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2001. Find: 

𝜴 = ∫ ∫ 𝒍𝒏(𝒙𝟐 + 𝒚𝟐 +𝝓𝒙𝒚)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 

Proposed by Asmat Qatea-Afghanistan 
Solution by Pham Duc Nam-Vietnam 

𝜴 = ∫ ∫ 𝒍𝒏(𝒙𝟐 + 𝒚𝟐 + 𝝓𝒙𝒚)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚  

= 𝟐∫ ∫ 𝒙 𝒍𝒏(𝒙𝟐 + 𝒙𝟐𝒚𝟐 + 𝝓𝒙𝟐𝒚)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = 𝟐∫ ∫ 𝒙 𝒍𝒏 (𝒙𝟐(𝟏 + 𝒚𝟐 + 𝝓𝒚))
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚

= 𝟐∫ ∫ 𝒙 𝒍𝒏𝒙𝟐
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 + 𝟐∫ ∫ 𝒙𝒍𝒏
𝟏

𝟎

𝟏

𝟎

(𝟏 + 𝒚𝟐 + 𝝓𝒚)𝒅𝒙𝒅𝒚 

∗ 𝟐∫ ∫ 𝒙 𝒍𝒏𝒙𝟐
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = 𝟒∫ 𝒙 𝒍𝒏 𝒙𝒅𝒙∫ 𝒅𝒚
𝟏

𝟎

𝟏

𝟎

= −𝟏 

∗ 𝟐∫ ∫ 𝒙𝒍𝒏
𝟏

𝟎

𝟏

𝟎

(𝟏 + 𝒚𝟐 +𝝓𝒚)𝒅𝒙𝒅𝒚 = 𝟐∫ 𝒙𝒅𝒙∫ 𝒍𝒏
𝟏

𝟎

𝟏

𝟎

(𝟏 + 𝒚𝟐 + 𝝓𝒚)𝒅𝒚

= ∫ 𝒍𝒏
𝟏

𝟎

(𝟏 + 𝒚𝟐 + 𝝓𝒚)𝒅𝒚 

𝑳𝒆𝒕: {
𝑢 = 𝒍𝒏(𝟏 + 𝒚𝟐 +𝝓𝒚)

𝑑𝑣 = 𝑑𝑦
⇒ {

𝑑𝑢 =
𝟐𝒚 +𝝓

𝒚𝟐 + 𝝓𝒚+ 𝟏
𝑣 = 𝑦

⇒ ∫ 𝒍𝒏(𝟏 + 𝒚𝟐 +𝝓𝒚)𝒅𝒚
𝟏

𝟎

= 𝒚 𝒍𝒏(𝟏 + 𝒚𝟐 +𝝓𝒚)|
𝟎

𝟏
−∫

𝟐𝒚𝟐 +𝝓𝒚

𝒚𝟐 +𝝓𝒚 + 𝟏

𝟏

𝟎

𝒅𝒚 

= 𝒍𝒏(𝟐 +𝝓) + ∫ (
𝝓𝒚+ 𝟐

𝒚𝟐 + 𝝓𝒚+ 𝟏
− 𝟐)

𝟏

𝟎

𝒅𝒚

= 𝒍𝒏(𝟐 + 𝝓) − 𝟐 +∫ (
𝝓(𝟐𝒚 + 𝝓)

𝟐(𝒚𝟐 +𝝓𝒚 + 𝟏)
−

𝝓𝟐 − 𝟒

𝟐(𝒚𝟐 + 𝝓𝒚+ 𝟏)
)

𝟏

𝟎

𝒅𝒚 

= 𝒍𝒏(𝟐 +𝝓) − 𝟐 +
𝝓

𝟐
𝒍𝒏(𝒚𝟐 + 𝝓𝒚+ 𝟏)|

𝟎

𝟏

+ √𝟒 −𝝓𝟐 𝒂𝒓𝒄𝒕𝒂𝒏(
𝝓 + 𝟐𝒚

√𝟒 −𝝓𝟐
)|

𝟎

𝟏

= 𝒍𝒏(𝟐 + 𝝓) − 𝟐 +
𝝓

𝟐
𝒍𝒏(𝟐 + 𝝓)

+ √𝟒 −𝝓𝟐 (𝒂𝒓𝒄𝒕𝒂𝒏
𝝓 + 𝟐

√𝟒 − 𝝓𝟐
− 𝒂𝒓𝒄𝒕𝒂𝒏

𝝓

√𝟒 −𝝓𝟐
) 
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= (𝟏 +
𝝓

𝟐
) 𝒍𝒏(𝟐 + 𝝓) − 𝟐 + √𝟒− 𝝓𝟐 𝒂𝒓𝒄𝒕𝒂𝒏

𝝓+ 𝟐

√𝟒− 𝝓𝟐
−

𝝓

√𝟒 −𝝓𝟐

𝟏 + (
𝝓 + 𝟐

√𝟒− 𝝓𝟐
)(

𝝓

√𝟒 −𝝓𝟐
)

= (𝟏 +
𝝓

𝟐
) 𝒍𝒏(𝟐 + 𝝓) − 𝟐 +√𝟑 −𝝓𝒂𝒓𝒄𝒕𝒂𝒏√

𝟓 − 𝟐√𝟓

𝟓

= (
𝟐 + 𝝓

𝟐
) 𝒍𝒏(𝟐 + 𝝓) − 𝟐 +√𝟑 −𝝓.

𝝅

𝟏𝟎
 

⇒ 𝜴 = (
𝟐 + 𝝓

𝟐
) 𝒍𝒏(𝟐 + 𝝓) − 𝟐 +√𝟑 − 𝝓

𝝅

𝟏𝟎
− 𝟏 = (

𝟐 +𝝓

𝟐
) 𝒍𝒏(𝟐 +𝝓) + √𝟑− 𝝓.

𝝅

𝟏𝟎
− 𝟑  

∗ 𝒂𝒓𝒄𝒕𝒂𝒏𝒙 − 𝒂𝒓𝒄𝒕𝒂𝒏𝒚 = 𝒂𝒓𝒄𝒕𝒂𝒏
𝒙 − 𝒚

𝟏 + 𝒙𝒚
 

∗ 𝑳𝒆𝒕: 𝝋 =
𝝅

𝟏𝟎
⇒ 𝟓𝝋 =

𝝅

𝟐
⇒ 𝟑𝝋 =

𝝅

𝟐
− 𝟐𝝋 ⇒ 𝒄𝒐𝒔 𝟑𝝋 = 𝒔𝒊𝒏𝟐𝝋 ⇔ 𝟒𝒄𝒐𝒔𝟑𝝋− 𝟑𝒄𝒐𝒔𝝋

= 𝟐𝒔𝒊𝒏𝝋 𝒄𝒐𝒔𝝋 ⇔ −𝟒𝒔𝒊𝒏𝟐𝝋+ 𝟐𝒔𝒊𝒏𝝋+ 𝟏 = 𝟎 

⇔

[
 
 
 
 
 
 
 
 
 
 
 𝒔𝒊𝒏𝝋 =

−𝟏 − √𝟓

𝟒
(< 0, 𝑟𝑒𝑗𝑒𝑐𝑡)

𝒔𝒊𝒏𝝋 = 𝒔𝒊𝒏
𝝅

𝟏𝟎
=
−𝟏 + √𝟓

𝟒
⇒ 𝒄𝒐𝒔

𝝅

𝟏𝟎
=
√𝟏𝟎 + 𝟐√𝟓

𝟒
⇒

𝒕𝒂𝒏
𝝅

𝟏𝟎
=

−𝟏 + √𝟓

√𝟏𝟎 + 𝟐√𝟓
= √

(√𝟓 − 𝟏)
𝟐

𝟏𝟎 + 𝟐√𝟓
= √

𝟑 − √𝟓

𝟓 + √𝟓
=

√
(𝟑 − √𝟓)(√𝟓 − 𝟏)

√𝟓(√𝟓 + 𝟏)(√𝟓− 𝟏)
= √

𝟒(√𝟓− 𝟐)

𝟒√𝟓
= √

𝟓 − 𝟐√𝟓

𝟓
⇒ 𝒂𝒓𝒄𝒕𝒂𝒏√

𝟓− 𝟐√𝟓

𝟓
=
𝝅

𝟏𝟎

 

2002. Prove that: 

𝜴 = ∫ ∫
𝒂𝒓𝒄𝒕𝒂𝒏( 𝒙𝒚)

𝟏 + 𝒙𝟐𝒚𝟐
𝒅𝒙𝒅𝒚 =

𝝅

𝟒
𝑮 −

𝟕

𝟏𝟔
𝜻(𝟑) 

𝟏

𝟎

𝟏

𝟎

 

Proposed by Togrul Ehmedov-Azerbaijan 
Solution by Pham Duc Nam-Vietnam 
 

𝜴 = ∫ ∫
𝒂𝒓𝒄𝒕𝒂𝒏( 𝒙𝒚)

𝟏 + 𝒙𝟐𝒚𝟐
𝒅𝒙𝒅𝒚 =

𝝅

𝟒
𝑮 −

𝟕

𝟏𝟔
𝜻(𝟑) 

𝟏

𝟎

𝟏

𝟎

= 

= ∫ (
𝒂𝒓𝒄𝒕𝒂𝒏𝟐( 𝒙𝒚)

𝟐𝒙
|
𝟎

𝟏

)
𝟏

𝟎

𝒅𝒙 =
𝟏

𝟐
∫
𝒂𝒓𝒄𝒕𝒂𝒏𝟐 𝒙

𝒙

𝟏

𝟎

𝒅𝒙, 𝒍𝒆𝒕: 𝒙 = 𝒕𝒂𝒏 𝒕 ⇒ 𝒅𝒙 =
𝒅𝒕

𝒄𝒐𝒔𝟐 𝒕
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⇒ ∫
𝒂𝒓𝒄𝒕𝒂𝒏𝟐 𝒙

𝒙
𝒅𝒙

𝟏

𝟎

= ∫
𝒕𝟐

𝒄𝒐𝒔𝟐 𝒕 𝒕𝒂𝒏 𝒕

𝝅
𝟒

𝟎

𝒅𝒕 = 𝟐∫
𝒕𝟐

𝒔𝒊𝒏( 𝟐𝒕)

𝝅
𝟒

𝟎

𝒅𝒕 

{
𝑢 = 𝒕𝟐

𝑑𝑣 =
𝒅𝒕

𝒔𝒊𝒏𝟐 𝒕

⇒ {
𝑑𝑢 = 2𝒕𝒅𝒕

𝑣 =
𝟏

𝟐
(𝒍𝒏𝒔𝒊𝒏 𝒕 − 𝒍𝒏𝒄𝒐𝒔 𝒕)

⇒ 𝟐∫
𝒕𝟐

𝒔𝒊𝒏( 𝟐𝒕)

𝝅
𝟒

𝟎

𝒅𝒕

= 𝒕𝟐(𝒍𝒏𝒔𝒊𝒏 𝒕 − 𝒍𝒏𝒄𝒐𝒔 𝒕)|
𝟎

𝝅
𝟒

⏟                
=𝟎

− 𝟐∫ 𝒕

𝝅
𝟒

𝟎

(𝒍𝒏𝒔𝒊𝒏 𝒕 − 𝒍𝒏𝒄𝒐𝒔 𝒕)𝒅𝒕 

= −𝟐∫ 𝒕

𝝅
𝟒

𝟎

(− 𝒍𝒏𝟐 −∑
𝒄𝒐𝒔 𝟐𝒌𝒕

𝒌

+∞

𝒌=𝟏

+ 𝒍𝒏𝟐 +∑(−𝟏)𝒌
𝒄𝒐𝒔𝟐𝒌𝒕

𝒌

+∞

𝒌=𝟏

)𝒅𝒕

= 𝟐∑∫
𝒕 𝒄𝒐𝒔𝟐𝒌𝒕

𝒌

𝝅
𝟒

𝟎

+∞

𝒌=𝟏

𝒅𝒕 − 𝟐∑∫ (−𝟏)𝒌
𝒕 𝒄𝒐𝒔 𝟐𝒌𝒕

𝒌

𝝅
𝟒

𝟎

+∞

𝒌=𝟏

𝒅𝒕 

∗ 𝟐∑∫
𝒕𝒄𝒐𝒔 𝟐𝒌𝒕

𝒌

𝝅
𝟒

𝟎

+∞

𝒌=𝟏

𝒅𝒕 𝑰𝑩𝑷 ∑
𝝅𝒌𝒔𝒊𝒏

𝝅𝒌
𝟐 + 𝟐𝒄𝒐𝒔

𝝅𝒌
𝟐 − 𝟐

𝟒𝒌𝟑

+∞

𝒌=𝟏

=
𝝅

𝟒
∑
𝒔𝒊𝒏

𝝅𝒌
𝟐

𝒌𝟐
+
𝟏

𝟐
∑
𝒄𝒐𝒔

𝝅𝒌
𝟐

𝒌𝟑

+∞

𝒌=𝟏

+∞

𝒌=𝟏

−
𝟏

𝟐
∑

𝟏

𝒌𝟑

+∞

𝒌=𝟏

 

=
𝝅

𝟒
∑

(−𝟏)𝒋

(𝟐𝒋 + 𝟏)𝟐
+
𝟏

𝟏𝟔
∑
(−𝟏)𝒋

𝒋𝟑
−

+∞

𝒌=𝟏

+∞

𝒋=𝟎

𝟏

𝟐
∑

𝟏

𝒌𝟑

+∞

𝒌=𝟏

=
𝝅

𝟒
𝑮 +

𝟏

𝟏𝟔
(−
𝟑

𝟒
𝜻(𝟑)) −

𝟏

𝟐
𝜻(𝟑)

=
𝝅

𝟒
𝑮 −

𝟑𝟓

𝟔𝟒
𝜻(𝟑) 

∗ 𝟐∑∫ (−𝟏)𝒌
𝒕 𝒄𝒐𝒔𝟐𝒌𝒕

𝒌

𝝅
𝟒

𝟎

+∞

𝒌=𝟏

𝒅𝒕 𝑰𝑩𝑷 ∑
(−𝟏)𝒌

𝟒𝒌𝟑
(𝝅𝒌 𝒔𝒊𝒏

𝝅𝒌

𝟐
+ 𝟐𝒄𝒐𝒔

𝝅𝒌

𝟐
− 𝟐)

+∞

𝒌=𝟏

=
𝝅

𝟒
∑
(−𝟏)𝒌 𝒔𝒊𝒏

𝝅𝒌
𝟐

𝒌𝟐
+

+∞

𝒌=𝟏

∑
(−𝟏)𝒌 𝒄𝒐𝒔

𝝅𝒌
𝟐

𝟐𝒌𝟑
−

+∞

𝒌=𝟏

∑
(−𝟏)𝒌

𝟐𝒌𝟑

+∞

𝒌=𝟏

 

=
𝝅

𝟒
∑

(−𝟏)𝒋+𝟏

(𝟐𝒋 + 𝟏)𝟐

+∞

𝒋=𝟎

+
𝟏

𝟏𝟔
∑
(−𝟏)𝒋

𝒋𝟑

+∞

𝒋=𝟏

−∑
(−𝟏)𝒌

𝟐𝒌𝟑

+∞

𝒌=𝟏

= −
𝝅

𝟒
∑

(−𝟏)𝒋

(𝟐𝒋 + 𝟏)𝟐

+∞

𝒋=𝟎

+
𝟏

𝟏𝟔
∑
(−𝟏)𝒋

𝒋𝟑

+∞

𝒋=𝟏

−∑
(−𝟏)𝒌

𝟐𝒌𝟑

+∞

𝒌=𝟏
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= −
𝝅

𝟒
𝑮+

𝟏

𝟏𝟔
(−
𝟑

𝟒
𝜻(𝟑)) +

𝟑

𝟖
𝜻(𝟑) =

𝟐𝟏

𝟔𝟒
𝜻(𝟑) −

𝝅

𝟒
𝑮 

⇒ 𝜴 =
𝟏

𝟐
(
𝝅

𝟒
𝑮 −

𝟑𝟓

𝟔𝟒
𝜻(𝟑) − (

𝟐𝟏

𝟔𝟒
𝜻(𝟑) −

𝝅

𝟒
𝑮)) =

𝝅

𝟒
𝑮−

𝟕

𝟏𝟔
𝜻(𝟑)  

2003. Find: 

𝜴 = ∫ ∫ 𝒍𝒏(𝒙𝟒 + 𝒚𝟒 + (𝒙 − 𝒚)𝟒) 𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

 

Proposed by Asmat Qatea-Afghanistan 
Solution by Pham Duc Nam-Vietnam 
 

𝜴 = ∫ ∫ 𝒍𝒏(𝒙𝟒 + 𝒚𝟒 + (𝒙 − 𝒚)𝟒)𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

  

= 𝟐∫ ∫ 𝒙 𝒍𝒏(𝒙𝟒 + 𝒙𝟒𝒚𝟒 + (𝒙 − 𝒙𝒚)𝟒)𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

= 𝟐∫ ∫ 𝒙 𝒍𝒏(𝒙𝟒(𝟏+ 𝒚𝟒 + (𝟏 − 𝒚)𝟒))𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

 

= 𝟐∫ ∫ 𝒙 𝒍𝒏𝒙𝟒 𝒅𝒙𝒅𝒚 +
𝟏

𝟎

𝟏

𝟎

𝟐∫ ∫ 𝒙 𝒍𝒏(𝟏 + 𝒚𝟒 + (𝟏 − 𝒚)𝟒)𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

 

∗ 𝟐∫ ∫ 𝒙 𝒍𝒏𝒙𝟒 𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

= 𝟖∫ 𝒙 𝒍𝒏 𝒙𝒅𝒙∫ 𝒅𝒚
𝟏

𝟎

𝟏

𝟎

= −𝟐 

∗ 𝟐∫ ∫ 𝒙 𝒍𝒏(𝟏 + 𝒚𝟒 + (𝟏 − 𝒚)𝟒)𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

= 𝟐∫ 𝒙𝒅𝒙∫ 𝒍𝒏(𝟏 + 𝒚𝟒 + (𝟏 − 𝒚)𝟒)𝒅𝒚
𝟏

𝟎

𝟏

𝟎

= ∫ 𝒍𝒏(𝟏 + 𝒚𝟒 + (𝟏 − 𝒚)𝟒)𝒅𝒚
𝟏

𝟎

 

{
𝑢 = 𝒍𝒏(𝟏 + 𝒚𝟒 + (𝟏 − 𝒚)𝟒)

𝑑𝑣 = 𝑑𝑦
⇒ {

𝑑𝑢 =
𝟒𝒚 − 𝟐

𝒚𝟐 − 𝒚 + 𝟏
𝑣 = 𝑦

 

⇒ ∫ 𝒍𝒏(𝟏 + 𝒚𝟒 + (𝟏 − 𝒚)𝟒)𝒅𝒚
𝟏

𝟎

= 𝒚 𝒍𝒏(𝟏 + 𝒚𝟒 + (𝟏 − 𝒚)𝟒)|
𝟎

𝟏
−∫

𝟒𝒚𝟐 − 𝟐𝒚

𝒚𝟐 − 𝒚 + 𝟏
𝒅𝒚

𝟏

𝟎

= 𝒍𝒏𝟐 −∫ (
𝟐𝒚 − 𝟏

𝒚𝟐 − 𝒚 + 𝟏
−

𝟑

𝒚𝟐 − 𝒚 + 𝟏
+ 𝟒)

𝟏

𝟎

𝒅𝒚 

= 𝒍𝒏𝟐 − 𝟒− 𝒍𝒏(𝒚𝟐 − 𝒚 + 𝟏)|
𝟎

𝟏
+ 𝟐√𝟑𝒂𝒓𝒄𝒕𝒂𝒏

𝟐𝒚 − 𝟏

√𝟑
|
𝟎

𝟏

= 𝒍𝒏𝟐 − 𝟒 + 𝟐√𝟑(
𝝅

𝟔
+
𝝅

𝟔
)

= 𝒍𝒏𝟐 − 𝟒 +
𝟐

√𝟑
𝝅 
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⇒ 𝜴 = 𝒍𝒏𝟐 − 𝟒 +
𝟐

√𝟑
𝝅 − 𝟐 =

𝟐

√𝟑
𝝅 + 𝒍𝒏 𝟐 − 𝟔  

2004. Prove that: 

𝛀 = ∫
𝐥𝐨𝐠( 𝟏 − 𝒙𝟐)

√𝒙(√𝒙 + 𝟏)
𝒅𝒙

𝟏

𝟎

=
𝟕

𝟐
𝒍𝒏𝟐 𝟐 −

𝟓

𝟒
𝜻(𝟐) 

Proposed by Ankush Kumar Parcha-India 
Solution 1 by Pham Duc Nam-Vietnam 

∗ 𝑳𝒆𝒕: 𝒕 = √𝒙 ⇒ 𝒅𝒕 =
𝒅𝒙

𝟐√𝒙
⇒
𝒅𝒙

√𝒙
= 𝟐𝒅𝒕 ⇒ 𝜴 = 𝟐∫

𝒍𝒏(𝟏 − 𝒕𝟒)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕

= 𝟐∫
𝒍𝒏( 𝟏 − 𝒕𝟐)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕 + 𝟐∫
𝒍𝒏( 𝟏 + 𝒕𝟐)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕 = 𝟐𝑱 + 𝟐𝑲 

∗ 𝑲 = ∫
𝒍𝒏( 𝟏 + 𝒕𝟐)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕, 𝒍𝒆𝒕: 𝑲(𝒂) = ∫
𝒍𝒏(𝟏 + 𝒂𝒕𝟐)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕 ⇒ 𝑲(𝒂) = ∫
𝝏

𝝏𝒂
(
𝒍𝒏( 𝟏 + 𝒂𝒕𝟐)

𝒕 + 𝟏
)

𝟏

𝟎

𝒅𝒕

= ∫
𝒕𝟐

(𝒕 + 𝟏)(𝟏 + 𝒂𝒕𝟐)

𝟏

𝟎

𝒅𝒕 =
𝟏

𝒂 + 𝟏
∫ (

𝒕

𝒂𝒕𝟐 + 𝟏
−

𝟏

𝒂𝒕𝟐 + 𝟏
+

𝟏

𝒕 + 𝟏
)

𝟏

𝟎

𝒅𝒕 

=
𝒍𝒏( 𝒂𝒕𝟐 + 𝟏) + 𝟐𝒂(𝒍𝒏𝒕 + 𝟏) − 𝟐√𝒂𝒂𝒓𝒄𝒕𝒂𝒏( 𝒕√𝒂)

𝟐𝒂𝟐 + 𝟐𝒂
|
𝟎

𝟏

=
𝒍𝒏( 𝒂 + 𝟏)

𝟐𝒂(𝒂 + 𝟏)
+
𝒍𝒏 𝟐

𝒂 + 𝟏
−
𝒂𝒓𝒄𝒕𝒂𝒏(√𝒂)

√𝒂(𝒂 + 𝟏)
, integrating both sides from 0 to 1 

⇒ 𝑲 = 𝑲(𝟏) = ∫ (
𝒍𝒏( 𝒂 + 𝟏)

𝟐𝒂(𝒂+ 𝟏)
+
𝒍𝒏𝟐

𝒂 + 𝟏
−
𝒂𝒓𝒄𝒕𝒂𝒏(√𝒂)

√𝒂(𝒂 + 𝟏)
)

𝟏

𝟎

𝒅𝒂

= 𝒍𝒏𝟐 𝟐 −∫
𝒂𝒓𝒄𝒕𝒂𝒏(√𝒂)

√𝒂(𝒂 + 𝟏)
𝒅𝒂

𝟏

𝟎

+∫
𝒍𝒏(𝒂 + 𝟏)

𝟐𝒂(𝒂 + 𝟏)
𝒅𝒂

𝟏

𝟎

= 𝒍𝒏𝟐 𝟐 − (𝒂𝒓𝒄𝒕𝒂𝒏√𝒂)
𝟐
|
𝟎

𝟏

+
𝟏

𝟐
∫ 𝒍𝒏( 𝒂 + 𝟏)(

𝟏

𝒂
−

𝟏

𝒂 + 𝟏
)

𝟏

𝟎

𝒅𝒂 

= 𝒍𝒏𝟐 𝟐 −
𝝅𝟐

𝟏𝟔
−
𝟏

𝟒
𝒍𝒏𝟐(𝒂 + 𝟏)|

𝟎

𝟏
−
𝟏

𝟐
𝑳𝒊𝟐(−𝒂)|

𝟎

𝟏

= 𝒍𝒏𝟐 𝟐 −
𝝅𝟐

𝟏𝟔
−
𝟏

𝟒
𝒍𝒏𝟐 𝟐 +

𝝅𝟐

𝟐𝟒
=
𝟑

𝟒
𝒍𝒏𝟐 𝟐 −

𝝅𝟐

𝟒𝟖
 

∗ 𝑱 = ∫
𝒍𝒏( 𝟏 − 𝒕𝟐)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕 = ∫
𝒍𝒏( 𝟏 − 𝒕)

(𝒕 + 𝟏)

𝟏

𝟎

𝒅𝒕 +∫
𝒍𝒏(𝟏 + 𝒕)

(𝒕 + 𝟏)

𝟏

𝟎

𝒅𝒕

= ∫
𝒍𝒏( 𝟏 − 𝒕)

(𝒕 + 𝟏)

𝟏

𝟎

𝒅𝒕 +
𝟏

𝟐
𝒍𝒏𝟐(𝟏 + 𝒕)|

𝟎

𝟏

=
𝟏

𝟐
𝒍𝒏𝟐 𝟐 +∫

𝒍𝒏( 𝟏 − 𝒕)

(𝒕 + 𝟏)

𝟏

𝟎

𝒅𝒕 =
𝟏

𝟐
𝒍𝒏𝟐 𝟐 + 𝑰 
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∗ 𝑰 = ∫
𝒍𝒏( 𝟏 − 𝒕)

(𝒕 + 𝟏)

𝟏

𝟎

𝒅𝒕, 𝒍𝒆𝒕: 𝑰(𝒌) = ∫
𝒍𝒏( 𝟏 − 𝒌𝒕)

(𝒕 + 𝟏)

𝟏

𝟎

𝒅𝒕 ⇒ 𝑰′(𝒌) = ∫
𝝏

𝝏𝒌
(
𝒍𝒏(𝟏 − 𝒌𝒕)

(𝒕 + 𝟏)
)

𝟏

𝟎

𝒅𝒕

= −∫
𝒕

(𝟏 − 𝒌𝒕)(𝒕 + 𝟏)

𝟏

𝟎

𝒅𝒕 

=
𝟏

𝒌 + 𝟏
∫ (

𝟏

𝒕 + 𝟏
−

𝟏

𝟏 − 𝒌𝒕
)

𝟏

𝟎

𝒅𝒕 =
𝟏

𝒌 + 𝟏
(𝒍𝒏(𝟏 + 𝒕) +

𝒍𝒏(𝟏 − 𝒌𝒕)

𝒌
)|
𝟎

𝟏

=
𝒍𝒏𝟐

𝒌 + 𝟏
+
𝒍𝒏( 𝟏 − 𝒌)

𝒌(𝒌 + 𝟏)
, integrating both sides from 0 to 1 

⇒ 𝑰 = 𝑰(𝟏) = ∫ (
𝒍𝒏 𝟐

𝒌 + 𝟏
+
𝒍𝒏( 𝟏 − 𝒌)

𝒌(𝒌 + 𝟏)
)

𝟏

𝟎

𝒅𝒌

= 𝒍𝒏𝟐 𝒍𝒏( 𝒌 + 𝟏)|𝟎
𝟏 +∫

𝒍𝒏(𝟏 − 𝒌)

𝒌
𝒅𝒌 −

𝟏

𝟎

∫
𝒍𝒏( 𝟏 − 𝒌)

𝒌 + 𝟏
𝒅𝒌

𝟏

𝟎

⇒ 𝟐𝑰

= 𝒍𝒏𝟐 𝒍𝒏( 𝒌 + 𝟏)|𝟎
𝟏 +∫

𝒍𝒏(𝟏 − 𝒌)

𝒌
𝒅𝒌 = 𝒍𝒏𝟐 𝟐 −

𝝅𝟐

𝟔

𝟏

𝟎

 

⇒ 𝑰 =
𝟏

𝟐
𝒍𝒏𝟐 𝟐 −

𝝅𝟐

𝟏𝟐
⇒ 𝑱 =

𝟏

𝟐
𝒍𝒏𝟐 𝟐 +

𝟏

𝟐
𝒍𝒏𝟐 𝟐 −

𝝅𝟐

𝟏𝟐
= 𝒍𝒏𝟐 𝟐 −

𝝅𝟐

𝟏𝟐
 

⇒ 𝜴 = 𝟐𝑱+ 𝟐𝑲 = 𝟐(𝒍𝒏𝟐 𝟐 −
𝝅𝟐

𝟏𝟐
) + 𝟐(

𝟑

𝟒
𝒍𝒏𝟐 𝟐 −

𝝅𝟐

𝟒𝟖
) =

𝟕

𝟐
𝒍𝒏𝟐 𝟐 −

𝟓

𝟐𝟒
𝝅𝟐 =

𝟕

𝟐
𝒍𝒏𝟐 𝟐 −

𝟓

𝟒
.
𝝅𝟐

𝟔

=
𝟕

𝟐
𝒍𝒏𝟐 𝟐 −

𝟓

𝟒
𝜻(𝟐)  

Solution 2 by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫
𝐥𝐨𝐠(𝟏 − 𝒙𝟐)

√𝒙(𝟏 + √𝒙)
𝒅𝒙

𝟏

𝟎

=
𝒙=𝒚𝟐

𝟐∫
𝐥𝐨𝐠(𝟏 − 𝒚𝟒)

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

= 

= 𝟐∫
𝐥𝐨𝐠(𝟏 − 𝒚)

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

+ 𝟐∫
𝐥𝐨𝐠(𝟏 + 𝒚)

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

+ 𝟐∫
𝐥𝐨𝐠(𝟏 + 𝒚𝟐)

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

= 

= 𝟐𝑰𝟏 + 𝟐𝑰𝟐 + 𝟐𝑰𝟑 

𝑰𝟏 = ∫
𝐥𝐨𝐠(𝟏 − 𝒚)

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

= ∫
𝐥𝐨𝐠 𝒚

𝟐 − 𝒚
𝒅𝒚

𝟏

𝟎

=
𝟏

𝟐
∑

𝟏

𝟐𝒌
∫ 𝒚𝒌 𝐥𝐨𝐠 𝒚𝒅𝒚
𝟏

𝟎

∞

𝒌=𝟎

= 

= −𝑳𝒊𝟐 (
𝟏

𝟐
) =

𝟏

𝟐
𝐥𝐨𝐠𝟐 𝟐 −

𝝅𝟐

𝟏𝟐
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𝑰𝟐 = ∫
𝐥𝐨𝐠(𝟏 + 𝒚)

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

=
𝟏

𝟐
𝐥𝐨𝐠𝟐 𝟐 

𝑰𝟑 = ∫
𝐥𝐨𝐠(𝟏 + 𝒚𝟐)

𝟏 + 𝒚
𝒅𝒚

𝟏

𝟎

=
𝑰𝑩𝑷

𝐥𝐨𝐠𝟐 𝟐 − 𝟐∫
𝒚 𝐥𝐨𝐠(𝟏 + 𝒚)

𝟏 + 𝒚𝟐
𝒅𝒚

𝟏

𝟎

= 𝐥𝐨𝐠𝟐 𝟐 − 𝟐𝑰𝟑𝒂 

𝑰𝟑𝒂 = ∫
𝒚 𝐥𝐨𝐠(𝟏 + 𝒚)

𝟏 + 𝒚𝟐
𝒅𝒚

𝟏

𝟎

=
𝝅𝟐

𝟗𝟔
+
𝐥𝐨𝐠𝟐 𝟐

𝟖
⇒ 𝑰𝟑 =

𝟑

𝟒
𝐥𝐨𝐠𝟐 𝟐 −

𝝅𝟐

𝟒𝟖
 

𝛀 = 𝟐(𝑰𝟏 + 𝑰𝟐 + 𝑰𝟑) =
𝟕

𝟐
𝐥𝐨𝐠𝟐 𝟐 −

𝟓𝝅𝟐

𝟐𝟒
=
𝟕

𝟐
𝐥𝐨𝐠𝟐 𝟐 −

𝟓

𝟒
𝜻(𝟐) 

2005. Prove that: 

∫
𝒄𝒐𝒔(𝒍𝒏𝒙) − 𝟏

𝒍𝒏(𝒙)(𝒙 + 𝟏)
𝒅𝒙

𝟏

𝟎

=
𝟏

𝟐
𝒍𝒏 (

𝟐

𝝅
∙
𝒆𝝅 − 𝟏

𝒆𝝅 + 𝟏
) 

Proposed by Asmat Qatea-Afghanistan 
Solution by Rana Ranino-Setif-Algerie 
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2006. Find a closed form: 

𝛀 = ∫
𝒙 𝒍𝒏(𝟏 − 𝒙𝟐)

𝒙𝟐 + 𝟏
𝒅𝒙

𝟏

𝟎

 

Proposed by Le Thu-Vietnam 
Solution by Pham Duc Nam-Vietnam 

𝛀 = ∫
𝒙 𝒍𝒏(𝟏 − 𝒙𝟐)

𝒙𝟐 + 𝟏
𝒅𝒙, 𝒍𝒆𝒕:

{
 

 𝑡 =
𝟏 − 𝒙𝟐

𝟏 + 𝒙𝟐

⇒ 𝒙𝟐 =
𝟏 − 𝒕

𝟏 + 𝒕

𝟏

𝟎

⇒ 𝒅𝒕 = −
𝟒𝒙

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 

⇒
𝒙𝒅𝒙

𝒙𝟐 + 𝟏
= −

𝒅𝒕

𝟐(𝒕 + 𝟏)
⇒ 𝛀 =

𝟏

𝟐
∫
𝒍𝒏(𝟏 −

𝟏 − 𝒕
𝟏 + 𝒕)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕 =
𝟏

𝟐
∫
𝒍𝒏(

𝟐𝒕
𝟏 + 𝒕)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕

=
𝟏

𝟐
∫
𝒍𝒏(𝟐)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕 +
𝟏

𝟐
∫
𝒍𝒏(𝒕)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕 −
𝟏

𝟐
∫
𝒍𝒏(𝒕 + 𝟏)

𝒕 + 𝟏

𝟏

𝟎

𝒅𝒕 

=
𝟏

𝟐
𝒍𝒏𝟐 𝒍𝒏(𝒕 + 𝟏)|𝟎

𝟏 +
𝟏

𝟐
(−
𝝅𝟐

𝟏𝟐
) −

𝟏

𝟒
𝒍𝒏𝟐(𝒕 + 𝟏)|

𝟎

𝟏
= 

=
𝟏

𝟐
𝒍𝒏𝟐 𝟐 −

𝝅𝟐

𝟐𝟒
−
𝟏

𝟒
𝒍𝒏𝟐 𝟐 =

𝟏

𝟒
𝒍𝒏𝟐 𝟐 −

𝝅𝟐

𝟐𝟒
 

∗ 𝑲𝒏𝒐𝒘𝒏: 𝜻(−𝟏) = −
𝟏

𝟏𝟐
⇒ 𝛀 =

𝒍𝒏𝟐 𝟐 + 𝟐𝝅𝟐𝜻(−𝟏)

𝟒
 

2007.Prove that: 

𝑰 = ∫ ∏ 𝒄𝒐𝒔𝟐(𝟐𝒌𝒙)

𝟑

𝒌=−𝟏

𝝅

𝟎

𝒅𝒙 =
𝝅

𝟑𝟐
 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Pham Duc Nam-Vietnam 

𝑰 = ∫ ∏ 𝒄𝒐𝒔𝟐(𝟐𝒌𝒙)

𝟑

𝒌=−𝟏

𝝅

𝟎

𝒅𝒙 =
𝝅

𝟑𝟐
  

∗ 𝒇(𝒙) = ∏ 𝒄𝒐𝒔(𝟐𝒌𝒙)

𝟑

𝒌=−𝟏

⇒ 𝒔𝒊𝒏
𝒙

𝟐
𝒇(𝒙) = 𝒔𝒊𝒏

𝒙

𝟐
∏ 𝒄𝒐𝒔(𝟐𝒌𝒙)

𝟑

𝒌=−𝟏

=
𝟏

𝟑𝟐
𝒔𝒊𝒏(𝟏𝟔𝒙) ⇒ ∏ 𝒄𝒐𝒔𝟐(𝟐𝒌𝒙)

𝟑

𝒌=−𝟏

=
𝟏

𝟑𝟐𝟐
.
𝒔𝒊𝒏𝟐(𝟏𝟔𝒙)

𝒔𝒊𝒏𝟐
𝒙
𝟐
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∗ 𝑨𝒑𝒑𝒍𝒚:∫ 𝒇(𝒙)𝒅𝒙 = ∫ 𝒇(𝒂 + 𝒃 − 𝒙)𝒅𝒙 ⇒ 𝑰 =
𝒃

𝒂

𝒃

𝒂

𝟏

𝟑𝟐𝟐
∫
𝒔𝒊𝒏𝟐(𝟏𝟔𝒙)

𝒔𝒊𝒏𝟐
𝒙
𝟐

𝝅

𝟎

𝒅𝒙 =
𝟏

𝟑𝟐𝟐
∫
𝒔𝒊𝒏𝟐(𝟏𝟔𝒙)

𝒄𝒐𝒔𝟐
𝒙
𝟐

𝝅

𝟎

𝒅𝒙

⇒ 𝟐𝑰 =
𝟒

𝟑𝟐𝟐
∫
𝒔𝒊𝒏𝟐(𝟏𝟔𝒙)

𝒔𝒊𝒏𝟐 𝒙

𝝅

𝟎

𝒅𝒙 

∗ 𝑫𝒆𝒇𝒊𝒏𝒆: 𝑰(𝒏) = ∫
𝒔𝒊𝒏𝟐(𝒏𝒙)

𝒔𝒊𝒏𝟐 𝒙

𝝅

𝟎

𝒅𝒙,𝒏 ∈ ℕ ⇒ 𝑰(𝒏 + 𝟏) = ∫
𝒔𝒊𝒏𝟐((𝒏 + 𝟏)𝒙)

𝒔𝒊𝒏𝟐 𝒙

𝝅

𝟎

𝒅𝒙

⇒ 𝑰(𝒏 + 𝟏) − 𝑰(𝒏) = ∫
𝒔𝒊𝒏((𝟐𝒏 + 𝟏)𝒙) 𝒔𝒊𝒏𝒙

𝒔𝒊𝒏𝟐 𝒙

𝝅

𝟎

𝒅𝒙 = ∫
𝒔𝒊𝒏((𝟐𝒏 + 𝟏)𝒙)

𝒔𝒊𝒏 𝒙

𝝅

𝟎

𝒅𝒙

= 𝑲(𝒏) 

⇒ 𝑲(𝒏 + 𝟏) = ∫
𝒔𝒊𝒏((𝟐𝒏+ 𝟑)𝒙)

𝒔𝒊𝒏 𝒙

𝝅

𝟎

𝒅𝒙 ⇒ 𝑲(𝒏 + 𝟏) −𝑲(𝒏)

= ∫
𝟐𝒄𝒐𝒔

(𝟐𝒏 + 𝟑)𝒙 + (𝟐𝒏+ 𝟏)𝒙
𝟐 𝒔𝒊𝒏

(𝟐𝒏 + 𝟑)𝒙 − (𝟐𝒏+ 𝟏)𝒙
𝟐

𝒔𝒊𝒏 𝒙

𝝅

𝟎

𝒅𝒙

= 𝟐∫ 𝒄𝒐𝒔((𝟐𝒏 + 𝟐)𝒙)
𝝅

𝟎

𝒅𝒙 =
𝒔𝒊𝒏((𝟐𝒏 + 𝟏)𝒙)

𝒏 + 𝟏
|
𝟎

𝝅

= 𝟎 

⇒ 𝑲(𝒏 + 𝟏) = 𝑲(𝒏) = 𝑲(𝒏 − 𝟏) =. . . = 𝑲(𝟎) = ∫
𝒔𝒊𝒏𝒙

𝒔𝒊𝒏𝒙

𝝅

𝟎

𝒅𝒙 = 𝝅 

⇒ 𝑰(𝒏 + 𝟏) − 𝑰(𝒏) = 𝝅 ⇒ 𝑰(𝒏 + 𝟏) = 𝑰(𝒏) + 𝝅 = 𝑰(𝒏 − 𝟏) + 𝟐𝝅 =. . . = 𝑰(𝟏) + 𝒏𝝅

= ∫
𝒔𝒊𝒏𝟐 𝒙

𝒔𝒊𝒏𝟐 𝒙

𝝅

𝟎

𝒅𝒙 + 𝒏𝝅 = 𝝅 + 𝒏𝝅 = (𝒏 + 𝟏)𝝅 

⇒ 𝑰(𝒏) = 𝒏𝝅 ⇒ ∫
𝒔𝒊𝒏𝟐(𝟏𝟔𝒙)

𝒔𝒊𝒏𝟐 𝒙

𝝅

𝟎

𝒅𝒙 = 𝟏𝟔𝝅 ⇒ 𝟐𝑰 =
𝟒

𝟑𝟐𝟐
. 𝟏𝟔𝝅 =

𝝅

𝟏𝟔
⇒ 𝑰 =

𝝅

𝟑𝟐
 

Solution 2 by Bamidele Oluwatosin-Nigeria 

𝑰 = ∫ 𝐜𝐨𝐬𝟐 (
𝒙

𝟐
) 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐(𝟐𝒙) 𝐜𝐨𝐬𝟐(𝟒𝒙) 𝐜𝐨𝐬𝟐(𝟖𝒙)

𝝅

𝟎

𝒅𝒙 = 

= ∫ 𝐜𝐨𝐬𝟐 (
𝝅 − 𝒙

𝟐
)𝐜𝐨𝐬𝟐(𝝅 − 𝒙)𝐜𝐨𝐬𝟐(𝟐(𝝅 − 𝒙)) 𝐜𝐨𝐬𝟐(𝟒(𝝅 − 𝒙)) 𝐜𝐨𝐬𝟐(𝟖(𝝅 − 𝒙))𝒅𝒙

𝝅

𝟎

 

⇒ 𝟐𝑰 = ∫ (𝐜𝐨𝐬𝟐 (
𝒙

𝟐
) + 𝐬𝐢𝐧𝟐 (

𝒙

𝟐
)) 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐(𝟐𝒙) 𝐜𝐨𝐬𝟐(𝟒𝒙) 𝐜𝐨𝐬𝟐(𝟖𝒙)

𝝅

𝟎

𝒅𝒙 = 

= ∫ 𝐜𝐨𝐬𝟐 𝒙 𝐜𝐨𝐬𝟐(𝟐𝒙) 𝐜𝐨𝐬𝟐(𝟒𝒙) 𝐜𝐨𝐬𝟐(𝟖𝒙)
𝝅

𝟎

𝒅𝒙 = ∫ (∏𝐜𝐨𝐬(𝟐𝒏𝒙)

𝟑

𝒏=𝟎

)

𝟐

𝒅𝒙
𝝅

𝟎

; 

𝐎𝐥𝐚 =∏𝐜𝐨𝐬(𝟐𝒏𝒙)

𝟑

𝒏=𝟎

, 𝒇𝒓𝒐𝒎: 𝐬𝐢𝐧(𝟐𝒙) = 𝟐 𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒙 ⇒ 𝐎𝐥𝐚 =
𝐬𝐢𝐧(𝟏𝟔𝒙)

𝟐𝟒 𝐬𝐢𝐧 𝒙
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𝐈 =
𝟏

𝟓𝟏𝟐
∫
𝐬𝐢𝐧𝟐(𝟏𝟔𝒙)

𝐬𝐢𝐧𝟐 𝒙

𝝅

𝟎

𝒅𝒙 = [−
𝐜𝐨𝐭 𝒙 𝐬𝐢𝐧𝟐(𝟏𝟔𝒙)

𝟓𝟏𝟐
]
𝟎

𝝅

+
𝟏

𝟑𝟐
∫
𝐬𝐢𝐧(𝟑𝟐𝒙) 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧 𝒙

𝝅

𝟎

𝒅𝒙 = 

=
𝟏

𝟏𝟔
∫
𝐬𝐢𝐧(𝟑𝟐𝒙) 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧 𝒙
𝒅𝒙

𝝅
𝟐

𝟎

=
𝑲𝒊𝒏𝒈−𝑹𝒖𝒍𝒍𝒆

−
𝟏

𝟏𝟔
∫
𝐬𝐢𝐧(𝟑𝟐𝒙)𝐬𝐢𝐧 𝒙

𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅
𝟐

𝟎

= 

=
𝟏

𝟏𝟔
∫
𝐬𝐢𝐧(𝟑𝟐𝒙) (𝐜𝐨𝐬𝟐 𝒙 − 𝐬𝐢𝐧𝟐 𝒙)

𝟐 𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 =
𝟏

𝟏𝟔
∫
𝐬𝐢𝐧(𝟏𝟔𝒙)𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧𝒙
𝒅𝒙

𝝅
𝟐

𝟎

= 

=
𝟏

𝟏𝟔
∫
𝐬𝐢𝐧(𝟖𝒙) 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧𝒙
𝒅𝒙

𝝅
𝟐

𝟎

= ⋯ =
𝟏

𝟏𝟔
∫
𝐬𝐢𝐧(𝟐𝒙)𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 

=
𝟏

𝟏𝟔
∫ 𝟐𝐜𝐨𝐬𝟐 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 =
𝝅

𝟑𝟐
   

2008.Find: 

𝜴 = ∫ ∫ 𝒍𝒏((𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝒂𝟏)(𝒙
𝟐 + 𝒚𝟐 + 𝟐𝒙𝒚𝒂𝟐)(𝒙

𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝒂𝟑))
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 

Proposed by Asmat Qatea-Afghanistan 
Solution by Pham Duc Nam-Vietnam 
 

𝜴 = ∫ ∫ 𝒍𝒏((𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝒂𝟏)(𝒙
𝟐 + 𝒚𝟐 + 𝟐𝒙𝒚𝒂𝟐)(𝒙

𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝒂𝟑))
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚  

= ∫ ∫ 𝒍𝒏(𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝒂𝟏)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 +∫ ∫ 𝒍𝒏(𝒙𝟐 + 𝒚𝟐 + 𝟐𝒙𝒚𝒂𝟐)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚

+∫ ∫ 𝒍𝒏(𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝟐𝒙𝒚𝒂𝟑)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = 𝜴𝟏 +𝜴𝟐 +𝜴𝟑 

∗ 𝜴𝟏 = ∫ ∫ 𝒍𝒏(𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝒂𝟏)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = 𝟐∫ ∫ 𝒙 𝒍𝒏(𝒙𝟐 + 𝒙𝟐𝒚𝟐 − 𝟐𝒙𝟐𝒚𝒂𝟏)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚

= 𝟐∫ ∫ 𝒙 𝒍𝒏𝒙𝟐
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 + 𝟐∫ ∫ 𝒙 𝒍𝒏(𝟏 + 𝒚𝟐 − 𝟐𝒚𝒂𝟏)
𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 

= −𝟏 +∫ 𝒍𝒏(𝒚𝟐 − 𝟐𝒚𝒂𝟏 + 𝟏)
𝟏

𝟎

𝒅𝒚, {
𝑢 = 𝒍𝒏(𝒚𝟐 − 𝟐𝒚𝒂𝟏 + 𝟏)

𝑑𝑣 = 𝑑𝑦
⇒ {

𝑑𝑢 =
𝟐𝒚− 𝟐𝒂𝟏

𝒚𝟐 − 𝟐𝒚𝒂𝟏 + 𝟏
𝑣 = 𝑦
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⇒ 𝜴𝟏 = −𝟏+ 𝒚 𝒍𝒏(𝒚
𝟐 − 𝟐𝒚𝒂𝟏 + 𝟏)|𝟎

𝟏
−∫

𝟐𝒚𝟐 − 𝟐𝒂𝟏𝒚

𝒚𝟐 − 𝟐𝒚𝒂𝟏 + 𝟏

𝟏

𝟎

𝒅𝒚

= −𝟏 + 𝒍𝒏(𝟐 − 𝟐𝒂𝟏) − ∫ (
𝒂𝟏(𝟐𝒚− 𝟐𝒂𝟏)

𝒚𝟐 − 𝟐𝒚𝒂𝟏 + 𝟏
−

𝟐 − 𝟐𝒂𝟏
𝟐

𝒚𝟐 − 𝟐𝒚𝒂𝟏 + 𝟏
+ 𝟐)

𝟏

𝟎

𝒅𝒚 

= −𝟏+ 𝒍𝒏(𝟐 − 𝟐𝒂𝟏) − 𝟐𝒚|𝟎
𝟏 − 𝒂𝟏𝒍𝒏(𝒚

𝟐 − 𝟐𝒚𝒂𝟏 + 𝟏)|𝟎
𝟏
+ 𝟐√𝟏− 𝒂𝟏

𝟐 𝒂𝒓𝒄𝒕𝒂𝒏
𝒚 − 𝒂𝟏

√𝟏 − 𝒂𝟏
𝟐
|

𝟎

𝟏

= −𝟑 + (𝟏 − 𝒂𝟏) 𝒍𝒏(𝟐 − 𝟐𝒂𝟏)

+ 𝟐√𝟏− 𝒂𝟏
𝟐 (𝒂𝒓𝒄𝒕𝒂𝒏

𝟏 − 𝒂𝟏

√𝟏 − 𝒂𝟏
𝟐
− 𝒂𝒓𝒄𝒕𝒂𝒏

−𝒂𝟏

√𝟏 − 𝒂𝟏
𝟐
) 

= −𝟑+ (𝟏 − 𝒂𝟏) 𝒍𝒏(𝟐 − 𝟐𝒂𝟏) + 𝟐√𝟏− 𝒂𝟏
𝟐 𝒂𝒓𝒄𝒕𝒂𝒏√

𝟏 + 𝒂𝟏
𝟏 − 𝒂𝟏

= −𝟑 + 𝟐𝒔𝒊𝒏𝟐
𝝅

𝟏𝟒
𝒍𝒏(𝟒 𝒔𝒊𝒏𝟐

𝝅

𝟏𝟒
)+

𝟔𝝅

𝟕
𝒔𝒊𝒏

𝝅

𝟕

= −𝟑 + 𝟒𝒔𝒊𝒏𝟐
𝝅

𝟏𝟒
𝒍𝒏(𝟐 𝒔𝒊𝒏

𝝅

𝟏𝟒
)+

𝟔𝝅

𝟕
𝒔𝒊𝒏

𝝅

𝟕
 

⇒ 𝜴𝟑 = −𝟑+ (𝟏 − 𝒂𝟑) 𝒍𝒏(𝟐 − 𝟐𝒂𝟑) + 𝟐√𝟏− 𝒂𝟑
𝟐 𝒂𝒓𝒄𝒕𝒂𝒏√

𝟏 + 𝒂𝟑
𝟏 − 𝒂𝟑

= −𝟑 + 𝟐𝒔𝒊𝒏𝟐
𝟑𝝅

𝟏𝟒
𝒍𝒏(𝟒 𝒔𝒊𝒏𝟐

𝟑𝝅

𝟏𝟒
) +

𝟒𝝅

𝟕
𝒔𝒊𝒏

𝟑𝝅

𝟕

= −𝟑 + 𝟒𝒔𝒊𝒏𝟐
𝟑𝝅

𝟏𝟒
𝒍𝒏(𝟐 𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
) +

𝟒𝝅

𝟕
𝒔𝒊𝒏

𝟑𝝅

𝟕
 

𝒂𝒏𝒅 𝜴𝟐 = −𝟑 + (𝟏 + 𝒂𝟐) 𝒍𝒏(𝟐 + 𝟐𝒂𝟐) + 𝟐√𝟏− 𝒂𝟐𝟐 𝒂𝒓𝒄𝒕𝒂𝒏√
𝟏 − 𝒂𝟐
𝟏 + 𝒂𝟐

= −𝟑 + 𝟐𝒄𝒐𝒔𝟐
𝝅

𝟕
𝒍𝒏 (𝟒𝒄𝒐𝒔𝟐

𝝅

𝟕
) +

𝟐𝝅

𝟕
𝒔𝒊𝒏

𝟐𝝅

𝟕

= −𝟑 + 𝟒𝒄𝒐𝒔𝟐
𝝅

𝟕
𝒍𝒏 (𝟐𝒄𝒐𝒔

𝝅

𝟕
) +

𝟐𝝅

𝟕
𝒔𝒊𝒏

𝟐𝝅

𝟕
 

⇒ 𝜴 = −𝟗 + 𝟓 𝒍𝒏𝟐 + 𝟒𝒔𝒊𝒏𝟐
𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
+ 𝟒𝒔𝒊𝒏𝟐

𝟑𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
+ 𝟒𝒄𝒐𝒔𝟐

𝝅

𝟕
𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕

+ (
𝟔𝝅

𝟕
𝒔𝒊𝒏

𝝅

𝟕
+
𝟒𝝅

𝟕
𝒔𝒊𝒏

𝟑𝝅

𝟕
+
𝟐𝝅

𝟕
𝒔𝒊𝒏

𝟐𝝅

𝟕
)

⏟                        

=
𝝅
𝟐
𝒄𝒔𝒄
𝝅
𝟕

 

= −𝟗 + 𝟓 𝒍𝒏𝟐 +
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
+ 𝟒𝒔𝒊𝒏𝟐

𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
+ 𝟒 𝒔𝒊𝒏𝟐

𝟑𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
+ 𝟒 𝒄𝒐𝒔𝟐

𝝅

𝟕
𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕
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∗ 𝑩𝒚 𝑮𝒂𝒖𝒔𝒔(𝟏𝟖𝟏𝟑): 𝑰𝒇:𝒈𝒄𝒅(𝒂,𝒒) = 𝟏,𝟏 ≤ 𝒂 < 𝑞 𝑡𝒉𝒆𝒏 ∶  𝝍 (
𝒂

𝒒
)

= −𝜸 − 𝒍𝒏(𝟐𝒒) −
𝝅

𝟐
𝒄𝒐𝒕

𝝅𝒂

𝒒
+ 𝟐∑𝒄𝒐𝒔

𝟐𝝅𝒂𝒌

𝒒

𝒒/𝟐

𝒌=𝟏

𝒍𝒏𝒔𝒊𝒏
𝝅𝒌

𝒒
 

⇒
𝟏

𝟐
𝝍(
𝟒

𝟕
) =

𝟏

𝟐
(−𝜸− 𝒍𝒏𝟏𝟒 −

𝝅

𝟐
𝒄𝒐𝒕

𝟒𝝅

𝟕
+ 𝟐∑𝒄𝒐𝒔

𝟖𝝅𝒌

𝟕

𝟑

𝒌=𝟏

𝒍𝒏𝒔𝒊𝒏
𝝅𝒌

𝟕
)

= −
𝜸

𝟐
−
𝒍𝒏𝟏𝟒

𝟐
−
𝝅

𝟒
𝒄𝒐𝒕

𝟒𝝅

𝟕
+∑𝒄𝒐𝒔

𝟖𝝅𝒌

𝟕

𝟑

𝒌=𝟏

𝒍𝒏𝒔𝒊𝒏
𝝅𝒌

𝟕
 

𝒂𝒏𝒅:−
𝟏

𝟐
𝝍 (
𝟏𝟓

𝟏𝟒
) = −

𝟏

𝟐
𝝍 (𝟏 +

𝟏

𝟏𝟒
) = −

𝟏

𝟐
(𝝍(

𝟏

𝟏𝟒
) + 𝟏𝟒)

= −
𝟏

𝟐
(𝟏𝟒 − 𝜸 − 𝒍𝒏𝟐𝟖 −

𝝅

𝟐
𝒄𝒐𝒕

𝝅

𝟏𝟒
+ 𝟐∑𝒄𝒐𝒔

𝝅𝒌

𝟕

𝟕

𝒌=𝟏

𝒍𝒏𝒔𝒊𝒏
𝝅𝒌

𝟏𝟒
)

= −𝟕 +
𝜸

𝟐
+
𝒍𝒏 𝟐𝟖

𝟐
+
𝝅

𝟒
𝒄𝒐𝒕

𝝅

𝟏𝟒
−∑𝒄𝒐𝒔

𝝅𝒌

𝟕

𝟕

𝒌=𝟏

𝒍𝒏𝒔𝒊𝒏
𝝅𝒌

𝟏𝟒
 

⇒
𝟏

𝟐
𝝍(
𝟒

𝟕
) −

𝟏

𝟐
𝝍(
𝟏𝟓

𝟏𝟒
) − 𝒍𝒏𝟐 − 𝟐

= −𝟗 −
𝒍𝒏𝟐

𝟐
+
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
+∑𝒄𝒐𝒔

𝟖𝝅𝒌

𝟕

𝟑

𝒌=𝟏

𝒍𝒏𝒔𝒊𝒏
𝝅𝒌

𝟕
−∑𝒄𝒐𝒔

𝝅𝒌

𝟕

𝟕

𝒌=𝟏

𝒍𝒏𝒔𝒊𝒏
𝝅𝒌

𝟏𝟒
 

= −𝟗 −
𝒍𝒏𝟐

𝟐
+
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
− 𝒄𝒐𝒔

𝝅

𝟕
𝒍𝒏𝒔𝒊𝒏

𝝅

𝟕
+ 𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝟐𝝅

𝟕
− 𝒔𝒊𝒏

𝝅

𝟏𝟒
𝒍𝒏𝒄𝒐𝒔

𝝅

𝟏𝟒

− (𝒔𝒊𝒏
𝝅

𝟏𝟒
(𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
− 𝒍𝒏𝒄𝒐𝒔

𝟑𝝅

𝟏𝟒
) + 𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
(𝒍𝒏𝒔𝒊𝒏

𝝅

𝟕
− 𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕
)

+ 𝒄𝒐𝒔
𝝅

𝟕
(𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
− 𝒍𝒏𝒄𝒐𝒔

𝝅

𝟏𝟒
)) 

= −𝟗 −
𝒍𝒏 𝟐

𝟐
+
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
− 𝒄𝒐𝒔

𝝅

𝟕
(𝒍𝒏𝒔𝒊𝒏

𝝅

𝟕
+ 𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
− 𝒍𝒏𝒄𝒐𝒔

𝝅

𝟏𝟒
)

+ 𝒔𝒊𝒏
𝟑𝝅

𝟏𝟒
(𝒍𝒏𝒔𝒊𝒏

𝟐𝝅

𝟕
− 𝒍𝒏𝒔𝒊𝒏

𝝅

𝟕
+ 𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕
)

− 𝒔𝒊𝒏
𝝅

𝟏𝟒
(𝒍𝒏𝒄𝒐𝒔

𝝅

𝟏𝟒
+ 𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
− 𝒍𝒏𝒄𝒐𝒔

𝟑𝝅

𝟏𝟒
) 
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= −𝟗−
𝒍𝒏𝟐

𝟐
+
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
− 𝒄𝒐𝒔

𝝅

𝟕
𝒍𝒏(𝟐 𝒔𝒊𝒏𝟐

𝝅

𝟏𝟒
) + 𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
𝒍𝒏(𝟐 𝒄𝒐𝒔𝟐

𝝅

𝟕
) − 𝒔𝒊𝒏

𝝅

𝟏𝟒
𝒍𝒏(𝟐 𝒔𝒊𝒏𝟐

𝟑𝝅

𝟏𝟒
)

= −𝟗 −
𝒍𝒏𝟐

𝟐
+
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
− 𝒍𝒏𝟐𝒄𝒐𝒔

𝝅

𝟕
− 𝟐𝒄𝒐𝒔

𝝅

𝟕
𝒍𝒏 (𝒔𝒊𝒏

𝝅

𝟏𝟒
) + 𝒍𝒏 𝟐𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒

+ 𝟐𝒔𝒊𝒏
𝟑𝝅

𝟏𝟒
𝒍𝒏 (𝒄𝒐𝒔

𝝅

𝟕
) − 𝒍𝒏𝟐𝒔𝒊𝒏

𝝅

𝟏𝟒
− 𝟐𝒔𝒊𝒏

𝝅

𝟏𝟒
𝒍𝒏(𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
) 

= −𝟗−
𝒍𝒏𝟐

𝟐
+
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
+ 𝟒𝒔𝒊𝒏𝟐

𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
− 𝟐 𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
+ 𝟒𝒔𝒊𝒏𝟐

𝟑𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
− 𝟐 𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒

+ 𝟒𝒄𝒐𝒔𝟐
𝝅

𝟕
𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕
− 𝟐 𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕
− 𝒍𝒏 𝟐 𝒄𝒐𝒔

𝝅

𝟕
− 𝒍𝒏𝟐 𝒔𝒊𝒏

𝝅

𝟏𝟒
+ 𝒍𝒏𝟐𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
 

= −𝟗−
𝒍𝒏𝟐

𝟐
+
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
+ 𝟒𝒔𝒊𝒏𝟐

𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
+ 𝟒𝒔𝒊𝒏𝟐

𝟑𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
+ 𝟒𝒄𝒐𝒔𝟐

𝝅

𝟕
𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕

− 𝟐 𝒍𝒏 (𝒔𝒊𝒏
𝝅

𝟏𝟒
𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
𝒄𝒐𝒔

𝝅

𝟕
) − 𝒍𝒏𝟐 (𝒄𝒐𝒔

𝝅

𝟕
+ 𝒔𝒊𝒏

𝝅

𝟏𝟒
− 𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
) 

= −𝟗 −
𝒍𝒏𝟐

𝟐
+
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
+ 𝟒𝒔𝒊𝒏𝟐

𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
+ 𝟒𝒔𝒊𝒏𝟐

𝟑𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒
+ 𝟒𝒄𝒐𝒔𝟐

𝝅

𝟕
𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕
+ 𝟔 𝒍𝒏 𝟐

−
𝒍𝒏 𝟐

𝟐

= −𝟗 + 𝟓 𝒍𝒏 𝟐 +
𝝅

𝟐
𝒄𝒔𝒄

𝝅

𝟕
+ 𝟒𝒔𝒊𝒏𝟐

𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝝅

𝟏𝟒
+ 𝟒𝒔𝒊𝒏𝟐

𝟑𝝅

𝟏𝟒
𝒍𝒏𝒔𝒊𝒏

𝟑𝝅

𝟏𝟒

+ 𝟒𝒄𝒐𝒔𝟐
𝝅

𝟕
𝒍𝒏𝒄𝒐𝒔

𝝅

𝟕
= 𝜴 

2009. Prove that: 

∫
𝐥𝐨𝐠 (𝐥𝐨𝐠 (𝐭𝐚𝐧 (

𝝅
𝟒
+ 𝒙))) 𝐥𝐨𝐠 (𝐭𝐚𝐧 (

𝝅
𝟒
+ 𝒙))

𝐭𝐚𝐧 𝟐𝒙
𝒅𝒙

𝝅
𝟒

𝟎

=
𝝅𝟐

𝟒𝟖
𝐥𝐨𝐠 (

𝟐𝒆𝟑𝝅𝟑

𝑨𝟑𝟔
) 

where 𝑨 is Glaisher-Kinkelin constant. 

Proposed by Naren Bhandari-Bajura-Nepal 
Solution by Rana Ranino-Setif-Algerie 
 

𝛀 = ∫
𝐥𝐨𝐠 (𝐥𝐨𝐠 (𝐭𝐚𝐧 (

𝝅
𝟒 + 𝒙))) 𝐥𝐨𝐠 (𝐭𝐚𝐧 (

𝝅
𝟒 + 𝒙))

𝐭𝐚𝐧𝟐𝒙
𝒅𝒙

𝝅
𝟒

𝟎

=
𝒙→
𝝅
𝟒
−𝒙

 

= −∫ 𝐥𝐨𝐠(− 𝐥𝐨𝐠(𝐭𝐚𝐧𝒙)) 𝐥𝐨𝐠(𝐭𝐚𝐧 𝒙) 𝐭𝐚𝐧(𝟐𝒙)

𝝅
𝟒

𝟎

𝒅𝒙 = 
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= −𝟐∫
𝐥𝐨𝐠(− 𝒍𝒐𝒈(𝒕𝒂𝒏𝒙)) 𝐥𝐨𝐠(𝒕𝒂𝒏𝒙) 𝐭𝐚𝐧 𝒙

𝟏 − 𝐭𝐚𝐧𝟐 𝒙
𝒅𝒙

𝝅
𝟒

𝟎

=
𝐭𝐚𝐧 𝒙=𝒆−𝒕

 

= 𝟐∫
𝒕 𝐥𝐨𝐠 𝒕 𝒆−𝟐𝒕

𝟏 − 𝒆−𝟒𝒕
𝒅𝒕

∞

𝟎

= 𝟐∑∫ 𝒕 𝐥𝐨𝐠 𝒕 𝒆−(𝟒𝒏+𝟐)𝒕
∞

𝟎

𝒅𝒕

∞

𝒏=𝟎

= 𝟐∑𝑳{𝒕 𝐥𝐨𝐠 𝒕}(𝟒𝒏 + 𝟐)

∞

𝒏=𝟎

 

𝑳{𝒕 𝐥𝐨𝐠 𝒕}(𝒑) = −
𝒅

𝒅𝒑
𝑳(𝐥𝐨𝐠 𝒕}(𝒑) =

𝒅

𝒅𝒑
(
𝜸 + 𝐥𝐨𝐠 𝒑

𝒑
) =

𝟏 − 𝜸 − 𝐥𝐨𝐠 𝒑

𝒑𝟐
 

𝛀 = 𝟐∑
𝟏− 𝜸 − 𝐥𝐨𝐠(𝟒𝒏 + 𝟐)

(𝟒𝒏 + 𝟐)𝟐

∞

𝒏=𝟎

=
𝟏 − 𝜸 − 𝐥𝐨𝐠 𝟐

𝟐
∑

𝟏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

−
𝟏

𝟐
∑
𝐥𝐨𝐠(𝟐𝒏 + 𝟏)

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 

=
𝝅𝟐

𝟏𝟔
(𝟏 − 𝜸 − 𝐥𝐨𝐠𝟐) −

𝟏

𝟐
∑
𝐥𝐨𝐠(𝟐𝒏 + 𝟏)

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

 

Now, 

∑
(−𝟏)𝒏 𝐥𝐨𝐠𝒏

𝒏𝟐

∞

𝒏=𝟏

= ∑
𝐥𝐨𝐠(𝟐𝒏)

(𝟐𝒏)𝟐

∞

𝒏=𝟏

−∑
𝐥𝐨𝐠(𝟐𝒏 + 𝟏)

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

 

∑
𝐥𝐨𝐠(𝟐𝒏 + 𝟏)

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

=
𝝅𝟐 𝐥𝐨𝐠𝟐

𝟐𝟒
+
𝟏

𝟒
∑
𝐥𝐨𝐠𝒏

𝒏𝟐

∞

𝒏=𝟐

−∑
(−𝟏)𝒏 𝐥𝐨𝐠 𝒏

𝒏𝟐

∞

𝒏=𝟐

 

∑
𝐥𝐨𝐠𝒏

𝒏𝟐

∞

𝒏=𝟐

= − 𝐥𝐢𝐦
𝒔→𝟐

𝒅

𝒅𝒔
∑

𝟏

𝒏𝒔

∞

𝒏=𝟎

= −𝜻′(𝟐)  

∑
(−𝟏)𝒏 𝐥𝐨𝐠 𝒏

𝒏𝟐

∞

𝒏=𝟐

= 𝐥𝐢𝐦
𝒔→𝟐

𝒅

𝒅𝒔
∑
(−𝟏)𝒏−𝟏

𝒏𝒔

∞

𝒏=𝟎

= 𝜼′(𝟐) 

∵ 𝜼′(𝒔) = 𝟐𝟏−𝒔 𝐥𝐨𝐠(𝟐) 𝜻(𝒔) + (𝟏𝟐𝟏−𝒔)𝜻′(𝒔) 

𝜼′(𝟐) =
𝝅𝟐

𝟏𝟐
𝐥𝐨𝐠(𝟐) +

𝟏

𝟐
𝜻′(𝟐) 

∑
𝐥𝐨𝐠(𝟐𝒏 + 𝟏)

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

= −
𝟑

𝟒
𝜻′(𝟐) −

𝝅𝟐

𝟐𝟒
𝐥𝐨𝐠(𝟐) 

𝛀 =
𝝅𝟐

𝟏𝟔
(𝟏 − 𝜸 −

𝟐

𝟑
𝐥𝐨𝐠(𝟐) +

𝟔

𝝅𝟐
𝜻′(𝟐)) 

𝟔

𝝅𝟐
 𝜻′(𝟐) = 𝜸 + 𝐥𝐨𝐠(𝟐) + 𝐥𝐨𝐠(𝝅) − 𝟏𝟐 𝐥𝐨𝐠(𝑨) 

Hence:  
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𝛀 =
𝝅𝟐

𝟏𝟔
(𝟏 +

𝟏

𝟑
𝐥𝐨𝐠(𝟐) + 𝐥𝐨𝐠(𝝅) − 𝟏𝟐 𝐥𝐨𝐠(𝑨))

=
𝝅𝟐

𝟒𝟖
(𝟑 + 𝐥𝐨𝐠(𝟐) + 𝟑 𝐥𝐨𝐠(𝝅) − 𝟑𝟔 𝐥𝐨𝐠(𝑨)) 

∫
𝐥𝐨𝐠 (𝐥𝐨𝐠 (𝐭𝐚𝐧 (

𝝅
𝟒 + 𝒙))) 𝐥𝐨𝐠 (𝐭𝐚𝐧 (

𝝅
𝟒 + 𝒙))

𝐭𝐚𝐧 𝟐𝒙
𝒅𝒙

𝝅
𝟒

𝟎

=
𝝅𝟐

𝟒𝟖
𝐥𝐨𝐠 (

𝟐𝒆𝟑𝝅𝟑

𝑨𝟑𝟔
) 

2010. Prove that: 

∫
𝐥𝐨𝐠(𝐜𝐨𝐬 𝒙)

𝐬𝐢𝐧 𝒙

𝝅
𝟐

𝟎

𝐥𝐨𝐠 (𝒕𝒂𝒏 (
𝒙

𝟐
))𝒅𝒙 =

𝟕

𝟏𝟔
𝜻(𝟑) 

where 𝜻(𝒔), 𝕽(𝒔) > 1 is Euler-Riemann zeta function. 

