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TSINTSIFAS — SAHIN'S INEQUALITY

By Daniel Sitaru — Romania
Abstract: In this paper we connect two famous relationships in any triangle, both published
in American Mathematical Monthly.
Keywords: Tsintsifas; Sahin

Main result: If x, y, z > 0 then in acute AABC the following relationship holds:

x y z
-a+ b+ -c>,/3r(4R+ 1)
ytz x+y

zZ+x

Lemma 1 (TSINTSIFAS’ INEQUALITY): If x,y,z > 0O then in acute AABC holds:

x y z
ca? + b+ .c2>2F\V3
y+z Z+x x+y
Proof: — a2+ .p2+-2.c2=
y+z Z+x x+y

S B e o i R S (a2
B y+z Z+x x+y
a? b? c?
:(x+y+z)< + + >—(a2+b2+c2):
y+z z+x x+y
+ + + 2 b? 2
:<x y, y+z z x)(a c

+ + —(a? +b?>+c?) >
2 2 2 y+z z+x x+y> (@®+b%+c%) =

2
+ 2 + bZ + 2
cgs x+y a® | ly+z L |[prx e (@b c?) =
2 x+y 2 y+z 2 z+x
a b c\? 1
—+—=+—] —(@®+b*+c?)=-(a+b+c) —(a?+Db*+c?) =
(5 H) ¢ ) =5 = ( )
_2(ab+bc +ca) —(a®* +b*+c?)  2(s®+7r?>+4Rr) —2(s* —r*> —4Rr) _
= 5 = 5 =
DOUCET
=s2+712+4Rr—s?+r>+4Rr =2r> +8Rr =2r(r +4R) >
>2r-sV3=2FV3
Equality holdsfora =b =candx =y = z.
Observation: (va +vb) = a+b+2vab>a+b>c = (Vc)°

(Va++b)" > (vVe)* = va + b > vc and analogous: VB + V¢ > va; Ve +va > vb
hence: va,Vb,/c can be sides in a triangle
Lemma 2 (MEHMET SAHIN’S IDENTITY): Let a, b, ¢ — be sides in a triangle. The triangle

formed with sides va, Vb, V¢ has area A = =./r(4R + 1)

2

Proof: A

HERON \/ﬁwmﬁ VatVb—ve VbVe—va verva—b _
2 2 2 2
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= (G B - 6o (6o - e B -
:%J(a+b+2m—6)(c—a—b+2m):
:%\/(2\/@+(a+b—C))(2\/cE—(a+b—C)):%\/4ab_(a+b_c)2:

1 1
= —\/4ab—a2 — b2 —c2—2ab + 2bc + 2ca ZZ\/Z(ab + bc +ca) — (a? + b2 + ¢c2) =
1 1 1
—Z\/Zsz + 2r2 + 8Rr — 252 + 2r2 + 8Rr = Z\/4r2 + 16Rr = E‘/r(4R +71)

4

Back to the main problem:

We apply Tsintsifas’ inequality for the triangle with sides: va, Vb, c:
X 2 y 2 Z 2
s G+ O (40 2248

X y z 1 —
y+z.a+z+x.b+x+y.C22\/§.§ r(4R+1)
ad ca+ Y b+ z cc>4/3r(4R + 1)
y+z zZ+x x+y

Equality holdsfora =b =candx =y = z.

Reference:
ROMANIAN MATHEMATICAL MAGAZINE — www.ssmrmbh.ro

SPECIAL LIMITS AND SUMS-(I1)

By Floricd Anastase-Romania

Abstract: In this paper are presented some calculation techniques on special class of limits

and sums.

Theorem 1. Let (a,) 1, (bn)ns1 b€ sequences of real numbers such that

lim a, = a,lim(b,,qy + b,s 5 +:-+by,)=b,b, >0VneN
n—oo

n—-oo

Prove that: limn_,oo(an_'_lbn_'_l + an+2bn+2 + .-+ aznbzn) =ab

Proof. Let ¢, = by41 + bpip + - + by, Observe that (a,,),»1 and (c,) =1 cOnverges, then

are bounded. Thus, exists M; > 0 and M, > Osuch that |a,| < M; and |c,| < M, ,vn €N

£
M+|al|’

Now, Ve > 0,3n, € N such that Yn > n, we have |a,, — al| < ﬁm'and lc,, — bl <
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Denoting d,, = apy41bns1 + Anyobpps + oo+ Az by, , it follows that
dn = (an+1 - a)bn+1 + et (aZn - a)bZn +ac, =
= (an+1 - a)bn+1 + et (a2n - a)bZn + a(Cn - b) + ab;

|dn - abl < |an+1 - a”bn+1| + e+ |a2n - a”ban + |a“Cn - bl

&

<ée¢

M+|a] —

Forn > n, we have: |d,, — ab| < ﬁlal(b"“ + 4 by) +al

Hence, Ve > 0,3n, € N such that Yn > n, we have |d,, — ab| < ¢. So,

Jm(an+1bn+1 + an+2bn+2 +oe aanZn) = ab.

. . - . . T - T . T
A Q= —— +sin—+ --- + sin—
pplication 1. Find: Q = lim,,_,,, (sm — +sin— sin Zn)

Solution. Ifin Theorem 1 we take a,, = n - sin% and b, = % we have:

o (O T t lou2n — |
. —_ e —_— —_— —_—
n -Sin T, 1 5 > =Yon —Vn 0gzZn —logn

Ty =1+ % + .+ % — logn, y —Euler Mascheroni Constant

1 1

1
— +—+ .-+ — > log 2. Hence, from Theorem 1:
n+1 n+2 2n

Q—Iim(sin T +sin T +---+sin£)—lo 2
n-co n+1 n+2 2n g

L P 2 T 2_ T . 2T
Application 2. Find: @ = lim,,_,, [(n + 1) tan =t (n+2)tan — e 2n tan Zn]

Solution. Ifin Theorem 1 we take a,, = n? - tan? % and b,, = %we have:

2
. . T . (n i
lima, = limn?-tan?—=n2- lim <—2-tan2—> =r?
n

n—oco n—oco n n—-oo \ T

1 1 1
bpy1+ byyy + o+ by = gttt log 2. Hence, from Theorem 1.

Q= lim [(n + 1) tan?

n—-oo

2T 2 T
+ (n + 2) tan n+2+ + 2ntan Zn]

n+1
Application 3. Prove that:
n+1 2n—-1

(i) 1i ( n )n:l+(n+1)“_+2+ +(2n—1>7 1
lnl_{g n+1 n+2 2n _2
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(ii) lim

n-e n+1+,/n(n+ 1) 2n+w/(2n 1)2n]

Theorem 2: Letp,q € R,p > land q # 0, f: (—1,») — R, continuous function such that

—log2

limM = 1. Prove that:
x>0 X
n l_p_l q q
lim —n+z 1+f<—> =—
n—oo L npP p
i=1
fx) _
Proof. lim,_,— = 1 ®vneN3E, >0

suchthatl — ¢, < % <1+, o@-¢x<fx)<@+¢&)xelim,f(x)=0

q_
Then, it follows that lim,,_,, % =

q

Pt ip-1 jp-1
(q - En)—<<1+f< >> —1<(q+fn)—

(q—fn)zi:;pl Zn:<1+f<p 1)) —n<(q+'fn)z:p_1

i=1 i

& P I iyt 1 N ir=1\\’ q

lim —zlim—Z(—) :fxp-ldx:—,lim Z 1+f<—> —n)|=4

n—oo - np n-oon - n p n—oo np p
0

i=1 i=1 i=1

Application4.Forn,p € N,p > 2,n > p find:

n+k
i1
_ELI-TOZ[n+k _ (\/ +sin ( +k)10>_1>]

Solution. In Theorem 1, we take

1 1
=+
n+l n+2 n
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M C)V?’LENan>O

Now, using Theorem 2, we have: lim,_, "

such that: %—fnsi,,—_ls%%fn
nbP
1 SiPl O 1 = Pt
(;‘fn)ZWSZ “5'”( >‘”S(;+fn)zn—p
i=1 i=1 i=1

. p—1
—|Imn_m Z (i) :folxp‘ldx:%. So, it follows that:

n

n—»ooz

. T 14 . ip—1 1
lim,.a, =lim,_ <—n + )", [1+sin ( — )> = Therefore,

1 e i 1
n+k.z 1+5|n<(n+k)p>—1 :p_Z.IOQZ

=1

n

Q= Ilim
n—oo
k=1

Application5. For n,p € N,p = 2,n > p find

n+k
ir-1
- mz [— ( *tan (m) - 1)]

Solution. In Theorem 1, we take a, = X7, <p 1 +tan (l:;l) - 1> and b, =

n+k n
1 P ip-1 _
|:n+k.z<\/l+tan<m>—l ]—kzan+kbn+k
i -1
1 1

=1

1
- ¥+ + i+ —
n+l n+2 2n_)|092

bn+1 + bn+2 + et bZn =

1

(rtannP-1 _ @VnENEI.fn>O

Now, using Theorem 2, we have: lim,_,, -
L
-
(e (E)) -
- ’fn < ip—1 <—-+ ’fn
nb
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1

o P 1o iyt
lim — = lim — (—) = fxp‘ldx =—

n—-oo - n n—»oon n
i=1
_1 1

lim a, = lim —n+z 1+tan ——2

n—oo n—oo
| n+k ip-1 1 |

Q:imz 1+tn——1 =—-log2

m 7’L+k a <(n+k)p> pz 0og

i:1
Application 6. Find: lim,,_,,, Xp—4 m "“‘ (ﬁ-sin (1 +$))]

Solution. In Theorem 1, we take: a,, = Y-, (F sin (1 + %)) and b, = -

1 1 1
bn+1+bn+2+ +b2n:n+1+n+2+'"+%_)logz
n - na - a na
sin—-sin{l1+-+—
Zsin(1+ia)= z _(a z 2)n%t'un,‘v’nel\l*
Ssin—
i=1 2

Because: sin (1 + %) >0,vk € {1,2,..,n} we get,

<y = S (G sin (1)) < * =i
< =" (——. +-)) < ) ==
TS 0n i=1\7=="sin 1 - _m,VneN So, fora nltfollows,
.1 . 3n+1 .1 . 3n+1
sin> - sin= sinz - sin—— 1 3
r_<a,< 'vVn € N*, Ilma = 2sin=-sin=
2 . 1 n 2 1 2 2
n +n-5|ng ns+1- sm—

z ”*" ! in<1+ : )) —Zsinl sin3 log2
am, m n+k 2 SN %

Application 7. For n,p e N,p > 2,n > p find

n+k

ip-1
now Lo [n+k £ 1+l0g<1+(n+k)”>_

= lim
p-1
an ) - 1> and b, =
1 1

— 1 .
bpy1+ bpiy + o+ by = Sttt log 2. Now, using Theorem 2, we get

Solution. In Theorem 1, we take: a, = X7, <p\]1 + Iog(
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1
(1+log(1+x))P-1

lim
x—-0 x

:%@ vn € N, 3¢, > 0 such that

<

%_ £ < (110817 )) — < %+ &, and then

iP- 1
nb

g e g

n+k
: ip1 1
“—AL@Z[T;CZ< 1+'°9<1+m>—1>] " 7002

Application 8. For n,p € N,p > 2,n > p find:
n 1 n+k P -1
Q = lim Z —Z ewtif — 1
n+ ks .

Pl p-1
Solution. In Theorem 1, we take: a,, = Z?:1< en?P — 1) and b, = ﬁ

_ 1 1 1
bpi1+ by + o+ by = ottt log 2. Now, from Theorem 2, we get
1
P~ \p
1 (en—?’—1> -1
. (e¥-1)P-1 _ 1 1 1
Ilmx_,OT—; © vneN 3, >0 suchthat;—fn sﬂ,—_ls;%fn
nb
(1 S pml P 1 = jp-1
)y e e = () 3
np npP
p i=1 i=1 p i=1
1
i1 1 i\P1
lim > — = lim= (—) = fxp‘ldx =
n—-oo n n-oo N n
i=1 i= 0
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Romanian Mathematical Society-Mehedinti Branch | 2023

n n+k
. -1 1 . P 1
o (e Y V)= sy 2 (et - )| < Sene
k=1

[ n+k i ]
n+k <=1 (nk)p+iy

Application 9. Forp > 0 find: Q = lim,,_,,, Xj-

i\P
i i 1 n —
Solution. In Theorem 1, we take a, = ?=1npl+1+i =— ?:11(—1:1 and b, ==
1 1v 1y 1okt 1
1;2() ;Z() N ) B R
1+n_p k=1 k=1 k=1 0 p
n n+k
Q= lim Z : = log2
T oo 1n+k,1(n+k)1’+1+i _p+1 g
= =

Application 10. For a, b,p, q € N such that p(q — b) = a + 1, find

ib
— A cinD _
rlll_To L sm <(n+k)q>

ib
Solution. If in Theorem 1 we take:a,, = X, i*sin? (l—) and b,, = =
n4 n

1 1
=— 4
n+l n+2

Now, using Theorem 2, we get

by \ P
. i
sin (—) jat+bp

l q q
—_ - . p —_— n — n
a, = i%sin? | — | = = =
" Z <nq> Z i npa Z i na+tbp+1

=1 nd n

sin(;—l;) P
vn € N,3¢, > 0suchthatl — &, < b <1+¢,

a+bp a+bp

( 1- ’fn) Z a+bp+1 — = an = ( 1+ ’fn) Z a+bp+1

a+bp 1

n ia+bp 1 n i
lim — = lim — (—) _—
a+bp+1

— a+bp —

=|x dx =
n—-00 na+bp+1 n-owon n f
i=1 i=1 0
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i A 1
fim ) iesint (o5 ) = ey
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FEW OUTSTANDING LIMITS-(III)

By Floricd Anastase-Romania

First section.

Theorem 1. Let be f: [0, 1] —» R integrable function. Then:

i)Vae[0,1] limn - f x"f(x)dx =10
n-oo 0

n-oo

1
ii) if f is continuous function, lim n - f x"f(x)dx = f(1)
0

Proof.
a a n n+1
i) We have: nf x"f(x)dx Snf x™f(x)|dx < 1 -M,where M == sup |f(x)|
0 0 n xgm]
a
So, Iimn-f x"f(x)dx =0
n—-oo 0

1 a

ii)For0O<a<1lwe have:n-f
0

x"f(x)dx =n f

0

1
x"f(x)dx+n- f x"f(x)dx

12| ROMANIAN MATHEMATICAL MAGAZINE NR. 36
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Let be € > 0. Because f —continuous function in x, = 1, then 3a, € [0,1] such that
Vx € [a(e), 1] we have |[f(x) — fF(D)]| < i. From (i) it follows that 3n, (¢) € N* such that

vn = n,(€) we have:

a(e)
nf x"f(x)dx| < =
o

. 1 o o 1—a(e)™t 1
But: [n - f O f(l)‘ =) (fG) = f(1))dx + <T_ ;)f (1)‘
<n f @ @l |— — a1 IF )l <
<7 —=a —— == a1 (W] <
<3+ [ -a@= sl

1
Because |E —a(e)™||f(1)| — 03n,(e) € N* such that Yn > n,(e) we have:
n—-oo

1
|_ _ a(E)n+1
n

Let be n = n = max{n,(e),n,(e)}.Thus,
[xrcoa f(l)‘ <[ "
n- X xX)ax — sn-
0 € € €
=37 (4 4) €

Therefore, limn - f x"f(x)dx = f(1)
0

Fl <y

x"f()fx| +

n-fl x"f(x)dx — f(1)| <
a(e)

n-oo

Application 1. Find:

a) limn-f4tan"xdx
n—-oo 0
b X
b)limn-f (ews—1)dx;0<a<b.
n—-oo a

Solution.

T

I—Zt"d 2tannd 2 inZx-tan™ x dx =
a)n—oanxx * cos (cosz)x 2(n+1) n+loslnx-anxx—

5|n2.,r I,

NE

2(n+2)+

n—-oo n—-oo

1
Therefore, lim n f tan*xdx = limn- I, = >
0

2
u
b) Because e* =1+ u +?e9” 0 < 6 < 1,we have:

[} (e a)ax=n(o o n-tonp ) o gy | e
n- entx — X =n —a—n-: ent+x X
. : 20+ 92 ),

Therefore,
b x 1
lim nfa (en—+x— 1)dx =5 (b* —a?)

n—-oo
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Application 2.Find:

Solution.

Lot F(0) = | and () = e n € N', ') = s > 0
etf(x) = | s andg()=—_—F.ne ,g(x)—(n3+x)z ’

Then g —increasing thus, f —increasing. So, f(k) < f(x) < f(k+1),Vx € [k, k + 1]
k+1

f(k)<f £ dx < flk+1).Vk € {12, ..n— 1}

Hence,

f(1)+f(2)+'"+f(n—1)<fnf(X)dxSf(2)+f(3)+-"+f(n)

Let us denote: a,, z / then we have:
dx < .
e IO T e O

On the other hand,
3| 3
f"f( ) f” X f Vxdx 2x2 2 nz—1 2
= [ = —. _— =
1 e 1 n3+x \/n3+l \/n3+1 3 3 Vn3+1n>»3
1

n \Jxdx _ 1 3 2
1 Vn3+n \/n3+n 3

fnf(x)dx >

Therefore, Q= Jm n3 ” k

Second section.
Application 3. Find:

: ﬂ:
Q = lim (lim <1 + Z log (1 + tan~1 (—))) >
n-oo |\ moo £ ml

=1

Solution. We have:

_1 (k! _1 (K
TLiLnoo log (1 + tan™! (%)) = Jllmo (Iog (1 +tan” (5)) . tan™ (5) ﬂ) =0

R k! I
tan~! (%) m! "
1
- n k! Z;clzllog(utan—l(%))
lim 1+Z|09(1+tan_1( )) —¢
oo m!
k=1
n
k!
lim m! Z log (1 + tan‘l( )) =
moeo L m!
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() ) )

m=ee tan— (k') l
m! m!

T P i
( . . . o yn log(1+tan (X)) )

= lim Jlnlli_r,“w I(l + Z log (1 +tan~! (Z)))Zzlmg(ma“l(m»‘ } _
)

=) (n+1)!
= e,lL“Jonl (Zk- 1k|) ’*‘ 1P—>oo(n+1) -nl = ¢

3(m!)2
n 3
k n
Q= lim (lim <1 + Z sin? (—)) >
n-oo \ m-ooo m!

Application 4. Find:

Solution. We have:

k=1
2
3 (m!)? 1 Sin? (%) 3 &/ sin (%) , 3 ,
lim = =lim| S5 | =) = )k
k=1 ml k=1
_3:n(n+1)2n+1)
B 6n3
3(mh)?2
n k n3
Q= lim ( lim <1+Zsin2 (—)) >:
n-o |\ m-ooo m!
k=1

n 1 2n3 Zk:lsmz(%)
. . iy sin?(50)
=lim| Iim |1+ z sin ( ) =e
n—-00 m-—-0o 1

Application 5. Find:

EIES

| = lim (J:B; <1_[<1 +tan (L )))
Tim m! Zn: log (1 + tan (%)) = lim (Zn: 109 (; Ez)(g)) - tan (’,?.') . k!) - Zn: k!

k=1 k=1 m!
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m!

oe s [ ) -

k=1
n k! LC-S . (n+1)!
tim ( tim riog(ITi, (1+tan())) _  lim S i Ve lim et

= en-o m-oon!
Application 6. Find:
n
k
Q=1lim|1+ —sm—
n—-oo n
k=1
Solution.
T
vn € N, n > 2: Z sm— =—Cot—
n

Letbe z = cos-— ~ Z +isin ;, then:

n—-1
km
Z ksmz =Im(z+2z2+3z23+--(n—1)z"1),z"=-1=>

k=1
n-1)z"'—nz"+z (QA-n)z+n+z
+ 2 2 + 3 + ... 1 n—-1 e — —_
z+2z°+3z (n ( )22) =1 o Z-12
n—m-2)z n—(n-2)z
1 — 2sin? % + 2isin%cos% -1 —4sin? % (COS% + isin g)
n—2 n T T
= = (COS— —isin —) =
4sm2 4sin? = on n n
nsm T
stm——lm Zkz —n ——Cot— Z sm—=— cot—
 4sinz Z - 2n
n-1 -1\ "
lim log [ 1+ Zk in T lim nlog (1+2tan-)
im —sin— = lim —)=
lim log k_lnsm - lim nlog ano—
Vs Vs
i log (1+ 2tan ) 2tang @
n-—00 2tan — = 2n
2n 2n n
_ -1
Sk  kn
=lim|{1+ Z—sm— =em
n-oo in n
Application 7. Find:
n
" (n—-1)kr km
Q = lim Z cos cos™1 (—)

Solution.

- (n—1kn km n
. Zcos—- cos™1 (—) ono s VnENn >3
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1+ z2)m Zi(rln)zl,m € N*; (1)

1=0
2km . . 2km P 2km . . 2km
Let z = COST'F LsmT,k =ln=>14+z= 1+COST+ isin—= =

km km km
= 2cos—|cos—+isin— | =
n n n

kr/, mkr  mkm, <o ,/m 2lkr 2lkm
2Mcos™ — (cos + isin ) = Z ( ) (cos + isin ) =
n n n l n n

km mkmn & m 2lkn -
2M™cos™ — cos ZZ( )COS k=1n=
n n

n C l

n t=0 m n i

km mkm m 2ikm

ZmZCosm—cos ZZ(l)Zcos =
k=1 Z :L =0 k=1 n
m m 2lkn

SE)RESVH e

k=1 i=1 k=1

n
a™1lcos(n@) — a*cos(n + 1)0 + cosf — a 2l
“ Z akcos(kO) = (nf) ( ) : 1 =
a? —2acosf + 1 n

n n+1)2im 2lm
2lkn  cos2lm — cos TV 4 osET g
—_ n n .
Z cos = I

n 2 — 2COST

From (2), (3) it follows that:

km mkm m km mkm n
2m cos™ —cos =n ( ) = cos™ —cos =—
n n n

0 n 2m
k=1 k=1
o . . on (n-1)km n-1(kry _ n
Form = n — 1, it follows that: };7_, cos ———cos (n ) =
o (n—1)kn km o[ m c¢c-p'a.. n+1 21 1
Q= lim Zcos—-cos"‘l (_): lim — =" |im . ==
n—oo n n n—oo \ 21n-1 n-o 21 n 2
k=1
Application 8. Find:
1
1 -1 W\
. / . cotx (O k . km
Q = lim kllm . —sin— )
n—-oo x—>£ 2 n n
2n k=1
Solution.
n-1
k  km 1 T
vn € N*,n=>2: Z —sin— = =cot—
k_ln n 2 2n
Letbez = COS% +isin g, then:
n—-1
km
Z ksinz =Im(z+2z2+3z23+--(n—1)z" D, z"=-1=>
k=1
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Z+222+323+...(n_1)zn—1:(n_1)2"+1—nz”+z_(1_n)Z+n+Z_

(z—1)2 - (z—-1)2
n—(n-2)z _ n—(n-2)z _
1 — 2sin? % + 2isin%cos% -1 —4sin? = (cos + isin )
n—2 n T T
= (COS— - Lsm—) =
4sm2 " 4sin? = o n n

nsm— A
ksm— Im Zkz L ——COt—:>Z sm—=— cot =—
4sm2 2n

1

n-1 1\ tan(znx) 1 1
Q=i cotx Z k  km i cotx (1 . T ) tan(znx)
= m : —Sin— = lim |\ =cot—
x>\ 2 n n t\ 2 2 7" on

k=1

cot(2nx) T\ cot(2nx)
. cotx . cotx — COtZ—
= |II’T11I = = |II’T11I 1+ —nn =
x->—\cot— X-o— cot—
n n 2n

n
coto— (cotx cotz—)cot(an)

T T
cotx — CotE cotx—cotﬁ cotﬁ
= ||m 1+ I — =
x—>2— cot—
n 2n
. sin(Zn x) T
lim cot(2nx)—2—tan— __1
s sinx-sing "an _ nsin® __
= e 2n = e n —
I\ s m
n—-1 tan(2nx) = 3
_ (1 k  km s =S |
Q=Ilim{ lim E(Cotx) —sin— =lime ™" =—
n—-oo T n n n—oo
™ k=1 \/E

Reference:
ROMANIAN MATHEMATICAL MAGAZINE- www.ssmrmh.ro
ABOUT ARMM INEQUALITY-(XII)

By Marin Chirciu-Romania
1)Ifa,b,c > 0 then:

a 3
S
3b+ Vabs 4
Proposed by Daniel Sitaru-Romania
Solution: Using the means inequality we obtain:

LHS a AM~-GM a Ta . a? Bergstrom
= e — > - = = _ >
Z 3b + Vab® 3p + 4P Z a+27b Z a?+27ab
7

1

. Gt 3
> 2= RHS, where (1) o7 Y (a2+27ab) = 4 it

~
~

(Ta)?
27 Y.(a2+27ab)
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2
@28(2 a) ZBZ(aZ +27ab) &
@28(2a2+22bc)232a2+812bc@282a2+562b62
232a2+812bc@252a2ZZSZbC@ZaZZZbC@Z(b—C)ZZO

Equality holds if and only if a = b = c.Remark: The problem can be developed.

2)Ifa,b,c> Oandle%,ne N,n > 2 then:

a 3
>
Z/w +%apn1 A+1
Marin Chirciu

Solution: Using the means inequality we obtain:

LHS a AM—-GM a na
= _— > _— = =
Z/lb + Yapn-1  ~ 1p + &b Z a+(An+n-21)>b
n

a2 Bergstrom (S a)? (1) 3
Tl G 2 S@rGnennan) = w1 - RHS, where
2
e n S L) S SN n1+1)Ca)?=>3%(a?>+Un+n—-1)ab) &

Y(a?2+(A+n-1)ab) — A+1

@n(/1+l)(2a2 +22bc) > BZaZ +3(/1n+n—1)2bc<:>
@n(/1+1)2a2 +2n(A+ 1)Zbc > BZaZ +3(/1n+n—1)2bc<:>
& (An+n-3)Ya? > (An+n—3) Y bc, which follows from (An + n — 3) > 0, true
from/lzi,n eENn=>2andYa?>Ybceo X(b—-c)?*=>0
Equality holdsif and onlyifa = b = c.
Note: For A = 3,n = 7 we obtain the problem proposed by Daniel Sitaru in RMM 12/2020
Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

THE CONTRAHARMONIC MEAN AND CONNECTIONS

Daniel Sitaru, Claudia Ndnuti — Romania

Abstract: In this paper is presented the contraharmonic mean with properties and a few

connections with the other means.
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Letbe aq,a,,...,a, > 0;n € N*. Define:

Grad+rad

Claq,a,,..,a,)=
( 1, W2, Il n) a1+a2+.”+an

Property 1: In these conditions C(ay, a,, ..., a,;) is a mean.
Proof: Letbe m = min;<;<, a; ; M = MaX;<j<p 4;

a%+a%+...+a%:al.a1+a2.a2+...an.an>

a?+ai+--+a}
>ma, + ma, +--+ma, =m(a, +a, +--+a,), ——L>m (1)
ai+as+-+ap

2 2 2 —
aj+a;+--+a,=a,-ay+a-a,+--+a,-a, <

a?+a3+-+a}
<Ma, + Ma, + -+ Ma, =M(a, +a, +--+a,), ————<M (2)
1 2 n 1 2 n aj+az+.+an

By (1); 2):m < C(ay,a;,...,a,) <M (3)

C(ay, a,,..,a,) =C(a,aq,..,a) = 7;—6;2 =a, C(ay,a,,..,a,) =a (4)

By (3); (4)= C(ay, ay, ..., a,) is amean.

Recall: The harmonic mean: H(a, b) = :L:;, The geometric mean: G(a,b) = Vab

a,a=b
The logarithmic mean: L(a, b) = { b=a__.. . p Thearithmetic mean: A(a, b) = %”
logb—loga’
The generalized mean: M(a, b) = 3/a3;b3, the quadratic mean: Q(a, b) = az-;-bz

Itis known that:
m < H(a,b) < G(a,b) < L(a,b) < M(a,b) < A(a,b) <Q(a,b) <M (5)
Property 2: Q(aq, a,, ..., a,) < C(ay,a,,..,a,) (6)
. ’a{+a§+~-~+a,zl a?+ai+-+a} a?+ai+--+a} (a{+a§+~-~+a,zl)2
Proof: (6) g n = aj+az+-+ay’ n = (ag+az+-+ay)?

(a1 +ap + -+ ap)? <n(a? +a3 + -+ a2)

a?+as+--+a2+2 Z a;a; < n(af +aj + - +ad)

1<i<jsn

(n—1)(a + a3 +--+ai)—2 Z a;a; =0, Z (ai_ai)zzo

1gi<jsn 1<i<jsn
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In these conditions (5) can be written:
m < H(a,b) < G(a,b) < L(a,b) < M(a,b) <A(a,b) <Q(a,b) <C(a,b)<M
Property 3: If x > 0 then: C(xa,, xa,, ..., xa,) = xC(a,,a;, ..., a,)

2, 24 2
Proof: C(xa,, xa,, ..., xa,) = (xa1) +(xaz) an)”
Xa;+xa,++xan

(@ +ai+tal) | dradte+ad

= =x
x(a; +a, + - +ay) a, +a;+--+a,

=xC(ay,ay, ..., a,)

Property 4. C(a,b) = 2A4(a,b) — H(a,b)

Proof: 2A(a,b) —H(a,b) =2- “ZL” _2ab _ (a+b)’-2ab _ a®+b? _ o) py

a+b a+b a+b

Property 5: A(H(a, b), C(a, b)) = A(a, b)
Proof:
2ab + a?+b?

— 2ab+a*+b*> (a+b)> a+b
— a+b a+b — —
A(H(a,b),Cla b)) = S = — = = oy = 2

= H(a, b)

Property 6: G(A(a,b),C(a b)) = Q(a,b)

Proof: G(A(a, b),C(a, b)) = y/A(a,b) - C(a,b) =

a+b a?+b? a? + b?
= > . s = > :Q(a’b)

Property 7: G(A(a, b)H(a,b)) = G(a,b)

Proof: G(A(a, b), H(a, b)) = \/A(a,b) - H(a, b) = |%2.2% = \/ab = G(a, b)

2 at+b

. L(a%b?) _
Property 8: b — A(a,b)
Proof:
2_g2
L(a% b®)  iogb-togaz _ (b—a)(b+a) logh—loga a+b A(a.b)
L(ab) _b=e 2(ogh—loga) b-a 2 &

logb-loga

Property 9:

L(a,b)

= G(a,b)
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Proof:
L(a,b) _ b—a Iog%— Iog%_
11y [logh—loga 1_1
L(a’b) g ga b a
b—a ab
_\/logb—loga'a—b'(_Iogb+|°9a)—‘/a_—G(a,b)
Property 10:

b a
Uap) _ logplogt _ (1 1 1 a?p? _
Proof 3 aizbiz) = biz‘alz = (; - Z) "Tlogbtloga a?-b? (=2logb +2loga) =
_a-b 1 2a®b? (logb — loga) = 2ab _ H(ab)
" ab logb—loga (a—b)(a+ b) o9 oga Ta+p &

Property 11: C(a,b) + C(b,c) + C(c,a) = 3G(a,b,c)

Proof:
C(a,b) = G(a,b) = ZC(a,b) > ZG(a,b) =+ab +Vbc + veca AMéaM
cyc cyc
>3.2|(Vab) - (vbe) - (vea) = 3Vabe = 36(a, b, o)
Property 12

c%(a,b) + c2(b,c) + C%(c,a) > C(a,b) + c(b,c) + C(c,a)
c2(b,c) C(c,a) c(ap) — cbc) Cc(c,a) Cc(ab)

(7)

Proof: Denote: u = C(a,b),v = C(b,c),w = C(c,a)

CITDY) 9 WA TVES YT Y )

cyc cyc cyc cyc cyc cyc
42 L 42y — L 4,2 402 4 042
utw® =2 (6uw)=6 (du*w? + u*w? + utw?) =
cyc cyc cyc

1 AM-GM 1 6
= EZ(4U4W2 + 174},2 + W4v2) > EZ 6. \/(u“wz)“ vt ou? - whv2 =

cyc cyc
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= Z m = ZUBUWZ = Z:(uvw)2 % = (uvw)zzg

cyc cyc cyc cyc
REFERENCES:

ROMANIAN MATHEMATICAL MAGAZINE — www.ssmrmbh.ro

ABOUT AN INEQUALITY BY MARIAN URSARESCU-(XV)

By Marin Chirciu-Romania
1) In AABC, I —incenter, R,, Ry, R, — circumradii of ABIC,ACIA, AAIB. Prove that:

R,\* /(Ry\? [(R\*
(@) +(7) +(Z) =1
a b c
Proposed by Marian Ursdrescu — Romania
Solution: We prove:

Lemmal: 2)In AABC,I - incenter, R, — circumradii of AIBC. Prove that:
A
R, =2R smE
Proof: Using the formula § = i—ﬁ: in AIBC we obtain:

. A A
_IB-IC-BC _ IB-IC-a a _ 2RsinA _2R-2sin-cos;

A

2 -
= = : = = =2R -sin¢
a 4SAIBC 4M 2 - COS% 2. COS% 2. COS% 2

Lemma 2: 3) In AABC, I - incenter, R, — circumradii of AIBC. Prove that:
R,\> 1 4R + 1r\*
2.(%) =3 (5
a 4 P
Proof: Using the formula R, = 2R sin %’ we obtain:

2 2 2
R\ 2R sin4 2R sin4 sin4
— ] = 2 = 2 = - 2 =
Z(a) Z a Z 2Rsina Z 2sinZcos?
2 2
A 2 2
_Z N3 _Z 1 _12 1 _1[1+<4R+r)2]
2sinZcos2 2 cos2 4Lucos22 4 14
2 2 2 2

which follows from the identity in triangle:

1 4R + 1\2
Dii= 1+ ()
coszz p

23| ROMANIAN MATHEMATICAL MAGAZINE NR. 36



Romanian Mathematical Society-Mehedinti Branch | 2023

Let’s get back to the main problem. Using the Lemma the inequality can be written:

1 4R+1)? 4R+7)? ) ) . .

