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2001. Find:

1 01
0= j j In(x* + y* + ¢pxy) dxdy
0 Jo

Proposed by Asmat Qatea-Afghanistan
Solution by Pham Duc Nam-Vietnam

1 01
.(2=f f In(x? + y* + ¢pxy) dxdy
101 00 101
=2f fxln(x2+x2y2+¢x2y)dxdy:2] f xln(x2(1+y2+¢y))dxdy
0 Jo L S, o
=2f fxlnxzdxdy+2f fxln(1+y2+¢y)dxdy
0 Jo 0 Jo
1 01 1 1
*Zf fxlnxzdxdyzélf xlnxdxf dy = -1
0 Jo 0 0
101 1 1
*Zf fxln(1+y2+¢y)dxdy=2f xdxf In(1+y*+ ¢y)dy
0 Jo 0 0

1
= f In(1+y? + ¢y)dy
0

Lot {sz :zr;gl +y* +¢y) {ju:yﬁ?Typﬂ = fo 1ln(l +y% + ¢y)dy
= yin(1+y% +y)|, - Ll)jiﬁ%
= In(2 + ) +f:(%‘2)d
=nQ2+¢)-2+ fol (2(;4]’2(?’(;(121) _ Z(yzdf ;:J, 1)) dy

1 1
=n2+¢)—2+ %ln(y2 + ¢y + 1)| + V4 — ¢p?arctan (M>
0

=n2+¢)—2 +%ln(2+¢)

—arctan

+ ¢
e )

+ /4 — ¢? <arctan
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o+2 ¢

=(1+%>ln(2+¢)—2+\/4—¢2arctan \/4_¢2 \/4_(’)2
1+ (225) (7 )
Vi) oo

(1 +§) In2+¢)—2+./3—¢arctan > _52\/5

=<2+¢)1n(2+¢)—2+J3T.11
)ln(z+¢) 2+J_¢——1_( ¢)ln(z+¢)+J—¢——3

xX—=y
1+xy

-2 (5

* arctanx — arctany = arctan
4 4 T
* Let: (p—ﬁ=>5(p—E=>3(p—E—2¢=>cos3<p—sm2(p(:>4cos @—3cose
=2sin@pcosp & —4sin*@p+2sing+1=0

-1-+5
2 (< 0,reject)

T —1+\/— 3 \/10+25

sm(p—sm—: :>COS—=

I ran —1+\/— , Vs-1)"  [3- \/—
anlo 10 + 2v5 10+2\/_ 5+\/—
(3 _ \/g)(\/g ) 4(\/3 2 _ :> arctan —_—
|| V5(V5+1)(V5 - ) 45 \]

2002. Prove that:

_flflarctan(xy)d iv-"c 7 2
=), ) vz Y =56 1640

Proposed by Togrul Ehmedov-Azerbaijan
Solution by Pham Duc Nam-Vietnam

sing =

arctan(xy) T 7
a=[[ dxdy =76 -1=4(3) =
16

1+ x2y? 4
B fl arctan?( xy)|"
) 2x

1 (Yarctan®x dt
dx=—| ———dx,let:x =tant = dx = 5
0 2 )y x cos“t
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11' s
Larctan® x Z t? T t?
= — dx = Z—dt =2 . dt
0 x o cos“ttant o Sin(2t)
u =t du = 2tdt i 2
dt = 1 . =2 J dt
dv = sinzt (V=32 (Insint — Incos t) o Sin(2t)

1'[
T -

L )
= t?(Insint — Incos t)Ig -2 j t (Insint — lncos t)dt
0
=0

% cos 2 kt cos 2 kt
- —zf —In2- Z +In2+ Z(—1)k dt
0 k k
4tcosZkt tcos2kt
2§ [P o [Tttty

< (Ftcos 2kt +°°nksinn7k+2cosn7k—2
S ity gy S e
k_
+eo . Tk +oo k +oo
T SIS 10055 1 1
4 k2 2 k3 2 k3
=1 = |
e (1Y (-1)
4 £ (2 + (2j+1)? 162 22k3 +_(__(( ))__((3)
= ZG ——('(3)
400 T +oo
ZZF koS 2Kt by 1gp Z(_l)k (n'ksinnk+2cosnk z)
* — ————————————————— — — —
A = L 2 2
=1 =
k tk +oo k +oo
(-1 sm— (- 1) cos B¢
S L r S
=1 =1 =

= (-1 (-1y (-1
4 L (2 + 1)? 162 Z 2Kk3

ro (—1) 1 D
4 (2]+1)2 162 2k3

k=1
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w1/ 3 3 . 21 n
= -6+ 2(-393) +353) = 5533 - 76

s0=1"c_35:3 —(E 3 —EG) 6-Le3
2\4 64(() 64(() 4 14 16(()

2003. Find:

1 .1
0= f f In(x* + y* + (x — y)*) dxdy
0o Jo

Proposed by Asmat Qatea-Afghanistan
Solution by Pham Duc Nam-Vietnam

1 01
.Q=f f In(x* + y* + (x — y)*) dxdy
0 Jo
11 101
=2f fxln(x4+x4y4+(x—xy)4)dxdy=Zf f xln(x4(1+y4+(1—y)4))dxdy
0 Jo 0 Jo
101 11
=2f fxlnx4dxdy+2f fxln(1+y4+(1—y)4)dxdy
0 Jo 0 Jo
11 1 1
*Zf fxlnx“dxdy:Bf xlnxdxf dy = -2
0 Jo 0 0
11 1 1
*Zf fxln(1+y4+(1—y)4)dxdy:2f xdxf m(1+y*+ @1 -y)*)dy
0 Jo 0 0

1
=f m(1+y*+ A -y)*)dy
0
4y —2

u=n(1+y*+A-y*) _ Jdu=5"——
{dvzdy = _ y oy+l
v=y

1 4y2 2y

yz—y+1dy

1
=>f ln(1+y4+(1—y)4)dy=yln(1+y4+(1—}’)4)|(1)_f
. 0

=In2 fl( 2y—1 3 +4)d
B R R Y

1

2y -1
=ln2—4—ln(y2—y+1)|(1)+2\/§arctan {/5 |0=ln2—4+2\/§(g+g)

2
=n2-4+—m

V3
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2 2
>0=nN2-4+—n—-2=|—nm+In2-6

V3 V3

2004. Prove that:

- 1log(1—x2)d _ 720 Sy
=) Ver e Tz 2 ®

Proposed by Ankush Kumar Parcha-India
Solution 1 by Pham Duc Nam-Vietnam

Let:t = Vx = dt dx _4dX _ 4t -0 zflln(l_t4)dt
x Let:t =Vx = — —_— = = —_—
2Vx  Vx o t+1

Tin(1-¢* Tin(1 + ¢%
o[ty [t )
0 0

dt = 2] + 2K
t+1 t+1 J +

lin(1+¢%) lin(1 + at?) 19 (In(1+at?)
K=J. —dt,let:K(a):f —dt=>K(a)=f — (== AV de
0 t+1 0 t+1 0 Jda

t+1

—fl ¢ dt = — fl( : LI )at
Tl @+ D@ +at?) a+1)y \at2+1 at2+1 t+1

_In(at? + 1) + 2a(Int + 1) — 2Va arctan(tVa) !

2a? + 2a

In(a+1) In2 arctan(Va) . teerating both sides from 0 to 1
= - , integrating both sides from 0 to
2a(a+1) a+1 +ala+1) grating

) _(*{Im(a+1) In2 arctan(Va)
:K_K(l)_fo <2a(a+1)+“+1_ Vva(a+1) >da

Larctan(a) lin(a+1)
29 _ - ~ 7 _
2 0o Va(a+1) da+f0 2a(a+1)

0

=In

O 1 1
=In%2 - (arctan\/E)ZL) +§f In(a+1) (———) da
0

a a+1
—In?2 2 1l2 +1|1 1L' |1_l22 2 1l 22+11'2_31 2, 2
=tz -ge gl (at Dl =5 li(za)| =n"2-ge—7in"2+o0 =273
1 2 1 1
In(1-t In(1-t In(1+t
1=f¥‘“=f¥dt+j(—) ¢
0 t+1 0 (t+1) 0 (t+1)
in(1-1t) 1 L | Yin(1-1¢) 1

= | = dt+ (1 +¢6)| ==In22 j—dt=—122 I
JO tr Wt (A+y| =524 | =T et
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Un(1—t) UIn(1 - kt) 19 /In(1- kt)
= B attet 1ty = | ———Pars 1= —(———")a
fo t,let: 1(k) j; t = I'(k) foak( ) ¢

(t+1) (t+1) (t+1)

1 t
=— dt
fo (1—ko)(t+ 1)
1 f1< 1 1 )dt— 1 (l o +ln(1—kt)>1
“rr1), T T o M T e \In( 0 K
_ In2 +ln(1—k)
T k+1 0 k(k+1)

B _(Y/Im2  In(1-k)
:1_1(1)_L(k+1+k(k+1))dk

0

, integrating both sides from 0 to 1

=2l k+1|1+flln(1_k)dk fll"(l_k)dk:u
=m2in(k+Dlo+ | — o k+1
L (MIn(1-k) ,. T
=znzzn(k+1)|0+f A T M dk=m?22-—
y Kk 6

I S PN AP PN S PO PO

=glt2-p=l=gin*2+ 2o =n*2 -5

,. T 3 m?\ 7 5 , 7,
>0=2]+2K=2(In Z—E +2 ln Z_E ==-In“2——mn“==-Iln"“2 -

—7122 > 2
=|zin 4(()

Solution 2 by Togrul Ehnmedov-Azerbaijan

'log(1 %) | _x=y? fllogu—f‘)d
o VE(L+VR) o 1+y
Tog(1 — Tog(1 + Tog(1 + y2
:zf g( y)dy+2f og( y)dy”f og( y) _
0 1+y 0 1+y 0 1+y

= 211 +212 +213

log(1—y) 1 logy
= D ———— = k =
I1—L 14y dy f — ZE 2kfylogydy
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lylog(1+y)

dy = log?2 -2

log(1 + y?
13=f log(1 +y7) ,, 127 dy =log?2 — 2I5,
0

1+y o 1+y?
1 2 2 2
_(ylog(1+y) ~ m® log®2 3 5 T
I3“‘f0 1+y2 P =get g “ls=glo8 243
=20l + 1, +13) = 71 22 om 71 22 2
= 1 2 3) =108 24 2 og 4(( )
2005. Prove that:
1
cos(lnx) — 1 1 2 e™"—-1
dx = n(—- )
In(x)(x+1) 2 T e™+1
0

Proposed by Asmat Qatea-Afghanistan
Solution by Rana Ranino-Setif-Algerie

cos(Inx) — 1
um fln(x) ¢! +x)

14

e °°1—cos(t) i u 1-cos(t) e
R L td+e9)" gem= Z( 1 f t dt

n=1

“1 = cos(yt)

Take : I(y) = f T~ e~dt wehave : 1(0) =0 and n:—Z(-1)"1(1)
0

n=1

dl(y)_J"”. g = ¥ - _J" y
o ! sin(yt) e =g " (1) = n_2+yz y

e S [

n=1

Nty o ey n 1
Known~n=_my2 +n? " sinh(ny) nzl)’2+nz_25inh(ny) 2y
1rn i 1 tanh(
“"EJ; (;,‘sinh(ny))d)'—E[ln}'-lntanh( --—m:anh(" +2|y._{.1|n(j)

1 $ et e"+1
a=3in ()31 (1) =3 G y)
‘cosinx) — 1 1 ! (ﬂ e™ _1)
L @0 et 1
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2006. Find a closed form:

Ixin(1—x?)
ﬂzf 5 dx
o Xx°+1

Proposed by Le Thu-Vietnam
Solution by Pham Duc Nam-Vietnam

) (t 1—x?
xIn(1 - x?) { =112 4x
Q—Lde,let. L 1_t$dt——mdx
k::ox o
1+¢
1-1t 2t
_ o xdx _ dt :ﬂ_ljlln(l_l_-l-t)dt_1J11n(1—+t)dt
x2+1 2(t+1) 2, t+1 2), t+1
1 (1in(2 1 (tin(e 1 ('in(t+1
=_f @) | _f @® __f n(t+1)
2), t+1 2)yt+1 2)y t+1
1 1 12 1 1
— 1, (_2 Y_ 2.2 _
_21n21n(t+1)|0+2< 12) 2 (t+ 1|
2 ?
==-l1l 2 __i;i-_:ilrl 2 _"-l1l 2 _-i;i

1 ln 2 +2m*{(-1
* Known: {(— 1)__E:>ﬂ_ m )

2007.Prove that:

I —j 1_[ cos?(2kx) dx = —

k=-1

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Pham Duc Nam-Vietnam

1= f 1_[ cos?(2kx)dx = —
o A4 32

3 3

3
* f(x) = 1_[ cos(2kx) = sin;f(x) = sin; 1_[ cos(2kx) = %sin(16x) => 1_[ cos?(2kx)

k=-1 k=-1 k=-1
1 sin?(16x)

322" io2X
sin? 3
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1 f”sin2(16x) 1 f”sinz(16x)
322 J, sinzg 322,

b b
*Apply:f f(x)dx=f fla+b—x)dx=>1=

cos?X *
2

=2l =

4 f” sin?(16x)
0

322 sin? x
T sin®(nx Tsin?((n+ Dx
*Define:l(n)=f (2 )dx,neN=>I(n+1):f (( > ) )dx
0o Sin’x 0 sin?x
Tsin((2n+ 1)x)sinx Tsin((2n+ 1)x
=>I(n+1)—l(n)=f (( .2)) dx:f ((. ))dx
0 sin? x 0 sinx
= K(n)
Tsin((2n+ 3)x
=>K(n+1):f ((_ ))dx=>K(n+1)—K(n)
0 sinx
72 cos 2n+3)x+ (2n+ stin 2n+3)x—2n+1x
_f 2 2 d
= - X
0 sinx
i sin((2n + Dx)|"
=2f cos((2n + 2)x)dx = (« )x) =
0 n+1 o
Tsinx
=>K(n+1)=K(n)=K(n—1)=...=K(0)=f X x=m
o Sinx
sImn+1D)-In)=nm=>In+1D)=IM)+r=In-1)+2r=...=1(1) + n
Tsin? x
=f ——dx+nr=n+nr=Mnm+1n
o Sin’x
= I(n) = :f”smz(mx)d =16wr =2l = 4 16m = ==~
WERE= ) Tsim2x T T A T3 T 16T T T 32

Solution 2 by Bamidele Oluwatosin-Nigeria

T
x
I= f cos? (E) cos? x cos?(2x) cos?(4x) cos?(8x) dx =
0

= 'I-n cos? (n ; x) cos?(m — x) cos?(2(m — x)) cos?(4(m — x)) cos?(8(m — x)) dx
0

= 2] = j:t (cos2 (;) + sin? (;)) cos? x cos?(2x) cos?(4x) cos?(8x) dx =

= f cos? x cos?(2x) cos?(4x) cos?(8x) dx = f 1_[ cos(2™x) | dx;
0 0 \n=0
3
Ola = 1_[ cos(2™x), from: sin(2x) = 2sinx cosx = Ola =

n=0

sin(16x)
24sinx
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1 j”sin2(16x)d 3 cot x sin?(16x)
- 512 ), 512

. " 1 ("sin(32x)cosx

- 2 g -
sin® x o 32/ sin x

1 12_tsin(32x) Ccos x d King—Rulle 1 %sin(32x) sin x
x _

~ 16, sin x - 16, cosx
Y3 Y3
1 (zsin(32x) (cos? x — sin? x) 1 (zsin(16x)cos x
= — - = — . dx =
16 ), 2sinxcosx 16 J, sinx
n - n -
1 (2sin(8x)cosx 1 (Zzsin(2x)cosx
— ———dx = =— FSEE— dx
16 ), sinx 16 J, sinx
T
1 (2

= — Zcoszxdx—l
16, - 32

2008.Find:

1.1
0= f f In ((x2 + y2 — 2xya,)(x? + y* + 2xya,)(x? + y* — nyag)) dxdy
0 Jo

Proposed by Asmat Qatea-Afghanistan
Solution by Pham Duc Nam-Vietnam

1,1
0= f f In ((x2 +y? — 2xyay)(x? + y* + 2xyay)(x? + y* — nyag)) dxdy
0 Jo
1,1 11
= f f In(x?* + y? — 2xya,) dxdy + f f In(x? + y* + 2xya,) dxdy
0 Jo 0 Jo
1,1
+ f f In(x? + y? — 2xy2xyaz) dxdy = Q; + 2, + Q3
0 Jo
1,1 1,1
* 0 = f f In(x* + y? — 2xya, ) dxdy = Zf j x In(x? + x*y? — 2x%ya, ) dxdy
0 Jo 0 Jo
1,1 1,1
=2f f xlnxzdxdy+2f f xIn(1+y? - 2ya,)dxdy
0 Jo 0 Jo

2y —-2a4
u=mn(y*-2ya; +1) _ Jdu=—"———
= 2 _
dv = dy y-—2ya; +1

1
=-1 +f In(y* — 2ya; +1) dy,{
0 p=y
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1 2
1 2y“ —2a4y
>02,=-1+yln(y*-2 1 —f —_—
1 tyin(y* -2ya + )|~ | oo dy

1 2
a1(2y — 2a1) 2 — 2a1
=—1+4+InR2-2 — — 2)d
+In( a) f(yz—Zya1+1 yZ—Zya1+1+ y

1
—a
=-1+mn2-2a,) - 2yl3 - alln(y2 - 2ya; + 1)|; + 21— a,? arctany—lZ
1- aq

0

=-3+(1-ay)In(2-2a,)

+2{1—-a4 <arctan\/_*a1 - arctan%)

1+a
=-3+(1-ay)In(2-2a,) + 21— a,%arctan 1= al
1

= —3 + 2 sin? —ln(4sm 1)+6—nsmz
14 14 7

= —3 + 4 sin? —ln (2 sml) +6—nsmE
14 14 7

1+a
=03 =-3+1-a3)n(2-2a3) + 21— az?arctan = az
3 3n\ 4m | 3w
= —3 + 2 sin? Eln(élsm —)

12) T 7S

344 31tl (2 31l')+41l' . 3m
= sm1 n sm14 7sm7

1—a
and 2, = -3+ (1 + a;) In(2 + 2a,) + 24/1 — a2 arctan 1T ai

b4 T 21 21
= -3 + 2 cos? 7ln (4 cos? 7) + 7sin7

=-3+ 4cosZEln (2 cosz) + Z—nsinz—n
7 7 7 7

T b4 3 3n , i
=>0=-9+5In2+ 4sin*—Insin— + 4 sin? — Insin— + 4 cos? —lncos—

14 14 14 14 7
+(6Tl’ . Tl'+4-1l' . 31l'+21l' . 211:)
7sm7 7sm7 7sm7

st
=5 CSC5

= —9+5In2+ +asin? T insin " + 4 sin? o Insin o + 4 cos? " Incos
= n ZCSC7 Sln 14 nSln14 Sln 14 nSln14 CcCOoS 7 nCOS7
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a
* By Gauss(1813):If:gcd(a,q) = 1,1 < a < qthen: ¢ (E>

q/2
T na 2mak . mwk
=—y—In(2q) — —cot— + 2 Z cos Insin—
2 q & q
L (4) L In14 e2 +ZZ "kl mk
>—-Yl=)==|- ——cot— - -
21[) 7 > Yy—In 2co cos nsin =
3
Yy In14 =« t41t+ 81tkl . wk
> > i = cos nsin =

i 3o (5)- ()20 ()29

S P In28 t +zz K nsin™F
= 2 Y —n CO COS nSln14

_ 7+y+ln2 z l nk
= 2 2 co cos nsin 12

ﬁz"’(ﬂ—z"’(ﬁ)“"z‘z

n2 n 714 2 8wk . mk d ntk k
= —9—T+Ecsc7+ cos7lnsm7—2cos—lnsmﬁ
k=1 k=1
n2 =«n b4 b4 T 3 21 T T
=-9— > + 2 csc; — cos Insin— = + sin 1z lnsm7 — smﬁ lncosﬁ

. n(l . 3m I 31l')+ 31t(l T ; 11')
sm14 nsm14 ncos14 sm14 nsm7 ncos7

+ cosE (lnsin1 — lncosl)
7 14 14

9 ln2+1t b4 11:(
=—-9———+ —csc—— cos
7

InsinZ + 1 " _ i )
2 2 - nSln nSln ncos

7 14 14

+ 3 (l 2m ! b4 41 n)
sin 12 nsin = nsm7 ncos7

b4 (l T +1 3 ; 311')
sm14 nr:os14 nsm14 ncos14
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n2 =« w T 3w T (4 3
=—9——2 +Ecs07—cos ln(Zsm E)+smﬁln(2(:os 7)—smﬁln(23m E)
n2 =« T T T 3
=—9—T+Ecs07—ln200s7—200s—ln(sm14)+ln23m§
3 (4 (4 (4 3
+ 2 smEln (cos 7) In2 smﬁ -2 smﬁln (smﬁ)
n2 =« T T T T 3 3 3
=—9—T+Ecsc7+4sm Elnsmﬁ Zlnsmﬁ+4sm Elnsmﬁ ZInsmE
+4coszzlncosz—21ncosf—ancosE—anSin£+anSin3—n
7 7 7 7 14 14
n2 =« b4 T T 3w 3 , T (4
=—9—T+Ecsc7+4sm Elnsmﬁ+4sm Elnsmﬁ+4cos ;lncos;
b4 3n (4 (4 (4 3
—Zln<smasmﬁcos7) an(cos7+smE—smE)
n2 =« b4 b4 T 3w 3w T
——9—T+Ecsc7+4sm ﬁlnsmﬁ+4sm Elnsmﬁ+4cos —lncos;+6ln2
n2
2
b4 b4 yi4 yi4 3 3
=-9+5[n2 +Ecsc7+4sm ﬁlnsmﬁ+4sm Elnsmﬁ
+4cos? = Incos— = 0
7 7

2009. Prove that:

fo%log (log (tan (Z + x))) log (tan (Z + x)) n_z os <ﬁ>

dx = —1
tan 2x * =18 A36

where A is Glaisher-Kinkelin constant.

Proposed by Naren Bhandari-Bajura-Nepal
Solution by Rana Ranino-Setif-Algerie

tan2x

_ f% log (log (tan (% + x))) log (tan (% + x)) . x_i_x

T

— f4log(— log(tan x)) log(tan x) tan(2x) dx =
0
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:Ttlog(— log(tanx))log(tanx)tanx  tanx=et
= _zj > dx =
0 1—tan®x

“tlogte %t
=2] g—
0

o dt —ZZI tlogte™ (4"+2)tdt—22L{tlogt}(4n+2)

d (y+logp 1-y—logp
L{tlogt}(p)=—d—pmogt}(p):%( - )= =

Q_zil—y—log(4n+2)_1—y—log2§: 1 1 log2n+1)
B (4n + 2)2 B 2n+1)2 2 o 2n+1)2

2 1¢ log(2n+ 1)

=16(1-v—log2)—35 ,“@n+ 172
n=

Now,

o (1) logn _ —log(2n) < log(2n + 1)
Z n? C (Zn)2 B £ W

i -1" log n
n=2

c logn . d 1 ,
) ——llmﬂzoﬁ——( (2)
n=

n=1

n=

—log(2n + 1) _m?log2 1 i
s (Zn+1)? “ T2z '3

= n=2

s—2
n=2

o)

& (—1)" logn . d (=11
— ®  — lim— =7'(2)
2, 3

n? s-2 ds ns
n=0

0'(s) = 21 log(2)¢(s) + (12-)¢'(5)
2 1
n'(@) = 17l0g(@) +57'(2)

= log2n+1) ?
nzlm = ——( (2) — —108(2)
? 2
Q= 16 <1 y——log(Z) + ( (2))

% {'(2) =y +1og(2) +log(m) — 121o0g(A)

Hence:
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2

1
Q= 11t6 (1 + —log(Z) + log(m) — 12 log(A))

2
= :l-t_8 (3 +1og(2) + 3log(m) — 3610g(A))

jo%log (log (tan (Z -+ x))) log (tan (Z + x)) e 2 ™ e <2e31t3>

tan 2x 48 A36

2010. Prove that:

(3
filog(cos X)
o Sinx

lo g(tan( ) dx = —((3)

where {(s), R(s) > 1is Euler-Riemann zeta function.

Proposed by Ankush Kumar Parcha-India
Solution 1 by Bamidele Benjamin-Nigeria

Q= f: —log(cos x)l og (tan( )) dx —loggtan(’z—‘))_ J:o u-log (—1 _ e_2u> du =

sinx
(o]

© 1
= —f u-log(1—e ?*)du+ Zf u-log(1+e ) du=

Z f e~2kuy dy — ZZ( 1)kf e-2kuy duy =

1w 1 -k 1
_Z((S)_1L13(_1):R((3)

4- k3 4 k3
k=1

Solution 2 by Togrul Ehmedov-Azerbaijan

1—y?
L - logylog|-—5
zlog(cos x) x tan(3)=y 1108Y7108 (1 + y2>
Q= j; ——  log (tan (E)) dx fo

sin x - y dy =
'log ylog(1— y*) 'logylog(1+y%) =
e
0 y 0 y
_1fllogzlog(1—z)d 1fllogzlog(1+z)d _11 11
~a), z £74), z ZT 1Ty
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'logzlog(1 +
dz = {(3), Iz=f oszlosl+2),
0

VA

jl logzlog(1 — z)
Il =
0

3
2 Z=—z((3)

1 3 7
Q =z((3)+1—6((3) =1—6((3)

2011.Prove:

dx

” asinx + bcosx
QO =
0

%(a + b) sin? x + Vab cos? x

4a 2vVab 1 a—>b
=a—b 1+a+btanh
\/(a+b)(2\/ab+a+b)

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Pham Duc Nam-Vietnam
n asinx + bcosx
o= |
0

%(a + b) sin? x + Vab cos? x

dx

4a 2Vab a—>b
\/(a+b)(2m+a+b)

1 _ (Va-vB)*
*E(a+b)—\/ﬁ—T

, *_Lbf(x)dx:Lbf(a+b—x)dx

T asinx+ bcosx T asinx— bcosx
=>0N= 1 dx = 1 dx
0 i(a+b)sin2x+\/abcos2x 0 §(a+b)sin2x+\/abcoszx
T 2asinx
:zg:f dx = 0
0

%(a + b) sin? x + Vab cos? x

T a
= —f i d(cosx)
0 7(a + b)(1 — cos? x) + Vab cos? x

a
d(cosx)

) _J;’ %(a+b)—(%(a+b)—\/ﬁ)coszx
_ a f” d(cos x)
) 0

(%(a+b)—\/ﬁ %(a+b) 2
1 —cos?x
(7(a+b)—\/E)

18 RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

a (%(a+b)—x/ﬁ) (%(a+b)—x/%)
=——3 : i tanh™!|( cosx i
(3(a+b) - Vab) 7 (@+b) > (a+b)

T

0

B (T, (3D
VaTB(a-+b) - 2vab vath vatb

_ 4a _, Wa—-+b)
_Wj<a+b>_zmtanh vath

) j(f B (a B ash

(a+b)(Ya—VB) @+ b)(a+vey

B ’a+b+2\/_ _ a—b

) a+b fantt? \/(a+b)(2\/%+a+b)
a-b atb \/(a+b)(2x/ﬁ+a+b)

2012. Find:

Q_jlf“ (x—y)(x+y)
1+ 21+ x2)(x% + y2)
Proposed by Ankush Kumar Parcha-India

dxdy

Solution by Pham Duc Nam-Vietnam

0o flf“" (x—y)x+y)

A+ 00 + D062 + y2)

e x% — y? dxdy — dx 1 x2 — y?
ff (1+x)(1+x2)(x2+y2) "y‘fo Ar0a+0), @y

teo2Xx arctan; -1 teo 22X (g - arctanx) -1 “mx —2xarctanx — 1
— dx = dx =
0 0 0

D) A+ 00 +22) Atodta) &

_f+°° X d f+°° 2xarctanx d f“" 1 d
)y A+0a+0 ), Groa+ ), Groa+ra)™

J+°° X p i b ( x+1 1 )d
* e —
s A+0a+a T ) TG D 2+ /Y
b 2

T

1 1
= m lim ( In(x>+1)—-n(x+1) + —arctanx)
2 2 0 4

—)+oo
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f+w L dax= i b( L S )a
o (@+x)(1+x32) =R 2(x2+1) 2(x+1) *
b
T

= lim (—— ln(x + 1) + —ln(x +1)+-= arctanx)|
b—>+°° 0 4

f+” XATCLARY e = let:x = tant = d (1 + tan®t)dt
X et:x =tan X = an
o (M+x)(1+x32)

™ s —
7 ttant(1 +tan®t)dt [z ttantdt (4 =°
= d tant
vV=—
(1 +tant) 1+ tant

A+00+22) " )y A+tand( + tanZt)  J,

du=dt
1
= { 3 (t — In(sint + cost))

t*®  xarctanx
=

:>f+°° Xarctanx —1t(t In(sint + ::))|7 1F(t In(sint + cos t))dt
(1+x)(1+x2) = nsin COoS o 2 o nsin COoS
fln(smt+cost)dt

16 2
T
. o 2 _ T
*.L ln(smt+cost)dt—zln2+f0 ln(sm(t+z))dt

3 3m +oo
T 3 cos(2kt)
=—ln2+f ln(smt)dt—zln2+f —an—ZT dt
1 1 k=1
37 +oo
T cos(Zkt)
=——In2- f z
4 —_—
T
= ——an
+”5i"3nk+§ in>- l - 10 (-1 +1+°° (-1)
2k? T 24@j+ 12 240 +1)?