Proposed by Ankush Kumar Parcha-India 
Solution 1 by Bamidele Benjamin-Nigeria 

𝛀 = ∫
𝐥𝐨𝐠(𝐜𝐨𝐬 𝒙)

𝐬𝐢𝐧𝒙

𝝅
𝟐

𝟎

𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))𝒅𝒙 =

𝒖=− 𝐥𝐨𝐠(𝒕𝒂𝒏(
𝒙
𝟐
))

−∫ 𝒖 ⋅ 𝐥𝐨𝐠 (
𝟏 − 𝒆−𝟐𝒖

𝟏 + 𝒆−𝟐𝒖
)

∞

𝟎

𝒅𝒖 = 

= −∫ 𝒖 ⋅ 𝐥𝐨𝐠(𝟏 − 𝒆−𝟐𝒖)
∞

𝟎

𝒅𝒖 +
𝟏

𝟐
∫ 𝒖 ⋅ 𝐥𝐨𝐠(𝟏 + 𝒆−𝟐𝒖)
∞

𝟎

𝒅𝒖 = 

=∑
𝟏

𝒌
∫ 𝒆−𝟐𝒌𝒖𝒖
∞

𝟎

𝒅𝒖

∞

𝒌=𝟏

−
𝟏

𝟐
∑
(−𝟏)𝒌

𝒌
∫ 𝒆−𝟐𝒌𝒖𝒖
∞

𝟎

𝒅𝒖

∞

𝒌=𝟏

= 

=
𝟏

𝟒
∑

𝟏

𝒌𝟑

∞

𝒌=𝟏

−
𝟏

𝟒
∑
(−𝟏)𝒌

𝒌𝟑

∞

𝒌=𝟏

=
𝟏

𝟒
𝜻(𝟑) −

𝟏

𝟒
𝑳𝒊𝟑(−𝟏) =

𝟕

𝟏𝟔
𝜻(𝟑)   

Solution 2 by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫
𝐥𝐨𝐠(𝐜𝐨𝐬 𝒙)

𝐬𝐢𝐧𝒙

𝝅
𝟐

𝟎

𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))𝒅𝒙 =

𝐭𝐚𝐧(
𝒙
𝟐
)=𝒚

∫
𝐥𝐨𝐠 𝒚 𝐥𝐨𝐠 (

𝟏 − 𝒚𝟐

𝟏 + 𝒚𝟐
)

𝒚
𝒅𝒚

𝟏

𝟎

= 

= ∫
𝐥𝐨𝐠 𝒚 𝐥𝐨𝐠(𝟏 − 𝒚𝟐)

𝒚
𝒅𝒚

𝟏

𝟎

−∫
𝐥𝐨𝐠𝒚 𝐥𝐨𝐠(𝟏 + 𝒚𝟐)

𝒚
𝒅𝒚

𝟏

𝟎

=
𝒚𝟐=𝒛

 

=
𝟏

𝟒
∫
𝐥𝐨𝐠 𝒛 𝐥𝐨𝐠(𝟏 − 𝒛)

𝒛
𝒅𝒛

𝟏

𝟎

−
𝟏

𝟒
∫
𝐥𝐨𝐠 𝒛 𝒍𝒐𝒈(𝟏 + 𝒛)

𝒛
𝒅𝒛

𝟏

𝟎

=
𝟏

𝟒
𝑰𝟏 −

𝟏

𝟒
𝑰𝟐 
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𝑰𝟏 = ∫
𝐥𝐨𝐠 𝒛 𝐥𝐨𝐠(𝟏 − 𝒛)

𝒛
𝒅𝒛

𝟏

𝟎

= 𝜻(𝟑), 𝑰𝟐 = ∫
𝐥𝐨𝐠𝒛 𝐥𝐨𝐠(𝟏 + 𝒛)

𝒛
𝒅𝒛

𝟏

𝟎

= −
𝟑

𝟒
𝜻(𝟑) 

𝛀 =
𝟏

𝟒
𝜻(𝟑) +

𝟑

𝟏𝟔
𝜻(𝟑) =

𝟕

𝟏𝟔
𝜻(𝟑)   

2011.Prove: 

𝛀 = ∫
𝒂𝒔𝒊𝒏𝒙 + 𝒃𝒄𝒐𝒔 𝒙

𝟏
𝟐
(𝒂 + 𝒃) 𝒔𝒊𝒏𝟐 𝒙 + √𝒂𝒃 𝒄𝒐𝒔𝟐 𝒙

𝝅

𝟎

𝒅𝒙

=
𝟒𝒂

𝒂 − 𝒃
√𝟏 +

𝟐√𝒂𝒃

𝒂 + 𝒃
𝒕𝒂𝒏𝒉−𝟏

𝒂 − 𝒃

√(𝒂 + 𝒃)(𝟐√𝒂𝒃 + 𝒂 + 𝒃)

  

Proposed by Srinivasa Raghava-AIRMC-India 
Solution by Pham Duc Nam-Vietnam 

𝛀 = ∫
𝒂 𝒔𝒊𝒏𝒙 + 𝒃 𝒄𝒐𝒔𝒙

𝟏
𝟐
(𝒂 + 𝒃) 𝒔𝒊𝒏𝟐 𝒙 + √𝒂𝒃𝒄𝒐𝒔𝟐 𝒙

𝝅

𝟎

𝒅𝒙

=
𝟒𝒂

𝒂 − 𝒃
√𝟏+

𝟐√𝒂𝒃

𝒂 + 𝒃
𝒕𝒂𝒏𝒉−𝟏

𝒂 − 𝒃

√(𝒂 + 𝒃)(𝟐√𝒂𝒃+ 𝒂 + 𝒃)

  

∗
𝟏

𝟐
(𝒂 + 𝒃) − √𝒂𝒃 =

(√𝒂 − √𝒃)
𝟐

√𝟐𝟐
, ∗ ∫ 𝒇(𝒙)𝒅𝒙

𝒃

𝒂

= ∫ 𝒇(𝒂 + 𝒃 − 𝒙)𝒅𝒙
𝒃

𝒂

 

⇒ 𝜴 = ∫
𝒂 𝒔𝒊𝒏 𝒙 + 𝒃𝒄𝒐𝒔 𝒙

𝟏
𝟐
(𝒂 + 𝒃)𝒔𝒊𝒏𝟐 𝒙 + √𝒂𝒃𝒄𝒐𝒔𝟐 𝒙

𝝅

𝟎

𝒅𝒙 = ∫
𝒂 𝒔𝒊𝒏𝒙 − 𝒃𝒄𝒐𝒔 𝒙

𝟏
𝟐
(𝒂 + 𝒃)𝒔𝒊𝒏𝟐 𝒙 + √𝒂𝒃𝒄𝒐𝒔𝟐 𝒙

𝝅

𝟎

𝒅𝒙 

⇒ 𝟐𝜴 = ∫
𝟐𝒂𝒔𝒊𝒏 𝒙

𝟏
𝟐
(𝒂 + 𝒃)𝒔𝒊𝒏𝟐 𝒙 + √𝒂𝒃𝒄𝒐𝒔𝟐 𝒙

𝝅

𝟎

𝒅𝒙 ⇒ 𝜴

= −∫
𝒂

𝟏
𝟐
(𝒂 + 𝒃)(𝟏 − 𝒄𝒐𝒔𝟐 𝒙) + √𝒂𝒃𝒄𝒐𝒔𝟐 𝒙

𝝅

𝟎

𝒅(𝒄𝒐𝒔𝒙) 

= −∫
𝒂

𝟏
𝟐
(𝒂 + 𝒃) − (

𝟏
𝟐
(𝒂 + 𝒃) − √𝒂𝒃)𝒄𝒐𝒔𝟐 𝒙

𝝅

𝟎

𝒅(𝒄𝒐𝒔𝒙)

= −
𝒂

(
𝟏
𝟐
(𝒂 + 𝒃) − √𝒂𝒃)

∫
𝒅(𝒄𝒐𝒔𝒙)

√(

𝟏
𝟐
(𝒂 + 𝒃)

(
𝟏
𝟐
(𝒂 + 𝒃) − √𝒂𝒃)

)

𝟐

− 𝒄𝒐𝒔𝟐 𝒙

𝝅

𝟎
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= −
𝒂

(
𝟏
𝟐
(𝒂 + 𝒃) − √𝒂𝒃)

.√
(
𝟏
𝟐
(𝒂 + 𝒃) − √𝒂𝒃)

𝟏
𝟐
(𝒂 + 𝒃)

𝒕𝒂𝒏𝒉−𝟏(𝒄𝒐𝒔𝒙√
(
𝟏
𝟐
(𝒂 + 𝒃) − √𝒂𝒃)

𝟏
𝟐
(𝒂 + 𝒃)

)||

𝟎

𝝅

= −
𝟐𝒂

√𝒂 + 𝒃√(𝒂 + 𝒃) − 𝟐√𝒂𝒃

(𝒕𝒂𝒏𝒉−𝟏
−(√𝒂− √𝒃)

√𝒂 + 𝒃
− 𝒕𝒂𝒏𝒉−𝟏

(√𝒂 − √𝒃)

√𝒂 + 𝒃
) 

=
𝟒𝒂

√𝒂+ 𝒃√(𝒂 + 𝒃) − 𝟐√𝒂𝒃

𝒕𝒂𝒏𝒉−𝟏
(√𝒂 − √𝒃)

√𝒂 + 𝒃

=
𝟒𝒂

𝒂 − 𝒃
.√
(√𝒂 − √𝒃)

𝟐
(√𝒂 + √𝒃)

𝟐

(𝒂 + 𝒃)(√𝒂 − √𝒃)
𝟐 𝒕𝒂𝒏𝒉−𝟏

𝒂 − 𝒃

√(𝒂 + 𝒃)(√𝒂 + √𝒃)
𝟐

=
𝟒𝒂

𝒂 − 𝒃
.√
𝒂 + 𝒃 + 𝟐√𝒂𝒃

𝒂+ 𝒃
𝒕𝒂𝒏𝒉−𝟏

𝒂 − 𝒃

√(𝒂 + 𝒃)(𝟐√𝒂𝒃+ 𝒂 + 𝒃)

 

=
𝟒𝒂

𝒂 − 𝒃
.√𝟏 +

𝟐√𝒂𝒃

𝒂 + 𝒃
𝒕𝒂𝒏𝒉−𝟏

𝒂 − 𝒃

√(𝒂 + 𝒃)(𝟐√𝒂𝒃+ 𝒂 + 𝒃)

 

2012. Find: 

𝜴 = ∫ ∫
(𝒙 − 𝒚)(𝒙 + 𝒚)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)(𝒙𝟐 + 𝒚𝟐)

+∞

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚  

Proposed by Ankush Kumar Parcha-India 
Solution by Pham Duc Nam-Vietnam 
 

𝜴 = ∫ ∫
(𝒙 − 𝒚)(𝒙 + 𝒚)

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)(𝒙𝟐 + 𝒚𝟐)

+∞

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚  

= ∫ ∫
𝒙𝟐 − 𝒚𝟐

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)(𝒙𝟐 + 𝒚𝟐)

+∞

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = ∫
𝒅𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
∫

𝒙𝟐 − 𝒚𝟐

(𝒙𝟐 + 𝒚𝟐)

𝟏

𝟎

+∞

𝟎

𝒅𝒚 

= ∫
𝟐𝒙𝒂𝒓𝒄𝒕𝒂𝒏

𝟏
𝒙 − 𝟏

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 = ∫
𝟐𝒙(

𝝅
𝟐 − 𝒂𝒓𝒄𝒕𝒂𝒏𝒙

) − 𝟏

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 = ∫
𝝅𝒙− 𝟐𝒙𝒂𝒓𝒄𝒕𝒂𝒏𝒙 − 𝟏

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙

= ∫
𝝅𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 − ∫
𝟐𝒙𝒂𝒓𝒄𝒕𝒂𝒏𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 − ∫
𝟏

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 

∗ ∫
𝝅𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 = 𝒍𝒊𝒎
𝒃→+∞

∫ 𝝅(
𝒙 + 𝟏

𝟐(𝒙𝟐 + 𝟏)
−

𝟏

𝟐(𝒙 + 𝟏)
)

𝒃

𝟎

𝒅𝒙

= 𝝅 𝒍𝒊𝒎
𝒃→+∞

(
𝟏

𝟒
𝒍𝒏(𝒙𝟐 + 𝟏) −

𝟏

𝟐
𝒍𝒏(𝒙 + 𝟏) +

𝟏

𝟐
𝒂𝒓𝒄𝒕𝒂𝒏𝒙)|

𝟎

𝒃

=
𝝅𝟐

𝟒
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∗ ∫
𝟏

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 = 𝒍𝒊𝒎
𝒃→+∞

∫ (
𝟏 − 𝒙

𝟐(𝒙𝟐 + 𝟏)
+

𝟏

𝟐(𝒙 + 𝟏)
)

𝒃

𝟎

𝒅𝒙

= 𝒍𝒊𝒎
𝒃→+∞

(−
𝟏

𝟒
𝒍𝒏(𝒙𝟐 + 𝟏) +

𝟏

𝟐
𝒍𝒏(𝒙 + 𝟏) +

𝟏

𝟐
𝒂𝒓𝒄𝒕𝒂𝒏𝒙)|

𝟎

𝒃

=
𝝅

𝟒
 

∗ ∫
𝒙𝒂𝒓𝒄𝒕𝒂𝒏𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 ⇒, 𝒍𝒆𝒕: 𝒙 = 𝒕𝒂𝒏 𝒕 ⇒ 𝒅𝒙 = (𝟏 + 𝒕𝒂𝒏𝟐 𝒕)𝒅𝒕 

⇒ ∫
𝒙𝒂𝒓𝒄𝒕𝒂𝒏𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 = ∫
𝒕 𝒕𝒂𝒏 𝒕 (𝟏 + 𝒕𝒂𝒏𝟐 𝒕)𝒅𝒕

(𝟏 + 𝒕𝒂𝒏 𝒕)(𝟏 + 𝒕𝒂𝒏𝟐 𝒕)

𝝅
𝟐

𝟎

= ∫
𝒕 𝒕𝒂𝒏 𝒕𝒅𝒕

(𝟏 + 𝒕𝒂𝒏 𝒕)
, {
𝑢 = 𝑡

𝑑𝑣 =
𝒕𝒂𝒏 𝒕

𝟏 + 𝒕𝒂𝒏 𝒕
𝒅𝒕

𝝅
𝟐

𝟎

⇒ {
𝑑𝑢 = 𝑑𝑡

𝑣 =
𝟏

𝟐
(𝒕 − 𝒍𝒏(𝒔𝒊𝒏 𝒕 + 𝒄𝒐𝒔 𝒕))

 

⇒ ∫
𝒙𝒂𝒓𝒄𝒕𝒂𝒏𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 =
𝟏

𝟐
𝒕(𝒕 − 𝒍𝒏(𝒔𝒊𝒏 𝒕 + 𝒄𝒐𝒔 𝒕))|

𝟎

𝝅
𝟐
−
𝟏

𝟐
∫ (𝒕 − 𝒍𝒏(𝒔𝒊𝒏 𝒕 + 𝒄𝒐𝒔 𝒕))𝒅𝒕

𝝅
𝟐

𝟎

=
𝝅𝟐

𝟏𝟔
+
𝟏

𝟐
∫ 𝒍𝒏(𝒔𝒊𝒏 𝒕 + 𝒄𝒐𝒔 𝒕)𝒅𝒕

𝝅
𝟐

𝟎

 

∗ ∫ 𝒍𝒏(𝒔𝒊𝒏 𝒕 + 𝒄𝒐𝒔 𝒕) 𝒅𝒕

𝝅
𝟐

𝟎

=
𝝅

𝟒
𝒍𝒏𝟐 + ∫ 𝒍𝒏(𝒔𝒊𝒏 (𝒕 +

𝝅

𝟒
))𝒅𝒕

𝝅
𝟐

𝟎

=
𝝅

𝟒
𝒍𝒏𝟐 +∫ 𝒍𝒏(𝒔𝒊𝒏 𝒕) 𝒅𝒕 =

𝟑𝝅
𝟒

𝝅
𝟒

𝝅

𝟒
𝒍𝒏𝟐 +∫ (−𝒍𝒏 𝟐 −∑

𝒄𝒐𝒔(𝟐𝒌𝒕)

𝒌

+∞

𝒌=𝟏

)𝒅𝒕

𝟑𝝅
𝟒

𝝅
𝟒

 

= −
𝝅

𝟒
𝒍𝒏𝟐 − ∫ ∑

𝒄𝒐𝒔(𝟐𝒌𝒕)

𝒌

+∞

𝒌=𝟏

𝒅𝒕

𝟑𝝅
𝟒

𝝅
𝟒

= −
𝝅

𝟒
𝒍𝒏𝟐

−∑
𝒔𝒊𝒏

𝟑𝝅𝒌
𝟐

𝟐𝒌𝟐
+∑

𝒔𝒊𝒏
𝝅𝒌
𝟐

𝟐𝒌𝟐
= −

𝝅

𝟒
𝒍𝒏𝟐 +

𝟏

𝟐
∑

(−𝟏)𝒋

(𝟐𝒋 + 𝟏)𝟐
+

+∞

𝒋=𝟎

+∞

𝒌=𝟏

+∞

𝒌=𝟏

𝟏

𝟐
∑

(−𝟏)𝒋

(𝟐𝒋 + 𝟏)𝟐

+∞

𝒋=𝟎

= −
𝝅

𝟒
𝒍𝒏𝟐 + 𝑮 ⇒

𝟏

𝟐
∫ 𝒍𝒏(𝒔𝒊𝒏 𝒕 + 𝒄𝒐𝒔 𝒕) 𝒅𝒕

𝝅
𝟐

𝟎

= −
𝝅

𝟖
𝒍𝒏𝟐 +

𝑮

𝟐

⇒ ∫
𝒙𝒂𝒓𝒄𝒕𝒂𝒏𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

+∞

𝟎

𝒅𝒙 =
𝝅𝟐

𝟏𝟔
−
𝝅

𝟖
𝒍𝒏𝟐 +

𝑮

𝟐
 

⇒ 𝜴 =
𝝅𝟐

𝟒
− 𝟐 (

𝝅𝟐

𝟏𝟔
−
𝝅

𝟖
𝒍𝒏 𝟐 +

𝑮

𝟐
) −

𝝅

𝟒
=
𝝅𝟐

𝟒
− (
𝝅𝟐

𝟖
−
𝝅

𝟒
𝒍𝒏𝟐 + 𝑮) −

𝝅

𝟒

=
𝝅𝟐

𝟖
−
𝟖𝑮

𝟖
+
𝝅

𝟒
𝒍𝒏𝟐 −

𝝅

𝟒
𝒍𝒏𝒆 =

𝝅𝟐 − 𝟖𝑮+ 𝟐𝝅𝒍𝒏
𝟐
𝒆

𝟖
 

Solution 2 by Togrul Ehmedov-Azerbaijan 

𝑰 = ∫
𝟏

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙∫

𝒙𝟐 − 𝒚𝟐

𝒙𝟐 + 𝒚𝟐

𝟏

𝟎

∞

𝟎

𝒅𝒙 = 
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= ∫
𝝅𝒙 − 𝟏 − 𝟐𝒙 ⋅ 𝐭𝐚𝐧−𝟏 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

= 𝝅∫
𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎⏟              
𝑰𝟏

− 

−∫
𝒅𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

∞

𝟎⏟            
𝑰𝟐

− 𝟐∫
𝒙 𝐭𝐚𝐧−𝟏 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎⏟              
𝑰𝟑

 

𝑰𝟏 = ∫
𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

=
𝝅

𝟒
, 𝑰𝟐 = ∫

𝒅𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)

∞

𝟎

=
𝝅

𝟒
 

𝑰𝟑 = ∫
𝒙 𝐭𝐚𝐧−𝟏 𝒙

(𝟏 + 𝒙)(𝟏 + 𝒙𝟐)
𝒅𝒙

∞

𝟎

=
𝟏

𝟐
𝑮 −

𝝅

𝟖
𝐥𝐨𝐠 𝟐 +

𝝅𝟐

𝟏𝟔
 

𝑰 = 𝝅𝑰𝟏 − 𝑰𝟐 − 𝟐𝑰𝟑 =
𝝅𝟐

𝟖
−
𝝅

𝟒
− 𝑮+

𝝅

𝟒
𝐥𝐨𝐠 𝟐 =

𝝅𝟐 − 𝟖𝑮 + 𝟐𝝅 𝐥𝐨𝐠 (
𝟐
𝒆)

𝟖
    

2013. Find: 

𝑰 = ∫ (𝒙𝟐 − 𝒙 + 𝟏)
𝟕
𝟐 𝒄𝒐𝒔 (𝟕 𝒂𝒓𝒄𝒕𝒂𝒏

𝒙√𝟑

𝟐 − 𝒙
)

𝟏

𝟎

𝒅𝒙  

Proposed by Asmat Qatea-Afghanistan 
Solution by Pham Duc Nam-Vietnam 
 

𝑰 = ∫ (𝒙𝟐 − 𝒙+ 𝟏)
𝟕
𝟐 𝒄𝒐𝒔(𝟕 𝒂𝒓𝒄𝒕𝒂𝒏

𝒙√𝟑

𝟐 − 𝒙
)

𝟏

𝟎

𝒅𝒙 

∗ 𝑰𝒇:
𝒕

𝟕
= 𝒂𝒓𝒄𝒕𝒂𝒏

𝒙√𝟑

𝟐 − 𝒙
⇒ 𝒕𝒂𝒏

𝒕

𝟕
=
𝒙√𝟑

𝟐 − 𝒙
⇒ 𝟏 + 𝒕𝒂𝒏𝟐

𝒕

𝟕
=

𝟏

𝒄𝒐𝒔𝟐
𝒕
𝟕

= 𝟏 + (
𝒙√𝟑

𝟐 − 𝒙
)

𝟐

=
𝟒(𝒙𝟐 − 𝒙+ 𝟏)

(𝒙 − 𝟐)𝟐
⇒ 𝒄𝒐𝒔𝟐

𝒕

𝟕
=

(𝒙 − 𝟐)𝟐

𝟒(𝒙𝟐 − 𝒙+ 𝟏)
⇒ 𝒄𝒐𝒔

𝒕

𝟕

=
𝟐 − 𝒙

𝟐(𝒙𝟐 − 𝒙 + 𝟏)
𝟏
𝟐

(𝒙 ∈ (𝟎, 𝟏)) 

∗ 𝑩𝒚 𝑫𝒆 𝑴𝒐𝒊𝒗𝒓𝒆′𝒔 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒂𝒏𝒅 𝑩𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝑻𝒉𝒆𝒐𝒓𝒆𝒎 ⇒ 𝒄𝒐𝒔(𝒕) = 𝒄𝒐𝒔(𝟕.
𝒕

𝟕
)

= 𝒄𝒐𝒔𝟕
𝒕

𝟕
− 𝟐𝟏𝒔𝒊𝒏𝟐

𝒕

𝟕
𝒄𝒐𝒔𝟓

𝒕

𝟕
+ 𝟑𝟓𝒔𝒊𝒏𝟒

𝒕

𝟕
𝒄𝒐𝒔𝟑

𝒕

𝟕
− 𝟕𝒔𝒊𝒏𝟔

𝒕

𝟕
𝒄𝒐𝒔

𝒕

𝟕
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= (
𝟐 − 𝒙

𝟐(𝒙𝟐 − 𝒙 + 𝟏)
𝟏
𝟐

)

𝟕

− 𝟐𝟏(𝟏 −
(𝒙 − 𝟐)𝟐

𝟒(𝒙𝟐 − 𝒙+ 𝟏)
)(

𝟐 − 𝒙

𝟐(𝒙𝟐 − 𝒙 + 𝟏)
𝟏
𝟐

)

𝟓

+ 𝟑𝟓(𝟏 −
(𝒙 − 𝟐)𝟐

𝟒(𝒙𝟐 − 𝒙+ 𝟏)
)

𝟐

(
𝟐 − 𝒙

𝟐(𝒙𝟐 − 𝒙 + 𝟏)
𝟏
𝟐

)

𝟑

− 𝟕(𝟏 −
(𝒙 − 𝟐)𝟐

𝟒(𝒙𝟐 − 𝒙 + 𝟏)
)

𝟑
𝟐 − 𝒙

𝟐(𝒙𝟐 − 𝒙+ 𝟏)
𝟏
𝟐

 

=
(𝟐 − 𝒙)(𝒙𝟔 − 𝟏𝟐𝒙𝟓 − 𝟑𝒙𝟒 + 𝟐𝟗𝒙𝟑 − 𝟏𝟐𝒙𝟐 − 𝟑𝒙+ 𝟏)

𝟐(𝒙𝟐 − 𝒙+ 𝟏)
𝟕
𝟐

 

⇒ 𝑰 = ∫ (𝒙𝟐 − 𝒙+ 𝟏)
𝟕
𝟐 𝒄𝒐𝒔 (𝟕𝒂𝒓𝒄𝒕𝒂𝒏

𝒙√𝟑

𝟐 − 𝒙
)

𝟏

𝟎

𝒅𝒙

= ∫
(𝒙𝟐 − 𝒙 + 𝟏)

𝟕
𝟐(𝟐− 𝒙)(𝒙𝟔 − 𝟏𝟐𝒙𝟓 − 𝟑𝒙𝟒 + 𝟐𝟗𝒙𝟑 − 𝟏𝟐𝒙𝟐 − 𝟑𝒙+ 𝟏)

𝟐(𝒙𝟐 − 𝒙+ 𝟏)
𝟕
𝟐

𝟏

𝟎

𝒅𝒙 

= ∫
(𝟐 − 𝒙)(𝒙𝟔 − 𝟏𝟐𝒙𝟓 − 𝟑𝒙𝟒 + 𝟐𝟗𝒙𝟑 − 𝟏𝟐𝒙𝟐 − 𝟑𝒙+ 𝟏)

𝟐

𝟏

𝟎

𝒅𝒙

=
𝟏

𝟐
∫ (−𝒙𝟕 + 𝟏𝟒𝒙𝟔 − 𝟐𝟏𝒙𝟓 − 𝟑𝟓𝒙𝟒 + 𝟕𝟎𝒙𝟑 − 𝟐𝟏𝒙𝟐 − 𝟕𝒙+ 𝟐)
𝟏

𝟎

𝒅𝒙 

=
𝟏

𝟐
(−
𝒙𝟖

𝟖
+ 𝟐𝒙𝟕 −

𝟕

𝟐
𝒙𝟔 − 𝟕𝒙𝟓 +

𝟑𝟓

𝟐
𝒙𝟒 − 𝟕𝒙𝟑 −

𝟕

𝟐
𝒙𝟐 + 𝟐𝒙)|

𝟎

𝟏

=
𝟏

𝟐
(−
𝟏

𝟖
+ 𝟐 −

𝟕

𝟐
− 𝟕+

𝟑𝟓

𝟐
− 𝟕 −

𝟕

𝟐
+ 𝟐) =

𝟏

𝟐
(
𝟑

𝟖
) =

𝟑

𝟏𝟔
 

2014. Find: 

𝑰 = ∫ 𝒍𝒏(𝒂𝟐 𝒔𝒊𝒏𝟐 𝒙 + 𝒃𝟐 𝒄𝒐𝒔𝟐 𝒙 + 𝒄𝟐 𝒕𝒂𝒏𝟐 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙 

Proposed by Sakthi Vel-India 
Solution by Pham Duc Nam-Vietnam 

∗ 𝑨𝒑𝒑𝒍𝒚 𝒔𝒐𝒎𝒆 𝒕𝒓𝒊𝒈𝒐𝒏𝒐𝒎𝒆𝒕𝒓𝒚 𝒇𝒐𝒓𝒎𝒖𝒍𝒂𝒔: 

𝒄𝒐𝒔𝟐 𝒙 =
𝟏

𝟏 + 𝒕𝒂𝒏𝟐 𝒙
, 𝒔𝒊𝒏𝟐 𝒙 = 𝟏 − 𝒄𝒐𝒔𝟐 𝒙 = 𝟏 −

𝟏

𝟏 + 𝒕𝒂𝒏𝟐 𝒙
=

𝒕𝒂𝒏𝟐 𝒙

𝟏 + 𝒕𝒂𝒏𝟐 𝒙
⇒ 𝑰

= ∫ 𝒍𝒏(𝒂𝟐
𝒕𝒂𝒏𝟐 𝒙

𝟏 + 𝒕𝒂𝒏𝟐 𝒙
+ 𝒃𝟐

𝟏

𝟏 + 𝒕𝒂𝒏𝟐 𝒙
+ 𝒄𝟐 𝒕𝒂𝒏𝟐 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙

= ∫ 𝒍𝒏(
𝒂𝟐 𝒕𝒂𝒏𝟐 𝒙 + 𝒃𝟐 + 𝒄𝟐 𝒕𝒂𝒏𝟐 𝒙 (𝟏 + 𝒕𝒂𝒏𝟐 𝒙)

𝟏 + 𝒕𝒂𝒏𝟐 𝒙
)

𝝅
𝟐

𝟎

𝒅𝒙 
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= ∫ 𝒍𝒏 (𝒂𝟐 𝒕𝒂𝒏𝟐 𝒙 + 𝒃𝟐 + 𝒄𝟐 𝒕𝒂𝒏𝟐 𝒙 (𝟏 + 𝒕𝒂𝒏𝟐 𝒙))

𝝅
𝟐

𝟎

𝒅𝒙 − ∫ 𝒍𝒏(𝟏 + 𝒕𝒂𝒏𝟐 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙

= ∫ 𝒍𝒏(𝒂𝟐 𝒕𝒂𝒏𝟐 𝒙 + 𝒃𝟐 + 𝒄𝟐 𝒕𝒂𝒏𝟐 𝒙 (𝟏 + 𝒕𝒂𝒏𝟐 𝒙))

𝝅
𝟐

𝟎

𝒅𝒙 + 𝟐∫ 𝒍𝒏𝒄𝒐𝒔 𝒙

𝝅
𝟐

𝟎

𝒅𝒙 

= ∫ 𝒍𝒏(𝒂𝟐 𝒕𝒂𝒏𝟐 𝒙 + 𝒃𝟐 + 𝒄𝟐 𝒕𝒂𝒏𝟐 𝒙 (𝟏 + 𝒕𝒂𝒏𝟐 𝒙))

𝝅
𝟐

𝟎

𝒅𝒙 − 𝝅 𝒍𝒏𝟐 = 𝑲(𝒂, 𝒃, 𝒄) − 𝝅 𝒍𝒏𝟐 

∗ 𝑲(𝒂, 𝒃, 𝒄) = ∫ 𝒍𝒏(𝒂𝟐 𝒕𝒂𝒏𝟐 𝒙 + 𝒃𝟐 + 𝒄𝟐 𝒕𝒂𝒏𝟐 𝒙 (𝟏 + 𝒕𝒂𝒏𝟐 𝒙))

𝝅
𝟐

𝟎

𝒅𝒙, 𝒍𝒆𝒕: 𝒕 = 𝒕𝒂𝒏𝒙 ⇒ 𝒙

= 𝒂𝒓𝒄𝒕𝒂𝒏 𝒕 ⇒ 𝒅𝒙 =
𝒅𝒕

𝒕𝟐 + 𝟏
 

⇒ 𝑲(𝒂, 𝒃, 𝒄) = ∫
𝒍𝒏(𝒂𝟐𝒕𝟐 + 𝒃𝟐 + 𝒄𝟐𝒕𝟐(𝟏 + 𝒕𝟐))

𝒕𝟐 + 𝟏

+∞

𝟎

𝒅𝒕 ⇒
𝝏

𝝏𝒄
𝑲(𝒂, 𝒃, 𝒄)

= ∫
𝝏

𝝏𝒄
(
𝒍𝒏 (𝒂𝟐𝒕𝟐 + 𝒃𝟐 + 𝒄𝟐𝒕𝟐(𝟏 + 𝒕𝟐))

𝒕𝟐 + 𝟏
)

+∞

𝟎

𝒅𝒕

= ∫
𝟐𝒄𝒕𝟐

(𝒂𝟐 + 𝒄𝟐)𝒕𝟐 + 𝒃𝟐 + 𝒄𝟐𝒕𝟒

+∞

𝟎

𝒅𝒕

 𝒕=√
𝒃

𝒄
𝒌 

→       
𝟐

√𝒃𝒄
∫

𝒌𝟐

𝒌𝟒 + 𝒌𝟐
(𝒂𝟐 + 𝒄𝟐)
𝒃𝒄

+ 𝟏

+∞

𝟎

𝒅𝒌 

 𝒌=
𝟏

𝒌
 

→     
𝟐

√𝒃𝒄
∫

𝟏

𝒌𝟒 + 𝒌𝟐
(𝒂𝟐 + 𝒄𝟐)
𝒃𝒄

+ 𝟏

+∞

𝟎

𝒅𝒌 ⇒ ∫
𝟐𝒄𝒕𝟐

(𝒂𝟐 + 𝒄𝟐)𝒕𝟐 + 𝒃𝟐 + 𝒄𝟐𝒕𝟒

+∞

𝟎

𝒅𝒕

=
𝟏

√𝒃𝒄
∫

𝒌𝟐 + 𝟏

𝒌𝟒 + 𝒌𝟐
(𝒂𝟐 + 𝒄𝟐)
𝒃𝒄

+ 𝟏

+∞

𝟎

𝒅𝒌

=
𝟏

√𝒃𝒄
∫

𝒅 (𝒌−
𝟏
𝒌
)

(𝒌 −
𝟏
𝒌
)
𝟐

+
𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄

𝒃𝒄

+∞

𝟎

𝒅𝒌
 𝒖=𝒌−

𝟏

𝒌
 

→        
𝟏

√𝒃𝒄
.√

𝒃𝒄

𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄
𝒂𝒓𝒄𝒕𝒂𝒏(𝒖√

𝒃𝒄

𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄
)|

−∞

+∞

 

=
𝝅

√𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄
⇒
𝝏

𝝏𝒄
𝑲(𝒂, 𝒃, 𝒄) =

𝝅

√𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄
 

∗ 𝑲(𝒂, 𝒃, 𝟎) = 𝑲(𝒂, 𝒃) = ∫
𝒍𝒏(𝒂𝟐𝒕𝟐 + 𝒃𝟐)

𝒕𝟐 + 𝟏

+∞

𝟎

𝒅𝒕 ⇒
𝝏

𝝏𝒂
𝑲(𝒂, 𝒃)

= ∫
𝝏

𝝏𝒂
(
𝒍𝒏(𝒂𝟐𝒕𝟐 + 𝒃𝟐)

𝒕𝟐 + 𝟏
)

+∞

𝟎

𝒅𝒕 = ∫
𝟐𝒂𝒕𝟐

(𝒕𝟐 + 𝟏)(𝒂𝟐𝒕𝟐 + 𝒃𝟐)

+∞

𝟎

𝒅𝒕

= 𝟐𝒂∫ (
𝟏

(𝒂𝟐 − 𝒃𝟐)𝒕𝟐 + (𝒂𝟐 − 𝒃𝟐)
−

𝒃𝟐

𝒂𝟐𝒕𝟐(𝒂𝟐 − 𝒃𝟐) + (𝒂𝟐 − 𝒃𝟐)
)

+∞

𝟎

𝒅𝒕 
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=
𝟐𝒂𝒂𝒓𝒄𝒕𝒂𝒏 𝒕 − 𝟐𝒃𝒂𝒓𝒄𝒕𝒂𝒏

𝒂𝒕
𝒃

𝒂𝟐 − 𝒃𝟐
|

𝟎

+∞

=
𝝅

𝒂 + 𝒃
⇒ 𝑲(𝒂, 𝒃) = 𝝅 𝒍𝒏(𝒂 + 𝒃) + 𝑪, 𝒍𝒆𝒕: 𝒂 = 𝟎

⇒ 𝝅 𝒍𝒏𝒃 = 𝝅 𝒍𝒏(𝒃) + 𝑪 ⇒ 𝑪 = 𝟎 ⇒ 𝑲(𝒂, 𝒃) = 𝝅 𝒍𝒏(𝒂 + 𝒃) 

⇒ 𝑲(𝒂, 𝒃, 𝒄) = ∫
𝝅

√𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄
𝒅𝒄 = 𝝅 𝒍𝒏(𝒃 + 𝒄 + √𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄) + 𝑪, 𝒍𝒆𝒕: 𝒄 = 𝟎

⇒ 𝝅 𝒍𝒏(𝒂 + 𝒃) = 𝝅 𝒍𝒏(𝒂 + 𝒃) + 𝑪 ⇒ 𝑪 = 𝟎 ⇒ 𝑲(𝒂, 𝒃, 𝒄)

= 𝝅 𝒍𝒏(𝒃 + 𝒄 + √𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄) 

⇒ 𝑰 = 𝝅𝒍𝒏 (𝒃+ 𝒄 + √𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄) − 𝝅 𝒍𝒏𝟐 = 𝝅 𝒍𝒏
𝒃 + 𝒄 + √𝒂𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄

𝟐
 

2015. Let 𝒂, 𝒃, 𝒄 be real numbers. Prove that: 

(𝝅 − 𝟏)𝒂𝟐 + (𝝅 − 𝟗)𝒃𝟐 + (𝝅 − 𝟒)𝒄𝟐 − 𝟔𝒃 + 𝝅− 𝟏

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏
≤ ∫

𝟔𝒙+ 𝟓(𝝅𝟐 − 𝟏)√𝒙

𝟒√𝒙 + (𝝅𝟐 − 𝟏)√𝒙

𝟏

𝟎

𝒅𝒙 

Proposed by Kunihiko Chikaya-Tokyo-Japan 
Solution by Ruxandra Daniela Tonilă-Romania 
 

(𝝅 − 𝟏)𝒂𝟐 + (𝝅 − 𝟗)𝒃𝟐 + (𝝅 − 𝟒)𝒄𝟐 − 𝟔𝒃 + 𝝅 − 𝟏

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏
=   

=
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏)𝝅 − 𝒂𝟐 − 𝟗𝒃𝟐 − 𝟔𝒃 − 𝟒𝒄𝟏 − 𝟏

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏
=  

= 𝝅−
𝒂𝟐 + 𝟗𝒃𝟐 + 𝟔𝒃 + 𝟒𝒄𝟐 + 𝟏

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏
≤ 𝝅, ∀𝒂, 𝒃, 𝒄 ∈ ℝ;   (𝟏) 

∫
𝟔𝒙+ 𝟓(𝝅𝟐 − 𝟏)√𝒙

𝟒√𝒙 + (𝝅𝟐 − 𝟏)√𝒙

𝟏

𝟎

𝒅𝒙 = ∫ (
𝟒(𝒙 + (𝝅𝟐 − 𝟏)√𝒙)

𝟒√𝒙 + (𝝅𝟐 − 𝟏)√𝒙
+
𝟐𝒙 + (𝝅𝟐 − 𝟏)√𝒙

𝟒√𝒙 + (𝝅𝟐 − 𝟏)√𝒙
)𝒅𝒙

𝟏

𝟎

= 

= ∫ (√𝒙+ (𝝅𝟐 − 𝟏)√𝒙 +
𝒙

𝟐
(𝟏 +

𝝅𝟐 − 𝟏

𝟐√𝒙
)(𝒙 + (𝝅𝟐 − 𝟏)√𝒙)

−
𝟏
𝟐)

𝟏

𝟎

𝒅𝒙 = 

= ∫ (√𝒙 + (𝝅𝟐 − 𝟏)√𝒙 + 𝒙(√𝒙+ (𝝅𝟐 − 𝟏)√𝒙)

′

)𝒅𝒙
𝟏

𝟎

= 

= ∫ [𝒙 ∙ √𝒙 + (𝝅𝟐 − 𝟏)√𝒙]

′

𝒅𝒙
𝟏

𝟎

= 𝒙 ∙ √𝒙 + (𝝅𝟐 − 𝟏)√𝒙|
𝟎

𝟏

= 𝝅;   (𝟐) 

From (1) and (2), it follows that: 

(𝝅 − 𝟏)𝒂𝟐 + (𝝅 − 𝟗)𝒃𝟐 + (𝝅 − 𝟒)𝒄𝟐 − 𝟔𝒃 + 𝝅− 𝟏

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏
≤ ∫

𝟔𝒙+ 𝟓(𝝅𝟐 − 𝟏)√𝒙

𝟒√𝒙 + (𝝅𝟐 − 𝟏)√𝒙

𝟏

𝟎

𝒅𝒙 
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2016. 𝑰𝒇 𝟎 < 𝑎 ≤ 𝑏 <
𝝅

𝟐
 𝒕𝒉𝒆𝒏 ∶ 

∫
(𝒆𝒙 − 𝒆𝐬𝐢𝐧 𝒙)(𝐭𝐚𝐧 𝒙 − 𝒙)

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
𝒅𝒙

𝒃

𝒂

≤ (𝒃 − 𝒂) (𝟏 + 𝐬𝐢𝐧
𝒂 + 𝒃

𝟐
) 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 ∶   𝐬𝐢𝐧 𝒙 < 𝑥 < 𝐭𝐚𝐧𝒙,   ∀𝒙 ∈ (𝟎,
𝝅

𝟐
)   𝒂𝒏𝒅   𝒆𝒕 − 𝟏 ≥ 𝒕,   ∀𝒕 ∈ 𝑹. 

𝑻𝒉𝒆𝒏 ∶  𝒆𝐭𝐚𝐧 𝒙−𝒙 − 𝟏 ≥ 𝐭𝐚𝐧𝒙 − 𝒙   𝒐𝒓  
𝐭𝐚𝐧 𝒙 − 𝒙

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
≤ 𝒆−𝒙,   ∀𝒙 ∈ (𝟎,

𝝅

𝟐
). 

𝑻𝒉𝒖𝒔,   
(𝒆𝒙 − 𝒆𝐬𝐢𝐧𝒙)(𝐭𝐚𝐧 𝒙 − 𝒙)

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
≤ (𝒆𝒙 − 𝒆𝐬𝐢𝐧𝒙)𝒆−𝒙 = 𝟏 − 𝒆𝐬𝐢𝐧𝒙−𝒙 ≤ 𝟏,   ∀𝒙 ∈ (𝟎,

𝝅

𝟐
). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∫
(𝒆𝒙 − 𝒆𝐬𝐢𝐧 𝒙)(𝐭𝐚𝐧𝒙 − 𝒙)

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
𝒅𝒙

𝒃

𝒂

≤ ∫ 𝒅𝒙
𝒃

𝒂

= 𝒃 − 𝒂 ≤ (𝒃 − 𝒂)(𝟏 + 𝐬𝐢𝐧
𝒂 + 𝒃

𝟐
). 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃. 

Solution 2 by Tapas Das-India 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝒆𝒕 = 𝟏 + 𝒕 +
𝒕𝟐

𝟐!
+ ⋯ 

𝒆𝒙(𝟏 + 𝐭𝐚𝐧 𝒙 − 𝒙) = (𝟏 + 𝒙 +
𝒙𝟐

𝟐!
+
𝒙𝟑

𝟑!
+ ⋯) (𝐭𝐚𝐧𝒙 − 𝒙) + ⋯ = 

= (𝐭𝐚𝐧𝒙 − 𝒙) + 𝒙(𝐭𝐚𝐧𝒙 − 𝒙) +
𝒙𝟐

𝟐!
(𝐭𝐚𝐧𝒙 − 𝒙) +⋯ ;                   (𝟏) 

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙 = (𝟏 + 𝐭𝐚𝐧 𝒙 +
𝐭𝐚𝐧𝟐 𝒙

𝟐!
+
𝐭𝐚𝐧𝟑 𝒙

𝟑!
+⋯) − (𝟏 + 𝒙 +

𝒙𝟐

𝟐!
+
𝒙𝟑

𝟑!
+ ⋯) = 

= (𝐭𝐚𝐧𝒙 − 𝒙) +
𝐭𝐚𝐧𝟐 𝒙 − 𝒙𝟐

𝟐!
+
𝐭𝐚𝐧𝟑 𝒙 − 𝒙𝟑

𝟑!
+⋯ = 

= (𝐭𝐚𝐧 𝒙 − 𝒙) +
(𝐭𝐚𝐧 𝒙 − 𝒙)(𝐭𝐚𝐧𝒙 + 𝒙)

𝟐!
+
(𝐭𝐚𝐧𝒙 − 𝒙)(𝐭𝐚𝐧𝟐 𝒙 + 𝒙 𝐭𝐚𝐧𝒙 + 𝒙𝟐)

𝟑!

+ ⋯ ;    (𝟑) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐):  𝒆𝒙(𝐭𝐚𝐧𝒙 − 𝒙) ≤ 𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙 
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𝐭𝐚𝐧 𝒙 − 𝒙

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
≤
𝟏

𝒆𝒙
 

𝒆𝒙 − 𝒆𝐬𝐢𝐧𝒙

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
(𝐭𝐚𝐧 𝒙 − 𝒙) ≤

𝒆𝒙 − 𝒆𝐬𝐢𝐧𝒙

𝒆𝒙
 𝒔𝒊𝒏𝒄𝒆:

𝐭𝐚𝐧 𝒙 − 𝒙

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
≤
𝟏

𝒆𝒙
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝐬𝐢𝐧 𝒙 < 𝑥; (∀)𝒙 ∈ (𝟎,
𝝅

𝟐
) , 𝒆𝐬𝐢𝐧𝒙 < 𝒆𝒙; 𝒆𝒙 − 𝒆𝐬𝐢𝐧 𝒙 < 𝒆𝒙 

 
𝒆𝒙 − 𝒆𝐬𝐢𝐧𝒙

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
(𝐭𝐚𝐧 𝒙 − 𝒙) ≤

𝒆𝒙 − 𝒆𝐬𝐢𝐧𝒙

𝒆𝒙
≤
𝒆𝒙

𝒆𝒙
= 𝟏 

 𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∫
(𝒆𝒙 − 𝒆𝐬𝐢𝐧 𝒙)(𝐭𝐚𝐧 𝒙 − 𝒙)

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
𝒅𝒙

𝒃

𝒂

≤ ∫ 𝒅𝒙

𝒃

𝒂

= 𝒃 − 𝒂 ≤ (𝒃 − 𝒂) (𝟏 + 𝐬𝐢𝐧
𝒂 + 𝒃

𝟐
). 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃. 

Solution 3 by Khaled Abd Imouti-Damascus-Syria 

𝒇(𝒙) =
𝟏

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙

𝐭𝐚𝐧𝒙 − 𝒙

; 𝒙 ∈ (𝟎,
𝝅

𝟐
)  𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 𝐬𝐢𝐧𝒙 < 𝑥; (∀)𝒙 ∈ (𝟎,

𝝅

𝟐
) 

𝒇(𝒙) =
𝟏

𝒆𝒙 ∙
𝒆𝐭𝐚𝐧 𝒙−𝒙 − 𝟏
𝐭𝐚𝐧 𝒙 − 𝒙

=
𝒆−𝒙

𝒆𝐭𝐚𝐧 𝒙−𝒙 − 𝟏
𝐭𝐚𝐧𝒙 − 𝒙

 

𝐥𝐢𝐦
𝒙→𝟎

𝒇(𝒙) = 𝟏; 𝐥𝐢𝐦
𝒙→
𝝅
𝟐

𝒇(𝒙) = 𝐥𝐢𝐦
𝒚→∞

𝒆𝒚 − 𝟏

𝒚
= 𝟎 

𝒇′(𝒙) < 0; (∀)𝒙 ∈ (𝟎,
𝝅

𝟐
) ⇒ 𝒇 − 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈, 𝒔𝒐 𝒇(𝒙) ≤ 𝟏; (∀)𝒙 ∈ (𝟎,

𝝅

𝟐
) 

𝒆𝒙 − 𝒆𝐬𝐢𝐧 𝒙 = 𝒆𝒙(𝟏 − 𝒆𝐬𝐢𝐧𝒙−𝒙) 

𝒆𝒙(𝟏 − 𝒆𝐬𝐢𝐧𝒙−𝒙)𝒇(𝒙) ≤ 𝟏 − 𝒆𝐬𝐢𝐧 𝒙−𝒙; (𝐬𝐢𝐧 𝒙 − 𝒙 < 0), 𝒔𝒐 𝟏 − 𝒆𝐬𝐢𝐧 𝒙−𝒙 ≤ 𝟏 

 𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∫
(𝒆𝒙 − 𝒆𝐬𝐢𝐧 𝒙)(𝐭𝐚𝐧 𝒙 − 𝒙)

𝒆𝐭𝐚𝐧 𝒙 − 𝒆𝒙
𝒅𝒙

𝒃

𝒂

≤ ∫ 𝒅𝒙

𝒃

𝒂

= 𝒃 − 𝒂 ≤ (𝒃 − 𝒂) (𝟏 + 𝐬𝐢𝐧
𝒂 + 𝒃

𝟐
). 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃.  

2017. If 𝟎 < 𝑎 ≤ 𝑏 <
𝝅

𝟐
 then: 

∫
(𝟏 − 𝐬𝐢𝐧𝟓 𝒙)

𝟕

(𝟏 − 𝐬𝐢𝐧𝟑 𝒙)𝟖

𝒃

𝒂

𝒅𝒙 ≥ 𝒃 − 𝒂 

Proposed by Daniel Sitaru-Romania 
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Solution by Tapas Das-India 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝟎 < 𝐬𝐢𝐧 𝒙 < 1; (∀)𝒙 ∈ (𝟎,
𝝅

𝟐
) , 𝒕𝒉𝒆𝒏 𝐬𝐢𝐧𝟑 𝒙 > 𝐬𝐢𝐧𝟓 𝒙𝒂𝒏𝒅  

𝟏 − 𝐬𝐢𝐧𝟐 𝒙 < 1 − 𝐬𝐢𝐧𝟓 𝒙 , 𝒂𝒍𝒔𝒐 𝒘𝒆 𝒉𝒂𝒗𝒆: 𝐬𝐢𝐧 𝒙 < 𝑥; (∀)𝒙 ∈ (𝟎,
𝝅

𝟐
) 

𝑯𝒆𝒏𝒄𝒆: 
(𝟏 − 𝐬𝐢𝐧𝟓 𝒙)

𝟕

(𝟏 − 𝐬𝐢𝐧𝟑 𝒙)𝟖
>
(𝟏 − 𝐬𝐢𝐧𝟓 𝒙)

𝟕

(𝟏 − 𝐬𝐢𝐧𝟓 𝒙)𝟖
=

𝟏

𝟏 − 𝐬𝐢𝐧𝟓 𝒙
≥ 𝟏 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,∫
(𝟏 − 𝐬𝐢𝐧𝟓 𝒙)

𝟕

(𝟏 − 𝐬𝐢𝐧𝟑 𝒙)𝟖

𝒃

𝒂

𝒅𝒙 ≥ ∫ 𝒅𝒙
𝒃

𝒂

= 𝒃− 𝒂 

Equality holds for 𝒂 = 𝒃. 

2018. 𝑩(𝒙, 𝒚) = ∫ 𝒕𝒙(𝟏 − 𝒕)𝒚
𝟏

𝟎
𝒅𝒕, 𝒙, 𝒚 > 0 

Prove that: 

𝑩(𝒙, 𝒚) ∙ 𝑩(𝒚, 𝒛) ∙ 𝑩(𝒛, 𝒙) ≥ 𝑩(𝒙, 𝒙) ∙ 𝑩(𝒚, 𝒚) ∙ 𝑩(𝒛, 𝒛) 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

𝑩(𝒙, 𝒚) =
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
 𝐚𝐧𝐝 𝚪(𝜶) = ∫ 𝑺𝜶−𝟏𝒆−𝒔

∞

𝟎

𝒅𝒔 

𝚪(𝝀𝒙 + (𝟏 − 𝝀)𝒚) = ∫ 𝑺𝝀𝒙+(𝟏−𝝀)𝒚−𝟏𝒆−𝑺
∞

𝟎

𝒅𝒔 = 

= ∫ 𝑺𝝀(𝒙−𝟏)+(𝟏−𝝀)(𝒚−𝟏)𝒆−𝝀𝒔𝒆−(𝟏−𝝀)𝒔
∞

𝟎

𝒅𝒔 = 

= ∫ (𝑺𝒙−𝟏𝒆−𝑺)𝝀(𝑺𝒚−𝟏𝒆−𝑺)𝟏−𝝀
∞

𝟎

𝒅𝒔 ≤
𝑯𝒐𝒍𝒅𝒆𝒓

 

≤ (∫ ((𝑺𝒙−𝟏𝒆−𝑺)𝝀)
𝟏
𝝀𝒅𝒔

∞

𝟎

)

𝝀

(∫ ((𝑺𝒚−𝟏𝒆−𝑺)𝟏−𝝀)
𝟏
𝟏−𝝀𝒅𝒔

∞

𝟎

)

𝟏−𝝀

= 

= (∫ 𝑺𝒙−𝟏𝒆−𝑺
∞

𝟎

𝒅𝒔)

𝝀

(∫ 𝑺𝒚−𝟏𝒆−𝑺
∞

𝟎

𝒅𝒔)

𝟏−𝝀

= 𝚪(𝒙)𝝀𝚪(𝒚)𝟏−𝝀 

𝚪(∙) −is log-convex, then: 

𝚪(
𝟏

𝟐
∙ 𝟐𝒙 +

𝟏

𝟐
∙ 𝟐𝒚) ≤ 𝚪(𝟐𝒙)

𝟏
𝟐𝚪(𝒚)

𝟏
𝟐 

𝚪(𝒙 + 𝒚) ≤ √𝚪(𝟐𝒙)𝚪(𝟐𝒚) 
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Hence: 

𝟏

𝚪(𝒙 + 𝒚)
≥

𝟏

√𝚪(𝟐𝒙)𝚪(𝟐𝒚)
⇒
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
≥

𝚪(𝒙)𝚪(𝒚)

√𝚪(𝟐𝒙)𝚪(𝟐𝒚)
 

𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
≥ √

𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒙)
∙ √
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒚 + 𝒚)
 

𝑩(𝒙, 𝒚) ≥ √𝑩(𝒙, 𝒙) ∙ √𝑩(𝒚, 𝒚) 

𝑩(𝒚, 𝒛) ≥ √𝑩(𝒚, 𝒚) ∙ √𝑩(𝒛, 𝒛) 

𝑩(𝒛, 𝒙) ≥ √𝑩(𝒛, 𝒛) ∙ √𝑩(𝒙, 𝒙) 

Therefore, 

𝑩(𝒙, 𝒚) ∙ 𝑩(𝒚, 𝒛) ∙ 𝑩(𝒛, 𝒙) ≥ 𝑩(𝒙, 𝒙) ∙ 𝑩(𝒚, 𝒚) ∙ 𝑩(𝒛, 𝒛) 

2019. 𝑰𝒇 𝟎 < 𝒂 ≤ 𝒃 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 ∶ 

√𝟑

𝟐
(𝒃𝟐 − 𝒂𝟐)(𝒃 − 𝒂)𝟐 ≤ ∫ ∫ ∫ √𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐𝒅𝒙

𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

≤
√𝟑

𝟒
(𝒃𝟐 − 𝒂𝟐)𝟐𝒍𝒏 (

𝒃

𝒂
) 

Proposed by Asmat Qatea-Afghanistan 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒎𝒎𝒂 ∶   𝑰𝒇 𝒙, 𝒚, 𝒛 > 0 𝑡ℎ𝑒𝑛 ∶ 

  𝒙 + 𝒚 + 𝒛 ≤ √𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) ≤
𝒙𝒚

𝒛
+
𝒚𝒛

𝒙
+
𝒛𝒙

𝒚
. 

𝑷𝒓𝒐𝒐𝒇 ∶   𝑩𝒚 𝑪𝑩𝑺 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  √𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) ≥ 𝒙 + 𝒚+ 𝒛. 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒘𝒆𝒍𝒍 𝒌𝒏𝒐𝒘𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝒖+ 𝒗 +𝒘)𝟐 ≥ 𝟑(𝒖𝒗+ 𝒗𝒘+𝒘𝒖),𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  

𝒙𝒚

𝒛
+
𝒚𝒛

𝒙
+
𝒛𝒙

𝒚
=
(𝒙𝒚)𝟐 + (𝒚𝒛)𝟐 + (𝒛𝒙)𝟐

𝒙𝒚𝒛
≥
√𝟑[(𝒙𝒚)𝟐. (𝒚𝒛)𝟐 + (𝒚𝒛)𝟐. (𝒛𝒙)𝟐 + (𝒛𝒙)𝟐. (𝒙𝒚)𝟐]

𝒙𝒚𝒛

= √𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐). 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒐𝒇 𝒕𝒉𝒆 𝒍𝒆𝒎𝒎𝒂 𝒊𝒔 𝒅𝒐𝒏𝒆.𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒊𝒔 𝒍𝒆𝒎𝒎𝒂 𝒘𝒆 𝒉𝒂𝒗𝒆 ∶ 

∫ ∫ ∫
𝒙+ 𝒚+ 𝒛

√𝟑
𝒅𝒙

𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

≤ ∫ ∫ ∫ √𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐𝒅𝒙
𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

≤ ∫ ∫ ∫
𝟏

√𝟑
(
𝒙𝒚

𝒛
+
𝒚𝒛

𝒙
+
𝒛𝒙

𝒚
)𝒅𝒙

𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

, 
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𝒘𝒊𝒕𝒉 ∶   ∫ ∫ ∫
𝒙+ 𝒚+ 𝒛

√𝟑
𝒅𝒙

𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

=
𝟑

√𝟑
∫ 𝒙𝒅𝒙
𝒃

𝒂

∫ 𝒅𝒚
𝒃

𝒂

∫ 𝒅𝒛
𝒃

𝒂

=
√𝟑

𝟐
(𝒃𝟐 − 𝒂𝟐)(𝒃 − 𝒂)𝟐, 

𝒂𝒏𝒅 ∶ 

 ∫ ∫ ∫
𝟏

√𝟑
(
𝒙𝒚

𝒛
+
𝒚𝒛

𝒙
+
𝒛𝒙

𝒚
)𝒅𝒙

𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

=
𝟑

√𝟑
∫ 𝒙𝒅𝒙
𝒃

𝒂

∫ 𝒚𝒅𝒚
𝒃

𝒂

∫
𝒅𝒛

𝒛

𝒃

𝒂

=
√𝟑

𝟒
(𝒃𝟐 − 𝒂𝟐)

𝟐
𝒍𝒏(

𝒃

𝒂
). 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

   
√𝟑

𝟐
(𝒃𝟐 − 𝒂𝟐)(𝒃 − 𝒂)𝟐 ≤ ∫ ∫ ∫ √𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐𝒅𝒙

𝒃

𝒂

𝒅𝒚
𝒃

𝒂

𝒅𝒛
𝒃

𝒂

≤
√𝟑

𝟒
(𝒃𝟐 − 𝒂𝟐)

𝟐
𝒍𝒏(

𝒃

𝒂
). 

2020. Prove that: 

𝑺 = ∑(
𝟏

(𝟏𝟐𝒌)!
+

𝟏

(𝟏𝟐𝒌 − 𝟔)!
)

+∞

𝒌=𝟏

=
𝒄𝒐𝒔𝒉(𝟏)

𝟑
+
𝟐

𝟑
𝒄𝒐𝒔𝒉 (

𝟏

𝟐
) 𝒄𝒐𝒔 (

√𝟑

𝟐
) − 𝟏  

Proposed by Asmat Qatea-Afghanistan 
Solution by Pham Duc Nam-Vietnam 
 

𝑺 = ∑(
𝟏

(𝟏𝟐𝒌)!
+

𝟏

(𝟏𝟐𝒌 − 𝟔)!
)

+∞

𝒌=𝟏

=
𝒄𝒐𝒔𝒉(𝟏)

𝟑
+
𝟐

𝟑
𝒄𝒐𝒔𝒉(

𝟏

𝟐
)𝒄𝒐𝒔(

√𝟑

𝟐
) − 𝟏  

∗ 𝓛(𝒕𝒏) =
𝒏!

𝒔𝒏+𝟏
 

𝑷𝑹𝑶𝑽𝑬:𝓛(𝒕𝒏) = ∫ 𝒕𝒏𝒆−𝒔𝒕𝒅𝒕, {
𝑢 = 𝒕𝒏

𝑑𝑣 = 𝒆−𝒔𝒕𝒅𝒕

+∞

𝟎

⇒ {
𝑑𝑢 = 𝑛𝒕𝒏−𝟏

𝑣 = −
𝒆−𝒔𝒕

𝒔

⇒ 𝓛(𝒕𝒏)

= −
𝒕𝒏𝒆−𝒔𝒕

𝒔
|
𝟎

+∞

⏟        
=𝟎

+
𝒏

𝒔
∫ 𝒕𝒏−𝟏𝒆−𝒔𝒕𝒅𝒕
+∞

𝟎

=
𝒏

𝒔
𝓛(𝒕𝒏−𝟏) =

𝒏(𝒏 − 𝟏)

𝒔𝟐
𝓛(𝒕𝒏−𝟐) =. . . =

𝒏!

𝒔𝒏+𝟏
 

∗ 𝑪𝒐𝒏𝒔𝒊𝒅𝒆𝒓: 𝑺(𝒕) = ∑(
𝒕𝟏𝟐𝒌

(𝟏𝟐𝒌)!
+

𝒕𝟏𝟐𝒌−𝟔

(𝟏𝟐𝒌− 𝟔)!
)

+∞

𝒌=𝟏

⇒ 𝑺 = 𝑺(𝟏) 

∗ 𝑻𝒂𝒌 𝒊𝒏𝒈𝑳𝒂𝒑𝒍𝒂𝒄𝒆𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎:𝓛(𝑺(𝒕)) = ∑(𝓛(
𝒕𝟏𝟐𝒌

(𝟏𝟐𝒌)!
) + 𝓛(

𝒕𝟏𝟐𝒌−𝟔

(𝟏𝟐𝒌− 𝟔)!
))

+∞

𝒌=𝟏

= ∑(
𝟏

𝒔𝟏𝟐𝒌+𝟏
+

𝟏

𝒔𝟏𝟐𝒌−𝟓
)

+∞

𝒌=𝟏

=
𝟏

𝒔(𝒔𝟔 − 𝟏)

=
𝟐𝒔− 𝟏

𝟔(𝒔𝟐 − 𝒔 + 𝟏)
+

𝟐𝒔+ 𝟏

𝟔(𝒔𝟐 + 𝒔 + 𝟏)
+
𝟏

𝟔
(
𝟏

𝒔 − 𝟏
+

𝟏

𝒔 + 𝟏
) −

𝟏

𝒔
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∗ 𝑻𝒂𝒌 𝒊𝒏𝒈𝑰𝒏𝒗𝒆𝒓𝒔𝒆𝑳𝒂𝒑𝒍𝒂𝒄𝒆𝑻𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎:𝑺(𝒕)

= 𝓛−𝟏 (
𝟐𝒔 − 𝟏

𝟔(𝒔𝟐 − 𝒔 + 𝟏)
+

𝟐𝒔+ 𝟏

𝟔(𝒔𝟐 + 𝒔 + 𝟏)
+
𝟏

𝟔
(
𝟏

𝒔 − 𝟏
+

𝟏

𝒔 + 𝟏
) −

𝟏

𝒔
) 

=
𝟏

𝟔
(𝒆−𝒕 + 𝒆𝒕)⏟      
=𝟐 𝒄𝒐𝒔𝒉 𝒕

− 𝟏+
𝟏

𝟔
𝓛−𝟏

(

 
 𝟐(𝒔 −

𝟏
𝟐
)

(𝒔 −
𝟏
𝟐
)
𝟐

+ (
√𝟑
𝟐 )

𝟐 +
𝟐 (𝒔 +

𝟏
𝟐
)

(𝒔 +
𝟏
𝟐
)
𝟐

+ (
√𝟑
𝟐 )

𝟐

)

 
 

=
𝟏

𝟑
𝒄𝒐𝒔𝒉 𝒕 − 𝟏 +

𝟏

𝟔
(𝟐𝒆

𝟏
𝟐
𝒕 𝒄𝒐𝒔

𝒕√𝟑

𝟐
+ 𝟐𝒆−

𝟏
𝟐
𝒕 𝒄𝒐𝒔

𝒕√𝟑

𝟐
)

=
𝟏

𝟑
𝒄𝒐𝒔𝒉 𝒕 − 𝟏 +

𝟏

𝟑
𝒄𝒐𝒔

𝒕√𝟑

𝟐
(𝒆
𝟏
𝟐
𝒕 + 𝒆−

𝟏
𝟐
𝒕)

⏟        

=𝟐 𝒄𝒐𝒔𝒉
𝒕
𝟐

 

=
𝟏

𝟑
𝒄𝒐𝒔𝒉 𝒕 − 𝟏 +

𝟐

𝟑
𝒄𝒐𝒔

𝒕√𝟑

𝟐
𝒄𝒐𝒔𝒉

𝒕

𝟐
. 𝑳𝒆𝒕: 𝒕 = 𝟏 ⇒ 𝑺 =

𝒄𝒐𝒔𝒉(𝟏)

𝟑
+
𝟐

𝟑
𝒄𝒐𝒔𝒉 (

𝟏

𝟐
)𝒄𝒐𝒔(

√𝟑

𝟐
) − 𝟏  

 
2021. If 𝒙, 𝒚 > 0 then: 

𝚪(𝒙 + 𝟓) ⋅ 𝚪(𝒚 + 𝟕) ≤ 𝟏𝟏! ⋅ 𝚪(𝒙 + 𝒚) 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 
 

The inequality holds if 𝟎 < 𝑥 < 7,0 < 𝑦 < 5 or 𝒙 > 7, 𝑦 > 5. 

If 𝒙 = 𝟓 or 𝒚 = 𝟓 holds equality. 

If 𝟎 < 𝑥 < 7 or 𝒚 > 5 or 𝒙 > 7,0 < 𝑦 < 5 the inequality is reversed. 

Let be the functions: 𝜶(𝒖), 𝝁(𝒖), 𝒄(𝒖), 𝒖 ∈ [𝟎, 𝟏], 𝜶(𝒖) ≥ 𝟎 

𝝁(𝒖), 𝒄(𝒖) have opposite monotonicity 

If 𝝁 is increasing and 𝒄 is decreasing: {
𝒖 > 𝑣 ⇒ 𝜇(𝒖) − 𝝁(𝒗) ≥ 𝟎; 𝒄(𝒖) − 𝒄(𝒗) ≤ 𝟎

𝒖 < 𝑣 ⇒ 𝜇(𝒖) − 𝝁(𝒗) ≤ 𝟎; 𝒄(𝒖) − 𝒄(𝒗) ≥ 𝟎
 

If 𝝁 is decreasing and 𝒄 is increasing: {
𝒖 > 𝑣 ⇒ 𝜇(𝒖) − 𝝁(𝒗) ≤ 𝟎; 𝒄(𝒖) − 𝒄(𝒗) ≥ 𝟎

𝒖 < 𝑣 ⇒ 𝜇(𝒖) − 𝝁(𝒗) ≥ 𝟎; 𝒄(𝒖) − 𝒄(𝒗) ≤ 𝟎
 

(∀)𝒖, 𝒗 ∈ [𝟎, 𝟏] and (𝝁(𝒖) − 𝝁(𝒗))(𝒄(𝒖) − 𝒄(𝒗)) ≤ 𝟎 

Since 𝜶(𝒖) ≥ 𝟎 then we have: 

𝜶(𝒖)𝜶(𝒗)(𝝁(𝒖) − 𝝁(𝒗))(𝒄(𝒖) − 𝒄(𝒗)) ≤ 𝟎; (∀)𝒖, 𝒗 ∈ [𝟎, 𝟏] 

∫ 𝜶(𝒗)
𝟏

𝟎

𝒅𝒗∫ 𝜶(𝒖)𝝁(𝒖)𝒄(𝒖)
𝟏

𝟎

𝒅𝒖 −∫ 𝜶(𝒖)𝝁(𝒖)𝒅𝒖
𝟏

𝟎

∫ 𝜶(𝒗)𝒄(𝒗)
𝟏

𝟎

𝒅𝒗 − 
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−∫ 𝜶(𝒖)𝒄(𝒖)𝒅𝒖
𝟏

𝟎

∫ 𝜶(𝒗)𝝁(𝒗)𝒅𝒗
𝟏

𝟎

+∫ 𝜶(𝒖)𝒅𝒖
𝟏

𝟎

∫ 𝜶(𝒗)𝝁(𝒗)𝒄(𝒗)𝒅𝒗
𝟏

𝟎

≤ 𝟎 

∫ 𝜶(𝒖)
𝟏

𝟎

𝒅𝒖∫ 𝜶(𝒖)𝝁(𝒖)𝒄(𝒖)
𝟏

𝟎

𝒅𝒖 ≤ ∫ 𝜶(𝒖)𝝁(𝒖)
𝟏

𝟎

𝒅𝒖∫ 𝜶(𝒖)𝒄(𝒖)
𝟏

𝟎

𝒅𝒖 

(𝑰) 𝐒𝐞𝐭 𝜶(𝒖) = 𝒖𝒙−𝟏 (𝟏 − 𝒚)𝒚−𝟏⏟      
≥𝟎

; 𝝁(𝒖) = 𝒖𝟕−𝒙; (𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠) 

𝒄(𝒖) = (𝟏 − 𝒖)𝟓−𝒚; (𝐝𝐞𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠), 𝟎 < 𝑥 < 7; 0 < 𝑦 < 5 

𝝁(𝒖), 𝒄(𝒖) −have opposite monotonicity. 

