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ABSTRACT. In this paper its presented a detailed proof for the equiva-
lence of Hadwiger-Finsler’s and Doucet’s triangle inequalities.

1. NOTATIONS AND PRELIMINARIES:

For z,y,z > 0, denote: p=x+y+ 2,9 =zy +yz+ zx,t = xYy=2.

For any triangle ABC, denote: a = BC,b = CA,c = AB—sides, s =
%W—semiperimeter, F—area, R—circumradii, r—inradii.
We recall Voiculescu-Ravi’s substitutions:

a=y+z,b=z4+zx,c=x+y;z,y,2>0
It is clear that:

a+b>c,b+c>a,c+a>b
a+b+c 2x+y+=2)

s = 5 = 9 =r+y+z=p

s—a=z,s—b=y,s—c==z

By Heron’s formula:

F=/s(s—a)(s = b)(s —c) = Vayz(e +y+2) = V/pl
_abe _ (z+y)(y+2)(z+a) _pg—t

AF 4/ zyz(x +y + 2) _4\F

F xyz(m—i—y—l—z \/>
r=—=
S rT+y+z :1:+y+z
Lemma 1.

In any triangle ABC the following relationship holds:
a’+b%+c = 2(32 — 4Ry — 7“2)

Proof.

pg—1t t t t
:2<p2——>= P—qg+-——)=200"—q) =
PP p P

=2((z+y+2)?—(zy+yz+2x) =2 +9y°+ 22 +xy +yz + 22) =



=22+ 2y + P+ P+ 2z + 22+ 22+ 2z + 2 =
=@+y)’+ W+’ +(+z)?=a"+0"+

Lemma 2.
In any triangle ABC the following relationship holds:

ab—{—bc—l—ca,:32—{-4Rr—|—7°2

Proof.

—t t t
32+4Rr+r2:p2+4-pq -+ - =

apt \'p ' p

-t
m7+];=p2+q:(x+y+z)2+:cy+yz+zx:

:x2—|—a:y+zx—|—zy+y2—|—yz+xy—|—a:z+22—|—z:v+yz+yx:
=z(z+y)+tzx+y)+yly+z)+axly+z2)+z(z+z)+ylz+2z) =

=@+y)(z+2)+W+2)(y+z)+(z+2)(2+y) =ab+ bc+ ca.
(]

Doucet’s inequality:

sV3<A4AR+r

Proof. With Voiculescu-Ravi’s substitutions:

)\/§§4.(x+y)(y+z)(z+x)+ Tyz

(x+y+z
4\/zyz(x +y + 2) rt+ytz
pg—1 t
PV3< T4/
Vvt p

P\ 3Ipt <pg—1t+t
PV/3pt < pg & /3pt < q & 3pt < ¢
(xy +yz + 22)* > 3ayz(z + y + 2)
22 22+ 22 2eyz(a vy + 2) > 3ayz(c +y + 2)
22 P+ 2 > (4 y + 2)
222y + 2222 + 22%0% — 22%yz — 2wtz — 22922 > 0
22y? — 2wy - yz 4+ 222 F P — 2yz 2w+ 22t 4 220t — 2zx - ay + 222 > 0
(zy —y2)? + (yz — z2)* + (22 —2y)* > 0

([l



2. MAIN RESULT

The inequalities Hadwiger-Finsler and Doucet are equivalents.

Proof. We will write successively Hadwiger-Finsler’s inequality using lemma
1 and lemma 2.

a’ + b2+ > 4V3F + (a— b2+ (b—¢)? + (c — a)?
a? + %+ ¢? > 4V3rs + 2(a* + 0% + %) — 2(ab + be + ca)
4/3rs + a? + b2 + ¢ < 2(ab + be + ca)
4V3rs + a® +b* + ¢ < 2(ab + be + ca)
4N/3rs + 25?2 — 8Rr — 2r? < 2(s? + 4Rr + %)
4/3rs — Srr — 2r? < 8Rr + 22
4v/3rs < 16Rr + 4r°
sV3 <AR+7
which it’s Doucet’s inequality. ]
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