4 7
——ln2+G:>—f ln(sint+cost)dt:——ln2+
2 ), 8 2

t°  xarctanx n? w G

fo Arna+ =16 g"2*3

w2 w? m G\ m @ (n’ =
:ﬂ=T_2<E_§ln2+E>_Z=T_<?_Zln2+G>__
=?—?+Zln2—zlne= 8

Solution 2 by Togrul Enmedov-Azerbaijan

1—[00 1 d f X 7Y dx=
), Groa+aY ), 2y T
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_j°°1tx—1—2x-tan‘1xd B J‘°° x d
s A+0a+2 7T aroa+aa™

Iy

© dx ®  xtanlx
—f ~— 2 5 dx
o (1+2x)(1+x2) o (1+x)(1+x2)
I I3

[ _f°° x d o . _j°° dx T
1) A+0a+ Ty 2T v+ " 4
I = ®  xtanlx d —16 ™ 2+11'2
3T )y A0+ T2 "8 %" 16

2

Y[A w Y4
I=n11—12—213=?—Z_G+Zlog2=

? — 8G + 2mlog (%)
8

2013. Find:

x\/§>dx

1 7
I= f (x? —x+ 1)Z cos (7 arctan
0

Proposed by Asmat Qatea-Afghanistan
Solution by Pham Duc Nam-Vietnam

1 7 V3
z xv3
sz (x2—x+1)2 cos<7 arctan x) dx
o _

2
t x t V3 5 1 x\V3
*If:— = arctan >tan-=——>1+tan“- = =1+
7 2—x 7 2-—x cos2 < 2—x
7
4(x*-x+1) ,t (x —2)? t
= = el =
(x — 2)2 O TTaz—x+1 %7
2—x
=——(xe(0,1)
2(x2—x+1)2

t
* By De Moivre’s formula and Binomial Theorem = cos(t) = cos (77)

= r:os7£ -21 sinzfcos5£ + 35 sin‘*icos**E — 7sinf’£cos£
B 7 7 7 7 7 7 7
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7 5
| 2-x _21<1_ (x —2)? ) 2—x
Z(xz—x+1)% 4(x* —x+1) Z(xz—x+1)%

3
+35<1— (x—2)° >2 2-x
4(x2 -x+1) Z(xz—x+1)%

(x —2)? 3 2—x
_7<1_4(2— +1)> 1
- 2(x2—x+1)2

(2 —x)(x®—12x° — 3x* +29x% — 12x% — 3x + 1)

7
2(x2—x+1)2

1 Z 3
xV
=>1= J- (x2—x+1)%cos <7 arctan2 x) dx
o —

7
fl (x2 —x+1)%2(2—x)(x® — 12x° — 3x* + 29x% — 12x% - 3x + 1) p
= X
0

7
2(x2 —x+1)2
fl (2 —x)(x® —12x% — 3x* +29x% — 12x* — 3x + 1) p
= X
2
0

1 1
= Ef (—x7 + 14x°% — 21x5 — 35x* + 70x% — 21x% — 7x + 2) dx
0

1
1/ 8 7 35 7
E<—§+ 2x7 —Ex6 - 7x5 +7x4 - 7x3 —Exz +2x>

0

_1( 1_|_2 7 7+35 . 7+2)_1(3)_3
2\ 8 2 2 2 ~2\8/ 16

2014. Find:

s

2
I= f In(a? sin® x + b% cos? x + c? tan? x) dx
0

Proposed by Sakthi Vel-India

Solution by Pham Duc Nam-Vietnam
* Apply some trigonometry formulas:

) 1 - 5 1 tan® x
Cos“ X = ————,sin x=1—-cos*x=1- = = 5 =1
1+1$anx 1+tan“x 1+ tan®x

z ) tan® x 5 1 5 5
= lna—2+b T a2.7t¢ tan“ x | dx
0 1+tan*x 1+ tan®x

T
2 [a®?tan?x + b%? + c? tan? x (1 + tan? x)
= In dx
0

1+ tan? x
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3

T
2 2
= j In (a2 tan? x + b? + c¢? tan? x (1 + tan? x)) dx — f In(1 + tan? x) dx
0

s

T
2 2
—f ln(aztan2x+b2+c2tan2x(1+tan2x))dx+2 Incos x dx
0 0
2
=j ln(aztan2x+b2+cztanzx(1+tan2x))dx—1tln2=K(a,b,c)—1tln2
0

s

s

2
+K(a,b,c) = f In (a2 tan? x + b? + c¢? tan? x (1 + tan? x)) dx, let:t =tanx = x
0
dt
= arctant = dx = —
t-+1
+eln (aztz + b% + 2t*(1 + tz)) d
= K(a,b,c) = dt > —K(a,b,c
( ) fo t?+1 ac ( )
+e g [In (aztz + b% + c2t*(1 + tz))
[z : ’
o Oc t“+1
L 2ct? Tl 2 e K2
=), @roeiran™ Jbe @r %k
0 A
1
e, 2 f - 1 dk = f - 2ct? dt
2 2 2 242 2 244
vVbc Jo k4+kzw+1 o (a%+ 2t + b? +c*t
1 [t k> +1
:\/b_f CETI P
€0 kRS 41
1 1 +eo
1 f+°" d(k—ﬁ) u=k— 1 bc . bc
"~ Vbelo (k_1)2+a2+c2+2bc Vbe' a2+cz+2bcarc anju a% + c% + 2bc
k bc —oo
T d T
= = —K(a,b,c) =
va? +c2 +2bc Oc

)or \/2a2+c2+2bc
t**In(a’t* + b
* K(a,b,0) = K(a, b) =f ( )

d
. 211 dt:>£K(a,b)

B f*“ 9 [In(a*t* + b?) Qi = f*“ 2at? "
), 0a t2+1 )y (4 1)(a?t? + b2)

) f+°° 1 bZ
=2a ; (az

"D+ (@ - b?)  @2E(@® — bP) + (@@ — b2)> dt

23|
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at|t=
2aarctant — 2b arctan B

_bZ

[
—ﬁ:K(a b)=niln(a+b)+Clet:a=0

0

sntinb=nwln(b)+C=>C=0>= K(a b) =min(a+b)

:K(a,b,c)=f i dc=1tln(b+c+\/a2+cz+2bc)+C,let:c=0
Va2 + ¢ + 2bc

s>nwiln(a+b) =nwiln(a+b)+C=>C=0=K(a,b,c)
=1tln(b+c+\/a2 + c? +2bc)

b+c+Vaz+c?+2bc
2

=1 = nln(b+c+\/a2 + 2 +2bc) —niln2 =mwln
2015. Let a, b, ¢ be real numbers. Prove that:

(n—l)a2+(n—9)b2+(n—4)c2—6b+1t—1<J‘ 6x + 5(m? —1)\/_
az+ b +c2+1 04\/x+(1't2—1)\/_

Proposed by Kunihiko Chikaya-Tokyo-Japan
Solution by Ruxandra Daniela Tonila-Romania

(n—l)a2+(n—9)b2+(1t—4)c2—6b+1r—1_
a? +b%+c2+1
_(@+b+ct+1)n—a?-9b*—6b—4c' -1

a? +b%+c2+1
a’ +9b% + 6b + 4c® + 1
a?+b%+c2+1
.I‘16x+5(1t2—1)\/§dx_j‘ (4(x+(n' —1)\/_) 2x + (m? —1)\/_> _
0 4/x+ (w2 — DVx 4\/x+(1t2—1)\/_ 4/x + (2 — DVx

1 x -1 -1
=f0 (\/x+(1t2—1)\/§+5<1+ = >(x+(n2—1)\/§) 2>dx=

=Ll<\/x+(n2—1)\/§+x<\/x+(nz—l)ﬁ>,>dx=

x+(n2—1)\/§I dx=x-Jx+(n2

=1 — <mVab,ceR; (1)

1

=m; (2)

0

From (1) and (2), it follows that:

(m-—1Da*>+(mT—-9)b*+ (m—4)c*>-6b+m—1 6x + 5(m? — 1Vx
a?+b%+c2+1 L4Jx+(n2—1)\/_
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2016. If0<a<bh <§ then :

jb (e* — es"*)(tan x — x)

etanx — ex

a—I—b)

de(b—a)(1+sin 5

Proposed by Daniel Sitaru-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

T
We know that : sinx < x < tanx, Vx € (O’E) and et —1>1t VteER.

tanx — x

(4
o tan x—x _ — 1 —_
Then: e 1>tanx—x or etanx_exSe , Vx € (0,2).

(e* — e’ *)(tan x — x) -

Th ( X __ sinx) X =1 - sinx—x <1 Vx€E (0 E)

us, pTE < (e e e = e <1, vx 5
b(e* — eS"¥)(tanx — x) b _a+b

Therefore, ] Sty _ gx dx < fa dx=b—-a<(b-a) (1 + sin > )

Equality holds for a = b.

Solution 2 by Tapas Das-India

£2
Weknowthat:e‘=1+t+§+--°
2,3
e"(1+tanx—x)=<1+x+?+§+---)(tanx—x)+---=
X2
=(tanx—x)+x(tanx—x)+?(tanx—x)+-~-; (1)
anx  x tan’x tan3x x? x3 B
e —e*=(1+tanx + 21 + 30 +- )= 1+x+E+§+--~ =
B tan?x —x? tan3x —x3 B
= (tanx — x) + 2 + 30 + =
(tanx —x)(tanx + x) (tanx — x)(tan? x + xtanx + x?%)
= (tanx —x) + +
2! 3!
Foi (3

From (1) and (2): e*(tanx — x) < et"* — ¥
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tanx — x 1

etanx — ex - ex

e* — esinx et — eSinx tanx—x 1
etanx _ ox (tanx —x) < T er Slnce:m = ex
T _ _
We know that:sinx < x; (V)x € (0, E)’ eSINX < ¥, gX _ gsinx g
e* — eSinx e* — eSinx o
e“““”‘—e"(tanx_x)S xS 1
b(e* — eSi"*)(tan x — x) b a+b
Therefore, . dx< | dx=b-a< (b-a)(1+sin
etanx _ ox .

a

Equality holds for a = b.
Solution 3 by Khaled Abd Imouti-Damascus-Syria

1 s , . n
f(x) = SEnr g X € (0, E) and sincesinx < x; (V)x € (0, E)

tanx — x
fx) . i
X) = =
tan x—x _ tan x—x _
ox . € 1 e 1
tanx — x tanx — x

el -1
y

=0

lim f(x) = 1;1lim f(x) = lim
x-0 r—F y—o0

2

f(x)<0;(V)x e (Og) = f — decreasing,so f(x) < 1;(V)x € (Og)

eX — esinx — ex(l _ esinx—x)
e*(1 — eS"* ) f(x) <1 — S % (sinx —x < 0),s01—eS"** <1
b(e* — es"¥)(tanx — x)

b
Therefore, f Sty _ gt dx < f dx=b—-a<(b—a) (1 + sin
a

a

a+b)

Equality holds for a = b.
2017.1f0 < a < b < then:
b(1 —sin® x)7
. (1 —sin3x)8
Proposed by Daniel Sitaru-Romania
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Solution by Tapas Das-India

- n - -
We know that:0 < sinx < 1; (V)x € (O, E) ,then sin3 x > sin® x and
- - - n
1 —sin? x < 1 — sin® x, also we have: sinx < x; (V)x € (0, E)

(1 - sin® x)7 (1 - sin® x)7 1
(1—-sin3x)8” (1 —sin®x)8 1—sinSx "

b(1—sinSx)’ b
o (1 —sin3x) a

Hence:

Therefore,

Equality holds for a = b.
2018. B(x,y) = fol t*1—-t)Ydt,x,y >0
Prove that:

B(x,y)-B(y,z)-B(z,x) > B(x,x) - B(y,y) - B(z,2)

Proposed by Daniel Sitaru-Romania

Solution by Hikmat Mammadov-Azerbaijan
r(x)ry)
B(x,y) = Tx+y)

[ee)

andI'(a) = f s le=sds
0

o)

FrAx+ (1 -2y = f Six+(1-Dy-1g-S gg =
0

:f S/l(x—l)+(1—/1)(y—1)e—/lse—(l—/l)s ds =
0

_ foo(sx—le—S)A(Sy—le—S)l—/l ds H"ger
0

1-1

oo 1 A [ee] 1
< <f ((sx-le—5)1)7d3> <f ((Sy_le‘s)l‘l)md.s) =
0 0

- 1w 1-2
= <f §x-1g-S ds) (f §y-1e-S ds) =T(x)*T(y)12
0 0

I'(-) —is log-convex, then:
1

1 1 1
r (E - 2x + 3 Zy) <T(2x)2r(y)2

I(x+y) <T(2x)ry)
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Hence:

1 1 r(x)r(y) - F(x)T(y)

F(x+y) = JT(2x)T(2y) TG+ y) — JT2xOr2y)

rOry)  [fre)  rore)
rx+y) ~— [T(x+x) [T(y+y)

B(x,y) = {B(x,x)-\/[B(3,y)
B(y.z) = \/B(y,y)-B(z,2)
B(z,x) > \/B(z, z): \/B(x,x)
Therefore,
B(x,y) - B(y,z) - B(z,x) > B(x,x) - B(y,y) - B(z,2)
2019.If 0 < a < b then prove :

V3 b b b V3 b
— (% —-a?®)(b—a)* < f f f Vx2 +y2 + z22dxdydz < — (b* — a?)?%In (—)
2 a Ja Ja 4 a

Proposed by Asmat Qatea-Afghanistan
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma: If x,y,z> 0then:

z zx
x+y+zS\/3(x2+y2+zz)<—y+y7+7.

Proof : By CBS inequality,we have : \/3(x2 +y2 +22) >x+y+z.

Using the well known inequality (u + v + w)? > 3(uv + vw + wu), we have :

z x Yy xXyz - Xyz

Xy Yz zx _ (xy)? + (y2)? + (zx)* - V3[(xy)2. (¥2)? + (y2)2. (zx)? + (zx)2. (xy)?]

= /3(x2 + y? + z2).

So the proof of the lemma is done.Using this lemma we have :
b b bx_|_y+z b b (b
J J J dxdydzsj j j\/x2+y2+zzdxdydz
a a a

fff xy yz y)dxdydz
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bbbyt ytz 3 (b b b V3
with : f ff dxdydz:—f xdxf dyf dz =—(b? —a?)(b — a)?,
o) B 75) xdx | dy| dz=-(b*-a?)

and :
b b b xy yZ b bdZ \/§ 2 b
+=— )dxdydz— f xdxf ydyf —=—(b*—-a? ln(—).
J; J; J; \Ei( z b y V3 0 Z 4 ( ) a
Therefore,

V3 b ;b (b V3 b
—(b*-a?)(b-a) < f f J- x2 +y%+ z2dxdydz < — (b? — az)zln (—)
2 a Ja Ja 4 a

2020. Prove that:

5= z ((12k)' (12k1 6)') wssﬂ * gc‘”h (%) €03 <\/2_§> -1

Proposed by Asmat Qatea-Afghanistan

Solution by Pham Duc Nam-Vietnam

S V3
5= Z ((12k)' (12k 6)! ) Cos:(l) * i cosh (;) €os (73> -1

k=1
|

% L(tn) —

n+1

+ oo

_ du = nt"1
PROVE: L(t") = fo t"e stdt, {Zv_: oSt s = b e st = L(th)

S

nn— I)L(t" 2) n!

— +oo
tne st

sn+1

S S

+ oo
n n
+ —f t"le~stdt = ;L(t"‘l)
0

=0
+ oo
t12k t12k—6

« Consider: S(¢) = Z <(12k)' + i3 6)'> =5 =51

12k 12k-6
* TakingLaplaceTransform: L(S(t)) = Z <(12k)'> +L ((12k — 5)1)

“+ oo

1 1 1
= Z <s12k+1 + Sle—S) ~s(s6—1)

k=1
2s—1 2s+1 1( 1 1 ) 1
s

= + += +
6(s2—s+1) 6(s2+s+1) 6\s—1 s+1

29 RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
* Tak ingInverseLaplaceTransform:S(t)

—L‘1< 2s—1 4 2s+1 +1( 1 4 1) 1)
B 6(s2—s+1) 6(s2+s+1) 6\s—1 s+1

s
1 o
:l(e—t+et)_1+1£—1| Z(S_f) + 2(S+7) |

- RTINS TN

1 1/.1, 3 _ 1, &3
== — —| 2e2 —_— 2 —
3cosht 1+6<2e cos > + 2e 2" cos >
1 1 t/3/1 1
L cosht—1+2cos TS (e2t 4+ ¢73)
3cosht +300s > (e +e
=Zcosh%
1 2 t/3 t cosh(1) 2 1 V3
—Ecosht—1+§cosTcoshE.Let.t—1=>S— 3 +§cosh(2)cos<7 -1

2021. If x, y > 0O then:
x+5) - T(y+7) <11l T(x+y)

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

The inequality holds if 0 < x < 7,0<y <5o0orx > 7,y > 5.
If x = 5 or y = 5 holds equality.
fFO<x<7o0ry>50rx>70<y<5theinequality is reversed.
Let be the functions: a(u), u(u),c(u),u € [0,1], a(u) =0
u(u), c(u) have opposite monotonicity

u>v=uu)—uw)=0;c(u)—c(v) <0

If i is increasing and c is decreasing: {u < v uw) — pw) < 0; c(u) — c(v) > 0

If u is decreasing and c is increasing: {Z Z Z z Zgg : Zg% i g' EEZ% : 283 i g
(Mu,v € [0,1] and (u(u) — u(v))(c(u) — c(v)) <0
Since a(u) = 0 then we have:
aa@)(pw) — p@))(c@w) — c()) < 0; (V)u,v € [0,1]
1 1

1 1
f a(v) dvf a(w)u(u)c(u) du —f a(u)u(u)duf a(v)c(v)dv —
0 0 0 0
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1
a(v)u(v)dv + f

0

1 1

a(u)duf a)u()c(v)dv <0
0

—jola(u)c(u)duf

0

1 1

a(wu(u) du J a(u)c(u) du
0

jola(u) dufla(“)ﬂ(u)c(u) du < j

0 0
(D Seta(u) =u*1(1—y)’1; u(u) = u”*; (increasing)
)
c(u) = (1 —u)>7;(decreasing),0 < x < 7;,0<y <5
u(u), c(u) —have opposite monotonicity.

1 1
f w11 - u)y‘lduj U 11 -w)O Yy’ *(1 —u)>Vdu =
0 0

FGONG) T(NI(S)
rlx+y) Tr@2)

= B(x,y)B(7,5) =

1 1
f w1 (1 — w7 dxf wl(1-w (1 —-w’Vdu=
0 0

[(7I(y) TXI(5)
r(7+y) rG+x)

FWrQ) TS _TOIG) TEIE)
lx+y) Tr@2) " r(7+y rG+x)

>T(x+y)r(12) >r(7+ y)r(s + x)
(n seta(u) = u’"'(1 —uw)5! > 0; u(u) = u*~7; (increasing), c(u) = (1 —u)? >,

x>7,y>5

= B(7.9)B(x5) =

u(u), c(u) —have opposite monotonicity

1 1

f u1(1 - u)5‘1duf W11 -w w11 - w2 Sdu=
0 0

_T)ry) rr()

" T(x+y) T(12)

=p(7,5)B(x,y)

1 1
f w11 —w)> lur? dxf W l1-uw(@—u)Sdu=
0 0

i _T(Dr@y) TOrE)
= B(7,y)B(x,5) = [(7+y) T(G+x)

F@IQ) T(DNG) _TDIE) T@IE)
Frlx+y) Tr@z2) " r@7+y rG+x)
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>T(x+y)r(12) 27+ y)r(s + x)
(arn Set a(u) = w*~1(1 —u)> 1! > 0; u(u) = u”~%; (increasing), c(u) = (1 —u)? >,
Ox<7,y>5

u(u), c(u) —have opposite monotonicity

1 1
j w11 - u)5‘1duf w1 —w)r Su"*(1 —u)¥ Sdu =
0 0

rry) r(mre)

=B(x,5)B(7,y) = r(x+5) T(7+y)

1

1
j w1 —w)sS u’* dxj w1 -—w)sS 11 —uw)?¥ Sdu=
0 0

~ _T(Dr() rry)
=BTSBEY) =4 Tty

5 5
Fr((?i(;l)) . E((’;)i(x)) < Fr((’;)i(yy)) . F(F7()1F2() ) o P+ y)T(12) <17 + YIS + )

(Iv) Seta(u) = u’"1(1 —u)?~1 > 0; u(uw) = u*7; (increasing), c(u) = (1 — u)57,

x>7,0<y<5, u(u),c(u) —have opposite monotonicity

1 1

f u’"1(1 - u)y‘lduf W11 —-w)? w71 —-u)®VYdu =
0 0

r(7)r(y) r)rix)

= B(7,y)B(x,5) = I(7+y) TG+

1 1
f w11 — w)r w7’ dxf w11 -uw) 11 -w)’Vdu=
0 0

i _T@ry) rre)
=B&xYIBT.5) =105 Taz)

r(7)r(y) rrG) rEry) r7+s
r((7)+(;’)) ' l‘((?+(x)) = r((z)Jr(;’)) ' §(1+2)) =>T(x+y)r(12) <17+ y)rs +x)

2022. Find:

- = 49n2 +42n+9
B 49n2 + 42n — 40

n=1

Proposed by Daniel Sitaru-Romania
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Solution 1 by Ravi Prakash-New Delhi-India

49n* +42n+9 (7n + 3)?

49?2 +42n-40 (7n—4)(7n+ 10)
loga, = 2log(7n + 3) —log(7n — 4) —log(7n — 10) =

=log(7n+ 3) —log(7n — 4) — [log(7n + 10) — log(7n + 3)]

Let a, =

n

n
Let P,, = nak,thenloan = z loga, =
k=1

k=1

n

- Z[log(7k +3) —log(7k — 4)] - Z [log(7k + 10) — log(7k + 3)] =
k=1 k=1

=log(7n+ 3) —log3 —log(7n + 10) + log 10 =

n+3 10 10 7n+3
= log( ) + log (—) ,hence P, = —

n+ 10

3 3 7n+10
3
_ 10 1+=. 10
lim P,, = — - lim = —
n—-oo 3 naa&1+_lg 3
n
Solution 2 by Le Thu-Vietnam
3\2 3 3
Write, 10T+ 42n+9 Wn+z)  (n+3)(n+3) .
m e'49n2+42n—40_49(n_§)(n+g) B (n_g) n+ﬂ) weget:
7 7 7 7
o 3 3 w 10 o 3
9_1—[ (n+3)(n+3) n=g+11—["+7_1—[ nty _10
B 4 0\ 3 10 ~
wi(n=7)(n+7) ekt oadn+g 3
Solution 3 by Adrian Popa-Romania
Q_ﬁ 49n? +42n+9 17 (Tn+3)?
B 149n2+42n—40_ 1(7n—4)(7n+10)_
n= n=

“[7Tn+3 7 7n+3 _
17n—4 17n+10_

Pl'PZ
n= n=

b [ [7k*+3_10 17 7n+3 7n+3
el 17e=aT 3 10 - T T 3
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b [ [7k*3 1017 7n+3 10
2T aal 1710 T 17724 7n+10 T Tn+ 10

- o qim 1070 +3) 10
erefore, @ = lim o+ 10)~ 3

Solution 4 by Ankush Kumar Parcha-India

9_13[ 49n? +42n+9 17 (n+3? 17 (Tn+3)?
11492 +42n-40 1 1(7n+3)2-72 1 1(7n—-4)(7n+10)
n=1 n=1 n=1
[q7m+3 77 7m+3 1 [[2,(7n+3) ©,(Tn+3)
B 17n—-4 1 17n+10 -3 [I,(7n—4) [ ,(7n+10)
n= n=

10 [I24(7n+3) [I2,(7n+10) 10

~ 3 [12,(7n+3) [1,(7n+10) 3

=1 49n2 +42n+9 10
Therefore, Q = 1_[ —
n=1

49n% + 42n—40 3
Solution 5 by Hikmat Mammadov-Azerbaijan

First,we will show:

“1(ay + k)(az + k) ... (@ + k) T(bT(by) ..T(by,) .
| 1, ¥ 100, ¥ 1) - (b + 0 ~ T@)Taz) -~ T(ay) if

j=1 j=1
Recall the Euler's definition of the Gamma function:

_ (n+1)*z!
M) =lm G2 .+

m
Z b]-.Hence,

m
Suppose that: Z a; =
j=1

j= j=1
m
r(b1)r(b2) r(bm) =l 1_[ (n + 1)b]—a] aj +k —
r(al)r(az) F(am) n—o j=1 0 b] +k
m n m n
i+ k a; +k
i S (a5-b) 1‘[ Bk n i
lim | (n + D)= bt k| noo b, + k
j=1 k=0 7 j=1 k=0
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] a]+k T

- [ T55-TT 55
n—oo

j=1

k=0 j=1

49n? + 42n + 9 40f 49n% +42n+9
49n% +42n—40 9 49n2 + 42n — 40

n=1 n=0

0 3
49 (7n+3)(7n+3) __ﬂ‘—[ n+ n+7) 3
= = | 10
9 1 (7n—4)(7n+10) 9 11 n__ )

0 )
T GG

Therefore,

49n% +42n+9 10

49n2 +42n—-40 3

n=1

2023. Prove that:

I fll VL X et d m 2109 2
= o sin xax = —— Og
0 — V1 — x2 4

Proposed by Ose Favour-Nigeria
Solution by Pham Duc Nam-Vietnam

*t—sm lx=x=sint =dx =costdt
T

1+ cos 2 t
:>I—f lo %9 T cost tcostdtzf tcostlogcotzzdt

0
s

t 2 t
= Zf tcostlogcot— = —Zf tcostlogtan—dt
0 2 0 2

u=t du =dt
t t
dv = costlogtanidt v = sintlogtani— t” I

T
2

T
t 2 t
=-2 ((sint logtan - — t) t| - f (sin tlogtan— — t) dt)
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T

w2 w [z ] t m? z t
=-2 ——+——f smtlogtanidt =—+2f smtlogtanidt
0 0

4 8 4
m Vs
? 2 ot z t
=—+2 f sintlogsin—dt —f sintlogcos—dt
4 0 2 0 2

=logsi ¢ dv=l ¢ 2
u=logsin; and v=logcos; g

T
2

(cost ‘1 t I t)
. > cos ogcos2 ogcos2

n
2
0

t t t
+2 <<2 sin? > logsini — sin? E)

? 1 1 w?
=—+42 E(—l—logZ)—E(logZ—l) = T—Zlogz

4
2024. Prove that:
Foo oo In?(x 64t
I = f f 5 ( };) dxdy =
o Jo (xX*+x+1D)(*+y+1) 729

Proposed by Ankush Kumar Parcha-India
Solution 1 by Pham Duc Nam-Vietnam

et In*(xy)
I= f f dxdy =
o Jo (Z+x+1D)(2+y+1)

o Jo (P+x+1D)E+y+1) xey o Jo (Z+x+1)(y2P+y+1) xey

+2J‘+°"J‘+°" Inxiny drd
o Jo @Hx+DOPry+D

sz m'x fﬂ L 4y (symmetry)
= ———dx ——dy (Symmetry
0 o OP+y+1)

(x2+x+1)

Inx Iny

+eo oo
=2 ——dx ——d
J;, (x2+x+1) fo (P+y+1) Y

; _f“" In?x p
* )y (Z+x+1) .
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* Define: A key hole contour,with a branch cut onreal axis (positive direction),

around 0,C = ygUYy, Uy_.UY,
In®z

et f@) =

1 iv3
* f(z)has 2 poles — 2 + - order 1,inside the contour.

