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Abstract: In this paper are presented two short calculus formulas and a few applications. 

Introduction.  

We know that: 풂ퟒ − 풃ퟒ = (풂ퟐ − 풃ퟐ)(풂ퟐ + 풃ퟐ) = (풂 − 풃)(풂+ 풃)(풂ퟐ + 풃ퟐ),풂,풃 ∈ ℝ; 		(ퟏ). 

We want to find some a few sums in complex forms using two identities. 

Replacing 푎 and 푏 with consecutive values, we have: 

푛 − (푛 − 1) = 1 ⋅ (2푛 − 1)((푛 − 1) + 푛 ), 푛 ∈ ℕ∗ 

(푛 − 1) − (푛 − 2) = 1 ⋅ (2푛 − 3)((푛 − 2) + (푛 − 1) ) 

… … … … … … … … … … … … … … … … … … … … … … … … 

3 − 2 = 1 ⋅ 5(2 + 3 ) 

2 − 1 = 1 ⋅ 3(1 + 2 ) 

1 − 0 = 1 ⋅ 1(0 + 1 ) 

By adding these relationships, we get: 

1(0 + 1 ) + 3(1 + 2 ) + 592 + 3 ) + ⋯+ (2푛 − 3)((푛 − 2) + (푛 − 1) )

+ (2푛 − 1)((푛 − 1) + 푛 ) = 푛 , 푛 ∈ ℕ∗ 

Another sum who we can find using the relationship (1) is: 

푆 = 1 ⋅ 3(1 + 2 ) + 2 ⋅ 6(2 + 4 ) + 3 ⋅ 11(4 + 7 ) + 4 ⋅ 18(7 + 11 ) + ⋯+ 

+푛 ⋅ (푛 + 2)
푛 − 푛 + 2

2 +
푛 + 푛 + 2

2 ,푛 ∈ ℕ∗ 

For some terms, the relationship (1) has 푎 − 푏 = 푘 and 푎 + 푏 = 푘 ,푘 = 1, 푛,푛 ∈ ℕ∗. So, 

1 ⋅ 3(1 + 2 ) = 2 − 1  

2 ⋅ 6(2 + 4 ) = 4 − 2  

3 ⋅ 11(4 + 7 ) = 7 − 4  

… … … … … … … … … … … 
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푛 ⋅ (푛 + 2)
푛 − 푛 + 2

2 +
푛 + 푛 + 2

2 =
푛 + 푛 + 2

2 −
푛 − 푛 + 2

2  

By adding, we get: 

푺 =
풏ퟐ + 풏+ ퟐ

ퟐ

ퟒ

− ퟏ; 		(ퟐ) 

Let’s using the identity: 풂ퟑ − 풃ퟑ = (풂 − 풃)(풂ퟐ + 풂풃+ 풃ퟐ),풂,풃 ∈ ℝ; 		(ퟑ). For example, 

11 − 1 = 10(1 + 1 ⋅ 11 + 11 ) 

111 − 11 = 100(11 + 11 ⋅ 111 + 111 ) 

1111 − 111 = 1000(111 + 111 ⋅ 1111 + 1111 ) 

… … … … … … … … … … … … … … … … … … … … … … … … … 

11 … 11 − 11 … 11 = 100 … 00 11 … 11 + 11 … 11 ⋅ 11 … 11 + 11 … 11  

By adding, we get: 

푺 = ퟏퟎ(ퟏퟐ + ퟏ ⋅ ퟏퟏ + ퟏퟏퟐ) + ퟏퟎퟐ(ퟏퟏퟐ + ퟏퟏ ⋅ ퟏퟏퟏ + ퟏퟏퟏퟐ) + 

+ퟏퟎퟑ(ퟏퟏퟏퟐ + ퟏퟏퟏ ⋅ ퟏퟏퟏퟏ + ퟏퟏퟏퟏퟐ) + ⋯+ 

… + ퟏퟎퟐퟎퟐퟏ ퟏퟏ…ퟏퟏퟐ
ퟐퟎퟐퟏ 풅풊품풊풕풔

+ ퟏퟏ…ퟏퟏ
ퟐퟎퟐퟏ 풅풊품풊풕풔

⋅ ퟏퟏ… ퟏퟏ
ퟐퟎퟐퟐ 풅풊품풊풕풔

+ ퟏퟏ…ퟏퟏퟐ
ퟐퟎퟐퟐ 풅풊품풊풕풔

= 

= ퟏퟏ… ퟏퟏퟑ
ퟐퟎퟐퟐ 풅풊품풊풕풔

− ퟏ; 		(ퟒ) 

Applications. 

1) Find: 

푺 = ퟏ(ퟎퟐ + ퟏퟐ) + ퟑ(ퟏퟐ + ퟐퟐ) + ퟓ(ퟐퟐ + ퟑퟐ) + ⋯+ ퟐퟎퟐퟏ(ퟏퟎퟏퟎퟐ + ퟏퟎퟏퟏퟐ) 

Solution. 