Z[1+( ; ) ] >loe 1+( 5 ) >4 < (4R +r)? = 3p* (Doucet’s inequality)
Equality holds if and only if the triangle is equilateral.

Remark: The inequality can be strengthened.

4) In AABC, I - incenter, R,, Ry, R — circumradii of ABIC,ACIA, AAIB. Prove that:
2 2 2
() + (3 + () =363
a b c 4 R
Solution : Using the Lemma we obtain:

2.3 =3[ (5 |23 raamen =1+ ) =5 )

=3 (5 — %r) which follows from Blundon-Gerretsen inequality: p? <

Marin Chirciu

R(4R+71)?
2(2R-1)

Equality holds if and only if the triangle is equilateral.
Remark: Inequality 4) is stronger than inequality 1).

5)In AABC, I —-incenter, R,, Ry, R, — circumradii of ABIC, ACIA, AAIB. Prove that:
R 2 2 2
(@) +(3) +(2) =3(s-F)=1
a b c 4 R

Solution: See inequality 4) and i (5 - %r) > 1 © R = 2r, (Euler’s inequality)

Marin Chirciu

Equality holds if and only if the triangle is equilateral.
Remark: Let’s find an inequality of opposite sense.
6) In AABC, I —incenter, R,, Ry, R — circumradii of ABIC,ACIA, AAIB. Prove that:

R 2 2 2
(@) (&) +(2) =3(z+7)
a b c 4 r
Solution: Using the Lemma the inequality can be written:

1 4R+1m\%] 1 (4R+71)?| 1 R+nr\ 1 R
4 p 4 T(4R+7)? 4 r 4 r

R+1

Marin Chirciu

2
which follows from Gerretsen inequality: p? > 16Rr — 5r? > %

Equality holds if and only if the triangle is equilateral. Remark.We can write the double
inequality:
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7)In AABC, I - incenter, R, Ry, R, — circumradii of ABIC, ACIA, AAIB. Prove that:

H0-7)=(0) + () () =3le+D)

Solution: RHS inequality:
Using the Lemma the inequality can be written:

1[1+(4R+r>2]sl (4R + 1)? _1(1+R+r) 1(2 R)

— +—
P r

Marin Chirciu

4

4 1+ r(aR+1)2 | T 4

R+1

4 r

2
which follows from Gerretsen inequality: s > 16Rr — 512 > —T(4:++Tr) )

Equality holds if and only if the triangle is equilateral.
LHS inequality: Using the Lemma we obtain:

R,\? 1 AR +1m\% 1 4R+7)?| 1 2(2R — 1)
a 4 p 4 R(4R+7)? 4 R

2(2R-T1)
=2 (M) =2 (5 - Z—T), which follows from Blundon — Gerretsen inequality:
4 R 4 R

2
< %.Equality holds if and only if the triangle is equilateral.

Above, we’ve used Blundon-Gerretsen inequality:
r(4R +1)? R(4R +1)?
————— < 16Rr —5r? < p? < ———— < 4R? + 4Rr + 3r?

Ry, = 6Rr — 5r _p_Z(ZR—r)_ r+3r
Remark: We can write the inequalities:
8) In AABC, I —incenter, R,, Ry, R, — circumradii of ABIC, ACIA,AAIB. Prove that:

1 2r R,\> [(Ry,\> (RN?> 1 R
=326+ () + (9 =56
4 R a b c 4 r

Solution: See the above inequalities.Equality holds if and only if the triangle is equilateral.

Reference:
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

VECTORIAL GEOMETRY-I

By Floricd Anastase-Romania

“In memory of my colleague teacher ION
CHESCA”

Let AABC, I —incenter, O-circumcenter, the

following relationship holds:

__. bAB+ cAC
AA = ————
b+c
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_, bAB+cAC — aOA+ bOB + cOC

Al =— 0I =
a+b+c’ a+b+c
Proof. From 22 =$ S 4B = —SA'C = —Z(4B+BC) = A'B=—-——BC, then
A'C b b b b+c
. c o — — . bAB + cAC
A4 = AB +BA' = AA = AB+ ——(AC—4B) > AA = —— (1)
b+c b+c

How (AI; AA7) are collinear, we must to find x € R such that Al = x(bAB + cAC) and
analogously, y € R such that BI = y(cBC + aBA).

We have: BI = ﬂ+A7;
(Chasles identity) > Al =AB +BI = 4l = y(cﬁf + aﬂ) +4B; (2)

y(a_BTC)+a§;1)) +A4B = x(bﬁ+cﬁ+c§?) & (-1 +ya + xb + xc)AB
= (cx — Cy)E_C)

How, (4B; BC) cannot be collinear, it follows that bx + cx + ay = 1and cx — cy = 0, then

o 1 ;ﬁ_b2§+dﬁ.
Y=Y T u+b+c T a+b+c

Let {I} = AA" N BB' n CC', where AA’,BB’,CC’ internal bisectors of zBAC,2CBA and
LACB.FromA =24 o4 = _brc o4 — _ 2 Thgrefore,
1A BA 1A c 1A a+c

. W+ﬁﬁ:(b+c)ﬁ+aﬁ.

0l =
1+ a+b+c
b+c

From (1),(2),(3),(4) it follows that:

- 5§+gﬁ bOB + cOC
04 = =

1+§ b+c

_, aOA+ bOB + cOC
ol =
a+b+c

Now, let’s proof Euler’s inequality.

Let AABC, I —incenter and O —circumcenter be
origin to position vectors. Then,

—. aOA+bOB + cOC
0l =
a+b+c

Squaring that identity, it follows
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_Rz(az+b2+CZ)—2(abm-0_B)+b65§-5?+ca5?-m)

2
o1 (a+b+c)?
04 0B = 04- 0B - cos(A0B) = R - R2H- — < — gz &
= CcoSs = oR2 = 2
R?(a+b+c)?>—abcla+ b +c) abc
2 — =R?——=R?—-2Rr=R(R-2
ol 2(a+ b +¢)? 2s 4 ( )

bAB+cAC

How, 012 > 0 we get: R > 2r (Euler). Now, squaring identity A] = — e obtain

+c '
—_— — 2

.2 bAB + cAC

@n =\———
a+b+c

b%c? + c?b? + 2bc - bc-cosC _ 2b*c® + be(b® + c? —a®)

Al = G+ o)y = O+ o)

__bc(@bc +b*+c*—a*) bc(b+c—a)(b+c+a) bc-2(s—a)-2s
- (b +c)? - (b +c)? (b +o)?

Y _
Hence: AA —b+cw/bcs(s a)

Now, in AABC suppose that b > ¢ and let
AD —external bisector of £CAB, D € (BC), we have:

AD="" A=) o
b—c b—c
b%c? + ¢?b? — 2b%c? -cos A
AD? = _
(b —c)?
_ 2b%*c* = bc(b* +c*—a?)
B (b —c¢)2 B
_bela* = —-c)*1 _bcla—b+c)la+b—c)
I (b — c)? B

__ bc(2s-2b)(2s—2c) __ 4bc(s—-b)(s—c)
B (b=c)? T (-o?

. -2 _ _
Hence: AD = — \/bc(s b)(s —¢)

InAABC, O —circumcenter, H —orthocenter the
following relationship holds:

a) HA + HB + HC = 2HO

b) 0A+ 0B +0C=0H (Sylvester)
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Proof. Let OM L BC, then M —middle point of [BC]. In AAHA',[OM] is middle line and
AH 1 BC,[AH] —altitude in AABC, 0 —middle point of [AA'], then M is middle point of

[HA']. Therefore, BHCA' —is parallelogram and 2HO = HA + HA'.

Now, from HA’ = HB + HC it follows that HA + HB + HC = 2HO and from 20M = AH,
OA + AH = OH, then OH = OA + AH = OA + 20M = 0A + OB + OC.

In AABC the following relationship holds:
a) OH? = R*(1 — 8 cos A cos B cos ()
b) OH? = 9R? — (a? + b? + ¢?)

abc

O =R? - ————
€) a+b+c

Proof.

Using Sylvester identity: 7, = 7, + 1 + 7 and
squaring, we get:

ST T AT 2 T T T )
Ta 75 = R?cos2C; (u(A0B) = u(AB) = 2u(C)
Tg - Tc = R?C0S2A; 17 - T, = R?cos 2B
Hence:
OH? = 3R? + 2R?(cos2A + cos 2B + cos 2C).

Now, using identity cos 24 + cos 2B + cos 2C =
—1 — 4 cosAcosBcos C, we get:

OH? = R?(1 — 8cos Acos B cos ()

Using Law of cosines, we have:

N
|/

OH? = 9R? — (a? + b? + ¢?).
0B -0C = 0B - 0C - cos(BOC) = 0C(0B - cos(BOC) = 0C - OC' = 0X' - 0X =

=(d —R,)(d +R,) = d®> — R?,whered = 00, and R, = %

a? a? 2

2
If A is middle point of [BC], then 7 - 72 = 0A'2 —“7 =R*—"—-—=R —“7.

—_— — 2 —_ — bz
Analogously, 7, - 75 = R? — % and7; -1, = R? — - Hence,
2 2 2

a c
ﬁz=3R2+2<R2—?+R2—?+R2—?>@0H2:9R2—(a2+b2+c2)
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arZ +bTg+cre 2 2 2
= A B Candfrom7,” =75 =7, =R? 75 -Tc = R?> —

Now, squaring in identity 7; —
aZ —_— = 2 C2 —_ — 2 bz - .
, 417§ =R —?andrc ‘T4 =R —7|tfollowsthat.

abc

Ol?=R? — ——
a+b+c

How OH? > 0, then 9R? — (a? + b? + ¢?) > 0 and a? + b%? + ¢ < 9R? (Leibniz).

Application 1: In AABC, I —incentre, the following relationship holds:

a’ b? c? F
Al-— +BI-—+Cl - — < 12\/Er-<2RZ+—>
3v3

Wq Wp W,

Solution. Using bisector theorem, it follows that:
ab Bl _a c+a

(CBj=—— —=——=
Y™ c+a'Bl, b
c+a
b a+b+c BI c+a BI c+a ..
o = S —=— Similarly,

BBl_BI+181:1+ﬁ:1+ — —
IB BB, a+b+c Wp a+b+c’

Also, — = ——
! IB IB c+a c+a

Al b+c ClI a+b

w, a+b+c'w, a+b+c

2 b? 2 _a*(b+c)+b*(c+a)+c*(a+b)

a
Al -—+ Bl -—+(Cl-— =
Wy wp w, a+b+c

_ (a®b + b%*c + c?a) + (ab® + bc? + ca?)
B a+b+c

Applying Cauchy-Schwarz inequality, we have
(a* + b* + c*)(b? + c? + a®) = (a®b + b*c + c*a)* &

a?b + b%c + c2a < \Ja? + b? + 2 - \Ja* + b* + ¢*

ab? + bc? + ca® < \Ja? + b? + c2 -Ja* + b* + ¢*

2 2Va?+ b2+ c2-Va*+ bt + c*

a? b? c
Al -—+Bl-—+Cl-— <
Wg wp w, a+b+c
Vvaz + b2 + c%-a* + b* + c*

S

But: a? + b% + ¢? < 9R? (Leibniz) and a* + b* + c* < 2(a? + b? + ¢?)?, then

\/a2+b2 +C2-\/a4+b4+c4SBR-\/E(a2+b2+c2);(1)

Now, we want to prove that: a? + b% + ¢ < 8R? + % ;(Nakajima's inequality); (2)
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But: a? + b? + ¢? = 2s?> — 2r(4R + ), then a?® + b? + c? < 8R? +%F &

4 2F
252 —8Rr —2r? < 8R?*+ — & s? < 4R?* + 4Rr + r*> + —
3V3

3V/3

From s? < 4R? + 4Rr + 3r? (Gerretsen), we must to prove that % >r’e % > 72,

From s? > 16Rr — 512 (Gerretsen), itis suffices to prove 16Rr — 512 > 27r? &

R = 2r (Euler). From (1),(2) it follows that:

a? b? c? 3v2R 4
Al+—+Bl-—+(Cl - — < ——- <8R2 +—F> &
Wqa Wp We 3\/§

a? b? c? 12v2R F R
Al-—+Bl-—+C(Cl-— < -<2R2+—);< F)@
Wq Wy We 3\/§

;:
a? b2 c? F

Al-— +Bl -—+(Cl - — < 12\/§r-<2R2 +—)
Wa Wb Wc 3\/§

Application 2: In AABC, I —incentre, O —circumcentre, G —centroid. Prove that:

Zm ZOA ZGA < (a+b)(b+c)(c+a)

cyc cyc cyc
Daniel Sitaru

Solution. From Visschers’s theorem (1902) in any triangle, the sum of the segments that
unite a point M € Int(AABC) is less then, the sum of any two sides of the triangle.

MA+MB+MC<a+bMA+MB+MC<b+c;MA+MB+MC<c+a

(MA+MB+MC)] < (a+b)(b+c)(c+a) e Z MA < 3(a+b)(b+c)(c+a);(x)

cyc

M=A:>ZIA< @+ b)Y+ o)c +a): (1)

cyc

M=0>= ZOA<i/(a+b)(b+c)(c+a);(2)

cyc

M=Gz>ZGA< Y@+ b)(b+o)c+a);(3)

cyc

By multiplying (1),(2),(3) it follows that:

30| ROMANIAN MATHEMATICAL MAGAZINE NR. 36



Romanian Mathematical Society-Mehedinti Branch

2023

Z’A ZOA ZGA < (a+b)(b+c)(c+a)

cyc cyc cyc

Application 3: In AABC,M € Int(AABC). Prove that:

I

[BMC] - MA + [AMC] - MB + [AMB] - MC = 0.

—_— — —

Solution. Let ey, e;, e5 —versors have some direction
with MA, MB and MC, respectively.

Letx = u(m‘),y = u(m) and z = u(/ﬁTB)
respectively.

We have:

[BMC] - MA + [AMC]- MB + [AMB] - MC =0

MB -MC -sinx —, MC-MA-siny —. MB-MA-sinz
2 -MA+ > -MB + > -0C =

How MA = MA -&; MB = MB - &, and MC = MC - &;, we must to prove that;

e;-sinx+e,-siny+e;-sinz=0

Let AA, B, C; such that the sides are parallels with MC,MA, MB and applying Law of sinus,

we get: A;B; = 2R - sinz = A;B; = 2Re; sinz (and analogs).Therefore,

Application 4:In AABC, G € Int(AABC). Prove that if exist the point M € (ABC) such

that: 3MG = MA + MB + MC then G — is centroid.

Solution. Let be the points{D} = AG n BC,{E} = BG N AC,{F} = CG n AC.

Let us denote % =x, % =yand % = z, then applying Van Aubel’s theorem, we get:

AG 1 AG yz+1
—=z+-—=—
GD y AD yz+y+1

Now, from Ceva’s theorem, we have xyz = 1. For all point M € Int(AABC), we have:

— yz+1 — y —
MG=—MD+———-MA=
yzZ+y+z yz+y+1
yz+1 X — 1 y —
= ( MC + MB)+—MA=

yz+y+1\1l+x 1+x yz+y+1
1+x X — 1 — xy —
= . MC + MB + MA
x+xy+1 1+x x+xy+1 x+xy+1
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On the other hand, we have: 3¥G = MA + MB + MC. Therefore, x =y =z=1=
G —centroid.

Application 5: In AABC, u(A) = 90°, M is middle point of (BC), AD —altitude,
AE —internal bisector. Prove that:

AE = () 0+ [1- (57 |28

b+ b+
Solution.
A
B MED c
From bisector theorem, we have % = Cb—E = ﬁ and from b%? = a - CD it follows that:

ac

ME_BE—BM_%‘E_ab+aC—2aC 2a

MD CM—CD b’ _a  2(b+c) 2b%2-—a?
a 2
a’(b —c) a? — a \?2 —,
" o@i—a) (b+o)r ME = (=) MD

) 35 = (55) (4D - )

f— —_— — a
AE—AM:ME:(b+C

) 5 - () |

AE = (—

T \b+c

Application 6: Let A;, B4, C; be projection to centroid G in AABC. Prove that:
a?-GA,+b%-GB, +c?-GC,=0.

Solution.

Let us denote M middle point of BC and AA’ —altitude. We have G4, = gﬂf’
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BUtBA' +A'C = a then, A'C (1+524) = a Hence, 2.5 = —;  Denote 2= = k, it follows
A'c a 480 Ac
that: 44" = 2224¢ — 2¢ 45 + 28 . 4¢
1+k a a
BB'=—— BA+=——-BC, CC'=-—-CB+-—-CA;(BB'LAC,CC' LAB).

c
AC b BA' ¢ AC' b
B'C a'BC' a'AB' ¢

AAA'C~ABB'C =

Now, G —centroid, namely GA, = iA—A-’) =a%-GA, = %(A’C .AB+ A'B - Z?) Therefore,
—_— —_— —_— a —_— —_— b —_— —_—

a?-GA; +b%-GB, +c?-GC, =§(A’C-AB+A’B -AC)+§(B’C-CA+C’A-CB) =

l —_— — -
:§[(a-A'C—b-B'C)AB+(b-B'A—c-C'A)BC+(c-C'B—a-A'B)EZ] =0

Application 7: In AABC, I —incentre, G —centroid. Prove that IG||BC if and only if

b+ c=2a.

Solution. It is well-known that: (a + b + c)MI = aMA + bMB + ¢cMC,VM € (ABC)
Taking M = G and from GA = —%A—A7, GB = —%Eﬁ’, GC = —E_C—F’), where A', B, C" are
middle points of BC, CA, AB respectively. Hence,

(a+b+c)GI = —é(aAA’ +bBB' +¢CC') =
1 —_— —_— —_— —_— —_— —_—
=-3 [a(AB + AC) + b(BA+ BC) + c(CA+CB)| =
1 —_— —_—
= §[(2a —b—c)AB+(b+a— ZC)BC]

So, IG||BC if and only if G, BC have same direction, hence 2a —b — ¢ = 0.
Application 8: In AABC, points P, Q € (ABC) such that ﬁZl—f +yBP + PC = 0 and
Za+aQ—B)+ﬁ= 0,a0,BYERay+1
Prove that A, P, Q are collinearifand onlyifa +y = g + 1.
Solution: AQ + aQB + BC =0 & (AQ + QB + BC) = (a — 1)BQ < AC = (a — 1)BQ
Z@:A_§+F§:X§+ﬁﬁ—5; (1)

BAB +yBP +PC =0 BAB +y(BA+A4P)+PC =0 &
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(B—-y)AB+yAP+PC=0&

(B—y)AB+(y —1)AP+AC =0 &

AP = - (6 - B+ AC) = — (B -AB +1C); @)

From (1) and (2) A, P, Q are collinear if and only if exist A € R such that

AP = 120 & 7= ((g — VB + €)= 2 (AB + 7A€ ) o
=0 e By = o)

a-1=a1-y) T TY=ETL

2
il—y X @{ﬁ—)/:/l(l—y)

Application 9: In AABC; M, E € (AB); N, F € (AC) such that AE = mEB, AF =
nﬁ,ﬁﬁ:pﬁv’and%:%zl;m,n,p,leR*;pi—l,li1;m'p=1-

Prove that: E, O, F are collinear if and only if p = n.

Solution.

M4 NC MA = ANC
MA =—-——AB
= T €
AN = ———AC
1-2

n B

=l
I
[
|~
al
lew)
E

AN — 1 1 .
From (1),(3) we get: A0 = Pre 2. L
From (2),(4) we have: AO = 1,1 miigm  p A nilom
1+p 1-2 m 1+p 1-1 n

1 1 m+1 p A n+1

Ll P Mo e

E, O, F are collinear if and only if . .
1+4p 1-4 m 1+p 1-14 n

nm+1)—Ampn+1)=mn(p+1)QA-1) &

mp=1
n—mpA =mnp —Amn © n(l—mp) =miA(p—n) &=p =n.
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Application 10: In AABC, H —orthocenter, M, N, P middle points of (BC), (CA), (AB)

respectively and A, € (AH), B, € (BH),C; € (CH) such that A _ BB _ G
AjH B{H CiH

Prove that the lines A{ M, BN, C{ P are concurrences.

. . . — —_— = — AA BB
Solution: From Sylvester identity, we have: ry = r, + 15 + 1. Let us denote: ﬁ = ﬁ =
1 1
cCqy J— ﬁ+km 1 — k — — k — k —
—_= = = — + — = + — + —
CiH k,so 1 1+k AT T T AT R e T e

£ H H AlQ —_ P 1 — l —_
Let’s consider the point Q € (A;M) such thatQ—M = l. Hence: 7y = ot m =

N S S S U N S W
_1+l(rA 1+k B 1+krc) 1+l(2r3 ZrC)_

=i+ (o sae) ™ (Tt aae )
1+ 0vk 20+0) T T Urk T2+

2 — k-1 ,— —  —s
= & = —. H rr = —I\1r + 1 + 1~).
1+k  2(1+1) 1 ! k-1 ence, 1o k+1 ( A B C)

k l
+
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METRIC RELATIONSHIPS FOR MIXTILINIAR INCIRCLES AND EXCIRCLES
By Thanasis Gakopoulos-Greece
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AABC: R —circumradii, r —inradius, F —area, K,Q = r,radius of A mixtilinear incircle,
L4R = R, —radius of A mixtilinear excircle.
Plagiogonal system: AB = Ax; AC = Ay, A(0,0),B(c,0),C(0,b)

_c—b-cosA
%1~ T2 sinz A (L) : a
K,(k, k),0(0q,0,),L, (1, 1), b o oS A r,=k-sind;(3);R = YL (4)
%2 =5 sinz 4 (2)
Is(R —7,)? = 0K2? = R? — 2Rr, + r? = 0K2; and from (3) =
i 2 ? k-sinA+k?-sin? A = 0K?
————2->—— k- . = OK?
4 -sin Aa2 2-sinA
k? 'Sin2A+a'k+m: (Ol—k)z +(02 —k)Z—Z(Ol—k)(OZ —k)'COSA
. __ —a+b+c |
From (1),(2) it follows k = Trcosa)? ! (5)
—a+b+c
From (3),(5) it follows r,, = = Crcosa)?
a+b+c tan -
(1 + cos A4)2 Ra=(a+b+c): 1+ cosA ()
From (6),(7) it follows thatR =2a- 1+C05A ;1 (8)
InAK,L M: sm— = 2 and from (8) we get:
4a? 8a3 K,L 2 3
2 = = a-a = —_—
(Lake) (1 +cosA)?- coszg (1 +cosA)3 = ( a ) (1 + cosA) =
3 3

N

KC;La - (1 + iosA)E = Kala = (s(sb—fa))
1_[ (K e ) [(1 +cosA) (L + SosB)(l +cosC) [53(5 = a)(f— b)(s — ¢) -

[](5) - (2 » oo =202

cyc cyc

A A
( tan; Sln;
p=(a+b+c)-—=— 1, —a+b+c 4 1
Ja ( )1+cosA:>_a: . . C‘;Sz - N
bc _ r . 2sin=cos= 1+cosA
r=——o-5in4 a+b+c 2 2
a+b+c
Ta _ (b+c)?—-a? 1 1 T, 1 T, bc
il . 5 —-—=— "= ‘"= —
r 2bc cos?2A 1+c0s24  r o522 1 s(s—a)
2 2
A
( ( ) tan;
R,=(a+b+c) ———=— +b+
a 1+cosA:>R_a:a b+e 1 1 .
r be COSZé 1+ cosA
-sind a+b+c 2
a+b+
a+b+c 1 R, s bc R, 1
_: == ) = = A B C
r  —a+b+c COSZE r s—a s(s—a) r cos?Z-tan> - tan
a
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. Rg _  bc | Ra _ 1 :> Rq s
r (s-a)? Ta tan_- tan£ -
2b2 2, 16R2 3
nra s2-s(s—a)(s— b)(s —0) > nra
cyc
Y a2b2c? - 13
R, = R, = 16R?
1_[ s—a)z(s—b)z(s—c)zﬁl_[ a 6R"r
cyc cyc
1—[&:16R2r-52:> &:i:i
7 16R?r3 T, 712 F?
cyc cyc
Resume:
T, bc R, bc
“2=__" _.(and anal —2—_"" _(and anal
T sGoa) (an Rana 0gs), TGt (and analogs)
s
2= ; (and analogs)
Tq —-a’
nra—16RZ -HR = 16R’r; 1_[—:—:—
cyc cyc cyc
K,L,
'; [s = ] ; (and analogs)
Kolg\ _ , _ B R*F
[1(%2) = (35) s Joat = 2565 =256 57
cyc cyc

Reference:

ROMANIAN MATHEMATICAL MAGAZINE- -www.ssmrmh.ro

ABOUT NAGEL’S AND GERGONNE’S CEVIANS-(VII)
By Bogdan Fustei-Romania

In AABC the following relationship holds:

2b b-c)? _1 .
Sa = 33, < > (and analogs) m, — s, = ngﬂ? < Elb —c|.If b = ¢ we have equality.
b- b- 1
Ifb # ¢ :%<E| |@mal 2C|<E<:>2ma|b—cl<b2+C2

S 2mylb —c| < Ib2 — c?| true from |b? — ¢?| < b? + ¢2.
So, we have a new inequality: % |b—c| =m, —s, (and analogs); (1)

1
EZlb — ¢| = max{a, b, c} — min{a, b, c} = max{a, b, c} — min{a, b, ¢}

cyc
> ) (m, - 54): (2)

cyc

|b - Cl 2 Ng — Ga 3

But |b —elzm,—s, Elb —c|=n, +m, — g, — s, (and analogs);(3)

Adding these up relations, we get:
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max{a, b, c} — min{a, b, c} > % . Z(na +m, — g, —S,);(4)

cyc
Sa;na+ga sza = Ng sza_ga

3
=lb—cl=zn,+mg —g,—
_ga+ma_ga_sa:3ma_29a_sa

3
— |b —c| =2m,
s, (and analogs); (5)

3 3
|b—c| > zma—Zga
Adding these up relations, we get:

max{a, b, c} — min{a, b, c} > % . Z(Sma —2g,—5a);(6)

cyc

cyc

1
max{a, b, c} — min{a, b, C}>— (na+nb+nc)+— Z(ma Ja —

Butn, +n, +n, >s 4——then

/ 2
max{a,b,c}—min{a,b,c}>— s 4——r Z(ma 9a — Sa)
cyc

So, it follows that:

3(max{a, b,c} — min{a,b,c}) > s ’4 — ZR; + Z(ma —9a—54,(7)
cyc
a s

g s? ng 2n, B B
s —na+2raha:>h—é—g h—a,a-ha—Zsr:Z—E
a? n?2 2r
= — +—=(and analogs)

a2 h,
(a+b+c)b+c—a) ((Bb+c)?>—a?
T, =s(s—a) = 2 = 2
a> (b+c)* mnr n2 2r, (b+c)? nr,
a*=(b+c) —4nr; — 4r2 ~ 4rz2 2 h_521+h_a = 4r2  r2
A 7 T, —T
=1 (and analogs)

U Bk
— = =sin“z=>—=
h, 2r

2R h, 4R 2
(b+c)? n2 1,—-1r nr
bc = 1. + 11y T:E_F " + 2
(b+c)2_n§+bc—r2 (b+c)?>—4bc _ni
4r2  h2 r? 4r? " hZ
(b C) (and analogs); (8)

So, it follows that: "“ =1+

(b—c)zz(n +m ga—sa)2 ( +1>
4 9 12
1+(b—c)z>9r2+(na+ma—shl—sa)2 ng _ 9’ +(ng +my — ga — sa)*
4rz 9r? ’ hz — 9r?
So, it follows that:
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na>\/9r2+(na+ma—ga—sa)2. 1 N 1 N 1 1

> —t—t—=—>
h, 3r h, hy, h, 7
9 2 4+ + _ _ 2
na
cyc
a? n? 2ra>9r2+(na+ma—ga—sa)2+ra—r
4r2  hZ  h, — 9r2 r
a? 9t +(ng,+my—gg—Sg)? +9rr, — 972
4r2 — 9r2
a?  9rr, + (mg +ng — gg — 5,)* 92 - Orr, + (Mg +ng — gg — S4)?
4r2 — Or2 "4r2 a?
3 Orr, +(my+n, — g, — 5,)*
22 VOrTa + (g p @ ~9a = Sa) (and analogs); (10)
Summing, we get:
2 > Z\/grra + (ma +ng — ga — Sa)z ; (11)
2 a
cyc
3 2
54 > \J9rr, + (g + my — gq — S)? =
3
E(a+b+c) > Z\/era +(ng+my — gg — Sa)?
cyc
3s > Z JIrr, + (n, +my, — g, — 5,)%;(12)
cyc
s?2=n2+2r,h, = 2r,h, =s*> —n2 = (s +ny)(s +n,)
2r,h 2r,h 2r,h
s—ng, :s:ni =5 =na+s_:_ln6; (and analogs) = 3s =n, +n, +nC+Zs:nc;

cyc

So, it follows that:
2r h,
n, +ny +nc+Z—>Z\/grra+(na+ma_ga_sa)z;(13)

s+n,
cyc cyc
[ 5_a_T, %n
h, 2r h; s+n,
la >\/9rra+(ma+na_ga_sa)2
2r 3r
n, Tq JIrry + (mg + ng — go — 54)2
— + > ;(14)
h, s+n, 3r
iNA = 2si in? 24 1;t 4_T
sinA = 2sin=cos—=;sin? =+ cos?==1;tan- = —
12 2 2 2 2 s
. A A ——F A
) 25|nzcos; cos24 2tan; ) ST,
sind = — S == 5,SINA = ———s? =n§ + 21,h,
sin2>cos?> —5 1+tan?> §°+713
2 2 COSZE 2
1 ng+rf+2rh,  2ng0, +2r,h, gt h,
sind 2sry, - 2s1y, s
So, we have:
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1 ng + hy .
> . = .
SnA> s (and analogs);2F = bc -sin A
2F - 2F(ng, + hy)

= bc =

R ng,+h,
= + = > + - >
sind — S - ZT(na ha),bC 2Rha = 27ﬂ(na ha) = r ha
:>R—T2\/9r2+(ma+na_ga_sa)2
r 3r
3(R—1) 2 or2 + (my + 1y — g — 5% (15)
9R2 — 18Rr + 9')"2 > 9’)"2 + (’)’La + Mg — Gaq — Sa)z’gR(R _ ZT) > (’)’La + My — go — Sa)z

So, we get:
9R(R—2r) > (n,+m, — g, — s,)%;(16)

Now, using: m, — h, > (b :) (and analogs)

a(m, — hg) - (b—c)* (b—=c)* ni

52 2T a2 h2 — 1 (and analogs)
almg, —h,) n:—h2 h? n2 — h?
2r2 = h2 Z oz (mq = ho) 2 a
ha n?l - hczl hz (na - ha) (na + ha)
— — > - >
5z (Ma = ha) 2 — Zsr (ma he) = n.
5 mg —hy, na—ha_na s ma—ha>na L
r ng+ hy h,  h, r ng+h,  h,
So, we get:
s my—h, >\/9r2+(ma+na—ga—sa)2—3r
r ng+h, 3r
m, — h, > JIr2 + (mg +n, — g, — 54)% — 3r; (17)
at h 3s
JOr2+ (mg,+n, — g, —54)% — 3r
Z n, + h Z 3s - (18)
cyc cyc
n2 g2 2 2

s
n2 = s? — 2r hg; h_:h__zra:>2h_a:7_2(4R+r)
a a a

cyc

nﬁ_sZ—Zr(4R+r)_na_ ZnaCBS <a+n§+n§><l+l+l)
Lk, - e \/— N R AV
n 1
Zh_aza'z\/grz+(na+ma_ga_sa)z;(19)
a

cyc cyc

1
Js2—2r(4R+71) > E-Z\/%Z +(ng +my — g, — 5,)%;(20)

cyc

But: s2 < 4R? + 4Rr + 3r? (Gerretsen) =

Ma _ \/4R2 +4Rr + 3r2 — 8Rr — 2r? _ \/(ZR —7)2

h, ~ r2 r2
cyc

n 2R—r1
h—“g - :>3(2R—T)22\/97'2+(na+ma_ga_sa)z;(21)
a

cyc
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Naga(mat+ga)
Wa

naga(Ma + ga) 1 5
- - > — —
2w ™l 2 (b—2c)

We known that: n, g, = m,w,, n, + g, = 2m, and >m2.

1
But: m2 =n,7, + Z(b —-c)? =

\/naga(na + 94)

=Tpl, =2
2w, €cT2

Summing, we get:

2w,

Z \/nagagr::a_F ga) —Tpre = Z(ma - Sa) ; (23)

cyc cyc

na ana+ a 1
Z\/ ’ ( g)_rbrcZg.z(na+ma_ga_sa);(24’)

2w,
cyc

Z \/n“g“("a *90) -1y, = max{a, b,c} — min{a, b, c}; (22)

cyc

cyc

neg.(n, + g,) 1
Z\/ “ aZMja - —rbrc25'2(37%—29:1_5!1);(25)

cyc cyc
r, 1, 1. 2R—7r n, n, n
a c _ _a+_+ c

+ 4+ = >
ha hb h, T h, hy, h,
n,

Na 2 — 5 )2
ha+hb h_3 Z\/9r +(n,+my,—g,—5,)%;(26)

cyc
Reference:
ROMANIAN MATHEMATICAL MAGAZINE- www.ssmrmh.ro

A NEW PROOF FOR EULER’S INEQUALITY
By Neculai Stanciu-Romania

Let ABC be atriangle with angles A4, B, C in radians, R —circumradius and r —inradius.

We consider the function: f:(0,7) - R, f(x) = log (sin g) —logx

1 1 _(sinf+5)(sing-3)

f’(x)Z%cot;—;, flx) =———+—==

- X - X
4 sin? y x? x2 sin? y

Because 0 < sing < ;,Vx € (0, m) itresults f'(x) > 0, so f —is concave on (0, 7).