By

] ] 1 V3 In3z
=21uz lim z—|——+
_1+@ 27 2 zZ2+z+1
2172

= 2miln3 <—% + Q) (i%)

_zm(mrg__+7f> (+ ) (@) (llf)um(“;”')s(_;g):112:;”5

In3z In3z In3x (Inx + 2mi)3
f f f _ VX g [ XY
z2+z+1 YR 2Z24+z+1 +1 y X tx+1 re X2 +x+1

+f In3z d
yrzz+z+1 z

] ] In3(2) In3(2)
* By:ML inequality = | —————dz=| ————dz=0
wZ-tz+1 nZ-tz+1
] In3(z) 112in*V/3 [ Indx e (Inx + 2mi)3
= lim 5 dz = = S dx— — - —dx
-0t Jezé+z+1 x“+x+1 0 x*+x+1
R—+eo

f+°° n®x— (Inx + 2mi)? p f+°°8i1t3 +12m? Inx — 6im In? X,
= X = X
0 0

x2+x+1 x24+x+1

> 12 lnx (t8md —e6min®x
= g dx+i 5 dx
o Xx*+x+1 0 x“+x+1
Faking i ] . 112n*/3 f+°"81t3—61tln2xd
* s —=
aking imaginary par T x 1 x
s (7 1 e In?x ; 2T
=8nm —————dx—6m ———— < dx=8n’.——— 6nl
o X*+x+1 o X*+x+1 33
48m*/3
=— _6nl
27
48m*\/3 112n*/3
27 - 81 16n4V§
=>1I, = =
6m 243
Taki ] Lo 0 j+°°121r21nx j+°° Inx 0
* —3 = _— = _ =
aning reatpar Zrx+1 77 ), a1
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I me Wm'x fm 1 4
= = D —————————r _—
o (?+x+1) xo y2+y+1) y

+zf+w—lnx dxfw—l"y dy =2 16n'v3 2m ., oo

o (Z+x+1) o O*+y+1) " 243 '3y3 7
64m*

~ 729

Solution 2 by Togrul Ehmedov-Azerbaijan

We know that: log?(xy) = log? x + log? y + 2log xlog y

then we can write:

1—2f00f00 log” x dxd
T L R+ x+1DO2+y+1) ray

+2foofoo log xlogy dxdy = 21, + 21
0o Jo X2+x+1)(O%2+y+1) ! 2
© ~0o 2 0o 2 ©
N " T L Y
0o Jo X2+x+1)(2+y+1) 0o X2 +x+1J), y>*+y+1
2w ([ log?x 2w 16V3m® 32mt
T3v3), 2Hx+1 " 373 243 729
Note: foooyzligyi dy = 0,then: I = f0°° f0°° (x2+alc(:-g1§8§-|}-’y+1) dxdy = 0,and thus,
64m*
I=2l 42, =—

2025.Prove that:

Q_flflfl x2 log(xyZ) dxdvd _71'4
o Jo Lo %+ y2 + 22)(x2y222 — 1) *ayezZ =96

Proposed by Asmat Qatea-Afghanistan

Solution by Pham Duc Nam-Vietnam

1,1 (1 x2 log(xyZ)
* Symmetry:f0 fo fo 221 D22 1) dxdydz
~ 1,1 (1 X2 log(xzz)
= J;) J;) J;) 121 -1 dxdydz = 20

1 01 (1 22 1o a(x2v2z2
=J J J 3 3 gg Y ) dxdydz
0 Jo Jo (x%+y?%+2z2)(x%y?z2 - 1)
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:)ﬂ_f f f * log(xy) dxdyd
"o Jo Jo GEHyEr DGyt 1) T
2
= y“log(xyz)
- fo fo fo (x2 + y2 + 22)(x2y222 — 1) dxdydz
1 ,1 1 Zz lO x
=f f f 2 4 y2 Zg( JZIZ)Z 2 dxdydz
0 Jo Jo (X2 +y2 +22)(x2y222 — 1)

Lt l (x% 4y +2%)log(xyz)
=32= f f f (2% + y? + 22) (x2y2 2% — )dxdydz B

A ot e [ [ o

f f f log(x)Z(xyz)z" dxdydz

+ oo

_ Z 1 1 f L2k d z 1 ( 1 )
T 4zk+zkw )T T T T Lakr 12k 1\ @kt 12 (2k+1)4
- + oo + oo
Ri t ti (s) z 1 =>{4) = 1 n4
* . = R j—
iemann zeta function: {(s 4 2 =90
n=1
+ oo
ST Z
T n4 ) nt - n4 (2Kk)*
nis odd nlseven nis odd
+oo +o0 +oo
_zl+1zlz>zl_ @) = 15 =* 1t4 1
B n* 16 L. k* nt 16( ~16°90 96 (2k +1)4

nis odd nis odd

x° log(xyz) 71.4
2026. Prove that:

n 1 . V3 .
in cosh (— e”‘) CcosS (— e‘x> dx =1
o 2 2

Proposed by Asmat Qatea-Afghanistan

Solution by Le Thu-Vietnam
[cos(a + B) + cos(a — B)]; V)a,B € R

™ 1 . V3 . ™ V3 . i .
sz cosh (—e”‘) cos| —e"* dxzf cos| —e'* | cos (—e‘x) dx =
0 2 2 0 2 2
1™ (V3-i, T (VB+i,
=— f cos e |dx + f cos e |dx
21J, 2 o 2

cosh(a) = cos(ai);cosacosp =

N =

=30l
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V3+i
v3—-i .\ . u=""5—e'* cosu
(*):jcos( > e‘x>e‘xdx z —if u du+ C = —iCi(u) + C

(V3 —i .
= —iCi e*|+C

2

(x%): fcos<\/_+l >dx=—iCi<\/§2+ i>+C

Summing both of them, we obtain:

h=—4a<ﬁzddﬂ+c%%iuﬂ0=
—ife (B0 VB—i\ | (VBoE L (VBEE V3 +i
5 v ) e ) ()5
_10g<\/§2+i>l+i[a,<\/§2— i>+cl,<\/§2+ i>l=
V3-i V3 i V3 —i V3 +i
10g<— 2 )—log( 2 >+log< >—log< 3 >l=

- [tan‘l(—%>+n’]+ltan1(——>—l[ta () ]+itan—1(%):

=—i-2mi =21

=i

. Tcosu—1
Cl(x)=y+logx+f — du
0 u
“*cosu—1 *cosv—1
_— dv =

du =y +log(—x) + f

Ci(—x) =y +log(—x) + f
0

0
=y +log(—x) + Ci(x) — y —logx = Ci(x) + log(—x) — log(x)

1
Hence, I ZEI'ZTEZ n=>RI)=Rn)=mrn

2027. Solve for real numbers:

jx2—5x+7 t8 _ t6 d
t =
1 (2 +t+1)>2

Proposed by Daniel Sitaru-Romania
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Solution 1 by Florentin Visescu-Romania
jx2_5x+7 t8 _ t6 dt 3 f1+(x—2)(x—3) t6(t2 _ 1)
1 @+et+1)2 ), (t2 +t+1)2

DIfxe(—0,2)U3,0) =1+ (x—2)(x—3)>1and

dt

1+(x-2)(x-3) t6(t2 _ 1)
[ o
1

(2 +t+1)>
3
2) If 6(2,3):>Z<1+(x—2)(x—3)<1and

dt >0

1+(x-2)(x-3) t6(t2 _ 1)
fl (2 +t+1)>

3Ifxe{2,3} =1+ (x—2)(x—3) =1,then:

x2-5x+47 t8 _ t6
[ at=o
1 (

t2+t+1)>2
S =1{2,3}

Solution 2 by Hikmat Mammadov-Azerbaijan
a=x*-5x+7
a t8 _ t6
Let:g(a) = _].1 mdt

%) |

min{x2—5x+7}:>(x2—5x+7)’=2x—5:>x=5

e -see7=(3) —5(D)47-3 ax’
min{x X =3 2 =3 a_4

,()_“6(“2_1):>()h local mini intata =1
g'(a =@ 1arl? g(a as alocal minimum point ata = 1.
g1)=0
X2 —-5x+7=1=2x2-5x+6=0=>x-2)x—-3)=0=>x€{23}

72 +6t+5 At+B N Ct+D
E+t+1)?2 2+t+1 (2+t+1)2

72 +6t+5=UAt+B)(t*+t+1)+Ct+D
7t2 +6t+5=At2+(A+B)t>?+(A+B)t+B+Ct+D
A=0>A4A+B=7=B=7=>B+D=5=D=-2and
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A+B+C=6=>C=-1

t+2

t* -2 +4t-5+ —
t?+t+1 (t2+t+1)?

a a at 33
t*—2t34+4t-5)dt=———+2a*—-5a+—
fl( +at-5)dt="c - +2a2~5a+ ],
1(1
a 7 7 t+5 14 2a+1\ 14
j—zdt=—tan‘1 2 =—tan‘1( ) —tan‘I\/_—
1 (t+1) 43 3 3 V3 V3 V3
2) T2 2 2l

.[al 2t+1+3

1 2 (t2+t+1)2 ,[(t2+t+1)2 *2 t2+t+1

g t+1—\/§t
a, 5= an z

j d(t2+t+1)_
1

—3fa 1 dt + 1
2 2 2 2(t2+t+1)
1 ( 1 3

t+ ) +Z

3f 73 )3 secz 1 1
== A dz+--— =
2
2% %sec‘*z 6 2(@@+a+1)
—12a+1
_1 2 7« 1 2 (2a+1 tanla (2 )d _
"6 V33 2@+a+D 3 \/— L coslem e =
1 a’-a+1 2 (2a+1 2 @
= +tan- (—)——-—
6 2@+a+1)? 3 V3 V3 3
a 1 211.'+2t _1<2a+1>
“a+a+1 3 3\/— \/_an V3
[
LB+t +1
a’ a4+2 5y 4 109 _4m LI N _1<2a+1)_
57 TSt et an |~ =)= 9@
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2028. Prove that:

j%cos(le) 64
o cosltx * 13

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Ravi Prakash-New Delhi-India

cos(12x) + isin(12x) = (cos x + i sin x)1?

12 12 12
cos(12x) = ( 0 )cos12 x— ( ) )cos“’xsinzx + ( 4 )cossxsin“x

12
— ( 6 >c0s6xsin6x

12 12 12
+< 8 )cos“xsin"x — (10) cos? xsin10 x + (12) sinl? x

cosl* x

T
1cos(12x
[Feostizn)
0

T
1 12 12 12
=f [seczx—<2)tanzxsec2x+(4)tan4xsec2x—(B)tan6xsec2x
0

12 12 12
8 2, _ 10 2 12 2 —
+(8>tan xsec”x (10>tan x sec x+(12)tan x sec x]dx

—1 1(12>+1(12> 1(12)_'_1(12) 1(12)+1(12)_ 64
N 3\ 2 5\ 4 7\ 6 9\ 9 11\10/ 13\12/ 13

Solution 2 by Bamidele Benjamin-New Delhi-India

6
12
cos(12x) = Z (2n> (=1)*(—=1)" cos1?72" x sin®*" x

n=0

26: ( ) (= 1)"_[ tan?" xsec? x dx =2 *
6 12 2n+1 1 6 12 (_1)n s
:Z(2n>(—1)nf ' du = Z( >(_ )"zn+1 _Z<2n)2n+1:_ﬁ

n=0 n=0
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Solution 3 by Saboor Halimi-Afghanistan

%cos(le)
a4
coslt x

T
1sin'? x — 66 cos? x sin'® x + 495 cos* xsin® x — 924 cos® x sin® x + 495 cos® x sin* x — 66 cos'® x sin?x + cos'% x

14
0 cosl* x

L
4

sin'? x — cos'® x (67 sin? x — 1) — 33 cos® x sin* x (43 sin? x — 15) — 33 cos? x sin® x (17 sin? x — 15)
0 cosl*x d

LE]

= f sec?x (tan'? x — 66 tan? x + 33 tan® x (15 — 2 tan? x) + 33 tan* x (15 — 28 tan? x + 1)dx wegn
0

1 64
= J (u'? — 66u® + 33u®(15 — 2u?) + 33u*(15 — 28u? + 1)du = 3
0

2029. Prove that:
; fl X, 1+V1—x2 p n(l log 2)
= o sinT " xdx=—(1-1o
o V1 — x2 & X 2 &

Proposed by Ose Favour-Nigeria

Solution 1 by Pham Duc Nam-Vietnam

1+V1—x2

i3
sin"lxdx = > 1-1In2)

T x
sz n
0o V1 — x2

Y

2
:>I=f tsintln
0

1+ cost
—dt
sint

t in"lx= int,dt dx
xt=sin""x>x=sint,dt =
V1 — x?
1+ cost 1
{uzln—:;,[duz—_—dt
sint

sint =1

dv =tsintdt v=sint—tcost

w T
1+ cost

2 2 1
= (sint —tcost) ln_—| +f (sint —tcost) ——dt
sint o J, sint

=0

T

2 T
=f (1—tcott)dt=——f

0 2

0

T

7 _ _
tcottdt,{u_t {du dt

dv = cot tdt = In(sint)

T

T

4 LA

=1 :E—tln(sint)l(z) +f In(sint) dt =
0

N[ S

"m2="(1-mm2)
2 M4=73 n

NOTES:
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1+ cos t

* llm(smt —tcost)ln
int

x limt In(sint) =
t—0
2 (4
x Well — known result: J In(sint) dt = — Ean
0
Solution 2 by Ankush Kumar Parcha-India

(1 +v1-— x2> sin~lx=y

sin"lxdx =

= lo
0o V1 — x2 &

s

N[

1+ cos =2 3
= j ysinylog (_y) dy g 4_[ xsin(2x) log(tan x) dx
0 siny 0

s

19—25 ! ["xsin(zx) cos(anx + 22 ax =
28= _2n+1[0xsm x) cos(4nx + 2x) dx =

s

Z Pyt U xsin(4nx + 4x) dx — fzx sin(4nx) dx| =
0

CLi2n+1
n=0

Y

<x co:%in:l-l; 4x)> m (n D f cos(4nx + 4x) dx

n b4

xcos(dnx)\+ 1 (=

+ <#> -— f cos(4nx) dx‘ =
4n o AmJy

[ee)

Z 1 cos(nm) sin(nm) N mcos(nmw) sin(nm) B
—2n+1[{16(n+1) "~ 16(n + 1)2 16n 16n2
i m cos(nm) sin(nm) [2n?+1+2n Z 0" |
S Tenm+ 1) 162n+ 1| m+1Z | 16 Lnm+1)|
_1l'+7l'( 1 1+1 1+ +1 1+1 1+ )
16 16 2 3 4 5 2 3 4 5
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Solution 3 by Togrul Enmedov-Azebaijan

s

Let x = siny, th -Q—F inyl (sty)d
et x = siny,then: Q = 0ysmy og siny

Tl'

= jo ysinylog (cot (g)) dy = — jjy sinylog (tan (g)) dy 2

N[]

T
4

= —4[ zsin(2z) log(tanz) dz 'gr
0

Tl' T
1 2sin(2z) — 2z cos(2z
+4J (22) (2z)
0

= —4 (% sin(2z) — ;cos(22)> log(tan z) 2 5in(22) zZ=

0

T 11.'

i i T (z 11'
=Zf dz—4f zcot(Zz)dz=——J zcotzdz =—-(1—1log2)
0 0 2 Jo 2

Solution 4 by Ose Favour-Nigeria

0 fl X, <1+\/1—x2>__1 4

= 0 sin"!xdx;

0o V1 — x2 &

( xsin~1x

| dv = —— v=x—+1—x%sin"1x
V1 — %2

i 11\/%:{ d dx
+V1-x U=-—————

Iku = logf xvV1 — x?

1

1+vV1—x2
o'? (x— 1— x%sin1 x) logf dx =

+f1 p flsin‘lx
x_
0o V1 —x2 0o X

0

x=siny TT

g IBP TT g T
= ——f ycotydy = —+f log(siny)dy = - (1 —1og2)
2 J 2 Jy 2

Solution 5 by Le Thu-Vietnam

sin"lxdx =

0 fl X <1+\/1—x2>
= 0
0o V1 —x? 8

j‘lxlog(1+\/1—x2)sin‘1xd 1xlogxsin‘1xd g
= x— x=1,—
0 V1 — x2 0 V1 — x2 ! g
1 - 4
xlog(1+ V1 —x2)sin"1x —sin-1x [2
I =f g( ) dx = xf usinulog(1 + cosu) du =
0 V1 — x? 0
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T
Zucosusinu

T
L Z
log(1 d
focosu og(1 + cosu) du jo 1+ cosu

= —ucosulog(l + cosu)|?
T
- 7 - - E n
(i) j cosulog(1+ cosu)du = [u—sinu+ sinulog(1+ cosu)]: = 7~ 1
- - eiu _ p—iu
2 z U5

zusmucosu z
u= usinudu
0 01
t——

ii
(if) f "1+cosu
= sinu —ucosu — 2iLi,(—e™)
D™ 2+'K hereK i
2g T iK where K is

(—1)"
P 2m+1)2

Note: Li,(— l)—z:n2 Z(Z )2

Catalan's constant

1
21, = [x(sin"1x)?logx 1—f (sin™1 x)? dx—f (sin"1x)?log x dx
0
2

)2dx 12F [2\/ 1—x2sin"1x — 2x + x(sin! x)z]0

(iii) f (sin~1x
0
1 . z
in-lx=v [2
(w)f (sin™1 x)? logxdxS = vf v? cosvlog(sinv)dv =
0
n m
73
vlog(sinv) sin vdv

n 2
—f vzcosvdv—zf
0 0

[v? sin v log(sin v)];

L Z
[ vcosvlog(sinv)](z) +f cos vlog(sinv)
0

1
(v) f vsinvlog(sinv) dv

L 2
ZVCcos‘v
- dv

o Sinv

L r
zvcosv Z v z
(m) = ——dv— | vsinvdv=2K-1
o Sinv 0
T

K_lfz v
2, sinv

Summing all of them,we obtain
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1—log2 -
{Il=2K—2+7TT:Q=11_12=_(1_log2)
I, = 2K + 2 2

2030. If a € (—1,1) then prove:

. —n2
J”cos(asmx) A
aAcosx gy — — .
o 1+acosx e V1 — a?

Proposed by Asmat Qatea-Afghanistan
Solution by Bui Hong Suc-Vietnam

"cos(asin x) 1 neiasinx + e—iasinx
Q= acosx gy — _ . @1OSX dJy —
o 1+tacosx 2 ), 1+acosx
1™ ea(cos x+isinx) 1 (™ ea(cos x—isinx)
== —dx+—J ———dx=I, +1
2,[0 1+ acosx 2)y 1+acosx 1z
1 nea(cosx—isinx) rox 1 0 ea(cosx+isinx)
L= ——————dx = 5| ———
2 2,[0 1+acosx 2_]._,, 1+acosx

1 (™ ea(cos x+isinx)
o=3|

2) 1+acosx
z 1
Letz(x)=cosx+isinx;—1t£xsn;dxz,—;cosx=—<z+—)
iz 2 V4
Q_ljg e dz_ 1% 2e%dz _
T2 a 1\ iz 2iJaz2+2z+a
1+7(Z+E)
_1j€ edz _
L 1-V1-a2\( 1+V1-a?
alz a z a
[ |
1 | e%dz |
:—271'1,9{ =
L [a Z_1—\/1—a2 , 1+ 1—a2J
a a ,o—1t/1-a?
a
a<—1+\/1—a2>
e a 2meV1- g 1@
€ V1 -—a?

a<—1+\/1—a2+1+\/1—a2> 2eV1 — a?
a a
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N —n2
Theref f"cos(asmx) acosx g m eVl @
erefore, —— ¢ x=—-
o 1+acosx e J1- a2

2031. Find a closed form:

; f < In?x p
= ———dx
0o X:+x+1
Proposed by Vasile Mircea Popa-Romania
Solution 1 by Pham Duc Nam-Vietnam

* Define: A key hole contour,with a branch cut onreal axis (positive direction),
around 0,C = ygUYy,Uy_ U7y,

In3z
Letfl®) = a1

1 iv3
* f(z)has 2 poles — 3 + > order 1,inside the contour.

In3z ] i3
:Lmdz: anz Res(f(z) _E_T>

5 Z i l\/_ In3z
- e l1mn/§ z 2_ 2 z2+z+1
oty

_ 2mi (, arg -1 +Tf> 1) =2m (2’") () +2m (4;"')3 () 112in' 3

f In3z f n®z +f Inx p (lnx+2n'i)3d
* — p— _—
zz+z+1 yzz+z+1 y X tx+1 x re X2 +x+1 o

R

4 f In3z d
nZitz+1 z
* By: ML inequality =

j n3(z) p _J n3(z) dz =0

—az = _—
2 2
vrZ +z4+1 v Z +z+1
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] n3(z) 112in*V3 (v Ini«x t (Inx + 2mi)3
=>lim | 5————dz=—1—"= — dx- - =7
0t Jez2+z+1 81 0o X2+x+1 o X:+x+1
R—o+oee
B f*"" nx— (Inx + 2mi)? dx = f+°°8i1t3 +12m% Inx — 6imwin® x
Jo x2+x+1 b x2+x+1 o
_J‘+°° 12 Inx +_f+°°81t3—61tln2x
Jo xr+x+1 o 10 Zrxt+1
* Taking imaginary part: =
112n*V/3 [t 8mn® —6min®x s (7 1 > In’x
—_— = > x=8m —————dx—6mn ————dx
81 0 x*+x+1 o X“+x+1 o X“+x+1
2m 48n*V3
=8n3.— —6mnl = —6mnl
3V3 27
48n*V3 _ 112n*V3 5
27 - 81 16w \/§
=>1= =
6w 243

Solution 2 by Samir Zaakouni-Morocco
® log%x 1 log?x ® logZx =u
0o X*+x+1 0o X°+x+1 1 x*+x+1
1 2 1 2
log~ x log“u
0o X°+x+1 o 1+tu+u

1 2 1 2

log” x 1—x)log“x =x3

szf Zg—dxzzf( )3g dxtzx
0o X°+x+1 0 1-x

1oz
2 1 (t3 — 3 ) lOg t 2 2 1
- _f dt = — (@ (_) —p® <_)
27 J, 1-t¢ 27 3 3
14
0 2 d? (cot(mz)) 41* cos (§) 16m3
= — mw— = =
27 dz? 1 03 (T
7=3 27 sin (3) 813

Solution 3 by Ankush Kumar Parcha-India
* logZx 1 log?x *  log?«x =y
ac [ Jogx g [ Jogtx (7 log'x =
0o X*+x+1 0o X°t+x+1 1 x*+x+1

1 log?x 1 1og?
0o X°+x+1 o 1+ty+y
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1 Jog2x 1(1-x)log?x
=Zj g—dx=2f( )log dx
0 0

x2+x+1 1—2x3
ﬂ (o]
5= Zf x3"log? x dx — Z x3"t11og? x dx
f x™1 dx = (-1)"n! >-1,m# —1
F ) og"x x—( T ,m

% Z (3n+1)3 Z (3n+2)3

10=<(5)-<«(5)-Fa-v0(5)- v ()

2P (z) = (-1)™m! - {(m + 1, 2)

T
27 d? 2m* cot (3 16
—Q = <d > cot(nz)) = —(3) >0= \/_

T I
n

P -2z) = (D)"Y (2) + (— 1)"1td—cot(1rz)

Therefore,

*  log?x 16m3V3
o [,
0o X*+x+1 243

Solution 4 by Togrul Enmedov-Azerbaijan
*  logZx 1 log?x *  log?x =
Q:f Zg—dxzfzg—dx+f Zg—dxz
0o X*+x+1 0o X°t+x+1 1 x*+x+1
1 logZx 1 log?
0o X°+x+1 o 1+y+y

1 Jog2x 1(1-x)log2x
=2f g—dxzzf( )log dx
0 0

R =

xZ+x+1 1—x3
1 2 1 2
log“ x xlog“ x =x3
:zf 1_gx3dx—zf 1_gx3 dx’=
0 0
2 1
2 (1ys 2 (1ys

y 2 _2 .,
7] 1_ylog ydy =5 (I —I2)

1 4z-1
m — _qp(m)
fo 1—¢ log™ tdt Y™ (z)

51 | RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 ———
y 3 1
I =f logmtdt = — (2)(—)
1 s 1-y g Y 3
1

1_

y3 2
I =f log2ydy = — (2)(—)
2= | Toylos vy P13

2= (v2 () -+ ()

am
 (—D)™Ppm (1 — 2) —p™(2) = T o COL(m2)
*  log?x 16m3+/3
Therefore, Q= ,[0 md 243

Solution 5 by Hikmat Mammadov-Azerbaijan

*  log?x x=ey [© log?(e™?)
Q= 2= ax*= v dy =
fo Zrx+1” fwe‘2y+e‘y+1e Y

_f°° y* d_2f°° ey’ 4o
) er1t+er™T 0o € +ev+1 Y=

=2 fo “evy? ;«e-yﬁn ~ (e)"*)dy =

=2 z <f yze—(3n+1)ydy _ j- yZe—(3n+2+y)dy>
n=0 0 0

[oe)

o) 1 0 2 2
2 ,-ay a;“__f 2 J(e—-ay :_f “ay dy = — =
foye dy aoyd(e ) aoe dy =—3

2 °°d ~ay) 2 °°_ayd_2
——? yd(e }’—? e Y=

2=a= 42((31111)3 (3n+2)3> Z(3n+1)3 ;ﬁ:

3

Bl D et D

n=0 (Zn + §) 3 n=1 (Zn — §) 13
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3
. 2
3 © sin <(2n - §) n)

PR, oo sin<(2n+§)n>3 L2
BEs e

W3 n=0 ((2n+%)1t>3 W

=%n3 (i (2m+§) +§: sin ¢3 (2n—§)> =

m=0 n=1
25613 3 (2 2)
= sinc’(2n ——
813 o 3

o)

2
The sum Z sin ¢3 <2n — 5) can be obtained using the Poison's summation

n=-—oo

formula: Z gn) = Z G(n),where

nez nez
G(B) = GTFT{g(@)}(B) = f g(@e-i2mBe dg

The GTFT of sin ¢3(a) is the convoluting of 1 i and _,Al and is given by:

2 2

(o < 3

J B_ 2
1 3 1
_ 2, < fl<—_
1 1 1
h(B) ={=(3-4B2); —= -
B 4(3 48%); S <B<3
1 1 3
_ — 1)2. < —
_ 3
L 0; B=3

2 1 _, .1 /B
. 3 _~ — i —121r[2§ (_)
CTFT {smc (Za 3>} G(B) 2e h >
E G(n) has only 5 nonzero terms correspondington =0,n=+1,n=+2

nez

- 2\ 3 1 ., 1/4\ 1 . 1/4\ 1 _.2/1\ 1 .2/1
. 3 n——-|="4+2= —1211'§ (_) - 121't§ (_) - —121r§ (_) - 121r§ (_) —

Z sinc ( n 3> 8+Ze 2 +2e 2 +2e 8 +2e 8

n=-—o
3 1 1 1
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log? x dx = 16m3V3
2rx+17 7 243

Therefore, Q = f
0
2032. Prove that:

jljl(ﬁy) 2y%) dxd 2w 3log3 + 4
xdy =————-—3log

o Jo \ XY 9 V3

Proposed by Asmat Qatea-Afghanistan

Solution by Togrul Ehmedov-Azerbaijan

xy=z

f f log(l + xy + x?y?) dxdy =
1 r*log(1+z+ zZ)
= f f 2 dz

1 X
+J —ZJ log(1+z+2z¥)dz=1,+1,
0 X% Jo

*log(1+ z + Z? !

1111;13 Ixf 8( _ )dz

_fllog(1+z+zz)
=), Z

1
—f log(1+x+ x?)dx =
0

1
dz—f log(1+ x + x?) dx
0

1
IBP

1 X
I, ——l—f log(1+z+ z%)dz
XJo

2log(1 + x + x2
+f 8( )dx
0

0 X

1 log(1 + x + x?
—flog(1+z+zz)dz+f & p )dx
0 0

1 2
log(1+x+x
0 x

1 1
IBP xlogx f log x
L'=-2| ——dx— | 5——dx=-2I3,—1

3 j;,1+x+x2 o 0o X2 +x+1 o a 73b

1(7n? 2 (2m?
Weknowthat:13a=—§ ——1,[) ( ) andl3b=§ ——1[) ( ) ,then

2 3 V3
13 = _213a_13b :? and14, =Elog3 +T_2

2n: @
Q=2(3—1,) =" ———3log3 +4

9 V3
2033. If a € [—1, 1] then prove:

1
dx—Zf log(1+ x+x*)dx =213 — 21,
0

11 1
f ;log((l —x)2+2x(1 —x)a+x?)dx = —E(cos‘1 a)?
0

Proposed by Asmat Qatea-Afghanistan
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Solution by Le Thu-Vietnam

We will dif ferentiate LHS with respect to a:

N 2(x—1)
LHS'(a) _fo 2a-Dx—Dx—1%

Letb =2a—1;b € [—4,0] and db = 3da

LHS' (b 2 ' X d
(b) = - jobx(x—l)—l *

|[2 tan~! < ’—IH_LL}(Zx - 1))

0
| —b+t b
|

f b )
-1 -2
tan < )

N~y

Since: tan"1(—0) = —tan~10, then

(o o24)

N EDL

Ao A

Chosea=1=LHS,_.;=0=>C=0.

