସோା)మ

ோା
 

Equality holds if and only if the triangle is equilateral. Remark.We can write the double 
inequality: 
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7) In ઢ,  :Prove that .ࡵઢ,ࡵઢ,ࡵcircumradii of ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incenter – ࡵ


 ൬ −

࢘
ࡾ ൰ ≤ ൬

ࢇࡾ

ࢇ ൰


+ ൬
࢈ࡾ

࢈ ൰


+ ൬
ࢉࡾ

ࢉ ൰


≤

൬ +

ࡾ
 ൰࢘

Marin Chirciu  

Solution: RHS inequality: 
Using the Lemma the inequality can be written: 

1
4 ቈ1 + ൬

4ܴ + ݎ
 ൰

ଶ

 ≤
1
4
1 +

(4ܴ + ଶ(ݎ
(ସோା)మ

ோା

 =
1
4 ൬1 +

ܴ + ݎ
ݎ ൰ =

1
4 ൬2 +

ܴ
 ൰ݎ

which follows from Gerretsen inequality: ݏଶ ≥ ݎ16ܴ − ଶݎ5 ≥ (ସோା)మ

ோା
. 

Equality holds if and only if the triangle is equilateral. 
LHS inequality: Using the Lemma we obtain: 

൬
ܴ
ܽ ൰

ଶ

=
1
4 ቈ1 + ൬

4ܴ + ݎ
 ൰

ଶ

 ≥
1
4
1 +

(4ܴ + ଶ(ݎ
ோ(ସோା)మ

ଶ(ଶோି)

 =
1
4 ቈ1 +

2(2ܴ − (ݎ
ܴ  = 

= ଵ
ସ
ቀହோିଶ

ோ
ቁ = ଵ

ସ
ቀ5 − ଶ

ோ
ቁ, which follows from Blundon – Gerretsen inequality: 

ଶ ≤ ோ(ସோା)మ

ଶ(ଶோି)
.Equality holds if and only if the triangle is equilateral. 

Above, we’ve used Blundon-Gerretsen inequality: 
4ܴ)ݎ + ଶ(ݎ

ܴ + ݎ ≤ ݎ16ܴ − ଶݎ5 ≤ ଶ ≤
ܴ(4ܴ + ଶ(ݎ

2(2ܴ − (ݎ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3  

Remark: We can write the inequalities: 
8) In ઢ,  :Prove that .ࡵઢ,ࡵઢ,ࡵcircumradii of ઢ – ࢉࡾ,࢈ࡾ,ࢇࡾ ,incenter – ࡵ

 ≤

 ൬ −

࢘
ࡾ ൰ ≤ ൬

ࢇࡾ

ࢇ ൰


+ ൬
࢈ࡾ

࢈ ൰


+ ൬
ࢉࡾ

ࢉ ൰


≤

 ൬ +

ࡾ
 ൰࢘

Solution: See the above inequalities.Equality holds if and only if the triangle is equilateral. 

Reference: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

VECTORIAL GEOMETRY-I 

By Florică Anastase-Romania 

“In memory of my colleague teacher ION 
CHEŞCĂ” 

Let ઢ, ࡵ −incenter, ࡻ-circumcenter, the 

following relationship holds: 

ᇱሬሬሬሬሬሬሬ⃗ =
ሬሬሬሬሬሬ⃗࢈ + ሬሬሬሬሬ⃗ࢉ

+࢈ ࢉ  
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ሬሬሬሬ⃗ࡵ =
ሬሬሬሬሬሬ⃗࢈ + ሬሬሬሬሬ⃗ࢉ
ࢇ + ࢈ + ࢉ ሬሬሬሬሬ⃗ࡵࡻ, =

ሬሬሬሬሬሬ⃗ࡻࢇ + ሬሬሬሬሬሬ⃗ࡻ࢈ + ሬሬሬሬሬሬ⃗ࡻࢉ
ࢇ + ࢈ + ࢉ  

Proof. From  
ᇲ
ᇲ

= 

⇒ ሬሬሬሬሬሬሬ⃗ܤᇱܣ = − 


ሬሬሬሬሬሬ⃗ܥᇱܣ = − 


൫ܣᇱܤሬሬሬሬሬሬሬ⃗ + ሬሬሬሬሬ⃗ܥܤ ൯ ⇒ ሬሬሬሬሬሬሬ⃗ܤᇱܣ = − 

ା
ሬሬሬሬሬ⃗ܥܤ , then 

ᇱሬሬሬሬሬሬሬ⃗ܣܣ = ሬሬሬሬሬ⃗ܤܣ + ᇱሬሬሬሬሬሬሬ⃗ܣܤ ⇒ ᇱሬሬሬሬሬሬሬ⃗ܣܣ = ሬሬሬሬሬ⃗ܤܣ +
ܿ

ܾ + ܿ ൫ܥܣ
ሬሬሬሬሬ⃗ − ሬሬሬሬሬ⃗ܤܣ ൯ ⇒ ᇱሬሬሬሬሬሬሬ⃗ =

ሬሬሬሬሬሬ⃗࢈ + ሬሬሬሬሬ⃗ࢉ
࢈ + ࢉ ; () 

How ൫ܫܣሬሬሬሬ⃗ ᇱሬሬሬሬሬሬሬ⃗ܣܣ; ൯ are collinear, we must to find ݔ ∈ ℝ such that ܫܣሬሬሬሬ⃗ = ሬሬሬሬሬ⃗ܤܣ൫ܾݔ + ሬሬሬሬሬ⃗ܥܣܿ ൯ and 
analogously, ݕ ∈ ℝ such that ܫܤሬሬሬሬ⃗ = ሬሬሬሬሬ⃗ܥܤ൫ܿݕ + ሬሬሬሬሬ⃗ܣܤܽ ൯.  

We have: ܫܤሬሬሬሬ⃗ = ሬሬሬሬሬ⃗ܣܤ + ሬሬሬሬ⃗ܫܣ ; 

(࢚࢚࢟ࢋࢊ	࢙ࢋ࢙ࢇࢎ) ⇒ ሬሬሬሬ⃗ܫܣ = ሬሬሬሬሬ⃗ܤܣ + ሬሬሬሬ⃗ܫܤ ⇒ ሬሬሬሬ⃗ܫܣ = ሬሬሬሬሬ⃗ܥܤ൫ܿݕ + ሬሬሬሬሬ⃗ܣܤܽ ൯ + ሬሬሬሬሬ⃗ܤܣ ; (2) 

ሬሬሬሬሬ⃗ܥܤ൫ܽݕ + ሬሬሬሬሬ⃗ܣܤܽ ൯ + ሬሬሬሬሬ⃗ܤܣ = ሬሬሬሬሬ⃗ܤܣ൫ܾݔ + ሬሬሬሬሬ⃗ܤܣܿ + ሬሬሬሬሬ⃗ܥܤܿ ൯ ⟺ (−1 + ܽݕ + ܾݔ + ሬሬሬሬሬ⃗ܤܣ(ܿݔ
= ݔܿ) − ሬሬሬሬሬ⃗ܥܤ(ݕܿ  

How, ൫ܤܣሬሬሬሬሬ⃗ ሬሬሬሬሬ⃗ܥܤ; ൯ cannot be collinear, it follows that	ܾݔ + ݔܿ + ݕܽ = 1 and ܿݔ − ݕܿ = 0, then 

ݔ = ݕ =
1

ܽ + ܾ + ܿ , ሬሬሬሬ⃗ࡵ =
ሬሬሬሬሬሬ⃗࢈ + ሬሬሬሬሬ⃗ࢉ
ࢇ + ࢈ + ࢉ ; () 

Let {ܫ} = ᇱܣܣ ∩ ᇱܤܤ ∩ ᇱܤܤ,ᇱܣܣ where ,′ܥܥ ܥܣܤ∠ internal bisectors of ′ܥܥ,  and ܣܤܥ∠,

From ூ .ܤܥܣ∠
ᇲ

ூ
= ᇲ


⟺ ூᇲ

ூ
= −

ೌ
್శ

⟺ ூᇲ

ூ
= − 

ା
. Therefore, 

ሬሬሬሬ⃗ܫܱ =
ᇱሬሬሬሬሬሬሬ⃗ܣܱ + 

ା
ሬሬሬሬሬ⃗ܣܱ

1 + 
ା

=
(ܾ + ᇱሬሬሬሬሬሬሬ⃗ܣܱ(ܿ + ሬሬሬሬሬ⃗ܣܱܽ

ܽ + ܾ + ܿ ; (4) 

From (1),(2),(3),(4) it follows that: 

ᇱሬሬሬሬሬሬሬ⃗ܣܱ =
ሬሬሬሬሬ⃗ܤܱ + 


ሬሬሬሬሬ⃗ܥܱ

1 + 


=
ሬሬሬሬሬ⃗ܤܱܾ + ሬሬሬሬሬ⃗ܥܱܿ

ܾ + ܿ ⇒ 

ሬሬሬሬሬ⃗ࡵࡻ =
ሬሬሬሬሬሬ⃗ࡻࢇ + ሬሬሬሬሬሬ⃗ࡻ࢈ + ሬሬሬሬሬሬ⃗ࡻࢉ

ࢇ + ࢈ + ࢉ  

Now, let’s proof Euler’s inequality. 

Let Δܥܤܣ, ܫ −incenter and ܱ −circumcenter be 
origin to position vectors. Then, 

ሬሬሬሬ⃗ܫܱ =
ሬሬሬሬሬ⃗ܣܱܽ + ሬሬሬሬሬ⃗ܤܱܾ + ሬሬሬሬሬ⃗ܥܱܿ

ܽ + ܾ + ܿ  

Squaring that identity, it follows 
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ଶܫܱ =
ܴଶ(ܽଶ + ܾଶ + ܿଶ) − 2൫ܾܱܽܣሬሬሬሬሬ⃗ ⋅ ሬሬሬሬሬ⃗ܤܱ + ሬሬሬሬሬ⃗ܤܱܾܿ ⋅ ሬሬሬሬሬ⃗ܥܱ + ሬሬሬሬሬ⃗ܥܱܽܿ ⋅ ሬሬሬሬሬ⃗ܣܱ ൯

(ܽ + ܾ + ܿ)ଶ  

ሬሬሬሬሬ⃗ܣܱ ⋅ ሬሬሬሬሬ⃗ܤܱ = ܣܱ ⋅ ܤܱ ⋅ cos൫ܤܱܣ൯ = ܴ ⋅ ܴ
2ܴଶ − ܿଶ

2ܴଶ = ܴଶ −
ܿଶ

2  

ଶܫܱ =
ܴଶ(ܽ + ܾ + ܿ)ଶ − ܾܽܿ(ܽ + ܾ + ܿ)

2(ܽ + ܾ + ܿ)ଶ = ܴଶ −
ܾܽܿ
ݏ2 = ܴଶ − ݎ2ܴ = ܴ(ܴ −  (ݎ2

How, ܱܫଶ ≥ 0 we get: ࡾ ≥ ࢘	(࢘ࢋ࢛ࡱ).	Now, squaring identity 	ܫܣሬሬሬሬ⃗ = ሬሬሬሬሬ⃗ ାሬሬሬሬሬ⃗

ାା
, we obtain 

൫ܫܣሬሬሬሬ⃗ ൯
ଶ

= ቆ
ሬሬሬሬሬ⃗ܤܣܾ + ሬሬሬሬሬ⃗ܥܣܿ
ܽ + ܾ + ܿ ቇ

ଶ

⟺ 

ଶܫܣ =
ܾଶܿଶ + ܿଶܾଶ + 2ܾܿ ⋅ ܾܿ ⋅ cosܥ

(ܾ + ܿ)ଶ =
2ܾଶܿଶ + ܾܿ(ܾଶ + ܿଶ − ܽଶ)

(ܾ + ܿ)ଶ = 

=
ܾܿ(2ܾܿ + ܾଶ + ܿଶ − ܽଶ)

(ܾ + ܿ)ଶ =
ܾܿ(ܾ + ܿ − ܽ)(ܾ + ܿ + ܽ)

(ܾ + ܿ)ଶ =
ܾܿ ⋅ ݏ)2 − ܽ) ⋅ ݏ2

(ܾ + ܿ)ଶ  

Hence: ᇱ = 
ࢉା࢈

ඥ࢙)࢙ࢉ࢈ −  (ࢇ

Now, in Δܥܤܣ suppose that ܾ > ܿ and let 
ܦܣ −external bisector of ∠ܦ,ܤܣܥ ∈  :we have ,(ܥܤ)

ሬሬሬሬሬ⃗ܦܣ =
ሬሬሬሬሬ⃗ܤܣܾ − ሬሬሬሬሬ⃗ܥܣܿ

ܾ − ܿ ⇒ ሬሬሬሬሬ⃗ܦܣ ଶ = ቆ
ሬሬሬሬሬ⃗ܤܣܾ − ሬሬሬሬሬ⃗ܥܣܿ

ܾ − ܿ ቇ
ଶ

⟺ 

ଶܦܣ =
ܾଶܿଶ + ܿଶܾଶ − 2ܾଶܿଶ ⋅ cosܣ

(ܾ − ܿ)ଶ = 

=
2ܾଶܿଶ − ܾܿ(ܾଶ + ܿଶ − ܽଶ)

(ܾ − ܿ)ଶ = 

=
ܾܿ[ܽଶ − (ܾ − ܿ)ଶ]

(ܾ − ܿ)ଶ =
ܾܿ(ܽ − ܾ + ܿ)(ܽ+ ܾ − ܿ)

(ܾ − ܿ)ଶ = 

= (ଶ௦ିଶ)(ଶ௦ିଶ)
(ି)మ

= ସ(௦ି)(௦ି)
(ି)మ

 

Hence: ࡰ = 
ࢉି࢈

ඥ࢙)ࢉ࢈ − ࢙)(࢈ −  (ࢉ

In ઢࡻ, −circumcenter, ࡴ−orthocenter the 
following relationship holds: 

ሬሬሬሬሬሬ⃗ࡴ	(ࢇ + ሬሬሬሬሬሬ⃗ࡴ + ሬሬሬሬሬሬ⃗ࡴ = ࡻࡴሬሬሬሬሬሬ⃗ 																					 

ሬሬሬሬሬሬ⃗ࡻ	(࢈ + ሬሬሬሬሬሬ⃗ࡻ + ሬሬሬሬሬሬ⃗ࡻ = ሬሬሬሬሬሬ⃗ࡴࡻ  (࢘ࢋ࢚࢙ࢋ࢜࢟ࡿ)	
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Proof. Let ܱܯ ⊥ ,ᇱܣܪܣIn Δ .[ܥܤ] middle point of−ܯ then ,ܥܤ  is middle line and [ܯܱ]
ܪܣ ⊥ ,ܥܤ [ܪܣ] −altitude in Δܥܤܣ,ܱ −middle point of [ܣܣᇱ], then ܯ is middle point of 
ᇱܣܥܪܤ ,Therefore .[ᇱܣܪ] −is parallelogram and  2ܱܪሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬ⃗ܣܪ + ᇱሬሬሬሬሬሬሬ⃗ܣܪ . 

Now, from ܣܪᇱሬሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬ⃗ܤܪ + ሬሬሬሬሬ⃗ܥܪ  it follows that ܣܪሬሬሬሬሬሬ⃗ + ሬሬሬሬሬሬ⃗ܤܪ + ሬሬሬሬሬ⃗ܥܪ = ሬሬሬሬሬሬܱ⃗ܪ2  and from 2ܱܯሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬ⃗ܪܣ , 
ሬሬሬሬሬ⃗ܣܱ + ሬሬሬሬሬሬ⃗ܪܣ = ሬሬሬሬሬሬ⃗ܪܱ , then ܱܪሬሬሬሬሬሬ⃗ = ሬሬሬሬሬ⃗ܣܱ + ሬሬሬሬሬሬ⃗ܪܣ = ሬሬሬሬሬ⃗ܣܱ + ሬሬሬሬሬሬ⃗ܯ2ܱ = ሬሬሬሬሬ⃗ܣܱ + ሬሬሬሬሬ⃗ܤܱ + ሬሬሬሬሬ⃗ܥܱ . 

In ઢ the following relationship holds: 

ࡴࡻ	(ࢇ = (ࡾ − ૡ ܛܗ܋ ܛܗ܋ܛܗ܋  (

ࡴࡻ	(࢈ = ࡾૢ − ࢇ) + ࢈ +  											(ࢉ

ࡵࡻ	(ࢉ = ࡾ −
ࢉ࢈ࢇ

+ࢇ ࢈ +  																									ࢉ

Proof. 

Using Sylvester identity: ݎுሬሬሬሬ⃗ = ሬሬሬ⃗ݎ + ሬሬሬ⃗ݎ + ሬሬሬ⃗ݎ  and 
squaring, we get:   

ுሬሬሬሬ⃗ݎ
ଶ = ሬሬሬ⃗ݎ

ଶ + ሬሬሬ⃗ݎ
ଶ + ሬሬሬ⃗ݎ

ଶ + ሬሬሬ⃗ݎ)2 ⋅ ሬሬሬ⃗ݎ + ሬሬሬ⃗ݎ ⋅ ሬሬሬ⃗ݎ 	+ ሬሬሬ⃗ݎ ⋅ ሬሬሬ⃗ݎ ) 

ሬሬሬ⃗ݎ ⋅ ሬሬሬ⃗ݎ = ܴଶ cos ܥ2 ; ൯ܤܱܣ൫ߤ) = ܤܣ൫ߤ ൯ =  (ܥ)ߤ2

ሬሬሬ⃗ݎ ⋅ ሬሬሬ⃗ݎ = ܴଶ cos ܣ2 ; ሬሬሬ⃗ݎ	 ⋅ ሬሬሬ⃗ݎ = ܴଶ cos  ܤ2

Hence: 

ଶܪܱ  = 3ܴଶ + 2ܴଶ(cos ܣ2 + cos ܤ2 + cos  .(ܥ2

Now, using identity cos ܣ2 + cos ܤ2 + cos ܥ2 =
−1 − 4 cosܣ cosܤ cos  :we get ,ܥ

ଶܪܱ = ܴଶ(1 − 8 cosܣ cosܤ cosܥ) 

Using Law of cosines, we have: 

ଶܪܱ  = 9ܴଶ − (ܽଶ + ܾଶ + ܿଶ). 

ሬሬሬሬሬ⃗ܤܱ ⋅ ሬሬሬሬሬ⃗ܥܱ = ܤܱ ⋅ ܥܱ ⋅ cos൫ܥܱܤ൯ = ܤܱ)ܥܱ ⋅ cos൫ܥܱܤ൯ = ܥܱ ⋅ ᇱܥܱ = ܱܺᇱ ⋅ ܱܺ = 

= (݀ − ܴଵ)(݀ + ܴଵ) = ݀ଶ − ܴଵଶ, where ݀ = ܱܱଵ and ܴଵ = 
ଶ

. 

If ܣ is middle point of [ܥܤ], then ݎሬሬሬ⃗ ⋅ ሬሬሬ⃗ݎ = ᇱଶܣܱ − మ

ଶ
= ܴଶ − మ

ସ
− మ

ସ
= ܴଶ − మ

ଶ
. 

Analogously, ݎሬሬሬ⃗ ⋅ ሬሬሬ⃗ݎ = ܴଶ − మ

ଶ
 and ݎሬሬሬ⃗ ⋅ ሬሬሬ⃗ݎ = ܴଶ − మ

ଶ
. Hence, 

ுሬሬሬሬ⃗ݎ
ଶ = 3ܴଶ + 2ቆܴଶ −

ܽଶ

2 + ܴଶ −
ܾଶ

2 + ܴଶ −
ܿଶ

2 ቇ⟺ ଶܪܱ = 9ܴଶ − (ܽଶ + ܾଶ + ܿଶ) 



Romanian Mathematical Society-Mehedinți Branch 2023 
 

29 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

Now, squaring in identity ݎூሬሬ⃗ = ಲሬሬሬሬሬ⃗ ାಳሬሬሬሬሬ⃗ ାሬሬሬሬ⃗
ାା

 and from ݎሬሬሬ⃗
ଶ = ሬሬሬ⃗ݎ

ଶ = ሬሬሬ⃗ݎ
ଶ = ܴଶ , ሬሬሬ⃗ݎ ⋅ ሬሬሬ⃗ݎ = ܴଶ −

మ

ଶ
, ሬሬሬ⃗ݎ ⋅ ሬሬሬ⃗ݎ = ܴଶ − మ

ଶ
 and ݎሬሬሬ⃗ ⋅ ሬሬሬ⃗ݎ = ܴଶ − మ

ଶ
 it follows that: 

ଶܫܱ = ܴଶ −
ܾܽܿ

ܽ + ܾ + ܿ 

How ܱܪଶ ≥ 0, then 9ܴଶ − (ܽଶ + ܾଶ + ܿଶ) ≥ 0 and ࢇ + ࢈ + ࢉ ≤  .(ࢠ࢈ࢋࡸ)	ࡾૢ

Application 1: In ઢ, ࡵ −incentre, the following relationship holds: 

ࡵ ⋅
ࢇ

ࢇ࢝
+ ࡵ ⋅

࢈

࢈࢝
+ ࡵ ⋅

ࢉ

ࢉ࢝
≤ √࢘ ⋅ ൬ࡾ +

ࡲ
√

൰ 

Solution. Using bisector theorem, it follows that: 

ଵܤܥ =
ܾܽ
ܿ + ܽ ,

ܫܤ
ଵܫܤ

=
ܽ

ା

=
ܿ + ܽ
ܾ  

Also, భ
ூ

= ூାூభ
ூ

= 1 + ூభ
ூ

= 1 + 
ା

= ାା
ା

⇒ ூ
భ

= ା
ାା

⇔ ூ
௪್

= ା
ାା

. Similarly, 

ܫܣ
ݓ

=
ܾ + ܿ

ܽ + ܾ + ܿ ,
ܫܥ
ݓ

=
ܽ + ܾ

ܽ + ܾ + ܿ 

ܫܣ ⋅
ܽଶ

ݓ
+ ܫܤ ⋅

ܾଶ

ݓ
+ ܫܥ ⋅

ܿଶ

ݓ
=
ܽଶ(ܾ + ܿ) + ܾଶ(ܿ + ܽ) + ܿଶ(ܽ+ ܾ)

ܽ + ܾ + ܿ
= 

=
(ܽଶܾ + ܾଶܿ + ܿଶܽ) + (ܾܽଶ + ܾܿଶ + ܿܽଶ)

ܽ + ܾ + ܿ  

Applying Cauchy-Schwarz inequality, we have 

(ܽସ + ܾସ + ܿସ)(ܾଶ + ܿଶ + ܽଶ) ≥ (ܽଶܾ + ܾଶܿ + ܿଶܽ)ଶ ⇔ 

ܽଶܾ + ܾଶܿ + ܿଶܽ ≤ ඥܽଶ + ܾଶ + ܿଶ ⋅ ඥܽସ + ܾସ + ܿସ 

ܾܽଶ + ܾܿଶ + ܿܽଶ ≤ ඥܽଶ + ܾଶ + ܿଶ ⋅ ඥܽସ + ܾସ + ܿସ 

ܫܣ ⋅
ܽଶ

ݓ
+ ܫܤ ⋅

ܾଶ

ݓ
+ ܫܥ ⋅

ܿଶ

ݓ
≤

2√ܽଶ + ܾଶ + ܿଶ ⋅ √ܽସ + ܾସ + ܿସ

ܽ + ܾ + ܿ

=
√ܽଶ + ܾଶ + ܿଶ ⋅ √ܽସ + ܾସ + ܿସ

ݏ  

But: ܽଶ + ܾଶ + ܿଶ ≤ 9ܴଶ	(ݖܾ݅݊݅݁ܮ) and ܽସ + ܾସ + ܿସ ≤ 2(ܽଶ + ܾଶ + ܿଶ)ଶ, then 

ඥܽଶ + ܾଶ + ܿଶ ⋅ ඥܽସ + ܾସ + ܿସ ≤ 3ܴ ⋅ √2(ܽଶ + ܾଶ + ܿଶ); (1) 

Now, we want to prove that: ܽଶ + ܾଶ + ܿଶ ≤ 8ܴଶ + ସி
ଷ√ଷ

; (݆ܰܽ݇ܽ݅݉ܽᇱݏ	ݕݐ݈݅ܽݑݍ݁݊݅); (2) 
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But:  ܽଶ + ܾଶ + ܿଶ = ଶݏ2 − 4ܴ)ݎ2 + then ܽଶ ,(ݎ + ܾଶ + ܿଶ ≤ 8ܴଶ + ସ
ଷ√ଷ

ܨ ⇔ 

ଶݏ2 − ݎ8ܴ − ଶݎ2 ≤ 8ܴଶ +
4

3√3
⇔ ଶݏ ≤ 4ܴଶ + +ݎ4ܴ ଶݎ +

ܨ2
3√3

 

From ݏଶ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 we must to prove that ி ,(݊݁ݏݐ݁ݎݎ݁ܩ)	
ଷ√ଷ

≥ ଶݎ ⇔ ௦
ଷ√ଷ

≥ ଶݎ . 

From ݏଶ ≥ ݎ16ܴ − ݎit is suffices to prove 16ܴ ,(݊݁ݏݐ݁ݎݎ݁ܩ)	ଶݎ5 − ଶݎ5 ≥ ଶݎ27 ⇔ 

ܴ ≥  :From (1),(2) it follows that .(ݎ݈݁ݑܧ)	ݎ2

ܫܣ ⋅
ܽଶ

ݓ
+ ܫܤ ⋅

ܾଶ

ݓ
+ ܫܥ ⋅

ܿଶ

ݓ
≤

3√2ܴ
ݏ ⋅ ൬8ܴଶ +

4
3√3

൰ܨ ⇔ 

ܫܣ ⋅
ܽଶ

ݓ
+ ܫܤ ⋅

ܾଶ

ݓ
+ ܫܥ ⋅

ܿଶ

ݓ
≤

12√2ܴ
ݏ ⋅ ൬2ܴଶ +

ܨ
3√3

൰ ;൬
ܴ
ݏ = ൰ܨ ⇔ 

ܫܣ ⋅
ܽଶ

ݓ
+ ܫܤ ⋅

ܾଶ

ݓ
+ ܫܥ ⋅

ܿଶ

ݓ
≤ ݎ2√12 ⋅ ൬2ܴଶ +

ܨ
3√3

൰ 

Application 2: In ઢ, ࡵ −incentre, ࡻ −circumcentre,	ࡳ −centroid. Prove that: 

ቌࡵ
ࢉ࢟ࢉ

ቍቌࡻ
ࢉ࢟ࢉ

ቍቌࡳ
ࢉ࢟ࢉ

ቍ < +ࢇ) +࢈)(࢈ ࢉ)(ࢉ +  (ࢇ

Daniel Sitaru 

Solution. From Visschers’s theorem (1902) in any triangle, the sum of the segments that 
unite a point ܯ ∈  .is less then, the sum of any two sides of the triangle (ܥܤܣΔ)ݐ݊ܫ

ܣܯ + ܤܯ + ܥܯ < ܽ + ܣܯ;ܾ + ܤܯ + ܥܯ < ܾ + ܣܯ;ܿ + ܤܯ + ܥܯ < ܿ + ܽ 

ܣܯ) + ܤܯ + ଷ(ܥܯ < (ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ⇔ܣܯ
௬

< ඥ(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)య ; (∗) 

ܯ = ܣ ⇒ܣܫ
௬

< ඥ(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)య ; (1) 

ܯ = ܱ ⇒	ܱܣ
௬

< ඥ(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)య ; (2) 

ܯ = ܩ ⇒ܣܩ
௬

< ඥ(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)య ; (3) 

By multiplying (1),(2),(3) it follows that: 
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ቌܣܫ
௬

ቍቌܱܣ
௬

ቍቌܣܩ
௬

ቍ < (ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) 

Application 3: In ઢࡹ, ∈  :Prove that .(ઢ)࢚ࡵ

[ࡹ] ⋅ ሬሬሬሬሬሬሬ⃗ࡹ + [ࡹ] ⋅ ሬሬሬሬሬሬሬ⃗ࡹ + [ࡹ] ⋅ ሬሬሬሬሬሬ⃗ࡹ = ሬሬ⃗ . 

Solution. Let ݁ଵሬሬሬ⃗ , ݁ଶሬሬሬ⃗ , ݁ଷሬሬሬ⃗ −versors have some direction 
with ܣܯሬሬሬሬሬሬ⃗ ሬሬሬሬሬሬ⃗ܤܯ,  and ܥܯሬሬሬሬሬሬ⃗ , respectively. 

Let ݔ = ,൯ܥܯܤ൫ߤ ݕ = ݖ ൯ andܥܯܣ൫ߤ =  ൯ܤܯܣ൫ߤ
respectively.  

We have:  

[ܥܯܤ] ⋅ ሬሬሬሬሬሬ⃗ܣܯ + [ܥܯܣ] ⋅ ሬሬሬሬሬሬ⃗ܤܯ + [ܤܯܣ] ⋅ ሬሬሬሬሬሬ⃗ܥܯ = 0ሬ⃗  

ܤܯ ⋅ ܥܯ ⋅ sin ݔ
2 ⋅ ሬሬሬሬሬሬ⃗ܣܯ +

ܥܯ ⋅ ܣܯ ⋅ sinݕ
2 ⋅ ሬሬሬሬሬሬ⃗ܤܯ +

ܤܯ ⋅ ܣܯ ⋅ sin ݖ
2 ⋅ ሬሬሬሬሬ⃗ܥܱ = 0ሬ⃗  

How ܣܯሬሬሬሬሬሬ⃗ = ܣܯ ⋅ ݁ଵሬሬሬ⃗ ሬሬሬሬሬሬ⃗ܤܯ; = ܤܯ ⋅ ݁ଶሬሬሬ⃗  and ܥܯሬሬሬሬሬሬ⃗ = ܥܯ ⋅ ݁ଷሬሬሬ⃗ , we must to prove that: 

݁ଵሬሬሬ⃗ ⋅ sin ݔ + ݁ଶሬሬሬ⃗ ⋅ sin ݕ + ݁ଷሬሬሬ⃗ ⋅ sin ݖ = 0ሬ⃗  

Let Δܣଵܤଵܥଵ such that the sides are parallels with ܤܯ,ܣܯ,ܥܯ and applying Law of sinus, 
we get: ܣଵܤଵ = 2ܴ ⋅ sin ݖ ⇒ ଵሬሬሬሬሬሬሬሬሬ⃗ܤଵܣ = 2ܴ݁ଷሬሬሬ⃗ sin  ,Therefore.(ݏ݈݃ܽ݊ܽ	݀݊ܽ)	ݖ

0ሬ⃗ = ଵሬሬሬሬሬሬሬሬሬ⃗ܤଵܣ + ଵሬሬሬሬሬሬሬሬሬ⃗ܥଵܤ + ଵሬሬሬሬሬሬሬሬሬ⃗ܣଵܥ = 2ܴ(݁ଵሬሬሬ⃗ ⋅ sin ݔ + ݁ଶሬሬሬ⃗ ⋅ sinݕ + ݁ଷሬሬሬ⃗ ⋅ sin  (ݖ

Application 4: In ઢࡳ, ∈ ࡹ Prove that if exist the point .(ઢ)࢚ࡵ ∈  such ()
that:  ࡳࡹሬሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬሬ⃗ࡹ + ሬሬሬሬሬሬሬ⃗ࡹ + ሬሬሬሬሬሬ⃗ࡹ  then ࡳ − is centroid. 

Solution. Let be the points {ܦ} = ܩܣ ∩ ,ܥܤ {ܧ} = ܩܤ ∩ ,ܥܣ {ܨ} = ܩܥ ∩  .ܥܣ

Let us denote 


= ,ݔ ா
ா

= and ி ݕ
ி

=  :then applying Van Aubel’s theorem, we get ,ݖ

ܩܣ
ܦܩ = ݖ +

1
ݕ ⇒

ܩܣ
ܦܣ =

ݖݕ + 1
ݖݕ + ݕ + 1 

Now, from Ceva’s theorem, we have ݖݕݔ = 1.	For all point ܯ ∈  :we have ,(ܥܤܣΔ)ݐ݊ܫ

ሬሬሬሬሬሬ⃗ܩܯ =
ݖݕ + 1

ݖݕ + ݕ + ܦܯݖ
ሬሬሬሬሬሬ⃗ +

ݕ
ݖݕ + ݕ + ܣܯ1

ሬሬሬሬሬሬ⃗ = 

=
ݖݕ + 1

ݖݕ + ݕ + 1 ൬
ݔ

1 + ܥܯݔ
ሬሬሬሬሬሬ⃗ +

1
1 + ܤܯݔ

ሬሬሬሬሬሬ⃗ ൰ +
ݕ

ݖݕ + ݕ + ܣܯ1
ሬሬሬሬሬሬ⃗ = 

=
1 + ݔ

ݔ + +ݕݔ 1 ⋅
ݔ

1 + ܥܯݔ
ሬሬሬሬሬሬ⃗ +

1
ݔ + ݕݔ + ܤܯ1

ሬሬሬሬሬሬ⃗ +
ݕݔ

ݔ + ݕݔ + ܣܯ1
ሬሬሬሬሬሬ⃗  
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On the other hand, we have: 3ܩܯሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬ⃗ܣܯ + ሬሬሬሬሬሬ⃗ܤܯ + ሬሬሬሬሬሬ⃗ܥܯ . Therefore, ݔ = ݕ = ݖ = 1 ⇒
ܩ −centroid. 

Application 5: In ઢࣆ,൫൯ = ૢ∘, ࡹ is middle point of (),ࡰ −altitude, 
ࡱ −internal bisector. Prove that: 

ሬሬሬሬሬ⃗ࡱ = ቀ
ࢇ

࢈ + ࢉ
ቁ

ሬሬሬሬሬሬ⃗ࡰ + ቈ − ቀ

ࢇ
࢈ + ࢉ

ቁ

 ሬሬሬሬሬሬ⃗  

Solution. 

 

From bisector theorem, we have 


= ா


= 
ା

 and from ܾଶ = ܽ ⋅  :it follows that ܦܥ

ܧܯ
ܦܯ =

ܧܤ − ܯܤ
ܯܥ − ܦܥ =


ଶ
− 

ା
మ


− 

ଶ

=
ܾܽ + ܽܿ − 2ܽܿ

2(ܾ + ܿ) ⋅
2ܽ

2ܾଶ − ܽଶ = 

=
ܽଶ(ܾ − ܿ)

(ܾ + ܿ)(2ܾଶ − ܽଶ) =
ܽଶ

(ܾ + ܿ)ଶ , ሬሬሬሬሬሬ⃗ܧܯ = ቀ
ܽ

ܾ + ܿ
ቁ
ଶ
⋅ ሬሬሬሬሬሬ⃗ܦܯ  

ሬሬሬሬሬ⃗ܧܣ − ሬሬሬሬሬሬ⃗ܯܣ = ሬሬሬሬሬሬ⃗ܧܯ = ቀ
ܽ

ܾ + ܿ
ቁ
ଶ
⋅ ሬሬሬሬሬሬ⃗ܦܯ = ቀ

ܽ
ܾ + ܿ

ቁ
ଶ
൫ܦܣሬሬሬሬሬ⃗ − ሬሬሬሬሬሬ⃗ܯܣ ൯ 

ሬሬሬሬሬ⃗ܧܣ = ቀ
ܽ

ܾ + ܿ
ቁ
ଶ
ሬሬሬሬሬ⃗ܦܣ + 1 − ቀ

ܽ
ܾ + ܿ

ቁ
ଶ
൨ ሬሬሬሬሬ⃗ܤܣ  

Application 6: Let ,, be projection to centroid ࡳ in ઢ. Prove that: 

ࢇ ⋅ ሬሬሬሬሬሬሬሬ⃗ࡳ + ࢈ ⋅ ሬሬሬሬሬሬሬሬ⃗ࡳ + ࢉ ⋅ ሬሬሬሬሬሬሬሬ⃗ࡳ = ሬሬ⃗ . 

Solution.  

 

Let us denote ܯ middle point of ܥܤ and ܣܣᇱ −altitude. We have ܣܩଵሬሬሬሬሬሬሬ⃗ = ଵ
ଷ
ᇱሬሬሬሬሬሬሬ⃗ܣܣ . 
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But ܣܤᇱ + ܥᇱܣ = ܽ then, ܣᇱܥ ቀ1 + ᇲ

ᇲ
ቁ = ܽ. Hence, 

ᇲ


= ଵ

ଵାಳಲ
ᇲ

ಲᇲ

 . Denote 
ᇲ

ᇲ
= ݇, it follows 

that: ܣܣᇱሬሬሬሬሬሬሬ⃗ = ሬሬሬሬሬ⃗ ା⋅ሬሬሬሬሬ⃗

ଵା
= ᇲ


⋅ ሬሬሬሬሬ⃗ܤܣ + ᇲ


⋅ ሬሬሬሬሬ⃗ܥܣ  

ᇱሬሬሬሬሬሬሬ⃗ܤܤ =
ᇱܤܥ

ܾ ⋅ ሬሬሬሬሬ⃗ܣܤ +
ᇱܤܣ

ܾ ⋅ ሬሬሬሬሬ⃗ܥܤ , ᇱሬሬሬሬሬሬሬ⃗ܥܥ =
ܣᇱܥ
ܿ ⋅ ሬሬሬሬሬ⃗ܤܥ +

ܤᇱܥ
ܿ ⋅ ሬሬሬሬሬ⃗ܣܥ ; ᇱܤܤ) ⊥ ᇱܥܥ,ܥܣ ⊥  .(ܤܣ

Δܣܣᇱܥ~Δܤܤᇱܥ ⇒
ܥᇱܣ
ܥᇱܤ =

ܾ
ܽ ;
ᇱܣܤ

ᇱܥܤ =
ܿ
ܽ ;
ᇱܥܣ

ᇱܤܣ =
ܾ
ܿ . 

Now, ܩ −centroid, namely  ܣܩଵሬሬሬሬሬሬሬ⃗ = ଵ
ଷ
ᇱሬሬሬሬሬሬሬ⃗ܣܣ ⇒ ܽଶ ⋅ ଵሬሬሬሬሬሬሬ⃗ܣܩ = 

ଷ
൫ܣᇱܥ ⋅ ሬሬሬሬሬ⃗ܤܣ + ܤᇱܣ ⋅ ሬሬሬሬሬ⃗ܥܣ ൯. Therefore, 

ܽଶ ⋅ ଵሬሬሬሬሬሬሬ⃗ܣܩ + ܾଶ ⋅ ଶሬሬሬሬሬሬሬ⃗ܤܩ + ܿଶ ⋅ ଵሬሬሬሬሬሬሬ⃗ܥܩ =
ܽ
3 ൫ܣ

ᇱܥ ⋅ ሬሬሬሬሬ⃗ܤܣ + ܤᇱܣ ⋅ ሬሬሬሬሬ⃗ܥܣ ൯ +
ܾ
3 ൫ܤ

ᇱܥ ⋅ ሬሬሬሬሬ⃗ܣܥ + ܣᇱܥ ⋅ ሬሬሬሬሬ⃗ܤܥ ൯ = 

=
1
3 ൣ

(ܽ ⋅ ܥᇱܣ − ܾ ⋅ ሬሬሬሬሬ⃗ܤܣ(ܥᇱܤ + (ܾ ⋅ ܣᇱܤ − ܿ ⋅ ሬሬሬሬሬ⃗ܥܤ(ܣᇱܥ + (ܿ ⋅ ܤᇱܥ − ܽ ⋅ ሬሬሬሬሬ⃗ܣܥ(ܤᇱܣ ൧ = 0ሬ⃗  

Application 7: In ઢ, ࡵ −incentre, ࡳ −centroid. Prove that ‖ࡳࡵ if and only if 
࢈ + ࢉ = ࢇ. 

Solution. It is well-known that: (ܽ + ܾ + ሬሬሬሬሬ⃗ܫܯ(ܿ = ሬሬሬሬሬሬ⃗ܣܯܽ + ሬሬሬሬሬሬ⃗ܤܯܾ + ሬሬሬሬሬሬ⃗ܥܯܿ ܯ∀, ∈  (ܥܤܣ)

Taking ܯ = ሬሬሬሬሬ⃗ܣܩ and from ܩ = − ଶ
ଷ
ᇱሬሬሬሬሬሬሬ⃗ܣܣ , ሬሬሬሬሬ⃗ܤܩ = − ଶ

ଷ
ᇱሬሬሬሬሬሬሬ⃗ܤܤ ሬሬሬሬሬ⃗ܥܩ			, = − ଶ

ଷ
ᇱሬሬሬሬሬሬሬ⃗ܥܥ ,	where ܣᇱ,ܤᇱ,ܥ′ are 

middle points of ܤܣ,ܣܥ,ܥܤ respectively. Hence, 

(ܽ + ܾ + ሬሬሬሬ⃗ܫܩ(ܿ = −
2
3 ൫ܽܣܣ

ᇱሬሬሬሬሬሬሬ⃗ + ᇱሬሬሬሬሬሬሬ⃗ܤܤܾ + ܥܥܿ ᇱሬሬሬሬሬሬሬ⃗ ൯ = 

= −
1
3 ൣܽ൫ܤܣ

ሬሬሬሬሬ⃗ + ሬሬሬሬሬ⃗ܥܣ ൯ + ܾ൫ܣܤሬሬሬሬሬ⃗ + ሬሬሬሬሬ⃗ܥܤ ൯ + ܿ൫ܣܥሬሬሬሬሬ⃗ + ሬሬሬሬሬ⃗ܤܥ ൯൧ = 

=
1
3 ൣ

(2ܽ − ܾ − ሬሬሬሬሬ⃗ܤܣ(ܿ + (ܾ + ܽ − ሬሬሬሬሬ⃗ܥܤ(2ܿ ൧ 

So, ܥܤ‖ܩܫ if and only if ܩܫሬሬሬሬ⃗ ሬሬሬሬሬ⃗ܥܤ,  have same direction, hence 2ܽ − ܾ − ܿ = 0. 

Application 8: In  ∆,	points	ࡽ,ࡼ ∈ ሬሬሬሬሬሬ⃗ࢼ such that () + ሬሬሬሬሬሬ⃗ࡼࢽ + ሬሬሬሬሬ⃗ࡼ =  and 

ሬሬሬሬሬሬ⃗ࡽ  + ሬሬሬሬሬሬ⃗ࡽࢻ + ሬሬሬሬሬሬ⃗ = ,ࢽ,ࢼ,ࢻ ∈ ℝ,ࢽ,ࢻ ≠  

Prove that A, P, Q are collinear if and only if ࢻ + ࢽ = ࢼ + .  

Solution: ܳܣሬሬሬሬሬ⃗ + ሬሬሬሬሬ⃗ܤܳߙ + ሬሬሬሬሬ⃗ܥܤ = 0 ⇔ ൫ܳܣሬሬሬሬሬ⃗ + ሬሬሬሬሬ⃗ܤܳ + ሬሬሬሬሬ⃗ܥܤ ൯ = ߙ) − ሬሬሬሬሬ⃗ܳܤ(1 ⇔ ሬሬሬሬሬ⃗ܥܣ = ߙ) − ሬሬሬሬሬ⃗ܳܤ(1  

ሬሬሬሬሬ⃗ܳܣ = ሬሬሬሬሬ⃗ܤܣ + ሬሬሬሬሬ⃗ܳܤ = ሬሬሬሬሬ⃗ܤܣ +
1

ߙ − 	ܥܣ1
ሬሬሬሬሬሬ⃗ ; 	(1) 

ሬሬሬሬሬ⃗ܤܣߚ + ሬሬሬሬሬ⃗ܲܤߛ + ሬሬሬሬሬ⃗ܥܲ = 0 ⇔ ሬሬሬሬሬ⃗ܤܣߚ + ሬሬሬሬሬ⃗ܣܤ൫ߛ + ሬሬሬሬሬ⃗ܲܣ ൯ + ሬሬሬሬሬ⃗ܥܲ = 0 ⇔ 
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ߚ) − ሬሬሬሬሬ⃗ܤܣ(ߛ + ሬሬሬሬሬ⃗ܲܣߛ + ሬሬሬሬሬ⃗ܥܲ = 0 ⇔ 

ߚ)													 − ሬሬሬሬሬ⃗ܤܣ(ߛ + ߛ) − ሬሬሬሬሬ⃗ܲܣ(1 + ሬሬሬሬሬ⃗ܥܣ = 0 ⇔ 

ሬሬሬሬሬ⃗ܲܣ = −
1

ߛ − 1
ቀ(ߚ − ሬሬሬሬሬ⃗ܤܣ(ߛ + ሬሬሬሬሬ⃗ܥܣ ቁ =

1
1 − ߛ

ቀ(ߚ − ሬሬሬሬሬ⃗ܤܣ(ߛ + ሬሬሬሬሬ⃗ܥܣ ቁ ; 		(2) 

From (1) and (2) ܣ,ܲ,ܳ	are collinear if and only if exist ߣ ∈ ℝ such that 

ሬሬሬሬሬ⃗ܲܣ = ሬሬሬሬሬ⃗ܳܣߣ ⇔
1

1 − ߛ
ቀ(ߚ − ሬሬሬሬሬ⃗ܤܣ(ߛ + ሬሬሬሬሬ⃗ܥܣ ቁ = ߣ ൬ܤܣሬሬሬሬሬ⃗ +

1
ߙ − 	ܥܣ1

ሬሬሬሬሬሬ⃗ ൰ ⇔ 

⎩
⎨

⎧
ߚ − ߛ
1 − ߛ = ߣ

1
1 − ߛ =

ߣ
ߙ − 1

⇔ ൜ߚ − ߛ = 1)ߣ − (ߛ
ߙ − 1 = 1)ߣ − (ߛ ⇔ ߙ + ߛ = ߚ + 1 

Application 9: In ∆ࡱ,ࡹ; ∈ ࡲ,ࡺ;() ∈ ሬሬሬሬሬ⃗ࡱ such that () = ሬሬሬሬሬሬ⃗ࡱ ሬሬሬሬሬ⃗ࡲ, =
ሬሬሬሬሬ⃗ࡲ ሬሬሬሬሬሬሬ⃗ࡻࡹ, = ሬሬሬሬሬሬ⃗ࡺࡻ  and ࡹ

ࡹ
= ࡺ

ࡺ
= ,,,;ࣅ ࣅ ∈ ℝ∗; ≠ −,ࣅ ≠ ; ∙  = . 

Prove that: ࡲ,ࡻ,ࡱ are collinear if and only if  =  .

Solution. 

ெ
ெ

= ே
ே

= ߣ ⇒ ൜ܤܯሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬ⃗ܣܰߣ
ሬሬሬሬሬሬ⃗ܣܯ = ሬሬሬሬሬ⃗ܥܰߣ

 

⇒ ൞
ሬሬሬሬሬሬ⃗ܣܯ = −

1
1 − ܤܣߣ

ሬሬሬሬሬ⃗

ሬሬሬሬሬሬ⃗ܰܣ = −
ߣ

1 − ߣ ܥܣ
ሬሬሬሬሬ⃗

		; 			(1) 

൜ܧܣሬሬሬሬሬ⃗ = ሬሬሬሬሬ⃗ܤܧ݉
ሬሬሬሬሬ⃗ܨܣ = ሬሬሬሬሬ⃗ܥܨ݊

⇒ ൞
ሬሬሬሬሬ⃗ܤܣ =

݉ + 1
݉ ሬሬሬሬሬ⃗ܧܣ

ሬሬሬሬሬ⃗ܥܣ =
݊ + 1
݊ ሬሬሬሬሬ⃗ܨܣ

; 		(2) 

ሬሬሬሬሬሬܱ⃗ܯ = ሬሬሬሬሬሬܱ⃗ܰ ⇒ ሬሬሬሬሬሬ⃗ܣܯ + ሬሬሬሬሬܱ⃗ܣ = ሬሬሬሬሬ⃗ܣ൫ܱ + ሬሬሬሬሬሬ⃗ܰܣ ൯, (1 + ሬሬሬሬሬܱ⃗ܣ( = ሬሬሬሬሬሬ⃗ܯܣ + ሬሬሬሬሬሬ⃗ܰܣ ;		(3) 

From (1),(3) we get: ܱܣሬሬሬሬሬ⃗ = ଵ
ଵା

∙ ଵ
ଵିఒ

ሬሬሬሬሬ⃗ܤܣ − 
ଵା

∙ ఒ
ଵିఒ

ሬሬሬሬሬ⃗ܥܣ ; 		(4) 

From (2),(4) we have: ܱܣሬሬሬሬሬ⃗ = ଵ
ଵା

∙ ଵ
ଵିఒ

∙ ାଵ


ሬሬሬሬሬ⃗ܧܣ − 
ଵା

∙ ఒ
ଵିఒ

∙ ାଵ

ሬሬሬሬሬ⃗ܨܣ  

are collinear if and only if  ଵ ܨ,ܱ,ܧ
ଵା

∙ ଵ
ଵିఒ

∙ ାଵ


− 
ଵା

∙ ఒ
ଵିఒ

∙ ାଵ


= 1 ⇔ 

݊(݉ + 1) − ݊)݉ߣ + 1) = )݊݉ + 1)(1 − (ߣ ⇔ 

݊ ߣ݉− = ݊݉ − ݊݉ߣ ⇔ (݉−1)݊ = )ߣ݉ − ݊)
ୀଵ
ሯልልሰ  = ݊. 
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Application 10: In ઢࡴ,−orthocenter, ࡼ,ࡺ,ࡹ middle points of (), ,()  ()
respectively and  ∈ ,(ࡴ) ∈ ,(ࡴ) ∈  such that (ࡴ)

ࡴ
= 

ࡴ
= 

ࡴ
.  

Prove that the lines ,ࡹ,ࡺࡼ are concurrences.  

Solution: From Sylvester identity, we have: ݎுሬሬሬሬ⃗ = ሬሬሬ⃗ݎ + ሬሬሬ⃗ݎ + ሬሬሬ⃗ݎ . Let us denote: భ
భு

= భ
భு

=
భ
భு

= ݇, so  ݎభሬሬሬሬሬ⃗ = ಲሬሬሬሬሬ⃗ ାಹሬሬሬሬሬ⃗
ଵା

= ଵ
ଵା

ሬሬሬ⃗ݎ + 
ଵା

ுሬሬሬሬ⃗ݎ = ሬሬሬ⃗ݎ + 
ଵା

ሬሬሬ⃗ݎ + 
ଵା

ሬሬሬ⃗ݎ  

Let’s consider the point ܳ ∈ such that భொ (ܯଵܣ)
ொெ

= ݈. Hence: ݎொሬሬሬ⃗ = ଵ
ଵା

భሬሬሬሬሬ⃗ݎ + 
ଵା

ெሬሬሬሬ⃗ݎ = 

=
1

1 + ݈ ൬ݎሬሬሬ⃗ +
݇

1 + ݇ ሬሬሬ⃗ݎ +
݇

1 + ݇ ሬሬሬ⃗ݎ ൰+
1

1 + ݈ ൬
1
2 ሬሬሬ⃗ݎ +

1
2 ሬሬሬ⃗ݎ ൰ = 

=
1

1 + ݈ ݎሬሬሬ⃗ + ൬
݇

1 + ݇ +
݈

2(1 + ݈)൰ ሬሬሬ⃗ݎ + ൬
݇

1 + ݇ +
݈

2(1 + ݈)൰ ሬሬሬ⃗ݎ ൨ 


ଵା

+ 
ଶ(ଵା)

= 1 ⇔ ݈ = ଶ
ିଵ

. Hence, ݎொሬሬሬ⃗ = ିଵ
ାଵ

ሬሬሬ⃗ݎ) + ሬሬሬ⃗ݎ + ሬሬሬ⃗ݎ ). 
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Δܥܤܣ:ܴ −circumradii, ݎ −inradius, ܨ −area, ܭܳ =  ,mixtilinear incircle ܣ radius ofݎ
ܴܮ = ܴ −radius of ܣ mixtilinear excircle. 

Plagiogonal system: ܤܣ = ܥܣ;ݔܣ = ,ܿ)ܤ,(0,0)ܣ,ݕܣ  (ܾ,0)ܥ,(0

,݇)ܭ ,ଵ)ܱ,(݇ ,(ଶ ,݈)ܮ ݈),൞
ଵ =

ܿ − ܾ ⋅ cosܣ
2 ⋅ sinଶ ܣ ; (1)

ଶ =
ܾ − ܿ ⋅ cosܣ

2 ⋅ sinଶ ܣ ; (2)
; ݎ = ݇ ⋅ sinܣ ; (3);ܴ =

ܽ
2 sinܣ ; (4) 

Is (ܴ − )ଶݎ = ଶܭܱ ⇒ ܴଶ − ݎ2ܴ + ଶݎ = ଶ; and from (3)ܭܱ ⇒ 
ܽଶ

4 ⋅ sinଶ ܣ − 2 ⋅
ܽ

2 ⋅ sinܣ ⋅ ݇ ⋅ sinܣ + ݇ଶ ⋅ sinଶ ܣ =  ଶܭܱ

݇ଶ ⋅ sinଶ ܣ + ܽ ⋅ ݇ +
ܽଶ

4 ⋅ sinଶ ܣ = ଵ) − ݇)ଶ + ଶ) − ݇)ଶ − ଵ)2 − ଶ)(݇ − ݇) ⋅ cosܣ 

From (1),(2) it follows ݇ = ିାା
(ଵାୡ୭ୱ)మ

; (5) 

From (3),(5) it follows ݎ = ିାା
(ଵାୡ୭ୱ)మ

⋅ sinܣ ⇒ ݎ = (−ܽ + ܾ + ܿ) ⋅
୲ୟ୬ಲమ

ଵାୡ୭ୱ
; (6). Similarly, 

݈ =
ܽ + ܾ + ܿ

(1 + cosܣ)ଶ ,ܴ = (ܽ + ܾ + ܿ) ⋅
tan 

ଶ
1 + cosܣ ; (7) 

From (6),(7) it follows that ܴ − ݎ = 2ܽ ⋅
୲ୟ୬ಲమ

ଵାୡ୭ୱ
; (8) 

In Δܭܮܯ: sin 
ଶ

= ோೌିೌ
ೌೌ

		and from (8) we get: 

ଶ(ܭܮ) =
4ܽଶ

(1 + cosܣ)ଶ ⋅ cosଶ 
ଶ

=
8ܽଷ

(1 + cosܣ)ଷ ⇒ ൬
ܮܭ
ܽ ൰

ଶ

= ൬
2

1 + cosܣ൰
ଷ

⇒ 

ܮܭ
ܽ = ൬

2
1 + cosܣ൰

య
మ
⇒ ܮܭ = ൬

ܾܿ
ݏ)ݏ − ܽ)൰

య
మ
 

ෑ൬
ܮܭ
ܽ ൰

௬

= 
8

(1 + cos1)(ܣ + cos1)(ܤ + cosܥ)൨
య
మ

= ቈ
ܽଶܾଶܿଶ

ݏ)ଷݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ)

య
మ

⇒ 

ෑ൬
ܮܭ
ܽ ൰

௬

= ൬
4ܴ
ݏ ൰

ଷ

⇒ෑ(ܭ݈)
௬

= 256 ⋅
ܴସݎ
ଶݏ  

⎩
⎪
⎨

⎪
⎧
ݎ = (−ܽ + ܾ + ܿ) ⋅

tan 
ଶ

1 + cosܣ

ݎ =
ܾܿ

ܽ + ܾ + ܿ ⋅ sinܣ
⇒
ݎ
ݎ =

−ܽ + ܾ + ܿ


ାା

⋅

ୱ୧୬ಲమ
ୡ୭ୱಲమ

2 sin 
ଶ

cos 
ଶ

⋅
1

1 + cosܣ ⇒ 

ݎ
ݎ =

(ܾ + ܿ)ଶ − ܽଶ

2ܾܿ ⋅
1

cosଶ 
ଶ

⋅
1

1 + cos ܣ2 ⇒
ݎ
ݎ =

1
cosଶ 

ଶ

⇒
ݎ
ݎ =

ܾܿ
ݏ)ݏ − ܽ) 

⎩
⎪
⎨

⎪
⎧
ܴ = (ܽ + ܾ + ܿ) ⋅

tan 
ଶ

1 + cosܣ

ݎ =
ܾܿ

ܽ + ܾ + ܿ ⋅ sinܣ
⇒
ܴ
ݎ =

ܽ + ܾ + ܿ


ାା

⋅
1

cosଶ 
ଶ

⋅
1

1 + cosܣ ⇒ 

ܴ
ݎ =

ܽ + ܾ + ܿ
−ܽ + ܾ + ܿ ⋅

1
cosଶ 

ଶ

⇒
ܴ
ݎ =

ݏ
ݏ − ܽ ⋅

ܾܿ
ݏ)ݏ − ܽ) ⇒

ܴ
ݎ =

1
cosଶ 

ଶ
⋅ tan 

ଶ
⋅ tan 

ଶ
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⇒ ோೌ


= 
(௦ି)మ

; ோೌ
ೌ

= ଵ

୲ୟ୬ಳమ ⋅୲ୟ୬

మ

⇒ ோೌ
ೌ

= ௦
௦ି

 

ෑݎ
௬

=
ܽଶܾଶܿଶ ⋅ ଷݎ

ଶݏ ⋅ ݏ)ݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ) ⇒ෑݎ
௬

=
16ܴଶݎଷ

ଶݏ  

ෑܴ
௬

=
ܽଶܾଶܿଶ ⋅ ଷݎ

ݏ) − ܽ)ଶ(ݏ − ܾ)ଶ(ݏ − ܿ)ଶ ⇒ෑܴ
௬

= 16ܴଶݎ 

ෑ
ܴ
௬ݎ

=
16ܴଶݎ ⋅ ଶݏ

16ܴଶݎଷ ⇒ෑ
ܴ
௬ݎ

=
ଶݏ

ଶݎ =
ସݏ

 ଶܨ

Resume: 
ࢇ࢘
࢘ =

ࢉ࢈
࢙)࢙ − (ࢇ ; ,(࢙ࢍࢇࢇ	ࢊࢇ)

ࢇࡾ
࢘ =

ࢉ࢈
࢙) − (ࢇ ;  (࢙ࢍࢇࢇ	ࢊࢇ)

ࢇࡾ

ࢇ࢘
=

࢙
࢙ − ࢇ ;  (࢙ࢍࢇࢇ	ࢊࢇ)

ෑࢇ࢘
ࢉ࢟ࢉ

= ࡾ ⋅
࢘

࢙ ; 	ෑࢇࡾ
ࢉ࢟ࢉ

= ࡾ࢘; 	ෑ
ࢇࡾ

ࢉ࢟ࢉࢇ࢘

=
࢙

࢘ =
࢙

 ࡲ

ࢇࡸࢇࡷ
ࢇ = 

ࢉ࢈
࢙)࢙ − ൨(ࢇ




;  (࢙ࢍࢇࢇ	ࢊࢇ)

ෑ൬
ࢇࡸࢇࡷ
ࢇ ൰

ࢉ࢟ࢉ

= ൬
ࡾ
࢙ ൰



; 	ෑ(ࢇࡸࢇࡷ)
ࢉ࢟ࢉ

=  ⋅
࢘ࡾ
࢙ =  ⋅

ࡲࡾ
࢙  

Reference: 

ROMANIAN MATHEMATICAL MAGAZINE- -www.ssmrmh.ro 

 

ABOUT NAGEL’S AND GERGONNE’S CEVIANS-(VII) 

By Bogdan Fuştei-Romania 

In ઢ the following relationship holds: 

ࢇ࢙ = ࢉ࢈
ࢉା࢈

ࢇ	(࢙ࢍࢇࢇ	ࢊࢇ)	 − ࢇ࢙ = (ࢉି࢈)ࢇ

ࢉା࢈
≤ 


࢈| − ܾ If	.|ࢉ = ܿ we have equality. 