∫ 𝒖𝒙−𝟏(𝟏 − 𝒖)𝒚−𝟏𝒅𝒖
𝟏

𝟎

∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)(𝒚−𝟏)𝒖𝟕−𝒙(𝟏 − 𝒖)𝟓−𝒚
𝟏

𝟎

𝒅𝒖 = 

= 𝜷(𝒙, 𝒚)𝜷(𝟕, 𝟓) =
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
⋅
𝚪(𝟕)𝚪(𝟓)

𝚪(𝟏𝟐)
 

∫ 𝒖𝒙−𝟏(𝟏 − 𝒖)𝒚−𝟏𝒖𝟕−𝒙
𝟏

𝟎

𝒅𝒙∫ 𝒖𝒙−𝟏(𝟏 − 𝒖)𝒚−𝟏(𝟏 − 𝒖)𝟓−𝒚
𝟏

𝟎

𝒅𝒖 = 

= 𝜷(𝟕, 𝒚)𝜷(𝒙, 𝟓) =
𝚪(𝟕)𝚪(𝒚)

𝚪(𝟕 + 𝒚)
⋅
𝚪(𝒙)𝚪(𝟓)

𝚪(𝟓 + 𝒙)
 

𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
⋅
𝚪(𝟕)𝚪(𝟓)

𝚪(𝟏𝟐)
≤
𝚪(𝟕)𝚪(𝒚)

𝚪(𝟕 + 𝒚)
⋅
𝚪(𝒙)𝚪(𝟓)

𝚪(𝟓 + 𝒙)
 

⇒ 𝚪(𝒙 + 𝒚)𝚪(𝟏𝟐) ≥ 𝚪(𝟕 + 𝒚)𝚪(𝟓 + 𝒙) 

(𝑰𝑰) 𝐒𝐞𝐭 𝜶(𝒖) = 𝒖𝟕−𝟏(𝟏 − 𝒖)𝟓−𝟏 ≥ 𝟎;  𝝁(𝒖) = 𝒖𝒙−𝟕; (𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠), 𝒄(𝒖) = (𝟏 − 𝒖)𝒚−𝟓,  

𝒙 > 7, 𝑦 > 5 

𝝁(𝒖), 𝒄(𝒖) −have opposite monotonicity 

∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)𝟓−𝟏𝒅𝒖
𝟏

𝟎

∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)𝟓−𝟏𝒖𝟓−𝟏(𝟏 − 𝒖)𝒚−𝟓
𝟏

𝟎

𝒅𝒖 = 

= 𝜷(𝟕, 𝟓)𝜷(𝒙, 𝒚) =
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
⋅
𝚪(𝟕)𝚪(𝟓)

𝚪(𝟏𝟐)
 

∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)𝟓−𝟏𝒖𝒙−𝟕
𝟏

𝟎

𝒅𝒙∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)(𝟏 − 𝒖)𝒚−𝟓
𝟏

𝟎

𝒅𝒖 = 

= 𝜷(𝟕, 𝒚)𝜷(𝒙, 𝟓) =
𝚪(𝟕)𝚪(𝒚)

𝚪(𝟕 + 𝒚)
⋅
𝚪(𝒙)𝚪(𝟓)

𝚪(𝟓 + 𝒙)
 

𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
⋅
𝚪(𝟕)𝚪(𝟓)

𝚪(𝟏𝟐)
≤
𝚪(𝟕)𝚪(𝒚)

𝚪(𝟕 + 𝒚)
⋅
𝚪(𝒙)𝚪(𝟓)

𝚪(𝟓 + 𝒙)
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⇒ 𝚪(𝒙 + 𝒚)𝚪(𝟏𝟐) ≥ 𝚪(𝟕 + 𝒚)𝚪(𝟓 + 𝒙) 

(𝑰𝑰𝑰) 𝐒𝐞𝐭 𝜶(𝒖) = 𝒖𝒙−𝟏(𝟏 − 𝒖)𝟓−𝟏 ≥ 𝟎;  𝝁(𝒖) = 𝒖𝟕−𝒙; (𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠), 𝒄(𝒖) = (𝟏 − 𝒖)𝒚−𝟓,  

𝟎𝒙 < 7, 𝑦 > 5 

𝝁(𝒖), 𝒄(𝒖) −have opposite monotonicity 

∫ 𝒖𝒙−𝟏(𝟏 − 𝒖)𝟓−𝟏𝒅𝒖
𝟏

𝟎

∫ 𝒖𝒙−𝟏(𝟏 − 𝒖)𝒚−𝟓𝒖𝟕−𝒙(𝟏 − 𝒖)𝒚−𝟓
𝟏

𝟎

𝒅𝒖 = 

= 𝜷(𝒙, 𝟓)𝜷(𝟕, 𝒚) =
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝟓)
⋅
𝚪(𝟕)𝚪(𝟓)

𝚪(𝟕 + 𝒚)
 

∫ 𝒖𝒙−𝟏(𝟏 − 𝒖)𝟓−𝟏𝒖𝟕−𝒙
𝟏

𝟎

𝒅𝒙∫ 𝒖𝒙−𝟏(𝟏 − 𝒖)𝟓−𝟏(𝟏 − 𝒖)𝒚−𝟓
𝟏

𝟎

𝒅𝒖 = 

= 𝜷(𝟕, 𝟓)𝜷(𝒙, 𝒚) =
𝚪(𝟕)𝚪(𝟓)

𝚪(𝟏𝟐)
⋅
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
 

𝚪(𝟕)𝚪(𝒚)

𝚪(𝟕 + 𝒚)
⋅
𝚪(𝒙)𝚪(𝟓)

𝚪(𝟓 + 𝒙)
≤
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
⋅
𝚪(𝟕)𝚪(𝟓)

𝚪(𝟏𝟐)
⇒ 𝚪(𝒙 + 𝒚)𝚪(𝟏𝟐) ≤ 𝚪(𝟕 + 𝒚)𝚪(𝟓 + 𝒙) 

(𝑰𝑽) 𝐒𝐞𝐭 𝜶(𝒖) = 𝒖𝟕−𝟏(𝟏 − 𝒖)𝒚−𝟏 ≥ 𝟎;  𝝁(𝒖) = 𝒖𝒙−𝟕; (𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠), 𝒄(𝒖) = (𝟏 − 𝒖)𝟓−𝒚,  

𝒙 > 7,0 < 𝑦 < 5,  𝝁(𝒖), 𝒄(𝒖) −have opposite monotonicity 

∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)𝒚−𝟏𝒅𝒖
𝟏

𝟎

∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)𝒚−𝟏𝒖𝒙−𝟕(𝟏 − 𝒖)𝟓−𝒚
𝟏

𝟎

𝒅𝒖 = 

= 𝜷(𝟕, 𝒚)𝜷(𝒙, 𝟓) =
𝚪(𝟕)𝚪(𝒚)

𝚪(𝟕 + 𝒚)
⋅
𝚪(𝟓)𝚪(𝒙)

𝚪(𝟓 + 𝒙)
 

∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)𝒚−𝟏𝒖𝒙−𝟕
𝟏

𝟎

𝒅𝒙∫ 𝒖𝟕−𝟏(𝟏 − 𝒖)𝒚−𝟏(𝟏 − 𝒖)𝟓−𝒚
𝟏

𝟎

𝒅𝒖 = 

= 𝜷(𝒙, 𝒚)𝜷(𝟕, 𝟓) =
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
⋅
𝚪(𝟕)𝚪(𝟓)

𝚪(𝟏𝟐)
 

𝚪(𝟕)𝚪(𝒚)

𝚪(𝟕 + 𝒚)
⋅
𝚪(𝒙)𝚪(𝟓)

𝚪(𝟓 + 𝒙)
≤
𝚪(𝒙)𝚪(𝒚)

𝚪(𝒙 + 𝒚)
⋅
𝚪(𝟕 + 𝟓)

𝚪(𝟏𝟐)
⇒ 𝚪(𝒙 + 𝒚)𝚪(𝟏𝟐) ≤ 𝚪(𝟕 + 𝒚)𝚪(𝟓 + 𝒙) 

2022. Find: 

𝛀 =∏
𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎

∞

𝒏=𝟏

  

Proposed by Daniel Sitaru-Romania 



 
www.ssmrmh.ro 

33 RMM-CALCULUS MARATHON 2001-2100 

 

Solution 1 by Ravi Prakash-New Delhi-India 

𝑳𝒆𝒕 𝒂𝒏 =
𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎
=

(𝟕𝒏 + 𝟑)𝟐

(𝟕𝒏 − 𝟒)(𝟕𝒏 + 𝟏𝟎)
 

𝐥𝐨𝐠 𝒂𝒏 = 𝟐 𝐥𝐨𝐠(𝟕𝒏 + 𝟑) − 𝐥𝐨𝐠(𝟕𝒏 − 𝟒) − 𝐥𝐨𝐠(𝟕𝒏 − 𝟏𝟎) = 

= 𝐥𝐨𝐠(𝟕𝒏 + 𝟑) − 𝐥𝐨𝐠(𝟕𝒏 − 𝟒) − [𝐥𝐨𝐠(𝟕𝒏 + 𝟏𝟎) − 𝐥𝐨𝐠(𝟕𝒏 + 𝟑)] 

𝑳𝒆𝒕 𝑷𝒏 =∏𝒂𝒌

𝒏

𝒌=𝟏

, 𝒕𝒉𝒆𝒏 𝐥𝐨𝐠𝑷𝒏 =∑𝐥𝐨𝐠 𝒂𝒌

𝒏

𝒌=𝟏

= 

=∑[𝐥𝐨𝐠(𝟕𝒌 + 𝟑) − 𝐥𝐨𝐠(𝟕𝒌 − 𝟒)]

𝒏

𝒌=𝟏

−∑[𝐥𝐨𝐠(𝟕𝒌 + 𝟏𝟎) − 𝐥𝐨𝐠(𝟕𝒌 + 𝟑)]

𝒏

𝒌=𝟏

= 

= 𝐥𝐨𝐠(𝟕𝒏 + 𝟑) − 𝐥𝐨𝐠 𝟑 − 𝐥𝐨𝐠(𝟕𝒏 + 𝟏𝟎) + 𝐥𝐨𝐠 𝟏𝟎 = 

= 𝐥𝐨𝐠 (
𝟕𝒏 + 𝟑

𝟕𝒏 + 𝟏𝟎
) + 𝐥𝐨𝐠 (

𝟏𝟎

𝟑
) , 𝒉𝒆𝒏𝒄𝒆 𝑷𝒏 =

𝟏𝟎

𝟑
⋅
𝟕𝒏 + 𝟑

𝟕𝒏 + 𝟏𝟎
 

𝐥𝐢𝐦
𝒏→∞

𝑷𝒏 =
𝟏𝟎

𝟑
⋅ 𝐥𝐢𝐦
𝒏→∞

𝟏 +
𝟑
𝟕𝒏

𝟏 +
𝟏𝟎
𝟕𝒏

=
𝟏𝟎

𝟑
   

Solution 2 by Le Thu-Vietnam 

𝑾𝒓𝒊𝒕𝒆:
𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎
=

𝟒𝟗(𝒏 +
𝟑
𝟕)

𝟐

𝟒𝟗(𝒏 −
𝟒
𝟕) (𝒏 +

𝟏𝟎
𝟕 )

=
(𝒏 +

𝟑
𝟕) (𝒏 +

𝟑
𝟕)

(𝒏 −
𝟒
𝟕) (𝒏 +

𝟏𝟎
𝟕 )
 𝒘𝒆 𝒈𝒆𝒕: 

𝛀 =∏
(𝒏+

𝟑
𝟕) (𝒏 +

𝟑
𝟕)

(𝒏 −
𝟒
𝟕) (𝒏 +

𝟏𝟎
𝟕 )

∞

𝒏=𝟏

=
𝒏=𝒌+𝟏

∏
𝒌+

𝟏𝟎
𝟕

𝒌 +
𝟑
𝟕

∞

𝒌=𝟎

⋅∏
𝒏 +

𝟑
𝟕

𝒏 +
𝟏𝟎
𝟕

∞

𝒏=𝟏

=
𝟏𝟎

𝟑
   

Solution 3 by Adrian Popa-Romania 

𝛀 =∏
𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎

∞

𝒏=𝟏

=∏
(𝟕𝒏 + 𝟑)𝟐

(𝟕𝒏 − 𝟒)(𝟕𝒏+ 𝟏𝟎)

∞

𝒏=𝟏

= 

=∏
𝟕𝒏+ 𝟑

𝟕𝒏 − 𝟒

∞

𝒏=𝟏

⋅∏
𝟕𝒏+ 𝟑

𝟕𝒏 + 𝟏𝟎

∞

𝒏=𝟏

= 𝑷𝟏 ⋅ 𝑷𝟐 

𝑷𝟏 = 𝐥𝐢𝐦
𝒏→∞

∏
𝟕𝒌+ 𝟑

𝟕𝒌 − 𝟒

𝒏

𝒌=𝟏

=
𝟏𝟎

𝟑
⋅
𝟏𝟕

𝟏𝟎
⋅. .⋅
𝟕𝒏 + 𝟑

𝟕𝒏 − 𝟒
=
𝟕𝒏 + 𝟑

𝟑
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𝑷𝟐 = 𝐥𝐢𝐦
𝒏→∞

∏
𝟕𝒌+ 𝟑

𝟕𝒌 + 𝟏𝟎

𝒏

𝒌=𝟏

=
𝟏𝟎

𝟏𝟕
⋅
𝟏𝟕

𝟐𝟒
⋅ … ⋅

𝟕𝒏 + 𝟑

𝟕𝒏 + 𝟏𝟎
=

𝟏𝟎

𝟕𝒏 + 𝟏𝟎
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏𝟎(𝟕𝒏 + 𝟑)

𝟑(𝟕𝒏 + 𝟏𝟎)
=
𝟏𝟎

𝟑
.   

Solution 4 by Ankush Kumar Parcha-India 

𝛀 =∏
𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎

∞

𝒏=𝟏

=∏
(𝟕𝒏 + 𝟑)𝟐

(𝟕𝒏 + 𝟑)𝟐 − 𝟕𝟐

∞

𝒏=𝟏

=∏
(𝟕𝒏 + 𝟑)𝟐

(𝟕𝒏 − 𝟒)(𝟕𝒏 + 𝟏𝟎)

∞

𝒏=𝟏

= 

=∏
𝟕𝒏+ 𝟑

𝟕𝒏 − 𝟒

∞

𝒏=𝟏

⋅∏
𝟕𝒏+ 𝟑

𝟕𝒏 + 𝟏𝟎

∞

𝒏=𝟏

=
𝟏

𝟑
⋅
∏ (𝟕𝒏 + 𝟑)∞
𝒏=𝟏

∏ (𝟕𝒏 − 𝟒)∞
𝒏=𝟐

⋅ 𝟏𝟎 ⋅
∏ (𝟕𝒏 + 𝟑)∞
𝒏=𝟐

∏ (𝟕𝒏 + 𝟏𝟎)∞
𝒏=𝟏

= 

=
𝟏𝟎

𝟑
⋅
∏ (𝟕𝒏 + 𝟑)∞
𝒏=𝟏

∏ (𝟕𝒏 + 𝟑)∞
𝒏=𝟏

⋅
∏ (𝟕𝒏 + 𝟏𝟎)∞
𝒏=𝟏

∏ (𝟕𝒏 + 𝟏𝟎)∞
𝒏=𝟏

=
𝟏𝟎

𝟑
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 =∏
𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎

∞

𝒏=𝟏

=
𝟏𝟎

𝟑
 

Solution 5 by Hikmat Mammadov-Azerbaijan 

𝑭𝒊𝒓𝒔𝒕,𝒘𝒆 𝒘𝒊𝒍𝒍 𝒔𝒉𝒐𝒘:  

∏
(𝒂𝟏 + 𝒌)(𝒂𝟐 + 𝒌)… (𝒂𝒎 + 𝒌)

(𝒃𝟏 + 𝒌)(𝒃𝟐 + 𝒌)… (𝒃𝒎 + 𝒌)

∞

𝒌=𝟎

=
𝚪(𝒃𝟏)𝚪(𝒃𝟐)…𝚪(𝒃𝒎)

𝚪(𝒂𝟏)𝚪(𝒂𝟐)…𝚪(𝒂𝒎)
 𝒊𝒇 ∑𝒂𝒋

𝒎

𝒋=𝟏

=∑𝒃𝒋

𝒎

𝒋=𝟏

  

𝑹𝒆𝒄𝒂𝒍𝒍 𝒕𝒉𝒆 𝑬𝒖𝒍𝒆𝒓′𝒔 𝒅𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝑮𝒂𝒎𝒎𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 

𝚪(𝒛) = 𝐥𝐢𝐦
𝒏→∞

(𝒏 + 𝟏)𝒛𝒛!

𝒛(𝒛 + 𝟏)(𝒛 + 𝟐)… (𝒛 + 𝒏)
 

𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒕𝒉𝒂𝒕: ∑𝒂𝒋

𝒎

𝒋=𝟏

=∑𝒃𝒋

𝒎

𝒋=𝟏

. 𝑯𝒆𝒏𝒄𝒆, 

𝚪(𝒃𝟏)𝚪(𝒃𝟐)…𝚪(𝒃𝒎)

𝚪(𝒂𝟏)𝚪(𝒂𝟐)…𝚪(𝒂𝒎)
= 𝐥𝐢𝐦
𝒏→∞

∏[(𝒏 + 𝟏)𝒃𝒋−𝒂𝒋∏
𝒂𝒋 + 𝒌

𝒃𝒋 + 𝒌

𝒏

𝒌=𝟎

]

𝒎

𝒋=𝟏

= 

= 𝐥𝐢𝐦
𝒏→∞

[(𝒏 + 𝟏)∑ (𝒂𝒋−𝒃𝒋)
𝒎
𝒋=𝟏 ∏∏

𝒂𝒋 + 𝒌

𝒃𝒋 + 𝒌

𝒏

𝒌=𝟎

𝒎

𝒋=𝟏

] = 𝐥𝐢𝐦
𝒏→∞

∏∏
𝒂𝒋 + 𝒌

𝒃𝒋 + 𝒌

𝒏

𝒌=𝟎

𝒎

𝒋=𝟏

= 
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= 𝐥𝐢𝐦
𝒏→∞

∏∏
𝒂𝒋 + 𝒌

𝒃𝒋 + 𝒌

𝒎

𝒋=𝟏

𝒏

𝒌=𝟎

=∏∏
𝒂𝒋 + 𝒌

𝒃𝒋 + 𝒌

𝒎

𝒋=𝟏

∞

𝒌=𝟎

   

𝛀 =∏
𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎

∞

𝒏=𝟏

= −
𝟒𝟎

𝟗
∏

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎

∞

𝒏=𝟎

= 

= −
𝟒𝟗

𝟗
∏

(𝟕𝒏 + 𝟑)(𝟕𝒏 + 𝟑)

(𝟕𝒏 − 𝟒)(𝟕𝒏 + 𝟏𝟎)

∞

𝒏=𝟎

= −
𝟒𝟗

𝟗
∏

(𝒏+
𝟑
𝟕) (𝒏 +

𝟑
𝟕)

(𝒏 −
𝟒
𝟕) (𝒏 +

𝟏𝟎
𝟕 )

∞

𝒏=𝟎

= 

= −
𝟒𝟎

𝟗
⋅
𝚪 (−

𝟒
𝟕)𝚪 (

𝟏𝟎
𝟕 )

𝚪(
𝟑
𝟕) 𝚪(

𝟑
𝟕)

=
𝟏𝟎

𝟑
   

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

𝛀 =∏
𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 + 𝟗

𝟒𝟗𝒏𝟐 + 𝟒𝟐𝒏 − 𝟒𝟎

∞

𝒏=𝟏

=
𝟏𝟎

𝟑
 

2023. Prove that: 

𝑰 = ∫ 𝒍𝒐𝒈
𝟏 + √𝟏 − 𝒙𝟐

𝟏 − √𝟏 − 𝒙𝟐

𝟏

𝟎

𝒔𝒊𝒏−𝟏 𝒙𝒅𝒙 =
𝝅𝟐

𝟒
− 𝟐 𝒍𝒐𝒈 𝟐  

Proposed by Ose Favour-Nigeria 
Solution by Pham Duc Nam-Vietnam 
 

∗ 𝒕 = 𝒔𝒊𝒏−𝟏 𝒙 ⇒ 𝒙 = 𝒔𝒊𝒏 𝒕 ⇒ 𝒅𝒙 = 𝒄𝒐𝒔 𝒕 𝒅𝒕 

⇒ 𝑰 = ∫ 𝒍𝒐𝒈
𝟏 + 𝒄𝒐𝒔 𝒕

𝟏 − 𝒄𝒐𝒔 𝒕

𝝅
𝟐

𝟎

𝒕. 𝒄𝒐𝒔 𝒕 𝒅𝒕 = ∫ 𝒕 𝒄𝒐𝒔 𝒕 𝒍𝒐𝒈𝒄𝒐𝒕𝟐
𝒕

𝟐

𝝅
𝟐

𝟎

𝒅𝒕

= 𝟐∫ 𝒕 𝒄𝒐𝒔 𝒕 𝒍𝒐𝒈𝒄𝒐𝒕
𝒕

𝟐
= −𝟐

𝝅
𝟐

𝟎

∫ 𝒕𝒄𝒐𝒔 𝒕 𝒍𝒐𝒈𝒕𝒂𝒏
𝒕

𝟐
𝒅𝒕

𝝅
𝟐

𝟎

 

{
𝑢 = 𝑡

𝑑𝑣 = 𝒄𝒐𝒔 𝒕 𝒍𝒐𝒈𝒕𝒂𝒏
𝒕

𝟐
𝒅𝒕
⇒ {
𝑑𝑢 = 𝑑𝑡

𝑣 = 𝒔𝒊𝒏 𝒕 𝒍𝒐𝒈𝒕𝒂𝒏
𝒕

𝟐
− 𝒕

⇒ 𝑰

= −𝟐((𝒔𝒊𝒏 𝒕 𝒍𝒐𝒈𝒕𝒂𝒏
𝒕

𝟐
− 𝒕) 𝒕|

𝟎

𝝅
𝟐
−∫ (𝒔𝒊𝒏 𝒕 𝒍𝒐𝒈𝒕𝒂𝒏

𝒕

𝟐
− 𝒕)𝒅𝒕

𝝅
𝟐

𝟎

) 



 
www.ssmrmh.ro 

36 RMM-CALCULUS MARATHON 2001-2100 

 

= −𝟐(−
𝝅𝟐

𝟒
+
𝝅𝟐

𝟖
−∫ 𝒔𝒊𝒏 𝒕 𝒍𝒐𝒈𝒕𝒂𝒏

𝒕

𝟐
𝒅𝒕

𝝅
𝟐

𝟎

) =
𝝅𝟐

𝟒
+ 𝟐∫ 𝒔𝒊𝒏 𝒕 𝒍𝒐𝒈𝒕𝒂𝒏

𝒕

𝟐
𝒅𝒕

𝝅
𝟐

𝟎

=
𝝅𝟐

𝟒
+ 𝟐(∫ 𝒔𝒊𝒏 𝒕 𝒍𝒐𝒈𝒔𝒊𝒏

𝒕

𝟐
𝒅𝒕 −

𝝅
𝟐

𝟎

∫ 𝒔𝒊𝒏 𝒕 𝒍𝒐𝒈𝒄𝒐𝒔
𝒕

𝟐
𝒅𝒕

𝝅
𝟐

𝟎

) 

 𝒖=𝒍𝒐𝒈𝒔𝒊𝒏
𝒕

𝟐
 𝒂𝒏𝒅 𝒗=𝒍𝒐𝒈𝒄𝒐𝒔

𝒕

𝟐
 

→                       
𝝅𝟐

𝟒

+ 𝟐((𝟐 𝒔𝒊𝒏𝟐
𝒕

𝟐
𝒍𝒐𝒈𝒔𝒊𝒏

𝒕

𝟐
− 𝒔𝒊𝒏𝟐

𝒕

𝟐
)|
𝟎

𝝅
𝟐
− (
𝒄𝒐𝒔 𝒕

𝟐
− 𝒄𝒐𝒔 𝒕 𝒍𝒐𝒈𝒄𝒐𝒔

𝒕

𝟐
− 𝒍𝒐𝒈𝒄𝒐𝒔

𝒕

𝟐
)|
𝟎

𝝅
𝟐
)

=
𝝅𝟐

𝟒
+ 𝟐(

𝟏

𝟐
(−𝟏 − 𝒍𝒐𝒈𝟐) −

𝟏

𝟐
(𝒍𝒐𝒈𝟐 − 𝟏)) =

𝝅𝟐

𝟒
− 𝟐 𝒍𝒐𝒈𝟐  

2024. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

𝑰 = ∫ ∫
𝒍𝒏𝟐(𝒙𝒚)

(𝒙𝟐 + 𝒙 + 𝟏)(𝒚𝟐 + 𝒚+ 𝟏)
𝒅𝒙𝒅𝒚 =

𝟔𝟒𝝅𝟒

𝟕𝟐𝟗

+∞

𝟎

+∞

𝟎

 

Proposed by Ankush Kumar Parcha-India 
Solution 1 by Pham Duc Nam-Vietnam 

𝑰 = ∫ ∫
𝒍𝒏𝟐(𝒙𝒚)

(𝒙𝟐 + 𝒙+ 𝟏)(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒙𝒅𝒚 =

+∞

𝟎

+∞

𝟎

 

= ∫ ∫
𝒍𝒏𝟐 𝒙

(𝒙𝟐 + 𝒙 + 𝟏)(𝒚𝟐 + 𝒚+ 𝟏)
𝒅𝒙𝒅𝒚

+∞

𝟎

+∞

𝟎

+∫ ∫
𝒍𝒏𝟐 𝒚

(𝒙𝟐 + 𝒙+ 𝟏)(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒙𝒅𝒚

+∞

𝟎

+∞

𝟎

+ 𝟐∫ ∫
𝒍𝒏 𝒙 𝒍𝒏𝒚

(𝒙𝟐 + 𝒙 + 𝟏)(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒙𝒅𝒚

+∞

𝟎

+∞

𝟎

= 𝟐∫
𝒍𝒏𝟐 𝒙

(𝒙𝟐 + 𝒙 + 𝟏)
𝒅𝒙∫

𝟏

(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒚

+∞

𝟎

+∞

𝟎

(𝑺𝒚𝒎𝒎𝒆𝒕𝒓𝒚)

= 𝟐∫
𝒍𝒏 𝒙

(𝒙𝟐 + 𝒙 + 𝟏)
𝒅𝒙∫

𝒍𝒏𝒚

(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒚

+∞

𝟎

+∞

𝟎

 

𝑰𝒙 = ∫
𝒍𝒏𝟐 𝒙

(𝒙𝟐 + 𝒙+ 𝟏)
𝒅𝒙

+∞

𝟎
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∗ 𝑫𝒆𝒇𝒊𝒏𝒆: 𝑨 𝒌𝒆𝒚 𝒉𝒐𝒍𝒆 𝒄𝒐𝒏𝒕𝒐𝒖𝒓,𝒘𝒊𝒕𝒉 𝒂 𝒃𝒓𝒂𝒏𝒄𝒉 𝒄𝒖𝒕 𝒐𝒏 𝒓𝒆𝒂𝒍 𝒂𝒙𝒊𝒔 (𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏),  

𝒂𝒓𝒐𝒖𝒏𝒅 𝟎,𝑪 = 𝜸𝑹 ∪ 𝜸𝒓 ∪ 𝜸−𝜺 ∪ 𝜸𝜺  

∗ 𝑳𝒆𝒕 𝒇(𝒛) =
𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛+ 𝟏
 

∗ 𝒇(𝒛)𝒉𝒂𝒔 𝟐 𝒑𝒐𝒍𝒆𝒔 −
𝟏

𝟐
±
𝒊√𝟑

𝟐
, 𝒐𝒓𝒅𝒆𝒓 𝟏, 𝒊𝒏𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝒄𝒐𝒏𝒕𝒐𝒖𝒓. 

⇒ ∫
𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛 = 𝟐𝝅𝒊∑Res(𝒇(𝒛), −

𝟏

𝟐
±
𝒊√𝟑

𝟐
)

𝑪

= 𝟐𝝅𝒊∑ 𝒍𝒊𝒎
𝒛→−

𝟏
𝟐
±
𝒊√𝟑
𝟐

(𝒛 − (−
𝟏

𝟐
±
𝒊√𝟑

𝟐
))

𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏

= 𝟐𝝅𝒊𝒍𝒏𝟑 (−
𝟏

𝟐
±
𝒊√𝟑

𝟐
)(±

𝟏

𝒊√𝟑
) 

= 𝟐𝝅𝒊(𝒊 𝒂𝒓𝒈−
𝟏

𝟐
±
𝒊√𝟑

𝟐
)

𝟑

(±
𝟏

𝒊√𝟑
) = 𝟐𝝅𝒊(

𝟐𝝅𝒊

𝟑
)
𝟑

(
𝟏

𝒊√𝟑
) + 𝟐𝝅𝒊 (

𝟒𝝅𝒊

𝟑
)
𝟑

(−
𝟏

𝒊√𝟑
) =

𝟏𝟏𝟐𝒊𝝅𝟒√𝟑

𝟖𝟏
 

∗ ∫
𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛 = ∫

𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛

𝜸𝑹𝑪

+∫
𝒍𝒏𝟑 𝒙

𝒙𝟐 + 𝒙+ 𝟏𝜸−𝜺

𝒅𝒙 −∫
(𝒍𝒏 𝒙 + 𝟐𝝅𝒊)𝟑

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝜸𝜺

+∫
𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛

𝜸𝒓

 

∗ 𝑩𝒚:𝑴𝑳 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ⇒ ∫
𝒍𝒏𝟑(𝒛)

𝒛𝟐 + 𝒛+ 𝟏
𝒅𝒛

𝜸𝑹

= ∫
𝒍𝒏𝟑(𝒛)

𝒛𝟐 + 𝒛+ 𝟏
𝒅𝒛

𝜸𝒓

= 𝟎 

⇒ 𝒍𝒊𝒎
𝜀→𝟎+

𝑅→+∞

∫
𝒍𝒏𝟑(𝒛)

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛 =

𝟏𝟏𝟐𝒊𝝅𝟒√𝟑

𝟖𝟏
=

𝑪

∫
𝒍𝒏𝟑 𝒙

𝒙𝟐 + 𝒙+ 𝟏
𝒅𝒙 −∫

(𝒍𝒏𝒙 + 𝟐𝝅𝒊)𝟑

𝒙𝟐 + 𝒙+ 𝟏
𝒅𝒙

+∞

𝟎

+∞

𝟎

= ∫
𝒍𝒏𝟑 𝒙 − (𝒍𝒏𝒙 + 𝟐𝝅𝒊)𝟑

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

= ∫
𝟖𝒊𝝅𝟑 + 𝟏𝟐𝝅𝟐 𝒍𝒏𝒙 − 𝟔𝒊𝝅 𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙+ 𝟏
𝒅𝒙

+∞

𝟎

 

= ∫
𝟏𝟐𝝅𝟐 𝒍𝒏𝒙

𝒙𝟐 + 𝒙+ 𝟏
𝒅𝒙

+∞

𝟎

+ 𝒊∫
𝟖𝝅𝟑 − 𝟔𝝅𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

 

∗ 𝑻𝒂𝒌𝒊𝒏𝒈 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒑𝒂𝒓𝒕:⇒
𝟏𝟏𝟐𝝅𝟒√𝟑

𝟖𝟏
= ∫

𝟖𝝅𝟑 − 𝟔𝝅 𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

= 𝟖𝝅𝟑∫
𝟏

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

− 𝟔𝝅∫
𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙+ 𝟏
𝒅𝒙

+∞

𝟎

= 𝟖𝝅𝟑.
𝟐𝝅

𝟑√𝟑
− 𝟔𝝅𝑰

=
𝟒𝟖𝝅𝟒√𝟑

𝟐𝟕
− 𝟔𝝅𝑰 

⇒ 𝑰𝒙 =

𝟒𝟖𝝅𝟒√𝟑
𝟐𝟕 −

𝟏𝟏𝟐𝝅𝟒√𝟑
𝟖𝟏

𝟔𝝅
=
𝟏𝟔𝝅𝟒√𝟑

𝟐𝟒𝟑
 

∗ 𝑻𝒂𝒌𝒊𝒏𝒈 𝒓𝒆𝒂𝒍 𝒑𝒂𝒓𝒕:⇒ 𝟎 = ∫
𝟏𝟐𝝅𝟐 𝒍𝒏 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

⇒ ∫
𝒍𝒏𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

= 𝟎 
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⇒ 𝑰 = 𝟐∫
𝒍𝒏𝟐 𝒙

(𝒙𝟐 + 𝒙+ 𝟏)
𝒅𝒙∫

𝟏

(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒚

+∞

𝟎

+∞

𝟎

+ 𝟐∫
𝒍𝒏𝒙

(𝒙𝟐 + 𝒙 + 𝟏)
𝒅𝒙∫

𝒍𝒏 𝒚

(𝒚𝟐 + 𝒚+ 𝟏)
𝒅𝒚

+∞

𝟎

+∞

𝟎

= 𝟐 .
𝟏𝟔𝝅𝟒√𝟑

𝟐𝟒𝟑
.
𝟐𝝅

𝟑√𝟑
+ 𝟐. 𝟎.𝟎

=
𝟔𝟒𝝅𝟒

𝟕𝟐𝟗
 

Solution 2 by Togrul Ehmedov-Azerbaijan 

We know that:  𝐥𝐨𝐠𝟐(𝒙𝒚) = 𝐥𝐨𝐠𝟐 𝒙 + 𝐥𝐨𝐠𝟐 𝒚 + 𝟐 𝐥𝐨𝐠 𝒙 𝐥𝐨𝐠 𝒚 

then we can write: 

𝑰 = 𝟐∫ ∫
𝐥𝐨𝐠𝟐 𝒙

(𝒙𝟐 + 𝒙 + 𝟏)(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒙𝒅𝒚

∞

𝟎

∞

𝟎

+ 𝟐∫ ∫
𝐥𝐨𝐠 𝒙 𝐥𝐨𝐠𝒚

(𝒙𝟐 + 𝒙 + 𝟏)(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒙𝒅𝒚

∞

𝟎

∞

𝟎

= 𝟐𝑰𝟏 + 𝟐𝑰𝟐 

𝑰𝟏 = ∫ ∫
𝐥𝐨𝐠𝟐 𝒙

(𝒙𝟐 + 𝒙 + 𝟏)(𝒚𝟐 + 𝒚 + 𝟏)
𝒅𝒙𝒅𝒚

∞

𝟎

∞

𝟎

= ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏

∞

𝟎

∫
𝒅𝒚

𝒚𝟐 + 𝒚 + 𝟏

∞

𝟎

𝒅𝒙 = 

=
𝟐𝝅

𝟑√𝟑
∫

𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

=
𝟐𝝅

𝟑√𝟑
⋅
𝟏𝟔√𝟑𝝅𝟑

𝟐𝟒𝟑
=
𝟑𝟐𝝅𝟒

𝟕𝟐𝟗
 

𝐍𝐨𝐭𝐞: ∫
𝐥𝐨𝐠 𝒚

𝒚𝟐+𝒚+𝟏
𝒅𝒚

∞

𝟎
= 𝟎, 𝐭𝐡𝐞𝐧:  𝑰𝟐 = ∫ ∫

𝐥𝐨𝐠 𝒙 𝐥𝐨𝐠 𝒚

(𝒙𝟐+𝒙+𝟏)(𝒚𝟐+𝒚+𝟏)
𝒅𝒙𝒅𝒚

∞

𝟎

∞

𝟎
= 𝟎, 𝐚𝐧𝐝 𝐭𝐡𝐮𝐬, 

𝑰 = 𝟐𝑰𝟏 + 𝟐𝑰𝟐 =
𝟔𝟒𝝅𝟒

𝟕𝟐𝟗
 

2025.Prove that: 

𝜴 = ∫ ∫ ∫
𝒙𝟐 𝒍𝒐𝒈(𝒙𝒚𝟐)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 =
𝝅𝟒

𝟗𝟔
  

Proposed by Asmat Qatea-Afghanistan 
Solution by Pham Duc Nam-Vietnam 
 

∗ 𝑺𝒚𝒎𝒎𝒆𝒕𝒓𝒚:∫ ∫ ∫
𝒙𝟐 𝒍𝒐𝒈(𝒙𝒚𝟐)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= ∫ ∫ ∫
𝒙𝟐 𝒍𝒐𝒈(𝒙𝒛𝟐)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 ⇒ 𝟐𝜴

= ∫ ∫ ∫
𝒙𝟐 𝒍𝒐𝒈(𝒙𝟐𝒚𝟐𝒛𝟐)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎
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⇒ 𝜴 = ∫ ∫ ∫
𝒙𝟐 𝒍𝒐𝒈(𝒙𝒚𝒛)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= ∫ ∫ ∫
𝒚𝟐 𝒍𝒐𝒈(𝒙𝒚𝒛)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= ∫ ∫ ∫
𝒛𝟐 𝒍𝒐𝒈(𝒙𝒚𝒛)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

⇒ 𝟑𝜴 = ∫ ∫ ∫
(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) 𝒍𝒐𝒈(𝒙𝒚𝒛)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

⇒ 𝜴

=
𝟏

𝟑
∫ ∫ ∫

𝒍𝒐𝒈(𝒙𝒚𝒛)

(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= ∫ ∫ ∫
𝒍𝒐𝒈(𝒙)

(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= −∫ ∫ ∫ 𝒍𝒐𝒈(𝒙)∑(𝒙𝒚𝒛)𝟐𝒌
+∞

𝒌=𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

= −∑
𝟏

𝟐𝒌+ 𝟏
.

𝟏

𝟐𝒌+ 𝟏

+∞

𝒌=𝟎

. ∫ 𝒙𝟐𝒌 𝒍𝒏𝒙𝒅𝒙 =
𝟏

𝟎

−∑
𝟏

𝟐𝒌 + 𝟏
.

𝟏

𝟐𝒌 + 𝟏

+∞

𝒌=𝟎

(−
𝟏

(𝟐𝒌 + 𝟏)𝟐
) = ∑

𝟏

(𝟐𝒌 + 𝟏)𝟒

+∞

𝒌=𝟎

 

∗ 𝑹𝒊𝒆𝒎𝒂𝒏𝒏 𝒛𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏:𝜻(𝒔) = ∑
𝟏

𝒏𝒔

+∞

𝒏=𝟏

⇒ 𝜻(𝟒) = ∑
𝟏

𝒏𝟒

+∞

𝒏=𝟏

=
𝝅𝟒

𝟗𝟎

= ∑
𝟏

𝒏𝟒
+

+∞

𝒏 𝒊𝒔 𝒐𝒅𝒅

∑
𝟏

𝒏𝟒
=

+∞

𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏

∑
𝟏

𝒏𝟒
+∑

𝟏

(𝟐𝒌)𝟒

+∞

𝒌=𝟏

+∞

𝒏 𝒊𝒔 𝒐𝒅𝒅

 

= ∑
𝟏

𝒏𝟒
+
𝟏

𝟏𝟔
∑

𝟏

𝒌𝟒

+∞

𝒌=𝟏

+∞

𝒏 𝒊𝒔 𝒐𝒅𝒅

⇒ ∑
𝟏

𝒏𝟒
=
𝟏𝟓

𝟏𝟔

+∞

𝒏 𝒊𝒔 𝒐𝒅𝒅

𝜻(𝟒) =
𝟏𝟓

𝟏𝟔
.
𝝅𝟒

𝟗𝟎
=
𝝅𝟒

𝟗𝟔
= ∑

𝟏

(𝟐𝒌 + 𝟏)𝟒

+∞

𝒌=𝟎

 

⇒ 𝜴 = ∫ ∫ ∫
𝒙𝟐 𝒍𝒐𝒈(𝒙𝒚𝟐)

(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)(𝒙𝟐𝒚𝟐𝒛𝟐 − 𝟏)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 =
𝝅𝟒

𝟗𝟔
 

2026. Prove that:  

𝕽∫ 𝐜𝐨𝐬𝐡 (
𝟏

𝟐
𝒆𝒊𝒙) 𝐜𝐨𝐬 (

√𝟑

𝟐
𝒆𝒊𝒙)𝒅𝒙

𝝅

𝟎

= 𝝅 

Proposed by Asmat Qatea-Afghanistan 
Solution by Le Thu-Vietnam 

𝐜𝐨𝐬𝐡(𝜶) = 𝐜𝐨𝐬(𝜶𝒊) ; 𝐜𝐨𝐬 𝜶 𝐜𝐨𝐬𝜷 =
𝟏

𝟐
[𝐜𝐨𝐬(𝜶 + 𝜷) + 𝐜𝐨𝐬(𝜶 − 𝜷)]; (∀)𝜶,𝜷 ∈ ℝ 

𝑰 = ∫ 𝐜𝐨𝐬𝐡 (
𝟏

𝟐
𝒆𝒊𝒙) 𝐜𝐨𝐬 (

√𝟑

𝟐
𝒆𝒊𝒙)

𝝅

𝟎

𝒅𝒙 = ∫ 𝐜𝐨𝐬(
√𝟑

𝟐
𝒆𝒊𝒙) 𝐜𝐨𝐬 (

𝒊

𝟐
𝒆𝒊𝒙)

𝝅

𝟎

𝒅𝒙 = 

=
𝟏

𝟐
[∫ 𝐜𝐨𝐬 (

√𝟑 − 𝒊

𝟐
𝒆𝒊𝒙)

𝝅

𝟎

𝒅𝒙 + ∫ 𝐜𝐨𝐬 (
√𝟑 + 𝒊

𝟐
𝒆𝒊𝒙)

𝝅

𝟎

𝒅𝒙] =
𝟏

𝟐
𝑰𝟐   
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(∗): ∫ 𝐜𝐨𝐬 (
√𝟑 − 𝒊

𝟐
𝒆𝒊𝒙) 𝒆𝒊𝒙 𝒅𝒙 =

𝒖=
√𝟑+𝒊
𝟐
𝒆𝒊𝒙

− 𝒊∫
𝐜𝐨𝐬 𝒖

𝒖
𝒅𝒖 + 𝑪 = −𝒊𝑪𝒊(𝒖) + 𝑪

= −𝒊𝑪𝒊 (
√𝟑 − 𝒊

𝟐
𝒆𝒊𝒙) + 𝑪 

(∗∗):∫ 𝐜𝐨𝐬 (
√𝟑 + 𝒊

𝟐
𝒆𝒊𝒙)𝒅𝒙 = −𝒊𝑪𝒊 (

√𝟑 + 𝒊

𝟐
) + 𝑪 

Summing both of them, we obtain: 

𝑰𝟏 = −𝒊 [𝑪𝒊 (
√𝟑 − 𝒊

𝟐
𝒆𝒊𝒙) + 𝑪𝒊 (

√𝟑 + 𝒊

𝟐
)]
𝟎

𝝅

= 

= −𝒊 [𝑪𝒊 (
√𝟑 − 𝒊

𝟐
) + 𝐥𝐨𝐠 (−

√𝟑 − 𝒊

𝟐
) − 𝐥𝐨𝐠 (

√𝟑 − 𝒊

𝟐
) + 𝑪𝒊 (

√𝟑 + 𝒊

𝟐
) + 𝐥𝐨𝐠(−

√𝟑 + 𝒊

𝟐
)

− 𝐥𝐨𝐠(
√𝟑 + 𝒊

𝟐
)] + 𝒊 [𝑪𝒊 (

√𝟑 − 𝒊

𝟐
) + 𝑪𝒊 (

√𝟑 + 𝒊

𝟐
)] = 

= −𝒊 [𝐥𝐨𝐠(−
√𝟑 − 𝒊

𝟐
) − 𝐥𝐨𝐠(

√𝟑 − 𝒊

𝟐
) + 𝐥𝐨𝐠 (−

√𝟑 − 𝒊

𝟐
) − 𝐥𝐨𝐠 (

√𝟑 + 𝒊

𝟐
)] = 

= −𝒊 [𝐭𝐚𝐧−𝟏 (−
𝟏

√𝟑
) + 𝝅] + 𝒊 𝐭𝐚𝐧−𝟏 (−

𝟏

√𝟑
) − 𝒊 [𝐭𝐚𝐧−𝟏 (

𝟏

√𝟑
) + 𝝅] + 𝒊 𝐭𝐚𝐧−𝟏 (

𝟏

√𝟑
) = 

= −𝒊 ⋅ 𝟐𝝅𝒊 = 𝟐𝝅 

𝑪𝒊(𝒙) = 𝜸 + 𝐥𝐨𝐠 𝒙 +∫
𝐜𝐨𝐬𝒖 − 𝟏

𝒖
𝒅𝒖

𝝅

𝟎

 

𝑪𝒊(−𝒙) = 𝜸 + 𝐥𝐨𝐠(−𝒙) + ∫
𝐜𝐨𝐬𝒖 − 𝟏

𝒖
𝒅𝒖

−𝒙

𝟎

= 𝜸 + 𝐥𝐨𝐠(−𝒙) +∫
𝐜𝐨𝐬 𝒗 − 𝟏

𝒗
𝒅𝒗

𝒙

𝟎

= 

= 𝜸 + 𝐥𝐨𝐠(−𝒙) + 𝑪𝒊(𝒙) − 𝜸 − 𝐥𝐨𝐠 𝒙 = 𝑪𝒊(𝒙) + 𝐥𝐨𝐠(−𝒙) − 𝐥𝐨𝐠(𝒙) 

𝐇𝐞𝐧𝐜𝐞, 𝑰 =
𝟏

𝟐
𝑰 ⋅ 𝟐𝝅 = 𝝅 ⇒ 𝕽(𝑰) = 𝕽(𝝅) = 𝝅   

2027. Solve for real numbers: 

∫
𝒕𝟖 − 𝒕𝟔

(𝒕𝟐 + 𝒕 + 𝟏)𝟐

𝒙𝟐−𝟓𝒙+𝟕

𝟏

𝒅𝒕 = 𝟎 

Proposed by Daniel Sitaru-Romania 
 



 
www.ssmrmh.ro 

41 RMM-CALCULUS MARATHON 2001-2100 

 

Solution 1 by Florentin Vişescu-Romania 

∫
𝒕𝟖 − 𝒕𝟔

(𝒕𝟐 + 𝒕 + 𝟏)𝟐

𝒙𝟐−𝟓𝒙+𝟕

𝟏

𝒅𝒕 = ∫
𝒕𝟔(𝒕𝟐 − 𝟏)

(𝒕𝟐 + 𝒕 + 𝟏)𝟐

𝟏+(𝒙−𝟐)(𝒙−𝟑)

𝟏

𝒅𝒕 

𝟏) 𝐈𝐟 𝒙 ∈ (−∞,𝟐) ∪ (𝟑,∞) ⇒ 𝟏 + (𝒙 − 𝟐)(𝒙 − 𝟑) > 1 𝐚𝐧𝐝  

∫
𝒕𝟔(𝒕𝟐 − 𝟏)

(𝒕𝟐 + 𝒕 + 𝟏)𝟐

𝟏+(𝒙−𝟐)(𝒙−𝟑)

𝟏

𝒅𝒕 > 0 

𝟐) 𝐈𝐟 ∈ (𝟐, 𝟑) ⇒
𝟑

𝟒
< 1 + (𝒙 − 𝟐)(𝒙 − 𝟑) < 1 𝐚𝐧𝐝                   

∫
𝒕𝟔(𝒕𝟐 − 𝟏)

(𝒕𝟐 + 𝒕 + 𝟏)𝟐

𝟏+(𝒙−𝟐)(𝒙−𝟑)

𝟏

𝒅𝒕 > 0 

𝟑) 𝐈𝐟 𝒙 ∈ {𝟐, 𝟑} ⇒ 𝟏 + (𝒙 − 𝟐)(𝒙 − 𝟑) = 𝟏, 𝐭𝐡𝐞𝐧:       

∫
𝒕𝟖 − 𝒕𝟔

(𝒕𝟐 + 𝒕 + 𝟏)𝟐

𝒙𝟐−𝟓𝒙+𝟕

𝟏

𝒅𝒕 = 𝟎 

𝑺 = {𝟐, 𝟑} 

Solution 2 by Hikmat Mammadov-Azerbaijan  

𝒂 = 𝒙𝟐 − 𝟓𝒙 + 𝟕 

𝐋𝐞𝐭:𝒈(𝒂) = ∫
𝒕𝟖 − 𝒕𝟔

(𝒕𝟐 + 𝒕 + 𝟏)𝟐
𝒅𝒕

𝒂

𝟏

 

𝐦𝐢𝐧{𝒙𝟐 − 𝟓𝒙 + 𝟕} ⇒ (𝒙𝟐 − 𝟓𝒙 + 𝟕)′ = 𝟐𝒙− 𝟓 ⇒ 𝒙 =
𝟓

𝟐
 

𝐦𝐢𝐧{𝒙𝟐 − 𝟓𝒙 + 𝟕} = (
𝟓

𝟐
)

𝟐

− 𝟓(
𝟓

𝟐
) + 𝟕 =

𝟑

𝟒
, 𝒂 ≥

𝟑

𝟒
 

𝒈′(𝒂) =
𝒂𝟔(𝒂𝟐 − 𝟏)

(𝒂𝟐 + 𝒂 + 𝟏)𝟐
⇒ 𝒈(𝒂) − 𝐡𝐚𝐬 𝐚 𝐥𝐨𝐜𝐚𝐥 𝐦𝐢𝐧𝐢𝐦𝐮𝐦 𝐩𝐨𝐢𝐧𝐭 𝐚𝐭 𝒂 = 𝟏. 

𝒈(𝟏) = 𝟎 

𝒙𝟐 − 𝟓𝒙 + 𝟕 = 𝟏 ⇒ 𝒙𝟐 − 𝟓𝒙 + 𝟔 = 𝟎 ⇒ (𝒙 − 𝟐)(𝒙 − 𝟑) = 𝟎 ⇒ 𝒙 ∈ {𝟐, 𝟑} 

𝟕𝒕𝟐 + 𝟔𝒕 + 𝟓

(𝒕𝟐 + 𝒕 + 𝟏)𝟐
=

𝑨𝒕 + 𝑩

𝒕𝟐 + 𝒕 + 𝟏
+

𝑪𝒕 + 𝑫

(𝒕𝟐 + 𝒕 + 𝟏)𝟐
 

𝟕𝒕𝟐 + 𝟔𝒕 + 𝟓 = (𝑨𝒕 + 𝑩)(𝒕𝟐 + 𝒕 + 𝟏) + 𝑪𝒕 + 𝑫 

𝟕𝒕𝟐 + 𝟔𝒕 + 𝟓 = 𝑨𝒕𝟑 + (𝑨 + 𝑩)𝒕𝟐 + (𝑨 + 𝑩)𝒕 + 𝑩 + 𝑪𝒕 + 𝑫 

𝑨 = 𝟎 ⇒ 𝑨+ 𝑩 = 𝟕 ⇒ 𝑩 = 𝟕 ⇒ 𝑩 +𝑫 = 𝟓 ⇒ 𝑫 = −𝟐 𝐚𝐧𝐝  



 
www.ssmrmh.ro 

42 RMM-CALCULUS MARATHON 2001-2100 

 

𝑨 +𝑩+ 𝑪 = 𝟔 ⇒ 𝑪 = −𝟏 

𝒕𝟒 − 𝟐𝒕𝟑 + 𝟒𝒕 − 𝟓 +
𝟕

𝒕𝟐 + 𝒕 + 𝟏
−

𝒕 + 𝟐

(𝒕𝟐 + 𝒕 + 𝟏)𝟐
 

∫ (𝒕𝟒 − 𝟐𝒕𝟑 + 𝟒𝒕 − 𝟓)
𝒂

𝟏

𝒅𝒕 =
𝒂𝟓

𝟓
−
𝒂𝟒

𝟐
+ 𝟐𝒂𝟐 − 𝟓𝒂 +

𝟑𝟑

𝟏𝟎
 

∫
𝟕

(𝒕 +
𝟏
𝟐)

𝟐

+
𝟑
𝟒

𝒅𝒕
𝒂

𝟏

=
𝟕

√𝟑
𝟒

𝐭𝐚𝐧−𝟏
𝒕 +

𝟏
𝟐

√𝟑
𝟒

||

𝟏

𝒂

=
𝟏𝟒

√𝟑
𝐭𝐚𝐧−𝟏 (

𝟐𝒂 + 𝟏

√𝟑
) −

𝟏𝟒

√𝟑
𝐭𝐚𝐧−𝟏 √𝟑 = 

=
𝟏𝟒

√𝟑
𝐭𝐚𝐧−𝟏 (

𝟐𝒂 + 𝟏

√𝟑
) −

𝟏𝟒𝝅

√𝟑
 

∫
𝟏

𝟐
⋅
𝟐𝒕 + 𝟏 + 𝟑

(𝒕𝟐 + 𝒕 + 𝟏)𝟐
𝒅𝒕

𝒂

𝟏

=
𝟑

𝟐
∫

𝟏

(𝒕𝟐 + 𝒕 + 𝟏)𝟐
𝒅𝒕

𝒂

𝟏

+
𝟏

𝟐
∫
𝒅(𝒕𝟐 + 𝒕 + 𝟏)

𝒕𝟐 + 𝒕 + 𝟏

𝒂

𝟏

= 

=
𝟑

𝟐
∫

𝟏

((𝒕 +
𝟏
𝟐)

𝟐

+
𝟑
𝟒)

𝟐 𝒅𝒕
𝒂

𝟏

+
𝟏

𝟐(𝒕𝟐 + 𝒕 + 𝟏)
|
𝒂

𝟏

; (𝒕 +
𝟏

𝟐
=
√𝟑

𝟐
𝐭𝐚𝐧 𝒛) 

=
𝟑

𝟐
∫

√𝟑
𝟐 𝐬𝐞𝐜

𝟐 𝒛

𝟗
𝟏𝟔 𝐬𝐞𝐜

𝟒 𝒛

𝐭𝐚𝐧−𝟏(
𝟐𝒂+𝟏

√𝟑
)

𝝅
𝟑

𝒅𝒛 +
𝟏

𝟔
−

𝟏

𝟐(𝒂𝟐 + 𝒂 + 𝟏)
= 

=
𝟏

𝟔
−
𝟐

√𝟑
⋅
𝝅

𝟑
−

𝟏

𝟐(𝒂𝟐 + 𝒂 + 𝟏)
+
𝟐

√𝟑
𝐭𝐚𝐧−𝟏 (

𝟐𝒂 + 𝟏

√𝟑
) +

𝟐

√𝟑
∫ 𝐜𝐨𝐬(𝟐𝒛)
𝐭𝐚𝐧−𝟏

𝟐𝒂+𝟏

√𝟑

𝝅
𝟑

𝒅𝒛 = 

=
𝟏

𝟔
−

𝒂𝟐 − 𝒂 + 𝟏

𝟐(𝒂𝟐 + 𝒂 + 𝟏)𝟐
+
𝟐

√𝟑
𝐭𝐚𝐧−𝟏 (

𝟐𝒂 + 𝟏

√𝟑
) −

𝟐

√𝟑
⋅
𝝅

𝟑
= 

=
𝒂

𝒂𝟐 + 𝒂 + 𝟏
−
𝟏

𝟑
−
𝟐𝝅

𝟑√𝟑
+
𝟐

√𝟑
𝐭𝐚𝐧−𝟏 (

𝟐𝒂 + 𝟏

√𝟑
) 

∫
𝒕𝟖 − 𝒕𝟔

𝒕𝟐 + 𝒕 + 𝟏
𝒅𝒕

𝒂

𝟏

= 

𝒂𝟓

𝟓
−
𝒂𝟒

𝟐
+ 𝟐𝒂𝟐 − 𝟓𝒂 +

𝟏𝟎𝟗

𝟑𝟎
−
𝟒𝝅

√𝟑
−

𝒂

𝒂𝟐 + 𝒂 + 𝟏
+ 𝟒√𝟑 𝐭𝐚𝐧−𝟏 (

𝟐𝒂 + 𝟏

√𝟑
) = 𝒈(𝒂)   
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2028. Prove that: 

∫
𝐜𝐨𝐬(𝟏𝟐𝒙)

𝐜𝐨𝐬𝟏𝟒 𝒙
𝒅𝒙

𝝅
𝟒

𝟎

= −
𝟔𝟒

𝟏𝟑
 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Ravi Prakash-New Delhi-India 

𝐜𝐨𝐬(𝟏𝟐𝒙) + 𝒊 𝐬𝐢𝐧(𝟏𝟐𝒙) = (𝐜𝐨𝐬 𝒙 + 𝒊 𝐬𝐢𝐧 𝒙)𝟏𝟐 

𝐜𝐨𝐬(𝟏𝟐𝒙) = (
𝟏𝟐

𝟎
) 𝐜𝐨𝐬𝟏𝟐 𝒙 − (

𝟏𝟐

𝟐
) 𝐜𝐨𝐬𝟏𝟎 𝒙 𝐬𝐢𝐧𝟐 𝒙 + (

𝟏𝟐

𝟒
)𝐜𝐨𝐬𝟖 𝒙 𝐬𝐢𝐧𝟒 𝒙

− (
𝟏𝟐

𝟔
) 𝐜𝐨𝐬𝟔 𝒙 𝐬𝐢𝐧𝟔 𝒙 

+(
𝟏𝟐

𝟖
)𝐜𝐨𝐬𝟒 𝒙 𝐬𝐢𝐧𝟖 𝒙 − (

𝟏𝟐

𝟏𝟎
)𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟏𝟎 𝒙 + (

𝟏𝟐

𝟏𝟐
)𝐬𝐢𝐧𝟏𝟐 𝒙 

∫
𝐜𝐨𝐬(𝟏𝟐𝒙)

𝐜𝐨𝐬𝟏𝟒 𝒙
𝒅𝒙

𝝅
𝟒

𝟎

= 

= ∫ [𝐬𝐞𝐜𝟐 𝒙 − (
𝟏𝟐

𝟐
) 𝐭𝐚𝐧𝟐 𝒙 𝐬𝐞𝐜𝟐 𝒙 + (

𝟏𝟐

𝟒
) 𝐭𝐚𝐧𝟒 𝒙 𝐬𝐞𝐜𝟐 𝒙 − (

𝟏𝟐

𝟖
) 𝐭𝐚𝐧𝟔 𝒙 𝐬𝐞𝐜𝟐 𝒙

𝝅
𝟒

𝟎

+ (
𝟏𝟐

𝟖
) 𝐭𝐚𝐧𝟖 𝒙 𝐬𝐞𝐜𝟐 𝒙 − (

𝟏𝟐

𝟏𝟎
) 𝐭𝐚𝐧𝟏𝟎 𝒙 𝐬𝐞𝐜𝟐 𝒙 + (

𝟏𝟐

𝟏𝟐
) 𝐭𝐚𝐧𝟏𝟐 𝒙 𝐬𝐞𝐜𝟐 𝒙]𝒅𝒙 = 

= 𝟏 −
𝟏

𝟑
(
𝟏𝟐

𝟐
) +

𝟏

𝟓
(
𝟏𝟐

𝟒
) −

𝟏

𝟕
(
𝟏𝟐

𝟔
) +

𝟏

𝟗
(
𝟏𝟐

𝟗
) −

𝟏

𝟏𝟏
(
𝟏𝟐

𝟏𝟎
) +

𝟏

𝟏𝟑
(
𝟏𝟐

𝟏𝟐
) = −

𝟔𝟒

𝟏𝟑
 

Solution 2 by Bamidele Benjamin-New Delhi-India 

𝐜𝐨𝐬(𝟏𝟐𝒙) = ∑(
𝟏𝟐

𝟐𝒏
) (−𝟏)𝒏(−𝟏)𝒏 𝐜𝐨𝐬𝟏𝟐−𝟐𝒏 𝒙 𝐬𝐢𝐧𝟐𝒏 𝒙

𝟔

𝒏=𝟎

 

𝑰 = ∑(
𝟏𝟐

𝟐𝒏
) (−𝟏)𝒏∫ 𝐭𝐚𝐧𝟐𝒏 𝒙 𝐬𝐞𝐜𝟐 𝒙𝒅𝒙

𝝅
𝟒

𝟎

𝟔

𝒏=𝟎

=
𝒖=𝐭𝐚𝐧 𝒙

 

= ∑(
𝟏𝟐

𝟐𝒏
) (−𝟏)𝒏∫ 𝒖𝟐𝒏

𝟏

𝟎

𝒅𝒖

𝟔

𝒏=𝟎

= ∑(
𝟏𝟐

𝟐𝒏
) (−𝟏)𝒏

𝒖𝟐𝒏+𝟏

𝟐𝒏 + 𝟏
|
𝟎

𝟏𝟔

𝒏=𝟎

= ∑(
𝟏𝟐

𝟐𝒏
)
(−𝟏)𝒏

𝟐𝒏 + 𝟏

𝟔

𝒏=𝟎

= −
𝟔𝟒

𝟏𝟑
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Solution 3 by Saboor Halimi-Afghanistan 

∫
𝐜𝐨𝐬(𝟏𝟐𝒙)

𝐜𝐨𝐬𝟏𝟒 𝒙
𝒅𝒙

𝝅
𝟒

𝟎

= 

= ∫
𝐬𝐢𝐧𝟏𝟐 𝒙 − 𝟔𝟔𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟏𝟎 𝒙 + 𝟒𝟗𝟓𝐜𝐨𝐬𝟒 𝒙𝐬𝐢𝐧𝟖 𝒙 − 𝟗𝟐𝟒𝐜𝐨𝐬𝟔 𝒙𝐬𝐢𝐧𝟔 𝒙 + 𝟒𝟗𝟓𝐜𝐨𝐬𝟖 𝒙𝐬𝐢𝐧𝟒 𝒙 − 𝟔𝟔𝐜𝐨𝐬𝟏𝟎 𝒙 𝐬𝐢𝐧𝟐𝒙+ 𝐜𝐨𝐬𝟏𝟐 𝒙

𝐜𝐨𝐬𝟏𝟒 𝒙
𝒅𝒙

𝝅
𝟒

𝟎

 

= ∫
𝐬𝐢𝐧𝟏𝟐 𝒙 − 𝐜𝐨𝐬𝟏𝟎 𝒙 (𝟔𝟕 𝐬𝐢𝐧𝟐 𝒙 − 𝟏) − 𝟑𝟑𝐜𝐨𝐬𝟔 𝒙 𝐬𝐢𝐧𝟒 𝒙 (𝟒𝟑 𝐬𝐢𝐧𝟐 𝒙 − 𝟏𝟓) − 𝟑𝟑 𝐜𝐨𝐬𝟐 𝒙 𝐬𝐢𝐧𝟖 𝒙 (𝟏𝟕 𝐬𝐢𝐧𝟐 𝒙 − 𝟏𝟓)

𝐜𝐨𝐬𝟏𝟒 𝒙
𝒅𝒙

𝝅
𝟒

𝟎

 

= ∫ 𝐬𝐞𝐜𝟐 𝒙 (𝐭𝐚𝐧𝟏𝟐 𝒙 − 𝟔𝟔 𝐭𝐚𝐧𝟐 𝒙 + 𝟑𝟑𝐭𝐚𝐧𝟖 𝒙 (𝟏𝟓 − 𝟐 𝐭𝐚𝐧𝟐 𝒙) + 𝟑𝟑 𝐭𝐚𝐧𝟒 𝒙 (𝟏𝟓 − 𝟐𝟖 𝐭𝐚𝐧𝟐 𝒙 + 𝟏)𝒅𝒙

𝝅
𝟒

𝟎

=
𝒖=𝐭𝐚𝐧 𝒙

 

= ∫ (𝒖𝟏𝟐 − 𝟔𝟔𝒖𝟐 + 𝟑𝟑𝒖𝟖(𝟏𝟓 − 𝟐𝒖𝟐) + 𝟑𝟑𝒖𝟒(𝟏𝟓 − 𝟐𝟖𝒖𝟐 + 𝟏)𝒅𝒖
𝟏

𝟎

= −
𝟔𝟒

𝟏𝟑
 

2029. Prove that: 

𝑰 = ∫
𝒙

√𝟏 − 𝒙𝟐

𝟏

𝟎

𝐥𝐨𝐠
𝟏 + √𝟏 − 𝒙𝟐

𝒙
𝐬𝐢𝐧−𝟏 𝒙𝒅𝒙 =

𝝅

𝟐
(𝟏 − 𝐥𝐨𝐠 𝟐) 

Proposed by Ose Favour-Nigeria 
Solution 1 by Pham Duc Nam-Vietnam 

𝑰 = ∫
𝒙

√𝟏 − 𝒙𝟐

𝟏

𝟎

𝒍𝒏
𝟏 + √𝟏 − 𝒙𝟐

𝒙
𝒔𝒊𝒏−𝟏 𝒙𝒅𝒙 =

𝝅

𝟐
(𝟏 − 𝒍𝒏𝟐)  

∗ 𝒕 = 𝒔𝒊𝒏−𝟏 𝒙 ⇒ 𝒙 = 𝒔𝒊𝒏 𝒕 , 𝒅𝒕 =
𝒅𝒙

√𝟏− 𝒙𝟐
⇒ 𝑰 = ∫ 𝒕𝒔𝒊𝒏 𝒕

𝝅
𝟐

𝟎

𝒍𝒏
𝟏 + 𝒄𝒐𝒔 𝒕

𝒔𝒊𝒏 𝒕
𝒅𝒕 

{𝑢 = 𝒍𝒏
𝟏 + 𝒄𝒐𝒔 𝒕

𝒔𝒊𝒏 𝒕
𝑑𝑣 = 𝑡 𝒔𝒊𝒏 𝒕 𝒅𝒕

⇒ {𝑑𝑢 = −
𝟏

𝒔𝒊𝒏 𝒕
𝒅𝒕

𝑣 = 𝒔𝒊𝒏 𝒕 − 𝒕 𝒄𝒐𝒔 𝒕

⇒ 𝑰

= (𝒔𝒊𝒏 𝒕 − 𝒕 𝒄𝒐𝒔 𝒕) 𝒍𝒏
𝟏 + 𝒄𝒐𝒔 𝒕

𝒔𝒊𝒏 𝒕
|
𝟎

𝝅
𝟐

⏟                    
=𝟎

+∫ (𝒔𝒊𝒏 𝒕 − 𝒕 𝒄𝒐𝒔 𝒕)

𝝅
𝟐

𝟎

𝟏

𝒔𝒊𝒏 𝒕
𝒅𝒕 

= ∫ (𝟏 − 𝒕 𝒄𝒐𝒕 𝒕)𝒅𝒕

𝝅
𝟐

𝟎

=
𝝅

𝟐
− ∫ 𝒕𝒄𝒐𝒕 𝒕𝒅𝒕

𝝅
𝟐

𝟎

, {
𝑢 = 𝑡
𝑑𝑣 = 𝒄𝒐𝒕 𝒕𝒅𝒕

⇒ {
𝑑𝑢 = 𝑑𝑡
𝑣 = 𝒍𝒏(𝒔𝒊𝒏 𝒕)

 

⇒ 𝑰 =
𝝅

𝟐
− 𝒕 𝒍𝒏(𝒔𝒊𝒏 𝒕)|

𝟎

𝝅
𝟐 +∫ 𝒍𝒏(𝒔𝒊𝒏 𝒕) 𝒅𝒕

𝝅
𝟐

𝟎

=
𝝅

𝟐
−
𝝅

𝟐
𝒍𝒏𝟐 =

𝝅

𝟐
(𝟏 − 𝒍𝒏𝟐) 

𝑵𝑶𝑻𝑬𝑺: 
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∗ 𝒍𝒊𝒎
𝒕→𝟎
(𝒔𝒊𝒏𝒕 − 𝒕 𝒄𝒐𝒔 𝒕) 𝒍𝒏

𝟏 + 𝒄𝒐𝒔 𝒕

𝒔𝒊𝒏 𝒕
= 𝟎 

∗ 𝒍𝒊𝒎
𝒕→𝟎
𝒕 𝒍𝒏(𝒔𝒊𝒏 𝒕) = 𝟎 

∗ 𝑾𝒆𝒍𝒍 − 𝒌𝒏𝒐𝒘𝒏 𝒓𝒆𝒔𝒖𝒍𝒕:∫ 𝒍𝒏(𝒔𝒊𝒏 𝒕) 𝒅𝒕

𝝅
𝟐

𝟎

= −
𝝅

𝟐
𝒍𝒏𝟐 

Solution 2 by Ankush Kumar Parcha-India 

𝛀 = ∫
𝒙

√𝟏 − 𝒙𝟐
𝐥𝐨𝐠 (

𝟏 + √𝟏 − 𝒙𝟐

𝒙
)𝐬𝐢𝐧−𝟏 𝒙𝒅𝒙

𝟏

𝟎

=
𝐬𝐢𝐧−𝟏 𝒙=𝒚

 

= ∫ 𝒚𝐬𝐢𝐧𝒚 𝐥𝐨𝐠 (
𝟏 + 𝒄𝒐𝒔 𝒚

𝒔𝒊𝒏 𝒚
)𝒅𝒚

𝝅
𝟐

𝟎

=
𝒚=𝟐𝒙

− 𝟒∫ 𝒙𝐬𝐢𝐧(𝟐𝒙) 𝐥𝐨𝐠(𝐭𝐚𝐧𝒙)

𝝅
𝟒

𝟎

𝒅𝒙 

𝟏

𝟒
𝛀 = 𝟐∑

𝟏

𝟐𝒏 + 𝟏
[∫ 𝒙𝐬𝐢𝐧(𝟐𝒙) 𝐜𝐨𝐬(𝟒𝒏𝒙 + 𝟐𝒙)

𝝅
𝟒

𝟎

𝒅𝒙

∞

𝒏=𝟎

= 

= ∑
𝟏

𝟐𝒏+ 𝟏
[∫ 𝒙 𝐬𝐢𝐧(𝟒𝒏𝒙 + 𝟒𝒙)

𝝅
𝟒

𝟎

𝒅𝒙 −∫ 𝒙𝐬𝐢𝐧(𝟒𝒏𝒙)

𝝅
𝟒

𝟎

𝒅𝒙]

∞

𝒏=𝟎

= 

= ∑
𝟏

𝟐𝒏 + 𝟏
[−(

𝒙 𝐜𝐨𝐬(𝟒𝒏𝒙 + 𝟒𝒙)

𝟒(𝒏 + 𝟏)
)
𝟎

𝝅
𝟒

+
𝟏

𝟒(𝒏 + 𝟏)
∫ 𝐜𝐨𝐬(𝟒𝒏𝒙 + 𝟒𝒙)𝒅𝒙

𝝅
𝟒

𝟎

∞

𝒏=𝟎

+ (
𝒙𝐜𝐨𝐬(𝟒𝒏𝒙)

𝟒𝒏
)
𝟎

𝝅
𝟒

−
𝟏

𝟒𝒏
∫ 𝐜𝐨𝐬(𝟒𝒏𝒙)

𝝅
𝟒

𝟎

𝒅𝒙] = 

= ∑
𝟏

𝟐𝒏 + 𝟏
[
𝝅𝐜𝐨𝐬(𝒏𝝅)

𝟏𝟔(𝒏 + 𝟏)
−

𝐬𝐢𝐧(𝒏𝝅)

𝟏𝟔(𝒏 + 𝟏)𝟐
+
𝝅𝐜𝐨𝐬(𝒏𝝅)

𝟏𝟔𝒏
−
𝐬𝐢𝐧(𝒏𝝅)

𝟏𝟔𝒏𝟐
]

∞

𝒏=𝟎

= 

= 𝐥𝐢𝐦
𝒏→𝟎

{
𝝅 𝐜𝐨𝐬(𝒏𝝅)

𝟏𝟔𝒏(𝒏 + 𝟏)
−

𝐬𝐢𝐧(𝒏𝝅)

𝟏𝟔(𝟐𝒏 + 𝟏)
[
𝟐𝒏𝟐 + 𝟏 + 𝟐𝒏

𝒏𝟐(𝒏 + 𝟏)𝟐
] +

𝝅

𝟏𝟔
∑

(−𝟏)𝒏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

} = 

=
𝝅

𝟏𝟔
+
𝝅

𝟏𝟔
(−𝟏 +

𝟏

𝟐
−
𝟏

𝟑
+
𝟏

𝟒
−
𝟏

𝟓
+ ⋯+

𝟏

𝟐
−
𝟏

𝟑
+
𝟏

𝟒
−
𝟏

𝟓
+⋯) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 =
𝝅

𝟐
(𝟏 − 𝐥𝐨𝐠𝟐)  
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Solution 3 by Togrul Ehmedov-Azebaijan 

𝑳𝒆𝒕 𝒙 = 𝐬𝐢𝐧 𝒚 , 𝒕𝒉𝒆𝒏: 𝛀 = ∫ 𝒚𝐬𝐢𝐧𝒚 𝐥𝐨𝐠 (
𝟏 + 𝒄𝒐𝒔 𝒚

𝒔𝒊𝒏 𝒚
)

𝝅
𝟐

𝟎

𝒅𝒚 = 

= ∫ 𝒚𝐬𝐢𝐧𝒚 𝐥𝐨𝐠 (𝒄𝒐𝒕 (
𝒚

𝟐
))

𝝅
𝟐

𝟎

𝒅𝒚 = −∫ 𝒚𝐬𝐢𝐧𝒚 𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒚

𝟐
))

𝝅
𝟐

𝟎

𝒅𝒚 =
𝒚=𝟐𝒛

 

= −𝟒∫ 𝒛𝐬𝐢𝐧(𝟐𝒛) 𝐥𝐨𝐠(𝐭𝐚𝐧 𝒛)

𝝅
𝟒

𝟎

𝒅𝒛 =
𝑰𝑩𝑷

 

= −𝟒(
𝟏

𝟒
𝐬𝐢𝐧(𝟐𝒛) −

𝒛

𝟐
𝐜𝐨𝐬(𝟐𝒛)) 𝐥𝐨𝐠(𝐭𝐚𝐧 𝒛)|

𝟎

𝝅
𝟒
+ 𝟒∫

𝐬𝐢𝐧(𝟐𝒛) − 𝟐𝒛 𝐜𝐨𝐬(𝟐𝒛)

𝟐 𝐬𝐢𝐧(𝟐𝒛)
𝒅𝒛

𝝅
𝟒

𝟎

= 

= 𝟐∫ 𝒅𝒛

𝝅
𝟒

𝟎

− 𝟒∫ 𝒛 𝐜𝐨𝐭 (𝟐𝒛)

𝝅
𝟒

𝟎

𝒅𝒛 =
𝝅

𝟐
− ∫ 𝒛𝐜𝐨𝐭 𝒛𝒅𝒛

𝝅
𝟐

𝟎

=
𝝅

𝟐
(𝟏 − 𝐥𝐨𝐠 𝟐)  

Solution 4 by Ose Favour-Nigeria 

𝛀 = ∫
𝒙

√𝟏 − 𝒙𝟐
𝐥𝐨𝐠 (

𝟏 + √𝟏 − 𝒙𝟐

𝒙
)𝐬𝐢𝐧−𝟏 𝒙𝒅𝒙

𝟏

𝟎

;  

{
 
 

 
 𝒅𝒗 =

𝒙𝐬𝐢𝐧−𝟏 𝒙

√𝟏− 𝒙𝟐

𝒖 = 𝐥𝐨𝐠
𝟏 + √𝟏 − 𝒙𝟐

𝒙

⇒ {
𝒗 = 𝒙 −√𝟏 − 𝒙𝟐 𝐬𝐢𝐧−𝟏 𝒙

𝒅𝒖 = −
𝒅𝒙

𝒙√𝟏 − 𝒙𝟐

 

𝛀 =
𝑰𝑩𝑷

(𝒙 − √𝟏 − 𝒙𝟐 𝐬𝐢𝐧−𝟏 𝒙) 𝐥𝐨𝐠
𝟏 + √𝟏 − 𝒙𝟐

𝒙
|
𝟎

𝟏

+∫
𝟏

√𝟏 − 𝒙𝟐
𝒅𝒙

𝟏

𝟎

−∫
𝐬𝐢𝐧−𝟏 𝒙

𝒙

𝟏

𝟎

𝒅𝒙 = 

=
𝒙=𝐬𝐢𝐧𝒚 𝝅

𝟐
− ∫ 𝒚𝐜𝐨𝐭𝒚 𝒅𝒚

𝝅
𝟐

𝟎

=
𝑰𝑩𝑷 𝝅

𝟐
+ ∫ 𝐥𝐨𝐠 (𝐬𝐢𝐧𝒚)

𝝅
𝟐

𝟎

𝒅𝒚 =
𝝅

𝟐
(𝟏 − 𝐥𝐨𝐠𝟐) 

Solution 5 by Le Thu-Vietnam 

𝛀 = ∫
𝒙

√𝟏 − 𝒙𝟐
𝐥𝐨𝐠 (

𝟏 + √𝟏 − 𝒙𝟐

𝒙
) 𝐬𝐢𝐧−𝟏 𝒙𝒅𝒙

𝟏

𝟎

= 

= ∫
𝒙 𝐥𝐨𝐠(𝟏 + √𝟏 − 𝒙𝟐) 𝐬𝐢𝐧−𝟏 𝒙

√𝟏 − 𝒙𝟐
𝒅𝒙

𝟏

𝟎

−∫
𝒙 𝐥𝐨𝐠 𝒙 𝐬𝐢𝐧−𝟏 𝒙

√𝟏 − 𝒙𝟐
𝒅𝒙

𝟏

𝟎

= 𝑰𝟏 − 𝑰𝟐 

𝑰𝟏 = ∫
𝒙 𝐥𝐨𝐠(𝟏 + √𝟏 − 𝒙𝟐) 𝐬𝐢𝐧−𝟏 𝒙

√𝟏− 𝒙𝟐
𝒅𝒙

𝟏

𝟎

=
𝒖=𝐬𝐢𝐧−𝟏𝒙

∫ 𝒖𝐬𝐢𝐧𝒖 𝐥𝐨𝐠(𝟏 + 𝐜𝐨𝐬𝒖)

𝝅
𝟐

𝟎

𝒅𝒖 =
𝑰𝑩𝑷
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= −𝒖𝐜𝐨𝐬𝒖 𝐥𝐨𝐠(𝟏 + 𝐜𝐨𝐬 𝒖)|
𝟎

𝝅
𝟐 +∫ 𝐜𝐨𝐬𝒖 𝐥𝐨𝐠(𝟏 + 𝐜𝐨𝐬𝒖)

𝝅
𝟐

𝟎

𝒅𝒖 −∫
𝒖𝐜𝐨𝐬𝒖 𝐬𝐢𝐧𝒖

𝟏 + 𝐜𝐨𝐬 𝒖
𝒅𝒖

𝝅
𝟐

𝟎

 

(𝒊)  ∫ 𝐜𝐨𝐬 𝒖 𝐥𝐨𝐠(𝟏 + 𝐜𝐨𝐬𝒖)

𝝅
𝟐

𝟎

𝒅𝒖 =
𝑰𝑩𝑷

[𝒖 − 𝐬𝐢𝐧𝒖 + 𝐬𝐢𝐧𝒖 𝐥𝐨𝐠(𝟏 + 𝐜𝐨𝐬 𝒖)]
𝟎

𝝅
𝟐 =

𝝅

𝟐
− 𝟏 

(𝒊𝒊)  ∫
𝒖 𝐬𝐢𝐧𝒖 𝐜𝐨𝐬𝒖

𝟏 + 𝐜𝐨𝐬 𝒖
𝒅𝒖

𝝅
𝟐

𝟎

= ∫ 𝒖𝐬𝐢𝐧𝒖𝒅𝒖

𝝅
𝟐

𝟎

−∫
𝒖
𝒆𝒊𝒖 − 𝒆−𝒊𝒖

𝟐𝒊

𝟏 +
𝒆−𝒊𝒖 + 𝒆𝒊𝒖

𝟐

𝒅𝒖

𝝅
𝟐

𝟎

= 

= 𝐬𝐢𝐧𝒖 − 𝒖 𝐜𝐨𝐬𝒖 − 𝟐𝒊𝑳𝒊𝟐(−𝒆
𝒊𝒖) 

𝑵𝒐𝒕𝒆: 𝑳𝒊𝟐(−𝒊) = ∑
𝒊𝒏

𝒏𝟐

∞

𝒏=𝟎

= ∑
(−𝟏)𝒏

(𝟐𝒏)𝟐

∞

𝒏=𝟏

+ 𝒊 ∑
(−𝟏)𝒎

(𝟐𝒎+ 𝟏)𝟐

∞

𝒎=𝟎

= −
𝝅𝟐

𝟒𝟖
+ 𝒊𝑲,𝒘𝒉𝒆𝒓𝒆 𝑲 𝒊𝒔 

𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕. 