From Jensen’s inequality we deduce that:
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F) + £(B) + £(©) < 37 () =37 (3)

. A . B . C 3 3 < A . B . C
SIHE-SlnE-SlnE 3 8r 'SlnE'SlnE'SlnE

ABC 27

Using sm— sm— sm—

+B+C>3-Y / /
m=A+B+C>3-VYABC>3" 7R -
3|2r
1> ’f © R > 2r (Euler)

ABOUT TIU-LEUENBERGER’S INEQUALITY

By D.M. Bdtinetu-Giurgiu-Romania
Abstract: This inequality was published by Constantin lonescu-7iu in REVISTA DE

MATEMATICA Sl FIZICA in 1953. Independently F. Leuenberger published in Elem. Math. in
1961 the same inequality. We will call this inequality: TU-LEUENBERGER’S INEQUALITY.
TIU-LEUENBERGER'’S inequality:

In any AABC the following relationship holds:

1 1 1 +3
+-—=>—; (1)
a b c R

Gordon
1 1 1 ab+bc+ca ab+bc+ca 4+/3F V3
Proof. We have: =+ -+ -= = > BTV
a b c abc 4RF 4RF R

Generalization.If m > 0 the in any triangle ABC the following relationship holds

111 W@

am+1 + bm+1 + Cm+1 - Rm+1 ! (2)
Proof. We have:
1 1 1 _ (ab)m+1 + (bC)m+1 + (Ca)m+1 B
am+1 + pm+1 + cm+1 - (abc)m+1 -

_ (ab)m+1 + (bc)m+1 + (Ca)m+1 Ragon (ab + bC + Ca)m+1 GO‘I;iOTL
(4RF)m+1 = 3m(4RF)m+1 =

Gm;ion (4\/§F)m+1 ~ (\/ﬁ)m+1 ~ (\/ﬁ)l—m
= 3m(4RF)m+1 - 3m . pm+1 - Rm+1
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If m = O then (2) becomes (1).
Note by editor: A simple proof for Gordon’s inequality:

In any AABC the following relationship holds: ab + bc + ca > 4v/3F

Gerretsen
Proof.ab+bc+ca=s*>+r>+4Rr > 16Rr—5r>+1r?>+4Rr =

Euler Mitrinovic 2
=20Rr —4r? > 20Rr —2Rr =18Rr > 18- —-sr =
3V3

_12sr _12V3F
== =73
METRIC RELATIONSHIPS IN SAHIN’S TRIANGLE

= 4+/3F.

By Daniel Sitaru — Romania

Abstract: In this article are proved a few metric relationships in a geometrical configuration
created by the mathematician Mehmet Sahin from Ankara — Turkiye.

Theorem (Mehmet Sahin)

Let AABC be an acute triangle and X € Int (AABC) such that XP L BC;XQ 1 AC;
XR L AB;XP = BC;XQ = AC; XR = AB (such in above figure). In these conditions:
1.QR = 2m,, RP = 2my, PQ = 2m,,(m,, m,, m. — medians in the original AABC)

2.[PQR] = 3F,([PQR] - area; F — area of the original AABC)

3 3b 3 . . .
3.my = f;mbr = my = f,(mar,m,,:,mcr - medians in APQR; a, b, ¢ — sides of

original AABC)

4.R* = g : %TC’?,(R*, R - circumradii of APQR, AABC)
3
5.R" < 2. % (r~inradii of AABC)
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6.aR, + bR, + cR. < 9R?(R,, R, R, — circumradii of AXQR, AXRP,AXPQ)

RqRpR

7.R* = aR2

8. L+ L 4L = Matmptmerarbrc o\ . s —inradii of AXQR, AXRP, AXPQ)

r1 2 r3 F
Proof (Daniel Sitaru)
1.In AXQR by cosine law: QR? = XQ? + XR? — 2XQ - XR - cos(m — A)
(ARXQ is cyclic quadrilateral, u(«XRA) = u(XQA) = g)
QR? = b% + ¢% — 2bccos(m — A), QR? = b%? + ¢2 + 2bccos A
b2 + 2 — g2
2bc ’
2(b% +c?) —a?
4 i)

QR? = b% + ¢? + 2bc - QR? = 2(b* + ¢?) — a?

QR? = 4m?2 = QR = 2m,

QR*=14
Analogous: RP = 2m;, PQ = 2m,

2. [PQR] = [XPQ] + [XQR] + [XRP] = > XP - XQ - sin(¥PXQ) +
1 ) 1 .
+§XQ - XR - sin(«XQR) + EXR - XPsin(xRXP) =

1 1 1
= Ebcsin(n —4) +§Casin(n— B) +§absin(n —-C)=

1 1 1
= EbcsinA+§casinB +§absinC =F+F+F=3F
3.Denote: a’ = QR = 2m,, b’ = RP = 2m,,, ¢’ = PQ = 2m,
1 1 1 1
mZI — _(brz +C’2) —Zq'? :_(4m12) +4mg) . 4ma =

a 2 4 2 4

1 1 1 1 1 1
= 2(—(a2 +C2)——b2> +2(§(a2 +b2)——cz)—§(b2 +<:2)+Za2 =

2 4 4
1 1 1 1 1 1 9a?
— 2 2 2 2 2 2 2 2 2 — 9,2 2 —
=a*+c*—zb*+a*+b°—sc*—sb*—zc*+—-a*=2a"+—-a° =——
2 2 2 2 4 4 4
2 _ 9a? __3a . __3b, __3c
My = === mg =—. Analogous: m;,r = M ==
4 R* = arbrer _ 2mg2mp2me _ 2mgmpme _ 8 mgmpmcR
"t T a[por] T 4-3F T gabe T g abc

4R
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5. We will use the known inequalities:
A B C
m, < 2Rc052§;mb < 2RcosZE;mC < 2Rc052§

8 m,m,m_.R 8R A B c
—.—a b e -2Rcos?—=-2Rcos?—-2Rcos? = =

3 abc ~ 3abc 2 2 2
__64R* s(s—a) s(s—b) s(s—c) 64R*s*-F*  64R*s? - F?
~ 3abc bc ca ab ~ 3(abc)®  3-16R2F?-4RF

4R%s? R?s?> RS mitrINovic R - ?R V3R?
= = = — < = =
3-4RF 3R-rs 3r - 3r 2r

B \V3R3 EULER \/3R3 3 V3 R3

= < =
2rR 2r-2r 4 r?
2F
6.R. = XQXR-RQ _ bc2mg __ Gina?Ma _ mg _ Mg _ 2Rmg
e 4[XQR] 4F 4F sinA % a
9R
a-Ra+b-Rb+c-RC=2R(ma+mb+mC)S2R-7=9R
. o 9R .
(The inequality: m, + my, + m, < s known)
2Rmg 2Rmy 2Rm, 3
RaqRpRc _ —q —p ~— ¢ _8R> mgmpyme__ 8 mgmpymcR _ 4
7 2 2 BETTE -3 =R
3R 3R 3R abc 3 abc
1,1 1 _ 1 1 1 _
8. ; + ; + g — T2[XRQ] + 2[XPR] + 2[xQP] —
b+c+2mg cta+2my a+b+2mg¢

b+c+2m, c+a+2m, a+b+2m,
— 4 4 —

2F 2F 2F
_2(b+c+a+mg+my,+m) a+b+c+mg+m,+m
B 2F B F

Reference:

ROMANIAN MATHEMATICAL MAGAZINE — www.ssmrmbh.ro

A SIMPLE PROOF FOR WILKER’S INEQUALITY

By Daniel Sitaru — Romania

WILKER’S INEQUALITY: If 0 < x < gthen:

X \2 X
( - ) + > 2
sin x tanx

Proof: Let be f: (Og) - R, f(x) =2x%+ xsin2x — 4sin?x
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f'(x) = 4x +sin2x + 2xcos 2x — 4sin2x, f'(x) = 4x + 2x cos 2x — 3sin 2x

3sin2x )

f'(x) = 2x(2 + 2x) — 3sin 2x, f'(x) = (2 + cos 2x) <2x ~ 2+c0Ss2x

3sin 2x

sgn f'(x) = sgn (Zx - ) because 2 + cos2x >0

2+cos 2x
3sin2x

Let be g- (O’g) - R; g(x) =2x - 2+cos2x

6 cos 2x (2 + cos2x) — 3sin 2x (—2sin 2x)
(2 + cos 2x)>
2(2 + c0s2x)? — 6¢c0s2x (2 + cos 2x) — 6sin? 2x
(2 + cos 2x)?
8 +8c0s2x + 2c0s? 2x — 12 cos2x — 6¢c0s% 2x — 6sin? 2x
(2 + cos 2x)2
8 —4cos2x +2cos?2x —6 2(cos?2x — 1)?

! — >
(2 + cos 2x)? ') (2 +cos2x)?2 — 0

g'x)=2-

g'(x) =

g'(x) =

g'(x) =
g increasing on (Og) = gx) > Iimx—>8 gix)=0
g(x)>0= f'(x) = (2+ cos2x)g(x) >0
f increasing on (O%) = f(x) > limyso f(x) =0, f(x) >0;(V)x € (Og)
x>0

2x? +xsin2x —4sin>x > 0,x%2 + xsinxcosx — 2sin?x >0

X \2 CoS Xx X \2 X
(M) +x(sinx)_2 = O(m) +tanx =2
Reference:

ROMANIAN MATHEMATICAL MAGAZINE — www.ssmrmh.ro
DINCA’S REFINEMENT FOR IONESCU-NESBITT’S INEQUALITY

By Daniel Sitaru — Romania

If a, b, c > 0 then:

b +b+c)? 3v3(a2+b2+c?) _ 3

a b c > (a ©) > (a C)Z_ (1)

b+c c+a a+b 2(ab+bc+ca) 2(a+b+c) 2

Marian Dinca
Proof:
a b c a’ b2 c¢? BERGsTRoM (a+ b + c)?
+ + = + + =
b+c c¢c+a a+b ab+ac bc+ba ac+bc 2(ab + bc + ca)

DenoteS; =a+b+c;S, =ab+ bc+ca
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2

S
512_252:a2+b2+C2>0,512—252>02>512>252:>x25—1>2
2

(a+b+c)? _ 3,/3(a? + b? + c2?) o St 3/3(5% - 25,)

2(ab+bctca)~ 2@+b+c) 25,5 25
53 > 38, /3(512 —25,),5¢ > 952(3(5% — 255))
S5 2782

§8 > 275752 — 5483, +54>0

S3S,
x3—=27x+54>0x>2>0

AM-GM
x3+54=x3+27+27 > 3Yx3-27-27=27x

x3—27x+54>0
3\/3(a2+b2+cz)>3
2@+b+c)

3(@*+b*+c*)=(a+b+c)

e 3@ +b2+c2)>a+b+c

1
a2+b2+cz2ab+bc+ca,§((a—b)2+(b—c)2+(c—a)2)20

Equality holds in (1) for a = b = c.Observation: If a, b, c are sides in a triangle then (1) can

+ b c 252 3./ 6(s2—12—4R7)
2s—a  2s—-b  2s—c  S2+r2+4Rr 4s

Reference: ROMANIAN MATHEMATICAL MAGAZINE — www.ssmrmh.ro
A SIMPLE PROOF FOR SCHREIBER’S INEQUALITY

By Daniel Sitaru, Claudia Ndnuti — Romania

be written:

ABSTRACT. In this paper it is given a simple proof for Schreiber’s inequality in triangle
published first time in 1935. Keywords: Schreiber, Erdos - Mordell
SCHREIBER’S INEQUALITY: If M € Int (AABC) then: MA+ MB + MC = 6r (1)

Proof.
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MA+ MA" > h,; = MA' > h, —MA (2). Analogous:
MB' > hy, —MB (3), MC' = h, — MC (4)
By Erdos-Mordell theorem: MA+ MB + MC = 2(MA' + MB' + M(C') >

(2):(3):(4)
> 2(hg+hy,+h,)—2(MA+ MB+ MC)

3(MA+ MB +MC) = 2(h, + h, + h,)
MA+MB+MC>2(h +h +h)—2<2F+2F+2F)—
I 7 3\a b c)

_4F ab+bc+ca A4F s*+r*+4Rr

3 abc 3 ARF
= >6reos?+r2+4Rr > 18Rr © s? > 14Rr —r?

By Gerretsen’s inequality: s> > 16Rr —5r2 > 14Rr —r? &
2Rr = 4r? & R = 2r (EULER)
Equality holds for M — center of an equilateral triangle.
Reference:ROMANIAN MATHEMATICAL MAGAZINE — www.ssmrmh.ro

TRIGONOMETRIC INTEGRAL INEQUALITIES
By Floricd Anastase-Romania

Application 1. Ifn € N,n > 2 then:
n 1 “10m ) 1 —1(,m\" -1
m+f(tan (x )) dx > than (x™)/tan1xdx
0 0

Solution.
tanx = x,Vx € [0,1] = tan™1x < x,Vx € [0,1]

(7{/9_6 - tan‘l(x”))2 >0
W — 2Wxtan"1(x™) + (tan‘l(x"))2 >0
W + (tan‘l(x"))2 > 28/xtan~1(x™) = 2/ tan~1x tan"1(x™)

f%dx + f(tan‘l(x”))zdx > 2[ Vtan=1x tan~1(x™)dx
0 0 0

n
n+2

1 1
+ f(tan‘l(x”))zdx > 2[ tan"1(x")Vtan-lxdx:n € Nyn > 2
0 0

Application 2. If a > 1, then:

fml( tg(x+ 1)) dx < In [ 21CH9 @+ 2) t ( ! )
. nlarc g(x ) x=in arctga+1(a+ 1) arctg a?+3a+3
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Solution. Let f: [a, b] - [f(a), f(b)] invertible and with derivative continuous. Then:
b f(b)
f fde+ [ F1(y)dy = bF(b) — af(a)
a f(a)

Let f:[a,a + 1] - [f(a),f(a+ 1)] f(x) = ln(arctg(x + 1))

fi) =tgle”) -1
ln(arctg(a+2))

a+1
f In(arctg(x + 1)) dx + f (tge? —1)dy =
a ln(arctg(a+1))

= (a + 1) In(arctg(a + 2))

—a ln(arctg(a + 1)) = ln(

arctg®(a +2)
2 (1)
arctg®(a +1)

a+1 arctga+1(a + 2) ln(arctg(a+2))
f In(arctg(x +1))dx = ln( > - f (tge” —1)dy
a arctga(a + 1) In(arctg(a+1))
~tg(e?) =eY
ln(arctg(a+2)) ln(arctg(a+2))
f (tge? —1)dy > f (e” —1)dy =
ln(arctg(a+1)) ln(arctg(a+1))
= elnarctg(a+2)) _ plnarctg(a+l) _ (In gretg(a + 2) — Inarctg(a + 1)) =

Inarctg(a + 2))

= + - + h
arctg(a +2) — arctg(a+1) ln(lnarctg(a"'l)

Inarctg(a + 2)

1
= arctg <a2 + 3a + 3) ~ln (lnarctg(a + 1)) 2
From (1),(2) it follows that:

a+1
f ln(arctg(x + 1)) dx <
a
tg**t(a+2 l tg(a+2 1
<lIn <arc 9°" (a )> + ln( narctg(a )) —arctg (—)

arctg®(a+1) Inarctg(a + 1) a’?+3a+3

i 1)) de < [T @* D) 1
fa nlarctg(x +1)) dx < In arctg®i(a+1)) arctg (m)

Application 3. Ifa, b > 0, then:

f dx __ 1 B,y (b)
(x + 1)(a%cos?x + b2%sin2x) ab(m+ 4) Ta an - \a
0

Solution: Theorem (Bonnet-Weierstrass):
If f:[a, b] - R decreasing function of C'class and g: [a, b] — R continuous function, then
3¢ € [a, b] such that:

b c b
f F()g()dx = f(a) f g()dx + £ (b) f g(x)dx

Proof: Let h: [a, b] —:ZR, h(x) = f(x) — f(bsl decreasing and hc(x) > 0,Vx € [a,b].

From second M.V.T. 3c € [a, b] such that:
b

f 9(Oh(x)dx = h(a) j 9()dx

a
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b c
[ 9@ = F@)ax = (F@ - 10D [ g
b
[ regtodx=
b . c c b
= 10 [ gGax+ F®) - f@) [ 9ix =@ [ 9@ax+76) [ gax

g.e.d.
< Othen fis

Let £,9:[0.%] - R g(x) = SO = f' )=~

decreasing.

a?cos x+bzsm x 1)2

6= | x

a’cos?x + b?sin?x
_f 1 dx _1f dt —1t _l(btanx)+c
) a% + b%tan®x cos’x  b> (E)z 42 “ap " a
b

Then3c e [O,ﬂ for which:

f(x+ 1)(a?cos?x + b?sin?x) = f(0)(G() - 6(0)) +f( )(G(b) G(c)) =

1 btanc 1 1 b b
=—tan! ( ) + tan1——tan™? ( tanc) =
- + 1 ab a a

1

b b
= (ntan 1 (— tanc) + 4tan‘1—)
ab(mw + 4) a a
1 1 b b b m b
vtanTtx < x,Vx >0 - tan ‘|(—tanc|<—-tanc < —tan—=—
a a a 4 a

Lk

dx _ 1 1 b 1 b
J (x + 1)(a?cos?x + b2sin?x)  ab(mw + 4) mtan (E tanc) + dtan (5) =
1 b 1 b
—ab(n ) n + 4tan” (a)
Application 4. Prove that:
1

tan 1x 3
f dx =log,(vV2 — 1) leog(sinx) dx
g xV1— x? 0

Solution.

k=12,..,2n the roots of the unity.
km km

n-1 g kT _ Vn
k=1SM " =03

= — 4+ isin — =
X, = cos o isin o k=12, ..2n
2n X12=*1-T00tSs n-1
r-1=]Ja-x 2 @ -] [e-we-w)
k=1 k=1
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n-1
km
=(x?-1) 1_[ <x2 - 2XC057 + 1)
k=1

n-1

2n-2 2n—4 2 kn x:1
= x2M=2 4 42n—4 4 4y +]_:| | x% —2xcos— +1
n

k=1
n—-1 n—-1
km km
n= | |<2—2COS—>: | |<4sm —)
n 2n
k=1 2 k=1 ( 1
T T n—1m
— 92(n-1) . - T e
n=2 - sin? > - sin? 2n .. Sin _12n
T 2m (n-Dn km  vn
n— _ _ . = N — =
21 . gin o - sin o sin o= =vn= | |sm = on

k=1
5 1" (!

f log(sinx) dx = —f log(sinx) dx = Ef log(sinmx) dx =
0 0

iy 3t (sn7) = 2] ') -
= Mg 2,10\ ) = M aatoa | |y )=

s <\/ﬁ> m . logvn— (n—l)logZ s
log

" 2n 09 \2n1) T 20 n gl

FO) tan~lxy p () fi dx 2 x
= | —=dx=>F'(x) = =
y J x 1 — x2 o (1+x2y2)1/1—x2 o 1+y2cos?t

1 < tant > T
=———tan?! = =
J1+y? J1+y? 21+ y2
1
T tan~1x T
= — 2 - - .
F(y) 2log (y+w/l+y )+ C,O xmdx Zlog(1+\/§), 2)
From (1), (2) we get:

! 1
tan™"x

J xV1 — x2
Application 5. 1f0 < a < b < Z then:
3(b— a)./4(a+b f
\/4(a + b) — sin4(a + b) VY1 = cosdx

Solution.

dx = log,(v2 — 1) leog(sinx) dx
0

/4
< cot (2a) — cot (2b) + 1

f: (Og) - R, f(x) = 1 — cos4x —continuous

1 4 7
9:(0,0) - (0,0), g(x) = % =x73,9'(x) = —ix'E <0,g"(x) = %x'E >0=
g —convex function.Applying Jensen integral inequality, we get

o522 rove) 52 e T L
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b
1 = =
\/ f 1- Cos4x)dx a B C054x

b
— <[
3 L(b _ sin4b— sm4a 3 1— cosdx
b—a a— a
b
b—a f dx b—a f
L=
\]1 __ 1 sin4b—sinda o i/l — cos4x 3\]1 1 sin2(b— a)cosZ(a+b) 2 3\/ 1 — cosdx
b—-a 2 -

sint T tcost sint
u(t) = T,t € (O,E) >U (t) = n_t—z
v(t) = tcost — sint = v'(t) = —tsint <0,Vt € (O’E) =>v(t)<v(0)=0

>u'(t)<0=>u(t) = %"t —decreasing = Si:?;:‘;;’) < Si:(zlfb;;)

1 sin2(b — a)cos2(a + b) <1 1 sm2(b + a)cos2(a + b)

2 b—a 2 b+a /(%)
b—a _
3 1— 1 sin2(b—a)cos2(a+b)
2 b—a
b—a () b—a

3 sin2(b—a) T3 __ sin2(b+a)
\]1 BT cos2(a + b) \]1 ra) cos2(a + b)

_ b—a _ (b — a)i/4(a+ b)

311 — sin4(a+b) i/4(a +b) — sind(a + b)
4(a+b)

(b —a)i/4(a + b) <f . )
i/4(a +b) —sind(a+b) J V1 = cosdx’
1 1 AGM 3 1 6
1+ + — > - = =
cos?x sin2x sin?xcos?x i/2(4sin2xcoszx)
6

\/25m22x V1 = cosdx
b b

1 1
+ +
6[\/ 1 — cosdx fdx fcos xdx fsinzxdx <

a a

< 1[(b —a) + (tanb — tana) + (cota — coth)] <

b
f3\/1 —cosdx ©
a

1
< 5 (tanb — tana) (1 +

tana tanb 12

T 1 (sinb sina) 1+tanatanb =«

1
- 4+ —=Z _
tana tanb) 12 6\cosb cosa
1 sm(b — a) cosa cosb + sinasinb w

+ -
6 cosa cosb sina sinb 12
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1 4sin(b —a)cos(b — a) L 1 25m(2b 2a) L

" 6 4sina sinb cosa cosb 12 6 sin2a sin2b 12
sin2b cos 2a — sin2a cos2b T« 1 (cosZa COSZb) T

1
- _. + - — — =
3 sin2a sian 12 3\sin2a sin2b 12
T
=3 (cot2a — cot2b) + IR

3[ i/% < cot2a — cot2b + —: (2)
From (1), (2) it follows thaat:
3(b - a)im - 3[ X
J/4(a + b) — sind(a + b) J V1 = cos4x

< cot (2a) — cot (2b) + %

sinx 1+ tanx

Application 6
cotx 3 I
f dx > — /— log3
J sinx + cosx N3
6
Solution.
3 1 1 Ceb):fhev
= S ®
%

cotx
J sinx sinx + cosx cosx
s

,g()—

Let £, g: E%] - R f(x)= — decreasing functions.

sinx

5
3 tanx= tdx—dtz
l 1+t
et f
J 1+tanx (1+t2)(1+t)
6
V3 V3 \/5
14 dt+lf 1o 1[ ‘ dt—l(”+l 3)
T2) 1+t T2 1T T 2) 12 T 208 °9
nﬁ i V3 Ng
3 3 x 7
1 1+ tan= = 1++/3
,—dx=f—2dx—lo tan— 3 = >
nfsmx ) 2tan> gt )g 933
E 6

f cotx >3 l(n+l 3)[ 1+\/_AM>GM3 103
nsmx+cosx X=n 23"y 093 V3 7N3 9
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Application 7.
z
in (2 2—-+2
f sin (2x) gy < \/_(
/4

sinx + cosx

log2 + )
og >
0

. 1 . . . T
Solution.Let f(x) = Py~ decreasing and g(x) = sinx increasing on [O’Z]
Applying Cebyshev’s integral inequality, we get:

2

tanx= tdx——z 1
CcOSX 1+t
fsmx + Cosx f 1+ tanx f 1+ tz)(l + t)
O 1 : l : l
T
= — — — + —
2 f *3 f ~ 4 (1092 2)
0 0
4

sin2x ] cosx 4
dx =2 | sinx  ——dx < 2— sinxdx
sinx + cosx sinx + cosx T 1+ tanx tanx
0 0

0

2-42 T
< (logZ + E)
Application8. Ifr<a < b < 37" then:
b (1+sirf (sinx))uclm . (1+sin (cosx))m
sinx CcOoSsx dx < b —a
. (1 +sin(sinx))sinx + (1 + sin(cosx))cosx ~ ~
Solution:
Lot ( 3n) R FGo) =1 ( ) ) = cosx x% —sinx — 1
=] - = == R Y2 RrT
etf:\m 2 Jlx °9\1T ¥ sinx fix x 1+sinx’f () x2(1 + sinx)

Let h(x) = x? —sinx — 1,h'(x) = 2x — cosx,h"'(x) =2 +sinx > 0;Vx € (n,3—n)

W) > h(m) =2r+1>0= h(x) > h(r) > 72 —1 = f"(x) > 0; Vx € (n%”)

sin?x + cos?x - sinxf(sinx) + cosxf(cosx)
U d
sinx + cosx |~ sinx + cosx

sinx sinx cosx cosx
1 lOg ((1+sin (sinx)) (1+sin (cosx)) )
log <

(sinx + cosx)(1 + sin ( ) B sinx + cosx

sinx+cosx

Hence,

sinx cosx
1 + sin(sinx) \sinx+cosx (1 + sin(cosx))\sinx+cosx
- 7 - 7 <
sinx CcOSX
convex

. -
sinx is for xe(n,—)

1 2
< (sinx + cosx) <1 + sin (—)) <

sinx + cosx -

) sinx - sin(sinx) + cosx - sin (cosx)
< (sinx + cosx) {1+ -
sinx + cosx
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<1 + sin(sinx)>mﬁ <1 + sin(cosx)>1+ﬁ 3
sinx cosx

< (1 + sin(sinx))sinx + (1 + sin(cosx))cosx
(1+sin (sinx))mﬁ . (1+sin (cosx))mﬁ

sinx CcoSX

(1 + sin(sinx))sinx + (1 + sin(cosx))cosx ~
Application 9.
If0<a<b<1,then:

4
a + bsinx

1 w1 2
b e f— 1
b + asinx b + asinx 4\b 2b+avz
0 0
Solution. Let:f,g: [O’%] N R,f(x) — a+bsinx ( ) _

b+asinx’

T

derlvable with

(bz—az)cosx acosx

f'(x) = Grasm? 0,9'(x) = m <0 - f is mcreasmg and g decreasing
Chebychevis * a + bsinx a + bsinx ,
N f * O
b + asinx b+ asmx (b + asmx)2
0 0
_ * -+ bsinx _b 4%—b+(b+a5mx)d _
f (b + asmx)2 Ef (b + asinx)? x=
0 0
: :
_a*—b? f f .
(b + asmx)2 b + asinx @i0)

Lett =2t _,_@7b ),
= = —— -
© b + asinx a\b+ asinx b(b + asinx)? x

T

_ f a® —b? f
a) b+asinx (b + asmx)2 (iid)
0
e i1 A2
From (ii), (iii)we get: I = b+ asinxl, b 2p+ras>
. a + bsinx

So: p f 1 p >7T 1 V2
0 b+asine " ) b+asine = 4\p 2b + a2
0 0

Application 10. 1f0 < a < b < 7, then:

b x sint
1 fO 1+cost a lng
f l (1+smt) dt dx < b fal (1+smt) dt
09 1+cost 1+cost
Solution:
u n

. sint (—cost)’

Flrst:f—dt = | —————dt =log2
1+ cost 1+ cost

0
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Let functions:f, g'[ E] - R, f(x) = 2

1+cosx '

FG) = f FGx,9() = tog (Toos) and 6 = [ gG)ax
How: F""(x) = f'(x) = ch-osx > 0,

1+ cosx + sinx

G"(x)=g'(x) = (1 + sinx)(1 + cosx)

F,G are convexe— V71 € [0,1] and p, g € R such that:

X
F(@=)p+19) < (L=0)F(p) +7F(q)forp = 0. = x5, 7 =2, <x, >
2

()

>0,Vx € [o,g] 5

F(x1) F(x2) F( ) ;

is increasing (analogous —=is |ncreasmg—> — decreasmg)

X2

Applylng Chebyshev s inequality, we get:

b b
F(x) F(x) «x 1 F(x) X F(b) a
fG(x)d f x G(x)dxsb—a'f x dx'fmdxs(b a): b G(a)
<g_F(§):g_ log2
=7 G(a) b foalog(1+5int)dt

1+cost

Application11. If0 <a < b < gthen:
f b tan(sin x) tan(cos x) sin?(sin x)
, tanxtan(cosx) + tan(sin x) sin2 x
Solution.
tan(sinx) tan(cosx)sin?(sinx) _ tan(sinx) tan(cosx) sin?(sinx)
(tan x tan(cos X) + tan(sin X)) sin? x sin x tan(cos x)+cosx tan(sinx) .sin2 x

CosXx
_ tan(sin x) tan(cos x) cosx sin*(sinx) )
"~ sinx tan(cos x) + cos x tan(sin x) sin? x ’
Now, from Maclaurin series expansion for f(x) = tanx, we have that:

tanx > +x3+2x 17x7
anx =x+¥=+795 7315

Hence
x3 2x% 17x7
_ 42 _ > — x2 - 4 — — =
(B—x*)tanx —3x > (3 x)<x+3+15+315> 3x
X

3 + +6x 51x7 3, 5+2x7+17x9 3 =
R T T XT3 715 T 315 =

x3(21 + 9x? — 17x%)

d >5t _1<sinb—sina)
x_3 an 1+ sinasinb

>0,(83—x?)tanx > 3x,Vx € (O,g)

315
For x - sinx and x — cos x it follows that:
sinx cosx 3—Sin2x+3—0052x 5 vr (O n)
tan(sinx) tan(cosx) ~ 3 3 —3 7 '2
sin x tan(cos x) + cos x tan(sin x) <3 e (O n)
- = 'y St
tan(sin x) tan(cos x) =5 ¥ 2
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tan(sin x) tan(cos x) 5 (@)

sinx tan(cosx) + cosx tan(sinx) — 3

T .
X € (O’E) >tanx > x @ SiNx > xCoSx

sin?x > x2cos?x = sin?x > x%(1 —sin? x) = sin? x (1 + x2) > x?
2
X

2
sin?x >
1+ x2

Putting x = sin x it follows that:
sin? x sin?(sinx) 1
- > — > -
1+sin?x sin2 x 1+sinZx
cos x sin?(sin x) COS X
— > ——(3)
sin? x 1+sin‘x
From (1),(2) and (3) it follows that:
b - - 2 -
f tan(sin x) tan(cos x) sin?(sin x) f COS x
tan x tan(cos x) +tan(sinx)  sin?x = 3] 1+sinzx

sin?(sinx) >

smb—sma)
1+sinasinb

5
= §tan‘1(5|n x)|2 = —(tan‘1(5|n b) —tan~(sina)) = §ta n-! (
Application12. If0 < a < b <3 = then:
f” <(2 + cos?x)? (2 + sin? x)2> cos x sin?(sin x)
a

dx > 21tan‘1< sinb — sina )
- 1+sinasinb

cos?(sin x) cosZ(cos x) sin2 x
Solution.
Forx € (Og) = tanx > x = Sinx > xCOSx

sin?x > x2cos?x = sin?x > x%(1 —sin? x) = sin? x (1 + x2) > x?
2

2 > X
sin? x >
1+ x2
Putting x = sin x it follows that:
s .
sin? x sin?(sin x) 1
o
sin“(sinx) > - > — > -
( ) 1 +sin? x sinZ x 1+sin? x
005x5|n2(5|nx)> COS X )
sin? x T 1+sin?2x’

Now, from Maclaurin series expansion for f(x) = tanx, we have that:

. > +x3+2x 17x7
anx =x+¥=+795 7315

Hence

x3 2x5 17x7
— 2 — > _ 2 - - _
(B—x*)tanx —3x > (3 x)<x+3+15+315> X
X

6x° 51x 5 2x7  17x°
=(3x+x3+— X3+ —=—+—+ —3x =

15 315 3 15 315
x%(21 + 9x? — 17x%) -
315 -
Hence,
2 T 3x T
(3—x2)tanx > 3x,Vx € (0 2) o tanx >z vx € (o 2)

Integrating (1) we have:
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x * 3t 3
f tantdt > f > dt = —log(cosx) = — = (log(3 — x?) — log3)
o s 3—t 2

2\ 3

Coszxs<3_x> ,VxE(O,g)@M>9+3x Vxe( ) (2)

3 cos? x
From (2) we get:
(2 +cos?x)? (2 +sin?x)?
. + > 9+ 3sin?x + 9+ 3cos?x = 21;(3)
cos?(sinx) cos?(cosx)
From (1), (2) and (3) it follows that:

(2+cos?x)? (2 +sin?x)?\ cos x sin?(sin x) - COS x
cos?(sin x) cos?(cos x) sin? x - 1+sin?x
Therefore,

cos2(sin x) cos2(cosx) sin? x 1+sin2x

fb <(2 + c0S? x)? . (2 + sin? x)2> cos x sin?(sin x) > 21 f cosx

sinb —sina
— ~1(ci b — ~1(ci  tan—1(ci — - (2o —siha
21tan~1(sinx)|2 = 21(tan~1(sin b) — tan~1(sina)) = 21 tan (1 PP b)

Application13. If0 <a < b < gthen:
f” cos x dx 1 <b(ab + sin a)>

. (a? +sin? x)(b? + sin? x) 2ab(a + b) 08 a(ab + sin? b)

Solution.

(a? + x?)(b? + x?) = a?b? + (a® + b?)x + x* AMg;M a’b? + 2abx? + x* =
= (ab + x?)?; (1)

(a? + x2)(b? + x?) = a?b? + x* + (a? + b?)x? AMZGM 2abx? + (a? + b?)x? =
= (a+b)*x*(2)
Multiplying (1) and (2) we obtain:
(a? + x2)(b? + x2) = (ab + x?)(a + b)x
Hence,

1 < 1 _ 1 (1 X )
(a? + x2) (b2 +x2) ~ (ab +x2)(a+ b)x ab(a+b)\x ab+ x?2
Putting x = sin x it follows that:

1 < 1 (1 sinx )Vxe( )(1)
(a? +sinZ x)(b2 +sin2x) ~ ab(a+ b) \sinx ab + sin?
COS x < 1 (COSx_ S|nx003x)
(a? +sinZ2 x)(b?2 +sin2x) ~ ab(a+ b) \sinx ab +sinZx
Hence

f cosx dx f COS x f Sin x cos x
. (@? +sin?2x)(b? +sin?x) — ab(a+b) sinx dx — ab(a+Db) ), ab +sin?x

log(sinx)|2 — log(ab + sin? x)|b =

2ab(a + b)
(log(sin b) — log(sin a) — log(ab + sin? b) + log(ab + sin? a)) =
1 <b(ab + sin? a)>

= 2ab(a + b) °%\ a(ab + sin? by

_ 1
"~ ab(a +b)

~ 2ab(a+ D)
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Application 14.1f0 <a < b < gthen:

. . . 2 . .
b /cot? x sin*(sin x) + sin? x _,( sinb—sina
—— — dx=tan " | ————
. \ cosxsin?(sin x) + sin? x 1+ sinasinb

Solution.
Forx € (Og) =S tanx > x = sinx > xCoSx
sin?x > x2cos?x = sin?x > x%(1 —sin? x) = sin? x (1 + x2) > x?