2
LHS = —2 | tan-1[ [122 .(tan~1t > 0;t € [0,1])
- 1+all’ = ’
L Hs = 2tan-t| [12°
g Wi = matan 1+a
. LHS\ [1-a
an 2 |~ |1+a

1 — tan? ( /—Lzﬂ>

LHS

a= = cos (2 /—T> = cos(V—2LHS)
1 + tan? ( /—LZLS>

1

b<

|
|
- 1 | _
LHs(b)_—f0 e Ve -
]

0

+C=

db
LHS = fLHS,(b)T =2
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1
(cos'a)? = —2LHS < LHS = —E(cos‘1 a)? = RHS
2034. Find x € (0,2m) :

dz =

Llog(z®> —2zcosx + 1)
1) =f .
0

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Togrul Ehmedov-Azerbaijan

- cos(kx
We know that:log(1 — 2zcosx + z2) = -2 z %z"

then we can write

f Z cos(kx) Z_d _ Z cos(kx) 1 gy = —2 i cosk(zkx)

k=1 k=1
cos(kx) 1
We also know that: Z = —((2)——x+4x ;x € [0,2m]
k=1
- cos(kx) cos(kx)
then: — 2 Z 2 = 0 and hence Z 5 =

k=1
Theref (@ -Zx+ie-o d (1+1)
erejore, ——=X —x or x =+ TrT—|TT
27 "4 R B
Solution 2 by Pham Duc Nam-Vietnam

log(z®> —2zcosx +1
*x € (0,2m) > cosx € (—1,1).If:cosx € (—1,0) = g( )

- J‘llog(z2 —2zcosx+1)

>0vze(0,1)

z

7 dz>0=>0<cosx<1

log(z —2zcosx+1) 1 1
I —f dz:Zsinxj
) ax< z 0 Z2—2zcosx+1
. 1 Z—cosx z—cosx!
=2sinx. ——— arctan—| = 2 arctan —|
V1 —cos?x 1— cos?x!, sinx g
1—cosx —CcoSX X
=2 (arctan— —arctan— ) =2 (arctantan— + arctancot x)
sinx sinx 2

1
—2(2+g—arctancot€) 2(2+§—x) 2(;—;)

x
=1't—x=>1(x)=f(1r—x)dx=1tx—?+6.
1 2 2 2 2 2 2
/4 log(z? +1) /4 T T /4 x /1
1(z)= | ———2dz=—=m-——+C>C=—-—2Ix) =—"+nm1x——
(2) JO z =247 "2 8 g 71 =—g+mx—3
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x? n? V3 o

sIx)=0s -5 +1tx—? =0 x,=m(1 i? = 0 < cosxy, < 1(Satisfied)
V3 ]

S>x1,=m|1x 3 are solutions.

2035. Prove that:
T X
I= J cot (E) (2m?x — 3nx? + x3)dx = 12n{(3)
0

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Pham Duc Nam-Vietnam

1= fncot( )(Zn x —3nx? + x3)dx = 12n{(3)
0

{u=21t2x 3mx? + x3 {du:3x — 6mx + 2m?
=1

x
dv = cot (2) dx. Zlv=2 logsini

x ™ i x
= 2logsinz (2m2x — 3mx? + x3)| -2 f logsin (3x? — 6mx + 2m?) dx
0 0

=0
T
x
=-2 f logsinz (3x% — 6mx + 2m?) dx
0

zfn(s 2ogsins — 6mxlogsin— + 2m? logsi x)d
= — xcilogsin——omxiogsin— mweiogsin— X
. gsmy gsiny gstny

X
2 (" X "2 2 ? ; 2(_1 3
* 210 logsmi dx——4m logsmxdx =4n (—En'log 2) = —-2n°log 2
0

n

w t=— 7
* 61'tf xlogsin— dx—>241tf tlogsintdt
0

= 2411( Zf”cos(zm) —fftlo.qut>

3731002 — 24 i T sin(nk)+cos(1tk) 1
= Tem g "k 4 K2 4l ak?

21
) = —-3n3log2 + 711'((3)
-1
_x
=2

- ™
p
*3f x*logsin— dx—>24f t’> logsintdt
0

w
22 cos(2kt z

—24( Zf ws( )4 —ftHogZdt)
0

< /(m2k? — 2) sin(mk cos(mk
——n3logz—24z<( ) ()+n (k)

n

=—-m31 2+243" 3)
= 8k* ak3 )T 09 16

9
=-m3log2 + E1:;'(3)
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9 21
=>1=-2 <—1t3 log2 + En((S) - <—31t3 log2 + 7n((3)> —2n3log 2) = —2(-6m{(3))

- [z

Solution 2 by Togrul Ehnmedov-Azerbaijan

T
I = j cscx (2m?x — 3mx? + x3) dx IZP [(anx —3mx? + x3) log (tan (;))]:
0

— f(ZnZ — 6m + 3x%) log (tan (;)) dx
— f (2% — 61 + 3x2) log (tan (;—c)) dx

- cos(kx

122 (2 )=211'2—611'+3x2
k

k=1

Y3
o 1 00 1 2
I=-12 z k—f cos(kx)log (tan 242 F_f cos(2kx)log(tan x) dx
k=1 k=1 0
-~ T Y3
© o 2 z ]
=-24 z ] f cos(2kx)log(sinx) dx — f cos(2kx)log(cos x) dxi
k=1 0 0 J
T T
o o 2 Z ]
= _242ﬁ fcos(ka)log(sm x)dx — (— 1)"f cos(2kx)log(sin x) dxi
k=1 0 0

z
(1+ (-1D)k*1) _
=-24 Z Tf cos(2kx) log(sin x) dx
k=1 0

> [ = L ]
—_1)k+1 .
=-24 ; (1+ (kzl) )i smgzkkx) log(sinx) : k sin(2kx) ctgx dx| Jl
k+1 ot
=12 Z M[ sin(2kx) ctgx dx = 611-2 [ (- 1) ]
2111:
= —('(3)

T
2
/4
Note: I}, = f sin(2kx) ctgx dx = N
0

58 RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2036. Find a closed form:

=f1 dx
o 1—-xy)vl—x

Proposed by Ngulmun George Baite-India
Solution 1 by Toubal Fethi-Algerie

1 dx 12 .
= — n B __d _
fo (1-xy)Vl—x L ;(xJ’) (1-x)"2zdx

o~ 0

n=0

0 1)y
Z In+ DIr(n+1)r (f)y = ,F (1,1;;:)’)
n=0

I'(n+1) (%)

n
sin~1t 3 ,
We know that:m = ,F (1, 1;2; t )

2sin™(|/y)
=

Let:y = t?, we get: Q = ,where0 <y <1

Solution 2 by Bui Hong Suc-Vietnam

_fl fl —2d(V1—x) ——zfl dVi—x)
= o 1—xy)V1—x 01—y+y—xy_ 01_y+(m)2—

/(1—x)y 1
fl d( 1-y ) _ 2 - tan-1 1-x)y
\/y(l ) [ a—xy|° a-m J 1=y
Ty

=#-tan‘1 Y
Vy@-y) 1=y

Solution 3 by Saboor Halimi-Afghanistan

0

<

_ fl dx s= mf 2ds fl 2ds k=y
o (- xyWT=x Y=yl o () + (ST
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vy

_ifﬁ 2dk 2 .tan_1< k >
ﬁo k2+(,/1—y)2 Jy@d-—y) 1-y/l,

— # .tan™! L
Jy@—-y) 1-y

Solution 4 by Hikmat Mammadov-Azerbaijan

1
ﬂ(y)=f & y<100)=2
S
o0) _fo (1- xy)m B z<1 vy A=
_2 | P E y ( L)
yozz+1y;3’ y 1-y ,/y(1 %) 1-y
Ify<0=Q(y) = tan‘1< ! >
t\/lyl(l +1yD 1+ 1yl
tan 1(iu) = v = iu = tanv = —i tanh(iv)
u= —tanh(w) = iv = —tanh 1(u) = v = itanh 1 (u)

y(1 y ’ 0<y<l1
2 . h‘1/ |yl
1+ [y’

/Iyl 1+ y|

Q(y) = 1

2037. Find a closed form

1
I= j log(x)log(x* + x + 1) dx
0

Proposed by Togrul Ehmedov-Azerbaijan
Solution 1 by Ankush Kumar Parcha-India

1 1
= f log(x)log(x? + x + 1) dx = f log(x) [log(1 — x3) — log(1 — x)]dx
0 0
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n

x
-.-Z——logll—xl;lxl <1
n

[ee]

n=1

® 1 1 it 1 1 > 1 - 1
Z njo x"log(x) dx Z nfo x*"log(x) dx n(1+ 3n)?2 n(n + 1)2
n=1 n=1 n=1 n=1

--fl mlog(x) dx = D s im -1
: 0x og"(x x—(m+1)n+1,n im

Zn(n+1) z:(n+1)2

@ (4.1 1 /.1 n?
.Q=II) (1+§>+Y+3—§((2,§)—2+?

_y+.]:11__x;dx+y+1——(( )+((2)

Z

1
1-—
PO +2)=—y +f dx

o 1—x
11 - y)y? 1 1
_ _—ym(=
Q 3f0 Ty Wy t1-g¥ (3)+

3( 2y+1 3 (1 dy 1 1\ n?
] [t A A (R A . m() T
2];, y2+y+1 y Zfoy + v +

2ry+1 3 3/ 6
3 1 d 1 1\ m?
ﬂ=3—3[log(y2+y+1)]5——f 4 2+1——1p(1>(—)+—
2), 3 3)7 6

(r+3) +(%)

3 1 1 2
= f log(x)log(x®> + x + 1)dx = 4 — —log(3) — ? - —1/)(1) (5) n
0
Solution 2 by Pham Duc Nam-Vietnam

1
= j log(x)log(x* + x + 1) dx
0
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x2+x+1
1 2x+ 1)t 1 xlog(x)
=~ log3+(~log(x* 1) +2x—V3tan! —f ——""gq
og +< 2og(x +x+1)+2x—+V3tan 5 0) rxid x
12x2log(x)
—f — L dx
0o X*+tx+1
3 3 (! xlog(x) 122 log(x)
= —_—— 2_ _ _
2log?>+ 3 fox2+x+1dx fo—x2+x+1dx
x sin T X
If: ER; € _1,1:2 i k: , . = =
*If:0 e R x € ( )k_osm(ke)x 7 2rcosa =32 7T a1
+oo (2k11’) ko X B 2 i . (Zth) X
k_osm 3 )" x2+x+1_\/— st X
xlog(x) z )
:.f Zixi1t flog(x) sm ) dx
3 2km
ZJZ . (an)f K log(x) d 2 sm(T) =kt
=— ) sin|[—) | x*log(x)dx = ——
\/§k= 3 0 g \/§k=0 (k+1)2
, (2] 2m
2 is‘"(T]—?)
_Z _
+°°—£ 2mjy 1 2mj +oo 4oo 2mj
2B (3) - Ban () Seos() 1 hin ()
VB 07 I S D
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2x+1
= x2+x+1 =1
dv = log(x) dx v=xlog(x)—x

1 2x2 +x
=(xloy(x)—x)log(xz+x+1)|;+f0 Zrx+1

_ J‘lxlog(x) 2x+1) X
0

3
;T; \/1_ (3162 sinzg—n<¢(1) ( )+ (—1)2p® (" Z 3)))

_ ;;%;f(f(.pm() w(§))—?(¢m(%)+wm(%)))

e o250 §)- 20590 ()« S 9 () -

WIN

)
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1

sumtiarty: [ 21086 4., 2 297 (3)

* : _— = =) — — - 7
mtarty 0o X2 +x+1 * 27 9

1
=>1= 31 3+2 1t3-|.1t2 (1)() (1)() +2+1t2 2¢(1)(§)
-2 6 18 18"’ v 27 9

5@ (1 (2
ZZL_%J’%_L‘Q3 ¢18(3)+¢1ES3)

NOTE:

sin(k 1[4
* Cly () = z ( 2 :Clausen function, and: Cl, (qp )

ST oo gerares

— :Spence’s function or dilogarithm

Solution 3 by proposer

1

1 -y)(1+2
J. log(y) log(1 +y +y?)dy = [(ylog(y) — y) log(1 +y + yz)](l] _ (ylog(y) —y)(1 + 2y) d
0 0

1+y+y?
) fyYlogy)
ylogly y logly y
3 -2 ——=d —  d
0g(3) - f1+y+y (_)fl+y+y2 y-l_bf1+y+y2 y

y
+2 | ——d
bf1+y+y2 y

7 1 z2 2 1\ log(3

6 27 9 3 2 2V3
:4_310g(3)+1t__ T _lq,(l)(l)
2 6 2v3 3 3

1
ylog(y) 1(7w? 1
RLL RS SE
) 1+y+y? 9\ 6 3

1

yZlog(y) n? 1 1
Y
) 1+y+y? 54 9

63 RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2038. Prove that:

.o m 3w  4m 1 |13 -3vV13
5111133ln135ln13—8 2
Proposed by Vasile Mircea Popa-Romania

Solution by Pham Duc Nam-Vietnam

i 2km 1
* = ——
OSon+1- "2

k=1
PROOF:
n

s Zn: 2km 9 si T s ZZ . 4 2kn
= = =
4 OSom+1_“*Moant1 £ S o +1%2n+1

1
Apply:sinacosb = 2 (sin(a + b) + sin(a — b)) = 2 sin

_i _mk+1) | n@k-1\_ . m
L\ e T et )T T

i S
2n+1

_sin="— 4
5= mii_ 1
2sMon+1

Let 6 21t+ 61'l'+ 81'l'+ A 4 10n+ 12w 1
* ' = = —_— —_— e —_ _ —_— ——
et:n cos 13 cos 13 cos 13 cos 13 cos 13 cos 13 2
( 2 4 6m 4 81‘[) ( A 4 10 4 12n)
* — — — —
00513 cos 13 cos13 cos13 cos 13 cos 13

_1 3( 21'l'+ 61'l'+ 81'l'+ 4n'+ 10n+ 1211)
=3 00313 cos13 cos13 cos13 cos 13 cos 13

1 1 3

2°7 2 4
( 2 6m 811) ( A 10 12w
= )

== — i ol - i .42
cos =+ cos o +cos=),(cos o+ cos— -+ cos— ) are roots of:t

L1, 3 0 271.'+ 611.'+ 8m
—f——= = e e e
2 2 cos 13 cos 13 cos 13

_VI3-1| 4w o 0m 12w —VI3-1
= ) ,COS13 cos 13 cos 13 = )

4 10 N 10w 12 4 A 12 _
coslgcos 13 cos 13 cos 13 coslgcos 13 -

1( 21 6m 8m A 10 1211) _ 1

2 cCOS— +coS—+cos—+ cos—+ cos——+ cos——

13 13 13 13 13 13

4
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4 12 10w _ i (A 311
cos 13 cos 13 cos 13 = cos 13 cos 13 cos 13-

6m
1( 8w N 101t> 10m 11 ( 8n N 211') N 1+cosy3 B
x|z cos 3+ cos—o- | cos—== =S| 5{cos 7+ cos 3 5 =

6m 811) 1 +\/1 -1 _3+\/13
13 13 4 -

! (1 tcos2Z 4 +
1 cos cos cos 13 1

4m
x 2m _ 1-cosqz L-cosq3 61
* Apply: 1 — cos x = 2 sin? —=>sm > 13

— cos— 1-— coslo—n
_ 13 sm— = sm 13
2
10

6m \/(1 cos 13) (1—c03112—3n) (1—cosﬁ)

= sm—sm 13 sm 13 = 8

13 B
12 A A 12 10
j(l — CO0S =5 13 — COS 55 13 + cos 5 13 cos 13 ) (1 — Ccos ﬁ)

8
1- 4 10 121't+ 4 101T+ 10 121‘t+ 4 12m 4n 12w 10w
_ cosq3 — €O0S 3~ + €05 13 COS 3~ + COS 3~ COS 3~ + COS 13 COS 5~ — COS 13 COS 5~ COS ==

—€cos—=-
8

1 16
128

Vi3+1_1_3++13
j1+ 1 13- _ [13+3V13
5 =

8m (4 3n A T 3n A 13 + 3v13

21 6w
* smﬁ SlnESlnE = 8SlnESln§Sln§ COSECOSECOSE = 128

T 3m | 4w 3++V1 13 +3v13

<:>8smﬁsm§sm§ 16 128

T 3w 4w 1 [13+3Vi3 16
= sin—sin—sin— = —. :
Stnygsinggsings =g 128 '3+ i3
|1 [13-3v13
|8 2
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2039. Prove that:

1 01 1 log(xz) log(yz) log(ZZ) log(xyz)
j j f 1+xyz

dxdydz = 48n(7)

where 1(v) —Dirichlet’s function.

Proposed by Hikmat Mammadov-Azerbaijan
Solution 1 by Rana Ranino-Setif-Algerie

_ Lt 'log(x?) log(y*) log(z?) log(xyz)
h .f .f .f 1+xyz

dxdydz =

o (Mt (M 1og(x) log(y) log(2) log(xyz)
=s] ] |

1+ xyz dxdydz =

_g [ [log">®1og()log(@) |
=8 f f f dxdydz

1+xyz

1log(x) log?(y) 1
+8 f f f 08(0) 108" 0I108(2) 1y 4

1+xyz

!log(x) log(y) log?(2) (" [Mog?(x)log(y) log(2)
+8fff ddydz-24ff

1+ xyz 1+xyz dxdydz

=24 Z( 1)"J.1 "log(z) dzf y"log(y) dyf x"log?(x) dx

!

1
: . n m —(—qym____" "
Since: f t"log™(t)dt = (—1) (n+ DmH

=k
Q= 482( 7 = 481

Therefore,

1,1 (1 log(xz) log(yz) log(zz) log(xyz)
f f f 1+xyz

dxdydz = 48n(7)

Solution 2 by Ankush Kumar Parcha-India

(M1 Mlog(x?) log(y®) log(z?) log(xyz)
_f ff 1+xyz

dxdydz =
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had 1 01 (1
= 242(—1)"f f f (xyz)"log? xlog ylog zdxdydz
fower 0 Jo Jo

'-'Zx"= ! Jxl <1
1—x

n=0
, 1 m!
Since: fo t log (t) dt = (—1) m
- (Dt -1 -1 - (—Dm
@ = 48nz(:)(n+ 13 n+1)?2 (n+1)2 48n_0 (n+1)7 481(7)
Therefore,
1 -1 11 2 1 2 1 2 1
f f f og(x?) log(y?) log(z*) log(xyz) dxdydz = 487(7)
0o Jo Jo 1+xyz
2040. If x € (0,3) ,then :
2
| | 2
sinxtanx - arctan(v2sinx) + cosxcotx - arctan(vV2cosx) > ————
4sin(2x)

Proposed by Daniel Sitaru-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India
w2

sinx. tanx. arctan(\/fsinx) + cosx. cotx. arctan(\/fcosx) >—
4sin(2x)

.sinx. cosx. arctan(v2sinx)

T
sinx. cosx. arctan(vV2cosx) > —
V2
) 1
© 4sin® x. arctan(v2sinx) + 4 cos® x. arctan(v2cosx) > —

V2

Letf(x) = 4sin3x. arctan(\/isinx) +4cos®x. arctan(\/fcosx) Vxe (0,;)

~ f'(x) = 12sinx. cosx. (sinx. arctan(V2sinx) — cosx. arctan(\/fcosx))

sin? x cos? x )

2sin2x+1 2cos?x+1

= 12sinx. cosx. (sinx. arctan(V2sinx) — cosx. arctan(\/fcosx))
2 2

+4+/2sinx. cosx. <

4+/2sinx. cosx(2 sin® x. cos? x + sin? x — 2 sin® x. cos? x — cos? x)
(2sin2x+1)(2cos2x+ 1)

= f'(x) g 12sinx. cosx. (sinx. arctan(V2sinx) — cosx. arctan(\/fcosx))
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4+/2sinx. cosx(sin? x — cos? x)
(2sin?2x+1)(2cos2x+1)

xE( ] V2sinx < V2cosx

= arctan(\/fsinx) < arctan(\/_ cosx) (+ f(t) = arctan(t)isTVteR)
= sinx. arctan(v2sinx) < sinx. arctan(v2cosx)
= sinx. arctan(\/fsinx) — COSX. arctan(\/fcosx)
< sinx. arctan(\/fcosx) — cosx. arctan(\/fcosx)
= arctan(\/fcosx)(sinx — cosx) < 0 ( sinx — cosx < 0)

®
= 12sinx. cosx. (smx arctan(\/_smx) — COSX. arctan(\/_cosx)) <0

4+/2sinx. cosx (i)
Also,sin? x — cos?x <0 = .(sin?x —cos?x) < 0
(2sin2x+1)(2cos?2x+1) ( )

« (i) + (ii) > 12sinx. cosx. (sinx. arctan(\/fsinx) — cosx. arctan(\/fcosx))

4+/2sinx. cosx via (++) .
(251n2x+ 1)(2cos2x+1)° (sinx—cos’x)<0 = f'(x)<O0Vxe (0 ]

:f(x)isleE(02]=>Vxe( ]f(x)_ (—)—2.%.arctan(1)=%

= (x)istrueV x € (O’Z]

[Case 2]x € Eg) . \2sinx > V2cosx = arctan(\/fsinx)

> arctan(\/icosx) (v f(t) = arctan(t) is TVt € R)
= sinx. arctan(v2sinx) > sinx.arctan(v2cosx)
= sinx. arctan(v2sinx) — cosx. arctan(v2cosx)
> sinx. arctan(V2cosx) — cosx. arctan(v2cosx)

= arctan(\/fcosx)(sinx — cosx) = 0 (- sinx — cosx > 0)
(D
= 12sinx. cosx. (smx arctan(\/_ sinx) — cosx. arctan(\/_ cosx)) =0

4+/2sinx. cosx (sin? ) (i) 0
(2sin2x+1)(2cos?2x+1)° sin® x — cos® x
~ (1) + (2) = 12sinx. cosx. (sinx. arctan(V2sinx) — cosx. arctan(\/fcosx))

2

Also,sin? x —cos?x >0 =

4+/2sinx. cosx via (+%) T
+ — >0 = f' >0VvVxe
(2sin?2x+1)(2cos?2x+1)° (sin®x — cos® x) ) x [4 2)

4
=>f(x)isTVvxe SVXE f(x)>f(—)=2.——.arctan(1) =
(@) 53) 53) f@=1(3) -7 (1) =
= (%) is truere[— —) . combining cases 1,2, (%) is truerE(O E)

4’2 ) 7 12
2
4sin(2x)

T
2

«. sinx. tanx. arctan(v2sinx) + cosx. cotx. arctan(\/fcosx) =

Vxe€ ( ) equality iff x = (QED)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Leta =V2sinx and b=+2cosx. We have : a,b > 0 and a® + b% = 2.

The problem becomes to prove :

2 2

a 4 4
—.arctan(a) + —.arctan(b) > — or a®.arctan(a) + b3.arctan(b) > = (1)
b a 2ab 2

2

Let f(t) = t’>.arctan(t), t > 0. We have : f'(t) = 2t.arctan(t) +

2t(2 + t2)
arer

1+ t%

and f'"'(t) = 2arctan(t) + > 0 then f is convex on (0, ).

Jensen

2 2
Then: LHSy) =a.f(a)+b.f(b) = (a+b)f< iz>=(a+b)-f(£)=

a+b <.2(a%2+b%) =2
2 P 4

: = tan(2) =2 = rus
at+b = z.arcan 2 —Z— (-

= .arctan
a+b (

/4
So the proof is completed. Equality holdsiffa=b=1 © x= s

2041. Find:

_ flflxz log(x) log?(y) dxdy

1—xy

Proposed by Ankush Kumar Parcha-India
Solution 1 by Pham Duc Nam-Vietnam

f f Tx? log(x) logz(y)

dxdy

1,1 1 ’
=fo fo xlog(x)log™y )Z("J’)k dxdy =}; jﬂ y“log*(y) dy fo x**2 log(x) dx

— 1
Z &kt 13 (k n 3)2 —2 LTt 320k + 17

2};( <k+1 lers) 4(k-1|-1)2+4(k-1}-1)3_8(k-1|-3)2)
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32(L +3) 22(k+1)2 22(k+1)3 4Z(k+3)2

- 84\k+1
_33+1n21(3)+1n A o LA SO N
- 82 26 Z( 4\ 6 4) 16 12 2{ 24 44
m? 1
s 25®7%
_n2—4((3)—7

B 8

Solution 2 by Togrul Ehmedov-Azerbaijan
Let xy=m

' Xxlog(x) log? )
ff dmdx =
00

1 1 1
log? 1

B fxlog(x)f T (m)d dx — fologz(x)f og(m) —-dm dx+fxlog3(x)f—dm dx

0 0 o
1

2 IBP 1 [log? 1 [ xlog? 1 [ %2 log?

fxlog(x)f %8 ) m dx __f og (")dx__f" og (x)dx+—fx o8

0 = 4 1-x 4 1—-x

1-—x 2
0 0

0

1 X
1
= fxlogz(x)f og(m) dmdx =
J 1-m

0

1 1 1 1
IBPlflog(x)d 1fleog3(x)d +1fx210g2(x)d 1fx210g(x)d
= 1) 1-x X72) T1-x ¥ 2) T1-x XT4) T1—x &

0 0

1 X
1
_ 3 - =
I3 —fxlog (x)fl_mdmdx
0 0
1 1 1
x?log3(x) 3 (x?log?(x) 3 (x%log(x)
s [itlogt), 3 (xogtn,

1
_IBP Sf 1 f s
T - T8)1—x%T2) T1—x ¥ J T1-x J 1-x

- 0
1
S
8 1-
0
1 1
1 (x%log3(x) 3 (x*log?(x) 3 [ x%log(x) 9
j—dx+—j—dx——j dx — —
4 1—x 16

1-—x

2

N 1—-x 4
0 0

0
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1
log?(x) 1 (log(x) 9 X log(x)
I=1 21 [,h =—— - - _Z

17 &t 40f 1-x & 2!1—xdx 16 4f 1Tox X7

o 1 o 1
1 k-1 ] o2 1 k-1
- x*tlog*(x) dx — = x**log(x) dx
o 1 © o) 0
1 9 1 1 1 1 1
sz""““g(")d":‘—a‘izk— 2t i G
k=10 k=1 k=1 k=1
5 1 7
=—1—6—5<<3)+ 1@+ (1@ -3) =51 + 1@ 2
_1'[ —-47(3)-17
B 8

Solution 3 by Le Thu-Vietnam
By Maclaurin series:

d 1 1
Q= Z <f y"log2y<f X2 logxdx> dy> =
n=0 0 0

5 (L)

1
Sincef x%logxdx = — m;(v)aeR,a>—1

= 2 - 1
Z n+ 3)2 CESIE Z n+ 32+ 1)?
yEP(B+1)%log?y —2(B + 1) logy + 2]] 2
V= VEL

1
Since: .I; yPlog?ydy = I BT 1)?
(V)B ER, B>1

D _Z(n+3 n+1>

()|
n+2 n+2

9
16

(1 1>+
n+3 n+2
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3 1 1 1 ¢ 5 _nz 5
)4 0(n+3)2_4 6 4/ 24 6
n=
1w 1 1
Y3l mrns - 28
n=

where {(3)is Apery's constant. By summing all of them,we obtain:

_n2—3((3)—7

Q
8

2042. Find a closed form:
T
Q= f cot™(202205™ %)) dx
0

Proposed by Saboor Halimi-Afghanistan
Solution 1 by Adrian Popa-Romania

fbf(x)dx=fbf(a+b—x)dx

T
Q- f cot=1(20225%) dx: (1)
0

Y

cos(m—x) =—cosx>Q = f cot1(20227 %) dx =
0

/4 1 14
:j;) cot 1(w> dx:j(; tan 1(2022‘"‘“") dx; (2)

From (1) and (2):

2

T T (" T
2Q = f (cot™1(202275%) + tan1(2022°°5%)) dx = Ef dx = >
0 0

2
Therefore, Q= e

Solution 2 by Ankush Kumar Parcha-India
b b
f f(x)dx = f fla+b—x)dx

1 (4
tan ! x + tan™?! (—) = —
X 2
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s Y3
Q= j cot~1(2022°050) dx = f (5 - tan™!(2022¢5¢)) dx =
0 0

2 ™ 1

—_ _ -1 . 1
2 fo tan (2022“’5") dx; (1)

T’:Z

T
a="- f tan-1(20225%) dx; (2)
0

By adding (1) and (2),we get:

20 =n? — fntan‘1(2022°°sx) dx + Jntan‘l (;) dx| =n? - n—z
0 0 2022¢0sx 2

11.2

Therefore, Q= 1

Solution 3 by Le Thu-Vietnam
1
Note:tan~! (;) =cot 1x
2.4 >0
X if x

tan lx+cot1x= -
—E;ifx< 0

i3
tan=1(2022¢°5%) + cot=1(2022¢°s*) = E,since 2022°%% > (

w
Q= f cot™1(2022¢05(m-0)) dx
0

Y3
20 = f [cot=1(2022¢05(=%)) + cot~1(2022°5%) | dx =
0

2

T (" T
= f [tan=1(2022¢°5%) + cot=1(2022¢°5%)] dx = Ef dx = >
0 0

2

T
Therefore, Q= T

Solution 4 by Hikmat Mammadov-Azerbaijan

X

Y3 —1r—
Q= f cot=1(2022¢050) dx =
0

1 (" 1"
= Ef cot=1(20227¢0s%) dx+§f cot™1(2022¢sY) dy =
0 0
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T

1" 1
= Ej cot=1(20227°%5%) dx + Ef cot=1(2022¢°5%) dx =
0 0

1 (" 1(™n ?
= —j (cot™1(20227¢0s%) + cot~1(2022¢°5%))dx = —f —dx = —
2), 2), 2 4

2043. Prove that:

T 21
I= J csc(x) 2m?x — 3nx? + x3)dx = 711’((3)
0

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Rana Ranino-Setif-Algerie

T2mix —3mx? +x3 yon—x ("mix—x®  Ip
- dx = —dx
0 sin x o Sinx

[(n x — x3)log (tan (x f (? — 3x%) log (tan (;)) dx =

=—1tzfollog(tan( ))dx+3_]:rx log(tan( ))dx

s

j:rlog (tan (;)) dx =2 fi

; log (tan (;)) dx=0

Q=3f x*log(tan(=))dx = —6 E f x?cos((2n—1x)dx =

B = 1 [x? sin((Zn — 1)x) 2 sin((Zn — 1)x) 2x cos((Zn — 1)x) " B
=6 ; 2n —1 - * -

2n—1 (2n—-1)3 en-1?% |
cos((2n — 1)m) 21m
_ —121:2 T = 12m Z an 12n< ((3)) = =43
n=1
Th f 2m?x — 3mx? + x3 d _ 21w 3)
erefore, ) e x=—9
Solution 2 by Togrul Enmedov-Azerbaijan
m2m?x — 3nx® +x3  igp 5 s 3 X\\1°
Q= fo Sinx dx = [(Zn x — 3nx* + x°) log (tan (E))]o —

f (2m? — 6mx + 3x%) log (tan (2)) dx =
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f (2m? — 6mx + 3x%) log (tan( )) dx

cos(kx
( )— 2m? — 6mx + 3x2

We know that: 12 Z

=—-12 Z sz cos(kx) log (tan( )) dx = —242 kzj cos(2kx) log(tan x) dx

s

1 2 2
= —-24 Z 12 U cos(2kx)log(sinx) dx — j cos(2kx)log(cosx) dx| =
=] 0 0

s

[e} T
1 2 2
= —-24 Z ] U cos(2kx)log(sinx) dx — (—1)* j cos(2km)log(sinx) dx| =
=] 0 0

1+ (—1)kH (2
= —242*_{ cos(2km) log(sinx) dx =
0

k=1 k?
> 1+ (—1)*+1 [ sin(2kx) 2 o1z
= -24 = T log(sinx)| — 2% . sin(2kx) cotxdx| =
k=1 0
1+ (—1)kH (7 1 21
=12 (k—3)f sin(2kx) cotx dx = 611'2 [ﬁ+ (—1)"*1] = T{(3)
k=1 0 k=1

Y

2 /1
Note: I, = f sin(2kx) cotxdx = 7
0

Solution 3 by Pham Duc Nam-Vietnam

” 21
I= f csc(x) (2m?x — 3mx? + x%)dx = 711'((3)
0

T

#2m2x—3nx* +x3 =x(m—-x)2rm—-x)=>1 = j csc(x) x(m—x)(2m — x)dx
0

b b
*f f(x)dx=ff(a+b—x)dx:l
= fncsc(n: —x) (T — x)(n: —(mr— x))(Zn: —(mr— x))dx
0

= Jncsc(x) x(r— x)(r+ x)dx
0
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T

= 2] = fncsc(x) x(m—x)(mT+ x)dx + f csc(x) x(m—x)(2m — x)dx
0 0

= 31tfncsc(x) x(m — x)dx
0

{u:x(n—x) {du:—2x+1t

x
dv=csc(x)dx (v= logtanE =21

x|™ T X
=3m| x(mr—x) logtani| — f logtanE (—2x + m)dx
0 0

=0

T t x 5
x = 2

*nf logtanidx—2> 2| logtantdt =0
0 0

T

T
i x t=5 2 2
* ZJ. xlogtani dx—2>8f tlogtantdt = 8f t(logsint — logcost) dt
0 0 0

12_r cos(Zkt) cos(Zkt)
=8.L t< log2 — z lg2+Z;( 1)k ) t
2 cos(Zkt) 7 cos(2kt)
=8 t+ (—1)k¢t dt>
(-2 DRI
- nt sin(mwk) cos(mk) 1
=8 <_ kZ <Z' K4k 4k3>

sm(nk) cos(mk) 1
+Z( D* <4' 4Kk3 _4k3>>

3 7
-8 (E {3)+743) +4{3) +E“3>> = 8.50(3) = 4(3)

=21 =3n(7¢(3)) =21r{(3) > I = 22—11:((3)

Solution 4 by Max Wong —Hong Kong
Q= f cscx (2m?x — 3mx? + x3) dx =
0
= f csc(m—x) 2r*(m—x) - 3n(mr—x)?+ (m—x)?)dx =
0

T
= f cscx (m?x — x3) dx
0
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s
2Q = j cscx ((anx —3nx? —x3) + (m?*x — x3)) dx
0

ﬂ_3f"1t2x—1tx2 _3m ("x(m—-x)
2 0 sinx = 2 J, sinx B
Tx(m—x T = ) )
= 31'tif de = 31l'ij x(m — x)z e x(e2ix)k gx
o € _Z 0 =
n . .
Note that j x(m—x) Z e *(e ?*)k| dx exists,then by Fubini's theorem:
0 k=0 o
Q = 3mi Z x(m— x)e”Ck+Dix gy —
k=0
4 e—(2k+1)ix
J, @i 2o
1 —-2k+1ix |* T o—2(2k+1)ix
o Gl e R R e e b
1 2 e—(2k+1)ix m 4
~ 2k + Di (-1 - =) + 2k +DZ-(2k+ Di|,  k+ D%

o1 7 217
Q= 1271'kz=0m = 1271'(5) ((3) = T((S)

2044. Prove that:
(3
f csc(x) cosh(a cos x) sin(a sin x) dx = wsinh(a)
0

Proposed by Asmat Qatea-Afghanistan
Solution by Bui Hong Suc-Vietnam

T Tcos(iacos x) - sin(asinx
Q= f csc(x) cosh(a cos x) sin(asinx) dx = f ( si)n p ( ) dx
0 0

1M 1 . . , . . ; _
= Ej;, Sinx (sin(a(sinx + icosx)) + sin(a(sinx — i cos x)))dx =

1 ("sin(a(sinx + icosx 1 ("sin(a(sinx —icosx
1 [rsinla ) g 1 (" sinle ),
0 0

2 sinx 2 sinx

:II+12

12:—

1 ("sin(a(sinx — icos x n—x 1 (Tsin(a(sinx + i cos x
L[ sina ) g gee 1 [sinfa D e,
0

sin x 2 ) sinx
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Q j” sin(a(sin x + icos x)) gy fZ" sin(a(sin(m + x) + i cos(m + x))
= - x = .
0 sin x sin(m + x)

s

2T sin(a(sinx + i cos x
=f (a( ))dx

x sin x

2 .= . .
sinlfa(sinx +t1cosx
Zﬂ=f ( ( - )) dx
0 sin x

Letz=sinx+icosx,x € [0,2n] c C,dz = —iz dx,then
dz . 1 1
dx = — andsmx=—(z+—)
iz 2 z
sin(az) dz sin(az
g f D) dr_, g siner)
c ci(z2+1)

2(z+3)

sin(az) . sin(az) sin(az) B
Q= fcm dz = mi (Reszzi <m> + Reszz_i <m>> =

i <sin(ia) N sin(—ia)) 3 <sinh(a) N sinh(a)

2i-i  —2ii ) 2 2 >="S“‘h(“)

2045. Prove that:

3

n

j . ( sinx )d o nl 2(2)
xarcan o cosx/ X T 12 72 %8

0

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Bui Hong Suc-Vietnam

T sin x 1" sin x
Q= f x arctan (—) dx = - f arctan (—) d(x?) =
0 2+cosx 0 2+ cosx

_[1 2 et (sinx )}" 1f" , 1+2cosx

~ 12 MM\ 2t cosx/ly 2)y ¥ 5+4cosx™

B 1j‘” 5 5+4cosx—3d B 1f” 2 g4 +3f” x? dx =
T T4)," T s5+dcesx T T a)ytTa) 5+acosx™ T

3 3 T x?
=—E+111,where11=f0 —5+4cosxdx
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a? — b? b\"
2 + b2 —-2abcosx + s \a cos(nx); bl < a
n=

1+2 i (— %)" cos(nx)

n

-/ 1
x2+2 z (— E) x% cos(nx) | dx

Using the identity: p

3
=—-l1land——
an 5+4cosx

1]
[N

fora=2b

3x?2 d lj"
X =—
3Jo

3 0o Dt4cosx

2w T
=3 §Z (——) J x? cos(nx) dx =
P o (I\"
_n3+2 2Z:cos(mr) _n3+4z(§) _11'3+41r L (1)
~9 '3 nz "9 73/, qnz TT9 T3 23
n=1 n=1
Q- 1t3+3 71'3+4-11'L_ (1) L (1)_ 3 nzl 207
T 712 a\9 T3 M2\z) ) T ™2) T 12 0g"(2)
Solution 2 by Le Thu-Vietnam
™ sin x 3
Define: Q(a) = f x arctan( x) ; Q1) = Q(Z) =
0
T xsinx 1 (" —asinx
Q'(a) =f > =—| x—
0o a +2acosx+1 al, a“+2acosx+1
R " cdsinx i (nx)
eca "d? — 2cd cos x + c? sin(nx
n=1
= n ce*

Proof:Consider ¥ = Z Ee d—cex
n=1
Geometric series where |c| < |d| and ¢,d € R — {0}
Taking the imaginary part of ¥,we will get the desired result

Putc =—-1and d = a,we obtain:

—asinx

T had 1 n -~mw
j;, a2 ¥ 2acosx + 1 :ZK_E) foxsm(nx)dx N
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0

n=1

l
a

- 1
-on(s-3
“Z 2 =mlog(1-

n=1

Since: sin(nm) = 0; (V)n € N and |a| > 1.Hence:

1
Q(a) =nfmda— nlog|

a

(__)" sin(nx) — nx cos(nx)|"
n2

a
|log|a| —rtlLi, ( ) +C
3

3 ) /4
Puta = 1:?=11"0—1TLl2(0)+ C=>C= ?.Hence,

1 3 3 log?(2
Q= Q(Z)—nlog( )log(Z) nLl2(2)+%=1;—2—%()

1\ m? log?(2
Note: Li,(0) = 0 and Li, (E) =15 gz( )

Solution 3 by Togrul Ehnmedov-Azerbaijan

T
sinx IBP
I= J. xarctan( ) dx
0

2 ; n

X ¢ ( sinx )
—arctan —
2 2 + cosx 0

T T

1f 21+2cosxd _ f 24 +3f X d
5+ 4cosx © 40X X 405+4cosxX

i
lf 21+2cosx

Xf—dx
2 + cosx 2 J 5 + 4cosx

=5 x
0
™, d
12 40 5+ 4cosx X
I—f X d—f (m-%*
17 ) 5 ¥ 2cosx 5+ 4 cos(m — x) X
0 T[O T T
- [ e 2f < | 5 e
- ) 5 _4cosx 5= 4cosx 4cosx
o 1'[ Dk 1 1
R
3 6 3 - k2
1'[3 4-1'[ (1)"() e il() 1'[3 4T[L_ (1)
=97 k2\2) ~ 3 2\2

21 21‘[

= T — —IOgZ(Z)

e 3 I
[= —— 420, = — — —log?(2
12721712 zog()

We know that
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1 — p?

then ...
1 — 2pcosx + p? en

We know that 1 + 2 Z p¥ cos(kx) =
=1

xcos (kx) dx = % N g i (l)k [(_klz)k ) %

S — o

[t T30
05—4cosx X_6 3 2

[t =T 25 () [eotorae =7+ 35 G2 1
5 _4cosx * 9 '3/,\2) ) XS X=79 T3 Kz \2
0 0 k

2046. Prove that:

dx ={(2)(12log(A) —log(2m) — 1)

fl log(x) log(—log(x))
0 1—x

A-Glaisher Kinkelin constant

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Pham Duc Nam-Vietnam

> _tlog(t
*t:_log(x)ix=e_t=>dx=—e‘tdt:>I:f 1 'Z-(t)e‘t
o ot

+oo +oo teo
= f —tlog(t) Z e D de = — Z f tlog(t) e™'*+V dt
0 k=0 k=00

dt

too L,
=—Zf tlog(t)e *dt(@p=k+1)
k=0"0
400 +oo +oo e ¥ — e—tu
* K = f tlog(t) e %t dt = f te ¥t <f —du) dt
0 0 0

u
+ool + oo
= f - f (e7w=¢t — e~t+9))tdt | du
o U\Jy
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—jml(eu ! )d —1f+weud fw L duWe fixe>0
= L u\e? et er u—(p2 i " u  uwte)? u(We fix ¢ )

* —j+w:du = ( “Ulog(w)|f~ + J; ““log(u) du)

=F< ~¢log(e) + f +°oe‘“ log(w) du>

u teo £
j“" 1 lo'g(u+(p)+ 1 log =55 1
. u(u+ qr))2 P> ou+ o) @* p(e+ o)

&
j*""l(e‘” 1 )d
$ — —
. ul@? (u+@)? u

£
1 +oo logm 1

=—|—eflog(e +f e %log(u)du |+ +

‘PZ< 9(©) : 9@ > @? (e + @)

—e flog(e) + log —/——

t+o 1f+°° _
= +— e *log(u)du+
P> 0?2, g

p(e+ @)

—log(<p)—y+1:>I:§log(k+1)+(y—1)

= Let: 0" =>K=
ehem @2 k+ 1)?

k=0

B loglk+1) = log(n) m?
“Ty-n+ Z T —;(y—1)+2 = -1

n=2
2
+ 3 (12logA—vy — log(2m))

2
= % (12log A — log(2m) — 1) = ||¢(2)(121log(A4) — log(2m) — 1)

NOTES:

too ,—u _ ,—xu

e
*log(x) = f Tdu (Frullani integral)
0

“+ oo
* f e *log(x)dx = -y
0

2

logln) «
*Z = (12log A~y — log(2m))
n=2
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— 1 n?
D= =@
n=1
Solution 2 by Rana Ranino-Setif-Algerie

e tdt =

f 1log(x)log(—log(x)) x=e~t j tlog(t)
] 1—x dx o 1—et

Z tlog(t) e dt = z L{tlog(D)}(n)

n=1

d d
L{tlog(®)}(n) = ——L{log(t)}(n) = —n<

Yy tlog(n)\ 1-—y—log(n)
n B n2

Z y—1+ log(n) — -1 z z log(n)

log(n)

= (r-13@) + Z

= log(n) o d 1 )
P “ﬁ‘&‘%Zﬁ““z)
n=

n=2
{'(2) = (y +1log(2m) — 1210g(A)){(2)
= (¥ — D{(2) — (¥ + log(2m) — 12 10g(4)){(2)

_ ("log(x) log(—log(x))
€= j;, 1-—x

dx = {(2)(1210g(A) —log(2m) — 1)

Solution 3 by Ngulmun George Baite-India

—log(x)=u

X1
Z f x"log(x)log(—log(x))dx =
n=0 0

'og(x)log(— log(x)) |
€= ,I;, 1—x

(n+1Du=x

= Zf e ™ log(e ) log(u) e *du = —Zf ue ™Vt log(u)du =
n=0 0 n=0 0

X ) dx
n+1/n+1

—-X

Z m+ 1)2 U xe *log(x) dx —log(n + 1)[ xe xdxl
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-1
_ Z T T@¥@) ~logln + DT(2)] =
n=0

-1
—Zm[l—)’—log(n+1)]=
log(n+1)
Z(n+1)2 YZ(n+1)2 WCES

1 1 log(n)
=‘Zﬁ”2ﬁ+z nz
n=1

n=1 n=1

=—4(2) +v4(2) - ¢'(2) = {(2)(1210g(A) —log(2m) — 1)

_ (1log(x) log(—log(x))
€= -fo 1-x

dx = {(2)(1210g(A) —log(2m) — 1)

Solution 4 by Le Thu-Vietnam

'log(x) log(~log(x)) | u=-logtx) (7 ulog(w) _
o o [ g
0 1-x 0 1-e
“ulo
_ f g .
0 eu - 1

o »z—1

Recall:T(2){(z) = f ef 1

0

Q- 001 d us+1 du = . d foo us+1 4 B
o shovds\er—1)" T "0 ds 0o e —1 =

__ 1.mdi[ (s + 2)I(s + 2)] =

= 1im [I"(s + 2){(s + 2) + {'(s + 2)[(s + 2)] =

dt; VMR(z) > 1

= —Slir(? Fs+2)[{'(s+2)+i(s+2)YPy(s+2)] =

= —T(2)J'(2) —T(2)3(2)y,(2)
- fl log(x) log(—log(x))
0

1= dx = {(2)(1210g(A) —log(2m) — 1)

dr(z)
dz

Note: =T(2)Pe(2); Po(2) =1—y
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Solution 5 by Sakthi Vel-India

y(n+l)=z

f e Y™ Dlog(y) ydy =
0

NgE

Q- jl log(x) log(— log(x)) —logix)=y_
0

1—x
0

=
I

dz

o [ z z
_Zfo e_zlog(n+1)n+ int1

Z 1) f ~%log(z) zdz — J e “log(n+1)zdz =
0

- Z ot 1)2 [¥©(2) — log(n + 1)T(2)] =

o)

Zl 1-y-log(2n)] =-72)A-y)+{(2) =

n?

m? ?
— (@ —-1+121og(A) — y — log(2m)) = ?(12 log(A) — ylog(2m) — 1)

2047.
+0o0
COST
S = Z =—24¢@3
k=1

400 2k
COST 3)
S: = — —
k=1
2kt 1,if k=0mod 3
* COS—— =
3 3 every k else
s 11 11+11 11 11+1
>58S=—-———=—-—=.—= .= ——.=3 ——
2°'13 2723 33 243 2°53 63
1 31 1 31 1 1 31 1 31 1+

=—-—c—=t—=—c.=tl ot —=—c. =+
B 2B 8 2ttt T et
1 1 1 )

1
_((3)——< toz oot
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3 < 1 3 11 3 1
= ((3)—E<((3) —Zw> = ((3)—§<((3)—523> = 6(3)—2(6(3)—55(3))

= ((3) 5. 2043 =13) - {3 = ~5{(3)

Solution 2 by Togrul Ehmedov-Azerbaijan
k ® cos <2n(3k)) o (Zn(Sk 1)) o (2n(3k 2))

0 21‘[
Zcos _Zi (3K)? +2 (3k 1)3 +Z Bk —2)3

k=1

cos(an) cos (an - cos (an - 4—“)
272 R +Z eI

1 1 z cos (ZT[k+ 3) z cos (an 3)
k=1

T27406¢ T L Bk-1)3 L, (3k-2)3
272 K3 - cos Z(Bk 1)3 - cos Z(Bk 2)3

272 k3 ZZ(3k 1)3 Z (3k 2)3
22_17];@_5[;(31()3 kZ(Sk 1)3 Z(Bk 23| "
=%k21%—%k2p E;W:W;@:‘a“”

Solution 3 by Asmat Qatea-Afghanistan

2Nt an
-3 o) a3 L
i 6nnl 1 2(3n—-1)mi 1 2(3n-2)mi
— e 3 4+-— 3 =
Z ((3n)2 T -3¢ T En_23°¢ )
n=
C Jgmo 1 m
+—————e 3 =
Z <Z7n3 (3n 1)3 (3n—-2)3 )

1 1
=275G)- En=1 ((Sn —13 T @n= 2)3)

i 5= i 5t i 5t i :
n3 £, (3n)3 (3n—1)3 (3n—2)3
n=1 n=1 n=1 n=1
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1 1 1 4
S = E((S) —E<((3) —E((3)> = —55(3)
Solution 4 by Ankush Kumar Parcha-India
2
A= Z — COS ( mt)

o 21t(3k 2) o 21t(3k 1) o 6k1‘l’
ws(FD) (D) (2

=kZ Bk = 2)3 +Z Gk = 1)3 +Z (3k)

i cos(2k) cos (%t) i cos(2k) cos (2?”) > cos(2km)
= + +Y — =

T Bk-2) T Bk-1)? VANNEIE
1w 1
22(31: 2)3 ZZ(Bk 1)3 _7ka_
c con (257
Therefore A= ; 3 = 9((3)

Solution 5 by Syed Shahabudeen-India

g i 1 (2n1t>
= 3 cos 3
n=1

. 1 iV3
The cube of the unity are 1, w, w? where w = — > + -
1
w=—=—— thenS R —
2
S i 1 +£R< Zi—l >+!R< S 1 )
B 3 @ —1)8 “’Zﬁ
& (3k) £ (3k—1) £ (3k—2)
1
G i 1 1% Z
= S e =
LBk 24 (3k 1)3 2 (3k 2)
((3)15: 1 +§: 1 +Zl 1)
27 2\&Bk-1)° (3k —2)3 (3k)3 (3k)3
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(@) 1 (3)\ _ 4
=7‘z<“3>‘7>=‘6“3)

Solution 6 by Izumi Ainsworth-Tokyo-Japan

1 2130\ o 1
=Z$C°S( 3 >+Z(3n—z)3cos
n=

21(3n—2)\ 1 2m(3n—1)
3 >+;(3n—1)3c°5< 3 )

1 1% 1 1
=275G) - E(; Gn+ 13 Gn+t 2)3)>

/N
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1 1 26
Note: {(3) — ZW_E((B) =E((3)

1
w = (E—E)m)———z(s)———zm
2048. Find:
| If
\/ 1 \/ 1 1
1-> [1-25 1— 5
Q= llm[ 2 2 ZJ [*] - GIF, ¢ € R

noe [V + [V2] + [VB] + -+ [¥n—1]

Proposed by Florica Anastase-Romania
Solution by Hikmat Mammadov-Azerbaijan

a

|
PR S
|
_hmlJl" J 7 1-gn| _
oo [VI] + [V2] + [V3] + -+ [Vn—1]
L, -
| + +ot |
= lim i lJl %J Ziz e
S AT+ (V2] + V3] + o+ 1] e

m<3V_<m+1(V)mEZ:>m3Sk<(m+1)3

_ 1)3- n—1 (m++1)3-1

Z \/_] Z Z m= zm((m+1)3—m)

m=1 :

n—-1
= Z (3m3 +3m?2 +m) = — <3 (”("Z— 1)> 4 3n(n -1)(2n-1) N n(n— 1)> _
m=1

6 2

= %n(n -1)@Bnn-1)+22n—-1) +2) = %nz(n -1)@Bn+1)

1 1 1
:1:>llmgz =
n—oo n—-oo
1- 5 =t 1
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0, a<4
Q=i 4n” 41_ n_"‘_ 4
nosn2(n—1)3n+1) 3noent )3’ a=4
o, a>4
2049. Prove that:
1 3V
J J f dxdydz = —
0o Jo Jo \/—log(xyz) 8

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Rana Ranino-Setif-Algerie

NN —L Ty
= —————dxdydz = — — ————dydz =
0o Jo Jo /—log(xyz) 0 ZJo YJo /—log(t)

f Ilog(y) f " l 1 1 _log®) dydz
N log(t ,/ —log(yz)
_ f f L CONN & fllog(y) f
0 Jo T logv2) W
yooodt P log’(y)
—|=log? S — —
lZ o8 (y)j;) \/—log(t)l0 +2-f \/—log(y
1 log%(y) 10”5, , 1.5 _3m
fm zf(, wledu =57 (5) =
Solution 2 by Probal Chrakraborty-india
=f f f x—sdxdydz
0o Jo Jo \/—log(xyz)

NIH

y 0w w) dudvdw

Take:w = u=xyz;v:x—:>dud vdw a(x y,z) oW

= dxdydz
1

u us dudvdw

1 1 . o
-];) -]1-1 u \/Tg(u) 2ow Zfo \/Tg(u)( log(w))“du =
= %us(— log(u))%du ©

Take: \/—log(w) =w = e =u= —2we"dw = du

S

90 RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

0 o)
(=)j e—sw2w3(_2we—w2)dw=f e —(s+1)w? 4d (**)
oo 0

dt Vit
Let: (s + Dw? =t = dw = and w =
( ) 2vVs+1 s+1
. 1 © 5 5 3V
e ()5
2(s+1)z70 2(s+1)2
Y o R S
ors=0: ———— dxdydz = ——
o Jo Jo \/—log(xyz) 8

2050. Prove that:

1 ~1 (1 1 3 2\/_
I= L2
jo fo fo 1 — pxyz + x2y2z2 dxdydz 3(5) +5V5

where: ¢ is golden ratio

Proposed by Asmat Qatea-Afghanistan
Solution by Pham Duc Nam-Vietnam

V5+1 i@ m_ J5+1
2 an COSS— )

1
:>sz f f 7 dxdydz
0o Jo Jo 1—2cos§xyz+x2yzz2

xyzsing
f f f T dxdydz
0 xyzsm— 1- 2c035xyz+x2y 72

x sin(p)
Z sin(ke) x™ = 1= 2cos(@)x 1 22 xe(-1,1),peR)=>1

k=1
sin (xyz)kdxdydz
sing f f f xyzz ) Y Y
o o . (km
kn)flflfl 1 sin (T) 1 T
(xyz)*ldxdydz = Z = —3SlI
Z 5/7Jy Jo Jo sine k3 sm5 3(5)

i
smgk =

T
=>¢=2cos—-

* Known: ¢ = =

? .4 1
x Use indentity of Clausen function order3:Sl;(¢p) = rids Z(p2 + §(p3

91 | RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3 3

=30 100 1500 125=3(§)

1 1 8 8 2 2
L =/ B (s4vE) = E(5+vE) = |2+2VE
sine /5_\/5 5-+5 \[20 5 5

5 2= V9

8

= sty (Z) = &

T\ 3 2
=51 = 3(§) 2+§\/§
2051. Find:
fl arctan(x £ Vx? + 1) p
X
0 x+1

Proposed by Togrul Ehmedov-Azerbaijan
Solution 1 by Pham Duc Nam-Vietnam

Yarctan(x + Vx% + 1)
* Denote: I = f dx and

0 x+1

fl arctan(x — Vx% + 1)

= dx
0 x+1
-1
*(x+\/x2 +1)(x—\/x2 + 1) =-1= (x—\/x2+1) = IR
= arctan (x —Vx% 4+ 1) = —arctan (ﬁ)

Yarctan(x + Vx% + 1) + arctan(x — Vx% + 1)
x I+ ] = f ) dx
0

arctan x+Vx2+14+x—vx2+1
(! 1-(x+VaZ+1)(x—VxZ +1) 4
A x+1 o
,arctan 2x ’
1-— (x2 — (x2% - 1)) arctan(x)
— dx:f —dx
0 x+1 o X+1
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I—J jl arctan(x + Vx% + 1) — arctan(x — Vx% + 1) d
x ] —J = X
0

x+1
1
arctan(x + Vx% + 1) + arctan (—)
=f1 ( ) X+ Vx2+1 dx
0 x+1
_nfl 1 dx =T @)
2 ), x+17 T2
Larctan(x) dt
*K=| ————dxlettx=tan(t) > dx = ——-~<=>K
o X+1 cos?(t)
T T

_ % t 1 t
= fo c0s2() (1 + tan(e) 1 = jo cos(0) (cos(®) + sin(®) ™

{u - dt N {du =dt
Ay = o Ceos@ T sineey Y = 10g(sin(®) + cos() - log(cos(t))

=>K

= t(log(sin(t) + cos(t)) — 10.9(‘505(0))':)Ir

- fz(log(sin(t) + cos(t)) — log(cos(t))) dt
0

= glog(Z) - jj (log (\/fsin (t + g)) - log(cos(t))) dt

T T
= Ziog(z) ~3 log(2)