𝟐𝑰𝟐 =
𝑰𝑩𝑷

[𝒙(𝐬𝐢𝐧−𝟏 𝒙)𝟐 𝐥𝐨𝐠 𝒙]𝟎
𝟏 −∫ (𝐬𝐢𝐧−𝟏 𝒙)𝟐

𝟏

𝟎

𝒅𝒙 − ∫ (𝐬𝐢𝐧−𝟏 𝒙)𝟐 𝐥𝐨𝐠 𝒙𝒅𝒙
𝟏

𝟎

 

(𝒊𝒊𝒊)  ∫ (𝐬𝐢𝐧−𝟏 𝒙)𝟐𝒅𝒙
𝟏

𝟎

=
𝑰𝑩𝑷

[𝟐√𝟏 − 𝒙𝟐 𝐬𝐢𝐧−𝟏 𝒙 − 𝟐𝒙 + 𝒙(𝐬𝐢𝐧−𝟏 𝒙)𝟐]
𝟎

𝟏

=
𝝅𝟐

𝟒
− 𝟐 

(𝒊𝒗) ∫ (𝐬𝐢𝐧−𝟏 𝒙)𝟐 𝐥𝐨𝐠 𝒙
𝟏

𝟎

𝒅𝒙 =
𝐬𝐢𝐧−𝟏 𝒙=𝒗

∫ 𝒗𝟐 𝐜𝐨𝐬 𝒗 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒗)

𝝅
𝟐

𝟎

𝒅𝒗 =
𝑰𝑩𝑷

 

= [𝒗𝟐 𝐬𝐢𝐧𝒗 𝐥𝐨𝐠(𝐬𝐢𝐧𝒗)]
𝟎

𝝅
𝟐 −∫ 𝒗𝟐

𝝅
𝟐

𝟎

𝐜𝐨𝐬 𝒗 𝒅𝒗 − 𝟐∫ 𝒗 𝐥𝐨𝐠(𝐬𝐢𝐧𝒗) 𝐬𝐢𝐧 𝒗𝒅𝒗

𝝅
𝟐

𝟎

 

(𝒗) ∫ 𝒗 𝐬𝐢𝐧 𝒗 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒗)

𝝅
𝟏

𝟎

𝒅𝒗 =
𝑰𝑩𝑷

[−𝒗 𝐜𝐨𝐬 𝒗 𝐥𝐨𝐠(𝐬𝐢𝐧𝒗)]
𝟎

𝝅
𝟐 +∫ 𝐜𝐨𝐬 𝒗 𝐥𝐨𝐠(𝐬𝐢𝐧𝒗)

𝝅
𝟐

𝟎

+∫
𝒗𝐜𝐨𝐬𝟐 𝒗

𝐬𝐢𝐧𝒗
𝒅𝒗

𝝅
𝟐

𝟎

 

(𝒗𝒊) ∫
𝒗 𝐜𝐨𝐬𝟐 𝒗

𝐬𝐢𝐧𝒗
𝒅𝒗

𝝅
𝟐

𝟎

= ∫
𝒗

𝐬𝐢𝐧𝒗
𝒅𝒗

𝝅
𝟐

𝟎

−∫ 𝒗𝐬𝐢𝐧𝒗

𝝅
𝟐

𝟎

𝒅𝒗 = 𝟐𝑲− 𝟏 

𝑲 =
𝟏

𝟐
∫

𝒗

𝐬𝐢𝐧𝒗

𝝅
𝟐

𝟎

𝒅𝒗 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒂𝒍𝒍 𝒐𝒇 𝒕𝒉𝒆𝒎,𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏: 
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{𝑰𝟏 = 𝟐𝑲 − 𝟐 + 𝝅
𝟏 − 𝐥𝐨𝐠𝟐

𝟐
𝑰𝟐 = 𝟐𝑲+ 𝟐

⇒ 𝛀 = 𝑰𝟏 − 𝑰𝟐 =
𝝅

𝟐
(𝟏 − 𝐥𝐨𝐠 𝟐)   

2030. If 𝒂 ∈ (−𝟏, 𝟏) then prove: 

∫
𝐜𝐨𝐬(𝒂 𝐬𝐢𝐧 𝒙)

𝟏 + 𝒂 𝐜𝐨𝐬 𝒙
𝒆𝒂𝐜𝐨𝐬𝒙

𝝅

𝟎

𝒅𝒙 =
𝝅

𝒆
⋅
𝒆√𝟏−𝒂

𝟐

√𝟏 − 𝒂𝟐
 

Proposed by Asmat Qatea-Afghanistan 
Solution by Bui Hong Suc-Vietnam 

𝛀 = ∫
𝐜𝐨𝐬(𝒂 𝐬𝐢𝐧 𝒙)

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
𝒆𝒂 𝐜𝐨𝐬 𝒙

𝝅

𝟎

𝒅𝒙 =
𝟏

𝟐
∫
𝒆𝒊𝒂 𝐬𝐢𝐧𝒙 + 𝒆−𝒊𝒂 𝐬𝐢𝐧𝒙

𝟏 + 𝒂 𝐜𝐨𝐬 𝒙
⋅ 𝒆𝒂 𝐜𝐨𝐬 𝒙

𝝅

𝟎

𝒅𝒙 = 

=
𝟏

𝟐
∫
𝒆𝒂(𝐜𝐨𝐬 𝒙+𝒊 𝐬𝐢𝐧𝒙)

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎

+
𝟏

𝟐
∫
𝒆𝒂(𝐜𝐨𝐬 𝒙−𝒊 𝐬𝐢𝐧 𝒙)

𝟏 + 𝒂 𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎

= 𝑰𝟏 + 𝑰𝟐 

𝑰𝟐 =
𝟏

𝟐
∫
𝒆𝒂(𝐜𝐨𝐬 𝒙−𝒊 𝐬𝐢𝐧𝒙)

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎

=
𝒙→−𝒙 𝟏

𝟐
∫

𝒆𝒂(𝐜𝐨𝐬 𝒙+𝒊 𝐬𝐢𝐧𝒙)

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
𝒅𝒙

𝟎

−𝝅 

 

𝛀 =
𝟏

𝟐
∫

𝒆𝒂(𝐜𝐨𝐬 𝒙+𝒊 𝐬𝐢𝐧𝒙)

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

−𝝅

 

𝑳𝒆𝒕 𝒛(𝒙) = 𝐜𝐨𝐬 𝒙 + 𝒊 𝐬𝐢𝐧𝒙 ; −𝝅 ≤ 𝒙 ≤ 𝝅;𝒅𝒙 =
𝒅𝒛

𝒊𝒛
; 𝐜𝐨𝐬 𝒙 =

𝟏

𝟐
(𝒛 +

𝟏

𝒛
) 

𝛀 =
𝟏

𝟐
∮

𝒆𝒂𝒛

𝟏 +
𝒂
𝟐 (𝒛 +

𝟏
𝒛)
⋅
𝒅𝒛

𝒊𝒛
=
𝟏

𝟐𝒊
∮

𝟐𝒆𝒂𝒛𝒅𝒛

𝒂𝒛𝟐 + 𝟐𝒛 + 𝒂
= 

=
𝟏

𝒊
∮

𝒆𝒂𝒛𝒅𝒛

𝒂(𝒛 −
𝟏 − √𝟏 − 𝒂𝟐

𝒂 )(𝒛 −
𝟏 + √𝟏 − 𝒂𝟐

𝒂 )

= 

=
𝟏

𝒊
⋅ 𝟐𝝅𝒊𝕽

[
 
 
 
 

𝒆𝒂𝒛𝒅𝒛

𝒂(𝒛 −
𝟏 − √𝟏 − 𝒂𝟐

𝒂 )(𝒛 −
𝟏 + √𝟏− 𝒂𝟐

𝒂 )
]
 
 
 
 

|
|

𝒛=
−𝟏+√𝟏−𝒂𝟐

𝒂

= 

= 𝟐𝝅 ⋅
𝒆
𝒂(
−𝟏+√𝟏−𝒂𝟐

𝒂
)

𝒂(
−𝟏 + √𝟏 − 𝒂𝟐

𝒂 +
𝟏 + √𝟏 − 𝒂𝟐

𝒂 )

=
𝟐𝝅𝒆√𝟏−𝒂

𝟐

𝟐𝒆√𝟏 − 𝒂𝟐
=
𝝅

𝒆
⋅
𝒆√𝟏−𝒂

𝟐

√𝟏 − 𝒂𝟐
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∫
𝐜𝐨𝐬(𝒂 𝐬𝐢𝐧𝒙)

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
𝒆𝒂 𝐜𝐨𝐬 𝒙

𝝅

𝟎

𝒅𝒙 =
𝝅

𝒆
⋅
𝒆√𝟏−𝒂

𝟐

√𝟏− 𝒂𝟐
 

2031. Find a closed form: 

𝑰 = ∫
𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by Pham Duc Nam-Vietnam 

 
∗ 𝑫𝒆𝒇𝒊𝒏𝒆: 𝑨 𝒌𝒆𝒚 𝒉𝒐𝒍𝒆 𝒄𝒐𝒏𝒕𝒐𝒖𝒓,𝒘𝒊𝒕𝒉 𝒂 𝒃𝒓𝒂𝒏𝒄𝒉 𝒄𝒖𝒕 𝒐𝒏 𝒓𝒆𝒂𝒍 𝒂𝒙𝒊𝒔 (𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏), 

 𝒂𝒓𝒐𝒖𝒏𝒅 𝟎,𝑪 = 𝜸𝑹 ∪ 𝜸𝒓 ∪ 𝜸−𝜺 ∪ 𝜸𝜺  

∗ 𝑳𝒆𝒕 𝒇(𝒛) =
𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛+ 𝟏
 

∗ 𝒇(𝒛)𝒉𝒂𝒔 𝟐 𝒑𝒐𝒍𝒆𝒔 −
𝟏

𝟐
±
𝒊√𝟑

𝟐
, 𝒐𝒓𝒅𝒆𝒓 𝟏, 𝒊𝒏𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝒄𝒐𝒏𝒕𝒐𝒖𝒓. 

⇒ ∫
𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛 = 𝟐𝝅𝒊∑Res(𝒇(𝒛), −

𝟏

𝟐
±
𝒊√𝟑

𝟐
)

𝑪

= 𝟐𝝅𝒊∑ 𝒍𝒊𝒎
𝒛→−

𝟏
𝟐
±
𝒊√𝟑
𝟐

(𝒛 − (−
𝟏

𝟐
±
𝒊√𝟑

𝟐
))

𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏

= 𝟐𝝅𝒊𝒍𝒏𝟑 (−
𝟏

𝟐
±
𝒊√𝟑

𝟐
)(±

𝟏

𝒊√𝟑
) 

= 𝟐𝝅𝒊(𝒊 𝒂𝒓𝒈−
𝟏

𝟐
±
𝒊√𝟑

𝟐
)

𝟑

(±
𝟏

𝒊√𝟑
) = 𝟐𝝅𝒊(

𝟐𝝅𝒊

𝟑
)
𝟑

(
𝟏

𝒊√𝟑
) + 𝟐𝝅𝒊 (

𝟒𝝅𝒊

𝟑
)
𝟑

(−
𝟏

𝒊√𝟑
) =

𝟏𝟏𝟐𝒊𝝅𝟒√𝟑

𝟖𝟏
 

∗ ∫
𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛 = ∫

𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛

𝜸𝑹𝑪

+∫
𝒍𝒏𝟑 𝒙

𝒙𝟐 + 𝒙+ 𝟏𝜸−𝜺

𝒅𝒙 −∫
(𝒍𝒏 𝒙 + 𝟐𝝅𝒊)𝟑

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝜸𝜺

+∫
𝒍𝒏𝟑 𝒛

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛

𝜸𝒓

 

∗ 𝑩𝒚:𝑴𝑳 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ⇒ 

∫
𝒍𝒏𝟑(𝒛)

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛

𝜸𝑹

= ∫
𝒍𝒏𝟑(𝒛)

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛

𝜸𝒓

= 𝟎 
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⇒ 𝒍𝒊𝒎
𝜀→𝟎+

𝑅→+∞

∫
𝒍𝒏𝟑(𝒛)

𝒛𝟐 + 𝒛 + 𝟏
𝒅𝒛 =

𝟏𝟏𝟐𝒊𝝅𝟒√𝟑

𝟖𝟏
=

𝑪

∫
𝒍𝒏𝟑 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙 −∫

(𝒍𝒏𝒙 + 𝟐𝝅𝒊)𝟑

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

+∞

𝟎

= ∫
𝒍𝒏𝟑 𝒙 − (𝒍𝒏𝒙 + 𝟐𝝅𝒊)𝟑

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

= ∫
𝟖𝒊𝝅𝟑 + 𝟏𝟐𝝅𝟐 𝒍𝒏𝒙 − 𝟔𝒊𝝅 𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙+ 𝟏
𝒅𝒙

+∞

𝟎

 

= ∫
𝟏𝟐𝝅𝟐 𝒍𝒏𝒙

𝒙𝟐 + 𝒙+ 𝟏
𝒅𝒙

+∞

𝟎

+ 𝒊∫
𝟖𝝅𝟑 − 𝟔𝝅 𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

 

∗ 𝑻𝒂𝒌𝒊𝒏𝒈 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒑𝒂𝒓𝒕:⇒ 

𝟏𝟏𝟐𝝅𝟒√𝟑

𝟖𝟏
= ∫

𝟖𝝅𝟑 − 𝟔𝝅 𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

= 𝟖𝝅𝟑∫
𝟏

𝒙𝟐 + 𝒙+ 𝟏
𝒅𝒙

+∞

𝟎

− 𝟔𝝅∫
𝒍𝒏𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

+∞

𝟎

= 𝟖𝝅𝟑.
𝟐𝝅

𝟑√𝟑
− 𝟔𝝅𝑰 =

𝟒𝟖𝝅𝟒√𝟑

𝟐𝟕
− 𝟔𝝅𝑰 

⇒ 𝑰 =

𝟒𝟖𝝅𝟒√𝟑
𝟐𝟕

−
𝟏𝟏𝟐𝝅𝟒√𝟑
𝟖𝟏

𝟔𝝅
=
𝟏𝟔𝝅𝟑√𝟑

𝟐𝟒𝟑
 

Solution 2 by Samir Zaakouni-Morocco 

𝛀 = ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

= ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏

∞

𝟏

𝒅𝒙 =

𝟏
𝒙
=𝒖

 

= ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝟐 𝒖

𝟏 + 𝒖 + 𝒖𝟐
𝒅𝒖

𝟏

𝟎

 

𝛀 = 𝟐∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

= 𝟐∫
(𝟏 − 𝒙) 𝐥𝐨𝐠𝟐 𝒙

𝟏 − 𝒙𝟑
𝒅𝒙

𝟏

𝟎

=
𝒕=𝒙𝟑

 

=
𝟐

𝟐𝟕
∫
(𝒕
𝟏
𝟑
−𝟏 − 𝒕

𝟐
𝟑
−𝟏) 𝐥𝐨𝐠𝟐 𝒕

𝟏 − 𝒕
𝒅𝒕

𝟏

𝟎

=
𝟐

𝟐𝟕
(𝝍(𝟐) (

𝟐

𝟑
) − 𝝍(𝟐) (

𝟏

𝟑
)) 

𝛀 =
𝟐

𝟐𝟕
(𝝅
𝒅𝟐(𝐜𝐨𝐭(𝝅𝒛))

𝒅𝒛𝟐
|
𝒛=
𝟏
𝟑

) =
𝟒𝝅𝟑 𝐜𝐨𝐬 (

𝝅
𝟑)

𝟐𝟕 𝐬𝐢𝐧𝟑 (
𝝅
𝟑
)
=
𝟏𝟔𝝅𝟑

𝟖𝟏√𝟑
  

Solution 3 by Ankush Kumar Parcha-India 

𝛀 = ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

= ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏

∞

𝟏

𝒅𝒙 =

𝟏
𝒙
=𝒚

 

= ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝟐 𝒚

𝟏 + 𝒚 + 𝒚𝟐
𝒅𝒖

𝟏

𝟎
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= 𝟐∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

= 𝟐∫
(𝟏 − 𝒙) 𝐥𝐨𝐠𝟐 𝒙

𝟏 − 𝒙𝟑
𝒅𝒙

𝟏

𝟎

 

𝛀

𝟐
= ∑∫ 𝒙𝟑𝒏 𝐥𝐨𝐠𝟐 𝒙𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

−∑𝒙𝟑𝒏+𝟏 𝐥𝐨𝐠𝟐 𝒙𝒅𝒙

∞

𝒏=𝟎

 

∵ ∫ 𝒙𝒎 𝐥𝐨𝐠𝒏 𝒙𝒅𝒙
𝟏

𝟎

=
(−𝟏)𝒏𝒏!

(𝒎+ 𝟏)𝒏+𝟏
, 𝒏 > −1,𝑚 ≠ −1 

𝛀

𝟒
= ∑

𝟏

(𝟑𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

−∑
𝟏

(𝟑𝒏 + 𝟐)𝟑

∞

𝒏=𝟎

⇒ 

𝟐𝟕

𝟒
𝛀 = 𝜻(

𝟑, 𝟏

𝟑
) − 𝜻 (

𝟑, 𝟐

𝟑
) ⇒

𝟐𝟕

𝟐
𝛀 = 𝝍(𝟐) (

𝟐

𝟑
) − 𝝍(𝟐) (

𝟏

𝟑
) 

∵ 𝝍(𝒎)(𝒛) = (−𝟏)𝒎+𝟏𝒎! ⋅ 𝜻(𝒎 + 𝟏, 𝒛) 

𝟐𝟕

𝟐
𝛀 = 𝝅(

𝒅𝟐

𝒅𝒛𝟐
𝐜𝐨𝐭(𝝅𝒛))

𝒛=
𝟏
𝟑

=
𝟐𝝅𝟑 𝐜𝐨𝐭 (

𝝅
𝟑)

𝐬𝐢𝐧𝟐 (
𝝅
𝟑)

⇒ 𝛀 =
𝟏𝟔√𝟑

𝟑𝟓
𝝅𝟑 

∵ 𝝍(𝒏)(𝟏 − 𝒛) = (−𝟏)𝒏𝝍(𝒏)(𝒛) + (−𝟏)𝒏𝝅
𝒅𝒏

𝒅𝒛𝒏
𝐜𝐨𝐭(𝝅𝒛) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

=
𝟏𝟔𝝅𝟑√𝟑

𝟐𝟒𝟑
  

Solution 4 by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

= ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏

∞

𝟏

𝒅𝒙 =

𝟏
𝒙
=𝒚

 

= ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝟐 𝒚

𝟏 + 𝒚 + 𝒚𝟐
𝒅𝒖

𝟏

𝟎

 

= 𝟐∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

= 𝟐∫
(𝟏 − 𝒙) 𝐥𝐨𝐠𝟐 𝒙

𝟏 − 𝒙𝟑
𝒅𝒙

𝟏

𝟎

= 

= 𝟐∫
𝐥𝐨𝐠𝟐 𝒙

𝟏 − 𝒙𝟑
𝒅𝒙

𝟏

𝟎

− 𝟐∫
𝒙 𝐥𝐨𝐠𝟐 𝒙

𝟏 − 𝒙𝟑
𝒅𝒙

𝟏

𝟎

=
𝒚=𝒙𝟑

 

=
𝟐

𝟐𝟕
∫

𝒚−
𝟐
𝟑

𝟏 − 𝒚
𝐥𝐨𝐠𝟐 𝒚

𝟏

𝟎

𝒅𝒚 −
𝟐

𝟐𝟕
∫

𝒚−
𝟏
𝟑

𝟏 − 𝒚
𝐥𝐨𝐠𝟐 𝒚

𝟏

𝟎

𝒅𝒚 =
𝟐

𝟐𝟕
(𝑰𝟏 − 𝑰𝟐) 

∵ ∫
𝒕𝒛−𝟏

𝟏 − 𝒕
𝐥𝐨𝐠𝒎 𝒕 𝒅𝒕

𝟏

𝟎

= −𝝍(𝒎)(𝒛) 
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𝑰𝟏 = ∫
𝒚−

𝟐
𝟑

𝟏 − 𝒚
𝐥𝐨𝐠𝒎 𝒕 𝒅𝒕

𝟏

𝟎

= −𝝍(𝟐) (
𝟏

𝟑
) 

𝑰𝟐 = ∫
𝒚−

𝟏
𝟑

𝟏 − 𝒚
𝐥𝐨𝐠𝟐 𝒚𝒅𝒚

𝟏

𝟎

= −𝝍(𝟐) (
𝟐

𝟑
) 

𝛀 =
𝟐

𝟐𝟕
(𝝍(𝟐) (

𝟐

𝟑
) − 𝝍(𝟐) (

𝟏

𝟑
)) 

∵ (−𝟏)𝒎𝝍(𝒎)(𝟏 − 𝒛) − 𝝍(𝒎)(𝒛) = 𝝅
𝝏𝒎

𝝏𝒛𝒎
𝐜𝐨𝐭(𝝅𝒛) 

 𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

=
𝟏𝟔𝝅𝟑√𝟑

𝟐𝟒𝟑
  

Solution 5 by Hikmat Mammadov-Azerbaijan 

𝛀 = ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

=
𝒙=𝒆−𝒚

∫
𝐥𝐨𝐠𝟐(𝒆−𝒚)

𝒆−𝟐𝒚 + 𝒆−𝒚 + 𝟏
𝒆−𝒚

∞

−∞

𝒅𝒚 = 

= ∫
𝒚𝟐

𝒆𝒚 + 𝟏 + 𝒆−𝒚
𝒅𝒚

∞

−∞

= 𝟐∫
𝒆−𝒚𝒚𝟐

𝒆−𝟐𝒚 + 𝒆𝒚 + 𝟏
𝒅𝒚

∞

𝟎

= 

= 𝟐∫ 𝒆−𝒚𝒚𝟐∑((𝒆−𝒚)𝟑𝒏 − (𝒆−𝒚)𝟑𝒏+𝟏)𝒅𝒚

∞

𝒏=𝟎

∞

𝟎

= 

= 𝟐∑(∫ 𝒚𝟐𝒆−(𝟑𝒏+𝟏)𝒚𝒅𝒚
∞

𝟎

−∫ 𝒚𝟐𝒆−(𝟑𝒏+𝟐+𝒚)𝒅𝒚
∞

𝟎

)

∞

𝒏=𝟎

 

∫ 𝒚𝟐𝒆−𝒂𝒚
∞

𝟎

𝒅𝒚 =
𝒂>0
−
𝟏

𝒂
∫ 𝒚𝟐𝒅(𝒆−𝒂𝒚)
∞

𝟎

=
𝟐

𝒂
∫ 𝒆−𝒂𝒚
∞

𝟎

𝒅𝒚 =
𝟐

𝒂𝟑
= 

= −
𝟐

𝒂𝟐
∫ 𝒚𝒅(𝒆−𝒂𝒚)
∞

𝟎

𝒚 =
𝟐

𝒂𝟐
∫ 𝒆−𝒂𝒚
∞

𝟎

𝒅𝒚 =
𝟐

𝒂𝟑
 

𝛀 = 𝛀 = 𝟒∑(
𝟏

(𝟑𝒏+ 𝟏)𝟑
−

𝟏

(𝟑𝒏 + 𝟐)𝟑
)

∞

𝒏=𝟎

= 𝟒∑
𝟏

(𝟑𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

− 𝟒∑
𝟏

(𝟑𝒏 − 𝟏)𝟑

∞

𝒏=𝟎

= 

= 𝟒𝝅𝟑 (
𝟐

𝟑
)
𝟑

∑
𝟏

(𝟐𝒏 +
𝟐
𝟑)

𝟑

𝝅𝟑

∞

𝒏=𝟎

− 𝟒𝝅𝟑 (
𝟐

𝟑
)
𝟑

∑
𝟏

(𝟐𝒏 −
𝟐
𝟑)

𝟑

𝝅𝟑

∞

𝒏=𝟏

= 
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= 𝟒𝝅𝟑 (
𝟐

𝟑
)
𝟑

(
𝟐

√𝟑
)
𝟑

∑

𝐬𝐢𝐧 ((𝟐𝒏+
𝟐
𝟑)𝝅)

𝟑

((𝟐𝒏+
𝟐
𝟑)𝝅)

𝟑

∞

𝒏=𝟎

+ 𝟒𝝅𝟑 (
𝟐

𝟑
)
𝟑

(
𝟐

√𝟑
)
𝟑

∑

𝐬𝐢𝐧((𝟐𝒏 −
𝟐
𝟑)𝝅)

𝟑

((𝟐𝒏 −
𝟐
𝟑)𝝅)

𝟑

∞

𝒏=𝟏

= 

=
𝟐𝟓𝟔

𝟖𝟏√𝟑
𝝅𝟑 (∑ (𝟐𝒎+

𝟐

𝟑
)

∞

𝒎=𝟎

+∑𝐬𝐢𝐧 𝒄𝟑 (𝟐𝒏 −
𝟐

𝟑
)

∞

𝒏=𝟏

) = 

=
𝟐𝟓𝟔𝝅𝟑

𝟖𝟏√𝟑
∑ 𝐬𝐢𝐧 𝒄𝟑 (𝟐𝒏 −

𝟐

𝟑
)

∞

𝒏=−∞

 

𝑻𝒉𝒆 𝒔𝒖𝒎 ∑ 𝐬𝐢𝐧 𝒄𝟑 (𝟐𝒏 −
𝟐

𝟑
)

∞

𝒏=−∞

 𝒄𝒂𝒏 𝒃𝒆 𝒐𝒃𝒕𝒂𝒊𝒏𝒆𝒅 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝑷𝒐𝒊𝒔𝒐𝒏′𝒔 𝒔𝒖𝒎𝒎𝒂𝒕𝒊𝒐𝒏 

𝒇𝒐𝒓𝒎𝒖𝒍𝒂: ∑𝒈(𝒏)

𝒏∈ℤ

=∑𝑮(𝒏)

𝒏∈ℤ

, 𝒘𝒉𝒆𝒓𝒆  

𝑮(𝜷) = 𝐆𝐓𝐅𝐓{𝒈(𝜶)}(𝜷) = ∫ 𝒈(𝜶)𝒆−𝒊𝟐𝝅𝜷𝜶
∞

−∞

𝒅𝜶 

𝑻𝒉𝒆 𝐆𝐓𝐅𝐓 𝒐𝒇 𝐬𝐢𝐧 𝒄𝟑(𝜶)  𝒊𝒔 𝒕𝒉𝒆 𝒄𝒐𝒏𝒗𝒐𝒍𝒖𝒕𝒊𝒏𝒈 𝒐𝒇 𝟏
𝟐

𝟏

−
𝟏
𝟐

 𝒂𝒏𝒅  𝚫𝟏
𝟏

−𝟏  𝒂𝒏𝒅 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚: 

𝒉(𝜷) =

{
 
 
 
 
 

 
 
 
 
 𝟎;                                 𝜷 ≤ −

𝟑

𝟐
𝟏

𝟖
(𝟐𝜷 + 𝟑)𝟐;    −

𝟑

𝟐
≤ 𝜷 ≤ −

𝟏

𝟐
𝟏

𝟒
(𝟑 − 𝟒𝜷𝟐);       −

𝟏

𝟐
< 𝛽 <

𝟏

𝟐
𝟏

𝟖
(𝟐𝜷 − 𝟑)𝟐;          

𝟏

𝟐
≤ 𝜷 <

𝟑

𝟐

𝟎;                                       𝜷 ≥
𝟑

𝟐

   

𝐂𝐓𝐅𝐓 {𝐬𝐢𝐧 𝒄𝟑 (𝟐𝜶 −
𝟐

𝟑
)} = 𝑮(𝜷) =

𝟏

𝟐
𝒆−𝒊𝟐𝝅𝜷

𝟏
𝟑𝒉(

𝜷

𝟐
) 

∑𝑮(𝒏)

𝒏∈ℤ

 𝒉𝒂𝒔 𝒐𝒏𝒍𝒚 𝟓 𝒏𝒐𝒏𝒛𝒆𝒓𝒐 𝒕𝒆𝒓𝒎𝒔 𝒄𝒐𝒓𝒓𝒆𝒔𝒑𝒐𝒏𝒅𝒊𝒏𝒈 𝒕𝒐 𝒏 = 𝟎,𝒏 = ±𝟏, 𝒏 = ±𝟐 

∑ 𝐬𝐢𝐧𝒄𝟑 (𝟐𝒏 −
𝟐

𝟑
)

∞

𝒏=−∞

=
𝟑

𝟖
+
𝟏

𝟐
𝒆−𝒊𝟐𝝅

𝟏
𝟑 (
𝟏

𝟐
) +

𝟏

𝟐
𝒆𝒊𝟐𝝅

𝟏
𝟑 (
𝟏

𝟐
) +

𝟏

𝟐
𝒆−𝒊𝟐𝝅

𝟐
𝟑 (
𝟏

𝟖
) +

𝟏

𝟐
𝒆𝒊𝟐𝝅

𝟐
𝟑 (
𝟏

𝟖
) = 

=
𝟑

𝟖
−
𝟏

𝟒
−
𝟏

𝟏𝟔
=
𝟏

𝟏𝟔
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝛀 = ∫
𝐥𝐨𝐠𝟐 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

∞

𝟎

=
𝟏𝟔𝝅𝟑√𝟑

𝟐𝟒𝟑
   

2032. Prove that: 

∫ ∫ (
𝒙 + 𝒚

𝒙𝒚
) 𝐥𝐨𝐠(𝟏 + 𝒙𝒚 + 𝒙𝟐𝒚𝟐) 𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

=
𝟐𝝅𝟐

𝟗
−
𝝅

√𝟑
− 𝟑 𝐥𝐨𝐠 𝟑 + 𝟒 

Proposed by Asmat Qatea-Afghanistan 
Solution by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫ ∫ (
𝒙 + 𝒚

𝒙𝒚
) 𝐥𝐨𝐠(𝟏 + 𝒙𝒚 + 𝒙𝟐𝒚𝟐) 𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

=
𝒙𝒚=𝒛

 

= ∫ ∫
𝐥𝐨𝐠(𝟏 + 𝒛 + 𝒛𝟐)

𝒛
𝒅𝒛

𝒙

𝟎

𝟏

𝟎

+∫
𝟏

𝒙𝟐
∫ 𝐥𝐨𝐠(𝟏 + 𝒛 + 𝒛𝟐)
𝒙

𝟎

𝒅𝒛
𝟏

𝟎

= 𝑰𝟏 + 𝑰𝟐 

𝑰𝟏 =
𝑰𝑩𝑷

[𝒙∫
𝐥𝐨𝐠(𝟏 + 𝒛 + 𝒁𝟐)

𝒛
𝒅𝒛

𝒙

𝟎

]
𝟎

𝟏

−∫ 𝐥𝐨𝐠(𝟏 + 𝒙 + 𝒙𝟐) 𝒅𝒙
𝟏

𝟎

= 

= ∫
𝐥𝐨𝐠(𝟏 + 𝒛 + 𝒛𝟐)

𝒛
𝒅𝒛

𝟏

𝟎

−∫ 𝐥𝐨𝐠(𝟏 + 𝒙+ 𝒙𝟐) 𝒅𝒙
𝟏

𝟎

 

𝑰𝟐 =
𝑰𝑩𝑷
− [
𝟏

𝒙
∫ 𝐥𝐨𝐠(𝟏 + 𝒛 + 𝒛𝟐)
𝒙

𝟎

𝒅𝒛]
𝟎

𝟏

+ ∫
𝐥𝐨𝐠(𝟏 + 𝒙 + 𝒙𝟐)

𝒙
𝒅𝒙

𝟐

𝟎

= 

= −∫ 𝐥𝐨𝐠(𝟏 + 𝒛 + 𝒛𝟐)
𝟏

𝟎

𝒅𝒛 + ∫
𝐥𝐨𝐠(𝟏 + 𝒙 + 𝒙𝟐)

𝒙
𝒅𝒙

𝟏

𝟎

 

𝛀 = 𝑰𝟏 + 𝑰𝟐 = 𝟐∫
𝐥𝐨𝐠(𝟏 + 𝒙 + 𝒙𝟐)

𝒙
𝒅𝒙

𝟏

𝟎

− 𝟐∫ 𝐥𝐨𝐠(𝟏 + 𝒙 + 𝒙𝟐) 𝒅𝒙
𝟏

𝟎

= 𝟐𝑰𝟑 − 𝟐𝑰𝟒 

𝑰𝟑 =
𝑰𝑩𝑷
− 𝟐∫

𝒙 𝐥𝐨𝐠𝒙

𝟏 + 𝒙 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

−∫
𝐥𝐨𝐠 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

= −𝟐𝑰𝟑𝒂 − 𝑰𝟑𝒃 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝑰𝟑𝒂 = −
𝟏

𝟗
(
𝟕𝝅𝟐

𝟔
−𝝍′ (

𝟏

𝟑
))  𝒂𝒏𝒅 𝑰𝟑𝒃 =

𝟐

𝟗
(
𝟐𝝅𝟐

𝟑
−𝝍′ (

𝟏

𝟑
)) , 𝒕𝒉𝒆𝒏 

𝑰𝟑 = −𝟐𝑰𝟑𝒂 − 𝑰𝟑𝒃 =
𝝅𝟐

𝟗
 𝒂𝒏𝒅 𝑰𝟒 =

𝟑

𝟐
𝐥𝐨𝐠𝟑 +

𝝅√𝟑

𝟔
− 𝟐 

𝛀 = 𝟐(𝑰𝟑 − 𝑰𝟒) =
𝟐𝝅𝟐

𝟗
−
𝝅

√𝟑
− 𝟑 𝐥𝐨𝐠 𝟑 + 𝟒   

2033. If 𝒂 ∈ [−𝟏, 𝟏] then prove: 

∫
𝟏

𝒙
𝐥𝐨𝐠((𝟏 − 𝒙)𝟐 + 𝟐𝒙(𝟏 − 𝒙)𝒂 + 𝒙𝟐) 𝒅𝒙

𝟏

𝟎

= −
𝟏

𝟐
(𝐜𝐨𝐬−𝟏 𝒂)𝟐 

Proposed by Asmat Qatea-Afghanistan 
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Solution by Le Thu-Vietnam 
 

𝑾𝒆 𝒘𝒊𝒍𝒍 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒕𝒆 𝑳𝑯𝑺 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒂: 

𝑳𝑯𝑺′(𝒂) = ∫
𝟐(𝒙 − 𝟏)

𝟐(𝒂 − 𝟏)(𝒙 − 𝟏)𝒙 − 𝟏
𝒅𝒙

𝟏

𝟎

 

𝑳𝒆𝒕 𝒃 = 𝟐𝒂 − 𝟏; 𝒃 ∈ [−𝟒, 𝟎] 𝒂𝒏𝒅 𝒅𝒃 = 𝟑𝒅𝒂 

𝑳𝑯𝑺′(𝒃) = −𝟐∫
𝒙

𝒃𝒙(𝒙 − 𝟏) − 𝟏
𝒅𝒙

𝟏

𝟎

 

𝑳𝑯𝑺′(𝒃) = −∫
𝟏

𝒃𝒙(𝒙 − 𝟏) − 𝟏
𝒅𝒙

𝟏

𝟎

=
𝒃<0

[
 
 
 
 
 𝟐 𝐭𝐚𝐧−𝟏 (√−

𝒃
𝒃 + 𝟒

(𝟐𝒙 − 𝟏))

√−(𝒃 + 𝟒)𝒃

]
 
 
 
 
 

𝟎

𝟏

= 

= 𝟒

𝐭𝐚𝐧−𝟏 (√−
𝒃

𝒃 + 𝟒
)

√−𝒃(𝒃 + 𝟒)
 

𝑺𝒊𝒏𝒄𝒆: 𝐭𝐚𝐧−𝟏(−𝜽) = − 𝐭𝐚𝐧−𝟏 𝜽 , 𝒕𝒉𝒆𝒏 

𝑳𝑯𝑺 = ∫𝑳𝑯𝑺′(𝒃)
𝒅𝒃

𝟐
= 𝟐

𝒃 (𝐭𝐚𝐧−𝟏 (√−
𝒃

𝒃 + 𝟒))

𝟐

√−
𝒃

𝒃 + 𝟒 ⋅ √−
(𝒃 + 𝟒)𝒃

+ 𝑪 = 

= −𝟐(𝐭𝐚𝐧−𝟏 (√−
𝒃

𝒃 + 𝟒
))

𝟐

+ 𝑪 = −𝟐(𝐭𝐚𝐧−𝟏(√
𝟏 − 𝒂

𝟏 + 𝒂
))

𝟐

+ 𝑪 

𝑪𝒉𝒐𝒔𝒆 𝒂 = 𝟏 ⇒ 𝑳𝑯𝑺𝒂=𝟏 = 𝟎 ⇒ 𝑪 = 𝟎. 

𝑳𝑯𝑺 = −𝟐(𝐭𝐚𝐧−𝟏 (√
𝟏 − 𝒂

𝟏 + 𝒂
))

𝟐

; (𝐭𝐚𝐧−𝟏 𝒕 ≥ 𝟎; 𝒕 ∈ [𝟎, 𝟏]) 

√−
𝟏

𝟐
𝑳𝑯𝑺 = −𝟐 𝐭𝐚𝐧−𝟏 (√

𝟏 − 𝒂

𝟏 + 𝒂
) 

𝐭𝐚𝐧(√−
𝑳𝑯𝑺

𝟐
) = √

𝟏 − 𝒂

𝟏 + 𝒂
 

𝒂 =

𝟏 − 𝐭𝐚𝐧𝟐 (√−
𝑳𝑯𝑺
𝟐 )

𝟏 + 𝐭𝐚𝐧𝟐 (√−
𝑳𝑯𝑺
𝟐 )

= 𝐜𝐨𝐬 (𝟐√−
𝑳𝑯𝑺

𝟐
) = 𝐜𝐨𝐬(√−𝟐𝑳𝑯𝑺) 
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(𝐜𝐨𝐬−𝟏 𝒂)𝟐 = −𝟐𝑳𝑯𝑺 ⇔ 𝑳𝑯𝑺 = −
𝟏

𝟐
(𝐜𝐨𝐬−𝟏 𝒂)𝟐 = 𝑹𝑯𝑺   

2034. 𝑭𝒊𝒏𝒅 𝒙 ∈ (𝟎, 𝟐𝝅) ∶ 

𝑰(𝒙) = ∫
𝒍𝒐𝒈(𝒛𝟐 − 𝟐𝒛 𝒄𝒐𝒔 𝒙 + 𝟏)

𝒛

𝟏

𝟎

𝒅𝒛 = 𝟎 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Togrul Ehmedov-Azerbaijan 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 𝐥𝐨𝐠(𝟏 − 𝟐𝒛 𝐜𝐨𝐬 𝒙 + 𝒛𝟐) = −𝟐∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌
𝒛𝒌

∞

𝒌=𝟏

 

𝒕𝒉𝒆𝒏 𝒘𝒆 𝒄𝒂𝒏 𝒘𝒓𝒊𝒕𝒆: 

−𝟐∫ ∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌

𝒛𝒌

𝒛
𝒅𝒛

∞

𝒌=𝟏

𝟏

𝟎

= −𝟐∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌
∫ 𝒛𝒌−𝟏
𝟏

𝟎

𝒅𝒛

∞

𝒌=𝟏

= −𝟐∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌𝟐

∞

𝒌=𝟏

 

𝑾𝒆 𝒂𝒍𝒔𝒐 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: ∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌𝟐

∞

𝒌=𝟏

= 𝜻(𝟐) −
𝝅

𝟐
𝒙 +

𝟏

𝟒
𝒙𝟐; 𝒙 ∈ [𝟎, 𝟐𝝅] 

𝒕𝒉𝒆𝒏: − 𝟐∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌𝟐

∞

𝒌=𝟏

= 𝟎 𝒂𝒏𝒅 𝒉𝒆𝒏𝒄𝒆 ∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌𝟐
= 𝟎

∞

𝒌=𝟏

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝜻(𝟐) −
𝝅

𝟐
𝒙 +

𝟏

𝟒
𝒙𝟐 = 𝟎 𝒐𝒓 𝒙𝟏,𝟐 = 𝝅±

𝝅

√𝟑
= (𝟏 ±

𝟏

√𝟑
)𝝅   

Solution 2 by Pham Duc Nam-Vietnam  

∗ 𝒙 ∈ (𝟎, 𝟐𝝅) ⇒ 𝒄𝒐𝒔𝒙 ∈ (−𝟏,𝟏). 𝑰𝒇: 𝒄𝒐𝒔 𝒙 ∈ (−𝟏, 𝟎) ⇒
𝒍𝒐𝒈(𝒛𝟐 − 𝟐𝒛𝒄𝒐𝒔𝒙 + 𝟏)

𝒛
> 0 ∀𝒛 ∈ (𝟎, 𝟏)

⇒ ∫
𝒍𝒐𝒈(𝒛𝟐 − 𝟐𝒛𝒄𝒐𝒔𝒙 + 𝟏)

𝒛

𝟏

𝟎

𝒅𝒛 > 0 ⇒ 𝟎 < 𝒄𝒐𝒔𝒙 < 1 

𝑰′(𝒙) = ∫
𝝏

𝝏𝒙
(
𝒍𝒐𝒈(𝒛𝟐 − 𝟐𝒛𝒄𝒐𝒔 𝒙 + 𝟏)

𝒛
)

𝟏

𝟎

𝒅𝒛 = 𝟐𝒔𝒊𝒏 𝒙∫
𝟏

𝒛𝟐 − 𝟐𝒛𝒄𝒐𝒔𝒙 + 𝟏

𝟏

𝟎

𝒅𝒛

= 𝟐𝒔𝒊𝒏𝒙 .
𝟏

√𝟏 − 𝒄𝒐𝒔𝟐 𝒙
𝒂𝒓𝒄𝒕𝒂𝒏

𝒛 − 𝒄𝒐𝒔𝒙

√𝟏 − 𝒄𝒐𝒔𝟐 𝒙
|
𝟎

𝟏

= 𝟐𝒂𝒓𝒄𝒕𝒂𝒏
𝒛 − 𝒄𝒐𝒔𝒙

𝒔𝒊𝒏 𝒙
|
𝟎

𝟏

 

= 𝟐(𝒂𝒓𝒄𝒕𝒂𝒏
𝟏 − 𝒄𝒐𝒔𝒙

𝒔𝒊𝒏𝒙
− 𝒂𝒓𝒄𝒕𝒂𝒏

−𝒄𝒐𝒔𝒙

𝒔𝒊𝒏 𝒙
) = 𝟐(𝒂𝒓𝒄𝒕𝒂𝒏𝒕𝒂𝒏

𝒙

𝟐
+ 𝒂𝒓𝒄𝒕𝒂𝒏𝒄𝒐𝒕𝒙)

= 𝟐(
𝒙

𝟐
+
𝝅

𝟐
− 𝒂𝒓𝒄𝒕𝒂𝒏

𝟏

𝒄𝒐𝒕𝒙
) = 𝟐(

𝒙

𝟐
+
𝝅

𝟐
− 𝒙) = 𝟐(

𝝅

𝟐
−
𝒙

𝟐
) 

= 𝝅− 𝒙 ⇒ 𝑰(𝒙) = ∫(𝝅 − 𝒙)𝒅𝒙 = 𝝅𝒙−
𝒙𝟐

𝟐
+ 𝑪. 

𝑰 (
𝝅

𝟐
) = ∫

𝒍𝒐𝒈(𝒛𝟐 + 𝟏)

𝒛

𝟏

𝟎

𝒅𝒛 =
𝝅𝟐

𝟐𝟒
= 𝝅.

𝝅

𝟐
−
𝝅𝟐

𝟖
+ 𝑪 ⇒ 𝑪 = −

𝝅𝟐

𝟑
⇒ 𝑰(𝒙) = −

𝒙𝟐

𝟐
+ 𝝅𝒙−

𝝅𝟐

𝟑
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⇒ 𝑰(𝒙) = 𝟎 ⇔ −
𝒙𝟐

𝟐
+ 𝝅𝒙−

𝝅𝟐

𝟑
= 𝟎 ⇔ 𝒙𝟏,𝟐 = 𝝅(𝟏 ±

√𝟑

𝟑
) ⇒ 𝟎 < 𝒄𝒐𝒔 𝒙𝟏,𝟐 < 1(𝑺𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒅) 

⇒ 𝒙𝟏,𝟐 = 𝝅(𝟏 ±
√𝟑

𝟑
)  𝒂𝒓𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔. 

2035. Prove that: 

𝑰 = ∫ 𝒄𝒐𝒕 (
𝒙

𝟐
)

𝝅

𝟎

(𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑)𝒅𝒙 = 𝟏𝟐𝝅𝜻(𝟑) 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Pham Duc Nam-Vietnam 

𝑰 = ∫ 𝒄𝒐𝒕(
𝒙

𝟐
)

𝝅

𝟎

(𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑)𝒅𝒙 = 𝟏𝟐𝝅𝜻(𝟑) 

{
𝑢 = 2𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑

𝑑𝑣 = 𝒄𝒐𝒕 (
𝒙

𝟐
)𝒅𝒙.

⇒ {
𝑑𝑢 = 3𝒙𝟐 − 𝟔𝝅𝒙+ 𝟐𝝅𝟐

𝑣 = 2 𝒍𝒐𝒈𝒔𝒊𝒏
𝒙

𝟐

⇒ 𝑰

= 𝟐 𝒍𝒐𝒈𝒔𝒊𝒏
𝒙

𝟐
(𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑)|

𝟎

𝝅

⏟                      
=𝟎

− 𝟐∫ 𝒍𝒐𝒈𝒔𝒊𝒏
𝒙

𝟐
(𝟑𝒙𝟐 − 𝟔𝝅𝒙+ 𝟐𝝅𝟐)

𝝅

𝟎

𝒅𝒙

= −𝟐∫ 𝒍𝒐𝒈𝒔𝒊𝒏
𝒙

𝟐
(𝟑𝒙𝟐 − 𝟔𝝅𝒙 + 𝟐𝝅𝟐)

𝝅

𝟎

𝒅𝒙 

= −𝟐∫ (𝟑𝒙𝟐 𝒍𝒐𝒈𝒔𝒊𝒏
𝒙

𝟐
− 𝟔𝝅𝒙𝒍𝒐𝒈𝒔𝒊𝒏

𝒙

𝟐
+ 𝟐𝝅𝟐 𝒍𝒐𝒈𝒔𝒊𝒏

𝒙

𝟐
)

𝝅

𝟎

𝒅𝒙 

∗ 𝟐𝝅𝟐∫ 𝒍𝒐𝒈𝒔𝒊𝒏
𝒙

𝟐
𝒅𝒙

𝝅

𝟎

 𝒕=
𝒙

𝟐
 

→     𝟒𝝅𝟐∫ 𝒍𝒐𝒈𝒔𝒊𝒏𝒙𝒅

𝝅
𝟐

𝟎

𝒙 = 𝟒𝝅𝟐 (−
𝟏

𝟐
𝝅 𝒍𝒐𝒈𝟐) = −𝟐𝝅𝟑 𝒍𝒐𝒈𝟐 

∗ 𝟔𝝅∫ 𝒙 𝒍𝒐𝒈𝒔𝒊𝒏
𝒙

𝟐
𝒅𝒙

𝝅

𝟎

 𝒕=
𝒙

𝟐
 

→     𝟐𝟒𝝅∫ 𝒕 𝒍𝒐𝒈𝒔𝒊𝒏𝒕

𝝅
𝟐

𝟎

𝒅𝒕

= 𝟐𝟒𝝅(−∑∫
𝒕𝒄𝒐𝒔(𝟐𝒌𝒕)

𝒌

𝝅
𝟐

𝟎

𝒅𝒕

+∞

𝒌=𝟏

−∫ 𝒕 𝒍𝒐𝒈𝟐𝒅𝒕

𝝅
𝟐

𝟎

) 

= −𝟑𝝅𝟑 𝒍𝒐𝒈𝟐 − 𝟐𝟒𝝅∑(
𝝅

𝟒
.
𝒔𝒊𝒏(𝝅𝒌)

𝒌𝟐
+
𝒄𝒐𝒔(𝝅𝒌)

𝟒𝒌𝟑
−
𝟏

𝟒𝒌𝟑
)

+∞

𝒌=𝟏

= −𝟑𝝅𝟑 𝒍𝒐𝒈𝟐 +
𝟐𝟏

𝟐
𝝅𝜻(𝟑) 

∗ 𝟑∫ 𝒙𝟐 𝒍𝒐𝒈𝒔𝒊𝒏
𝒙

𝟐
𝒅𝒙

𝝅

𝟎

 𝒕=
𝒙

𝟐
 

→     𝟐𝟒∫ 𝒕𝟐 𝒍𝒐𝒈𝒔𝒊𝒏 𝒕𝒅𝒕

𝝅
𝟐

𝟎

= 𝟐𝟒(−∑∫
𝒕𝟐 𝒄𝒐𝒔(𝟐𝒌𝒕)

𝒌

𝝅
𝟐

𝟎

𝒅𝒕

+∞

𝒌=𝟏

−∫ 𝒕𝟐 𝒍𝒐𝒈𝟐𝒅𝒕

𝝅
𝟐

𝟎

) 

= −𝝅𝟑 𝒍𝒐𝒈𝟐 − 𝟐𝟒∑(
(𝝅𝟐𝒌𝟐 − 𝟐)𝒔𝒊𝒏(𝝅𝒌)

𝟖𝒌𝟒
+
𝝅𝒄𝒐𝒔(𝝅𝒌)

𝟒𝒌𝟑
)

+∞

𝒌=𝟏

= −𝝅𝟑 𝒍𝒐𝒈𝟐 + 𝟐𝟒.
𝟑𝝅

𝟏𝟔
𝜻(𝟑)

= −𝝅𝟑 𝒍𝒐𝒈𝟐 +
𝟗

𝟐
𝝅𝜻(𝟑) 
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⇒ 𝑰 = −𝟐(−𝝅𝟑 𝒍𝒐𝒈𝟐 +
𝟗

𝟐
𝝅𝜻(𝟑) − (−𝟑𝝅𝟑 𝒍𝒐𝒈𝟐 +

𝟐𝟏

𝟐
𝝅𝜻(𝟑)) − 𝟐𝝅𝟑 𝒍𝒐𝒈𝟐) = −𝟐(−𝟔𝝅𝜻(𝟑))

= 𝟏𝟐𝝅𝜻(𝟑)  

Solution 2 by Togrul Ehmedov-Azerbaijan 

𝐈 = ∫ 𝐜𝐬𝐜𝒙 (𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑)

𝝅

𝟎

𝐝𝐱
𝑰𝑩𝑷

=
[(𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑) 𝐥𝐨𝐠 (𝒕𝒂𝒏(

𝒙

𝟐
))]

𝟎

𝝅

−∫(𝟐𝝅𝟐 − 𝟔𝝅 + 𝟑𝒙𝟐) 𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))

𝝅

𝟎

𝒅𝒙

= −∫(𝟐𝝅𝟐 − 𝟔𝝅 + 𝟑𝒙𝟐) 𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))

𝝅

𝟎

𝒅𝒙 

𝟏𝟐∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌𝟐

∞

𝒌=𝟏

= 𝟐𝝅𝟐 − 𝟔𝝅 + 𝟑𝒙𝟐 

𝑰 = −𝟏𝟐∑
𝟏

𝒌𝟐

∞

𝒌=𝟏

∫𝐜𝐨𝐬(𝒌𝒙) 𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))

𝝅

𝟎

𝒅𝒙 = −𝟐𝟒∑
𝟏

𝒌𝟐

∞

𝒌=𝟏

∫𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐭𝐚𝐧 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙

= −𝟐𝟒∑
𝟏

𝒌𝟐

∞

𝒌=𝟏
[
 
 
 

∫ 𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙 −∫ 𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐜𝐨𝐬𝒙)

𝝅
𝟐

𝟎

𝒅𝒙

]
 
 
 

= −𝟐𝟒∑
𝟏

𝒌𝟐

∞

𝒌=𝟏
[
 
 
 

∫ 𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙 − (−𝟏)𝒌∫𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙

]
 
 
 

= −𝟐𝟒∑
(𝟏+ (−𝟏)𝒌+𝟏)

𝒌𝟐

∞

𝒌=𝟏

∫𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙

= −𝟐𝟒∑
(𝟏+ (−𝟏)𝒌+𝟏)

𝒌𝟐

∞

𝒌=𝟏
[
 
 
 

[
𝐬𝐢𝐧(𝟐𝒌𝒙)

𝟐𝒌
𝐥𝐨𝐠(𝒔𝒊𝒏𝒙)]

𝟎

𝝅
𝟐

−
𝟏

𝟐𝒌
∫ 𝐬𝐢𝐧(𝟐𝒌𝒙)𝒄𝒕𝒈𝒙

𝝅
𝟐

𝟎

𝒅𝒙

]
 
 
 

=

= 𝟏𝟐∑
(𝟏+ (−𝟏)𝒌+𝟏)

𝒌𝟑

∞

𝒌=𝟏

∫ 𝐬𝐢𝐧(𝟐𝒌𝒙)𝒄𝒕𝒈𝒙

𝝅
𝟐

𝟎

𝒅𝒙 = 𝟔𝝅∑[
𝟏

𝒌𝟑
+
(−𝟏)𝒌+𝟏

𝒌𝟑
]

∞

𝒌=𝟏

=
𝟐𝟏𝝅

𝟐
𝜻(𝟑) 

𝑵𝒐𝒕𝒆: 𝑰𝒌 = ∫ 𝐬𝐢𝐧(𝟐𝒌𝒙)𝒄𝒕𝒈𝒙

𝝅
𝟐

𝟎

𝒅𝒙 =
𝝅

𝟐
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2036. Find a closed form: 

𝛀 = ∫
𝒅𝒙

(𝟏 − 𝒙𝒚)√𝟏 − 𝒙 

𝟏

𝟎

 

Proposed by Ngulmun George Baite-India 
Solution 1 by Toubal Fethi-Algerie 

𝛀 = ∫
𝒅𝒙

(𝟏 − 𝒙𝒚)√𝟏 − 𝒙 

𝟏

𝟎

= ∫ ∑(𝒙𝒚)𝒏(𝟏 − 𝒙)−
𝟏
𝟐

∞

𝒏=𝟎

𝒅𝒙
𝟏

𝟎

= 

= ∑𝒚𝒏∫ 𝒙(𝒏+𝟏)−𝟏(𝟏 − 𝒙)
𝟏
𝟐
−𝟏

𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟏

= ∑𝒚𝒏𝑩(𝒏 + 𝟏,
𝟏

𝟐
)

∞

𝒏=𝟎

= 

= ∑
𝚪(𝒏 + 𝟏)𝚪(𝒏 + 𝟏)𝚪(

𝟏
𝟐
) 𝒚𝒏

𝚪(𝒏 + 𝟏) (
𝟑
𝟐)𝒏

∞

𝒏=𝟎

= 𝑭(𝟏, 𝟏;
𝟑

𝟐
; 𝒚)𝟐  

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕:
𝐬𝐢𝐧−𝟏 𝒕

√𝟏 − 𝒕𝟐
= 𝑭(𝟏, 𝟏;

𝟑

𝟐
; 𝒕𝟐)𝒕  

𝑳𝒆𝒕: 𝒚 = 𝒕𝟐, 𝒘𝒆 𝒈𝒆𝒕:  𝛀 =
𝟐𝐬𝐢𝐧−𝟏(√𝒚)

√𝒚 − 𝒚𝟐
, 𝒘𝒉𝒆𝒓𝒆 𝟎 ≤ 𝒚 ≤ 𝟏  

Solution 2 by Bui Hong Suc-Vietnam 

𝛀 = ∫
𝒅𝒙

(𝟏 − 𝒙𝒚)√𝟏 − 𝒙 

𝟏

𝟎

∫
−𝟐𝒅(√𝟏 − 𝒙)

𝟏 − 𝒚 + 𝒚 − 𝒙𝒚

𝟏

𝟎

= −𝟐∫
𝒅(√𝟏 − 𝒙)

𝟏 − 𝒚 + (√𝒚(𝟏 − 𝒚))
𝟐

𝟏

𝟎

= 

=
−𝟐

√𝒚(𝟏 − 𝒚)
∫

𝒅(√
(𝟏 − 𝒙)𝒚
𝟏 − 𝒚 )

𝟏 + [√
(𝟏 − 𝒙)𝒚
𝟏 − 𝒚

]

𝟐

𝟏

𝟎

= −
𝟐

√𝒚(𝟏 − 𝒚)
⋅ 𝐭𝐚𝐧−𝟏(√

(𝟏 − 𝒙)𝒚

𝟏 − 𝒚
)|

𝟎

𝟏

= 

=
𝟐

√𝒚(𝟏 − 𝒚)
⋅ 𝐭𝐚𝐧−𝟏 (√

𝒚

𝟏 − 𝒚
)   

Solution 3 by Saboor Halimi-Afghanistan 

𝛀 = ∫
𝒅𝒙

(𝟏 − 𝒙𝒚)√𝟏 − 𝒙 

𝟏

𝟎

=
𝒔=√𝟏−𝒙

∫
𝟐𝒅𝒔

𝒔𝟐𝒚 − 𝒚 + 𝟏

𝟏

𝟎

= ∫
𝟐𝒅𝒔

(√𝒚𝒔)
𝟐
+ (√𝟏 − 𝒚)

𝟐

𝟏

𝟎

=
𝒌=√𝒚

 



 
www.ssmrmh.ro 

60 RMM-CALCULUS MARATHON 2001-2100 

 

=
𝟏

√𝒚
∫

𝟐𝒅𝒌

𝒌𝟐 + (√𝟏 − 𝒚)
𝟐

√𝒚

𝟎

=
𝟐

√𝒚(𝟏 − 𝒚)
⋅ 𝐭𝐚𝐧−𝟏 (

𝒌

√𝟏 − 𝒚
)|

𝟎

√𝒚

= 

=
𝟐

√𝒚(𝟏 − 𝒚)
⋅ 𝐭𝐚𝐧−𝟏(√

𝒚

𝟏 − 𝒚
)  

Solution 4 by Hikmat Mammadov-Azerbaijan 

𝛀(𝒚) = ∫
𝒅𝒙

(𝟏 − 𝒙𝒚)√𝟏 − 𝒙 

𝟏

𝟎

; 𝒚 < 1;  𝛀(𝟎) = 𝟐 

𝛀(𝒚) = ∫
𝒅𝒙

(𝟏 − 𝒙𝒚)√𝟏 − 𝒙 

𝟏

𝟎

=
𝒛=𝟏−𝒙

∫
𝟏

𝒛(𝟏 − 𝒚 + 𝒚𝒛𝟐)
𝟐𝒛

𝟏

𝟎

𝒅𝒛 =
𝒛≠𝟎

 

=
𝟐

𝒚
∫

𝟏

𝒛𝟐 +
𝟏 − 𝒚
𝒚

𝒅𝒛
𝟏

𝟎

=
𝟐

𝒚
⋅

𝟏

√
𝟏 − 𝒚
𝒚

⋅ 𝐭𝐚𝐧−𝟏√
𝒚

𝟏 − 𝒚
=

𝟐

√𝒚(𝟏 − 𝒚)
⋅ 𝐭𝐚𝐧−𝟏 (√

𝒚

𝟏 − 𝒚
) 

𝐈𝐟 𝒚 < 0 ⇒ 𝛀(𝒚) =
𝟐

𝒊√|𝒚|(𝟏 + |𝒚|)
𝐭𝐚𝐧−𝟏(𝒊√

|𝒚|

𝟏 + |𝒚|
) 

𝐭𝐚𝐧−𝟏(𝒊𝒖) = 𝒗 ⇒ 𝒊𝒖 = 𝐭𝐚𝐧 𝒗 = −𝒊 𝐭𝐚𝐧𝐡(𝒊𝒗) 
𝒖 = −𝐭𝐚𝐧𝐡(𝒊𝒗) ⇒ 𝒊𝒗 = − 𝐭𝐚𝐧𝐡−𝟏(𝒖) ⇒ 𝒗 = 𝒊 𝐭𝐚𝐧𝐡−𝟏(𝒖) 

𝛀(𝒚) =

{
 
 
 

 
 
 𝟐

√𝒚(𝟏 − 𝒚)
𝐭𝐚𝐧−𝟏√

𝒚

𝟏 − 𝒚
;            𝟎 < 𝑦 < 1

𝟐;                                                              𝒚 = 𝟎

𝟐

√|𝒚|√𝟏 + |𝒚|

𝐭𝐚𝐧𝐡−𝟏√
|𝒚|

𝟏 + |𝒚|
;        𝒚 < 0

 

2037. Find a closed form: 

𝑰 = ∫ 𝒍𝒐𝒈(𝒙)
𝟏

𝟎

𝒍𝒐𝒈(𝒙𝟐 + 𝒙 + 𝟏)𝒅𝒙 

Proposed by Togrul Ehmedov-Azerbaijan 
Solution 1 by Ankush Kumar Parcha-India 

𝛀 = ∫ 𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(𝒙𝟐 + 𝒙 + 𝟏)𝒅𝒙
𝟏

𝟎

= ∫ 𝐥𝐨𝐠(𝒙) [𝐥𝐨𝐠(𝟏 − 𝒙𝟑) − 𝐥𝐨𝐠(𝟏 − 𝒙)]𝒅𝒙
𝟏

𝟎
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∵ ∑
𝒙𝒏

𝒏

∞

𝒏=𝟏

− 𝐥𝐨𝐠|𝟏 − 𝒙| ; |𝒙| < 1 

= ∑
𝟏

𝒏
∫ 𝒙𝒏 𝐥𝐨𝐠(𝒙)
𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟏

−∑
𝟏

𝒏
∫ 𝒙𝟑𝒏 𝐥𝐨𝐠(𝒙)
𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟏

= ∑
𝟏

𝒏(𝟏 + 𝟑𝒏)𝟐

∞

𝒏=𝟏

−∑
𝟏

𝒏(𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

 

∵ ∫ 𝒙𝒎 𝐥𝐨𝐠𝒏(𝒙) 𝒅𝒙
𝟏

𝟎

=
(−𝟏)𝒏𝒏!

(𝒎+ 𝟏)𝒏+𝟏
, 𝒏 > −1;𝑚 ≠ −1 

𝛀 = ∑
𝟏

𝒏

∞

𝒏=𝟏

− 𝟑∑
𝟏

𝟏 + 𝟑𝒏

∞

𝒏=𝟏

− 𝟑∑
𝟏

(𝟑𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

−∑
𝟏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

+∑
𝟏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟏

 

∵ 𝝍(𝟎)(𝟏 + 𝒛) = −𝜸 +∑
𝟏

𝒏

∞

𝒏=𝟏

−∑
𝟏

𝒏 + 𝒛

∞

𝒏=𝟏

 

𝛀 = 𝝍(𝟎) (𝟏 +
𝟏

𝟑
) + 𝜸 + 𝟑 −

𝟏

𝟑
𝜻 (𝟐,

𝟏

𝟑
) − 𝟐 +

𝝅𝟐

𝟔
 

−𝜸 + ∫
𝟏 − 𝒙

𝟏
𝟑

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

+ 𝜸 + 𝟏 −
𝟏

𝟑
𝜻 (𝟐,

𝟏

𝟑
) + 𝜻(𝟐) 

∵ 𝝍(𝟎)(𝟏 + 𝒛) = −𝜸 +∫
𝟏 − 𝒙𝒛

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

 

𝛀 = 𝟑∫
(𝟏 − 𝒚)𝒚𝟐

𝟏 − 𝒚𝟑
𝒅𝒚

𝟏

𝟎

+ 𝟏 −
𝟏

𝟑
𝝍(𝟏) (

𝟏

𝟑
) +

𝝅𝟐

𝟔
 

𝟑 −
𝟑

𝟐
∫

𝟐𝒚 + 𝟏

𝒚𝟐 + 𝒚 + 𝟏
𝒅𝒚

𝟏

𝟎

−
𝟑

𝟐
∫

𝒅𝒚

𝒚𝟐 + 𝒚 + 𝟏

𝟏

𝟎

+ 𝟏 −
𝟏

𝟑
𝝍(𝟏) (

𝟏

𝟑
) +

𝝅𝟐

𝟔
 

𝛀 = 𝟑 − 𝟑[𝐥𝐨𝐠(𝒚𝟐 + 𝒚 + 𝟏)]𝟎
𝟏 −

𝟑

𝟐
∫

𝒅𝒚

(𝒚 +
𝟏
𝟐)

𝟐

+ (
√𝟑
𝟐 )

𝟐

𝟏

𝟎

+ 𝟏 −
𝟏

𝟑
𝝍(𝟏) (

𝟏

𝟑
) +

𝝅𝟐

𝟔
 

𝟑 −
𝟑

𝟐
𝐥𝐨𝐠(𝟑) − √𝟑 [𝐭𝐚𝐧−𝟏(√𝟑) − 𝐭𝐚𝐧−𝟏 (

𝟏

√𝟑
)] + 𝟏 −

𝟏

𝟑
𝝍(𝟏) (

𝟏

𝟑
) +

𝝅𝟐

𝟔
 

𝛀 = ∫ 𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(𝒙𝟐 + 𝒙 + 𝟏)𝒅𝒙
𝟏

𝟎

= 𝟒 −
𝟑

𝟐
𝐥𝐨𝐠(𝟑) −

𝝅√𝟑

𝟔
−
𝟏

𝟑
𝝍(𝟏) (

𝟏

𝟑
) +

𝝅𝟐

𝟔
    

Solution 2 by Pham Duc Nam-Vietnam 

𝑰 = ∫ 𝒍𝒐𝒈(𝒙)
𝟏

𝟎

𝒍𝒐𝒈(𝒙𝟐 + 𝒙+ 𝟏)𝒅𝒙 
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{
𝑢 = 𝒍𝒐𝒈(𝒙𝟐 + 𝒙 + 𝟏)

𝑑𝑣 = 𝒍𝒐𝒈(𝒙)𝒅𝒙
⇒ {

𝑑𝑢 =
𝟐𝒙 + 𝟏

𝒙𝟐 + 𝒙 + 𝟏
𝑣 = 𝑥 𝒍𝒐𝒈(𝒙) − 𝒙

⇒ 𝑰

= (𝒙 𝒍𝒐𝒈(𝒙) − 𝒙) 𝒍𝒐𝒈(𝒙𝟐 + 𝒙+ 𝟏)|
𝟎

𝟏
+∫

𝟐𝒙𝟐 + 𝒙

𝒙𝟐 + 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

−∫
𝒙 𝒍𝒐𝒈(𝒙) (𝟐𝒙 + 𝟏)

𝒙𝟐 + 𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 

= −𝒍𝒐𝒈𝟑 + (−
𝟏

𝟐
𝒍𝒐𝒈(𝒙𝟐 + 𝒙+ 𝟏) + 𝟐𝒙 − √𝟑 𝒕𝒂𝒏−𝟏

𝟐𝒙 + 𝟏

√𝟑
|
𝟎

𝟏

)− ∫
𝒙 𝒍𝒐𝒈(𝒙)

𝒙𝟐 + 𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙

−∫
𝟐𝒙𝟐 𝒍𝒐𝒈(𝒙)

𝒙𝟐 + 𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙

= −
𝟑

𝟐
𝒍𝒐𝒈𝟑 + 𝟐 −

𝝅√𝟑

𝟔
− ∫

𝒙 𝒍𝒐𝒈(𝒙)

𝒙𝟐 + 𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 − ∫
𝟐𝒙𝟐 𝒍𝒐𝒈(𝒙)

𝒙𝟐 + 𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 

∗ 𝑰𝒇: 𝜽 ∈ ℝ, 𝒙 ∈ (−𝟏,𝟏):∑𝒔𝒊𝒏(𝒌𝜽)

+∞

𝒌=𝟎

𝒙𝒌 =
𝒙 𝒔𝒊𝒏𝜽

𝒙𝟐 − 𝟐𝒙𝒄𝒐𝒔𝜽 + 𝟏
, 𝒍𝒆𝒕: 𝜽 =

𝟐𝝅

𝟑
⇒
√𝟑

𝟐
.