P x?
sin?x >
1+ x2
Putting x = sin x it follows that:
) ) sin? x sin?(sinx) 1 cos x sin?(sin x) COS X
2
sin?(sinx) > —— > —— > —— = — > —
1+sin‘x sin? x 1+sin4x sin? x 1+sin?x
u2+v2\2

fu,v> Othen(uw ) > uv

cos x sin?(sin x)

Puttingu =

2

— andv = 1, we get:
Sin x2

cos? x sin*(sin x)

+ 1 - 2 -
Sin*x ., cosxsin (sinx) -
cos x sin2(sin x) = sin2 x
— > 7 +1
sin? x

cos x sinZ x sinZ(sin x) + sin* x sin? x
. . . 2 . .
cot? x sin*(sinx) + sin? x - cos x sin?(sin x)
cos x sin2(sinx) + sin? x sinZ x
Therefore,
. . . 2 . .
b /cot? x sin*(sin x) + sin? x bcosxsin?(sinx) = (O
— — x = — dx >
2 \ cosxsinZ(sinx) + sin? x a sin? x
b cosx _,( sinb—sina
q 1+sin?x 1+sinasinb
Application15. If0 <a < b < gthen:

. . 2 . .
b/ cos? x + sin*(sin x) _,( Sinb—sina
- — dx =tan™ (————
o \sinx (cosx + sin?(sin x) 1+ sinasinb

< cos? x sin*(sin x) + sin* x >2 _ cosx sin?(sin x)

Solution.
Forx € (Og) =S tanx > x = sinx > xCoSx
sin?x > x2cos?x = sin?x > x%(1 —sin? x) = sin? x (1 + x2) > x?
2

in2
sinx >
T 1+x2
Putting x = sin x it follows that:
g .
sin? x sin?(sin x) 1
o
sin?(sinx) > - > — > - =
( ) 1+sin?x sin? x 1+sin?x
cos x sin?(sin x) _ _ Cosx )
sinZ x ~1+sin2x’
u24p? 2 sinZ(sin x)
If u,v > 0 then ( — ) > uv and foru = cotx,v = ——, we get:

(1)
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) 4 2 cos?x + sin?(sin x) 2
< cos? x + sin*(sin x) > N e 7 x
- - 2 - - . 2 .
sinx (cos x + sin?(sin x) cosx . sin®(sinx)

sinx sinx
. . 2
sin?(sin x)

cot? x + — sin?(sinx) cosxsin?(sinx) (U cosx
= sin’ x > cotx - ( ): (sin x) >

cot x + SnZ(sinx) sinx sin? x ~ 1l+sin?x
sinx

Therefore,
b/ cos?x +sin*(sinx) |\’ b cosx sinb —sina
o \sinx (cosx + sin?(sinx) q 1+sin?x 1+sinasinb
Application 16. If0 <a < b < gthen:
b (1 + xsin% x)(1 + x2 sin x) 1+tanb
f - dx = log (—)
(1 +sinx)(1+ x)x2cos?2x 1+ tana
Solution. Let f: (O,E) - R, f(x) =sinx + sinxtan x — x then,

: .
_1=+7cos (%_x) + CS('J'QZXX —1>0;Vx € (0,%)

a

f'(x) =cosx +sinx + S x
X) = X X
cos2 x

Hence,
sin x 1

X = 1+tanx;vx€(o’g)

Lemma. For all u, v > 0, holds:
(u? +v)(v? +u)
> uv
1+u)(1+v)

Proof.
w? +v)(w? +u)
A+uw)@A+v)
W+t +vi+ruw s w@+ru+v+ur) © ud +v3 > udv + uv?
u+v)(u—v)?=0;vu,v >0
Now, letu = sinx,v = %then,
X 5 .
1+ x_sm x)(A + x?%sinx) > sinx > 1 vx € (O,n)
(1 +sinx)(1+ x)x2cos?x X 1+tanx 2

>uwwe W+v)W+u)>uw@+uw)(@+v) e

Therefore,

b(1+ xsin?x)(1+ x?sinx) | <1+tan b)
o @ +sinx)(1+x)x?cos?x o9 1+tana
Application17. 1f0 <a < b < gthen:

b (cot? x + sin2(sin x))(cot x + sin*(sin x)) 1 1+sin?b
7 dx > -1 T o2
a (1 + cot x)(1 + sinZ(sin x)) 2 1+ sin2a
Solution. We have: tanx > x > sinx;Vx>0=sinx > x-cosx,Vx>0>
2 in2
. ) X sin? x
sin? x > x?-cos?x,Vx >0 = sin?x > Vx>0=> > Vx>0
1+ x2 X (1+ x2)
sin?(sinx) sinx
- = - Vx>0
sinx 1+sinZx

Let u = cotx, v = sin?(sin x) then,
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(cot? x + sin?(sin x))(cot x + sin*(sin x))
(1 + cotx)(1 + sin%(sinx))

> cotx - sin?(sinx),vx >0
Therefore,

b (cot? x + sin?(sin x))(cotx + sin*(sinx))
f (1 + cotx)(1 + sin2(sinx))
- f”sinx cosx llog <1+ sin? b>
- 1+sin?x 2 1+sin?a

a

b
dx zf cotx - sin?(sin x) dx >
a

a
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ROUTH’S THEOREMS REVISITED
By Neculai Stanciu-Romania

ROUTH’S THEOREM (I)

’ ’ ’ __Efi __EE: __éfi
Let AABC A’ € (BC),B' € (CA).C' € (AB),x =y =0 2= o,

If we denote with [XY Z] the area of triangle XY Z, then:

xyz+1

A'B'C'] = - [ABC
WEBCI= D+ Der D 4B
A
. N\ B’
-_.. L . " _C
B Iz
Proof BA' =% cB' =2 4c' =2 ac=-2 BAa="2 c'B=-°
x+1 y+1 z+1 x+1 y+1 z+1
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[A'B'C'] =[ABC] —[A'BC'] - [A'CB'] — [B'AC'] =

A'B-C'B-sinB  A'C-B'C-sinc B'A-C'A-sinA _

= [ABC] — > 2 2

B acx -sin B aby -sinC bcz-sinA

= [ABC] - 2+ D(z+1) 2+ +1) 260+ D(Ez+1)

B X y z =

= [ABC] (1— (X T l)(Z"‘ 1) - (X + 1)(y+ ]_) B (y+ l)(Z+ 1)) =
xyz+1

TGFDG+DGE D HAE

ROUTH’S THEOREM (I1)

4 4 ’ — B_A' _ C_B' _ A_C'
Let AABC,A’ € (BC),B’ € (CA),C’ € (AB),x = Y 2T op
AA'Nn BB’ ={A"},BB'nCC' ={B"},CC' n AA’ = {C""}
If we denote with [XY Z] the area of triangle XY Z, then

(xyz - 1)

[A'B'C'] = y+x+1D)z+y+D(zx+z+1)

-[ABC]

ProofBA' =2 ¢cB' =22 Ac' =L ac=2BA="2 ¢cB="-
x+1 y+1 z+1 x+1 y+1 z+1

AA" [ABA,]_AA" BA’' [ABC]_AA” ax
AA'  AA" BC T AA (x+Da

[ABA"] = -[ABC]

By Menelaus Theorem for AAA’C with transversal B’ — A" — B’ we deduce

AB' BC A 1 x+1 AA" _ AA'  xy AN x+1

. . =l =le = = =
B'C BA" A"A y x A'A A"A x+1 AA xy+x+1

x+1 ax
xy+x+1 (x+1a

[ABA"] = [ABC] = ﬁ -[ABC]

y+x

Analogously, we obtain [BCB''] = —2— - [ABC];[CAC""] = —2— - [ABC(]
yz+y+1

zx+z+1
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[A"B"C"] =[ABC] — [ABA"] —[BCB"] —[CAC"] =

_ (xyz —1)?
T (y+x+1)Ez+y+D)(Ex+z+1)

- [ABC]

Application 1. Let AABC,A’, A" € (BC),B',B" € (€A),C’,C" € (AB)

BA’ CB’

AA'nBB'nCC' ={P},AA" nBB" nCC" ={Q},x =7v¢?Y = ®71

AC’ BA'' CB"’ AC'

[ — I — I — r — .

—=.x" =——,y" = —-,2" = =~ Prove that:
c'B A'c B''A c'B

[A’B’C’] B (xn + 1)(}’” + 1)(2” + 1)
[AIIBIICH] - (xr + 1)(yr + 1)(2' + 1)

VA

Solution. Let AABC,A’, A" € (BC),B’,B" € (CA),C',C" € (AB)

AAInBBrnCCr_{P}AA,,nBB,,nCC”_{} ,_BA’ ,_CB’ ,_ACI
ST S =LY S pat T o
I — BA,, r — CB,, I — AC,,
*~ac? TBa? TcB
4 H. rpreorl — x'y'z'+1
By Routh’s theorem we obtain: [A'B'C'] = DO [ABC],
xl! IIZII+ 1
[AIIBIICH] — y [ABC]

(" + D"+ 1" +1)
From Ceva’s theorem we have: x'y’'z" = x''y"'z" = 1.Hence:

[AIBICI] 3 (X” + 1)(yn + 1)(Z” + 1)
[AIIBHCH] - (X’ + 1)(}/, + 1)(Z’ + 1)

Application 2. Let AABC,A’', A" € (BC),B',B" € (€A),C’,C" € (AB)

AAInBBrnCCr_{P}AA,,nBB,,nCC,,_{ } ,_BA’ ,_CBI
S S =Y e
I_A_C, II_BA” II_CB” ,,_AC” .

z = o X' =gy = 2 = e Prove that:

[A'B'Cl BA CB AC
[AIIBHCH]_BAH CBII AC”

ax' by’ cz' a b c

Solution.BA' =+~ ,CB' =—— ,AC' = ,AC=——,B'A=——,C'B=+
x"+1 y'+1 z'+1 x'+1 y'+1 z'+1
ax” byll CZ” a
B"A= ,C'"B=——— CB" = JAC! = A'C = :
y” + 1 x” + 1 y” + 1 ZII + 1 x” + 1
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b
B"A= C"B=
yn + 1’ ZII + 1

BA" x'(x"+1) CB" y'(y"+1) AC' _z'(z'"+1)
BA" - X”(X’ + 1) "CB" - yn(yr + 1) "AC" - ZII(ZI + 1)

27" + (" + D" + 1) (MW+D+V@“4)ZU“H6

G0 +DEZ+D @+ y D 2@ +1)

x'y'z'+1
(x'+1)(y'+1)(z"+1)

From Routh’s Theorem we obtain: [A'B'C'] = -[ABC]

.1 rr

x"y"z"+1

A”B”C” —
R €L CEESN G

-[ABC]

From Ceva’s Theorem we have x'y'z" = x"'y"' z"" = 1. Therefore,

[A,B,C,] _ (xll + 1)(yll + 1)(2” + 1)
[AIIBHCH] - (X’ + 1)(}/’ + 1)(Z’ + 1)
BA" CB'" AC' x'(x"+1) . y'(y" +1) . z'(z" +1)
BA"" CB" AC" - X”(X’ + 1) yn(xr + 1) ZII(ZI + 1)

[A'B'C'l] _ BA" CB' AC’
[AIIBHCH]_BAH CBII AC”

Application 3. Let ABC be a triangle, A’ € (BC),B’ € (CA),C’ € (AB),
BA' =A'C,CB' =2AB',C'A=3BC'.1fAAnBB' ={A"} BB'n CcC' ={B"},

CC' N AA' = {C"}Prove that; A2 €L — 147
[A""B""C'"] 50

li

Solution. Denoting x = % =1ly= i =2,z= i = 3 then by Routh’s Theorem
A'C B'A C'B
xyz+1
A'B'C'] = -[ABC
W= Do DG+ WY
(xyz —1)?
A"B"C"] = -[ABC
xy+x+ yz+y+ zx +z +
BT =1 ( ( ny 1ABcl
A
_,/
Cy ™
P B’
B
A"
B ~C
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rpr I_l_ nprr Il_i_ [A,B,CI] _ 147
So, [A'B'C'] = - - [ABC].{A"B"C"] = _— - [ABC]. Hence, T 50
Application 4. Let ABC be a triangle, A’ € (BC),B’ € (CA),C’ € (AB),
BA' =A'C,CB' =2AB',C'A=3BC'.1fAAnBB' ={A"}, BB'n CcC' ={B"'},

CC' n AA’ = {C'"'}Prove that:

[AB'C] _ 2
[ABC]  xy+yz+zx+x+y+z+2
; , . PR xyz+1 . .
Solution. From the theorem of Routh’s we have: [A'B'C'] = GGG [ABC]; (1)

From Ceva’s theorem we have xyz = 1;(2). From (1) and (2) it follows that

[A'B'C'] _ 2
[ABC] xy+yz+zx+x+y+z+2
FEW LEMMAS

By Florentin Visescu-Romania

M

AP BM CN
FAABC:F,FAMNP:Fl,FAQRS:Fz,ﬁ:k,mzl,m:m,klm:t
Fy =F — (Faapm + Fagpm + Facun)

F _AP-AN-sinA  k AB 1 sinA _ k 1
AAPN ™ 2 T k+1 m+1 2 " k+1 m+1
F 1 1 PR _om 1 F
smew =g g e oo
l m
F=r(a )

T k+D)m+1) ((+Dk+1) (m+1)U+1)
kim+1

= (1
Gr DA+ Dm+D
F = Fpgnc + Facpa + Faamp — Farnc = Fasap — Fagem + F2: (2)
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AN CB MQ_l(M , ):>1 [+1 MQ _
NC BM QA metauSI =Tl 04
MQ Im MQ Im MQ QU
QA 1+1'MA Im+I1+1MA AV
QU Im U= Im "
AV  Im+1+1 ¢ T lm+l+1
o _BM-QU_ Bm  BM-AV L
AQBM = Tim+1l+1 2 U7 Tl+1
v B I?’m BC-AV _ I’m
ABM ™ (Im+1+1)(+1) 2 ~ (Umn+1+1)(+1)
F _ k21 PR _ m2k F
AASP = (kl+k+D(k+1) AT (mk+m+1)(m+1)
F = m F+ k F+ : F tm F
T m+1 k+1 [+1 (Im+1+1(0+1)
k%k F m2k FaF
(kl+k+1)(k+1) (mk +m+ 1)(m+1) 2
m k l I2m k21 \
1- - — + + +
_ m+1 k+1 [+1 (Um+1+21)(+1) (kl+k+1)(k+1)
F,=F 2k
+
(km+m+21(m+1)

I k
F2_F<1_mk+m+1_lm+l+1_kl+k+1)

F,=Fi1 m =+ : =+ k
2= { _<mk+m+l Im+1+1 kl+k+1>}
Lemmal. Letk, I, m € (0, ), then:

klm+1 \/(kl )2 —Vklm + 1
(m + 1)(k+1)(l+1) (\/W+1)

Equality holdsfork =1 =m

(x) =

Proof. Let f:R — R, f(x) = log(e* + 1), then f'(x) = vl Sabrwd f

G2 > 0,Vx € R = f —convex function, then from Jensen's inequality:

fO+f@)+f(2)= 3f<$);‘v’x,y,z€ R

X+y+z 3
log(e* +1)(e? +1)(e? +1) = Iog( 3+ 1) Vx,y,z€ R
3
(e*+1)(e? +1)(e?+1) > ( = + 1) Vx,y,z€ R

Letx =logm;y =logk;z = logl, then
(m+1)(k + 1) + 1) = (VkIm + 1)
1 1

G+ DEFDAD = Yim+ 1)
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kim+1 < kim+1

(m+1)(k+1)(+1) (W+l)3

klm+1 <W—W+l
m+1D)k+1DU+1) ™ (WJrl)z
kim + 1 <i/ﬁ—§/f+1

m+Dk+DU+D) ™ 37+1)

P VE- Ve YR - R+ L

RE+1)’ (Vktm +1)°

Let: g: (0,00) N ]R’g(t) — %,then g’(t) = ?t(t—k_l:)l-z

:(t = klm)

1 =

t 0 1

gty ————- 0 ++++
g(t) : \ 1 / :
4

lim,_o, g(t) = 1;lime_,, () = 1; g(1) = 5. S0, min F, =~

Equality holds fork =l =m = 1.
Lemma 2. Let k, I, m € (0, ), then:

m N l Lk 3 - Vklm
mk+m+1 Im+1+1 kl+k+1" 3/(kim)? +3kim+1
Proof. Let be klm = t and let x, y, z € (0, ) such that m :3 Ve k :3 Vel zg- Vt.
Inequality can be written as:

.3t X.% 2.3t
y + z + X >
f.%.f.3t+f.%+l X.%.f.3t+z.%+l E.%.X.3t+£.%+l
y x y z y z x z x
> 3%
S+ {t+1
Hence,
X y z 3

+ + >
zi/ﬁ+x§/f+y xi/ﬁ+y§/f+z yi/ﬁ+z§/f+x W+%+l

letx +y+z =1, then:

x y z
+ + =
N2+ x3t+y xVe2+yt+z yVe2+z3t+x
x2 yZ 72 Bergstrom

+ + >
xzVt2 +x23t +xy  xyVe2 +y2t +yz  yzVt? + 223t + xz

§ (e +y +2) _

Ty +yz+ )2+ 1)+ (2 +y2 +22)3t
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1
_(xy+yz+zx)(§/t_2—2§/f+l)+§/f

So, fromx,y,z € (0,0),x +y +z =1 weget: xy + yz + zx < i Thus,

X y z 3
+ + >
zi/t_2+x§/f+y xi/t_2+y§/f+z yW+z%+x Vez+3t+1
Hence,
. <1 _ 3 - Vkim > _ o VGm)? —2Vkim + 1
27 (kim)? + Ykim + 1 (ktm)? + Ykim + 1

Vez—23t+1 . 3(kim)? — 23/klm + 1

VeE+Vt+1 Y TamE + VEm + 1

Let h: (0, ) —» R, h(t) = %’h'@ = 3((12_—31(:-_;.)1)

Kit)=0=>t=1

F,<F

t o ] 00

'ty - - - - - 0+ 4+ +++

i) ]§ \ 0 / :

lim h —1'|' h(t) =1,h(1)=0
Jim () =3 imh(0) = 1) =

REFERENCE:
ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

SEQUENCES OF SOLUTIONS FOR GIVED PARAMETRIZED EQUATIONS

By Marian Ursdrescu, Floricd Anastase-Romania

Abstract: In this paper are presented a way to find the limit of a sequence defined as solution
for a parametrized equation.

Application 1. For n € N*, n > 3 let us denote x(n) solution of the equation

n(n—-1)sin"2x—n?sin"x = 0.
Prove that sin x(n) = /"T_I,Vn > 3 and find lim sin™ x(n).
n—-oo

Solution. Let be the function f,;: R = R, f,,(x) = sin™ x, then f,;(x) = nsin® 1 x-cosx
'(x) =n(n —1)sin®2x-cos?x +nsin® 1 x-(—sinx) =

=n(n-1)sin®?x —n(n—1)sinx —nsin®x = n(n — 1) sin®2x — n?sin™ x
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x, = x(n) —solution of the equation n(n — 1) sin®* 2 x —n?sin®*x =0

- n . n—1
=sin?x, = —— = sinx, =
n n n n
;ﬂ(sinx -1)
lim sin™ x(n) = lim (sinx,)™ = lim (1 + sinx,, — 1)sinxn-1 m =
n—oo n— oo n—-oo
1 -1
— -t
()
:Ilme(” = lime'™N'n =—

n—00
Application 2. For n € N*, n > 3 let us denote x(n) solution of the equation
x™ —nx + 1 = 0. Prove that the equation have just two solutions a,, € (0, 1),
b, € (1,) and find @ =lim,,_,, a,.
Solution. Let be the function f,: R, - R, f;,(x) = x™ — nx + 1, then
fu(x)=n(x"1-1),vx>0
fr(1)=0and f,(x) <0,vx € [0,1) and f;, (x) > O,Vx € [1, ).

So, f,, —is decreasing on [0,1] and increasing on [1, o). Because f,, —is continuous,
decreasing on [0,1] and f,,(0) - £,,(1) < O hence, f,, —has only a root on the interval
(0,2). Now, f,, —continuous, increasing, f,,(1) < 0 and lim f,,(x) = + hence

n—o00

f —has only root on the interval [1, «). Now, a,, € (0,1) and from f,,(0) > 0,
fa (%) <0,vn=>3weget: a, € (0%) = lim,,_ a, = 0.

Application 3. For n € N let us denote x(n) solution of the equation

X3+ x—2——=0.Find: @ = limn(x(n) — 1).
n+1 n—-oo
Solution. Let be the function f:R - R, f(x) = x3 + x + 1.
lim f(x) =—o;

lim f(x) = +00 = f — continuous and surjective.
n——oo n—oo
f'(x)=3x2+1>0,vx € R= f — increasing.

So, f(x) =3+ ﬁ has only a solution x(n) = x,, such that

x3+x,+1=3+ n—il and applying limit when n — oo, we get

$¥+x=2(Cx-1DE*?+x+2)=0=>x

1 _ _n 11

1_(n+1)(x,%+xn+2)ﬁﬂ_imn(x(n)_l)_rIerDon+l.x,21+xn+2_Z'
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Application 4. For n € N* let us denote x(n) solution of the equation

eX+x— 1—%2 0.Find: @ = limn - x(n).
n—-o0o
Solution. Let be the function f: R - R, f(x) = e* + x, then f'(x) = e*+1>0,Vx € R

hence f —increasing, so f —injective. How, lim f(x) = xo = f —has Darboux property,
n—-+oo
n+1

hence f surjective. So, f —bijective foralln > 1,3x(n) = x,, € R such that f(x,) = — has
an unique solution.How f —continuous function and use that f —invertible, we have:

_ A (E)-rt : o . ,
nx, = — gz Using theorem of differentiable invertible function, we get:

i — i f_l(nTH)_f_l(l)_(—1)' — 1 __t 1
im nx,, = lim 11 = = f!(f—l(l)) ~fr (o) 2

n—-oo n—oo -
n

Application 5. For n € N let us denote x(n) solution of the equation

x+sinx — % = 0.Find: @ = limn - x(n).

n—-oo

Solution. Let be the function f:R - R, f(x) = x +sinxthenx — 1 < f(x) <x+1,
Vx € R. Iier f(x) = 00 = f —has Darboux property, hence f surjective.
f'(x) =1+cosx = 0,vx € R = f —increasing.
So, f —bijective and for alln > 1,3x(n) = x, € R such that f(x,,) = %has an unique
solution and f invertible, we have: x,, = f~1 (%) - f~1(0).
Using theorem of differentiable invertible function, we get:
' i (3)-r© 1y 1 11
im nx, = lim = = ===
- -0 @7 F(F-20)) " f1(0) 2

n—-oo n—-oo -
n

Application 6. Let & > 1 fixed. For vn € N* denote k(n) = min{k € N|(n + 1)* > a - n*}

_ 1 A s k(n)log Vn
and (xn)nzl, Xpni1 = X+ e Find: Q = lll'l‘ln_,Oo T

") > 0 (1+2) 2@ = log (1 +2)" > loga

Solution. From (n + 1)¥ > a - n*¥ = ( -
loga

1
k-Iog<1+—)2Ioga:>k2—
" g 1+)

loga

Because k(n) = min{k € N|(n + 1)* = a - n*} = k(n) = [1og(1+l)
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— loga ._loga ke
loga k) __ loga 1
n-log(1+3) " ™ “n-log(1+3) ™
lo k lo 1 k
ga_ _ (n)< ga _ E:>|im%:Ioga;(l)

N\*"~ n ( 1)

+ = + =

log (1 n) log {1+~

Now, from x,,41 = x5, +e%n,\7’n EN=> x4, —x, = e%n >0,vn €N = (x,)s1 7

Suppose that exists x € R such thatx = limx, = x —x = eix (not possible!) =

n—->oo

lim x,, = +o0; (2). From (1),(2) we have:

. k(n) -lo W . k(n) logn . logn stoiz
Q:Ilm—g:hm v 9 =loga- lim 97 sto
n—-oo xn n—oo n xn n—-oo xn
| 1
_ log(n+1)—logn _log(1+-
=loga - lim =loga- lim T =
Lnde xn+1 _xn n—co -
e*n
. e IN\" stoiz . e¥nt1 —geXn
:Ioga-llm—-log<1+—) = logea- lim ————=
n-o N n nbo n+1—n
1
. . edn—1
=loga - lim e*n(e*n+17*n — 1) = loga - lim ——— =log a.
n—-oo n—-oo -
eXn

Application 7. For all n € (1, o) denote x(n) real solution of the equation
x(1 +log x) = n. Prove that: lim,,_,, % logn=1

Solution. Let be f:[1,0) - R, f(x) = x(1 + log x) continuous function and f(1) = 1,
,!Lr?of(x) = 0, 50 f(([1,0)) = [1, ) which means that f: [1,00) — [1, 0) is surjective.
Let’s suppose that f —is not injective, then 3x,y € [1, ), x < y such that f(x) = f(y)
©x+x-logx>y+y-logyex—y=>y-logy —x-logx >x-logy —x-logx =

=x-log G) > 0, which proves that x > y contradiction withx < y.

Because f:[1,0) — [1, ) is bijective, then Vn € (1, ), 3! x = x(n) € [1, ) such that

f(x) =n < x(1 + logx) = n.Inconclusion, for alln > 1 equation x(1 + log x) = n have
only solution x = x(n). In this conditions, we have:
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x(n)logn x(n
(n)logn _ (n) Togn=— )
n x(n) - (1 +logx(n)) 1 logx(n)
logn logn
Because lim ﬁ = 0 to prove that lim X108 _ 1 it js suffices to prove that
n—-oo n— oo
log x(n
jim 129 _
n-e logn

From x(n) - (1 + logx(n)) = n we have log x(n) + log(1 + log x(n)) = log n.

logx(n) logn —log(1 + logx(n)) log(1 + logx(n))
= =1- ;(2)
logn logn logn

Because x(n) < n,vn = 1then logx(n) < logn and hence,

0< log(1 + log x(n)) - log(1 + logn)
logn logn

vyn=>1

0 < lim log(1 + logx(n)) < lim log(1 + logn)
n-oo logn n—co logn

=0;(3)
From (1),(2),(3) it follows that: lim,, o, “™ - logn = 1.
Application 8. For all n € (1, ) denote x(n) solution of the equation
x*(1+1logx) =n,k > 1,k — fixed. Prove that:

xk(n)

lim

n—-oo

-logn = k.

xk(n) _ 1
n 1+log x(n)

Solution. For n > 1, we have: x*(n) - (1 + logx(n)) =n =

logn = k - log x(n) + log(1 + x(n))

xk(n) k log(1 + log x(n))

| = + 1
ogn I 41 1 + log x(n) S
log x(n)

Now, using log(1 +t) < t,Vt = —1= 1+ logu < u,Vu = 0, we get:
x(n) = 1+ logx(n) = n = x*(n)(1 +log x(n)) < x**1(n)

x(n) = “VYn = lim x() = lim “Vn = +0 =
n—-00 n—-oo

. .. logn
lim log x(n) = +o and using lim —— = 0, we get:

n—-oo n-o N

] Iog(l + x(n)) _ o x*(n)
J'ﬂlm = 1 and from (1) we get: Jm

-logn = k.
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Application 9. For all n € N* denote x(n) solution of the equation

X2 —(n+2)x—(n+1)=0.Find: limx(n)

Solution. Let be £,: [0, ) = R, f,(x) = x™2 — (n + 2)x — (n + 1). We have:
f.(0)=-n—1<0and limf,(x) = +oo

fiil0,0) 5 R fi(x) = (n+2)x™ = (n+2),f(x) =0 x =1

X 0 1 00
fa®)] === O++++++++
fu(x) | —(n+1) v —(2n+2) 7 o

How £, (1) = —(2n+2) < 0and lim f,,(x) = +oo, then exists x(n) = x,, € (1, ) such

that f;, (x,,) = 0. Because on (1, ) function f,, is increasing, then f,, is injective which
means that x,, € (1, ) is the unique solution of the equation f,,(x) =0

Observe that f,,(2) = 2"*2 — 3n — 5 > O and then x,, € (1,2]; (1)

Now, from f(x,) = 0 we have x'*2 = (n + 2)x,, + n + 1. Thus,

xn = "3+ 2k, ¥ 1+ 1 (2)

From (1),(2) it follows that:

Vn+3=""Vn+2+n+1<x,<"2m+2)+n+1=""Y3n+5;3)

From Cauchy-d’Alembert criterion, we have: lim "*3/2n +3 = lim""/3n+5=1.

n—-oo n—-oo

Therefore, limx, = 1.

n—oo

Application 10. For all n € N*, n > 3 denote x(n) solution of the equation
1 A | ]
~Yk=1 (Z) = - Prove that: }lgl.}on(x(n) -1)=2.

Solution. % h=1 (k)

(1) Let be the function f:R - R, f(x) = =X}_; (k)x -

2
continuous and decreasmg. FQ =2 _1_1 5

2n? 2 2n

nn+1)2n+1) 1 -2n>+3n+2
= _—_= vn >
1) 6n3 2 6n? <0vn=3

So, equation (1) have unique solution x(n) = x,, € (1,2).

S dmesn S 0] 2 e

n
k=1 k=1
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Let be the function g: (0,») - R, g(x) = (%)x then we have:
Yo = = Zioalg(en) — g(D]; (2).From MV.T. 3 &, € (1, x,) such that

9(x) = 9(1) = (it — D' (6) = G — 1) ()" 109 (£): (3

Buté, <x,<2and0< % < 1, then (s)fn > (%)2 and from log (S) < 0 hence,

(Z)Sn 10g (%) < (£)" tog (£). 50, from (3) it follows that

n n

900 — 90 = G — 1) (%) g (%)

5 ot - O 2 =03 (5 100 (5). 7% 1 (1) )

k=1 k=1

+

From (2) we have: y,, < (x, — 1)z,,Vn >3

Zn>O,Vn23then0<xn—lsjzﬁ,\7’n23;(4)

2 ,x € (0,1
Let hy:[0,1] - R, hy(x) = {x (c))gx i :g :

l l 1"(k)| fh()d i e logxdx ) = — &
lim z, —nmnkln og 1(¥)dx = lim fgx ogxdx | = —5

n
1
lim ¥, = 1im =" [g(xy) — g(1)] = 0,then lim x, = 1.
k=1

n—-oo

Now, from Taylor, exists {,, € (1, x,) such that

9x) - 90 = (x, - D' + > g
g0n) —g(1) — (xn — Dg'(1) = @g”((n)
god 29D _ gy =22 g,

How g'(x) = (%)x log (%) and g"'(x) = (%)x log? (%) , we get:
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o< )=o) —%Iog (E) _tn—1 (S)zn log? (k) ol kg (")

x,—1 n 2 n 2 n n
Using (2) it follows that:

gty koo (t) <2220 g (3
< -Z) = - < ) = -
O_xn—l n nlog n/= 2 n nlo‘q n (5

k=1 k=1

xlog?x,x € (0,1]

Lethz:[O,l]—>IR§,h2(x)={ gxx el

n
Ik k 1 x2
lim — Elog2 (E) = fo hy(x) dx = ?Iogzx

1

n
. Vn 1 k (k) _ . Vn _fl 1
1!L|—r>rc]o<xn—l nz:nlog n =0 1!LI—>nc]oxn—l_ Oxlogxdx— 4

nyn —
n(xnp—1)

. 1
lim,,_ - Therefore,

1
lim n(x, — 1) = —4 lim ny, = —4- <__) —>
n—-oo

n—oo 2
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ABOUT THE SPEED OF CONVERGENCE OF THE SEQUENCE AND
APPLICATIONS

By Tran Minh Vu,Tran Thi Thanh Minh-Vietnam
Abstract: In this paper, we have used Cesaro-Stolz Theorem’s in evaluating the convergence
rate of the arrays relative to n® and from there give new result for this article.

1. Convergence rate of the sequence

Theorem 1.1. Fora, b, a € R, and (u,,),cy+ be sequence of real numbers, such that
U =a, Uy =u, +—,n=1
un
In these conditions,

1+a
n

lim =bh(1+ )
n-oco N
b . . .
Proof. We have u, 41 —u, = ke 0. Hence, (u,)nen+ increase. Since equation below has
n

. b b .
not solution, l = [ + Al 0, we have: limu,, = +c0. We have:

n—oo

NG
(un+u—a) —ugtl p \a+1
n —
+1 +1 b\ +1 up*t (l + U%H) !
a a+l — _ _ e+l — —
Up+1 — Un - (un + ua) Un - 1 - 1
n uatt uatt

1
Let: f(x) = (1 + bx)*1and x,, = —ar1 ,We have:
n

’ f(1+x,) —f(0)
im

n—-oo

=f'(0)=bp(1+a)

n

Thus, lim (u%t! — u%*') = b(1 + a), since Cesaro — Stolz theorem's
n—-oo

1+a
n

lim

n—-oo n

=b(1+a)
Application 1 (TST Viet Nam 1993) Let (u,,),en+ be sequence of real numbers, such that

1
u; =landuyy; =u, +——=,n=>1.