1(0 + 1 ) + 3(1 + 2 ) + 5(2 + 3 ) + ⋯+ (2푛 − 3)((푛− 2) + (푛 − 1) )

+ (2푛 − 1)((푛− 1) + 푛 ) = 푛  

The last term has 2푛 − 1 = 2021 ⇒ 2푛 = 2022 ⇒ 푛 = 1011. So 푆 = 1011 . 

2) Prove that the sum 
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푺 = ퟏ ⋅ ퟑ(ퟏퟐ + ퟐퟐ) + ퟐ ⋅ ퟔ(ퟐퟐ + ퟒퟐ) + ퟑ ⋅ ퟏퟏ(ퟒퟐ + ퟕퟐ) + ퟒ ⋅ ퟏퟖ(ퟕퟐ + ퟏퟏퟐ) + ⋯+ ퟏퟎ ⋅

ퟏퟎퟐ(ퟒퟔퟐ + ퟓퟔퟐ) is multiply of ퟏퟏ. 

Solution. 

From (2):  푆 = − 1 = − 1 = 56 − 1 = 55 ⋅ 57(1 + 56 ). 

3) Find: 

푺 = ퟏퟎ ⋅ ퟏퟐ(ퟏퟐ + ퟏퟏퟐ) + ퟏퟎퟐ ⋅ ퟏퟐퟐ(ퟏퟏퟐ + ퟏퟏퟏퟐ) + ퟏퟎퟑ ⋅ ퟏퟐퟐퟐ(ퟏퟏퟏퟐ + ퟏퟏퟏퟏퟐ) + ⋯

+ ퟏퟎퟐퟎퟐퟏ ⋅ ퟏퟐퟐ…ퟐퟐ
ퟐퟎퟐퟐ 풅풊품풊풕풔

ퟏퟏ… ퟏퟏퟐ
ퟐퟎퟐퟏ 풅풊품풊풕풔

+ ퟏퟏ…ퟏퟏퟐ
ퟐퟎퟐퟐ 풅풊품풊풕풔

 

Solution. 

11 − 1 = 10 ⋅ 12(1 + 11 ) 

111 − 11 = 100 ⋅ 122(11 + 111 ) 

1111 − 111 = 1000 ⋅ 1222(111 + 1111 ) 

… … … … … … … … … … … … … … … … … … … … … … … … 

11 … 11 − 11 … 11 = 100 … 00 ⋅ 122 … 22 ( 11 … 11 + 11 … 11  

So, we have: 

푆 = 10 ⋅ 12(1 + 11 ) + 10 ⋅ 122(11 + 111 ) + 10 ⋅ 1222(111 + 1111 ) + ⋯

+ 10 ⋅ 122 … 22 11 … 11 + 11 … 11 = 11 … 11 − 1 

4) Prove that the sum 

푺 = ퟏퟏ ⋅ ퟏퟑ(ퟏퟐ + ퟏퟐퟐ) + ퟏퟏퟏ ⋅ ퟏퟑퟓ(ퟏퟐퟐ + ퟏퟐퟑퟐ) + ퟏퟏퟏퟏ ⋅ ퟏퟑퟓퟕ(ퟏퟐퟑퟐ + ퟏퟐퟑퟒퟐ) +

ퟏퟏퟏퟏퟏ ⋅ ퟏퟑퟓퟕퟗ(ퟏퟐퟑퟒퟐ + ퟏퟐퟑퟒퟓퟐ) cannot be a perfect square. 

Solution. 

12 − 1 = 11 ⋅ 13(1 + 12 ) 

123 − 12 = 111 ⋅ 135(12 + 123 ) 

1234 − 123 = 1111 ⋅ 1357(123 + 1234 ) 

12345 − 1234 = 11111 ⋅ 13579(1234 + 12345 ) 

Therefore, 푆 = 12345 − 1	. 
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5) Prove that: 

ퟏ(ퟏퟐ + ퟑퟐ) + ퟐ(ퟑퟐ + ퟓퟐ) + ퟑ(ퟓퟐ + ퟕퟐ) + ⋯+ ퟏퟎퟎퟗ(ퟐퟎퟏퟕퟐ+ ퟐퟎퟏퟗퟐ) =
ퟐퟎퟏퟗퟒ − ퟏ

ퟖ  

Solution. We have: 

2 ⋅ 4(1 + 3 ) + 2 ⋅ 8(3 + 5 ) + 2 ⋅ 12(5 + 7 ) + ⋯+ 2 ⋅ 4036(2017 + 2019 )

= 2019 − 1 

3 − 1 = 2 ⋅ 4(1 + 3 ), 5 − 3 = 2 ⋅ 8(3 + 5 ) 

7 − 5 = 2 ⋅ 12(5 + 7 ), … , 2019 − 2017 = 2 ⋅ 4036(2017 + 2019 ) 

Proposed problems. 