𝒙

𝒙𝟐 + 𝒙+ 𝟏

= ∑𝒔𝒊𝒏 (
𝟐𝒌𝝅

𝟑
)

+∞

𝒌=𝟎

𝒙𝒌 ⇒
𝒙

𝒙𝟐 + 𝒙 + 𝟏
=
𝟐

√𝟑
∑𝒔𝒊𝒏(

𝟐𝒌𝝅

𝟑
)

+∞

𝒌=𝟎

𝒙𝒌 

⇒ ∫
𝒙 𝒍𝒐𝒈(𝒙)

𝒙𝟐 + 𝒙+ 𝟏

𝟏

𝟎

𝒅𝒙 =
𝟐

√𝟑
∫ 𝒍𝒐𝒈(𝒙)∑ 𝒔𝒊𝒏(

𝟐𝒌𝝅

𝟑
)

+∞

𝒌=𝟎

𝒙𝒌
𝟏

𝟎

𝒅𝒙

=
𝟐

√𝟑
∑𝒔𝒊𝒏 (

𝟐𝒌𝝅

𝟑
)

+∞

𝒌=𝟎

∫ 𝒙𝒌 𝒍𝒐𝒈(𝒙)𝒅𝒙 = −
𝟏

𝟎

𝟐

√𝟑
∑
𝒔𝒊𝒏(

𝟐𝒌𝝅
𝟑
)

(𝒌 + 𝟏)𝟐

+∞

𝒌=𝟎

 𝒋=𝒌+𝟏 
→       

−
𝟐

√𝟑
∑
𝒔𝒊𝒏(

𝟐𝝅𝒋
𝟑 −

𝟐𝝅
𝟑
)

(𝒋)𝟐

+∞

𝒋=𝟏

 

= −
𝟐

√𝟑
∑
−
√𝟑
𝟐 𝒄𝒐𝒔

(
𝟐𝝅𝒋
𝟑
)−

𝟏
𝟐𝒔𝒊𝒏

(
𝟐𝝅𝒋
𝟑
)

(𝒋)𝟐

+∞

𝒋=𝟏

=∑
𝒄𝒐𝒔(

𝟐𝝅𝒋
𝟑
)

(𝒋)𝟐

+∞

𝒋=𝟏

+
𝟏

√𝟑
∑
𝒔𝒊𝒏(

𝟐𝝅𝒋
𝟑
)

(𝒋)𝟐

+∞

𝒋=𝟏

= 𝕽(𝑳𝒊𝟐 (𝒆
𝟐𝝅𝒊
𝟑 )) +

𝟏

√𝟑
𝑪𝒍𝟐 (

𝟐𝝅

𝟑
) 

= −
𝝅𝟐

𝟏𝟖
+
𝟏

√𝟑
(
𝟏

𝟑𝟔
∑𝒔𝒊𝒏

𝟐𝝅𝒏

𝟑
(𝝍(𝟏) (

𝒏

𝟔
) + (−𝟏)𝟐𝝍(𝟏) (

𝒏 + 𝟑

𝟔
))

𝟑

𝒏=𝟏

)

= −
𝝅𝟐

𝟏𝟖
+

𝟏

𝟑𝟔√𝟑
(
√𝟑

𝟐
(𝝍(𝟏) (

𝟏

𝟔
) +𝝍(𝟏) (

𝟐

𝟑
))−

√𝟑

𝟐
(𝝍(𝟏) (

𝟏

𝟑
) + 𝝍(𝟏) (

𝟓

𝟔
))) 

= −
𝝅𝟐

𝟏𝟖
+

𝟏

𝟑𝟔√𝟑
(𝟐√𝟑𝝍(𝟏) (

𝟏

𝟑
) − 𝟐√𝟑𝝍(𝟏) (

𝟐

𝟑
)) = −

𝝅𝟐

𝟏𝟖
+
𝟏

𝟏𝟖
(𝝍(𝟏) (

𝟏

𝟑
) − 𝝍(𝟏) (

𝟐

𝟑
)) 
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∗ 𝑺𝒊𝒎𝒊𝒍𝒊𝒂𝒓𝒍𝒚:∫
𝟐𝒙𝟐 𝒍𝒐𝒈(𝒙)

𝒙𝟐 + 𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 = −𝟐 −
𝝅𝟐

𝟐𝟕
+
𝟐𝝍(𝟏) (

𝟏
𝟑
)

𝟗
 

⇒ 𝑰 = −
𝟑

𝟐
𝒍𝒐𝒈𝟑 + 𝟐−

𝝅√𝟑

𝟔
+
𝝅𝟐

𝟏𝟖
−
𝟏

𝟏𝟖
(𝝍(𝟏) (

𝟏

𝟑
) − 𝝍(𝟏) (

𝟐

𝟑
)) + 𝟐 +

𝝅𝟐

𝟐𝟕
−
𝟐𝝍(𝟏) (

𝟏
𝟑
)

𝟗

= 𝟒 −
𝝅√𝟑

𝟔
+
𝟓𝝅𝟐

𝟓𝟒
−
𝟑

𝟐
𝒍𝒐𝒈𝟑 −

𝟓𝝍(𝟏) (
𝟏
𝟑
)

𝟏𝟖
+
𝝍(𝟏) (

𝟐
𝟑
)

𝟏𝟖
 

𝑵𝑶𝑻𝑬: 

∗ 𝑪𝒍𝟐(𝝋) = ∑
𝒔𝒊𝒏(𝒌𝝋)

𝒌𝟐
:Clausen function, and:

+∞

𝒌=𝟏

 𝑪𝒍𝟐 (
𝒒𝝅

𝒑
)

=
𝟏

𝟒𝒑𝟐
∑𝒔𝒊𝒏

𝒒𝝅𝒋

𝒑

𝒑

𝒋=𝟏

(𝝍(𝟏) (
𝒋

𝟐𝒑
) + (−𝟏)𝒒𝝍(𝟏) (

𝒋 + 𝒑

𝟐𝒑
))(𝟎 <

𝒒

𝒑
< 1, 𝑞, 𝑝 ∈ ℤ+) 

∗ 𝑳𝒊𝟐(𝒛) = ∑
𝒛𝒌

𝒌𝟐

+∞

𝒌=𝟏

:Spence's function or dilogarithm 

Solution 3 by proposer 

∫ 𝐥𝐨𝐠(𝐲) 𝐥𝐨𝐠(𝟏 + 𝐲 + 𝐲𝟐)

𝟏

𝟎

𝐝𝐲 = [(𝐲𝐥𝐨𝐠(𝐲) − 𝐲) 𝐥𝐨𝐠(𝟏 + 𝐲 + 𝐲𝟐)]
𝟎

𝟏
−∫

(𝐲𝐥𝐨𝐠(𝐲) − 𝐲)(𝟏 + 𝟐𝐲)

𝟏 + 𝐲 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲

= − 𝐥𝐨𝐠(𝟑) −∫
𝐲𝐥𝐨𝐠(𝐲)

𝟏 + 𝐲 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 − 𝟐∫
𝐲𝟐𝐥𝐨𝐠(𝐲)

𝟏 + 𝐲 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 +∫
𝐲

𝟏 + 𝐲 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲

+ 𝟐∫
𝐲𝟐

𝟏 + 𝐲 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲

= − 𝐥𝐨𝐠(𝟑) +
𝟏

𝟗
(
𝟕𝛑𝟐

𝟔
−𝛗(𝟏) (

𝟏

𝟑
))+ 𝟐 +

𝛑𝟐

𝟐𝟕
−
𝟐

𝟗
𝛗(𝟏) (

𝟏

𝟑
) −

𝐥𝐨𝐠(𝟑)

𝟐
−
𝛑

𝟐√𝟑
+ 𝟐

= 𝟒 −
𝟑 𝐥𝐨𝐠(𝟑)

𝟐
+
𝛑𝟐

𝟔
−

𝛑

𝟐√𝟑
−
𝟏

𝟑
𝛗(𝟏) (

𝟏

𝟑
) 

∫
𝐲𝐥𝐨𝐠(𝐲)

𝟏 + 𝐲 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 = −
𝟏

𝟗
(
𝟕𝛑𝟐

𝟔
− 𝛗(𝟏) (

𝟏

𝟑
)) 

 

∫
𝐲𝟐𝐥𝐨𝐠(𝐲)

𝟏 + 𝐲 + 𝐲𝟐

𝟏

𝟎

𝐝𝐲 = −𝟏 −
𝛑𝟐

𝟓𝟒
+
𝟏

𝟗
𝛗(𝟏) (

𝟏

𝟑
) 
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2038. Prove that: 

𝒔𝒊𝒏
𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟑𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟒𝝅

𝟏𝟑
=
𝟏

𝟖
√
𝟏𝟑 − 𝟑√𝟏𝟑

𝟐
  

Proposed by Vasile Mircea Popa-Romania 
Solution by Pham Duc Nam-Vietnam 

∗∑𝒄𝒐𝒔
𝟐𝒌𝝅

𝟐𝒏 + 𝟏
= −

𝟏

𝟐

𝒏

𝒌=𝟏

 

PROOF: 

𝑺 =∑𝒄𝒐𝒔
𝟐𝒌𝝅

𝟐𝒏 + 𝟏
⇒ 𝟐𝒔𝒊𝒏

𝝅

𝟐𝒏 + 𝟏

𝒏

𝒌=𝟏

𝑺 =∑𝟐𝒔𝒊𝒏
𝝅

𝟐𝒏 + 𝟏
𝒄𝒐𝒔

𝟐𝒌𝝅

𝟐𝒏 + 𝟏

𝒏

𝒌=𝟏

 

𝑨𝒑𝒑𝒍𝒚: 𝒔𝒊𝒏 𝒂𝒄𝒐𝒔 𝒃 =
𝟏

𝟐
(𝒔𝒊𝒏(𝒂 + 𝒃) + 𝒔𝒊𝒏(𝒂 − 𝒃)) ⇒ 𝟐 𝒔𝒊𝒏

𝝅

𝟐𝒏 + 𝟏
𝑺

=∑(𝒔𝒊𝒏
𝝅(𝟐𝒌 + 𝟏)

𝟐𝒏 + 𝟏
− 𝒔𝒊𝒏

𝝅(𝟐𝒌 − 𝟏)

𝟐𝒏 + 𝟏
)

𝒏

𝒌=𝟏

= −𝒔𝒊𝒏
𝝅

𝟐𝒏 + 𝟏
 

⇒ 𝑺 =
−𝒔𝒊𝒏

𝝅
𝟐𝒏 + 𝟏

𝟐𝒔𝒊𝒏
𝝅

𝟐𝒏 + 𝟏

= −
𝟏

𝟐
 

∗ 𝑳𝒆𝒕: 𝒏 = 𝟔 ⇒ 𝒄𝒐𝒔
𝟐𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟔𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
= −

𝟏

𝟐
 

∗ (𝒄𝒐𝒔
𝟐𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟔𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑
) (𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
)

=
𝟏

𝟐
(𝟑(𝒄𝒐𝒔

𝟐𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟔𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
))

=
𝟏

𝟐
. 𝟑. −

𝟏

𝟐
= −

𝟑

𝟒
 

⇒ (𝒄𝒐𝒔
𝟐𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟔𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑
) , (𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
)  𝒂𝒓𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇: 𝒕𝟐

+
𝟏

𝟐
𝒕 −

𝟑

𝟒
= 𝟎 ⇒ 𝒄𝒐𝒔

𝟐𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟔𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑

=
√𝟏𝟑 − 𝟏

𝟒
, 𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
=
−√𝟏𝟑 − 𝟏

𝟒
 

∗
𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
=

𝟏

𝟐
(𝒄𝒐𝒔

𝟐𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟔𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
) = −

𝟏

𝟒
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∗

𝒄𝒐𝒔
𝟒𝝅

𝟏𝟑
𝒄𝒐𝒔

𝟏𝟐𝝅

𝟏𝟑
𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
= 𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
𝒄𝒐𝒔

𝝅

𝟏𝟑
𝒄𝒐𝒔

𝟑𝝅

𝟏𝟑
=

𝟏

𝟐
(𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
) 𝒄𝒐𝒔

𝟏𝟎𝝅

𝟏𝟑
=
𝟏

𝟐
(
𝟏

𝟐
(𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟐𝝅

𝟏𝟑
) +

𝟏 + 𝒄𝒐𝒔
𝟔𝝅
𝟏𝟑

𝟐
) =

𝟏

𝟒
(𝟏 + 𝒄𝒐𝒔

𝟐𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟔𝝅

𝟏𝟑
+ 𝒄𝒐𝒔

𝟖𝝅

𝟏𝟑
) =

𝟏

𝟒
(𝟏 +

√𝟏𝟑 − 𝟏

𝟒
) =

𝟑 + √𝟏𝟑

𝟏𝟔

 

∗ 𝑨𝒑𝒑𝒍𝒚: 𝟏 − 𝒄𝒐𝒔𝒙 = 𝟐 𝒔𝒊𝒏𝟐
𝒙

𝟐
⇒ 𝒔𝒊𝒏

𝟐𝝅

𝟏𝟑
= √

𝟏 − 𝒄𝒐𝒔
𝟒𝝅
𝟏𝟑

𝟐
, 𝒔𝒊𝒏

𝟔𝝅

𝟏𝟑

= √
𝟏 − 𝒄𝒐𝒔

𝟏𝟐𝝅
𝟏𝟑

𝟐
, 𝒔𝒊𝒏

𝟖𝝅

𝟏𝟑
= 𝒔𝒊𝒏

𝟓𝝅

𝟏𝟑
= √

𝟏 − 𝒄𝒐𝒔
𝟏𝟎𝝅
𝟏𝟑

𝟐
 

⇒ 𝒔𝒊𝒏
𝟐𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟔𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟖𝝅

𝟏𝟑
= √

(𝟏 − 𝒄𝒐𝒔
𝟒𝝅
𝟏𝟑
) (𝟏 − 𝒄𝒐𝒔

𝟏𝟐𝝅
𝟏𝟑
) (𝟏 − 𝒄𝒐𝒔

𝟏𝟎𝝅
𝟏𝟑
)

𝟖

= √
(𝟏 − 𝒄𝒐𝒔

𝟏𝟐𝝅
𝟏𝟑 − 𝒄𝒐𝒔

𝟒𝝅
𝟏𝟑 + 𝒄𝒐𝒔

𝟒𝝅
𝟏𝟑 𝒄𝒐𝒔

𝟏𝟐𝝅
𝟏𝟑 )(𝟏 − 𝒄𝒐𝒔

𝟏𝟎𝝅
𝟏𝟑 )

𝟖
 

= √
𝟏 − 𝒄𝒐𝒔

𝟒𝝅
𝟏𝟑 − 𝒄𝒐𝒔

𝟏𝟎𝝅
𝟏𝟑 − 𝒄𝒐𝒔

𝟏𝟐𝝅
𝟏𝟑 + 𝒄𝒐𝒔

𝟒𝝅
𝟏𝟑 𝒄𝒐𝒔

𝟏𝟎𝝅
𝟏𝟑 + 𝒄𝒐𝒔

𝟏𝟎𝝅
𝟏𝟑 𝒄𝒐𝒔

𝟏𝟐𝝅
𝟏𝟑 + 𝒄𝒐𝒔

𝟒𝝅
𝟏𝟑 𝒄𝒐𝒔

𝟏𝟐𝝅
𝟏𝟑 − 𝒄𝒐𝒔

𝟒𝝅
𝟏𝟑 𝒄𝒐𝒔

𝟏𝟐𝝅
𝟏𝟑 𝒄𝒐𝒔

𝟏𝟎𝝅
𝟏𝟑

𝟖

=
√𝟏 +

√𝟏𝟑+ 𝟏
𝟒 −

𝟏
𝟒−

𝟑+ √𝟏𝟑
𝟏𝟔

𝟖
= √

𝟏𝟑+ 𝟑√𝟏𝟑

𝟏𝟐𝟖
 

∗ 𝒔𝒊𝒏
𝟐𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟔𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟖𝝅

𝟏𝟑
= 𝟖𝒔𝒊𝒏

𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟑𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟒𝝅

𝟏𝟑
𝒄𝒐𝒔

𝝅

𝟏𝟑
𝒄𝒐𝒔

𝟑𝝅

𝟏𝟑
𝒄𝒐𝒔

𝟒𝝅

𝟏𝟑
= √

𝟏𝟑 + 𝟑√𝟏𝟑

𝟏𝟐𝟖

⇔ 𝟖𝒔𝒊𝒏
𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟑𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟒𝝅

𝟏𝟑
.
𝟑 + √𝟏𝟑

𝟏𝟔
= √

𝟏𝟑 + 𝟑√𝟏𝟑

𝟏𝟐𝟖

⇒ 𝒔𝒊𝒏
𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟑𝝅

𝟏𝟑
𝒔𝒊𝒏

𝟒𝝅

𝟏𝟑
=
𝟏

𝟖
.√
𝟏𝟑 + 𝟑√𝟏𝟑

𝟏𝟐𝟖
.

𝟏𝟔

𝟑 + √𝟏𝟑
 

=
𝟏

𝟖
√
𝟏𝟑 − 𝟑√𝟏𝟑

𝟐
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2039. Prove that: 

∫ ∫ ∫
𝐥𝐨𝐠(𝒙𝟐) 𝐥𝐨𝐠(𝒚𝟐) 𝐥𝐨𝐠(𝒛𝟐) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 𝟒𝟖𝜼(𝟕) 

where 𝜼(𝝂) −Dirichlet’s function. 

Proposed by Hikmat Mammadov-Azerbaijan 
Solution 1 by Rana Ranino-Setif-Algerie 

𝛀 = ∫ ∫ ∫
𝐥𝐨𝐠(𝒙𝟐) 𝐥𝐨𝐠(𝒚𝟐) 𝐥𝐨𝐠(𝒛𝟐) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 

= 𝟖∫ ∫ ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(𝒚) 𝐥𝐨𝐠(𝒛) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 

= 𝟖∫ ∫ ∫
𝐥𝐨𝐠𝟐(𝒙) 𝐥𝐨𝐠(𝒚) 𝐥𝐨𝐠(𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

+ 𝟖∫ ∫ ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠𝟐(𝒚) 𝐥𝐨𝐠(𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

+ 

+𝟖∫ ∫ ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(𝒚) 𝐥𝐨𝐠𝟐(𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 𝟐𝟒∫ ∫
𝐥𝐨𝐠𝟐(𝒙) 𝐥𝐨𝐠(𝒚) 𝐥𝐨𝐠(𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

 

= 𝟐𝟒∑(−𝟏)𝒏∫ 𝒛𝒏 𝐥𝐨𝐠(𝒛)𝒅𝒛
𝟏

𝟎

∫ 𝒚𝒏 𝐥𝐨𝐠(𝒚)𝒅𝒚
𝟏

𝟎

∫ 𝒙𝒏 𝐥𝐨𝐠𝟐(𝒙) 𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟎

 

𝑺𝒊𝒏𝒄𝒆: ∫ 𝒕𝒏 𝐥𝐨𝐠𝒎(𝒕) 𝒅𝒕
𝟏

𝟎

= (−𝟏)𝒎
𝒎!

(𝒏 + 𝟏)𝒎+𝟏
 

𝛀 = 𝟒𝟖∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟕

∞

𝒏=

= 𝟒𝟖𝜼(𝟕) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

 ∫ ∫ ∫
𝐥𝐨𝐠(𝒙𝟐) 𝐥𝐨𝐠(𝒚𝟐) 𝐥𝐨𝐠(𝒛𝟐) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 𝟒𝟖𝜼(𝟕) 

Solution 2 by Ankush Kumar Parcha-India 

𝛀 = ∫ ∫ ∫
𝐥𝐨𝐠(𝒙𝟐) 𝐥𝐨𝐠(𝒚𝟐) 𝐥𝐨𝐠(𝒛𝟐) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 
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= 𝟐𝟒∑(−𝟏)𝒏∫ ∫ ∫ (𝒙𝒚𝒛)𝒏 𝐥𝐨𝐠𝟐 𝒙 𝐥𝐨𝐠 𝒚 𝐥𝐨𝐠 𝒛
𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

∞

𝒏=𝟎

 

∵ ∑𝒙𝒏
∞

𝒏=𝟎

=
𝟏

𝟏 − 𝒙
, |𝒙| < 1 

𝑺𝒊𝒏𝒄𝒆: ∫ 𝒕𝒏 𝐥𝐨𝐠𝒎(𝒕) 𝒅𝒕
𝟏

𝟎

= (−𝟏)𝒎
𝒎!

(𝒏 + 𝟏)𝒎+𝟏
 

𝛀 = 𝟒𝟖∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟑
⋅

−𝟏

(𝒏 + 𝟏)𝟐
⋅

−𝟏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 𝟒𝟖∑
(−𝟏)𝒏

(𝒏 + 𝟏)𝟕

∞

𝒏=𝟎

= 𝟒𝟖𝜼(𝟕) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

 ∫ ∫ ∫
𝐥𝐨𝐠(𝒙𝟐) 𝐥𝐨𝐠(𝒚𝟐) 𝐥𝐨𝐠(𝒛𝟐) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏 + 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 𝟒𝟖𝜼(𝟕) 

2040.  𝐈𝐟 𝒙 ∈ (𝟎,
𝛑

𝟐
) , 𝐭𝐡𝐞𝐧 ∶ 

𝐬𝐢𝐧𝒙𝐭𝒂𝐧𝒙 ∙ 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) + 𝐜𝐨𝐬𝒙𝐜𝐨𝐭𝒙 ∙ 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) ≥
𝛑√𝟐

𝟒𝐬𝐢𝐧(𝟐𝒙)
 

  Proposed by Daniel Sitaru-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐬𝐢𝐧𝒙. 𝐭𝒂𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) + 𝐜𝐨𝐬𝒙. 𝐜𝐨𝐭𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) ≥
𝛑√𝟐

𝟒𝐬𝐢𝐧(𝟐𝒙)
 

⇔ 𝟒𝐬𝐢𝐧𝒙.
𝐬𝐢𝐧𝒙

𝐜𝐨𝐬𝒙
. 𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) 

+𝟒𝐜𝐨𝐬𝒙.
𝐜𝐨𝐬𝒙

𝐬𝐢𝐧𝒙
. 𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) ≥

𝛑

√𝟐
 

⇔ 𝟒𝐬𝐢𝐧𝟑 𝒙 . 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) + 𝟒𝐜𝐨𝐬𝟑 𝒙 . 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) ≥
(∗) 𝛑

√𝟐
 

𝐋𝐞𝐭 𝐟(𝒙) = 𝟒 𝐬𝐢𝐧𝟑 𝒙 . 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙)+ 𝟒𝐜𝐨𝐬𝟑 𝒙 . 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) ∀ 𝒙 ∈ (𝟎,
𝛑

𝟐
) 

∴ 𝐟 ′(𝒙) = 𝟏𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙. (𝐬𝐢𝐧𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) − 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)) 

+𝟒√𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙. (
𝐬𝐢𝐧𝟐 𝒙

𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝟏
−

𝐜𝐨𝐬𝟐 𝒙

𝟐 𝐜𝐨𝐬𝟐 𝒙 + 𝟏
) 

= 𝟏𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙. (𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) − 𝐜𝐨𝐬𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)) 

+
𝟒√𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙(𝟐𝐬𝐢𝐧𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒙 + 𝐬𝐢𝐧𝟐 𝒙 − 𝟐𝐬𝐢𝐧𝟐 𝒙 . 𝐜𝐨𝐬𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙)

(𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝟏)(𝟐 𝐜𝐨𝐬𝟐 𝒙 + 𝟏)
 

⇒ 𝐟 ′(𝒙) =
(∗∗)

𝟏𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙. (𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) − 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)) 



 
www.ssmrmh.ro 

68 RMM-CALCULUS MARATHON 2001-2100 

 

+
𝟒√𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙(𝐬𝐢𝐧𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙)

(𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝟏)(𝟐 𝐜𝐨𝐬𝟐 𝒙 + 𝟏)
 

𝐂𝒂𝐬𝐞 𝟏  𝒙 ∈ (𝟎,
𝛑

𝟒
] ∴ √𝟐𝐬𝐢𝐧𝒙 ≤ √𝟐𝐜𝐨𝐬𝒙 

⇒ 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) ≤ 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) (∵ 𝐟(𝐭) = 𝒂𝐫𝐜𝐭𝒂𝐧(𝐭) 𝐢𝐬 ↑ ∀ 𝐭 ∈ ℝ) 

⇒ 𝐬𝐢𝐧𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) ≤ 𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) 

⇒ 𝐬𝐢𝐧𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) − 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) 

≤ 𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) − 𝐜𝐨𝐬𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) 

= 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)(𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬𝒙) ≤ 𝟎 (∵ 𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬𝒙 ≤ 𝟎) 

⇒ 𝟏𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙. (𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) − 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)) ≤
(𝐢)

𝟎 

𝐀𝐥𝐬𝐨, 𝐬𝐢𝐧𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙 ≤ 𝟎 ⇒
𝟒√𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙

(𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝟏)(𝟐 𝐜𝐨𝐬𝟐 𝒙 + 𝟏)
. (𝐬𝐢𝐧𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙) ≤

(𝐢𝐢)

𝟎 

∴ (𝐢) + (𝐢𝐢) ⇒ 𝟏𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙. (𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) − 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)) 

+
𝟒√𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙

(𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝟏)(𝟐𝐜𝐨𝐬𝟐 𝒙 + 𝟏)
. (𝐬𝐢𝐧𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙) ≤ 𝟎 ⇒

𝐯𝐢𝒂 (∗∗)

𝐟 ′(𝒙) ≤ 𝟎 ∀ 𝒙 ∈ (𝟎,
𝛑

𝟒
] 

⇒ 𝐟(𝒙) 𝐢𝐬 ↓ ∀ 𝒙 ∈ (𝟎,
𝛑

𝟒
] ⇒ ∀ 𝒙 ∈ (𝟎,

𝛑

𝟒
] , 𝐟(𝒙) ≥ 𝐟(

𝛑

𝟒
) = 𝟐.

𝟒

𝟐√𝟐
. 𝒂𝐫𝐜𝐭𝒂𝐧(𝟏) =

𝛑

√𝟐
 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒙 ∈ (𝟎,
𝛑

𝟒
] 

𝐂𝒂𝐬𝐞 𝟐  𝒙 ∈ [
𝛑

𝟒
,
𝛑

𝟐
) ∴ √𝟐𝐬𝐢𝐧𝒙 ≥ √𝟐𝐜𝐨𝐬𝒙 ⇒ 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) 

≥ 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) (∵ 𝐟(𝐭) = 𝒂𝐫𝐜𝐭𝒂𝐧(𝐭) 𝐢𝐬 ↑ ∀ 𝐭 ∈ ℝ) 

⇒ 𝐬𝐢𝐧𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) ≥ 𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) 

⇒ 𝐬𝐢𝐧𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) − 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) 

≥ 𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) − 𝐜𝐨𝐬𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) 

= 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)(𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬𝒙) ≥ 𝟎 (∵ 𝐬𝐢𝐧𝒙 − 𝐜𝐨𝐬𝒙 ≥ 𝟎) 

⇒ 𝟏𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙. (𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙)− 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)) ≥
(𝟏)

𝟎 

𝐀𝐥𝐬𝐨, 𝐬𝐢𝐧𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙 ≥ 𝟎 ⇒
𝟒√𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙

(𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝟏)(𝟐 𝐜𝐨𝐬𝟐 𝒙 + 𝟏)
. (𝐬𝐢𝐧𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙) ≥

(𝟐)

𝟎 

∴ (𝟏) + (𝟐) ⇒ 𝟏𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙. (𝐬𝐢𝐧𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙)− 𝐜𝐨𝐬𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙)) 

+
𝟒√𝟐𝐬𝐢𝐧𝒙. 𝐜𝐨𝐬𝒙

(𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝟏)(𝟐𝐜𝐨𝐬𝟐 𝒙 + 𝟏)
. (𝐬𝐢𝐧𝟐 𝒙 − 𝐜𝐨𝐬𝟐 𝒙) ≥ 𝟎 ⇒

𝐯𝐢𝒂 (∗∗)

𝐟 ′(𝒙) ≥ 𝟎 ∀ 𝒙 ∈ [
𝛑

𝟒
,
𝛑

𝟐
) 

⇒ 𝐟(𝒙) 𝐢𝐬 ↑ ∀ 𝒙 ∈ [
𝛑

𝟒
,
𝛑

𝟐
) ⇒ ∀ 𝒙 ∈ [

𝛑

𝟒
,
𝛑

𝟐
) , 𝐟(𝒙) ≥ 𝐟 (

𝛑

𝟒
) = 𝟐.

𝟒

𝟐√𝟐
. 𝒂𝐫𝐜𝐭𝒂𝐧(𝟏) =

𝛑

√𝟐
 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒙 ∈ [
𝛑

𝟒
,
𝛑

𝟐
) ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏, 𝟐, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒙 ∈ (𝟎,

𝛑

𝟐
) 

∴ 𝐬𝐢𝐧𝒙. 𝐭𝒂𝐧𝒙. 𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐬𝐢𝐧𝒙) + 𝐜𝐨𝐬𝒙. 𝐜𝐨𝐭𝒙.𝒂𝐫𝐜𝐭𝒂𝐧(√𝟐𝐜𝐨𝐬𝒙) ≥
𝛑√𝟐

𝟒𝐬𝐢𝐧(𝟐𝒙)
  

∀ 𝒙 ∈ (𝟎,
𝛑

𝟐
) , 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝒙 =

𝛑

𝟒
 (𝐐𝐄𝐃) 

 



 
www.ssmrmh.ro 

69 RMM-CALCULUS MARATHON 2001-2100 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝑳𝒆𝒕 𝒂 = √𝟐 𝒔𝒊𝒏𝒙  𝒂𝒏𝒅 𝒃 = √𝟐𝒄𝒐𝒔 𝒙 .  𝑾𝒆 𝒉𝒂𝒗𝒆 ∶ 𝒂, 𝒃 > 0 𝑎𝑛𝑑 𝒂𝟐 + 𝒃𝟐 = 𝟐. 

𝑻𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 

𝒂𝟐

𝒃
. 𝒂𝒓𝒄𝒕𝒂𝒏(𝒂) +

𝒃𝟐

𝒂
. 𝒂𝒓𝒄𝒕𝒂𝒏(𝒃) ≥

𝝅

𝟐𝒂𝒃
  𝒐𝒓  𝒂𝟑. 𝒂𝒓𝒄𝒕𝒂𝒏(𝒂) + 𝒃𝟑. 𝒂𝒓𝒄𝒕𝒂𝒏(𝒃) ≥

𝝅

𝟐
  (𝟏) 

𝑳𝒆𝒕 𝒇(𝒕) = 𝒕𝟐. 𝒂𝒓𝒄𝒕𝒂𝒏(𝒕),   𝒕 > 0.  𝑊𝑒 ℎ𝑎𝑣𝑒 ∶   𝒇′(𝒕) = 𝟐𝒕. 𝒂𝒓𝒄𝒕𝒂𝒏(𝒕) +
𝒕𝟐

𝟏 + 𝒕𝟐
, 

𝒂𝒏𝒅 𝒇′′(𝒕) = 𝟐𝒂𝒓𝒄𝒕𝒂𝒏(𝒕) +
𝟐𝒕(𝟐+ 𝒕𝟐)

(𝟏 + 𝒕𝟐)𝟐
> 0 𝑡ℎ𝑒𝑛 𝑓 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥 𝑜𝑛 (𝟎,∞). 

𝑻𝒉𝒆𝒏 ∶   𝑳𝑯𝑺(𝟏) = 𝒂. 𝒇(𝒂) + 𝒃.𝒇(𝒃) ≥⏞
𝑱𝒆𝒏𝒔𝒆𝒏

 (𝒂 + 𝒃). 𝒇(
𝒂𝟐 + 𝒃𝟐

𝒂+ 𝒃
) = (𝒂 + 𝒃). 𝒇 (

𝟐

𝒂 + 𝒃
) = 

=
𝟒

𝒂+ 𝒃
. 𝒂𝒓𝒄𝒕𝒂𝒏(

𝟐

𝒂 + 𝒃
) ≥⏞
𝒂+𝒃 ≤ √𝟐(𝒂𝟐+𝒃𝟐) = 𝟐

 
𝟒

𝟐
. 𝒂𝒓𝒄𝒕𝒂𝒏 (

𝟐

𝟐
) =

𝝅

𝟐
= 𝑹𝑯𝑺(𝟏). 

𝑺𝒐 𝒕𝒉𝒆 𝒑𝒓𝒐𝒐𝒇 𝒊𝒔 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆𝒅.  𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇𝒇 𝒂 = 𝒃 = 𝟏 ⇔  𝒙 =
𝝅

𝟒
. 

2041. Find: 

𝜴 = ∫ ∫
𝒙𝟐 𝒍𝒐𝒈(𝒙) 𝒍𝒐𝒈𝟐(𝒚)

𝟏 − 𝒙𝒚

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 

Proposed by Ankush Kumar Parcha-India 
Solution 1 by Pham Duc Nam-Vietnam 

𝜴 = ∫ ∫
𝒙𝟐 𝒍𝒐𝒈(𝒙) 𝒍𝒐𝒈𝟐(𝒚)

𝟏 − 𝒙𝒚

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚  

= ∫ ∫ 𝒙𝟐 𝒍𝒐𝒈(𝒙) 𝒍𝒐𝒈𝟐(𝒚)∑(𝒙𝒚)𝒌
+∞

𝒌=𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = ∑∫ 𝒚𝒌 𝒍𝒐𝒈𝟐(𝒚)
𝟏

𝟎

+∞

𝒌=𝟎

𝒅𝒚∫ 𝒙𝒌+𝟐 𝒍𝒐𝒈(𝒙)𝒅𝒙
𝟏

𝟎

 

= ∑
𝟐

(𝒌 + 𝟏)𝟑

+∞

𝒌=𝟎

.
−𝟏

(𝒌 + 𝟑)𝟐
= −𝟐∑

𝟏

(𝒌 + 𝟑)𝟐(𝒌 + 𝟏)𝟑

+∞

𝒌=𝟎

= −𝟐∑(
𝟑

𝟏𝟔
(
𝟏

𝒌+ 𝟏
−

𝟏

𝒌 + 𝟑
) −

𝟏

𝟒(𝒌 + 𝟏)𝟐
+

𝟏

𝟒(𝒌 + 𝟏)𝟑
−

𝟏

𝟖(𝒌 + 𝟑)𝟐
)

+∞

𝒌=𝟎

 



 
www.ssmrmh.ro 

70 RMM-CALCULUS MARATHON 2001-2100 

 

= −
𝟑

𝟖
∑(

𝟏

𝒌 + 𝟏
−

𝟏

𝒌 + 𝟑
)

+∞

𝒌=𝟎

+
𝟏

𝟐
∑

𝟏

(𝒌 + 𝟏)𝟐

+∞

𝒌=𝟎

−
𝟏

𝟐
∑

𝟏

(𝒌 + 𝟏)𝟑

+∞

𝒌=𝟎

+
𝟏

𝟒
∑

𝟏

(𝒌 + 𝟑)𝟐

+∞

𝒌=𝟎

 

= −
𝟑

𝟖
.
𝟑

𝟐
+
𝟏

𝟐
.
𝝅𝟐

𝟔
−
𝟏

𝟐
𝜻(𝟑) +

𝟏

𝟒
(
𝝅𝟐

𝟔
− 𝟏−

𝟏

𝟒
) = −

𝟗

𝟏𝟔
+
𝝅𝟐

𝟏𝟐
−
𝟏

𝟐
𝜻(𝟑) +

𝝅𝟐

𝟐𝟒
−
𝟓

𝟒
.
𝟏

𝟒

=
𝝅𝟐

𝟖
−
𝟏

𝟐
𝜻(𝟑) −

𝟕

𝟖
 

=
𝝅𝟐 − 𝟒𝜻(𝟑) − 𝟕

𝟖
 

Solution 2  by Togrul Ehmedov-Azerbaijan 

Let xy=m 

∫∫
𝐱 𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠𝟐 (

𝐦
𝐱
)

𝟏 −𝐦
𝐝𝐦

𝐱

𝟎

𝟏

𝟎

𝐝𝐱 = 

= ∫𝐱𝐥𝐨𝐠(𝐱)∫
𝐥𝐨𝐠𝟐(𝐦)

𝟏 −𝐦
𝐝𝐦

𝐱

𝟎

𝟏

𝟎

𝐝𝐱 − 𝟐∫𝐱𝐥𝐨𝐠𝟐(𝐱)∫
𝐥𝐨𝐠(𝐦)

𝟏 −𝐦
𝐝𝐦

𝐱

𝟎

𝟏

𝟎

𝐝𝐱 +∫𝐱𝐥𝐨𝐠𝟑(𝐱)∫
𝟏

𝟏 −𝐦
𝐝𝐦

𝐱

𝟎

𝟏

𝟎

𝐝𝐱 

𝐈𝟏 = ∫𝐱𝐥𝐨𝐠(𝐱)∫
𝐥𝐨𝐠𝟐(𝐦)

𝟏 −𝐦
𝐝𝐦

𝐱

𝟎

𝟏

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
−
𝟏

𝟒
∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 − 𝐱
𝐝𝐱

𝟏

𝟎

−
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐨𝐠𝟑(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 +
𝟏

𝟒
∫
𝐱𝟐 𝐥𝐨𝐠𝟐(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 

𝐈𝟐 = ∫𝐱𝐥𝐨𝐠
𝟐(𝐱)∫

𝐥𝐨𝐠(𝐦)

𝟏 −𝐦
𝐝𝐦

𝐱

𝟎

𝟏

𝟎

𝐝𝐱 = 

𝐈𝐁𝐏

=

𝟏

𝟒
∫
𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱
𝐝𝐱

𝟏

𝟎

−
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐨𝐠𝟑(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 +
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐨𝐠𝟐(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 −
𝟏

𝟒
∫
𝐱𝟐 𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 

𝐈𝟑 = ∫𝐱𝐥𝐨𝐠
𝟑(𝐱)∫

𝟏

𝟏 −𝐦
𝐝𝐦

𝐱

𝟎

𝟏

𝟎

𝐝𝐱 = 

=
𝐈𝐁𝐏

=
−
𝟑

𝟖
∫

𝟏

𝟏 − 𝐱
𝐝𝐱

𝟏

𝟎

−
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐨𝐠𝟑(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 +
𝟑

𝟒
∫
𝐱𝟐 𝐥𝐨𝐠𝟐(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 −
𝟑

𝟒
∫
𝐱𝟐 𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱

+
𝟑

𝟖
∫

𝐱𝟐

𝟏 − 𝐱
𝐝𝐱

𝟏

𝟎

 

= −
𝟏

𝟐
∫
𝐱𝟐 𝐥𝐨𝐠𝟑(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 +
𝟑

𝟒
∫
𝐱𝟐 𝐥𝐨𝐠𝟐(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 −
𝟑

𝟒
∫
𝐱𝟐 𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 −
𝟗

𝟏𝟔
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𝐈 = 𝐈𝟏 − 𝟐𝐈𝟐 + 𝐈𝟑 = −
𝟏

𝟒
∫
𝐥𝐨𝐠𝟐(𝐱)

𝟏 − 𝐱
𝐝𝐱

𝟏

𝟎

−
𝟏

𝟐
∫
𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱
𝐝𝐱

𝟏

𝟎

−
𝟗

𝟏𝟔
−
𝟏

𝟒
∫
𝐱𝟐 𝐥𝐨𝐠(𝐱)

𝟏 − 𝐱

𝟏

𝟎

𝐝𝐱 = 

= −
𝟗

𝟏𝟔
−
𝟏

𝟒
∑∫𝐱𝐤−𝟏 𝐥𝐨𝐠𝟐(𝐱) 𝐝𝐱 −

𝟏

𝟎

∞

𝐤=𝟏

𝟏

𝟐
∑∫𝐱𝐤−𝟏 𝐥𝐨𝐠(𝐱)𝐝𝐱

𝟏

𝟎

∞

𝐤=𝟏

−
𝟏

𝟒
∑∫𝐱𝐤+𝟏 𝐥𝐨𝐠(𝐱) 𝐝𝐱

𝟏

𝟎

= −
𝟗

𝟏𝟔
−
𝟏

𝟐
∑

𝟏

𝐤𝟑

∞

𝐤=𝟏

+
𝟏

𝟐
∑

𝟏

𝐤𝟐

∞

𝐤=𝟏

+
𝟏

𝟒
∑

𝟏

(𝐤 + 𝟐)𝟐

∞

𝐤=𝟏

∞

𝐤=𝟏

= −
𝟗

𝟏𝟔
−
𝟏

𝟐
𝛇(𝟑) +

𝟏

𝟐
𝛇(𝟐) +

𝟏

𝟒
(𝛇(𝟐) −

𝟓

𝟒
) = −

𝟏

𝟐
𝛇(𝟑) +

𝟑

𝟒
𝛇(𝟐) −

𝟕

𝟖

=
𝛑𝟐 − 𝟒𝛇(𝟑) − 𝟕

𝟖
 

Solution 3 by Le Thu-Vietnam 

𝑩𝒚 𝑴𝒂𝒄𝒍𝒂𝒖𝒓𝒊𝒏 𝒔𝒆𝒓𝒊𝒆𝒔: 

𝛀 = ∑(∫ 𝒚𝒏 𝐥𝐨𝐠𝟐 𝒚(∫ 𝒙𝒏+𝟐 𝐥𝐨𝐠 𝒙𝒅𝒙
𝟏

𝟎

)𝒅𝒚
𝟏

𝟎

)

∞

𝒏=𝟎

= 

= ∑(−
𝟏

(𝒏 + 𝟑)𝟐
∫ 𝒚𝒏 𝐥𝐨𝐠𝟐 𝒚𝒅𝒚
𝟏

𝟎

)

∞

𝒏=𝟎

 

𝑺𝒊𝒏𝒄𝒆: ∫ 𝒙𝒂 𝐥𝐨𝐠𝒙𝒅𝒙
𝟏

𝟎

= −
𝟏

(𝒂 + 𝟏)𝟐
; (∀)𝒂 ∈ ℝ,𝒂 > −1 

𝛀 = ∑[−
𝟏

(𝒏 + 𝟑)𝟐
⋅

𝟐

(𝒏 + 𝟏)𝟑
]

∞

𝒏=𝟎

= −𝟐∑
𝟏

(𝒏 + 𝟑)𝟐(𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

 

𝑺𝒊𝒏𝒄𝒆: ∫ 𝒚𝜷 𝐥𝐨𝐠𝟐 𝒚𝒅𝒚
𝟏

𝟎

= [
𝒚𝜷+𝟏[(𝜷 + 𝟏)𝟐 𝐥𝐨𝐠𝟐 𝒚 − 𝟐(𝜷 + 𝟏) 𝐥𝐨𝐠 𝒚 + 𝟐]

(𝜷 + 𝟏)𝟑
]
𝟎

𝟏

=
𝟐

(𝜷 + 𝟏)𝟑
; 

(∀)𝜷 ∈ ℝ, 𝜷 > 1 

𝟏)  
𝟑

𝟖
∑(

𝟏

𝒏 + 𝟑
−

𝟏

𝒏 + 𝟏
)

∞

𝒏=𝟎

=             

=
𝟑

𝟖
[∑(

𝟏

𝒏 + 𝟑
−

𝟏

𝒏 + 𝟐
)

∞

𝒏=𝟎

+∑(
𝟏

𝒏 + 𝟐
−

𝟏

𝒏 + 𝟐
)

∞

𝒏=𝟎

] = −
𝟗

𝟏𝟔
 

𝟐) 
𝟏

𝟐
∑

𝟏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

=
𝟏

𝟐
∑

𝟏

𝒎𝟐

∞

𝒎=𝟏

=
𝝅𝟐

𝟏𝟐
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 𝟑)  
𝟏

𝟒
∑

𝟏

(𝒏 + 𝟑)𝟐

∞

𝒏=𝟎

=
𝟏

𝟒
(
𝝅𝟐

𝟔
−
𝟓

𝟒
) =

𝝅𝟐

𝟐𝟒
−
𝟓

𝟔
 

𝟒) −
𝟏

𝟐
∑

𝟏

(𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

= −
𝟏

𝟐
𝜻(𝟐)                     

𝒘𝒉𝒆𝒓𝒆 𝜻(𝟑)𝒊𝒔 𝑨𝒑𝒆𝒓𝒚′𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕.𝑩𝒚 𝒔𝒖𝒎𝒎𝒊𝒏𝒈 𝒂𝒍𝒍 𝒐𝒇 𝒕𝒉𝒆𝒎,𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏: 

𝛀 =
𝝅𝟐 − 𝟑𝜻(𝟑) − 𝟕

𝟖
 

2042. Find a closed form: 

𝛀 = ∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬(𝝅−𝒙))
𝝅

𝟎

𝒅𝒙 

Proposed by Saboor Halimi-Afghanistan 
Solution 1 by Adrian Popa-Romania 

∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 = ∫ 𝒇(𝒂 + 𝒃 − 𝒙)
𝒃

𝒂

𝒅𝒙 

𝛀 = ∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙)
𝝅

𝟎

𝒅𝒙;  (𝟏) 

𝐜𝐨𝐬(𝝅 − 𝒙) = −𝐜𝐨𝐬 𝒙 ⇒ 𝛀 = ∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐−𝐜𝐨𝐬 𝒙)
𝝅

𝟎

𝒅𝒙 = 

= ∫ 𝐜𝐨𝐭−𝟏 (
𝟏

𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙
)

𝝅

𝟎

𝒅𝒙 = ∫ 𝐭𝐚𝐧−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙)
𝝅

𝟎

𝒅𝒙;  (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐): 

𝟐𝛀 = ∫ (𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐−𝐜𝐨𝐬 𝒙) + 𝐭𝐚𝐧−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙))
𝝅

𝟎

𝒅𝒙 =
𝝅

𝟐
∫ 𝒅𝒙
𝝅

𝟎

=
𝝅𝟐

𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 =
𝝅𝟐

𝟒
  

Solution 2 by Ankush Kumar Parcha-India 

∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 = ∫ 𝒇(𝒂 + 𝒃 − 𝒙)
𝒃

𝒂

𝒅𝒙 

𝐭𝐚𝐧−𝟏 𝒙 + 𝐭𝐚𝐧−𝟏 (
𝟏

𝒙
) =

𝝅

𝟐
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𝛀 = ∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬(𝝅−𝒙))
𝝅

𝟎

𝒅𝒙 =  ∫ (
𝝅

𝟐
− 𝐭𝐚𝐧−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬(𝝅−𝒙))) 𝒅𝒙

𝝅

𝟎

= 

=
𝝅𝟐

𝟐
− ∫ 𝐭𝐚𝐧−𝟏 (

𝟏

𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙
)

𝝅

𝟎

𝒅𝒙;   (𝟏) 

𝛀 =
𝝅𝟐

𝟐
−∫ 𝐭𝐚𝐧−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙)

𝝅

𝟎

𝒅𝒙;  (𝟐) 

𝑩𝒚 𝒂𝒅𝒅𝒊𝒏𝒈 (𝟏) 𝒂𝒏𝒅 (𝟐),𝒘𝒆 𝒈𝒆𝒕: 

𝟐𝛀 = 𝝅𝟐 − [∫ 𝐭𝐚𝐧−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙)
𝝅

𝟎

𝒅𝒙 +∫ 𝐭𝐚𝐧−𝟏 (
𝟏

𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙
)

𝝅

𝟎

𝒅𝒙] = 𝝅𝟐 −
𝝅𝟐

𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 =
𝝅𝟐

𝟒
 

Solution 3 by Le Thu-Vietnam 

𝑵𝒐𝒕𝒆: 𝐭𝐚𝐧−𝟏 (
𝟏

𝒙
) = 𝐜𝐨𝐭−𝟏 𝒙 

𝐭𝐚𝐧−𝟏 𝒙 + 𝐜𝐨𝐭−𝟏 𝒙 = {

𝝅

𝟐
; 𝒊𝒇 𝒙 > 0

−
𝝅

𝟐
; 𝒊𝒇 𝒙 < 0

 

𝐭𝐚𝐧−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙) + 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙) =
𝝅

𝟐
, 𝒔𝒊𝒏𝒄𝒆 𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙 > 0 

𝛀 = ∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬(𝝅−𝒙))
𝝅

𝟎

𝒅𝒙 

𝟐𝛀 = ∫ [𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬(𝝅−𝒙)) + 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙)]
𝝅

𝟎

𝒅𝒙 = 

= ∫ [𝐭𝐚𝐧−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙) + 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙)]
𝝅

𝟎

𝒅𝒙 =
𝝅

𝟐
∫ 𝒅𝒙
𝝅

𝟎

=
𝝅𝟐

𝟐
 

 𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 =
𝝅𝟐

𝟒
 

Solution 4 by Hikmat Mammadov-Azerbaijan 

𝛀 = ∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬(𝝅−𝒙))
𝝅

𝟎

𝒅𝒙 =
𝒚=𝝅−𝒙

 

=
𝟏

𝟐
∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐−𝐜𝐨𝐬 𝒙)
𝝅

𝟎

𝒅𝒙 +
𝟏

𝟐
∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐−𝐜𝐨𝐬 𝒚) 𝒅𝒚
𝝅

𝟎

= 
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=
𝟏

𝟐
∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐−𝐜𝐨𝐬 𝒙)
𝝅

𝟎

𝒅𝒙 +
𝟏

𝟐
∫ 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬 𝒙)
𝝅

𝟎

𝒅𝒙 = 

=
𝟏

𝟐
∫ (𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐−𝐜𝐨𝐬 𝒙) + 𝐜𝐨𝐭−𝟏(𝟐𝟎𝟐𝟐𝐜𝐨𝐬𝒙))𝒅𝒙
𝝅

𝟎

=
𝟏

𝟐
∫
𝝅

𝟐

𝝅

𝟎

𝒅𝒙 =
𝝅𝟐

𝟒
 

2043. Prove that: 

𝑰 = ∫ 𝒄𝒔𝒄(𝒙)
𝝅

𝟎

(𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑)𝒅𝒙 =
𝟐𝟏

𝟐
𝝅𝜻(𝟑)  

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Rana Ranino-Setif-Algerie  

𝛀 = ∫
𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑

𝐬𝐢𝐧𝒙
𝒅𝒙

𝝅

𝟎

=
𝒙→𝝅−𝒙

∫
𝝅𝟐𝒙 − 𝒙𝟑

𝐬𝐢𝐧 𝒙
𝒅𝒙

𝝅

𝟎

=
𝑰𝑩𝑷

 

= [(𝝅𝟐𝒙 − 𝒙𝟑) 𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))]

𝟎

𝝅

−∫ (𝝅𝟐 − 𝟑𝒙𝟐) 𝐥𝐨𝐠 (𝐭𝐚𝐧 (
𝒙

𝟐
))𝒅𝒙

𝝅

𝟎

= 

= −𝝅𝟐∫ 𝐥𝐨𝐠 (𝐭𝐚𝐧 (
𝒙

𝟐
))𝒅𝒙

𝟏

𝟎

+ 𝟑∫ 𝒙𝟐 𝐥𝐨𝐠 (𝐭𝐚𝐧 (
𝒙

𝟐
))

𝝅

𝟎

𝒅𝒙 

∫ 𝐥𝐨𝐠 (𝐭𝐚𝐧 (
𝒙

𝟐
))𝒅𝒙

𝝅

𝟎

= 𝟐∫ 𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))

𝝅
𝟐

𝟎

𝒅𝒙 = 𝟎 

𝛀 = 𝟑∫ 𝒙𝟐 𝐥𝐨𝐠 (𝐭𝐚𝐧 (
𝒙

𝟐
))

𝝅

𝟎

𝒅𝒙 = −𝟔∑
𝟏

𝟐𝒏 − 𝟏
∫ 𝒙𝟐 𝐜𝐨𝐬((𝟐𝒏 − 𝟏)𝒙)
𝝅

𝟎

𝒅𝒙

∞

𝒏=𝟏

= 

= −𝟔∑
𝟏

𝟐𝒏 − 𝟏
[
𝒙𝟐 𝐬𝐢𝐧((𝟐𝒏 − 𝟏)𝒙)

𝟐𝒏 − 𝟏
−
𝟐𝐬𝐢𝐧((𝟐𝒏 − 𝟏)𝒙)

(𝟐𝒏 − 𝟏)𝟑
+
𝟐𝒙𝐜𝐨𝐬((𝟐𝒏 − 𝟏)𝒙)

(𝟐𝒏 − 𝟏)𝟐
]
𝟎

𝝅∞

𝒏=𝟏

= 

= −𝟏𝟐𝝅∑
𝐜𝐨𝐬((𝟐𝒏 − 𝟏)𝝅)

(𝟐𝒏 − 𝟏)𝟑

∞

𝒏=𝟏

= 𝟏𝟐𝝅∑
𝟏

(𝟐𝒏 − 𝟏)𝟑

∞

𝒏=𝟏

= 𝟏𝟐𝝅(
𝟕

𝟖
𝜻(𝟑)) =

𝟐𝟏𝝅

𝟐
𝜻(𝟑) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∫
𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑

𝐬𝐢𝐧𝒙
𝒅𝒙

𝝅

𝟎

=
𝟐𝟏𝝅

𝟐
𝜻(𝟑)   

Solution 2 by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫
𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑

𝐬𝐢𝐧𝒙
𝒅𝒙

𝝅

𝟎

=
𝑰𝑩𝑷

[(𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑) 𝐥𝐨𝐠 (𝒕𝒂𝒏 (
𝒙

𝟐
))]

𝟎

𝝅

− 

−∫ (𝟐𝝅𝟐 − 𝟔𝝅𝒙 + 𝟑𝒙𝟐) 𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))

𝝅

𝟎

𝒅𝒙 = 
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= −∫ (𝟐𝝅𝟐 − 𝟔𝝅𝒙 + 𝟑𝒙𝟐) 𝐥𝐨𝐠 (𝒕𝒂𝒏(
𝒙

𝟐
))

𝝅

𝟎

𝒅𝒙 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕:  𝟏𝟐∑
𝐜𝐨𝐬(𝒌𝒙)

𝒌𝟐

∞

𝒌=𝟏

= 𝟐𝝅𝟐 − 𝟔𝝅𝒙 + 𝟑𝒙𝟐 

𝛀 = −𝟏𝟐∑
𝟏

𝒌𝟐
∫ 𝐜𝐨𝐬(𝒌𝒙) 𝐥𝐨𝐠 (𝐭𝐚𝐧 (

𝒙

𝟐
))

𝝅

𝟎

𝒅𝒙

∞

𝒌=𝟏

= −𝟐𝟒∑
𝟏

𝒌𝟐
∫ 𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐭𝐚𝐧𝒙)

𝝅
𝟐

𝟎

𝒅𝒙

∞

𝒌=𝟏

 

= −𝟐𝟒∑
𝟏

𝒌𝟐
[∫ 𝒄𝒐𝒔(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙)𝒅𝒙

𝝅
𝟐

𝟎

− ∫ 𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠(𝐜𝐨𝐬 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙]

∞

𝒌=𝟏

= 

= −𝟐𝟒∑
𝟏

𝒌𝟐
[∫ 𝐜𝐨𝐬(𝟐𝒌𝒙) 𝐥𝐨𝐠 (𝐬𝐢𝐧 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙 − (−𝟏)𝒌∫ 𝐜𝐨𝐬(𝟐𝒌𝝅) 𝐥𝐨𝐠(𝒔𝒊𝒏𝒙)𝒅𝒙

𝝅
𝟐

𝟎

]

∞

𝒌=𝟏

=    

= −𝟐𝟒∑
𝟏+ (−𝟏)𝒌+𝟏

𝒌𝟐

∞

𝒌=𝟏

∫ 𝐜𝐨𝐬(𝟐𝒌𝝅) 𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙 = 

= −𝟐𝟒∑
𝟏+ (−𝟏)𝒌+𝟏

𝒌𝟐

∞

𝒌=𝟏

[
𝐬𝐢𝐧(𝟐𝒌𝒙)

𝟐𝒌
𝐥𝐨𝐠(𝐬𝐢𝐧 𝒙)|

𝟎

𝝅
𝟐

−
𝟏

𝟐𝒌
∫ 𝐬𝐢𝐧(𝟐𝒌𝒙)𝐜𝐨𝐭 𝒙𝒅𝒙

𝝅
𝟐

𝟎

] = 

= 𝟏𝟐∑
𝟏+ (−𝟏)𝒌+𝟏

𝒌𝟑

∞

𝒌=𝟏

∫ 𝐬𝐢𝐧(𝟐𝒌𝒙)

𝝅
𝟐

𝟎

𝐜𝐨𝐭 𝒙𝒅𝒙 = 𝟔𝝅∑[
𝟏

𝒌𝟑
+ (−𝟏)𝒌+𝟏]

∞

𝒌=𝟏

=
𝟐𝟏𝝅

𝟐
𝜻(𝟑) 

𝑵𝒐𝒕𝒆: 𝑰𝒌 = ∫ 𝐬𝐢𝐧 (𝟐𝒌𝒙)

𝝅
𝟐

𝟎

𝐜𝐨𝐭 𝒙𝒅𝒙 =
𝝅

𝟐
 

Solution 3 by Pham Duc Nam-Vietnam 

𝑰 = ∫ 𝒄𝒔𝒄(𝒙)
𝝅

𝟎

(𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 + 𝒙𝟑)𝒅𝒙 =
𝟐𝟏

𝟐
𝝅𝜻(𝟑)  

∗ 𝟐𝝅𝟐𝒙− 𝟑𝝅𝒙𝟐 + 𝒙𝟑 = 𝒙(𝝅 − 𝒙)(𝟐𝝅− 𝒙) ⇒ 𝑰 = ∫ 𝒄𝒔𝒄(𝒙)
𝝅

𝟎

𝒙(𝝅 − 𝒙)(𝟐𝝅− 𝒙)𝒅𝒙 

∗ ∫ 𝒇(𝒙)
𝒃

𝒂

𝒅𝒙 = ∫ 𝒇(𝒂 + 𝒃 − 𝒙)
𝒃

𝒂

𝒅𝒙 ⇒ 𝑰

= ∫ 𝒄𝒔𝒄(𝝅 − 𝒙)
𝝅

𝟎

(𝝅 − 𝒙)(𝝅 − (𝝅 − 𝒙))(𝟐𝝅 − (𝝅 − 𝒙))𝒅𝒙

= ∫ 𝒄𝒔𝒄(𝒙)
𝝅

𝟎

𝒙(𝝅 − 𝒙)(𝝅 + 𝒙)𝒅𝒙 
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⇒ 𝟐𝑰 = ∫ 𝒄𝒔𝒄(𝒙)
𝝅

𝟎

𝒙(𝝅 − 𝒙)(𝝅 + 𝒙)𝒅𝒙+ ∫ 𝒄𝒔𝒄(𝒙)
𝝅

𝟎

𝒙(𝝅 − 𝒙)(𝟐𝝅 − 𝒙)𝒅𝒙

= 𝟑𝝅∫ 𝒄𝒔𝒄(𝒙)
𝝅

𝟎

𝒙(𝝅 − 𝒙)𝒅𝒙 

∗ {
𝑢 = 𝑥(𝝅 − 𝒙)

𝑑𝑣 = 𝒄𝒔𝒄(𝒙) 𝒅𝒙
⇒ {
𝑑𝑢 = −𝟐𝒙 + 𝝅

𝑣 = 𝒍𝒐𝒈𝒕𝒂𝒏
𝒙

𝟐
⇒ 𝟐𝑰

= 𝟑𝝅(𝒙(𝝅 − 𝒙) 𝒍𝒐𝒈𝒕𝒂𝒏
𝒙

𝟐
|
𝟎

𝝅

⏟              
=𝟎

−∫ 𝒍𝒐𝒈𝒕𝒂𝒏
𝒙

𝟐
(−𝟐𝒙 + 𝝅)𝒅𝒙

𝝅

𝟎

) 

∗ 𝝅∫ 𝒍𝒐𝒈𝒕𝒂𝒏
𝒙

𝟐
𝒅𝒙

 𝒕=
𝒙

𝟐
 

→     𝟐𝝅∫ 𝒍𝒐𝒈𝒕𝒂𝒏 𝒕𝒅𝒕 = 𝟎

𝝅
𝟐

𝟎

𝝅

𝟎

 

∗ 𝟐∫ 𝒙
𝝅

𝟎

𝒍𝒐𝒈𝒕𝒂𝒏
𝒙

𝟐
𝒅𝒙

 𝒕=
𝒙

𝟐
 

→     𝟖∫ 𝒕 𝒍𝒐𝒈𝒕𝒂𝒏𝒕𝒅𝒕 = 𝟖∫ 𝒕(𝒍𝒐𝒈𝒔𝒊𝒏 𝒕 − 𝒍𝒐𝒈𝒄𝒐𝒔 𝒕)

𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

𝒅𝒕

= 𝟖∫ 𝒕(− 𝒍𝒐𝒈𝟐 −∑
𝒄𝒐𝒔(𝟐𝒌𝒕)

𝒌

+∞

𝒌=𝟏

+ 𝒍𝒐𝒈𝟐 +∑(−𝟏)𝒌
𝒄𝒐𝒔(𝟐𝒌𝒕)

𝒌

+∞

𝒌=𝟏

)

𝝅
𝟐

𝟎

𝒅𝒕 

= 𝟖(−∑∫ 𝒕
𝒄𝒐𝒔(𝟐𝒌𝒕)

𝒌
𝒅𝒕 +∑∫ (−𝟏)𝒌𝒕

𝒄𝒐𝒔(𝟐𝒌𝒕)

𝒌
𝒅𝒕

𝝅
𝟐

𝟎

+∞

𝒌=𝟏

𝝅
𝟐

𝟎

+∞

𝒌=𝟏

)

= 𝟖(−∑(
𝝅

𝟒
.
𝒔𝒊𝒏(𝝅𝒌)

𝒌𝟐
+
𝒄𝒐𝒔(𝝅𝒌)

𝟒𝒌𝟑
−
𝟏

𝟒𝒌𝟑
)

+∞

𝒌=𝟏

+∑(−𝟏)𝒌 (
𝝅

𝟒
.
𝒔𝒊𝒏(𝝅𝒌)

𝒌𝟐
+
𝒄𝒐𝒔(𝝅𝒌)

𝟒𝒌𝟑
−
𝟏

𝟒𝒌𝟑
)

+∞

𝒌=𝟏

) 

= 𝟖(
𝟑

𝟏𝟔
𝜻(𝟑) +

𝟏

𝟒
𝜻(𝟑) +

𝟏

𝟒
𝜻(𝟑) +

𝟑

𝟏𝟔
𝜻(𝟑)) = 𝟖.