Nz

B
Findall 8 € R such that lim “2 = g % 0.

n—-oo
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Solution. Application Theorem 1.1.,since f = 1 + 1= % we have:

3
lim —

nown 2

|3:N\w

Theorem 1.2. For (b))%, (a;)}-, are 2m positive numbers. Let (u,,);-, such that:

m
b
u; =a>0andu,, 1 =u, +

= n>1
i=1 "
Seta; = min{a;},l € {1, 2, ..., m}, we have:
1+
lim —— = b(1 + a;)
n—oo n
Proof. Very easy we have limu, = +o

n—-oo

1+aq;
n
b; 1+ag b 1+a;
(1 + Zl 1 1+al) -1 (1 + Zl 1 1+al) -1 Zl 1,14
j— n j— j—
- 1 - m b 1 -
1+a; i=1_1+q;
n

b;
Set: x, = Zu““ ,then I|m N X, = 0, f(x) = (1 + x)'*%. Hence,

i=1 "1
( b; 1+a;
1+ Zl 1 Lt ) -1 (
. i xy) — f(0)
lim = lim [Oe) = 7€0) l+a
n—eo Zm1 1+Lal noe Xn
m
- i _ - 1+6{l 1+6{l _
Because lim e = b, thus, ,!L'_f?o(unﬂ —u, ) =b(1+a)
i=1

Application Cesro-Stolz theorem’s, proof complete

Application 2. For (u,),s1 such that u, = 2020, U, = u, + i + u%n > 1
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2
Prove that; lim & = 4.

n—-oo N

Solution. We have limu, = +ooand

n-oo
2 2 2
Unt+—t— ) —ud
2 un w
2 3 2
2 2 — 2 — Un
“n+1‘“"—(“n+u—+u—z) Tt 1 -
n n —
uf;
2 2
2 3 2 3 2 3
(1+_2+_3) -1 (1+_2+_3) -1 S+
— Un Un _ Un Un Un  Un __
- 1 - 2 3 1 -
" g "
n n n n
2
2 3
(1+—2+—3) -1 3
— Un  Un (2+_)
- 2 3 2
Un Un

2 3 . . . . .
Let:x, = =z +— ,then lim x,, = 0. With function f(x) = (1 + x)? differentiable on R,

n n n-oo
(1+2+ 1)2 1 ,
- uz  ud s (1+xy) -1_ f(x,) — £(0)
we have: lim 3 = lim—= lim————
n—-oo £ = n—-oo Xn n—-oo Xn — 0
uipooud

. . 3 .
Since, lim (2 + —2) = 2,hence, lim (u2,, — u?) = 4.
n—-oo un n— oo
Application Cesaro-Stolz theorem’s, proof complete.

Applicartion 3. Let a > 0 and (u,,),»; Such thatu; = a,up4q = u, + S

VUn 5\/ Un
Prove that v, = % have a limit and find it.
Solution. Application Theorem 1.2. with b; = 2;b, =5and a; = i;a2 = %
s
. ursl _ 6 . T Un _ 6/~5
We have lim = 5- = Hence, limv, = lim % = V6°.
n—-oo

n—-oo n-ow ¢

=f'(0)=2

n=>1.

Application 4 (TST-Vung Tau-Viet Nam 2020). Let (u,,),>, be sequence of real numbers such

that, u; = 2, uy41 = u, +u1,n > 1.
Prove that v, = L;—” have a limit and find it.

2
Solution. We have: uj,q = uj + 2n + . S0, uj .y > uj + 2n.
n
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( Uner > Up+2n
u>u2_ +2(n-1)

l ui>ui+2-1

Adding the above inequalities and simplify, we have u2,, > n? + n+ 4;(1.1)

Hence,
2 2 2 nZ 2 2 nZ 2 2 nZ 2 2 1
u —“us+2n+—<ust+2nt+t-—m<ustt+2n+ —<ust +2n + —.
n+1 n u% n (TLZ +7’L+4)2 n u% n n

2 2 —
un+1<un+2n+n

1
u121<u121_1+2(n—1)+m

1
u§<u§+2-1+1

. u? =4,

Add the above inequalities and simplify, we have:
1 1 1

u?,, <n? +n+4+(1 +§+§+W+E);(1'Z)

Since (1.1) and (1.2), we have:

2 2 2 1+i4+14.412
n“+n+4 Usiq n“+n-+4 573

M D) Gt el T D

2
Hence, according to the clamping principle lim —2*L =1 or lim % = 1.
n-—

oo (n+1)2 n—oo N

2. Exercise.
Exercise 1. Let (a,)s-, such that a, = i (Apy1 =y —az,n > 1

Find lim (na,,).

n—-oo

Exercise 2 (Romanian 2007). Let (a,, )5, such that a, € (0,1); a,41 = a,(1 —a2),n > 1.

Find lim (vVna,).

n—-oo
Exercise 3. Let (a,),»; such that 2a,,; —2a, + a2 =0,n=012, ...
1) Prove that the number sequence is decrease.

2)Ifag = 1, thenfind lima,,.

n—-oo
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3) Find the condition for a limited sequence and find the limit.

/u,zl+2019un+un
— n=>1

Exercise 4. Let (u,,)5-, such thatu; = 1,u,4q = >

a)Setv, = Xy, e Find lim v,,.

n—-oo

b) Find lim ==

n—-oo n’

Exercise 5. Let (u,,);-, such thatu; = 1,u,.1 = u, +-—.n =1 Prove that:
an<ui<n+in
b) lim(u, —n) =0

n—-oo

Exercise 6 (TST-Vinh-Viet Nam 2020). Let (u,,)®_, such that u; = 1,1, = U, + —,n > 1.

n

Prove that lim 2 =

n—-oo

ABOUT NESBITT —IONESCU INEQUALITY
By D.M.Badtinetu-Giurgiu, Mihaly Bencze,Daniel Sitaru-Romania

Ifa,b,c € (0,), then:

a+b+c>3_(NI)
b+c c+a a+b 2 o

Generalized: If a, b, c, t,u € R, then:

a b c 3
+ + >
tb+uc tc+ua ta+ub t+u

; (1)

letben e N* —{1}andx, e R, Vk=1,nX,=X1_;x} Vv ERY; (2)
Theorem.
Ifne N —{1},a € [0,0);b,c,d, m,t € R.,Vk=1nand x;, € R}, Vk =1,n,

n
X, = in,‘v’s € R, c- X, > d - max x}, then holds:
= 1<ksn

. a- X, +b-xp (an+b)n Xom
c

X,—d-xt = cn—-d X, ()

k=1

Proof. WLOG, suppose x; = x, > --- = x,, and then:
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1 1 1

2 2...2—
c-Xy—d-xt 7 c- X, —dx} c-X,—d-xt

Applying Chebyshev’s inequality for:
aXp+b-x">2a-X,+b-x'>-->a-X, +b-x'; (3)

1 1 1

> >z (4
c-Xe—d-xt " c-X,—dx} c-X,—d-xt )

We get:

n

=2 Xp +b- Z Z L=
an Xie c-Xe—d-xt

_1( X +bh-X ) Z 1 Berg;trom
Tpt T Am m c-X;—d-xf
k=1
>a-n+b X n? B
oon " Thoale - X —d - xyp)
n _(a-n+b)n X,

= N+ . . - ~ /. m
(a-n+Db) c X, —d-X, Xm c-n—d X,

If m = t, then inequality (*) becomes:

n
. et .
Za X, +b xk>(a n+b)n; (0)

. — . t . —
£ C Xy —d-xg c-n—d
Ifa=0,b=c=d =1, then we get:

n

Y ey ¢

k=1

Ifm = 1, then we get:

n

Zn: e T here X = X Z N.I
= ,where = = , .
k—1X_xk —1 1 x5 ( )

k=1

For n = 3, we have:

X y z
+ +
y+z z+x x+y 2

'Vx,y,z € R}

n n
a-X,+b-x 1 1
> — X +b -xm .Z—_
ZC-Xt—d-x,’i n kz_l(a m xi) k_lc-Xt—d-x,i
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Ifn =3anda =0,b = c =d = 1, then (x) becomes as:

A A 3G e
t t t t t t — t
xb+xb xb+xb o xb+xl T 2(cb+xl+xE)

(xxxx)
Reference: Romanian Mathematical Magazine-www.ssmrmh.ro
A SIMPLE PROOF FOR MAVLO’S INEQUALITY

By Daniel Sitaru-Romania

Ifa,b> 0;n € N* then:

2
(a+b) _(\/—) > (\/a_;n\/b_)
Proof. Forn = 1:
v W)

a+b-2Vab>(Va-vb) & (va-vb) = (Va-vb)’

Suppose n > 2. Denote a = x2; b = y2. Inequality can be written:

(2 -y s ()

2

(x% + yZ)n s (x" — yn)z
2n T

(xz + yZ)n —_on. xnyn > x2n _|_y2n _ 2xnyn

(xz +y2)n — x2n _ y2n. =on. xnyn —2. xnyn

n-1
n p—
(k) xZn Zkyzk > xnyn(zn _ 2)
k=1
n—1 n n n
2 (k) xZn Zkyzk > 2xnyn . Z (k)
k=1 k=1
n—1 n— 1 n-1
x2n=2ky2k 4 y2n-2ky2k _ o (:) x"y" >0
k=1 k=1 k=1
n-1 n n—-1 n
xnyzk(xn—zk _ yn—zk) + xzkyn(yn—zk _ xn—zk) >0
2.6 2.6
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-1

S

(:) (xnyzk _ xzkyn)(xn—zk _ yn—zk) >0
1

=
I

-1

S

(:) xzkyzk(xn—zk _ yn—zk)z >0
1

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

=
1l

A SIMPLE PROOF FOR ABI-KHUZAM’S INEQUALITY

By Daniel Sitaru — Romania

Abstract: In this paper is presented an elementary, detailed proof for the famous Abi-Khuzam’s
inequality.

Lemmal:lfx,y,z,A,B,C € R;A+ B+ C = mthen:
x2+y*+2%2>2(yzcosA+ zxcosB +xycosC) (1)
Proof: 0 < (z— (xcosB +ycosA))2 + (xsinB — ysinA)? =
=22 —2z(xcosB + ycosA) + (xcos B + ycos A)? +
+x25sin? B+ y?sin? A — 2xysinAsinB =
=22 —2xzc0s B — 2zy cos A + x%(sin? B + cos? B) +
+y2(cos? A + sin? A) + 2xy(cos Acos B — sin AsinB) =
=x2+y?+2%2—2yzc0s A — 2zxcos B + 2xycos(A + B) =
=x?+y?+ 22— 2yzcosA —2zxcos B + 2xycos(m — C) =
=x?+y?+ 22 —2yzc0sA — 2zxcosB — 2xy cos C
0<x?+y%+2z2—2yzcosA—2zxcosB — 2xycosC
x%2 +y? +22 > 2(xycosC + yzcos A + zx COS B)

Lemma2:1fx,y,z,A,B,C € R;x,y,z> 0,A+ B + C = m then:
1(yz  zx xy
xcosA +ycosB+zcosCSE(7+7+7) 2

Proof.Replace in (1):

[yz ,zx [xy
X—= |—y> [—;z—> |—
x y z
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VA z zZX ’ X z
X y \Jz
22( i fgcosA+ /Q fEcosB+ f}ﬁ ﬁcosC)
’y z z X X ’y

l/yz zx «x

_(_+_+_y) =xC0SA+ycosB +zcosC
2\ x y z

lpyz zx xy
XCOSA+ycosB +zcosC£—(—+—+_)
2\ «x y VA

Theorem (ABI-KHUZAM’S INEQUALITY)

Ifx,y,z,t>0;A,B,C,D e R;A+ B+ C + D = m then:

xcosA+ycosB+zcosC +tcosD < [SXHGztyOxttys) )
y xyzt

1 t +zt
Proof. Denote: p =§(§+%+%+;);q =2

. a N 4 a(x, v
By(2).xcosA+ycosB+\/I;cos(C+D)g2 q+\/;( + ) @)

e

q 1( zt q(z , t
ZCOSC+tCOSD+\/;COS(A+B)SE —+\/;(;+—) (5)

cos(A + B) +cos(C + D) = cos(4 + B) + cos(m — (A + B)) = cos(4 + B) — cos(4 + B) =0

By adding (4); (5):

xC0SA+ycosB + zcosC + tcosD +\/g(cos(A + B) +cos(C + D)) <

1
2 q 1%
p

xy+zt |p q l/px y z t
xXxC0SA+ycosB+zcosC+tcosD < ———- |—+ —-—(—+—+—+—)
2 q p 2\y x t =z

y

+ zt t
< xy+zt q(x+z z )
x

+—+—
t z
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xcosA+ycosB+zcosC+tcosDSqﬁ+ﬁ-p=./pq+,/p =2./pq

1/x
XC0SA+ycosB +zcosC + tcosD SZ\/E(;

z t\xy+zt
+X+—+—) Y =
x t z 2

x%tz +y2tz + z2xy + t2xy xy+zt xz(xt + yz) + yt(xt + yz)

- 2xyzt 2 xyzt

_ |(xy + zt)(xz + yt) (xt + yz)
B xyzt

Corollary1: IfA,B,C,D € R;A+ B+ C + D = m then:
cosA+cosB +cosC+cosD < 2vV2 (6)
Proof.Wetakein (3):x =y=z=1t # 0.
Corollary2: 1fA,B,C ER;A+ B+ C zgthen:
cos A+ cosB +cosC < 2v2
Proof. Wetakein (6): D =>=A+B+C=n—-=A+B+C=7;c0sD =0
Corollary 3: If x,y,z,t > 0 then:

xyzt(x +y+z + t)? < 2(xy + zt)(xz + yt) (xt + yz)

Proof. Wetakein(3: A=B=C=0D 2%

1
=>c0sA=cosB=cosC=cosD=—;A+B+C+D=m

V2

(xy + zt) (xz + yt)(xt + yz)
xyzt

%(x+y+z+t)£\/

By squaring:

(x+y+z+t)? - (xy + zt)(xz + yt)(xt + yz)
2 - xyzt

xyzt(x +y + z +t)? < 2(xy + zt)(xz + yt)(xt + yz)
Equality holds forx =y =z = t.

Reference: [1] Romanian Mathematical Magazine — www.ssmrmh.ro
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POWER MEANS INEQUALITY AND APPLICATIONS

By Daniel Sitaru — Romania

Abstract. In this paper are presented power means concepts, a few connections and applications.

Proposition 1: If a,b > 0,a, b —fixed, x = y > 0 then:

1 1

a* + b*\x a’ + bY\y
=

(=) ==

Proof. Letbe f: R - R:

vab;x =0
1 X4 pX x x
a* + b* P limllog a*+b ) lim& log a+b*loghb x2
. . X—-0x 2 x-0 aX+bXx
lim f(a,b,x) =lim = ex>0 = ex>0 =
x-0 x—0

x>0 x>0

loga+loghb
e g1+1g :elOg\/a_:Vab =f(a,b,0)

f continuous
’ 14 1
"(a.b )_l a* +b* a*+b*\x 1 (a*+b*\~ | a* + b*
flabx) =2 2 2\ 2 N2
i, 1
, 1 a*loga+b*logh [a*+b*\* 1 [a*+b*\* a* + b*
f(alblx):_' : 2 _x_z 2 Iog 2

X 2
)

27 b3) = (S (o logat + b logh* — (a* + 5 og (22) (1

RIR
o
«Q

VR

Q
R

+

(el
R

1
5 o _x(axloga+bxlogb). a® + b*¥\x B a* + b* .
X f(alblx)_ 2 2 2

Define g:(0,») - R; g(x) = xlog x

g'(x)=logx+1;g9"(x) = % > 0; g — convexe

By Jensen’s inequality:

g+ gv) = 29 (uTH) u,v >0

Foru = a*;v = b*
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g(a®) +g(b*) = 2g (ax ; bx)

ax+bx ax+bx
a*loga* +b*logh* =2 - -log

2 2
a* log a* + b* log b* — (a* + b*) log (a o7 ) >0 (2

By (1); (2): x2f'(a,b,x) = 0 = f increasing

x =y >0;fincreasing = f(a,b,x) = f(a,b,y)
(52 = (252
>
2 - 2
fincreasingand2 >1>0>-1= f(a,b,2) = f(a,b,1) = f(a,b,0) = f(a,b,—1)

2 2\ 7 1 N 1 =

2 1 - - -1

<a ;—b) 2<a ;—b) > '_ab2<a -2|-b >

Z_|_b2 +b
’az _az >vVa >

Corollary2: IfneN;n>1,n>n-1>n—-2>:-->3>2>1>0

Corollary 1:

+

Qli-‘

1
b

f increasing, then: f(a,b,n) = f(a,b,n—1) = --- > f(a,b,1) = f(a,b,0)

1 1

1
n 4 p™\n n—1+bn—1 n—-1 1+b1 1

n/a"+b" nl/a"1+b"‘ a+b
Vab

Corollary 3: If n € N; n > 1; f increasing; 0< <1l <1l <§<E<1

n-1 n-2

f(a,b,O)sf(a,b,1)<f(a bn—11> <f(a b, 1)<f(a b, 1) < f(a,b.1)

1 1\ 1 1\ "1 1 1\ 3 1 1\ 2
b < an + bn < an-1+ bn-1 < < a3 + b3 < az + bz <a+b
var=\"73 =\7 =2 ) =7=\l"2 =172 =72

Ya+¥B\" _ (Va+"VB\"" Va+¥5\* _(Va+vb\* _a+b
e e B e

I/\
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Observation: In corollaries 1,2,3 equality holds for a = b.

Proposition 2: If a,b,c > 0; a, b, c - fixed; x > y > 0 then:

1

1
(a" + b* + c")E - (a" + b* + c")?

3 3
1
(ax+bx+cx)E
Proof. Letbe f: R - R; f(a,b,x) = 3 x#0
Yabc;x =0
1 X X
: (@ +bF+c¥\r | limllog(EET)
chmf(a,b,c,x) = chl_rg — | = ex>o =
x>0 x>0
limaxloga+bxlogb+cxlogc 3
Xx-0 3 X 4 pX 4cX loga+logb+logc 3
= ex>0 * - e 1+1+1 = elOg Vabc — f(a, b,c, 0)

1
. 1 X pX X ! X4 pX X —1
f continuous , f'(a, b, ¢, x) 2;(‘1 . < ) -(a . < )x -

1
1 [a* +b* + c*\* a* + b* + c*
_ V—_ |Og -
x2 3 3

1
@b )_l a*loga +b*logh + c*logc [a* + b* + c¥\¥
flabex)=2 3 3
1
1 [a*+b* + ¥\~ a* + b* + c*
e I — |Og e —
x? 3 3
1
5 x(a*loga + b* logh + c*logc) [a* +b* +c*\x "
x%f'(a,b,c,x) = 3 . 3 _

1
ax+bx+cx§I a* + b* + ¢*
T =) N T

1
X pxy x\o—1 I
x%f'(a,b,c,x) = g(a +b3 e )x (ax loga + b*logh + c*logc — (a* + b* + c*) log (“ “’3 e ))
3

Define g:(0,») - R; g(x) = xlogx, g’'(x) =logx +1;g"(x) = % > 0; g —convexe
By Jensen’s inequality:
u+v+
g) + gw) + glw) = 3g (—3 W) u,v,w >0

a"+bx+c")

Foru = a*;v = b*;w = c*, g(a*) + g(b*) + g(c*) = Sg( .
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a*+b* +c* a* + b* +c*
a*loga* + b* logh* + c*logc* = 3 - 3 log 3

a*loga* + b* log b* + c* log c* — (a* + b* + ¢*) log (ax+b:+cx) =0 4
By (3); (4): x*f"(a,b,c,x) = 0 = f increasing

x =y >0;fincreasing = f(a,b,x) = f(a,b,y)

ax+bx+cx§ ay+by+cy§
— > —
3 - 3
Corollary 4: f increasingand2 >1> 0> -1

f(a,b,c,2) = f(a,b,c,1) = f(a,b,c,0) = f(a,b,c,—1)

1 1
a +b2+cZ 2 al+b1+c1 1 al+p 1+ 1\1
() () v )

3
az+b2+cZ a+b+c 3
> Vabc =
+

Corollary5:Ifn € N;n > 1; fincreasingandn>n—-1>n—-2 >

w

+

Qm
a =

S

.>3>2>1>0
f(a,b,c,n) = f(a,b,c,n—1) > --- = f(a,b,c,1) = f(a,b,c,0)

1

1 1
an + bn + cn n an—l + bn—l + n—-1\ -1 1 + b1 + 1\1
(f) > < 3 < > > > <%> > Vabc

nan+bn+cn>n—1an—1+bn—1+cn—1> - a2+b2+c2>a+b+c>3 >
_— = e 2 = _'\/ac
3 3 3 3

. - 1 1 1
Corollary 6: Ifn € N;n > 1; f increasing; 0 < —<—<—<

f(abc0)<f(abc1)<f(abcn11)s...

1 _1
<< -<1
3 2

..Sf(a,b,c,;><f(abc1)<f(abc1)

11 1\" EEE D B
3 an + bn + cn an-1+ bn-1 + cn-1
abc < 3 < 3 < ..
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PO S A 11 1\3
a3 + b3 + ¢3 az + bz + c2 a+b+c
<l < — | £—
3 3 3

Va+ VB + f>< (Ha s b+f> .
/ 3 ..

Ws(

o < <

<

Ya+ b+ Yc)
) 23

<\/E+\/E+\/E>Z a+b+c
3

Observation: In corollaries 4,5,6 equality holds fora = b = c.

Reference: [1] Romanian Mathematical Magazine — www.ssmrmh.ro

PROBLEMS FOR JUNIORS

- Romanian

- NMagazine

'uuu e

-

J.1099 Solve for real numbers:

(2x4+x3—x2—2)2+4x—4+ 1
x3—x?+x—-4 2x?

=0
Proposed by Carlos Paiva-Brazil

1.1100 If a, b, c € (o,oo),§+§+§+ (a + b +c)? < 12, then:

ab + bc + ca +Vab ++Vbc ++ca <6
Proposed by Dan Radu Seclaman — Romania
J.1101 Solve in R:

)3 +x2+x=(x+ D) +2JGr DG+ D
ii),/y+l+2=(x—l—:—x)\/x+l

Proposed by Carlos Paiva-Brazil
J.1102 Solve for real positive numbers:
3t2+t — /16 — 16t + 4t3 — t* + /8 + 4t — 2t2 — t3 — /8 — 12t + 6t2 — 3 +
+/4—-t?2=2
Proposed by Samir Cabiyev-Azerbaijan
b

J.1103Ifa,b,c € (o,oo),ﬁ +o— :Cl < 1 then:

1
0 < min(a,b,c) < >
Proposed by Dan Radu Seclaman — Romania
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J.1104 Prove that if n is a perfect number, then:
vd<n,d{n(dn)#1
We have:

_(n=1)(n-2)—n-¢n)
Z d= 2
where ¢(n) is Euler’s totient function.
Proposed by Amrit Awasthi-India
J.1105 Solve in C:
) (x+y)>=5+xy
i) 9x3 — 5x + 2xy? = 26y3 + 5y — 2x?%y
Proposed by Carlos Paiva-Brazil
J.1106 If a, b, ¢ € [0,),a + b + ¢ = 3 then find:
Q = max(2(a® + b3 + ¢3) + 15(ab + bc + ca) + 6abc)
Proposed by Dan Radu Seclaman — Romania
J.1107 Solve for real numbers:

( a,b,c € (0,)

a b
+ + <1
a+1 b+1 c+1
1 1 1
~+-+-<6
a b c

Proposed by Dan Radu Seclaman — Romania

J.1108 If a, b, c € [0,),a + b + ¢ = 3 then:
1-a)1-b)A—-c)+2=>2abc
Proposed by Dan Radu Seclaman — Romania
J.1109 Solve the equation:
(Vx+2)(¥x —1)(x - 3)(Rx - 6) _
(Vx +4)(¥x +1)(¥x - 5)(Yx - 8)
Proposed by Asmat Qatea-Afghanistan
J.1110 Find z,, z,, z3 € C,Rez;, Rez,, Rez; < 0 such that exists a, b,c > 0
la — 2z, 1% + [b — z,|* + |c — z5]* < 2(alz;| + blz,| + clz;])
Proposed by Dan Radu Seclaman — Romania

3

J.1111 Solve
63\]46—\/x+5+6\]8—‘*\/x+381—123+2x/x+5+3‘</x+381:o

Proposed by Lazaros Zachariadis-Greece

J.1112 Solve in R:
2 2
i) YA — 4 — (FLE) = X2 jyyzy —yy2 41 =0
Proposed by Carlos Paiva-Brazil

J.1113 Let ABC be a triangle with the sides a, b, c and the area F;, XYZ another triangle
with the sides x, y, z and the area F, and f: R} — R},
f(x) = (a®? + x2)(b? + x2)(c? + x?), then:

fO) +f() + f(z) > 144V3 - F; - Ff

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
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J.1114 If x,y,z € R} = (0, ) and a, b, c are the lengths sides of ABC triangle with the area

F, then:
2 2 2
((x +y) a® + 1> ((y +Z) be + 1> ((ﬂ) 8+ 1> > 768F*
z X y

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru — Romania
J.1115 Let A, B, C,, A, B, C, be triangles of area F; respectively F,, then:
(af(=a3 + bF + c3)* + 1)(b{(a3 — bF + c3)* + 1)(c{(aZ + b} — c3)* + 1) = 192F7F;
Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru — Romania
J.1116 In any ABC triangle having the area F, the following inequality holds:
a b c 3
b+ c%h2 ' (c+ a)hZ ' (a+ b)3h2 = 32F7
Proposed by D.M. Bdatinetu-Giurgiu, Dan Ndnuti — Romania
J.1117 If t,u, v, x,y,z > 0 then in any ABC triangle with the area F the following inequality

holds:

(o), Geioen, @roben . g

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
J.1118 If x,y, z,u,v,w > 0, then in any ABC triangle with the area F the following
inequality holds:

(x +y)(u+v) (y+2)(v+w) (z +x)(w +u)
— " a’+ b% +
zZw xu yv

> 16V3F

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
J.1119 If x,y,z > 0 and ABC is a triangle with the area F, then:

zh, + xh,

h, +vyh h, +zh
aale: ybcz+yb an2+ b2 > 8327 -F -\F

VA X
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
J.1120 Ifm € R, =[0,%);x,y,z € R} = (0, ), thenin any ABC triangle with the area F

the following inequality holds:

m+1 Z+X x+

y:Z(b+c—\/E) +

m+1

(C+a—\/£)m+1+ y(a+b—\/@) =

y Z
> 2m+2(1{/ﬁ)m+1 ] (\/F)m+1

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

J.1121 Ifx,y,z > 0 then in any ABC triangle with the area F the following inequality holds:
(mb + mc)(hb + hc)a4 + (mc + ma)(hc + ha)b4 + (ma + mb)(ha + hb)C4 = 16\/§F3

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

J.1122 If x,y,z > 0, then in any ABC triangle with the area F the following inequality holds:
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b
S S T Y N

y+z z+x x+y

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
J.1123 Ifa,b,c,d,m € Ry, = (0,©)anda-b-c-d =1, then:

am - b3m+1 pm . 3m+1 cm. d3m+1 am . a3m+1

e i xbrc+rd bMiicrd+a cmlrd+a+b dmIra+b+co
vm >0
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
J.11241fm > 0 and x,y, z, t,u,v > 0 then in any ABC triangle with the area F the following
inequality holds:
(t+u)(x +y) . (u+v)(y+2) L+ z+x) mi

bm+1
vz tx uy

3-m m+1

>2mt3.37% .F 2
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
J.1125 Letbex,y,z > 0, then in ABC triangle with the area F, the following inequality

holds:
+ + +
% (hy + hy)c3 + % (hy + h)a® + Zy—x (h. + hy)b* > 32+/3F2

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
J.1126 If x,y, z € R} = (0, ), then in any ABC triangle the following inequality holds:
x a2 v b2 z 2
. ——>4
yz hi \/ﬁ hz Jxy hé
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
J.1127 If x,y, z € R} = (0, ) then in any ABC triangle with the area F the following
inequality holds:

P A S BN -

J_ Vax J_

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
J.1128 If x,y, z € R} = (0, ), then in any ABC triangle with the area F, the following
inequality holds:

y+z zZ+x x+y 243
+ + >
x-hyh, y-hchg, z-hghy F

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
J.1129 If x,y,z € R’ = (0, ) then in any ABC triangle with the area F the following
inequality holds:
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X
C@?h? 4L 22 4. (2q2 > 16F?

Jyz Vzx Xy
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
J.1130 If t,u,v € R, = [0,2),x,y,z € R} = (0, »), then:

+y+u+1 +1Dx +ty+ +(t+1)y+
vx+y+(u )Z+(U )x +ty z X ( )y uz>6

x +ty y +uz z+vx

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania

J.1131 If x,y, z € R} = (0, ), then in ABC triangle with the area F the following inequality
holds:

2

x-m§+y-m,2)+z-m§ (F)
R

y+z z+x x+y
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania
J.1132 If x,y, z > 0 then in ABC triangle with the area F the following inequality holds:
y+z z+x x+y>2-4\/27

+ + >
x-h, y-h, z-h, JVF
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania

J.1133 Let ABC be a triangle with the area F and the points M € (BC),N € (CA),P € (AB).

. MB NC PA 3vV3
If the cevians AM, BN, CP are concurrent, then: + + > /i
MC-hg NAhp PB-h, F

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
J.1134 If a, b, c,d € R% = (0, o), then:
3
(a* +d?)(b* + d?)(c* +d?) = Z(ab + bc + ca)?d*

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru - Romania
J.1135 Ifx,y,z € R} = (0, ), then in ABC triangle with the area F the following
inequality holds:

X-m m Z'm
a+y b+ (4

F
>V3-=
y+z z+x x+Yy R

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
J.1136 Let ABC be a triangle:

43
x?a? +y2?b% + z%¢? > 3 (xy + yz + zx)F
Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

J.1137 If m,n,x,y,z € R} = (0,0) and Vx + [y ++/z = a, then:
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2 2 ZZ a3

ad + Y + >
mfy +m/z mvz+n/x myx+n/y 9(m+n)
Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze — Romania

J.1138 If m,n,x,y,z € R} = (0, ), then:
Z (mx + ny)(mx + nz) -

=>12-m-n
vz
cyc
Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze — Romania
J.1139 If a, b, ¢ > 0O, then:
3abc 5
\/(a+b)2+(b+c)2+(c+a)2 +——— >3- Vabc
ab + bc + ca
Proposed by D.M. Batinetu-Giurgiu, Dan Ndnuti — Romania
J.1140 If ABC is a triangle with the area F and the semiperimeter s, then:
4s N 3a?b?c?
3 ab+bc+ca

>43-F
Proposed by D.M. Batinetu-Giurgiu, Dan Ndnuti — Romania
J.1141 If a,b = O such that a + b = 2 then: (2 + a*)(2 + b*) = (2 + a3)(2+ b3)

Proposed by Marin Chirciu— Romania

J.1142 If a4, a,, ...,a, > O such thata; + a, + -+ + a,, < nthen:

1 1 1
—+—=+-+—=2=n
a; a a3

Proposed by Marin Chirciu— Romania
J.1143 In AABC the following relationship holds:
6 z A 4R
(4R +7r)? < Z al COtE < ?(4R +1)?
Proposed by Marin Chirciu— Romania

J.1144 If a, b, x > 0, then:
a’b? b?c? c?a? (a+b)(b+c)(c+a)
+ + + > —
(a+b)* (b+c)* (c+a)* 32abc 16
Proposed by Marin Chirciu— Romania

J.1145If a,b = O such that a + b = 2 then:
Q+a®)@2+b3)=>2+a)+b)=>2+a®)2+b})=>2+a?)(2+b?) >

(2+a)(2+b) Proposed by Marin Chirciu — Romania

J1146Ifxy,z>Osuchthat +L= 3and A =0,u = 0 then:

3_

AZx +u<2x +Z )>3(/1+2u)

Proposed by Marin Chirciu— Romania
J.1147 In AABC the foIIowing relationship holds:

4R2 = Z_S'nz 2 =4R (1 _é)

Proposed by Marin Chirciu— Romania
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J.1148 In AABC the following relationship holds:

18r 1 9R?
Zm mb(b2 c? ) 8rz

Proposed by Marin Chirciu — Romania

J.1149 If a, b, c > 0 and n € N* then:
azn q2n-1 am™ 2
D = (L)
bZn b2n—1 bn
Proposed by Marin Chirciu — Romania
J.1150 If a, b,c > O such thata + b + ¢ =3 and A = 0 then:
a®+2Ab®> b3+ Ac® 3+ 2dd
+ +

p e >3(1+1)

Proposed by Marin Chirciu — Romania
J.1151 a,b € (1,),a + b = 10. Solve for real numbers:
log,(10* — b) = Ig(b + (a* + b)'e?)
Proposed by Marin Chirciu — Romania
J.1152 In AABC the following relationship holds:

R
mp < Z(p - a)ztan— L
Proposed by Marin Chirciu — Romania

J1153Ifxy,zt>0then—+ + +- Esop X 4 ¥ 4 2 4 8
t+x x+y y+z @ z+t

Proposed by Marin Chirciu — Romania
J.1154 In AABC the following relationship holds:

1 <zlctA R?
ARrZ = Ol5 = Gars

Proposed by Marin Chirciu — Romania
J.1155If a, b, c,d > O such thata + b + ¢ + d = 4 then:
a’® b? c? d? 4
+ + + > -
a+2b?> b+2c? c+2d* d+2a?>" 3
Proposed by Marin Chirciu — Romania

J.1156 If a, b > 0O fixed then solve for real numbers:

(a)logx a®pb x
b a’b?

Proposed by Marin Chirciu — Romania
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J.1157 Let a > 0, fixed. Solve for real numbers:
2xvV2x —1=(ax —a+1)*(ax —a+2) + (a—2)(x — 1)
Proposed by Marin Chirciu — Romania
J.1158 Find abc such that abch = ca?.
Proposed by Stefan Marica-Romania
J.1159 Find ab such that ab®> = (a + 1)(b — 1)? — (a — 1)(b + 1)

Proposed by Stefan Marica-Romania
J.1160 Find ab, ab, and ab, such that ab? — a = ab; - - ab, , where ab; and ab, are prime
numbers.

Proposed by Stefan Marica-Romania
J.1161 In AABC, AH —altitude, 5AH = 12BH,9AH = 12CH and 2Py apc = Apapc.
Find area of AABC .