_ .lj log (sin (t + %)) dt + leog(cos(t)) dt

Y

= glog(z) - jj log (sin (g —t+ g)) dt + fozlog(cos(t)) dt

Y

= glog(z) — jj log (sin (g — t)) dt + fozlog(cos(t)) dt

= glog(z) — f:log(cos(t)) dt + fjlag(cos(t)) dt = glog(z)

T 5n

I'+] :glog(z) I'=7¢1log(2) Larctan(x + V% + 1)d

* el > 3 :>f ~ 1 x
[-]=51log(2) J =—1¢log(2) 0

- J_r4)1—"610g(2)
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Solution 2 by Rana Ranino-Setif-Algerie
_1(Sin@ +1
Q- j tan‘l(x+\/1+x2) S tangf% tan 1(w)
0 0

1+x cos 0 (sin 0 + cos 0)

S

s

N

[ £E
~ J, cos@(sin@ +cosh)

s

_1fZ 0 d0+1tj4 do
2 o €0s0(sinf+cos@)  ~ 4 ), cosO(sinf + cosh)

j do de—f do _Jd(tane) — log(1 + tan6)
cosO(sinf +cos®) ) cos?20(1+tan@®) J 1+tanf 08 an

s

1 T 1% T L
=3 [61og(1 + tan )]} — E,f log(1 +tan @) do + 1 [log(1 + tan)]; =
0

= —log(2) + —log(Z) — —f log(1 + tan8) do, f log(1+tan@)do = —log(Z)

Ttan™(x + V1 + a2 )

1+x

T T T
Q=" log(2) £ Tlog(@), 0 fo (14 9) 1 log(2)

2052. Prove that:
11 1l " (xyz) ’
og"(xyz 1
”j e X dydz = (~D"m + 3@ +3)
000

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Togrul Enmedov-Azerbaijan

Letxyz = m

f L 1lo “(x Z) 11 1lxylo "(m)
=fff g Xy dxdydz—f—j—j & dm dy dx
1- xJy 1-m

000 00

0

xy 1 1
log“(m) IBP log"(m) log(y) log" (xy)
f f _ [log(y)f 1—m dm] —xj 1-xy dy
0 o O
_ log(y) log"(xy)
= —X j 1—xy d
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f f log(y) 10§;(Xy)

dy dx

Letxy =t

y 1
n n n+2
[—_ f log(y) flog © 4 dy = _l%logz(y) f lolg_(tt) dt] 21 f log™™"®) , dy
0

2 1-—
] y
1 o)
fg“”(y) _12
1 Y=3
0

k=0
I'n+3)
~D" z (k+ 1)n+3

= %(—1)“F(n +3)l{(n+ 3)

1
(k + 1)n+3

1 (o0}
y*log™?(y) dy =5 > (~1)"*?
k=0

NI - O Y—

1
2
1
2

- 1
—1)"T(n + 3) z s
k=1

Solution 2 by Le Thu-Vietnam

Z [ f f f (xyz)s+m dxdydz

SPa(s+ 1)]

ds"

ds"[ 2
s=0

1
~ dsn 1;)(5+m+1)3
1 1 1 + N 1 —
= _E(_l) ¢n+2(s+ 1)|s=0 = _E¢n+2(1) = _E(_l) 3(n+ Z)Ikzﬂ)m -
= %(—1)”I‘(n +3){(n+ 3)

+ N 1
e e Y

dn
@ [Ipm(z)] = Pmsn(2); Y)YMNEN, 2 ¢ Z_

Solution 3 by Kartick Chandra Betal-India

101 01 Ylos™
nszf o8 (xyz)ddd _ff f o8 (xz)dddz—
1—xyz 1—xz

f fllog"(xz) —dydxdy = f fllog"(xz) log(x) dxdz =

1—xz
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j leogn(x) (log(x) — log(Z))dxdz —

fllog(l) leog"(z) J J’log"”(x) dodz =

_ (Mlog"(x) 1IOg(Z) 110g"+1(x)
_fo 1-—x J

ddx—

X X

_Efol logn+2(x) J ogn+2(x)

o)

1 0
Zf m— llogn+2(x) dx _E J —(m- 1)x( x)n+2( e—x)dx_

[ee)

[\ |

m=1 m=1

1% @
__Z 1)n.]- —mx yn+3- 1dx (x_>e x)
2m= 0

I -

ZZ _1)n. r("”’)—1( 1)"I‘(n+3)z n+3=—( DT (n + 3){(n +3)

2053. Prove that:

I_jljljlarcsin(xyz)d dvdg =1 l )
B log(xyz) yaz 4 299

Proposed by Asmat Qatea-Afghanistan

Solution by Pham Duc Nam-Vietnam

log(xyz)
o~ [T [Mlog(xyz) (xyz)* arcsin(xyz)
= )= f f f log(xyz)

1,1 (1 a ;
« Let: I(a) = f f f (xyz)" arcsin(xyz) dxdydz = I = 1(0),I(e0) = 0
0

dxdydz

= f f f (xyz)?® arcsin(xyz) dxdydz
0o Jo Jo
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o
4k(2k +1)

Cck 101 01
Z4k(2;k+ 1)f f J (xyz)?* 1+ dxdydz
0 Jo

1
- ;4k(2k+ 1) 2k +2 +a)?

Use: arcsin(x) = x2S ()

. )_jz ck, 1 a1 C 1
ar= LW 2k+ D 2k +2+a)? a= 2,42k + 1) 2k +2 + a)?
+Ca—>oo=>C=0

1
= Ha) = 224k(2k+1) @kvzrar 1O
~ ck, 1 1w« & LN
T2 k_04k(2k +1) 2k +2)?2 2 4k(2k +1) 4(k +1)?
; N CIZ(k 2k+1 :
x arcsin(x) = kzomx = log(x) arcsin(x)
Gk
_ 2k+1 ; - -
= 4k 2k+ 1) log(x) x ,integrating both sides from 0 to 1
_ T2k 2k+1 _r
= f log(x) arcsin(x) dx = Z 4k(2k n 1)f log(x)x dx = 2 > log(2)

- 1
Z4k(2k+1) 4(k + 1)2( )

From:(1)and (2) =1 = %(2 — g — log(Z)) 1-— g — %log(z)

2054. Prove that:

3
f f j log log )] dxdydz = > ——7Y

Proposed by Asmat Qatea-Afghanistan
Solution by Bui Hong Suc-Vietnam

Let be Qtzf f f (xyz)tdxdydz = (t +1)73; (1)
0o Jo Jo
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2" = ] f f ey ) togr~* )dxdyd _T@r2) L ysean; (g

2
@ 1 1
-\ @ _ . 1 (a-1 ( ) -
(Qt ) fo fo fo (xyz)'log (log (xyz))log xXyz drdydz
_I'q+2) (t+ 1)-3-9+1 — Llog(t +1) (& +1)3-9*1 (3)

2 2
Lett = 0and q = 1 into (3):

.f.fjlog[log ]dxd dz @zfr’((:))

We k that (3)—”3) + H, = +1+1—3

e know that: ¢ I(3) 4 2 y 25"
3

Therefore, ffflog[log ]dxdydz—i Y

2055. Prove that:

f f f ! dxdydz =
X Z=—
0 Jo Jo (xyz —1)log(xyz) y 12

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Rana Ranino-Setif-Algerie

1 1 1 1
= dxdydz
Jy b ), Gre=progmm e

xyz—1
log(xyz)

o= [ [ L)) @ vt

If [u| < 1: # ( ) = ii = i:nu"‘1 = i:nu"'1
"1-w? du\l-u/ ducl ~

n=1

ol 1/ 01 1 hd 1
Q= Z nf <f z"“‘ldzf n+t-14 f A1y > Z nf
0o \Jo 0 Y Y 0 o (n+ t)3

n=1
e s o, ‘%2 (- <n+1>2>_%2<" w1

1
Using: f (xyz)tdt =

1

98 | RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

WWW. ssmrmh ro

ZZ(n+ 1)2 ZZ(E_n—H) %((2)

7(2)-1 Telescopu‘ terms=1

1 2
Therefore, Q = fo fo Jo Giyz = 1) log(xyz) dxdydz = 12

Solution 2 by Soumitra Mandal-Chandar Nagore-india

Let (k) fffl (xry2)* dxdydz, th
e = X z,then:
¢ o Jo Jo (xyz—1)log(xyz) y

s (Pt (ey2)*log(xyz) B (xyZ)" B
¢ (k)__fo fo fo (1 - xy2) loglayz) P = J J g vz =

— fol fol fol(xyz)ki(xyz)m dxdydz = — Z Jo Jo Jo (xyz)™*dxdydz =

o)

- _ n; ( fo 1xm+kdx> ( fo 1y’"+"d}'> < f ’"+de> i (m+k+1)3 k +1)3

=0

[ee)

‘P(")*;fﬁ ‘%Z CEaEsval

m:
[o9]

li (k)—1 li 1 +CC=0
e PN =5 L tm + K+ 1)2 B

m=0

Therefore,

1 o 1N 1 @) w?
fo fo fo (ryz — 1 log(ayz) T¥4V4% = »© _Emz: (m 12

+ 1)2 2 12
2056. Prove that:

1 T
= j;) j(; -fo (1+ xzyzzz) logz(xyz) dxdydz = §

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Togrul Ehnmedov-Azerbaijan

—ff—f 1 dtdydx '
o Jo xy)y, (A +t2)log?t yax =
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jll —logy - x dx = fj‘ logy dx
A+ ) log2 ) ¥ 1+ 2 2>log2<xy) dy

logy logx
Il:j j 2.2 2 ydx=j J 2472 2 dxd
o Jo (1+x2y?)log?(xy) o Jo (1+x?y?)log?(xy)

_11111 dydx Lo~ 1J1J1 dydx
2)p Jo +x2yDloglxy) ~ 7 2Jy Jy (1+x2y?)log(xy)

Lot xv = uo O — j j dudx  r1 (* log x dx =
etxy=u 2 x)y W+ud)logu  2), (1+x2)logx =
_1}1 dx m
2),1+x% 8

Solution 2 by Pham Duc Nam Vietnam

1 w
= 'L -L J;) (1 +x2y222) log?(xyz) dxdydz = 3

1 (xyz)®
x Let:1(a) = .L J; J; A+ 225220 log*(xy2) dxdydz = I = 1(0)

* Dif ferentiating with respect to a:

oo (Y (xy2)*log(xyz) .
I'(a) —f f _L A+ 25220 log (xy2) dxdydz = I"(a)

(xyz)*log*(xyz) (xyz)*
f f f (1+x2y zz)logz(xyz)d xdydz = f f f (1 +x2y? Zz)d xdydz

* Known-Z(—l)k k — (le <1) = I"(a) = f j j (xyz)“Z( D*(xyz)** dxdydz

Z( 1)"[ f f(xyz)z’”“dxdydz

(-1
~ 2k+a+1)3

* Integrating with respect to a:

+ oo
(- (-1
I’ E - Cilet:a—oo=Cy =01
= la)= f (2k+a+1)3 L 2@k tar 1 AT TE 0= (@

= (—1)k
22k+a+1)3
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(—1) N
ﬁ’@‘fz 2@k +a+ D7 ¢ T L 2@kvarn T PIEHET T2 =021

(-D*
22k +a+1)

+ oo

Let: 0=>1=1(0) = 1*“—( D k tan(x)
* =0=1I= = :
et:a = 2 (2k+ 1) nown: arctan\x
+ oo
(_1)kx2k+1
= _— < . =
2 2kt D) (x| < 1), let:x =1

Nlr-k
-M:I

1
=] = 2 arctan(1) =

®|{

Solution 3 by Hikmat Mammadov-Azerbaijan

w(t) —flflfl (xyz)” ! xdydz:
pgr®=0 = | ), Jo 1+ (xy2z)? log?(xyz) rayaz;

) _ (xyz)t
Y (t)%i_,“(}lp'(‘)zo = f f f 1 + (xy2)?) log(xy2) dxdydz

”(t)hm‘-l’”(t)o ffflf_x(};;t)zd xdydz

wPr(t) = J: J: j:(xyz)tkzo(—l)"(xyz)z" dxdydz =

© 1 1 ,1 z=% © 1 1 ,xy 1
= Z(—l)"f f f (xyz)?**tdxdydz = Z(—l)"f f f w2kt — dxdydz =
prmr] 0 Jo Jo praer 0o Jo Jo Xy

2k+t+1 2k+t

Z( Dkf f Xy 2k+t+1dxdy Z( 1)kf11f 2k+t+1dvdy:

2k+t+1

11 y 1
Z( Dkf y(2k+t+1)2dy Z( 1)k(2k+t+1)3

1
o= Z(‘”km
1 u

f W (O)dt = —W'(u) = Z -1 >"zm
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1 1
Wi = -5 ) (~D¥
k=0

2k+u+1)?

[ee]

fsm‘P’(u) du =-¥'(s) = —%kzo [(—1)"%}; =

1w 1 1w (—1)k
I Qe = = = —
‘P(S)_zz( Dok ds71 0= YO@O=3) 2k71°
k=0 k=0
= ([ ! dxdydz = =
_-fo -fo ,L (1 + x2y2z2) log?(xyz) reyez =g

2057. Prove that:

0 f+°° (2 — x?) cos(x) + 2x sin(x) Dy — Esin(l)
A x* + 4 e

Proposed by Asmat Qatea-Afghanistan
Solution by Pham Duc Nam-Vietnam

+t<2cos(x) + x% cos(x) te2x sin(x)
Q= —ldx— | S—tdx+ | T
o x*+4 o x*+4 o x*+4

x ——dx ——dx
e XY+ 4 2) .. x*+4 o xt+4

_ f+°° cos(x) d 1 f*"" x% cos(x) p j*""x sin(x)

+o0 eiz 1 +oo ZZeiz +oo Zeiz
= dz — — d 3 d
ERL” T2 z me_,,c z+4j z
iz

z* z*+4 e Z2Y 1+ 4
2 iz iz
z°e ze
Let:f{(z) =——,f,(2) =—/——,f3(2) = —4——
* f1(2) z4+4f2() z4+4f3() 14

* Let: C = C, U Cg is a contour, counter — clockwise direction where 3(z)=>0,R>2
— oo

* fr(z)has two poles:z; =1+ i,z, = —1 + i (order 1) inside the contour
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= fcfk(z) dz = Zniz Res(f1(2),z12)

and:ffk(z) dz = f fr(z)dz+ | fi(x)dx,by: ML inequality = Iljmf fr(z)dz=0
c (% Cr -=Jc,

R
= | ax=tim [ fdc= | feas

ez ez
*fz4+4dz=21tiz RES(Z4+4,Z1,2>

(-G+D)e  (z-(14D)e"
= 2mi <zlﬂ'+‘i 2+ 1 4 + lim 2
iy 1 iy L\ m
= 1 —_— —1+i I -1-i) — .
2t << 16 16) e T (16 16) € ) 1¢ S + cos(1))

z elZ z elZ
fz4+4dz—21tlZRes< )
c

s ats e
= 2mi <Zl_qr+ll P + Z_l)l n. e
1 i R N N\ @
=2mil(—=—=)e 1 ig(=—=)e 1+ | =— o
2ml << 8 8) et (8 3) € > o5 (cos(1) — sin(1)

ze" . ze"
* P 4dz = anz Res i 12212

z—(1+1i))ze"” z—(—1+1i))ze”
= 2mi lim_( ( )) + lim ( ( ))
z-1+i zt+ 4 z->—1+i zt+4

1 1 b4
—1+l —1 i i ci
Bl +8 ) —lzesm(l)

* Let: R

= 2mi (—

dz

— oo, taking real part off dz andf dz imaginary part off 12

=>0= E(sin(l) + cos(1)) —%.% (cos(1) — sin(1)) + zsin(l)

- (sin(1) + cos(1)) — il (cos(1) — sin(1)) + lsin(l) = Esin(l)
4e 4e 2e e
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2058. Find:

n

1 k 1 k 1 k
Q = lim (1+—-3n)(1+—-5n)(1+—-7n)
n—-oo n n n

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

n
k

1
Let's focus on lim log (1 + ;- aﬁ) ,where a > 1.
n—>oo
k=1

1
ForzeC|z| < 2 and |log(1 + z) — z| < |z|%

2

V4 3 2 2
—_—y = — — —72 _ 53
log(1+2z)—z > (1 2z+42 =z )

N
IA

2
Applying triangle inequality: |log(1+2z) — z| < |z|2 (1 +=lz| + - |z|2

|z|2

1 - |z|

1 1
1z2(1 + |z| + |z|* + --) = 2 < |z|?, when |z| < 3

Nlr-\

1 £ 1 1
Note that ;an < ;a < 2 = n > 2a.This is satisfied in our casen - .

When z is real — valued and nonnegative,

z—z*<log(1+2) <z+2z*

n 1 n 2
1 £k an(a—1) 1 1 2« an(a®?-1) 1
E—a”:l—'—‘md Sar=—7p '
n 1 n n 2 n
k=1 an — 1 k=1 an —1

a%—lL’H _ a%loga-(—iz)

lim = lim i X2 = log(a)
X— 00 - X—00 _
X x2
li ne
nth Z n T log(a)
2 2 2
ax —1 axloga-(—ﬁ)
lim = lim = 400
x? a3
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1 2k

lim —aW—O
n—oo ’n
k=1
n
By th th lim > 1 (1+1 k) a1
r im
y the squeeze theorem, og an log(a)

n—>oo
k=1
2 4 _ 6
Therefore, Q = elog(3) log(5) 1og(7) = 161842421123813

2059. Find:

Proposed by Marian Ursarescu-Romania

Solution by Hikmat Mammadov-Azerbaijan
Let's first evaluate the sum in closed form,

m 1 a1+2z)m = n 1 1+2)"
(v) B Znif . z'7t dz=W%= kzl(Zk - (k - 1) 2mi fz|=e zk+1 dz

= 2— |Z|_E(1 + Z)nkzzl (Zk - 1) (lllf 1) k+1 dz
= n 1 m=k-1 = n 1 —n-2 N n -m,—-2
Z (k 1) ZT T (m) mz 2 * Z (m)z 2T
k=1 m=0 m=0

n
n
-k _ —1 -1\n _ —n+1
:>Z(k_1)z 1+z1H

=1
_ d
P=z"2_z21+zH)" - ZE z'A+zH)r-—z1) =
=z"?2—z72A+z)"+2z2A+z )" +2z3n(A+z )" -2(n+ 1)z "2

n -1\2n 2n-1
3§ [<1+Z> - HWMH,,%]M:
Zm |z|=¢

Zn+2 Zn+2 Zn+2
0+( >+2 (Zn—1>_(2n>+(z )<2n—1)_
N n+1 "an+1/) " \n+1 MWln+1)7
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B (2n)! 2n)(2n—-1)! B (2n)! 1 1
B (n+1)!(n—1)!+(n+ D'n-2) (n+ 1)!'(n—2)!(

1) =
n—1+ )

1
n-(2n)! (2n)! 1 ( 1 )E i 108(1+%)

= = . ’1' = X—00 X = x—»r?omz 0 = 1
n+1)!'(n-1)! ((n—l)!)z n+1 xl_)lg x+1 € € €

1

Q-1 rn+1)\r
‘nL‘?o< T(n)Z > -

1
I\ n
n
1 n2

V2

exp <(2n +1)log(2n+1)— (2n+1) — %log(Zn +1)+0 ( 1 ))

= lim
X— 00

exp <2n log(n) — 2n — log(n) + O (%))

~—
~_

= e210g(2) — 4

2060. Find:

<k<isn

. n n, m 2(i— k)
“=£L%j1‘zlz (k)(i)“’sT

Proposed by Daniel Sitaru-Romania
Solution by Ruxandra Daniela Tonild-Romania

> Dot Y (s (F-5) -

1<k<isn 1<k<isn
_ ny m 2mi 2nk  2mi 2wk 1
= 2 () (eosT o= esin = sin =) )
1<k<isn
We have:
n n 2mki _2mki
z<n)cos(2kn> _Z(n)e 3 +e 3 1=
k 3 /) k 2 B
k=1 k=0
2mi\ 2mi\
n n s T
1 2nki  m _2mki m (1+e3) +<1+e 3)
k=0 k=0

106 | RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

e 2n+__ 21t_1+i\/§_ o isin®
e = COS3 lSln3 —2 2 —COS3 lSln3

2mi\" nr nr _2mi® nm nm
(1+e$) =cos?+isin?and (1+e 3) =cos?—isin?; (3)

From (2) and (3) it follows that:

n nmw . . N nmec . . N
n 2km COST-F lSlnT+COST—lSlnT
2,()es ()= 2

-1
k=1

< 2km nn
Z cos( )—cosT—l; 4)

Also,

ka _2kmi

5 on() -5 (0757

k=1 k=0

2mi\ " 2mi\ "
<1+e 3 ) —<1+e 3 ) c:osn3 +lsmnB7t—cosn3 +lsmn3n nr
X - =sin—-; (5)
2i 2i 3

k=1 1<k<jsn

and

(%) -
S e ()2 S (0)(7)-sin () s (2

k=1 1<k<jsn
By adding:
n n 2
( 2km ) ( . (2km
Z cos ( ) z sin ( ) =
k=1 k=1
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-5 o (7)o (57) ()
2 5 () o (B con (47 5m () om (3 0
> () eos™ 5" -

2o 2cos (B - (B) 1) = 2 - cos () -2 (27)

Hence,

pegm iz 3 (e 5

1<k<isn

) o)

now (A @
2n+2

tim " 2n\ ¢c-p e Unet) _ 2n+2)! (n!)z_l_ 2n+1)(2n+2)
im”|(,) =" lim (r) “eeelm+ D @o)l we @+ D

n—oo

2061. For x € (—1, 1) prove that:

I‘(n+k)
kZl o X =T+ 1)

X
( x)n+1

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Fao Ler-Iraq

i r(;“(‘l:)k) ok = i %footn+k—1e—t dt =

f m-1g tz(r‘x(g)k fo n-1p-t C (x12!k+1 e

k=0
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[ee]

= jo t" le txte* dt = xfo tetANdgt=T(n+1) A=t
Solution 2 by Vuk Stojiljkovik-Serbie
“Tn+1)=nI'(n);T(n+1) =n!
Shifting the index backwards and multiplying top and bottom withT(n + 1)
I'(x+n)
I(x)

ITm+k+1)I'(n+ 1) (n+ 1),
Z rk+1) Tn+1)> xr("+1)z X

and using the identity = (x),, we get:

using the famous representation with a substitution x - —x

a
1+x) 2= Z(—l)"%x",gives us the result

—T'(n+k)
kZl 0 x¥=Tn+1)

2062.Fora € Z,b € N prove:

X
(1 — x)n+1

" sin(ax) 2a 2e™P
f dx = ——-log 5
o cos(ax) + cosh(bx) a‘+b em™ + (—1)a

Proposed by Asmat Qatea-Afghanistan
Solution by Bui Hong Suc-Vietnam

(" sin(ax) (" sin(ax) B
4= j;) cos(ax) + cosh(bx) " fo cos(ax) + cos(ibx)
_ f " sin(ax) a2 f’zr sin(2av)
"o 5 cos (@) cos (@) = cos((a + ib)v) cos((a — lb)v)

3 j‘g sin[(a + ib + a — ib)v] B
~ Jo cos((a + ib)v) cos((a — ib)v) *

B 2sin((a + ib)v) cos((a — ib)v) + sin((a — ib)v) cos((a + lb)v)
B fo cos((a + ib)v) cos((a — ib)v) dv =
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~ fz_t sin((a + ib)v) sin((a— ib)v)> d
B <cos((a +ib)v) cos((a—ib)v)

0

3

-1 _ -1 _ z
= [a n iblog|cos((a +ib)v)| + ~— b log|cos((a — lb)v)|]0 =

cos ((a —ib) g)

= ———|alog <cos <(a + ib) E) cos ((a —ib) E)) + iblog =
a® + b* 2 2 cos ((a + ib) g)

-1 cos(am) + cos(ibm) —-a /(e”b + (—1)a)2\
=75 0g< > >_ log | 2 | =

~ a?+b? \ <2en2_b) /

b
_ —2a | e™ 4+ (-1)° _ 2a . 2e2
“aZ+b? B 207 a2+ b2 8\ e+ (—1)e

2063. Prove that:

+~ arctan(x) Y (a_-I—Z) — (g) + 1
szl e S 44(a—1)4

R(a) > 1)

Proposed by Le Thu-Vietnam
Solution 1 by Rana Ranino-Setif-Algerie

[
tee arctan X x—% 1 7 - al'CtaIl X
oo [Taanr,, i [1zmdrcanx
1 0

(! 1
_ -2 a—2
dx——f x® dx—f x%< arctan x dx
2 Jy 0

1
QB _ ™ x®1arctan x 1 f 1 ya-1 a2
= — X =
2(a—1) a—1 0 a—1), 1+x?

“1a-D 2@a-D), 1+zx

1 ® (_1)11 B

1,5 * 1
X2 a
f o xdx = Z(—l)"f X2 ldx = T
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B Z <2n1+%_2n+11+%> B %{Ip(aiz) —1/)(%)}

a+ 2 (14
**arctan x L4 (—4 ) -Y (Z) +m
Therefore, Q= ——dx=
1 x 4(a—1)

Solution 2 by Pham Duc Nam-Vietnam

[ j‘+°° arctan(x) Ay — Y (aT-I-Z) -Y (%) +m
1

por = 2a—1) R() > 1)
1 dx dt 1 arctan( ) dt 1 % — arctan(t)
*tzgﬁdt=—?=>dx:—t—2=>lzfo th —f tZ——adt
t
(! dt Larctan(t) arctan(t)
=Ef0 tzadt—fo et =5 D f—dt
1 arctan(t) (—1)kg2k+1 Dk (o
*fo t2-«a fo t2- “<z 2k+1) > (2k+1) tkretdt
< -DF 1
(2k +1) 2k + a)
D+  (D* i (—D*
(a 1) Z <(2k +1) (Zk + a)) 4a—1) (a 1) ((Zk + a))
(-1
4(a 1) Z(a 1) z ( ))
_ T B 1 B 1
4(a—1) Z(a—l)k=0 2k+1+5 2k+3
T 1 a a+2
~4(a- 1)+4(a—1)<¢(1)_¢( 4 ))
= T T 1 a a+2
72— aa- 1)_4(a—1)<‘/’(1)_1/’( 4 ))
_ T 1 a+2 a
T 4(a— 1)+4(a—1)<'l’( 4 )_'I’(Z)>
v(“55)-w(3) +n
= a1 R(a) > 1)
Solution 3 by Ankush Kumar Parcha-India
1
+eo o retan x y_% o y* arctan (}) 1 1
Q= L o dx = —fl " dy = fo y*~2 arctan (;) dy =

111 | RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1

1) a1
_ arctan y)ya N 1 J.1 yz yaldy
a—1 a-1), 1+y? y?
0

1

Vi3 1 -
— —1)" 2n+a—-1
4(a—1)+a—1Z)( )Joy dy
n:

...;q,(_l,l,z-l)=2_1Z[¢<o>(”1> #(z0)

T (—1)"
“2a-1) 2a-1 Z
CEE (a V1 2

2
+1 1
(3 ()
a a
Y

“arctan x
x“ h 4(a—-1)

v 1
4(2a 1) 2(a — 1) 2

+
Therefore, Q= f
1

2064. Find:

n
Q= 1i log 2 E (n + F
~ oo | T 108 _13+(n+i)5+c0t‘1(n+i)
i=

Proposed by Daniel Sitaru-Romania

Solution by Hikmat Mammadov-Azerbaijan
1 1

N5 -1 N - 1
R D wrro ()

o
nii:n(l i)zz(nly(%)
n

j=0

n [o'e]
z 1 _Z 1 1
n+i n+m n+k

i=1 k=n+1

oo

) )2, T
_1n+l (+n+1 i+2n+1 (+n+1 i+1 i+1 i+2n+1)
= i=0

i=0
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Since the digamma function, ¥(z) = —y + Z ( ) (z#0,-1,-2,..).

k+1 k+z
1
Then'Zn—-l-i =P2n+1D+y)—-(Pn+1D+y) =¥Y2n+1)—-¥(n+1)

1
Asymptotically, ¥(z)~log(z) — 2z

n
1 1
— log(2n+1)———— 1 D+
_Zn+i 0g(Zn+1) — 5o gy ~lesm+ 1) + 57—
1=
PR (l 2_1 (2n+1)) n 4 n _
TSI\ T ) T2+ ) T 220+ 1)

1 2n+1
=—Z+limn(log2—log( ))

n-oo n+1
2x+1 1og2—%” _Zxxttll'(x+11)2
o2 - tog(257)) -t 42 5L gy B G
x X2
= lim 1 :1
(143 2

1
Therefore, Q= T

2065. For a € (—1,1) prove that:
2km
1—acos (_n ) . n

=1 _ 2
k:11—2acos(2an)+a2 1-a

Proposed by Asmat Qatea-Afghanistan

2wik _2mik
Z—a(e n +e n )