𝟕

𝟖
𝜻(𝟑) = 𝟕𝜻(𝟑) 

⇒ 𝟐𝑰 = 𝟑𝝅(𝟕𝜻(𝟑)) = 𝟐𝟏𝝅𝜻(𝟑) ⇒ 𝑰 =
𝟐𝟏

𝟐
𝝅𝜻(𝟑)  

Solution 4 by Max Wong –Hong Kong 

𝛀 = ∫ 𝐜𝐬𝐜𝒙 (𝟐𝝅𝟐𝒙
𝝅

𝟎

− 𝟑𝝅𝒙𝟐 + 𝒙𝟑) 𝒅𝒙 = 

= ∫ 𝐜𝐬𝐜(𝝅 − 𝒙) (𝟐𝝅𝟐(𝝅 − 𝒙) − 𝟑𝝅(𝝅 − 𝒙)𝟐 + (𝝅 − 𝒙)𝟐)
𝝅

𝟎

𝒅𝒙 = 

= ∫ 𝐜𝐬𝐜𝒙 (𝝅𝟐𝒙 − 𝒙𝟑)
𝝅

𝟎

𝒅𝒙 
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𝟐𝛀 = ∫ 𝐜𝐬𝐜𝒙 ((𝟐𝝅𝟐𝒙 − 𝟑𝝅𝒙𝟐 − 𝒙𝟑) + (𝝅𝟐𝒙 − 𝒙𝟑)) 𝒅𝒙
𝝅

𝟎

 

𝛀 =
𝟑

𝟐
∫
𝝅𝟐𝒙 − 𝝅𝒙𝟐

𝐬𝐢𝐧𝒙

𝝅

𝟎

𝒅𝒙 =
𝟑𝝅

𝟐
∫
𝒙(𝝅 − 𝒙)

𝐬𝐢𝐧𝒙
𝒅𝒙

𝝅

𝟎

= 

= 𝟑𝝅𝒊∫
𝒙(𝝅 − 𝒙)

𝒆𝒊𝒙 − 𝒆−𝒊𝒙
𝒅𝒙

𝝅

𝟎

= 𝟑𝝅𝒊∫ 𝒙(𝝅 − 𝒙)∑𝒆−𝒊𝒙(𝒆−𝟐𝒊𝒙)𝒌
∞

𝒌=𝟎

𝒅𝒙
𝝅

𝟎

 

𝑵𝒐𝒕𝒆 𝒕𝒉𝒂𝒕 ∫ 𝒙(𝝅 − 𝒙) |∑𝒆−𝒊𝒙(𝒆−𝟐𝒊𝒙)𝒌
∞

𝒌=𝟎

| 𝒅𝒙
𝝅

𝟎

 𝒆𝒙𝒊𝒔𝒕𝒔, 𝒕𝒉𝒆𝒏 𝒃𝒚 𝑭𝒖𝒃𝒊𝒏𝒊′𝒔 𝒕𝒉𝒆𝒐𝒓𝒆𝒎: 

𝛀 = 𝟑𝝅𝒊∑𝒙(𝝅− 𝒙)𝒆−(𝟐𝒌+𝟏)𝒊𝒙
∞

𝒌=𝟎

𝒅𝒙 = 

= −∫
𝒆−(𝟐𝒌+𝟏)𝒊𝒙

−(𝟐𝒌 + 𝟏)𝒊
⋅ (𝝅 − 𝟐𝒙)𝒅𝒙

𝝅

𝟎

= 

=
𝟏

(𝟐𝒌 + 𝟏)𝒊
((𝝅 − 𝟐𝒙)(

𝒆−(𝟐𝒌+𝟏)𝒊𝒙

−(𝟐𝒌 + 𝟏)𝒊
|
𝟎

𝝅

− ∫
𝒆−𝟐(𝟐𝒌+𝟏)𝒊𝒙

−(𝟐𝒌 + 𝟏)𝒊
(−𝟐𝒅𝒙)

𝝅

𝟎

) = 

=
𝟏

(𝟐𝒌 + 𝟏)𝒊
(−𝝅(−𝟏) − 𝝅(𝟏)) +

𝟐

(𝟐𝒌 + 𝟏)𝟐
𝒆−(𝟐𝒌+𝟏)𝒊𝒙

−(𝟐𝒌 + 𝟏)𝒊
|
𝟎

𝝅

=
𝟒

(𝟐𝒌 + 𝟏)𝟑𝒊
 

𝛀 = 𝟏𝟐𝝅∑
𝟏

(𝟐𝒌 + 𝟏)𝟑

∞

𝒌=𝟎

= 𝟏𝟐𝝅(
𝟕

𝟖
) 𝜻(𝟑) =

𝟐𝟏𝝅

𝟑
𝜻(𝟑)   

2044. Prove that: 

∫ 𝐜𝐬𝐜(𝒙) 𝐜𝐨𝐬𝐡(𝒂 𝐜𝐨𝐬 𝒙) 𝐬𝐢𝐧(𝒂 𝐬𝐢𝐧 𝒙)
𝝅

𝟎

𝒅𝒙 = 𝝅 𝐬𝐢𝐧𝐡(𝒂) 

Proposed by Asmat Qatea-Afghanistan 
Solution by Bui Hong Suc-Vietnam 
 

𝛀 = ∫ 𝐜𝐬𝐜(𝒙) 𝐜𝐨𝐬𝐡(𝒂 𝐜𝐨𝐬 𝒙) 𝐬𝐢𝐧(𝒂 𝒔𝒊𝒏𝒙)
𝝅

𝟎

𝒅𝒙 = ∫
𝐜𝐨𝐬(𝒊𝒂 𝒄𝒐𝒔 𝒙) ⋅ 𝐬𝐢𝐧(𝒂 𝒔𝒊𝒏𝒙)

𝐬𝐢𝐧 𝒙
𝒅𝒙

𝝅

𝟎

= 

=
𝟏

𝟐
∫

𝟏

𝐬𝐢𝐧𝒙
(𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧𝒙 + 𝒊 𝐜𝐨𝐬 𝒙)) + 𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧𝒙 − 𝒊 𝐜𝐨𝐬 𝒙)))𝒅𝒙

𝝅

𝟎

= 

=
𝟏

𝟐
∫
𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧 𝒙 + 𝒊 𝐜𝐨𝐬 𝒙))

𝐬𝐢𝐧 𝒙

𝝅

𝟎

𝒅𝒙 +
𝟏

𝟐
∫
𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧 𝒙 − 𝒊 𝐜𝐨𝐬 𝒙))

𝐬𝐢𝐧 𝒙

𝝅

𝟎

𝒅𝒙 = 

= 𝑰𝟏 + 𝑰𝟐 

𝑰𝟐 =
𝟏

𝟐
∫
𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧𝒙 − 𝒊 𝐜𝐨𝐬 𝒙))

𝐬𝐢𝐧 𝒙

𝝅

𝟎

𝒅𝒙 =
𝒙→𝝅−𝒙 𝟏

𝟐
∫
𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧 𝒙 + 𝒊 𝐜𝐨𝐬 𝒙))

𝐬𝐢𝐧 𝒙

𝝅

𝟎

𝒅𝒙 = 𝑰𝟏 
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𝛀 = ∫
𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧𝒙 + 𝒊 𝐜𝐨𝐬 𝒙))

𝐬𝐢𝐧 𝒙

𝝅

𝟎

𝒅𝒙 =
𝒙→𝝅+𝒙

∫
𝐬𝐢𝐧 (𝒂(𝐬𝐢𝐧(𝝅 + 𝒙) + 𝒊 𝐜𝐨𝐬(𝝅 + 𝒙))

𝐬𝐢𝐧(𝝅 + 𝒙)
𝒅𝒙

𝟐𝝅

𝝅

= 

= ∫
𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧𝒙 + 𝒊 𝐜𝐨𝐬 𝒙))

𝐬𝐢𝐧 𝒙

𝟐𝝅

𝝅

𝒅𝒙 

𝟐𝛀 = ∫
𝐬𝐢𝐧(𝒂(𝐬𝐢𝐧𝒙 + 𝒊 𝐜𝐨𝐬 𝒙))

𝐬𝐢𝐧 𝒙
𝒅𝒙

𝟐𝝅

𝟎

 

𝑳𝒆𝒕 𝒛 = 𝐬𝐢𝐧 𝒙 + 𝒊 𝐜𝐨𝐬 𝒙 , 𝒙 ∈ [𝟎, 𝟐𝝅] ⊂ 𝑪, 𝒅𝒛 = −𝒊𝒛 𝒅𝒙, 𝒕𝒉𝒆𝒏 

 𝒅𝒙 =
𝒅𝒛

𝒊𝒛
 𝒂𝒏𝒅𝐬𝐢𝐧 𝒙 =

𝟏

𝟐
(𝒛 +

𝟏

𝒛
) 

𝟐𝛀 = ∮
𝐬𝐢𝐧(𝒂𝒛)

𝟏
𝟐 (𝒛 +

𝟏
𝒛)
⋅
𝒅𝒛

𝒊𝒛𝑪

= 𝟐∮
𝐬𝐢𝐧(𝒂𝒛)

𝒊(𝒛𝟐 + 𝟏)𝑪

𝒅𝒛 

𝛀 = ∮
𝐬𝐢𝐧(𝒂𝒛)

𝒊(𝒛𝟐 + 𝟏)
𝒅𝒛

𝑪

= 𝝅𝒊(𝑹𝒆𝒔𝒛=𝒊 (
𝐬𝐢𝐧(𝒂𝒛)

𝒊(𝒛𝟐 + 𝟏)
) + 𝑹𝒆𝒔𝒛=−𝒊 (

𝐬𝐢𝐧(𝒂𝒛)

𝒊(𝒛𝟐 + 𝟏)
)) = 

= 𝝅𝒊 (
𝐬𝐢𝐧(𝒊𝒂)

𝟐𝒊 ⋅ 𝒊
+
𝐬𝐢𝐧(−𝒊𝒂)

−𝟐𝒊 ⋅ 𝒊
) = 𝝅(

𝐬𝐢𝐧𝐡(𝒂)

𝟐
+
𝐬𝐢𝐧𝐡(𝒂)

𝟐
) = 𝝅 𝐬𝐢𝐧𝐡(𝒂)    

2045. Prove that: 

∫𝐱𝐚𝐫𝐜𝐭𝐚𝐧 (
𝐬𝐢𝐧𝐱

𝟐 + 𝐜𝐨𝐬𝐱
)

𝛑

𝟎

𝐝𝐱 =
𝛑𝟑

𝟏𝟐
−
𝛑

𝟐
𝐥𝐨𝐠𝟐(𝟐) 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Bui Hong Suc-Vietnam 

𝛀 = ∫ 𝒙 𝒂𝒓𝒄𝒕𝒂𝒏 (
𝐬𝐢𝐧𝒙

𝟐 + 𝐜𝐨𝐬 𝒙
)𝒅𝒙

𝝅

𝟎

=
𝟏

𝟐
∫ 𝒂𝒓𝒄𝒕𝒂𝒏 (

𝐬𝐢𝐧𝒙

𝟐 + 𝐜𝐨𝐬 𝒙
)𝒅(𝒙𝟐)

𝝅

𝟎

= 

= [
𝟏

𝟐
𝒙𝟐 𝐚𝐫𝐜𝐭𝐚𝐧 (

𝒔𝒊𝒏 𝒙

𝟐 + 𝒄𝒐𝒔 𝒙
)]
𝟎

𝝅

−
𝟏

𝟐
∫ 𝒙𝟐 ⋅

𝟏 + 𝟐 𝐜𝐨𝐬 𝒙

𝟓 + 𝟒 𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎

= 

= −
𝟏

𝟒
∫ 𝒙𝟐 ⋅

𝟓 + 𝟒 𝐜𝐨𝐬 𝒙 − 𝟑

𝟓 + 𝟒 𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎

= −
𝟏

𝟒
∫ 𝒙𝟐
𝝅

𝟎

𝒅𝒙 +
𝟑

𝟒
∫

𝒙𝟐

𝟓 + 𝟒𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎

= 

= −
𝝅𝟑

𝟏𝟐
+
𝟑

𝟒
𝑰𝟏, 𝒘𝒉𝒆𝒓𝒆 𝑰𝟏 = ∫

𝒙𝟐

𝟓 + 𝟒𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎
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𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚:
𝒂𝟐 − 𝒃𝟐

𝒂𝟐 + 𝒃𝟐 − 𝟐𝒂𝒃 𝐜𝐨𝐬 𝒙
= 𝟏 + 𝟐∑(

𝒃

𝒂
)
𝒏

𝐜𝐨𝐬(𝒏𝒙)

∞

𝒏=𝟏

; |𝒃| < 𝑎 

𝒇𝒐𝒓 𝒂 = 𝟐, 𝒃 = −𝟏 𝒂𝒏𝒅
𝟑

𝟓 + 𝟒𝐜𝐨𝐬 𝒙
= 𝟏 + 𝟐∑(−

𝟏

𝟐
)
𝒏

𝐜𝐨𝐬(𝒏𝒙)

∞

𝒏=𝟏

 

𝑰𝟏 =
𝟏

𝟑
∫

𝟑𝒙𝟐

𝟓 + 𝟒𝐜𝐨𝐬 𝒙
𝒅𝒙

𝝅

𝟎

=
𝟏

𝟑
∫ [𝒙𝟐 + 𝟐∑(−

𝟏

𝟐
)
𝒏

𝒙𝟐 𝐜𝐨𝐬(𝒏𝒙)

∞

𝒏=𝟏

] 𝒅𝒙
𝝅

𝟎

= 

=
𝝅𝟑

𝟗
+
𝟐

𝟑
∑(−

𝟏

𝟐
)
𝒏

∫ 𝒙𝟐 𝐜𝐨𝐬(𝒏𝒙)
𝝅

𝟎

𝒅𝒙

∞

𝒏=𝟏

= 

=
𝝅𝟑

𝟗
+
𝟐

𝟑
⋅ 𝟐∑

𝐜𝐨𝐬(𝒏𝝅)

𝒏𝟐
⋅ 𝝅

∞

𝒏=𝟏

=
𝝅𝟑

𝟗
+
𝟒

𝟑
∑
(
𝟏
𝟐)

𝒏

𝒏𝟐
⋅ 𝝅

∞

𝒏=𝟏

=
𝝅𝟑

𝟗
+
𝟒𝝅

𝟑
⋅ 𝑳𝒊𝟐 (

𝟏

𝟐
) 

𝛀 = −
𝝅𝟑

𝟏𝟐
+
𝟑

𝟒
(
𝝅𝟑

𝟗
+
𝟒𝝅

𝟑
𝑳𝒊𝟐 (

𝟏

𝟐
)) = 𝝅𝑳𝒊𝟐 (

𝟏

𝟐
) =

𝝅𝟑

𝟏𝟐
−
𝝅𝟐

𝟐
𝐥𝐨𝐠𝟐(𝟐)  

Solution 2 by Le Thu-Vietnam 

𝑫𝒆𝒇𝒊𝒏𝒆: 𝛀(𝒂) = ∫ 𝒙 𝒂𝒓𝒄𝒕𝒂𝒏 (
𝐬𝐢𝐧 𝒙

𝒂 + 𝐜𝐨𝐬 𝒙
)𝒅𝒙

𝝅

𝟎

; 𝛀(𝟏) =
𝝅𝟑

𝟔
,𝛀(𝟐) = 𝛀 

𝛀′(𝒂) = ∫ −
𝒙𝐬𝐢𝐧𝒙

𝒂𝟐 + 𝟐𝒂𝐜𝐨𝐬 𝒙 + 𝟏

𝝅

𝟎

𝒅𝒙 =
𝟏

𝒂
∫ 𝒙

−𝒂𝐬𝐢𝐧 𝒙

𝒂𝟐 + 𝟐𝒂 𝐜𝐨𝐬 𝒙 + 𝟏
𝒅𝒙

𝝅

𝟎

 

𝑹𝒆𝒄𝒂𝒍𝒍:
𝒄𝒅 𝐬𝐢𝐧 𝒙

𝒅𝟐 − 𝟐𝒄𝒅𝐜𝐨𝐬 𝒙 + 𝒄𝟐
= ∑(

𝒄

𝒅
)
𝒏

𝐬𝐢𝐧(𝒏𝒙)

∞

𝒏=𝟏

 

𝑷𝒓𝒐𝒐𝒇: 𝑪𝒐𝒏𝒔𝒊𝒅𝒆𝒓 𝚿 = ∑(
𝒄

𝒅
𝒆𝒊𝒙)

𝒏
∞

𝒏=𝟏

=
𝒄𝒆𝒊𝒙

𝒅 − 𝒄𝒆𝒊𝒙
 

𝑮𝒆𝒐𝒎𝒆𝒕𝒓𝒊𝒄 𝒔𝒆𝒓𝒊𝒆𝒔 𝒘𝒉𝒆𝒓𝒆 |𝒄| < |𝒅| 𝒂𝒏𝒅 𝒄, 𝒅 ∈ ℝ − {𝟎} 

𝑻𝒂𝒌𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒑𝒂𝒓𝒕 𝒐𝒇 𝚿,𝒘𝒆 𝒘𝒊𝒍𝒍 𝒈𝒆𝒕 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒓𝒆𝒔𝒖𝒍𝒕. 

𝑷𝒖𝒕 𝒄 = −𝟏 𝒂𝒏𝒅 𝒅 = 𝒂,𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏: 

∫ 𝒙
−𝒂𝐬𝐢𝐧 𝒙

𝒂𝟐 + 𝟐𝒂𝐜𝐨𝐬 𝒙 + 𝟏
𝒅𝒙

𝝅

𝟎

= ∑[(−
𝟏

𝒂
)
𝒏

∫ 𝒙𝐬𝐢𝐧(𝒏𝒙)
𝝅

𝟎

𝒅𝒙]

∞

𝒏=𝟏

= 
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= ∑[(−
𝟏

𝒂
)
𝒏

⋅
𝐬𝐢𝐧(𝒏𝒙) − 𝒏𝒙 𝐜𝐨𝐬(𝒏𝒙)

𝒏𝟐
]
𝟎

𝝅∞

𝒏=𝟏

= −𝝅∑
(
𝟏
𝒂)

𝒏

𝒏

∞

𝒏=𝟏

= 𝝅𝐥𝐨𝐠 (𝟏 −
𝟏

𝒂
) 

𝑺𝒊𝒏𝒄𝒆: 𝐬𝐢𝐧(𝒏𝝅) = 𝟎; (∀)𝒏 ∈ ℕ 𝒂𝒏𝒅 |𝒂| > 1.𝐻𝑒𝑛𝑐𝑒: 

𝛀(𝒂) = 𝝅∫
𝐥𝐨𝐠 (𝟏 −

𝟏
𝒂)

𝒂
𝒅𝒂 = 𝝅 𝐥𝐨𝐠 |

𝒂 − 𝟏

𝒂
| 𝐥𝐨𝐠|𝒂| − 𝝅𝑳𝒊𝟐 (

𝒂 − 𝟏

𝒂
) + 𝑪 

𝑷𝒖𝒕 𝒂 = 𝟏:
𝝅𝟑

𝟔
= 𝝅 ⋅ 𝟎 − 𝝅𝑳𝒊𝟐(𝟎) + 𝑪 ⇒ 𝑪 =

𝝅𝟑

𝟔
.𝑯𝒆𝒏𝒄𝒆, 

𝛀 = 𝛀(𝟐) = 𝝅 𝐥𝐨𝐠 (
𝟏

𝟐
) 𝐥𝐨𝐠(𝟐) − 𝝅𝑳𝒊𝟐 (

𝟏

𝟐
) +

𝝅𝟑

𝟔
=
𝝅𝟑

𝟏𝟐
−
𝝅 𝐥𝐨𝐠𝟐(𝟐)

𝟐
 

𝑵𝒐𝒕𝒆: 𝑳𝒊𝟐(𝟎) = 𝟎 𝒂𝒏𝒅 𝑳𝒊𝟐 (
𝟏

𝟐
) =

𝝅𝟐

𝟏𝟐
−
𝐥𝐨𝐠𝟐(𝟐)

𝟐
   

Solution 3 by Togrul Ehmedov-Azerbaijan  

𝐈 = ∫ 𝐱𝐚𝐫𝐜𝐭𝐚𝐧 (
𝐬𝐢𝐧𝐱

𝟐 + 𝐜𝐨𝐬𝐱
)

𝛑

𝟎

𝐝𝐱
𝐈𝐁𝐏

=
[
𝐱𝟐

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝐬𝐢𝐧𝐱

𝟐 + 𝐜𝐨𝐬𝐱
)]
𝟎

𝛑

−
𝟏

𝟐
∫ 𝐱𝟐

𝟏 + 𝟐𝐜𝐨𝐬𝐱

𝟓 + 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱

= −
𝟏

𝟐
∫𝐱𝟐

𝟏 + 𝟐𝐜𝐨𝐬𝐱

𝟓 + 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱 = −
𝟏

𝟒
∫ 𝐱𝟐
𝛑

𝟎

𝐝𝐱 +
𝟑

𝟒
∫

𝐱𝟐

𝟓 + 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱

= −
𝛑𝟑

𝟏𝟐
+
𝟑

𝟒
∫

𝐱𝟐

𝟓 + 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱 

𝐈𝟏 = ∫
𝐱𝟐

𝟓 + 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱 = ∫
(𝛑 − 𝐱)𝟐

𝟓 + 𝟒𝐜𝐨𝐬(𝛑 − 𝐱)

𝛑

𝟎

𝐝𝐱

= 𝛑𝟐∫
𝐝𝐱

𝟓 − 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

− 𝟐𝛑∫
𝐱

𝟓 − 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱 +∫
𝐱𝟐

𝟓 − 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱

=
𝛑𝟑

𝟑
− 𝟐𝛑(

𝛑𝟐

𝟔
+
𝟐

𝟑
∑
(−𝟏)𝐤

𝐤𝟐
(
𝟏

𝟐
)
𝐤∞

𝐤=𝟏

−
𝟐

𝟑
∑

𝟏

𝐤𝟐
(
𝟏

𝟐
)
𝐤∞

𝐤=𝟏

)

+ (
𝛑𝟑

𝟗
+
𝟒𝛑

𝟑
∑
(−𝟏)𝐤

𝐤𝟐
(
𝟏

𝟐
)
𝐤∞

𝐤=𝟏

) =
𝛑𝟑

𝟗
+
𝟒𝛑

𝟑
∑

𝟏

𝐤𝟐
(
𝟏

𝟐
)
𝐤∞

𝐤=𝟏

=
𝛑𝟑

𝟗
+
𝟒𝛑

𝟑
𝐋𝐢𝟐 (

𝟏

𝟐
)

=
𝟐𝛑𝟑

𝟗
−
𝟐𝛑

𝟑
𝐥𝐨𝐠𝟐(𝟐) 

𝐈 = −
𝛑𝟑

𝟏𝟐
+
𝟑

𝟒
𝐈𝟏 =

𝛑𝟑

𝟏𝟐
−
𝛑

𝟐
𝐥𝐨𝐠𝟐(𝟐) 

We know that 
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𝐖𝐞 𝐤𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 𝟏 + 𝟐∑𝐩𝐤 𝐜𝐨𝐬(𝐤𝐱)

∞

𝐤=𝟏

=
𝟏− 𝐩𝟐

𝟏 − 𝟐𝐩𝐜𝐨𝐬𝐱 + 𝐩𝟐
 𝒕𝒉𝒆𝒏… 

𝟏

𝟓 − 𝟒𝐜𝐨𝐬𝐱
=
𝟏

𝟑
+
𝟐

𝟑
∑(

𝟏

𝟐
)
𝐤

𝐜𝐨𝐬(𝐤𝐱)

∞

𝐤=𝟏

 

𝑵𝒐𝒕𝒆 ∫
𝐝𝐱

𝟓 − 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

=
𝛑

𝟑
 

∫
𝐱

𝟓− 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱 =
𝛑𝟐

𝟔
+
𝟐

𝟑
∑(

𝟏

𝟐
)
𝐤∞

𝐤=𝟏

∫𝐱𝐜𝐨𝐬(𝐤𝐱)

𝛑

𝟎

𝐝𝐱 =
𝛑𝟐

𝟔
+
𝟐

𝟑
∑(

𝟏

𝟐
)
𝐤∞

𝐤=𝟏

[
(−𝟏)𝐤

𝐤𝟐
−
𝟏

𝐤𝟐
]

=
𝛑𝟐

𝟔
+
𝟐

𝟑
∑
(−𝟏)𝐤

𝐤𝟐
(
𝟏

𝟐
)
𝐤∞

𝐤=𝟏

−
𝟐

𝟑
∑

𝟏

𝐤𝟐
(
𝟏

𝟐
)
𝐤∞

𝐤=𝟏

 

∫
𝐱𝟐

𝟓 − 𝟒𝐜𝐨𝐬𝐱

𝛑

𝟎

𝐝𝐱 =
𝛑𝟑

𝟗
+
𝟐

𝟑
∑(

𝟏

𝟐
)
𝐤∞

𝐤=𝟏

∫𝐱𝟐𝐜𝐨𝐬(𝐤𝐱)

𝛑

𝟎

𝐝𝐱 =
𝛑𝟑

𝟗
+
𝟒𝛑

𝟑
∑
(−𝟏)𝐤

𝐤𝟐
(
𝟏

𝟐
)
𝐤∞

𝐤=𝟏

 

2046. Prove that: 

𝑰 = ∫
𝒍𝒐𝒈(𝒙) 𝒍𝒐𝒈(− 𝒍𝒐𝒈(𝒙))

𝟏 − 𝒙

𝟏

𝟎

𝒅𝒙 = 𝜻(𝟐)(𝟏𝟐 𝒍𝒐𝒈(𝑨) − 𝒍𝒐𝒈(𝟐𝝅) − 𝟏) 

𝑨-Glaisher Kinkelin constant 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Pham Duc Nam-Vietnam 

∗ 𝒕 = − 𝒍𝒐𝒈(𝒙) ⇒ 𝒙 = 𝒆−𝒕 ⇒ 𝒅𝒙 = −𝒆−𝒕𝒅𝒕 ⇒ 𝑰 = ∫
−𝒕 𝒍𝒐𝒈(𝒕)

𝟏 − 𝒆−𝒕
𝒆−𝒕𝒅𝒕

+∞

𝟎

 

= ∫ −𝒕 𝒍𝒐𝒈(𝒕)∑𝒆−𝒕(𝒌+𝟏)
+∞

𝒌=𝟎

𝒅𝒕
+∞

𝟎

= −∑∫ 𝒕 𝒍𝒐𝒈(𝒕) 𝒆−𝒕(𝒌+𝟏)
+∞

𝟎

𝒅𝒕

+∞

𝒌=𝟎

= −∑∫ 𝒕 𝒍𝒐𝒈(𝒕) 𝒆−𝝋𝒕
+∞

𝟎

𝒅𝒕

+∞

𝒌=𝟎

(𝝋 = 𝒌 + 𝟏) 

∗ 𝑲 = ∫ 𝒕 𝒍𝒐𝒈(𝒕) 𝒆−𝝋𝒕
+∞

𝟎

𝒅𝒕 = ∫ 𝒕𝒆−𝝋𝒕
+∞

𝟎

(∫
𝒆−𝒖 − 𝒆−𝒕𝒖

𝒖
𝒅𝒖

+∞

𝟎

)𝒅𝒕

= ∫
𝟏

𝒖

+∞

𝟎

(∫ (𝒆−𝒖−𝝋𝒕 − 𝒆−𝒕(𝒖+𝝋))𝒕𝒅𝒕
+∞

𝟎

)𝒅𝒖 
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= ∫
𝟏

𝒖

+∞

𝟎

(
𝒆−𝒖

𝝋𝟐
−

𝟏

(𝒖 +𝝋)𝟐
)𝒅𝒖 =

𝟏

𝝋𝟐
∫

𝒆−𝒖

𝒖

+∞

𝜺

𝒅𝒖 − ∫
𝟏

𝒖(𝒖 + 𝝋)𝟐

+∞

𝜺

𝒅𝒖 (𝑾𝒆 𝒇𝒊𝒙 𝜺 > 0) 

∗
𝟏

𝝋𝟐
∫

𝒆−𝒖

𝒖

+∞

𝜺

𝒅𝒖 =
𝟏

𝝋𝟐
(𝒆−𝒖 𝒍𝒐𝒈(𝒖)|𝜺

+∞ +∫ 𝒆−𝒖 𝒍𝒐𝒈(𝒖)𝒅𝒖
+∞

𝜺

)

=
𝟏

𝝋𝟐
(−𝒆−𝜺 𝒍𝒐𝒈(𝜺) + ∫ 𝒆−𝒖 𝒍𝒐𝒈(𝒖)

+∞

𝜺

𝒅𝒖) 

∗ ∫
𝟏

𝒖(𝒖 +𝝋)𝟐

+∞

𝜺

𝒅𝒖 =
𝒍𝒐𝒈(

𝒖
𝒖 + 𝝋)

𝝋𝟐
+

𝟏

𝝋(𝒖 +𝝋)
|

𝜺

+∞

= −
𝒍𝒐𝒈

𝜺
𝜺 + 𝝋

𝝋𝟐
−

𝟏

𝝋(𝜺 + 𝝋)
 

⇒ ∫
𝟏

𝒖

+∞

𝜺

(
𝒆−𝒖

𝝋𝟐
−

𝟏

(𝒖 + 𝝋)𝟐
)𝒅𝒖

=
𝟏

𝝋𝟐
(−𝒆−𝜺 𝒍𝒐𝒈(𝜺) + ∫ 𝒆−𝒖 𝒍𝒐𝒈(𝒖)𝒅𝒖

+∞

𝜺

) +
𝒍𝒐𝒈

𝜺
𝜺 + 𝝋

𝝋𝟐
+

𝟏

𝝋(𝜺 + 𝝋)

=
−𝒆−𝜺 𝒍𝒐𝒈(𝜺) + 𝒍𝒐𝒈

𝜺
𝜺 + 𝝋

𝝋𝟐
+
𝟏

𝝋𝟐
∫ 𝒆−𝒖 𝒍𝒐𝒈(𝒖)𝒅𝒖
+∞

𝜺

+
𝟏

𝝋(𝜺 + 𝝋)
 

⇒ 𝑳𝒆𝒕: 𝜺 → 𝟎+ ⇒ 𝑲 =
− 𝒍𝒐𝒈(𝝋) − 𝜸 + 𝟏

𝝋𝟐
⇒ 𝑰 =∑

𝒍𝒐𝒈(𝒌 + 𝟏) + (𝜸 − 𝟏)

(𝒌 + 𝟏)𝟐

+∞

𝒌=𝟎

=
𝝅𝟐

𝟔
(𝜸 − 𝟏) +∑

𝒍𝒐𝒈(𝒌 + 𝟏)

(𝒌 + 𝟏)𝟐
=

+∞

𝒌=𝟎

𝝅𝟐

𝟔
(𝜸 − 𝟏) +∑

𝒍𝒐𝒈(𝒏)

𝒏𝟐
=

+∞

𝒏=𝟐

𝝅𝟐

𝟔
(𝜸 − 𝟏)

+
𝝅𝟐

𝟔
(𝟏𝟐 𝒍𝒐𝒈𝑨 − 𝜸 − 𝒍𝒐𝒈(𝟐𝝅)) 

=
𝝅𝟐

𝟔
(𝟏𝟐 𝒍𝒐𝒈𝑨 − 𝒍𝒐𝒈(𝟐𝝅) − 𝟏) = 𝜻(𝟐)(𝟏𝟐 𝒍𝒐𝒈(𝑨) − 𝒍𝒐𝒈(𝟐𝝅) − 𝟏)  

𝑵𝑶𝑻𝑬𝑺: 

∗ 𝒍𝒐𝒈(𝒙) = ∫
𝒆−𝒖 − 𝒆−𝒙𝒖

𝒖
𝒅𝒖

+∞

𝟎

 (Frullani integral) 

∗ ∫ 𝒆−𝒙 𝒍𝒐𝒈(𝒙)𝒅𝒙 = −𝜸
+∞

𝟎

 

∗∑
𝒍𝒐𝒈(𝒏)

𝒏𝟐
=

+∞

𝒏=𝟐

𝝅𝟐

𝟔
(𝟏𝟐 𝒍𝒐𝒈𝑨 − 𝜸 − 𝒍𝒐𝒈(𝟐𝝅)) 
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∗∑
𝟏

𝒏𝟐
=

+∞

𝒏=𝟏

𝝅𝟐

𝟔
= 𝜻(𝟐) 

Solution 2 by Rana Ranino-Setif-Algerie 

𝛀 = ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(− 𝐥𝐨𝐠(𝒙))

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

=
𝒙=𝒆−𝒕

−∫
𝒕 𝐥𝐨𝐠(𝒕)

𝟏 − 𝒆−𝒕
𝒆−𝒕

∞

𝟎

𝒅𝒕 = 

= −∑𝒕 𝐥𝐨𝐠(𝒕) 𝒆−𝒏𝒕
∞

𝒏=𝟏

𝒅𝒕 = −∑𝑳{𝒕 𝐥𝐨𝐠(𝒕)}(𝒏)

∞

𝒏=𝟏

 

𝑳{𝒕 𝐥𝐨𝐠(𝒕)}(𝒏) = −
𝒅

𝒅𝒏
𝑳{𝐥𝐨𝐠(𝒕)}(𝒏) =

𝒅

𝒅𝒏
(
𝜸 + 𝐥𝐨𝐠(𝒏)

𝒏
) =

𝟏 − 𝜸 − 𝐥𝐨𝐠(𝒏)

𝒏𝟐
 

𝛀 = ∑
𝜸− 𝟏 + 𝐥𝐨𝐠(𝒏)

𝒏𝟐

∞

𝒏=𝟏

= (𝜸 − 𝟏)∑
𝟏

𝒏𝟐

∞

𝒏=𝟏

+∑
𝐥𝐨𝐠(𝒏)

𝒏𝟐

∞

𝒏=𝟏

= 

= (𝜸 − 𝟏)𝜻(𝟐) +∑
𝐥𝐨𝐠(𝒏)

𝒏𝟐

∞

𝒏=𝟐

 

∑
𝐥𝐨𝐠(𝒏)

𝒏𝟐

∞

𝒏=𝟐

= − 𝐥𝐢𝐦
𝒔→𝟐

𝒅

𝒅𝒔
∑

𝟏

𝒏𝒔

∞

𝒏=𝟐

= −𝜻′(𝟐) 

𝜻′(𝟐) = (𝜸 + 𝐥𝐨𝐠(𝟐𝝅) − 𝟏𝟐 𝐥𝐨𝐠(𝑨))𝜻(𝟐)

= (𝜸 − 𝟏)𝜻(𝟐) − (𝜸 + 𝐥𝐨𝐠(𝟐𝝅) − 𝟏𝟐 𝐥𝐨𝐠(𝑨))𝜻(𝟐)   

𝛀 = ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(− 𝐥𝐨𝐠(𝒙))

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

= 𝜻(𝟐)(𝟏𝟐 𝐥𝐨𝐠(𝑨) − 𝐥𝐨𝐠(𝟐𝝅) − 𝟏) 

Solution 3 by Ngulmun George Baite-India 

𝛀 = ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(− 𝐥𝐨𝐠(𝒙))

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

= ∑∫ 𝒙𝒏 𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(− 𝒍𝒐𝒈(𝒙))
𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟎

=
− 𝐥𝐨𝐠(𝒙)=𝒖

 

= ∑∫ 𝒆−𝒏𝒖 𝐥𝐨𝐠(𝒆−𝒖) 𝐥𝐨𝐠(𝒖) 𝒆−𝒖𝒅𝒖
∞

𝟎

∞

𝒏=𝟎

= −∑∫ 𝒖𝒆−(𝒏+𝟏)𝒖 𝐥𝐨𝐠(𝒖)
∞

𝟎

𝒅𝒖

∞

𝒏=𝟎

=
(𝒏+𝟏)𝒖=𝒙

 

= −∑∫
𝒙

𝒏 + 𝟏
𝒆−𝒙 𝐥𝐨𝐠 (

𝒙

𝒏 + 𝟏
)
𝒅𝒙

𝒏 + 𝟏

∞

𝟎

∞

𝒏=𝟎

= 

= −∑
𝟏

(𝒏 + 𝟏)𝟐
[∫ 𝒙𝒆−𝒙 𝐥𝐨𝐠(𝒙)

∞

𝟎

𝒅𝒙 − 𝐥𝐨𝐠(𝒏 + 𝟏)∫ 𝒙𝒆−𝒙𝒅𝒙
∞

𝟎

]

∞

𝒏=𝟎

= 
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= −∑
𝟏

(𝒏 + 𝟏)𝟐
[𝚪(𝟐)𝝍(𝟐) − 𝐥𝐨𝐠(𝒏 + 𝟏) 𝚪(𝟐)]

∞

𝒏=𝟎

= 

= −∑
𝟏

(𝒏 + 𝟏)𝟐
[𝟏 − 𝜸 − 𝐥𝐨𝐠(𝒏 + 𝟏)]

∞

𝒏=𝟎

= 

= −∑
𝟏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

+ 𝜸∑
𝟏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

+∑
𝐥𝐨𝐠(𝒏 + 𝟏)

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 

= −∑
𝟏

𝒏𝟐

∞

𝒏=𝟏

+ 𝜸∑
𝟏

𝒏𝟐

∞

𝒏=𝟏

+∑
𝐥𝐨𝐠(𝒏)

𝒏𝟐

∞

𝒏=𝟏

= 

= −𝜻(𝟐) + 𝜸𝜻(𝟐) − 𝜻′(𝟐) = 𝜻(𝟐)(𝟏𝟐 𝐥𝐨𝐠(𝑨) − 𝐥𝐨𝐠(𝟐𝝅) − 𝟏)   

𝛀 = ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(− 𝐥𝐨𝐠(𝒙))

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

= 𝜻(𝟐)(𝟏𝟐 𝐥𝐨𝐠(𝑨) − 𝐥𝐨𝐠(𝟐𝝅) − 𝟏) 

Solution 4 by Le Thu-Vietnam 

𝛀 = ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(− 𝐥𝐨𝐠(𝒙))

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

=
𝒖=− 𝐥𝐨𝐠(𝒙)

∫ −
𝒖 𝐥𝐨𝐠(𝒖)

𝟏 − 𝒆−𝒖
𝒆−𝒖

∞

𝟎

𝒅𝒖 = 

= −∫
𝒖𝐥𝐨𝐠(𝒖)

𝒆𝒖 − 𝟏
𝒅𝒖

∞

𝟎

 

𝑹𝒆𝒄𝒂𝒍𝒍: 𝚪(𝒛)𝜻(𝒛) = ∫
𝒕𝒛−𝟏

𝒆𝒕 − 𝟏

∞

𝟎

𝒅𝒕; (∀)𝕽(𝒛) > 1 

𝛀 = −∫ 𝐥𝐢𝐦
𝒔→𝟎+

𝒅

𝒅𝒔
(
𝒖𝒔+𝟏

𝒆𝒖 − 𝟏
)𝒅𝒖

∞

𝟎

= − 𝐥𝐢𝐦
𝒔→𝟎+

𝒅

𝒅𝒔
(∫

𝒖𝒔+𝟏

𝒆𝒖 − 𝟏
𝒅𝒖

∞

𝟎

) = 

= − 𝐥𝐢𝐦
𝒔→𝟎+

𝒅

𝒅𝒔
[𝜻(𝒔 + 𝟐)𝚪(𝒔 + 𝟐)] = 

= 𝐥𝐢𝐦
𝒔→𝟎+

[𝚪′(𝒔 + 𝟐)𝜻(𝒔 + 𝟐) + 𝜻′(𝒔 + 𝟐)𝚪(𝒔 + 𝟐)] = 

= − 𝐥𝐢𝐦
𝒔→𝟎+

𝚪(𝒔 + 𝟐)[𝜻′(𝒔 + 𝟐) + 𝜻(𝒔 + 𝟐)𝝍𝟎(𝒔 + 𝟐)] = 

= −𝚪(𝟐)𝜻′(𝟐) − 𝚪(𝟐)𝜻(𝟐)𝝍𝟎(𝟐) 

𝛀 = ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(− 𝐥𝐨𝐠(𝒙))

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

= 𝜻(𝟐)(𝟏𝟐 𝐥𝐨𝐠(𝑨) − 𝐥𝐨𝐠(𝟐𝝅) − 𝟏) 

𝑵𝒐𝒕𝒆:
𝒅𝚪(𝒛)

𝒅𝒛
= 𝚪(𝒛)𝝍𝟎(𝒛); 𝝍𝟎(𝟐) = 𝟏 − 𝜸   
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Solution 5 by Sakthi Vel-India 

𝛀 = ∫
𝐥𝐨𝐠(𝒙) 𝐥𝐨𝐠(− 𝐥𝐨𝐠(𝒙))

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

=
− 𝐥𝐨𝐠(𝒙)=𝒚

−∑∫ 𝒆−𝒚(𝒏+𝟏) 𝐥𝐨𝐠(𝒚)
∞

𝟎

𝒚𝒅𝒚

∞

𝒏=𝟎

=
𝒚(𝒏+𝟏)=𝒛

 

= −∑∫ 𝒆−𝒛 𝐥𝐨𝐠 (
𝒛

𝒏 + 𝟏
)

𝒛

𝒏 + 𝟏

𝒅𝒛

𝒏 + 𝟏

∞

𝟎

∞

𝒏=𝟎

= 

= −∑
𝟏

(𝒏 + 𝟏)𝟐
∫ 𝒆−𝒛 𝐥𝐨𝐠(𝒛)
∞

𝟎

𝒛𝒅𝒛

∞

𝒏=𝟎

− ∫ 𝒆−𝒛 𝐥𝐨𝐠(𝒏 + 𝟏) 𝒛𝒅𝒛
∞

𝟎

= 

= −∑
𝟏

(𝒏 + 𝟏)𝟐
[𝝍(𝟎)(𝟐) − 𝐥𝐨𝐠(𝒏 + 𝟏) 𝚪(𝟐)]

∞

𝒏=𝟎

= 

= −∑
𝟏

𝒏𝟐
[𝟏 − 𝜸 − 𝐥𝐨𝐠(𝟐𝒏)]

∞

𝒏=𝟏

= −𝜻(𝟐)(𝟏 − 𝜸) + 𝜻′(𝟐) = 

=
𝝅𝟐

𝟔
(𝜸 − 𝟏 + 𝟏𝟐 𝐥𝐨𝐠(𝑨) − 𝜸 − 𝐥𝐨𝐠(𝟐𝝅)) =

𝝅𝟐

𝟔
(𝟏𝟐 𝐥𝐨𝐠(𝑨) − 𝜸 𝐥𝐨𝐠(𝟐𝝅) − 𝟏)    

2047. 

𝑺 = ∑
𝒄𝒐𝒔

𝟐𝒌𝝅
𝟑

𝒌𝟑

+∞

𝒌=𝟏

= −
𝟒

𝟗
𝜻(𝟑) 

Proposed by Le Thu-Vietnam 
Solution 1 by Pham Duc Nam-Vietnam 

𝑺 = ∑
𝒄𝒐𝒔

𝟐𝒌𝝅
𝟑

𝒌𝟑

+∞

𝒌=𝟏

= −
𝟒

𝟗
𝜻(𝟑) 

∗ 𝒄𝒐𝒔
𝟐𝒌𝝅

𝟑
= [
𝟏, 𝒊𝒇 𝒌 ≡ 𝟎 𝒎𝒐𝒅 𝟑

−
𝟏

𝟐
, 𝒆𝒗𝒆𝒓𝒚 𝒌 𝒆𝒍𝒔𝒆

 

⇒ 𝑺 = −
𝟏

𝟐
.
𝟏

𝟏𝟑
−
𝟏

𝟐
.
𝟏

𝟐𝟑
+ 𝟏.

𝟏

𝟑𝟑
−
𝟏

𝟐
.
𝟏

𝟒𝟑
−
𝟏

𝟐
.
𝟏

𝟓𝟑
+ 𝟏.

𝟏

𝟔𝟑
−. . . 

=
𝟏

𝟏𝟑
−
𝟑

𝟐
.
𝟏

𝟏𝟑
+
𝟏

𝟐𝟑
−
𝟑

𝟐
.
𝟏

𝟐𝟑
+ 𝟏.

𝟏

𝟑𝟑
+
𝟏

𝟒𝟑
−
𝟑

𝟐
.
𝟏

𝟒𝟑
+
𝟏

𝟓𝟑
−
𝟑

𝟐
.
𝟏

𝟓𝟑
+ 𝟏.

𝟏

𝟔𝟑
+. . .

= 𝜻(𝟑) −
𝟑

𝟐
(
𝟏

𝟏𝟑
+
𝟏

𝟐𝟑
+
𝟏

𝟒𝟑
+
𝟏

𝟓𝟑
+. . . ) 
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= 𝜻(𝟑) −
𝟑

𝟐
(𝜻(𝟑) −∑

𝟏

(𝟑𝒋)𝟑

+∞

𝒋=𝟏

) = 𝜻(𝟑) −
𝟑

𝟐
(𝜻(𝟑) −

𝟏

𝟐𝟕
∑

𝟏

𝒋𝟑

+∞

𝒋=𝟏

) = 𝜻(𝟑) −
𝟑

𝟐
(𝜻(𝟑) −

𝟏

𝟐𝟕
𝜻(𝟑)) 

= 𝜻(𝟑) −
𝟑

𝟐
.
𝟐𝟔

𝟐𝟕
𝜻(𝟑) = 𝜻(𝟑) −

𝟏𝟑

𝟗
𝜻(𝟑) = −

𝟒

𝟗
𝜻(𝟑) 

Solution 2 by Togrul Ehmedov-Azerbaijan 

∑
𝐜𝐨𝐬(

𝟐𝛑𝐤
𝟑
)

𝐤𝟑

∞

𝐤=𝟏

=∑
𝐜𝐨𝐬 (

𝟐𝛑(𝟑𝐤)
𝟑 )

(𝟑𝐤)𝟑

∞

𝐤=𝟏

+∑
𝐜𝐨𝐬 (

𝟐𝛑(𝟑𝐤− 𝟏)
𝟑 )

(𝟑𝐤 − 𝟏)𝟑

∞

𝐤=𝟏

+∑
𝐜𝐨𝐬(

𝟐𝛑(𝟑𝐤− 𝟐)
𝟑 )

(𝟑𝐤 − 𝟐)𝟑

∞

𝐤=𝟏

 

=
𝟏

𝟐𝟕
∑
𝐜𝐨𝐬(𝟐𝛑𝐤)

𝐤𝟑

∞

𝐤=𝟏

+∑
𝐜𝐨𝐬 (𝟐𝛑𝐤−

𝟐𝛑
𝟑
)

(𝟑𝐤− 𝟏)𝟑

∞

𝐤=𝟏

+∑
𝐜𝐨𝐬 (𝟐𝛑𝐤−

𝟒𝛑
𝟑
)

(𝟑𝐤− 𝟐)𝟑

∞

𝐤=𝟏

 

=
𝟏

𝟐𝟕
∑

𝟏

𝐤𝟑

∞

𝐤=𝟏

−∑
𝐜𝐨𝐬 (𝟐𝛑𝐤+

𝛑
𝟑
)

(𝟑𝐤− 𝟏)𝟑

∞

𝐤=𝟏

−∑
𝐜𝐨𝐬 (𝟐𝛑𝐤−

𝛑
𝟑
)

(𝟑𝐤− 𝟐)𝟑

∞

𝐤=𝟏

 

=
𝟏

𝟐𝟕
∑

𝟏

𝐤𝟑

∞

𝐤=𝟏

− 𝐜𝐨𝐬 (
𝛑

𝟑
)∑

𝟏

(𝟑𝐤− 𝟏)𝟑

∞

𝐤=𝟏

− 𝐜𝐨𝐬 (
𝛑

𝟑
)∑

𝟏

(𝟑𝐤− 𝟐)𝟑

∞

𝐤=𝟏

 

=
𝟏

𝟐𝟕
∑

𝟏

𝐤𝟑

∞

𝐤=𝟏

−
𝟏

𝟐
∑

𝟏

(𝟑𝐤− 𝟏)𝟑

∞

𝐤=𝟏

−
𝟏

𝟐
∑

𝟏

(𝟑𝐤− 𝟐)𝟑

∞

𝐤=𝟏

 

=
𝟏

𝟐𝟕
∑

𝟏

𝐤𝟑

∞

𝐤=𝟏

−
𝟏

𝟐
[∑

𝟏

(𝟑𝐤)𝟑

∞

𝐤=𝟏

+∑
𝟏

(𝟑𝐤− 𝟏)𝟑

∞

𝐤=𝟏

+∑
𝟏

(𝟑𝐤− 𝟐)𝟑

∞

𝐤=𝟏

] +
𝟏

𝟐
∑

𝟏

(𝟑𝐤)𝟑

∞

𝐤=𝟏

 

=
𝟏

𝟐𝟕
∑

𝟏

𝐤𝟑

∞

𝐤=𝟏

−
𝟏

𝟐
∑

𝟏

𝐤𝟑

∞

𝐤=𝟏

+
𝟏

𝟐
∑

𝟏

(𝟑𝐤)𝟑

∞

𝐤=𝟏

= −
𝟒

𝟗
∑

𝟏

𝐤𝟑

∞

𝐤=𝟏

= −
𝟒

𝟗
𝛇(𝟑) 

Solution 3 by Asmat Qatea-Afghanistan 

𝑺 = ∑
𝟏

𝒏𝟑
𝐜𝐨𝐬 (

𝟐𝒏𝝅

𝟑
)

∞

𝒏=𝟏

= 𝕽∑
𝟏

𝒏𝟑
𝒆
𝟐𝒏𝝅𝒊
𝟑

∞

𝒏=𝟏

= 

= 𝕽∑(
𝟏

(𝟑𝒏)𝟐
𝒆
𝟔𝒏𝝅𝒊
𝟑 +

𝟏

(𝟑𝒏 − 𝟏)𝟑
𝒆
𝟐(𝟑𝒏−𝟏)𝝅𝒊

𝟑 +
𝟏

(𝟑𝒏 − 𝟐)𝟑
𝒆
𝟐(𝟑𝒏−𝟐)𝝅𝒊

𝟑 )

∞

𝒏=𝟏

= 

= 𝕽∑(
𝟏

𝟐𝟕𝒏𝟑
+

𝟏

(𝟑𝒏 − 𝟏)𝟑
𝒆
𝟐𝝅𝒊
𝟑 +

𝟏

(𝟑𝒏 − 𝟐)𝟑
𝒆−
𝟒𝝅𝒊
𝟑 )

∞

𝒏=𝟏

= 

=
𝟏

𝟐𝟕
𝜻(𝟑) −

𝟏

𝟐
∑(

𝟏

(𝟑𝒏 − 𝟏)𝟑
+

𝟏

(𝟑𝒏 − 𝟐)𝟑
)

∞

𝒏=𝟏

 

∑
𝟏

𝒏𝟑

∞

𝒏=𝟏

= ∑
𝟏

(𝟑𝒏)𝟑

∞

𝒏=𝟏

+∑
𝟏

(𝟑𝒏 − 𝟏)𝟑

∞

𝒏=𝟏

+∑
𝟏

(𝟑𝒏 − 𝟐)𝟑

∞

𝒏=𝟏
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𝑺 =
𝟏

𝟐𝟕
𝜻(𝟑) −

𝟏

𝟐
(𝜻(𝟑) −

𝟏

𝟐𝟕
𝜻(𝟑)) = −

𝟒

𝟗
𝜻(𝟑)   

Solution 4 by Ankush Kumar Parcha-India 

𝑨 = ∑
𝟏

𝒏𝟑
𝐜𝐨𝐬 (

𝟐𝒏𝝅

𝟑
)

∞

𝒏=𝟏

=∑
𝐜𝐨𝐬 (

𝟐𝝅(𝟑𝒌 − 𝟐)
𝟑 )

(𝟑𝒌 − 𝟐)𝟑

∞

𝒌=𝟏

+∑
𝐜𝐨𝐬 (

𝟐𝝅(𝟑𝒌 − 𝟏)
𝟑 )

(𝟑𝒌 − 𝟏)𝟑

∞

𝒌=𝟏

+∑
𝐜𝐨𝐬 (

𝟔𝒌𝝅
𝟑 )

(𝟑𝒌)𝟑

∞

𝒌=𝟏

= 

=∑
𝐜𝐨𝐬(𝟐𝒌𝝅) 𝐜𝐨𝐬 (

𝟒𝝅
𝟑 )

(𝟑𝒌 − 𝟐)𝟑

∞

𝒌=𝟏

+∑
𝐜𝐨𝐬(𝟐𝒌𝝅) 𝐜𝐨𝐬 (

𝟐𝝅
𝟑 )

(𝟑𝒌 − 𝟏)𝟑

∞

𝒌=𝟏

+∑
𝐜𝐨𝐬(𝟐𝒌𝝅)

(𝟑𝒌)𝟑

∞

𝒌=𝟏

= 

= −
𝟏

𝟐
∑

𝟏

(𝟑𝒌 − 𝟐)𝟑

∞

𝒌=𝟏

−
𝟏

𝟐
∑

𝟏

(𝟑𝒌 − 𝟏)𝟑

∞

𝒌=𝟏

+
𝟏

𝟐𝟕
∑

𝟏

𝒌𝟑

∞

𝒌=𝟏

 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝑨 = ∑
𝐜𝐨𝐬 (

𝟐𝒏𝝅
𝟑 )

𝒏𝟑

∞

𝒏=𝟏

= −
𝟒

𝟗
𝜻(𝟑)   

Solution 5 by Syed Shahabudeen-India 

𝑺 = ∑
𝟏

𝒏𝟑
𝐜𝐨𝐬 (

𝟐𝒏𝝅

𝟑
)

∞

𝒏=𝟏

 

𝑻𝒉𝒆 𝒄𝒖𝒃𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒖𝒏𝒊𝒕𝒚 𝒂𝒓𝒆 𝟏, 𝝎,𝝎𝟐, 𝒘𝒉𝒆𝒓𝒆 𝝎 = −
𝟏

𝟐
+
𝒊√𝟑

𝟐
 

𝝎𝟐 = −
𝟏

𝟐
−
𝒊√𝟑

𝟐
, 𝒕𝒉𝒆𝒏 𝑺 = 𝕽∑

𝝎𝒏

𝒏𝟑

∞

𝒏=𝟏

  

𝑺 =∑
𝟏

(𝟑𝒌)𝟑

∞

𝒌=𝟏

+𝕽(𝝎𝟐∑
𝟏

(𝟑𝒌 − 𝟏)𝟑

∞

𝒌=𝟏

) +𝕽(𝝎∑
𝟏

(𝟑𝒌 − 𝟐)𝟑

∞

𝒌=𝟏

) 

𝕽(𝝎) = 𝕽(𝝎𝟐) = −
𝟏

𝟐
 

𝑺 =∑
𝟏

(𝟑𝒌)𝟑

∞

𝒌=𝟏

−
𝟏

𝟐
∑

𝟏

(𝟑𝒌 − 𝟏)𝟑

∞

𝒌=𝟏

−
𝟏

𝟐
∑

𝟏

(𝟑𝒌 − 𝟐)𝟑

∞

𝒌=𝟏

= 

=
𝜻(𝟑)

𝟐𝟕
−
𝟏

𝟐
(∑

𝟏

(𝟑𝒌 − 𝟏)𝟑

∞

𝒌=𝟏

+∑
𝟏

(𝟑𝒌 − 𝟐)𝟑

∞

𝒌=𝟏

+∑
𝟏

(𝟑𝒌)𝟑

∞

𝒌=𝟏

−∑
𝟏

(𝟑𝒌)𝟑

∞

𝒌=𝟏

) = 
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=
𝜻(𝟑)

𝟐𝟕
−
𝟏

𝟐
(𝜻(𝟑) −

𝜻(𝟑)

𝟐𝟕
) = −

𝟒

𝟗
𝜻(𝟑)   

Solution 6 by Izumi Ainsworth-Tokyo-Japan 

 

𝑺 = ∑
𝟏

𝒏𝟑
𝐜𝐨𝐬 (

𝟐𝒏𝝅

𝟑
)

∞

𝒏=𝟏

= 

= −
𝟏

𝟐
∑

𝟏

(𝟑𝒏 − 𝟐)𝟑

∞

𝒏=𝟏

−
𝟏

𝟐
∑

𝟏

(𝟑𝒏 − 𝟏)𝟑

∞

𝒏=𝟏

+∑
𝟏

(𝟑𝒏)𝟑

∞

𝒏=𝟏

= 

= −
𝟏

𝟐
∑

𝟏

(𝟑𝒏 − 𝟐)𝟑

∞

𝒏=𝟏

−
𝟏

𝟐
∑

𝟏

(𝟑𝒏 − 𝟏)𝟑

∞

𝒏=𝟏

−
𝟏

𝟐
∑

𝟏

(𝟑𝒏)𝟑

∞

𝒏=𝟏

+
𝟑

𝟐
∑

𝟏

(𝟑𝒏)𝟑

∞

𝒏=𝟏

= 

= −
𝟏

𝟐
∑

𝟏

𝒏𝟑

∞

𝒏=𝟏

+
𝟑

𝟐
∑

𝟏

(𝟑𝒏)𝟑

∞

𝒏=𝟏

= (−
𝟏

𝟐
+
𝟑

𝟐
⋅
𝟏

𝟑𝟑
) 𝜻(𝟑) = −

𝟒

𝟗
𝜻(𝟑)   

Solution 7 by Hikmat Mammadov-Azerbaijan 

𝚿 = ∑
𝟏

𝒏𝟑
𝐜𝐨𝐬 (

𝟐𝒏𝝅

𝟑
)

∞

𝒏=𝟏

= 

= ∑
𝟏

𝒏𝟑
𝐜𝐨𝐬 (

𝟐𝝅 ⋅ 𝟑𝒏

𝟑
)

∞

𝒏=𝟏

+∑
𝟏

(𝟑𝒏− 𝟐)𝟑
𝐜𝐨𝐬(

𝟐𝝅(𝟑𝒏− 𝟐)

𝟑
)

∞

𝒏=𝟏

+∑
𝟏

(𝟑𝒏− 𝟏)𝟑
𝐜𝐨𝐬(

𝟐𝝅(𝟑𝒏− 𝟏)

𝟑
)

∞

𝒏=𝟏

 

=
𝟏

𝟐𝟕
𝜻(𝟑) −

𝟏

𝟐
(∑(

𝟏

(𝟑𝒏 + 𝟏)𝟑
+

𝟏

(𝟑𝒏 + 𝟐)𝟑
)

∞

𝒏=𝟎

) 
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𝐍𝐨𝐭𝐞: 𝜻(𝟑) −∑
𝟏

(𝟑𝒏)𝟑

∞

𝒏=𝟏

−
𝟏

𝟐𝟕
𝜻(𝟑) =

𝟐𝟔

𝟐𝟕
𝜻(𝟑) 

𝚿 = (
𝟏

𝟐𝟕
−
𝟏𝟑

𝟐𝟕
) 𝜻(𝟑) = −

𝟏𝟐

𝟐𝟕
𝜻(𝟑) = −

𝟒

𝟗
𝜻(𝟑)  

2048. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

[
 
 
 

𝟏

√𝟏 −
𝟏
𝟐

+
𝟏

√𝟏 −
𝟏
𝟐𝟐

+⋯+
𝟏

√𝟏 −
𝟏
𝟐𝒏]
 
 
 
𝜶

[√𝟏
𝟑
] + [√𝟐

𝟑
] + [√𝟑

𝟑
] + ⋯+ [√𝒏 − 𝟏

𝟑
]
, [∗] − 𝐆𝐈𝐅, 𝜶 ∈ ℝ 

Proposed by Florică Anastase-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

[
 
 
 

𝟏

√𝟏−
𝟏
𝟐

+
𝟏

√𝟏 −
𝟏
𝟐𝟐

+⋯+
𝟏

√𝟏−
𝟏
𝟐𝒏]
 
 
 
𝜶

[√𝟏
𝟑
] + [√𝟐

𝟑
] + [√𝟑

𝟑
] + ⋯+ [√𝒏 − 𝟏

𝟑
]
= 

= 𝐥𝐢𝐦
𝒏→∞

𝒏𝜶

[√𝟏
𝟑
] + [√𝟐

𝟑
] + [√𝟑

𝟑
] + ⋯+ [√𝒏 − 𝟏

𝟑
]
⋅
[
 
 
 

𝟏

√𝟏−
𝟏
𝟐

+
𝟏

√𝟏−
𝟏
𝟐𝟐

+⋯+
𝟏

√𝟏 −
𝟏
𝟐𝒏]
 
 
 
𝜶

𝒏𝜶
 

𝒎 ≤ √𝒌
𝟑

< 𝑚 + 1, (∀)𝒎 ∈ ℤ ⇒ 𝒎𝟑 ≤ 𝒌 < (𝒎+ 𝟏)𝟑 

∑ ∑ [√𝒌
𝟑
]

(𝒎+𝟏)𝟑−𝟏

𝒋=𝒎𝟑

𝒏−𝟏

𝒎=𝟏

= ∑ ∑ 𝒎

(𝒎++𝟏)𝟑−𝟏

𝒋=𝒎𝟑

𝒏−𝟏

𝒎=𝟏

= ∑ 𝒎((𝒎+ 𝟏)𝟑 −𝒎𝟑)

𝒏−𝟏

𝒎=𝟏

= 

= ∑(𝟑𝒎𝟑 + 𝟑𝒎𝟐 +𝒎)

𝒏−𝟏

𝒎=𝟏

= −(𝟑 (
𝒏(𝒏 − 𝟏)

𝟐
)

𝟐

+ 𝟑
𝒏(𝒏 − 𝟏)(𝟐𝒏 − 𝟏)

𝟔
+
𝒏(𝒏 − 𝟏)

𝟐
) = 

=
𝟏

𝟒
𝒏(𝒏 − 𝟏)(𝟑𝒏(𝒏 − 𝟏) + 𝟐(𝟐𝒏 − 𝟏) + 𝟐) =

𝟏

𝟒
𝒏𝟐(𝒏 − 𝟏)(𝟑𝒏 + 𝟏) 

𝐥𝐢𝐦
𝒏→∞

𝟏

√𝟏−
𝟏
𝟐𝒎

= 𝟏 ⇒ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏
∑

𝟏

√𝟏−
𝟏
𝟐𝒎

𝒏

𝒎=𝟏

= 𝟏 
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𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟒𝒏𝜶

𝒏𝟐(𝒏 − 𝟏)(𝟑𝒏 + 𝟏)
=
𝟒

𝟑
𝐥𝐢𝐦
𝒏→∞

𝒏𝜶

𝒏𝟒
= {

𝟎;    𝜶 < 4
𝟒

𝟑
;    𝜶 = 𝟒

∞;    𝜶 > 4

  

2049. Prove that: 

∫ ∫ ∫
𝟏

√− 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

=
𝟑√𝝅

𝟖
 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Rana Ranino-Setif-Algerie 

𝛀 = ∫ ∫ ∫
𝟏

√− 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

=
𝒕=𝒙𝒚𝒛

∫
𝟏

𝒛
∫
𝟏

𝒚
∫

𝒅𝒕

√− 𝐥𝐨𝐠(𝒕)
𝒅𝒚𝒅𝒛

𝒚𝒛

𝟎

𝟏

𝟎

𝟏

𝟎

= 

= ∫
𝟏

𝒛
[𝐥𝐨𝐠(𝒚)∫

𝒅𝒕

√− 𝐥𝐨𝐠(𝒕)

𝒚𝒛

𝟎

]

𝟎

𝟏𝟏

𝟎

𝒅𝒛 − ∫ ∫
𝐥𝐨𝐠(𝒚)

√− 𝐥𝐨𝐠(𝒚𝒛)
𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

= 

= −∫ ∫
𝐥𝐨𝐠(𝒚)

√− 𝐥𝐨𝐠(𝒚𝒛)
𝒅𝒚𝒅𝒛

𝟏

𝟎

=
𝒕=𝒚𝒛𝟏

𝟎

−∫
𝐥𝐨𝐠(𝒚)

𝒚
∫

𝒅𝒕

√− 𝐥𝐨𝐠(𝒕)
𝒅𝒚

𝒚

𝟎

𝟏

𝟎

= 

= − [
𝟏

𝟐
𝐥𝐨𝐠𝟐(𝒚)∫

𝒅𝒕

√− 𝐥𝐨𝐠(𝒕)

𝒚

𝟎

]

𝟎

𝟏

+
𝟏

𝟐
∫

𝐥𝐨𝐠𝟐(𝒚)

√− 𝐥𝐨𝐠(𝒚)
𝒅𝒚

𝟏

𝟎

= 

=
𝟏

𝟐
∫

𝐥𝐨𝐠𝟐(𝒚)

√− 𝐥𝐨𝐠(𝒚)
𝒅𝒚

𝟏

𝟎

=
𝒚=𝒆−𝒖 𝟏

𝟐
∫ 𝒖

𝟓
𝟐
−𝟏𝒆−𝒖

∞

𝟎

𝒅𝒖 =
𝟏

𝟐
𝚪(
𝟓

𝟐
) =

𝟑√𝝅

𝟖
   

Solution 2 by Probal Chrakraborty-India 

𝛀 = ∫ ∫ ∫
𝒙𝒔

√− 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

 

𝑻𝒂𝒌𝒆:𝒘 =
𝟏

𝒛
; 𝒖 = 𝒙𝒚𝒛; 𝒗 =

𝒚

𝒙𝒛
⇒ 𝒅𝒖𝒅𝒗𝒅𝒘 =

𝝏(𝒖; 𝒗;𝒘)

𝝏(𝒙; 𝒚; 𝒛)
⇒
𝒅𝒖𝒅𝒗𝒅𝒘

𝟐𝒗𝒘
= 𝒅𝒙𝒅𝒚𝒅𝒛 

∫ ∫ ∫
𝒖𝒔

√− 𝐥𝐨𝐠(𝒖)

𝒅𝒖𝒅𝒗𝒅𝒘

𝟐𝒗𝒘

𝟏
𝒖

𝒖

𝟏
𝒖

𝒖

𝟏

𝟎

=
𝟏

𝟐
∫

𝒖𝒔

√−𝐥𝐨𝐠(𝒖)
(− 𝐥𝐨𝐠(𝒖))𝟐𝒅𝒖

𝟏

𝟎

= 

=
𝟏

𝟐
𝒖𝒔(− 𝐥𝐨𝐠(𝒖))

𝟑
𝟐𝒅𝒖 =

(∗)
 

𝑻𝒂𝒌𝒆:  √− 𝐥𝐨𝐠(𝒖) = 𝒘 ⇒ 𝒆−𝒘
𝟐
= 𝒖 ⇒ −𝟐𝒘𝒆−𝒘

𝟐
𝒅𝒘 = 𝒅𝒖 
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=
(∗)
∫ 𝒆−𝒔𝒘

𝟐
𝒘𝟑(−𝟐𝒘𝒆−𝒘

𝟐
)𝒅𝒘

𝟎

∞

= ∫ 𝒆−(𝒔+𝟏)𝒘
𝟐
𝒘𝟒𝒅𝒘

∞

𝟎

=
(∗∗)

 

𝑳𝒆𝒕: (𝒔 + 𝟏)𝒘𝟐 = 𝒕 ⇒ 𝒅𝒘 =
𝒅𝒕

𝟐√𝒔 + 𝟏
 𝒂𝒏𝒅 𝒘 =

√𝒕

√𝒔 + 𝟏
 

=
(∗∗) 𝟏

𝟐(𝒔 + 𝟏)
𝟑
𝟐

∫ 𝒆−𝒕𝒕
𝟓
𝟐
−𝟏

∞

𝟎

𝒅𝒕 =
𝟏

𝟐(𝒔 + 𝟏)
𝟑
𝟐

𝚪 (
𝟓

𝟐
) =

𝟑√𝝅

𝟖
 

𝑭𝒐𝒓 𝒔 = 𝟎:  ∫ ∫ ∫
𝟏

√− 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

=
𝟑√𝝅

𝟖
 

  2050. Prove that: 

𝑰 = ∫ ∫ ∫
𝟏

𝟏 − 𝝓𝒙𝒚𝒛 + 𝒙𝟐𝒚𝟐𝒛𝟐

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 = 𝟑 (
𝝅

𝟓
)
𝟑

√𝟐 +
𝟐

𝟓
√𝟓 

𝒘𝒉𝒆𝒓𝒆:𝝓 𝒊𝒔 𝒈𝒐𝒍𝒅𝒆𝒏 𝒓𝒂𝒕𝒊𝒐 
Proposed by Asmat Qatea-Afghanistan 

Solution by Pham Duc Nam-Vietnam 
 

∗ 𝑲𝒏𝒐𝒘𝒏:𝝓 =
√𝟓 + 𝟏

𝟐
𝒂𝒏𝒅: 𝒄𝒐𝒔

𝝅

𝟓
=
√𝟓 + 𝟏

𝟒
⇒ 𝝓 = 𝟐𝒄𝒐𝒔

𝝅

𝟓
 

⇒ 𝑰 = ∫ ∫ ∫
𝟏

𝟏 − 𝟐𝒄𝒐𝒔
𝝅
𝟓 𝒙𝒚𝒛 + 𝒙

𝟐𝒚𝟐𝒛𝟐

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛

= ∫ ∫ ∫
𝟏

𝒙𝒚𝒛 𝒔𝒊𝒏
𝝅
𝟓

.
𝒙𝒚𝒛 𝒔𝒊𝒏

𝝅
𝟓

𝟏 − 𝟐𝒄𝒐𝒔
𝝅
𝟓 𝒙𝒚𝒛 + 𝒙

𝟐𝒚𝟐𝒛𝟐

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 

∗∑𝒔𝒊𝒏(𝒌𝝋)

∞

𝒌=𝟏

𝒙𝒏 =
𝒙 𝒔𝒊𝒏(𝝋)

𝟏 − 𝟐𝒄𝒐𝒔(𝝋) 𝒙 + 𝒙𝟐
(𝒙 ∈ (−𝟏, 𝟏),𝝋 ∈ ℝ) ⇒ 𝑰

=
𝟏

𝒔𝒊𝒏
𝝅
𝟓

∫ ∫ ∫
𝟏

𝒙𝒚𝒛
∑𝒔𝒊𝒏(

𝒌𝝅

𝟓
)

∞

𝒌=𝟏

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

(𝒙𝒚𝒛)𝒌𝒅𝒙𝒅𝒚𝒅𝒛 

=
𝟏

𝒔𝒊𝒏
𝝅
𝟓

∑𝒔𝒊𝒏 (
𝒌𝝅

𝟓
)

∞

𝒌=𝟏

∫ ∫ ∫ (𝒙𝒚𝒛)𝒌−𝟏𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

=
𝟏

𝒔𝒊𝒏
𝝅
𝟓

∑
𝒔𝒊𝒏 (

𝒌𝝅
𝟓 )

𝒌𝟑

∞

𝒌=𝟏

=
𝟏

𝒔𝒊𝒏
𝝅
𝟓

𝑺𝒍𝟑 (
𝝅

𝟓
) 

∗ 𝑼𝒔𝒆 𝒊𝒏𝒅𝒆𝒏𝒕𝒊𝒕𝒚 𝒐𝒇 𝑪𝒍𝒂𝒖𝒔𝒆𝒏 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒓𝒅𝒆𝒓𝟑: 𝑺𝒍𝟑(𝝋) =
𝝅𝟐

𝟔
𝝋 −

𝝅

𝟒
𝝋𝟐 +

𝟏

𝟏𝟐
𝝋𝟑 
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⇒ 𝑺𝒍𝟑 (
𝝅

𝟓
) =

𝝅𝟑

𝟑𝟎
−
𝝅𝟑

𝟏𝟎𝟎
+

𝝅𝟑

𝟏𝟓𝟎𝟎
=
𝟑𝝅𝟑

𝟏𝟐𝟓
= 𝟑(

𝝅

𝟓
)
𝟑

 

∗
𝟏

𝒔𝒊𝒏
𝝅
𝟓

=
𝟏

√𝟓− √𝟓
𝟖

= √
𝟖

𝟓 − √𝟓
= √

𝟖

𝟐𝟎
(𝟓 + √𝟓) = √

𝟐

𝟓
(𝟓 + √𝟓) = √𝟐 +

𝟐

𝟓
√𝟓 

⇒ 𝑰 = 𝟑 (
𝝅

𝟓
)
𝟑

√𝟐 +
𝟐

𝟓
√𝟓  

2051. Find: 

∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 ± √𝒙𝟐 + 𝟏)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙  

Proposed by Togrul Ehmedov-Azerbaijan 
Solution 1 by Pham Duc Nam-Vietnam 

∗ 𝑫𝒆𝒏𝒐𝒕𝒆: 𝑰 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 + √𝒙𝟐 + 𝟏)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 𝒂𝒏𝒅 

 𝑱 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 − √𝒙𝟐 + 𝟏)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 

∗ (𝒙 + √𝒙𝟐 + 𝟏) (𝒙 − √𝒙𝟐 + 𝟏) = −𝟏 ⇒ (𝒙 − √𝒙𝟐 + 𝟏) =
−𝟏

(𝒙 + √𝒙𝟐 + 𝟏)

⇒ 𝒂𝒓𝒄𝒕𝒂𝒏 (𝒙 − √𝒙𝟐 + 𝟏) = −𝒂𝒓𝒄𝒕𝒂𝒏 (
𝟏

𝒙 + √𝒙𝟐 + 𝟏
) 

∗ 𝑰 + 𝑱 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 + √𝒙𝟐 + 𝟏) + 𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 − √𝒙𝟐 + 𝟏)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙

= ∫

𝒂𝒓𝒄𝒕𝒂𝒏(
𝒙 + √𝒙𝟐 + 𝟏 + 𝒙 − √𝒙𝟐 + 𝟏

𝟏 − (𝒙 + √𝒙𝟐 + 𝟏)(𝒙 − √𝒙𝟐 + 𝟏)
)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙

= ∫

𝒂𝒓𝒄𝒕𝒂𝒏(
𝟐𝒙

𝟏 − (𝒙𝟐 − (𝒙𝟐 − 𝟏))
)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 
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∗ 𝑰 − 𝑱 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 + √𝒙𝟐 + 𝟏) − 𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 − √𝒙𝟐 + 𝟏)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙

= ∫

𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 + √𝒙𝟐 + 𝟏) + 𝒂𝒓𝒄𝒕𝒂𝒏 (
𝟏

𝒙 + √𝒙𝟐 + 𝟏
)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙

=
𝝅

𝟐
∫

𝟏

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙 =
𝝅

𝟐
𝒍𝒐𝒈(𝟐) 

∗ 𝑲 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙, 𝒍𝒆𝒕: 𝒙 = 𝒕𝒂𝒏(𝒕) ⇒ 𝒅𝒙 =
𝒅𝒕

𝒄𝒐𝒔𝟐(𝒕)
⇒ 𝑲

= ∫
𝒕

𝒄𝒐𝒔𝟐(𝒕) (𝟏 + 𝒕𝒂𝒏(𝒕))

𝝅
𝟒

𝟎

𝒅𝒕 = ∫
𝒕

𝒄𝒐𝒔(𝒕) (𝒄𝒐𝒔(𝒕) + 𝒔𝒊𝒏(𝒕))

𝝅
𝟒

𝟎

𝒅𝒕 

{

𝑢 = 𝑡

𝑑𝑣 =
𝒅𝒕

𝒄𝒐𝒔(𝒕) (𝒄𝒐𝒔(𝒕) + 𝒔𝒊𝒏(𝒕))
⇒ {
𝑑𝑢 = 𝑑𝑡
𝑣 = 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕) + 𝒄𝒐𝒔(𝒕)) − 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕))

⇒ 𝑲

= 𝒕(𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕) + 𝒄𝒐𝒔(𝒕)) − 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕)))|
𝟎

𝝅
𝟒

−∫ (𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕) + 𝒄𝒐𝒔(𝒕)) − 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕)))

𝝅
𝟒

𝟎

𝒅𝒕 

=
𝝅

𝟒
𝒍𝒐𝒈(𝟐) − ∫ (𝒍𝒐𝒈(√𝟐𝒔𝒊𝒏 (𝒕 +

𝝅

𝟒
)) − 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕)))

𝝅
𝟒

𝟎

𝒅𝒕

=
𝝅

𝟒
𝒍𝒐𝒈(𝟐) −

𝝅

𝟖
𝒍𝒐𝒈(𝟐)

−∫ 𝒍𝒐𝒈 (𝒔𝒊𝒏(𝒕 +
𝝅

𝟒
))𝒅𝒕 +

𝝅
𝟒

𝟎

∫ 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕)) 𝒅𝒕

𝝅
𝟒

𝟎

=
𝝅

𝟖
𝒍𝒐𝒈(𝟐) −∫ 𝒍𝒐𝒈(𝒔𝒊𝒏(

𝝅

𝟒
− 𝒕 +

𝝅

𝟒
))𝒅𝒕 +

𝝅
𝟒

𝟎

∫ 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕))𝒅𝒕

𝝅
𝟒

𝟎

 

=
𝝅

𝟖
𝒍𝒐𝒈(𝟐) −∫ 𝒍𝒐𝒈 (𝒔𝒊𝒏(

𝝅

𝟐
− 𝒕))𝒅𝒕 +

𝝅
𝟒

𝟎

∫ 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕))𝒅𝒕

𝝅
𝟒

𝟎

=
𝝅

𝟖
𝒍𝒐𝒈(𝟐) −∫ 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕))𝒅𝒕

𝝅
𝟒

𝟎

+∫ 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕))𝒅𝒕

𝝅
𝟒

𝟎

=
𝝅

𝟖
𝒍𝒐𝒈(𝟐) 

∗ {
𝐼 + 𝐽 =

𝝅

𝟖
𝒍𝒐𝒈(𝟐)

𝐼 − 𝑱 =
𝝅

𝟐
𝒍𝒐𝒈(𝟐)

⇒ {
𝐼 =

𝟓𝝅

𝟏𝟔
𝒍𝒐𝒈(𝟐)

𝐽 = −
𝟑𝝅

𝟏𝟔
𝒍𝒐𝒈( 𝟐)

⇒ ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙 ± √𝒙𝟐 + 𝟏)

𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙

= (𝟏 ± 𝟒)
𝝅

𝟏𝟔
𝒍𝒐𝒈(𝟐) 
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Solution 2 by Rana Ranino-Setif-Algerie  

𝛀 = ∫
𝐭𝐚𝐧−𝟏(𝒙 ± √𝟏 + 𝒙𝟐)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

=
𝒙=𝐭𝐚𝐧 𝜽

∫
𝐭𝐚𝐧−𝟏 (

𝐬𝐢𝐧𝜽 ± 𝟏
𝐜𝐨𝐬 𝜽 )