Proposed by Stefan Marica-Romania
J.1162 Find abc such that ab? — b? = ¢!, wherec! =1-2-3- ... c.

Proposed by Stefan Marica-Romania

J.1163 For n —natural number solve the equation

n(n+1)(2n+1) T2

Proposed by Stefan Marica-Romania
J.1164 If a, b, c,x,y,z > 0O then:

b{x}+C{§}+\/C{y}+ag}+\/a{z}+b{%}<3\/@

Proposed by lonug Florin Voinea— Romania

J.1165 Solve the system of equations:
x*+2x +2 = x2y?

2
{(x+w/5—y2) +x2 /2y —1=—-y? -2y +5
Proposed by Minh Nhat Nguyen — Vietnam
J.1166 Solve for natural numbers:
( xytzy+xz=11
+ + +
Jx y x+z y+z_

z y x
lx y z 2x+y+z
2 xz xy | x+y
Proposed by Mokhtar Khassani-Algerie
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J.1167 If x,y = O then:
2y (x+y)* < (2 + yH)(® +y°) (x* +y*)
Proposed by Daniel Sitaru — Romania
J.1168 If x,y,z > 0,xyz = 1 then:

Z z(x +y)° S 3
S (Vx+ ) (Vx+ y)(Vx+y)
Proposed by Daniel Sitaru — Romania
J.1169 If a, b, c,d > 0,abcd = 1 then:
a’b? N c%d? - 8
a’b3 +cd c3d®+ab — (a? +b?)? + (c? +d?)?

Proposed by Daniel Sitaru — Romania

J.1170 In AABC the following relationship holds:
s> (s—a)5+(s—b)®+(s—c)5+2160V3r5
Proposed by Daniel Sitaru — Romania
J.1171 If a, b > O then:

2
2(a?* + b?) + 3(a + b)* + 20ab . 28a?bh? - a® + b? + (Va+ \/E)Z + 2ab
4 (a+b)?2~ 2 2 a+b

Proposed by Daniel Sitaru — Romania

111721 x,y,z>0,x3 -y +y3 - z+ 23 . x = {3 then:
yTy

(x3 +y3 +Z3)4 2 (x4- _|_y4- + Z4~)3 + 6
Proposed by Daniel Sitaru — Romania

J.1173 Solve for real numbers:

Vx+3+16—x=19
Proposed by Daniel Sitaru — Romania
J.1174 Ifin AABC, a? + b? = 2¢? then:

2am, + m? - <

ab V3
mym, ~ 2

Proposed by Daniel Sitaru — Romania
J.1175 In AABC the following relationship holds:
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(-2 rte ) 0

>1+
=1 (a+b+c)

2
s
hg
Proposed by Bogdan Fustei — Romania
J.1176 In AABC the following relationship holds:
av3(m, — hy) = |(m, —m.)(b — )|
Proposed by Bogdan Fustei — Romania
J.1177 In AABC the following relationship holds:
Ab—cl Zl
my, +m, 35 M
cyc cyc
Proposed by Bogdan Fustei — Romania
J.1178 In AABC the following relationship holds:
TaTpTe
hahbhc
Proposed by Bogdan Fustei — Romania
J.1179 In AABC the following relationship holds:

(1 —cosA)(1 —cosB)(1—cosC) (;) =

(mg + my, +m,)? 23@5(&+ﬂ+ﬁ>

my mc mg
Proposed by Bogdan Fustei — Romania
J.1180 In AABC the following relationship holds:

S (me may fhey ) PR
W, Ty hy h, r a
cyc cyc

Proposed by Bogdan Fustei — Romania
J.1181 In AABC the following relationship holds:

0, |y, - e o

2r = (a+b+c)*

Proposed by Bogdan Fustei — Romania

J.1182 In AABC the following relationship holds:
T T,
8(1 — cos A)(1 — cos B)(1 — cos C) < —ebfe
mgmpme

Proposed by Bogdan Fustei — Romania
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J.1183 In acute AABC the following relationship holds:

sin® A . sin® B . sin® C - (1 . r)Z
sindB  sin3C sin®A4 — R
Proposed by Marian Ursarescu — Romania

J.1184 In AABC the following relationship holds:

Wb+WC+WC+Wa+Wa+Wa ZE
h2 h?2 h2 r
Proposed by Marian Ursarescu — Romania
J.1185 In AABC the following relationship holds:

cos®A cos°B  cos®C r\2
e R
cos3B cos3C cos3A R

Proposed by Marian Ursarescu — Romania
J.1186 If x,y,z > 0,xyz = 1,n € (0,2] then:

IA

(xy +z)(xz + ) 2
; (x+yz2) (1 +n(xy +2)(xz+y)) " n
Proposed by Florica Anastase - Romania
J.1187 If a, b, c,m,n > 0 then:

z 8a < (m+n) ( 1 N 1 ) z a
ma? +nbc = 0 W \mz T 2 bc
cyc cyc
Proposed by Florica Anastase - Romania
J.1188 In acute AABC the following relationship holds:

Z T, + 1, Z a?sin®A  a?cos®A\ 27r
. + >
a b c 2

cyc cyc

Proposed by Florica Anastase - Romania

J.1189 In AABC, I —incenter, R, Ry, R, — circumradii of AIAB, AIBC, AIBC.
Prove that:

a’?-R3R? . b? - R3R? . c?-R3R} > 16R3F
R, R, R, 3
Proposed by Florica Anastase - Romania
J.1190 In any scalene AABC holds:
(2s + a)bc N (2s + b)ca N (2s + c)ab -
(a—b)(a—c) (b—-a)b—c) (c—a)(c—D>b)

Proposed by Daniel Sitaru — Romania

6V3r
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J.1191 In AABC let R, — let the radii of circle tangent simultaneous to AB, AC and external
tangent to circumcircle of AABC. Rg, R — are defined similar.
Prove that: R ,Rg + RgR. + R.R, = 4877
Proposed by Daniel Sitaru — Romania

J.1192 In AABC holds:
B C
V2acos=cos==s & 2m, = a
2 2
Proposed by Daniel Sitaru — Romania
J.1193 In AABC the following relationship holds:
(2 4 C+3'B)2—24 AsinZ C(:)Zb— +
C0S - C0S sin— | = 24c0s—sin- cos > =a+c
Proposed by Daniel Sitaru — Romania
J.1194 Ifa,b,c > 0O then:
1 1 1
+ +
a+1 b+1 c+1

=1=>a+b+c>6

Proposed by Daniel Sitaru — Romania
J.1195 In AABC the following relationship holds:

ab . bc N ca <3R
b2+ca c%2+ab a?+bc” 4r

Proposed by Marian Ursarescu — Romania
J.1196 In AABC the following relationship holds:
cot2 cotZ cotS g
2 4 2 4 25 7
a? b? c? T 4F
Proposed by Marian Ursarescu — Romania

J.1197 If x,y,z > 0 then prove:

Z x(y? + yz+z%) > \/3(xy + yz + zx)3

cyc
Proposed by Bogdan Fustei — Romania
J.1198 In AABC the following relationship holds:

Z m2 — 2mym, >0
J5(b% + c2) + 2a2

cyc

Proposed by Bogdan Fustei — Romania

J.1199 In AABC,n, — Nagel’s cevian, the following relationship holds:
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A
3\/§Zasin§2ma +my, +m, +2(w, +w, +w,)

cyc
Proposed by Bogdan Fustei — Romania
J.1200 If a;, b; > 0,i € 1,n then:

() 3z (57

=1

Proposed by Seyran Ibrahimov-Azerbaijan
J.1201 If a, b, ¢ > O then prove:
ab bc ca
+ +
Va+b +b+c +c+a
Proposed by Olimjon Jalilov-Uzbekistan

J.1202 Let f: R — R such that |f(x) — f(y)| = m, Vx # y. Find all functions f if m € N and
m € R*.

> 2vabc

Proposed by Surjeet Singhania-India
J.1203 If f: R* - R such that x(2x + 1) f(x) + f (i) = x+1,Vx € R*. Find:

k=1
Proposed by Mohammad Hamed Nasery-Afghanistan

2+bp%2  4dab
? + a > 3Vab
2 a+b

Proposed by Seyran Ibrahimov-Azerbaijan
J.1205 Find all functions f: R — R such that f (x2y) + f(¥%f(y)) = f(xf(x)),Vx,y € R,

J.1204 If a, b > O then:

Proposed by Mokhtar Khassani-Algerie

J.1206 If k € N — {0}, k = @G - @ G, denote p(k) = ap,. Ay - - - Qg - Q.
Find n € N — {0} such that: p(p(n)) =n?—29n + 8.

Proposed by lonug Florin Voinea-Romania
J.1207 In AABC the following relationship holds:

2F<Z +a2 < 6R
r Ma dm, )~

cyc

Proposed by Rajeev Rastogi-India
J.1208 If a, b, ¢ > O then:
(a + b)* . (b + c)* . (c+a)*

3
> 3%/
13abc + 3¢3 T 13abc + 3a% T 13abe + 37 = SVabe

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
J.1209 Solve for real numbers:
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3 +sin(2x) = 4sin (x + %)

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
J.1210 In AABC the following relationship holds:

mgyh mph m.s, 6F
aa+ bb+ cc>_

s—a S—b s—c R
Proposed by Rahim Shahbazov-Azerbaijan
J.1211 In AABC the following relationship holds:

r, 1, T h h h
2(_a+_b+_c>2_a+_b+_c+3
Ty e Ta Ta Ty e

Proposed by Rahim Shahbazov-Azerbaijan
J.1212 If x,y,z > 0 then:

1 1 1 X% +y? + 72
(x+y+z)(—+—+—)29 _
X y z Xy +yz+zx

Proposed by Rahim Shahbazov-Azerbaijan
J.1213 In AABC the following relationship holds:

3 3
cos(A — B) + cos(B — C) + cos(C — A) < 5+ %

Proposed by Rahim Shahbazov-Azerbaijan
J.1214 In AABC the following relationship holds:
%(a+ b +C)ZZ(CL —b)2+16F% > abc(a+ b +¢)
cyc
Proposed by Rahim Shahbazov-Azerbaijan
J.1215 In AABC the following relationship holds:

a? a+ b2 + c2\?
TP Yy i
T, ab+ bc+ ca
Proposed by Adil Abdullayev-Azerbaijan
J.1216 In AABC the following relationship holds:

b c
Z W, (— + —) > 2(m, + my, +m,).
c b
Proposed by Adil Abdullayev-Azerbaijan
J.1217 In AABC the following relationship holds:
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(TR s

Proposed by Adil Abdullayev-Azerbaijan
J.1218 Solve:
2Vx N 16¥x _ (¥x+2)(Vx +16)
V+2 3Yx+16  Jx+3Yx+18

Proposed by Jalil Hajimir-Canada

J.1219If x,y > 0,m = 0 and x - min{h,, h;,, h.} > yr thenin ABC triangle the following
inequality holds:

a N b N c - 6v3
(xhg —yr)™  (xh, —yr)™  (xh,—yr)™ ~ rm=1(3x — y)™

Proposed by D.M. Bdatinetu-Giurgiu — Romania
J.1220 If ABC is a triangle with the area F and M an interior point in the triangle and
x =MA,y = MB,z = MC, then:
(x? + y*)hahy + (v + 2*)hphe + (2% + x*)hchy = BF
Proposed by D.M. Bdatinetu-Giurgiu — Romania
J.1221 If x,y,z > 0 and A4, B,C;; A, B, C, are two triangles with the area F respectively F,,
then:

x+y y + z+

z
a; b, + x bic, +

xclaz > 8vV3,/F,F,

Proposed by D.M. Bdatinetu-Giurgiu — Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

PROBLEMS FOR SENIORS

Romanian

° Magazine

------------

+ .uuuuu

8.664 f[a,a + 1] - R, f — continuous, a > 0 - fixed, n € N, n > 2. Prove that exists
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€1, Cpy oy Cp—q € (a,a + 1) —different in pairs such that:

f oYL (O LIS CEY B fﬁil 00l dx
Proposed by Dan Radu Seclaman — Romania
S.665
(1 - 2n?)x,, — 4n?
X1 =4, xp41 = C+x)nZ+1 n=1
Find:

n k2 ZLl@“%)
Q= lim ((3 + xn)2k=17)

n—00
Proposed by Ruxandra Daniela Tonild-Romania
S.666 Solve for integers:
2x% +x . 18x2 + 16x + 30 . 84x? + 81x + 240
x2+x+1 x2+x+2 x2+x+3
an-x2+b,-x+c, 6n°+15n*+10n%>—n

= ,n € N*
x2+x+n 30

and find:

Proposed by Costel Florea — Romania
8.667 (x;)nen = 0,%,(xp—1 + Xpni1) < 2Xp_1 * Xn41, (V)n = 1.Prove that: x, > x;
Proposed by Dan Radu Seclaman — Romania
5.668 x3"** + x2 + 1 = P(x) - Q(x),n € N*, with degree (P) < degree (Q).
A(n) = number of terms to Q(x); B(n) = b, — b, + b3 — by + -+ b,,_; — b, + a,. Find:
<P(1) -Q(1) - X%, B(k)>"
k=1 A(k)

Proposed by Costel Florea — Romania

Q= Ilim

n—-oo

S.669 Prove inequality for a, b € (Og)

eSin(¥) Cos(bzi) cosa + eSin(a%b) COS(%BD) CcOoS b > eizcos a ;_ b

Proposed by Olimjon Jalilov — Uzbekistan

$.670 X, = sz — %,xn+2 — (n+2)!~(5x;l(—112f;;1)+5n+13

. Find:
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-1
n
1 1 n
— i n -1 -1 —
Q= lim 2™x, (tan — +tan o 1)2) ké_z k(k —1) (k)

Proposed by Ruxandra Daniela Tonild-Romania
S.671 2x3™*2 — x37=1 4 ¥ + 1 = P(x) - Q(x),n € N*,degree(P) < degree(Q)
Q(x) = a;xbr + ayxb2 + -+ q,xPn, with b, > b, > -+ > b,
A) =ay—ay+az—a,+ -+ an, —a, +a
B(n)=by — by + b3 —by+ - +byy — by +a
C(n) = number of terms to Q(x).Solve for natural numbers:

2(C(n) = B(n)) =3 T-78k® —12k? — 26k + 15
15-P(D(A() - 16) ' L8k3 +12k? — 26k — 15

=Q()

Proposed by Costel Florea — Romania
S.672 Find without softs:
L x
0= fo %d}f
Proposed by Mustapha Issah-Ghana
S.673 If ABC is a triangle with the area F and the points M € (BC),N € (CA),P € (AB)

then: (AM + BN)c3 + (BN + CP)a3® + (CP + AM)b3® > 16+/3F?2
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.6741fx,y,z,t > 0, then in ABC triangle with the area F the following inequality holds:

t4+x2 t4-_|_y2 t4-_|_ZZ

a* + b* + - c* > 16t%F?
y+z z+x x+y

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.6751fn € N* —{1}and x;, € R* = (—o0,0) U (0,0) and X,, = X.%_, xZ, then:

n 1 m+1 1 X‘rzl + nz m+1
Z XE+— > — ,Yym=>0
X nm n

k=1

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

S.676 Ifm,n > 0,¢t,u,v,x,y,z > 0 thenin any ABC triangle with the area F the following

1
t+u xc2 \™! w

m+1 + >

> ( — (ab) (y — Z) >

cyc

inequality holds:
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> 2mn+m+n+1(\/§)1_mn_m_n . (2m+2 + 1)n+1F(m+1)(n+1)

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.677 If ABC is a non right triangle, then:

V3

(sinA +sinB +sinC)( 1 N 1 N 1 ) 27
cos2B  c0s2C cos?2A4/\(sinA+sinB)? (sinB+sinC)? (sinC +sin4)?) — 8

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.678 Letn € N,n > 3and x;, € R%. = (0,),Vk = 1,n, then:

n n 1
RZ XpXk+1 <Z Xk + xk+1>

2

where x,,,; = x;
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.679 Let x,y > 0 and ABC triangle with the area F, then there are two triangles MNP and
UVW with the sides m,n, p, respectively u, v, w such that: mu + nv + pw > 4xy/3F
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

S.680 If x,y, z € (0,1), then in any ABC triangle the following inequality holds:

a . b . c - 27 -3
(xy +xz)(L —=x)h, (z+yx)(L—y)h, (zx+zy)(L—2)h,~ 4
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

S.681 Ifm,n = 0,m +n > 0, then in any triangle with the area F the following inequality
holds:

a’? —ab + b? 16(m + n)?
BT+ b+ gz (Mt etz ———
cyc
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

S.682 If m,n € R = (0,0) and ABC is a triangle having the area F, then:

3 a3m + b3m a2n+2 . b2n+2 1-m
2 3 1
Z ’ > + prrar >2 m+ (1/3) Fm+
cyc

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.683 If x,y,z € (0,1) and ABC is a triangle with the area F, then:
a? b? c? 273
+ + >
(xy+xz2)(1-x) (z+yx)1-y) (@x+zy)(1-2)" 2
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

F
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S.684 Letn € N,n > 3,44, ... A,, be aconvex polygon with the sides A A, = a,

Ap.1 = Ay, k =1,nandthearea F and x, € (Og) Yk = 1,n, then:
n
2

aj s
QPR S .
£ sinx; - C0s? x; n

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.685Ifm,n > 0andx,y,z € (0,1), then:

1 1 1
(ny + nzp3 (L —x2) * (mz +n0) AL —y?) * (mx + )L — 22) =
81vV3

>
“2(m+n)* (x+y+z)?
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.686 Let x,y,z € R’ = (0,0) and ABC be a triangle with the area F, then:

x\/(a4 +1)(b*+ 1) y\/(b4 +1)(c*+ 1) Z\/(C4 +1)(a*+ 1)
y+z + Z+x + x+y =

4\3F

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.687 Ifa,b,c,d € [1,0) and m is their arithmetic means, then:
(@® + b + c® + d*)(a? + b + c® + dP)(a® + b¢ + ¢ + d)(a? + b + ¢ + d?) > 256m*™
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.688 Letbem € R, = [0,o) and a, b, c,d € R} = (0, ), then:

2-m

(a2m+2 + dZ)(b2m+2 + dZ)(C2m+2 + dZ) > d4(ab + bc + Ca)m+1

Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

S.6891Ifx € (Og) then in ABC triangle with the area F the following inequality holds:

sin x\3 sin x\ 2 i t
) () () (52) s

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti — Romania

S.690 If x,y,z € R} = (0, ), then in any ABC triangle with the area F, the following
inequality holds:

y+z b’+c” z+x ¢’+a’” x+y a’+b’7
. . . > 84/
X b5+c5+ y C5+a5+ z a5+b5_83F
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

S.691 In any ABC triangle with the area F the following inequality holds:
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B C A
aztan5+b2tan5+ cztanE >2VAB+BC+CA-F
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania
S.692Ifx,y,z>0,t = 0, then in any ABC triangle with the area F the following inequality
t+1 t+1
holds: (x - my )ttt + (y - mp)t*t + (z - m, )t > —(xy +yz+2zx) 2 (E)
Proposed by D.M. Bdatinetu-Giurgiu, Daniel Sitaru — Romania

S.6931fn € N,n>2x, € Ry =(0,0), vk =1nandX, = X7, x, then:

m+1

Z(xk+(n+1) X, —xk))

—,vm € R, = [0, o)

Proposed by D.M. Bdtinetu-Giurgiu — Romania
S.694 If x,y,z € R} = (0,) then in any ABC triangle the following inequality holds:
X a y b z

c
Db N by kel
Proposed by D.M. Bdtinetu-Giurgiu — Romania
S.695 Letbe a,b,c,d > 0Osuch thata - b3c3d?® = 1, then:
ab3c’ . ac3d’ . ad3b’ -
abl®+d+c¢ acl®+b+d ad®+c+b

Proposed by D.M. Bdtinetu-Giurgiu — Romania
S.696 Letbe x,y,z > 0and t > 0, thenin ABC triangle with the area F and the other usual
notations the following inequality holds:
y+z+2t z+x+2t +x+y+2t

4-_|_ _b4

-a -c* > 32F?
x+t y+t z+t

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania

zZ+x x+y

$.697 Ifa,b,c,d € R% = (0, ) andy+z a+==b+=>c2dVxyz€Rj, then:

+ + + m+1
Yy Z_am+1_|_Z x_bm+1+x y_Cm+12

X y z 6m '

vm € R; = [0, )

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania

S.698 If x,y,z € R} = (0,»), then in any ABC triangle the following inequality holds:

a y b z c
S N
Jyz ha \/ﬁ hy Jxy hc

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania
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S.699 If x,y > 0, then in any ABC triangle with the semiperimeter s the following inequality
holds:

-b + + + yb +
x ye xc+ya xa+y >6(x y)

7, A T, T, s

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania
S.700 Letben € N,n > 3 and 4,4, ... A,, a convexe polygon with the area F having the
length sides Ag A+, = ap. k = 1,1, Ayyq = Ay, then:

n

T
Z\](ai_kl)(aiqq"— 1) = 8Ftang
k=1

Proposed by D.M. Batinetu-Giurgiu, Claudia Nanuti — Romania

S.701 In any ABC triangle the following inequality holds:

mp m m mc m m
b\, N C\ he b\'hc N C\hy
a (a) +b (E) b (E) +c (E) ‘|l c (Z) +a (E) > 8abc
Proposed by D.M. Batinetu-Giurgiu, Claudia Nanuti — Romania
S.702 If t,u,v,x,y,z > 0, then in any ABC triangle with the area F the following inequality

holds:

ErW+y) o, @O +2) oL GEDEFD) 5o gap
vz tx uy
Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.703 If x,y,z > 0 and ABC is a triangle with the area F and the points M € (BC),
N € (CA),P € (4B), then:

x+-AM +vy-BN -BN +z-CP z-CP+x-AM
Y Y cad+ " - b3 > 16+/3F?

VA X
Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.704 If x,y > 0 then in any ABC triangle the following inequality holds:
b+ yc)* + 4 + yb)*
(xb + yc) . (xc + ya) . (xa + yb)

Wp - We We - Wy Wa - Wp

>48- (x +y)*-r?

Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.705In AABC, I —incenter, R,, Ry, R, — circumradii of ABIC, ACIA,AAIB. Prove that:

o)+ () (3 <3

Proposed by Marin Chirciu— Romania
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S.706 Ifa,b,c > Osuchthatabc =1and A1 > 0,n € N,n > 2 then:
b"+ Ac™ "+ Aa™ a™ + AD"
+

+ >Ma+b+c)+3
a b

Proposed by Marin Chirciu — Romania
S.707 In AABC the following relationship holds:

A 2R*
32r3(4R +1)? < Z a’ cot> < T(4R +7)?2

Proposed by Marin Chirciu — Romania
S.708 In AABC the following relationship holds:

BZa tan— Za cot—

Proposed by Marin Chirciu — Romania
S.709 In AABC the following relationship holds:

3 <th A< 3
2Rp ~ Lua? an2_4rp

Proposed by Marin Chirciu — Romania
S.710 Innon-right AABC the following relationship holds:

(4R +1)? - Z bc - R(4R +1)?
6Rp a?(tanA +cotAd) = 24r%p

Proposed by Marin Chirciu — Romania

S.711 In AABC the following relationship holds:
(mn+1 + mn+1 2
Z <—R?’neN
my +mg 2
Proposed by Marin Chirciu — Romania

S.712|fx,y,z>Othen;f+2+5>2_y+2_z+2_z
y oz

x  x+y y+z z+x
Proposed by Marin Chirciu — Romania

S.713Ifa,b,c >0suchthata+b+c=1and A >0,n € N,n > 2 then:
27

Zl+ b(c+ 1) = 3°(10 + 30)

Proposed by Marin Chirciu — Romania
S.714 In AABC the following relationship holds:

el 2 _a 2
Z Csm 2 Z sin

Proposed by Marin Chirciu— Romania
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S.715 If x4, x5, ..., x, > O then:

X x X 2™"X1%y 0 X
1 _2+...+_n_|_ 172 n >1+—n
2x;  2x3 2x1 (g + x2) 0y + x3) . (e + 1) 2

Proposed by Marin Chirciu — Romania

S.716 In AABC the following relationship holds:

T A r
E- 16r2(4R +1)? < Z b%c? tanE < » -4R?*(4R +1)?

Proposed by Marin Chirciu — Romania

S.717 In AABC the following relationship holds:

9\/§r; <mgw, + myw, + mc\/WC < ng;

Proposed by Marin Chirciu — Romania

2

S.718 In AABC the following relationship holds: Z% >3 (ZRTr)E

Proposed by Marin Chirciu — Romania

S.719 In AABC the following relationship holds:

2

RT3 5

48 A 6R
(4R +1)? - S2b3c3tan§S(4R+r)2-7

Proposed by Marin Chirciu — Romania

S.7201,, 1, 1. — excenters in AABC. Prove that:

2 (2 T) < 1 + 1 + 1 < 2 (R + Tr 1)
S R/ T [BCl,] [CAL) [ABI] - S\r R

Proposed by Marin Chirciu — Romania

S.721 In AABC the following relationship holds:
A A
BZ(p —a)? tanE < Z(p —a)? cotE

Proposed by Marin Chirciu — Romania

S.722 In acute AABC the following relationship holds:
n-1

Z A<cosB)”><3)”< R N
cos cosC/ ~—\2 R+r> €

Proposed by Marin Chirciu — Romania

S.723 In AABC the following relationship holds:

A R6 3
16R?*rp3 < Z b3c3 cots < P

r3

Proposed by Marin Chirciu — Romania
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S.724 If x4, x5, ..., x,, > 0 then:
X X X n X X X
_1+_2+...+_n2_+ 1+ 2 by
X2 X3 X1 2 xXptxg XX Xn-1F Xy
Proposed by Marin Chirciu — Romania

S.725 In AABC the following relationship holds
4

24Rr < « b + < 4R? (ZR 1)
TSk T hohy  hahy r
Proposed by Marin Chirciu — Romania

S.726 Find:
1 1 1
et =t —
Q= fim—
n—-oo 31/n2
Proposed by Vasile Mircea Popa - Romania
S.727 Solvein R:
2¢ + 1 — i + e?+1 9 m+2e _ 2m%-e?-1 9
2— = 1x =1+|1--—= X;Z 1
x+e—"—+= 1+
X X X X

Proposed by Orlando Irahola Ortega-Bolivia

S.728 Solve in R
6x° — 18x° + 20x* — 10x3 + 2x2

x?—x= 3
x® —9x°>+18x* —21x3+15x2 —6x + 1
Proposed by Orlando Irahola Ortega-Bolivia

S.729 The polygone A;A,A3A,AsA¢ is tangent to a circle with O — center. If

IA; = A5 = 44, %A, = XA, = ¥4, then find

6
= Z 0OA
i=1

l
Proposed by lonug Florin Voinea— Romania

S.730 Find:
Q=i sin(sin 2x — sinx) — sin(tan 2x — tan x)
= x(sin(cos~1x) — 1)
Proposed by Qusay Yousef-Algerie

S.731 Evaluate: sin ( )sm ( )sm ( )sm ( )sm ( )sm (13)
Proposed by Rajesh Darbi-India
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S.732 Find:

T
2

f sinx + x3 + tan® x + x?
X
2
0 1+x

Proposed by Rajesh Darbi-India
S.733 Prove without softs:

G dx
<
fo 1+ x2+ cos'%0yx
Proposed by Rajesh Darbi-India
S.734 Let a, b, c be non-negative real numbers such that no two of them is equal to zero.
Prove thatifa+b+c=2anda = b > ¢ = 0 then:

1 1 1 vab + bc + ca

+ + + >3-
a?+1 b?2+1 c2+1 \/Z—ab—bc—ca_3 2

Proposed by Minh Nhat Nguyen — Vietnam

5735 a,b € (0,1]=> (8+ab—2(a+b))-a'5-b* 5 > 5
Proposed by Pavlos Trifon-Greece

5.736 Find x: x* + x(9 — 7 (x©7) 4 Jo2oxyr — _9_

P
Proposed by Arslan Ahmed-Yemen
S.737 Solve for natural numbers: (m!)™ + (n))™* = 80 + m™n™
Proposed by Mokhtar Khassani-Algerie
S.738Ifx,y,z>0,x +y +z = 1then:

27R?
4

Proposed by Hikmat Mammadov-Azerbaijan

(xma + ymy + ch)z + (me + ym, + ZTna)2 + (xmc + ymg + ZTnb)2 <

S.7391f0 < a < b then:

b b b b
_ 2 _Qv2 _ 2 _ 2
fe“xdx fegxdeIeloxdx fe“xdx

a a a a

Proposed by Daniel Sitaru — Romania
S.740 In AABC the following relationship holds:

4 N 9 N 1 9 1 4 4 1
((b+c)2 (c+a)? (a+b)2)((b+c)2+(c+a)2+(a+b)2)> 9;(a+b)2(b+c)2

Proposed by Daniel Sitaru — Romania
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S.741 If in AABC, m(«B) = 2m(<4), m(xC) = 4m(xA) then:

S.742 Find:

h% + hZ + h2 > 7\/21R?

Proposed by Daniel Sitaru — Romania

Q=i 0g2— S (n+ D"
~ i m{iog L3+ (m+i)S+cot-1(n+iQ)

=1

Proposed by Daniel Sitaru — Romania

S.743 In acute AABC holds:

Z\/(SinAcosA +sin Bcos B) sin2C < ,/6(1 + cos A cos B cos C)

Proposed by Daniel Sitaru — Romania

S.744In AABC,m, = b,m, = a,cm, = am,. Find:

_ WaWpWe 9a9bYc mgmpymg
0=
NgNpne hahb hc SaSpSc

Proposed by Daniel Sitaru — Romania

S.745 Solve for real numbers:

10

2(52)(’54’]‘_1)(’5"']‘_2)'...-(x+k—19):0

k=0

Proposed by Daniel Sitaru — Romania

S.746 In AABC the following relationship holds:

S.747

6 ={o

(mg)™a - (my)™> - (m )™ = (r,1,1.)%"

Proposed by Daniel Sitaru — Romania

1 2 2020
'2021'2021" " '2021

fxsy=xey—le+ylld-cIF

Prove that: (G,*) = (Zy021,+)

Proposed by Daniel Sitaru — Romania

S.748 Solve for real numbers:

1 1 1
- + =1+ -
1+|sinx] 1+ ]|cosy| 1+ |sinx + cosy|

Proposed by Daniel Sitaru — Romania
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S.749 Find:

o N 1 4n
Q= lim ((2n)!- <2kZO(n “K)-(n+ k) (2n)!>

Proposed by Daniel Sitaru — Romania

S.750 In acute AABC the following relationship holds:
(tan 4)3tan4 . (tan B)3tn B . (tan €)3%"¢ > (tan A - tan B - tan C)tanAtanBtanC

Proposed by Daniel Sitaru — Romania

S.751 Solve for real numbers:
(307 — x)Vx — 64 — (x — 63)3/307 — x
V307 —x — Vx — 63

Proposed by Daniel Sitaru — Romania

S.752 ABCD - cyclic quadrilateral, R — circumradii.lf AB = a,BC = b,CD =c,DA = 2R

=120

then: R® > abc. When equality holds?
Proposed by Daniel Sitaru — Romania
S.753 Find x,y,y = 1 such that:
x3+y?+2z2=4
{729 . n(log(xy) -logz) = 8 -log®(xyz)

cyc

Proposed by Daniel Sitaru — Romania

S.754 In AABC: p: “bcV4cos2B +4cos2C + 1 = 3v3R% 3a = 1"
q: “a=u(A),b = u(B),c = u(C)”. Prove that:p & q
Proposed by Daniel Sitaru — Romania
S.755 In AABC the following relationship holds:
. oA . 5 A . oA
chc szg' chc SmZ; 'chc szg 27

(1 - cosi—;’) (1 - cosi—?) (1 - cosz—:) = 8

Proposed by Daniel Sitaru — Romania

S.7561f0<a<bh < gthen:

b+m>
a++vV1+a?

Proposed by Daniel Sitaru — Romania

sinb—sinaSIog(

116| ROMANIAN MATHEMATICAL MAGAZINE NR. 36



Romanian Mathematical Society-Mehedinti Branch | 2023

S.757 Ifa,b > 0,x € R then:
(1 + asinz x+b COSZ x)asinz x+bcos? x < (1 + a)asinzx . (1 + b)b cos? x
Proposed by Daniel Sitaru — Romania

S.758 If a, b, c, d —sides, e, f —diagonals, R — circumradii in a cyclic quadrilateral then:

2vVabcd
R >

e+ f

Proposed by Daniel Sitaru — Romania
S.759 AMNP - the intouch triangle of AABC, T — Gergonne’s point. Prove that:
3 (FM I'N FP) 1 1
—_—Ft—+— ) < — -
r2s\TA TB TIC Za Z:(s—a)2
cyc cyc
Proposed by Daniel Sitaru — Romania
S.760 F —area, R —circumradii, r — inradii, s — sSemiperimeter in a bicentric octagon.