2mik _21rik
a(e n +e n )+a2

Solution by Bui Hong Suc-Vietnam

S:" 1-— acos(Zk) _1"
B s () 24

=11 — 2acos
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M _Zn'ik
1"(1—aen>+<1—ae n

) 1 1
) 2mik 2mik Ez Zmik T “2mik | T
k=1 (l—aen)<1—ae n) k=1\1—aen 1—ae n
n o] (o8] n n
1 ./ 2mijk Zm]k 1 Zm]k _2mijk
Sap () gy (Y ) )
k:

We know that:
n 'y
Z ez";’k _ { n,if n|j and Z 2’"1" n if n|j
0 others 0 others

Hence, let j = mn:

1w ) 2 2mijk “ _2mijk 1 — > n
S=EZa1 Ze n +Ze n =§Zam"2n=n2am"=1_an

m=0 m=0

2066. For |a| > 1, |b| = 1 prove that:

T sin x sin x T /1
f arctan (—) arctan (—) dx = - Li, <—)
0 a+ cosx b + cos x 2 ab

Proposed by Asmat Qatea-Afghanistan
Solution by Rana Ranino-Setif-Algerie

T sinx sinx
Q= arctan (—) arctan (—) dx;|al,|b] =1
0 a+cosx b+ cosx

sinx (- sm(nx)
arctan( ) Z

r+ cosx
o 1 n o k
Q= ; (_na) kzzl (_kB) fo sin(nx) sin(kx) dx

. - L
f sin(nx) sin(kx) dx = Eé‘nk = {2 ifk=mn
0 Oif k #n

=5tz (5p)
—2M2\4p

[0e]

=35,
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T sinx sinx m /1
arctan ( ) arctan ( ) dx == Li, (—)
0 a+cosx b + cosx 2 ab

2067. Prove that:

I= fn(n — x)% cos(x) log(sin(x)) dx = 2n(log(2) — 2)
0

Proposed by Ankush Kumar Parcha-India
Solution by Pham Duc Nam-Vietnam

] f Foodx = f *Fatb—pdxo 1= fo "(r = (- ) cos(r — x) log (sin(m — x)) dx
a =j fo "2 cos(x) log (sin(x)) dx
:21=Lqm—xy—fﬂwﬂﬂhmbmuﬂdx=L%ﬁ—Zmﬂwﬂ@hmbm&Ddx
¢ 2 fo " cos(x) log(sin(x)) dx = fo “log(sin(x)) d(sin(x))

= % (sin(x) log(sin x) — sin(x))|T =0

i , u=x
* Zn.]; x cos(x) log(sin(x)) dx, {dv — cos(x) log(sin(x)) dx
{du =dx

v = sin(x) log(sin x) — sin(x)

= an x cos(x) log(sin(x)) dx
0

= 2nx(sin(x) log(sin x) — sin(x))|§ — Zn'fn(sin(x) log(sinx) — sin(x)) dx
0

= —27n(log(4) — 4)
= 21 =2n(log(4) —4) > I = 2n(log(2) — 2)
2068. Prove that:

1 9
2 839

f 1—\/1— 1-vV1—xdx=—
0

3 3.5.7-11-13-17

Proposed by Asmat Qatea-Afghanistan
Solution by Adrian Popa-Romania

=f01 1—\/1—1/1—de=£1 1—\/1—\[ﬁdx e
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jljl— - ttht— f / 1- Vi1 —dt "=
_zj [1-VI=u(1 - w) - 2u du = sz 1= Va1 — (1 - w21 —u) du =

u

= sz Vi—-z(1-(1-2z)%)(1-2%) -2zdz =

=23f Vi—-z(1-(1-2z))(1-2%) -zdz =
0
1
=23f\/1—2(1—1+Zzz—z4)(1—zz)zdz=
0
1 1
=23f m-z3(2—22)(1—22)dz=23f Vi—z-23(z*-322+2)dz =
0 0
1
'J_=
=z3f VA -2 (1 -2 —3(1-2* +2)dz ' =
0
1
=2 [ Y-y -y -3 -y +2) 2y dy =
0
1
=24fy2(1—3y2+3y4—y6)(1—4y2+6y4—4y6+y8—3+6y2—3y4+2)dy
0

1
= 24f (—y1® + 7y1* — 18y12 + 20y10 — 7y — 3y% + 2yH)dy =
0

24( 1 2 18 20 7 3 2) 29 839
B 17 15 13 11 9 7 5 3 3-5-7-11-13-17

2069. Find:
® xarctan x
o Xx>+1

Proposed by Vasile Mircea Popa-Romania

Solution by Togrul Ehnmedov-Azerbaijan
Q- fmxarctanx B flxarctanx f‘”xarctanxd _
), T+ YT 1 YY) Tard T
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1
I xarctan x larctan (;)
= B e | X
0 0

1+ x3 1+x3
1 1 1 1
j xarctanxd +f 2 arctanxd nj dx +f x—1 tan x d
= | ————dx fe————dx=5 | —— ———arctan x dx
o 1+2x3 o 143 2 1423 Jy 1423

Tx-1 1! 2x-1 2 (Yarctanx
I{ = | ——=arctanxdx =~ | —————arctanxdx—=| ——dx =
0 1+ x3 0 0

dx =

3), x2—x+1 3 1+x

1! 2x-1 T
=§ . marctanxdx—ﬁlog(z) =

_ %(ga - glog(z + \/§)> - —log(Z) = —G - _log(z +V3) - _log(z)

2

et 3 5

Th Q_.]'wxarctanxd —SG n'l (2+\/§)
erefore,Q = . O F1 x—3 3 og

2070. Prove that:

1
J \/xz +yp+xtdx = §+\/§—¢arctan(\/1 +2¢ +2¢) —g\/ﬁ
0

where ¢ is golden ratio.

Proposed by Asmat Qatea-Afghanistan
Solution by Bui Hong Suc-Vietnam

1 x2= ¢tanu
sz X2 +Jp+xtdx =
0

arctani 4
_ Jo > \/Edu
f \/\/Etanu+w/¢+¢tan u2 an st cos?u

\/_j‘a“ta“\/—\/smu 1 cosu du \/—far“a“\/—\/lﬂ—sinu du

cosu cosu sinu COS2

Vsinu cos?u

\/_farctan\/_\/ COS + sin ) - du

u .o W\2
2 sin '2‘ cos; (COSZ 7 sin? 7)
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/ far“a“\/— cos u, sm— (1 + tan? %)2 du ~
— =
smtzlcostzl (1 — tan? %)

\/'_ farctan— 1 + tanlzl (1 + tan? %)2 du
2 =
/tan% (1 — tan? %)

2 U u
arctan\/l_ 1+ tan¥ (1+tan 2)d< tan2>

_ 2 . _
\/_fo (1+tan %) (1- tan’z—‘)2
arctan—L (1 + tan? u) d( tan ) tan Iz
=\/2_¢f 7s uZ A f\F (1;|-t4)i1t2 -
0 (1+tan7)(1 tn2 1+e)1-¢)

Jo-vé 1
2¢f [4 (1—t)2 (1jt)2)+%'ﬁ] t=
Jo-vo

) + arctan t] =
0

2 11+./p—¢

2o/ 1 1
B (1

2 2\1-t 1+¢

2071. Prove that:

s

2 1 V1T 1
f dx = —(1 + —)
o (1+ sinx)2,/log(tan x + secx) 2 V3

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Samir Zaakouni-Morocco

T

2 1
= dx =
j;) (1 + sinx)%,/log(tan x + sec x)
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T

dx

~ ji sec? x
o (tanx + sec x)z\/log(tan x + secx)

let u = log(tan x + secx) = e" = tanx + secx;

e*+e™
du=secxdx;secx=T
0 1f°°e“+e‘”d 1J°° _% g +1J°° _% sug
=_ ———du =— e 2e u+— u 2e u=
2y eu 2 )y 2 )y

1% 1 V3 [® 1
= —f u'"zZe *du +—J t' 2e tdt; Bu=1t)
2Jo 6 Jo

oo D e DS

s

1 1
Therefore, fz dx = vm (1 )

o (1+ sinx)2,/log(tan x + sec x) 2

Solution 2 by Rana Ranino-Setif-Algerie

s

2 1
= dx
-l;) (1 + sinx)%,/log(tan x + sec x)

x-3-x 7 1
= f dx
o (1+ cos x)z\/log(cotx + cscx)

1 dx 2x-x 1f% 1 dx

0 cos? (%) J— log (tan%) cos? (%) 2 Jy cos? x\/Wcos2 X

o © —t -2t © q © 9
tanx:—e t lf e (1 +e ) dt — lf ti—le—tdt + lf ti_le—gtdt —

NG 2
NL
257 (0
L 1 VI 1
Therefore,j; (1 + sinx)2,/log(tan x + sec x) ax = ; <1 ’ \/_§)
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2072. Prove that:

© 00 (xy)Z(ex+y_1)
jo jo € — 1) — 1) W = 3¢*(3)

where {(3) is the Apery’s constant.

Proposed by Ankush Kumar Parcha-India
Solution by Le Thu-Vietnam
_jfr°aw%wﬂ—1>
B o (€2 —1)(e? —1)

—foofoo Xyee jj dxdy =
"y Jy D@ -1 @u 1x2y—n xay =
© zleZ 2 z>2 ) )
= fo—eu_ldz - j; —ezz—ldz =Q7 — Q)

Q, = —fow 3-1 csch z dz —% TT3X(3) = —((3)

u=2z1 (© u31 1 1
Q"2 —f S du=T(3)(3) = 7¢(3)
0

7 2 2
Hence,Q = <Z((3)> - (1((3)> = 3¢%(3),where

2r(y¢(y) = footy‘l cschtdt
0

2y -1

y—-1

l‘(y)c'(y)=f0 ]

dt for R(y) > 1

e’ cschz
e’z -1 2

2073. Prove that:

1 1296)

xlog(x
o (1 —x2)(1+x3)

dx = 12 (1og(218) +yp@ ( ) p® ( )) — (7m)?

where P is the trigamma function.

Proposed by Ankush Kumar Parcha-India
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Solution 1 by Togrul Ehnmedov-Azerbaijan

—jl xloge™) —1296f Xlogx 1 — 12960
), a-a+H T s A+~ 1
1 (! xlogx logx 1! logx log x
Q== o8 gy~ Elax-- = dx =
! 3]0x2—x+1 o 1201+x o o (1+x)?2 4J0 -1
1 1 1 1
=§ﬂla_ﬁﬂlb_gﬂlc_zﬂld

0 _jl xlogx I _1(6m? ,(1)
= ) @—x+1" 6\ 6 A

Q. - 1 logx gy —
1c=| —/—=dx=—log2
0

0 _fllogxd _ Q _51t 1 ()+ 102
w=) ¥ =% =¥ 8

venane )25 ) ) e
€ == izg6 1(1)8{11)1() Y1 (%>}+%l°g2 and

Q = 12960, = 12 {mg(zls) — 1, (g) — 1, (%)} — (7m)?

Solution 2 by Le Thu-Vietnam

L xlogxdx llogxdx ogx dx llog x dx
Q=43zf e f —+3 4f —108[
0o X2 —x+1 o (x+1) o 1—x o X+1

= 4320, — 216Q; + 324Q, — 108Q,

n+1 2 2
91 = Z [( 1)“ nlOngXl z ( +)1)2 21 2 1)((2) — _11-[_2; <((2) _ %)

2

|4
Similarly, Q, = — z —=—{2)=-——
m=1m 6

IBP [_ lOg X

1
3 = +1+logx—log(x+1)]0=—log2
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Using the relati xsin6 OOE in(mo) x™
sin erelation: = sin(m0) x
g x2—2cosO@x+1 1
m=

Hence,Q, =

2 1 x sin (%)
fo x?

ﬁ —2cos(%)x+1

= 2 i Isin (E)flx" logxdx| = — " Sin (%) = s7” _ﬁ,p (1)
V3 & 3/) L (m+1)?  72v3 127713
We can easily show that: 4 (1) = ﬁ - 11[)1 (E)
3 15 5 6
Summing all of them,we obtain the desired result.
2074. Prove that:

logxdx =

fﬂ t 2( Stn x )d _n3 nl 2 1d ti
0arcan b+ cosx x—30 2og ¢, — golden ratio.

Proposed by Ty Halpen-USA
Solution by Rana Ranino-Setif-Algerie

arctan (&> _ _ i (_ %) sin(nx)

a+ cosx n
n=1
o (_I\" o (1"
T = ke - b4
Q= f arctan? (%) dx = Z ( ¢) Z ( ;f f sin(nx) sin(kx) dx
0 ¢ + cosx ] n s} 0

z 1
From Landen relation: Li,(z) + Li, (z — 1) =— Elogz(l —z) and also

Liz (Z) + Liz(—Z) = %Liz(zz)

1 z 1
Lt 2\ 1 (_ . _ 2 _
We obtain: > Li,(z*) — Li,(—z) + Li, (z — 1) =-3 log“(1—2)
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_ 1 1 /1 1 1 1,
By taking z = ——:ELlZ( )—le (—) + Li, (m) = —Elog (P)

¢ ¢ ¢
Since: (I)2=¢+1=»1=1—i
¢ ¢?
3 /1 /1 1
L, (P> — Li, (5) = —Zlog?(9); (1)

2
From Euler relation: Li,(z) — Li,(1 —z) = o log(1—2z)logz

1

and taking z = F

Li, (%) + Li, (%) = %2 —2log%(¢); (2)
1 ) m* 5

02 = — — 5 log%(¢)

5 .
From (1) and (2):§Ll2 ( "3

1 2
. = _ 2
m sin x ) B m

> — = M ac?
¢ +cosx zlog ¢

Th ,
erefore f 30

arctan? (
0

2075.Prove that:

11

ff 2+ |24t 2454 Ydaxdy = 24
y xY Ty

00

Proposed by Asmat Qatea-Afghanistan

Solution 1 by Tapas Das-India

2
y Xx y X y X y X
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x nx n
24 |24+ ’2+—+X=2\/i+2\ﬁ
y x y x
1 -1 X y 11 n | X 2n [y
jj 2+ 24+ 2+—+—dxdy=Jj —+ |5 |dxdy =
o Jo y x o Jo y x

1
1 xz—n+1 1 in x2n+1 Zn Ln
_fo L1 %+y2 ' 1 dy = J [2n+1 Yt om —1'y2]dy_
2n y2" -
n 1n+1 n n+1 n n n n
_ 2 y 2 4 2 y2 2 . 2 + 2 . 2 _
2n_|_1 1 +1 2" -1 i-l—l 2n+1 2n—-1 2"-1 2"+1
2" 2n
22n 22n 4n

S g1 2w
Solution 2 by Togrul Ehnmedov-Azerbaijan

Letzzz
X

11
’ x Y
=ff 2+ (2++ [2+—-+=dxdy
y x
00

1
1 x
iBP
=|x 24+ |24+ -+ 2+z+ dzdx
0 0

1
x
f 2+ |24+ /2+z+ dz +
0

N| R,
N =

1

1
f 24+ |24+ 2+x+ dx
0
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1 1
1 1 1 1
== |2+ [2+--+ 2+z+—dz+—f 2+ (244 [24+x+—dx
2 Z 2 X
0 0
7 1 A 1 2 « (4"
n 2n *
=j 2+ |24+ |2+ x+—dx J Vx+ |- ]dx=
X X 4qn — 1
0 0
1 2n
Note: [2+ [2+ -+ 2+x+;= Vx +

2076. Prove that:

folfol\/—loglx—yldxdy=\/E(1—\/i§)

Proposed by Asmat Qatea-Afghanistan
Solution by Kartick Chandra Betal-India

K[ =

1 01 1/ ,y 1
j f«/—loglx—yldxdyzf <f w/—log(y—x)dx+f —log(x—y)dx)dy:
0 Jo 0o \Jo y
1 y 1
:f (f 1/—logxdx+f —log(l—x)dx)dyz
0o \Jo y
1 1
:f (1—x)w/—logxdx+f x—log(1—x)dx =
0 0
1 1
:f (1—x)w/—logxdx+f (1-x)/—logxdx =
0 0
1 0
= Zf (1-x)/—logxdx = Zf (1-e*)Vx(—e ) dx =
0 )

[o.0] [o.0] (o] 2 [o0)
= Zf \/Ee‘xdx—zf Vxe 2 dx = Zf \/Ee‘xdx——f JVxe *dx =
0 0 0 2v2 )y
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1 “ 3 1 3 Vi 1
) e (- e () S
( N X2 e X NG 2 > 22
2077. For |a| < 1 prove that:
j" . 2( asinx )d n( 1)1 a 2) T
cosxarctan“|{—— )dx=—(a——])lo —a‘) ——a
0 1+acosx 2 a) °B 2
Proposed by Asmat Qatea-Afghanistan
Solution by Rana Ranino-Setif-Algerie

asinx (—a)"sin(nx)
arctan (—) =— Z
1+acosx n
n ) asinx
Q= cosxarctan | ——— =
1+acosx

(—a)™

- f cos x sin(nx) sin(kx) dx =

f sm((n + 1)x) sin(kx) dx +

wMz ﬂM’ ”Mj

2

fnsin((n — 1)x) sin(kx) dx
0

sm((n+ 1)x) sin(kx) —[ tf ke = n+1

Odk¢n+1

s1n((n 1)x) sin(kx) —[ tfk=n+1

Oifk+n+1
_71' ® (—a)"(— a)"“ ® (—a)*(—a)*+1 ~ ~
44 nn+1) Z Lo k(k+D 2 Ln(+1)

_a > a?n T a _am log(l a?)

—7;“ ‘TZT‘_< a2 ) 7 el - at) =

o 5 log(1 — a?)

—Ea+5<alog(1—a2)—f)
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Therefore,
j” ¢ 2( asinx ) n( 1)1 a 2) T
r n¢ | — = — —_— — —
, cos x arcta 1+ acosx > a p og a 2a

2078. Find:

Lo ([0 (255) o

Proposed by Bui Hong Suc-Vietnam
Solution by Pham Duc Nam-Vietnam

Let:P = li . <1+( 2x )2> €01) > —2% < 1letk =%
* et. =um )x ) = ,e: =
N-=l 3 3++5 3+V5 3++5

sp=lim| [(1+K") = im@+0(1+K)(1+ k). (1+ k")
n=0

> A — P = Im(1 - A+ (1 +k2)(1+ k). (1+ k")

= im(1— k2)(1+ K2)(1+K4).... (1 +K2")

1 _ k2N+1
= lim(1-k*)(1+ k). (1+ k") == lim (1-k*""") > P = lim

=1—ik(k< 1:>11vi_1£(1—k2”“)=1)

= 0 = fllog(x).%dx—f log(anc)i:(3 _I_Z\/g)kxkdx
’ 17375 -

52 [mmrin -5 (2 )

L\ V5 G 12

\/— k+1 \/_ )
- 5,;,<3+2v§) 'ck+11>2=‘3+z 5“2(3+2¢§)
2 2

1=>L'< 2 ) Li <3_“ ) ™ o log?t 5(S ial value)
* . = Lh|— =] =Ll =——10 eciatvalue
3+v53-+5 \3+v5/ P\ 2 15 10" ?

- 3+V5/(n l ,1+V5
TT T2 \15 "9
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2079. Prove that:

1 [—xb+xt/xt+d— [Px%+ pxt+ @ [ —1
f\[ 4 \/ dx=\/flarctan< ¢ 1>—El
0 xt+¢ V2 + ¢

4
Proposed by Asmat Qatea-Afghanistan

Solution by Bui Hong Suc-Vietnam

Q—fl\[ —x6 + x*[x* + ¢ — \[¢x2+¢\/ﬁ
0

x4+ ¢

0

x4+q)

:farctanﬁﬁtant\/—\/Etant+,/¢tan2t+¢—\[¢ﬁtant+¢,/¢tan2t+¢%(1+tanz t)de
0

Vtant 2+tant
sint |, 1 4= |[sint 1
f‘"“‘“‘_\/ ?tan t\/ cost Tcost V¥ |cost T cost .. _
vtant
1 arctan— tant |— sin ¢ + 1 Sy L t 1
_—f ﬁ cost ' cost cost costdt_
2 ), Vtant
cos % + sin %
t t
1 t t .t cos= — sins
1 arctan— 2tan= COS+5 —SIny 2 2
=3 f v 2 - dt =
0 1 — tan? 5 .|€0s5 +sin5

+

t
1+tan7 Ztan%

j-arctan\/% ’2 tan% 1+ tan% it
0

1
~2

1 t\2
farctanﬁ Ztan2 (1—tan7) it
t t
2 2

(1 + tan ) 2 tan
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arctan— 1+ tanz% uZ:tan%
dt =

zd_f (1 + tan%) tan%

_Lj‘d)\/_ 4u du—_\/fj PV _du =—\/farctant|‘1¢_‘/$=
0 1+ u? 0

(1 + u)?

= —ﬁarctan( /q) — \/5 '
2080. Prove that

° x+1 zsmys sin(2x)
\/_(xz D —————dx = V2, j j sinx _|sin(2y) dydx = V3

Proposed by Srinivasa Raghava-AIRMC-India
Solution 1 by Ravi Prakash-New Delhi-India

_f°°x+1 1 i x“’ne_ae( 7) 2tan0+1sec20de_
Y7 )y vx 1+2a2 . B o +tan@ secz0

_ %Sin9+cosede Sin0—£080=t fl \/idt _ 2\/2[1 dt _
o Vsin@cos@ B _1\/1—t2_ 0 Vi—e

1 n
= 2V2arcsint| =2\/§-E=n\/§

1 1
2 sinys s1n(2x sinx cosx 3 sin3y 3
Iz—ff dx—ff - dydx =
sinx _|sin(2y) sin3 x sinycosy

z _2 1 z 2 1
= f (sinx) 3(cos x)3dx - f (siny)3(cosy) 3dy =
0 0

1 —%+1%+1 1 %+1—%+1
=328 7 2 2P\ T2 -

Lo 22 ) IIII j'j'

sm

129 | RMM-CALCULUS MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution 2 by Pham Duc Nam-Vietnam

® x4+1 x+1 t2+1 t:ﬁ
Y R VN e R
o Vx(x2+1) o X2+1 (V) = t4+1

£ =511 is even functi
= ——— is even function
t*+1
Using the above contour: C = C,vCg, counter — clockwise direction,R > 1 —» o

()_z2+1h . les (order 1): 1+ Q7 = 1—1i
fz-z4_|_1 as two poles (order .zl—ﬁan Zy; = NG

2
f z*1 dz = 2miyRes(f(2),2,2) =

czt+1
—omil 1 1+i\z2+1 y 1-i\z2+1)\
= 2mi :&(z——ﬁ>z4+1+:—r¥_l(z+ \/E)z4+1 =
=2 ( + l) V2
=2wi|—+——%=|=m
2V 2V2
fzz+1d _J‘ x? +1d +f ZZ+1d
1T e X+ 1 o ¢,z +1 “
z2+1
By ML inequality: llm f dz =0

’ x2+1d g x2+1d _fz +1d aVEo =3
R CRJc“—-I—l =R gxt+1 = cZt+1 Z=mve=l=n
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Solution 3 by Yen Tung Chung-Taichung-Taiwan

® x+1 y=\/§f°° y:+1 v d 2f°°y2+1d
—_—ax = _ . = =
o YVxGZ+ 1) o yOrt1) YL Y
zfoo 1 (1+1>d zjw 1 afy-2
o (e Dare [ L al))-
0 2+_ y 0 _1 y
y 2 (y y) +2
2 1 1, 2 /M T
BEIWSE R\ L
NN A7 A NACRE)

2081. Find:
Q= f e “*log®(bx)dx,a,b >0
0
Proposed by Bui Hong Suc-Vietnam

Solution by Fao Ler-Iraq

6

[o0] d [oe]
Q- f e~ log(bx) dx = f e=*(bx)? dy; (y = 0)
0 0

d
o e
=———| e ¥dx=

= ld_6(2>y ry+1) = %i (Z) ((;d—;‘r(y + 1)) (%:k(g)y) =
1< /6 b, b\F 1> 6 b\6k
=22 (W)reo+n(g) (mg) =22 (Jrew(mg)

2082. Find:

f (x + 1)*
x* + 8x3 + 30x% + 64x + 65 + 3e*
Proposed by Daniel Sitaru-Romania

Solution 1 by Ravi Prakash-New Delhi-India
x* +8x3 + 30x% + 64x + 65 =

=(x*+4x3+6x2+4x+1) +4(x3 +3x2+3x+1)+12(x* +2x+ 1) + 24(x + 1)

+24=
=(x+D*+4x+13 +12(x+1)?2 +24(x + 1) + 24
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_j xt+4xd3+6x2+4x+1
) x*+8x3 +30x2 + 64x + 65 + 3e*

dx =

_j (x + D*dx 3
S x+ D 4+ 13+ 12(x + 12+ 24(x + 1) + 24+ 3e*

_f 1 4(x+1)3+12(x+1)? +24(x + 1) + 3€*

(x+1D*+4(x+1)3+12(x+1)2 + 24 + 3e*
=x—log[(x+D*+4(x+1)3+12(x+1)> + 24+ 3e*] + C

dx =

Solution 2 by Pham Duc Nam-Vietnam

xt+4x3+6x*+4x+1
_fx4+8x3+30x2+64x+65+3ex .
x* + 8x3 + 30x% + 64x + 65 + 3e* — (4x3 + 24x? +60x+64+3e")
f x* + 8x3 + 30x2 + 64x + 65 + 3e*
x* +8x3 + 30x% + 64x + 65 + 3e*
=,fx4+8x3+30x2+64x+65+3ex
4x3 + 24x* + 60x + 64 + 3e*
_fx4+8x3+30x2+64x+65+3ex
d(x* + 8x3 + 30x? + 64x + 65 + 3¢e¥)
=fdx_f X* + 8x3 + 3022 + 64x + 65 + 3¢*
=x—log(x* + 8x3 + 30x% + 64x + 65 + 3e*) + C

dx

dx

dx

2083. Prove that:

jlllogz( 1+x2) arccosxdx—g—((3)
L 32

Proposed by Ose Favour-Nigeria
Solution by Le Thu-Vietnam

arcsin h(z) = log (z ++14+ zz)

arcsin h(z) = ?arcsin(iz)

1< 47 (n!)2z2n
Maclaurin series: arcsin? z = EZ 2]
1 = —1) 41 (n)2z2n
arcsin h?(z) = — arcsin?®(iz) = — > z )nz (Z(n)?
n=

On the other hand,
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Q= x?"~1 arccos x dx

jl arcsin h?(x) arccos x d 1 i (-1)™4"T?(n+ 1)
0

X - n’r2n+1) 0

var (E )
(a+ 1)21“(‘”2r 1)

This can be proved easily by integration by parts and using the Beta function:

1
Recall,f x®arccos xdx = ,for R(a) > —1
0

1 e
-fo x*»larccos xdx = W,for neN
By Legendre duplicati la,r( +1) val(2n)
y Legendre duplication formula,T (n + 3 r=Ten)

Vrr(2n)
\/_2271 iIr(n)  nl'(2n)

4n2r(n)  4"2n2r2(n)

1
f x> 1arccos xdx =
0

1w (D)™ T2(n+1) =#l(2n)
Hence, Q) = — — . =
2 - n’r2n+1) 4"2n?T2(n)

I q

82 = ’;n<3>——(1 21-97(3) = 374(3)

2084. Prove that:

L rlarcsin(xy) 3
_ _r T, 2
—f f o dxdy 48+410.g (2)

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Pham Duc Nam-Vietnam

* fflog(sin(t)) dt = filog(cos(t)) dt = —Elog(z)
0 0 2

m Vs T

* ff log®(sin(t)) dt = ff log?(cos(t)) dt = ji log*(sin(2t)) dt
0 0 0

Clztka2k+1 q 2
L ak@k+ D) P @kt D

1
* arcsin(x) = = j x**log?(x) dx
0

T

z _ .
Denote: I = J log?(sin(t)) dt,] = f log(sin(t)) log(cos(t)) dt
0 0
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P f f arcsm(xy)d dy = f f xyZikk((;Z):k;)l
4k(;£k+ 1)f f (xy)* dxdy = Z4k(2$c§i 1)3

=3 Z f 2k 10g?(x) dx

oo T
1 Z ck 2" f 1 log2 (x) 1(z
== log?(x)dx == dx, let: x = sin(t) = —f log?(sin(t)) dt
2 4 2k 9 1—x2 2)y 9

=—I
2

I = fi log?(sin(t)) dt = filogz(sin(Zt)) dt
0 0
_ f % log(2) + log (sin(®)) + log(cos(®)))? dt
0

T

= fi (1092(2) + log?(sin(t)) + log?(cos(t))
0
+2(log(2) log(sin(t)) + log(2) log(cos(t)) + log(sin(t)) log(cos(t)))) dt
= Zlog?(2) + 21 + 410g(2) (~ S log(2) + 2] & 1+2] = 37”1092(2)

*21—2] = Jj log®(sin(t)) dt + ff log?(cos(t)) dt — 2 jjlag(sin(t)) log(cos(t)) dt

™
2

= f log?(tan(t)) dt, let: tan(t) = e* = 21 — 2]
0

f"" u?et p zf"" u?et p Zj"" ue 4
= u= —— du= —— du
e2u +1 0o € 0o et +1

=2 f wuZZ(—l)ke‘(z’Hl)“ du=zZ(—1)" f ) e Gk+Dugy — 42 SOl =4 "—3
o & s 0 2k +1)3~ 32
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3 o
I+2]=7[ng(2) (I=ﬁ+51092(2) 1 1/n® =w
— —_—— _— - Z
) 21 2]_1r3 :{ 3 T 2(2):21 2(24+Zlog (2))

=3 U=-2gtzl9
m w

_2E - 2

= 48+410‘q (2)

Solution 2 by Rana Ranino-Setif-Algerie

1,01 . 1 1 .
arcsin(x t= 1 [~ arcsint
n:f f—( Y) ixdy =xyj —j dt'ZT
0 Jo xy 0o XJo

t

x . 1 1 .
arcsint arcsin x log x
log x dt| — dx =
0 t 0 0

X

flarcsinxlogx IBP [11 ) . ]1+1 1 log?x x=sin@
=— x = —|=log?* x arcsin x — x =
0 2 %8 o 2Jy V1 —x2

T T
_1 71 2(sin @ d9—1l' LA 25-79d0 = 11' —dzB 1 _
—zf(, 0g"(sin 6) —5;3%‘dszfo sin 16 as (53)=

- setm{(vr- (s 3)) rwer-w(or)fa(s) -
527

T 1 2 1 T
- R{(w (3)- ¢(1)> v (3)-w (1)} = T {(-2l0g2)” +3¢(2) - 4(2))
1 -1 = 3
Therefore, Q= j; j; %l;(xy)dxdy = glog2 2+ Z—B
2085. For x > 0, prove:

fn sin(2y) (1 + cos (%)) 8
0

1+xcos(%) dy<ﬁ

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Adrian Popa-Romania

y n y y
y € [0, m] :>EE [O'E] = cosEe [0,1] :>xcos§> 0

7sin(2y) (1 + cos (%
j;) 1+ xcos (%)
y

= fOHZSinycosy(l +cos%) dy = f()ntlsin%cos%(ZcosZE— 1) (1+cos§) dy =

))dy< fonsinZy(1+cos%)dy=
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COSX=t

1 1
= 8[ t(2t2—1)(1+t)dt=8f 23 -1+ tdt =
0 0
—sflzt“+2t3 t—t*)dt=8 (2 1 1 1) 8
B 0( dt=8{g+37273)7 15

2086. Prove that:

) S b ot (27

Proposed by Asmat Qatea-Afghanistan

Solution by Bui Hong Suc-Vietnam

n n
1 Z ecos(x+121kn) cos [sin (x + Zle')] _ iz ecos(x+121k1r) (eisin(x+ik”) N e_iSin(x+121kn))
n n 2n

k=1 k=1
n n o) [0} n
1 x+2km _j(*t2kn 1 1 L(X+2kT x+2km
— Zee(n )_I_zee‘(n) - = Zel( n )]+ e—l( n ) —
2n - ] 2nujl\ & -
= = j=0 k=1 k=1
11 D 2k 2k, jk
L. X LLKTT X [ =kn
= 2—2_—'<euﬁz e nl +eUn e_lT’> =
n .
j=0] k=1 k=1

lkn— —iknX _ li 1 ik —ik\ _ i cos(xk)
2n (kn)' nte n) 224 (kn)! (e +e7) = &~ (nk)!