𝐜𝐨𝐬𝜽 (𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬𝜽)
𝒅𝜽

𝝅
𝟒

𝟎

= 

= ∫

𝜽
𝟐 ±

𝝅
𝟒

𝐜𝐨𝐬 𝜽 (𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬 𝜽)
𝒅𝜽

𝝅
𝟒

𝟎

= 

=
𝟏

𝟐
∫

𝜽

𝐜𝐨𝐬𝜽 (𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬𝜽)
𝒅𝜽

𝝅
𝟒

𝟎

±
𝝅

𝟒
∫

𝒅𝜽

𝐜𝐨𝐬𝜽 (𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬𝜽)

𝝅
𝟒

𝟎

 

∫
𝒅𝜽

𝐜𝐨𝐬 𝜽 (𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬𝜽)
𝒅𝜽 = ∫

𝒅𝜽

𝐜𝐨𝐬𝟐 𝜽 (𝟏 + 𝐭𝐚𝐧 𝜽)
= ∫

𝒅(𝐭𝐚𝐧 𝜽)

𝟏 + 𝐭𝐚𝐧 𝜽
= 𝐥𝐨𝐠(𝟏 + 𝒕𝒂𝒏𝜽) 

𝛀 =
𝟏

𝟐
[𝜽 𝐥𝐨𝐠(𝟏 + 𝐭𝐚𝐧 𝜽)]

𝟎

𝝅
𝟒 −

𝟏

𝟐
∫ 𝐥𝐨𝐠(𝟏 + 𝐭𝐚𝐧 𝜽)𝒅𝜽

𝝅
𝟒

𝟎

±
𝝅

𝟒
[𝐥𝐨𝐠(𝟏 + 𝐭𝐚𝐧 𝜽)]

𝟎

𝝅
𝟒 = 

=
𝝅

𝟖
𝐥𝐨𝐠(𝟐) ±

𝝅

𝟒
𝐥𝐨𝐠(𝟐) −

𝟏

𝟐
∫ 𝐥𝐨𝐠(𝟏 + 𝐭𝐚𝐧𝜽)

𝝅
𝟒

𝟎

𝒅𝜽,∫ 𝐥𝐨𝐠(𝟏 + 𝐭𝐚𝐧𝜽)𝒅𝜽

𝝅
𝟒

𝟎

=
𝝅

𝟖
𝐥𝐨𝐠(𝟐) 

𝛀 =
𝝅

𝟏𝟔
𝐥𝐨𝐠(𝟐) ±

𝝅

𝟒
𝐥𝐨𝐠(𝟐) ,    𝛀 = ∫

𝐭𝐚𝐧−𝟏(𝒙 ± √𝟏 + 𝒙𝟐)

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= (𝟏 ± 𝟒)
𝝅

𝟏𝟔
𝐥𝐨𝐠(𝟐) 

2052. Prove that: 

∫∫∫
𝐥𝐨𝐠𝐧(𝐱𝐲𝐳)

𝟏 − 𝐱𝐲𝐳

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 =
𝟏

𝟐
(−𝟏)𝐧Г(𝐧 + 𝟑)𝛇(𝐧 + 𝟑) 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Togrul Ehmedov-Azerbaijan 

𝐋𝐞𝐭 𝐱𝐲𝐳 = 𝐦 

𝐈 = ∫∫∫
𝐥𝐨𝐠𝐧(𝐱𝐲𝐳)

𝟏 − 𝐱𝐲𝐳

𝟏

𝟎

𝐝𝐱

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐳 = ∫
𝟏

𝐱
∫
𝟏

𝐲
∫
𝐥𝐨𝐠𝐧(𝐦)

𝟏 −𝐦

𝐱𝐲

𝟎

𝐝𝐦

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱 

∫
𝟏

𝐲
∫
𝐥𝐨𝐠𝐧(𝐦)

𝟏 −𝐦

𝐱𝐲

𝟎

𝐝𝐦

𝟏

𝟎

𝐝𝐲
𝐈𝐁𝐏

=
[𝐥𝐨𝐠(𝐲)∫

𝐥𝐨𝐠𝐧(𝐦)

𝟏 −𝐦

𝐱𝐲

𝟎

𝐝𝐦]

𝟎

𝟏

− 𝐱∫
𝐥𝐨𝐠(𝐲) 𝐥𝐨𝐠𝐧(𝐱𝐲)

𝟏 − 𝐱𝐲

𝟏

𝟎

𝐝𝐲

= −𝐱∫
𝐥𝐨𝐠(𝐲) 𝐥𝐨𝐠𝐧(𝐱𝐲)

𝟏 − 𝐱𝐲

𝟏

𝟎

𝐝𝐲 

https://en.wikipedia.org/wiki/Ap%C3%A9ry%27s_constant
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𝐈 = −∫∫
𝐥𝐨𝐠(𝐲) 𝐥𝐨𝐠𝐧(𝐱𝐲)

𝟏 − 𝐱𝐲

𝟏

𝟎

𝐝𝐲

𝟏

𝟎

𝐝𝐱 

𝐋𝐞𝐭 𝐱𝐲 = 𝐭 

𝐈 = −∫
𝐥𝐨𝐠(𝐲)

𝐲
∫
𝐥𝐨𝐠𝐧(𝐭)

𝟏 − 𝐭

𝐲

𝟎

𝐝𝐭

𝟏

𝟎

𝐝𝐲 = −[
𝟏

𝟐
𝐥𝐨𝐠𝟐(𝐲)∫

𝐥𝐨𝐠𝐧(𝐭)

𝟏 − 𝐭

𝐲

𝟎

𝐝𝐭]

𝟎

𝟏

+
𝟏

𝟐
∫
𝐥𝐨𝐠𝐧+𝟐(𝐲)

𝟏 − 𝐲

𝟏

𝟎

𝐝𝐲

=
𝟏

𝟐
∫
𝐥𝐨𝐠𝐧+𝟐(𝐲)

𝟏 − 𝐲

𝟏

𝟎

𝐝𝐲 =
𝟏

𝟐
∑∫𝐲𝐤 𝐥𝐨𝐠𝐧+𝟐(𝐲)

𝟏

𝟎

∞

𝐤=𝟎

𝐝𝐲 =
𝟏

𝟐
∑(−𝟏)𝐧+𝟐

𝟏

(𝐤 + 𝟏)𝐧+𝟑

∞

𝐤=𝟎

=
𝟏

𝟐
(−𝟏)𝐧∑

Г(𝐧+ 𝟑)

(𝐤 + 𝟏)𝐧+𝟑

∞

𝐤=𝟎

=
𝟏

𝟐
(−𝟏)𝐧Г(𝐧 + 𝟑)∑

𝟏

𝐤𝐧+𝟑

∞

𝐤=𝟏

=
𝟏

𝟐
(−𝟏)𝐧Г(𝐧 + 𝟑)𝛇(𝐧+ 𝟑) 

Solution 2 by Le Thu-Vietnam 

𝛀 =
𝒅𝒏

𝒅𝒔𝒏
[∑ [∫ ∫ ∫ (𝒙𝒚𝒛)𝒔+𝒎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

]

∞

𝒎=𝟎

]

𝒔=𝟎

= 

=
𝒅𝒏

𝒅𝒔𝒏
[∑

𝟏

(𝒔 +𝒎 + 𝟏)𝟑

∞

𝒎=𝟎

]

𝒔=𝟎

=
𝒅𝒏

𝒅𝒔𝒏
[−
𝟏

𝟐
𝝍𝟐(𝒔 + 𝟏)]

𝒔=𝟎
 

= −
𝟏

𝟐
(−𝟏)𝒏𝝍𝒏+𝟐(𝒔 + 𝟏)|𝒔=𝟎 = −

𝟏

𝟐
𝝍𝒏+𝟐(𝟏) = −

𝟏

𝟐
(−𝟏)𝒏+𝟑(𝒏 + 𝟐)!∑

𝟏

(𝒌 + 𝟏)𝒏+𝟑

∞

𝒌=𝟎

= 

=
𝟏

𝟐
(−𝟏)𝒏𝚪(𝒏 + 𝟑)𝜻(𝒏+ 𝟑) 

𝑵𝒐𝒕𝒆: 𝝍𝒎(𝒛) = (−𝟏)
𝒎+𝟏𝒎!∑

𝟏

(𝒛 + 𝒌)𝒎+𝟏

∞

𝒌=𝟎

 

𝒅𝒏

𝒅𝒛𝒏
[𝝍𝒎(𝒛)] = 𝝍𝒎+𝒏(𝒛); (∀)𝒎, 𝒏 ∈ ℕ, 𝒛 ∉ ℤ−    

Solution 3 by Kartick Chandra Betal-India 

𝛀 = ∫ ∫ ∫
𝐥𝐨𝐠𝒏(𝒙𝒚𝒛)

𝟏 − 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= ∫ ∫
𝟏

𝒚
∫
𝐥𝐨𝐠𝒏(𝒙𝒛)

𝟏 − 𝒙𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝒚

𝟎

𝟏

𝟎

𝟏

𝟎

= 

= ∫ ∫
𝐥𝐨𝐠𝒏(𝒙𝒛)

𝟏 − 𝒙𝒛
∫
𝟏

𝒚
𝒅𝒚

𝟏

𝒙

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = −∫ ∫
𝐥𝐨𝐠𝒏(𝒙𝒛)

𝟏 − 𝒙𝒛
𝐥𝐨𝐠(𝒙)𝒅𝒙𝒅𝒛

𝟏

𝟎

𝟏

𝟎

= 

https://en.wikipedia.org/wiki/Ap%C3%A9ry%27s_constant
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= −∫
𝟏

𝒛
∫
𝐥𝐨𝐠𝒏(𝒙)

𝟏 − 𝒙
(𝐥𝐨𝐠(𝒙) − 𝐥𝐨𝐠(𝒛))𝒅𝒙𝒅𝒛

𝒛

𝟎

𝟏

𝟎

= 

= ∫
𝐥𝐨𝐠(𝒛)

𝒛
∫
𝐥𝐨𝐠𝒏(𝒛)

𝟏 − 𝒙
𝒅𝒙

𝒛

𝟎

𝟏

𝟎

−∫
𝟏

𝒛
∫
𝐥𝐨𝐠𝒏+𝟏(𝒙)

𝟏 − 𝒙
𝒅𝒙𝒅𝒛

𝒛

𝟎

𝟏

𝟎

= 

= ∫
𝐥𝐨𝐠𝒏(𝒙)

𝟏 − 𝒙
∫
𝐥𝐨𝐠(𝒛)

𝒛
𝒅𝒛𝒅𝒙

𝟏

𝒙

𝟏

𝟎

−∫
𝐥𝐨𝐠𝒏+𝟏(𝒙)

𝟏 − 𝒙
∫
𝟏

𝒛
𝒅𝒛𝒅𝒙

𝟏

𝒙

𝟏

𝟎

= 

= −
𝟏

𝟐
∫
𝐥𝐨𝐠𝒏+𝟐(𝒙)

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

+∫
𝐥𝐨𝐠𝒏+𝟐(𝒙)

𝟏 − 𝒙
𝒅𝒙

𝟏

𝟎

= 

=
𝟏

𝟐
∑ ∫ 𝒙𝒎−𝟏 𝐥𝐨𝐠𝒏+𝟐(𝒙)𝒅𝒙

𝟏

𝟎

∞

𝒎=𝟏

=
𝟏

𝟐
∑ ∫ 𝒆−(𝒎−𝟏)𝒙(−𝒙)𝒏+𝟐(−𝒆−𝒙)𝒅𝒙

𝟎

∞

∞

𝒎=𝟏

= 

=
𝟏

𝟐
∑(−𝟏)𝒏∫ 𝒆−𝒎𝒙𝒙𝒏+𝟑−𝟏𝒅𝒙

∞

𝟎

∞

𝒎=𝟏

; (𝒙 → 𝒆−𝒙) 

=
𝟏

𝟐
∑(−𝟏)𝒏 ∙

𝚪(𝒏 + 𝟑)

𝒎𝒏+𝟑

∞

𝒎=𝟏

=
𝟏

𝟐
(−𝟏)𝒏𝚪(𝒏 + 𝟑) ∑

𝟏

𝒎𝒏+𝟑

∞

𝒎=𝟏

=
𝟏

𝟐
(−𝟏)𝒏𝚪(𝒏 + 𝟑)𝜻(𝒏 + 𝟑)   

2053. Prove that: 

𝑰 = ∫ ∫ ∫
𝒂𝒓𝒄𝒔𝒊𝒏(𝒙𝒚𝒛)

𝒍𝒐𝒈(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 = 𝟏 −
𝝅

𝟒
−
𝟏

𝟐
𝒍𝒐𝒈(𝟐) 

Proposed by Asmat Qatea-Afghanistan 
 
Solution by Pham Duc Nam-Vietnam 
 

∗ 𝑳𝒆𝒕: 𝑰(𝒂) = ∫ ∫ ∫
(𝒙𝒚𝒛)𝒂𝒂𝒓𝒄𝒔𝒊𝒏(𝒙𝒚𝒛)

𝒍𝒐𝒈(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 ⇒ 𝑰 = 𝑰(𝟎), 𝑰(∞) = 𝟎 

⇒ 𝑰′(𝒂) = ∫ ∫ ∫
𝒍𝒐𝒈(𝒙𝒚𝒛) (𝒙𝒚𝒛)𝒂 𝒂𝒓𝒄𝒔𝒊𝒏(𝒙𝒚𝒛)

𝒍𝒐𝒈(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛

= ∫ ∫ ∫ (𝒙𝒚𝒛)𝒂 𝒂𝒓𝒄𝒔𝒊𝒏(𝒙𝒚𝒛)
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 
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𝑼𝒔𝒆:𝒂𝒓𝒄𝒔𝒊𝒏(𝒙) = ∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)
𝒙𝟐𝒌+𝟏

∞

𝒌=𝟎

⇒ 𝑰′(𝒂)

= ∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

∫ ∫ ∫ (𝒙𝒚𝒛)𝟐𝒌+𝟏+𝒂
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛

=∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

.
𝟏

(𝟐𝒌 + 𝟐 + 𝒂)𝟑
 

⇒ 𝑰(𝒂) = ∫∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

.
𝟏

(𝟐𝒌 + 𝟐 + 𝒂)𝟑
𝒅𝒂 = −

𝟏

𝟐
∑

𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

.
𝟏

(𝟐𝒌 + 𝟐 + 𝒂)𝟐

+ 𝑪,𝒂 → ∞ ⇒ 𝑪 = 𝟎 

⇒ 𝑰(𝒂) = −
𝟏

𝟐
∑

𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

.
𝟏

(𝟐𝒌 + 𝟐 + 𝒂)𝟐
⇒ 𝑰 = 𝑰(𝟎)

= −
𝟏

𝟐
∑

𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

.
𝟏

(𝟐𝒌 + 𝟐)𝟐
= −

𝟏

𝟐
∑

𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

.
𝟏

𝟒(𝒌 + 𝟏)𝟐
(𝟏) 

∗ 𝒂𝒓𝒄𝒔𝒊𝒏(𝒙) = ∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)
𝒙𝟐𝒌+𝟏

∞

𝒌=𝟎

⇒ 𝒍𝒐𝒈(𝒙) 𝒂𝒓𝒄𝒔𝒊𝒏(𝒙)

= ∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)
𝒍𝒐𝒈(𝒙) 𝒙𝟐𝒌+𝟏

∞

𝒌=𝟎

,integrating both sides from 0 to 1 

⇒ ∫ 𝒍𝒐𝒈(𝒙) 𝒂𝒓𝒄𝒔𝒊𝒏(𝒙)
𝟏

𝟎

𝒅𝒙 = ∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)
∫ 𝒍𝒐𝒈(𝒙)𝒙𝟐𝒌+𝟏
𝟏

𝟎

∞

𝒌=𝟎

𝒅𝒙 ⇒ 𝟐 −
𝝅

𝟐
− 𝒍𝒐𝒈(𝟐)

= −∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)
.

𝟏

𝟒(𝒌 + 𝟏)𝟐

∞

𝒌=𝟎

(𝟐) 

𝑭𝒓𝒐𝒎: (𝟏) 𝒂𝒏𝒅 (𝟐) ⇒ 𝑰 =
𝟏

𝟐
(𝟐 −

𝝅

𝟐
− 𝒍𝒐𝒈(𝟐)) = 𝟏 −

𝝅

𝟒
−
𝟏

𝟐
𝒍𝒐𝒈(𝟐)  

 

2054. Prove that: 

∫ ∫ ∫ 𝐥𝐨𝐠 [𝒍𝒐𝒈 (
𝟏

𝒙𝒚𝒛
)]𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

=
𝟑

𝟐
− 𝜸 

Proposed by Asmat Qatea-Afghanistan 
Solution by Bui Hong Suc-Vietnam 
 

𝑳𝒆𝒕 𝒃𝒆 𝛀𝒕 = ∫ ∫ ∫ (𝒙𝒚𝒛)𝒕
𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

= (𝒕 + 𝟏)−𝟑;     (𝟏) 
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𝛀𝒕
(𝒒−𝟏)

= ∫ ∫ ∫ (𝒙𝒚𝒛)𝒕 𝐥𝐨𝐠𝒒−𝟏 (
𝟏

𝒙𝒚𝒛
)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 =
𝚪(𝒒 + 𝟐)

𝟐
(𝒕 + 𝟏)−𝟑−𝒒+𝟏;   (𝟐) 

(𝛀𝒕
(𝒒−𝟏)

)
(𝒒)

= ∫ ∫ ∫ (𝒙𝒚𝒛)𝒕 𝐥𝐨𝐠 (𝒍𝒐𝒈(
𝟏

𝒙𝒚𝒛
)) 𝐥𝐨𝐠(𝒒−𝟏) (

𝟏

𝒙𝒚𝒛
)𝒅𝒙𝒅𝒚𝒅𝒛 

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 

=
𝚪′(𝒒 + 𝟐)

𝟐
(𝒕 + 𝟏)−𝟑−𝒒+𝟏 −

𝚪(𝒒 + 𝟐)

𝟐
𝐥𝐨𝐠(𝒕 + 𝟏) (𝒕 + 𝟏)−𝟑−𝒒+𝟏;     (𝟑) 

𝑳𝒆𝒕 𝒕 = 𝟎 𝒂𝒏𝒅 𝒒 = 𝟏 𝒊𝒏𝒕𝒐 (𝟑): 

𝛀 = ∫ ∫ ∫ 𝐥𝐨𝐠 [𝒍𝒐𝒈(
𝟏

𝒙𝒚𝒛
)]𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

=
𝚪′(𝟑)

𝟐
=
𝚪′(𝟑)

𝚪(𝟑)
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕:  𝝍(𝟑) =
𝚪′(𝟑)

𝚪(𝟑)
= −𝜸 + 𝑯𝟐 = −𝜸 + 𝟏 +

𝟏

𝟐
=
𝟑

𝟐
− 𝜸 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∫ ∫ ∫ 𝐥𝐨𝐠 [𝒍𝒐𝒈 (
𝟏

𝒙𝒚𝒛
)]𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

=
𝟑

𝟐
− 𝜸  

2055. Prove that: 

∫ ∫ ∫
𝟏

(𝒙𝒚𝒛 − 𝟏) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

=
𝝅𝟐

𝟏𝟐
 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Rana Ranino-Setif-Algerie 

𝛀 = ∫ ∫ ∫
𝟏

(𝒙𝒚𝒛 − 𝟏) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

 

𝑼𝒔𝒊𝒏𝒈:  ∫ (𝒙𝒚𝒛)𝒕
𝟏

𝟎

𝒅𝒕 =
𝒙𝒚𝒛 − 𝟏

𝐥𝐨𝐠(𝒙𝒚𝒛)
 

𝛀 = ∫ ∫ ∫ ∫
(𝒙𝒚𝒛)𝒕

(𝟏 − 𝒙𝒚𝒛)𝟐
𝒅𝒙𝒅𝒚𝒅𝒛𝒅𝒕

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

𝑰𝒇 |𝒖| < 1: 
𝟏

(𝟏 − 𝒖)𝟐
=
𝒅

𝒅𝒖
(
𝟏

𝟏 − 𝒖
) =

𝒅

𝒅𝒖
∑𝒖𝒏
∞

𝒏=𝟎

= ∑𝒏𝒖𝒏−𝟏
∞

𝒏=𝟎

= ∑𝒏𝒖𝒏−𝟏
∞

𝒏=𝟏

 

𝛀 = ∑𝒏∫ (∫ 𝒛𝒏+𝒕−𝟏𝒅𝒛
𝟏

𝟎

∫ 𝒚𝒏+𝒕−𝟏𝒅𝒚
𝟏

𝟎

∫ 𝒙𝒏+𝒕−𝟏𝒅𝒙
𝟏

𝟎

)
𝟏

𝟎

𝒅𝒕

∞

𝒏=𝟏

= ∑𝒏∫
𝒅𝒕

(𝒏 + 𝒕)𝟑

𝟏

𝟎

∞

𝒏=𝟏

 

𝛀 = ∑𝒏[−
𝟏

𝟐(𝒏 + 𝒕)𝟐
]
𝟎

𝟏∞

𝒏=𝟏

=
𝟏

𝟐
∑𝒏(

𝟏

𝒏𝟐
−

𝟏

(𝒏 + 𝟏)𝟐
)

∞

𝒏=𝟏

=
𝟏

𝟐
∑(

𝟏

𝒏
−

𝟏

𝒏 + 𝟏
+

𝟏

(𝒏 + 𝟏)𝟐
)

∞

𝒏=𝟏
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𝛀 =
𝟏

𝟐
∑

𝟏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟏⏟        
𝜻(𝟐)−𝟏

+
𝟏

𝟐
∑(

𝟏

𝒏
−

𝟏

𝒏 + 𝟏
)

∞

𝒏=𝟏⏟          
𝑻𝒆𝒍𝒆𝒔𝒄𝒐𝒑𝒊𝒄 𝒕𝒆𝒓𝒎𝒔=𝟏

=
𝟏

𝟐
𝜻(𝟐) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   𝛀 = ∫ ∫ ∫
𝟏

(𝒙𝒚𝒛 − 𝟏) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

=
𝝅𝟐

𝟏𝟐
 

Solution 2 by Soumitra Mandal-Chandar Nagore-India 

𝑳𝒆𝒕 𝝋(𝒌) = ∫ ∫ ∫
(𝒙𝒚𝒛)𝒌

(𝒙𝒚𝒛 − 𝟏) 𝐥𝐨𝐠(𝒙𝒚𝒛)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

, 𝒕𝒉𝒆𝒏: 

𝝋′(𝒌) = − ∫ ∫ ∫
(𝒙𝒚𝒛)𝒌 𝐥𝐨𝐠(𝒙𝒚𝒛)

(𝟏 − 𝒙𝒚𝒛) 𝐥𝐨𝐠(𝒙𝒚𝒛)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= −∫ ∫ ∫
(𝒙𝒚𝒛)𝒌

𝟏 − 𝒙𝒚𝒛
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 

= −∫ ∫ ∫ (𝒙𝒚𝒛)𝒌∑(𝒙𝒚𝒛)𝒎
∞

𝒎=𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= − ∑ ∫ ∫ ∫ (𝒙𝒚𝒛)𝒎+𝒌𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

∞

𝒎=𝟎

= 

= − ∑ (∫ 𝒙𝒎+𝒌𝒅𝒙
𝟏

𝟎

)(∫ 𝒚𝒎+𝒌𝒅𝒚
𝟏

𝟎

)(∫ 𝒛𝒎+𝒌𝒅𝒛
𝟏

𝟎

)

∞

𝒎=𝟎

= − ∑
𝟏

(𝒎+ 𝒌+ 𝟏)𝟑

∞

𝒎=𝟎

 

𝝋(𝒌) = − ∑ ∫
𝒅𝒌

(𝒎+ 𝒌 + 𝟏)𝟑

∞

𝒎=𝟎

+ 𝑪 =
𝟏

𝟐
∑

𝟏

(𝒎+ 𝒌+ 𝟏)𝟐

∞

𝒎=𝟎

+ 𝑪 

𝐥𝐢𝐦
𝒌→−∞

𝝋(𝒌) =
𝟏

𝟐
∑ 𝐥𝐢𝐦

𝒌→−∞

𝟏

(𝒎 + 𝒌 + 𝟏)𝟐

∞

𝒎=𝟎

+ 𝑪; 𝑪 = 𝟎 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

∫ ∫ ∫
𝟏

(𝒙𝒚𝒛 − 𝟏) 𝐥𝐨𝐠(𝒙𝒚𝒛)

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

= 𝝋(𝟎) =
𝟏

𝟐
∑

𝟏

(𝒎 + 𝟏)𝟐

∞

𝒎=𝟎

=
𝜻(𝟐)

𝟐
=
𝝅𝟐

𝟏𝟐
    

2056. Prove that: 

𝑰 = ∫ ∫ ∫
𝟏

(𝟏 + 𝒙𝟐𝒚𝟐𝒛𝟐) 𝒍𝒐𝒈𝟐(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 =
𝝅

𝟖
 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫ ∫
𝟏

𝒙𝒚
∫

𝟏

(𝟏 + 𝒕𝟐) 𝐥𝐨𝐠𝟐 𝒕
𝒅𝒕𝒅𝒚𝒅𝒙

𝒙𝒚

𝟎

𝟏

𝟎

𝟏

𝟎

=
𝑰𝑩𝑷
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= ∫
𝟏

𝒙
∫

− 𝐥𝐨𝐠𝒚 ⋅ 𝒙

(𝟏 + 𝒙𝟐𝒚𝟐) 𝐥𝐨𝐠𝟐(𝒙𝒚)
𝒅𝒚𝒅𝒙

𝟏

𝟎

𝟏

𝟎

= −∫ ∫
𝐥𝐨𝐠𝒚

(𝟏 + 𝒙𝟐𝒚𝟐) 𝐥𝐨𝐠𝟐(𝒙𝒚)

𝟏

𝟎

𝒅𝒚𝒅𝒙
𝟏

𝟎⏟                      
𝑰𝟏

  

𝑰𝟏 = ∫ ∫
𝐥𝐨𝐠 𝒚

(𝟏 + 𝒙𝟐𝒚𝟐) 𝐥𝐨𝐠𝟐(𝒙𝒚)

𝟏

𝟎

𝒅𝒚𝒅𝒙
𝟏

𝟎

= ∫ ∫
𝐥𝐨𝐠𝒙

(𝟏 + 𝒙𝟐𝒚𝟐) 𝐥𝐨𝐠𝟐(𝒙𝒚)

𝟏

𝟎

𝒅𝒙𝒅𝒚
𝟏

𝟎

= 

=
𝟏

𝟐
∫ ∫

𝒅𝒚𝒅𝒙

(𝟏 + 𝒙𝟐𝒚𝟐) 𝐥𝐨𝐠(𝒙𝒚)

𝟏

𝟎

𝟏

𝟎

⇒ 𝛀 = −
𝟏

𝟐
∫ ∫

𝒅𝒚𝒅𝒙

(𝟏 + 𝒙𝟐𝒚𝟐) 𝐥𝐨𝐠(𝒙𝒚)

𝟏

𝟎

𝟏

𝟎

 

𝑳𝒆𝒕 𝒙𝒚 = 𝒖 ⇒ 𝛀 = −
𝟏

𝟐
∫
𝟏

𝒙
∫

𝒅𝒖𝒅𝒙

(𝟏 + 𝒖𝟐) 𝐥𝐨𝐠𝒖

𝒙

𝟎

=
𝑰𝑩𝑷

𝟏

𝟎

𝟏

𝟐
∫

𝐥𝐨𝐠 𝒙

(𝟏 + 𝒙𝟐) 𝐥𝐨𝐠𝒙

𝟏

𝟎

𝒅𝒙 = 

=
𝟏

𝟐
∫

𝒅𝒙

𝟏 + 𝒙𝟐

𝟏

𝟎

=
𝝅

𝟖
  

Solution 2 by Pham Duc Nam Vietnam 

𝑰 = ∫ ∫ ∫
𝟏

(𝟏 + 𝒙𝟐𝒚𝟐𝒛𝟐) 𝒍𝒐𝒈𝟐(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 =
𝝅

𝟖
 

∗ 𝑳𝒆𝒕: 𝑰(𝒂) = ∫ ∫ ∫
(𝒙𝒚𝒛)𝒂

(𝟏 + 𝒙𝟐𝒚𝟐𝒛𝟐) 𝒍𝒐𝒈𝟐(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 ⇒ 𝑰 = 𝑰(𝟎) 

∗ 𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕𝒊𝒂𝒕𝒊𝒏𝒈 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒂: 

𝑰′(𝒂) = ∫ ∫ ∫
(𝒙𝒚𝒛)𝒂 𝒍𝒐𝒈(𝒙𝒚𝒛)

(𝟏 + 𝒙𝟐𝒚𝟐𝒛𝟐) 𝒍𝒐𝒈𝟐(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 ⇒ 𝑰′′(𝒂)

= ∫ ∫ ∫
(𝒙𝒚𝒛)𝒂 𝒍𝒐𝒈𝟐(𝒙𝒚𝒛)

(𝟏 + 𝒙𝟐𝒚𝟐𝒛𝟐) 𝒍𝒐𝒈𝟐(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 = ∫ ∫ ∫
(𝒙𝒚𝒛)𝒂

(𝟏 + 𝒙𝟐𝒚𝟐𝒛𝟐)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 

∗ 𝑲𝒏𝒐𝒘𝒏:∑(−𝟏)𝒌𝒙𝒌 =
𝟏

𝒙+ 𝟏
(|𝒙| < 1)

+∞

𝒌=𝟎

⇒ 𝑰′′(𝒂) = ∫ ∫ ∫ (𝒙𝒚𝒛)𝒂∑(−𝟏)𝒌(𝒙𝒚𝒛)𝟐𝒌
+∞

𝒌=𝟎

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛

= ∑(−𝟏)𝒌∫ ∫ ∫ (𝒙𝒚𝒛)𝟐𝒌+𝒂
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

+∞

𝒌=𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 

= ∑
(−𝟏)𝒌

(𝟐𝒌+ 𝒂+ 𝟏)𝟑

+∞

𝒌=𝟎

 

∗ 𝑰𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒊𝒏𝒈 𝒘𝒊𝒕𝒉 𝒓𝒆𝒔𝒑𝒆𝒄𝒕 𝒕𝒐 𝒂: 

⇒ 𝑰′(𝒂) = ∫∑
(−𝟏)𝒌

(𝟐𝒌+ 𝒂+ 𝟏)𝟑

+∞

𝒌=𝟎

𝒅𝒂 =∑−
(−𝟏)𝒌

𝟐(𝟐𝒌+ 𝒂+ 𝟏)𝟑

+∞

𝒌=𝟎

+ 𝑪𝟏, 𝒍𝒆𝒕: 𝒂 → ∞ ⇒ 𝑪𝟏 = 𝟎 ⇒ 𝑰′(𝒂)

= ∑−
(−𝟏)𝒌

𝟐(𝟐𝒌+ 𝒂+ 𝟏)𝟑

+∞

𝒌=𝟎
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⇒ 𝑰(𝒂) = ∫∑−
(−𝟏)𝒌

𝟐(𝟐𝒌 + 𝒂 + 𝟏)𝟑

+∞

𝒌=𝟎

𝒅𝒂 =∑
(−𝟏)𝒌

𝟐(𝟐𝒌+ 𝒂 + 𝟏)

+∞

𝒌=𝟎

+ 𝑪𝟐, 𝒍𝒆𝒕: 𝒂 → ∞ ⇒ 𝑪𝟐 = 𝟎 ⇒ 𝑰(𝒂)

= ∑
(−𝟏)𝒌

𝟐(𝟐𝒌+ 𝒂+ 𝟏)

+∞

𝒌=𝟎

 

∗ 𝑳𝒆𝒕: 𝒂 = 𝟎 ⇒ 𝑰 = 𝑰(𝟎) =
𝟏

𝟐
∑

(−𝟏)𝒌

(𝟐𝒌 + 𝟏)

+∞

𝒌=𝟎

, 𝒌𝒏𝒐𝒘𝒏:𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

= ∑
(−𝟏)𝒌𝒙𝟐𝒌+𝟏

(𝟐𝒌 + 𝟏)

+∞

𝒌=𝟎

(|𝒙| ≤ 𝟏), 𝒍𝒆𝒕: 𝒙 = 𝟏 

⇒ 𝑰 =
𝟏

𝟐
. 𝒂𝒓𝒄𝒕𝒂𝒏(𝟏) =

𝟏

𝟐
.
𝝅

𝟒
=
𝝅

𝟖
 

Solution 3 by Hikmat Mammadov-Azerbaijan 

𝚿(𝒕)𝐥𝐢𝐦
𝒕→𝟎

𝚿(𝒕)=𝟎 = ∫ ∫ ∫
(𝒙𝒚𝒛)𝒕

𝟏 + (𝒙𝒚𝒛)𝟐
⋅

𝟏

𝐥𝐨𝐠𝟐(𝒙𝒚𝒛)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

; 

𝝍′(𝒕)𝐥𝐢𝐦
𝒕→𝟎

𝚿′(𝒕)=𝟎 = ∫ ∫ ∫
(𝒙𝒚𝒛)𝒕

(𝟏 + (𝒙𝒚𝒛)𝟐) 𝐥𝐨𝐠(𝒙𝒚𝒛)
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

𝝍′′(𝒕)𝐥𝐢𝐦
𝒕→𝟎

𝚿′′(𝒕)=𝟎 = ∫ ∫ ∫
(𝒙𝒚𝒛)𝒕

𝟏 + (𝒙𝒚𝒛)𝟐
𝒅𝒙𝒅𝒚𝒅𝒛

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

 

𝚿′′(𝒕) = ∫ ∫ ∫ (𝒙𝒚𝒛)𝒕∑(−𝟏)𝒌(𝒙𝒚𝒛)𝟐𝒌
∞

𝒌=𝟎

𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

= 

= ∑(−𝟏)𝒌∫ ∫ ∫ (𝒙𝒚𝒛)𝟐𝒌+𝒕𝒅𝒙𝒅𝒚𝒅𝒛
𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

∞

𝒌=𝟎

=
𝒛=
𝒘
𝒙𝒚
∑(−𝟏)𝒌
∞

𝒌=𝟎

∫ ∫ ∫ 𝒘𝟐𝒌+𝒕
𝟏

𝒙𝒚
𝒅𝒙𝒅𝒚𝒅𝒛

𝒙𝒚

𝟎

𝟏

𝟎

𝟏

𝟎

= 

=∑(−𝟏)𝒌∫ ∫
𝟏

𝒙𝒚
⋅
𝒙𝒚𝟐𝒌+𝒕+𝟏

𝟐𝒌 + 𝒕 + 𝟏
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

∞

𝒌=𝟎

=
𝒙=
𝒗
𝒚
∑(−𝟏)𝒌∫

𝟏

𝒚
∫

𝒗𝟐𝒌+𝒕

𝟐𝒌 + 𝒕 + 𝟏
𝒅𝒗𝒅𝒚

𝒚

𝟎

𝟏

𝟎

∞

𝒌=𝟎

= 

=∑(−𝟏)𝒌∫
𝟏

𝒚

𝒚𝟐𝒌+𝒕+𝟏

(𝟐𝒌 + 𝒕 + 𝟏)𝟐
𝒅𝒚

𝟏

𝟎

∞

𝒌=𝟎

=∑(−𝟏)𝒌
𝟏

(𝟐𝒌 + 𝒕 + 𝟏)𝟑

∞

𝒌=𝟎

 

𝚿′′(𝒕) = ∑(−𝟏)𝒌
𝟏

(𝟐𝒌 + 𝒕 + 𝟏)𝟑

∞

𝒌=𝟎

 

∫ 𝚿′′(𝒕)𝒅𝒕
∞

𝒖

= −𝚿′(𝒖) = ∑[(−𝟏)𝒌
𝟏

𝟐

𝟏

(𝟐𝒌 + 𝒕 + 𝟏)𝟐
]
∞

𝒖∞

𝒌=𝟎

⇒ 
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𝚿′(𝒖) = −
𝟏

𝟐
∑(−𝟏)𝒌

𝟏

(𝟐𝒌 + 𝒖 + 𝟏)𝟐

∞

𝒌=𝟎

 

∫ 𝚿′(𝒖)
∞

𝒔

𝒅𝒖 = −𝚿′(𝒔) = −
𝟏

𝟐
∑[(−𝟏)𝒌

𝟏

𝟐𝒌 + 𝒖 + 𝟏
]
∞

𝒔∞

𝒌=𝟎

⇒ 

𝚿(𝒔) =
𝟏

𝟐
∑(−𝟏)𝒌

𝟏

𝟐𝒌 + 𝒔 + 𝟏

∞

𝒌=𝟎

⇒ 𝛀 = 𝚿(𝟎) =
𝟏

𝟐
∑

(−𝟏)𝒌

𝟐𝒌 + 𝟏

∞

𝒌=𝟎

⇒   

𝑰 = ∫ ∫ ∫
𝟏

(𝟏 + 𝒙𝟐𝒚𝟐𝒛𝟐) 𝒍𝒐𝒈𝟐(𝒙𝒚𝒛)

𝟏

𝟎

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚𝒅𝒛 =
𝝅

𝟖
 

2057. Prove that: 

𝜴 = ∫
(𝟐 − 𝒙𝟐) 𝒄𝒐𝒔(𝒙) + 𝟐𝒙 𝒔𝒊𝒏(𝒙)

𝒙𝟒 + 𝟒

+∞

𝟎

𝒅𝒙 =
𝝅

𝒆
𝒔𝒊𝒏(𝟏)  

 
Proposed by Asmat Qatea-Afghanistan 

Solution by Pham Duc Nam-Vietnam 
 

𝜴 = ∫
𝟐𝒄𝒐𝒔(𝒙)

𝒙𝟒 + 𝟒

+∞

𝟎

𝒅𝒙 − ∫
𝒙𝟐 𝒄𝒐𝒔(𝒙)

𝒙𝟒 + 𝟒
𝒅𝒙 +

+∞

𝟎

∫
𝟐𝒙𝒔𝒊𝒏(𝒙)

𝒙𝟒 + 𝟒
𝒅𝒙

+∞

𝟎

= ∫
𝒄𝒐𝒔(𝒙)

𝒙𝟒 + 𝟒

+∞

−∞

𝒅𝒙 −
𝟏

𝟐
∫

𝒙𝟐 𝒄𝒐𝒔(𝒙)

𝒙𝟒 + 𝟒
𝒅𝒙 +

+∞

−∞

∫
𝒙𝒔𝒊𝒏(𝒙)

𝒙𝟒 + 𝟒
𝒅𝒙

+∞

−∞

 

= 𝕽∫
𝒆𝒊𝒛

𝒛𝟒 + 𝟒

+∞

−∞

𝒅𝒛 −
𝟏

𝟐
𝕽∫

𝒛𝟐𝒆𝒊𝒛

𝒛𝟒 + 𝟒

+∞

−∞

𝒅𝒛 + 𝕴∫
𝒛𝒆𝒊𝒛

𝒛𝟒 + 𝟒
𝒅𝒛

+∞

−∞

 

∗ 𝑳𝒆𝒕: 𝒇𝟏(𝒛) =
𝒆𝒊𝒛

𝒛𝟒 + 𝟒
, 𝒇𝟐(𝒛) =

𝒛𝟐𝒆𝒊𝒛

𝒛𝟒 + 𝟒
, 𝒇𝟑(𝒛) =

𝒛𝒆𝒊𝒛

𝒛𝟒 + 𝟒
 

∗ 𝑳𝒆𝒕: 𝑪 = 𝑪𝜸 ∪ 𝑪𝑹 𝒊𝒔 𝒂 𝒄𝒐𝒏𝒕𝒐𝒖𝒓, 𝒄𝒐𝒖𝒏𝒕𝒆𝒓 − 𝒄𝒍𝒐𝒄𝒌𝒘𝒊𝒔𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏 𝒘𝒉𝒆𝒓𝒆 𝕴(𝒛) ≥ 𝟎,𝑹 > 2

→ ∞ 

∗ 𝒇𝒌(𝒛)𝒉𝒂𝒔 𝒕𝒘𝒐 𝒑𝒐𝒍𝒆𝒔: 𝒛𝟏 = 𝟏+ 𝒊, 𝒛𝟐 = −𝟏 + 𝒊 (𝒐𝒓𝒅𝒆𝒓 𝟏) 𝒊𝒏𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝒄𝒐𝒏𝒕𝒐𝒖𝒓 
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⇒ ∫𝒇𝒌(𝒛)
𝑪

𝒅𝒛 = 𝟐𝝅𝒊∑Res(𝒇𝒌(𝒛), 𝒛𝟏,𝟐) 

𝒂𝒏𝒅:∫𝒇𝒌(𝒛)
𝑪

𝒅𝒛 = ∫ 𝒇𝒌(𝒛)
𝑪𝜸

𝒅𝒛 + ∫ 𝒇𝒌(𝒙)
𝑪𝑹

𝒅𝒙,𝒃𝒚:𝑴𝑳 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ⇒ 𝒍𝒊𝒎
𝑹→∞

∫ 𝒇𝒌(𝒛)
𝑪𝜸

𝒅𝒛 = 𝟎

⇒ ∫ 𝒇𝒌(𝒙)
𝑪𝑹

𝒅𝒙 = 𝒍𝒊𝒎
𝑹→∞

∫ 𝒇𝒌(𝒙)𝒅𝒙
𝑹

−𝑹

= ∫𝒇𝒌(𝒛)
𝑪

𝒅𝒛 

∗ ∫
𝒆𝒊𝒛

𝒛𝟒 + 𝟒𝑪

𝒅𝒛 = 𝟐𝝅𝒊∑Res(
𝒆𝒊𝒛

𝒛𝟒 + 𝟒
, 𝒛𝟏,𝟐)

= 𝟐𝝅𝒊( 𝒍𝒊𝒎
𝒛→𝟏+𝒊

(𝒛 − (𝟏 + 𝒊))𝒆𝒊𝒛

𝒛𝟒 + 𝟒
+ 𝒍𝒊𝒎
𝒛→−𝟏+𝒊

(𝒛 − (−𝟏 + 𝒊))𝒆𝒊𝒛

𝒛𝟒 + 𝟒
)

= 𝟐𝝅𝒊((−
𝟏

𝟏𝟔
−
𝒊

𝟏𝟔
)𝒆−𝟏+𝒊 + (

𝟏

𝟏𝟔
−
𝒊

𝟏𝟔
)𝒆−𝟏−𝒊) =

𝝅

𝟒𝒆
(𝒔𝒊𝒏(𝟏) + 𝒄𝒐𝒔(𝟏)) 

∗ ∫
𝒛𝟐𝒆𝒊𝒛

𝒛𝟒 + 𝟒𝑪

𝒅𝒛 = 𝟐𝝅𝒊∑Res(
𝒛𝟐𝒆𝒊𝒛

𝒛𝟒 + 𝟒
, 𝒛𝟏,𝟐)

= 𝟐𝝅𝒊( 𝒍𝒊𝒎
𝒛→𝟏+𝒊

(𝒛 − (𝟏 + 𝒊))𝒛𝟐𝒆𝒊𝒛

𝒛𝟒 + 𝟒
+ 𝒍𝒊𝒎
𝒛→−𝟏+𝒊

(𝒛 − (−𝟏 + 𝒊))𝒛𝟐𝒆𝒊𝒛

𝒛𝟒 + 𝟒
)

= 𝟐𝝅𝒊((−
𝟏

𝟖
−
𝒊

𝟖
)𝒆−𝟏−𝒊 + (

𝟏

𝟖
−
𝒊

𝟖
)𝒆−𝟏+𝒊) =

𝝅

𝟐𝒆
(𝒄𝒐𝒔(𝟏) − 𝒔𝒊𝒏(𝟏)) 

∗ ∫
𝒛𝒆𝒊𝒛

𝒛𝟒 + 𝟒𝑪

𝒅𝒛 = 𝟐𝝅𝒊∑Res(
𝒛𝒆𝒊𝒛

𝒛𝟒 + 𝟒
, 𝒛𝟏,𝟐)

= 𝟐𝝅𝒊( 𝒍𝒊𝒎
𝒛→𝟏+𝒊

(𝒛 − (𝟏 + 𝒊))𝒛𝒆𝒊𝒛

𝒛𝟒 + 𝟒
+ 𝒍𝒊𝒎
𝒛→−𝟏+𝒊

(𝒛 − (−𝟏 + 𝒊))𝒛𝒆𝒊𝒛

𝒛𝟒 + 𝟒
)

= 𝟐𝝅𝒊(−
𝟏

𝟖
𝒊𝒆−𝟏+𝒊 +

𝟏

𝟖
𝒊𝒆−𝟏−𝒊) = 𝒊

𝝅

𝟐𝒆
𝒔𝒊𝒏(𝟏) 

∗ 𝑳𝒆𝒕: 𝑹

→ ∞, 𝒕𝒂𝒌𝒊𝒏𝒈 𝒓𝒆𝒂𝒍 𝒑𝒂𝒓𝒕 𝒐𝒇∫
𝒆𝒊𝒛

𝒛𝟒 + 𝟒𝑪

𝒅𝒛 𝒂𝒏𝒅∫
𝒛𝟐𝒆𝒊𝒛

𝒛𝟒 + 𝟒𝑪

𝒅𝒛, 𝒊𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚 𝒑𝒂𝒓𝒕 𝒐𝒇∫
𝒛𝒆𝒊𝒛

𝒛𝟒 + 𝟒𝑪

𝒅𝒛

⇒ 𝜴 =
𝝅

𝟒𝒆
(𝒔𝒊𝒏(𝟏) + 𝒄𝒐𝒔(𝟏)) −

𝟏

𝟐
.
𝝅

𝟐𝒆
(𝒄𝒐𝒔(𝟏) − 𝒔𝒊𝒏(𝟏)) +

𝝅

𝟐𝒆
𝒔𝒊𝒏(𝟏) 

=
𝝅

𝟒𝒆
(𝒔𝒊𝒏(𝟏) + 𝒄𝒐𝒔(𝟏)) −

𝝅

𝟒𝒆
(𝒄𝒐𝒔(𝟏) − 𝒔𝒊𝒏(𝟏)) +

𝝅

𝟐𝒆
𝒔𝒊𝒏(𝟏) =

𝝅

𝒆
𝒔𝒊𝒏(𝟏)  
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2058. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

∏(𝟏+
𝟏

𝒏
⋅ 𝟑

𝒌
𝒏) (𝟏 +

𝟏

𝒏
⋅ 𝟓

𝒌
𝒏) (𝟏 +

𝟏

𝒏
⋅ 𝟕
𝒌
𝒏)

𝒏

𝒌=𝟏

 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

𝑳𝒆𝒕′𝒔 𝒇𝒐𝒄𝒖𝒔 𝒐𝒏 𝐥𝐢𝐦
𝒏→∞

∑𝐥𝐨𝐠 (𝟏 +
𝟏

𝒏
⋅ 𝒂

𝒌
𝒏)

𝒏

𝒌=𝟏

, 𝒘𝒉𝒆𝒓𝒆 𝒂 > 1. 

𝑭𝒐𝒓 𝒛 ∈ ℂ, |𝒛| <
𝟏

𝟐
 𝒂𝒏𝒅 |𝐥𝐨𝐠(𝟏 + 𝒛) − 𝒛| ≤ |𝒛|𝟐. 

𝐥𝐨𝐠(𝟏 + 𝒛) − 𝒛 = −
𝒛𝟐

𝟐
(𝟏 −

𝟑

𝟐
𝒛 +

𝟐

𝟒
𝒛𝟐 −

𝟐

𝟓
𝒛𝟑…) 

𝑨𝒑𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: |𝐥𝐨𝐠(𝟏 + 𝒛) − 𝒛| ≤
𝟏

𝟐
|𝒛|𝟐 (𝟏 +

𝟐

𝟑
|𝒛| +

𝟐

𝟒
|𝒛|𝟐 +⋯) ≤ 

≤
𝟏

𝟐
|𝒛|𝟐(𝟏 + |𝒛| + |𝒛|𝟐 +⋯) =

𝟏

𝟐
⋅
|𝒛|𝟐

𝟏 − |𝒛|
≤ |𝒛|𝟐, 𝒘𝒉𝒆𝒏 |𝒛| ≤

𝟏

𝟐
 

𝑵𝒐𝒕𝒆 𝒕𝒉𝒂𝒕 
𝟏

𝒏
𝒂
𝒌
𝒏 ≤

𝟏

𝒏
𝒂 ≤

𝟏

𝟐
⇒ 𝒏 ≥ 𝟐𝒂.𝑻𝒉𝒊𝒔 𝒊𝒔 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒅 𝒊𝒏 𝒐𝒖𝒓 𝒄𝒂𝒔𝒆 𝒏 → ∞. 

𝑾𝒉𝒆𝒏 𝒛 𝒊𝒔 𝒓𝒆𝒂𝒍 − 𝒗𝒂𝒍𝒖𝒆𝒅 𝒂𝒏𝒅 𝒏𝒐𝒏𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆,   

𝒛 − 𝒛𝟐 ≤ 𝐥𝐨𝐠(𝟏 + 𝒛) ≤ 𝒛 + 𝒛𝟐 

∑
𝟏

𝒏
𝒂
𝒌
𝒏

𝒏

𝒌=𝟏

=
𝒂
𝟏
𝒏(𝒂 − 𝟏)

𝒂
𝟏
𝒏 − 𝟏

⋅
𝟏

𝒏
 𝒂𝒏𝒅 ∑

𝟏

𝒏𝟐
𝒂
𝟐𝒌
𝒏

𝒏

𝒌=𝟏

=
𝒂
𝟐
𝒏(𝒂𝟐 − 𝟏)

𝒂
𝟐
𝒏 − 𝟏

⋅
𝟏

𝒏𝟐
 

𝐥𝐢𝐦
𝒙→∞

𝒂
𝟏
𝒙 − 𝟏

𝟏
𝒙

=
𝑳′𝑯
𝐥𝐢𝐦
𝒙→∞

𝒂
𝟏
𝒙 𝐥𝐨𝐠 𝒂 ⋅ (−

𝟏
𝒙𝟐
)

−
𝟏
𝒙𝟐

= 𝐥𝐨𝐠(𝒂) 

𝐥𝐢𝐦
𝒏→∞

∑
𝟏

𝒏
𝒂
𝒌
𝒏

𝒏

𝒌=𝟏

=
𝒂 − 𝟏

𝐥𝐨𝐠(𝒂)
 

𝐥𝐢𝐦
𝒙→∞

𝒂
𝟐
𝒙 − 𝟏

𝟏
𝒙𝟐

=
𝑳′𝑯
𝐥𝐢𝐦
𝒙→∞

𝒂
𝟐
𝒙 𝐥𝐨𝐠𝒂 ⋅ (−

𝟐
𝒙𝟐
)

−
𝟐
𝒙𝟑

= +∞ 



 
www.ssmrmh.ro 

105 RMM-CALCULUS MARATHON 2001-2100 

 

𝐥𝐢𝐦
𝒏→∞

∑
𝟏

𝒏𝟐
𝒂
𝟐𝒌
𝒏

𝒏

𝒌=𝟏

= 𝟎 

𝑩𝒚 𝒕𝒉𝒆 𝒔𝒒𝒖𝒆𝒆𝒛𝒆 𝒕𝒉𝒆𝒐𝒓𝒆𝒎, 𝐥𝐢𝐦
𝒏→∞

∑𝐥𝐨𝐠 (𝟏 +
𝟏

𝒏
𝒂
𝒌
𝒏)

𝒏

𝒌=𝟏

=
𝒂 − 𝟏

𝐥𝐨𝐠(𝒂)
. 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = 𝒆
𝟐

𝐥𝐨𝐠(𝟑)
+

𝟒
𝐥𝐨𝐠(𝟓)

+
𝟔

𝐥𝐨𝐠(𝟕) ≅ 𝟏𝟔𝟏𝟖𝟒𝟐𝟒𝟐𝟏𝟏𝟐𝟑𝟖𝟏𝟑   

2059. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√∑(𝟐𝒌 − 𝟏) (
𝒏

𝒌 − 𝟏
) (
𝒏

𝒌
)

𝒏

𝒌=𝟏

𝒏

 

Proposed by Marian Ursărescu-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

𝑳𝒆𝒕′𝒔 𝒇𝒊𝒓𝒔𝒕 𝒆𝒗𝒂𝒍𝒖𝒂𝒕𝒆 𝒕𝒉𝒆 𝒔𝒖𝒎 𝒊𝒏 𝒄𝒍𝒐𝒔𝒆𝒅 𝒇𝒐𝒓𝒎, 

(
𝒎

𝒗
) =

𝟏

𝟐𝝅𝒊
∮

(𝟏 + 𝒛)𝒎

𝒛𝒗+𝟏|𝒛|=𝝐

𝒅𝒛 ⇒ 𝚿 =∑(𝟐𝒌 − 𝟏) (
𝒏

𝒌 − 𝟏
)
𝟏

𝟐𝝅𝒊
∮

(𝟏 + 𝒛)𝒏

𝒛𝒌+𝟏
𝒅𝒛

|𝒛|=𝝐

𝒏

𝒌=𝟏

 

𝚿 =
𝟏

𝟐𝝅𝒊
∮ (𝟏 + 𝒛)𝒏∑(𝟐𝒌− 𝟏) (

𝒏

𝒌 − 𝟏
)
𝟏

𝒛𝒌+𝟏⏟              
�̅�

𝒅𝒛

𝒏

𝒌=𝟏|𝒛|=𝝐

 

∑(
𝒏

𝒌− 𝟏
)
𝟏

𝒛𝒌+𝟏

𝒏

𝒌=𝟏

=
𝒎=𝒌−𝟏

∑ (
𝒏

𝒎
)
𝟏

𝒛𝒎+𝟐

𝒏−𝟏

𝒎=𝟎

= −𝒛−𝒏−𝟐 + ∑ (
𝒏

𝒎
)𝒛−𝒎𝒛−𝟐

𝒏

𝒎=𝟎

= 

= −𝒛−𝒏−𝟐 + 𝒛−𝟐(𝟏 + 𝒛−𝟏)𝒏 

⇒∑(
𝒏

𝒌− 𝟏
) 𝒛−𝒌

𝒏

𝒌=𝟏

= 𝒛−𝟏(𝟏 + 𝒛−𝟏)𝒏 − 𝒛−𝒏+𝟏 

�̅� = 𝒛−𝒏−𝟐 − 𝒛−𝟐(𝟏 + 𝒛−𝟏)𝒏 − 𝟐
𝒅

𝒅𝒛
(𝒛−𝟏(𝟏 + 𝒛−𝟏)𝒏 − 𝒛−𝒏−𝟏) = 

= 𝒛−𝒏−𝟐 − 𝒛−𝟐(𝟏 + 𝒛−𝟏)𝒏 + 𝟐𝒛−𝟐(𝟏 + 𝒛−𝟏)𝒏 + 𝟐𝒛−𝟑𝒏(𝟏 + 𝒛−𝟏)𝒏−𝟏 − 𝟐(𝒏 + 𝟏)𝒛−𝒏−𝟐 

𝚿 =
𝟏

𝟐𝝅𝒊
∮ [

(𝟏 + 𝒛)𝒏

𝒛𝒏+𝟐
(−𝟏 − 𝟐𝒏) +

(𝟏 + 𝒛−𝟏)𝟐𝒏

𝒛𝒏+𝟐
+ 𝟐𝒏

(𝟏 + 𝒛)𝟐𝒏−𝟏

𝒛𝒏+𝟐
] 𝒅𝒛

|𝒛|=𝝐

= 

= 𝑶 + (
𝟐𝒏

𝒏 + 𝟏
) + 𝟐𝒏 (

𝟐𝒏 − 𝟏

𝒏 + 𝟏
) = (

𝟐𝒏

𝒏 + 𝟏
) + (𝟐𝒏) (

𝟐𝒏 − 𝟏

𝒏 + 𝟏
) = 
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=
(𝟐𝒏)!

(𝒏 + 𝟏)! (𝒏 − 𝟏)!
+
(𝟐𝒏)(𝟐𝒏 − 𝟏)!

(𝒏 + 𝟏)! (𝒏 − 𝟐)!
=

(𝟐𝒏)!

(𝒏 + 𝟏)!
⋅

𝟏

(𝒏 − 𝟐)!
(
𝟏

𝒏 − 𝟏
+ 𝟏) = 

=
𝒏 ⋅ (𝟐𝒏)!

(𝒏 + 𝟏)! (𝒏 − 𝟏)!
=

(𝟐𝒏)!

((𝒏 − 𝟏)!)
𝟐 ⋅

𝟏

𝒏 + 𝟏
, 𝐥𝐢𝐦
𝒙→∞

(
𝟏

𝒙 + 𝟏
)

𝟏
𝒙
= 𝒆

𝐥𝐢𝐦
𝒙→∞

𝐥𝐨𝐠(𝟏+𝒙)
𝒙 = 𝒆

𝐥𝐢𝐦
𝒙→∞

𝟏
𝟏+𝒙 = 𝒆𝟎 = 𝟏 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝚪(𝟐𝒏 + 𝟏)

𝚪(𝒏)𝟐
)

𝟏
𝒏

= 

= 𝐥𝐢𝐦
𝒙→∞

(

 
 
 𝟏

√𝟐𝝅
⋅

𝐞𝐱𝐩 ((𝟐𝒏+ 𝟏) 𝐥𝐨𝐠(𝟐𝒏 + 𝟏) − (𝟐𝒏 + 𝟏) −
𝟏
𝟐 𝐥𝐨𝐠

(𝟐𝒏 + 𝟏) + 𝑶(
𝟏
𝒏𝟐
))

𝟏
𝒏

𝐞𝐱𝐩 (𝟐𝒏 𝐥𝐨𝐠(𝒏) − 𝟐𝒏 − 𝐥𝐨𝐠(𝒏) + 𝑶(
𝟏
𝒏𝟐
))

)

 
 
 

𝟏
𝒏

= 𝒆𝟐 𝐥𝐨𝐠(𝟐) = 𝟒   

2060. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

√𝟏− 𝟐 ∑ (
𝒏

𝒌
) (
𝒏

𝒊
) 𝐜𝐨𝐬

𝟐(𝒊 − 𝒌)𝝅

𝟑
𝟏≤𝒌<𝑖≤𝑛

𝒏
 

Proposed by Daniel Sitaru-Romania 
Solution by Ruxandra Daniela Tonilă-Romania 

 

∑ (
𝒏

𝒌
) (
𝒏

𝒊
) 𝐜𝐨𝐬

𝟐(𝒊 − 𝒌)𝝅

𝟑
𝟏≤𝒌<𝑖≤𝑛

= ∑ (
𝒏

𝒌
) (
𝒏

𝒊
) 𝐜𝐨𝐬 (

𝟐𝝅𝒊

𝟑
−
𝟐𝝅𝒌

𝟑
)

𝟏≤𝒌<𝑖≤𝑛

= 

= ∑ (
𝒏

𝒌
) (
𝒏

𝒊
) (𝐜𝐨𝐬

𝟐𝝅𝒊

𝟑
⋅ 𝐜𝐨𝐬

𝟐𝝅𝒌

𝟑
+ 𝐬𝐢𝐧

𝟐𝝅𝒊

𝟑
⋅ 𝐬𝐢𝐧

𝟐𝝅𝒌

𝟑
)

𝟏≤𝒌<𝑖≤𝑛

;      (𝟏) 

𝑾𝒆 𝒉𝒂𝒗𝒆: 

∑(
𝒏

𝒌
) 𝐜𝐨𝐬 (

𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

=∑(
𝒏

𝒌
)
𝒆
𝟐𝝅𝒌𝒊
𝟑 + 𝒆−

𝟐𝝅𝒌𝒊
𝟑

𝟐

𝒏

𝒌=𝟎

− 𝟏 = 

=
𝟏

𝟐
(∑𝒆

𝟐𝝅𝒌𝒊
𝟑 ⋅ (

𝒏

𝒌
)

𝒏

𝒌=𝟎

+∑𝒆−
𝟐𝝅𝒌𝒊
𝟑 (

𝒏

𝒌
)

𝒏

𝒌=𝟎

) − 𝟏 ==
(𝟏 + 𝒆

𝟐𝝅𝒊
𝟑 )

𝒏

+ (𝟏 + 𝒆−
𝟐𝝅𝒊
𝟑 )

𝒏

𝟐
− 𝟏;    (𝟐) 
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𝟏 + 𝒆
𝟐𝝅𝒊
𝟑 = 𝟏 + 𝐜𝐨𝐬

𝟐𝝅

𝟑
+ 𝒊 𝐬𝐢𝐧

𝟐𝝅

𝟑
=
𝟏

𝟐
+
𝒊√𝟑

𝟐
= 𝐜𝐨𝐬

𝝅

𝟑
+ 𝒊 𝐬𝐢𝐧

𝝅

𝟑
 

(𝟏 + 𝒆
𝟐𝝅𝒊
𝟑 )

𝒏

= 𝐜𝐨𝐬
𝒏𝝅

𝟑
+ 𝒊 𝐬𝐢𝐧

𝒏𝝅

𝟑
 𝒂𝒏𝒅 (𝟏 + 𝒆−

𝟐𝝅𝒊
𝟑 )

𝒏

= 𝐜𝐨𝐬
𝒏𝝅

𝟑
− 𝒊 𝐬𝐢𝐧

𝒏𝝅

𝟑
;   (𝟑) 

𝑭𝒓𝒐𝒎 (𝟐) 𝒂𝒏𝒅 (𝟑) 𝒊𝒕 𝒇𝒐𝒍𝒍𝒐𝒘𝒔 𝒕𝒉𝒂𝒕: 

∑(
𝒏

𝒌
)𝐜𝐨𝐬 (

𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

=
𝐜𝐨𝐬

𝒏𝝅
𝟑 + 𝒊 𝐬𝐢𝐧

𝒏𝝅
𝟑 + 𝐜𝐨𝐬

𝒏𝝅
𝟑 − 𝒊 𝐬𝐢𝐧

𝒏𝝅
𝟑

𝟐
− 𝟏 

 ∑ (
𝒏

𝒌
) 𝐜𝐨𝐬 (

𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

= 𝐜𝐨𝐬
𝒏𝝅

𝟐
− 𝟏;    (𝟒) 

𝑨𝒍𝒔𝒐, 

∑(
𝒏

𝒌
) 𝐬𝐢𝐧 (

𝟐𝒏𝝅

𝟑
)

𝒏

𝒌=𝟏

=∑(
𝒏

𝒌
)
𝒆
𝟐𝒌𝝅𝒊
𝟑 − 𝒆−

𝟐𝒌𝝅𝒊
𝟑

𝟐𝒊

𝒏

𝒌=𝟎

= 

=
(𝟏 + 𝒆

𝟐𝝅𝒊
𝟑 )

𝒏

− (𝟏 + 𝒆−
𝟐𝝅𝒊
𝟑 )

𝒏

𝟐𝒊
=
𝐜𝐨𝐬

𝒏𝝅
𝟑 + 𝒊 𝐬𝐢𝐧

𝒏𝝅
𝟑 − 𝐜𝐨𝐬

𝒏𝝅
𝟑 + 𝒊 𝐬𝐢𝐧

𝒏𝝅
𝟑

𝟐𝒊
= 𝐬𝐢𝐧

𝒏𝝅

𝟑
;  (𝟓) 

(∑(
𝒏

𝒌
) 𝐜𝐨𝐬 (

𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

)

𝟐

= 

=∑(
𝒏

𝒌
)
𝟐

𝐜𝐨𝐬𝟐 (
𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

+ 𝟐 ∑ (
𝒏

𝒌
) (
𝒏

𝒋
)

𝟏≤𝒌<𝑗≤𝑛

⋅ 𝐜𝐨𝐬 (
𝟐𝒌𝝅

𝟑
) ⋅ 𝐜𝐨𝐬 (

𝟐𝒋𝝅

𝟑
)  

𝒂𝒏𝒅 

(∑(
𝒏

𝒌
) 𝐬𝐢𝐧 (

𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

)

𝟐

= 

= ∑(
𝒏

𝒌
)
𝟐

𝐬𝐢𝐧𝟐 (
𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

+ 𝟐 ∑ (
𝒏

𝒌
) (
𝒏

𝒋
)

𝟏≤𝒌<𝑗≤𝑛

⋅ 𝐬𝐢𝐧 (
𝟐𝒌𝝅

𝟑
) ⋅ 𝐬𝐢𝐧 (

𝟐𝒋𝝅

𝟑
)  

𝑩𝒚 𝒂𝒅𝒅𝒊𝒏𝒈: 

(∑(
𝒏

𝒌
) 𝐜𝐨𝐬 (

𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

)

𝟐

+ (∑(
𝒏

𝒌
) 𝐬𝐢𝐧 (

𝟐𝒌𝝅

𝟑
)

𝒏

𝒌=𝟏

)

𝟐

= 
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= ∑(𝐜𝐨𝐬𝟐 (
𝟐𝒌𝝅

𝟑
) + 𝐬𝐢𝐧𝟐 (

𝟐𝒌𝝅

𝟑
)) ⋅ (

𝒏

𝒌
)
𝟐

𝒏

𝒌=𝟏

+ 

+𝟐 ∑ (
𝒏

𝒌
)(
𝒏

𝒋
) (𝐜𝐨𝐬 (

𝟐𝒌𝝅

𝟑
)𝐜𝐨𝐬 (

𝟐𝒋𝝅

𝟑
) + 𝐬𝐢𝐧 (

𝟐𝒌𝝅

𝟑
)𝐬𝐢𝐧 (

𝟐𝒋𝝅

𝟑
))

𝟏≤𝒌<𝑗≤𝑛

;    (𝟔) 

  ∑ (
𝒏

𝒌
)(
𝒏

𝒊
) 𝐜𝐨𝐬

𝟐(𝒊 − 𝒌)𝝅

𝟑
𝟏≤𝒌<𝑖≤𝑛

= 

=
𝟏

𝟐
(𝐜𝐨𝐬𝟐 (

𝒏𝝅

𝟑
) + 𝟏 − 𝟐𝐜𝐨𝐬 (

𝒏𝝅

𝟑
) + 𝐬𝐢𝐧𝟐 (

𝒏𝝅

𝟑
) −∑(

𝒏

𝒌
)
𝟐

𝒏

𝒌=𝟏

) = 

=
𝟏

𝟐
(𝟐 − 𝟐 𝐜𝐨𝐬 (

𝒏𝝅

𝟑
) − (

𝟐𝒏

𝒏
) + 𝟏) =

𝟑

𝟐
− 𝐜𝐨𝐬 (

𝒏𝝅

𝟑
) −

𝟏

𝟐
(
𝟐𝒏

𝒏
) 

𝑯𝒆𝒏𝒄𝒆, 

  𝛀 = 𝐥𝐢𝐦
𝒏→∞

√𝟏 − 𝟐 ∑ (
𝒏

𝒌
)(
𝒏

𝒊
) 𝐜𝐨𝐬

𝟐(𝒊 − 𝒌)𝝅

𝟑
𝟏≤𝒌<𝑖≤𝑛

𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

√(
𝟐𝒏

𝒏
)

𝒏

⋅ √𝟏 +
𝟐𝐜𝐨𝐬 (

𝒏𝝅
𝟑
)

(𝟐𝒏
𝒏
)

−
𝟐

(𝟐𝒏
𝒏
)
  

𝒏

= 

= 𝐥𝐢𝐦
𝒏→∞

√(
𝟐𝒏

𝒏
)

𝒏

=
𝑪−𝑫′𝑨

𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏+𝟐
𝒏+𝟏

)

(𝟐𝒏
𝒏
)
= 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟐)!

[(𝒏 + 𝟏)!]𝟐
⋅
(𝒏!)𝟐

(𝟐𝒏)!
= 𝐥𝐢𝐦
𝒏→∞

(𝟐𝒏 + 𝟏)(𝟐𝒏 + 𝟐)

(𝒏 + 𝟏)𝟐
= 𝟒    

2061. For 𝒙 ∈ (−𝟏, 𝟏) prove that: 

∑
𝚪(𝒏 + 𝒌)

𝚪(𝒌)
𝒙𝒌

∞

𝒌=𝟏

= 𝚪(𝒏 + 𝟏)
𝒙

(𝟏 − 𝒙)𝒏+𝟏
  

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Fao Ler-Iraq 

∑
𝚪(𝒏 + 𝒌)

𝚪(𝒌)
𝒙𝒌

∞

𝒌=𝟏

=∑
𝒙𝒌

𝚪(𝒌)
∫ 𝒕𝒏+𝒌−𝟏𝒆−𝒕
∞

𝟎

𝒅𝒕

∞

𝒌=𝟏

= 

= ∫ 𝒕𝒏−𝟏𝒆−𝒕∑
(𝒙𝒕)𝒌

𝚪(𝒌)
𝒅𝒕

∞

𝒌=𝟏

∞

𝟎

= ∫ 𝒕𝒏−𝟏𝒆−𝒕∑
(𝒙𝒕)𝒌+𝟏

𝒌!
𝒅𝒕

∞

𝒌=𝟎

∞

𝟎

= 
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= ∫ 𝒕𝒏−𝟏𝒆−𝒕𝒙𝒕𝒆𝒙𝒕
∞

𝟎

𝒅𝒕 = 𝒙∫ 𝒕𝒏𝒆−𝒕(𝟏−𝒙)
∞

𝟎

𝒅𝒕 = 𝚪(𝒏 + 𝟏)
𝒙

(𝟏 − 𝒙)𝒏+𝟏
   

Solution 2 by Vuk Stojiljkovik-Serbie 

∵ 𝚪(𝒏 + 𝟏) = 𝒏𝚪(𝒏); 𝚪(𝒏 + 𝟏) = 𝒏! 

𝑺𝒉𝒊𝒇𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒏𝒅𝒆𝒙 𝒃𝒂𝒄𝒌𝒘𝒂𝒓𝒅𝒔 𝒂𝒏𝒅 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒚𝒊𝒏𝒈 𝒕𝒐𝒑 𝒂𝒏𝒅 𝒃𝒐𝒕𝒕𝒐𝒎 𝒘𝒊𝒕𝒉 𝚪(𝒏 + 𝟏) 

𝒂𝒏𝒅 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚 
𝚪(𝒙 + 𝒏)

𝚪(𝒙)
= (𝒙)𝒏, 𝒘𝒆 𝒈𝒆𝒕: 

𝒙∑
𝚪(𝒏 + 𝒌+ 𝟏)

𝚪(𝒌 + 𝟏)

𝚪(𝒏 + 𝟏)

𝚪(𝒏 + 𝟏)
𝒙𝒌

∞

𝒌=𝟎

= 𝒙𝚪(𝒏 + 𝟏)∑
(𝒏 + 𝟏)𝒌
𝒌!

𝒙𝒌
∞

𝒌=𝟎

 

𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒇𝒂𝒎𝒐𝒖𝒔 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒂 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝒙 → −𝒙 

(𝟏 + 𝒙)−𝒂 = ∑(−𝟏)𝒏
(𝒂)𝒏
𝒏!