Prove that:

r2 F R? coszg
s<-—<—38
Rcost ™ s r

Proposed by Daniel Sitaru — Romania
S.761 O —circumcenter,! —incenter, R — circumradii in a bicentric quadrilateral ABCD. If

3sinA4sin B = 1 then find:

Proposed by Daniel Sitaru — Romania
S.762 Find:

= 1 1 & 1«
Q= lim (1+—-35)(1+—-5z)(1+—-75)
%) n n n

Proposed by Daniel Sitaru — Romania
S.7631f0 < a < b then:

/3a4+b \ /a+3b \ /a+3b \ /3a:b

Set’ dt |- 4 ttet’dt | < ( tSet* dt |- t4ef2dt\
S IV AU

Proposed by Daniel Sitaru — Romania
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S.764 Solve for real numbers:

( x,y,2>0
[yt (P e )

\/xy+z.yz+x.zx+y -
l x+y+z=1

Proposed by Daniel Sitaru — Romania
S.765 Solve for real numbers:

1
cos?x -cos?y -cos?z = 3

8
U_[(Cos2 x —C0s?x - cos?y + cos?y) = 57

cyc
Proposed by Daniel Sitaru — Romania

S.766 In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

Z@ - Z VAR? + (ng — ga)? +2(nagq — wé)
h, ~ 2r
cyc cyc
Proposed by Bogdan Fustei — Romania
S.767 In AABC the following relationship holds:

> Z cos(4 — B)

cyc

h
2\/§-Z a
ng + Ya + vV 27ﬂbrc

cyc
Proposed by Bogdan Fustei — Romania
S.768 In AABC,n, — Nagel’s cevian the following relationship holds:

2y s
s—n, T 7

cyc cyc

Proposed by Bogdan Fustei — Romania

S.769 In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

B C 2n, .
1_[(5 +n,) (COtE + COtE 7 ) <64 nmanagawa
a

cyc cyc

Proposed by Bogdan Fustei — Romania

S.770 In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

\/gZ(na +04) = 22 Ta

cyc cyc

Proposed by Bogdan Fustei — Romania
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S.771In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

2

NgYa + NpJp +ncgc > ( Ta + Ty +rc )
hahb + hbhc + hcha - mgy + my + me

Proposed by Bogdan Fustei — Romania
S.772 In AABC,n, — Nagel’s cevian, the following relationship holds:

3 P
s+n, h, r

cyc cyc

Proposed by Bogdan Fustei — Romania

S.773 In AABC,n, — Nagel’s cevian, the following relationship holds:

+nb+nc ZZra+h (4 2r><a+b+c)<c+b+a)
3r 3 ng+s = R/\b ¢ a/\b a c

cyc

Proposed by Bogdan Fustei — Romania
S.774 In AABC,n, — Nagel’s cevian, the following relationship holds:
Mol + MpTe + Nelg 64a’b?c? 2
hyhy, + hyh, +h h, — <(4a2 —(b—-1¢)2)(4b% - (c — a)?)(4c? — (a — b)2)>
Proposed by Bogdan Fustei — Romania
S.775In AABC,n, — Nagel’s cevian, the foIIowing relationship holds:

2 ()=
—+
r, s+n, b+C

cyc cyc

Proposed by Bogdan Fustei — Romania

S.776 A € M,(R),Tr A + det A = 0. Prove that:
det(4% + 34 + 31,) +det(4? — 34 + 31,) > 30detA4

Proposed by Marian Ursarescu — Romania

S.777  z,,z,,z5 € C*, differentin pairs, |z;| = |z,| = |z;5],A(z,), B(z,), C(z5).Prove that:

2,

cyc

272 — 7, — Z|*
“1 =2 B =9=AB=BC=CA

Zy — Z3

Proposed by Marian Ursarescu — Romania

S.778 A, B € M5(C),2021AB = I; + 2020BA. Find:
Q =Tr((AB — BA)3)
Proposed by Marian Ursarescu — Romania
S.779 In AABC the following relationship holds:
my -|;mc +mc +2ma +ma +m,,
9a P K
Proposed by Marian Ursarescu — Romania
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S.780 Find:

a=lim">@-0(,")()
k=1

Proposed by Marian Ursarescu — Romania
S.781 z,,z,,z3 € C* - differentin pairs, |z;| = |z,| = |z3] = 1,4(2,),B(z;), C(z3)

3
1_[|(Z1 —z)|zy — z3| + (21 — z3) |24 _Zz|| = <Z|Z1 _Zz|> = AB =BC =CA

cyc cyc
Proposed by Marian Ursarescu — Romania
S.782 In acute AABC,n € N,n > 2 the following relationship holds:
1-sinAsinB

— /si >
Z(l SlnA)_Z:Zn+l—sinAsinB

cyc cyc

Proposed by Florica Anastase - Romania
2
$.783 (@ndns1. (Bu)nsti @ = [ || dx, by > 1, by = 1+ log(b,) ,[+] - GIF
Find:

-log /b
Q= lim %199 VEn
n-o  logn

Proposed by Florica Anastase - Romania

$.784 0(a) = [, log(1 + x) - tan~!(vx) dx,a > 0. Prove that:
1
Q(a) + Q(b) + Q(c) < (a+b+c)(a+b+c+§)
Proposed by Florica Anastase — Romania

S8.785 Let (a,)n»1 — be sequence of real numbers with a; = 1 and
[(a,—a,_ ) )(n+1)'n—-a,a,_,](n+ 1) =n?a,a,_,,n = 1. Find:

a a
n+1 (Ap4q n| an
n+2 n+1
n-1

lim

n—-oo
n| an
( n+1)

Proposed by Florica Anastase - Romania

S.786 Ifa,b,c > 1, then:
> 10ga (L4 B (1+ 1) 2 6(a+ b 2(b + )~ (c + @)~

cyc

Proposed by Florica Anastase - Romania
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S.787 Ifa,b,c € (1,2), f: (2,3) -» R, continuous with f'(x) <0and f""(x) <0, Vx € (2,3)

(a+1D)(B+1) .
Zf<W>22-\[nf(a+l)-Zf(a+l)

then prove:

cyc cyc cyc
Proposed by Florica Anastase - Romania
S.788If £:[0,1] — (0, ), f — continuous then:

1 1 y 1
log (8 | (f(x) | (f(y) | f(Z)dZ> dy> dx) >3 [ log(f () dx

0
Proposed by Daniel Sitaru — Romania
S.789 Find without any software:

_f (x? +6x + 15)sinx p
T ) X%+ 12x3 + 54x2 + 108x + 81 F

Proposed by Daniel Sitaru — Romania

S.790 In any AABC the following relationship holds:
R Z(b sin3C — csin3B) > 12/3r? Z sin(B - C)
cyc cyc
Proposed by Daniel Sitaru — Romania

S.791In AABC, 1, 1, I. — excenters, the following relationship holds:

n+1

(Ala)n+1 (Blb)n+1 (Clc)n+1 T
o + o + g > 2n+1 \/ﬁ T ,

Proposed by Daniel Sitaru — Romania

n €N

1
14+ (x+4)*+(x+6)*

S.792 Find without any software: (0 = f

Proposed by Daniel Sitaru — Romania
S.793 IfF,, L,, P, —Fibonacci, Lucas, Pell numbers then in AABC holds:
6V3r-FE,+2s-L,+3V3R P, >V3(E, + L, + B,)(4r + R)
Proposed by Daniel Sitaru — Romania

S.7941f0<a<bh < %then:

(cosa — cosb)(V1+ b2 + V1 +a?)
b+a

>b—a

Proposed by Daniel Sitaru — Romania
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$.795x; = 2,2x2,, +/1—x} = 1,n 2 1. Find:

Q=1Ilim2"-x,)

n—-oo

Proposed by Daniel Sitaru — Romania
S.796I1f0 < a < b then:

b
2 21 3(b —
f (cos7x —cos’ (x + g) + cos’ (x + ?n)) dx < ﬁsin¥

Proposed by Daniel Sitaru — Romania
S.797 Find:

0= mi_rJ(\/xz —8x+64+\]x2 —6\/§x+36>
x€ER

Proposed by Daniel Sitaru — Romania
S.798 In AABC the following relationship holds:

aa . bb . CC . (6\/§r)6ﬁr S (az + b2 + CZ)ZS
Proposed by Daniel Sitaru — Romania
S.799

2020 2020
)22

A(2,1010), B (x
Find x, y € R such that H(11,2020) is the orthocenter of AABC.
Proposed by Daniel Sitaru — Romania

S.800 If a, b, ¢ = 0 then:

a b [

bc b cta a+b b
(a+Z+c)b+ .(a+b+c)+ .(a+lC)+c) = (a+abirc)3

Proposed by Daniel Sitaru — Romania

S.801 In acute AABC the following relationship holds:
>3~3 Ycyctan A

1_[(1 +tan4)Pr4 > 1+°3 z tan A
cyc cyc

Proposed by Daniel Sitaru — Romania

$.8021f0 < x < 1 then: x! + 22" + x2> + x2 + ... > In (L)

1-x

Proposed by Asmat Qatea-Afganistan
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S.803 Find:

_ n-1 n? k3 —k7-nd
Q= lim (; PTG = In(k)))

Proposed by Asmat Qatea-Afganistan
S.804 Prove that:

i ( (k) fl)k) (=) = Vi

n—-oo +n
=0

Proposed by Asmat Qatea-Afganistan
S.805 Ifx > 1 then:
Xl er+DE-1) > yx
Proposed by Asmat Qatea-Afganistan
S.806 If x > 1 then:

x? -1

fxtx/t t+1dt<y(x—1)+In(x!) +

Proposed by Asmat Qatea-Afganistan
S.807Ifn e Nand (0 < x <1) then:
x+Cn—1x"< (2n—1)x™ +x
Proposed by Asmat Qatea-Afganistan
S.808 Find:

e B )

k=1 k=1
Proposed by Asmat Qatea-Afganistan

S.809 If n € N and [+] denotes greatest integer function then prove that:

B o
n n nm

4 (k) Cos((n — 2k)x) ~om <[§]> cos?2 (7)

Proposed by Asmat Qatea-Afganistan

2
2k—-1
2+ Y1
Q= lim| —25 2k
nooo n 2k+1
k=1" 5k

Proposed by Costel Florea — Romania

1
cos™ (X) = F

k=0

S.810 Find:

n
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S.811 Find:

3

0= lim (1 . 3)fa+x dt x
T xoo x . (% —(Q2a—3x)t+a?—3ax + ax?)?
Proposed by Costel Florea — Romania
S.812
P(x)=n3x™"1—(n®*+3n?-3n+x?+(6n-6)x""1+(6n—12)x" 2+ ---+
+18x3 +12x2+ 1
If P(x) = (ax + b) - X1_, u,x*, then find:

én
(un—ZOO - uzoo) 100(a—b)

Un—-100 — U100

Q= 1lim

n—-oo

¢ —golden ratio.

Proposed by Costel Florea — Romania

2

tan~!n 2sin? x+sinx+7 sinx cos x+2 cos x+6 cos? x
5.813 w(n) = [

0 6sin? x+3 cos? x+3 sin x+11sin x cos x+cos x
Find:
Q) = ALTO w(n)
Proposed by Costel Florea — Romania
S.814n2%x™ — (k2 +2n—1)x" + 2x™ 1+ 2x™" 2 + . + 2x2 + 2x + 1 = (ax + b)P(x)
n(n+1)x" —2nx"1 - (2n - 2)x" 2 - (2n—4)x"3 — . —6x2 —4x -2
= (cx + d)Q(x)
a,b,c,d € R. Find:

Q= 1lim

n—-oo

(a—b)Q)\*™
(c —d)P(1)

Proposed by Costel Florea — Romania

S$.815a, = 1,a,,4; = 4a, +n?+1,n > 1.Find:

A a
Q= lim—=

n-oo 4M

Proposed by Costel Florea — Romania

S.816 If

nok x2k+1 _ 4 2k=1 4 q

Qn) = Zf 2k+3 2\ 2k+1 2,2k—1 2 7 dx

L)y x —(1—-k?)x — k2x +x2+k

Find:
Q
Q= lim ﬁ
n-»oco N

Proposed by Costel Florea — Romania
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S.817 Find:
on ., yn_ 3k -2 23k—2
Q= lim el )z
n—-o ;(1:1(416 - 3)24k 3
Proposed by Costel Florea — Romania
S.818

x2k+3 _ 4 2k+2 4 q

n
n
OEDY
(n) k:1f0 (c + 1) (25 — x2k+3 + .+ 1) — x(x2+1 — x — 1) dx

Find:
90(n) \"
0= TILm <4n(n - 1)>
Proposed by Costel Florea — Romania
S.819
x4 — (3 +3n2 = 3n+Dx"+ (6n —6)x""1 + (6bn — 12)x™ 2 + -+ 12x? + 6x + 1
Q@)= f G102 dx
0
i+ 1)x™2 — (n+ 2)x™?t — x2 + 2x
[0} =
,(n) fo 12 dx
Tn2x™l — (x2+2x = Dx™+2x" 1+ 2x" 2 + ..+ 2x + 1
Q3(n) = f (x — 1)2 dx
0

30:(n)
2Q3(n)-Q3(n)

2n¢
Find: Q =1lim,_ ( ) , ¢ —golden ratio.

Proposed by Costel Florea — Romania

n*+6n3+13n2+12n+4
+14n3+73n2+168n+144 '

Sp = uq +uy, + -+ u, Find:

§.820 u, = log i]n4
) 3
Q=limn (Esn —4logn — log 72)
Proposed by Costel Florea — Romania
S.821

n

1
EQon) = kz x3 + 3(k + 4)x? + (3k2 + 24k + 47)x + k3 + 12k? + 47k + 60

=0

Solve for natural numbers: E(0,n) = % and find:

n—-oo

2¢n
Q= lim [(an +19n + 41) <2—14 — E(O,n))]

¢ — Golden ratio.

Proposed by Costel Florea — Romania
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S.822 Find:

an+n?

1
= lim — f
n-con n3+3n2 -4
on-— n2 [xn+3 +5 TL+2+ +4 X nZion

Proposed by Costel Florea — Romania

3cos? x+1
d

S.823 Find without software: Q = fz

sin5 x

Proposed by Costel Florea — Romania

S.824 Find:
7 216n dx
Q= lim| 2"sin —f
noo 2 )y 8/x (1 + 16x+/ x\/E)
Proposed by Costel Florea — Romania
S.825 Find without softs:
Q= f% tan? x p
), x2+sec2x —x(2tanx +3) + 1+ 3tanx x
Proposed by Costel Florea — Romania
S.826 Find:
~ lim < 1 lim 1—cosx - coS2v2x - ...- cosnvnx\
n—o \n?x-01 —+/cos x - Ycos 2x - ... - *A/cos nx
Proposed by Costel Florea — Romania
S.827 Find:
n 22x+1+x
0= 1!'-(?0 <f_n 22%+2_2% 141449 dx)
Proposed by Costel Florea — Romania
S.828 Find:

= lim

n—oo

< im L~ Ycosx - Veos3x - ... ""/cos(2n — l)x>

n;.xao XZ

Proposed by Costel Florea — Romania

S.829 Solve for real numbers:
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x+y =10
1 1 1
10 x+2Y x+8
4 1 1 1 =0
2¥+y 2%+2Y 2*+8
1 1 1
la+y 4+2y 12

Proposed by Daniel Sitaru — Romania
S.830 Solve for real numbers:

( x,y,z2>0
iz 2021 (3_/ + E) — Z x2020(y + 7)
zZ x
cyc cyc
3% + 4V = 57

Proposed by Daniel Sitaru — Romania
S.831 Prove without any software:

(e +1)(e+2)log(1+-1)

w@e) Y

e(e +2) <

Proposed by Daniel Sitaru — Romania
S.832a,b,c,d, e, f —sides, r —inradii in a bicentric quadrilateral. Prove that:
a2 b2 C2 dZ eZ 2
PRI R e
Proposed by Daniel Sitaru — Romania
S.833If x,y € C then: |x| + |y| + [3x + 2y| < [4x + 3y| + 2|x + y| + |y — x|
Proposed by Daniel Sitaru — Romania
S.834 In AABC the following relationship holds:
a®h? +b%a? bOc?+c®b? c®a? + abc?
+ +

> 256r4s3
c a b

Proposed by Daniel Sitaru — Romania
S.835 In AABC the following relationship holds:
2 1 1 1 R
— < —t—+—<—
R™ s, s, s, 2r?
Proposed by Marian Ursarescu — Romania
S.836 In AABC the following relationship holds:

Sa Sp Sc¢

1

3 +— + < —

ms +m,m m; +m.m m2+m,m 2r
a b'ltc b c'ta c a''b

Proposed by Marian Ursarescu — Romania
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S.837 z,,z,,z3 € C, differentin pairs, |z,| = |z,| = |z3| = 1,A(z,), B(z,), C(z3)

Zy — 73)? 9

ZZ(Z ) 9 AaBCright
z5 —6zyz3 +z5 7

cyc

Proposed by Marian Ursarescu — Romania
S.838 24,25, z3 € C, differentin pairs, |z,| = |z;| = |z5] = 1,4(z,), B(z;), C(z5)

(z; +23)?
Z—ZZ+6ZZ — == AB=BC=CA
2 243 3

cyc

Proposed by Marian Ursarescu — Romania
S.8391Ifa,b,c,d € (0,1)Va,b,c d € (1,o) then:

l0gpc243 (@3b?c) + 1094243 (b3c?d) + 109 4,423 (c3d?a) + 109,223 (d3a?b) = 4

Proposed by Marian Ursarescu — Romania
S.840 Solve for real numbers:

loggx - log,(7 —x) =1

Proposed by Marian Ursarescu — Romania
S.841 In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

TiNlang Nl
r Ty

Ya
cyc cyc

Proposed by Bogdan Fustei — Romania
S.842 In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

z ’g—“zzﬁ-z ha = 21
T, Ng+s

cyc cyc

Proposed by Bogdan Fustei — Romania
S.843 In AABC,n, — Nagel’s cevian, the following relationship holds:

2@.2 7, sza+wb+wc—na\/§
ng+s h,

cyc cyc

Proposed by Bogdan Fustei — Romania
S.844 In AABC,n, — Nagel’s cevian, the following relationship holds:

_1 . _1 . _1 >Z](na+ha)
sin4 sinB sinC —

S

Proposed by Bogdan Fustei — Romania
S.845 In AABC,n, — Nagel’s cevian, the following relationship holds:
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Z b+c >2(ha+h,,+hc)

ng,+h, s
cyc

Proposed by Bogdan Fustei — Romania

S.846 In AABC,n, — Nagel’s cevian, the following relationship holds: chc cos— %

Proposed by Bogdan Fu,stei — Romania
S.847 In AABC,n, — Nagel’s cevian, x, y, z > 0, the following relationship holds:

3 a’x +b%y +c?z hary
- >ng+n,+n.+2
4 r/xy+yz+zx Ng +5

cyc
Proposed by Bogdan Fustei — Romania

S.848 In AABC,n, — Nagel’s cevian, the following relationship holds:

mgn, 1 3
> _E 2(P2 4+ 2 — o2) 4 = 2
h, _\/87’2 mz(hb2+c2—a )+25

cyc

cyc
Proposed by Bogdan Fustei — Romania

S.849 In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

Z h, - > (B8g, +ny) N 2 Z mgT,w,
Jats—a~ 6r 3rda(ng +s)(r, +1.)
cyc

cyc

Proposed by Bogdan Fustei — Romania

S.850 In AABC,n, — Nagel’s cevian, the following relationship holds:

mgWq ’
2\/_ Z atS
cyc

Proposed by Bogdan Fustei — Romania

S.851 In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:

Z J2mg(my, +m,) < Z(na +94)

cyc cyc

Proposed by Bogdan Fustei — Romania
S.852 In AABc, n, — Nagel’s cevian, the following relationship holds:

2@2 h, sza+wb+wc—na\/§
ng+s

Ta

cyc cyc
Proposed by Bogdan Fustei — Romania

S.853 In AABC,n, — Nagel’s cevian, g, — Gergonne’s cevian, the following relationship holds:
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Z meWwy >2\/§'Z h, —2r

@m, — g)ra Ng+s
Proposed by Bogdan Fustei — Romania

S.854 In AABC,n, — Nagel’s cevian, the following relationship holds:

£> 1 ZZna+nb+nC+lz E+ Ta
r 42 1 2 7, h,
cyc cyc

Proposed by Bogdan Fustei — Romania
S.855 In AABC,n, — Nagel’s cevian, the following relationship holds:

’na + s T, + 1,
cyc cyc

Proposed by Bogdan Fustei — Romania

S.856 Find:

Q= 1lim

k— oo

f% log(x + k) + log(x — k) — 2log x
vz k?

Proposed by Abdul Mukhtar-Nigeria
S.857 ForVvi € N,a; > 0,1 > 0 prove that:

R
a,+az+-+a,+1a; - A+ (n-1)

cyc
Proposed by Amrit Awasthi-India
S.858 Find without any software:

q f x® + x8 + x° p
= x
X104+ x%+x7 +2x6 +x*+x3+1

Proposed by Pranesh Pyara Shrestha-Nepal
S.859 Find all numbers a > 0 such that tan(ax) > cot(ax),Vx € (Og)
Proposed by Nguyen Van Canh-Vietnam

S.860 Solve for real numbers: 2vex — ex — e = 2(Ve* — e¥*)

Proposed by Lazaros Zachariadis-Thessaloniki-Greece

S.8611fx,y,z>0,x3x + yi/; + z3/z = 3 then:

35 (S =

cyc

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
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S.862 If x,y > 0 then:
Inx? - In(xy)? = In(x3 - y¥3+2) - In(x V3 - y¥3-2)

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
S.863 If x,y,z > 0 then:

X y z
+ + >1
yTJrZ+w/2(y2 + z2) xTJrZ+,/2(ZZ + x2) %+w/2(x2+y2)
Proposed by Rahim Shahbazov-Azerbaijan
S.8641fa,b,c,d >0,a+ b+ c+d = 4then:

1 1 1
a3+aZ+a+1+b3+b2+b+1+c3+c2+c+1+d3+dz+d+121

Proposed by Rahim Shahbazov-Azerbaijan
S.865 If x,y,z > 0 then:

x? y? z?  2x 2y 2z
—t+ -+ => +
y2 z? x? " y+z z+x x+y

Proposed by Rahim Shahbazov-Azerbaijan
S.866 Ifa,b,c,d,e > 0,abcde = 1 then:

a?+1 b2+1 c?+1 d*+1 e?+1
+ + + + <2
a®+4 bp°+4 °+4 d°+4 e°+4

Proposed by Rahim Shahbazov-Azerbaijan
S.867 Ifx,y,z > 0,xyz = 1 then:

x8+1  y¥+1 28+1<2
X15+2 y15+2 215+2_

Proposed by Rahim Shahbazov-Azerbaijan

X3+y3  s|xS+ys
>
x2+y2 2

Proposed by Rahim Shahbazov-Azerbaijan
S.869 In AABC, a = 2, the following relationship holds:

(3) Zvi> T

Proposed by Nguyen Van Canh-Vietnam

S.868 If x,y > 0 then:

S.870In AABC, a = 3, the following relationship holds:
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R a
_ 2 > 2
<2r> Z ha = Z Ma
Proposed by Nguyen Van Canh-Vietnam
S.871In AABC, a = 2, the following relationship holds:

() ey

Proposed by Nguyen Van Canh-Vietnam
S.872 Leta > f > 0. Find all functions f:R — R such that

af (ef () + f(¥)) = Bf(f () +yf(¥)) + x“yPf(xy),  Vxy€R
Proposed by Nguyen Van Canh-Vietnam
S.873 Let a, f = 0. Find all continous functions f:R — R such that
Bf(ax) = af (Bx) — (a + B)x**F,  vx,y€R
Proposed by Nguyen Van Canh-Vietnam
S.874 H —orthocenter in acute AABC, 1y, 15,13 —inradiiin ABHC,ACHA, AAHB. Prove that:
rntr+r < (2—\/§)s.
Proposed by Adil Abdullayev-Azerbaijan
S$.875In AABC,H —orthocenter, I —incenter, N, —Nagel’s point, G —centroid, S,, —Spieker

point, the following relationship holds: [HIN,] = 6[HGS,].

Proposed by Adil Abdullayev-Azerbaijan

S.876 In AABC the following relationship holds:
2

2+z<ri+bc>> 8(mZ + m? + m2)

— = .
bc 1} m,m, + mym, + m_mg

Proposed by Adil Abdullayev-Azerbaijan
S.877 In AABC the following relationship holds:

a b c WoWpW, 13
+ + aVb c__.
b+c c+a a+b 8rnr 8

Proposed by Adil Abdullayev-Azerbaijan
S.878 In AABC the following relationship holds:

NS e
» .

4(mj +mj +mz)

Proposed by Adil Abdullayev-Azerbaijan
S.879 In AABC the following relationship holds:
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Ty 3 Tb T 3m 3mgmym,
h hb " hghphe

Proposed by Adil Abdullayev-Azerbaijan
2
$.880 In AABC holds: 22—7 (g) < (1 +cosA)(1+cosB)(1+cosC) < 28—7

Proposed by Adil Abdullayev-Azerbaijan
S.881 In AABC the following relationship holds:

mgmpym.  (a? + b?)(b? + c?)(c? + a?)
r,rpT. ~ abc(a+b)(b+c)(c+a)

Proposed by Adil Abdullayev-Azerbaijan
S.882 Prove that:

n
v
Z) _(n DEk n €N

Proposed by Jalil Hajimir-Canada

(g

Proposed by Jalil Hajimir-Canada

S.883 In AABC find:

S.884 Prove that:

Z [+ %] l0g, [+ %] > [nx](log, [nx] — 1),n € N — {1}, x € R,

[«] —the greatest integer part of .

Proposed by Jalil Hajimir-Canada
S.885 Let x4, x5, ..., X, be the roots of the equation:

10x7 + 20x® — 573x° — 1146x* + 8951x3 + 17902x2 — 24738x — 49476 = 0
Find: Y7 _,{x;}, where {+} —is fractional part of x.
Proposed by Jalil Hajimir-Canada
S.886 Ifpy,ps, ..., p, are prime numbers.

Prove that N = "*/p, + "2[p; + --- + ""/p, is an irrational number.

Proposed by Jalil Hajimir-Canada
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S.887 Let x, y be positive real numbers, prove that:

x+2y< | e"z+293’2
3735 |99 373

Proposed by Jalil Hajimir-Canada

S.888 Find without softs:

27 x sin(cos x)
0 x%+1
Proposed by Jalil Hajimir-Canada

S.889 Find without softs:
21
2 (T i0
fo cos (4+4e‘ )d@

Proposed by Jalil Hajimir-Canada
$.890 Solve for real numbers: |2021[tn*] — 20211-[tanx]| = 2029
[x] —is the greatest integer part of x. Proposed by Jalil Hajimir-Canada
S.891 Let x,y,z € [1,); u,v,w > 0 and m is the arithmetic means of the numbers x, y, z. If
ABC is a triangle with the area F, then:

(x* + y* + z%)(u + v)a? . (Y +yY + z%)(v + w)b? . (xZ +yZ + z2)(w + u)c? -

w u v
> 24V3-m™ - F
Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.892If x,y,z € [1,),t = 0 and m is an arithmetic mean of the numbers x, y, z and
u,v,w, then in any ABC triangle with the area F the following inequality holds:
(x* +y* + 27)(u+v)
w
Loyt 2w+

%

L@y + 2) W+ w)

(ab)t+? (bo)t+! +

(Ca)t+1 > 22t+3 (\/§)3_tFt+1 . mm

Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.893 Letbem,n € R, = [0,),m +n = 2 and M an interior point in AABC with the area
Fandx = MA,y = MB,z = MC, then:
a™x? bMy? ™Mz? 1

+ + >
hp " RY hP T 3.2n4pn-z

Proposed by D.M. Bdatinetu-Giurgiu — Romania
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S.894 If m,x,y,z > 0, then in any AABC with the semiperimeter s the following inequality

(x+y)b™c™ 4 (y+z)c™a™ 4 (z+x)a™p™ > 3. 92m+1
z(s—a)Zzm x(s—b)2m y(s—c)2m —

holds:

Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.895Ifx,y,z € [1,) and x + y + z = 3m then in any ABC triangle with the
semiperimeter s the following inequality holds:

(x2+y*+2%)bc (XY +yY +zM)ca (x%+y?+ z%)ab
(s —a)? (s — b)? (s —c)?

Proposed by D.M. Bdatinetu-Giurgiu — Romania

> 36m™

S.896 If x,y,z € [1,2); x +y + z = 3m and ABC is a triangle with the area F and the
points M € (BC),N € (CA), P € (AB) such that the cevians AM, BN, CP are concurrent,
then:

(x* + y* +Zx)@bc + (x7 + yZ +Zy)N—Cca +((xZ+y?+ ZZ)ﬂ ab > 12m™\/3F
NA PB MC -
Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.897 If x,y,z,m € [1,»),x +y + z = 3m and ABC is a triangle with the area F and the

points M € (BC),N € (CA), P € (AB) such that the cevians AM, BN, CP are concurrent,
then:

(xx +yx+Zx)@'b+ (xY+yY+ZY)N_C+ (XZ+yZ+ZZ)ﬂa >
NA PB MC

> 6m™yV27VF
Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.898 Letm = 0,u, v > 0and M an interior pointin AABC with the area F and x = MA,
y = MB,z = MC, then:
m+1 ma1
¥ (Eupen) e
cyc
Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.899 If u, v > 0, M is an interior point in AABC and x = MA,y = MB,z = MC then:
4 + 4
RS
cyc
Proposed by D.M. Bdatinetu-Giurgiu — Romania

S.900 Ifm = 0, x,y,z > 0 then in any AABC with the area F the following inequality holds:
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x Y. am+2 1 . 1 . 1 __ 3
h_Czl h_g h_g ' ((x +y)2mEZ T (y + 7)2mHZ (74 x)2m+2) = gm+1pam+2
Proposed by D.M. Bdatinetu-Giurgiu — Romania

S.901 Let t > 0 and M an interior pointin AABC with the area F and x, y, z are the distances
from M to the apices 4, B, C respectively u, v,w the distances from M to the sides
BC,CA,AB respectively. If X =x+y+ 2z, U =u+ v+ w, then:

X +tu X+tv X +tw
a? + b? + c2 > 2(6 + t)V3F
v+w w+u u+v

Proposed by D.M. Bdatinetu-Giurgiu — Romania

S.902If m € Ry =[0,»);x,y,z € R} = (0,), then in any AABC the following inequality

holds:

y+z(b"+c’ m+1+z+x c’+a’ m+1+z+x a’ +b7\"™! - 22m+3(\/§)1-mFm+1
x \b%+c> y \c>+ad y \a’+ b5 -

where F is the area of AABC.

Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.903 If ABC and XYZ are two triangles with the area F, respectively S, then:

xa yb zc "
—t—t—>
R 43/3Vs

Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.904 Let M be an interior point in ABC triangle and x = MA,y = MB,z = MC and u,v,w
the distances from M to the sides BC, CA, AB respectively, then:
1 1 1 9
(u+v)2+(v+w)2+(w+u)2) 25

Proposed by D.M. Bdatinetu-Giurgiu — Romania

(xu+yv + ZW)(

S.905 Let ABC be a triangle with the area F and M an interior point in the triangle. If x, y, z

are the distances of point M respectively to the apices A4, B, C and u, v, w the distances from

2b3 2

. o x%2a3 |y
M to the sides BC, CA, AB, then: — + -

ZC3

+

> 8(xy + yz + zx)F

Proposed by D.M. Bdatinetu-Giurgiu — Romania
S.906 If x,y > 0 and ABC is a triangle with the area F, then:
(ax? +by?)\/(a+c)(b+c) + (bx? + cy?)y/(b + a)(c + a) +
+(ex? + ay?)(C+ D)@+ b) = 4V3(x + y)°F

Proposed by D.M. Bdatinetu-Giurgiu — Romania
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$.907 Ifx,y,z > 0,n € N — {1} and 4, B, Cy, k = 1,n are triangles with the area F, the

following inequality holds:

x+y y+z Z+x
a.a,..a, + b.b, .. b, +

C1C2 C‘l’l 2 8\/§—\[F1 * Fz Fn

Proposed by D.M. Bdatinetu-Giurgiu — Romania

X

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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+ .uuu m

-
-
= e

U.323 Evaluate,

f 1_[ Vxi (1 —=1In(x;))dx,dx, ... dx,
[o1]™

1<isn

Where,

1 01 p1 1
f denotes f f f f (n — times)
[01]" o Jo Jo 0

Proposed by Akerele Olofin — Nigeria
U.324 Find in a closed form:

f1arctan(%) iz s|i+x)
0 X 1+x 1—x ™

Proposed by Sujeethan Balendran- SriLanka

U.325 Show that:
5 m* log*(2) 1

foz x cot x log3(cos x) dx = 3?”{4”4 (%) + 25(3) log(2) - ——=———F—-m? Iogz(Z)}

Proposed by Sujeethan Balendran- SriLanka
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U.326

i ! cos(nn) (3n+4|n(l+\/_) In(4))

Proposed by Asmat Qatea-Afghanistan

fomcos:::xm) - 1;(26’)1[(( ) ( )]

Wherep = 7 n = 0 and m > 0,I'(p) = Euler’'s Gamma function and {(s, q) = Hurwit’s

U.327 Prove that:

zeta function Proposed by Lunjapao Baite — India

U.328 Find without any software:
0 f f L dxd
= —————Aax

0 x xZ * yZ g
Proposed by Durmus Qgmen-Turkiye

@ % x cos(xt) mn

f f —nxdtdx = —

o Jo sinh ( ) 4

Proposed by Lunjapao Baite — India

U.329 For n > 0, prove that:

U.330 Prove that:

. n2+n
l—lzn +(-1)z _J4-2V2
1 _32n+cos ("2—”) 2

Proposed by Asmat Qatea-Afghanistan

1 lnln(x) 5 I3
U.331 Prove that: f ~dx == In r (g) ~35 In(27)
Proposed by Lunjapao Baite — India
U.332
1 x2(arctan(x?))?
X
o (1+ x4)(\/1 — xz)
2 +x ) 2 2 1—x2 E - T
1arctan(x?) Iog( v log® = _ Zmsing , ,
+ dx = — (2 +121In%(2))
0 (1+x%)/(@Q—x3?) 12

Proposed by Sujeethan Balendran- SriLanka
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U.333
L nx™ L (n—1)x™1?
— -1 . -1
Q(n) fo (tan x + a1 1) dx +f0 <2x tan~1(2x) + -+ 1> dx +
1
+f (nx"‘1 -tan~(nx) + x;:_ 1) dx
0
Find:
_Q(n)
lim —
n—-oo n
Proposed by Costel Florea — Romania
U.334

f% (1 - sin*(x)) o
o (1 +sin*(x))/(1+sin%(x))

1I 23 + 44/15 +1 o5 3
4og 17 2arcco 5

Proposed by Sujeethan Balendran- SriLanka
U.335 Find a closed form:

Q_fl xlogx p
CJy L—x+x%—x3 x

Proposed by Abdul Mukhtar-Nigeria
U.336 Prove that:
1

i F1(2nin;n+1;-1) ciz| 1 mnrgnrd =
L AAn+12) - Rn+1-2) P8\ 0 1 mntd
2 2" 2
1 e 1 1
=§<£e”(ﬁ)+ﬁ>
Where

a
1F1(a; b; z) - Confluent hypergeometric function, G," (a |bp) — Meijer G - function
q

,F1(a, b; c;z) — Gauss hypergeometric function, erf(x) — Error function

Proposed by Izumi Ainsworth-Peru
U.337 Prove that:

o 3 - — 4p — 6k — 2031 3
z (90) (B) a3 g2 4 _ 2021Vn
k! 3 13 4p —6k+2011 1 3-2021
k=0p=1 7 ’O’E

139| ROMANIAN MATHEMATICAL MAGAZINE NR. 36



Romanian Mathematical Society-Mehedinti Branch | 2023

Where G, " (z

a
bp) — Meijer G - function, I — Imaginary number
q

Proposed by Izumi Ainsworth-Peru
U.338 Show that:

also show that:;

i ((i cot® (anirr 1)>_ - p(ln)> =7y—24In2 -

(g+ %)Ma—mw(ﬁ—?f—;)w(m@

Proposed by Naren Bhandari-Nepal
U.339 Find a closed form:

r In(1+
QZIMC{X

x*+1
0

Proposed by Vasile Mircea Popa - Romania
U.340 Find:

r Vx arctan(x)
=| ————dx

0 x2+1

0

Proposed by Vasile Mircea Popa - Romania

8- @) @) )=

where W, (x) is the trigamma function.