If ܾ ≠ ܿ ⇒ ೌ(ି)మ

మାమ
< ଵ

ଶ
|ܾ − ܿ| ⇔ ೌ|ି|

మାమ
< ଵ

ଶ
⇔ 2݉|ܾ − ܿ| < ܾଶ + ܿଶ 

⇔ 2݉|ܾ − ܿ| < |ܾଶ − ܿଶ| true from |ܾଶ − ܿଶ| < ܾଶ + ܿଶ. 
So, we have a new inequality: 


−࢈| |ࢉ ≥ ࢇ − ;(࢙ࢍࢇࢇ	ࢊࢇ)	ࢇ࢙ () 

1
2

|ܾ − ܿ|
௬

= max{ܽ, ܾ, ܿ} − min{ܽ,ܾ, ܿ} ⇒ ,࢈,ࢇ}ܠ܉ܕ {ࢉ ,࢈,ࢇ}ܖܑܕ− {ࢉ

≥(ࢇ − (ࢇ࢙
ࢉ࢟ࢉ

; () 

But ቊ
|ܾ − ܿ| ≥ ݊ − ݃
ଵ
ଶ

|ܾ − ܿ| ≥ ݉ − ݏ
⇒ 


࢈| − |ࢉ ≥ ࢇ + ࢇ ࢇࢍ− − ;(࢙ࢍࢇࢇ	ࢊࢇ)	ࢇ࢙ () 

Adding these up relations, we get: 
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,࢈,ࢇ}ܠ܉ܕ {ࢉ,࢈,ࢇ}ܖܑܕ−{ࢉ ≥

 ⋅

ࢇ) + ࢇ ࢇࢍ− − (࢙࢙
ࢉ࢟ࢉ

; () 

3
2

|ܾ − ܿ| ≥ ݊ + ݉ − ݃ − ;݊ݏ + ݃ ≥ 2݉ ⇒ ݊ ≥ 2݉ − ݃ 
3
2

|ܾ − ܿ| ≥ 2݉ − ݃ + ݉ − ݃ − ݏ = 3݉ − 2݃ −  ݏ

⇒



−࢈| |ࢉ ≥

ࢇ − ࢇࢍ − ;(࢙ࢍࢇࢇ	ࢊࢇ)	ࢇ࢙ () 

Adding these up relations, we get: 

,࢈,ࢇ}ܠ܉ܕ ,࢈,ࢇ}ܖܑܕ−{ࢉ {ࢉ ≥

 ⋅

(ࢇ − ࢇࢍ − (ࢇ࢙
ࢉ࢟ࢉ

; () 

max{ܽ, ܾ, ܿ}− min{ܽ, ܾ, ܿ} ≥
1
3 ⋅

(݊ + ݊ + ݊) +
1
3 ⋅

(݉ − ݃ − (ݏ
௬

 

But ݊ + ݊ + ݊ ≥ ට4ݏ − ଶ
ோ

 then: 

max{ܽ,ܾ, ܿ}− min{ܽ, ܾ, ܿ} ≥
1
3 ⋅ ݏ

ඨ4 −
ݎ2
ܴ +

1
3 ⋅(݉ − ݃ − (ݏ

௬

 

So, it follows that: 

(࢈,ࢇ}ܠ܉ܕ, ,࢈,ࢇ}ܖܑܕ−{ࢉ ({ࢉ ≥ −ඨ࢙
࢘
ࡾ + (ࢇ ࢇࢍ− − (ࢇ࢙

ࢉ࢟ࢉ

; (ૠ) 

ଶݏ = ݊ଶ + ℎݎ2 ⇒
ଶݏ

ℎଶ
=
݊ଶ

ℎଶ
+

ݎ2
ℎ

; 	ܽ ⋅ ℎ = ݎݏ2 ⇒
ܽ

ݎ2 =
ݏ
ℎ

 

⇒
ܽଶ

ଶݎ4 =
݊ଶ

ℎଶ
+

ݎ2
ℎ

 (ݏ݈݃ܽ݊ܽ	݀݊ܽ)

ݎݎ = ݏ)ݏ − ܽ) =
(ܽ + ܾ + ܿ)(ܾ + ܿ − ܽ)

4 =
(ܾ + ܿ)ଶ − ܽଶ

4  

ܽଶ = (ܾ + ܿ)ଶ − ݎݎ4 ; 	
ܽଶ

ଶݎ4 =
(ܾ + ܿ)ଶ

ଶݎ4 −
ݎݎ
ଶݎ ,

݊ଶ

ℎଶ
+

ݎ2
ℎ

=
(ܾ + ܿ)ଶ

ଶݎ4 −
ݎݎ
ଶݎ  

ݎ
2ܴ ⋅

ݎ
ℎ

=
ݎ − ݎ

4ܴ = sinଶ
ܣ
2 ⇒

ݎ
ℎ

=
ݎ − ݎ

ݎ2  (ݏ݈݃ܽ݊ܽ	݀݊ܽ)	

ܾܿ = ݎݎ + ݎݎ ; 	
(ܾ + ܿ)ଶ

ଶݎ4 =
݊ଶ

ℎଶ
+
ݎ − ݎ
ݎ +

ݎݎ
ଶݎ  

(ܾ + ܿ)ଶ

ଶݎ4 =
݊ଶ

ℎଶ
+
ܾܿ − ଶݎ

ଶݎ ⇒ 1 +
(ܾ + ܿ)ଶ − 4ܾܿ

ଶݎ4 =
݊ଶ

ℎଶ
 

So, it follows that:  ࢇ


ࢇࢎ
=  + (ࢉି࢈)

࢘
;(࢙ࢍࢇࢇ	ࢊࢇ)	 (ૡ) 

(ܾ − ܿ)ଶ

4 ≥
(݊ + ݉ − ݃ − )ଶݏ

9 ฬ⋅ ൬
1
ଶݎ + 1൰ ⇒ 

1 +
(ܾ − ܿ)ଶ

ଶݎ4 ≥
ଶݎ9 + (݊ + ݉ − ݃ − )ଶݏ

ଶݎ9 ,
݊ଶ

ℎଶ
≥

ଶݎ9 + (݊ + ݉ − ݃ − )ଶݏ

ଶݎ9  

So, it follows that: 
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݊
ℎ

≥
ඥ9ݎଶ + (݊ + ݉ − ݃ − )ଶݏ

ݎ3
;

1
ℎ

+
1
ℎ

+
1
ℎ

=
1
ݎ
⇒ 

 ≥
ඥૢ࢘ + ࢇ) + ࢇ − ࢇࢍ − (ࢇ࢙

ࢉ࢟ࢉࢇ

; (ૢ) 

ܽଶ

ଶݎ4 =
݊ଶ

ℎଶ
+

ݎ2
ℎ

≥
ଶݎ9 + (݊ + ݉ − ݃ − )ଶݏ

ଶݎ9 +
ݎ − ݎ
ݎ  

ܽଶ

ଶݎ4 ≥
ଶݎ9 + (݊ + ݉ − ݃ − )ଶݏ + ݎݎ9 − ଶݎ9

ଶݎ9  

ܽଶ

ଶݎ4 ≥
ݎݎ9 + (݉ + ݊ − ݃ − )ଶݏ

ଶݎ9 ,
ଶݎ9

ଶݎ4 ≥
ݎݎ9 + (݉ + ݊ − ݃ − )ଶݏ

ܽଶ  


 ≥

ඥૢࢇ࢘࢘ + ࢇ) + ࢇ ࢇࢍ− − (ࢇ࢙

ࢇ ;(࢙ࢍࢇࢇ	ࢊࢇ)	 () 

Summing, we get: 
ૢ
 ≥

ඥૢࢇ࢘࢘ + ࢇ) + ࢇ ࢇࢍ− − (ࢇ࢙

ࢇ
ࢉ࢟ࢉ

; () 

3
2 ܽ ≥ ඥ9ݎݎ + (݊ + ݉ − ݃ − )ଶݏ ⇒ 

3
2

(ܽ + ܾ + ܿ) ≥ඥ9ݎݎ + (݊ + ݉ − ݃ − )ଶݏ
௬

 

࢙ ≥ඥૢࢇ࢘࢘ + ࢇ) + ࢇ − ࢇࢍ − (ࢇ࢙
ࢉ࢟ࢉ

; () 

ଶݏ = ݊ଶ + ℎݎ2 ⇒ ℎݎ2 = ଶݏ − ݊ଶ = ݏ) + ݊)(ݏ + ݊) 

ݏ − ݊ =
ℎݎ2
ݏ + ݊

⇒ ݏ = ݊ +
ℎݎ2
ݏ + ݊

(ݏ݈݃ܽ݊ܽ	݀݊ܽ)	 ⇒ ݏ3 = ݊ + ݊ + ݊ + 
ℎݎ2
ݏ + ݊௬

 

So, it follows that: 

ࢇ + ࢈ + ࢉ + 
ࢇࢎࢇ࢘
࢙ + ࢉ࢟ࢉࢇ

≥ඥૢࢇ࢘࢘ + ࢇ) + ࢇ ࢇࢍ− − (ࢇ࢙
ࢉ࢟ࢉ

; () 

⎩
⎪
⎨

⎪
⎧ ݏ

ℎ
=

ܽ
ݎ2 =

݊
ℎ

+
ݎ2

ݏ + ݊
ܽ

ݎ2 ≥
ඥ9ݎݎ + (݉ + ݊ − ݃ − )ଶݏ

ݎ3

⇒ 

ࢇ
ࢇࢎ

+
ࢇ࢘

࢙ + ࢇ
≥
ඥૢࢇ࢘࢘ + ࢇ) + ࢇ − ࢇࢍ − (ࢇ࢙

࢘ ; () 

sinܣ = 2 sin
ܣ
2 cos

ܣ
2 ; sinଶ

ܣ
2 + cosଶ

ܣ
2 = 1; tan

ܣ
2 =

ݎ
ݏ  

sinܣ =
2 sin 

ଶ
cos 

ଶ

sinଶ 
ଶ

cosଶ 
ଶ

⋅

ଵ

ୡ୭ୱమಲమ
ଵ

ୡ୭ୱమಲమ

=
2 tan 

ଶ

1 + tanଶ 
ଶ

, sinܣ =
ݎݏ2

ଶݏ + ଶݎ
; ଶݏ = ݊ଶ +  ℎݎ2

1
sinܣ =

݊ଶ + ଶݎ + ℎݎ2
ݎݏ2

≥
2݊ݎ + ℎݎ2

ݎݏ2
=
݊ + ℎ

ݏ  

So, we have: 
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1
sinܣ ≥

݊ + ℎ
ݏ ;(ݏ݈݃ܽ݊ܽ	݀݊ܽ)	 ܨ2 = ܾܿ ⋅ sinܣ 

⇒ ܾܿ =
ܨ2

sinܣ ≥
݊)ܨ2 + ℎ)

ݏ ≥ ݊)ݎ2 + ℎ),ܾܿ = 2ܴℎ ≥ ݊)ݎ2 + ℎ) ⇒
ܴ
ݎ ≥

݊ + ℎ
ℎ

 

⇒
ܴ − ݎ
ݎ ≥

ඥ9ݎଶ + (݉ + ݊ − ݃ − )ଶݏ

ݎ3  

(ࡾ − (࢘ ≥ ඥૢ࢘ + ࢇ) + ࢇ − ࢇࢍ − ;(ࢇ࢙ () 
9ܴଶ − ݎ18ܴ + ଶݎ9 ≥ ଶݎ9 + (݊ + ݉ − ݃ − ,)ଶݏ 9ܴ(ܴ − (ݎ2 ≥ (݊ + ݉ − ݃ −  )ଶݏ

So, we get: 
ࡾ)ࡾૢ − ࢘) ≥ ࢇ) + ࢇ − ࢇࢍ − ;(ࢇ࢙ () 

Now, using : ݉ − ℎ ≥
(ି)మ

ଶ
 (ݏ݈݃ܽ݊ܽ	݀݊ܽ)	

ܽ(݉ − ℎ)
ଶݎ2 ≥

(ܾ − ܿ)ଶ

ଶݎ4 ;
(ܾ − ܿ)ଶ

ଶݎ4 =
݊ଶ

ℎଶ
−  (ݏ݈݃ܽ݊ܽ	݀݊ܽ)	1

ܽ(݉ − ℎ)
ଶݎ2 ≥

݊ଶ − ℎଶ

ℎଶ
⇒

ℎଶ

ଶݎ2
(݉ − ℎ) ≥

݊ଶ − ℎଶ

ܽ  

ℎ
ଶݎ2

(݉ − ℎ) ≥
݊ଶ − ℎଶ

ܨ2 =
݊ଶ − ℎଶ

ݎݏ2 ,
ݏ
ݎ

(݉ − ℎ) ≥
(݊ − ℎ)(݊ + ℎ)

ℎ
 

ݏ
ݎ ⋅
݉ − ℎ
݊ + ℎ

≥
݊ − ℎ
ℎ

=
݊
ℎ

− 1	 ⇒
ݏ
ݎ ⋅
݉ − ℎ
݊ + ℎ

≥
݊
ℎ

− 1 

So, we get: 
ݏ
ݎ ⋅
݉ − ℎ
݊ + ℎ

≥
ඥ9ݎଶ + (݉ + ݊ − ݃ − )ଶݏ − ݎ3

ݎ3  

ࢇ − ࢇࢎ
ࢇ + ࢇࢎ

≥
ඥૢ࢘ + ࢇ) + ࢇ − ࢇࢍ − (ࢇ࢙ − ࢘

࢙ ; (ૠ) 


ࢇ − ࢇࢎ
ࢇ + ࢉ࢟ࢉࢇࢎ

≥
ඥૢ࢘ + ࢇ) + ࢇ − ࢇࢍ − (ࢇ࢙ − ࢘

࢙
ࢉ࢟ࢉ

; (ૡ) 

݊ଶ = ଶݏ − ;ℎݎ2 	
݊ଶ

ℎ
=
ଶݏ

ℎ
− ݎ2 ⇒

݊ଶ

ℎ௬

=
ଶݏ

ݎ − 2(4ܴ +  (ݎ


݊ଶ

ℎ௬

=
ଶݏ − 4ܴ)ݎ2 + (ݎ

ݎ ;
݊
ℎ

=
݊
ඥℎ

⋅
1
ඥℎ

,
݊
ℎ௬

≤
ௌ

ඨቆ
݊ଶ

ℎ
+
݊ଶ

ℎ
+
݊ଶ

ℎ 
ቇ൬

1
ℎ

+
1
ℎ

+
1
ℎ
൰ 


ࢇ
ࢉ࢟ࢉࢇࢎ

≥

࢘ ⋅

ඥૢ࢘ + ࢇ) + ࢇ − ࢇࢍ − (ࢇ࢙
ࢉ࢟ࢉ

; (ૢ) 

ඥ࢙ − ࢘(ࡾ+ (࢘ ≥

 ⋅

ඥૢ࢘ + ࢇ) + ࢇ − ࢇࢍ − (ࢇ࢙
ࢉ࢟ࢉ

; () 

But: ݏଶ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 (݊݁ݏݐ݁ݎݎ݁ܩ)	 ⇒ 


݊
ℎ௬

≤ ඨ4ܴଶ + ݎ4ܴ + ଶݎ3 − ݎ8ܴ − ଶݎ2

ଶݎ = ඨ
(2ܴ − ଶ(ݎ

ଶݎ  


ࢇ
ࢉ࢟ࢉࢇࢎ

≤
ࡾ − ࢘
࢘ ⇒ (ࡾ − (࢘ ≥ඥૢ࢘ + ࢇ) + ࢇ ࢇࢍ− − (ࢇ࢙

ࢉ࢟ࢉ

; () 
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We known that: ݊݃ ≥ ݉ݓ, ݊ + ݃ ≥ 2݉ and ೌೌ(ೌାೌ)
ଶ௪ೌ

≥ ݉
ଶ . 

But:	݉
ଶ = ݎݎ +

1
4

(ܾ − ܿ)ଶ ⇒
݊݃(݊ + ݃)

ݓ2
− ݎݎ ≥

1
4

(ܾ − ܿ)ଶ 

ඨ
݊݃(݊ + ݃)

	ݓ2
– ݎݎ ≥

1
2

|ܾ − ܿ| 

Summing, we get: 

ඨ
ࢇ)ࢇࢍࢇ + (ࢇࢍ

ࢇ࢝	
ࢉ࢘࢈࢘–

ࢉ࢟ࢉ

≥ ,࢈,ࢇ}ܖܑܕ−{ࢉ,࢈,ࢇ}ܠ܉ܕ {ࢉ ; () 

ඨ
ࢇ)ࢇࢍࢇ + (ࢇࢍ

ࢇ࢝	
– ࢉ࢘࢈࢘

ࢉ࢟ࢉ

≥(ࢇ − (ࢇ࢙
ࢉ࢟ࢉ

; () 

ඨ
ࢇ)ࢇࢍࢇ + (ࢇࢍ

ࢇ࢝	
– ࢉ࢘࢈࢘

ࢉ࢟ࢉ

≥

 ⋅

ࢇ) + ࢇ − ࢇࢍ − (ࢇ࢙
ࢉ࢟ࢉ

; () 

ඨ
ࢇ)ࢇࢍࢇ + (ࢇࢍ

ࢇ࢝	
ࢉ࢘࢈࢘–

ࢉ࢟ࢉ

≥

 ⋅

(ࢇ − ࢇࢍ − (ࢇ࢙
ࢉ࢟ࢉ

; () 

ݎ
ℎ

+
ݎ
ℎ

+
ݎ
ℎ

=
2ܴ − ݎ
ݎ ≥

݊
ℎ

+
݊
ℎ

+
݊
ℎ

 

ࢇ
ࢇࢎ

+
࢈
࢈ࢎ

+
ࢉ
ࢉࢎ

≥

࢘ ⋅

ඥૢ࢘ + ࢇ) + ࢇ ࢇࢍ− − (ࢇ࢙
ࢉ࢟ࢉ

; () 

Reference: 
ROMANIAN MATHEMATICAL MAGAZINE- www.ssmrmh.ro 

 

A NEW PROOF FOR EULER’S INEQUALITY  

By Neculai Stanciu-Romania 

Let  be a triangle with angles ,,  in radians, ࡾ −circumradius and ࢘ −inradius. 

We consider the function:  ࢌ: (,࣊) → ℝ, (࢞)ࢌ = ܗܔ ቀܖܑܛ ࢞

ቁ − ܗܔ  ࢞

(࢞)ᇱࢌ =

 ܜܗ܋

࢞
 −


࢞ , (࢞)ᇱᇱࢌ = −


ܖܑܛ ࢞



+

࢞ =

ቀܖܑܛ ࢞


+ ࢞

ቁ ቀܖܑܛ ࢞


− ࢞


ቁ

࢞ ܖܑܛ ࢞


 

Because  < ܖܑܛ ࢞


< ࢞


࢞∀, ∈ (,࣊) it results ࢌᇱᇱ(࢞) > 0, so ࢌ −is concave on (,࣊). 

From Jensen’s inequality we deduce that: 
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()ࢌ + ()ࢌ + ()ࢌ ≤ ࢌ൬
 +  + 

 ൰ = ࢌ ቀ
࣊

ቁ 

⇔ ቌܗܔ
ܖܑܛ 


⋅ ܖܑܛ 


⋅ ܖܑܛ 




ቍ ≤ ܗܔ ൬

࣊൰



⇔  ≥
ૡ࣊ ⋅ ܖܑܛ 


⋅ ܖܑܛ 


⋅ ܖܑܛ 


ૠ  

Using ܖܑܛ 

⋅ ܖܑܛ 


⋅ ܖܑܛ 


= ࢘

ࡾ
 we obtain  ≥ ࣊࢘

ૠࡾ
. Hence, 

࣊ =  +  +  ≥  ⋅ √ ≥  ⋅ ඨ
࣊࢘
ૠࡾ



= ࣊ ⋅ ඨ
࢘
ࡾ


 

 ≥ ඨ࢘
ࡾ


⇔ ࡾ ≥ ࢘	(࢘ࢋ࢛ࡱ) 

ABOUT ȚIU-LEUENBERGER’S INEQUALITY 

By D.M. Bătinețu-Giurgiu-Romania 

Abstract: This inequality was published by Constantin Ionescu-Țiu in REVISTA DE 

MATEMATICĂ ȘI FIZICĂ in 1953. Independently F. Leuenberger published in Elem. Math. in 

1961 the same inequality. We will call this inequality: ȚIU-LEUENBERGER’S INEQUALITY. 

ȚIU-LEUENBERGER’S inequality: 

In any ઢ the following relationship holds: 


+ࢇ


࢈ +


ࢉ ≥

√
ࡾ ; 			() 

Proof. We have: ଵ


+ ଵ


+ ଵ


= ାା


= ାା
ସோி

≥
ீௗ ସ√ଷி

ସோி
= √ଷ

ோ
 

Generalization.If ݉ ≥ 0 the in any triangle ܥܤܣ the following relationship holds 

1
ܽାଵ +

1
ܾାଵ +

1
ܿାଵ ≥

൫√3൯
ଵି

ܴାଵ ; 		(2) 

Proof. We have: 

1
ܽାଵ +

1
ܾାଵ +

1
ܿାଵ =

(ܾܽ)ାଵ + (ܾܿ)ାଵ + (ܿܽ)ାଵ

(ܾܽܿ)ାଵ = 

=
(ܾܽ)ାଵ + (ܾܿ)ାଵ + (ܿܽ)ାଵ

ାଵ(ܨ4ܴ) ≥
ோௗ (ܾܽ + ܾܿ + ܿܽ)ାଵ

3(4ܴܨ)ାଵ ≥
ீௗ

 

≥
ீௗ ൫4√3ܨ൯

ାଵ

3(4ܴܨ)ାଵ =
൫√3൯

ାଵ

3 ⋅ ܴାଵ =
൫√3൯

ଵି

ܴାଵ  
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If ݉ = 0 then (2) becomes (1). 

Note by editor: A simple proof for Gordon’s inequality: 

In any Δܥܤܣ the following relationship holds: ܾܽ + ܾܿ + ܿܽ ≥  ܨ3√4

Proof. ܾܽ + ܾܿ + ܿܽ = ଶݏ + ଶݎ + ݎ4ܴ ≥
ீ௧௦

ݎ16ܴ − ଶݎ5 + ଶݎ + ݎ4ܴ = 

= ݎ20ܴ − ଶݎ4 ≥
ா௨

ݎ20ܴ − ݎ2ܴ = ݎ18ܴ ≥
ெ௧௩

18 ⋅
2

3√3
⋅ ݎݏ = 

=
ݎݏ12
√3

=
ܨ3√12

3 =  .ܨ3√4

METRIC RELATIONSHIPS IN ȘAHIN’S TRIANGLE 

By Daniel Sitaru – Romania  

Abstract: In this article are proved a few metric relationships in a geometrical configuration 
created by the mathematician Mehmet Șahin from Ankara – Turkiye. 

 

Theorem (Mehmet Șahin) 

Let ઢ be an acute triangle and ࢄ ∈ ࡼࢄ such that (ઢ)	࢚ࡵ ⊥ ࡽࢄ; ⊥  ;

ࡾࢄ ⊥ ࡼࢄ; = ࡽࢄ; = ࡾࢄ; =  :In these conditions .(such in above figure) 

ࡾࡽ .1 = ࡼࡾ,ࢇ = ࡽࡼ,࢈ = ࢉ,(ࢉ,࢈,ࢇ – medians in the original ઢ) 

[ࡾࡽࡼ] .2 = ࡲ,([ࡾࡽࡼ] – area; ࡲ – area of the original ઢ) 

ᇲࢇ .3 = ࢇ


ᇲ࢈; = ࢈


ᇲࢉ; = ࢉ


ᇲࢇ), ᇲ࢈, ᇲࢉ,  - medians in ઢ࢈,ࢇ;ࡾࡽࡼ,  sides of – ࢉ
original ઢ) 

∗ࡾ .4 = ૡ

⋅ ࡾࢉ࢈ࢇ

ࢉ࢈ࢇ
 (ઢ,ࡾࡽࡼcircumradii of ઢ – ࡾ,∗ࡾ),

∗ࡾ .5 ≤ √

⋅ ࡾ



࢘
, (r – inradii of ઢ) 
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ࢇࡾࢇ .6 + ࢈ࡾ࢈ + ࢉࡾࢉ ≤ ࢈ࡾ,ࢇࡾ),ࡾૢ  (ࡽࡼࢄઢ,ࡼࡾࢄઢ,ࡾࡽࢄcircumradii of ઢ – ࢉࡾ,

∗ࡾ .7 = ࢉࡾ࢈ࡾࢇࡾ
ࡾ

 

8. 
࢘

+ 
࢘

+ 
࢘

= ࢉା࢈ାࢇାࢉା࢈ାࢇ
ࡲ

,࢘,࢘) ,  (ࡽࡼࢄઢ,ࡼࡾࢄઢ,ࡾࡽࢄ – inradii of ઢ࢘

Proof (Daniel Sitaru) 

1. In Δܴܺܳ by cosine law: ܴܳଶ = ܺܳଶ + ܴܺଶ − 2ܺܳ ⋅ ܴܺ ⋅ cos(ߨ −  (ܣ

(ܣܴܺ∢)ߤ ,is cyclic quadrilateral ܴܳܺܣ) = (ܣܳܺ)ߤ = గ
ଶ
)  

ܴܳଶ = ܾଶ + ܿଶ − 2ܾܿ cos(ߨ − (ܣ , ܴܳଶ = ܾଶ + ܿଶ + 2ܾܿ cosܣ 

ܴܳଶ = ܾଶ + ܿଶ + 2ܾܿ ⋅
ܾଶ + ܿଶ − ܽଶ

2ܾܿ , ܴܳଶ = 2(ܾଶ + ܿଶ) − ܽଶ 

ܴܳଶ = 4 ⋅
2(ܾଶ + ܿଶ) − ܽଶ

4 , ܴܳଶ = 4݉
ଶ ⇒ ܴܳ = 2݉  

Analogous: ܴܲ = 2݉,ܲܳ = 2݉  

2.  [ܴܲܳ] = [ܺܲܳ] + [ܴܺܳ] + [ܴܺܲ] = ଵ
ଶ
ܺܲ ⋅ ܺܳ ⋅ sin(∢ܲܺܳ) + 

+
1
2ܺܳ ⋅ ܴܺ ⋅ sin(∢ܴܺܳ) +

1
2ܴܺ ⋅ ܺܲ sin(∢ܴܺܲ) = 

=
1
2ܾܿ sin(ߨ − (ܣ +

1
2 ܿܽ sin(ߨ − (ܤ +

1
2 ܾܽ sin(ߨ − (ܥ = 

=
1
2 ܾܿ sinܣ +

1
2 ܿܽ sinܤ +

1
2 ܾܽ sinܥ = ܨ + ܨ + ܨ =  ܨ3

3. Denote: ܽᇱ = ܴܳ = 2݉ ,ܾᇱ = ܴܲ = 2݉ , ܿᇱ = ܲܳ = 2݉  

݉ᇲ
ଶ =

1
2

(ܾᇱଶ + ܿᇱଶ) −
1
4 ܽ

ᇱଶ =
1
2

(4݉
ଶ + 4݉

ଶ)−
1
4 ⋅ 4݉

ଶ = 

= 2݉
ଶ + 2݉

ଶ −݉
ଶ = 

= 2 ൬
1
2

(ܽଶ + ܿଶ) −
1
4 ܾ

ଶ൰ + 2 ൬
1
2

(ܽଶ + ܾଶ) −
1
4 ܿ

ଶ൰ −
1
2

(ܾଶ + ܿଶ) +
1
4 ܽ

ଶ = 

= ܽଶ + ܿଶ −
1
2 ܾ

ଶ + ܽଶ + ܾଶ −
1
2 ܿ

ଶ −
1
2ܾ

ଶ −
1
2 ܿ

ଶ +
1
4 ܽ

ଶ = 2ܽଶ +
1
4 ܽ

ଶ =
9ܽଶ

4  

݉ᇲ
ଶ = ଽమ

ସ
⇒ ݉ᇲ = ଷ

ଶ
. Analogous: ݉ᇲ = ଷ

ଶ
;݉ᇲ = ଷ

ଶ
 

4. ܴ∗ = ᇱᇱᇱ
ସ[ொோ]

= ଶೌ∙ଶ್ ∙ଶ
ସ∙ଷி

= ଶೌ್

ଷ∙ೌ್రೃ

= ଼
ଷ
⋅ ೌ್ோ
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5. We will use the known inequalities: 

݉ ≤ 2ܴ cosଶ
ܣ
2 ;݉ ≤ 2ܴ cosଶ

ܤ
2 ;݉ ≤ 2ܴ cosଶ

ܥ
2 

8
3 ⋅

ܴ݉݉݉
ܾܽܿ ≤

8ܴ
3ܾܽܿ ⋅ 2ܴ cosଶ

ܣ
2 ⋅ 2ܴ cosଶ

ܤ
2 ⋅ 2ܴ cosଶ

ܥ
2 = 

=
64ܴସ

3ܾܽܿ
⋅
ݏ)ݏ − ܽ)

ܾܿ
⋅
ݏ)ݏ − ܾ)

ܿܽ
⋅
ݏ)ݏ − ܿ)
ܾܽ

=
64ܴସݏଶ ⋅ ଶܨ

3(ܾܽܿ)ଷ =
64ܴସݏଶ ⋅ ଶܨ

3 ⋅ 16ܴଶܨଶ ⋅ ܨ4ܴ
	 

=
4ܴଶݏଶ

3 ⋅ ܨ4ܴ =
ܴଶݏଶ

3ܴ ⋅ ݏݎ =
ܴܵ
ݎ3 ≤

ெூ்ோூேைூ ܴ ⋅ ଷ√ଷଶ ܴ
ݎ3 =

√3ܴଶ

ݎ2 = 

=
√3ܴଷ

ܴݎ2 ≤
ாாோ √3ܴଷ

ݎ2 ⋅ ݎ2 =
√3
4 ⋅

ܴଷ

ଶݎ  

6. ܴ = ொ⋅ோ⋅ோொ
ସ[ொோ]

= ⋅⋅ଶೌ
ସி

=
మಷ
౩ಲ⋅ଶೌ

ସி
= ೌ

ୱ୧୬
= ೌ

ೌ
మೃ

= ଶோೌ


 

ܽ ⋅ ܴ + ܾ ⋅ ܴ + ܿ ⋅ ܴ = 2ܴ(݉ + ݉ + ݉) ≤ 2ܴ ⋅
9ܴ
2 = 9ܴ 

(The inequality: ݉ + ݉ + ݉ ≤
ଽோ
ଶ

 is known) 

7. ோೌோ್ோ
ଷோమ

=
మೃೌ
ೌ ⋅

మೃ್
್ ⋅మೃ


ଷோమ

= ଼ோయ

ଷோమ
⋅ ೌ್


= ଼

ଷ
⋅ ೌ್ோ


= ܴ∗ 

8. ଵ
భ

+ ଵ
మ

+ ଵ
య

= ଵ
మ[ೃೂ]

್శశమೌ

+ ଵ
మ[ುೃ]

శೌశమ್

+ ଵ
మ[ೂು]

ೌశ್శమ

= 

=
ܾ + ܿ + 2݉

ܨ2 +
ܿ + ܽ + 2݉

ܨ2 +
ܽ + ܾ + 2݉

ܨ2 = 

=
2(ܾ+ ܿ + ܽ + ݉ + ݉ + ݉)

ܨ2 =
ܽ + ܾ + ܿ + ݉ + ݉ + ݉

ܨ  

Reference: 

ROMANIAN MATHEMATICAL MAGAZINE – www.ssmrmh.ro  

A SIMPLE PROOF FOR WILKER’S INEQUALITY 

By Daniel Sitaru – Romania  

WILKER’S INEQUALITY: If  < ݔ < ࣊


 then: 

ቀ
࢞

ܖܑܛ ࢞
ቁ


+
࢞

ܖ܉ܜ ࢞ > 2 

Proof: Let be ݂: ቀ0, గ
ଶ
ቁ → ℝ, (ݔ)݂ = ଶݔ2 + ݔ sin ݔ2 − 4 sinଶ  ݔ



Romanian Mathematical Society-Mehedinți Branch 2023 
 

46 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

݂ᇱ(ݔ) = ݔ4 + sin ݔ2 + ݔ2 cos ݔ2 − 4 sin ݔ2 , ݂ᇱ(ݔ) = ݔ4 + ݔ2 cos ݔ2 − 3 sin  ݔ2

݂ᇱ(ݔ) = 2)ݔ2 + −(ݔ2 3 sin ݔ2 ,݂ᇱ(ݔ) = (2 + cos (ݔ2 ൬2ݔ −
3 sin ݔ2

2 + cos  ൰ݔ2

(ݔ)ᇱ݂	݊݃ݏ = 	݊݃ݏ ቀ2ݔ − ଷ ୱ୧୬ ଶ௫
ଶାୡ୭ୱ ଶ௫

ቁ because 2 + cos ݔ2 > 0 

Let be ݃:ቀ0, గ
ଶ
ቁ → ℝ;݃(ݔ) = ݔ2 − ଷ ୱ୧୬ଶ௫

ଶାୡ୭ୱଶ௫
 

݃ᇱ(ݔ) = 2 −
6 cos ݔ2 (2 + cos −(ݔ2 3 sin ݔ2 (−2 sin (ݔ2

(2 + cos ଶ(ݔ2  

݃ᇱ(ݔ) =
2(2 + cos ଶ(ݔ2 − 6 cos ݔ2 (2 + cos −(ݔ2 6 sinଶ ݔ2

(2 + cos ଶ(ݔ2  

݃ᇱ(ݔ) =
8 + 8 cos ݔ2 + 2 cosଶ ݔ2 − 12 cos ݔ2 − 6 cosଶ ݔ2 − 6 sinଶ ݔ2

(2 + cos ଶ(ݔ2  

݃ᇱ(ݔ) =
8 − 4 cos ݔ2 + 2 cosଶ ݔ2 − 6

(2 + cos ଶ(ݔ2 ,݃ᇱ(ݔ) =
2(cosଶ ݔ2 − 1)ଶ

(2 + cos ଶ(ݔ2 ≥ 0 

݃ increasing on ቀ0, గ
ଶ
ቁ ⇒ (ݔ)݃ > lim௫→

௫வ
(ݔ)݃ = 0 

(ݔ)݃ > 0 ⇒ ݂ᇱ(ݔ) = (2 + cos (ݔ)݃(ݔ2 > 0 

݂ increasing on ቀ0,గ
ଶ
ቁ ⇒ (ݔ)݂ > lim௫→

௫வ
(ݔ)݂ = 0, (ݔ)݂ > 0; ݔ(∀) ∈ ቀ0, గ

ଶ
ቁ 

ଶݔ2 + ݔ sin ݔ2 − 4 sinଶ ݔ > ଶݔ,0 + ݔ sin ݔ cos ݔ − 2 sinଶ ݔ > 0 

ቀ
ݔ

sinݔ
ቁ
ଶ

+ ݔ ቀ
cos ݔ
sin ݔ

ቁ − 2 > 0, ቀ
ݔ

sin ݔ
ቁ
ଶ

+
ݔ

tanݔ > 2 

Reference: 

ROMANIAN MATHEMATICAL MAGAZINE – www.ssmrmh.ro 

DINCĂ’S REFINEMENT FOR IONESCU-NESBITT’S INEQUALITY 

By Daniel Sitaru – Romania  

If ࢈,ࢇ, ࢉ > 0 then: 

ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

≥ (ࢉା࢈ାࢇ)

(࢈ࢇାࢉ࢈ାࢇࢉ) ≥
ඥ(ࢇା࢈ାࢉ)

(ࢇା࢈ାࢉ) ≥ 

     (1) 

Marian Dincă 

Proof: 

ܽ
ܾ + ܿ +

ܾ
ܿ + ܽ +

ܿ
ܽ + ܾ =

ܽଶ

ܾܽ + ܽܿ +
ܾଶ

ܾܿ + ܾܽ +
ܿଶ

ܽܿ + ܾܿ ≥
ாோீௌ்ோைெ (ܽ + ܾ + ܿ)ଶ

2(ܾܽ + ܾܿ + ܿܽ) 

Denote ܵଵ = ܽ + ܾ + ܿ; ܵଶ = ܾܽ + ܾܿ + ܿܽ 
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ܵଵଶ − 2ܵଶ = ܽଶ + ܾଶ + ܿଶ > 0,ܵଵଶ − 2ܵଶ > 0 ⇒ ܵଵଶ > 2ܵଶ ⇒ ݔ =
ܵଵଶ

ܵଶ
> 2 

(ܽ + ܾ + ܿ)ଶ

2(ܾܽ + ܾܿ + ܿܽ) ≥
3ඥ3(ܽଶ + ܾଶ + ܿଶ)

2(ܽ + ܾ + ܿ) ⇔⇔
ܵଵଶ

2ܵଶ
≥

3ඥ3(ܵଵଶ − 2ܵଶ)
2ܵଵ

 

ܵଵଷ ≥ 3ܵଶට3(ܵଵଶ − 2ܵଶ),ܵଵ ≥ 9ܵଶଶ൫3( ଵܵ
ଶ − 2ܵଶ)൯ 

ܵଵ ≥ 27ܵଵଶܵଶଶ − 54ܵଶଷ,
ܵଵ

ܵଶଷ
−

27ܵଵଶ

ܵଶ
+ 54 ≥ 0 

ଷݔ − ݔ27 + 54 ≥ 0, ݔ > 2 > 0 

ଷݔ + 54 = ଷݔ + 27 + 27 ≥
ெିீெ

3ඥݔଷ ⋅ 27 ⋅ 27య =  ݔ27

ଷݔ − ݔ27 + 54 ≥ 0 

3ඥ3(ܽଶ + ܾଶ + ܿଶ)
2(ܽ + ܾ + ܿ) ≥

3
2 ⇔ ඥ3(ܽଶ + ܾଶ + ܿଶ) ≥ ܽ + ܾ + ܿ 

3(ܽଶ + ܾଶ + ܿଶ) ≥ (ܽ + ܾ + ܿ)ଶ 

ܽଶ + ܾଶ + ܿଶ ≥ ܾܽ + ܾܿ + ܿܽ,
1
2

((ܽ − ܾ)ଶ + (ܾ − ܿ)ଶ + (ܿ − ܽ)ଶ) ≥ 0 

Equality holds in (1) for ܽ = ܾ = ܿ.Observation: If ܽ, ܾ, ܿ are sides in a triangle then (1) can 

be written:  
ଶ௦ି

+ 
ଶ௦ି

+ 
ଶ௦ି

≥ ଶ௦మ

௦మାమାସோ
≥ ଷඥ(௦మିమିସோ)

ସ௦
≥ ଷ

ଶ
 

Reference: ROMANIAN MATHEMATICAL MAGAZINE – www.ssmrmh.ro  

A SIMPLE PROOF FOR SCHREIBER’S INEQUALITY 

By Daniel Sitaru, Claudia Nănuți – Romania  

ABSTRACT. In this paper it is given a simple proof for Schreiber’s inequality in triangle 

published first time in 1935. Keywords: Schreiber, Erdos - Mordell 

SCHREIBER’S INEQUALITY: If ࡹ ∈ ࡹ :then (ઢ)	࢚ࡵ + ࡹ + ࡹ ≥ (1)       ࢘ 

Proof. 
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ܣܯ + ᇱܣܯ ≥ ℎ ⇒ ᇱܣܯ ≥ ℎ  :Analogous  .(2)   ܣܯ−

ᇱܤܯ ≥ ℎ ᇱܥܯ   ,(3)    ܤܯ− ≥ ℎ  (4)  ܥܯ−

By Erdos-Mordell theorem: ܣܯ+ ܤܯ + ܥܯ ≥ ᇱܣܯ)2 + ᇱܤܯ + (ᇱܥܯ ≥ 

≥
(ଶ);(ଷ);(ସ)

2(ℎ + ℎ + ℎ) − +ܣܯ)2 ܤܯ +  (ܥܯ

+ܣܯ)3 ܤܯ + (ܥܯ ≥ 2(ℎ + ℎ + ℎ) 

ܣܯ + ܤܯ + ܥܯ ≥
2
3

(ℎ + ℎ + ℎ) =
2
3 ൬

ܨ2
ܽ +

ܨ2
ܾ +

ܨ2
ܿ ൰ = 

=
ܨ4
3 ⋅

ܾܽ + ܾܿ + ܿܽ
ܾܽܿ =

ܨ4
3 ⋅

ଶݏ + ଶݎ + ݎ4ܴ
ܨ4ܴ = 

=
ଶݏ + ଶݎ + ݎ4ܴ

3ܴ ≥ ݎ6 ⇔ ଶݏ + ଶݎ + ݎ4ܴ ≥ ݎ18ܴ ⇔ ଶݏ ≥ ݎ14ܴ −  ଶݎ

By Gerretsen’s inequality: ݏଶ ≥ ݎ16ܴ − ଶݎ5 ≥ ݎ14ܴ − ଶݎ ⇔ 

ݎ2ܴ ≥ ଶݎ4 ⇔ ܴ ≥  (EULER)   	ݎ2

Equality holds for ܯ – center of an equilateral triangle. 

Reference:ROMANIAN MATHEMATICAL MAGAZINE – www.ssmrmh.ro 

  

TRIGONOMETRIC INTEGRAL INEQUALITIES 

By Florică Anastase-Romania 

Application 1. If  ∈ ℕ, ≥  then: 


+  + නቀିࢇ࢚(࢞)ቁ


࢞ࢊ





≥ නିࢇ࢚(࢞)ඥିࢇ࢚࢞ ࢞ࢊ




 

Solution. 
ݔ݊ܽݐ ≥ ݔ∀,ݔ ∈ [0,1] ⇒ ݔଵି݊ܽݐ ≤ ݔ∀,ݔ ∈ [0,1] 

ቀ√ݔ − ቁ(ݔ)ଵି݊ܽݐ
ଶ
≥ 0 

ඥݔଶ − ݔ√2 (ݔ)ଵି݊ܽݐ + ൫ି݊ܽݐଵ(ݔ)൯
ଶ
≥ 0 

ඥݔଶ + ൫ି݊ܽݐଵ(ݔ)൯
ଶ
≥ ݔ√2 (ݔ)ଵି݊ܽݐ ≥ 2ඥି݊ܽݐଵݔ  (ݔ)ଵି݊ܽݐ	

න ඥݔଶ ݔ݀
ଵ



+ න൫ି݊ܽݐଵ(ݔ)൯
ଶ
ݔ݀

ଵ



≥ 2න ඥି݊ܽݐଵݔ ݔ݀(ݔ)ଵି݊ܽݐ	
ଵ



 

݊
݊ + 2 + න൫ି݊ܽݐଵ(ݔ)൯

ଶ
ݔ݀

ଵ



≥ 2නି݊ܽݐଵ(ݔ)ඥି݊ܽݐଵݔ ݔ݀
ଵ



; ݊ ∈ ℕ, ݊ ≥ 2 

Application 2. If  ࢇ > 1, then: 

න ࢞)ࢍ࢚ࢉ࢘ࢇ) + ))
ାࢇ

ࢇ
࢞ࢊ ≤ ቆ

+ࢇ)ାࢇࢍ࢚ࢉ࢘ࢇ )
+ࢇ)ାࢇࢍ࢚ࢉ࢘ࢇ )ቇ − ൬ࢍ࢚ࢉ࢘ࢇ


ࢇ + ࢇ + ൰ 
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Solution. Let ݂: [ܽ,ܾ] → [݂(ܽ),݂(ܾ)]	invertible and with derivative continuous. Then: 

න ݔ݀(ݔ)݂ + න ݂ିଵ(ݕ)݀ݕ = ܾ݂(ܾ)− ݂ܽ(ܽ)
()

()




 

Let	݂: [ܽ,ܽ + 1] → [݂(ܽ),݂(ܽ + (ݔ)݂,[(1 = ݈݊൫ܽݔ)݃ݐܿݎ + 1)൯ 
݂ିଵ(ݕ) = (௬݁)݃ݐ − 1 

න ݔ)݃ݐܿݎܽ)݈݊ + 1))
ାଵ


ݔ݀ + න ௬݁݃ݐ) − ݕ݀(1 =

൫௧(ାଶ)൯

൫௧(ାଵ)൯

= (ܽ + 1) ݈݊൫ܽ݃ݐܿݎ(ܽ + 2)൯

− ܽ ݈݊൫ܽ݃ݐܿݎ(ܽ + 1)൯ = ݈݊ ቆ
ܽ)ାଵ݃ݐܿݎܽ + 2)
ܽ)݃ݐܿݎܽ + 1) ቇ						(1) 

න ݔ)݃ݐܿݎܽ)݈݊ + 1))
ାଵ


ݔ݀ = ݈݊ ቆ

ܽ)ାଵ݃ݐܿݎܽ + 2)
ܽ)݃ݐܿݎܽ + 1) ቇ− න ௬݁݃ݐ) − ݕ݀(1

൫௧(ାଶ)൯

൫௧(ାଵ)൯
 

∴ (௬݁)݃ݐ ≥ ݁௬  

න ௬݁݃ݐ) − ݕ݀(1 ≥ න (݁௬ − ݕ݀(1 =
൫௧(ାଶ)൯

൫௧(ାଵ)൯

൫௧(ାଶ)൯

൫௧(ାଵ)൯
 

= ݁ ௧(ାଶ)) − ݁  ௧(ାଵ) − (݈݊ ܽ)݃ݐܿݎܽ + 2) − ݈݊ ܽ)݃ݐܿݎܽ + 1)) = 

= ܽ)݃ݐܿݎܽ + 2) − ܽ)݃ݐܿݎܽ + 1) − ݈݊ ൬
ܽ)݃ݐܿݎ݈ܽ݊ + 2)
ܽ)݃ݐܿݎ݈ܽ݊ + 1)൰ = 

= ݃ݐܿݎܽ ൬
1

ܽଶ + 3ܽ + 3൰ − ݈݊ ൬
ܽ)݃ݐܿݎ݈ܽ݊ + 2)
ܽ)݃ݐܿݎ݈ܽ݊ + 1)൰					(2) 

From (1),(2) it follows that: 

න ݈݊൫ܽݔ)݃ݐܿݎ + 1)൯
ାଵ


ݔ݀ ≤ 

≤ ݈݊ ቆ
ܽ)ାଵ݃ݐܿݎܽ + 2)
ܽ)݃ݐܿݎܽ + 1) ቇ + ݈݊ ൬

ܽ)݃ݐܿݎ݈ܽ݊ + 2)
ܽ)݃ݐܿݎ݈ܽ݊ + 1)൰ − ݃ݐܿݎܽ ൬

1
ܽଶ + 3ܽ + 3൰ 

න ݔ)݃ݐܿݎܽ)݈݊ + 1))
ାଵ


ݔ݀ ≤ ݈݊ ቆ

ܽ)ାଶ݃ݐܿݎܽ + 2)
ܽ)ାଵ݃ݐܿݎܽ + 1)ቇ − ݃ݐܿݎܽ ൬

1
ܽଶ + 3ܽ + 3൰ 

Application 3. If	࢈,ࢇ > ,	then: 

න
࢞ࢊ

࢞) + )(ࢇ࢙ࢉ࢞ + (࢙࢞࢈

࣊




<


+࣊)࢈ࢇ )൭࣊
࢈
ࢇ + ିࢇ࢚ ൬

࢈
൰ࢇ
൱ 

Solution: Theorem (Bonnet-Weierstrass): 
If ݂: [ܽ, ܾ] → ܴ decreasing function of ܥଵclass and ݃: [ܽ, ܾ] → ܴ continuous function, then 
∃ܿ ∈ [ܽ, ܾ]	such that: 

න݂(ݔ)݃(ݔ)݀ݔ = ݂(ܽ)න݃(ݔ)݀ݔ + ݂(ܾ)න݃(ݔ)݀ݔ












 

Proof: Let ℎ: [ܽ,ܾ] → ܴ,ℎ(ݔ) = −(ݔ)݂ ݂(ܾ)	decreasing and ℎ(ݔ) ≥ ݔ∀,0 ∈ [ܽ,ܾ]. 
From second M.V.T.  ∃ܿ ∈ [ܽ, ܾ] such that: 

න݃(ݔ)ℎ(ݔ)݀ݔ = ℎ(ܽ)න݃(ݔ)݀ݔ
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න݃(ݔ)൫݂(ݔ)− ݂(ܾ)൯݀ݔ = (݂(ܽ) − ݂(ܾ))න݃(ݔ)݀ݔ








 

න݂(ݔ)݃(ݔ)݀ݔ




= 

= ݂(ܾ)න݃(ݔ)݀ݔ + (݂(ܾ)− ݂(ܽ))න݃(ݔ)݀ݔ =








݂(ܽ)න݃(ݔ)݀ݔ + ݂(ܾ)න݃(ݔ)݀ݔ








 

q.e.d. 
Let ݂,݃: ቂ0, గ

ସ
ቃ → (ݔ)݃,ܴ = ଵ

మ௦మ௫ାమ௦మ௫
, (ݔ)݂ = ଵ

௫ାଵ
,݂ᇱ(ݔ) = − ଵ

(௫ାଵ)మ
< 0	then ݂ is 

decreasing. 

(ݔ)ܩ = න
ݔ݀

ܽଶܿݏଶݔ + ܾଶ݊݅ݏଶݔ = 

= න
1

ܽଶ + ܾଶ݊ܽݐଶݔ ∙
ݔ݀

ݔଶݏܿ =
1
ܾଶන

ݐ݀

ቀ

ቁ
ଶ

+ ଶݐ
=

1
ܾܽ ݊ܽݐ

ିଵ ൬
ݔ݊ܽݐܾ
ܽ ൰+  ܥ

Then	∃ܿ ∈ ቂ0, గ
ସ
ቃ for which: 

න
ݔ݀

ݔ) + 1)(ܽଶܿݏଶݔ + ܾଶ݊݅ݏଶݔ)

ഏ
ర



= ݂(0)൫ܩ(ܿ) − ൯(0)ܩ + ݂ ቀ
ߨ
4
ቁ ൫ܩ(ܾ)− ൯(ܿ)ܩ = 

=
1
ܾܽ ݊ܽݐ

ିଵ ൬
ܿ݊ܽݐܾ
ܽ ൰+

1
గ
ସ

+ 1
∙

1
ܾܽ

൭ି݊ܽݐଵ
ܾ
ܽ − ଵି݊ܽݐ ൬

ܾ
ܽ ൰ܿ݊ܽݐ

൱ = 

=
1

ߨ)ܾܽ + 4) ൬݊ܽݐߨ
ିଵ ൬

ܾ
ܽ +൰ܿ݊ܽݐ ଵି݊ܽݐ4

ܾ
ܽ൰ 

∵ ݔଵି݊ܽݐ < ݔ∀,ݔ > 0 → ଵି݊ܽݐ ൬
ܾ
ܽ ൰ܿ݊ܽݐ <

ܾ
ܽ ܿ	݊ܽݐ <

ܾ
ܽ ݊ܽݐ

ߨ
4 =

ܾ
ܽ 

න
ݔ݀

ݔ) + 1)(ܽଶܿݏଶݔ + ܾଶ݊݅ݏଶݔ)

ഏ
ర



=
1

ߨ)ܾܽ + 4)൭݊ܽݐߨ
ିଵ ൬

ܾ
ܽ +൰ܿ݊ܽݐ ଵି݊ܽݐ4 ൬

ܾ
ܽ൰
൱ < 

<
1

ߨ)ܾܽ + 4)൭ߨ
ܾ
ܽ + ଵି݊ܽݐ4 ൬

ܾ
ܽ൰
൱ 

Application 4. Prove that: 

න
࢞ିࢇ࢚
√࢞ − ࢞





࢞ࢊ = (√ࢍ − )න (࢙࢞)ࢍ
࣊



 ࢞ࢊ

Solution. 

∵ ∏ ݊݅ݏ గ


ିଵ
ୀଵ = √

ଶషభ
.  Let: ݔ ,݇ = 1,2, . . ,2݊ the roots of the unity. 