P 1) Find: 

푺 = ퟏퟏ(ퟏퟐ + ퟏ ⋅ ퟏퟐ + ퟏퟐퟐ) + ퟏퟏퟏ(ퟏퟐퟐ + ퟏퟐ ⋅ ퟏퟐퟑ + ퟏퟐퟑퟐ) 

+ퟏퟏퟏퟏ(ퟏퟐퟑퟐ + ퟏퟐퟑ ⋅ ퟏퟐퟑퟒ + ퟏퟐퟑퟒퟐ) + ⋯+ 

+ퟏퟏ…ퟏퟏ
ퟗ 풅풊품풊풕풔

(ퟏퟐ…ퟕퟖퟐ + ퟏퟐ… ퟕퟖ ⋅ ퟏퟐ…ퟖퟗ + ퟏퟐ…ퟖퟗퟐ) 

Indications. Using the relationship (3), we have: 

12 − 1 = 11(1 + 1 ⋅ 12 + 12 ) 

123 − 12 = 111(12 + 12 ⋅ 123 + 123 ) 

1234 − 123 = 1111(123 + 123 ⋅ 1234 + 1234 ) 

… … … … … … … … … … … … … … … … … … … … … … … … … … 

12 … 89 − 12 … 78 = 11 … 11 (12 … 78 + 12 … 78 ⋅ 12 … 89 + 12 … 89 ) 

Therefore, 푆 = 12 … 89 − 1. 

P 2) Find: 

푺 = ퟐ ⋅ ퟏퟎ(ퟏퟐ + ퟏ ⋅ ퟐퟏ + ퟐퟏퟐ) + ퟑ ⋅ ퟏퟎퟐ(ퟐퟏퟐ + ퟐퟏ ⋅ ퟑퟐퟏ + ퟑퟐퟏퟐ) + 

+ퟒ ⋅ ퟏퟎퟑ(ퟑퟐퟏퟐ + ퟑퟐퟏ ⋅ ퟒퟑퟐퟏ + ퟒퟑퟐퟏퟐ) + ⋯+ 

+ퟏퟎퟖ(ퟖퟕ…ퟐퟏퟐ + ퟖퟕ…ퟐퟏ ⋅ ퟗퟖ…ퟐퟏ + ퟗퟖ…ퟐퟏퟐ) 

Indications. By the relationship (3), we have: 

21 − 1 = 20(1 + 1 ⋅ 21 + 21 ) 

321 − 21 = 300(21 + 21 ⋅ 321 + 321 ) 

4321 − 321 = 4000(321 + 321 ⋅ 4321 + 4321 ) 
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… … … … … … … … … … … … … … … … … … … … … … … … … 

98 … 21 − 87 … 21 = 10 … 00 (87 … 21 + 87 … 21 ⋅ 98 … 21 + 98 … 21 ) 

Therefore, 푆 = 98 … 21 − 1. 

P 3) Determine the real number 풂 such that 

풂 ⋅ ퟏퟎ(ퟏퟐ + ퟏ ⋅ ퟏퟏ + ퟏퟏퟐ) + 풂 ⋅ ퟏퟎퟐ(ퟏퟏퟐ + ퟏퟏ ⋅ ퟏퟏퟏ + ퟏퟏퟏퟐ) + 

+풂 ⋅ ퟏퟎퟑ(ퟏퟏퟏퟐ + ퟏퟏퟏ ⋅ ퟏퟏퟏퟏ+ ퟏퟏퟏퟏퟐ) + ⋯+ 

… + 풂 ⋅ ퟏퟎퟐퟎퟐퟏ ퟏퟏ…ퟏퟏퟐ
ퟐퟎퟐퟏ 풅풊품풊풕풔

+ ퟏퟏ…ퟏퟏ
ퟐퟎퟐퟏ 풅풊품풊풕풔

⋅ ퟏퟏ… ퟏퟏ
ퟐퟎퟐퟐ 풅풊품풊풕풔

+ ퟏퟏ…ퟏퟏퟐ
ퟐퟎퟐퟐ 풅풊품풊풕풔

= 

= ퟏퟏ…ퟏퟏퟑ
ퟐퟎퟐퟐ 풅풊품풊풕풔

− ퟏ 

Indications.  

푎[10(1 + 1 ⋅ 11 + 11 ) + 10 (11 + 11 ⋅ 111 + 111 ) + 

+10 (111 + 111 ⋅ 1111 + 1111 ) + ⋯+ 

… + 10 11 … 11 + 11 … 11 ⋅ 11 … 11 + 11 … 11 ] = 

= 11 … 11 − 1 

From (4):  푆 = 10(1 + 1 ⋅ 11 + 11 ) + 10 (11 + 11 ⋅ 111 + 111 ) + 

+10 (111 + 111 ⋅ 1111 + 1111 ) + ⋯+ 

… + 10 11 … 11 + 11 … 11 ⋅ 11 … 11 + 11 … 11 = 

= 11 … 11 − 1 

푎 11 … 11 − 1 … + 10 11 … 11 + 11 … 11 ⋅ 11 … 11 + 11 … 11 = 

= 11 … 11 − 1 

But from (3): 
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11 … 11 − 11 … 11 = 100 … 00 11 … 11 + 11 … 11 ⋅ 11 … 11 + 11 … 11  

Hence, 

푎 11 … 11 − 1 = 11 … 11 − 1 

So, 푎 = 1. 
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