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Abstract: In this paper are presented two short calculus formulas and a few applications.
Introduction.

We know that: a* — b* = (a? — b?)(a? + b%?) = (a — b)(a + b)(a? + b%),a,b € R; (1).
We want to find some a few sums in complex forms using two identities.
Replacing a and b with consecutive values, we have:
n-m-1)*=1-2n-1)((n—-1)? +n?),n € N*
mh-D*-(n-2)*=1-2n-3)((n—-2)?+ (n—1)?)

3t -2 =1-5(2%2+3?)
24 —1*=1-3(12+2?%)
14— 0% =1-1(02 + 12)
By adding these relationships, we get:
1(02+12) +3(12+ 22) +5922 +3) + -+ 2n - 3)((n — 2)? + (n — 1)?)
+(2n-1)((n—-1)>+n?)=n*neN*
Another sum who we can find using the relationship (1) is:

§=1-3(12+22)+2-6(22+4%)+3-11(4*2+ 7?)+4-18(7* + 112) + --- +

5 n? —n+2\° n? +n + 2\
+n-(n?+2) > + > ,n € N*

For some terms, the relationship (1) hasa — b =k anda + b = k?,k = 1,n,n € N*. So,
1-3(12+22)=2*-1*
2-6(22 +42) =4 - 24
3-11(42+7%2) =74 —4*
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2 45 n? —n +2\° n? +n+2\° B n2+n+2\" n2 —n+2\"
w2\ (——) (%) )= —) (==

By adding, we get:

4
S = <"2+2—"+2> 1 2)

Let’s using the identity: a® — b3 = (a — b)(a®? + ab + b?),a,b € R; (3). For example,
113 —-13=10(1%2+1-11+11?%)
1113 - 113 =100(11%2+ 11 - 111+ 1112%)
11113 -111%3 =1000(111%2 +111-1111 +11112)

11..11% — 11..113 = 100..00 <11...ll2 + 11..11 - 11..11 + 11...112)

2022-digits  2021-digits  2022-digits \2021—digits = 2021-digits 2022-digits 2022-digits
By adding, we get:
s=1012+1-11+11?)+10*(112 + 11 - 111+ 111?) +
+103(1112 + 111 - 1111 + 11112) + --- +

..+ 102021 ( 11..112 + 11..11 - 11..11 + 11.. 112> =
2021-digits  2021-digits 2022-digits 2022-digits

=11..113 — 1; (4)
2022—digits

Applications.
1) Find:
$=1(02+1%2) +3(1%2 +2%2) +5(22 +3%) + .-+ 2021(1010% + 101132)
Solution.
102 +1%2) +3(12 +22) + 522+ 3*) + -+ (2n - 3)((n—2)> + (n — 1)?)
+(2n-1)((n—1)? +n?) =n*
The last term has 2n — 1 = 2021 = 2n = 2022 = n = 1011.S0 S = 1011*.
2) Prove that the sum
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§=1-3(12+22)+2-6(22+4*)+3-11(4*+7*) +4-18(7* +11%) + -+ 10 -

102(46% + 562) is multiply of 11.

Solution.

nZ+n+2\* _(100+10+2\* _ _
2) 1= (AE2) g = 56* — 1 =55 57(1+56°).

From (2): S = (
3) Find:

$§=10-12(12+112) +10%-122(112 + 111?) + 103 - 1222(1112 + 111123) + -

+102021. 122 .22 (11 L1172 + 11 112>
2022-digits \2021-digits 2022-digits

Solution.
11*—-1*=10-12(1%2+11?%)
111* — 11* = 100-122(112 + 11132)
1111* - 111*=1000-1222(111%2 +1111?%)

11..11* — 11..11* = 100..00 - 122..22 (11..11%2 + 11..112
2022-digits  2021-digits 2022—-digits 2022-digits 2021-digits 2022-diggits

So, we have:

§=10-12(1%+11%?) + 10% - 122(112 + 111?) + 103 - 1222(111? + 1111?) + -

+102021. 122..22 <11 112 + 11..112 ) =11..11* -1
2022—-digits \2021—-digits 2022-digits 2022-digits