ݔ = ݏܿ
ߨ݇
2݊ + ݊݅ݏ݅

ߨ݇
2݊ , ݇ = 1,2, … ,2݊ 

ଶݔ − 1 = ෑ(ݔ − (ݔ
ଶ

ୀଵ

=⏞
௫భ,మୀ±ଵି௧௦

ଶݔ) − 1)ෑ(ݔ − ݔ)(ݔ − (തതതݔ
ିଵ

ୀଵ
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= ଶݔ) − 1)ෑ൬ݔଶ − ݏܿݔ2
ߨ݇
݊ + 1൰

ିଵ

ୀଵ

 

⇒ ଶିଶݔ + ଶିସݔ + ⋯+ ଶݔ + 1 = ෑ൬ݔଶ − ݏܿݔ2
ߨ݇
݊ + 1൰

ିଵ

ୀଵ

௫ୀଵ
ሳልሰ 

݊ = ෑ൬2 − ݏ2ܿ
ߨ݇
݊ ൰

ିଵ

ୀଵ

= ෑ൬4݊݅ݏଶ
ߨ݇
2݊൰

ିଵ

ୀଵ

 

݊ = 2ଶ(ିଵ) 	 ∙ ଶ݊݅ݏ
ߨ

2݊ ∙ ݊݅ݏ
ଶ ߨ2

2݊ ∙ … ∙ ଶ݊݅ݏ
(݊ − ߨ(1

2݊  

2ିଵ ∙ ݊݅ݏ
ߨ

2݊ ∙ ݊݅ݏ
ߨ2
2݊ ∙ … ∙ ݊݅ݏ

(݊ − ߨ(1
2݊ = √݊ ⇒ෑ݊݅ݏ

ߨ݇
݊

ିଵ

ୀଵ

=
√݊

2ିଵ 

න (ݔ݊݅ݏ)݈݃
ഏ
మ


ݔ݀ =

1
2න (ݔ݊݅ݏ)݈݃

గ


ݔ݀ =

ߨ
2 න (ݔߨ݊݅ݏ)݈݃

ଵ


ݔ݀ = 

= lim
→ஶ

ߨ
2݈݊݃൬݊݅ݏ

ߨ݇
݊ ൰

ିଵ

ୀଵ

= lim
→ஶ

ߨ
2݊ ݈݃

൭ෑ݊݅ݏ
ߨ݇
݊

ିଵ

ୀଵ

൱ = 

= lim
→ஶ

ߨ
2݊ ݈݃ ቆ

√݊
2ିଵቇ =

ߨ
2 lim
→ஶ

݊√݈݃ − (݊ − 2݈݃(1
݊ = −

ߨ
2 ;2݈݃ (1)	 

(ݕ)ܨ = න
ݕݔଵି݊ܽݐ
1√ݔ − ଶݔ

ଵ



ݔ݀ ⇒ (ݔ)ᇱܨ = න
ݔ݀

(1 + −ଶ)√1ݕଶݔ ଶݔ

ଵ


= න

ݔ݀
1 + ݐଶݏଶܿݕ

ഏ
మ	



=
1

ඥ1 + ଶݕ
ଵି݊ܽݐ ቆ

ݐ݊ܽݐ
ඥ1 + ଶݕ

ቇ =
ߨ

2ඥ1 + ଶݕ
⇒ 

(ݕ)ܨ =
ߨ
2 ݈݃

ቀݕ + ඥ1 + ଶቁݕ + ܥ ,න
ݔଵି݊ܽݐ
1√ݔ − ଶݔ

ଵ



ݔ݀ =
ߨ
2 ൫1݈݃ + √2൯; (2) 

From (1), (2) we get: 

න
ݔଵି݊ܽݐ
1√ݔ − ଶݔ

ଵ



ݔ݀ = ଶ(√2݈݃ − 1)න (ݔ݊݅ݏ)݈݃
ഏ
మ


 ݔ݀

Application 5. If  < ܽ < ܾ < ࣊


 then: 

(࢈− ࢇ)ඥ(ࢇ + (࢈

ඥ(ࢇ + −(࢈ ࢇ)࢙ + (࢈ < 3න
࢞ࢊ

√ − ࢙࢞ࢉ

࢈

ࢇ

< −(ࢇ)	ܜܗ܋ (࢈)	ܜܗ܋ +
࣊
 

Solution. 
݂: ቀ0, గ

ଶ
ቁ → ℝ,݂(ݔ) = 1 − ݔ4ݏܿ −continuous 

݃: (0,∞) → (ݔ)݃,(∞,0) = ଵ
√௫య = ିݔ

భ
య,݃ᇱ(ݔ) = − ଵ

ଷ
ିݔ

ర
య < 0,݃ᇱᇱ(ݔ) = ସ

ଽ
ିݔ

ళ
య > 0 ⇒

݃ −convex function.Applying Jensen integral inequality, we get: 

݃ቌ
1

ܾ − ܽන݂(ݔ)݀ݔ




ቍ ≤
1

ܾ − ܽන݃൫݂(ݔ)൯݀ݔ




⇔
1

ට ଵ
ି

∫ ݔ݀(ݔ)݂


య
≤

1
ܾ − ܽන

ݔ݀
ඥ݂(ݔ)య





⇔ 
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1

ට ଵ
ି

∫ (1 − ݔ݀(ݔ4ݏܿ


య
≤

1
ܾ − ܽන

ݔ݀
√1 − యݔ4ݏܿ





⇔ 

ܾ − ܽ

ට ଵ
ି

ቀܾ − ܽ − ௦ସି௦ସ
ସ

ቁయ
≤ න

ݔ݀
√1 − యݔ4ݏܿ





⇔ 

ܾ − ܽ

ට1 − ଵ
ସ
∙ ௦ସି௦ସ

ି

య
≤ න

ݔ݀
√1 − యݔ4ݏܿ





⇔		
ܾ − ܽ

ට1 − ଵ
ଶ
∙ ௦ଶ(ି)௦ଶ(ା)

ି

య
≤ න

ݔ݀
√1 − యݔ4ݏܿ





 

(ݐ)ݑ =
ݐ݊݅ݏ
ݐ , ݐ ∈ ቀ0,

ߨ
2
ቁ ⇒ (ݐ)ᇱݑ =

ݐݏܿݐ − ݐ݊݅ݏ
ଶݐ  

(ݐ)ݒ = ݐݏܿݐ − ݐ݊݅ݏ ⇒ (ݐ)ᇱݒ = ݐ݊݅ݏݐ− < ݐ∀,0 ∈ ቀ0,
ߨ
2
ቁ ⇒ (ݐ)ݒ < (0)ݒ = 0 

⇒ (ݐ)ᇱݑ < 0 ⇒ (ݐ)ݑ = ௦௧
௧
−decreasing  ⇒ ௦ଶ(ା)

ଶ(ା)
< ௦ଶ(ି)

ଶ(ି)
⇒ 

1 −
1
2 ∙
ܾ)2݊݅ݏ − +ܽ)2ݏܿ(ܽ ܾ)

ܾ − ܽ < 1 −
1
2 ∙

ܾ)2݊݅ݏ + ܽ)2ݏܿ(ܽ + ܾ)
ܾ + ܽ ; (∗) 

ܾ − ܽ

ට1 − ଵ
ଶ
∙ ௦ଶ(ି)௦ଶ(ା)

ି

య
= 

=
ܾ − ܽ

ට1 − ௦ଶ(ି)
ଶ(ି)

∙ ܽ)2ݏܿ + ܾ)య
≥
(∗) ܾ − ܽ

ට1 − ௦ଶ(ା)
ଶ(ା)

∙ +ܽ)2ݏܿ ܾ)య
= 

=
ܾ − ܽ

ට1 − ௦ସ(ା)
ସ(ା)

య
=

(ܾ − ܽ)ඥ4(ܽ+ ܾ)య

ඥ4(ܽ + ܾ) − ܽ)4݊݅ݏ + ܾ)య  

(ܾ − ܽ)ඥ4(ܽ + ܾ)య

ඥ4(ܽ + ܾ) − ܽ)4݊݅ݏ + ܾ)య ≤ න
ݔ݀

√1 − యݔ4ݏܿ





; 		(1) 

1 +
1

ݔଶݏܿ +
1

ݔଶ݊݅ݏ ≥
ீெ

3ඨ
1

ݔଶݏܿݔଶ݊݅ݏ
య

=
6

ඥ2(4݊݅ݏଶݏܿݔଶݔ)య = 

=
6

యݔଶ2݊݅ݏ2√ =
6

√1 − యݔ4ݏܿ  

6න
ݔ݀

√1 − యݔ4ݏܿ





< න݀ݔ




+ න
1

ݔଶݏܿ ݔ݀




+ න
1

ݔଶ݊݅ݏ ݔ݀




⇔ 

න
ݔ݀

√1 − యݔ4ݏܿ





<
1
6

[(ܾ − ܽ) + ܾ݊ܽݐ) − (ܽ݊ܽݐ + ܽݐܿ) − [(ܾݐܿ < 

<
1
6

ܾ݊ܽݐ) − ൬1(ܽ݊ܽݐ +
1

ܾ݊ܽݐ	ܽ݊ܽݐ
൰+

ߨ
12

=
1
6
൬
ܾ݊݅ݏ
ܾݏܿ

−
ܽ݊݅ݏ
ܽݏܿ

൰ ∙
1 + ܾ݊ܽݐ	ܽ݊ܽݐ
ܾ݊ܽݐ	ܽ݊ܽݐ

+
ߨ

12
= 

=
1
6 ∙

ܾ)݊݅ݏ − ܽ)
ܾݏܿ	ܽݏܿ ∙

ܾݏܿ	ܽݏܿ + ܾ݊݅ݏ	ܽ݊݅ݏ
ܾ݊݅ݏ	ܽ݊݅ݏ +

ߨ
12 = 
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=
1
6 ∙

ܾ)݊݅ݏ4 − ܾ)ݏܿ(ܽ − ܽ)
ܾݏܿ	ܽݏܿ	ܾ݊݅ݏ	ܽ݊݅ݏ4 +

ߨ
12 =

1
6 ∙

2ܾ)݊݅ݏ2 − 2ܽ)
2ܾ݊݅ݏ	2ܽ݊݅ݏ +

ߨ
12 =	 

=
1
3 ∙

2ܽ	ݏܿ	2ܾ݊݅ݏ − 2ܾݏܿ	2ܽ݊݅ݏ
2ܾ݊݅ݏ	2ܽ݊݅ݏ +

ߨ
12 =

1
3 ൬
2ܽݏܿ
2ܽ݊݅ݏ −

2ܾݏܿ
+2ܾ൰݊݅ݏ

ߨ
12 = 

=
1
3

2ܽݐܿ) − (2ܾݐܿ +
ߨ

12 

3න
ݔ݀

√1 − యݔ4ݏܿ





< 2ܽݐܿ − 2ܾݐܿ +
ߨ
4 ; 		(2) 

From (1), (2) it follows that: 

3(ܾ − ܽ)ඥ4(ܽ + ܾ)య

ඥ4(ܽ + ܾ) − +ܽ)4݊݅ݏ ܾ)య < 3න
ݔ݀

√1 − యݔ4ݏܿ





< cot	(2ܽ) − cot	(2ܾ) +
ߨ
4 

 
Application 6 

න
࢚࢞ࢉ

࢙࢞ + ࢞ࢊ࢙࢞ࢉ >

࣊
ට
࣊
 ࢍ

࣊


࣊


 

Solution. 

ܫ = න
ݔݐܿ

ݔ݊݅ݏ + ݔݏܿ ݔ݀ = න
1

ݔ݊݅ݏ ∙
1

1 + ݔ݊ܽݐ

ഏ
య

ഏ
ల

ഏ
య

ഏ
ల

ݔ݀ ≥⏞
௬௦௩

(∗) 

Let	݂,݃: ቂగ


, గ
ଷ
ቃ → (ݔ)݂,ܴ = ଵ

௦௫
(ݔ)݃, = ଵ

ଵା௧௫
 decreasing functions. 

(∗) ≥
6
නߨ

1
ݔ݊݅ݏ ݔ݀ ∙ න

1
1 + ݔ݊ܽݐ ݔ݀

ഏ
య

ഏ
ల

ഏ
య

ഏ
ల

 

න
1

1 + ݔ݊ܽݐ ݔ݀

ഏ
య

ഏ
ల

=⏞
௧௫ୀ௧;ௗ௫ୀ 

భశమ

න
ݐ݀

(1 + ଶ)(1ݐ + (ݐ =
√ଷ

భ
√య

 

=
1
2 න

1
1 + ݐ ݐ݀ +

1
2 න

1
1 + ଶݐ ݐ݀ −

1
2

√ଷ

భ
√య

√ଷ

భ
√య

න
ݐ

1 + ଶݐ ݐ݀ =
1
4
ቀ
ߨ
3 + 3ቁ݈݃

√ଷ

భ
√య

 

න
1

ݔ݊݅ݏ ݔ݀ = න
1 + ݊ܽݐ ௫

ଶ

݊ܽݐ2 ௫
ଶ

ݔ݀ = ݊ܽݐ)	݈݃
ݔ
2) อ

గ
ଷ
గ


= ݈݃
1 + √3
3 − √3

ഏ
య

ഏ
ల

ഏ
య

ഏ
ల

> 0 

න
ݔݐܿ

ݔ݊݅ݏ + ݔݏܿ ݔ݀ ≥
3
ߨ ∙

1
2
ቀ
ߨ
3 + 3ቁ݈݃ ∙ ݈݃

1 + √3
3 − √3

>⏞
ெିீெ 3

ߨ
ට
ߨ
3 3݈݃

ഏ
య

ഏ
ల
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Application 7. 

	න
(࢞)	ܖܑܛ

࢙࢞ + ࢞ࢊ࢙࢞ࢉ <
 − √
࣊

࣊




ቀࢍ +
࣊

ቁ 

Solution.Let	݂(ݔ) = ଵ
ଵା௧௫

	 decreasing and ݃(ݔ) = ,increasing on ቂ0 ݔ݊݅ݏ గ
ସ
ቃ  

Applying Cebyshev’s integral inequality, we get: 

න
ݔݏܿ

ݔ݊݅ݏ + ݔݏܿ ݔ݀ = න
1

1 + ݔ݊ܽݐ ݔ݀ =⏞		
௧௫ୀ௧,ௗ௫ୀ 

భశమ

	න
1

(1 + ଶ)(1ݐ + ݐ݀(ݐ =
ଵ



ഏ
ర



ഏ
ర



 

=
1
2න

1
1 + ݐ ݐ݀ +

1
2න

1 − ݐ
1 + ଶݐ ݐ݀ =

1
4
ቀ݈2݃ +

ߨ
2
ቁ

ଵ



ଵ



 

න
ݔ2݊݅ݏ

ݔ݊݅ݏ + ݔݏܿ ݔ݀

ഏ
ర



= 2නݔ݊݅ݏ ∙
ݔݏܿ

ݔ݊݅ݏ + ݔݏܿ ݔ݀

ഏ
ర



≤ 2
4
ߨ
⎝

⎛නݔ݀ݔ݊݅ݏ

ഏ
ర

 ⎠

⎞

⎝

⎛න
1

1 + ݔ݊ܽݐ ݔ݀

ഏ
ర

 ⎠

⎞ 

<
2 − √2
ߨ

ቀ݈2݃ +
ߨ
2
ቁ 

Application 8. If ࣊ < ࢇ ≤ ࢈ < ࣊


, then: 

න
ቀା࢙	(࢙࢞)

࢙࢞
ቁ


శ࢚࢞ࢉ ∙ ቀା࢙	(࢙࢞ࢉ)

࢙࢞ࢉ
ቁ


శ࢞ࢇ࢚

( + ࢙࢞((࢙࢞)࢙ + ( + ࢞ࢊ࢙࢞ࢉ((࢙࢞ࢉ)࢙
࢈

ࢇ
≤ −࢈  ࢇ

Solution: 

:݂	ݐ݁ܮ ൬ߨ,
ߨ3
2 ൰ → (ݔ)݂,ܴ = ݈݃ ቀ

ݔ
1 + ݔ݊݅ݏ

ቁ , ݂ (ݔ)ʹ =
1
ݔ −

ݔݏܿ
1 + ݔ݊݅ݏ , (ݔ)"݂ =

ଶݔ − ݔ݊݅ݏ − 1
ଶ(1ݔ + (ݔ݊݅ݏ  

Let	ℎ(ݔ) = ଶݔ − ݔ݊݅ݏ − 1,ℎ′(ݔ) = ݔ2 − (ݔ)ℎᇱᇱ,ݔݏܿ = 2 + sin ݔ > ݔ∀;0 ∈ ቀߨ, ଷగ
ଶ
ቁ 

ℎᇱ(ݔ) > ℎᇱ(ߨ) = ߨ2 + 1 > 0 ⇒ ℎ(ݔ) > ℎ(ߨ) > ଶߨ − 1 ⇒ ݂ᇱᇱ(ݔ) > ݔ∀;0 ∈ ൬ߨ,
ߨ3
2 ൰ 

݂ ቆ
ݔଶ݊݅ݏ + ݔଶݏܿ
ݔ݊݅ݏ + ݔݏܿ ቇ ≤

(ݔ݊݅ݏ)݂ݔ݊݅ݏ + (ݔݏܿ)݂ݔݏܿ
ݔ݊݅ݏ + ݔݏܿ ↔ 

ቌ݈݃
1

ݔ݊݅ݏ) + 1)(ݔݏܿ + ݊݅ݏ ቀ ଵ
௦௫ା௦௫

ቁ
ቍ ≤

݈݃ ൬ቀ ௦௫
ଵା௦	(௦௫)

ቁ
௦௫

ቀ ௦௫
ଵା௦	(௦௫)

ቁ
௦௫

൰

ݔ݊݅ݏ + ݔݏܿ  

Hence, 

ቆ
1 + sin(ݔ݊݅ݏ)

ݔ݊݅ݏ ቇ

ೞೣ
ೞೣశೞೣ

ቆ
1 + sin(ܿݔݏ)

ݔݏܿ ቇ

ೞೣ
ೞೣశೞೣ

≤ 

≤ ݔ݊݅ݏ) + ቆ1(ݔݏܿ + ݊݅ݏ ൬
1

ݔ݊݅ݏ + ൰ቇݔݏܿ ≤⏞

௦௫	௦
௩௫

	௫∈ቀగ ,యഏమ ቁ

 

≤ ݔ݊݅ݏ) + ቆ1(ݔݏܿ +
ݔ݊݅ݏ ∙ (ݔ݊݅ݏ)݊݅ݏ + ݔݏܿ ∙ (ݔݏܿ)	݊݅ݏ

ݔ݊݅ݏ + ݔݏܿ ቇ 
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ቆ
1 + sin(ݔ݊݅ݏ)

ݔ݊݅ݏ ቇ

భ
భశೣ

ቆ
1 + sin(ܿݔݏ)

ݔݏܿ ቇ

భ
భశೌೣ

≤ 

≤ (1 + ݔ݊݅ݏ((ݔ݊݅ݏ)݊݅ݏ + (1 +  ݔݏܿ((ݔݏܿ)݊݅ݏ

ቀଵା௦	(௦௫)
௦௫

ቁ
భ

భశೣ ∙ ቀଵା௦	(௦௫)
௦௫

ቁ
భ

భశೌೣ

(1 + ݔ݊݅ݏ((ݔ݊݅ݏ)݊݅ݏ + (1 + ݔݏܿ((ݔݏܿ)݊݅ݏ ≤ 1 

Application 9. 
If	 < ܽ ≤ ܾ < 1, then: 

න
ࢇ + ࢙࢞࢈
࢈ + ࢞ࢊ࢙࢞ࢇ ∙ න


࢈ + ࢙࢞ࢇ ࢞ࢊ ≥

࣊
 ቆ


࢈ −

√
࢈+ √ࢇ

ቇ

࣊




࣊




 

Solution. Let:݂,݃: ቂ0, గ
ସ
ቃ → ܴ, (ݔ)݂ = ା௦௫

ା௦௫
(ݔ)݃, = ଵ

ା௦௫
	derivable with 

݂ᇱ(ݔ) = ൫మିమ൯௦௫
(ା௦௫)మ

> 0,݃ᇱ(ݔ) = − ௦௫
(ା௦௫)మ

< 0	 → ݂	is increasing and	݃	decreasing 

→⏞
௬௩ᇱ௦

න
ܽ + ݔ݊݅ݏܾ
ܾ + ݔ݊݅ݏܽ ݔ݀ ∙ න

1
ܾ + ݔ݊݅ݏܽ ݔ݀ ≥

ߨ
4 න

ܽ + ݔ݊݅ݏܾ
(ܾ + ଶ(ݔ݊݅ݏܽ (݅)			ݔ݀

ഏ
ర



ഏ
ర



ഏ
ర



 

ܫ = න
ܽ + ݔ݊݅ݏܾ

(ܾ + ଶ(ݔ݊݅ݏܽ ݔ݀ =
ܾ
ܽන

మ


− ܾ + (ܾ + (ݔ݊݅ݏܽ

(ܾ + ଶ(ݔ݊݅ݏܽ

ഏ
ర



ഏ
ర



ݔ݀ = 

=
ܽଶ − ܾଶ

ܽ න
ݔ݀

(ܾ + ଶ(ݔ݊݅ݏܽ +
ܾ
ܽ න

ݔ݀
ܾ + ݔ݊݅ݏܽ

ഏ
ర



ഏ
ర



				(݅݅) 

Let	ݐ =
ݔݏܿ

ܾ + ݔ݊݅ݏܽ → ݐ݀ = −
ܾ
ܽ ቆ

1
ܾ + ݔ݊݅ݏܽ +

ܽଶ − ܾଶ

ܾ(ܾ + ݔଶቇ݀(ݔ݊݅ݏܽ →							 

ݐ = −
ܾ
ܽන

ݔ݀
ܾ + ݔ݊݅ݏܽ

ഏ
ర



−
ܽଶ − ܾଶ

ܾ න
ݔ݀

(ܾ + ଶ(ݔ݊݅ݏܽ

ഏ
ర



			(݅݅݅) 

From	(݅݅), (݅݅݅)we	get: ܫ =
ݔݏܿ−

ܾ + ݔ݊݅ݏܽ
ቚ


ഏ
ర =

1
ܾ −

√2
2ܾ + ܽ√2

 

So:	 න
ܽ + ݔ݊݅ݏܾ
ܾ + ݔ݊݅ݏܽ ݔ݀ ∙ න

1
ܾ + ݔ݊݅ݏܽ ݔ݀ ≥

ߨ
4 ቆ

1
ܾ −

√2
2ܾ + ܽ√2

ቇ

ഏ
ర



ഏ
ర



 

Application 10. If	 < ܽ < ܾ ≤ ࣊


,	then: 


࢈ − ࢇ ∙ න

ቌ
∫ ࢚࢙

ା࢚࢙ࢉ
࢚࢞ࢊ



∫ ࢍ ቀା࢚࢙
ା࢚࢙ࢉ

ቁ ࢚࢞ࢊ


ቍ
࢈

ࢇ

࢞ࢊ <
ࢇ
࢈ ∙

ࢍ

∫ ࢍ ቀା࢚࢙
ା࢚࢙ࢉ

ቁ ࢇ࢚ࢊ


 

Solution: 

First:න
ݐ݊݅ݏ

1 + ݐݏܿ ݐ݀ = න
ᇱ(ݐݏܿ−)

1 + ݐݏܿ ݐ݀ = 2݈݃

ഏ
మ



ഏ
మ
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Let functions:݂,݃: ቂ0, గ
ଶ
ቃ → ܴ, (ݔ)݂ = ௦௫

ଵା௦௫
	, 

(ݔ)ܨ = න݂(ݔ)݀(ݔ)݃,ݔ = ݈݃ ൬
1 + ݔ݊݅ݏ
1 + ൰ݔݏܿ

௫



	and	(ݔ)ܩ = න݃(ݔ)݀ݔ
௫



 

How:ܨᇱᇱ(ݔ) = ݂ᇱ(ݔ) =
1

1 + ݔݏܿ > 0, 

(ݔ)ᇱᇱܩ	 = ݃ᇱ(ݔ) =
1 + ݔݏܿ + ݔ݊݅ݏ

(1 + 1)(ݔ݊݅ݏ + (ݔݏܿ > ݔ∀,0 ∈ ቂ0,
ߨ
2
ቃ → 

→are convexe	ܩ,ܨ ∀߬ ∈ [0,1] and , ݍ ∈ ℝ	such that: 

൫(1ܨ − (߬ + ൯ݍ߬ ≤ (1 − ()ܨ(߬ + ,(ݍ)ܨ߬ for	 = 0, ݍ = ,ଶݔ ߬ =
ଵݔ
ଶݔ

ଵݔ, < ଶݔ → 
ி(௫భ)
௫భ

< ி(௫మ)
௫మ

→ ி(௫)
௫
	is increasing	(݈ܽ݊ܽݏݑ݃	 ீ(௫)

௫
	is increasing→ ௫

ீ(௫)
 (݃݊݅ݏܽ݁ݎܿ݁݀	

Applying Chebyshev’s inequality, we get: 

න
(ݔ)ܨ
ݔ݀(ݔ)ܩ = න

(ݔ)ܨ
ݔ ∙

ݔ
ݔ݀(ݔ)ܩ ≤

1
ܾ − ܽ ∙ න

(ݔ)ܨ
ݔ ݔ݀ ∙ න

ݔ
ݔ݀(ݔ)ܩ ≤ (ܾ − ܽ) ∙

(ܾ)ܨ
ܾ

















∙
ܽ

 (ܽ)ܩ

≤
ܽ
ܾ ∙

ܨ ቀగ
ଶ
ቁ

(ܽ)ܩ =
ܽ
ܾ ∙

2݈݃

∫ ݈݃ ቀଵା௦௧
ଵା௦௧

ቁ݀ݐ


 

Application 11. If  < ࢇ ≤ ࢈ < ࣊


 then: 

න
ܖܑܛ)ܖ܉ܜ (࢞ ܛܗ܋)ܖ܉ܜ (࢞

࢞ܖ܉ܜ ܛܗ܋)ܖ܉ܜ (࢞ + ܖܑܛ)ܖ܉ܜ (࢞ ⋅
ܖܑܛ)ܖܑܛ (࢞
ܖܑܛ ࢞

࢈

ࢇ
࢞ࢊ ≥


 ܖ܉ܜ

ି ൬
ܖܑܛ ࢈ − ࢇܖܑܛ
 + ܖܑܛ ࢇ ܖܑܛ  ൰࢈

Solution. 
tan(sin (ݔ tan(cosݔ) sinଶ(sin (ݔ

(tan ݔ tan(cosݔ) + tan(sin ((ݔ sinଶ ݔ =
tan(sinݔ) tan(cosݔ) sinଶ(sin (ݔ
ୱ୧୬௫ ୲ୟ୬(ୡ୭ୱ ௫)ାୡ୭ୱ௫ ୲ୟ୬(ୱ୧୬௫)

ୡ୭ୱ ௫
⋅ sinଶ ݔ

= 

=
tan(sin (ݔ tan(cosݔ)

sinݔ tan(cosݔ) + cosݔ tan(sin (ݔ ⋅
cos ݔ sinଶ(sinݔ)

sinଶ ݔ ; (1) 

Now, from Maclaurin series expansion for ݂(ݔ) = tanݔ, we have that: 

tanݔ ≥ ݔ +
ଷݔ

3 +
ହݔ2

15 +
ݔ17

315  

Hence, 

(3 − (ଶݔ tan ݔ − ݔ3 ≥ (3 − ݔଶ)ቆݔ +
ଷݔ

3 +
ହݔ2

15 +
ݔ17

315 ቇ − ݔ3 = 

= ቆ3ݔ + ଷݔ +
ହݔ6

15 +
ݔ51

315 ቇ − ቆݔଷ +
ହݔ

3 +
ݔ2

15 +
ଽݔ17

315 ቇ − ݔ3 = 

=
ହ(21ݔ + ଶݔ9 − (ସݔ17

315 ≥ 0, (3 − (ଶݔ tan ݔ ≥ ݔ∀,ݔ3 ∈ ቀ0,
ߨ
2
ቁ 

For ݔ → sinݔ and ݔ → cosݔ it follows that: 
sin ݔ

tan(sin (ݔ +
cos ݔ

tan(cosݔ) ≤
3− sinଶ ݔ

3 +
3 − cosଶ ݔ

3 =
5
3 ݔ∀, ∈ ቀ0,

ߨ
2
ቁ 

sin ݔ tan(cosݔ) + cosݔ tan(sin (ݔ
tan(sin (ݔ tan(cosݔ) ≤

3
5 ݔ∀, ∈ ቀ0,

ߨ
2
ቁ ⇔ 
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tan(sin (ݔ tan(cosݔ)
sinݔ tan(cosݔ) + cosݔ tan(sin (ݔ ≥

5
3 ; (2) 

ݔ ∈ ቀ0,
ߨ
2
ቁ ⇒ tan ݔ ≥ ݔ ⇒ sin ݔ ≥ ݔ cos  ݔ

sinଶ ݔ ≥ ଶݔ cosଶ ݔ ⇒ sinଶ ݔ ≥ ଶ(1ݔ − sinଶ (ݔ ⇒ sinଶ ݔ (1 + (ଶݔ ≥  ଶݔ

sinଶ ݔ ≥
ଶݔ

1 +  ଶݔ

Putting ݔ = sin   :it follows that ݔ

sinଶ(sin (ݔ ≥
sinଶ ݔ

1 + sinଶ ݔ ⇒
sinଶ(sin (ݔ

sinଶ ݔ ≥
1

1 + sinଶ ݔ ⇒ 

cosݔ sinଶ(sin (ݔ
sinଶ ݔ ≥

cosݔ
1 + sinଶ ݔ ; (3) 

From (1),(2) and (3) it follows that: 

න
tan(sin (ݔ tan(cosݔ)

tan ݔ tan(cosݔ) + tan(sin (ݔ ⋅
sinଶ(sinݔ)

sinଶ ݔ




ݔ݀ ≥

5
3න

cosݔ
1 + sinଶ ݔ




ݔ݀ = 

=
5
3 tanିଵ(sin |(ݔ =

5
3

(tanିଵ(sin ܾ) − tanିଵ(sinܽ)) =
5
3 tanିଵ ൬

sin ܾ − sinܽ
1 + sinܽ sinܾ൰ 

Application 12. If  < ࢇ ≤ ࢈ < ࣊


 then: 

න ቆ
( + ܛܗ܋ (࢞

ܖܑܛ)ܛܗ܋ (࢞ +
(+ ܖܑܛ (࢞

ܛܗ܋)ܛܗ܋ (࢞ ቇ
ܛܗ܋ ࢞ ܖܑܛ)ܖܑܛ (࢞

ܖܑܛ ࢞ ࢞ࢊ
࢈

ࢇ
≥ ିܖ܉ܜ ൬

ܖܑܛ ࢈ − ܖܑܛ ࢇ
 + ܖܑܛ ܖܑܛࢇ  ൰࢈

Solution. 
For ݔ ∈ ቀ0, గ

ଶ
ቁ ⇒ tan ݔ ≥ ݔ ⇒ sin ݔ ≥ ݔ cos  ݔ

sinଶ ݔ ≥ ଶݔ cosଶ ݔ ⇒ sinଶ ݔ ≥ ଶ(1ݔ − sinଶ (ݔ ⇒ sinଶ ݔ (1 + (ଶݔ ≥  ଶݔ

sinଶ ݔ ≥
ଶݔ

1 +  ଶݔ

Putting ݔ = sin   :it follows that ݔ

sinଶ(sin (ݔ ≥
sinଶ ݔ

1 + sinଶ ݔ ⇒
sinଶ(sin (ݔ

sinଶ ݔ ≥
1

1 + sinଶ ݔ ⇒ 

cosݔ sinଶ(sin (ݔ
sinଶ ݔ ≥

cosݔ
1 + sinଶ ݔ ; (1) 

Now, from Maclaurin series expansion for ݂(ݔ) = tanݔ, we have that: 

tanݔ ≥ ݔ +
ଷݔ

3 +
ହݔ2

15 +
ݔ17

315  

Hence, 

(3 − (ଶݔ tan ݔ − ݔ3 ≥ (3 − ݔଶ)ቆݔ +
ଷݔ

3 +
ହݔ2

15 +
ݔ17

315 ቇ − ݔ3 = 

= ቆ3ݔ + ଷݔ +
ହݔ6

15 +
ݔ51

315 ቇ − ቆݔଷ +
ହݔ

3 +
ݔ2

15 +
ଽݔ17

315 ቇ − ݔ3 = 

=
ହ(21ݔ + ଶݔ9 − (ସݔ17

315 ≥ 0 

Hence,  

(3 − (ଶݔ tan ݔ ≥ ݔ∀,ݔ3 ∈ ቀ0,
ߨ
2
ቁ ⟺ tanݔ ≥

ݔ3
3 − ଶݔ ݔ∀, ∈ ቀ0,

ߨ
2
ቁ 

Integrating (1) we have: 
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න tan ݐ ݐ݀
௫


≥ න

ݐ3
3 − ଶݐ

௫


ݐ݀ ⇒ − log(cosݔ) ≥ −

3
2

(log(3 − (ଶݔ − log 3) 

cosଶ ݔ ≤ ቆ
3 − ଶݔ

3 ቇ
ଷ

ݔ∀, ∈ ቀ0,
ߨ
2
ቁ ⟺

(3 − ଶ)ଶݔ

cosଶ ݔ ≥ 9 + ݔ∀,ଶݔ3 ∈ ቀ0,
ߨ
2
ቁ ; (2) 

From (2) we get: 
(2 + cosଶ ଶ(ݔ

cosଶ(sin (ݔ +
(2 + sinଶ ଶ(ݔ

cosଶ(cosݔ) ≥ 9 + 3 sinଶ ݔ + 9 + 3 cosଶ ݔ = 21; (3) 

From (1), (2) and (3) it follows that: 

ቆ
(2 + cosଶ ଶ(ݔ

cosଶ(sin (ݔ +
(2 + sinଶ ଶ(ݔ

cosଶ(cos (ݔ ቇ
cos ݔ sinଶ(sin (ݔ

sinଶ ݔ ≥ 21 ⋅
cos ݔ

1 + sinଶ  ݔ

Therefore, 

න ቆ
(2 + cosଶ ଶ(ݔ

cosଶ(sin (ݔ +
(2 + sinଶ ଶ(ݔ

cosଶ(cosݔ) ቇ
cosݔ sinଶ(sin (ݔ

sinଶ ݔ ݔ݀



≥ 21න

cosݔ
1 + sinଶ ݔ ݔ݀




= 

= 21tanିଵ(sin |(ݔ = 21(tanିଵ(sin ܾ) − tanିଵ(sinܽ)) = 21 tanିଵ ൬
sin ܾ − sinܽ

1 + sinܽ sinܾ൰ 

Application 13. If  < ࢇ ≤ ࢈ < ࣊


 then: 

න
ܛܗ܋ ࢞ࢊ࢞

ࢇ) + ܖܑܛ ࢈)(࢞ + ܖܑܛ (࢞

࢈

ࢇ
≤


ࢇ)࢈ࢇ + (࢈ ܗܔ ቆ

+࢈ࢇ)࢈ ܖܑܛ (ࢇ
+࢈ࢇ)ࢇ ܖܑܛ  ቇ(࢈

Solution. 

(ܽଶ + ଶ)(ܾଶݔ + (ଶݔ = ܽଶܾଶ + (ܽଶ + ܾଶ)ݔ + ସݔ ≥
ெିீெ

ܽଶܾଶ + ଶݔ2ܾܽ + ସݔ = 
= (ܾܽ + ;ଶ)ଶݔ (1) 

(ܽଶ + ଶ)(ܾଶݔ + (ଶݔ = ܽଶܾଶ + ସݔ + (ܽଶ + ܾଶ)ݔଶ ≥
ெିீெ

ଶݔ2ܾܽ + (ܽଶ + ܾଶ)ݔଶ = 
= (ܽ + ܾ)ଶݔଶ; (2) 

Multiplying (1) and (2) we obtain: 
(ܽଶ + ଶ)(ܾଶݔ + (ଶݔ ≥ (ܾܽ + ܽ)(ଶݔ +  ݔ(ܾ

Hence, 
1

(ܽଶ + ଶ)(ܾଶݔ + (ଶݔ ≤
1

(ܾܽ + ܽ)(ଶݔ + ݔ(ܾ =
1

ܾܽ(ܽ + ܾ) ൬
1
ݔ −

ݔ
ܾܽ +  ଶ൰ݔ

Putting ݔ = sin  :it follows that ݔ
1

(ܽଶ + sinଶ ଶܾ)(ݔ + sinଶ (ݔ ≤
1

ܾܽ(ܽ + ܾ) ൬
1

sin ݔ −
sin ݔ

ܾܽ + sinଶ ൰ݔ ݔ∀; ∈ ቀ0,
ߨ
2
ቁ ; (1) 

cos ݔ
(ܽଶ + sinଶ ଶܾ)(ݔ + sinଶ (ݔ ≤

1
ܾܽ(ܽ + ܾ) ൬

cosݔ
sin ݔ −

sin ݔ cos ݔ
ܾܽ + sinଶ  ൰ݔ

Hence, 

න
cos ݔ ݔ݀

(ܽଶ + sinଶ ଶܾ)(ݔ + sinଶ (ݔ




≤

1
ܾܽ(ܽ + ܾ)න

cos ݔ
sin ݔ




ݔ݀ −

1
ܾܽ(ܽ + ܾ)න

sin ݔ cos ݔ
ܾܽ + sinଶ ݔ ݔ݀




 

=
1

ܾܽ(ܽ + ܾ) log(sin |(ݔ −
1

2ܾܽ(ܽ + ܾ) log(ܾܽ + sinଶ |(ݔ = 

=
1

2ܾܽ(ܽ + ܾ) (log(sin ܾ) − log(sinܽ) − log(ܾܽ+ sinଶ ܾ) + log(ܾܽ + sinଶ ܽ)) = 

=
1

2ܾܽ(ܽ + ܾ) logቆ
ܾ(ܾܽ + sinଶ ܽ)
ܽ(ܾܽ + sinଶ ܾ)ቇ 
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Application 14.If  < ࢇ ≤ ࢈ < ࣊

 then: 

න ቆ
ܜܗ܋ ࢞ ܖܑܛ)ܖܑܛ (࢞ + ܖܑܛ ࢞
ܛܗ܋ ࢞ ܖܑܛ)ܖܑܛ (࢞ + ܖܑܛ ࢞ ቇ



࢞ࢊ
࢈

ࢇ
≥ ିܖ܉ܜ ൬

ܖܑܛ ࢈ − ࢇܖܑܛ
 + ܖܑܛ ࢇ ܖܑܛ  ൰࢈

Solution. 
For ݔ ∈ ቀ0, గ

ଶ
ቁ ⇒ tan ݔ ≥ ݔ ⇒ sin ݔ ≥ ݔ cos  ݔ

sinଶ ݔ ≥ ଶݔ cosଶ ݔ ⇒ sinଶ ݔ ≥ ଶ(1ݔ − sinଶ (ݔ ⇒ sinଶ ݔ (1 + (ଶݔ ≥  ଶݔ

sinଶ ݔ ≥
ଶݔ

1 +  ଶݔ

Putting ݔ = sin   :it follows that ݔ

sinଶ(sin (ݔ ≥
sinଶ ݔ

1 + sinଶ ݔ ⇒
sinଶ(sinݔ)

sinଶ ݔ ≥
1

1 + sinଶ ݔ ⇒
cosݔ sinଶ(sin (ݔ

sinଶ ݔ ≥
cos ݔ

1 + sinଶ ݔ ; (1) 

If ݑ, ݒ > 0 then ቀ௨
మା௩మ

௨ା௩
ቁ
ଶ
≥  ݒݑ

Putting ݑ = ୡ୭ୱ௫ ୱ୧୬మ(ୱ୧୬௫)
ୱ୧୬మ ௫

 and ݒ = 1, we get: 

ቌ
ୡ୭ୱమ ௫ ୱ୧୬ర(ୱ୧୬௫)

ୱ୧୬ర ௫
+ 1

ୡ୭ୱ௫ ୱ୧୬మ(ୱ୧୬௫)
ୱ୧୬మ ௫

+ 1
ቍ

ଶ

≥
cos ݔ sinଶ(sinݔ)

sinଶ ݔ ⇔ 

ቆ
cosଶ ݔ sinସ(sin (ݔ + sinସ ݔ

cosݔ sinଶ ݔ sinଶ(sin (ݔ + sinସ ቇݔ
ଶ

≥
cosݔ sinଶ(sin (ݔ

sinଶ ݔ ⇔ 

ቆ
cotଶ ݔ sinସ(sin (ݔ + sinଶ ݔ
cos ݔ sinଶ(sin (ݔ + sinଶ ݔ ቇ

ଶ

≥
cos ݔ sinଶ(sin (ݔ

sinଶ ݔ  

Therefore, 

න ቆ
cotଶ ݔ sinସ(sin (ݔ + sinଶ ݔ
cosݔ sinଶ(sin (ݔ + sinଶ ݔ ቇ

ଶ

ݔ݀



≥ න

cos ݔ sinଶ(sin (ݔ
sinଶ ݔ ݔ݀




≥
(ଵ)

 

≥ න
cos ݔ

1 + sinଶ ݔ ݔ݀



= tanିଵ ൬

sin ܾ − sin ܽ
1 + sinܽ sin ܾ൰ 

Application 15. If  < ܽ ≤ ܾ < ࣊


 then: 

න ቆ
ܛܗ܋ ࢞ + ܖܑܛ)ܖܑܛ (࢞

ܖܑܛ ࢞ ܛܗ܋) ࢞ + ܖܑܛ)ܖܑܛ ቇ(࢞


࢞ࢊ
࢈

ࢇ
≥ ିܖ܉ܜ ൬

ܖܑܛ ࢈ − ܖܑܛ ࢇ
 + ܖܑܛ ࢇ ܖܑܛ  ൰࢈

Solution. 
For ݔ ∈ ቀ0, గ

ଶ
ቁ ⇒ tan ݔ ≥ ݔ ⇒ sin ݔ ≥ ݔ cos  ݔ

sinଶ ݔ ≥ ଶݔ cosଶ ݔ ⇒ sinଶ ݔ ≥ ଶ(1ݔ − sinଶ (ݔ ⇒ sinଶ ݔ (1 + (ଶݔ ≥  ଶݔ

sinଶ ݔ ≥
ଶݔ

1 +  ଶݔ

Putting ݔ = sin   :it follows that ݔ

sinଶ(sin (ݔ ≥
sinଶ ݔ

1 + sinଶ ݔ ⇒
sinଶ(sin (ݔ

sinଶ ݔ ≥
1

1 + sinଶ ݔ ⇒ 

cosݔ sinଶ(sin (ݔ
sinଶ ݔ ≥

cosݔ
1 + sinଶ ݔ ; (1) 

If ݑ, ݒ > 0 then ቀ௨
మା௩మ

௨ା௩
ቁ
ଶ
≥ ݑ and  for ݒݑ = cotݔ , ݒ = ୱ୧୬మ(ୱ୧୬௫)

ୱ୧୬௫
, we get: 
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ቆ
cosଶ ݔ + sinସ(sin (ݔ

sin ݔ (cosݔ + sinଶ(sin ቇ(ݔ
ଶ

= ቌ
ୡ୭ୱమ ௫
ୱ୧୬మ ௫

+ ୱ୧୬ర(ୱ୧୬௫)
ୱ୧୬మ ௫

ୡ୭ୱ ௫
ୱ୧୬௫

+ ୱ୧୬మ(ୱ୧୬௫)
ୱ୧୬௫

ቍ

ଶ

= 

= ቌ
cotଶ ݔ + ୱ୧୬ర(ୱ୧୬௫)

ୱ୧୬మ ௫

cotݔ + ୱ୧୬మ(ୱ୧୬ ௫)
ୱ୧୬ ௫

ቍ

ଶ

≥ cot ݔ ⋅
sinଶ(sin (ݔ

sin ݔ =
cos ݔ sinଶ(sin (ݔ

sinଶ ݔ ≥
(ଵ) cos ݔ

1 + sinଶ  ݔ

Therefore, 

න ቆ
cosଶ ݔ + sinସ(sin (ݔ

sin ݔ (cosݔ + sinଶ(sin ቇ(ݔ
ଶ

ݔ݀



≥ න

cosݔ
1 + sinଶ ݔ ݔ݀




= tanିଵ ൬

sin ܾ − sinܽ
1 + sin ܽ sin ܾ൰ 

Application 16. If  < ܽ ≤ ܾ < ࣊


 then: 

න
( + ࢞ ܖܑܛ )(࢞ + ࢞ ܖܑܛ (࢞
( + ܖܑܛ )(࢞ + ࢞(࢞ ܛܗ܋ ࢞

࢈

ࢇ
࢞ࢊ ≥ ܗܔ ൬

 + ࢈ܖ܉ܜ
 +  ൰ࢇܖ܉ܜ

Solution. Let ݂: ቀ0, గ
ଶ
ቁ → ℝ, (ݔ)݂ = sin ݔ + sin ݔ tan ݔ −   ,then ݔ

݂ᇱ(ݔ) = cosݔ + sin ݔ +
sin ݔ

cosଶ ݔ − 1 = √2 cos ቀ
ߨ
4 − +ቁݔ

sin ݔ
cosଶ ݔ − 1 > ݔ∀;0 ∈ ቀ0,

ߨ
2
ቁ 

Hence,  
sin ݔ
ݔ ≥

1
1 + tan ݔ ݔ∀; ∈ ቀ0,

ߨ
2
ቁ 

Lemma. For all ࢜,࢛ > 0, holds: 
࢛) + ࢜)(࢜ + (࢛

( + )(࢛ + (࢜ ≥  ࢛࢜

Proof. 
ଶݑ) + ଶݒ)(ݒ + (ݑ

(1 + 1)(ݑ + (ݒ ≥ ݒݑ ⇔ ଶݑ) + ଶݒ)(ݒ + (ݑ ≥ 1)ݒݑ + 1)(ݑ + (ݒ ⇔ 

ଶݒଶݑ + ଷݑ + ଷݒ + ݒݑ ≥ 1)ݒݑ + ݑ + ݒ + (ݒݑ ⇔ ଷݑ + ଷݒ ≥ ݒଶݑ +  ଶݒݑ
ݑ) + ݑ)(ݒ − ଶ(ݒ ≥ ݒ,ݑ∀;0 > 0 

Now, let ݑ = sinݔ ݒ, = ଵ
௫
 then,  

(1 + ݔ sinଶ 1)(ݔ + ଶݔ sin (ݔ
(1 + sin 1)(ݔ + ଶݔ(ݔ cosଶ ݔ ≥

sin ݔ
ݔ ≥

1
1 + tan ݔ ݔ∀; ∈ ቀ0,

ߨ
2
ቁ 

Therefore, 

න
(1 + ݔ sinଶ 1)(ݔ + ଶݔ sin (ݔ
(1 + sin1)(ݔ + ଶݔ(ݔ cosଶ ݔ




ݔ݀ ≥ log൬

1 + tan ܾ
1 + tanܽ൰ 

Application 17. If  < ܽ ≤ ܾ < ࣊


 then: 

න
ܜܗ܋) ࢞ + ܖܑܛ)ܖܑܛ ܜܗ܋)((࢞ ࢞ + ܖܑܛ)ܖܑܛ ((࢞

( + ܜܗ܋ )(࢞ + ܖܑܛ)ܖܑܛ ((࢞

࢈

ࢇ
࢞ࢊ ≥


 ܗܔ ቆ

 + ܖܑܛ ࢈
+ ܖܑܛ  ቇࢇ

Solution. We have: tan ݔ ≥ ݔ ≥ sin ݔ ݔ∀; > 0 ⇒ sin ݔ ≥ ݔ ⋅ cos ݔ ݔ∀, > 0 ⇒ 

sinଶ ݔ ≥ ଶݔ ⋅ cosଶ ݔ ݔ∀, > 0 ⇒ sinଶ ݔ ≥
ଶݔ

1 + ଶݔ ݔ∀, > 0 ⇒
sinଶ ݔ
ݔ ≥

ݔ
(1 + (ଶݔ ݔ∀, > 0 

sinଶ(sinݔ)
sin ݔ ≥

sin ݔ
1 + sinଶ ݔ ݔ∀; > 0 

Let ݑ = cot ݔ ݒ, = sinଶ(sin  ,then (ݔ
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(cotଶ ݔ + sinଶ(sin cot)((ݔ ݔ + sinସ(sin ((ݔ
(1 + cot1)(ݔ + sinଶ(sin ((ݔ ≥ cotݔ ⋅ sinଶ(sinݔ) ݔ∀, > 0 

Therefore, 

න
(cotଶ ݔ + sinଶ(sin ݔcot)((ݔ + sinସ(sinݔ))

(1 + cot1)(ݔ + sinଶ(sinݔ))




ݔ݀ ≥ න cotݔ ⋅ sinଶ(sin (ݔ




ݔ݀ ≥ 

≥ න
sin ݔ ⋅ cos ݔ
1 + sinଶ ݔ ݔ݀




=

1
2 logቆ

1 + sinଶ ܾ
1 + sinଶ ܽቇ 
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ROUTH’S THEOREMS REVISITED 

By Neculai Stanciu-Romania 

ROUTH’S THEOREM (I) 

Let ઢ,ᇱ ∈ ᇱ,() ∈ ᇱ,() ∈ ࢞,() = ᇲ

ᇲ
࢟, = ᇲ

ᇲ
, ࢠ = ᇲ

ᇲ
. 

If we denote with [ࢆࢅࢄ] the area of triangle ࢆࢅࢄ, then: 

[ᇱᇱᇱ] =
+ࢠ࢟࢞ 

࢞) + )(࢟+ )(ࢠ+ ) ⋅  []

 

Proof.ܣܤᇱ = ௫
௫ାଵ

ᇱܤܥ, = ௬
௬ାଵ

ᇱܥܣ, = ௭
௭ାଵ

ܥᇱܣ, = 
௫ାଵ

ܣᇱܤ, = 
௬ାଵ

ܤᇱܥ, = 
௭ାଵ
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[ᇱܥᇱܤᇱܣ] = [ܥܤܣ] − −[ᇱܥܤᇱܣ] [ᇱܤܥᇱܣ] − [ᇱܥܣᇱܤ] = 

= [ܥܤܣ] −
ܤᇱܣ ⋅ ܤᇱܥ ⋅ sinܤ

2 −
ܥᇱܣ ⋅ ܥᇱܤ ⋅ sin ܿ

2 −
ܣᇱܤ ⋅ ܣᇱܥ ⋅ sinܣ

2 = 

= [ܥܤܣ] −
ݔܿܽ ⋅ sinܤ

ݔ)2 + ݖ)(1 + 1) −
ݕܾܽ ⋅ sin ܥ

ݔ)2 + +ݕ)(1 1)−
ݖܾܿ ⋅ sinܣ

ݕ)2 + ݖ)(1 + 1) = 

= [ܥܤܣ] ൬1 −
ݔ

ݔ) + ݖ)(1 + 1)−
ݕ

ݔ) + +ݕ)(1 1)−
ݖ

ݕ) + ݖ)(1 + 1)൰ = 

=
ݖݕݔ + 1

ݔ) + ݕ)(1 + ݖ)(1 + 1) ⋅  [ܥܤܣ]

ROUTH’S THEOREM (II) 

Let ઢ,ᇱ ∈ ᇱ,() ∈ ᇱ,() ∈ ࢞,() = ᇲ

ᇲ
࢟, = ᇲ

ᇲ
, ࢠ = ᇲ

ᇲ
. 

ᇱ ∩ ᇱ = ᇱ,{ᇱᇱ} ∩ ᇱ = ᇱ,{ᇱᇱ} ∩ ᇱ =  {ᇱᇱ}

If we denote with [ࢆࢅࢄ] the area of triangle ࢆࢅࢄ, then 

[ᇱᇱᇱ] =
ࢠ࢟࢞) − )

࢟࢞) + ࢞ + )(ࢠ+ ࢟ + )(࢞ࢠ + ࢠ + ) ⋅  []

 

Proof.ܣܤᇱ = ௫
௫ାଵ

ᇱܤܥ, = ௬
௬ାଵ

ᇱܥܣ, = ௭
௭ାଵ

ܥᇱܣ, = 
௫ାଵ

ܣᇱܤ, = 
௬ାଵ

ܤᇱܥ, = 
௭ାଵ

 

[ᇱᇱܣܤܣ] =
ᇱᇱܣܣ

ᇱܣܣ ⋅
[ᇱܣܤܣ] =

ᇱᇱܣܣ

ᇱܣܣ ⋅
ᇱܣܤ

ܥܤ ⋅ [ܥܤܣ] =
ᇱᇱܣܣ

ᇱܣܣ ⋅
ݔܽ

ݔ) + 1)ܽ ⋅
 [ܥܤܣ]

By Menelaus Theorem for Δܥ′ܣܣ with transversal ܤᇱ − ᇱᇱܣ −  we deduce ′ܤ

ᇱܤܣ

ܥᇱܤ ⋅
ܥܤ
ᇱܣܤ ⋅

ᇱᇲᇲܣ

ܣᇱᇱܣ = 1 ⇔
1
ݕ ⋅

ݔ + 1
ݔ ⋅

ᇱᇱܣᇱܣ

ܣᇱᇱܣ = 1 ⇔
ᇱᇱܣᇱܣ

ܣᇱᇱܣ =
ݕݔ
ݔ + 1 ⇒

ᇱᇱܣܣ

ᇱܣܣ =
ݔ + 1

+ݕݔ ݔ + 1 

[ᇱᇱܣܤܣ] =
ݔ + 1

ݕݔ + ݔ + 1 ⋅
ݔܽ

ݔ) + 1)ܽ ⋅
[ܥܤܣ] =

ݔ
+ݕݔ ݔ + 1 ⋅

 [ܥܤܣ]

Analogously, we obtain [ܤܥܤᇱᇱ] = ௬
௬௭ା௬ାଵ

⋅ ;[ܥܤܣ] [ᇱᇱܥܣܥ] = ௭
௭௫ା௭ାଵ

⋅  [ܥܤܣ]
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[ᇱᇱܥᇱᇱܤᇱᇱܣ] = [ܥܤܣ] − [ᇱᇱܣܤܣ] − −[ᇱᇱܤܥܤ] [ᇱᇱܥܣܥ] = 

=
ݖݕݔ) − 1)ଶ

+ݕݔ) ݔ + ݖ)(1 + ݕ + ݔݖ)(1 + ݖ + 1) ⋅  [ܥܤܣ]

Application 1. Let ઢ,ᇱ,ᇱᇱ ∈ ᇱᇱ,ᇱ,() ∈ ᇱᇱ,ᇱ,() ∈  ()

ᇱ ∩ ᇱ ∩ ᇱ = ᇱᇱ,{ࡼ} ∩ ᇱᇱ ∩ ᇱᇱ = ,{ࡽ} ᇱ࢞ =
ᇱ

ᇱ ᇱ࢟, =
ᇱ

 ,ᇱ

ᇱࢠ = ᇲ

ᇲ
ᇱᇱ࢞, = ᇲᇲ

ᇲᇲ
ᇱᇱ࢟, = ᇲᇲ

ᇲᇲ
, ᇱᇱࢠ = ᇲᇲ

ᇲᇲ
. Prove that: 

[ᇱᇱᇱ]
[ᇱᇱᇱᇱᇱᇱ] =

ᇱᇱ࢞) + )(࢟ᇱᇱ + )(ࢠᇱᇱ + )
ᇱ࢞) + )(࢟ᇱ + )(ࢠᇱ + )  

Solution.	Let Δܣ,ܥܤܣᇱ,ܣᇱᇱ ∈ ᇱᇱܤ,ᇱܤ,(ܥܤ) ∈ ᇱܥ,(ܣܥ) ᇱᇱܥ, ∈  (ܤܣ)

ᇱܣܣ ∩ ᇱܤܤ ∩ ᇱܥܥ = ᇱᇱܣܣ,{ܲ} ∩ ᇱᇱܤܤ ∩ ᇱᇱܥܥ = {ܳ}, ᇱݔ =
ᇱܣܤ

ܥᇱܣ , ᇱݕ =
ᇱܤܥ

ܣᇱܤ , ᇱݖ =
ᇱܥܣ

 ܤᇱܥ

ᇱᇱݔ =
ᇱᇱܣܤ

ܥᇱᇱܣ ᇱᇱݕ, =
ᇱᇱܤܥ

ܣᇱᇱܤ , ᇱᇱݖ =
ᇱᇱܥܣ

 ܤᇱᇱܥ

By Routh’s theorem we obtain: [ܣᇱܤᇱܥᇱ] = ௫ᇲ௬ᇲ௭ᇲାଵ
(௫ᇲାଵ)(௬ᇲାଵ)(௭ᇲାଵ)

 	,[ܥܤܣ]

[ᇱᇱܥᇱᇱܤᇱᇱܣ] =
ᇱᇱݖᇱᇱݕᇱᇱݔ + 1

ᇱᇱݔ) + ᇱᇱݕ)(1 + ᇱᇱݖ)(1 + 1)  [ܥܤܣ]

From Ceva’s theorem we have: ݔᇱݕᇱݖᇱ = ᇱᇱݖᇱᇱݕᇱᇱݔ = 1.Hence: 

[ᇱܥᇱܤᇱܣ]
[ᇱᇱܥᇱᇱܤᇱᇱܣ] =

ᇱᇱݔ) + ݕ)(1 ᇱᇱ + ᇱᇱݖ)(1 + 1)
ݔ) ᇱ + ᇱݕ)(1 + ᇱݖ)(1 + 1)  

Application 2. Let ઢ,ᇱ,ᇱᇱ ∈ ᇱᇱ,ᇱ,() ∈ ᇱᇱ,ᇱ,() ∈  ()

ᇱ ∩ ᇱ ∩ ᇱ = ᇱᇱ,{ࡼ} ∩ ᇱᇱ ∩ ᇱᇱ = ,{ࡽ} ᇱ࢞ =
ᇱ

ᇱ ᇱ࢟, =
ᇱ

 ,ᇱ

ᇱࢠ = ᇲ

ᇲ
ᇱᇱ࢞, = ᇲᇲ

ᇲᇲ
ᇱᇱ࢟, = ᇲᇲ

ᇲᇲ
, ᇱᇱࢠ = ᇲᇲ

ᇲᇲ
.Prove that: 

[ᇱᇱᇱ]
[ᇱᇱᇱᇱᇱᇱ] =

ᇱ

ᇱᇱ ⋅
ᇱ

ᇱᇱ ⋅
ᇱ

ᇱᇱ  

Solution. ܣܤᇱ = ௫ᇲ

௫ᇲାଵ
ᇱܤܥ, = ௬ᇲ

௬ᇲାଵ
ᇱܥܣ, = ௭ᇲ

௭ᇲାଵ
ܥᇱܣ, = 

௫ᇲାଵ
ܣᇱܤ, = 

௬ᇲାଵ
ܤᇱܥ, = 

௭ᇲାଵ
 

ܣᇱᇱܤ =
ܾ

ᇱᇱݕ + 1 ܤᇱᇱܥ, =
ᇱᇱݔܽ

ᇱᇱݔ + 1 ᇱᇱܤܥ, =
ᇱᇱݕܾ

ᇱᇱݕ + 1 ᇱᇱܥܣ, =
ᇱᇱݖܿ

ᇱᇱݖ + 1 ܥᇱᇱܣ, =
ܽ

ᇱᇱݔ + 1, 
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ܣᇱᇱܤ =
ܾ

ᇱᇱݕ + 1 ܤᇱᇱܥ, =
ܿ

ᇱᇱݖ + 1 

ᇱܣܤ

ᇱᇱܣܤ =
ᇱᇱݔ)ᇱݔ + 1)
ᇱݔ)ᇱᇱݔ + 1) ,

ᇱܤܥ

ᇱᇱܤܥ =
ᇱᇱݕ)ᇱݕ + 1)
ᇱݕ)ᇱᇱݕ + 1) ,

ᇱܥܣ

ᇱᇱܥܣ =
ᇱᇱݖ)ᇱݖ + 1)
ᇱݖ)ᇱᇱݖ + 1) 

ᇱᇱݔ)27 + ᇱᇱݕ)(1 + ᇱᇱݖ)(1 + 1)
ᇱݔ) + ᇱݕ)(1 + ᇱݖ)(1 + 1) ≤ ቆ

ݔ ᇱ(ݔᇱᇱ + 1)
ݔ ᇱᇱ(ݔᇱ + 1) +

ᇱᇱݕ)ᇱݕ + 1)
ᇱݕ)ᇱᇱݕ + 1) +

ᇱᇱݖ)ᇱݖ + 1)
ᇱݖ)ᇱᇱݖ + 1)ቇ 

From Routh’s Theorem we obtain: [ܣᇱܤᇱܥᇱ] = ௫ᇲ௬ᇲ௭ᇲାଵ
(௫ᇲାଵ)(௬ᇲାଵ)(௭ᇲାଵ)

⋅  [ܥܤܣ]

[ᇱᇱܥᇱᇱܤᇱᇱܣ] =
ᇱᇱݖᇱᇱݕᇱᇱݔ + 1

ᇱᇱݔ) + ᇱᇱݕ)(1 + ᇱᇱݖ)(1 + 1) ⋅  [ܥܤܣ]

From Ceva’s Theorem we have ݔᇱݕᇱݖᇱ = ݔ ᇱᇱݕᇱᇱݖᇱᇱ = 1. Therefore, 

[ᇱܥᇱܤᇱܣ]
[ᇱᇱܥᇱᇱܤᇱᇱܣ] =

ᇱᇱݔ) + ݕ)(1 ᇱᇱ + ᇱᇱݖ)(1 + 1)
ݔ) ᇱ + ᇱݕ)(1 + ᇱݖ)(1 + 1)  

ᇱܣܤ

ᇱᇱܣܤ ⋅
ᇱܤܥ

ᇱᇱܤܥ ⋅
ᇱܥܣ

ᇱᇱܥܣ =
ᇱᇱݔ)ᇱݔ + 1)
ᇱݔ)ᇱᇱݔ + 1) +

ᇱᇱݕ)ᇱݕ + 1)
ᇱݔ)ᇱᇱݕ + 1) +

ᇱᇱݖ)ᇱݖ + 1)
ᇱݖ)ᇱᇱݖ + 1) 

[ᇱܥᇱܤᇱܣ]
[ᇱᇱܥᇱᇱܤᇱᇱܣ] =

ᇱܣܤ

ᇱᇱܣܤ ⋅
ᇱܤܥ

ᇱᇱܤܥ ⋅
ᇱܥܣ

 ᇱᇱܥܣ

Application 3. Let  be a triangle, ᇱ ∈ ᇱ,() ∈ ᇱ,() ∈  ,()

ᇱ = ᇱ,ᇱ = ᇱ,ᇱ = ᇱ. If ᇱ ∩ ᇱ = ᇱ,{ᇱᇱ} ∩ ᇱ =  ,{ᇱᇱ}

ᇱ ∩ ᇱ = ᇲ൧ᇲᇲൣ :Prove that.{ᇱᇱ}
[ᇲᇲᇲᇲᇲᇲ]

= ૠ


 

Solution. Denoting ݔ = ᇲ

ᇲ
= 1, ݕ = ᇲ

ᇲ
= 2, ݖ = ᇲ

ᇲ
= 3 then by Routh’s Theorem 

[ᇱܥᇱܤᇱܣ] =
ݖݕݔ + 1

ݔ) + ݕ)(1 + ݖ)(1 + 1) ⋅  [ܥܤܣ]

[ᇱᇱܥᇱᇱܤᇱᇱܣ] =
ݖݕݔ) − 1)ଶ

ݕݔ) + ݔ + ݖݕ)(1 + ݕ + ݔݖ)(1 + ݖ + 1) ⋅  [ܥܤܣ]
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So, [ܣᇱܤᇱܥᇱ] = 
ଶସ
⋅ ,[ܥܤܣ] [ᇱᇱܥᇱᇱܤᇱᇱܣ} = ଶହ

ଷ⋅
⋅ Hence, ൣ .[ܥܤܣ]

ᇲᇲᇲ൧
[ᇲᇲᇲᇲᇲᇲ]

= ଵସ
ହ

. 