U.341 Prove that:

Proposed by Vasile Mircea Popa - Romania
U.342 Prove:

TIn(d =x)In(1 + x)
1 1+ 2021tan(2021x)

Y= dx =(n2)2+2-7(2)—In4

Proposed by Hussain Reza Zadah-Afghanistan

U.343 Suppose f: R — Ris a three times differentiable function satisfying:
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1
1Q)=5r Q) =-1rG)=3
and for all x € [Og] xf"(x)+ f"(x) —xf'(x) = sinx, 2xf""(x) + f'(x) = cosx

Prove that for all x € [Og] JEf(x)cosxdx <m

Proposed by Olimjon Jalilov — Uzbekistan
U.344 Let f be a twice differentiable function such that: x /"' (x) + f'(x) = f2(x)
forall x € (0,1),x € R. Prove that:

f (3 f'(x) + 6) f(x)dx > 1

Proposed by Olimjon Jalilov — Uzbekistan
U.345If

X

fwe_t]o(t)dt =-—
0 y

then find the value of [x + y]. Where [.] is the greatest integer function an J, is the Bessel
function.

Proposed by Tobi Josua-Nigeria
U.346 Evaluate:

dx

f In(q)\/z— 7)
xVx In(q)\/)? + 7) -1

¢: Golden ratio.

Proposed by Arslan Ahmed-Yemen
U.347 Prove that:

- C 2k
Q_ALTO<1_|Ogn+kZ_2k2(k+1) IogZ-IogB-...-Iogn) =Y

Proposed by Daniel Sitaru — Romania

U.348 Ifn € N,n = 1,K(n) — K function, then:

n

n k
K(n)-(Z (’:)) >nl-K(n+1)

k=11
Proposed by Daniel Sitaru — Romania
U.3491fa,b,c > 0,a + b + ¢ = 3, E, — Fibonacci numbers, L,, — Lucas numbers, P, — Pell
numbers, then:

a*(P, - E)(B, — L,) . b*(F, — L,)(F, — B,) . c*(L, - B)(L, —F,)

=9
Folyn Lnhy PoFy

Proposed by Daniel Sitaru — Romania
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U.350

* 2 (k2 2 _1)(=1)k*n _ _
kZO; + n(k T (Znn k) (Zkk n)

Proposed by Srinivasa Raghava-AIRMC-India
U.351 Prove that:

. - g _ 1
sin(x) sin~*(cos(tan~1(sin(x)))) dx —n(l \/E)

Proposed by Srinivasa Raghava-AIRMC-India

OR’NN

U.352 Prove that:

‘ e 11
f TG T o Tdx = E\/1—9 <1 - 25+ /2(17\/§+ 1)>

— 00

where ¢ — Golden Ratio
Proposed by Srinivasa Raghava-AIRMC-India
U.353Forn >0, let U(n) = [°(1 — xsin(x)) log(e ™ + 1) dx

then show that

(00

f um) dn = i + 1 +1og(2) — log(m) — ﬁh(n) + log (tanh (E))

n? 24 2 2

Proposed by Srinivasa Raghava-AIRMC-India

U.354 For m,n > 0, we have

< mZTL
[t (G)ernsan = 5 R

Proposed by Srinivasa Raghava-AIRMC-India
U.355 Prove that:

f o dx = log()
J (sinh(mx) + ¢)(cosh(mx) + ¢) 7/3V5 + 5
Where

V5+5 V5+1
T:@(@— /2(\/§+1)+1>> (vm /2\/§+5+1>

Where ¢ is Golden Ratio
Proposed by Srinivasa Raghava-AIRMC-India
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U.356 Let, for any complex number y

(00

e—n(x2+xy)

| Ganh(ex) + 12 dx =p(y) _f (coth(rn) + 1)2 %

e—n(x2+xy)

then prove that

4(m —sec™1(e™))
mve?® — 1

Proposed by Srinivasa Raghava-AIRMC-India

fw&o-ndy=

U.357 Let f(n) is the real root of the equation x3 — x = n then show that

4—-9p
f Fnydn =0

I
|,

3 3 3
WherepZ\Il+ |1+ 1+ 1+\[1+\]1+i/1+3\/1...

3

Proposed by Srinivasa Raghava-AIRMC-India
U.358 Prove that

f fx(sm(nx\/_) + Cos(nx\/_)) dzdx
2mx _2
o cosh ) + 1) z T
Proposed by Srinivasa Raghava-AIRMC-India
U.359 E, —Fibonacci number and ¢ — Golden Ratio. Let the recurrence relation

y(n—1)+y(n+1) =E, y(0) = i,y(l) = ¢ then show that

- y(m) e (=D)™y(m)

5 Z q02m—2
Proposed by Srinivasa Raghava-AIRMC-India
U.360 Letthe4 x 4 Matrix

t -t O it
-t 0 it t
0 it t -t
it t -t O

Evaluate the limit: lim,_,, f0°° Tr[eM®] eimntqt

M(t) =

Proposed by Srinivasa Raghava-AIRMC-India
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U.361 Prove the integral

T

f (tanz(x) 16sin(x)  9v2cos (%x) ) i a

cos3 (g) 5 —4cos(x) N 2sin (%x) +1

Proposed by Srinivasa Raghava-AIRMC-India

U.362 Evaluate the integral in a closed — form

f(tanz(x) 9\/_005( ) 16sin(x) )dx

cos3 (2) 25|n( ) +1 " Foos() + 1

Proposed by Srinivasa Raghava-AIRMC-India

U.363 If we have, for R(y) > 0, [ e~ (¥*y+xy*x7) (x2y + xy? + xy)dx = 0
then find the value of: y + 2y2 + y3

Proposed by Srinivasa Raghava-AIRMC-India

U.364 Prove the integral relation

f f Lis(max(e, y)Lis(min(x, y)) dydx = (1 = ¢(2) + ¢(3))*

Proposed by Srinivasa Raghava-AIRMC-India
U.365 Prove the summation
Z (_1)anHn+1
n3—n
n=2

19fé3)—§ +Zl0g(2) (210g(2) - 3)? + - 52 (11—810y(2)

Proposed by Srinivasa Raghava-AIRMC-India
U.366 Prove the inequality

Foranyy > 1, we have

0 < 5|n3(nx) 6
f nx(y +1) = 651

Proposed by Srinivasa Raghava-AIRMC-India

U.367 Prove the integral relation
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( 1£ [e=#*],(x)](y)dy |dz = log /'°9< <\/_+\/6(\/_7+3)+3>>\
L o |

0 0
¢ - Golden Ratio, J,,(x) — Bessel function, £, [f](y) — Laplace Transform
Proposed by Srinivasa Raghava-AIRMC-India
U.368 Prove that the flow of the vector field

—¢on S2is @, (x) = xe'E

0 -1 0 x
where,E, =1 O O> and x = <Y>
0O 0 O z

Proposed by Srinivasa Raghava-AIRMC-India
U.369

2020
I'(n+sin?k
Q= 1lim ( )

nco £ e¥kn+ DI (n — cos? k)
=1

Proposed by Asmat Qatea-Afganistan
U.370 Ifn € N then prove that:

n

> (o) CD*Haren
k=0

1 1
zl(k+l)(k+3)(k+5)...(k+2n+l):2"-n!

H,, — Harmonic Number
Proposed by Asmat Qatea-Afganistan
U.371 Find a closed form:

99 99
fz X, x2+1 E: x3+4 p
\2 04 T« 2 dx x

Proposed by Asmat Qatea-Afganistan

U.372 Prove:

[0 s = ([1(=(52))

k=1

Proposed by Asmat Qatea-Afganistan
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U.373 Prove:

b dx 1 = b+ 2k
fa x(x+2)(x + ) (x+6)..(x+2n) 2"l <Z (Z) (=1)In (a + 2k>>

k=0

Proposed by Asmat Qatea-Afganistan
Uu.374 If,forn>1

[N S
) em/ﬁx_k\/ﬁ\/;_fn ) en\/ﬁx+\/ﬁ x

then show that: f (n) = 0(vn)

Proposed by Srinivasa Raghava-AIRMC-India
U.375 Find the value of a, if
Lrl(x+y) sm‘l(\/Tx\/_)

f f Ji-yJxy—y+1
+af1f1(xy)sm 1(V1-x,ly)
Ji-yfxy—y+1
Proposed by Srinivasa Raghava-AIRMC-India

dydx =0

U.376 Prove the integral relation

fl flsin‘l(\/l —x,/y)cos™ (V1 —x,[y) dydx = 810g(2) - 72(3)

Ji-yjxy—y+1 2
Proposed by Srinivasa Raghava-AIRMC-India

U.377 If we define the function f

(Vx + Jy)yxy

/x y+yVx
then establish the inequality

[ [ (2 ) e <

Proposed by Srinivasa Raghava-AIRMC-India

flx,y) =

U.378 If we define

3n+1 3n-1 n 3n—-1 3n+1 n
qu +q0 (x)_f()zqo +q0 (—x)

then prove that
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——=(p —3)log(2¢ +3)

f""f(x)dx_f’qu 1
1 x2 T2 4

°
¢ — Golden Ratio
Proposed by Srinivasa Raghava-AIRMC-India
U.379 Evaluate the expression in a closed-form:

1f°°(1+1)(1+1)(1+1d
) \7x2+6 7x2+1)\7xz2+5 7x2+2/\7Tx2+4 7x2+3) x

Proposed by Srinivasa Raghava-AIRMC-India

U.380 If we define the function

 Elemm sin(e)1()
YO = e sinte)I0)

then prove the integral relation
" "P()P(=y)
—y)dy=| ————d
| vouedy = | o

F[f1(y) —Fourier Transform
Proposed by Srinivasa Raghava-AIRMC-India

U.381 Forn = 2, we have

 sin(2x) sinh (g) dx
fo (e*-1) 2

= 27 (12 ain (222D

n

Proposed by Srinivasa Raghava-AIRMC-India
U.382 If we have the Sum

(ZTZL) :1+\/§

1 1
m+: m—: 2
1
mo(xe) (-0
x x

then find the value of x
Proposed by Srinivasa Raghava-AIRMC-India
U.383

fw (2nlog(x) +mx)?  dx  _ n(n? — (n? — 1) l0g(2))

2 x2 + 1)2
log?(x) +=  (*+1)

Proposed by Srinivasa Raghava-AIRMC-India
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U.384 If we have the sum

1+ 2+3 44+ t+m
OEDY

mm
m=1 COS S

7 23 3 9

n — — —_
then show that: Z 1A(n)x 8(x—-1) 8(x+1) 4(x+1)2  2(x+1)3

Proposed by Srinivasa Raghava-AIRMC-India

U.385 Prove via Complex — Analysis

m
Z(_1)1+2+3+4+~-~+n 1L+2+3+4+--+n)

1 mm 1 . mm
= Em(m + 2) cos (7) — E (m + l) Sin (7)
Proposed by Srinivasa Raghava-AIRMC-India
U.386 Solve for x

Z( 1)n 3” (1+x) - ¢

¢ — Golden Ratio
Proposed by Srinivasa Raghava-AIRMC-India

U.387 If we have the integral y(z) = folﬁx [e=%*],(x)](y)dy and if

fom 1/)\;;) dz =2 (\/n log(4) — /& Iog(B))

then find the value of AB — (A + B), ¢ — Golden Ratio, J,,(x) — Bessel function, £L,[f]1(y) -

Laplace Transform . Proposed by Srinivasa Raghava-AIRMC-India

U.388 If we define the integral, fory > 1

then show that

(o] 4 (o]
fo n(y)ze‘”ydy=<l—%> f n()? dy

Proposed by Srinivasa Raghava-AIRMC-India
U.389 Prove that:

Log(x) (tan=*(x) + cot~1(x))? 4
f (2 + 1)° *

148| ROMANIAN MATHEMATICAL MAGAZINE NR. 36



Romanian Mathematical Society-Mehedinti Branch | 2023

dx =0

. 4C + nfl (tan~1(x) + cot™1(x))?
2+m J, (x2+1)2

Proposed by Srinivasa Raghava-AIRMC-India
U.390 Letforn >0

e'™* sin(mx)
—ri;
X2+

¢(n)=f;

and if

foo¢(n)e"'””dn = afw¢(n) sin(tn) dn

then show that
a*+2a?—-4a+2=0
Proposed by Srinivasa Raghava-AIRMC-India
U.391 For any complex numbers x, y
fi+2=1
y  x

then prove that

2020 2020
2019 — (%) _ (g) = 2020

Proposed by Srinivasa Raghava-AIRMC-India

U.392 For any real number n > 1, we have:

) e )

2 2n
1 e
v +2)
x ( X

Proposed by Srinivasa Raghava-AIRMC-India
U.393 If (x, t) = Liz(tx2) — Li, (¢2x2) — t2(Li,(t2x?) — Liy(tx?) — 2log(1 +
2L2¢t—
—2tlog(1 + t2) Li,(t) — 2t3Li, (t)(log(1 + t2) + 1) + 2t*Li,(¢t)(log(1 + t2) + 1).
Find:

1
_ o(x,t)
cp(x)_fo Tt

Proposed by Abdul Hafeez Ayinde-Nigeria
U.394 Find a closed form:
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r(n+)
Q= Z T 2n+ DGn+2)

Proposed by Ajentunmobi Abdulgoyyum-Nigeria
U.395 Prove that:
o 1 /4y /2n 7
> o on) () =otewz= 2o (o G) - 3)

Where 9, (2) = Xp_, ﬁ is trigamma function.

Proposed by Naren Bhandari-Nepal
U.396 Find a closed form:
Q= ® xtan~lx p
N fo x*—x2+1 x

Proposed by Vasile Mircea Popa-Romania

m+2

U.397 For all m,n € N prove that 2z + fm <
n m m+1

+ % where H,, is nt* harmonic number

and

Z(nl(ck+ 11)’ Gn(s) = st

Proposed by Amrit Awasthi-India
U.398 Forb > a > 0,n € N find a closed form:

Q(a,b,n)ZIax(b—x)‘l(a;x) Iog( _x)dx

0

Proposed by Ghazaly Abiodun-Nigeria
U.399 Find a closed form:

_ [ sin(mx)
2=, s

Proposed by Abdul Mukhtar-Nigeria
U.400 Find a closed form:

Q= E —f (1+x?)™-tan?!
nJy
n=1

Proposed by Ajetunmobi Abdulgoyyum-Nigeria
U.401 Prove that:
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23<3)3+43<3-13)31 63(3-13-23)3 1. ._5
3\10/ ~ 3\10-10/ 8~ 3\10-10-10/ 216 ~ 3z?
Where ¢ = 1+\/— —golden ratio.
Proposed by Ngulmun George Baite-India
U.402

fl\jln +In 2)+In (x13)+ +In( n)dxldxz Ldxy
0

1+ szl Xk

H
=5 ()i g)r () vnen

Proposed by Kaushik Mahanta — Assam — India

U403Provethatf f( )sm( )dx:nT,

Proposed by Surjeet Singhania, Kaushik Mahanta - India

U.404 Prove that: Zn

Proposed by Kaushik Mahanta — Assam - India
U.405 Prove that:

cot=1(x) —tan~1(x
G:f () -
0 1—x
)n

ne1 (2 Tyl Catalan’s constant

where G = Y%

Proposed by Surjeet Singhania, Kaushik Mahanta - India
U.406 Prove that:

6 G (l + 2) p T
= _ 2 n/ )| _(C )\ _
fo log(cosx) dx = —m log (G G N g) (2 + 9) log (cos 9) 6In2
Where G (z) is the Barnes G - function.
Proposed by Kaushik Mahanta — Assam — India

U.407 Prove that:

fff f dx,dx,dxs ...dx,
o JoJo Jo Vxx5%5 0 (1 — x) (1= x3) . (L — x) (L + x125%3 ... )

— 11 1 ntimes
=" n+1Fn E,E,...,E; 111,...1; -1

S—————
n+1 times

Proposed by Kaushik Mahanta — Assam — India

U.408 f f foo cos(x1) cos(xy) cos(x3)... cos(xp41)dx1dxy...dXn4q —

X1+Xp+X3+- +xn+1
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)

_ 1
~ 4 T(n) _2n<n;l>

2

,Vne N

Proposed by Kaushik Mahanta — Assam — India
U.409 Prove that:

6 (55)
6 (%)

r 9 21
f log(cosx) dx = 2n|og< ) + ?Iog _
0

2++2++2

where G(z) is the Barnes G — function.
Proposed by Kaushik Mahanta — Assam — India
U.4101f0 < a,b < 1 then:

a b ex2+y2—2
<
ff,, @+ D+ Y=t
Proposed by Jalil Hajimir-Canada

U.411 Evaluate this integral:
Q= 3x10 4+ x8 —4x% +9x* —5x2+1

) 3x1* +x12 — 10x10 + 3x8 — 42x6 + 26x* — 8x2 + 1
0

dx

Proposed by Simon Peter-Madagascar
U.412 Solve this differential equation:

JoL(a) oL(a)
L TG
where:

L(@) = f JaZsin?(0) + b2 cos2 (D) dt

Proposed by Simon Peter-Madagascar
U.413 Evaluate:

1
f log(2 — x) log(x) log(2 + x) dx
0
Proposed by Simon Peter-Madagascar
thee ve(t(@)_,r()
q):f 1+X2dx:T 3 -4 1
0 rl) r)

where: I' — Gamma function
Proposed by Simon Peter-Madagascar

U.414 Show that:

U.415 Evaluate:
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*© 1
Q:f_ mdx,nez

Proposed by Simon Peter-Madagascar
U.416 Prove that:

- (—1)”H,E3) _ m? 3
ZW—EG“‘B(“) 2 (G

where: £(.): Beta Dirichlet function,H,.: Harmonic number, G: Catalan’s constant
(o] -1)" (o] 1
B@ =¥r 2 andH} =3, 4

n=0 (on+1)4

Proposed by Simon Peter-Madagascar

® = 1| | F113'24' d
‘fo og|iog (372 3.513.37%) )| &

where:
3F,(.): hypergeometric function
Proposed by Simon Peter-Madagascar

U.417 Evaluate:

U.418

(T sinh(n) ___ -
8= fo fo (cosh(n) — cos(8))? V1 —c-sinh2(n) sin(¢) d6d¢

where n and ¢ are the parameters such that sinh?(n) = 2 and ¢ - sinh?(n) < 1
Proposed by Simon Peter-Madagascar
U.419 Prove that:

_mﬁdt = E(In(Z) +gi)

Proposed by Simon Peter-Madagascar

A:fmln(t+l) T

U.4201f0 < b < a, show that:

a+ioco b+ico

_ 1 dvdu _1
I'= Gz f f AAWw—1) 2

a—ico b—ic

Note: Ai(z) = %fooo cos (§ + zt) dt satisfies Ai"'(z) = zAi(z)
Proposed by Simon Peter-Madagascar

U.421 Calculate the following integral for a fixed positive integers d, ny, ..., ng

11-x91-x1—%x, 1-Xx1——Xg

N 411,12 ng
f f f f (1 —x1—xp— = xg)™x; ' x,7 o x, (g + x5 + - xg) -
00 0 0

(A =-x)A—x3)...(L—xg)dxzdxy_q ...dx,
Proposed by Simon Peter-Madagascar
U.422 Evaluate:

tan(x) x 8
where: {: Zeta function
Proposed by Simon Peter-Madagascar

0 :fEIn[sin(x)]ln[cos(x)]d :((3)
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U.423 Generalized summation:

Prove that;
> 2]
sin®(x) 1 T )
= —. _ ) . _ (n-1) B
x=1 e~

where [.] is greatest integer function.
Proposed by Amrit Awasthi-India
U.424 Prove that:
VvnmeN
Vs

sin?m 2m)!
(nx) x> (2m)
X 22m(ml)z- "
0
where H,, is nth Harmonic number.

Proposed by Amrit Awasthi-India

U.425 If for some x and y we have m - *C,, - VC,, = 2

x=y

Then, find the valueof: Q =x —y Proposed by Amrit Awasthi-India

U.426 Find z if:
—In(2-2cos(1)) i(r—1) _ o
o + PR ,F1(1,1;2;z2)
where ,F, (a, b; c; z) is Gaussian hypergeometric function and i = +/—i
Proposed by Amrit Awasthi-India

U.427 If: x), = %and H, = Y}-, x; then find:

-7 1
a=lime] |
n—-oo 1+ mx,
k=1

Proposed by Amrit Awasthi-India

u.428Ilfforn>kandn,k,a>0,nk € N;
n
&, (k;n) :Z%: Va+"Va+-+-+%a
r=k

1 _ 1

and also {,(s) = XR_1 5= . +% then, prove that:

2

2(VAFT-1) +£,@n+1) < 0+, (3) + 6@ < &) +2V7

. , . 1
where e is Euler's number thatis e = 2.~

Proposed by Amrit Awasthi-India
U.429 Find S:

. i (—1)¥(5k* + 80k® + 465k2 + 1160k + 1044)
4 2+G+K)@+K)(E+ k)6 + kK
And also prove that: I —] =S where

= [ )0 ) ) () e )
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]:f e tt(l+t+t?+t3+tH)dt
1

Proposed by Amrit Awasthi-India
U.430 Prove that:
mx sinh(2mx) — cosh(2mx) + mx sin(2mx) + cos(2mx)

fo In(ﬁx)( x3(cosh(2rx) — cos(2mx)) >dx =-n'(2)
Proposed by Amrit Awasthi-India

U.431 Prove that:
vn eN

f”sinz(nx) 1 1 1 1\ H,
de—(l+—+—+'"+—) = —
0 X 2 2 3 n 2

Proposed by Amrit Awasthi-India

U.432 Prove that:
vm,n €N
Sin2m+1 nx 22m+1 m! 2
(nx) ‘s (m!) H,
X m(2m + 1)!

r

where H,, is nth Harmonic number.

Proposed by Amrit Awasthi-India
U.433 If we have: &(x,s) =X —L _ then without the use of software

n=1,s,ps
prove that:

h (2
§(13) <In (mS?EZ) <{(@)

Proposed by Amrit Awasthi-India
All solutions for proposed problems can be finded on the

http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.406 Ifa,b,c > 0;a + b+ c = 3 then: (a® + 2)(b3 + 2)(c3 + 2) > 27

Proposed by Daniel Sitaru-Romania

155| ROMANIAN MATHEMATICAL MAGAZINE NR. 36



Romanian Mathematical Society-Mehedinti Branch | 2023

JP.407 In AABC the following relationship holds:

<R>3 - (a+ b+ c)(a? + b%+ c?)(a® + b3 + ¢3)
2r) — 27a%b?c?

Proposed by Alex Szoros-Romania

JP.408 In AABC the following relationship holds:

(5)2 +4> (r +rb)(rb+rc)(rc+ra) 3R +2r 2<g+2)+4
a

T Tal'pTc T

Proposed by Alex Szoros-Romania
JP.409Ifa,b,c > 1and 0 < A < 1then

log, a . log. b . log, c 3
A+log,b+log,c A+log,a+log,c A+log.a+log.b /1+2

Proposed by Marin Chirciu-Romania
JP.410Ifx,y,z>0andn € N,n > 2 then:
1
ZWZ (1 +2—n>(xy+yz+zx)
cyc
Proposed by Marin Chirciu-Romania
JP.411 In AABC the following relationship holds:
ab(a+ b) be(b + ¢) ca(c+ a)
J2(a? + b2) \/Z(bz +c2) \/Z(cz + a?)

Proposed by Marian Ursarescu-Romania

> 4+/3F

JP.412 In AABC, I —incenter, the following relationship holds:
AI® + BI® + CI° < 64[(R? — Rr + 1?)3 — 247r°]
Proposed by Marian Ursarescu-Romania

JP.413If (a,),»1 be increasing sequence with a; > 0,Vi = 1,n and k € N, k > 2 solve for

real numbers:
klaj+1 «klaz+1 «klay_;+1 klaf +1
+ + =n-—-1+
a; +1 aj;+1 a; +1 a; +1

Proposed by Florica Anastase-Romania
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JP.414 Solve for real numbers:

x,y,z>0
xt+1=5(y*+ z?)

3xyz
+y+z=23 +
kx y+z=23xyz Xy + yz + 7%

Proposed by Daniel Sitaru-Romania

JP.415 In any quadrilateral with the sides’ lengths a, b, ¢, d

1 1 1 1
+ + +
alb+c+d—-—a) bla+c+d-b) cla+b+d-c) dla+b+c—d)
32

>
“(a+b+c+d)>
Proposed by Florentin Visescu — Romania

JP.416 Solve in R, the equation:

\/3n—1+\/8n2—4n-\]7n—5+\/48n2—68n+24-
-JSn—3+\/24n2—28n+8-JSn—3+\/16n2—12n= (10n — 6)?

Proposed by George - Florin Serban — Romania

JP.417 Prove that in any AABC the following inequality holds:

A B C> 3 2
Zsm 5 C0S5COs5 =10 ) €OS

Proposed by Gheorghe Alexe and George Florin Serban — Romania

JP.418 Letbe x4, x5, ..., X, ¥1, V2, -, Yn > 0,

k=1 k=1 k=1 k=1
n n n n
<Z xk) <Z }’k> < X + Vi
k=1 k=1 k=1 k=1

Prove that:

5 (-5 (1

Proposed by George Florin Serban — Romania
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JP.419 Find all a, b € Z such that

3 3
\]1+ 2019—ab+\]1—\/2019—ab€Z

Proposed by Pedro Pantoja-Natal-Brazil
JP.420 Let a, b, ¢ be positive real numbers such that a? + b? + ¢? = 3.
Prove that:

ad+b3+c?+1 bPP+c3+a’l+1 B+ad+bi+1 6
+ + >
b3(cz2+1) c3(az+1) a3(b2+1) —

Proposed by Pedro Pantoja-Natal-Brazil

PROBLEMS FOR SENIORS

SP.406 Let a, b, ¢, d be positive real numbers. Find the maximum value of the expression:

4 abc + 4 abd + 4 acd + 4 bcd
ab+ac+bc ab+ad+bd ac+ad+cd bc+bd+cd
4
Va* + bt + ¢t + d*

Proposed by Kunihiko Chikaya-Japan

SP.407If X, Y, Z € M1 (C); X3 =Y>=Z7 =1, XY =YX;YZ = ZY;
IX=XZ;Q=2XYZ+X*(Y+Z)+Y*(Z+X)+Z*(X+Y)
then det(Q) = 0.
Proposed by Daniel Sitaru-Romania
SP.408Let ABC be an equilateral triangle such that |z,| = |zg| = |z.|. Find z € C such that

|z — z4| < |zp + 2|
|z — zg| < |z + z,|
|z — zc| < |z + zp|

Proposed by lonut Florin Voinea-Romania

SP.409 Find all functions f: Q — Q such that

fx=y)=fx) - fO)—xy(x-y).vx,y € Q
Proposed by lonut Florin Voinea-Romania

SP.410 Let z4, z,, z3 € C* differentin pairs such that |z,| = |z,| = |z3] = 1,
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A(z,),B(z,), C(z3).Z|z1 —z,—23|*=243 = AB = BC = CA.

cyc

Proposed by Marian Ursarescu-Romania

SP.411 Let z4, z,, z3 € C* differentin pairs such that
|z4] = |z2| = |23, A(z,), B(2;), C(25).

1
= = AB = BC = CA.
Z 8217525 — (Zg + 2223)(22 +2z3) 10z12;2;

cyc
Proposed by Marian Ursarescu-Romania
SP.412 Let A € M,,(R) such that 42921 =, + A+ A% + --- + A%019 Prove that:
det(43+1,) >0
Proposed by Marian Ursarescu-Romania
SP.413 Let & > 1 fixed. For Vn € N* denote k(n) = min{k € N|(n + 1)* > a - n*} and

k(n)log Vn

_ 1 o1
() ns1) Xne1 = X, + prom Find: @ =lim,,_,, .
n

Proposed by Florica Anastase-Romania

SP.414 Solve for real numbers:

(=37 T8- 7773
Jy4=\/z4+8—\/z4+3

2t =ttt +8—\t++3
lt4=\/x4+8—\/x4+3

Proposed by Daniel Sitaru-Romania

SP.415 Solve for real numbers: tanx +2tan2x + 4tan4x +8cot8x =1
Proposed by Daniel Sitaru-Romania

SP.416If -3 <x,y,z < 3,x +y + z = 0 then:

xXyz
9+xy+yz+zx

<

Proposed by Daniel Sitaru-Romania

SP.417 Let (xp)n=1 and (¥,)n=1 be sequences of real numbers such that

n

n
i3 k?
X, = Ztan(E) —mlogn,y, = Z 2k-1. [k+ 1],[*] — GIF.

k=3 k=1
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. . 2" xy
Find: Q@ = lim

n—oco yn

Proposed by Florica Anastase-Romania

SP.418 Solve for real numbers:

sin?x +cos?y+z2=2z+2

sin3x+cos®y+2z3+3z=32z%+2
sinx+cosy+z=2

Proposed by Daniel Sitaru-Romania

SP.4191fa, b, c € R;-% + 2 + - = 1, then solve for real numbers:
b+c c+a a+b
a? b? c?
+ +
b+c c+a a+b
Proposed by Daniel Sitaru-Romania

sinx-siny-sinz =

SP.420If x,y,z € R, 32(x5 + y% + z5) = 3, then:

51
Z(2x6+x4+x3+x2)+§22(x+y+z)
cyc

Proposed by Daniel Sitaru-Romania

UNDERGRADUATE PROBLEMS

UP.406If 0 < a < b then:

bx2+1 b \/} (b_a)Z
(f x3+1dx>< ; x3+1dx>sva(1+a2)

Proposed by Daniel Sitaru-Romania

UP.407If0 < a < b then:

b b
Zf f Va2 + xy + y2dxdy > V3(b + a)(b — a)?
a a

Proposed by Daniel Sitaru — Romania

UP.408If f, g: [a, b] - (0,);0 < a < b; f, g — continuous, then:

b f(x)g(x)

b b
i mdx < fa (f(x) + g(x)) dx +fa f(x)g(x) dx

Proposed by Daniel Sitaru — Romania
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UP.409 Ifa,b.c.d € (0 “—") then:

"n2-4

btan—1 x dtan~1x T 41t\Vbd
f dx + f dx > =-log
C

a x x 2 (2a+ m)(2c + )

Proposed by Daniel Sitaru-Romania

UP.410 Let (x,,)n»1 be sequence of real numbers such that x, = Y7_, sin% —mlogn

n

1
Find: Q =lim x,, - Z 3
n-oo k:1n + \/(k + 1)Z(k2 + 1)2
Proposed by Floricd Anastase-Romania

UP.411 Let (x,,) ,»1 and (y,,),,»1 be sequences of real numbers such that

24

n n n
1 1 1
X, = ZsinE+log<sinZ),yn = Z [\/E+E],[*]—GIF.

k=1 k=1
- . xn

Find: Q = lim —

n—oo yn

Proposed by Florica Anastase-Romania

UP.412 Find:
a
1 1 1
2=l V1] + [V2] + [B] + -+ [m]’[*] -GIFacR
Proposed by Florica Anastase-Romania
UP.413 Find:

n

1 tanlk
Q:hmﬁz ‘tan"'(n—k+1)

n—oco k
k=1
Proposed by Daniel Sitaru-Romania
UP.4141f0 < a < b then:
. 1 1
b (b bz-m1n(x,—,y+;)dxdydz NG3 b +1
f f f yZ < —(b—-a)’log(—
a ta Ja z-+1 2 a+1

Proposed by Daniel Sitaru-Romania
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UP.415 Let ABC denote a triangle and H its orthocenter. Let point M be the middle of the
segment AH. Prove that: (a) angle BMC is acute. (b) area ABMC = % - AH? - tan BMC.

Proposed by George Apostolopoulos-Messolonghi-Greece

UP.416 Let ABC denote a triangle with circumradius R. Let D, E, F be chosen on sides
BC,CA, AB, respectively, so that AD, BE and CF bisect the angles of ABC. Prove:

R = 2R’, where R’ denotes the circumradius of triangle DEF.

Proposed by George Apostolopoulos-Messolonghi-Greece
UP.417 Find:

1 1
Q(a) = lim <(x +a)"\T(x+2 sinx Ta xy/T(x + 1) sin ;) a>0
X—00

Proposed by D.M. Bdatinetu-Giurgiu, Neculai Stanciu-Romania
UP.418 In AABC the following relationship holds:

Rr
RZ_Z b+c 2F
cyc

Proposed by Marin Chirciu-Romania

UP.419Ifn € N;n > 3 then:

n
1 1 1
n;+n—2+"'+n—n > (n + 1) (n+1)nt1

Proposed by Daniel Sitaru-Romania
UP.420 If x = 0 then:

3 cosh(4x) + 5 cosh(3x) - sech® x
coshx (3 +5e*)(3+5eX) 3 +5sechx

Proposed by Daniel Sitaru-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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