2087. Let (xn)nzl be sequence of real numbers such that
= V=1 sin% — mlogn. Find:

n

1
= lim x Z
oo " L+ (ke + D22 + 1)2

Proposed by Florica Anastase-Romania
Solution by Hikmat Mammadov-Azerbaijan
=Y sin™ 1 0.7) andx - < sinx <
xn—;Slnk nogn,xe(,z)an X 3_smx_x
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n n
1+Z Z_o Z in—=1+ ) sin—<1+ zl<
X 3k3 _1smk_ 2 S P (4 K s

n
1 1
< 1+n(logn—2),because ZES 1+logn

3\ 3 < 1
1 +1t<logn——> —?((3) < ZsmES 1+n(logn——)

2 2
k=1
3n w3 . 1t T
1————((3 SZ E E;nZZ:(xn)nzl—bounded.
k=1
n n 00
2, =), mlk <Y<
in+ 3 (k+ 1)2(k2 +1)2 & + V(K + 1)2(k2 +1)2 k?

n

. 1 - 1
llm 3 = Z n{k < n} . n
noeoldn + 3 (k+ D2(k2+ 12 & n+ 3/ (k+ D2(k? + 1)?

(x,)n=1 — bouded, therefore:

n

1
Q= limx Z =
oo " L 4 (ke + 122 + 1)2

2088. For m = 0, find:

Q(m) = lim (("*1/(21: n 1)!!)m+1 - (’m)m+1> . Sinm%

Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania
Solution by Hikmat Mammadov-Azerbaijan

Zll = 2%(1+2z—cos nz)n%(cos(nz)—l)l-. (1 + %Z)

1 3
2n+ 1! = 2" 1g72r (n + —) and 2n—1)!! = 2"~ 2I‘< E)

2
xlog x—x— ——logx+0( ) 1 "
I'(x) =+2me 140 and sin™ —=—m n"‘+2
_m+1 m+1 1y [ 2™ 20+ DI+t (n+7) m
Q(m) = lim 2™ g~ 2n [ n (n +E) =
n—>oo

rin i (ned) )
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- 2m+1Tl'm lim ime(m+1)(1+%)log(n+%)—(1+ﬁ)—%log(1+%) (_1
n-oon

+

e(m+1)<(1+2("_1+1)> log(n+%)—(1+2(n—1+1)>—ﬁ log(n+%))
e(m+1)((1+%) log(n+%)—(1+%)—%log(n+%))

_ ymbtgm i im;mm((uﬁ) tog(n+3)-(1+35) 7 1o8(n+3) ) (1 + eme st a(erd) -
n-oon

— 2m+1n.m(m + 1) lim e—(m+1)e(m+1) logn _—
— (m + 1)2m+1n.me—(m+1)

2089. Find a, b € R such that:

arctan(1 + 2i) = a + bi

Proposed by Asmat Qatea-Afghanistan
Solution by Daniel Sitaru-Romania

[ 1-i(1+2i i 3_j
arctan(1 + 2i) = %log( i( l)> i ( i )

1+ia+zy) 29\
i
= E(log(B —i)—log(—1+1i)) =
i
= E(logIS —i|+iarg(3—i)—log|-1+i| —iarg(—1+ i)) =

i 1 3w
= E(logv 10 — logx/i + i(arctan (— §) + 2w — T)) =

i 5w 1 1/5m 1 i
= (log\/g + i(— — arctan—)) = ——(— — arctan—) + Elog\/g =a+ bi

2 4 3 2\ 4 3
1/5m 1 1
a= _E(T_ arctan§>,b = Elog\/g

2090. Find:

-1

1
Q = lim — - Z ijkl |- Z ijk
n-ocoNn

i+j+k+l=n i+j+k=n

Proposed by Daniel Sitaru-Romania
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Solution by Hikmat Mammadov-Azerbaijan

n- 2
S =Y =Y im-D="m-D-cm-1D2n-1)=

i+j=n i=1
n-Dnn+1) n_,
= = — — . >
e e n“-1);n=>2
n—-1m-1 n-1
-1 +1
s = Z ijk = k(m—k)(n—m)=z(m )':(m ) (n—m) =
i+j+k=n m=1 k=1 m=1
6Z(m —m)——Z(m —m? —m(n —1)n?*-4);n>3
n-1 1
S = Y gjkl= Y —om(m® — )(m? — 4)(n—m) = =
i+j+k+l=n m=1
n
= 2040 M?—-1)n?>-4)(n*-9);n=>4
Therefore,
Q=1 1 120 n(nz—l)(n2—4)(n2—9) 1
TaoenZ 5040 nmE-Dm2-4) 42
2091. Find:

_rlzl—>nolo n3 z (D™ i)

1<i<js<n

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

ii( 1)i+fij—z 2+zz Z( i =

i=1j=1 i=1 i=1 j=i+1

S~

ZZ( 1)+ ——n(n +1)2n+1) =

i=1j=1

N|H
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2

- (Z(—ﬂ%)z = (i i+ zg: 2l> = (——n(n +1)+2 [2] ([2] n 1)>2 _

2
j{ <—1n(n +1) + 1n(n + 1)) — even

| =
\

1 1 2
<——n(n+ 1)+2(n 1)(n+1)> n — odd

1 2
—n-,n—even

1
Z(n +1)2,n—odd

Z (D -i-j) = —%n(n +1)(2n+1) +%(n + [1{n — odd})?

1<i<jsn
1

Q=-_
6

Q = lim (@ ot (%Z( % >>>

Proposed by Daniel Sitaru-Romania
Solution by Hikmat Mammadov-Azerbaijan

2092. Find:

v 1, T@r®d (a-1!b-1)! 1
B(a,b) =f0t 1(1—)b-1dt = Fa+h) - @+b-D! ~(a+b-D(""2
a,beZ,
m m 1
— tk+3(1 _ t)m+n—k—3 dt =
2.0
1 m k
= (m+n+ 1)f B —gmes (1) (%) dt =
0 k=0

1 t m
=(m+n+1)f t3(1—t)m+"—3(1+ﬁ) dt =
. _
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1
= (m+n+1)f0 31 -0 3dt = (m+n+l)m
| L 1

1111—130 m _(n+ 1)(“) n—glom 0

2093. Find:

-1 n

Q=1im(V2-1)((n+1D!) (n+1——) Zkz(k+1)'

n—oo

Proposed by Daniel Sitaru-Romania
Solution 1 by Ravi Prakash-New Delhi-India

Kk+1)!=[(k+3)(k+2)-5k+2)+4](k+ 1! =
=(k+3)-5k+2)!+4k+1)=(k+3)—(k+2)!—4[(k+2)—(k+1)!]

Zkz(k+1)!=(n+3)!—3!—4[(n+2)!—2!]=(n+2)!(n—1)+2

-1 2 -1 1 n
| _ — . =
Also, ((n +1)!) (n+1 n) n+1D! n2+n-2

_ 1 n _ n
T m+1D)! m-1D0n+2) m+2)n-1)

-1 n

Thus, (n+1)!) " (n +1- %) Z K2k +1) = [(m+2)!(n—1)+2]n

n+2)(n-1)

1
2n —
Q= lim— lim [1+
n—-00 1 n—-oo
n

2 =1
n+2)!(n- 1)] = log2

Solution 2 by Hikmat Mammadov-Azerbaijan
Kk+1)!= ) K+k+1D(k+1)!— ) (k+1)(k+1)!
De+2 - D(Ue+ D) = ) [(e+2)! = (k+ D] = (n+2)1 -2 =
k=1 k=1

=2—(n+2)!+z(k2+k+ Dk +1)! =
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- 2—(n+2)'+z (k+ (k+2)) = (k=1 (k+1)] =

—2—(n+2)'+n(n+2)'

1
2n—1 1
Q = lim [Mn+2)!—(n+2)+2]=
n—»m(n+1)' +1_Z
n

1

1 1 2n —

= lim (25 — 1) —(mn-1)(n+2) =lim———— =log2

n—oo n n—oo l
n

Solution 3 by Adrian Popa-Romania

kzzlkz(k+1)=kzlk(k-|;1)!k=2k(k+1)-k-k!=Zk(k+1)[(k+1)!—k!]=
n =;k(k+1)(k+1)' Zk(k+1)k'
=nZk(k+2)' Zk(k+1)' Z(k+1)(k+1)'+2(k+1)'—
kZl(k+2)(k+2)' zZ(k+2)' Z(k+1)(k+1)'+2(k+1)'
—((n+2)!—2)+2(k+1)!=

Z (k+2)! — (k+ 1)1 — 2 Z((k+2)'—(k+1))
k=1

=n+3) - 3(n + 2)!

1
(25—1>" (n—1)! (% +5n+ 6 — 3n—6)
Q_rlzl—r»?o(n 1)'(n2+n 2) 1 -
_ 2n—1 n? +2n
=1111_1)£10 1 -n2+n_2=ln2
n
2094. Find:

1 -1, -1
lim f x d j B d
Q=Tm s\ |3y 29 2x+3°%

0 0

Proposed by Daniel Sitaru-Romania
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Solution by proposer

k+1 1 1 xk
0<x<1 k1 < xk 3x +2 >0 f J d
r=217X X%, 3%+ METTY 3x+2_> 3x 3x+2°"
0
1 1
xk+1 xk
0<x<1 k+1 < xk 2x4+3 >0 j J d
sSx=s17X sxhax+ _>2x+3 2x+3_) 2x 2x+ 3 x
0 0
1 1
j x d I, <I 31,4 + 21 j—gxk+1+2xkd J"d 1
= —) = = =
0 0 0

xk 2xk*1 4+ 3x . 1
]kzj—dx_)]k+lslk; 2]k+1+3]k=dex=Jx dx =177

2x+3
0 0 0
Ijyq < Iy, 3lyiq + 21 = Kl
I ! 2 ! 2l <1 ! 51 -1
= — - — — _ _
M1T3 1) 3K 3(k+1) 3 K=TKT 3(k+1)_3 "_5(k+1)
I ! 3 [y <—2 3 51 <1
= — - _ = - — _
k™ 2k+1) 2701 7RI =2k+1) 27K T 2712k 4 1)
1 1 1 1 1

1

< — <—s—<I, < — _ <], < —

I"“—5(k+1)_’1"—5k_’5(k+1)—I"—Sk' 5(k+1)_]"_5k
25k? < It < 25(k + 1)?

5. n(n + 1)6(2n +1) < Z 1Y < 25 ((n +1)(n +62)(Zn+ 3) 1)

5ln(n+ D(2n+1) <13le1];1 < 25_<(n+1)(n+2)(2n+3)_i>

6n3 6n3 n3

25 lim — Zlkllk <3

3 = noond

ﬂ_25
3
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2095. Prove that:

ZO: ( (11 n)_¢(212;n)>:

:9("’2 L é+2log(2— P +2)

¢ —golden ratio.

Proposed by Asmat Qatea-Afghanistan
Solution by lzumi Amsworth -Tokyo-Japan

S=0(p) = Zcos( )( (M) II}(Zp-l-zzlj—n)>=
=Zcos(n;1n)<l[)(%+%)—lp(%)>;(i)

=S cos(" ta)u ()= D cos(" ) w (1) -

n=1 n=p+1
:Zcos(";1n)¢(%)_icos("+g—1,,)1,,(%):




R M M
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S () (02 )9 ) -

=n(p — 1) sin (g) — 2pcos (g) log (2 sin (%))

Forp=10= Q(10) =S = S = 91sin 18° — 20 cos 18°log(2 sin9°) =

-on(t5) (52

1
5 > log(4 sin? 9°)2 =

zgn(u)_zo(m 1

> > >Elog(2—2c0318)=

_ - 1)n—5,/¢+ Zlog(2 — /o + 2)
P+ 1) —yPlx) =—; 1/)(2) — Digamma function.
Z sm(nx) T—X z cosr(lnx) _ _log |2 sin%l

= n=1

cos(A— B) = sinAsinB + cos Acos B

-1 O+ 2
sin18°=¢— ° = ¢

; 18° =
cos 2

,¢ — Golden ratio.
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2096. Prove that:

1 arccos x arccosx 4L12(\/—a) Liy(— a) .
0 V1 + ax? 4V—-a a

where Li;(z) is the dilogarithm function.

Proposed by Le Thu-Vietnam
Solution 1 by Bui Hong Suc-Vietnam

1 arccos x 1 -3
= dx = | arccosx(1—(—ax?)) “dx =
0o V1 + ax? 0 ( )
= f arccos x Z (—ax®)"dx =
0 n=0 I‘(n + 1)
2T (% + n) 1
= Z i (—a)"f x?"arccos xdx =
ST (3) T+ 1) 0
i (g +n) (~a) 1 (x2n1)
= —a)"- f arccos x d(x“" =
1
ST (3)Tm+ 1) Zn+1)J,
o0 1
s+n 1 1 -1
= (2 ) (—a)® [x2"*1arccos x]} — [ x27+1. dx | =
1 2n+1 0 2
nzoF(i)I‘(n+1) 0 1—x
> ) . [(eamiia - @i aee)
= —a) ——— | (x “1(1 — x%)2 x%) =
1

< r(z+n) 1 'F(%)I‘(n+1):
2 ()

2(2n+1) F(%+n+1)

o (\/_—a)2n+1 ~
(-a) Z 2n+1)2

—o2n+1) n+z)

= 2\/———a (Liz(\/—_a) — Liz(— a)
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We use dilogarithm identity:

Li, (22 Li, (22
lZ;Z )@ Liy(—2) = lZ;Z )

19 1h(=a)

Li,(z) + Li,(—z) =

— Li,(2)

Liz(— a=

Liy(—a)

Q= —(le(\/—_a) Li,(—a) = \/_<le(\/_) ( —Liz(\/—_a)>>=

_ 4%/—71 (4Li2 (V=a) - Liz(—a))

Solution 2 by Amin Hajiyev-Azerbaijan

1 arccos x J' arccos x

o\/l+ax2 ’ -

1 o (n+k)
— Z a® xn
(1 — ax)k+1 k!'n!

n=0

o n(., 1
= flarccosxz o gn 2) ! dx =
’ i (-g)m

d (—a)nl'(n+;) 1BP o (DT 1) i
At e [jemarceosxa ™ <2n+1m<n+1> e

(- a)”l‘ n+ 1) 1
2 — (2n+ DVarn+1) J,

© (—a)"T n+1) r(n+1)r(1)
22(2n+1)\/_l‘(n+1) r(n+3) -

31
t" 1711 - )z dt =

o o 1 o
o Cor(ng)! 1 car
= '(2n+1) 2n=0(n+%)(2n+1)

N |
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IR Sl O M U X ¢ o)
s (2n + 12 L (2n+1)2 MZ) (2n+1)?2

[0e]

2n+1 2; s; 1
< Z Zn+1)5 (Zs 2) = Xs(x) = E(Lis(x) - Lis(—x))>

1 Li,(x?
= 5 7= (12(V=0) ~ Lin(-V=8)) = Lip(0) + Lin(—) = ‘ng )
Nl_ (le (V=a) - (LlZ( @ _ Liz(\/—_a)>> -
_ 4Li2(\/—_a) — Liy(~a)
B 4v/—a
Therefore,
.[1 arccosx 4Li,(vV=a) — Liy(— a) 4> 1
0 V1 + ax? o 4/-a -

2097. Prove that

oo (LEVR) (1 Vx\"ax
jog( I><1+I> VX

m 1 k m 1 Kk
(m+ 1) +1) —nn) + (m + 1) z (kn+)1 - ( k“)
k=1

4(—1)%"+mn]

k=1
where n(n) is Drichlet eta function, nm € N

Proposed by Syed Shahabudeen-Kerala-India
Solution 1 by Rana Ranino-Setif-Algerie

1 142\ (1= v\ dx ron 1 x
szlo" ——2 1"flo ) dx=
0 g(l—ﬁ><1+\/§> Vx -1 g 1+x 1+x
1-
’Hm n n
= 4(-1) (1+ )Zlog x dx
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Using: (1+ D7 Z(— Ve fexk—1
(—Dkk

Q= —4(—1)"2(—1)’%[ x™klog" x dx = —4(n!)z m+ k+ D =
k=0 0

C (D S0l
=4-(n!)(m+1)kzzo(m+k+1)n+1 4( )Z( +k+1)n=

- (—Dk <4V
= 4@) <k=0 Gt MtV Z m+ k)"+1>

S omeke 0 N CDE O (CDF W0 CDF
Z m+k)n D Z e -V oV -

k=m+1 =i L Kk
mo 1)k
=-Cn" (n(n) LEY )
k=1 k"
1)k mo e gy
Z (m(+ k))m+1 —(=1)m (n(n +1) + (k"—+)1 _ ( kn) )
. k=1 k=1
Therefore,

o= [or (10) (1) 42
o8 1+vx) vx

-1k K (—1)k
= 4(-1)?"mn) <(m + D@+ 1) =9 + @m+1) ) (kn—1+)1_ > Cy
k=1

kn
k=1

Solution 2 by Togrul Ehmedov-Azerbaijan
1-vx
1+vx

Let

(1+ )2 ()dy 4= 1)nj(1+ 1)210g“(y)dy

=4(-1)" f ym+1 IOg“(y)Z(—l)"“ky"‘1 dy = 4(—1)“2(—1)““1( f y™*klog"(y) dy
0 k=0 k=0 0

k
(m+k+ 1)1

n!
(m + k + 1)n+1

i (—1)k+1 > (—1)k+1 _
=4(-1)* 'IZ( +k+ 1" (m+1)kz:0(m+k+1)n+1]_

=4(-1)" i(—l)k“k{(—l)“ } = 4(—-1)?"n! i(—ﬂk“
k=0
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] (-1* S
S '[Z( +Rn 1)2( +Rnt
1 k+1 1 k+1 b 1 k+1 1 k+1
= 4(—1)2+mp |“ - )n ( ) —(m+1)|- (kn)+1 (kn)+1 ”
k=1 =1
—1)k+1 1)k+1
= 4(—1)?"+mp “ —n(n) + y ' ¢ k)“ —(m+1) —n(n+1)+z(kn)+1 ]
k=1
_ 1 \k+1 1)k+1
=4(-D**™n!{(m+ Dn(n+1) - n(n)+z ) 1)Z(kn)+1 ]
_1)k —1)k
=410l |(m + Dn(n + 1) —n() + (m + 1) (kn1+)1 - (kln)
k=1 k=1
2098. Find:
1 rlgin~1(xy) cos 1(x
_ j j (xy) (xy) dxdy
Xy

Proposed by Togrul Ehmedov-Azerbaijan
Solution by Rana Ranino-Setif-Algerie

1 rlsin~1(xy) cos1(x =t (11 (*sin"ltcos™ 1t
=ff (yiy O ey 2 f —f dtdx 'Y

. =1 .
*sinltcos™1t | ogxsin~xcos 1x
= |logx dt — dx =
0 x=0 0

t X

T
1 .
X x=sinx

z T
dx = "-— f X (— — x) cotxlog(sinx) dx 1gr
0 2

j‘l log xsin~! x cos™
0 x

1 ¢« g g T
. I 2 i —— 2 i =
[2x<2 x) log (smx)]o +f0 (4 x) log“(sinx) dx

T (2 2
= Zf log?(sin x) dx — f xlog?(sinx) dx
0 0

z -

i 2 =% 20, _3 2o , 12
4fo log*(sin x) dx log 2+96 4('(2)log 2+ ((4)
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T

(2 1 1
—j xlog?(sin x) dx=Li4< )+ ((2)log22+—10g42——((4)
4], 2 24

Therefore,

_1 (2)log? 2 — Li (1) 11 42+49 4
—4( og ls\5) ~ 34108 326()

1 1 oin—1 -1
_ j j sin~1(xy) cos 1(xy) dod
Xy

2099. For a,b € (—1,1) prove that:

T
j cos xlog(1 + 2acos x + a?)log(1 + 2bcos x + b?) dx =
0

M ((ab — 1) log(1 — ab) — ab)

Proposed by Asmat Qatea-Afghanistan
Solution 1 by Rana Ranino-Setif-Algerie

T
Q= f cosxlog(1 + 2acosx + a?*)log(1+2bcosx + b*)dx,a,b € (—1,1)
0

log(1+ 2rcosx +r?) =

- (—=r)" cos(nx)
2) ——

had _ n _h\k rm
Q=4;( :) kZl( :) j;cosxcos(nx)cos(kx)dxz

had _ n & _nh\k rm
:zz( :) Z( :) focos((n+1)x)cos(kx)dx+

n k
+Zz( @) Z( :) f cos((n 1)x)cos(kx)dx
] 0

cos((n+ Dx) cos(kx) = { ifk=n+1 ; cos((n — 1)x) cos(kx) = { ffk=n+1
Oifk+n+1 Oifk+n+1
z (_a)n ( b)n+1 . © (—b)k ' (_a)k+1 B
n+1 ”k + k k+1
N (ab)n c (ab)" (ab)"
:_nbn=1n(n+ 1)_1m n(n+ 1) ~m(a +b)z nn+1)
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> ((ab)®  (ab)™ b +log(1 — ab
=—n(a+b);<(an) —fla_l_)l)=1t(a+b)<log(1—ab)—a * 032 a )>

Therefore,
T
j cos xlog(1 + 2acos x + a*)log(1 + 2bcos x + b?) dx =
0

M ((ab 1)log(1 — ab) — ab)

Solution 2 by Bui Hong Suc-Vietnam

T
Q= f cos xlog(1 + 2acos x + a?)log(1 + 2bcos x + b?) dx
0

We have:
—a)k cos kx
log(1 + 2acosx + a?) = -2 Z %

- —b)" cosnx
log(1 + 2bcos x + b?) = -2 Z %

(=b)"™ cos nx
n

a "coskx
log(1+2acosx+a2)-log(1+2bcosx+b2)—42( ) z

n=1
i i B (- a)
cos nx cos kx
k=1n=1

Q= f cosxlog(1 + 2acos x + a*)log(1 + 2bcosx + b?) dx =
0

bt (- a)k
zz fcosxcosnxcoskxdx—

0
ii b)n = ;:)k - J ,where
=1n=1

f cos xcosnxcos kxdx =

T
= Zf {cosn+1+k)x+cos(n+1—k)x+cos(n—1—k)x}dx =
0
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1
= 1(11 +J2+J3+]a)

™ i Oifn+k—1
jl—jo cos(n+k+1)xdx—0,]2—f0 Cos(n_k+1)xdx_{nifn=k—1

J =304
0=a3 SRS S -
k=1n=1
o o V.
=;Z —b) (Z) +Z;(:) ok

n+1

(ab)™ (ab)™ (ab)* (ab)*
[ Z n+2> b;( k _k+1>=

= —m(a + b) Z <(a7li)" - :{?:) = —m(a+ b)
n=1

n n+1 > k+1 k
=n[ (b) () Z b) (a)

Z ab)" 1 = (ab)™t1

n+1

=mn(a+ b) [log(l —ab) — %(ab +log(1 — ab))] =

n(a+ b)
- ab
(a + b)
ab

[(ab — 1)log(1 — ab) — ab]

[(ab — 1)log(1 — ab) — ab]

Hence, Q =

2100. Prove the integral:

T 1
L
Proposed by Srinivasa Raghava-AIRMC-India
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Solution 1 by Tapas Das-India

T 1 1+cose ,f1+COS cos
H — 3 daxap - j j
0 /-1 1+xcos§ cos— /1+xcos

/1+cos ’ 0
j 1+ xcos—
0 cos 3

w2 f1+cos \[ 0 \[ 0
j 1+cos—— 1—cos=|do =
cos 3

9 T
[1+cos——sm ]dB—Zf
3 0

dxdo =

1

do

( 9 1 ¢ e)de—
Se03 an3 =

=zf0

(7] 1
=2 |310g|sec§+ tan§| +0 — 310g|sec§|| =2 [n’ + 3log <§(2 + \/§)>l

COS

Solution 2 by Le Thu-Vietnam

0
Since cos > 0; VO € [0, ]

1+cos
dde f /1+cos f d0=
1+xcos 1+xcos
0 _
n 0 fxcos§+1 ’1+cos 0
=f 1+cos§ dB—Zf 1+cos—— 1—cos§ do
0

0

cos§ 0 cos—
m 1- sin§| T ﬂl—smg
=2f 1+—0d0=2fd0+2f —ede—
0 cos§ 0 0 cos§

0 O\T" V3
= [20 + 6 arctanh (sm §> + log (sm§>] = 2m + 2|3 arctanh >~ 3log 2
0
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14z z) = arctanh <§> = log(Z + \/5)

1
Using: arctanh(z) = —log ( 1=

Hence,Q = 2 ln + 3log (% (2 + ﬁ))l

Solution 3 by Sakthi Vel-India

(]

m 1 1+cose 1+xcos 1+cos3 1
S g S 1,

0 J-1 1+xcos§ cos—

fn Il+cos 1+c050 m 0 0 7]
0=f 2 [1+ cos— 1+cos=—— |[1—cos=]dO =
e

COS— 1 cosz 0 3 3 3

0

11'1+COSQ— 1_C052Q
f 3 3
=2
0 cos§

T 0 0
d0=2f [sec—+1—tan—]d0=
0 3 3

(7] (7] (7] 1
==2 |310g|sec§+tan§| +6— 310g|sec§|| =2|m+ 3log E(Z +\/§)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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