Application 4. Let  be a triangle, ᇱ ∈ ᇱ,() ∈ ᇱ,() ∈  ,()

ᇱ = ᇱ,ᇱ = ᇱ,ᇱ = ᇱ. If ᇱ ∩ ᇱ = ᇱ,{ᇱᇱ} ∩ ᇱ =  ,{ᇱᇱ}

ᇱ ∩ ᇱ =  :Prove that.{ᇱᇱ}

[ᇱᇱᇱ]
[] =


࢟࢞ + +ࢠ࢟ ࢞ࢠ + ࢞ + ࢟ + +ࢠ  

Solution. From the theorem of Routh’s we have: [ܣᇱܤᇱܥᇱ] = ௫௬௭ାଵ
(௫ାଵ)(௬ାଵ)(௭ାଵ)

⋅ ;[ܥܤܣ] (1) 

From Ceva’s theorem we have ݖݕݔ = 1; (2). From (1) and (2) it follows that 

[ᇱܥᇱܤᇱܣ]
[ܥܤܣ] =

2
ݕݔ + ݖݕ + ݔݖ + ݔ + ݕ + ݖ + 2 

FEW LEMMAS 

By Florentin Vișescu-Romania 

 

ܨ = ெேܨ;ܨ = ொோௌܨ;ଵܨ = ,ଶܨ
ܲܣ
ܤܲ = ݇;

ܯܤ
ܥܯ = ݈;

ܰܥ
ܣܰ = ݉;݈݇݉ =  ݐ

ଵܨ = ܨ − ெܨ) + ெܨ +  (ெேܨ

ேܨ =
ܲܣ ⋅ ܰܣ ⋅ sinܣ

2 =
݇

݇ + 1 ⋅ ܤܣ ⋅
1

݉ + 1 ⋅ ܥܣ ⋅
sinܣ

2 =
݇

݇ + 1 ⋅
1

݉ + 1 ⋅  ܨ

ெܨ =
݈

݈ + 1 ⋅
1

݇ + 1 ⋅ ெேܨ;ܨ =
݉

݉ + 1 ⋅
1

݈ + 1 ⋅  ܨ

ଵܨ = ܨ ൬1 −
݇

(݇ + 1)(݉ + 1)−
݈

(݈ + 1)(݇ + 1) −
݉

(݉ + 1)(݈ + 1)൰

=
݈݇݉ + 1

(݇ + 1)(݈ + 1)(݉ + 1) ; (1) 

ܨ = ேܨ + ܨ + ெܨ − ோேܨ − ௌܨ − ொெܨ + ;ଶܨ (2) 
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ܰܣ
ܥܰ ⋅

ܤܥ
ܯܤ ⋅

ܳܯ
ܣܳ = (ݏݑ݈ܽ݁݊݁ܯ)	1 ⇒

1
݉ ⋅

݈ + 1
݈ ⋅

ܳܯ
ܣܳ = 1 

ܳܯ
ܣܳ =

݈݉
݈ + 1 ;

ܳܯ
ܣܯ =

݈݉
݈݉ + ݈ + 1 ;

ܳܯ
ܣܯ =

ܷܳ
ܸܣ  

ܷܳ
ܸܣ =

݈݉
݈݉ + ݈ + 1 ;ܷܳ =

݈݉
݈݉ + ݈ + 1 ⋅  ܸܣ

ொெܨ =
ܯܤ ⋅ ܷܳ

2 =
݈݉

݈݉ + ݈ + 1 ⋅
ܯܤ ⋅ ܸܣ

2 ܯܤ; =
݈

݈ + 1 ⋅  ܥܤ

ொெܨ =
݈ଶ݉

(݈݉ + ݈ + 1)(݈ + 1) ⋅
ܥܤ ⋅ ܸܣ

2 =
݈ଶ݉

(݈݉݊ + ݈ + 1)(݈ + 1) 

ௌܨ =
݇ଶ݈

(݈݇ + ݇ + 1)(݇ + 1) ⋅ ;ܨ ேܨ =
݉ଶ݇

(݉݇ + ݉ + 1)(݉ + 1) ⋅  ܨ

ܨ =
݉

݉ + 1 ⋅ ܨ +
݇

݇ + 1 ⋅ ܨ +
݈

݈ + 1 ⋅ ܨ −
݈ଶ݉

(݈݉ + ݈ + 1)(݈ + 1) ⋅ ܨ − 

−
݇ଶ݇

(݈݇ + ݇ + 1)(݇ + 1) ⋅ ܨ −
݉ଶ݇

(݉݇ + ݉ + 1)(݉ + 1) ⋅ ܨ +  ଶܨ

ଶܨ = ܨ

⎝

⎜
⎛1 −

݉
݉ + 1 −

݇
݇ + 1 −

݈
݈ + 1 +

݈ଶ݉
(݈݉ + ݈ + 1)(݈ + 1) +

݇ଶ݈
(݈݇ + ݇ + 1)(݇ + 1) +

+
݉ଶ݇

(݇݉ + ݉ + 1)(݉ + 1) ⎠

⎟
⎞

 

ଶܨ = ܨ ൬1 −
݉

݉݇ + ݉ + 1 −
݈

݈݉ + ݈ + 1 −
݇

݈݇ + ݇ + 1൰ 

ଶܨ = ܨ ൜1 − ൬
݉

݉݇ + ݉ + 1 +
݈

݈݉ + ݈ + 1 +
݇

݈݇ + ݇ + 1൰ൠ 
Lemma 1. Let , , ∈ (,∞), then: 

 + 
+) )(+ )(+ ) ≤

ඥ() − √ + 

൫√ + ൯
  

Equality holds for  =  =  .

Proof. Let ݂:ℝ → ℝ, (ݔ)݂ = log(݁௫ + 1), then ݂ ᇱ(ݔ) = ೣ

ೣାଵ
= 1 − ଵ

ೣାଵ
, ݂

ᇱᇱ
(ݔ) =

ೣ

(ೣାଵ)మ
> ݔ∀,0 ∈ ℝ ⇒ ݂ −convex function, then from Jensen's inequality: 

(ݔ)݂ + (ݕ)݂ + (ݖ)݂ ≥ 3݂ ൬
ݔ + ݕ + ݖ

3 ൰ ,ݕ,ݔ∀; ݖ ∈ ℝ 

log(݁௫ + 1)(݁௬ + 1)(݁௭ + 1) ≥ logቀ݁
ೣశశ

య + 1ቁ
ଷ

,ݕ,ݔ∀; ݖ ∈ ℝ 

(݁௫ + 1)(݁௬ + 1)(݁௭ + 1) ≥ ቀ݁
ೣశశ

య + 1ቁ
ଷ

,ݔ∀; ,ݕ ݖ ∈ ℝ 
Let ݔ = log݉ ; ݕ = log݇ ; ݖ = log ݈, then 
(݉ + 1)(݇ + 1)(݈ + 1) ≥ ൫√݈݇݉య + 1൯

ଷ
 

1
(݉ + 1)(݇ + 1)(݈ + 1) ≤

1

൫√݈݇݉య + 1൯
ଷ 
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݈݇݉+ 1
(݉ + 1)(݇ + 1)(݈ + 1) ≤

݈݇݉ + 1

൫√݈݇݉య + 1൯
ଷ 

݈݇݉ + 1
(݉ + 1)(݇ + 1)(݈ + 1) ≤

ඥ(݈݇݉)ଶయ − √݈݇݉య + 1

൫√݈݇݉య + 1൯
ଶ ; ݐ) = ݈݇݉) 

݈݇݉ + 1
(݉ + 1)(݇ + 1)(݈ + 1) ≤

ଶయݐ√ − యݐ√ + 1

൫√ݐయ + 1൯
ଶ  

ଵܨ ≤ ܨ ⋅
ଶయݐ√ − యݐ√ + 1

൫√ݐయ + 1൯
ଶ = ܨ ⋅

ඥ(݈݇݉)ଶయ − √݈݇݉య + 1

൫√݈݇݉య + 1൯
ଶ  

Let:	݃: (0,∞) → ℝ,݃(ݐ) =
ଶݐ − ݐ + 1
ݐ) + 1)ଶ , then	݃ᇱ(ݐ) =

ݐ)3 − 1)
ݐ) + 1)ଷ  

 
lim௧→శ (ݐ)݃ = 1; lim௧→ஶ (ݐ)݃ = 1 ;݃(1) = ଵ

ସ
. So,݉݅݊ ଵܨ = ி

ସ
 

Equality holds for ݇ = ݈ = ݉ = 1. 
Lemma 2. Let , , ∈ (,∞), then: 


+  +  +


 +  +  +


 +  +  ≥

 ⋅ √

ඥ() + √ + 
 

Proof. Let be ݈݇݉ = ,ݕ,ݔ and let ݐ ݖ ∈ (0,∞) such that ݉ = ௫
௬
⋅ యݐ√ ; ݇ = ௭

௫
⋅ యݐ√ ; ݈ = ௬

௭
⋅ యݐ√ . 

Inequality can be written as: 
௫
௬
⋅ యݐ√

௫
௬
⋅ యݐ√ ⋅ ௭

௫
⋅ యݐ√ + ௫

௬
⋅ యݐ√ + 1

+
௬
௭
⋅ యݐ√

௬
௭
⋅ యݐ√ ⋅ ௫

௬
⋅ యݐ√ + ௬

௭
⋅ యݐ√ + 1

+
௭
௫
⋅ యݐ√

௭
௫
⋅ యݐ√ ⋅ ௬

௭
⋅ యݐ√ + ௭

௫
⋅ యݐ√ + 1

≥ 

≥
3 ⋅ యݐ√

ଶయݐ√ + యݐ√ + 1
 

Hence, 
ݔ

ଶయݐ√ݖ + యݐ√ݔ + ݕ
+

ݕ
ଶయݐ√ݔ + యݐ√ݕ + ݖ

+
ݖ

ଶయݐ√ݕ + యݐ√ݖ + ݔ
≥

3
ଶయݐ√ + యݐ√ + 1

 

Let ݔ + ݕ + ݖ = 1, then: 
ݔ

ଶయݐ√ݖ + యݐ√ݔ + ݕ
+

ݕ
ଶయݐ√ݔ + యݐ√ݕ + ݖ

+
ݖ

ଶయݐ√ݕ + యݐ√ݖ + ݔ
= 

ଶݔ

ଶయݐ√ݖݔ + యݐ√ଶݔ + ݕݔ
+

ଶݕ

ଶయݐ√ݕݔ + యݐ√ଶݕ + ݖݕ
+

ଶݖ

ଶయݐ√ݖݕ + యݐ√ଶݖ + ݖݔ
≥

௦௧
 

≥
ݔ) + ݕ + ଶ(ݖ

ݕݔ) + ݖݕ + ଶయݐ√൫(ݔݖ + 1൯ + ଶݔ) + ଶݕ + యݐ√(ଶݖ = 
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=
1

ݕݔ) + ݖݕ + ଶయݐ√൫(ݔݖ − యݐ√2 + 1൯ + యݐ√  

So, from ݕ,ݔ, ݖ ∈ ݔ,(∞,0) + ݕ + ݖ = 1, we get: ݕݔ + ݖݕ + ݔݖ ≤ ଵ
ଷ
. Thus, 

ݔ
ଶయݐ√ݖ + యݐ√ݔ + ݕ

+
ݕ

ଶయݐ√ݔ + యݐ√ݕ + ݖ
+

ݖ
ଶయݐ√ݕ + యݐ√ݖ + ݔ

≥
3

ଶయݐ√ + యݐ√ + 1
 

Hence, 

ଶܨ ≤ ܨ ቆ1 −
3 ⋅ √݈݇݉య

ඥ(݈݇݉)ଶయ + √݈݇݉య + 1
ቇ = ܨ ⋅

ඥ(݈݇݉)ଶయ − 2√݈݇݉య + 1
ඥ(݈݇݉)ଶయ + √݈݇݉య + 1

 

ଶܨ ≤ ܨ ⋅
ଶయݐ√ − యݐ√2 + 1
ଶయݐ√ + యݐ√ + 1

= ܨ ⋅
ඥ(݈݇݉)ଶయ − 2√݈݇݉య + 1
ඥ(݈݇݉)ଶయ + √݈݇݉య + 1

 

Let	ℎ: (0,∞) → ℝ,ℎ(ݐ) =
ݐ) − 1)ଶ

ଶݐ + ݐ + 1 ,ℎᇱ(ݐ) =
ݐ)3 − ݐ)(1 + 1)

ଶݐ) + ݐ + 1)  

ℎᇱ(ݐ) = 0 ⇒ ݐ = 1 

 
lim
௧→శ

ℎ(ݐ) =
1
3 ; lim

௧→ஶ
ℎ(ݐ) = 1,ℎ(1) = 0 

REFERENCE: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

SEQUENCES OF SOLUTIONS FOR GIVED PARAMETRIZED EQUATIONS 

By Marian Ursărescu, Florică Anastase-Romania 

Abstract: In this paper are presented a way to find the limit of a sequence defined as solution 
for a parametrized equation. 

Application 1. For  ∈ ℕ∗, ≥  let us denote ()࢞ solution of the equation  

−) ) ିܖܑܛ ࢞ −  ܖܑܛ ࢞ = . 

Prove that ܖܑܛ ()࢞ = ටି


∀, ≥  and find ܕܑܔ
ஶ→

ܖܑܛ  .()࢞

Solution. Let be the function ݂:ℝ → ℝ, ݂(ݔ) = sin (ݔ)then  ݂ᇱ ,ݔ = ݊ sinିଵ ݔ ⋅ cos  ݔ

݂
ᇱᇱ(ݔ) = ݊(݊ − 1) sinିଶ ݔ ⋅ cosଶ ݔ + ݊ sinିଵ ݔ ⋅ (− sin (ݔ = 

= ݊(݊ − 1) sinିଶ ݔ − ݊(݊ − 1) sin ݔ − ݊ sin ݔ = ݊(݊ − 1) sinିଶ ݔ − ݊ଶ sin  ݔ
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ݔ = ݊)݊ solution of the equation−(݊)ݔ − 1) sinିଶ ݔ − ݊ଶ sin ݔ = 0 

⇒ sinଶ ݔ =
݊ − 1
݊ ⇒ sin ݔ = ඨ݊ − 1

݊  

lim
→ஶ

sin (݊)ݔ = lim
→ஶ

(sin )ݔ = lim
→ஶ

(1 + sin ݔ − 1)
భ

౩ೣషభ
⋅(ୱ୧୬ ௫ିଵ) = 

= lim
→ஶ

݁
ቆටషభ ିଵቇ

= lim
→ஶ

݁

షభ

భశටషభ =
1
√݁

. 

Application 2. For  ∈ ℕ∗, ≥  let us denote ()࢞ solution of the equation  

࢞ − ࢞ +  = .	Prove that the equation have just two solutions ࢇ ∈ (,), 

࢈  ∈ (,∞) and find  ષ = ஶ→ܕܑܔ  .ࢇ

Solution. Let be the function ݂:ℝା → ℝ, ݂(ݔ) = ݔ − ݔ݊ + 1, then 

݂
ᇱ(ݔ) = ିଵݔ)݊ − ݔ∀,(1 ≥ 0 

݂
ᇱ(1) = 0	and ݂ᇱ(ݔ) < ݔ∀,0 ∈ [0,1) and ݂ᇱ(ݔ) > ݔ∀,0 ∈ [1,∞). 

So, ݂ −is decreasing on [0,1] and increasing on [1,∞). Because ݂ −is continuous, 
decreasing  on [0,1] and ݂(0) ⋅ ݂(1) < 0 hence, ݂ −has only a root on the interval 

(0,1).	Now, ݂ −continuous, increasing, ݂(1) < 0 and lim
→ஶ ݂(ݔ) = +∞ hence 

݂ −has only root on the interval [1,∞). Now, ܽ ∈ (0,1) and from ݂(0) > 0,	 

݂ ቀ
ଶ

ቁ < 0,∀݊ ≥ 3 we get:  ܽ ∈ ቀ0, ଶ


ቁ ⇒ lim→ஶ ܽ = 0. 

Application 3. For  ∈ ℕ let us denote ()࢞ solution of the equation 

࢞ + ࢞ −  − 
ା

= .	Find: ષ = ܕܑܔ
ஶ→

()࢞) − ). 

Solution. Let be the function ݂:ℝ → ℝ, (ݔ)݂ = ଷݔ + ݔ + 1. 

lim
→ିஶ

(ݔ)݂ = −∞; lim
→ஶ

(ݔ)݂ = +∞ ⇒ ݂ − continuous	and	surjective. 

݂ᇱ(ݔ) = ଶݔ3 + 1 > ݔ∀,0 ∈ ℝ ⇒ ݂ − increasing. 

So, ݂(ݔ) = 3 + ଵ
ାଵ

 has only a solution ݔ(݊) =    such thatݔ

ଷݔ + ݔ + 1 = 3 + ଵ
ାଵ

 and applying limit when ݊ → ∞, we get 

ଷݔ + ݔ = 2 ⇔ ݔ) − ଶݔ)(1 + ݔ + 2) = 0 ⇒ ݔ = 1 unique solution. 

ݔ − 1 =
1

(݊ + ଶݔ)(1 + ݔ + 2) ⇒ Ω = lim
→ஶ

−(݊)ݔ)݊ 1) = lim
→ஶ

݊
݊ + 1 ⋅

1
ଶݔ + ݔ + 2 =

1
4. 
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Application 4. For  ∈ ℕ∗ let us denote ()࢞ solution of the equation 

࢞ࢋ + ࢞ −  − 


= .	Find: ષ = ܕܑܔ
ஶ→

 ⋅  .()࢞

Solution. Let be the function ݂:ℝ → ℝ, (ݔ)݂ = ݁௫ + (ݔ)then ݂ᇱ ,ݔ = ݁௫ + 1 > ݔ∀,0 ∈ ℝ 
hence ݂ −increasing, so ݂ −injective. How, lim

→±ஶ
(ݔ)݂ = ±∞ ⇒ ݂ −has Darboux property, 

hence ݂ surjective. So, ݂ −bijective for all ݊ ≥ (݊)ݔ∃,1 = ݔ ∈ ℝ	such that ݂(ݔ) = ାଵ


 has 
an unique solution.How ݂ −continuous function and use that ݂ −invertible, we have: 

ݔ݊ =
షభቀశభ ቁିషభ(ଵ)

శభ


. Using theorem of differentiable invertible function, we get: 

lim
→ஶ

ݔ݊ = lim
→ஶ

݂ିଵ ቀାଵ

ቁ − ݂ିଵ(1)
ାଵ


= (݂ିଵ)(ଵ)
ᇱ =

1
݂ ᇱ൫݂ିଵ(1)൯

=
1

݂ᇱ(0) =
1
2. 

Application 5. For  ∈ ℕ let us denote ()࢞ solution of the equation 

࢞ + ܖܑܛ ࢞ − 


= .	Find: ષ = ܕܑܔ
ஶ→

 ⋅  .()࢞

Solution. Let be the function ݂:ℝ → ℝ, (ݔ)݂ = ݔ + sin ݔ then ݔ − 1 ≤ (ݔ)݂ ≤ ݔ + 1, 

ݔ∀ ∈ ℝ.   lim
→±ஶ

(ݔ)݂ = ±∞ ⇒ ݂ −has Darboux property, hence ݂ surjective. 

݂ᇱ(ݔ) = 1 + cos ݔ ≥ ݔ∀,0 ∈ ℝ ⇒ ݂ −increasing. 

So, ݂ −bijective and for all ݊ ≥ 1, (݊)ݔ∃ = ݔ ∈ ℝ such that ݂(ݔ) = ଵ


 has an unique 

solution and ݂ invertible, we have: ݔ = ݂ିଵ ቀଵ

ቁ → ݂ିଵ(0). 

Using theorem of differentiable invertible function, we get:  

lim
→ஶ

ݔ݊ = lim
→ஶ

݂ିଵ ቀଵ

ቁ − ݂ିଵ(0)
ଵ

− 0

= (݂ିଵ)()
ᇱ =

1
݂ᇱ൫݂ିଵ(0)൯

=
1

݂ᇱ(0) =
1
2. 

Application 6. Let ࢻ > 1 fixed. For ∀ ∈ ℕ∗ denote () = ൛ܖܑܕ ∈ ℕห(+ ) ≥ ࢻ ⋅  ൟ

and (࢞)ஹ, ࢞ା = ࢞ + 
࢞ࢋ

. Find: ષ = ஶ→ܕܑܔ
ܗܔ⋅() √

࢞
. 

Solution. From (݊ + 1) ≥ ߙ ⋅ ݊ ⇒ ቀାଵ

ቁ

≥ ߙ ⇒ ቀ1 + ଵ


ቁ

≥ ߙ ⇒ logቀ1 + ଵ


ቁ
ఈ
≥ logߙ 

݇ ⋅ log ൬1 +
1
݊
൰ ≥ logߙ ⇒ ݇ ≥

logߙ

log ቀ1 + ଵ

ቁ

 

Because ݇(݊) = min{݇ ∈ ℕ|(݊ + 1) ≥ ߙ ⋅ ݊} ⇒ ݇(݊) = ቈ ୪୭ఈ

୪୭ቀଵାభቁ
 or  
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݇(݊) = ቈ ୪୭ ఈ
୪୭ቀଵାభቁ

 + 1. So, we have: ୪୭ 
୪୭ቀଵାభቁ

≤ ݇(݊) ≤ ୪୭ 
୪୭ቀଵାభቁ

+ 1 ⇔ 

logܽ

݊ ⋅ logቀ1 + ଵ

ቁ
≤
݇(݊)
݊ ≤

logܽ

݊ ⋅ logቀ1 + ଵ

ቁ

+
1
݊ ⇔ 

logܽ

log ቀ1 + ଵ

ቁ
 ≤

݇(݊)
݊ ≤

logܽ

logቀ1 + ଵ

ቁ
 +

1
݊ ⇒ lim

→ஶ

݇(݊)
݊ = logܽ ; (1) 

Now, from ݔାଵ = ݔ + ଵ
ೣ

,∀݊ ∈ ℕ ⇒ ାଵݔ − ݔ = ଵ
ೣ

> 0,∀݊ ∈ ℕ ⇒ ஹଵ(ݔ) ↗. 

Suppose that exists ݔ ∈ ℝ such that ݔ = lim
→ஶ

ݔ ⇒ ݔ − ݔ = ଵ
ೣ

(!݈ܾ݁݅ݏݏ	ݐ݊) ⇒ 

lim
→ஶ

ݔ = +∞; (2).  From (1),(2) we have: 

Ω = lim
→ஶ

݇(݊) ⋅ log √݊

ݔ
= lim

→ஶ
ቆ
݇(݊)
݊ ⋅

log݊
ݔ

ቇ = logߙ ⋅ lim
→ஶ

log݊
ݔ

=ௌ௧௭ 

= logߙ ⋅ lim
→ஶ

log(݊ + 1)− log݊
ାଵݔ − ݔ

= logߙ ⋅ lim
→ஶ

logቀ1 + ଵ

ቁ

ଵ
ೣ

= 

= logߙ ⋅ lim
→ஶ

݁௫
݊ ⋅ log ൬1 +

1
݊൰



=ௌ௧௭ logߙ ⋅ lim
→ஶ

݁௫శభ − ݁௫
݊ + 1 − ݊ = 

= logߙ ⋅ lim
→ஶ

݁௫(݁௫శభି௫ − 1) = logߙ ⋅ lim
→ஶ

݁
భ

ೣ − 1
ଵ
ೣ

= logߙ. 

Application 7. For all  ∈ (,∞) denote ()࢞ real solution of the equation 

)࢞  + ܗܔ (࢞ = ஶ→ܕܑܔ :Prove that .
()࢞

⋅ ܗܔ  =  

Solution. Let be ݂: [1,∞) → ℝ, (ݔ)݂ = 1)ݔ + logݔ) continuous function and ݂(1) = 1, 

lim
௫→ஶ

(ݔ)݂ = ∞, so ݂൫[1,∞)൯ = [1,∞) which means that ݂: [1,∞) → [1,∞) is surjective. 

Let’s suppose that ݂ −is not injective, then ∃ݔ, ݕ ∈ ݔ,(∞,1] < (ݔ)݂ such that ݕ ≥  (ݕ)݂

⇔ ݔ + ݔ ⋅ logݔ ≥ ݕ + ݕ ⋅ logݕ ⇔ ݔ − ݕ ≥ ݕ ⋅ logݕ − ݔ ⋅ logݔ > ݔ ⋅ logݕ − ݔ ⋅ logݔ = 

= ݔ ⋅ logቀ௬
௫
ቁ > 0, which proves that ݔ ≥ ݔ contradiction with ݕ <  .ݕ

Because ݂: [1,∞) → [1,∞) is bijective, then ∀݊ ∈ (1,∞), ∃! ݔ = (݊)ݔ ∈ [1,∞) such that 

(ݔ)݂ = ݊ ⇔ 1)ݔ + logݔ) = ݊. In conclusion, for all ݊ > 1 equation 1)ݔ + log (ݔ = ݊ have 
only solution ݔ =  :In this conditions, we have .(݊)ݔ
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(݊)ݔ log݊
݊ =

(݊)ݔ
(݊)ݔ ⋅ (1 + logݔ(݊)) ⋅ log݊ =

1
ଵ

୪୭ 
+ ୪୭ ௫()

୪୭ 

; (1) 

Because lim
→ஶ

ଵ
୪୭

= 0	to prove that lim
→ஶ

௫()⋅୪୭ 


= 1 it is suffices to prove that  

lim
→ஶ

log (݊)ݔ
log݊ = 1 

From ݔ(݊) ⋅ (1 + logݔ(݊)) = ݊ we have log (݊)ݔ + log(1 + logݔ(݊)) = log݊. 

log (݊)ݔ
log݊ =

log݊ − log(1 + logݔ(݊))
log݊ = 1 −

log(1 + logݔ(݊))
log݊ ; (2) 

Because ݔ(݊) < ݊,∀݊ ≥ 1 then log (݊)ݔ ≤ log݊ and hence, 

0 ≤
log(1 + logݔ(݊))

log݊ <
log(1 + log݊)

log݊ ,∀݊ ≥ 1 

0 ≤ lim
→ஶ

log(1 + logݔ(݊))
log݊ ≤ lim

→ஶ

log(1 + log݊)
log݊ = 0; (3) 

From (1),(2),(3) it follows that: lim→ஶ
௫()

⋅ log݊ = 1. 

Application 8. For all  ∈ (,∞) denote ()࢞ solution of the equation 

)࢞ + ܗܔ (࢞ = , ≥ , −  :Prove that .ࢊࢋ࢞ࢌ

ܕܑܔ
ஶ→

()࢞
 ⋅ ܗܔ =  .

Solution. For ݊ > 1, we have: ݔ(݊) ⋅ (1 + logݔ(݊)) = ݊ ⇒ ௫ೖ()


= ଵ
ଵା୪୭ ௫()

 

log݊ = ݇ ⋅ logݔ(݊) + log(1 +  ((݊)ݔ

(݊)ݔ
݊ ⋅ log݊ =

݇
ଵ

୪୭ ௫()
+ 1

+
log(1 + log ((݊)ݔ

1 + log (݊)ݔ ; (1) 

Now, using log(1 + (ݐ ≤ ݐ∀,ݐ ≥ −1 ⇒ 1 + logݑ ≤ ݑ∀,ݑ ≥ 0, we get: 

(݊)ݔ ≥ 1 + log (݊)ݔ ⇒ ݊ = (݊)(1ݔ + log ((݊)ݔ ≤  (݊)ାଵݔ

(݊)ݔ ≥ √݊ೖశభ ⇒ lim
→ஶ

(݊)ݔ ≥ lim
→ஶ

√݊ೖశభ = +∞ ⇒ 

lim
→ஶ

log (݊)ݔ = +∞	and	using lim
→ஶ

log݊
݊ = 0, we	get: 

lim
→ஶ

log൫1 + ൯(݊)ݔ
1 + log (݊)ݔ = 1	and	from	(1)	we	get:	 lim

→ஶ

(݊)ݔ
݊ ⋅ log݊ = ݇. 
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Application 9. For all  ∈ ℕ∗ denote ()࢞ solution of the equation 

ା࢞ − ) + )࢞ − +) ) = . Find: ܕܑܔ
ஶ→

 ()࢞

Solution. Let be ݂: [0,∞) → ℝ, ݂(ݔ) = ାଶݔ − (݊ + ݔ(2 − (݊ + 1). We have: 

݂(0) = −݊ − 1 < 0 and lim
→ஶ ݂(ݔ) = +∞ 

݂
ᇱ: [0,∞) → ℝ, ݂

ᇱ(ݔ) = (݊ + ାଵݔ(2 − (݊ + 2), ݂
ᇱ(ݔ) = 0 ⇔ ݔ = 1 

 ∞																																																1																																																		0 ݔ

݂
ᇱ(ݔ) − −− −− −− −− − 0 + + + + + + + +								 

݂(ݔ) −(݊ + 1) 											 ↘ 									−(2݊ + 2) 																				 ↗ 														∞ 

How ݂(1) = −(2݊ + 2) < 0 and lim
→ஶ ݂(ݔ) = +∞, then exists ݔ(݊) = ݔ ∈ (1,∞) such 

that ݂(ݔ) = 0. Because on (1,∞) function ݂	is increasing, then ݂ is injective which 
means that ݔ ∈ (1,∞) is the unique solution of the equation ݂(ݔ) = 0. 

Observe that ݂(2) = 2ାଶ − 3݊ − 5 ≥ 0 and then ݔ ∈ (1,2]; (1) 

Now, from ݂(ݔ) = 0 we have ݔାଶ = (݊ + ݔ(2 + ݊ + 1. Thus, 

ݔ = ඥ(݊ + ݔ(2 + ݊ + 1శమ ; (2) 

From (1),(2) it follows that: 

√2݊ + 3శమ = √݊ + 2 + ݊ + 1శమ < ݔ ≤ ඥ2(݊ + 2) + ݊ + 1శమ = √3݊ + 5శమ ; 3) 

From Cauchy-d’Alembert criterion, we have: lim
→ஶ

√2݊ + 3శమ = lim
→ஶ

√3݊ + 5శమ = 1. 

Therefore,  lim
→ஶ

ݔ = 1. 

Application 10. For all  ∈ ℕ∗, ≥  denote ()࢞ solution of the equation  



∑ ቀ


ቁ
࢞


ୀ = 


. Prove that: ܕܑܔ

ஶ→
()࢞) − ) = . 

Solution.  ଵ

∑ ቀ


ቁ
௫


ୀଵ = ଵ

ଶ
; (1).  Let be the function ݂:ℝ → ℝ,݂(ݔ) = ଵ


∑ ቀ


ቁ
௫


ୀଵ − ଵ

ଶ
 

continuous and decreasing.    ݂(1) = (ାଵ)
ଶమ

− ଵ
ଶ

= ଵ
ଶ

> 0 

݂(2) =
݊(݊ + 1)(2݊ + 1)

6݊ଷ −
1
2 =

−2݊ଶ + 3݊ + 2
6݊ଶ < 0,∀݊ ≥ 3 

So, equation (1) have unique solution ݔ(݊) = ݔ ∈ (1,2). 

1
݊൬

݇
݊൰

௫

ୀଵ

=
1
2 ,∀݊ ≥ 3 ⇔

1
݊ ቈ൬

݇
݊൰

௫
− ൬

݇
݊൰



ୀଵ

=
1
2 −

1
݊

݇
݊



ୀଵ

,∀݊ ≥ 3 
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ݕ =௧ . 1
2 −

1
݊

݇
݊



ୀଵ

,∀݊ ≥ 3 

Let be the function ݃: (0,∞) → ℝ,݃(ݔ) = ቀ

ቁ
௫

, then we have: 

ݕ = ଵ

∑ (ݔ)݃] − ݃(1)]
ୀଵ ; (2).From M.V.T. ∃	ߦ ∈  such that (ݔ,1)

−(ݔ)݃  ݃(1) = ݔ) − 1)݃ᇱ(ߦ) = ݔ) − 1) ቀ

ቁ
క

log ቀ

ቁ ; (3) 

But ߦ < ݔ < 2 and 0 < 

≤ 1, then ቀ


ቁ
క
≥ ቀ


ቁ
ଶ
 and from logቀ


ቁ ≤ 0 hence, 

ቀ

ቁ
క

logቀ

ቁ ≤ ቀ


ቁ
ଶ

logቀ

ቁ. So, from (3) it follows that 

(ݔ)݃ − ݃(1) ≤ ݔ) − 1)൬
݇
݊൰

ଶ

log൬
݇
݊൰ 

1
݊

(ݔ)݃] − ݂(1)]


ୀଵ

≤ ݔ) − 1) ⋅
1
݊൬

݇
݊൰

ଶ

log൬
݇
݊൰



ୀଵ

, ݖ =௧ . 	
1
݊൬

݇
݊൰

ଶ

log൬
݇
݊൰



ୀଵ

 

From (2) we have: ݕ ≤ ݔ) − ݊∀,ݖ(1 ≥ 3 

ݖ  > 0,∀݊ ≥ 3 then 0 < ݔ − 1 ≤ ௬
௭

,∀݊ ≥ 3; (4) 

Let ℎଵ: [0,1] → ℝ, ℎଵ(ݔ) = ൜ݔ
ଶ logݔ ݔ, ∈ (0,1]

ݔ							,0 = 0  

lim
→ஶ

ݖ = lim
→ஶ

1
݊൬

݇
݊൰

ଶ

log൬
݇
݊൰



ୀଵ

= න ℎଵ(ݔ)
ଵ


ݔ݀ = lim

ఌ→శ
ቆන ଶݔ logݔ

ଵ

ఌ
ቇݔ݀ = −

1
9 

lim
→ஶ

ݕ = lim
→ஶ

1
݊

−(ݔ)݃] ݃(1)]


ୀଵ

= 0, then lim
→ஶ

ݔ = 1. 

Now, from Taylor, exists ߞ ∈   such that (ݔ,1)

(ݔ)݃ − ݃(1) = ݔ) − 1)݃ᇱ(1) +
ݔ) − 1)ଶ

2 ݃ᇱᇱ(ߞ) 

(ݔ)݃ − ݃(1)− ݔ) − 1)݃ᇱ(1) =
ݔ) − 1)ଶ

2 ݃ᇱᇱ(ߞ) 

−(ݔ)݃ ݃(1)
ݔ − 1 − ݃ᇱ(1) =

ݔ − 1
2 ݃ᇱᇱ(ߞ) 

How ݃ᇱ(ݔ) = ቀ

ቁ
௫

logቀ

ቁ	 and ݃ᇱᇱ(ݔ) = ቀ


ቁ
௫

logଶ ቀ

ቁ , we get: 
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0 ≤
−(ݔ)݂ ݃(1)

ݔ − 1 −
݇
݊ log൬

݇
݊൰ =

ݔ − 1
2 ൬

݇
݊൰


logଶ ൬

݇
݊൰ ≤

ݔ − 1
2 ⋅

݇
݊ ⋅ logଶ ൬

݇
݊൰ 

Using (2) it follows that: 

0 ≤
ݕ

ݔ − 1 −
1
݊

݇
݊ log ൬

݇
݊൰



ୀଵ

≤
ݔ − 1

2 ⋅
1
݊

݇
݊ logଶ ൬

݇
݊൰



ୀଵ

; (5) 

Let ℎଶ: [0,1] → ℝ, ℎଶ(ݔ) = ൜ݔ logଶ ݔ ݔ, ∈ (0,1]
ݔ							,0 = 0  

lim
→ஶ

1
݊

݇
݊ logଶ ൬

݇
݊൰



ୀଵ

= න ℎଶ(ݔ)
ଵ


ݔ݀ =

ଶݔ

2 logଶ ቤݔ


ଵ

− න ݔ logݔ
ଵ


ݔ݀ =

1
4 

From (5) it follows that  

lim
→ஶ

൭
ݕ

ݔ − 1 −
1
݊

݇
݊ log ൬

݇
݊൰



ୀଵ

൱ = 0, lim
→ஶ

ݕ
ݔ − 1 = න ݔ logݔ

ଵ


ݔ݀ = −

1
4 

lim→ஶ
௬

(௫ିଵ)
= − ଵ

ସ
.  Therefore, 

lim
→ஶ

ݔ)݊ − 1) = −4 lim
→ஶ

ݕ݊ = −4 ⋅ ൬−
1
2൰ = 2 
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ABOUT THE SPEED OF CONVERGENCE OF THE SEQUENCE AND 

 APPLICATIONS 

By Tran Minh Vu,Tran Thi Thanh Minh-Vietnam 

Abstract: In this paper, we have used Cesaro-Stolz Theorem’s in evaluating the convergence 
rate of the arrays relative to ݊ఈ and from there give new result for this article. 

1. Convergence rate of the sequence 

Theorem 1.1. For ࢻ,࢈,ࢇ ∈ ℝା and (࢛)∈ℕ∗ be sequence of real numbers, such that  

࢛ = ା࢛,ࢇ = ࢛ +
࢈
ࢻ࢛

, ≥ . 

In these conditions, 

ܕܑܔ
ஶ→

ࢻା࢛

 = )࢈ +  (ࢻ

Proof. We have ݑାଵ − ݑ = 
௨ഀ

> 0. Hence, (ݑ)∈ℕ∗  increase. Since equation below has 

not solution, ݈ = ݈ + 
ഀ
⇔ 

ഀ
= 0, we have: lim

→ஶ
ݑ = +∞. We have: 

ାଵఈାଵݑ − ఈାଵݑ = ൬ݑ +
ܾ
ఈݑ
൰
ఈାଵ

− ఈାଵݑ =

൬௨ା
್
ೠഀ

൰
ഀశభ

ି௨ഀశభ

௨ഀశభ

ଵ
௨ഀశభ

=
ቀ1 + 

௨ഀశభ
ቁ
ఈାଵ

− 1
ଵ

௨ഀశభ
 

Let: (ݔ)݂ = (1 + ݔ	and	ఈାଵ(ݔܾ =
1

ఈାଵݑ
, we	have: 

lim
→ஶ

݂(1 + (ݔ − ݂(0)
ݔ

= ݂ᇱ(0) = ܾ(1 +  (ߙ

Thus, lim
→ஶ

ାଵఈାଵݑ) − (ఈାଵݑ = ܾ(1 + ,(ߙ since	Cesaro − Stolz	theoremᇱs 

lim
→ஶ

ଵାఈݑ

݊ = ܾ(1 +  (ߙ

Application 1 (TST Viet Nam 1993) Let (ݑ)∈ℕ∗  be sequence of real numbers, such that 

ଵݑ = 1 and ݑାଵ = ݑ + ଵ
ඥ௨

, ݊ ≥ 1. 

Find all ߚ ∈ ℝ such that lim
→ஶ

௨
ഁ


= ܽ ≠ 0. 
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Solution. Application Theorem 1.1., since ߚ = 1 + ଵ
ଶ

= ଷ
ଶ
,	we have: 

lim
→ஶ

ݑ
య
మ

݊
=

3
2

. 

Theorem 1.2. For (࢈)ୀ , ୀ(ࢻ)  are  positive numbers. Let (࢛)ୀஶ  such that: 

࢛ = ࢇ > ା࢛	܌ܖ܉	0 = ࢛ + 
࢈
࢛
ࢻ



ୀ

, ≥  

Set ࢻ = {ࢻ}ܖܑܕ ,  ∈ {,, …  :we have ,{,

ܕܑܔ
ஶ→

࢛
ାࢻ

 = )࢈ +  (ࢻ

Proof. Very easy we have lim
→ஶ

ݑ = +∞ 

ାଵݑ
ଵାఈ − ݑ

ଵାఈ = ൭ݑ + 
ܾ
ݑ
ఈ



ୀଵ

൱
ଵାఈ

− ݑ
ଵାఈ =

ቆ௨ା∑
್
ೠ
ഀ


సభ ቇ

భశഀ
ି௨

భశഀ

௨
భశഀ

ଵ

௨
భశഀ

= 

=
൬1 + ∑ 

௨
భశഀ


ୀଵ ൰

ଵାఈ
− 1

ଵ

௨
భశഀ

=
൬1 + ∑ 

௨
భశഀ


ୀଵ ൰

ଵାఈ
− 1

∑ 
௨
భశഀ


ୀଵ

⋅
∑ 

௨
భశഀ


ୀଵ

ଵ

௨
భశഀ

= 

=
൬1 + ∑ 

௨
భశഀ


ୀଵ ൰

ଵାఈ
− 1

∑ 
௨
భశഀ


ୀଵ

⋅  ܾ

ݑ
ఈିఈ



ୀଵ

 

Set: ݔ = 
ܾ

ݑ
ଵାఈ



ୀଵ

, then		 lim
→ஶ

ݔ = 0, (ݔ)݂ = (1 + ଵାఈ(ݔ . Hence, 

lim
→ஶ

൬1 + ∑ 
௨
భశഀ


ୀଵ ൰

ଵାఈ
− 1

∑ 
௨
భశഀ


ୀଵ

= lim
→ஶ

−(ݔ)݂ ݂(0)
ݔ

= 1 + ߙ . 

Because	 lim
→ஶ


ܾ

ݑ
ఈିఈ



ୀଵ

= ܾ , thus, lim
→ஶ

൫ݑାଵ
ଵାఈ − ݑ

ଵାఈ൯ = ܾ(1 +  (ߙ

Application Cesro-Stolz theorem’s, proof complete. 

Application 2. For (ݑ)ஹଵ such that ݑଵ = !ାݑ,2020 = ݑ + ଶ
௨

+ ଷ
௨మ

,݊ ≥ 1. 



Romanian Mathematical Society-Mehedinți Branch 2023 
 

78 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

Prove that: lim
→ஶ

௨మ


= 4. 

Solution. We have lim
→ஶ

ݑ = +∞	and  

ାଵଶݑ − ଶݑ = ൬ݑ +
2
ݑ

+
3
ଶݑ
൰
ଶ

− ଶݑ =

൬௨ା
మ
ೠ
ା య
ೠమ
൰
మ
ି௨మ

௨మ

ଵ
௨మ

= 

=
ቀ1 + ଶ

௨మ
+ ଷ

௨య
ቁ
ଶ
− 1

ଵ
௨మ

=
ቀ1 + ଶ

௨మ
+ ଷ

௨య
ቁ
ଶ
− 1

ଶ
௨మ

+ ଷ
௨య

⋅

ଶ
௨మ

+ ଷ
௨య

ଵ
௨మ

= 

=
ቀ1 + ଶ

௨మ
+ ଷ

௨య
ቁ
ଶ
− 1

ଶ
௨మ

+ ଷ
௨య

⋅ ൬2 +
3
ଶݑ
൰ 

Let: ݔ =
2
ଶݑ

+
3
ଷݑ
	 , then	 lim

→ஶ
ݔ = 0. With	function	݂(ݔ) = (1 +  	,ℝ	on	differentiable	ଶ(ݔ

we	have:	 lim
→ஶ

ቀ1 + ଶ
௨మ

+ ଷ
௨య
ቁ
ଶ
− 1

ଶ
௨మ

+ ଷ
௨య

= lim
→ஶ

(1 + )ଶݔ − 1
ݔ

= lim
→ஶ

−(ݔ)݂ ݂(0)
ݔ − 0 = ݂ᇱ(0) = 2 

Since, lim
→ஶ

൬2 +
3
ଶݑ
൰ = 2, hence, lim

→ஶ
ାଵଶݑ) − (ଶݑ = 4. 

Application Cesaro-Stolz theorem’s, proof complete. 

Applicartion 3. Let ܽ > 0 and (ݑ)ஹଵ such that ݑଵ = ାଵݑ,ܽ = ݑ + ଶ
ඥ௨

+ ହ
ඥ௨ఱ ;݊ ≥ 1. 

Prove that ݒ = ௨
ඥఱల  have a limit and find it. 

Solution. Application Theorem 1.2. with ܾଵ = 2; ܾଶ = 5 and ߙଵ = ଵ
ଶ

ଶߙ; = ଵ
ହ
. 

We have lim
→ஶ

௨
ల
ఱ


= 5 ⋅ 

ହ
. Hence, lim

→ஶ
ݒ = lim

→ஶ

௨


ఱ
ల

= √6ହల . 

Application 4 (TST-Vung Tau-Viet Nam 2020). Let (ݑ)ஹଵ be sequence of real numbers such 
that, ݑଵ = ାଵݑ,2 = ݑ + 

௨
, ݊ ≥ 1. 

Prove that ݒ = ௨


 have a limit and find it. 

Solution. We have: ݑାଵଶ = ଶݑ + 2݊ + మ

௨మ
. So, ݑାଵଶ > ଶݑ + 2݊. 
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⎩
⎪
⎨

⎪
⎧ ାଵଶݑ > ଶݑ + 2݊
ଶݑ > ିଵଶݑ + 2(݊ − 1)

… … …
ଶଶݑ > ଵଶݑ + 2 ⋅ 1

ଵଶݑ = 4ଶ

 

Adding the above inequalities and simplify, we have ݑାଵଶ > ݊ଶ + ݊ + 4; (1.1) 

Hence, 

ାଵଶݑ = ଶݑ + 2݊ +
݊ଶ

ଶݑ
< ଶݑ + 2݊ +

݊ଶ

(݊ଶ + ݊ + 4)ଶ < ଶݑ + 2݊ +
݊ଶ

ଶݑ
< ଶݑ + 2݊ +

1
݊. 

⎩
⎪
⎪
⎨

⎪
⎪
⎧ ାଵଶݑ < ଶݑ + 2݊ +

1
݊

ଶݑ < ିଵଶݑ + 2(݊ − 1) +
1

݊ − 1… … … … …

ଶଶݑ < ଵଶݑ + 2 ⋅ 1 +
1
1

ଵଶݑ = 4.

 

Add the above inequalities and simplify, we have: 

ାଵଶݑ < ݊ଶ + ݊ + 4 + ൬1 +
1
2 +

1
3 + ⋯+

1
݊൰ ; (1.2) 

Since (1.1) and (1.2), we have: 

݊ଶ + ݊ + 4
(݊ + 1)ଶ <

ାଵଶݑ

(݊ + 1)ଶ <
݊ଶ + ݊ + 4

(݊ + 1)ଶ +
1 + ଵ

ଶ
+ ଵ

ଷ
+ ⋯+ ଵ


(݊ + 1)ଶ  

Hence, according to the clamping principle lim
→ஶ

௨శభ
మ

(ାଵ)మ
= 1 or lim

→ஶ

௨


= 1. 

2. Exercise. 

Exercise 1. Let (ܽ)ୀଵஶ  such that ܽ = ଵ
ଶ

;ܽାଵ = ܽ − ܽଶ ,݊ ≥ 1. 

Find lim
→ஶ

(݊ܽ). 

Exercise 2 (Romanian 2007). Let (ܽ)ୀଵஶ  such that ܽ ∈ (0,1);ܽାଵ = ܽ(1 − ܽଶ),݊ ≥ 1. 

Find lim
→ஶ

൫√݊ܽ൯. 

Exercise 3. Let (ܽ)ஹଵ such that 2ܽାଵ − 2ܽ + ܽଶ = 0,݊ = 0,1,2, … 

1) Prove that the number sequence is decrease. 

2) If ܽ = 1, then find lim
→ஶ

ܽ . 
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3) Find the condition for a limited sequence and find the limit. 

Exercise 4. Let (ݑ)ୀଵஶ  such that ݑଵ = ାଵݑ,1 =
ට௨మାଶଵଽ௨ା௨

ଶ
,݊ ≥ 1. 

a) Set ݒ = ∑ ଵ
௨మ


ୀଵ .	Find lim

→ஶ
 .ݒ

b) Find lim
→ஶ

௨


. 

Exercise 5. Let (ݑ)ୀଵஶ  such that ݑଵ = ାଵݑ,1 = ݑ + ଵ
ଶ௨

,݊ ≥ 1. Prove that: 

a) ݊ ≤ ଶݑ < ݊ + √݊య . 

b) lim
→ஶ

ݑ) − ݊) = 0. 

Exercise 6 (TST-Vinh-Viet Nam 2020). Let (ݑ)ୀଵஶ  such that ݑଵ = !ାݑ,1 = ݑ + మ

௨మ
, ݊ ≥ 1. 

Prove that lim
→ஶ

௨


= 1. 

ABOUT NESBITT –IONESCU INEQUALITY 

By D.M.Bătinețu-Giurgiu, Mihaly Bencze,Daniel Sitaru-Romania 

If ࢈,ࢇ, ࢉ ∈ (,∞), then: 

ࢇ
࢈ + ࢉ +

࢈
ࢉ + ࢇ +

ࢉ
+ࢇ ࢈ ≥


 ; .ࡺ)			 .ࡵ ) 

Generalized: If ࢈,ࢇ, ,ࢉ ࢛,࢚ ∈ ℝା
∗ , then: 

ࢇ
࢈࢚ + ࢉ࢛ +

࢈
+ࢉ࢚ +ࢇ࢛

ࢉ
ࢇ࢚ + ࢈࢛ ≥


࢚ + ࢛ ; 		() 

Let be  ∈ ℕ∗ − {} and ࢞ ∈ ℝା
∗ ∀, = ,തതതതത,࢜ࢄ = ∑ ࢜࢞

ୀ ࢜∀, ∈ ℝା
∗ ; 			() 

Theorem.  