4) Prove that the sum
$=11-13(1%2+12%) + 111 -135(12%2 + 123%2) + 1111 - 1357(123% + 12342) +
11111 - 13579(1234% + 12345%) cannot be a perfect square.
Solution.
124 —1%=11-13(1%2 +12?)
123* —12% = 111-135(12%2 + 1232)
1234* — 123* = 1111 -1357(123% + 1234?)
12345*% — 1234* = 11111 - 13579(12342 + 123452)

Therefore, § = 12345* — 1.
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5) Prove that:

2019 -1

1(1%2+3%2) +2(32+5%2) + 3(5%2 + 7%) + .-+ 1009(20172 + 20192) = 3

Solution. We have:
2-4(12+3%) +2-8(32+52) +2-12(52 + 7%) + ---+ 2 - 4036(2017% + 2019?)
=2019* -1
3*—1=2-4(1%2+3%),5*-3*=2-8(32+5?%)
74 —5*=2.12(52+7?),..,2019* — 2017* = 2 - 4036(20172 + 2019?)

Proposed problems.

P 1) Find:

S=11(12+1-12+122) + 111(12%2 + 12 - 123 + 123?)
+1111(123%2 + 123 - 1234 + 12342) + -+

+11..11(12..782+12..78-12..89 + 12 ... 89%)
9-digits

Indications. Using the relationship (3), we have:
123 -13=11(12+1-12+12?)
1233 —123 =111(122+12- 123 +1232)
12343 — 1233 = 1111(1232 + 123 - 1234 + 1234?)

12..89%3-12..782=11..11(12..78%2+12..78-12..89+ 12...89?)
9-digits

Therefore, S =12...893 — 1.
P 2) Find:
§=2-10(1%2+1-21+21%)+3-10%(21%2+21-321 + 3212) +
+4-103(321% + 321 - 4321 + 4321%) + --- +
+108(87...21% +87..21-98 ...21 + 98 ... 21?)
Indications. By the relationship (3), we have:
213 — 13 =20(1%2 +1-21 + 212)
3213 — 213 =300(21% + 21 - 321 + 321?)
43213 — 3213 = 4000(321% + 321 - 4321 + 43212)
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08..213—-87..212=10..00(87...212+87..21-98..21+98...212%)
9-digits
Therefore, S =98...213 — 1.

P 3) Determine the real number a such that

a-10(12+1-11+112) +a-102(11%2 + 11 - 111+ 111%) +
+a-103(111%2 + 111 - 1111+ 11112) + - +

..+ a-10%021 ( 11..11%2 + 11..11
2021-digits

- 11...11 + 11...112> =
2021-digits 2022-digits 2022—digits

=11..113 -1
2022-digits
Indications.
a[10(12 + 111+ 11%) + 102(112 + 11 - 111 + 1112) +
+103(1112 + 111 - 1111 +11112) + - +

.. +102021 < 11..112 + 11..11

2021—-digits

S I 11 + 11,112 )]:

2021-digits 2022-digits 2022-digits

=11..113 -1
2022-digits

From (4): $ =10(12 +1-11+ 112) + 102(11%2 + 11111 + 1112) +

+103(1112 + 111 -1111 +11112) + - +

...+102021<11...112 + 11..11 -

11..11 + 11..112 ) =

2021—-digits  2021-digits 2022-digits 2022-digits
=11..113 -1
~—————
2022-digits

a<11...113 —l)...+102021<11...112 + 11..11 - 11..11 + 11...112)
2022—-digits

2021—-digits  2021-digits 2022-digits 2022-digits

=11..113 -1
2022-digits
But from (3):
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11..11° — 11..113 = 100..00 <11...112 + 11..11 - 11..11 + 11...112)
2022-digits 2021-digits 2022-digits \2021—-digits 2021-digits 2022-digits 2022-digits

Hence,
a<11...113 —1) =11..113 -1
2022—-digits 2022-digits
So,a=1.
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