If  ∈ ℕ∗ − {},ࢇ ∈ [,∞);࢈, ,,ࢊ,ࢉ ࢚ ∈ ℝା
∗ ∀, = ,തതതതത and ࢞ ∈ ℝା

∗ ∀, = ,തതതതത,	 

࢙ࢄ = ࢙࢞


ୀ

࢙∀, ∈ ℝା
∗ , ࢉ ⋅ ࢚ࢄ > ݀ ⋅ ܠ܉ܕ

ஸஸ
࢚࢞ ,  :ܛ܌ܔܗܐ	ܖ܍ܐܜ


ࢇ ⋅ ࢄ + ࢈ ⋅ ࢞

ࢉ ⋅ ࢚ࢄ − ࢊ ⋅ ࢚࢞



ୀ

≥
+ࢇ) (࢈
ࢉ − ࢊ ⋅

ࢄ

࢚ࢄ
; 		(∗) 

Proof. WLOG, suppose ݔଵ ≥ ଶݔ ≥ ⋯ ≥  : and thenݔ
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1
ܿ ⋅ ௧ܺ − ݀ ⋅ ଵ௧ݔ

≥
1

ܿ ⋅ ௧ܺ − ଶ௧ݔ݀
≥ ⋯ ≥

1
ܿ ⋅ ௧ܺ − ݀ ⋅ ௧ݔ

 

Applying Chebyshev’s inequality for: 

ܽ ⋅ ܺ + ܾ ⋅ ଵݔ ≥ ܽ ⋅ ܺ + ܾ ⋅ ଶݔ ≥ ⋯ ≥ ܽ ⋅ ܺ + ܾ ⋅ ;ݔ 		(3) 

1
ܿ ⋅ ܺ௧ − ݀ ⋅ ଵ௧ݔ

≥
1

ܿ ⋅ ܺ௧ − ଶ௧ݔ݀
≥ ⋯ ≥

1
ܿ ⋅ ௧ܺ − ݀ ⋅ ௧ݔ

; 		(4) 

We get: 


ܽ ⋅ ܺ + ܾ ⋅ ݔ

ܿ ⋅ ௧ܺ − ݀ ⋅ ௧ݔ



ୀଵ

≥
1
݊
൭(ܽ ⋅ ܺ + ܾ ⋅ (ݔ



ୀଵ

൱ ⋅
1

ܿ ⋅ ௧ܺ − ݀ ⋅ ௧ݔ



ୀଵ

= 

=
1
݊
൭ܽ ⋅ ݊ ⋅ ܺ + ܾ ⋅ݔ



ୀଵ

൱ ⋅
1

ܿ ⋅ ܺ௧ − ݀ ⋅ ௧ݔ



ୀଵ

= 

=
1
݊

(ܽ ⋅ ݊ ⋅ ܺ + ܾ ⋅ ܺ) ⋅
1

ܿ ⋅ ௧ܺ − ݀ ⋅ ௧ݔ



ୀଵ

≥
௦௧

 

≥
ܽ ⋅ ݊ + ܾ

݊ ⋅ ܺ ⋅
݊ଶ

∑ (ܿ ⋅ ௧ܺ − ݀ ⋅ ௧)ݔ
ୀଵ

= 

= (ܽ ⋅ ݊ + ܾ) ⋅
݊

ܿ ⋅ ݊ ⋅ ௧ܺ − ݀ ⋅ ܺ௧
⋅ ܺ =

(ܽ ⋅ ݊ + ܾ)݊
ܿ ⋅ ݊ − ݀ ⋅

ܺ
ܺ

 

If ݉ =  :then inequality (∗) becomes ,ݐ


ܽ ⋅ ܺ + ܾ ⋅ ௧ݔ

ܿ ⋅ ௧ܺ − ݀ ⋅ ௧ݔ



ୀଵ

≥
(ܽ ⋅ ݊ + ܾ)݊
ܿ ⋅ ݊ − ݀ ; 		(∗∗) 

If ܽ = 0, ܾ = ܿ = ݀ = 1, then we get: 


ݔ

ܺ − ݔ



ୀଵ

≥
݊

݊ − 1 ; 		(∗∗∗) 

If ݉ = 1, then we get: 


ݔ

ܺ − ݔ



ୀଵ

≥
݊

݊ − 1 , where	ܺ = ܺଵ = ݔ



ୀଵ

; 		(ܰ. .ܫ ) 

For ݊ = 3, we have: 

ݔ
ݕ + ݖ +

ݕ
ݖ + ݔ +

ݖ
ݔ + ݕ ≥

3
2 ,ݔ∀; ,ݕ ݖ ∈ ℝା

∗  
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If ݊ = 3 and ܽ = 0,ܾ = ܿ = ݀ = 1, then (∗) becomes as: 

ݔ

ଶ௧ݔ + ଷ௧ݔ
+

ଶݔ

ଷ௧ݔ + ଵ௧ݔ
+

ଷݔ

ଵ௧ݔ + ଶ௧ݔ
≥

ଵݔ)3 + ଶݔ + (ଷݔ
ଵ௧ݔ)2 + ଶ௧ݔ + (ଷ௧ݔ

; 			(∗∗∗∗) 

Reference:  Romanian Mathematical Magazine-www.ssmrmh.ro 

A SIMPLE PROOF FOR MAVLO’S INEQUALITY 

By Daniel Sitaru-Romania 

If ࢈,ࢇ > ; ∈ ℕ∗ then: 

൬
ࢇ + ࢈


൰


− ൫√࢈ࢇ൯

≥
൫√ࢇ ൯࢈√−




 

Proof. For ݊ = 1: 

ܽ + ܾ
2

−√ܾܽ ≥
൫√ܽ − √ܾ൯

ଶ

2
 

ܽ + ܾ − 2√ܾܽ ≥ ൫√ܽ − √ܾ൯
ଶ
⇔ ൫√ܽ − √ܾ൯

ଶ
≥ ൫√ܽ − √ܾ൯

ଶ
 

Suppose ݊ ≥ 2. Denote ܽ = ;ଶݔ ܾ =  :ଶ. Inequality can be writtenݕ

ቆ
ଶݔ + ଶݕ

2
ቇ


− ቀඥݔଶݕଶቁ

≥
ቀ√ݔଶ − ඥݕଶቁ

ଶ

2
 

ଶݔ) + ଶ)ݕ

2
− ݕݔ ≥

ݔ) − )ଶݕ

2
 

ଶݔ) + ଶ)ݕ − 2 ⋅ ݕݔ ≥ ଶݔ + ଶݕ −  ݕݔ2

ଶݔ) + ଶ)ݕ − ଶݔ − ଶݕ . = 2 ⋅ ݕݔ − 2 ⋅  ݕݔ

ቀ
݊
݇
ቁݔଶିଶݕଶ

ିଵ

ୀଵ

≥ (2ݕݔ − 2) 

2ቀ
݊
݇
ቁݔଶିଶݕଶ

ିଵ

ୀଵ

≥ ݕݔ2 ⋅  ቀ
݊
݇
ቁ



ୀଵ

 

ቀ
݊
݇
ቁݔଶିଶݕଶ

ିଵ

ୀଵ

+ ቀ
݊
݇
ቁݕଶିଶݔଶ

ିଵ

ୀଵ

− 2ቀ
݊
݇
ቁݔݕ

ିଵ

ୀଵ

≥ 0 

ቀ
݊
݇
ቁݔݕଶ൫ݔିଶ − ିଶ൯ݕ

ିଵ

ୀଵ

+ ቀ
݊
݇
ቁݔଶݕ൫ݕିଶ − ିଶ൯ݔ

ିଵ

ୀଵ

≥ 0 
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ቀ
݊
݇
ቁ ൫ݔݕଶ − ିଶݔ൯൫ݕଶݔ − ିଶ൯ݕ

ିଵ

ୀଵ

≥ 0 

ቀ
݊
݇
ቁݔଶݕଶ൫ݔିଶ − ିଶ൯ݕ

ଶ
ିଵ

ୀଵ

≥ 0 

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

A SIMPLE PROOF FOR ABI-KHUZAM’S INEQUALITY  

By Daniel Sitaru – Romania  

Abstract: In this paper is presented an elementary, detailed proof for the famous Abi-Khuzam’s 
inequality. 

Lemma 1: If ࢟,࢞, ,,,ࢠ ∈ ℝ; +  +  =  :then ࣊

࢞ + ࢟ + ࢠ ≥ (ܛܗ܋ࢠ࢟  + ࢞ࢠ ܛܗ܋  + ࢟࢞  (1)     (ܛܗ܋

Proof:  0 ≤ ൫ݖ − ݔ) cosܤ + ݕ cosܣ)൯
ଶ

+ ݔ) sinܤ − ݕ sinܣ)ଶ = 

= ଶݖ − ݔ)ݖ2 cosܤ + ݕ cosܣ) + ݔ) cosܤ + ݕ cosܣ)ଶ + 

ଶݔ+ sinଶ ܤ + ଶݕ sinଶܣ − ݕݔ2 sinܣ sinܤ = 

= ଶݖ − ݖݔ2 cosܤ − ݕݖ2 cosܣ + ଶ(sinଶݔ ܤ + cosଶ (ܤ + 

ଶ(cosଶݕ+ ܣ + sinଶܣ) + ܣcos)ݕݔ2 cosܤ − sinܣ sinܤ) = 

= ଶݔ + ଶݕ + ଶݖ − ݖݕ2 cos −ܣ ݔݖ2 cosܤ + ݕݔ2 cos(ܣ + (ܤ = 

= ଶݔ + ଶݕ + ଶݖ − ݖݕ2 cosܣ − ݔݖ2 cosܤ + ݕݔ2 cos(ߨ − (ܥ = 

= ଶݔ + ଶݕ + ଶݖ − ݖݕ2 cosܣ − ݔݖ2 cosܤ − ݕݔ2 cosܥ 

0 ≤ ଶݔ + ଶݕ + ଶݖ − ݖݕ2 cosܣ − ݔݖ2 cosܤ − ݕݔ2 cosܥ 

ଶݔ + ଶݕ + ଶݖ ≥ ݕݔ)2 cosܥ + ݖݕ cos ܣ + ݔݖ cosܤ) 

Lemma 2: If ࢟,࢞, ,,,ࢠ ∈ ℝ;࢟,࢞, ࢠ > , +  +  =  :then ࣊

࢞ ܛܗ܋  + ࢟ ܛܗ܋  + ࢠ ܛܗ܋ ≤ 

ቀࢠ࢟
࢞

+ ࢞ࢠ
࢟

+ ࢟࢞
ࢠ
ቁ    (2) 

Proof.Replace in (1): 

ݔ → ට
ݖݕ
ݔ

; ݕ → ඨ
ݔݖ
ݕ

; ݖ → ට
ݕݔ
ݖ
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ቆට
ݖݕ
ݔ
ቇ
ଶ

+ ቌඨ
ݔݖ
ݕ
ቍ

ଶ

+ ቆට
ݕݔ
ݖ
ቇ
ଶ

≥ 

≥ 2ቌඨ
ݔݖ
ݕ
ට
ݕݔ
ݖ

cosܣ +ට
ݕݔ
ݖ
⋅ ට
ݖݕ
ݔ

cosܤ +ට
ݖݕ
ݔ
⋅ ඨ

ݔݖ
ݕ

cos  ቍܥ

1
2
൬
ݖݕ
ݔ

+
ݔݖ
ݕ

+
ݕݔ
ݖ
൰ ≥ ݔ cosܣ + ݕ cosܤ + ݖ cosܥ 

ݔ cos ܣ + ݕ cosܤ + ݖ cosܥ ≤
1
2
൬
ݖݕ
ݔ

+
ݔݖ
ݕ

+
ݕݔ
ݖ
൰ 

Theorem (ABI-KHUZAM’S INEQUALITY) 

If ࢟,࢞, ,ࢠ ࢚ > ;ࡰ,,, ∈ ℝ; +  +  + ࡰ =  :then ࣊

࢞ ܛܗ܋  + ࢟ ܛܗ܋  + ࢠ ܛܗ܋ + ࢚ ࡰܛܗ܋ ≤ ට(࢟࢞ା࢚ࢠ)(ࢠ࢞ା࢚࢟)(࢚࢞ାࢠ࢟)
࢚ࢠ࢟࢞

    (3) 

Proof. Denote:  = ଵ
ଶ
ቀ௫
௬

+ ௬
௫

+ ௭
௧

+ ௧
௭
ቁ ݍ; = ௫௬ା௭௧

ଶ
 

By (2): ݔ cosܣ + ݕ cosܤ + ට



cos(ܥ + (ܦ ≤ ଵ
ଶ
൮௫௬

ට



+ ට


ቀ௫
௬

+ ௬
௫
ቁ൲    (4) 

ݖ cosܥ + ݐ cosܦ + ට



cos(ܣ + (ܤ ≤ ଵ
ଶ
൮ ௭௧

ට



+ට


ቀ௭
௧

+ ௧
௭
ቁ൲    (5) 

cos(ܣ + (ܤ + cos(ܥ (ܦ+ = cos(ܣ + (ܤ + cos൫ߨ − ܣ) + ൯(ܤ = cos(ܣ + (ܤ − cos(ܣ + (ܤ = 0 

By adding (4); (5): 

ݔ cosܣ + ݕ cosܤ + ݖ cos ܥ + ݐ cosܦ +ඨ
ݍ


(cos(ܣ + (ܤ + cos(ܥ + ((ܦ ≤ 

≤
1
2

⎝

⎜
ݕݔ⎛ + ݐݖ

ට



+ ඨ
ݍ

൬
ݔ
ݕ

+
ݕ
ݔ

+
ݖ
ݐ

+
ݐ
ݖ
൰

⎠

⎟
⎞

 

ݔ cosܣ + ݕ cosܤ + ݖ cosܥ + ݐ cosܦ ≤
ݕݔ + ݐݖ

2
⋅ ඨ


ݍ

+ ඨ
ݍ

⋅

1
2
൬
ݔ
ݕ

+
ݕ
ݔ

+
ݖ
ݐ

+
ݐ
ݖ
൰ 
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ݔ cos ܣ + ݕ cosܤ + ݖ cosܥ + ݐ cosܦ ≤ ඨݍ

ݍ

+ඨ
ݍ

⋅  = ඥݍ + ඥݍ = 2ඥݍ 

ݔ cosܣ + ݕ cosܤ + ݖ cosܥ + ݐ cosܦ ≤ 2ඨ
1
2
൬
ݔ
ݕ

+
ݕ
ݔ

+
ݖ
ݐ

+
ݐ
ݖ
൰
ݕݔ + ݐݖ

2
= 

= ඨ4 ⋅
ݖݐଶݔ + ݖݐଶݕ + ݕݔଶݖ + ݕݔଶݐ

ݐݖݕݔ2
⋅
ݕݔ + ݐݖ

2
= ඨ

ݐݔ)ݖݔ + (ݖݕ + ݐݔ)ݐݕ + (ݖݕ
ݐݖݕݔ

⋅ ݕݔ) + (ݐݖ = 

= ඨ
ݕݔ) + ݖݔ)(ݐݖ + ݐݔ)(ݐݕ + (ݖݕ

ݐݖݕݔ
 

Corollary 1: If ࡰ,,, ∈ ℝ; +  + + ࡰ =  :then ࣊

ܛܗ܋ + ܛܗ܋ + ܛܗ܋  + ࡰܛܗ܋ ≤ √    (6) 

Proof.We take in (3): ݔ = ݕ = ݖ = ݐ ≠ 0. 

Corollary 2: If ,, ∈ ℝ; +  +  = ࣊


 then: 

ܛܗ܋  + ܛܗ܋ + ܛܗ܋  ≤ √ 

Proof. We take in (6): ܦ = గ
ଶ
⇒ ܣ + ܤ + ܥ = ߨ − గ

ଶ
⇒ ܣ + ܤ + ܥ = గ

ଶ
; cosܦ = 0 

Corollary 3: If ࢟,࢞, ,ࢠ ࢚ >  then: 

࢞)࢚ࢠ࢟࢞ + ࢟ + ࢠ + (࢚ ≤ (࢟࢞+ +ࢠ࢞)(࢚ࢠ ࢚࢞)(࢚࢟ +  (ࢠ࢟

Proof. We take in (3): ܣ = ܤ = ܥ = ܦ = గ
ସ
 

⇒ cosܣ = cosܤ = cos ܥ = cosܦ =
1
√2

ܣ; + ܤ + ܥ + ܦ =  ߨ

1
√2

ݔ) + ݕ + ݖ + (ݐ ≤ ඨ
ݕݔ) + ݖݔ)(ݐݖ + ݐݔ)(ݐݕ + (ݖݕ

ݐݖݕݔ
 

By squaring: 

ݔ) + ݕ + ݖ + ଶ(ݐ

2
≤

ݕݔ) + ݖݔ)(ݐݖ + ݐݔ)(ݐݕ + (ݖݕ
ݐݖݕݔ

 

ݔ)ݐݖݕݔ + ݕ + ݖ + ଶ(ݐ ≤ ݕݔ)2 + ݖݔ)(ݐݖ + ݐݔ)(ݐݕ +  (ݖݕ

Equality holds for ݔ = ݕ = ݖ =  .ݐ

Reference: [1] Romanian Mathematical Magazine – www.ssmrmh.ro  
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POWER MEANS INEQUALITY AND APPLICATIONS 

By Daniel Sitaru – Romania  

Abstract. In this paper are presented power means concepts, a few connections and applications. 

Proposition 1: If ࢈,ࢇ > ,࢈,ࢇ – fixed, ࢞ ≥ ࢟ >  then: 

൬
࢞ࢇ + ࢞࢈

 ൰

࢞
≥ ൬

࢟ࢇ + ࢟࢈

 ൰

࢟
 

Proof. Let be ݂:ℝ → ℝ: 

݂(ܽ, ܾ, (ݔ = ൞ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣ

ݔ; ≠ 0

√ܾܽ; ݔ = 0

 

lim
௫→
௫வ

݂(ܽ, ܾ, (ݔ = lim
௫→
௫வ

ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣ

= ݁
୪୧୫
ೣ→బ
ೣಭబ

భ
ೣ ୪୭൬

ೌೣశ್ೣ

మ
൰

= ݁
୪୧୫
ೣ→బ
ೣಭబ

ೌೣ ౢౝೌశ್ೣ ౢౝ್
మ ⋅ మ

ೌೣశ್ೣ
= 

= ݁
ౢౝೌశౢౝ್

భశభ = ݁୪୭ √ = √ܾܽ = ݂(ܽ, ܾ, 0) 

݂ continuous 

݂ᇱ(ܽ, ܾ, (ݔ =
1
ݔ
ቆ
ܽ௫ + ܾ௫

2
ቇ
ᇱ

⋅ ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣିଵ

−
1
ଶݔ
ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣ
⋅ logቆ

ܽ௫ + ܾ௫

2
ቇ 

݂ᇱ(ܽ, ܾ, (ݔ =
1
ݔ
⋅
ܽ௫ logܽ + ܾ௫ log ܾ

2
⋅ ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣିଵ

−
1
ଶݔ
ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣ
⋅ log ቆ

ܽ௫ + ܾ௫

2
ቇ 

,ܽ)ଶ݂ᇱݔ ܾ, (ݔ =
௫ܽ)ݔ logܽ + ܾ௫ logܾ)

2
⋅ ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣିଵ

− ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣ
⋅ logቆ

ܽ௫ + ܾ௫

2
ቇ 

,ܽ)ଶ݂ᇱݔ ܾ, (ݔ = ଵ
ଶ
ቀ

ೣାೣ

ଶ
ቁ
భ
ೣିଵ ቀܽ௫ logܽ௫ + ܾ௫ logܾ௫ − (ܽ௫ + ܾ௫) log ቀ

ೣାೣ

ଶ
ቁቁ   (1) 

Define ݃: (0,∞) → ℝ;݃(ݔ) = ݔ logݔ 

݃ᇱ(ݔ) = logݔ + 1;݃ᇱᇱ(ݔ) = ଵ
௫

> 0;݃ – convexe 

By Jensen’s inequality: 

(ݑ)݃ + (ݒ)݃ ≥ 2݃ ൬
ݑ + ݒ

2
൰ ,ݑ; ݒ > 0 

For ݑ = ܽ௫; ݒ = ܾ௫  
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݃(ܽ௫) + ݃(ܾ௫) ≥ 2݃ቆ
ܽ௫ + ܾ௫

2
ቇ 

ܽ௫ log ܽ௫ + ܾ௫ logܾ௫ ≥ 2 ⋅
ܽ௫ + ܾ௫

2
⋅ log ቆ

ܽ௫ + ܾ௫

2
ቇ 

ܽ௫ log ܽ௫ + ܾ௫ logܾ௫ − (ܽ௫ + ܾ௫) log ቀ
ೣାೣ

ଶ
ቁ ≥ 0    (2) 

By (1); (2): ݔଶ݂ᇱ(ܽ, ܾ, (ݔ ≥ 0 ⇒ ݂ increasing 

ݔ ≥ ݕ > 0;݂ increasing ⇒ ݂(ܽ, ܾ, (ݔ ≥ ݂(ܽ,  (ݕ,ܾ

ቆ
ܽ௫ + ܾ௫

2
ቇ

భ
ೣ
≥ ቆ

ܽ௬ + ܾ௬

2
ቇ

భ

 

Corollary 1: 

increasing and  ࢌ >  >  > − ⇒ (,࢈,ࢇ)ࢌ ≥ (,࢈,ࢇ)ࢌ ≥ (,࢈,ࢇ)ࢌ ≥  (−,࢈,ࢇ)ࢌ

ቆ
ࢇ + ࢈

 ቇ




≥ ቆ
ࢇ + ࢈

 ቇ




≥ ࢈ࢇ√ ≥ ቆ
ିࢇ + ି࢈

 ቇ


ష

 

ඨࢇ
 + ࢈

 ≥
+ࢇ ࢈
 ≥ ࢈ࢇ√ ≥



ࢇ

+ 
࢈

 

Corollary 2: If  ∈ ℕ; ≥ ; 	 >  −  >  −  > ⋯ >  >  >  >  

(,࢈,ࢇ)ࢌ :increasing, then ࢌ ≥ −,࢈,ࢇ)ࢌ ) ≥ ⋯ ≥ (,࢈,ࢇ)ࢌ ≥  (,࢈,ࢇ)ࢌ

൬
ࢇ + ࢈

 ൰


≥ ቆ

ିࢇ + ି࢈

 ቇ


ష

≥ ⋯ ≥ ቆ
ࢇ + ࢈

 ቇ




≥  ࢈ࢇ√

ඨࢇ
 + ࢈




≥ ඨࢇ
ି + ି࢈


ష

≥ ⋯ ≥
+ࢇ ࢈
 ≥  ࢈ࢇ√

Corollary 3: If  ∈ ℕ; ≥ ; increasing;  ࢌ < 


< 
ି

< 
ି

< ⋯ < 


< 


<  

(,࢈,ࢇ)ࢌ ≤ ࢌ ൬࢈,ࢇ,

൰ ≤ ࢌ ൬࢈,ࢇ,


 − ൰ ≤ ⋯ ≤ ,࢈,ࢇ൬ࢌ


൰ ≤ ࢌ ൬࢈,ࢇ,


൰ ≤  (,࢈,ࢇ)ࢌ

࢈ࢇ√ ≤ ቌ
ࢇ

 + ࢈





ቍ



≤ ቌ
ࢇ


ష + ࢈


ష


ቍ

ି

≤ ⋯ ≤ ቌ
ࢇ

 + ࢈





ቍ



≤ ቌ
ࢇ

 + ࢈





ቍ



≤
ࢇ + ࢈
  

࢈ࢇ√ ≤ ቆ
ࢇ√ + ࢈√

 ቇ


≤ ቆ
షࢇ√ + ష࢈√

 ቇ
ି

≤ ⋯ ≤ ቆ
ࢇ√ + ࢈√

 ቇ


≤ ቆ
+ࢇ√ ࢈√

 ቇ


≤
ࢇ + ࢈
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Observation: In corollaries 1,2,3 equality holds for ܽ = ܾ. 

Proposition 2: If ࢈,ࢇ, ࢉ > ;࢈,ࢇ, ࢞ ;fixed – ࢉ ≥ ࢟ >  then: 

൬
࢞ࢇ + ࢞࢈ + ࢞ࢉ

 ൰

࢞
≥ ൬

࢞ࢇ + ࢞࢈ + ࢞ࢉ

 ൰

࢟
 

Proof. Let be ݂:ℝ → ℝ; ݂(ܽ, ܾ, (ݔ = ቐቀ
ೣାೣାೣ

ଷ
ቁ
భ
ೣ

√ܾܽܿయ ; ݔ = 0
; ݔ ≠ 0 

lim
௫→
௫வ

݂(ܽ, ܾ, ܿ, (ݔ = lim
௫→
௫வ

ቆ
ܽ௫ + ܾ௫ + ܿ௫

3
ቇ

భ
ೣ

= ݁
୪୧୫
ೣ→బ
ೣಭబ

భ
ೣ ୪୭൬

ೌೣశ್ೣశೣ

య
൰

= 

= ݁
୪୧୫ೣ→బ
ೣಭబ

ೌೣ ౢౝೌశ್ೣ ౢౝ್శೣ ౢౝ 
య ⋅ య

ೌೣశ್ೣశೣ
= ݁

ౢౝೌశౢౝ್శౢౝ 
భశభశభ = ݁୪୭ √య

= ݂(ܽ, ܾ, ܿ, 0) 

݂ continuous , ݂ᇱ(ܽ, ܾ, (ݔ,ܿ = ଵ
௫
ቀ

ೣାೣାೣ

ଶ
ቁ
ᇱ
⋅ ቀ

ೣାೣାೣ

ଷ
ቁ
భ
ೣିଵ − 

−
1
ଶݔ
ቆ
ܽ௫ + ܾ௫ + ܿ௫

3
ቇ

భ
ೣ
⋅ logቆ

ܽ௫ + ܾ௫ + ܿ௫

3
ቇ 

݂ᇱ(ܽ, ܾ, ܿ, (ݔ =
1
ݔ
⋅
ܽ௫ logܽ + ܾ௫ logܾ + ܿ௫ log ܿ

3
⋅ ቆ
ܽ௫ + ܾ௫ + ܿ௫

3
ቇ

భ
ೣିଵ

− 

−
1
ଶݔ
ቆ
ܽ௫ + ܾ௫ + ܿ௫

3
ቇ

భ
ೣ
⋅ logቆ

ܽ௫ + ܾ௫ + ܿ௫

3
ቇ 

,ܽ)ଶ݂ᇱݔ ܾ, ܿ, (ݔ =
௫ܽ)ݔ logܽ + ܾ௫ logܾ + ܿ௫ log ܿ)

3
⋅ ቆ
ܽ௫ + ܾ௫ + ܿ௫

3
ቇ

భ
ೣିଵ

− 

−ቆ
ܽ௫ + ܾ௫ + ܿ௫

3
ቇ

భ
ೣ
⋅ log ቆ

ܽ௫ + ܾ௫ + ܿ௫

3
ቇ 

,ܽ)ଶ݂ᇱݔ ܾ, ܿ, (ݔ = ଵ
ଷ
ቀ

ೣାೣାೣ

ଷ
ቁ
భ
ೣିଵ ቀܽ௫ log ܽ + ܾ௫ logܾ + ܿ௫ log ܿ − (ܽ௫ + ܾ௫ + ܿ௫) log ቀ

ೣାೣାೣ

ଷ
ቁቁ  

(3) 

Define ݃: (0,∞) → ℝ;݃(ݔ) = ݔ logݔ, ݃ᇱ(ݔ) = logݔ + 1;݃ᇱᇱ(ݔ) = ଵ
௫

> 0;݃ – convexe 

By Jensen’s inequality: 

(ݑ)݃ + (ݒ)݃ + (ݓ)݃ ≥ 3݃൬
ݑ + ݒ ݓ+

3
൰ ,ݑ; ݓ,ݒ > 0 

For ݑ = ܽ௫; ݒ = ܾ௫;ݓ = ܿ௫ , ݃(ܽ௫) + ݃(ܾ௫) + ݃(ܿ௫) ≥ 3݃ ቀ
ೣାೣାೣ

ଷ
ቁ 
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ܽ௫ log ܽ௫ + ܾ௫ logܾ௫ + ܿ௫ log ܿ௫ ≥ 3 ⋅
ܽ௫ + ܾ௫ + ܿ௫

3
log ቆ

ܽ௫ + ܾ௫ + ܿ௫

3
ቇ 

ܽ௫ logܽ௫ + ܾ௫ log ܾ௫ + ܿ௫ log ܿ௫ − (ܽ௫ + ܾ௫ + ܿ௫) log ቀ
ೣାೣାೣ

ଷ
ቁ ≥ 0    (4) 

By (3); (4): ݔଶ݂ᇱ(ܽ, ܾ, ܿ, (ݔ ≥ 0 ⇒ ݂ increasing 

ݔ ≥ ݕ > 0;݂ increasing ⇒ ݂(ܽ, ܾ, (ݔ ≥ ݂(ܽ,  (ݕ,ܾ

ቆ
ܽ௫ + ܾ௫ + ܿ௫

3
ቇ

భ
ೣ

≥ ቆ
ܽ௬ + ܾ௬ + ܿ௬

3
ቇ

భ


 

Corollary 4: ࢌ increasing and  >  >  > − 

,࢈,ࢇ)ࢌ (,ࢉ ≥ ,࢈,ࢇ)ࢌ (,ࢉ ≥ ,࢈,ࢇ)ࢌ (,ࢉ ≥  (−,ࢉ,࢈,ࢇ)ࢌ

ቆ
ࢇ + ࢈ + ࢉ

 ቇ




≥ ቆ
ࢇ + ࢈ + ࢉ

 ቇ




≥ ࢉ࢈ࢇ√ ≥ ቆ
ିࢇ + ି࢈ + ିࢉ

 ቇ


ష

 

ඨࢇ
 + ࢈ + ࢉ

 ≥
+ࢇ ࢈ + ࢉ

 ≥ ࢉ࢈ࢇ√ ≥



ࢇ

+ 
࢈

+ 
ࢉ

 

Corollary 5: If  ∈ ℕ; ≥ ;  :increasing and ࢌ >  −  > −  > ⋯ >  >  >  >  

,࢈,ࢇ)ࢌ (,ࢉ ≥ ,࢈,ࢇ)ࢌ −,ࢉ ) ≥ ⋯ ≥ ,࢈,ࢇ)ࢌ (,ࢉ ≥  (,ࢉ,࢈,ࢇ)ࢌ

൬
ࢇ + ࢈ + ࢉ

 ൰


≥ ቆ

ିࢇ + ି࢈ + ିࢉ

 ቇ


ష

≥ ⋯ ≥ ቆ
ࢇ + ࢈ + ࢉ

 ቇ




≥ ࢉ࢈ࢇ√  

ඨࢇ
 + ࢈ + ࢉ




≥ ඨࢇ
ି + ି࢈ + ିࢉ


ష

≥ ⋯ ≥ ඨࢇ
 + ࢈ + ࢉ

 ≥
ࢇ + ࢈ + ࢉ

 ≥ ࢉ࢈ࢇ√  

Corollary 6: If  ∈ ℕ; > ; increasing;  ࢌ < 


< 
ି

< 
ି

< ⋯ < 


< 


<  

,࢈,ࢇ)ࢌ (,ࢉ ≤ ࢌ ൬࢈,ࢇ, ,ࢉ

൰ ≤ ࢌ ൬࢈,ࢇ, ,ࢉ


 − ൰ ≤ ⋯ 

… ≤ ,࢈,ࢇ൬ࢌ ,ࢉ

൰ ≤ ࢌ ൬࢈,ࢇ, ,ࢉ


൰ ≤ ,࢈,ࢇ)ࢌ  (,ࢉ

ࢉ࢈ࢇ√ ≤ ቌ
ࢇ

 + ࢈


 + ࢉ





ቍ



≤ ቌ
ࢇ


ష + ࢈


ష + ࢉ


ష


ቍ

ି

≤ ⋯ 
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… ≤ ቌ
ࢇ

 + ࢈


 + ࢉ





ቍ



≤ ቌ
ࢇ

 + ࢈


 + ࢉ





ቍ



≤
ࢇ + ࢈ + ࢉ

  

ࢉ࢈ࢇ√ ≤ ቆ
ࢇ√ + ࢈√ + ࢉ√

 ቇ


≤ ቆ
షࢇ√ + ష࢈√ + షࢉ√

 ቇ
ି

≤ ⋯ 

… ≤ ቆ
ࢇ√ + ࢈√ + ࢉ√

 ቇ


≤ ቆ
+ࢇ√ ࢈√ + ࢉ√

 ቇ


≤
ࢇ + +࢈ ࢉ

  

Observation: In corollaries 4,5,6 equality holds for ܽ = ܾ = ܿ. 

Reference: [1] Romanian Mathematical Magazine – www.ssmrmh.ro  

PROBLEMS FOR JUNIORS 
 

 
 
J.1099 Solve for real numbers: 

ସݔ2) + ଷݔ − ଶݔ − 2)ଶ + ݔ4 − 4
ଷݔ − ଶݔ + ݔ − 4 +

1
ଶݔ2 = 0 

Proposed by Carlos Paiva-Brazil 

J.1100  If ܽ, ܾ, ܿ ∈ (0,∞), 


+ 


+ 


+ (ܽ + ܾ + ܿ)ଶ ≤ 12, then: 

ܾܽ + ܾܿ + ܿܽ + √ܾܽ + √ܾܿ + √ܿܽ ≤ 6 
Proposed by Dan Radu Seclăman – Romania 

J.1101 Solve in ℝ: 
i) ݔଷ + ଶݔ + ݔ = ݔ) + ݕ)(1 + 2)ඥ(ݔ + ݕ)(1 + 1) 
ii) ඥݕ + 1 + 2 = ቀݔ − 1 − ଷ

ସ௫
ቁ√ݔ + 1 

Proposed by Carlos Paiva-Brazil  
J.1102 Solve for real positive numbers: 

ଶݐ3 + ݐ − ඥ16 − ݐ16 + ଷݐ4 − ସݐ + ඥ8 + ݐ4 − ଶݐ2 − ଷݐ − ඥ8− ݐ12 + ଶݐ6 − ଷݐ + 
+ඥ4 − ଶݐ = 2 

Proposed by Samir Cabiyev-Azerbaijan 
J.1103 If ܽ,ܾ, ܿ ∈ (0,∞), 

ାଵ
+ 

ାଵ
+ 

ାଵ
≤ 1 then: 

0 < min(ܽ, ܾ, ܿ) ≤
1
2 

Proposed by Dan Radu Seclăman – Romania  



Romanian Mathematical Society-Mehedinți Branch 2023 
 

91 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

J.1104 Prove that if ݊ is a perfect number, then: 
∀݀ ≤ ݊,݀ ∤ ݊, (݀, ݊) ≠ 1 

We have: 

݀ =
(݊ − 1)(݊ − 2) − ݊ ⋅ ߶(݊)

2  

where ߶(݊) is Euler’s totient function. 
Proposed by Amrit Awasthi-India 

J.1105 Solve in ℂ: 
i) (ݔ + ଶ(ݕ = 5 +  ݕݔ
ii) 9ݔଷ − ݔ5 + ଶݕݔ2 = ଷݕ26 + ݕ5 −  ݕଶݔ2

Proposed by Carlos Paiva-Brazil 
J.1106 If ܽ,ܾ, ܿ ∈ [0,∞),ܽ + ܾ + ܿ = 3 then find: 

Ω = max(2(ܽଷ + ܾଷ + ܿଷ) + 15(ܾܽ + ܾܿ + ܿܽ) + 6ܾܽܿ) 
Proposed by Dan Radu Seclăman – Romania  

J.1107 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧

ܽ, ܾ, ܿ ∈ (0,∞)
ܽ

ܽ + 1 +
ܾ

ܾ + 1 +
ܿ

ܿ + 1 ≤ 1

1
ܽ +

1
ܾ +

1
ܿ ≤ 6

 

Proposed by Dan Radu Seclăman – Romania  

J.1108 If ܽ,ܾ, ܿ ∈ [0,∞),ܽ + ܾ + ܿ = 3 then: 
(1 − ܽ)(1− ܾ)(1 − ܿ) + 2 ≥ 2ܾܽܿ 

Proposed by Dan Radu Seclăman – Romania  
J.1109 Solve the equation: 

൫√ݔయ + 2൯൫√ݔయ − 1൯൫√ݔయ − 3൯൫√ݔయ − 6൯
൫√ݔయ + 4൯൫√ݔయ + 1൯൫√ݔయ − 5൯൫√ݔయ − 8൯

= 3 

Proposed by Asmat Qatea-Afghanistan 
J.1110 Find ݖଵ, ,ଶݖ ଷݖ ∈ ℂ,ܴ݁ݖଵ,ܴ݁ݖଶ,ܴ݁ݖଷ < 0 such that exists ܽ, ܾ, ܿ > 0 

|ܽ − ଵ|ଶݖ + |ܾ − ଶ|ଶݖ + |ܿ − ଷ|ଶݖ ≤ |ଵݖ|ܽ)2 + |ଶݖ|ܾ +  (|ଷݖ|ܿ
Proposed by Dan Radu Seclăman – Romania  

J.1111 Solve 

6ට46 − ݔ√ + 5
య

+ 6ට8 − ݔ√ + 381ర − 123 + ݔ√2 + 5 + ݔ√3 + 381ర = 0 
Proposed by Lazaros Zachariadis-Greece 

J.1112 Solve in ℝ: 

i) √4ݔ − 4య − ቀ௫
మା௬మାସ

ଷ
ቁ = ଶ(௫௬ା௬)

ଷ
				ii) ݔଶݕ − ଶݕݔ + 1 = 0 

Proposed by Carlos Paiva-Brazil 
 

J.1113  Let ܥܤܣ be a triangle with the sides ܽ,ܾ, ܿ and the area ܨଵ, ܻܼܺ another triangle 
with the sides ݕ,ݔ, ଶ and ݂:ℝାܨ and the area ݖ

∗ → ℝା
∗ , 

(ݔ)݂	 = (ܽଶ + ଶ)(ܾଶݔ + ଶ)(ܿଶݔ +  :ଶ), thenݔ
(ݔ)݂ + (ݕ)݂ + (ݖ)݂ ≥ 144√3 ⋅ ଵܨ ⋅  ଶଶܨ
Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
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J.1114 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞) and ܽ,ܾ, ܿ are the lengths sides of ܥܤܣ triangle with the area 

 :then ,ܨ

ቆ൬
ݔ + ݕ
ݖ ൰

ଶ
଼ܽ + 1ቇቆ൬

ݕ + ݖ
ݔ ൰

ଶ
଼ܾ + 1ቇቆ൬

ݖ + ݔ
ݕ ൰

ଶ
଼ܿ + 1ቇ ≥  ସܨ768

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
J.1115 Let ܣଵܤଵܥଵ,ܣଶܤଶܥଶ be triangles of area ܨଵ respectively ܨଶ, then: 

(ܽଵସ(−ܽଶଶ + ܾଶଶ + ܿଶଶ)ଶ + 1)(ܾଵସ(ܽଶଶ − ܾଶଶ + ܿଶଶ)ଶ + 1)(ܿଵସ(ܽଶଶ + ܾଶଶ − ܿଶଶ)ଶ + 1) ≥  ଶଶܨଵଶܨ192
Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

J.1116 In any ܥܤܣ triangle having the area ܨ, the following inequality holds: 
ܽ

(ܾ + ܿ)ଷℎଶ
+

ܾ
(ܿ + ܽ)ଷℎଶ

+
ܿ

(ܽ + ܾ)ଷℎଶ
≥

3
 ଶܨ32

Proposed by D.M. Bătinețu-Giurgiu, Dan Nănuți – Romania  
J.1117 If ݑ,ݐ, ,ݒ ,ݕ,ݔ ݖ > 0 then in any ܥܤܣ triangle with the area ܨ the following inequality 

holds: 

ݐ) + ݔ)(ݑ + (ݕ
ݖݒ ܾܽ +

ݑ) + ݕ)(ݒ + (ݖ
ݔݐ ܾܿ +

ݒ) + ݖ)(ݐ + (ݔ
ݕݑ ܿܽ ≥  ܨ3√16

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.1118 If ݕ,ݔ, ,ݑ,ݖ ݓ,ݒ > 0, then in any ܥܤܣ triangle with the area ܨ the following 

inequality holds: 

ݔ) + ݑ)(ݕ + (ݒ
ݓݖ 	ܽଶ +

ݕ) + ݒ)(ݖ + (ݓ
ݑݔ ܾଶ +

ݖ) + ݓ)(ݔ + (ݑ
ݒݕ ≥  ܨ3√16

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

J.1119 If ݕ,ݔ, ݖ > 0 and ܥܤܣ is a triangle with the area ܨ, then: 

ℎݔ + ℎݕ
ݖ ܿଶ +

ℎݕ + ℎݖ
ݔ ܽଶ +

ℎݖ + ℎݔ
ݕ ܾଶ ≥ 8√27ర ⋅ ܨ ⋅  ܨ√

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

J.1120  If ݉ ∈ ℝା = ,ݔ;(∞,0] ,ݕ ݖ ∈ ℝା
∗ = (0,∞), then in any ܥܤܣ triangle with the area ܨ 

the following inequality holds: 

ݕ + ݖ
ݔ ൫ܾ + ܿ − √ܾܿ൯

ାଵ
+
ݖ + ݔ
ݕ ൫ܿ + ܽ − √ܿܽ൯

ାଵ
+
ݔ + ݕ
ݖ ൫ܽ + ܾ − √ܾܽ൯

ାଵ
≥ 

≥ 2ାଶ൫√27ర ൯
ାଵ

⋅ ൫√ܨ൯
ାଵ

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

J.1121  If ݔ ,ݕ, ݖ > 0 then in any ܥܤܣ triangle with the area ܨ the following inequality holds: 

(݉ + ݉)(ℎ + ℎ)ܽସ + (݉ + ݉)(ℎ + ℎ)ܾସ + (݉ + ݉)(ℎ + ℎ)ܿସ ≥  ଷܨ3√16

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

J.1122 If ݕ,ݔ, ݖ > 0, then in any ܥܤܣ triangle with the area ܨ the following inequality holds: 
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ܽݔ
ݕ + ݖ +

ܾݕ
ݖ + ݔ +

ܿݖ
ݔ + ݕ ≥ √27ర ⋅  ܨ√

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

J.1123 If ܽ,ܾ, ܿ,݀,݉ ∈ ℝା
∗ = (0,∞) and ܽ ⋅ ܾ ⋅ ܿ ⋅ ݀ = 1, then: 

ܽ ⋅ ܾଷାଵ

ܽସାଵ + ܾ + ܿ + ݀ +
ܾ ⋅ 3ାଵ

ܾସାଵ + ܿ + ݀ + ܽ +
ܿ ⋅ ݀ଷାଵ

ܿସାଵ + ݀ + ܽ + ܾ +
݀ ⋅ ܽଷାଵ

݀ସାଵ + ܽ + ܾ + ܿ ≥ 1, 
∀݉ > 0 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
J.1124 If ݉ ≥ 0 and ݕ,ݔ, ,ݖ ,ݐ ݒ,ݑ > 0 then in any ܥܤܣ triangle with the area ܨ the following 
inequality holds: 

ݐ) + ݔ)(ݑ + (ݕ
ݖݒ ܽାଵ +

ݑ) + ݕ)(ݒ + (ݖ
ݔݐ ܾାଵ +

ݒ) + ݖ)(ݐ + (ݔ
ݕݑ ܿାଵ ≥ 

≥ 2ାଷ ⋅ 3
యష
ర ⋅ ܨ

శభ
మ  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
J.1125  Let be ݕ,ݔ, ݖ > 0, then in ܥܤܣ triangle with the area ܨ, the following inequality 

holds: 

ݔ + ݕ
ݖ

(ℎ + ℎ)ܿଷ +
ݕ + ݖ
ݔ

(ℎ + ℎ)ܽଷ +
ݖ + ݔ
ݕ

(ℎ + ℎ)ܾସ ≥  ଶܨ3√32

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

J.1126 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞), then in any ܥܤܣ triangle the following inequality holds: 

ݔ
ඥݖݕ

⋅
ܽଶ

ℎଶ
+

ݕ
ݔݖ√

⋅
ܾଶ

ℎଶ
+

ݖ
ඥݕݔ

⋅
ܿଶ

ℎଶ
≥ 4 

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.1127 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞) then in any ܥܤܣ triangle with the area ܨ the following 

inequality holds: 
ݔ
ඥݖݕ

⋅ ܽଶ +
ݕ
ݔݖ√

⋅ ܾଶ +
ݖ

ඥݕݔ
⋅ ܿଶ ≥  ܨ3√4

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.1128 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞), then in any ܥܤܣ triangle with the area ܨ, the following 

inequality holds: 

ݕ + ݖ
ݔ ⋅ ℎℎ

+
ݖ + ݔ
ݕ ⋅ ℎℎ

+
ݔ + ݕ
ݖ ⋅ ℎℎ

≥
2√3
ܨ  

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.1129 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞) then in any ܥܤܣ triangle with the area ܨ the following 

inequality holds: 
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ݔ
ඥݖݕ

⋅ ܽଶܾଶ +
ݕ
ݔݖ√

⋅ ܾଶܿଶ +
ݖ

ඥݕݔ
⋅ ܿଶܽଶ ≥  ଶܨ16

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.1130 If ݑ,ݐ, ݒ ∈ ℝା = ,ݔ,(∞,0] ,ݕ ݖ ∈ ℝା
∗ = (0,∞), then: 

ݔݒ + ݕ + ݑ) + ݖ(1
ݔ + ݕݐ +

ݒ) + ݔ(1 + ݕݐ + ݖ
ݕ + ݖݑ +

ݔ + ݐ) + ݕ(1 + ݖݑ
ݖ + ݔݒ ≥ 6 

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.1131 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞), then in ܥܤܣ triangle with the area ܨ the following inequality 

holds: 

ݔ ⋅ ݉
ଶ

ݕ + ݖ +
ݕ ⋅ ݉

ଶ

ݖ + ݔ +
ݖ ⋅ ݉

ଶ

ݔ + ݕ ≥ 2 ൬
ܨ
ܴ൰

ଶ

 

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

J.1132 If ݕ,ݔ, ݖ > 0 then in ܥܤܣ triangle with the area ܨ the following inequality holds: 
ݕ + ݖ
ݔ ⋅ ℎ

+
ݖ + ݔ
ݕ ⋅ ℎ

+
ݔ + ݕ
ݖ ⋅ ℎ

≥
2 ⋅ √27ర

ܨ√
 

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  
 

J.1133 Let ܥܤܣ be a triangle with the area ܨ and the points ܯ ∈ ܰ,(ܥܤ) ∈ ܲ,(ܣܥ) ∈  .(ܤܣ)

If the cevians ܲܥ,ܰܤ,ܯܣ are concurrent, then: ெ
ெ⋅ೌ

+ ே
ே⋅್

+ 
⋅

≥ ටଷ√ଷ
ி

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania 
 

J.1134 If ܽ,ܾ, ܿ,݀ ∈ ℝା
∗ = (0,∞), then: 

(ܽସ + ݀ଶ)(ܾସ + ݀ଶ)(ܿସ + ݀ଶ) ≥
3
4

(ܾܽ + ܾܿ + ܿܽ)ଶ݀ସ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru - Romania 

J.1135  If ݔ ,ݕ, ݖ ∈ ℝା
∗ = (0,∞), then in ܥܤܣ triangle with the area ܨ the following 

inequality holds: 

ݔ ⋅ ݉

ݕ + ݖ +
ݕ ⋅ ݉

ݖ + ݔ +
ݖ ⋅ ݉

ݔ + ݕ ≥ √3 ⋅
ܨ
ܴ 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania 

J.1136 Let ܥܤܣ be a triangle: 

ଶܽଶݔ + ଶܾଶݕ + ଶܿଶݖ ≥
4√3

3
+ݕݔ) ݖݕ +  ܨ(ݔݖ

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania 

J.1137 If ݉,݊,ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞) and √ݔ + ඥݕ + ݖ√ = ܽ, then: 
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ଶݔ

݉ඥݕ + ݖ√݊
+

ଶݕ

ݖ√݉ + ݔ√݊
+

ଶݖ

ݔ√݉ + ݊ඥݕ
≥

ܽଷ

9(݉ + ݊) 

Proposed by D.M. Bătinețu-Giurgiu, Mihály Bencze  – Romania 

J.1138 If ݉,݊,ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞), then: 


ݔ݉) + ݔ݉)(ݕ݊ + (ݖ݊

ݖݕ
௬

≥ 12 ⋅ ݉ ⋅ ݊ 

Proposed by D.M. Bătinețu-Giurgiu, Mihály Bencze  – Romania 
J.1139 If ܽ,ܾ, ܿ > 0, then: 

ඥ(ܽ + ܾ)ଶ + (ܾ + ܿ)ଶ + (ܿ + ܽ)ଶ +
3ܾܽܿ

ܾܽ + ܾܿ + ܿܽ ≥ 3 ⋅ √ܾܽܿయ  

Proposed by D.M. Bătinețu-Giurgiu, Dan Nănuți  – Romania 
J.1140 If ܥܤܣ is a triangle with the area ܨ and the semiperimeter ݏ, then: 

ݏ4
3 +

3ܽଶܾଶܿଶ

ܾܽ + ܾܿ + ܿܽ ≥ 4√3 ⋅  ܨ

Proposed by D.M. Bătinețu-Giurgiu, Dan Nănuți  – Romania 

J.1141 If ܽ,ܾ ≥ 0 such that ܽ + ܾ = 2 then: (2 + ܽସ)(2 + ܾସ) ≥ (2 + ܽଷ)(2 + ܾଷ) 

Proposed by Marin Chirciu – Romania 

J.1142 If ܽଵ, ܽଶ, … ,ܽ > 0 such that ܽଵ + ܽଶ + ⋯+ ܽ ≤ ݊ then: 

1
ܽଵଷ

+
1
ܽଶଷ

+ ⋯+
1
ܽଷ

≥ ݊ 

Proposed by Marin Chirciu – Romania  

J.1143 In Δܥܤܣ the following relationship holds: 
ଶݎ16

3ܴ
(4ܴ + ଶ(ݎ ≤ܽଷ cot

ܣ
2 ≤

4ܴ
3

(4ܴ +  ଶ(ݎ

Proposed by Marin Chirciu – Romania  
J.1144 If ܽ,ܾ, ݔ > 0, then: 

ܽଶܾଶ

(ܽ + ܾ)ସ +
ܾଶܿଶ

(ܾ + ܿ)ସ +
ܿଶܽଶ

(ܿ + ܽ)ସ +
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)

32ܾܽܿ ≥
7

16 

Proposed by Marin Chirciu – Romania  
J.1145 If ܽ,ܾ ≥ 0 such that ܽ + ܾ = 2 then: 
(2 + ܽହ)(2 + ܾହ) ≥ (2 + ܽସ)(2 + ܾସ) ≥ (2 + ܽଷ)(2 + ܾଷ) ≥ (2 + ܽଶ)(2 + ܾଶ) ≥
(2 + ܽ)(2 + ܾ)                                                                  Proposed by Marin Chirciu – Romania  
J.1146 If ݕ,ݔ, ݖ > 0 such that ଵ

௫య
+ ଵ

௬య
+ ଵ

௭య
= 3 and ߣ ≥ ߤ,0 ≥ 0 then: 

ଷݔߣ + ߤ ൬ݔଶ + 
1
ଶ൰ݔ ≥ ߣ)3 +  (ߤ2

Proposed by Marin Chirciu – Romania  
J.1147 In Δܥܤܣ the following relationship holds: 

ݎ3
4ܴଶ ≤

ℎ
ܾܿ sinଶ

ܣ
2 ≤

1
4ܴ

ቀ1 −
ݎ

2ܴ
ቁ 

Proposed by Marin Chirciu – Romania  
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J.1148 In Δܥܤܣ the following relationship holds: 
ଶݎ18

ܴଶ ≤݉݉ ൬
1
ܾଶ +

1
ܿଶ൰ ≤

9ܴଶ

ଶݎ8  

Proposed by Marin Chirciu – Romania  

J.1149 If ܽ,ܾ, ܿ > 0 and ݊ ∈ ℕ∗ then: 


ܽଶ

ܾଶ 
ܽଶିଵ

ܾଶିଵ ≥ ൬
ܽ

ܾ൰
ଶ

 

Proposed by Marin Chirciu – Romania  

J.1150 If ܽ,ܾ, ܿ > 0 such that ܽ + ܾ + ܿ = 3 and ߣ ≥ 0 then: 

ܽଷ + ଷܾߣ

ܾܽ +
ܾଷ + ଷܿߣ

ܾܿ +
ܿଷ + ଷܽߣ

ܿܽ ≥ ߣ)3 + 1) 

Proposed by Marin Chirciu – Romania  

J.1151 ܽ,ܾ ∈ (1,∞),ܽ + ܾ = 10. Solve for real numbers: 

log(10௫ − ܾ) = lg൫ܾ + (ܽ௫ + ܾ)୪ ൯ 

Proposed by Marin Chirciu – Romania  

J.1152 In Δܥܤܣ the following relationship holds: 

ݎ ≤( − ܽ)ଶ tan
ܣ
2 ≤

ܴ
2  

Proposed by Marin Chirciu – Romania  

J.1153 If ݕ,ݔ, ,ݖ ݐ > 0 then: ௫
௬

+ ௬
௭

+ ௭
௧

+ ௧
௫
≥ 2 + ௫

௧ା௫
+ ௬

௫ା௬
+ ௭

௬ା௭
+ ௧

௭ା௧
 

Proposed by Marin Chirciu – Romania  

J.1154 In Δܥܤܣ the following relationship holds: 

1
ଶݎ4ܴ ≤

1
ܽଷ cot

ܣ
2 ≤

ܴଷ

 ݎ64

Proposed by Marin Chirciu – Romania  

J.1155 If ܽ,ܾ, ܿ,݀ > 0 such that ܽ + ܾ + ܿ + ݀ = 4 then: 

ܽଶ

ܽ + 2ܾଶ +
ܾଶ

ܾ + 2ܿଶ +
ܿଶ

ܿ + 2݀ଶ +
݀ଶ

݀ + 2ܽଶ ≥
4
3 

Proposed by Marin Chirciu – Romania  

J.1156 If ܽ,ܾ > 0 fixed then solve for real numbers: 

ቀ
ܽ
ܾ
ቁ
୪୭ೣ య

=
ݔ

ܽଶܾଶ 

Proposed by Marin Chirciu – Romania  
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J.1157 Let ܽ > 0, fixed. Solve for real numbers: 

ݔ2√ݔ2 − 1 = ݔܽ) − ܽ + 1)ଶ(ܽݔ − ܽ + 2) + (ܽ − ݔ)(2 − 1) 

Proposed by Marin Chirciu – Romania  

J.1158 Find ܾܽܿതതതതത such that ܾܾܽܿതതതതതത = ܿܽതതതଶ . 

Proposed by Ștefan Marica-Romania 

J.1159 Find ܾܽതതത such that ܾܽതതതଶ = (ܽ + 1)(ܾ − 1)തതതതതതതതതതതതതതതതതതതଶ − (ܽ − 1)(ܾ+ 1)തതതതതതതതതതതതതതതതതതതଶ. 

Proposed by Ștefan Marica-Romania 

J.1160 Find ܾܽതതത,ܽ ଵܾതതതതത and ܾܽଶതതതതത such that ܾܽതതതଶ − ܽ = ܽ ଵܾതതതതതଶ ⋅ ܾܽଶതതതതതଶ, where ܾܽଵതതതതത and ܾܽଶതതതതത are prime 

numbers. 

Proposed by Ștefan Marica-Romania 

J.1161 In Δܪܣ,ܥܤܣ −altitude, 5ܪܣ = ,ܪܤ12 ܪܣ9 = and 2 ܪܥ12 ܲ = ܣ . 

Find area of Δܥܤܣ . 

Proposed by Ștefan Marica-Romania 

J.1162 Find ܾܽܿതതതതത such that ܾܽതതതଶ − ܾଶ = ܿ!, where ܿ! = 1 ⋅ 2 ⋅ 3 ⋅… ⋅ ܿ. 

Proposed by Ștefan Marica-Romania 

J.1163 For ݊ −natural number solve the equation  

(1ଶ + 2ଶ + ⋯+ ݊ଶ)ଶ + ݊݊തതതതଶ = (ାଵ)(ଶାଵ)
ଷ

⋅ ݊݊തതതതଶ. 

Proposed by Ștefan Marica-Romania 

J.1164 If ܽ,ܾ, ,ݕ,ݔ,ܿ ݖ > 0 then: 

ඨܾ{ݔ} + ܿ ൜
1
+ൠݕ ඨܿ{ݕ} + ܽ ൜

1
ൠݖ + ඨܽ{ݖ} + ܾ ൜

1
ൠݔ < 3ඨ

ܽ + ܾ + ܿ
2  

Proposed by Ionuț Florin Voinea – Romania  

J.1165 Solve the system of equations: 

൝
ସݔ + ݔ2 + 2 = ଶݕଶݔ

ቀݔ + ඥ5 − ଶቁݕ
ଶ

+ ݕଶඥ2ݔ − 1 = ଶݕ− − ݕ2 + 5
 

Proposed by Minh Nhat Nguyen – Vietnam  
J.1166 Solve for natural numbers: 

⎩
⎪
⎨

⎪
⎧

ݕݔ + ݕݖ + ݖݔ = 11
ݔ + ݕ
ݖ +

ݔ + ݖ
ݕ +

ݕ + ݖ
ݔ = 8

ݔ
ݖݕ +

ݕ
ݖݔ +

ݖ
ݕݔ =

ݔ2 + ݕ + ݖ
ݔ + ݕ

 

Proposed by Mokhtar Khassani-Algerie 
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J.1167 If ݕ,ݔ ≥ 0 then: 
ݔ)ଷݕଷݔ + ଷ(ݕ ≤ ଶݔ) + ଷݔ)(ଶݕ + ସݔ)(ଷݕ +  (ସݕ

Proposed by Daniel Sitaru – Romania  

J.1168 If ݕ,ݔ, ݖ > ݖݕݔ,0 = 1 then: 


ݔ)ݖ + ଷ(ݕ

൫√ݔ + ඥݕ൯൫√ݔయ + ඥݕయ ൯൫√ݔల + ඥݕల ൯
௬

≥ 3 

Proposed by Daniel Sitaru – Romania  

J.1169 If ܽ,ܾ, ܿ,݀ > 0,ܾܽܿ݀ = 1 then: 

ܽଶܾଶ

ܽଷܾଷ + ܿ݀ +
ܿଶ݀ଶ

ܿଷ݀ଷ + ܾܽ ≥
8

(ܽଶ + ܾଶ)ଶ + (ܿଶ + ݀ଶ)ଶ 

Proposed by Daniel Sitaru – Romania  

J.1170 In Δܥܤܣ the following relationship holds: 

ହݏ ≥ ݏ) − ܽ)ହ + ݏ) − ܾ)ହ + ݏ) − ܿ)ହ +  ହݎ3√2160

Proposed by Daniel Sitaru – Romania 

J.1171 If ܽ,ܾ > 0 then: 

2(ܽଶ + ܾଶ) + 3(ܽ + ܾ)ଶ + 20ܾܽ
4 +

28ܽଶܾଶ

(ܽ + ܾ)ଶ ≤ ቌඨ
ܽଶ + ܾଶ

2 +
൫√ܽ + √ܾ൯

ଶ

2 +
2ܾܽ
ܽ + ܾ

ቍ

ଶ

 

Proposed by Daniel Sitaru – Romania  

J.1172 If ݕ,ݔ, ݖ > ଷݔ,0 ⋅ ݕ + ଷݕ ⋅ ݖ + ଷݖ ⋅ ݔ = √3య  then: 

ଷݔ) + ଷݕ + ଷ)ସݖ ≥ ସݔ) + ସݕ + ସ)ଷݖ + 6 

Proposed by Daniel Sitaru – Romania  

J.1173 Solve for real numbers: 

ݔ√ + 3ళ + √6 − ళݔ = √9ళ  

Proposed by Daniel Sitaru – Romania  

J.1174 If in Δܥܤܣ, ܽଶ + ܾଶ = 2ܿଶ then: 

2ܽ݉ + ݉
ଶ ⋅ ඨ

ܾܽ
݉݉

≤
√3
2

(ܽଶ + ܾଶ + ܿଶ) 

Proposed by Daniel Sitaru – Romania  

J.1175 In Δܥܤܣ the following relationship holds: 
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݉
ଶ

ℎଶ
≥ 1 +

ቀ4 − ଶ
ோ
ቁ ቀ


+ 


+ 


ቁ
ଶ

(ܾଶ − ܿଶ)ଶ

(ܽ + ܾ + ܿ)ସ  

Proposed by Bogdan Fuștei – Romania  

J.1176 In Δܥܤܣ the following relationship holds: 

ܽ√3(݉ − ℎ) ≥ |(݉ −݉)(ܾ − ܿ)| 

Proposed by Bogdan Fuștei – Romania  

J.1177 In Δܥܤܣ the following relationship holds: 


|ܾ − ܿ|
݉ + ݉௬

≥
2

ݏ3
|݉ −݉|

௬

 

Proposed by Bogdan Fuștei – Romania  

J.1178 In Δܥܤܣ the following relationship holds: 

(1 − cos1)(ܣ − cos1)(ܤ − cosܥ) ൬
ܴ
൰ݎ

ଷ

=
ݎݎݎ
ℎℎℎ

 

Proposed by Bogdan Fuștei – Romania  

J.1179 In Δܥܤܣ the following relationship holds: 

(݉ + ݉ + ݉)ଶ ≥ 3√3ܵ ൬
݉

݉
+
݉

݉
+
݉

݉
൰ 

Proposed by Bogdan Fuștei – Romania  

J.1180 In Δܥܤܣ the following relationship holds: 

ቌ
݉

ݓ
+ ඨ

݉

ݎ
+ ඨ

ℎ
ℎ

+ ඨ
ℎ
ℎ
ቍ

௬

≤ ඨ2ܴ
ݎ 

ܾ + ܿ
ܽ

௬

 

Proposed by Bogdan Fuștei – Romania  

J.1181 In Δܥܤܣ the following relationship holds: 

ܴ
ݎ2 ≥

ඩ1 +
ቀ4 − ଶ

ோ
ቁ ቀ


+ 


+ 


ቁ
ଶ

(ܾଶ − ܿଶ)ଶ

(ܽ + ܾ + ܿ)ସ  

Proposed by Bogdan Fuștei – Romania  

J.1182 In Δܥܤܣ the following relationship holds: 

8(1 − cos1)(ܣ− cos1)(ܤ − cosܥ) ≤
ݎݎݎ

݉݉݉
 

Proposed by Bogdan Fuștei – Romania  
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J.1183 In acute Δܥܤܣ the following relationship holds: 

sinହ ܣ
sinଷ ܤ +

sinହ ܤ
sinଷ ܥ +

sinହ ܥ
sinଷ ܣ ≥

ቀ1 +
ݎ
ܴ
ቁ
ଶ

 

Proposed by Marian Ursărescu – Romania  

J.1184  In Δܥܤܣ the following relationship holds: 

ݓ + ݓ
ℎଶ

+
ݓ + ݓ
ℎଶ

+
ݓ + ݓ

ℎଶ
≥

2
ݎ  

Proposed by Marian Ursărescu – Romania  

J.1185 In Δܥܤܣ the following relationship holds: 

cosହ ܣ
cosଷܤ +

cosହܤ
cosଷ ܥ +

cosହ ܥ
cosଷ ܣ ≥ 1 − ቀ

ݎ
ܴ
ቁ
ଶ

 

Proposed by Marian Ursărescu – Romania  

J.1186 If ݕ,ݔ, ݖ > ݖݕݔ,0 = 1,݊ ∈ (0,2] then: 


ݕݔ) + ݖݔ)(ݖ + (ݕ

ݔ) + ൫1(ݖݕ + ݕݔ)݊ + ݖݔ)(ݖ + ൯(ݕ
௬

≤
2
݊ 

Proposed by Florică Anastase – Romania  

J.1187 If ܽ,ܾ, ܿ,݉,݊ > 0 then: 


8ܽ

݉ܽଶ + ܾ݊ܿ
௬

≤ (݉ + ݊)൬
1
݉ଶ +

1
݊ଶ൰ቌ

ܽ
ܾܿ

௬

ቍ 

Proposed by Florică Anastase – Romania  

J.1188 In acute Δܥܤܣ the following relationship holds: 


ݎ + ݎ
ܽ

௬

⋅ ቆ
ܽଶ sinଷ ܣ

ܾ +
ܽଶ cosଷ ܣ

ܿ ቇ
௬

≥
ݎ27

2  

Proposed by Florică Anastase – Romania  
 

J.1189 In Δܥܤܣ, incenter, ܴ,ܴ – ܫ ,ܴ  – circumradii of Δܤܣܫ,Δܥܤܫ,Δܥܤܫ. 
Prove that: 

ܽଶ ⋅ ܴଷܴଷ

ܴ
+
ܾଶ ⋅ ܴଷܴଷ

ܴ
+
ܿଶ ⋅ ܴଷܴଷ

ܴ
≥

16ܴଷܨ
3  

Proposed by Florică Anastase – Romania  
J.1190 In any scalene Δܥܤܣ holds: 

ݏ2) + ܽ)ܾܿ
(ܽ − ܾ)(ܽ − ܿ) +

ݏ2) + ܾ)ܿܽ
(ܾ − ܽ)(ܾ − ܿ) +

ݏ2) + ܿ)ܾܽ
(ܿ − ܽ)(ܿ − ܾ) >  ݎ3√6

Proposed by Daniel Sitaru – Romania  
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J.1191 In Δܥܤܣ let ܴ – let the radii of circle tangent simultaneous to ܥܣ,ܤܣ and external 

tangent to circumcircle of Δܥܤܣ.ܴ,ܴ  – are defined similar. 

Prove that: ܴܴ + ܴܴ + ܴܴ ≥ ଶݎ48  

Proposed by Daniel Sitaru – Romania  

J.1192 In Δܥܤܣ holds: 

√2ܽ cos
ܤ
2 cos

ܥ
2 = ݏ ⇔ 2݉ = ܽ 

Proposed by Daniel Sitaru – Romania  

J.1193 In Δܥܤܣ the following relationship holds: 

൬2 cos
ܣ
2 cos

ܥ
2 + 3 sin

ܤ
2൰

ଶ

= 24 cos
ܣ
2 sin

ܤ
2 cos

ܥ
2 ⇔ 2ܾ = ܽ + ܿ 

Proposed by Daniel Sitaru – Romania  

J.1194  If ܽ,ܾ, ܿ > 0 then: 

1
ܽ + 1 +

1
ܾ + 1 +

1
ܿ + 1 = 1 ⇒ ܽ + ܾ + ܿ ≥ 6 

Proposed by Daniel Sitaru – Romania  

J.1195 In Δܥܤܣ the following relationship holds: 

ܾܽ
ܾଶ + ܿܽ +

ܾܿ
ܿଶ + ܾܽ +

ܿܽ
ܽଶ + ܾܿ ≤

3ܴ
ݎ4  

Proposed by Marian Ursărescu – Romania  

J.1196 In Δܥܤܣ the following relationship holds: 

cot 
ଶ

ܽଶ +
cot 

ଶ
ܾଶ +

cot 
ଶ

ܿଶ ≥
9

 ܨ4

Proposed by Marian Ursărescu – Romania  

J.1197  If ݔ, ,ݕ ݖ > 0 then prove: 

ݕ)ݔଶ + ݖݕ + (ଶݖ
௬

≥ ඥ3(ݕݔ + ݖݕ +  ଷ(ݔݖ

Proposed by Bogdan Fuștei – Romania  

J.1198 In Δܥܤܣ the following relationship holds: 


݉
ଶ − 2݉݉

ඥ5(ܾଶ + ܿଶ) + 2ܽଶ௬

≥ 0 

Proposed by Bogdan Fuștei – Romania  

J.1199 In Δܥܤܣ, ݊  – Nagel’s cevian, the following relationship holds: 
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3√3ܽ sin
ܣ
2

௬

≥ ݉ + ݉ + ݉ + ݓ)2 + ݓ +  (ݓ

Proposed by Bogdan Fuștei – Romania  

J.1200 If ܽ , ܾ > 0, ݅ ∈ 1,݊തതതതത then: 

൭(ܽ + ܾ)


ୀଵ

൱൭
ܾܽ
ܽ + ܾ



ୀଵ

൱ ≥ ൭ඥܽ ܾ



ୀଵ

൱
ଶ

 

Proposed by Seyran Ibrahimov-Azerbaijan 

J.1201 If ܽ,ܾ, ܿ > 0 then prove: 

ܾܽ
√ܽ + ܾ

+
ܾܿ

√ܾ + ܿ
+

ܿܽ
√ܿ + ܽ

> 2√ܾܽܿ 

Proposed by Olimjon Jalilov-Uzbekistan 

J.1202 Let ݂:ℝ → ℝ such that |݂(ݔ)− |(ݕ)݂ ≥ ݔ∀,݉ ≠ ݉ Find all functions ݂ if .ݕ ∈ ℕ and 
݉ ∈ ℝ∗. 

Proposed by Surjeet Singhania-India 
J.1203 If ݂:ℝ∗ → ℝ such that ݔ2)ݔ + (ݔ)݂(1 + ݂ ቀଵ

௫
ቁ = ݔ + ݔ∀,1 ∈ ℝ∗. Find: 

Ω =  ݂(݇)
ଶହ

ୀଵ

 

Proposed by Mohammad Hamed Nasery-Afghanistan 
J.1204 If ܽ,ܾ > 0 then: 

ඨܽ
ଶ + ܾଶ

2 +
4ܾܽ
ܽ + ܾ ≥ 3√ܾܽ 

Proposed by Seyran Ibrahimov-Azerbaijan 
J.1205 Find all functions ݂:ℝ → ℝ such that ݂(ݔଶݕ) + ݂൫ݕଶ݂(ݕ)൯ = ݂൫(ݔ)݂ݔ൯,∀ݔ, ݕ ∈ ℝ. 

Proposed by Mokhtar Khassani-Algerie 

J.1206 If ݇ ∈ ℕ − {0},݇ = ܽܽିଵ …ܽଵܽതതതതതതതതതതതതതതതതതതതത denote (݇) = ܽ .ܽିଵ ⋅ … ⋅ ܽଵ ⋅ ܽ .  
Find ݊ ∈ ℕ − {0} such that: ൫(݊)൯ = ݊ଶ − 29݊ + 8. 

Proposed by Ionuț Florin Voinea-Romania 
J.1207 In Δܥܤܣ the following relationship holds: 

ܨ2
ݎ < ቆ݉ +

ܽଶ

4݉
ቇ

௬

≤ 6ܴ 

Proposed by Rajeev Rastogi-India 
J.1208 If ܽ,ܾ, ܿ > 0 then: 

(ܽ + ܾ)ସ

13ܾܽܿ + 3ܿଷ +
(ܾ + ܿ)ସ

13ܾܽܿ + 3ܽଷ +
(ܿ + ܽ)ସ

13ܾܽܿ + 3ܾଷ ≥ 3√ܾܽܿయ  

 
Proposed by Lazaros Zachariadis-Thessaloniki-Greece 

J.1209 Solve for real numbers: 
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3 + sin(2ݔ) = 4 sin ቀݔ +
ߨ
4
ቁ 

Proposed by Lazaros Zachariadis-Thessaloniki-Greece 

J.1210 In Δܥܤܣ the following relationship holds: 

݉ℎ
ݏ − ܽ +

݉ℎ
ݏ − ܾ +

݉ݏ
ݏ − ܿ ≥

ܨ6
ܴ  

Proposed by Rahim Shahbazov-Azerbaijan 

J.1211 In Δܥܤܣ the following relationship holds: 

2 ൬
ݎ
ݎ

+
ݎ
ݎ

+
ݎ
ݎ
൰ ≥

ℎ
ݎ

+
ℎ
ݎ

+
ℎ
ݎ

+ 3 

Proposed by Rahim Shahbazov-Azerbaijan 

J.1212 If ݕ,ݔ, ݖ > 0 then: 

ݔ) + ݕ + (ݖ ൬
1
ݔ +

1
ݕ +

1
൰ݖ ≥ 9ඨ

ଶݔ + ଶݕ + ଶݖ

ݕݔ + ݖݕ +  ݔݖ

Proposed by Rahim Shahbazov-Azerbaijan 

J.1213 In Δܥܤܣ the following relationship holds: 

cos(ܣ − (ܤ + cos(ܤ − (ܥ + cos(ܥ − (ܣ ≤
3
2 +

ݎ3
ܴ  

Proposed by Rahim Shahbazov-Azerbaijan 

J.1214 In Δܥܤܣ the following relationship holds: 

1
4

(ܽ + ܾ + ܿ)ଶ(ܽ − ܾ)ଶ
௬

+ ଶܨ16 ≥ ܾܽܿ(ܽ + ܾ + ܿ) 

Proposed by Rahim Shahbazov-Azerbaijan 

J.1215 In Δܥܤܣ the following relationship holds: 

4 + 
ܽଶ

ݎݎ
≥ 8ቆ

ܽଶ + ܾଶ + ܿଶ

ܾܽ + ܾܿ + ܿܽቇ
ଶ

. 

Proposed by Adil Abdullayev-Azerbaijan 

J.1216 In Δܥܤܣ the following relationship holds: 

ݓ ൬
ܾ
ܿ +

ܿ
ܾ൰ ≥ 2(݉ + ݉ + ݉). 

Proposed by Adil Abdullayev-Azerbaijan 

J.1217 In Δܥܤܣ the following relationship holds: 
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3 ቀݎଶቁ ൬
1
ଶݎ
൰ ≤

4ܴଷ

ଷݎ − 5. 

Proposed by Adil Abdullayev-Azerbaijan 

J.1218 Solve: 

ݔ√2
ݔ√ + 2

+
యݔ√16

యݔ√ + 16
=
൫√ݔయ + 2൯൫√ݔ + 16൯
ݔ√ + యݔ√ + 18

 

Proposed by Jalil Hajimir-Canada 

J.1219 If ݕ,ݔ > 0,݉ ≥ 0 and ݔ ⋅min{ℎ ,ℎ , ℎ} >  triangle the following ܥܤܣ then in ݎݕ

inequality holds: 

ܽ
ℎݔ) − (ݎݕ +

ܾ
ℎݔ) − (ݎݕ +

ܿ
ℎݔ) − (ݎݕ ≥

6√3
ݔିଵ(3ݎ −  (ݕ

Proposed by D.M. Bătinețu-Giurgiu – Romania  

J.1220 If ܥܤܣ is a triangle with the area ܨ and ܯ an interior point in the triangle and  

ݔ = ,ܣܯ ݕ = ,ܤܯ ݖ =  :then ,ܥܯ

ଶݔ) + ଶ)ℎℎݕ + ଶݕ) + ଶ)ℎℎݖ + ଶݖ) + ଶ)ℎℎݔ ≥  ܨ8

Proposed by D.M. Bătinețu-Giurgiu – Romania  

J.1221 If ݕ,ݔ, ݖ > 0 and ܣଵܤଵܥଵ;ܣଶܤଶܥଶ are two triangles with the area ܨ respectively ܨଶ, 

then: 

ݔ + ݕ
ݖ ܽଵܾଶ +

ݕ + ݖ
ݔ ܾଵܿଶ +

ݖ + ݔ
ݕ ܿଵܽଶ ≥ 8√3ඥܨଵܨଶ 

Proposed by D.M. Bătinețu-Giurgiu – Romania  

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical  

Magazine-Interactive Journal. 
 

PROBLEMS FOR SENIORS 
 

 
S.664 ݂[ܽ,ܽ + 1] → ℝ, ݂ – continuous, ܽ ≥ 0 – fixed, ݊ ∈ ℕ, ݊ ≥ 2. Prove that exists 
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ܿଵ, ܿଶ, … , ܿିଵ ∈ (ܽ,ܽ + 1) – different in pairs such that: 

ቤන ݔ݀(ݔ)݂
ାଵ


−
݂(ܿଵ) + ݂(ܿଶ) + ⋯+ ݂(ܿିଵ)

݊ ቤ ≤ න |(ݔ)݂|
ାభమ


 ݔ݀

Proposed by Dan Radu Seclăman – Romania  

S.665  

ଵݔ = ାଵݔ,4 =
(1 − 2݊ଶ)ݔ − 4݊ଶ

(2 + )݊ଶݔ + 1 , ݊ ≥ 1 

Find: 

Ω = lim
→ஶ

൬(3 + ∑(ݔ
ೖమ



ೖసభ ൰

∑ ቀଵି ೖ
శೖቁ


ೖసభ

 

Proposed by Ruxandra Daniela Tonilă-Romania 

S.666 Solve for integers: 

ଶݔ2 + ݔ
ଶݔ + ݔ + 1 +

ଶݔ18 + ݔ16 + 30
ଶݔ + ݔ + 2 +

ଶݔ84 + ݔ81 + 240
ଶݔ + ݔ + 3 … + 

+
ܽ ⋅ ଶݔ + ܾ ⋅ ݔ + ܿ

ଶݔ + ݔ + ݊ =
6݊ହ + 15݊ସ + 10݊ଷ − ݊

30 ,݊ ∈ ℕ∗ 

and find: 

Ω = lim
→ஶ

൬
ܽ
ܾ
൰

మ

 

Proposed by Costel Florea – Romania  

S.667  (ݔ)∈ℕ > ିଵݔ)ݔ,0 + (ାଵݔ < ିଵݔ2 ⋅ ,ାଵݔ (∀)݊ ≥ 1.Prove that: ݔ ≥  ଵݔ

Proposed by Dan Radu Seclăman – Romania  

S.668 ݔଷାସ + ଶݔ + 1 = (ݔ)ܲ ⋅ ݊,(ݔ)ܳ ∈ ℕ∗, with degree (ܲ) < degree (ܳ). 

(݊)ܣ = number of terms to ܳ(ݔ); ܤ(݊) = ଵܾ − ܾଶ + ܾଷ − ܾସ + ⋯+ ܾିଵ − ܾ + ܽ. Find: 

Ω = lim
→ஶ

ቆ
ܲ(1) − ܳ(1) ⋅ ∑ (݇)ܤ

ୀଵ
∑ (݇)ܣ
ୀଵ

ቇ


 

Proposed by Costel Florea – Romania  

S.669 Prove inequality for ܽ,ܾ ∈ ቀ0, గ
ଶ
ቁ 

݁ୱ୧୬ቀ
್షೌ
ర ቁ ୡ୭ୱቀ್శయೌర ቁ cos ܽ + ݁ୱ୧୬ቀ

ೌష್
ర ቁ ୡ୭ୱቀೌశయ್ర ቁ cos ܾ ≥

2
݁ଶ cos

ܽ + ܾ
2  

Proposed by Olimjon Jalilov – Uzbekistan  

S.670  ݔଵ = 1, ଶݔ = ଷ
ଶ

, ାଶݔ = (ାଶ)!⋅(ହ௫ିଶ௫శభ)ାହାଵଷ
ଷ(ାଶ)!

. Find: 
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Ω = lim
→ஶ

2ݔ ቌ൬tanିଵ
1
݊ଶ + tanିଵ

1
(݊ + 1)ଶ൰݇(݇ − 1) ቀ݊݇ቁ



ୀଶ

ቍ

ିଵ

 

Proposed by Ruxandra Daniela Tonilă-Romania 

S.671  2ݔଷାଶ − ଷିଵݔ + ݔ + 1 = (ݔ)ܲ ⋅ ݊,(ݔ)ܳ ∈ ℕ∗,݀݁݃݁݁ݎ(ܲ) <  (ܳ)݁݁ݎ݃݁݀

(ݔ)ܳ = ܽଵݔభ + ܽଶݔమ + ⋯+ ܽݔ, with ଵܾ > ܾଶ > ⋯ > ܾ 

(݊)ܣ = ܽଵ − ܽଶ + ܽଷ − ܽସ + ⋯+ ܽିଵ − ܽ + ܽ 

(݊)ܤ = ଵܾ − ܾଶ + ܾଷ − ܾସ + ⋯+ ܾିଵ − ܾ + ܽ 

(݊)ܥ = number of terms to ܳ(ݔ).Solve for natural numbers: 

อ
2൫ܥ(݊) − ൯(݊)ܤ − 3

15 ⋅ −(݊)ܣ)(1)ܲ 16) ⋅ෑ
8݇ଷ − 12݇ଶ − 26݇ + 15
8݇ଷ + 12݇ଶ − 26݇ − 15



ୀଷ

อ = ܳ(1) 

Proposed by Costel Florea – Romania  

S.672 Find without softs: 

Ω = න
ݔ√

ଷݔ + ݔ√ݔ4 + 8

ଵ


 ݔ݀

Proposed by Mustapha Issah-Ghana 

S.673 If ܥܤܣ is a triangle with the area ܨ and the points ܯ ∈ ܰ,(ܥܤ) ∈ ܲ,(ܣܥ) ∈  (ܤܣ)

then: (ܯܣ + ଷܿ(ܰܤ + ܰܤ) + ଷܽ(ܲܥ + ܲܥ) + ଷܾ(ܯܣ ≥  ଶܨ3√16

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.674 If ݕ,ݔ, ,ݖ ݐ > 0, then in ܥܤܣ triangle with the area ܨ the following inequality holds: 

ସݐ + ଶݔ

ݕ + ݖ ⋅ ܽସ +
ସݐ + ଶݕ

ݖ + ݔ ⋅ ܾସ +
ସݐ + ଶݖ

ݔ + ݕ ⋅ ܿସ ≥  ଶܨଶݐ16

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.675 If ݊ ∈ ℕ∗ − {1} and ݔ ∈ ℝ∗ = (−∞, 0)∪ (0,∞) and ܺ = ∑ ଶݔ
ୀଵ , then: 

ቆݔଶ +
1
ଶݔ
ቇ
ାଵ

ୀଵ

≥
1
݊ ቆ

ܺଶ + ݊ଶ

݊ ቇ
ାଵ

,∀݉ ≥ 0 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.676 If ݉, ݊ ≥ 0, ,ݑ,ݐ ,ݕ,ݔ,ݒ ݖ > 0 then in any ܥܤܣ triangle with the area ܨ the following 

inequality holds: 

൭
ݐ + ݑ
ݒ

(ܾܽ)ାଵ + ቆ
ଶܿݔ

ݕ + ቇݖ
ାଵ

൱
ାଵ

௬

≥ 
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≥ 2ାାାଵ൫√3൯
ଵିିି

⋅ (2ାଶ + 1)ାଵܨ(ାଵ)(ାଵ) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.677 If ܥܤܣ is a non right triangle, then: 

൬
sinܣ

cosଶ ܤ
+

sinܤ
cosଶ ܥ

+
sin ܥ

cosଶ ܣ
൰൬

1
(sinܣ + sinܤ)ଶ +

1
(sinܤ + sinܥ)ଶ +

1
(sin ܥ + sinܣ)ଶ൰ ≥

27
8
√3 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.678 Let ݊ ∈ ℕ,݊ ≥ 3 and ݔ ∈ ℝା
∗ = (0,∞),∀݇ = 1,݊, then: 

݊ ⋅
1

ାଵݔݔ



ୀଵ

≥ 4൭
1

ݔ + ାଵݔ



ୀଵ

൱
ଶ

 

where ݔାଵ =  ଵݔ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.679 Let ݔ, ݕ > 0 and ܥܤܣ triangle with the area ܨ, then there are two triangles ܲܰܯ and 

ܷܸܹ with the sides ݉,݊, ,ݑ respectively , ݑ݉ :such that ݓ,ݒ + ݒ݊ + ݓ ≥  ܨ3√ݕݔ4

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.680 If ݕ,ݔ, ݖ ∈ (0,1), then in any ܥܤܣ triangle the following inequality holds: 

ܽ
ݕݔ) + 1)(ݖݔ − ℎ(ݔ

+
ܾ

ݖݕ) + −1)(ݔݕ ℎ(ݕ
+

ܿ
ݔݖ) + 1)(ݕݖ − ℎ(ݖ

≥
27 ⋅ √3

4  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.681 If ݉, ݊ ≥ 0,݉ + ݊ > 0, then in any triangle with the area ܨ the following inequality 

holds: 


ܽଶ − ܾܽ + ܾଶ

ܾଶ + ܾܽ + ܽଶ
௬

(ܾ݉ଶ + ݊ܿଶ)ଶ ≥
16(݉+ ݊)ଶ

3 ⋅  ଶܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.682 If ݉, ݊ ∈ ℝା
∗ = (0,∞) and ܥܤܣ is a triangle having the area ܨ, then: 

ቌඨ
ܽଷ + ܾଷ

2
య

+
ܽଶାଶ ⋅ ܾଶାଶ

ܽ + ܾ
ቍ

௬

≥ 2ଶାଷ൫√3൯
ଵି

 ାଵܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.683 If ݕ,ݔ, ݖ ∈ (0,1) and ܥܤܣ is a triangle with the area ܨ, then: 

ܽଶ

+ݕݔ) 1)(ݖݔ − (ݔ +
ܾଶ

ݖݕ) + 1)(ݔݕ − (ݕ +
ܿଶ

ݔݖ) + 1)(ݕݖ − (ݖ ≥
27√3

2  ܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  
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S.684 Let ݊ ∈ ℕ,݊ ≥ ଶܣଵܣ,3 ାଵܣܣ  be a convex polygon with the sidesܣ… = ܽ ,	 

ାଵܣ = ݇,ଵܣ = 1,݊ and the area ܨ and ݔ ∈ ቀ0, గ
ଶ
ቁ ,∀݇ = 1,݊, then: 


ܽଶ

sin ݔ ⋅ cosଶ ݔ



ୀଵ

≥ 6√3 ⋅ ܨ ⋅ tan
ߨ
݊ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.685 If ݉, ݊ > 0 and ݕ,ݔ, ݖ ∈ (0,1), then: 

1
ݕ݉) + ଷ(1(ݖ݊ − (ଶݔ +

1
ݖ݉) + −1)(ݔ݊ (ଶݕ +

1
ݔ݉) + −1)(ݕ݊ (ଶݖ ≥ 

≥
81√3

2(݉ + ݊)ଶ(ݔ + ݕ +  ଶ(ݖ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.686 Let ݔ, ,ݕ ݖ ∈ ℝା
∗ = (0,∞) and ܥܤܣ be a triangle with the area ܨ, then: 

ඥ(ܽସݔ + 1)(ܾସ + 1)
ݕ + ݖ +

ඥ(ܾସݕ + 1)(ܿସ + 1)
ݖ + ݔ +

ඥ(ܿସݖ + 1)(ܽସ + 1)
ݔ + ݕ ≥  ܨ3√4

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.687 If ܽ,ܾ, ܿ, ݀ ∈ [1,∞) and ݉ is their arithmetic means, then: 

(ܽ + ܾ + ܿ + ݀)൫ܽ + ܾ + ܿ + ݀൯(ܽ + ܾ + ܿ + ݀)൫ܽௗ + ܾௗ + ܿௗ + ݀ௗ൯ ≥ 256݉ସ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.688 Let be ݉ ∈ ℝା = [0,∞) and ܽ,ܾ, ܿ,݀ ∈ ℝା
∗ = (0,∞), then: 

(ܽଶାଶ + ݀ଶ)(ܾଶାଶ + ݀ଶ)(ܿଶାଶ + ݀ଶ) ≥
3ଶି

4 ݀ସ(ܾܽ + ܾܿ + ܿܽ)ାଵ 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.689 If ݔ ∈ ቀ0, గ
ଶ
ቁ, then in ܥܤܣ triangle with the area ܨ the following inequality holds: 

ܾܿ ൬
sin ݔ
ݔ

൰
ଷ

+ ܿܽ ൬
sin ݔ
ݔ

൰
ଶ

+ ܾܽ ൬
sin ݔ
ݔ

൰+ 3ඥ(ܾܽܿ)ଶయ ⋅ ൬
tan ݔ
ݔ

൰ ≥  ܨ3√8

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți – Romania  

S.690 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞), then in any ܥܤܣ triangle with the area ܨ, the following 

inequality holds: 

ݕ + ݖ
ݔ ⋅

ܾ + ܿ

ܾହ + ܿହ +
ݖ + ݔ
ݕ ⋅

ܿ + ܽ

ܿହ + ܽହ +
ݔ + ݕ
ݖ ⋅

ܽ + ܾ

ܽହ + ܾହ ≥  ܨ3√8

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.691 In any ܥܤܣ triangle with the area ܨ the following inequality holds: 
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ܽଶ tan
ܤ
2 + ܾଶ tan

ܥ
2 + ܿଶ tan

ܣ
2 > ܤܣ√2 + ܥܤ + ܣܥ ⋅  ܨ

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.692 If ݕ,ݔ, ݖ > 0, ݐ ≥ 0, then in any ܥܤܣ triangle with the area ܨ the following inequality 

holds: (ݔ ⋅ ݉)௧ାଵ + ݕ) ⋅ ݉)௧ାଵ + ݖ) ⋅ ݉)௧ାଵ ≥ ଶశభ

ଷ
ݕݔ) + ݖݕ + (ݔݖ

శభ
మ ቀி

ோ
ቁ
௧ାଵ

 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

S.693 If ݊ ∈ ℕ, ݊ ≥ ݔ,2 ∈ ℝା
∗ = (0,∞),∀݇ = 1,݊ and ܺ = ∑ ݔ

ୀଵ , then: 


ାଵݔ

൫ݔ + (݊ + 1) ⋅ (ܺ − )൯ݔ




ୀଵ

≥
ܺ
݊ଶ ,∀݉ ∈ ℝା = [0,∞) 

Proposed by D.M. Bătinețu-Giurgiu – Romania 

S.694 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞) then in any ܥܤܣ triangle the following inequality holds: 

ݔ
ඥݖݕ

⋅
ܽ
ℎ

+
ݕ
ݔݖ√

⋅
ܾ
ℎ

+
ݖ

ඥݕݖ
⋅
ܿ
ℎ

≥ 2 

Proposed by D.M. Bătinețu-Giurgiu – Romania 

S.695 Let be ܽ,ܾ, ܿ,݀ > 0 such that ܽ ⋅ ܾଷܿଷ݀ଷ = 1, then: 

ܾܽଷܿ

ܾܽଵ + ݀ + ܿ +
ܽܿଷ݀

ܽܿଵ + ܾ + ݀ +
ܽ݀ଷܾ

ܽ݀ଵ + ܿ + ܾ ≥ 1 

Proposed by D.M. Bătinețu-Giurgiu – Romania 

S.696 Let be ݕ,ݔ, ݖ > 0 and ݐ ≥ 0, then in ܥܤܣ triangle with the area ܨ and the other usual 

notations the following inequality holds: 

ݕ + ݖ + ݐ2
ݔ + ݐ ⋅ ܽସ +

ݖ + ݔ + ݐ2
ݕ + ݐ ⋅ ܾସ +

ݔ + ݕ + ݐ2
ݖ + ݐ ⋅ ܿସ ≥  ଶܨ32

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru  – Romania 

S.697 If ܽ,ܾ, ܿ, ݀ ∈ ℝା
∗ = (0,∞) and ௬ା௭

௫
ܽ + ௭ା௫

௬
ܾ + ௫ା௬

௭
ܿ ≥ ,ݕ,ݔ∀,݀ ݖ ∈ ℝା

∗ , then: 

ݕ + ݖ
ݔ ⋅ ܽାଵ +

ݖ + ݔ
ݕ ⋅ ܾାଵ +

ݔ + ݕ
ݖ ⋅ ܿାଵ ≥

݀ାଵ

6 ,∀݉ ∈ ℝା = [0,∞) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru  – Romania 

S.698 If ݕ,ݔ, ݖ ∈ ℝା
∗ = (0,∞), then in any ܥܤܣ triangle the following inequality holds: 

ݔ
ඥݖݕ

⋅
ܽ
ℎ

+
ݕ
ݔݖ√

⋅
ܾ
ℎ

+
ݖ

ඥݕݔ
⋅
ܿ
ℎ

≥ 2√3 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru  – Romania 
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S.699 If ݕ,ݔ > 0, then in any ܥܤܣ triangle with the semiperimeter ݏ the following inequality 

holds: 

ݔ ⋅ ܾ + ܿݕ
ݎݎ

+
ܿݔ + ܽݕ
ݎ ⋅ ݎ

+
ܽݔ + ܾݕ
ݎ ⋅ ݎ

≥
ݔ)6 + (ݕ

ݏ  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru  – Romania 

S.700 Let be ݊ ∈ ℕ, ݊ ≥ 3 and ܣଵܣଶ  having the ܨ  a convexe polygon with the areaܣ…

length sides ܣܣାଵ = ܽ ,݇ = 1, ାଵܣ,݊ =  :ଵ, thenܣ

ට(ܽସ + 1)(ܽାଵସ + 1)


ୀଵ

≥ 8 ⋅ ܨ ⋅ tan
ߨ
݊ 

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți  – Romania 

S.701 In any ܥܤܣ triangle the following inequality holds: 

ቌܽ ൬
ܾ
ܽ൰

್
್

+ ܾ ቀ
ܽ
ܾ
ቁ
್
್ቍ ⋅ ൭ܾ ቀ

ܿ
ܾ
ቁ

 + ܿ ൬

ܾ
ܿ൰



൱ ⋅ ቆܿ ቀ

ܽ
ܿ
ቁ
ೌ
ೌ + ܽ ቀ

ܿ
ܽ
ቁ
ೌ
ೌቇ ≥ 8ܾܽܿ 

Proposed by D.M. Bătinețu-Giurgiu, Claudia Nănuți  – Romania 

S.702 If ݐ, ,ݑ ,ݔ,ݒ ,ݕ ݖ > 0, then in any ܥܤܣ triangle with the area ܨ the following inequality 

holds: 

ݐ) + ݔ)(ݑ + (ݕ
ݖݒ ⋅ ܽଶܾଶ +

ݑ) + ݕ)(ݒ + (ݖ
ݔݐ ⋅ ܾଶܿଶ +

ݒ) + ݖ)(ݐ + (ݔ
ݕݑ ⋅ ܿଶܽଶ ≥  ଶܨ64

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.703 If ݕ,ݔ, ݖ > 0 and ܥܤܣ is a triangle with the area ܨ and the points ܯ ∈  	,(ܥܤ)

ܰ ∈ ܲ,(ܣܥ) ∈  :then ,(ܤܣ)

ݔ ⋅ ܯܣ + ݕ ⋅ ܰܤ
ݖ ⋅ ܿଷ +

ݕ ⋅ ܰܤ + ݖ ⋅ ܲܥ
ݔ ⋅ ܽଷ +

ݖ ⋅ ܲܥ + ݔ ⋅ ܯܣ
ݕ ⋅ ܾଷ ≥  ଶܨ3√16

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.704 If ݕ,ݔ > 0 then in any ܥܤܣ triangle the following inequality holds: 

ܾݔ) + ସ(ܿݕ

ݓ ⋅ ݓ
+

ܿݔ) + ସ(ܽݕ

ݓ ⋅ ݓ
+

ܽݔ) + ସ(ܾݕ

ݓ ⋅ ݓ
≥ 48 ⋅ ݔ) + ସ(ݕ ⋅  ଶݎ

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.705 In Δܥܤܣ, incenter, ܴ,ܴ – ܫ ,ܴ – circumradii of Δܥܫܤ,Δܣܫܥ,Δܤܫܣ. Prove that: 

1
4 ൬5 −

ݎ2
ܴ ൰ ≤ ൬

ܴ
ܽ ൰

ଶ

+ ൬
ܴ
ܾ ൰

ଶ

+ ൬
ܴ
ܿ ൰

ଶ

≤
1
4 ൬2 +

ܴ
 ൰ݎ

Proposed by Marin Chirciu – Romania  
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S.706 If ܽ,ܾ, ܿ > 0 such that ܾܽܿ = 1 and ߣ ≥ 0, ݊ ∈ ℕ, ݊ ≥ 2 then: 

ܾ + ܿߣ

ܽ +
ܿ + ܽߣ

ܾ +
ܽ + ܾߣ

ܿ ≥ ܽ)ߣ + ܾ + ܿ) + 3 

Proposed by Marin Chirciu – Romania  

S.707 In Δܥܤܣ the following relationship holds: 

ଷ(4ܴݎ32 + ଶ(ݎ ≤ܽହ cot
ܣ
2 ≤

2ܴସ

ݎ
(4ܴ +  ଶ(ݎ

Proposed by Marin Chirciu – Romania  

S.708 In Δܥܤܣ the following relationship holds: 

3ܽସ tan
ܣ
2 ≥ܽସ cot

ܣ
2 

Proposed by Marin Chirciu – Romania  

S.709 In Δܥܤܣ the following relationship holds: 

3
2ܴ ≤

1
ܽଶ tan

ܣ
2 ≤

3
 ݎ4

Proposed by Marin Chirciu – Romania  

S.710  In non-right Δܥܤܣ the following relationship holds: 

(4ܴ + ଶ(ݎ

6ܴ ≤
ܾܿ

ܽଶ(tanܣ + cotܣ) ≤
ܴ(4ܴ + ଶ(ݎ

ଶݎ24  

Proposed by Marin Chirciu – Romania  

S.711 In Δܥܤܣ the following relationship holds: 


(݉

ାଵ + ݉
ାଵ)ଶ

݉
 + ݉

 ≤
27
2 ܴଶ ,݊ ∈ ℕ 

Proposed by Marin Chirciu – Romania  
 

S.712 If ݕ,ݔ, ݖ > 0 then: ௫
௬

+ ௬
௭

+ ௭
௫
≥ ଶ௬

௫ା௬
+ ଶ௭

௬ା௭
+ ଶ௭

௭ା௫
 

Proposed by Marin Chirciu – Romania  
 

S.713 If ܽ,ܾ, ܿ > 0 such that ܽ + ܾ + ܿ = 1 and ߣ ≥ 0,݊ ∈ ℕ,݊ ≥ 2 then: 


ܽ

1 + ܾ(ܿ + (ߣ ≥
27

3(10 +  (ߣ3

 
Proposed by Marin Chirciu – Romania  

S.714 In Δܥܤܣ the following relationship holds: 


ℎ
ܾܿ sinଶ

ܣ
2 ≤

ݎ
ܾܿ sinଶ

ܣ
2 

Proposed by Marin Chirciu – Romania  
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S.715 If ݔଵ, ,ଶݔ … ݔ, > 0 then: 

ଵݔ
ଶݔ2

+
ଶݔ

ଷݔ2
+ ⋯+

ݔ
ଵݔ2

+
2ݔଵݔଶ … ݔ

ଵݔ) + ଶݔ)(ଶݔ + (ଷݔ … ݔ) + (ଵݔ ≥ 1 +
1
2݊ 

Proposed by Marin Chirciu – Romania  

S.716 In Δܥܤܣ the following relationship holds: 

ݎ
 ⋅ ଶ(4ܴݎ16 + ଶ(ݎ ≤ܾଶܿଶ tan

ܣ
2 ≤

ݎ
 ⋅ 4ܴଶ(4ܴ +  ଶ(ݎ

Proposed by Marin Chirciu – Romania  

S.717 In Δܥܤܣ the following relationship holds: 

ݎ3√9
య
మ ≤ ݉ඥݓ + ݉ඥݓ + ݉ඥݓ ≤

9√6
4 ܴ

య
మ 

Proposed by Marin Chirciu – Romania  

S.718 In Δܥܤܣ the following relationship holds:  ∑ ೌ
௪ೌ

≥ 3 ቀଶ
ோ
ቁ
మ
య 

Proposed by Marin Chirciu – Romania  

S.719 In Δܥܤܣ the following relationship holds: 

(4ܴ + ଶ(ݎ ⋅
48ܴଶݎଷ

 ≤ܾଷܿଷ tan
ܣ
2 ≤ (4ܴ + ଶ(ݎ ⋅

6ܴହ

  

Proposed by Marin Chirciu – Romania  

S.720 ܫ, ܫ , ܫ  – excenters in Δܥܤܣ. Prove that: 

2
ܵ
ቀ2 −

ݎ
ܴ
ቁ ≤

1
[ܫܥܤ] +

1
[ܫܣܥ] +

1
[ܫܤܣ] ≤

2
ܵ ൬
ܴ
ݎ +

ݎ
ܴ − 1൰ 

Proposed by Marin Chirciu – Romania  

S.721 In Δܥܤܣ the following relationship holds: 

3( − ܽ)ଷ tan
ܣ
2 ≤( − ܽ)ଷ cot

ܣ
2 

Proposed by Marin Chirciu – Romania  

S.722 In acute Δܥܤܣ the following relationship holds: 

 cosܣ൬
cosܤ
cosܥ൰



≥ ൬
3
2൰



൬
ܴ

ܴ + ൰ݎ
ିଵ

,݊ ∈ ℕ 

Proposed by Marin Chirciu – Romania  
 

S.723 In Δܥܤܣ the following relationship holds: 

16ܴଶݎଷ ≤ܾଷܿଷ cot
ܣ
2 ≤

ܴଷ

ଷݎ  

Proposed by Marin Chirciu – Romania  
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S.724 If ݔଵ, ,ଶݔ … ݔ, > 0 then: 
ଵݔ
ଶݔ

+
ଶݔ
ଷݔ

+ ⋯+
ݔ
ଵݔ

≥
݊
2 +

ଵݔ
ݔ + ଵݔ

+
ଶݔ

ଵݔ + ଶݔ
+ ⋯+

ݔ
ିଵݔ + ݔ

 

Proposed by Marin Chirciu – Romania  
S.725 In Δܥܤܣ the following relationship holds: 

ݎ24ܴ ≤
ܽସ

ℎℎ
+

ܾସ

ℎℎ
+

ܿସ

ℎℎ
≤ 4ܴଶ ൬

2ܴ
ݎ − 1൰ 

Proposed by Marin Chirciu – Romania  

S.726 Find: 

Ω = lim
→ஶ

1 + ଵ

√ଶయ + ଵ
√ଷయ + ⋯+ ଵ

√య

√݊ଶయ  

Proposed by Vasile Mircea Popa – Romania  

S.727  Solve in ℝ: 

ቌ2 −
2݁ + ߨ − ଶగమ

௫
+ మାଵ

௫

ݔ + ݁ − గమ

௫
+ ଵ

௫

ቍ

ଽ

= 1 + ቌ1 −
గାଶ
௫

− ଶగమିమିଵ
௫మ

1 + 
௫
− గమିଵ

௫మ

ቍ

ଽ

 

Proposed by Orlando Irahola Ortega-Bolivia 

S.728 Solve in ℝ 

ඥݔଶ − ݔ =
ݔ6 − ହݔ18 + ସݔ20 − ଷݔ10 + ଶݔ2

ݔ − ହݔ9 + ସݔ18 − ଷݔ21 + ଶݔ15 − ݔ6 + 1 

Proposed by Orlando Irahola Ortega-Bolivia 

S.729 The polygone ܣଵܣଶܣଷܣସܣହܣ is tangent to a circle with ܱ – center. If  

ଵܣ∢ ≡ ଷܣ∢ ≡ ଶܣ∢,ହܣ∢ ≡ ସܣ∢ ≡  : then findܣ∢

Ω = ܱܣ



ୀଵ

 

Proposed by Ionuț Florin Voinea – Romania  

S.730 Find: 

Ω = lim
௫→

ቆ
sin(sin ݔ2 − sin −(ݔ sin(tan ݔ2 − tan (ݔ

sin(cosିଵ)ݔ (ݔ − 1) ቇ 

Proposed by Qusay Yousef-Algerie  

S.731 Evaluate:  sin ቀ గ
ଵଷ
ቁ sin ቀଶగ

ଵଷ
ቁ sin ቀଷగ

ଵଷ
ቁ sin ቀସగ

ଵଷ
ቁ sin ቀହగ

ଵଷ
ቁ sin ቀగ

ଵଷ
ቁ 

Proposed by Rajesh Darbi-India 
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S.732 Find: 

න
sin ݔ + ଷݔ + tanଷ ݔ + ଶݔ

1 + ଶݔ

ഏ
మ


 ݔ݀

Proposed by Rajesh Darbi-India 

S.733 Prove without softs: 

න
ݔ݀

1 + ଶݔ + cosଵ ݔ

√ଶ


< 1 

Proposed by Rajesh Darbi-India 

S.734 Let ܽ, ܾ, ܿ be non-negative real numbers such that no two of them is equal to zero. 

Prove that if ܽ + ܾ + ܿ = 2 and ܽ ≥ ܾ > ܿ ≥ 0 then: 

1
ܽଶ + 1 +

1
ܾଶ + 1 +

1
ܿଶ + 1 +

√ܾܽ + ܾܿ + ܿܽ
√2 − ܾܽ − ܾܿ − ܿܽ

≥ 3 − 2ܿ 

Proposed by Minh Nhat Nguyen – Vietnam  

S.735  ܽ,ܾ ∈ (0,1] ⇒ ൫8 + ܾܽ − 2(ܽ + ܾ)൯ ⋅ ܽଵି
ర
ఱ ⋅ ܾି

ర
ఱ ≥ 5 

Proposed by Pavlos Trifon-Greece 

S.736 Find ݔ  :ݔ௫ + ೣ(ଽ)ݔ − ቀ௫ߨ
൫ೣషవೣ൯ቁ + ೣ(ଶଶ௫)ݔ = ଽ

షഏೣ
 

Proposed by Arslan Ahmed-Yemen 

S.737 Solve for natural numbers:  (݉!)మ + (݊!)మ = 80 + ݉݊! 

Proposed by Mokhtar Khassani-Algerie 

S.738 If ݕ,ݔ, ݖ > ݔ,0 + ݕ + ݖ = 1 then: 

݉ݔ) + ݉ݕ + )ଶ݉ݖ + ݉ݔ) + ݉ݕ + )ଶ݉ݖ + ݉ݔ) + ݉ݕ + )ଶ݉ݖ ≤
27ܴଶ

4  

Proposed by Hikmat  Mammadov-Azerbaijan 

S.739 If 0 < ܽ ≤ ܾ then: 

ቌන ݁ିଵଷ௫మ




ݔቍቌන݁ି଼௫మ݀ݔ݀




ቍ ≥ ቌන ݁ିଵ௫మ




ቍቌන݁ିଵଵ௫మݔ݀




 ቍݔ݀

Proposed by Daniel Sitaru – Romania  

S.740 In Δܥܤܣ the following relationship holds: 

൬
4

(ܾ + ܿ)ଶ +
9

(ܿ + ܽ)ଶ +
1

(ܽ + ܾ)ଶ൰ ൬
9

(ܾ + ܿ)ଶ +
1

(ܿ + ܽ)ଶ +
4

(ܽ + ܾ)ଶ൰ > 49
1

(ܽ + ܾ)ଶ(ܾ + ܿ)ଶ
௬

 

Proposed by Daniel Sitaru – Romania  
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S.741 If in Δ(ܤ∢)݉,ܥܤܣ = (ܥ∢)݉,(ܣ∢)2݉ =  :then (ܣ∢)4݉

ℎଶ + ℎଶ + ℎଶ > 7√21ܴଶ 

Proposed by Daniel Sitaru – Romania  

S.742 Find: 

Ω = lim
→ஶ

ቌ݊ ൭log 2−
(݊ + ݅)ସ

3 + (݊ + ݅)ହ + cotିଵ(݊ + ݅)



ୀଵ

൱ቍ 

Proposed by Daniel Sitaru – Romania  

S.743 In acute Δܥܤܣ holds: 

ඥ(sinܣ cosܣ + sinܤ cosܤ) sin ܥ2
௬

≤ ඥ6(1 + cosܣ cosܤ cosܥ) 

Proposed by Daniel Sitaru – Romania  

S.744 In Δܥܤܣ,݉ = ܾ,݉ = ܽ, ܿ݉ = ܽ݉. Find: 

Ω =
ݓݓݓ
݊݊݊

+
݃݃݃
ℎℎℎ

+
݉݉݉

ݏݏݏ
 

Proposed by Daniel Sitaru – Romania  

S.745 Solve for real numbers: 

ቀ20
2݇ቁ

ଵ

ୀ

ݔ) + ݇ − ݔ)(1 + ݇ − 2) ⋅ … ⋅ ݔ) + ݇ − 19) = 0 

Proposed by Daniel Sitaru – Romania  

S.746 In Δܥܤܣ the following relationship holds: 

(݉)ೌ ⋅ (݉)್ ⋅ (݉) ≥ ଷ(ݎݎݎ)  

Proposed by Daniel Sitaru – Romania  

S.747  

ܩ = ൜0,
1

2021 ,
2

2021 , … ,
2020
2021ൠ ݔ, ∗ ݕ = ݔ + ݕ − ݔ] + ,[ݕ [∗]−  ܨܫܩ

Prove that: (ܩ,∗) ≅ (ℤଶଶଵ , +) 

Proposed by Daniel Sitaru – Romania  

S.748 Solve for real numbers: 

1
1 + |sinݔ| +

1
1 + |cosݕ| = 1 +

1
1 + |sin ݔ + cosݕ| 

Proposed by Daniel Sitaru – Romania  
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S.749 Find: 

Ω = lim
→ஶ

ඩ(2݊)! ⋅ ൭2
1

(݊ − ݇)! ⋅ (݊ + ݇)!



ୀ

−
4

(2݊)!
൱



 

Proposed by Daniel Sitaru – Romania  

S.750 In acute Δܥܤܣ the following relationship holds: 

(tanܣ)ଷ ୲ୟ୬  ⋅ (tanܤ)ଷ ୲ୟ୬  ⋅ (tan ଷ(ܥ ୲ୟ୬ ≥ (tanܣ ⋅ tanܤ ⋅ tanܥ)୲ୟ୬  ୲ୟ୬  ୲ୟ୬  

Proposed by Daniel Sitaru – Romania  

S.751 Solve for real numbers: 

(307 − ݔ√(ݔ − 64ఱ − ݔ) − 63)√307− ఱݔ

√307 − ఱݔ − ݔ√ − 63ఱ = 120 

Proposed by Daniel Sitaru – Romania  

S.752  ܦܥܤܣ – cyclic quadrilateral, ܴ – circumradii.If ܤܣ = ܥܤ,ܽ = ܦܥ,ܾ = ܣܦ,ܿ = 2ܴ 

then: ܴଷ ≥ ܾܽܿ. When equality holds? 

Proposed by Daniel Sitaru – Romania  

S.753 Find ݕ,ݔ, ݕ ≥ 1 such that: 

ቐ
ଷݔ + ଶݕ + ଶݖ2 = 4

729 ⋅ෑ(log(ݕݔ) ⋅ log (ݖ
௬

= 8 ⋅ log(ݖݕݔ) 

Proposed by Daniel Sitaru – Romania  

S.754 In Δ4√ܾܿ“ : :ܥܤܣ cosଶܤ + 4 cosଶ ܥ + 1 = 3√3ܴଶ, 3ܽ =  ”ߨ

ܽ“ :ݍ = ܾ,(ܣ)ߤ = ,(ܤ)ߤ ܿ =  :Prove that .”(ܥ)ߤ ⇔  ݍ

Proposed by Daniel Sitaru – Romania  

S.755 In Δܥܤܣ the following relationship holds: 

∑ sinଶ 
ହ௬ ⋅ ∑ sinଶ 


⋅௬ ∑ sinଶ 

ଽ௬

ቀ1 − cos ଶగ
ଵହ
ቁ ቀ1 − cos ଶగ

ଶଵ
ቁ ቀ1 − cos ଶగ

ଶ
ቁ
≥

27
8  

Proposed by Daniel Sitaru – Romania  

S.756 If 0 < ܽ ≤ ܾ < గ
ଶ
 then: 

sin ܾ − sin ܽ ≤ logቆ
ܾ + √1 + ܾଶ

ܽ + √1 + ܽଶ
ቇ 

Proposed by Daniel Sitaru – Romania  
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S.757 If ܽ,ܾ > 0, ݔ ∈ ℝ then: 

(1 + ܽ sinଶ ݔ + ܾ cosଶ ୱ୧୬మ(ݔ ௫ାୡ୭ୱమ ௫ ≤ (1 + ܽ) ୱ୧୬మ ௫ ⋅ (1 + ܾ) ୡ୭ୱమ ௫ 

Proposed by Daniel Sitaru – Romania  

S.758 If ܽ,ܾ, ܿ, ݀ – sides, ݁,݂ – diagonals, ܴ – circumradii in a cyclic quadrilateral then: 

ܴ ≥
2√ܾܽܿ݀
݁ + ݂  

Proposed by Daniel Sitaru – Romania  

S.759 Δܲܰܯ – the intouch triangle of Δܥܤܣ, Γ – Gergonne’s point. Prove that: 

3
ݏଶݎ ൬

Γܯ
Γܣ +

Γܰ
Γܤ +

Γܲ
Γܥ൰ ≤ 

1
ܽ

௬

⋅
1

ݏ) − ܽ)ଶ
௬

 

Proposed by Daniel Sitaru – Romania  

S.760 ܨ – area, ܴ – circumradii, ݎ – inradii, ݏ – semiperimeter in a bicentric octagon. 

Prove that: 

ଶݎ

ܴ cos గ
଼

≤
ܨ
ݏ ≤

ܴଶ cosଶ గ
଼

ݎ  

Proposed by Daniel Sitaru – Romania  

S.761 ܱ – circumcenter,ܫ – incenter, ܴ – circumradii in a bicentric quadrilateral ܦܥܤܣ. If 

3 sinܣ sinܤ = 1 then find: 

Ω =
ܴ
 ܫܱ

Proposed by Daniel Sitaru – Romania  

S.762 Find: 

Ω = lim
→ஶ

ෑ൬1 +
1
݊ ⋅ 3

ೖ
൰



ୀଵ

൬1 +
1
݊ ⋅ 5

ೖ
൰൬1 +

1
݊ ⋅ 7

ೖ
൰ 

Proposed by Daniel Sitaru – Romania  

S.763 If 0 < ܽ ≤ ܾ then: 

⎝

⎜
⎛
න ହ݁௧మݐ

యೌశ್
ర



ݐ݀

⎠

⎟
⎞
⋅

⎝

⎜
⎛
න ସ݁௧మݐ

ೌశయ್
ర



ݐ݀

⎠

⎟
⎞
≤

⎝

⎜
⎛
න ହ݁௧మݐ

ೌశయ್
ర



ݐ݀

⎠

⎟
⎞
⋅

⎝

⎜
⎛
න ସ݁௧మݐ

యೌశ್
ర



ݐ݀

⎠

⎟
⎞

 

Proposed by Daniel Sitaru – Romania  
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S.764 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧ ,ݔ ,ݕ ݖ > 0
௫ݔ ⋅ ௬ݕ ⋅ ௭ݖ ⋅ ൫ඥݕݔ + ඥݖݕ + ൯ݔݖ√

ඥݔ௬ା௭ ⋅ ௭ା௫ݕ ⋅ ௫ା௬ݖ
= 1

ݔ + ݕ + ݖ = 1

 

Proposed by Daniel Sitaru – Romania  

S.765 Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧ cosଶ ݔ ⋅ cosଶ ݕ ⋅ cosଶ ݖ =

1
8

ෑ(cosଶ ݔ − cosଶ ݔ ⋅ cosଶ ݕ + cosଶ (ݕ
௬

=
8

27
 

Proposed by Daniel Sitaru – Romania  

S.766 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 


݊
ℎ௬

≤
ඥ4ܴଶ + (݊ − ݃)ଶ + 2(݊݃ − (ଶݓ

ݎ2
௬

 

Proposed by Bogdan Fuștei – Romania  

S.767 In Δܥܤܣ the following relationship holds: 

2√3 ⋅
ℎ

݊ + ݃ + ඥ2ݎݎ௬

≥ cos(ܣ − (ܤ
௬

 

Proposed by Bogdan Fuștei – Romania  

S.768 In Δܥܤܣ,݊  – Nagel’s cevian the following relationship holds: 

2
ℎ

ݏ − ݊௬

=
ݏ
ݎ + 

݊
௬ݎ

 

Proposed by Bogdan Fuștei – Romania  

S.769 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 

ෑ(ݏ + ݊)
௬

൬cot
ܤ
2 + cot

ܥ
2 −

2݊
ℎ

൰ ≤ 64 ⋅ ඨෑ݉݊݃ݓ
௬

ర  

Proposed by Bogdan Fuștei – Romania  

S.770 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 

ඨܴ
ݎ2

(݊ + ݃)
௬

≥ 2ݎ
௬

 

Proposed by Bogdan Fuștei – Romania  
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S.771 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 

݊݃ + ݊݃ + ݊݃
ℎℎ + ℎℎ + ℎℎ

≥ ൬
ݎ + ݎ + ݎ

݉ + ݉ + ݉
൰
ଶ
 

Proposed by Bogdan Fuștei – Romania  

S.772 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds:  

2
ݎ

ݏ + ݊௬

+ 
݊
ℎ௬

=
ݏ
 ݎ

Proposed by Bogdan Fuștei – Romania  

S.773 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 

݊ + ݊ + ݊
ݎ3 +

2
3 ⋅

ݎ2 + ℎ
݊ + ݏ

௬

≥ ඨ൬4 −
ݎ2
ܴ ൰ ൬

ܽ
ܾ +

ܾ
ܿ +

ܿ
ܽ൰ ൬

ܿ
ܾ +

ܾ
ܽ +

ܽ
ܿ൰ 

Proposed by Bogdan Fuștei – Romania  
S.774 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 

݊݊ + ݊݊ + ݊݊
ℎℎ + ℎℎ + ℎℎ

≥ ቆ
64ܽଶܾଶܿଶ

(4ܽଶ − (ܾ − ܿ)ଶ)(4ܾଶ − (ܿ − ܽ)ଶ)(4ܿଶ − (ܽ − ܾ)ଶ)ቇ
ଶ

 

Proposed by Bogdan Fuștei – Romania  
S.775 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 

൬
݊
ݎ

+
2ℎ
ݏ + ݊

൰
௬

≥ 4
݉

ܾ + ܿ
௬

 

Proposed by Bogdan Fuștei – Romania  
S.776 ܣ ∈ ܣ	ݎܶ,ଶ(ℝ)ܯ + det ܣ = 0. Prove that: 

det(ܣଶ + ܣ3 + (ଶܫ3 + det(ܣଶ − ܣ3 + (ଶܫ3 ≥ 30 detܣ 

Proposed by Marian Ursărescu – Romania  

 

S.777  ݖଵ , ,ଶݖ ଷݖ ∈ ℂ∗, different in pairs, |ݖଵ| = |ଶݖ| =  :Prove that.(ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,|ଷݖ|

ฬ
ଵݖ2 − ଶݖ − ଷݖ

ଶݖ − ଷݖ
ฬ
ଶ

௬

= 9 ⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania  
 

S.778 ܤ,ܣ ∈ ,ଷ(ℂ)ܯ ܤܣ2021 = ଷܫ +  :Find .ܣܤ2020
Ω = ܤܣ))ݎܶ −  (ଷ(ܣܤ

Proposed by Marian Ursărescu – Romania  
 

S.779 In Δܥܤܣ the following relationship holds: 

݉ + ݉

݃ଶ
+
݉ + ݉

݃ଶ
+
݉ + ݉

݃ଶ
≥

4
ܴ 

Proposed by Marian Ursărescu – Romania  
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S.780 Find: 

Ω = lim
→ஶ

ඩ(2݇ − 1) ቀ ݊
݇ − 1ቁ ቀ

݊
݇ቁ



ୀଵ



 

Proposed by Marian Ursărescu – Romania  

S.781 ݖଵ, ,ଶݖ ଷݖ ∈ ℂ∗ - different in pairs, |ݖଵ| = |ଶݖ| = |ଷݖ| =  (ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,1

ෑห(ݖଵ − ଵݖ|(ଶݖ − |ଷݖ + ଵݖ) − ଵݖ|(ଷݖ − ଶ|หݖ
௬

= ቌ|ݖଵ − |ଶݖ
௬

ቍ

ଷ

⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania  

S.782 In acute Δܥܤܣ, ݊ ∈ ℕ, ݊ ≥ 2 the following relationship holds: 

൫1 − √sinܣ ൯
௬

≥
1 − sinܣ sinܤ

2݊ + 1 − sinܣ sinܤ
௬

 

Proposed by Florică Anastase – Romania  

S.783  (ܽ)ஹଵ, (ܾ)ஹଵ;ܽ = ∫ ቂ
మ

௫
ቃ

ଵ ,ݔ݀ ଵܾ > 1,ܾାଵ = 1 + log(ܾ) , [∗]−  ܨܫܩ

Find: 

Ω = lim
→ஶ

ܽ ⋅ log ඥܾ


log݊  

Proposed by Florică Anastase – Romania  

S.784  Ω(ܽ) = ∫ log(1 + (ݔ
 ⋅ tanିଵ൫√ݔ൯݀ݔ,ܽ > 0. Prove that: 

Ω(ܽ) + Ω(ܾ) + Ω(ܿ) < (ܽ + ܾ + ܿ) ൬ܽ + ܾ + ܿ +
1
2൰ 

Proposed by Florică Anastase – Romania  

S.785 Let (ܽ)ஹଵ – be sequence of real numbers with ܽଵ = 1 and 
[(ܽ − ܽିଵ)(݊ + 1)!݊ − ܽܽିଵ](݊ + 1) = ݊ଶܽܽିଵ ,݊ ≥ 1. Find: 

lim
→ஶ

൬ ටశభ
ାଶ

శభ ൰


− ൬ට 
ାଵ

 ൰


൬ට 
ାଵ

 ൰
ିଵ  

Proposed by Florică Anastase – Romania  
S.786 If ܽ,ܾ, ܿ > 1, then: 

 logା(1 + ܾାଵ)
௬

(1 + ܿାଵ) ≥ 6(ܽ + ܾ)ି(ܾ + ܿ)ି(ܿ + ܽ)ି 

Proposed by Florică Anastase – Romania  
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S.787 If ܽ,ܾ, ܿ ∈ (1,2),݂: (2,3) → ℝା	continuous with ݂ᇱ(ݔ) < 0 and ݂ᇱᇱ(ݔ) < ݔ∀ ,0 ∈ (2,3) 

then prove: 

݂ቆ
(ܽ+ 1)(ܾ + 1)

1 + √ܾܽ
ቇ

௬

≥ 2 ⋅ ඨෑ݂(ܽ + 1) ⋅
௬

݂(ܽ + 1)
௬

ర  

Proposed by Florică Anastase – Romania  

S.788 If ݂: [0,1] → (0,∞),݂ – continuous then: 

logቌ8නቌ݂(ݔ)නቌ݂(ݕ)න݂(ݖ)݀ݖ

௬

௫

ቍ݀ݕ
ଵ

௫

ቍ݀ݔ
ଵ



ቍ ≥ 3න log൫݂(ݔ)൯
ଵ



 ݔ݀

Proposed by Daniel Sitaru – Romania  

S.789 Find without any software: 

Ω = න
ଶݔ) + ݔ6 + 15) sin ݔ

ସݔ + ଷݔ12 + ଶݔ54 + ݔ108 +  ݔ81݀

Proposed by Daniel Sitaru – Romania  

S.790 In any Δܥܤܣ the following relationship holds: 

ܴ(ܾ sin ܥ3 − ܿ sin (ܤ3
௬

≥ ଶݎ3√12 sin(ܤ − (ܥ
௬

 

Proposed by Daniel Sitaru – Romania  

S.791 In Δܥܤܣ, ܫ , ,ܫ  : – excenters, the following relationship holdsܫ

ାଵ(ܫܣ)

ܾ +
ାଵ(ܫܤ)

ܿ +
ାଵ(ܫܥ)

ܽ ≥ 2ାଵ ⋅ ඥ3ାସ ⋅
ାଵݎ

ܴ ,݊ ∈ ℕ 

Proposed by Daniel Sitaru – Romania  

S.792 Find without any software:  Ω = ∫ ଵ
ଵସା(௫ାସ)రା(௫ା)ర  ݔ݀

Proposed by Daniel Sitaru – Romania  

S.793  If ܨ ,ܮ, ܲ – Fibonacci, Lucas, Pell numbers then in Δܥܤܣ holds: 

ݎ3√6 ⋅ ܨ + ݏ2 ⋅ ܮ + 3√3ܴ ⋅ ܲ ≥ ܨ)3√ + ܮ + ܲ)(4ݎ+ ܴ) 

Proposed by Daniel Sitaru – Romania  

S.794 If 0 < ܽ ≤ ܾ < గ
ଶ
 then: 

(cosܽ − cosܾ)൫√1 + ܾଶ + √1 + ܽଶ൯
ܾ + ܽ ≥ ܾ − ܽ 

Proposed by Daniel Sitaru – Romania  
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S.795 ݔଵ = ଵ
ଶ

, ାଵଶݔ2 + ඥ1 − ଶݔ = 1,݊ ≥ 1. Find: 

Ω = lim
→ஶ

(2 ⋅  (ݔ

Proposed by Daniel Sitaru – Romania  

S.796 If 0 < ܽ ≤ ܾ then: 

න൬cos ݔ − cos ቀݔ +
ߨ
3ቁ + cos ൬ݔ +

ߨ2
3 ൰൰





ݔ݀ ≤
21
32 sin

3(ܾ − ܽ)
2  

Proposed by Daniel Sitaru – Romania  

S.797 Find: 

Ω = minต
௫∈ℝ

ቆඥݔଶ − ݔ8 + 64 + ටݔଶ − ݔ3√6 + 36ቇ 

Proposed by Daniel Sitaru – Romania  

S.798 In Δܥܤܣ the following relationship holds:  

ܽ ⋅ ܾ ⋅ ܿ ⋅ ൫6√3ݎ൯
√ଷ

≤ (ܽଶ + ܾଶ + ܿଶ)ଶ௦ 

Proposed by Daniel Sitaru – Romania  

S.799  

ܤ,(2,1010)ܣ ൬ݔ,
2020
ݔ ൰ ܥ, ൬ݕ,

2020
ݕ ൰ 

Find ݕ,ݔ ∈ ℝ such that (11,2020)ܪ is the orthocenter of Δܥܤܣ. 

Proposed by Daniel Sitaru – Romania  

S.800 If ܽ,ܾ, ܿ > 0 then: 

ቀ
ܽ

ܽ + ܾ + ܿ
ቁ

ೌ
್శ ⋅ ൬

ܾ
ܽ + ܾ + ܿ൰

್
శೌ

⋅ ቀ
ܿ

ܽ + ܾ + ܿ
ቁ


ೌశ್ ≥ ඨ

ܾܽܿ
(ܽ + ܾ + ܿ)ଷ 

Proposed by Daniel Sitaru – Romania  

S.801 In acute Δܥܤܣ the following relationship holds: 

ෑ(1 + tanܣ)୲ୟ୬ 
௬

≥ ቌ1 + ඨ tanܣ
௬

య ቍ

ଷ⋅ ට∑ ୲ୟ୬ 
య

 

Proposed by Daniel Sitaru – Romania  
 

S.802 If 0 ≤ ݔ < 1 then: ݔଵ + 2ଶభ + ଶమݔ + ଶయݔ + ⋯ ≥ lnቀ ଵ
ଵି௫

ቁ 
Proposed by Asmat Qatea-Afganistan 
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S.803 Find: 

Ω = lim
→ஶ

൭
݊ ⋅ ݇ଷ − ݇ ⋅ ݊ଷ

݊ଵଵ(ln(݊)− ln(݇))

ିଵ

ୀଵ

൱ 

Proposed by Asmat Qatea-Afganistan 
S.804 Prove that: 

lim
→ஶ

൭ቀ݊݇ቁ


ୀ

(−1)

݇ + ݊
൱ ൫4√݊ − 1൯ =  ߨ√

Proposed by Asmat Qatea-Afganistan 

S.805 If ݔ ≥ 1 then: 

!ݔ ⋅ ݁(ఊାଵ)(௫ିଵ) ≥  ௫ݔ

Proposed by Asmat Qatea-Afganistan 

S.806 If ݔ ≥ 1 then: 

න ݐ√ݐ + 1
௫

ଵ
ݐ݀ ≤ ݔ)ߛ − 1) + ln(ݔ!) +

ଶݔ − 1
2  

Proposed by Asmat Qatea-Afganistan 

S.807 If ݊ ∈ ℕ and (0 ≤ ݔ ≤ 1) then: 

ଶݔ + (2݊ − ݔ(1 ≤ (2݊ − ାଵݔ(1 +  ݔ

Proposed by Asmat Qatea-Afganistan 

S.808 Find: 

Ω = ൭ cos൬√3 +
݇ߨ2

3 ⋅ 99൰
ଽଽ

ୀଵ

൱൭ cos൬√5 +
݇ߨ2
99 ൰

ଽଽ

ୀଵ

൱ 

Proposed by Asmat Qatea-Afganistan 

S.809 If ݊ ∈ ℕ and [∗] denotes greatest integer function then prove that: 

cos(ݔ) =
1

2ିଵ
൮ቀ݊݇ቁ

ቂమቃ

ୀ

cos൫(݊ − ൯൲ݔ(2݇ −
1

2 ቆ
݊
ቂ
݊
2
ቃቇ cosଶ ቀ

ߨ݊
2
ቁ 

Proposed by Asmat Qatea-Afganistan 

S.810 Find: 

Ω = lim
→ஶ

ቌ
2 + ∑ ଶିଵ

ଶೖ

ୀଵ

∑ ଶାଵ
ଶೖ


ୀଵ

ቍ

ଶ

 

Proposed by Costel Florea – Romania  
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S.811 Find: 

Ω = lim
௫→ஶ

൭(1 + ଷ)නݔ
ݐ݀

ଶݐ) − (2ܽ − ݐ(ݔ3 + ܽଶ − ݔ3ܽ + ଶ)ଶݔܽ
ା௫


൱
௫య

 

Proposed by Costel Florea – Romania  
S.812  

(ݔ)ܲ = ݊ଷݔାଵ − (݊ଷ + 3݊ଶ − 3݊ + ଶݔ(1 + (6݊ − ିଵݔ(6 + (6݊ − ିଶݔ(12 + ⋯+ 
ଷݔ18+ + ଶݔ12 + 1 

If ܲ(ݔ) = ݔܽ) + ܾ) ⋅ ∑ ݔݑ
ୀ , then find: 

Ω = lim
→ஶ

൬
ିଶݑ − ଶݑ
ିଵݑ − ଵݑ

൰
ഝ

భబబ(ೌష್)
 

߶ – golden ratio. 

Proposed by Costel Florea – Romania  

S.813  ߱(݊) = ∫ ଶ ୱ୧୬మ ௫ାୱ୧୬௫ାୱ୧୬௫ ୡ୭ୱ ௫ାଶୡ୭ୱ ௫ାୡ୭ୱమ ௫
ୱ୧୬మ ௫ାଷୡ୭ୱమ ௫ାଷୱ୧୬ ௫ାଵଵୱ୧୬ ௫ ୡ୭ୱ௫ାୡ୭ୱ ௫

୲ୟ୬షభ 
  ݔ݀

Find: 

Ω(݊) = lim
→ஶ

߱(݊) 

Proposed by Costel Florea – Romania  

S.814 ݊ଶݔାଵ − ଶݔ) + 2݊ − ݔ(1 + ିଵݔ2 + ିଶݔ2 + ⋯+ ଶݔ2 + ݔ2 + 1 = ݔܽ) +  (ݔ)ܲ(ܾ

݊(݊ + ݔ(1 − ିଵݔ2݊ − (2݊ − ିଶݔ(2 − (2݊ − ିଷݔ(4 −⋯− ଶݔ6 − ݔ4 − 2

= ݔܿ) +  (ݔ)ܳ(݀

ܽ,ܾ, ܿ,݀ ∈ ℝ. Find: 

Ω = lim
→ஶ

ቆ
(ܽ − ܾ)ܳ(1)
(ܿ − ݀)ܲ(1)ቇ

ଶగ

 

Proposed by Costel Florea – Romania  

S.815 ܽଵ = 1,ܽାଵ = 4ܽ + ݊ଶ + 1,݊ ≥ 1. Find: 

Ω = lim
→ஶ

ܽ
4 

Proposed by Costel Florea – Romania  

S.816 If  

Ω(݊) = න
ଶାଵݔ − ଶିଵݔ + 1

ଶାଷݔ − (1 − ݇ଶ)ݔଶାଵ − ݇ଶݔଶିଵ + ଶݔ + ݇ଶ






ୀଵ

 ݔ݀

Find: 

Ω = lim
→ஶ

Ω(݊)
݊  

Proposed by Costel Florea – Romania  
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S.817 Find: 

Ω = lim
→ஶ

ቆ
2 ⋅ ∑ (3݇ − 2)2ଷିଶ

ୀଵ
∑ (4݇ − 3)2ସିଷ
ୀଵ

ቇ 

 
Proposed by Costel Florea – Romania  

S.818  

Ω(݊) = න
ଶାଷݔ − ଶାଶݔ + 1

ݔ) + ଶାସݔ)(1 − ଶାଷݔ + ⋯+ 1) − ଶାଵݔ)ݔ − ݔ − 1)







ୀଵ

 ݔ݀

Find: 

Ω = lim
→ஶ

ቆ
9Ω(݊)

݊)ߨ4 − 1)ቇ


 

Proposed by Costel Florea – Romania  
S.819  

Ωଵ(݊) = න
ାସݔ − (݊ଷ + 3݊ଶ − 3݊ + ݔ(1 + (6݊ − ାଵݔ(6 + (6݊ − ିଶݔ(12 + ⋯+ ଶݔ12 + ݔ6 + 1

ݔ) − 1)ଶ
ଵ


 ݔ݀

Ωଶ(݊) = න
(݊ + ାଶݔ(1 − (݊ + ାଵݔ(2 − ଶݔ + ݔ2

ݔ) − 1)ଶ
ଵ


 ݔ݀

Ωଷ(݊) = න
݊ଶݔାଵ − ଶݔ) + ݔ2 − ݔ(1 + ିଵݔ2 + ିଶݔ2 + ⋯+ ݔ2 + 1

ݔ) − 1)ଶ
ଵ


 ݔ݀

Find:  Ω = lim→ஶ ቀ
ଷஐభ()

ଶஐమ()⋅ஐయ()
ቁ
ଶథ

,  ߶ – golden ratio. 

Proposed by Costel Florea – Romania  

S.820   ݑ = log ට రାయାଵଷమାଵଶାସ
రାଵସయାଷమାଵ଼ାଵସସ

య
, ܵ = ଵݑ + ଶݑ + ⋯+  :.Findݑ

Ω = lim
→ஶ

݊ ൬
3
2 ܵ − 4 log݊ − log 72൰ 

Proposed by Costel Florea – Romania  

S.821  

,ݔ)ܧ ݊) = 
1

ଷݔ + 3(݇ + ଶݔ(4 + (3݇ଶ + 24݇ + ݔ(47 + ݇ଷ + 12݇ଶ + 47݇ + 60



ୀ

 

Solve for natural numbers: (݊,0)ܧ = ହ
ଵଷଶ

 and find: 

Ω = lim
→ஶ

ቈ(2݊ଶ + 19݊ + 41)ቆ
1

24− ቇ(݊,0)ܧ
ଶథ

 

 ߶ – Golden ratio. 

Proposed by Costel Florea – Romania  
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S.822 Find: 

Ω = lim
→ஶ

1
݊ න

ݔ݀

ାଷݔ√ + 5 ටݔାଶା
భ


శభ

+ 4 ටݔ
యశయమషర
మశమ

శమ

ଷశ
మ

ଶషమ

 

Proposed by Costel Florea – Romania  

S.823 Find without software:  Ω = ∫ ଷ ୡ୭ୱమ ௫ାଵ
ୱ୧୬ఱ ௫

ഏ
మ
ഏ
య

 ݔ݀

Proposed by Costel Florea – Romania  

S.824 Find: 

Ω = lim
→ஶ

ቌ2 sinቌ
7
2න

ݔ݀

ఴݔ√ ቀ1 + ቁݔ√ݔඥݔ16

ଶభల

ଶఴ
ቍቍ 

Proposed by Costel Florea – Romania  

S.825 Find without softs: 

Ω = න
tanଶ ݔ

ଶݔ + secଶ ݔ − 2)ݔ tanݔ + 3) + 1 + 3 tan ݔ

ഏ
ర


 ݔ݀

Proposed by Costel Florea – Romania  

S.826 Find: 

Ω = lim
→ஶ

ቆ
1
݊ଶ lim

௫→

1− cos ݔ ⋅ cos ݔ2√2 ⋅ … ⋅ cos݊ ݔ݊√
1 − √cos ݔ ⋅ √cos రݔ2 ⋅… ⋅ √cos݊ݔమ ቇ



 

Proposed by Costel Florea – Romania  

S.827 Find: 

Ω = lim
→ஶ

ቆන
2ଶೣశభା௫

2ଶೣశమିଶమ
ೣశభశభାସଽ



ି
 ቇݔ݀

Proposed by Costel Florea – Romania    

S.828 Find: 

Ω = lim
→ஶ

൭
1
݊ଶ lim

௫→

1 − √cos యݔ ⋅ √cos ఱݔ3 ⋅ … ⋅ ඥcos(2݊ − మశభݔ(1

ଶݔ
൱ 

Proposed by Costel Florea – Romania  

S.829 Solve for real numbers: 
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⎩
⎪
⎪
⎨

⎪
⎪
⎧

ݔ + ݕ = 10

ተ

ተ

1
10

1
ݔ + 2௬

1
ݔ + 8

1
2௫ + ݕ

1
2௫ + 2௬

1
2௫ + 8

1
4 + ݕ

1
4 + 2௬

1
12

ተ

ተ
= 0 

Proposed by Daniel Sitaru – Romania  
S.830 Solve for real numbers: 

⎩
⎨

⎧
,ݔ ,ݕ ݖ > 0

ݔଶଶଵ ቀ
ݕ
ݖ +

ݖ
ݔ
ቁ

௬

= ݔଶଶ(ݕ + (ݖ
௬

3௫ + 4௬ = 5௭

 

Proposed by Daniel Sitaru – Romania  
S.831 Prove without any software: 

݁(݁ + 2) <
(݁ + 1)(݁ + 2) log ቀ1 + ଵ

ାଵ
ቁ

logቀ1 + ଵ

ቁ

< (݁+ 1)ଶ 

Proposed by Daniel Sitaru – Romania  

S.832 ܽ, ܾ, ܿ, ݀, ݁,݂ – sides, ݎ – inradii in a bicentric quadrilateral. Prove that: 

ܽଶ

ܾ +
ܾଶ

ܿ +
ܿଶ

݀ +
݀ଶ

݁ +
݁ଶ

݂ +
݂ଶ

ܽ ≥  ݎ3√4

Proposed by Daniel Sitaru – Romania  

S.833 If ݕ,ݔ ∈ ℂ then: |ݔ| + |ݕ| + ݔ3| + |ݕ2 ≤ ݔ4| + |ݕ3 + ݔ|2 + |ݕ + ݕ| −  |ݔ

Proposed by Daniel Sitaru – Romania  

S.834 In Δܥܤܣ the following relationship holds: 

ܾܽଶ + ܾܽଶ

ܿ +
ܾܿଶ + ܾܿଶ

ܽ +
ܿܽଶ + ܽܿଶ

ܾ ≥  ଷݏସݎ256

Proposed by Daniel Sitaru – Romania  

S.835 In Δܥܤܣ the following relationship holds: 

2
ܴ ≤

1
ݏ

+
1
ݏ

+
1
ݏ
≤

ܴ
 ଶݎ2

Proposed by Marian Ursărescu – Romania  

S.836 In Δܥܤܣ the following relationship holds: 

ݏ
݉
ଶ + ݉݉

+
ݏ

݉
ଶ + ݉݉

+
ݏ

݉
ଶ + ݉݉

≤
1

 ݎ2

Proposed by Marian Ursărescu – Romania  
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S.837 ݖଵ, ,ଶݖ ଷݖ ∈ ℂ, different in pairs, |ݖଵ| = |ଶݖ| = |ଷݖ| =  (ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,1


ଶݖ) − ଷ)ଶݖ

ଶଶݖ − ଷݖଶݖ6 + ଷଶ௬ݖ

=
9
7 ⇒ Δܥܤܣ	݃݅ݎℎݐ 

Proposed by Marian Ursărescu – Romania  

S.838 ݖଵ, ,ଶݖ ଷݖ ∈ ℂ, different in pairs, |ݖଵ| = |ଶݖ| = |ଷݖ| =  (ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ,1


ଶݖ) + ଷ)ଶݖ

ଶଶݖ− + ଷݖଶݖ6 − ଷଶ௬ݖ

=
3
7 ⇒ ܤܣ = ܥܤ =  ܣܥ

Proposed by Marian Ursărescu – Romania  

S.839 If ܽ,ܾ, ܿ, ݀ ∈ (0,1)⋁ܽ,ܾ, ܿ, ݀ ∈ (1,∞) then: 

logమௗయ(ܽଷܾଶܿ) + logௗమయ(ܾଷܿଶ݀) + logௗమయ(ܿଷ݀ଶܽ) + logమయ(݀ଷܽଶܾ) ≥ 4 

Proposed by Marian Ursărescu – Romania  

S.840 Solve for real numbers: 

logଽ ݔ ⋅ logଶ(7 − (ݔ = 1 

Proposed by Marian Ursărescu – Romania  

S.841 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 

ݏ
ݎ + 

݊
௬ݎ

≥ 8 ⋅
ℎ − ݎ2
݃௬

 

Proposed by Bogdan Fuștei – Romania  

S.842 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 

ඨ
݃
௬ݎ

≥ 2√2 ⋅ඨ
ℎ − ݎ2
݊ + ݏ

௬

 

Proposed by Bogdan Fuștei – Romania  

S.843 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 

2√3 ⋅
ݎ

݊ + ݏ
௬

≥
݉ + ݓ + ݓ − ݊√3

ℎ௬

 

Proposed by Bogdan Fuștei – Romania  

S.844 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 

1
sinܣ +

1
sinܤ +

1
sin ܥ ≥

∑(݊ + ℎ)
ݏ  

Proposed by Bogdan Fuștei – Romania  

S.845 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 
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ܾ + ܿ
݊ + ℎ௬

≥
2(ℎ + ℎ + ℎ)

ݏ  

Proposed by Bogdan Fuștei – Romania  

S.846 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: ∑ ೌ
ೌ௬ ⋅ cos 

ଶ
≥ ௦

ଶோ
 

Proposed by Bogdan Fuștei – Romania  

S.847 In Δܥܤܣ,݊  – Nagel’s cevian, ݕ,ݔ, ݖ > 0, the following relationship holds: 

3
4 ⋅

ܽଶݔ + ܾଶݕ + ܿଶݖ
ݕݔඥݎ + ݖݕ + ݔݖ

≥ ݊ + ݊ + ݊ + 2
ℎݎ
݊ + ݏ

௬

 

Proposed by Bogdan Fuștei – Romania  

S.848 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 


݉݊
ℎ௬

≥ ඨ
1

ଶ݉ݎ8
ଶ(ܾଶ + ܿଶ − ܽଶ) +

3
2

௬

 ଶݏ

Proposed by Bogdan Fuștei – Romania  

S.849 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 


ℎ

݃ + ݏ − ܽ
௬

≤
∑(3݃ + ݊)

ݎ6 +
2

ݎ3
݉ݎݓ

(݊ + ݎ)(ݏ + (ݎ
௬

 

Proposed by Bogdan Fuștei – Romania  

S.850 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 

ඨ
݉ݓ
݊ݎ௬

≥ 2√2 ⋅ඨ
ℎ − ݎ2
݊ + ݏ

௬

 

Proposed by Bogdan Fuștei – Romania  

S.851 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 

ඥ2݉(݉ + ݉)
௬

≤(݊ + ݃)
௬

 

Proposed by Bogdan Fuștei – Romania  

S.852 In Δܿܤܣ, ݊ – Nagel’s cevian, the following relationship holds: 

2√3 ⋅
ℎ

݊ + ݏ
௬

≥
݉ + ݓ + ݓ − ݊√3

௬ݎ

 

Proposed by Bogdan Fuștei – Romania  

S.853 In Δܥܤܣ,݊  – Nagel’s cevian, ݃ – Gergonne’s cevian, the following relationship holds: 
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ඨ
݉ݓ

(2݉ − ݃)ݎ௬

≥ 2√2 ⋅ඨ
ℎ − ݎ2
݊ + ݏ

௬

 

Proposed by Bogdan Fuștei – Romania  
S.854 In Δܥܤܣ,݊ 	– Nagel’s cevian, the following relationship holds: 

ݏ
ݎ ≥

1
4√2


2݊ + ݊ + ݊

௬ݎ

+
1
2

ቌඨ
ℎ
ݎ

+ ඨ
ݎ
ℎ
ቍ

௬

 

Proposed by Bogdan Fuștei – Romania  
S.855 In Δܥܤܣ,݊  – Nagel’s cevian, the following relationship holds: 

1
4 ⋅ඨ

݊ + ݏ
݊௬

≥ඨ
ݎ + ݎ
ݎ

௬

 

Proposed by Bogdan Fuștei – Romania  
S.856 Find: 

Ω = lim
→ஶ

න
log(ݔ + ݇) + log(ݔ − ݇) − 2 logݔ

݇ଶ

ഏ
మ

√ଶ
 

Proposed by Abdul Mukhtar-Nigeria 

S.857 For ∀݅ ∈ ℕ,ܽ > 0, ߣ > 0 prove that: 


ܽଵ

ܽଶ + ܽଷ + ⋯+ ܽ + ଵ௬ܽߣ

≤
݊

ߣ + (݊ − 1) 

Proposed by Amrit Awasthi-India 

S.858 Find without any software: 

Ω = න
ହݔ + ଼ݔ + ଽݔ

ଵݔ + ଽݔ + ݔ + ݔ2 + ସݔ + ଷݔ + 1
 ݔ݀

Proposed by Pranesh Pyara Shrestha-Nepal 

S.859 Find all numbers ߙ ≥ 0 such that tan(ݔߙ) ≥ cot(ݔߙ) ݔ∀, ∈ ቀ0, గ
ଶ
ቁ. 

Proposed by Nguyen Van Canh-Vietnam 

S.860 Solve for real numbers:  2√݁ݔ − ݔ݁ − ݁ = 2൫√݁௫ − ݁√௫൯ 

Proposed by Lazaros Zachariadis-Thessaloniki-Greece 

S.861 If ݕ,ݔ, ݖ > యݔ√ݔ,0 + యݕඥݕ + యݖ√ݖ = 3 then: 


1
ݕݔ

௬

⋅ ቌቆ
1

యݔ√ + ඥݕయ ቇ
ଷ

௬

ቍ

ିଵ

≥
9
8 

Proposed by Lazaros Zachariadis-Thessaloniki-Greece 
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S.862 If ݕ,ݔ > 0 then: 

ln ଶݔ ⋅ ln(ݕݔ)ଶ ≥ ln൫ݔ√ଷ ⋅ ଷାଶ൯√ݕ ⋅ ln൫ݔ√ଷ ⋅  ଷିଶ൯√ݕ

Proposed by Lazaros Zachariadis-Thessaloniki-Greece 

S.863 If ݕ,ݔ, ݖ > 0 then: 
ݔ

௬ା௭
ଶ

+ ඥ2(ݕଶ + (ଶݖ
+

ݕ
௫ା௭
ଶ

+ ඥ2(ݖଶ + (ଶݔ
+

ݖ
௫ା௬
ଶ

+ ඥ2(ݔଶ + (ଶݕ
≥ 1 

Proposed by Rahim Shahbazov-Azerbaijan 

S.864 If ܽ,ܾ, ܿ, ݀ > 0,ܽ + ܾ + ܿ + ݀ = 4 then: 

1
ܽଷ + ܽଶ + ܽ + 1 +

1
ܾଷ + ܾଶ + ܾ + 1 +

1
ܿଷ + ܿଶ + ܿ + 1 +

1
݀ଷ + ݀ଶ + ݀ + 1 ≥ 1 

Proposed by Rahim Shahbazov-Azerbaijan 

S.865 If ݕ,ݔ, ݖ > 0 then: 

ଶݔ

ଶݕ +
ଶݕ

ଶݖ +
ଶݖ

ଶݔ ≥
ݔ2
ݕ + ݖ +

ݕ2
ݖ + ݔ +

ݖ2
ݔ +  ݕ

Proposed by Rahim Shahbazov-Azerbaijan 

S.866 If ܽ,ܾ, ܿ, ݀, ݁ > 0, ܾܽܿ݀݁ = 1 then: 

ܽଶ + 1
ܽଽ + 4 +

ܾଶ + 1
ܾଽ + 4 +

ܿଶ + 1
ܿଽ + 4 +

݀ଶ + 1
݀ଽ + 4 +

݁ଶ + 1
݁ଽ + 4 ≤ 2 

Proposed by Rahim Shahbazov-Azerbaijan 

S.867 If ݕ,ݔ, ݖ > ݖݕݔ,0 = 1 then: 

଼ݔ + 1
ଵହݔ + 2 +

଼ݕ + 1
ଵହݕ + 2 +

଼ݖ + 1
ଵହݖ + 2 ≤ 2 

Proposed by Rahim Shahbazov-Azerbaijan 

S.868 If ݕ,ݔ > 0 then: 

ଷݔ + ଷݕ

ଶݔ + ଶݕ ≥
ඨݔ

ହ + ହݕ

2
ఱ

 

Proposed by Rahim Shahbazov-Azerbaijan 

S.869 In ∆ߙ,ܥܤܣ ≥ 2,	the following relationship holds: 

൬
ܴ
൰ݎ2

ఈ

ݓଶ ≥݉
ଶ  

Proposed by Nguyen Van Canh-Vietnam 

S.870 In ∆ߙ,ܥܤܣ ≥ 3,	the following relationship holds: 



Romanian Mathematical Society-Mehedinți Branch 2023 
 

132 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

൬
ܴ
൰ݎ2

ఈ

ℎଶ ≥݉
ଶ  

 Proposed by Nguyen Van Canh-Vietnam 
S.871 In ∆ߙ,ܥܤܣ ≥ 2,	the following relationship holds: 

൬
ܴ
൰ݎ2

ఈ

݃ଶ ≥݉
ଶ  

Proposed by Nguyen Van Canh-Vietnam 
S.872 Let ߙ > ߚ > 0.	 Find all functions  ݂:ℝ → ℝ such that 

(ݔ)݂ݔ)݂ߙ + ((ݕ)݂ = (ݔ)݂)݂ߚ + ((ݕ)݂ݕ + ,(ݕݔ)ఉ݂ݕఈݔ ݕ,ݔ∀ ∈ ℝ 

Proposed by Nguyen Van Canh-Vietnam 

S.873 Let ߚ,ߙ > 0.	 Find all continous functions  ݂:ℝ → ℝ such that 

(ݔߙ)݂ߚ = −(ݔߚ)݂ߙ ߙ) + ఈାఉݔ(ߚ , ,ݔ∀ ݕ ∈ ℝ 

Proposed by Nguyen Van Canh-Vietnam 

S.874 ܪ −orthocenter in acute Δܥܤܣ, ,ଵݎ ,ଶݎ ଷݎ −inradii in Δܥܪܤ ,Δܣܪܥ,Δܤܪܣ. Prove that: 

ଵݎ + ଶݎ + ଷݎ ≤ ൫2 − √3൯ݏ. 

Proposed by Adil Abdullayev-Azerbaijan 

S.875 In Δܪ,ܥܤܣ −orthocenter, ܫ −incenter, ܰ −Nagel’s point, ܩ −centroid, ܵ −Spieker 

point, the following relationship holds: [ܫܪ ܰ] =  .൧ܵܩܪ6ൣ

Proposed by Adil Abdullayev-Azerbaijan 

S.876 In Δܥܤܣ the following relationship holds: 

2 + ቆ
ଶݎ

ܾܿ +
ܾܿ
ଶݎ
ቇ ≥

8(݉
ଶ + ݉

ଶ + ݉
ଶ)

݉݉ + ݉݉ + ݉݉
. 

Proposed by Adil Abdullayev-Azerbaijan 

S.877 In Δܥܤܣ the following relationship holds: 

ܽ
ܾ + ܿ +

ܾ
ܿ + ܽ +

ܿ
ܽ + ܾ +

ݓݓݓ
ݎݎݎ8

≥
13
8 . 

Proposed by Adil Abdullayev-Azerbaijan 

S.878 In Δܥܤܣ the following relationship holds: 

1 +  sin
ܣ
2 ≤ ඨ6 +

݉݉ + ݉݉ + ݉݉

4(݉
ଶ + ݉

ଶ + ݉
ଶ) . 

Proposed by Adil Abdullayev-Azerbaijan 

S.879 In Δܥܤܣ the following relationship holds: 
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ඨ
ݎ
ℎ

య
+ ඨ

ݎ
ℎ

య
+ ඨ

ݎ
ℎ

య
≤

3݉݉݉

ℎℎℎ
. 

Proposed by Adil Abdullayev-Azerbaijan 

S.880 In Δܥܤܣ holds: ଶ
ଶ
ቀ
ோ
ቁ
ଶ
≤ (1 + cos1)(ܣ + cos1)(ܤ + cosܥ) ≤ ଶ

଼
. 

Proposed by Adil Abdullayev-Azerbaijan 

S.881 In Δܥܤܣ the following relationship holds:  

݉݉݉

ݎݎݎ
≤

(ܽଶ + ܾଶ)(ܾଶ + ܿଶ)(ܿଶ + ܽଶ)
ܾܽܿ(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) . 

Proposed by Adil Abdullayev-Azerbaijan 

S.882 Prove that: 

ቀ
݊
݇
ቁ
ସ



ୀ

≥
2ସ

(݊ + 1)ଷ ,∀݊ ∈ ℕ 

Proposed by Jalil Hajimir-Canada 

S.883 In Δܥܤܣ find: 

Ω = min൮ቌ tanܣ
௬

ቍቌ
1

(ܣ)ߤ
௬

ቍ൲ 

Proposed by Jalil Hajimir-Canada 

S.884  Prove that: 

ݔ +
1
݇൨ log ݔ +

1
݇൨



ୀଶ

≥ [ݔ݊]log)[ݔ݊] − 1),݊ ∈ ℕ − ݔ,{1} ∈ ℝା 

[∗]−the greatest integer part of ∗. 

Proposed by Jalil Hajimir-Canada 

S.885 Let ݔଵ,ݔଶ, …  : be the roots of the equationݔ,

ݔ10 + ݔ20 − ହݔ573 − ସݔ1146 + ଷݔ8951 + ଶݔ17902 − ݔ24738 − 49476 = 0 

Find: ∑ {ݔ}
ୀଵ , where {∗}−is fractional part of ∗. 

Proposed by Jalil Hajimir-Canada 

S.886  If ଵ, ,ଶ …  . are prime numbers,

Prove that ܰ = ඥଶ
భ + ඥଷ

మ + ⋯+ ඥଵ
  is an irrational number. 

Proposed by Jalil Hajimir-Canada 
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S.887 Let ݔ,  :be positive real numbers, prove that ݕ

ݔ
3 +

ݕ2
3 ≤ ඨlogቆ

݁௫మ

3 +
2݁௬మ

3 ቇ 

Proposed by Jalil Hajimir-Canada 

S.888 Find without softs: 

Ω = න
ݔ sin(cosݔ)
ଶݔ + 1 ݔ݀

ଶగ


 

Proposed by Jalil Hajimir-Canada 

S.889 Find without softs: 

න cosଶ ቀ
ߨ
4 + 4݁ఏቁ ߠ݀

ଶగ


 

Proposed by Jalil Hajimir-Canada 

S.890 Solve for real numbers: ห2021[୲ୟ୬௫] − 2021ଵି[୲ୟ୬௫]ห = 2029 

[∗]−is the greatest integer part of ∗.                                  Proposed by Jalil Hajimir-Canada 

S.891 Let ݔ, ,ݕ ݖ ∈ ݓ,ݒ,ݑ;(∞,1] > 0 and ݉ is the arithmetic means of the numbers ݕ,ݔ,  If .ݖ

 :then ,ܨ is a triangle with the area ܥܤܣ

௫ݔ) + ௫ݕ + ݑ)(௫ݖ + ଶܽ(ݒ

ݓ +
௬ݔ) + ௬ݕ + ݒ)(௭ݖ + ଶܾ(ݓ

ݑ +
௭ݔ) + ௭ݕ + ݓ)(௭ݖ + ଶܿ(ݑ

ݒ ≥ 

≥ 24√3 ⋅ ݉ ⋅  ܨ

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.892 If ݕ,ݔ, ݖ ∈ [1,∞), ݐ ≥ 0 and ݉ is an arithmetic mean of the numbers ݔ, ,ݕ  and ݖ

 :the following inequality holds ܨ triangle with the area ܥܤܣ then in any ,ݓ,ݒ,ݑ

௫ݔ) + ௫ݕ + ݑ)(௫ݖ + (ݒ
ݓ

(ܾܽ)௧ାଵ +
௬ݔ) + ௬ݕ + ݒ)(௬ݖ + (ݓ

ݑ
(ܾܿ)௧ାଵ + 

+
௭ݔ) + ௭ݕ + ݓ)(௭ݖ + (ݑ

ݒ
(ܿܽ)௧ାଵ ≥ 2ଶ௧ାଷ൫√3൯

ଷି௧
௧ାଵܨ ⋅ ݉  

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.893 Let be ݉, ݊ ∈ ℝା = [0,∞),݉ + ݊ = 2 and ܯ an interior point in Δܥܤܣ with the area 

ݔ and ܨ = ݕ,ܣܯ = ,ܤܯ ݖ =  :then ,ܥܯ

ܽݔଶ

ℎ
+
ܾݕଶ

ℎ
+
ܿݖଶ

ℎ
≥

1
3 ⋅ 2ିସܨିଶ 

Proposed by D.M. Bătinețu-Giurgiu – Romania  
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S.894 If ݉, ,ݔ ,ݕ ݖ > 0, then in any Δܥܤܣ with the semiperimeter ݏ the following inequality 

holds:   (௫ା௬)

௭(௦ି)మ
+ (௬ା௭)

௫(௦ି)మ
+ (௭ା௫)

௬(௦ି)మ
≥ 3 ⋅ 2ଶାଵ 

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.895 If ݕ,ݔ, ݖ ∈ [1,∞) and ݔ + ݕ + ݖ = 3݉ then in any ܥܤܣ triangle with the 

semiperimeter ݏ the following inequality holds: 

ଶݔ) + ௫ݕ + ܾܿ(௫ݖ
ݏ) − ܽ)ଶ +

௬ݔ) + ௬ݕ + ܽܿ(ݖ
ݏ) − ܾ)ଶ +

௭ݔ) + ௭ݕ + ܾܽ(௭ݖ
ݏ) − ܿ)ଶ ≥ 36݉  

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.896 If ݕ,ݔ, ݖ ∈ [1,∞); ݔ + ݕ + ݖ = 3݉ and ܥܤܣ is a triangle with the area ܨ and the 

points  ܯ ∈ ܰ,(ܥܤ) ∈ ܲ,(ܣܥ) ∈  ,are concurrent ܲܥ,ܰܤ,ܯܣ such that the cevians (ܤܣ)

then: 

௫ݔ) + ௫ݕ + (௫ݖ
ܤܯ
ܣܰ ܾܿ + ௬ݔ) + ௭ݕ + (௬ݖ

ܥܰ
ܤܲ ܿܽ + ௭ݔ) + ௭ݕ + (௭ݖ

ܣܲ
ܥܯ 	ܾܽ ≥ 12݉ √3  ܨ

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.897 If ݕ,ݔ, ݉,ݖ ∈ ݔ,(∞,1] + ݕ + ݖ = 3݉ and ܥܤܣ is a triangle with the area ܨ and the 

points ܯ ∈ ܰ,(ܥܤ) ∈ ܲ,(ܣܥ) ∈  ,are concurrent ܲܥ,ܰܤ,ܯܣ such that the cevians (ܤܣ)

then: 

௫ݔ) + ௫ݕ + (௫ݖ
ܤܯ
ܣܰ

⋅ ܾ + ௬ݔ) + ௬ݕ + (௬ݖ
ܥܰ
ܤܲ

+ ௭ݔ) + ௭ݕ + (௭ݖ
ܣܲ
ܥܯ

ܽ ≥ 

≥ 6݉√27ర  ܨ√

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.898 Let ݉ ≥ 0, ,ݑ ݒ > 0 and ܯ an interior point in Δܥܤܣ with the area ܨ and ݔ =  	,ܣܯ

ݕ = ,ܤܯ ݖ =  :then ,ܥܯ

ቆ
ݔ
ܽ
ቀݑ
ݕ
ܾ + ݒ

ݖ
ܿ
ቁቇ

ାଵ

௬

≥
ݑ) + ାଵ(ݒ

3  

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.899 If ݑ, ݒ > ݔ and ܥܤܣis an interior point in Δ ܯ,0 = ݕ,ܣܯ = ,ܤܯ ݖ =  :then ܥܯ

ቆ
ݔ
ܽ
ቀݑ ⋅

ݑ
ܾ + ݒ ⋅

ݖ
ܿ
ቁቇ

௬

ସ

≥
ݑ) + ସ(ݒ

27  

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.900 If ݉ ≥ 0, ,ݕ,ݔ ݖ > 0 then in any Δܥܤܣ with the area ܨ the following inequality holds: 
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ቆ
ݔ
ℎଶ

+
ݕ
ℎଶ

+
ݖ
ℎଶ
ቇ
ଶାଶ

⋅ ൬
1

ݔ) + ଶାଶ(ݕ +
1

ݕ) + ଶାଶ(ݖ +
1

ݖ) + ଶାଶ൰(ݔ ≥
3ାଶ

4ାଵܨଶାଶ 

Proposed by D.M. Bătinețu-Giurgiu – Romania  
 

S.901 Let ݐ > 0 and ܯ an interior point in Δܥܤܣ with the area ܨ and ݔ, ,ݕ  are the distances ݖ
from ܯ to the apices ܥ,ܤ,ܣ respectively ݓ,ݒ,ݑ the distances from ܯ to the sides 
ܺ respectively. If ܤܣ,ܣܥ,ܥܤ = ݔ + ݕ + ܷ,ݖ = ݑ + ݒ +  :then ,ݓ

ܺ + ݑݐ
ݒ + ݓ ܽଶ +

ܺ + ݒݐ
ݓ + ݑ ܾ

ଶ +
ܺ + ݓݐ
ݑ + ݒ ܿଶ ≥ 2(6 +  ܨ3√(ݐ

Proposed by D.M. Bătinețu-Giurgiu – Romania  
 

S.902 If ݉ ∈ ℝା = [0,∞); ,ݔ ,ݕ ݖ ∈ ℝା
∗ = (0,∞), then in any Δܥܤܣ the following inequality 

holds: 

ݕ + ݖ
ݔ ቆ

ܾ + ܿ

ܾହ + ܿହቇ
ାଵ

+
ݖ + ݔ
ݕ ቆ

ܿ + ܽ

ܿହ + ܽହቇ
ାଵ

+
ݖ + ݔ
ݕ ቆ

ܽ + ܾ

ܽହ + ܾହቇ
ାଵ

≥ 2ଶାଷ൫√3൯
ଵି

 ାଵܨ

where ܨ is the area of Δܥܤܣ. 

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.903 If ܥܤܣ and ܻܼܺ are two triangles with the area ܨ, respectively ܵ, then: 

ܽݔ
ℎ

+
ܾݕ
ℎ

+
ܿݖ
ℎ
≥ 4√3ర √ܵ 

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.904 Let ܯ be an interior point in ܥܤܣ triangle and ݔ = ݕ,ܣܯ = ,ܤܯ ݖ = ,ݑ and ܥܯ  ݓ,ݒ

the distances from ܯ to the sides ܤܣ,ܣܥ,ܥܤ respectively, then: 

ݑݔ) + ݒݕ + (ݓݖ ൬
1

ݑ) + ଶ(ݒ +
1

ݒ) + ଶ(ݓ +
1

ݓ) + ଶ൰(ݑ ≥
9
2 

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.905 Let ܥܤܣ be a triangle with the area ܨ and ܯ an interior point in the triangle. If ݔ, ,ݕ  ݖ

are the distances of point ܯ respectively to the apices ܥ,ܤ,ܣ and ݑ,  the distances from ݓ,ݒ

then:  ௫ ,ܤܣ,ܣܥ,ܥܤ to the sides ܯ
మయ

௨
+ ௬మయ

௩
+ ௭మయ

௪
≥ +ݕݔ)8 ݖݕ +  ܨ(ݔݖ

Proposed by D.M. Bătinețu-Giurgiu – Romania  

S.906 If ݕ,ݔ > 0 and ܥܤܣ is a triangle with the area ܨ, then: 

ଶݔܽ) + ܽ)ଶ)ඥݕܾ + ܿ)(ܾ + ܿ) + ଶݔܾ) + ܾ)ଶ)ඥݕܿ + ܽ)(ܿ + ܽ) + 

ଶݔܿ)+ + ܿ)ଶ)ඥݕܽ + ܾ)(ܽ + ܾ) ≥ ݔ)3√4 +  ܨଶ(ݕ

Proposed by D.M. Bătinețu-Giurgiu – Romania  
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S.907 If ݕ,ݔ, ݖ > 0,݊ ∈ ℕ − {1} and ܣܤܥ , ݇ = 1,݊ are triangles with the area ܨ the 

following inequality holds: 

ݔ + ݕ
ݖ ܽଵܽଶ …ܽ +

ݕ + ݖ
ݔ ܾଵܾଶ … ܾ +

ݖ + ݔ
ݕ ܿଵܿଶ … ܿ ≥ 8√3ඥܨଵ ⋅ ଶܨ  ܨ…

Proposed by D.M. Bătinețu-Giurgiu – Romania  

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
 

UNDERGRADUATE PROBLEMS 
 

 
 

U.323 Evaluate, 

න ෑ ඥݔ(1− ln(ݔ))
ଵஸஸ[,ଵ]

ଶݔଵ݀ݔ݀  ݔ݀…

Where, 

න ݏ݁ݐ݊݁݀
[,ଵ]

	න න න …න 	
ଵ



ଵ


			(݊ − (ݏ݁݉݅ݐ

ଵ



ଵ


 

Proposed by Akerele Olofin – Nigeria 

U.324 Find in a closed form: 

න
arctan ቀ ௫

√ଷ
ቁ

ݔ

ଵ


ቌඨ

1 − ݔ
1 + ݔ

య
+ ඨ1 + ݔ

1 − ݔ
య

ቍ݀ݔ 

Proposed by Sujeethan Balendran– SriLanka 

U.325 Show that: 

න ݔ cot ݔ logଷ(cosݔ)
ഏ
మ


ݔ݀ =

ߨ3
8 ቊ4݅ܮସ ൬

1
2൰+

3
2 ߞ

(3) log(2) −
ସߨ

45 −
logସ(2)

6 −
1
ߨ3

ଶ logଶ(2)ቋ 

Proposed by Sujeethan Balendran– SriLanka 
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U.326  


1

݊ + 1

ஶ

ୀ

cos ቀ
݊ߨ
4
ቁ =

√2
16 ൫3ߨ + 4 ln൫1 + √2൯ − ln(4)൯ 

Proposed by Asmat Qatea-Afghanistan 

U.327 Prove that: 

න
ݔ

cosh(ݔ)

ஶ


ݔ݀ =

Γ()
݉2ଶିଵ ߞ ൬,

1
4൰ − ߞ ൬,

3
4൰൨ 

Where  = ାଵ


, ݊ ≥ 0 and ݉ > 0,Γ() = Euler’s Gamma function and (ݍ,ݏ)ߞ = Hurwit’s 

zeta function                                                                         Proposed by Lunjapao Baite – India 

U.328 Find without any software: 

Ω = න න
ݔ

ඥݔଶ + ଶݕ

√ଶି௫మ

௫

ଵ



 ݕ݀ݔ݀

Proposed by Durmuș Qgmen-Turkiye 

U.329 For ݊ > 0, prove that: 

න න
ݔ cos(ݐݔ)

sinh ቀగ௫

ቁ

ஶ



ஶ


ݔ݀ݐ݀ =

݊ߨ
4  

Proposed by Lunjapao Baite – India  

U.330 Prove that: 

ෑ
2݊ + (−1)

మశ
మ

2݊ + cos ቀగ
ଶ
ቁ

ஶ

ୀଵ

=
ඥ4 − 2√2

2  

Proposed by Asmat Qatea-Afghanistan 

U.331 Prove that:  ∫ ୪୬ ୪୬(௫)
ଵି௫ା௫మ

ଵ
 ݔ݀ = ଶగ

√ଷ
ln Γ ቀହ


ቁ − గ

ଷ√ଷ
ln(2ߨ) 

Proposed by Lunjapao Baite – India 

U.332   

න
ଶ((ଶݔ)arctan)ଶݔ

(1 + −ସ)൫√1ݔ ଶ൯ݔ

ଵ


ݔ݀ + 

+න
arctan(ݔଶ) log ൫ଵା௫ర൯

(ଵି௫మ)మ
− ଶݔ logଶ ଵି௫మ

√ଵା௫ర

(1 + ସ)ඥ(1ݔ − (ଶݔ

ଵ


ݔ݀ = −

2
య
రߨ sin గ

଼
12

ଶߨ) + 12 lnଶ(2)) 

Proposed by Sujeethan Balendran– SriLanka  
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U.333  

Ω(݊) = න ൬tanିଵ ݔ +
ݔ݊

݊ଶݔଶ + 1൰
ଵ


ݔ݀ + න ቆ2ݔ ⋅ tanିଵ(2ݔ) +

(݊ − ିଵݔ(1

(݊ − 1)ଶݔଶ + 1ቇ
ଵ


ݔ݀ + ⋯ 

+න ቀ݊ݔିଵ ⋅ tanିଵ(݊ݔ) +
ݔ

ଶݔ + 1
ቁ

ଵ


 ݔ݀

Find: 

lim
→ஶ

Ω(݊)
݊  

Proposed by Costel Florea – Romania  
U.334  

න
(1− sinସ(ݔ))

(1 + sinସ(ݔ))ඥ(1 + sinଶ(ݔ))

ഏ
ల


 ݔ݀

1
4 logቆ

23 + 4√15
17 ቇ +

1
2 arccotቌ2ඨ

3
5ቍ 

Proposed by Sujeethan Balendran– SriLanka 

U.335 Find a closed form: 

Ω = න
ݔ logݔ

1 − ݔ + ଶݔ − ଷݔ
ଵ


 ݔ݀

Proposed by Abdul Mukhtar-Nigeria 

U.336 Prove that: 


݊;݊;ଵ(2݊ܨ + 1;−1)ଶ
	

݊;ଵ(1ܨ + 1; 2)− ݊;ଵ(1ܨ + 1;−2)ଵ
	

ଵ
	

ஶ

ୀ

ଷ,ହܩ
ଵ,ଶ൮1 ተ

݊,݊ +
1
2 , ݊ + 1

݊ +
1
2 , ݊,݊ + 1,

݊
2 ,
݊ + 1

2

൲ = 

=
1

ߨ2 ቆ
ට
݁
2 erf ൬

1
√2
൰+

1
ߨ√

ቇ 

Where  

;ܽ)ଵܨ ܾ; (ݖ →ଵ
	 	Confluent hypergeometric function, ܩ,

, ൬ܽ ฬ
ܽ
ܾ൰ → Meijer ܩ – function 

ଵଶܨ
	 (ܽ, ܾ; (ݖ;ܿ → Gauss hypergeometric function, erf(ݔ) → Error function 

Proposed by Izumi Ainsworth-Peru 

U.337 Prove that: 


(9݅)ିଶ

݇!

ଷ

ୀଵ

ஶ

ୀ

ቀ

3
ቁ
ସି

ଵ,ଷܩ
ଷ,ଵ൮ିܩଶ ተ

4 − 6݇ − 2031
4

4 − 6݇ + 2011
4 , 0,

1
2

൲ =
ଶయߨ√2021

3ିଶଶଵ  



Romanian Mathematical Society-Mehedinți Branch 2023 
 

140 ROMANIAN MATHEMATICAL MAGAZINE NR. 36 
 

Where ܩ,
, ൬ݖ ฬ

ܽ
ܾ൰ → Meijer ܩ – function, ܫ → Imaginary number 

Proposed by Izumi Ainsworth-Peru 

U.338 Show that: 

 cotସ ൬
ߨ݇

2݊ + 1൰


ୀଵ

=
1

15 cotଶ ൬
ߨ݇

2݊ + 1൰


ୀଵ

ܲ(݊) 

also show that: 

ቌ൭ cotସ ൬
ߨ݇

2݊ + 1൰


ୀଵ

൱
ିଵ

−
1

ܲ(݊)ቍ
ஶ

ୀଵ

= ߛ7 − 24 ln 2 − 

ቌ
7
2 + ඨ200

17
ቍ߰൫6 − √34൯ + ቌඨ

200
17 −

7
2
ቍ߰൫6 + √34൯ 

Proposed by Naren Bhandari-Nepal  

U.339 Find a closed form: 

Ω = න
ݔ ln(1 + (ݔ
ସݔ + 1

ஶ



 ݔ݀

Proposed by Vasile Mircea Popa – Romania  

U.340 Find: 

Ω = න
ݔ√ arctan(ݔ)

ଶݔ + 1

ஶ



 ݔ݀

Proposed by Vasile Mircea Popa – Romania  

U.341 Prove that: 

Ψଵ ൬
1
8൰ − Ψଵ ൬

3
8൰ − Ψଵ ൬

5
8൰ + Ψଵ ൬

7
8൰ =  ଶ√2ߨ4

where Ψଵ(ݔ) is the trigamma function. 

Proposed by Vasile Mircea Popa – Romania  

U.342 Prove: 

߰ = න
ln(1 − (ݔ ln(1 + (ݔ
1 + 2021୲ୟ୬(ଶଶଵ௫)

ଵ

ିଵ
ݔ݀ = (ln 2)ଶ + 2 − (2)ߞ − ln 4 

Proposed by Hussain Reza Zadah-Afghanistan 

U.343  Suppose ݂:ℝ → ℝ is a three times differentiable function satisfying: 
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݂ ቀ
ߨ
2
ቁ =

ߨ
2 ,݂ᇱ ቀ

ߨ
2
ቁ = −1,݂ᇱᇱ ቀ

ߨ
2
ቁ =

1
2 

and for all ݔ ∈ ቂ0, గ
ଶ
ቃ,  ݂ݔᇱᇱᇱ(ݔ) + ݂ᇱᇱ(ݔ) − (ݔ)ᇱ݂ݔ ≥ sin ݔ , (ݔ)ᇱᇱ݂ݔ2 + ݂ᇱ(ݔ) ≥ cos  ݔ

Prove that for all ݔ ∈ ቂ0, గ
ଶ
ቃ,   ∫ (ݔ)݂

ഏ
మ
 cosݔ ݔ݀ ≤  ߨ

Proposed by Olimjon Jalilov – Uzbekistan 
U.344 Let ݂ be a twice differentiable function such that: ݂ݔᇱᇱ(ݔ) + ݂ ᇱ(ݔ) ≥ ݂ଶ(ݔ) 
for all ݔ ∈ ݔ,(0,1) ∈ ℝ. Prove that: 

න (ݔ)ଷ݂ᇱݔ) + 6)
ଵ


ݔ݀(ݔ)݂ ≥ 1 

Proposed by Olimjon Jalilov – Uzbekistan 
U.345 If  

න ݁ି௧
ஶ


ݐ݀(ݐ)ܬ =

ݔ
 ݕ

then find the value of [ݔ + .] Where .[ݕ ] is the greatest integer function an ܬ is the Bessel 

function. 

Proposed by Tobi Josua-Nigeria  

U.346 Evaluate: 

න
ln൫߮√ݔ − 7൯

௫√ݔ ln൫߮√ݔ + 7൯ − 1
 ݔ݀

߮: Golden ratio. 

Proposed by Arslan Ahmed-Yemen 

U.347 Prove that: 

Ω = lim
→ஶ

൭1 − log݊ + 
2

݇ଶ(݇ + 1) log 2 ⋅ log 3 ⋅… ⋅ log݊



ୀଶ

൱ <  ߛ

Proposed by Daniel Sitaru – Romania  

U.348  If ݊ ∈ ℕ, ݊ ≥ −(݊)ܭ,1  :function, then ܭ

(݊)ܭ ⋅ ൭ቀ݇݅ ቁ


ୀଵ



ୀଵ

൱



≥ ݊! ⋅ ݊)ܭ + 1) 

Proposed by Daniel Sitaru – Romania  

U.349 If ܽ,ܾ, ܿ > 0,ܽ + ܾ + ܿ =  – Lucas numbers, ܲܮ , – Fibonacci numbersܨ,3  – Pell 

numbers, then: 

ܽଶ( ܲ − )(ܨ ܲ − (ܮ
ܮܨ

+
ܾଶ(ܨ − ܨ)(ܮ − ܲ)

ܮ ܲ
+
ܿଶ(ܮ − ܲ)(ܮ − (ܨ

ܲܨ
≥ 9 

Proposed by Daniel Sitaru – Romania  
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U.350  


(݇ଶ + ݊ଶ − 1)(−1)ା

(݇ + ݊)!

ஶ

ୀ

ஶ

ୀ

ቀ2݊ − ݇
݊ ቁ ቀ2݇ − ݊

݇ ቁ 

Proposed by Srinivasa Raghava-AIRMC-India 
U.351 Prove that: 

න sin(ݔ)

ഏ
మ



sinିଵ(cos(tanିଵ(sin(ݔ))))݀ݔ = ߨ ൬1 −
1
√2
൰ 

Proposed by Srinivasa Raghava-AIRMC-India 
U.352 Prove that: 

න
݁గ௫

݁ସగ௫߶ + ݁ଶగ௫ + 1

ஶ

ିஶ

ݔ݀ =
1
2
ඨ

1
19ቆ1− 2√5 + ට2൫17√5 + 1൯ቇ 

where ߶ – Golden Ratio 

Proposed by Srinivasa Raghava-AIRMC-India 

U.353 For ݊ > 0, let  ܷ(݊) = ∫ (1 − ݔ sin(ݔ))ஶ
 log(݁ି௫ +  ݔ݀(1

then show that 

න
ܷ(݊)
݊ଶ

ஶ

ଵ

݀݊ =
ଶߨ

24 +
1
2 + log(2)− log(ߨ)−

ߨ
2 sinh(ߨ) + logቀtanh ቀ

ߨ
2
ቁቁ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.354 For ݉, ݊ > 0, we have 

න ݔ tanିଵ ቀ
݉
ݔ
ቁ݁ି௫మ

ஶ

ିஶ

ݔ݀ =
ߨ

2݊ −
మ݁ߨ erfc൫݉√݊൯

2݊  

Proposed by Srinivasa Raghava-AIRMC-India 

U.355 Prove that: 

න
݁ିగ௫

(sinh(ݔߨ) +߶)(cosh(ݔߨ) + ߶)

ஶ



ݔ݀ =
log(ܶ)

ඥ3√5ߨ + 5
 

Where  

ܶ = ൭
1
2ቆ√5 − ට2൫√5 + 1൯ + 1ቇ൱

ඥ√ହାହ

ቆ√5 + ට2√5 + 5 + 1ቇ
ඥ√ହାଵ

 

Where ߶ is Golden Ratio 

Proposed by Srinivasa Raghava-AIRMC-India 
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U.356 Let, for any complex number ݕ 

න
݁ିగ൫௫మା௫௬൯

(tanh(ݔߨ) + 1)ଶ

ஶ

ିஶ

ݔ݀ = (ݕ)߰ න
݁ିగ൫௫మା௫௬൯

(coth(ݔߨ) + 1)ଶ

ஶ

ିஶ

 ݔ݀

then prove that 

න(߰(ݕ) − 1)
ஶ

ିஶ

ݕ݀ =
ߨ)4 − secିଵ(݁గ))

ଶగ݁√ߨ − 1
 

Proposed by Srinivasa Raghava-AIRMC-India 

U.357 Let ݂(݊) is the real root of the equation ݔଷ − ݔ = ݊	then show that 

න݂(݊)
ଵ



݀݊ =
4 − 9

4 − 12 

where  =

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ⃓

1 +

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ⃓

1 + ඪ1 + ඩ1 + ඨ1 + ට1 + ඥ1 + √1 …యయయయయయయయ

 

Proposed by Srinivasa Raghava-AIRMC-India 

U.358 Prove that 

න න
൯ݖ√ݔߨ൫sin൫ݔ + cos൫ݖ√ݔߨ൯൯

ቀcosh ቀଶగ௫
√௭
ቁ + 1ቁ

ஶ



ஶ

ିஶ

ݔ݀ݖ݀
ݖ =

1
 ଶߨ

Proposed by Srinivasa Raghava-AIRMC-India 

U.359  ܨ – Fibonacci number and ߮ – Golden Ratio. Let the recurrence relation 

݊)ݕ − 1) + ݊)ݕ + 1) = (0)ݕ  ,ܨ = ଵ
ఝ

, (1)ݕ = ߮	then show that 


(݉)ݕ
߮ଶ

ஶ

ୀ

= 5 
(−1)ݕ(݉)
߮ଶିଶ

ஶ

ୀ

 

Proposed by Srinivasa Raghava-AIRMC-India 

U.360  Let the 4	× 	4 Matrix 

(ݐ)ܯ = ൮

ݐ ݐ− 0 ݐ݅
ݐ− 0 ݐ݅ ݐ
0 ݐ݅ ݐ ݐ−
ݐ݅ ݐ ݐ− 0

൲ 

Evaluate the limit:   lim→ ∫ ெ(௧)൧ஶ݁ൣݎܶ
 ݁గ௧݀ݐ 

Proposed by Srinivasa Raghava-AIRMC-India 
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U.361 Prove the integral 

නቌ
tanଶ(ݔ)

cosଷ ቀ௫
ଶ
ቁ
−

16 sin(ݔ)
5 − 4 cos(ݔ) +

9√2 cos ቀଷ௫
ସ
ቁ

2 sinቀଷ௫
ସ
ቁ + 1

ቍ

ഏ
య



ݔ݀ = 4 

Proposed by Srinivasa Raghava-AIRMC-India 

U.362 Evaluate the integral in a closed – form 

නቌ
tanଶ(ݔ)

cosଷ ቀ௫
ଶ
ቁ

+
9√2 cos ቀଷ௫

ସ
ቁ

2 sin ቀଷ௫
ସ
ቁ + 1

+
16 sin(ݔ)

4 cos(ݔ) + 1
ቍ

ഏ
య



 ݔ݀

Proposed by Srinivasa Raghava-AIRMC-India 

U.363 If we have, for ℛ(ݕ) > 0, ∫ ݁ି൫௫మ௬ା௫௬మା௫௬൯ஶ
ିஶ

ݕଶݔ) + ଶݕݔ + ݔ݀(ݕݔ = 0 

then find the value of:  ݕ + ଶݕ2 +  ଷݕ

Proposed by Srinivasa Raghava-AIRMC-India 

U.364 Prove the integral relation 

නන݅ܮଷ(max(ݕ,ݔ))݅ܮଷ(min(ݔ, ((ݕ
ଵ



ଵ



ݔ݀ݕ݀ = ൫1 − (2)ߞ + ൯(3)ߞ
ଶ
 

Proposed by Srinivasa Raghava-AIRMC-India 

U.365 Prove the summation 


(−1)ܪܪାଵ

݊ଷ − ݊

ஶ

ୀଶ

 

=
(3)ߞ19

16 −
5
2 +

1
6 log(2) (2 log(2) − 3)ଶ +

1
ߨ48

ଶ(11− 8 log(2)) 

Proposed by Srinivasa Raghava-AIRMC-India 

U.366 Prove the inequality 

For any ݕ ≥ 1, we have 

0 ≤ න
sinଷ(ݔߨ)

݁
ഏೣ൫మశభ൯



ஶ



ݔ݀ ≤
6

 ߨ65

Proposed by Srinivasa Raghava-AIRMC-India 

U.367 Prove the integral relation 
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න ቌනℒ௫[݁ିఝ௫ܬ௭(ݔ)](ݕ)݀ݕ	
ଵ



ቍ
ஶ



ݖ݀ = log

⎝

⎜⎜
⎛

log൭ଵ
ଶ
ቆ√5 + ට6൫√5 + 3൯ + 3ቇ൱

log൭ଵ
ଶ
ቆ√5 + ට2൫√5 + 5൯ + 1ቇ൱

⎠

⎟⎟
⎞

 

߮ – Golden Ratio, ܬ(ݔ) – Bessel function, ℒ௫[݂](ݕ) – Laplace Transform 

Proposed by Srinivasa Raghava-AIRMC-India 

U.368 Prove that the flow of the vector field 
డ
డథ

 on ܵଶ is ߮௧(ݔ) = ௧ா݁ݔ  

where, ܧ௭ = ൭
0 −1 0
1 0 0
0 0 0

൱ and ݔ = ቆ
ݔ
ݕ
ݖ
ቇ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.369  

Ω = lim
→ஶ


Γ(݊ + sinଶ ݇)

݁ట(ାଵ)Γ(݊ − cosଶ ݇)

ଶଶ

ୀଵ

 

Proposed by Asmat Qatea-Afganistan 

U.370  If ݊ ∈ ℕ then prove that: 


1

(݇ + 1)(݇ + 3)(݇ + 5) … (݇ + 2݊ + 1)

ஶ

ୀଵ

=
1

2 ⋅ ݊!
อቀ݊݇ቁ


ୀ

(−1)ܪଶାଵอ 

ܪ  – Harmonic Number 

Proposed by Asmat Qatea-Afganistan 

U.371 Find a closed form: 

න ቌ
ݔ
2 + ඨݔ

ଶ

4 +
1
ݔ
ቍ

ଽଽ
ଶ

ଵ
+ ቌ

ݔ
2 −

ඨݔ
ଷ + 4	
ݔ4

ቍ

ଽଽ

 ݔ݀

Proposed by Asmat Qatea-Afganistan 

U.372  Prove: 

ෑ൬1 −
5

4݇ଶ +
5

16݇ସ −
1

32݇ହ൰
ஶ

ୀଵ

= ൭ෑቆ− cosቆ
(6݇ + ߨ(1

15 ቇቇ !
ହ

ୀଵ

൱

ିଵ

 

Proposed by Asmat Qatea-Afganistan 
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U.373 Prove: 

න
ݔ݀

ݔ)ݔ + ݔ)(2 + ݔ)(4 + 6) … ݔ) + 2݊)




=

1
2 ⋅ ݊!

൭ቀ݊݇ቁ (−1)


ୀ

ln൬
ܾ + 2݇
ܽ + 2݇൰

൱ 

Proposed by Asmat Qatea-Afganistan 

U.374  If, for ݊ ≥ 1 

න
1

݁గ√௫ + √݊

ஶ



ݔ݀
ݔ√

= ݂(݊)න
ݔ√

݁గ√௫ + √݊

ஶ



 ݔ݀

then show that: ݂(݊) = ܱ൫√݊൯ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.375 Find the value of ߙ, if  

න න
ݔ) + (ݕ sinିଵ൫√1 − ൯ݕඥݔ

ඥ1 − ݕݔඥݕ − ݕ + 1

ଵ



ଵ


 ݔ݀ݕ݀

+ܽන න
(ݕݔ) sinିଵ൫√1 − ൯ݕඥݔ

ඥ1 − ݕݔඥݕ − ݕ + 1

ଵ



ଵ


ݔ݀ݕ݀ = 0 

Proposed by Srinivasa Raghava-AIRMC-India 

U.376 Prove the integral relation 

න න
sinିଵ൫√1 − ൯ݕඥݔ cosିଵ൫√1 − ൯ݕඥݔ

ඥ1 − ݕݔඥݕ − ݕ + 1

ଵ



ଵ


ݔ݀ݕ݀ = 8 log(2)−

(3)ߞ7
2  

Proposed by Srinivasa Raghava-AIRMC-India 

U.377 If we define the function ݂ 

,ݔ)݂ (ݕ =
൫√ݔ + ඥݕ൯ඥݕݔ

ටݔඥݕ + ݔ√ݕ
 

then establish the inequality 

න න ݂൬
ݔ + ݕ

2 ,ඥݕݔ൰
ଵ



ଵ


ݔ݀ݕ݀ <

ߨ
4 

Proposed by Srinivasa Raghava-AIRMC-India 

U.378 If we define 


߮ଷାଵ + ߮ଷିଵ(−ݔ)

߮ସ

ஶ

ୀ

= (ݔ)݂
߮ଷିଵ + ߮ଷାଵ(−ݔ)

߮ସ

ஶ

ୀ

 

then prove that 
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න
(ݔ)݂
ଶݔ

ஶ

భ
ക

ݔ݀ =
3߮
2 −

1
4

(߮ − 3) log(2߮ + 3) 

߮ − Golden Ratio 

Proposed by Srinivasa Raghava-AIRMC-India 

U.379 Evaluate the expression in a closed-form: 

1
නߨ ൬

1
ଶݔ7 + 6 +

1
ଶݔ7 + 1൰

ஶ

ିஶ
൬

1
ଶݔ7 + 5 +

1
ଶݔ7 + 2൰ ൬

1
ଶݔ7 + 4 +

1
ଶݔ7 + 3൰  ݔ݀

Proposed by Srinivasa Raghava-AIRMC-India 

U.380 If we define the function 

(ݕ)߰ =
ℱ௫[(݁ିగ௫ sin(݁ିగ௫))ଶ](ݕ)
ℱ௫[݁ିగ௫ sin(݁ିగ௫)](ݕ)  

then prove the integral relation 

න ඥݕ
గ


ݕ݀(ݕ−)߰(ݕ)߰ = න

(ݕ−)߰(ݕ)߰

ඥݕ

గ


 ݕ݀

ℱ௫[݂](ݕ) – Fourier Transform 

Proposed by Srinivasa Raghava-AIRMC-India 

U.381 For ݊ ≥ 2, we have 

න
sin(2ݔ) sinh ቀ௫

ଶ
ቁ

(݁௫ − 1)

ஶ



ݔ݀

ݔ
భ


 

= 2ି
భ
17

భ
మቀ

భ
ିଵቁΓ ൬

݊ − 1
݊ ൰ sinቆ

(݊ − 1) tanିଵ(4)
݊ ቇ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.382 If we have the Sum 


ቀ2݉
݉ ቁ

ቀݔ + ଵ
௫
ቁ
ାభమ ቀݔ − ଵ

௫
ቁ
ିభమ

ஶ

ୀ

=
1 + √5

2  

then find the value of ݔ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.383  

න
(2݊ log(ݔ) + ଶ(ݔߨ

logଶ(ݔ) + గమ

ସ

ஶ



ݔ݀
ଶݔ) + 1)ଶ = ଶ݊)ߨ − (݊ଶ − 1) log(2)) 

Proposed by Srinivasa Raghava-AIRMC-India 
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U.384 If we have the sum  

(݊)ܣ = 
1 + 2 + 3 + 4 + ⋯+ ݉

cosቀగ
ଷ
ቁ

ଷ

ୀଵ

 

then show that:  ∑ ஶݔ(݊)ܣ
ୀଵ = 

଼(௫ିଵ)
− ଶଷ

଼(௫ାଵ)
− ଷ

ସ(௫ାଵ)మ
+ ଽ

ଶ(௫ାଵ)య
 

Proposed by Srinivasa Raghava-AIRMC-India 

U.385 Prove via Complex – Analysis 

(−1)ଵାଶାଷାସା⋯ା


ୀଵ

(1 + 2 + 3 + 4 + ⋯+ ݊) 

=
1
2݉

(݉ + 2) cos ቀ
݉ߨ

2
ቁ −

1
2

(݉ + 1) sin ቀ
݉ߨ

2
ቁ 

Proposed by Srinivasa Raghava-AIRMC-India 

U.386 Solve for ݔ 

(−1)
ஶ

ୀ

ቀ3݊
݊ ቁ൬

1 − ݔ
1 + ൰ݔ



= ߮ 

߮ − Golden Ratio 

Proposed by Srinivasa Raghava-AIRMC-India 

U.387 If we have the integral  ߰(ݖ) = ∫ ℒ௫
ଵ


[݁ିఝ௫ܬ௭(ݔ)](ݕ)݀ݕ  and if 

න
(ݖ)߰

ݔ√

ஶ


ݖ݀ = 2 ቀඥߨ log(ܣ) − ඥߨ log(ܤ)ቁ 

then find the value of  ܤܣ − ܣ) + ߮ ,(ܤ − Golden Ratio, ܬ(ݔ) – Bessel function, ℒ௫[݂](ݕ) – 

Laplace Transform .                                          Proposed by Srinivasa Raghava-AIRMC-India 

U.388 If we define the integral, for ݕ ≥ 1 

(ݕ)ߟ = න
cos൫ݔߨඥݕ൯

cosh ቀଶగ௫
√௬
ቁ + 1

ஶ


 ݔ݀

then show that 

න ଶ(ݕ)ߟ
ஶ


݁ିగ௬݀ݕ = ቆ1 −

(4)ߞ
ቇන(3)ߞ ଶ(ݕ)ߟ

ஶ


 ݕ݀

Proposed by Srinivasa Raghava-AIRMC-India 

U.389 Prove that: 

න
log(ݔ) (tanିଵ(ݔ) + cotିଵ(ݔ))ଶ

ଶݔ) + 1)ଶ
ଵ


 ݔ݀
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+
ܥ4 + ߨ
2 + ߨ න

(tanିଵ(ݔ) + cotିଵ(ݔ))ଶ

ଶݔ) + 1)ଶ
ଵ


ݔ݀ = 0 

Proposed by Srinivasa Raghava-AIRMC-India 

U.390 Let for ݊ ≥ 0 

߶(݊) = න
݁గ௫ sin(ݔߨ)

ଶݔ + ݅

ஶ

ିஶ
 ݔ݀

and if 

න ߶(݊)
ஶ


݁ିగ݀݊ = නߙ ߶(݊)

ஶ


sin(݊ߨ) ݀݊ 

then show that 

ସߙ + ଶߙ2 − ߙ4 + 2 = 0 

Proposed by Srinivasa Raghava-AIRMC-India 

U.391 For any complex numbers ݕ,ݔ 

If ௫
௬

+ ௬
௫

= 1 

then prove that 

2019 − ቀ
ݕ
ݔ
ቁ
ଶଶ

− ൬
ݔ
൰ݕ

ଶଶ
= 2020 

Proposed by Srinivasa Raghava-AIRMC-India 

U.392 For any real number ݊ ≥ 1, we have: 

න
sin ൬݊ ቀݔ − ଵ

௫
ቁ൰

ݔ + ଵ
௫

ஶ

ିஶ
ݔ݀ = 2න

cos ൬݊ ቀݔ − ଵ
௫
ቁ൰

ቀݔ + ଵ
௫
ቁ
ଶ

ஶ

ିஶ
ݔ݀ =

ߨ
݁ଶ  

Proposed by Srinivasa Raghava-AIRMC-India 

U.393 If ߮(ݔ, (ݐ = (ଶݔݐ)ଶ݅ܮ − −(ଶݔଶݐ)ଶ݅ܮ (ଶݔଶݐ)ଶ݅ܮଶ൫ݐ − (ଶݔݐ)ଶ݅ܮ − 2 log(1 +

 −ݐ2݅ܮ2ݐ

ݐ2− log(1 + (ଶݐ −(ݐ)ଶ݅ܮ log(1)(ݐ)ଶ݅ܮଷݐ2 + (ଶݐ + 1) + log(1)(ݐ)ଶ݅ܮସݐ2 + (ଶݐ + 1). 

Find: 

Φ(ݔ) = න
,ݔ)߮ (ݐ

ଷݐ − ଶݐ + ݐ − 1

ଵ


 ݐ݀

Proposed by Abdul Hafeez Ayinde-Nigeria 

U.394 Find a closed form: 
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Ω = 
Γቀ݊ + ଵ

ଶ
ቁ

݊! (2݊ + 1)(3݊ + 2)

ஶ

ୀ

 

Proposed by Ajentunmobi Abdulqoyyum-Nigeria 

U.395 Prove that: 


1

݊64 ൬
4݊
2݊൰൬

2݊
݊ ൰

ஶ

ୀଵ

= 6 log 2 − ߨ2√ +
1

ߨ2√2
൭߰ଵ ൬

5
8൰ + ߰ଶ ൬

7
8൰
൱ 

Where ߰ଵ(ݖ) = ∑ ଵ
(௭ା)మ

ஶ
ୀ  is trigamma function. 

Proposed by Naren Bhandari-Nepal 

U.396 Find a closed form: 

Ω = න
ݔ tanିଵ ݔ
ସݔ − ଶݔ + 1

ஶ


 ݔ݀

Proposed by Vasile Mircea Popa-Romania 

U.397 For all ݉,݊ ∈ ℕ prove that ு


+ ு

≤ ାଶ

ାଵ
+ ట


, where ܪ is ݊௧ harmonic number 

and 

߰ = 
݇)ߞ + 1)
݇ + 1



ୀଵ

; (ݏ)ߞ = 
1
݇௦



ୀଵ

 

Proposed by Amrit Awasthi-India 

U.398 For ܾ > ܽ > 0,݊ ∈ ℕ find a closed form: 

Ω(ܽ,ܾ, ݊) = න ܾ)ݔ − ଵି(ݔ ቀ
ܽ − ݔ
ݔ

ቁ


logቀ
ܽ − ݔ
ݔ

ቁ



 ݔ݀

Proposed by Ghazaly Abiodun-Nigeria 

U.399 Find a closed form: 

Ω = න
sin(ݔߨ)
1)ݔ − (ଶݔ

ஶ


 ݔ݀

Proposed by Abdul Mukhtar-Nigeria 

U.400 Find a closed form: 

Ω = 
1
݊න

(1 + ଶ)ିݔ ⋅ tanିଵ ݔ ݔ݀
ଵ



ஶ

ୀଵ

 

Proposed by Ajetunmobi Abdulqoyyum-Nigeria 

U.401 Prove that: 
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1 −
23
3 ൬

3
10൰

ଷ

+
43
3 ൬

3 ⋅ 13
10 ⋅ 10൰

ଷ 1
8 −

63
3 ൬

3 ⋅ 13 ⋅ 23
10 ⋅ 10 ⋅ 10൰

ଷ 1
216 + ⋯ =

5
 ߮ߨ3

Where ߮ = ଵା√ହ
ଶ

−golden ratio. 

Proposed by Ngulmun George Baite-India 

U.402  

නන…
ଵ



න
ටlnቀ ଵ

௫భ
ቁ + ln ቀ ଵ

௫మ
ቁ + ln ቀ ଵ

௫య
ቁ + ⋯+ ln ቀ ଵ

௫
ቁ ଶݔଵ݀ݔ݀ ݔ݀…

1 + ∏ ݔ
ୀଵ

ଵ



ଵ



= 

=
݊
4
ቀ2݊
݊ ቁߟ ൬݊ +

1
2൰Γ ൬

1
2൰ ,∀݊ ∈ ℕ 

Proposed by Kaushik Mahanta – Assam – India  

U.403 Prove that:  ∫ ටቀ ௫
ଵି௫

ቁ
௫ଵ

 sin ቀగ௫

ቁ ݔ݀ = √గ

ଶ
,∀݊ > 1 

Proposed by Surjeet Singhania, Kaushik Mahanta – India  

U.404 Prove that:  ∑ ୲ୟ୬షభ 
మ

ஶ
 < ߶,   where ߶ is Golden ratio. 

Proposed by Kaushik Mahanta – Assam – India  
U.405 Prove that: 

ܩ = න
cotିଵ(ݔ)− tanିଵ(ݔ)

1 − ଶݔ
ଵ


 ݔ݀

where  ܩ = ∑ (ିଵ)షభ

(ଶିଵ)మ
ஶ
ୀଵ ,  Catalan’s constant 

Proposed by Surjeet Singhania, Kaushik Mahanta – India  
U.406 Prove that: 

න log(cos (ݔ
ఏ


ݔ݀ = ߨ− logቌ

ܩ ቀଵ
ଶ

+ ఏ
గ
ቁ

ܩ ቀଷ
ଶ

+ ఏ
గ
ቁ
ቍ − ቀ

ߨ
2 + ቁߠ logቀ

ߨ
cos ߠ

ቁ − ߠ ln 2 

Where (ݖ)ܩ is the Barnes ܩ – function. 
Proposed by Kaushik Mahanta – Assam – India  

U.407 Prove that: 

න න න …
ଵ



ଵ



ଵ


න

ଷݔଶ݀ݔଵ݀ݔ݀ ݔ݀…
ඥݔଵݔଶݔଷ … (1ݔ − −ଵ)(1ݔ (ଶݔ … (1 − )(1ݔ + ଷݔଶݔଵݔ … (ݔ

ଵ


 

= ඥߨାଷ ାଵܨ
	 ቌ

1
2 ,

1
2 , … ,

1
2ᇣᇧᇧᇤᇧᇧᇥ

ାଵ	௧௦

; 	1,1,1, . . . ,1ᇩᇭᇭᇪᇭᇭᇫ
	௧௦

; 	−1ቍ 

Proposed by Kaushik Mahanta – Assam – India  

U.408   ∫ ∫ …ஶ


ஶ
 ∫ ୡ୭ୱ(௫భ) ୡ୭ୱ(௫మ) ୡ୭ୱ(௫య)… ୡ୭ୱ(௫శభ)ௗ௫భௗ௫మ…ௗ௫శభ

௫భା௫మା௫యା⋯ା௫శభ

ஶ
 = 
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=
1
4
Γଶ ቀ

ଶ
ቁ

Γ(݊) =
1

2݊ ቆ
݊ − 1


ଶ

ቇ
,∀݊ ∈ ℕ 

Proposed by Kaushik Mahanta – Assam – India  

U.409 Prove that: 

න log(cosݔ)

ഏ
భల



ݔ݀ = ߨ2 logቌ
ܩ ቀ 

ଵ
ቁ

ܩ ቀଶହ
ଵ
ቁ
ቍ +

ߨ9
8 log

⎝

⎛ ߨ2

ට2 + ඥ2 + √2⎠

⎞ 

where (ݖ)ܩ is the Barnes ܩ – function. 

Proposed by Kaushik Mahanta – Assam – India  

U.410 If 0 < ܽ, ܾ < 1 then: 

න න
݁௫మା௬మିଶ

(ܽ௫ + 1)(ܾ௫ + 1)



ି
ݕ݀ݔ݀



ି
< 1 

Proposed by Jalil Hajimir-Canada 
U.411 Evaluate this integral: 

Ω = න
ଵݔ3 + ଼ݔ − ݔ4 + ସݔ9 − ଶݔ5 + 1

ଵସݔ3 + ଵଶݔ − ଵݔ10 + ଼ݔ3 − ݔ42 + ସݔ26 − ଶݔ8 + 1

ஶ



 ݔ݀

Proposed by Simon Peter-Madagascar 
U.412  Solve this differential equation: 

ܽ
(ߙ)ܮ߲
߲ܽ + ܾ

(ߙ)ܮ߲
߲ܾ =  (ߙ)ܮ

where: 

(ߙ)ܮ = නඥܽଶ sinଶ(ݐ) + ܾଶ cosଶ(ݐ)




 ݐ݀

Proposed by Simon Peter-Madagascar 
U.413 Evaluate:  

න log(2 − (ݔ log(ݔ) log(2 + ݔ݀(ݔ
ଵ



 

Proposed by Simon Peter-Madagascar 
U.414 Show that: 

Φ = න ඨ1 − ଶݔ

1 + ଶݔ
ଵ


ݔ݀ =

ߨ√
4
ቌ
Γ ቀଵ

ସ
ቁ

Γ ቀଷ
ସ
ቁ
− 4

Γ ቀଷ
ସ
ቁ

Γ ቀଵ
ସ
ቁ
ቍ 

where: Γ – Gamma function 
Proposed by Simon Peter-Madagascar 

 
U.415 Evaluate:  
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Ω = න
1

(1 + ଶ)ଶݔ
ஶ

ିஶ
,ݔ݀ ݊ ∈ ℤ 

  Proposed by Simon Peter-Madagascar 
U.416 Prove that: 


(−1)ܪ

(ଷ)

2݊ + 1

ஶ

ୀଵ

=
ଶߨ

6 ܩ + (4)ߚ4 −
ߨ3
2  (3)ߞ

where: ߚ(. ): Beta Dirichlet function,ܪ : Harmonic number,   ܩ: Catalan’s constant 
(4)ߚ = ∑ (ିଵ)

(ଶାଵ)ర
ஶ
ୀ  and ܪଷ = ∑ ଵ

య
ஶ
ୀଵ  

Proposed by Simon Peter-Madagascar 
U.417 Evaluate: 

Φ = න log ቈlogቆ ଶଷܨ
	 ൬

1
4 ,

1
2 ,

3
4 ;

2
3 ,

4
3 ; ൰ቇݔ

ଵ


 ݔ݀

where: 
.)ଶܨ )ଷ
	 : hypergeometric function 

Proposed by Simon Peter-Madagascar 
U.418  

Ω = න න
sinh(ߟ)

(cosh(ߟ)− cos(ߠ))ଶ
ଶగ



ଶగ


⋅ ඥ1 − ܿ ⋅ sinhଶ(ߟ) sin(߶)݀݀ߠ߶ 

where ߟ and ܿ are the parameters such that sinhଶ(ߟ) = 2 and ܿ ⋅ sinhଶ(ߟ) < 1 
Proposed by Simon Peter-Madagascar 

U.419 Prove that: 

ܣ = න
ln(ݐ + 1)
ଶݐ + 1

ஶ

ିஶ
ݐ݀ =

ߨ
2 ቀln(2) +

ߨ
2 ݅ቁ 

Proposed by Simon Peter-Madagascar 
U.420 If 0 < ܾ < ܽ, show that: 

ܫ =
1

ଶ(݅ߨ2) න න
ݑ݀ݒ݀

ݑ)(ݒ)݅ܣ(ݑ)݅ܣ − (ݒ

ାஶ

ିஶ

ାஶ

ିஶ

=
1
2 

Note: (ݖ)݅ܣ = ଵ
గ
∫ cos ቀ௧

య

ଷ
+ ቁஶݐݖ

 (ݖ)ᇱᇱ݅ܣ satisfies ݐ݀ =  (ݖ)݅ܣݖ
Proposed by Simon Peter-Madagascar 

 
U.421 Calculate the following integral for a fixed positive integers  ݀,݊, … , ݊ௗ 

න න න …

ଵି௫భି௫మ



ଵି௫భ



ଵ



න (1 − ଵݔ − ଶݔ −⋯− ଵݔௗ)బݔ
భݔଶ

మ … ௗݔ


ଵି௫భି⋯ି௫



ଵݔ) + ଶݔ + (ௗݔ⋯ ⋅ 

⋅ (1 − ଵ)(1ݔ − (ଶݔ … (1 − ௗିଵݔௗ݀ݔ݀(ௗݔ …  ଵݔ݀
Proposed by Simon Peter-Madagascar 

U.422 Evaluate: 

Ω = න
ln[sin(ݔ)] ln[cos(ݔ)]

tan(ݔ)

ഏ
మ


ݔ݀ =

(3)ߞ
8  

where: ߞ: Zeta function 
Proposed by Simon Peter-Madagascar 
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U.423 Generalized summation: 
Prove that: 


sin(ݔ)
ݔ

ஶ

௫ୀଵ

=
1
2 ⋅

൮
ߨ

2(ିଵ) ⋅ (݊ − 1)!
൮(−1) ⋅ 	ܥ

 ⋅ (݊ − 2݇)(ିଵ)

ቂమቃ

ୀ

൲− 1൲ 

where [. ] is greatest integer function. 
Proposed by Amrit Awasthi-India 

U.424 Prove that: 
∀	݊,݉ ∈ ℕ 

න
sinଶ(݊ݔ)

ݔ

గ



ݔ݀ ≥
(2݉)!

2ଶ(݉!)ଶܪ  

where ܪ is nth Harmonic number. 
Proposed by Amrit Awasthi-India 

U.425 If for some ݔ and ݕ we have  ߨ ⋅ 	௬ܥ
௫ ⋅ 	௫ܥ

௬ = ଶ
௫ି௬

 

Then, find the value of:  Ω = ݔ −  Proposed by Amrit Awasthi-India                                      ݕ
 
U.426 Find ݖ if: 

− ln(2 − 2 cos(1))
ݖ2 +

ߨ)݅ − 1)
ݖ2 = ଵଶܨ

	 (1,1; 2;  (ݖ

where ܨଵଶ
	 (ܽ, ܾ; ܿ; ݅ is Gaussian hypergeometric function and (ݖ = √−݅ 

Proposed by Amrit Awasthi-India 
U.427 If: ݔ = ଵ


	and  ܪ = ∑ ݔ

ୀଵ 	then find: 

Ω = lim
→ஶ

݁ுෑ
1

1 + ݔߨ

ஶ

ୀଵ

 

Proposed by Amrit Awasthi-India 
U.428 If for ݊ ≥ ݇ and ݊,݇, ܽ > 0,݊,݇ ∈ ℕ; 

;݇)ߦ ݊) = √ܽೝ



ୀ

= √ܽೖ + √ܽೖశభ + ⋯+ ⋯+ √ܽ  

and also  ߞ(ݏ) = ∑ ଵ
ೞ


ୀଵ = ଵ

ଵೞ
+ ଵ

ଶೞ
+ ⋯+ ⋯+ ଵ

ೞ
  then, prove that: 

2൫√݊ + 1 − 1൯ + ݊,(2ߦ + 1) < (0)ߞ + ߞ ൬
1
2൰+ (1)ߞ < (1,݊)ߦ + 2√݊ 

where ݁ is Euler’s number that is  ݁ = ∑ ଵ
!

ஶ
ୀ  

Proposed by Amrit Awasthi-India 
U.429 Find ܵ: 

ܵ = 
(−1)(5݇ସ + 80݇ଷ + 465݇ଶ + 1160݇ + 1044)

(2 + ݇)(3 + ݇)(4 + ݇)(5 + ݇)(6 + ݇)݇!

ஶ

ୀ

 

And also prove that:  ܫ − ܬ = ܵ  where 

ܫ = න ln ൬
1
൰ݐ

ଵ


൬1 + ln ൬

1
+൰ݐ lnଶ ൬

1
+൰ݐ lnଷ ൬

1
൰ݐ + lnସ ൬

1
൰൰ݐ  ݐ݀
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ܬ = න ݁ି௧
ஶ

ଵ
1)ݐ + ݐ + ଶݐ + ଷݐ +  ݐ݀(ସݐ

Proposed by Amrit Awasthi-India 
U.430 Prove that: 

න ln൫√2ݔ൯
ஶ


ቆ
ݔߨ sinh(2ݔߨ) − cosh(2ݔߨ) + ݔߨ sin(2ݔߨ) + cos(2ݔߨ)

−(ݔߨ2)ଷ(coshݔ cos(2ݔߨ)) ቇ݀ݔ =  ᇱ(2)ߞߨ−

Proposed by Amrit Awasthi-India 
U.431 Prove that: 

∀݊ ∈ ℕ 

න
sinଶ(݊ݔ)

ݔ

గ


ݔ݀ ≥

1
2 ൬1 +

1
2 +

1
3 + ⋯+

1
݊൰ =

ܪ
2  

Proposed by Amrit Awasthi-India 
U.432 Prove that: 

∀݉, ݊ ∈ ℕ 

න ቤ
sinଶାଵ(݊ݔ)

ݔ ቤ
గ


ݔ݀ ≥

2ଶାଵ(݉!)ଶ

2݉)ߨ + 1)!  ܪ

where ܪ is nth Harmonic number. 
Proposed by Amrit Awasthi-India 

U.433 If we have:  ݔ)ߦ, (ݏ = ∑ ଵ
௫ೞାೞ

ஶ
ୀଵ   then without the use of software 

prove that: 

(1,3)ߦ < lnቌ
cosh ቀ√ଷగ

ଶ
ቁ

ߨ
ቍ <  (3)ߞ

Proposed by Amrit Awasthi-India 
All solutions for proposed problems can be finded on the 

http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 
Magazine-Interactive Journal. 
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PROBLEMS FOR JUNIORS 

 
JP.406 If ࢈,ࢇ, ࢉ > 0;ܽ + ܾ + ܿ = 3 then: (ࢇ + )(࢈ + )(ࢉ + ) ≥ ૠ 

Proposed by Daniel Sitaru-Romania 
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JP.407 In ઢ the following relationship holds: 

൬
ࡾ
࢘൰



≥
+ࢇ) +࢈ ࢇ)(ࢉ + ࢈ + ࢇ)(ࢉ + ࢈ + (ࢉ

ૠࢇ࢈ࢉ  

Proposed by Alex Szoros-Romania 

JP.408 In ઢ the following relationship holds: 

൬
ࡾ
൰࢘



+  ≥
ࢇ࢘) + ࢈࢘)(࢈࢘ + ࢉ࢘)(ࢉ࢘ + (ࢇ࢘

ࢉ࢘࢈࢘ࢇ࢘
≥
ࡾ + ࢘

࢘ ≥  ൬
ࢇ
࢈ +

࢈
൰ࢇ +  

Proposed by Alex Szoros-Romania 

JP.409 If ࢈,ࢇ, ࢉ > 1 and  ≤ ࣅ ≤  then 

࢈ܗܔ ࢇ
ࣅ + ࢇܗܔ ࢈ + ࢇܗܔ ࢉ

+
ࢉܗܔ ࢈

+ࣅ ࢈ܗܔ +ࢇ ࢈ܗܔ ࢉ
+

ࢇܗܔ ࢉ
ࣅ + ࢉܗܔ +ࢇ ࢉܗܔ ࢈

≥


ࣅ +  

Proposed by Marin Chirciu-Romania 

JP.410 If ࢟,࢞, ࢠ > 0 and  ∈ ℕ, ≥  then: 

ඥ࢞ି(࢟ + (ࢠ

ࢉ࢟ࢉ

≥ ൬ +

൰

࢟࢞) + ࢠ࢟ +  (࢞ࢠ

Proposed by Marin Chirciu-Romania 

JP.411 In ઢ the following relationship holds: 

+ࢇ)࢈ࢇ (࢈

ඥ(ࢇ + (࢈
+

+࢈)ࢉ࢈ (ࢉ

ඥ(࢈ + (ࢉ
+

ࢉ)ࢇࢉ + (ࢇ

ඥ(ࢉ + (ࢇ
≥ √ࡲ 

Proposed by Marian Ursărescu-Romania 

JP.412 In ઢ, ࡵ −incenter, the following relationship holds: 

ࡵ + ࡵ + ࡵ ≤ [(ࡾ − +࢘ࡾ )࢘ − ࢘] 

Proposed by Marian Ursărescu-Romania 

JP.413 If  (ࢇ)ஹ  be increasing sequence with ࢇ > 0,∀݅ = ,തതതതത and  ∈ ℕ, ≥  solve for 
real numbers: 

ඨ
࢞ࢇ + 
࢞ࢇ + 


+ ඨ

࢞ࢇ + 
࢞ࢇ + 


+ ඨ

࢞ିࢇ + 
࢞ࢇ + 


=  −  + ඨ

࢞ࢇ + 
࢞ࢇ + 


 

Proposed by Florică Anastase-Romania 
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JP.414 Solve for real numbers: 

⎩
⎨

⎧
,࢟,࢞ ࢠ > 0

࢞ +  = (࢟ + (ࢠ

࢞ + ࢟ + ࢠ = ඥࢠ࢟࢞ +
ࢠ࢟࢞

࢟࢞ + ࢠ࢟ + ࢞ࢠ

 

Proposed by Daniel Sitaru-Romania 

JP.415 In any quadrilateral with the sides’ lengths ࢈,ࢇ,  ࢊ,ࢉ


+࢈)ࢇ ࢉ + −ࢊ (ࢇ +


+ࢇ)࢈ ࢉ + ࢊ − (࢈ +


ࢇ)ࢉ + ࢈ + ࢊ − (ࢉ +


+ࢇ)ࢊ +࢈ ࢉ − (ࢊ

≥


ࢇ) + ࢈ + ࢉ +  (ࢊ

Proposed by Florentin Vișescu – Romania  

JP.416 Solve in ℝା the equation: 

ට −  + ඥૡ −  ⋅ ටૠ −  + ඥૡ − ૡ +  ⋅ 

⋅ ට −  + ඥ − ૡ+ ૡ ⋅ ට −  + ඥ −  = ( − ) 

Proposed by George – Florin Șerban – Romania  

JP.417 Prove that in any ઢ the following inequality holds: 

ܖܑܛ

 ܛܗ܋


 ܛܗ܋


 ≥


ܛܗ܋  

Proposed by Gheorghe Alexe and George Florin Șerban – Romania  

JP.418 Let be ࢞, ,࢞ … , ,࢟,࢟,࢞ … ࢟, > 0,	 

൭࢞



ୀ

൱


> 2ෑ࢞



ୀ

,࢞



ୀ

< ࢟



ୀ

 

൭࢞



ୀ

൱൭࢟



ୀ

൱ < ෑ࢞



ୀ

+ ෑ࢟



ୀ

 

Prove that: 

൭࢞



ୀ

൱ ⋅ ൭ෑ࢟



ୀ

൱ > ൭࢟



ୀ

൱ ⋅ ൭ෑ࢞



ୀ

൱ 

Proposed by George Florin Șerban – Romania  
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JP.419 Find all ࢈,ࢇ ∈ ℤ such that 

ට + √ૢ − ࢈ࢇ


+ ට − √ૢ − ࢈ࢇ


∈ ℤ 

Proposed by Pedro Pantoja-Natal-Brazil 

JP.420 Let ࢈,ࢇ, ࢇ be positive real numbers such that ࢉ + ࢈ + ࢉ = . 

 Prove that: 

ࢇ + ࢈ + ࢉ + 
ࢉ)࢈ + ) +

࢈ + ࢉ + ࢇ + 
ࢇ)ࢉ + ) +

ࢉ + ࢇ + ࢈ + 
࢈)ࢇ + ) ≥  

Proposed by Pedro Pantoja-Natal-Brazil 

 

PROBLEMS FOR SENIORS 

SP.406 Let ࢊ,ࢉ,࢈,ࢇ be positive real numbers. Find the maximum value of the expression: 

ට ࢉ࢈ࢇ
ࢉ࢈ାࢉࢇା࢈ࢇ


+ ට ࢊ࢈ࢇ

ࢊ࢈ାࢊࢇା࢈ࢇ


+ ට ࢊࢉࢇ

ࢊࢉାࢊࢇାࢉࢇ


+ ට ࢊࢉ࢈

ࢊࢉାࢊ࢈ାࢉ࢈



ࢇ√ + ࢈ + ࢉ + ࢊ  

Proposed by Kunihiko Chikaya-Japan 

SP.407 If ࢆ,ࢅ,ࢄ ∈ ࢄ;(ℂ)ࡹ = ࢅ = ૠࢆ = ࢅࢄ;ࡵ = ࢆࢅ;ࢄࢅ =  ;ࢅࢆ

ࢄࢆ = ષ;ࢆࢄ = ࢆࢅࢄ + ࢅ)ࢄ + (ࢆ + ࢆ)ࢅ + (ࢄ + ࢄ)ࢆ +   (ࢅ

then ܜ܍܌(ષ) ≠ . 

Proposed by Daniel Sitaru-Romania 

SP.408Let  be an equilateral triangle such that |ࢠ| = |ࢠ| = ࢠ Find .|ࢠ| ∈ ℂ such that 

ቐ
−ࢠ| |ࢠ ≤ ࢠ| + |ࢠ
−ࢠ| |ࢠ ≤ ࢠ| + |ࢠ
−ࢠ| |ࢠ ≤ ࢠ| + |ࢠ

 

Proposed by Ionuț Florin Voinea-Romania 

SP.409 Find all functions ࢌ:ℚ → ℚ such that  

࢞)ࢌ − (࢟ = −(࢞)ࢌ −(࢟)ࢌ ࢞)࢟࢞ − ࢟,࢞∀,(࢟ ∈ ℚ 

Proposed by Ionuț Florin Voinea-Romania 

SP.410 Let ࢠ, ,ࢠ ࢠ ∈ ℂ∗ different in pairs such that |ࢠ| = |ࢠ| = |ࢠ| = , 
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ࢠ|.(ࢠ),(ࢠ),(ࢠ) − ࢠ − |ࢠ
ࢉ࢟ࢉ

=  ⇒  =  =  .

Proposed by Marian Ursărescu-Romania 

SP.411 Let ࢠ, ,ࢠ ࢠ ∈ ℂ∗ different in pairs such that 
|ࢠ| = |ࢠ| =  .(ࢠ),(ࢠ),(ࢠ),|ࢠ|




ૡࢠࢠࢠ − ൫ࢠ + ࢠ)൯ࢠࢠ + (ࢠ
ࢉ࢟ࢉ

=


ࢠࢠࢠ
⇒  =  =  .

Proposed by Marian Ursărescu-Romania 

SP.412 Let  ∈  such that (ℝ)ࡹ = ࡵ +  +  + ⋯+  :ૢ. Prove that

)ܜ܍܌ + (ࡵ ≥  

Proposed by Marian Ursărescu-Romania 

SP.413 Let ࢻ > 1 fixed. For ∀ ∈ ℕ∗ denote () = ൛ܖܑܕ ∈ ℕห(+ ) ≥ ࢻ ⋅  ൟ and

ஹ(࢞) ା࢞ , = ࢞ + 
࢞ࢋ

. Find:  ષ = ஶ→ܕܑܔ
ܗܔ⋅() √

࢞
 

Proposed by Florică Anastase-Romania 

SP.414 Solve for real numbers: 

⎩
⎪
⎨

⎪
࢞⎧

 = ඥ࢟ + ૡ −ඥ࢟ + 

࢟ = ඥࢠ + ૡ − ඥࢠ + 
ࢠ = ඥ࢚ + ૡ − ඥ࢚ + 
࢚ = ඥ࢞ + ૡ − ඥ࢞ + 

 

Proposed by Daniel Sitaru-Romania 

SP.415 Solve for real numbers:  ܖ܉ܜ ࢞ +  ࢞ܖ܉ܜ +  ࢞ܖ܉ܜ + ૡ ܜܗ܋ ૡ࢞ =  

Proposed by Daniel Sitaru-Romania 

SP.416 If − < ,ݔ ,ݕ ݖ < 3, ݔ + ݕ + ݖ = 0 then: 

ฬ
ࢠ࢟࢞

ૢ + ࢟࢞ + ࢠ࢟ + ฬ࢞ࢠ < 3 

Proposed by Daniel Sitaru-Romania 

SP.417 Let (࢞)ஹ  and (࢟)ஹ be sequences of real numbers such that 

࢞ = ܖ܉ܜቀ
࣊

ቁ



ୀ

࣊− ܗܔ ࢟, = ି ⋅ ቈ


+ 


ୀ

, [∗] − ۵۷۴. 
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ષ		:܌ܖ۴ܑ = ܕܑܔ
ஶ→

 ⋅ ࢞
࢟

 

Proposed by Florică Anastase-Romania 

SP.418  Solve for real numbers: 

ቐ
ܖܑܛ ࢞ + ܛܗ܋ ࢟ + ࢠ + ࢠ = ࢠ + 

ܖܑܛ ࢞ + ܛܗ܋ ࢟ + ࢠ = ࢠ+ 
ܖܑܛ ࢞ + ࢟ܛܗ܋ + ࢠ = 

 

Proposed by Daniel Sitaru-Romania 

SP.419 If ࢈,ࢇ, ࢉ ∈ ℝ; ࢇ
ࢉା࢈

+ ࢈
ࢇାࢉ

+ ࢉ
࢈ାࢇ

= , then solve for real numbers: 

ܖܑܛ ࢞ ⋅ ܖܑܛ ࢟ ⋅ ܖܑܛ ࢠ =
ࢇ

+࢈ ࢉ +
࢈

ࢉ + ࢇ +
ࢉ

+ࢇ  ࢈

Proposed by Daniel Sitaru-Romania 

SP.420 If ࢟,࢞, ࢠ ∈ ℝ,൫࢞ + ࢟ + ൯ࢠ = , then: 

(࢞ + ࢞ + ࢞ + (࢞
ࢉ࢟ࢉ

+

 ≥ (࢞ + ࢟ +  (ࢠ

Proposed by Daniel Sitaru-Romania 

 

UNDERGRADUATE PROBLEMS 

UP.406 If  < ܽ ≤ ܾ then: 

ቆන
࢞ + 
࢞ + 

࢈

ࢇ
ቇቆන࢞ࢊ

࢞√
࢞ + 

࢈

ࢇ
ቇ࢞ࢊ ≤

࢈) − (ࢇ

)ࢇ√ + (ࢇ
 

Proposed by Daniel Sitaru-Romania 

UP.407 If  < ܽ ≤ ܾ then: 

න න ඥ࢞ + ࢟࢞ + ࢟
࢈

ࢇ

࢈

ࢇ
࢟ࢊ࢞ࢊ ≥ √(࢈ + −࢈)(ࢇ  (ࢇ

Proposed by Daniel Sitaru – Romania  

UP.408 If ࢍ,ࢌ: [࢈,ࢇ] → (,∞); < ܽ ≤ ܾ;݂,݃ – continuous, then: 

න
(࢞)ࢍ(࢞)ࢌ
(࢞)ࢌ + (࢞)ࢍ

࢈

ࢇ
࢞ࢊ ≤ න ൫(࢞)ࢌ + ൯(࢞)ࢍ

࢈

ࢇ
࢞ࢊ + න ඥ(࢞)ࢍ(࢞)ࢌ

࢈

ࢇ
 ࢞ࢊ

Proposed by Daniel Sitaru – Romania 
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UP.409 If ܊,܉, ܌,܋ ∈ ቀ, ૈ
ૈି

ቁ then: 

න
ିࢇ࢚ ࢞

࢞

࢈

ࢇ
࢞ࢊ + න

ିࢇ࢚ ࢞
࢞

ࢊ

ࢉ
࢞ࢊ >

࣊
 ⋅ ࢍ ቆ

ࢊ࢈√࣊
(ࢇ+ ࢉ)(࣊ +  ቇ(࣊

Proposed by Daniel Sitaru-Romania 

UP.410 Let (࢞)ஹ be sequence of real numbers such that  ࢞ = ∑ ܖܑܛ ࣊



ୀ ࣊−  ܗܔ

ષ			:܌ܖ۴ܑ = ܕܑܔ
ஶ→

࢞ ⋅


 + ඥ( + )( + )



ୀ

 

 by Florică Anastase-Romania	ࢊࢋ࢙࢘ࡼ

UP.411 Let (࢞)ஹ and (࢟)ஹ be sequences of real numbers such that 

࢞ = ܖܑܛ

 + ܗܔ ൬ܖܑܛ


൰



ୀ

࢟, =  √ +

൨

ା

ୀ

, [∗]− ۵۷۴. 

ષ:܌ܖ۴ܑ = ܕܑܔ
ஶ→

࢞
࢟

 

Proposed by Florică Anastase-Romania 

UP.412 Find: 

ષ = ܕܑܔ
ஶ→

 

ටି

+ 

ටି 


+ ⋯+ 

ටି 




ࢻ

ൣ√ ൧ + ൣ√ ൧ + ൣ√ ൧ + ⋯+ √ൣ −  ൧
, [∗] − ࢻ,۵۷۴ ∈ ℝ 

Proposed by Florică Anastase-Romania 

UP.413 Find: 

ષ = ܕܑܔ
ஶ→




ିܖ܉ܜ 
 ⋅ −)ିܖ܉ܜ  + )



ୀ

 

Proposed by Daniel Sitaru-Romania 

UP.414 If  < ܽ ≤ ܾ then: 

න න න
ࢠ ,࢞ቀܖܑܕ∙ 

࢟
࢟, + 

࢞
ቁ ࢠࢊ࢟ࢊ࢞ࢊ

ࢠ + 

࢈

ࢇ

࢈

ࢇ

࢈

ࢇ
≤
√


࢈) − (ࢇ ܗܔ ቆ
࢈ + 
ࢇ + 

ቇ 

Proposed by Daniel Sitaru-Romania 
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UP.415 Let  denote a triangle and ࡴ its orthocenter. Let point ࡹ be the middle of the 
segment ࡴ. Prove that: (ࢇ)	angle ࡹ is acute.  (࢈) area ઢࡹ = 

ૡ
⋅ ࡴ ⋅ ࡹܖ܉ܜ . 

Proposed by George Apostolopoulos-Messolonghi-Greece 
 

UP.416 Let  denote a triangle with circumradius ࡾ. Let ࡲ,ࡱ,ࡰ be chosen on sides 
 :Prove . bisect the angles of ࡲ and ࡱ,ࡰ respectively, so that ,,,

ࡾ ≥ ࡾ′, where ࡾ′ denotes the circumradius of triangle ࡲࡱࡰ. 
Proposed by George Apostolopoulos-Messolonghi-Greece 

UP.417 Find: 

ષ(܉) = ܕܑܔ
ஶ→࢞

ቆ(࢞ + (ࢇ ඥડ(࢞ + )࢞శ ܖܑܛ


࢞ + ࢇ − ࢞)ඥડ࢞ + )࢞ ܖܑܛ

ቇ࢞ ࢇ; > 0 

Proposed by D.M. Bătineţu-Giurgiu, Neculai Stanciu-Romania 

UP.418 In ઢ the following relationship holds: 


 ⋅

ඨࡲ
ࡾ


≤ට

ࢇ࢘
࢈ + ࢉ

ࢉ࢟ࢉ

≤

 ൬ +

ࡾ
࢘ ൰

ඨ࢘ࡾ
ࡲ 

Proposed by Marin Chirciu-Romania 

UP.419 If  ∈ ℕ; ≥  then: 



ା



ା⋯ା 

 > ) + )



ට(శ)శ  

Proposed by Daniel Sitaru-Romania 

UP.420 If ࢞ ≥  then: 

 (࢞)ܐܛܗ܋ +  (࢞)ܐܛܗ܋
ܐܛܗ܋ ࢞ ( + ࢞ିࢋ)( + ࢞ࢋ) ≥

ܐ܋܍ܛ ࢞
 +   ࢞ܐ܋܍ܛ

Proposed by Daniel Sitaru-Romania 

 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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