𝒙𝒏
∞

𝒏=𝟎

, 𝒈𝒊𝒗𝒆𝒔 𝒖𝒔 𝒕𝒉𝒆 𝒓𝒆𝒔𝒖𝒍𝒕 

 ∑
𝚪(𝒏 + 𝒌)

𝚪(𝒌)
𝒙𝒌

∞

𝒌=𝟏

= 𝚪(𝒏 + 𝟏)
𝒙

(𝟏 − 𝒙)𝒏+𝟏
 

2062. For 𝒂 ∈ ℤ, 𝒃 ∈ ℕ prove: 

∫
𝐬𝐢𝐧(𝒂𝒙)

𝐜𝐨𝐬(𝒂𝒙) + 𝐜𝐨𝐬𝐡(𝒃𝒙)
𝒅𝒙

𝝅

𝟎

=
𝟐𝒂

𝒂𝟐 + 𝒃𝟐
𝐥𝐨𝐠 (

𝟐𝒆𝝅𝒃

𝒆𝝅𝒃 + (−𝟏)𝒂
) 

Proposed by Asmat Qatea-Afghanistan 
Solution by Bui Hong Suc-Vietnam 
 

𝛀 = ∫
𝐬𝐢𝐧(𝒂𝒙)

𝐜𝐨𝐬(𝒂𝒙) + 𝐜𝐨𝐬𝐡(𝒃𝒙)
𝒅𝒙

𝝅

𝟎

= ∫
𝐬𝐢𝐧(𝒂𝒙)

𝐜𝐨𝐬(𝒂𝒙) + 𝐜𝐨𝐬(𝒊𝒃𝒙)
𝒅𝒙

𝝅

𝟎

= 

= ∫
𝐬𝐢𝐧(𝒂𝒙)

𝟐 𝐜𝐨𝐬 (
(𝒂 + 𝒊𝒃)𝒙

𝟐 )𝐜𝐨𝐬 (
(𝒂 − 𝒊𝒃)𝒙

𝟐 )
𝒅𝒙

𝝅

𝟎

=
𝒗=
𝝅
𝟐
∫

𝐬𝐢𝐧(𝟐𝒂𝒗)

𝐜𝐨𝐬((𝒂 + 𝒊𝒃)𝒗) 𝐜𝐨𝐬((𝒂 − 𝒊𝒃)𝒗)
𝒅𝒙

𝝅
𝟐

𝟎

= ∫
𝐬𝐢𝐧[(𝒂 + 𝒊𝒃 + 𝒂 − 𝒊𝒃)𝒗]

𝐜𝐨𝐬((𝒂 + 𝒊𝒃)𝒗) 𝐜𝐨𝐬((𝒂 − 𝒊𝒃)𝒗)
𝒅𝒙

𝝅
𝟐

𝟎

= 

= ∫
𝐬𝐢𝐧((𝒂 + 𝒊𝒃)𝒗) 𝐜𝐨𝐬((𝒂 − 𝒊𝒃)𝒗) + 𝐬𝐢𝐧((𝒂 − 𝒊𝒃)𝒗) 𝐜𝐨𝐬((𝒂 + 𝒊𝒃)𝒗)

𝐜𝐨𝐬((𝒂 + 𝒊𝒃)𝒗) 𝐜𝐨𝐬((𝒂 − 𝒊𝒃)𝒗)
𝒅𝒗

𝝅
𝟐

𝟎

= 
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= ∫ (
𝐬𝐢𝐧((𝒂 + 𝒊𝒃)𝒗)

𝐜𝐨𝐬((𝒂 + 𝒊𝒃)𝒗)
+
𝐬𝐢𝐧((𝒂 − 𝒊𝒃)𝒗)

𝐜𝐨𝐬((𝒂 − 𝒊𝒃)𝒗)
)𝒅𝒗

𝝅
𝟐

𝟎

= 

= [
−𝟏

𝒂 + 𝒊𝒃
𝐥𝐨𝐠|𝒄𝒐𝒔((𝒂 + 𝒊𝒃)𝒗)| +

−𝟏

𝒂 − 𝒊𝒃
𝐥𝐨𝐠|𝒄𝒐𝒔((𝒂 − 𝒊𝒃)𝒗)|]

𝟎

𝝅
𝟐
= 

=
−𝟏

𝒂𝟐 + 𝒃𝟐
[𝒂 𝐥𝐨𝐠(𝐜𝐨𝐬 ((𝒂 + 𝒊𝒃)

𝝅

𝟐
) 𝐜𝐨𝐬 ((𝒂 − 𝒊𝒃)

𝝅

𝟐
)) + 𝒊𝒃 𝐥𝐨𝐠(

𝐜𝐨𝐬 ((𝒂 − 𝒊𝒃)
𝝅
𝟐)

𝐜𝐨𝐬 ((𝒂 + 𝒊𝒃)
𝝅
𝟐)
)] = 

=
−𝟏

𝒂𝟐 + 𝒃𝟐
𝒂 𝐥𝐨𝐠(

𝒄𝒐𝒔(𝒂𝝅) + 𝒄𝒐𝒔(𝒊𝒃𝝅)

𝟐
) =

−𝒂

𝒂𝟐 + 𝒃𝟐
𝐥𝐨𝐠

(

 
 (𝒆𝝅𝒃 + (−𝟏)𝒂)

𝟐

(𝟐𝒆
𝝅𝒃
𝟐 )

𝟐

)

 
 
= 

=
−𝟐𝒂

𝒂𝟐 + 𝒃𝟐
𝐥𝐨𝐠 (

𝒆𝝅𝒃 + (−𝟏)𝒂

𝟐𝒆
𝝅𝒃
𝟐

) =
𝟐𝒂

𝒂𝟐 + 𝒃𝟐
𝐥𝐨𝐠 (

𝟐𝒆
𝝅𝒃
𝟐

𝒆𝝅𝒃 + (−𝟏)𝒂
)    

2063. Prove that: 

𝑰 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

𝒙𝜶

+∞

𝟏

𝒅𝒙 =
𝝍(
𝜶 + 𝟐
𝟒
) − 𝝍(

𝜶
𝟒
) + 𝝅

𝟒(𝜶 − 𝟏)
(𝕽(𝜶) > 1) 

Proposed by Le Thu-Vietnam 
Solution 1 by Rana Ranino-Setif-Algerie 
 

𝛀 = ∫
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒙𝜶

+∞

𝟏

𝒅𝒙 =
𝒙→
𝟏
𝒙
∫

𝝅
𝟐 − 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒙𝟐−𝒂
𝒅𝒙

𝟏

𝟎

=
𝝅

𝟐
∫ 𝒙𝒂−𝟐
𝟏

𝟎

𝒅𝒙 −∫ 𝒙𝒂−𝟐 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙
𝟏

𝟎

𝒅𝒙 

𝛀 =
𝑰𝑩𝑷 𝝅

𝟐(𝒂 − 𝟏)
− [
𝒙𝒂−𝟏 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒂 − 𝟏
]
𝟎

𝟏

+
𝟏

𝒂 − 𝟏
∫

𝒙𝒂−𝟏

𝟏 + 𝒙𝟐
𝒅𝒙

𝟏

𝟎

=
𝒙→𝒙𝟐

 

=
𝝅

𝟒(𝒂 − 𝟏)
+

𝟏

𝟐(𝒂 − 𝟏)
∫

𝒙
𝒂
𝟐
−𝟏

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

 

∫
𝒙
𝒂
𝟐
−𝟏

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= ∑(−𝟏)𝒏∫ 𝒙𝒏+
𝒂
𝟐
−𝟏𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

= ∑
(−𝟏)𝒏

𝒏 +
𝒂
𝟐

∞

𝒏=𝟎

= 
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= ∑(
𝟏

𝟐𝒏 +
𝒂
𝟐

−
𝟏

𝟐𝒏 + 𝟏 +
𝒂
𝟐

)

∞

𝒏=𝟎

=
𝟏

𝟐
{𝝍(

𝒂 + 𝟐

𝟒
) −𝝍(

𝒂

𝟒
)} 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = ∫
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒙𝜶

+∞

𝟏

𝒅𝒙 =
𝝍 (
𝜶 + 𝟐
𝟒
) − 𝝍 (

𝜶
𝟒
) + 𝝅

𝟒(𝜶 − 𝟏)
  

Solution 2 by Pham Duc Nam-Vietnam 

𝑰 = ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒙)

𝒙𝜶

+∞

𝟏

𝒅𝒙 =
𝝍(
𝜶+ 𝟐
𝟒
) −𝝍(

𝜶
𝟒
) + 𝝅

𝟒(𝜶 − 𝟏)
(𝕽(𝜶) > 1)  

∗ 𝒕 =
𝟏

𝒙
⇒ 𝒅𝒕 = −

𝒅𝒙

𝒙𝟐
⇒ 𝒅𝒙 = −

𝒅𝒕

𝒕𝟐
⇒ 𝑰 = ∫

𝒂𝒓𝒄𝒕𝒂𝒏(
𝟏
𝒕
)

(
𝟏
𝒕
)
𝜶

𝒅𝒕

𝒕𝟐
=

𝟏

𝟎

∫

𝝅
𝟐
− 𝒂𝒓𝒄𝒕𝒂𝒏(𝒕)

𝒕𝟐−𝜶
𝒅𝒕

𝟏

𝟎

 

=
𝝅

𝟐
∫

𝒅𝒕

𝒕𝟐−𝜶

𝟏

𝟎

𝒅𝒕 −∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒕)

𝒕𝟐−𝜶
𝒅𝒕

𝟏

𝟎

=
𝝅

𝟐(𝜶 − 𝟏)
−∫

𝒂𝒓𝒄𝒕𝒂𝒏(𝒕)

𝒕𝟐−𝜶
𝒅𝒕

𝟏

𝟎

 

∗ ∫
𝒂𝒓𝒄𝒕𝒂𝒏(𝒕)

𝒕𝟐−𝜶
𝒅𝒕

𝟏

𝟎

= ∫
𝟏

𝒕𝟐−𝜶

𝟏

𝟎

(∑
(−𝟏)𝒌𝒕𝟐𝒌+𝟏

(𝟐𝒌 + 𝟏)

+∞

𝒌=𝟎

)𝒅𝒕 = ∑
(−𝟏)𝒌

(𝟐𝒌 + 𝟏)

+∞

𝒌=𝟎

∫ 𝒕𝟐𝒌+𝜶−𝟏
𝟏

𝟎

𝒅𝒕

= ∑
(−𝟏)𝒌

(𝟐𝒌 + 𝟏)

+∞

𝒌=𝟎

.
𝟏

(𝟐𝒌 + 𝜶)
 

=
𝟏

(𝜶 − 𝟏)
∑(

(−𝟏)𝒌

(𝟐𝒌 + 𝟏)
−

(−𝟏)𝒌

(𝟐𝒌 + 𝜶)
)

+∞

𝒌=𝟎

=
𝝅

𝟒(𝜶 − 𝟏)
−

𝟏

(𝜶 − 𝟏)
∑(

(−𝟏)𝒌

(𝟐𝒌 + 𝜶)
)

+∞

𝒌=𝟎

=
𝝅

𝟒(𝜶− 𝟏)
−

𝟏

𝟐(𝜶− 𝟏)
∑(

(−𝟏)𝒌

(𝒌 +
𝜶
𝟐
)
)

+∞

𝒌=𝟎

 

=
𝝅

𝟒(𝜶− 𝟏)
−

𝟏

𝟐(𝜶− 𝟏)
∑(

𝟏

𝟐𝒌 + 𝟏 +
𝜶
𝟐

−
𝟏

𝟐𝒌+
𝜶
𝟐

)

+∞

𝒌=𝟎

=
𝝅

𝟒(𝜶− 𝟏)
+

𝟏

𝟒(𝜶− 𝟏)
(𝝍(

𝜶

𝟒
) − 𝝍(

𝜶+ 𝟐

𝟒
)) 

⇒ 𝑰 =
𝝅

𝟐(𝜶− 𝟏)
−

𝝅

𝟒(𝜶− 𝟏)
−

𝟏

𝟒(𝜶− 𝟏)
(𝝍 (

𝜶

𝟒
) −𝝍(

𝜶+ 𝟐

𝟒
))

=
𝝅

𝟒(𝜶− 𝟏)
+

𝟏

𝟒(𝜶− 𝟏)
(𝝍(

𝜶 + 𝟐

𝟒
) −𝝍(

𝜶

𝟒
))

=
𝝍(
𝜶 + 𝟐
𝟒
) − 𝝍(

𝜶
𝟒
) + 𝝅

𝟒(𝜶 − 𝟏)
(𝕽(𝜶) > 1) 

Solution 3 by Ankush Kumar Parcha-India 

𝛀 = ∫
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒙𝜶

+∞

𝟏

𝒅𝒙 =
𝒚→
𝟏
𝒙
−∫

𝒚𝜶 𝐚𝐫𝐜𝐭𝐚𝐧 (
𝟏
𝒚)

𝒚𝟐
𝒅𝒚

𝟎

𝟏

= ∫ 𝒚𝒂−𝟐 𝐚𝐫𝐜𝐭𝐚𝐧 (
𝟏

𝒚
)𝒅𝒚

𝟏

𝟎

= 
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= [
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏
𝒚)𝒚

𝒂−𝟏

𝒂 − 𝟏
]

𝟎

𝟏

+
𝟏

𝒂 − 𝟏
∫

𝒚𝟐

𝟏 + 𝒚𝟐
𝒚𝒂−𝟏

𝒅𝒚

𝒚𝟐

𝟏

𝟎

= 

=
𝝅

𝟒(𝒂 − 𝟏)
+

𝟏

𝒂 − 𝟏
∑(−𝟏)𝒏∫ 𝒚𝟐𝒏+𝜶−𝟏

𝟏

𝟎

𝒅𝒚

∞

𝒏=𝟎

 

∵
𝟏

𝒛
𝚽(−𝟏, 𝟏, 𝒛−𝟏) =

𝟏

𝟐𝒛
[𝝍(𝟎) (

𝒛 + 𝟏

𝟐𝒛
) − 𝝍(𝟎) (

𝟏

𝟐𝒛
)] 

𝛀 =
𝝅

𝟒(𝜶 − 𝟏)
+

𝟏

𝟐(𝜶 − 𝟏)
∑
(−𝟏)𝒏

𝒏 +
𝟏
𝟐
𝜶

∞

𝒏=𝟎

= 

=
𝝅

𝟒(𝟐𝜶 − 𝟏)
+

𝟏

𝟐(𝜶 − 𝟏)
⋅
𝟏

𝟐
[𝝍(𝟎) (

𝟐
𝜶
+ 𝟏

𝟐 ⋅
𝟐
𝜶

) − 𝝍(𝟎) (
𝟏

𝟐 ⋅
𝟐
𝜶

)] 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = ∫
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒙𝜶

+∞

𝟏

𝒅𝒙 =
𝝍 (
𝜶 + 𝟐
𝟒
) − 𝝍 (

𝜶
𝟒
) + 𝝅

𝟒(𝜶 − 𝟏)
 

2064. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝒏(𝐥𝐨𝐠𝟐 −∑
(𝒏 + 𝒊)𝟒

𝟑 + (𝒏 + 𝒊)𝟓 + 𝐜𝐨𝐭−𝟏(𝒏 + 𝒊)

𝒏

𝒊=𝟏

)) 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

𝟏

(𝒏 + 𝒊)𝟓

(𝒏 + 𝒊)𝟒
+
𝟑 + 𝐜𝐨𝐭−𝟏(𝒏 + 𝒊)

(𝒏 + 𝒊)𝟒

=
𝟏

𝒏 + 𝒊 + 𝑶(
𝟏
𝒏𝟒
)

 

𝟏

𝒏 + 𝒊
=

𝟏

𝒏 (𝟏 +
𝒊
𝒏)
=∑

(−𝟏)𝒋

𝒏
(
𝒊

𝒏
)
𝒋∞

𝒋=𝟎

 

∑
𝟏

𝒏+ 𝒊

𝒏

𝒊=𝟏

= ∑
𝟏

𝒏+𝒎

∞

𝒎=𝟏

− ∑
𝟏

𝒏 + 𝒌

∞

𝒌=𝒏+𝟏

 

∑
𝟏

𝒏 + 𝒊

𝒏

𝒊=𝟏

=∑(
𝟏

𝒊 + 𝒏 + 𝟏
−

𝟏

𝒊 + 𝟐𝒏 + 𝟏
)

∞

𝒊=𝟎

=∑(
𝟏

𝒊 + 𝒏 + 𝟏
−

𝟏

𝒊 + 𝟏
+

𝟏

𝒊 + 𝟏
−

𝟏

𝒊 + 𝟐𝒏 + 𝟏
)

∞

𝒊=𝟎
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𝑺𝒊𝒏𝒄𝒆 𝒕𝒉𝒆 𝒅𝒊𝒈𝒂𝒎𝒎𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏,𝚿(𝒛) = −𝜸 +∑(
𝟏

𝒌+ 𝟏
−

𝟏

𝒌 + 𝒛
)

∞

𝒌=𝟎

; (𝒛 ≠ 𝟎, −𝟏, −𝟐, … ). 

𝑻𝒉𝒆𝒏,∑
𝟏

𝒏 + 𝒊

𝒏

𝒊=𝟏

= (𝚿(𝟐𝒏 + 𝟏) + 𝜸) − (𝚿(𝒏 + 𝟏) + 𝜸) = 𝚿(𝟐𝒏 + 𝟏) − 𝚿(𝒏 + 𝟏) 

𝑨𝒔𝒚𝒎𝒑𝒕𝒐𝒕𝒊𝒄𝒂𝒍𝒍𝒚,𝚿(𝒛)~ 𝐥𝐨𝐠(𝒛) −
𝟏

𝟐𝒛
⇒ 

∑
𝟏

𝒏 + 𝒊

𝒏

𝒊=𝟏

~ 𝐥𝐨𝐠(𝟐𝒏 + 𝟏) −
𝟏

𝟐(𝟐𝒏 + 𝟏)
− 𝐥𝐨𝐠(𝒏 + 𝟏) +

𝟏

𝟐(𝒏 + 𝟏)
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒏(𝐥𝐨𝐠 𝟐 − 𝐥𝐨𝐠 (
𝟐𝒏 + 𝟏

𝒏 + 𝟏
)) −

𝒏

𝟐(𝒏 + 𝟏)
+

𝒏

𝟐(𝟐𝒏 + 𝟏)
= 

= −
𝟏

𝟒
+ 𝐥𝐢𝐦
𝒏→∞

𝒏 (𝐥𝐨𝐠𝟐 − 𝐥𝐨𝐠 (
𝟐𝒏 + 𝟏

𝒏 + 𝟏
)) 

𝐥𝐢𝐦
𝒙→∞

(𝐥𝐨𝐠𝟐 − 𝐥𝐨𝐠 (
𝟐𝒙 + 𝟏

𝒙 + 𝟏
)) = 𝐥𝐢𝐦

𝒙→∞

𝐥𝐨𝐠 𝟐 −
𝟐𝒙 + 𝟏
𝒙 + 𝟏

𝟏
𝒙

=
𝑳′𝑯
𝐥𝐢𝐦
𝒙→∞

−
𝒙 + 𝟏
𝟐𝒙 + 𝟏 ⋅

𝟏
(𝒙 + 𝟏)𝟐

−
𝟏
𝒙𝟐

= 

= 𝐥𝐢𝐦
𝒙→∞

𝟏

(𝟐 +
𝟏
𝒙) (𝟏 +

𝟏
𝒙)
=
𝟏

𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 =
𝟏

𝟒
.    

2065. For 𝒂 ∈ (−𝟏, 𝟏) prove that: 

∑
𝟏−𝒂𝐜𝐨𝐬 (

𝟐𝒌𝝅
𝒏
)

𝟏 − 𝟐𝒂 𝐜𝐨𝐬 (
𝟐𝒌𝝅
𝒏
) + 𝒂𝟐

𝒏

𝒌=𝟏

=
𝒏

𝟏 − 𝒂𝟐
 

Proposed by Asmat Qatea-Afghanistan 
Solution by Bui Hong Suc-Vietnam 

𝑺 =∑
𝟏− 𝒂𝐜𝐨𝐬 (

𝟐𝒌𝝅
𝒏 )

𝟏 − 𝟐𝒂𝐜𝐨𝐬 (
𝟐𝒌𝝅
𝒏 ) + 𝒂𝟐

𝒏

𝒌=𝟏

=
𝟏

𝟐
∑

𝟐− 𝒂(𝒆
𝟐𝝅𝒊𝒌
𝒏 + 𝒆−

𝟐𝝅𝒊𝒌
𝒏 )

𝟏 − 𝒂(𝒆
𝟐𝝅𝒊𝒌
𝒏 + 𝒆−

𝟐𝝅𝒊𝒌
𝒏 ) + 𝒂𝟐

𝒏

𝒌=𝟏

= 
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=
𝟏

𝟐
∑
(𝟏 − 𝒂𝒆

𝟐𝝅𝒊𝒌
𝒏 ) + (𝟏 − 𝒂𝒆−

𝟐𝝅𝒊𝒌
𝒏 )

(𝟏 − 𝒂𝒆
𝟐𝝅𝒊𝒌
𝒏 ) (𝟏 − 𝒂𝒆−

𝟐𝝅𝒊𝒌
𝒏 )

𝒏

𝒌=𝟏

=
𝟏

𝟐
∑(

𝟏

𝟏 − 𝒂𝒆
𝟐𝝅𝒊𝒌
𝒏

+
𝟏

𝟏 − 𝒂𝒆−
𝟐𝝅𝒊𝒌
𝒏

)

𝒏

𝒌=𝟏

= 

=
𝟏

𝟐
∑∑𝒂𝒋 (𝒆

𝟐𝝅𝒊𝒋𝒌
𝒏 + 𝒆−

𝟐𝝅𝒊𝒋𝒌
𝒏 )

∞

𝒋=𝟎

𝒏

𝒌=𝟏

=
𝟏

𝟐
∑𝒂𝒋 (∑𝒆

𝟐𝝅𝒊𝒋𝒌
𝒏

𝒏

𝒌=𝟏

+∑𝒆−
𝟐𝝅𝒊𝒋𝒌
𝒏

𝒏

𝒌=𝟏

)

∞

𝒋=𝟎

 

We know that: 

∑𝒆
𝟐𝝅𝒊𝒋𝒌
𝒏

𝒏

𝒌=𝟏

= {
𝒏, 𝐢𝐟 𝒏|𝒋
𝟎 𝐨𝐭𝐡𝐞𝐫𝐬

, 𝐚𝐧𝐝 ∑𝒆−
𝟐𝝅𝒊𝒋𝒌
𝒏

𝒏

𝒌=𝟏

= {
𝒏 𝐢𝐟 𝒏|𝒋
𝟎 𝐨𝐭𝐡𝐞𝐫𝐬

 

Hence, let 𝒋 = 𝒎𝒏: 

𝑺 =
𝟏

𝟐
∑𝒂𝒋 (∑𝒆

𝟐𝝅𝒊𝒋𝒌
𝒏

𝒏

𝒌=𝟏

+∑𝒆−
𝟐𝝅𝒊𝒋𝒌
𝒏

𝒏

𝒌=𝟏

)

∞

𝒋=𝟎

=
𝟏

𝟐
∑ 𝒂𝒎𝒏𝟐𝒏

∞

𝒎=𝟎

= 𝒏∑ 𝒂𝒎𝒏
∞

𝒎=𝟎

=
𝒏

𝟏 − 𝒂𝒏
 

2066. For |𝒂| ≥ 𝟏, |𝒃| ≥ 𝟏 prove that: 

∫ 𝐚𝐫𝐜𝐭𝐚𝐧 (
𝐬𝐢𝐧 𝒙

𝒂 + 𝐜𝐨𝐬 𝒙
) 𝐚𝐫𝐜𝐭𝐚𝐧 (

𝐬𝐢𝐧 𝒙

𝒃 + 𝐜𝐨𝐬 𝒙
)𝒅𝒙

𝝅

𝟎

=
𝝅

𝟐
𝑳𝒊𝟐 (

𝟏

𝒂𝒃
) 

Proposed by Asmat Qatea-Afghanistan 
Solution by Rana Ranino-Setif-Algerie 

 

𝛀 = ∫ 𝐚𝐫𝐜𝐭𝐚𝐧 (
𝒔𝒊𝒏𝒙

𝒂 + 𝒄𝒐𝒔 𝒙
) 𝐚𝐫𝐜𝐭𝐚𝐧 (

𝒔𝒊𝒏𝒙

𝒃 + 𝒄𝒐𝒔 𝒙
)𝒅𝒙

𝝅

𝟎

; |𝒂|, |𝒃| ≥ 𝟏 

𝐚𝐫𝐜𝐭𝐚𝐧 (
𝒔𝒊𝒏𝒙

𝒓 + 𝒄𝒐𝒔𝒙
) = −∑

(−
𝟏
𝒓)
𝒏

𝐬𝐢𝐧(𝒏𝒙)

𝒏

∞

𝒏=𝟏

 

𝛀 = ∑
(−
𝟏
𝒂)

𝒏

𝒏

∞

𝒏=𝟏

∑
(−
𝟏
𝒃)

𝒌

𝒌

∞

𝒌=𝟏

∫ 𝐬𝐢𝐧(𝒏𝒙) 𝐬𝐢𝐧(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 

∫ 𝐬𝐢𝐧(𝒏𝒙) 𝐬𝐢𝐧(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 =
𝝅

𝟐
𝜹𝒏𝒌 = {

𝝅

𝟐
 𝐢𝐟 𝒌 = 𝒏

𝟎 𝐢𝐟 𝒌 ≠ 𝒏
 

𝛀 =
𝝅

𝟐
∑
(
𝟏
𝒂𝒃)

𝒏

𝒏𝟐

∞

𝒏=𝟏

=
𝝅

𝟐
𝑳𝒊𝟐 (

𝟏

𝒂𝒃
) 
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  ∫ 𝐚𝐫𝐜𝐭𝐚𝐧 (
𝒔𝒊𝒏𝒙

𝒂 + 𝒄𝒐𝒔 𝒙
) 𝐚𝐫𝐜𝐭𝐚𝐧 (

𝒔𝒊𝒏 𝒙

𝒃 + 𝒄𝒐𝒔𝒙
)𝒅𝒙

𝝅

𝟎

=
𝝅

𝟐
𝑳𝒊𝟐 (

𝟏

𝒂𝒃
) 

2067. Prove that: 

𝑰 = ∫ (𝝅 − 𝒙)𝟐 𝒄𝒐𝒔(𝒙)
𝝅

𝟎

𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙)) 𝒅𝒙 = 𝟐𝝅(𝒍𝒐𝒈(𝟐) − 𝟐) 

Proposed by Ankush Kumar Parcha-India 
Solution by Pham Duc Nam-Vietnam 
 

∗ ∫ 𝒇(𝒙)𝒅𝒙 =
𝒃

𝒂

∫ 𝒇(𝒂 + 𝒃 − 𝒙)𝒅𝒙
𝒃

𝒂

⇒ 𝑰 = ∫ (𝝅− (𝝅 − 𝒙))
𝟐
𝒄𝒐𝒔(𝝅 − 𝒙)

𝝅

𝟎

𝒍𝒐𝒈(𝒔𝒊𝒏(𝝅 − 𝒙))𝒅𝒙

= −∫ 𝒙𝟐 𝒄𝒐𝒔(𝒙)
𝝅

𝟎

𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙)) 𝒅𝒙 

⇒ 𝟐𝑰 = ∫ ((𝝅 − 𝒙)𝟐 − 𝒙𝟐)𝒄𝒐𝒔(𝒙)
𝝅

𝟎

𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙))𝒅𝒙 = ∫ (𝝅𝟐 − 𝟐𝝅𝒙)𝒄𝒐𝒔(𝒙)
𝝅

𝟎

𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙))𝒅𝒙 

∗ 𝝅𝟐∫ 𝒄𝒐𝒔(𝒙)
𝝅

𝟎

𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙))𝒅𝒙 = 𝝅𝟐∫ 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙))𝒅(𝒔𝒊𝒏(𝒙))
𝝅

𝟎

= 𝝅𝟐(𝒔𝒊𝒏(𝒙) 𝒍𝒐𝒈(𝒔𝒊𝒏 𝒙) − 𝒔𝒊𝒏(𝒙))|𝟎
𝝅 = 𝟎 

∗ 𝟐𝝅∫ 𝒙𝒄𝒐𝒔(𝒙)
𝝅

𝟎

𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙))𝒅𝒙, {
𝑢 = 𝑥
𝑑𝑣 = 𝒄𝒐𝒔(𝒙) 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙))𝒅𝒙

⇒ {
𝑑𝑢 = 𝑑𝑥
𝑣 = 𝒔𝒊𝒏(𝒙) 𝒍𝒐𝒈(𝒔𝒊𝒏 𝒙) − 𝒔𝒊𝒏(𝒙)

 

⇒ 𝟐𝝅∫ 𝒙𝒄𝒐𝒔(𝒙)
𝝅

𝟎

𝒍𝒐𝒈(𝒔𝒊𝒏(𝒙))𝒅𝒙

= 𝟐𝝅𝒙(𝒔𝒊𝒏(𝒙) 𝒍𝒐𝒈(𝒔𝒊𝒏 𝒙) − 𝒔𝒊𝒏(𝒙))|𝟎
𝝅

⏟                        
=𝟎

− 𝟐𝝅∫ (𝒔𝒊𝒏(𝒙) 𝒍𝒐𝒈(𝒔𝒊𝒏 𝒙) − 𝒔𝒊𝒏(𝒙))
𝝅

𝟎

𝒅𝒙 

= −𝟐𝝅(𝒍𝒐𝒈(𝟒) − 𝟒) 
⇒ 𝟐𝑰 = 𝟐𝝅(𝒍𝒐𝒈(𝟒) − 𝟒) ⇒ 𝑰 = 𝟐𝝅(𝒍𝒐𝒈(𝟐) − 𝟐) 

2068. Prove that: 

∫ √𝟏 −√𝟏 − √𝟏 − √𝟏 − 𝒙𝒅𝒙
𝟏

𝟎

=
𝟐𝟗

𝟑
⋅

𝟖𝟑𝟗

𝟑 ⋅ 𝟓 ⋅ 𝟕 ⋅ 𝟏𝟏 ⋅ 𝟏𝟑 ⋅ 𝟏𝟕
 

Proposed by Asmat Qatea-Afghanistan 
Solution by Adrian Popa-Romania 
 

𝑰 = ∫ √𝟏 −√𝟏 − √𝟏− √𝟏 − 𝒙𝒅𝒙
𝟏

𝟎

= ∫ √𝟏 − √𝟏 −√𝟏 − √𝒙𝒅𝒙
𝟏

𝟎

=
√𝒙=𝒕
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∫ √𝟏 − √𝟏− √𝟏 − 𝒕 ⋅ 𝟐𝒕 𝒅𝒕
𝟏

𝟎

= 𝟐∫ √𝟏 −√𝟏 − √𝒕(𝟏 − 𝒕)𝒅𝒕
𝟏

𝟎

=
𝒕=𝒖𝟐

 

= 𝟐∫ √𝟏− √𝟏 − 𝒖(𝟏 − 𝒖𝟐) ⋅ 𝟐𝒖 𝒅𝒖
𝟏

𝟎

= 𝟐𝟐∫ √𝟏− √𝒖(𝟏 − (𝟏 − 𝒖)𝟐)(𝟏 − 𝒖) 𝒅𝒖
𝟏

𝟎

= 

=
√𝒖=𝒛

𝟐𝟐∫ √𝟏 − 𝒛(𝟏 − (𝟏 − 𝒛𝟐)𝟐)(𝟏 − 𝒛𝟐) ⋅ 𝟐𝒛 𝒅𝒛
𝟏

𝟎

= 

= 𝟐𝟑∫ √𝟏 − 𝒛(𝟏 − (𝟏 − 𝒛𝟐)𝟐)(𝟏 − 𝒛𝟐) ⋅ 𝒛 𝒅𝒛
𝟏

𝟎

= 

= 𝟐𝟑∫ √𝟏 − 𝒛(𝟏 − 𝟏 + 𝟐𝒛𝟐 − 𝒛𝟒)(𝟏 − 𝒛𝟐)𝒛 𝒅𝒛
𝟏

𝟎

= 

= 𝟐𝟑∫ √𝟏 − 𝒛 ⋅ 𝒛𝟑(𝟐 − 𝒛𝟐)(𝟏 − 𝒛𝟐) 𝒅𝒛
𝟏

𝟎

= 𝟐𝟑∫ √𝟏 − 𝒛 ⋅ 𝒛𝟑(𝒛𝟒 − 𝟑𝒛𝟐 + 𝟐) 𝒅𝒛
𝟏

𝟎

= 

= 𝟐𝟑∫ √𝒛(𝟏 − 𝒛)𝟑((𝟏 − 𝒛)𝟒 − 𝟑(𝟏 − 𝒛)𝟐 + 𝟐) 𝒅𝒛
𝟏

𝟎

=
√𝒛=𝒚

 

= 𝟐𝟑∫ 𝒚(𝟏 − 𝒚𝟐)𝟑((𝟏 − 𝒚𝟐)𝟒 − 𝟑(𝟏 − 𝒚𝟐)𝟐 + 𝟐) ⋅ 𝟐𝒚 𝒅𝒚
𝟏

𝟎

= 

= 𝟐𝟒∫ 𝒚𝟐(𝟏 − 𝟑𝒚𝟐 + 𝟑𝒚𝟒 − 𝒚𝟔)(𝟏 − 𝟒𝒚𝟐 + 𝟔𝒚𝟒 − 𝟒𝒚𝟔 + 𝒚𝟖 − 𝟑 + 𝟔𝒚𝟐 − 𝟑𝒚𝟒 + 𝟐) 𝒅𝒚
𝟏

𝟎

 

= 𝟐𝟒∫ (−𝒚𝟏𝟔 + 𝟕𝒚𝟏𝟒 − 𝟏𝟖𝒚𝟏𝟐 + 𝟐𝟎𝒚𝟏𝟎 − 𝟕𝒚𝟖 − 𝟑𝒚𝟔 + 𝟐𝒚𝟒)𝒅𝒚
𝟏

𝟎

= 

= 𝟐𝟒 (−
𝟏

𝟏𝟕
+
𝟐

𝟏𝟓
−
𝟏𝟖

𝟏𝟑
+
𝟐𝟎

𝟏𝟏
−
𝟕

𝟗
−
𝟑

𝟕
+
𝟐

𝟓
) =

𝟐𝟗

𝟑
⋅

𝟖𝟑𝟗

𝟑 ⋅ 𝟓 ⋅ 𝟕 ⋅ 𝟏𝟏 ⋅ 𝟏𝟑 ⋅ 𝟏𝟕
   

2069. Find: 

𝛀 = ∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒙𝟑 + 𝟏
𝒅𝒙

∞

𝟎

 

Proposed by Vasile Mircea Popa-Romania 
Solution by Togrul Ehmedov-Azerbaijan 

 

𝛀 = ∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒙𝟑 + 𝟏
𝒅𝒙

∞

𝟎

= ∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝟏 + 𝒙𝟑
𝒅𝒙

𝟏

𝟎

+∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝟏 + 𝒙𝟑
𝒅𝒙

∞

𝟏

= 
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= ∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝟏 + 𝒙𝟑
𝒅𝒙

𝟏

𝟎

+∫
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏
𝒙)

𝟏 + 𝒙𝟑
𝒅𝒙

𝟏

𝟎

= 

= ∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝟏 + 𝒙𝟑
𝒅𝒙

𝟏

𝟎

+∫

𝝅
𝟐 − 𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝟏 + 𝒙𝟑
𝒅𝒙

𝟏

𝟎

=
𝝅

𝟐
∫

𝒅𝒙

𝟏 + 𝒙𝟑

𝟏

𝟎

+∫
𝒙 − 𝟏

𝟏 + 𝒙𝟑
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙𝒅𝒙

𝟏

𝟎

 

𝑰𝟏 = ∫
𝒙 − 𝟏

𝟏 + 𝒙𝟑
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙𝒅𝒙

𝟏

𝟎

=
𝟏

𝟑
∫

𝟐𝒙− 𝟏

𝒙𝟐 − 𝒙 + 𝟏
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙𝒅𝒙

𝟏

𝟎

−
𝟐

𝟑
∫
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝟏 + 𝒙
𝒅𝒙

𝟏

𝟎

= 

=
𝟏

𝟑
∫

𝟐𝒙 − 𝟏

𝒙𝟐 − 𝒙+ 𝟏
𝐚𝐫𝐜𝐭𝐚𝐧 𝒙 𝒅𝒙

𝟏

𝟎

−
𝝅

𝟏𝟐
𝐥𝐨𝐠(𝟐) = 

=
𝟏

𝟑
(
𝟓

𝟑
𝑮 −

𝝅

𝟑
𝐥𝐨𝐠(𝟐 + √𝟑)) −

𝝅

𝟏𝟐
𝐥𝐨𝐠(𝟐) =

𝟓

𝟗
𝑮 −

𝝅

𝟗
𝐥𝐨𝐠(𝟐 + √𝟑) −

𝝅

𝟏𝟐
𝐥𝐨𝐠(𝟐) 

𝛀 =
𝝅

𝟐
(
𝟏

𝟑
𝐥𝐨𝐠(𝟐) +

𝝅

𝟑√𝟑
) + 𝑰𝟏 =

𝝅

𝟏𝟐
𝐥𝐨𝐠(𝟐) +

𝝅𝟐

𝟔√𝟑
+
𝟓

𝟗
𝑮 −

𝝅

𝟗
𝐥𝐨𝐠(𝟐 + √𝟑) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,𝛀 = ∫
𝒙𝐚𝐫𝐜𝐭𝐚𝐧 𝒙

𝒙𝟑 + 𝟏
𝒅𝒙

∞

𝟎

=
𝟓

𝟑
𝑮−

𝝅

𝟑
𝐥𝐨𝐠(𝟐 + √𝟑) 

2070. Prove that: 

∫ √𝒙𝟐 +√𝝓 + 𝒙𝟒
𝟏

𝟎

𝒅𝒙 =
𝝓

𝟐
+
√𝟐𝝓

𝟐
𝐚𝐫𝐜𝐭𝐚𝐧(√𝟏 + 𝟐𝝓 +√𝟐𝝓) −

𝝅

𝟖
√𝟐𝝓 

where 𝝓 is golden ratio. 

Proposed by Asmat Qatea-Afghanistan 
Solution by Bui Hong Suc-Vietnam 

𝛀 = ∫ √𝒙𝟐 + √𝝓+ 𝒙𝟒
𝟏

𝟎

𝒅𝒙 =
𝒙𝟐=√𝝓 𝐭𝐚𝐧 𝒖

 

= ∫ √√𝝓 𝐭𝐚𝐧𝒖 +√𝝓 +𝝓 𝐭𝐚𝐧𝟐 𝒖
√𝝓
𝟒 𝒅𝒖

𝟐√𝐭𝐚𝐧 𝒖𝐜𝐨𝐬𝟐 𝒖

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

 

=
√𝝓

𝟐
∫ √

𝐬𝐢𝐧𝒖

𝐜𝐨𝐬𝒖
+

𝟏

𝐜𝐨𝐬𝒖
∙ √
𝐜𝐨𝐬𝒖

𝐬𝐢𝐧𝒖
∙
𝒅𝒖

𝐜𝐨𝐬𝟐 𝒖

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

=
√𝝓

𝟐
∫

√𝟏 + 𝐬𝐢𝐧𝒖

√𝐬𝐢𝐧𝒖

𝒅𝒖

𝐜𝐨𝐬𝟐 𝒖

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

= 

=
√𝝓

𝟐
∫

√(𝐜𝐨𝐬
𝒖
𝟐 + 𝐬𝐢𝐧

𝒖
𝟐)

𝟐

√𝟐𝐬𝐢𝐧
𝒖
𝟐 𝐜𝐨𝐬

𝒖
𝟐

∙
𝒅𝒖

(𝐜𝐨𝐬𝟐
𝒖
𝟐 − 𝐬𝐢𝐧

𝟐 𝒖
𝟐)

𝟐

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

= 
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=
√𝟐𝝓

𝟒
∫

𝐜𝐨𝐬
𝒖
𝟐 + 𝐬𝐢𝐧

𝒖
𝟐

√𝐬𝐢𝐧
𝒖
𝟐 𝐜𝐨𝐬

𝒖
𝟐

∙
(𝟏 + 𝐭𝐚𝐧𝟐

𝒖
𝟐)

𝟐

𝒅𝒖

(𝟏 − 𝐭𝐚𝐧𝟐
𝒖
𝟐)

𝟐

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

= 

=
√𝟐𝝓

𝟒
∫

𝟏 + 𝐭𝐚𝐧
𝒖
𝟐

√𝐭𝐚𝐧
𝒖
𝟐

∙
(𝟏 + 𝐭𝐚𝐧𝟐

𝒖
𝟐)

𝟐

𝒅𝒖

(𝟏 − 𝐭𝐚𝐧𝟐
𝒖
𝟐)

𝟐

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

= 

= √𝟐𝝓∫
𝟏 + 𝐭𝐚𝐧

𝒖
𝟐

(𝟏 + 𝐭𝐚𝐧
𝒖
𝟐)

𝟐 ∙

(𝟏 + 𝐭𝐚𝐧𝟐
𝒖
𝟐)𝒅(

√𝐭𝐚𝐧
𝒖
𝟐)

(𝟏 − 𝐭𝐚𝐧
𝒖
𝟐)

𝟐

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

= 

= √𝟐𝝓∫

(𝟏+ 𝐭𝐚𝐧𝟐
𝒖
𝟐)𝒅(

√𝐭𝐚𝐧
𝒖
𝟐)

(𝟏 + 𝐭𝐚𝐧
𝒖
𝟐) (𝟏 − 𝐭𝐚𝐧

𝒖
𝟐)

𝟐

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

=
𝒕=√𝐭𝐚𝐧

𝒖
𝟐

√𝟐𝝓∫
(𝟏 + 𝒕𝟒)𝒅𝒕

(𝟏 + 𝒕𝟐)(𝟏 − 𝒕𝟐)𝟐

√𝝓−√𝝓

𝟎

= 

= √𝟐𝝓∫ [
𝟏

𝟒
(

𝟏

(𝟏 − 𝒕)𝟐
+

𝟏

(𝟏 + 𝒕)𝟐
) +

𝟏

𝟐
∙
𝟏

𝟏 + 𝒕𝟐
] 𝒅𝒕

√𝝓−√𝝓

𝟎

= 

=
√𝟐𝝓

𝟐
[
𝟏

𝟐
(
𝟏

𝟏 − 𝒕
−

𝟏

𝟏 + 𝒕
) + 𝐚𝐫𝐜𝐭𝐚𝐧 𝒕]

𝟎

√𝝓−√𝝓

= 

=
√𝟐𝝓

𝟐

[
 
 
 √𝝓−√𝝓

𝟏+ √𝝓−𝝓
+ 𝐚𝐫𝐜𝐭𝐚𝐧 (√𝝓−√𝝓)

]
 
 
 

     

2071. Prove that: 

∫
𝟏

(𝟏 + 𝐬𝐢𝐧 𝒙)𝟐√𝐥𝐨𝐠(𝐭𝐚𝐧 𝒙 + 𝐬𝐞𝐜 𝒙)
𝒅𝒙

𝝅
𝟐

𝟎

=
√𝝅

𝟐
(𝟏 +

𝟏

√𝟑
) 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Samir Zaakouni-Morocco 

𝛀 = ∫
𝟏

(𝟏 + 𝐬𝐢𝐧𝒙)𝟐√𝐥𝐨𝐠(𝒕𝒂𝒏𝒙 + 𝒔𝒆𝒄 𝒙)
𝒅𝒙

𝝅
𝟐

𝟎

= 
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= ∫
𝐬𝐞𝐜𝟐 𝒙

(𝐭𝐚𝐧𝒙 + 𝐬𝐞𝐜𝒙)𝟐√𝐥𝐨𝐠(𝒕𝒂𝒏𝒙 + 𝒔𝒆𝒄 𝒙)
𝒅𝒙

𝝅
𝟐

𝟎

 

𝒍𝒆𝒕 𝒖 = 𝐥𝐨𝐠(𝐭𝐚𝐧𝒙 + 𝐬𝐞𝐜𝒙) ⇒ 𝒆𝒖 = 𝐭𝐚𝐧𝒙 + 𝐬𝐞𝐜𝒙 ; 

𝒅𝒖 = 𝐬𝐞𝐜𝒙𝒅𝒙; 𝐬𝐞𝐜𝒙 =
𝒆𝒖 + 𝒆−𝒖

𝟐
 

𝛀 =
𝟏

𝟐
∫

𝒆𝒖 + 𝒆−𝒖

𝒆𝟐𝒖√𝒖
𝒅𝒖

∞

𝟎

=
𝟏

𝟐
∫ 𝒆−

𝟏
𝟐𝒆−𝒖

∞

𝟎

𝒅𝒖 +
𝟏

𝟐
∫ 𝒖−

𝟏
𝟐𝒆−𝟑𝒖

∞

𝟎

𝒅𝒖 = 

=
𝟏

𝟐
∫ 𝒖𝟏−

𝟏
𝟐𝒆−𝒖

∞

𝟎

𝒅𝒖 +
√𝟑

𝟔
∫ 𝒕𝟏−

𝟏
𝟐𝒆−𝒕

∞

𝟎

𝒅𝒕; (𝟑𝒖 = 𝒕) 

𝛀 = (
𝟏

𝟐
+
√𝟑

𝟔
)∫ 𝒕𝟏−

𝟏
𝟐𝒆−𝒕

∞

𝟎

𝒅𝒕 = (
𝟏

𝟐
+
√𝟑

𝟔
)𝚪(

𝟏

𝟐
) =

√𝝅

𝟐
(𝟏 +

𝟏

√𝟑
) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,∫
𝟏

(𝟏 + 𝐬𝐢𝐧𝒙)𝟐√𝐥𝐨𝐠(𝒕𝒂𝒏𝒙 + 𝒔𝒆𝒄 𝒙)
𝒅𝒙

𝝅
𝟐

𝟎

=
√𝝅

𝟐
(𝟏 +

𝟏

√𝟑
)   

Solution 2 by Rana Ranino-Setif-Algerie 

𝛀 = ∫
𝟏

(𝟏 + 𝐬𝐢𝐧𝒙)𝟐√𝐥𝐨𝐠(𝒕𝒂𝒏𝒙 + 𝒔𝒆𝒄 𝒙)
𝒅𝒙

𝝅
𝟐

𝟎

= 

=
𝒙→
𝝅
𝟐
−𝒙

∫
𝟏

(𝟏 + 𝐜𝐨𝐬 𝒙)𝟐√𝐥𝐨𝐠(𝒄𝒐𝒕 𝒙 + 𝒄𝒔𝒄 𝒙)
𝒅𝒙

𝝅
𝟐

𝟎

=
𝟏

𝟒
∫

𝟏

𝐜𝐨𝐬𝟐 (
𝒙
𝟐)
√− 𝐥𝐨𝐠 (𝒕𝒂𝒏

𝒙
𝟐)

𝒅𝒙

𝐜𝐨𝐬𝟐 (
𝒙
𝟐)

𝝅
𝟐

𝟎

=
𝟐𝒙→𝒙 𝟏

𝟐
∫

𝟏

𝐜𝐨𝐬𝟐 𝒙√−𝐥𝐨𝐠(𝒕𝒂𝒏𝒙)

𝒅𝒙

𝐜𝐨𝐬𝟐 𝒙

𝝅
𝟒

𝟎

= 

=
𝐭𝐚𝐧 𝒙=𝒆−𝒕 𝟏

𝟐
∫

𝒆−𝒕(𝟏 + 𝒆−𝟐𝒕)

√𝒕
𝒅𝒕

∞

𝟎

=
𝟏

𝟐
∫ 𝒕

𝟏
𝟐
−𝟏𝒆−𝒕𝒅𝒕

∞

𝟎

+
𝟏

𝟐
∫ 𝒕

𝟏
𝟐
−𝟏𝒆−𝟑𝒕𝒅𝒕

∞

𝟎

= 

=
𝟏

𝟐
𝚪(
𝟏

𝟐
) +

𝟏

𝟐√𝟑
𝚪 (
𝟏

𝟐
) =

√𝝅

𝟐
(𝟏 +

𝟏

√𝟑
) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,∫
𝟏

(𝟏 + 𝐬𝐢𝐧𝒙)𝟐√𝐥𝐨𝐠(𝒕𝒂𝒏𝒙 + 𝒔𝒆𝒄 𝒙)
𝒅𝒙

𝝅
𝟐

𝟎

=
√𝝅

𝟐
(𝟏 +

𝟏

√𝟑
)   
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2072. Prove that: 

∫ ∫
(𝒙𝒚)𝟐(𝒆𝒙+𝒚 − 𝟏)

(𝒆𝟐𝒙 − 𝟏)(𝒆𝟐𝒚 − 𝟏)
𝒅𝒙𝒅𝒚

∞

𝟎

∞

𝟎

= 𝟑𝜻𝟐(𝟑) 

where 𝜻(𝟑) is the Apery’s constant. 

Proposed by Ankush Kumar Parcha-India 
Solution by Le Thu-Vietnam 

𝛀 = ∫ ∫
(𝒙𝒚)𝟐(𝒆𝒙+𝒚 − 𝟏)

(𝒆𝟐𝒙 − 𝟏)(𝒆𝟐𝒚 − 𝟏)
𝒅𝒙𝒅𝒚

∞

𝟎

∞

𝟎

= 

= ∫ ∫
𝒙𝟐𝒚𝟐𝒆𝒙𝒆𝒚

(𝒆𝟐𝒙 − 𝟏)(𝒆𝟐𝒚 − 𝟏)
𝒅𝒙𝒅𝒚

∞

𝟎

∞

𝟎

−∫ ∫
𝒙𝟐𝒚𝟐

(𝒆𝟐𝒙 − 𝟏)(𝒆𝟐𝒚 − 𝟏)
𝒅𝒙𝒅𝒚

∞

𝟎

∞

𝟎

= 

= (∫
𝒛𝟐𝒆𝒛

𝒆𝟐𝒛 − 𝟏
𝒅𝒛

∞

𝟎

)

𝟐

− (∫
𝒛𝟐

𝒆𝟐𝒛 − 𝟏
𝒅𝒛

∞

𝟎

)

𝟐

= 𝛀𝟏
𝟐 −𝛀𝟐

𝟐 

𝛀𝟏 =
𝟏

𝟐
∫ 𝒛𝟑−𝟏 𝐜𝐬𝐜𝐡𝒛
∞

𝟎

𝒅𝒛 =
𝟏

𝟐
∙
𝟕

𝟒
𝚪(𝟑)𝜻(𝟑) =

𝟕

𝟒
𝜻(𝟑) 

𝛀𝟐 =
𝒖=𝟐𝒛 𝟏

𝟖
∫

𝒖𝟑−𝟏

𝒆𝒖 − 𝟏
𝒅𝒖

∞

𝟎

=
𝟏

𝟖
𝚪(𝟑)𝜻(𝟑) =

𝟏

𝟒
𝜻(𝟑) 

𝑯𝒆𝒏𝒄𝒆,𝛀 = (
𝟕

𝟒
𝜻(𝟑))

𝟐

− (
𝟏

𝟒
𝜻(𝟑))

𝟐

= 𝟑𝜻𝟐(𝟑),𝒘𝒉𝒆𝒓𝒆 

 𝟐𝚪(𝒚)𝜻(𝒚) =
𝟐𝒚

𝟐𝒚 − 𝟏
∫ 𝒕𝒚−𝟏 𝐜𝐬𝐜𝐡 𝒕𝒅𝒕
∞

𝟎

 

𝚪(𝒚)𝜻(𝒚) = ∫
𝒕𝒚−𝟏

𝒆𝒕 − 𝟏
𝒅𝒕

∞

𝟎

 𝒇𝒐𝒓 𝕽(𝒚) > 1 

𝒆𝒛

𝒆𝟐𝒛 − 𝟏
=
𝐜𝐬𝐜𝐡 𝒛

𝟐
    

2073. Prove that: 

∫
𝒙 𝐥𝐨𝐠(𝒙𝟏𝟐𝟗𝟔)

(𝟏 − 𝒙𝟐)(𝟏 + 𝒙𝟑)
𝒅𝒙

𝟏

𝟎

= 𝟏𝟐(𝐥𝐨𝐠(𝟐𝟏𝟖) + 𝝍(𝟏) (
𝟓

𝟔
) − 𝝍(𝟏) (

𝟐

𝟔
)) − (𝟕𝝅)𝟐 

where 𝝍(𝟏) is the trigamma function. 

Proposed by Ankush Kumar Parcha-India 
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Solution 1 by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫
𝒙 𝐥𝐨𝐠(𝒙𝟏𝟐𝟗𝟔)

(𝟏 − 𝒙𝟐)(𝟏 + 𝒙𝟑)
𝒅𝒙

𝟏

𝟎

= 𝟏𝟐𝟗𝟔∫
𝒙 𝐥𝐨𝐠 𝒙

(𝟏 − 𝒙𝟐)(𝟏 + 𝒙𝟑)
𝒅𝒙

𝟏

𝟎

= 𝟏𝟐𝟗𝟔𝛀𝟏 

𝛀𝟏 =
𝟏

𝟑
∫

𝒙 𝐥𝐨𝐠 𝒙

𝒙𝟐 − 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

−
𝟏

𝟏𝟐
∫
𝐥𝐨𝐠𝒙

𝟏 + 𝒙

𝟏

𝟎

𝒅𝒙 −
𝟏

𝟔
∫

𝐥𝐨𝐠𝒙

(𝟏 + 𝒙)𝟐
𝒅𝒙

𝟏

𝟎

−
𝟏

𝟒
∫
𝐥𝐨𝐠 𝒙

𝒙 − 𝟏
𝒅𝒙

𝟏

𝟎

= 

=
𝟏

𝟑
𝛀𝟏𝒂 −

𝟏

𝟏𝟐
𝛀𝟏𝒃 −

𝟏

𝟔
𝛀𝟏𝒄 −

𝟏

𝟒
𝛀𝟏𝒅 

𝛀𝟏𝒂 = ∫
𝒙 𝐥𝐨𝐠𝒙

𝒙𝟐 − 𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

=
𝟏

𝟔
(
𝟔𝝅𝟐

𝟔
−𝝍′ (

𝟏

𝟑
)) 

𝛀𝟏𝒃 = ∫
𝐥𝐨𝐠 𝒙

𝒙 + 𝟏
𝒅𝒙

𝟏

𝟎

= −
𝝅𝟐

𝟏𝟐
 

𝛀𝟏𝒄 = ∫
𝐥𝐨𝐠𝒙

(𝒙 + 𝟏)𝟐
𝒅𝒙

𝟏

𝟎

= − 𝐥𝐨𝐠 𝟐 

𝛀𝟏𝒅 = ∫
𝐥𝐨𝐠 𝒙

𝒙 − 𝟏
𝒅𝒙

𝟏

𝟎

=
𝝅𝟐

𝟔
, 𝛀𝟏 =

𝟓𝝅𝟐

𝟒𝟑𝟐
−
𝟏

𝟏𝟖
𝝍′ (

𝟏

𝟑
) +

𝟏

𝟔
𝐥𝐨𝐠 𝟐 

𝑾𝒆 𝒉𝒂𝒗𝒆: 𝝍𝟏 (
𝟏

𝟑
) =

𝟖𝝅𝟐

𝟗
−
𝟏

𝟔
{𝝍𝟏 (

𝟓

𝟔
) − 𝝍𝟏 (

𝟏

𝟑
)} , 𝒕𝒉𝒆𝒏: 

𝛀𝟏 = −
𝟒𝟗𝝅𝟐

𝟏𝟐𝟗𝟔
+
𝟏

𝟏𝟎𝟖
{𝝍𝟏 (

𝟓

𝟔
) − 𝝍𝟏 (

𝟏

𝟑
)} +

𝟏

𝟔
𝐥𝐨𝐠 𝟐  𝒂𝒏𝒅  

𝛀 = 𝟏𝟐𝟗𝟔𝛀𝟏 = 𝟏𝟐 {𝐥𝐨𝐠(𝟐
𝟏𝟖) − 𝝍𝟏 (

𝟓

𝟔
) − 𝝍𝟏 (

𝟏

𝟑
)} − (𝟕𝝅)𝟐    

Solution 2 by Le Thu-Vietnam 

𝛀 = 𝟒𝟑𝟐∫
𝒙 𝐥𝐨𝐠 𝒙𝒅𝒙

𝒙𝟐 − 𝒙 + 𝟏

𝟏

𝟎

− 𝟐𝟏𝟔∫
𝐥𝐨𝐠𝒙𝒅𝒙

(𝒙 + 𝟏)𝟐

𝟏

𝟎

+ 𝟑𝟐𝟒∫
𝐥𝐨𝐠 𝒙𝒅𝒙

𝟏 − 𝒙

𝟏

𝟎

− 𝟏𝟎𝟖∫
𝐥𝐨𝐠 𝒙𝒅𝒙

𝒙 + 𝟏

𝟏

𝟎

= 

= 𝟒𝟑𝟐𝛀𝟒 − 𝟐𝟏𝟔𝛀𝟑 + 𝟑𝟐𝟒𝛀𝟐 − 𝟏𝟎𝟖𝛀𝟏 

𝛀𝟏 = ∑[(−𝟏)𝒏∫ 𝒙𝒏 𝐥𝐨𝐠 𝒙𝒅𝒙
𝟏

𝟎

]

∞

𝒏=𝟎

= ∑
(−𝟏)𝒏+𝟏

(𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= (𝟐𝟏−𝟐 − 𝟏)𝜻(𝟐) = −
𝝅𝟐

𝟏𝟐
; (𝜻(𝟐) =

𝝅𝟐

𝟔
) 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,𝛀𝟐 = −∑
𝟏

𝒎𝟐

∞

𝒎=𝟏

= −𝜻(𝟐) = −
𝝅𝟐

𝟔
 

𝛀𝟑 =
𝑰𝑩𝑷

[−
𝐥𝐨𝐠 𝒙

𝒙 + 𝟏
+ 𝐥𝐨𝐠𝒙 − 𝐥𝐨𝐠(𝒙 + 𝟏)]

𝟎

𝟏

= − 𝐥𝐨𝐠 𝟐 
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𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏: 
𝒙 𝐬𝐢𝐧𝜽

𝒙𝟐 − 𝟐 𝐜𝐨𝐬𝜽 𝒙 + 𝟏
= ∑ 𝐬𝐢𝐧(𝒎𝜽) 𝒙𝒏

∞

𝒎=𝟎

 

𝑯𝒆𝒏𝒄𝒆, 𝛀𝟒 =
𝟐

√𝟑
∫

𝒙 𝐬𝐢𝐧 (
𝝅
𝟑)

𝒙𝟐 − 𝟐𝐜𝐨𝐬 (
𝝅
𝟑) 𝒙 + 𝟏

𝐥𝐨𝐠 𝒙
𝟏

𝟎

𝒅𝒙 = 

=
𝟐

√𝟑
∑ [𝐬𝐢𝐧 (

𝒏𝝅

𝟑
)∫ 𝒙𝒏 𝐥𝐨𝐠𝒙

𝟏

𝟎

𝒅𝒙]

∞

𝒎=𝟎

= −∑
𝐬𝐢𝐧 (

𝒎𝝅
𝟑 )

(𝒎+ 𝟏)𝟐

∞

𝒎=𝟎

=
𝟓𝝅𝟐

𝟕𝟐√𝟑
−
√𝟑

𝟏𝟐
𝝍𝟏 (

𝟏

𝟑
) 

𝑾𝒆 𝒄𝒂𝒏 𝒆𝒂𝒔𝒊𝒍𝒚 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕: 𝝍𝟏 (
𝟏

𝟑
) =

𝟏𝟔𝝅𝟐

𝟏𝟓
−
𝟏

𝟓
𝝍𝟏 (

𝟓

𝟔
) 

𝑺𝒖𝒎𝒎𝒊𝒏𝒈 𝒂𝒍𝒍 𝒐𝒇 𝒕𝒉𝒆𝒎,𝒘𝒆 𝒐𝒃𝒕𝒂𝒊𝒏 𝒕𝒉𝒆 𝒅𝒆𝒔𝒊𝒓𝒆𝒅 𝒓𝒆𝒔𝒖𝒍𝒕.   

2074. Prove that: 

∫ 𝐚𝐫𝐜𝐭𝐚𝐧𝟐 (
𝐬𝐢𝐧 𝒙

𝝓 + 𝐜𝐨𝐬 𝒙
)𝒅𝒙

𝝅

𝟎

=
𝝅𝟑

𝟑𝟎
−
𝝅

𝟐
𝐥𝐨𝐠𝟐𝝓 ,𝝓 − 𝐠𝐨𝐥𝐝𝐞𝐧 𝐫𝐚𝐭𝐢𝐨. 

Proposed by Ty Halpen-USA 
Solution by Rana Ranino-Setif-Algerie 

𝐚𝐫𝐜𝐭𝐚𝐧 (
𝐬𝐢𝐧𝒙

𝒂 + 𝐜𝐨𝐬 𝒙
) = −∑

(−
𝟏
𝒂)

𝒏

𝐬𝐢𝐧(𝒏𝒙)

𝒏

∞

𝒏=𝟏

 

𝛀 = ∫ 𝐚𝐫𝐜𝐭𝐚𝐧𝟐 (
𝐬𝐢𝐧 𝒙

𝝓 + 𝐜𝐨𝐬𝒙
)𝒅𝒙

𝝅

𝟎

= ∑
(−
𝟏
𝝓)

𝒏

𝒏

∞

𝒏=𝟏

∑
(−
𝟏
𝝓)

𝒌

𝒌

∞

𝒏=𝟏

∫ 𝐬𝐢𝐧(𝒏𝒙) 𝐬𝐢𝐧(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 

∫ 𝐬𝐢𝐧(𝒏𝒙) 𝐬𝐢𝐧(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 = {

𝝅

𝟐
 𝐢𝐟 𝒌 = 𝒏

𝟎 𝐢𝐟 𝒌 ≠ 𝒏
 

𝛀 =
𝝅

𝟐
∑
(
𝟏
𝝓𝟐
)
𝒏

𝒏𝟐

∞

𝒏=𝟏

=
𝝅

𝟐
𝑳𝒊𝟐 (

𝟏

𝝓𝟐
) 

𝑭𝒓𝒐𝒎 𝑳𝒂𝒏𝒅𝒆𝒏 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏:  𝑳𝒊𝟐(𝒛) + 𝑳𝒊𝟐 (
𝒛

𝒛 − 𝟏
) = −

𝟏

𝟐
𝐥𝐨𝐠𝟐(𝟏 − 𝒛)  𝒂𝒏𝒅 𝒂𝒍𝒔𝒐 

𝑳𝒊𝟐(𝒛) + 𝑳𝒊𝟐(−𝒛) =
𝟏

𝟐
𝑳𝒊𝟐(𝒛

𝟐) 

𝑾𝒆 𝒐𝒃𝒕𝒂𝒊𝒏: 
𝟏

𝟐
𝑳𝒊𝟐(𝒛

𝟐) − 𝑳𝒊𝟐(−𝒛) + 𝑳𝒊𝟐 (
𝒛

𝒛 − 𝟏
) = −

𝟏

𝟐
𝐥𝐨𝐠𝟐(𝟏 − 𝒛) 
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𝑩𝒚 𝒕𝒂𝒌𝒊𝒏𝒈 𝒛 = −
𝟏

𝝓
⇒
𝟏

𝟐
𝑳𝒊𝟐 (

𝟏

𝝓𝟐
) − 𝑳𝒊𝟐 (

𝟏

𝝓
) + 𝑳𝒊𝟐 (

𝟏

𝝓 + 𝟏
) = −

𝟏

𝟐
𝐥𝐨𝐠𝟐(𝝓) 

𝑺𝒊𝒏𝒄𝒆:  𝝓𝟐 = 𝝓+ 𝟏 ⇒
𝟏

𝝓
= 𝟏 −

𝟏

𝝓𝟐
 

𝟑

𝟐
𝑳𝒊𝟐 (

𝟏

𝝓𝟐
) − 𝑳𝒊𝟐 (

𝟏

𝝓
) = −

𝟏

𝟐
𝐥𝐨𝐠𝟐(𝝓) ;      (𝟏) 

𝑭𝒓𝒐𝒎 𝑬𝒖𝒍𝒆𝒓 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏: 𝑳𝒊𝟐(𝒛) − 𝑳𝒊𝟐(𝟏 − 𝒛) =
𝝅𝟐

𝟔
− 𝐥𝐨𝐠(𝟏 − 𝒛) 𝐥𝐨𝐠 𝒛  

𝒂𝒏𝒅 𝒕𝒂𝒌𝒊𝒏𝒈 𝒛 =
𝟏

𝝓𝟐
 

𝑳𝒊𝟐 (
𝟏

𝝓𝟐
) + 𝑳𝒊𝟐 (

𝟏

𝝓
) =

𝝅𝟐

𝟔
− 𝟐 𝐥𝐨𝐠𝟐(𝝓) ;   (𝟐) 

𝑭𝒓𝒐𝒎 (𝟏) 𝒂𝒏𝒅 (𝟐):
𝟓

𝟐
𝑳𝒊𝟐 (

𝟏

𝝓𝟐
) =

𝝅𝟐

𝟔
−
𝟓

𝟐
𝐥𝐨𝐠𝟐(𝝓) 

𝑳𝒊𝟐 (
𝟏

𝝓𝟐
) =

𝝅𝟐

𝟏𝟓
− 𝐥𝐨𝐠𝟐(𝝓) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,   ∫ 𝐚𝐫𝐜𝐭𝐚𝐧𝟐 (
𝐬𝐢𝐧𝒙

𝝓 + 𝐜𝐨𝐬 𝒙
)𝒅𝒙

𝝅

𝟎

=
𝝅𝟑

𝟑𝟎
−
𝝅

𝟐
𝐥𝐨𝐠𝟐𝝓 

2075.𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭: 

∫∫√𝟐 + √𝟐+ ⋯+ √𝟐 +
𝒙

𝒚
+
𝒚

𝒙

𝟏

𝟎

𝒅𝒙

𝟏

𝟎

𝒅𝒚 =
𝟐 ∙ 𝟒𝒏

𝟒𝒏 − 𝟏
 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Tapas Das-India 

√𝟐 +
𝒙

𝒚
+
𝒚

𝒙
= √(√

𝒙

𝒚
+√

𝒚

𝒙
)

𝟐

= √
𝒙

𝒚
+ √

𝒚

𝒙
 

√𝟐 +√𝟐 +
𝒙

𝒚
+
𝒚

𝒙
= √𝟐 + √

𝒙

𝒚
+√

𝒚

𝒙
= √(√

𝒙

𝒚

𝟒
+ √

𝒚

𝒙

𝟒
)

𝟐

= √
𝒙

𝒚

𝟒
+ √

𝒚

𝒙

𝟒
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√𝟐 +√𝟐 +⋯+ √𝟐 +
𝒙

𝒚
+
𝒚

𝒙
= √

𝒙

𝒚

𝟐𝒏

+ √
𝒚

𝒙

𝟐𝒏

 

∫ ∫ √𝟐 +√𝟐 +⋯+ √𝟐 +
𝒙

𝒚
+
𝒚

𝒙

𝟏

𝟎

𝒅𝒙𝒅𝒚
𝟏

𝟎

= ∫ ∫ ( √
𝒙

𝒚

𝟐𝒏

+ √
𝒚

𝒙

𝟐𝒏

)𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

= 

= ∫ [
𝒙
𝟏
𝟐𝒏
+𝟏

𝟏
𝟐𝒏 + 𝟏

∙
𝟏

𝒚
𝟏
𝟐𝒏

+ 𝒚
𝟏
𝟐𝒏 ∙

𝒙−
𝟏
𝟐𝒏
+𝟏

−
𝟏
𝟐𝒏 + 𝟏

]

𝟎

𝟏

𝒅𝒚
𝟏

𝟎

= ∫ [
𝟐𝒏

𝟐𝒏 + 𝟏
∙ 𝒚−

𝟏
𝟐𝒏 +

𝟐𝒏

𝟐𝒏 − 𝟏
∙ 𝒚

𝟏
𝟐𝒏]𝒅𝒚

𝟏

𝟎

= 

= [
𝟐𝒏

𝟐𝒏 + 𝟏
∙
𝒚−

𝟏
𝟐𝒏
+𝟏

−
𝟏
𝟐𝒏 + 𝟏

+
𝟐𝒏

𝟐𝒏 − 𝟏
∙
𝒚
𝟏
𝟐𝒏
+𝟏

𝟏
𝟐𝒏 + 𝟏

]

𝟎

𝟏

=
𝟐𝒏

𝟐𝒏 + 𝟏
∙
𝟐𝒏

𝟐𝒏 − 𝟏
+

𝟐𝒏

𝟐𝒏 − 𝟏
∙
𝟐𝒏

𝟐𝒏 + 𝟏
= 

=
𝟐𝟐𝒏

𝟐𝟐𝒏 − 𝟏
+

𝟐𝟐𝒏

𝟐𝟐𝒏 − 𝟏
= 𝟐 ∙

𝟒𝒏

𝟒𝒏 − 𝟏
 

Solution 2 by Togrul Ehmedov-Azerbaijan 

𝑳𝒆𝒕 
𝒚

𝒙
= 𝒛 

𝑰 = ∫∫√𝟐 + √𝟐 +⋯+√𝟐 +
𝒙

𝒚
+
𝒚

𝒙

𝟏

𝟎

𝒅𝒙

𝟏

𝟎

𝒅𝒚 

= ∫𝒙∫√𝟐 +√𝟐 +⋯+ √𝟐 + 𝒛 +
𝟏

𝒛

𝟏
𝒙

𝟎

𝒅𝒛

𝟏

𝟎

𝒅𝒙
İ𝑩𝑷

=
 

[
 
 
 
 
 

𝒙𝟐

𝟐
∫√𝟐 +√𝟐 +⋯+ √𝟐 + 𝒛 +

𝟏

𝒛

𝟏
𝒙

𝟎

𝒅𝒛

]
 
 
 
 
 

𝒙=𝟎

𝒙=𝟏

+
𝟏

𝟐
∫√𝟐 +√𝟐 +⋯+ √𝟐 + 𝒙+

𝟏

𝒙

𝟏

𝟎

𝒅𝒙 
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=
𝟏

𝟐
∫√𝟐 +√𝟐 +⋯+ √𝟐 + 𝒛+

𝟏

𝒛

𝟏

𝟎

𝒅𝒛 +
𝟏

𝟐
∫√𝟐 + √𝟐 +⋯+√𝟐 + 𝒙 +

𝟏

𝒙

𝟏

𝟎

𝒅𝒙 

= ∫√𝟐 +√𝟐 +⋯+√𝟐 + 𝒙 +
𝟏

𝒙

𝟏

𝟎

𝒅𝒙 = ∫( √𝒙
𝟐𝒏 + √

𝟏

𝒙

𝟐𝒏

)

𝟏

𝟎

𝒅𝒙 =
𝟐 ∗ (𝟒𝒏)

𝟒𝒏 − 𝟏
 

𝑵𝒐𝒕𝒆: √𝟐 + √𝟐 + ⋯+√𝟐 + 𝒙 +
𝟏

𝒙
= √𝒙

𝟐𝒏 + √
𝟏

𝒙

𝟐𝒏

  

2076. Prove that: 

∫ ∫ √− 𝐥𝐨𝐠|𝒙 − 𝒚|
𝟏

𝟎

𝒅𝒙𝒅𝒚
𝟏

𝟎

= √𝝅(𝟏 −
𝟏

√𝟖
) 

Proposed by Asmat Qatea-Afghanistan 
Solution by Kartick Chandra Betal-India 

 

∫ ∫ √− 𝐥𝐨𝐠|𝒙 − 𝒚|
𝟏

𝟎

𝒅𝒙𝒅𝒚
𝟏

𝟎

= ∫ (∫ √− 𝐥𝐨𝐠(𝒚 − 𝒙)𝒅𝒙
𝒚

𝟎

+∫ √−𝐥𝐨𝐠(𝒙 − 𝒚)𝒅𝒙
𝟏

𝒚

)𝒅𝒚
𝟏

𝟎

= 

= ∫ (∫ √−𝐥𝐨𝐠 𝒙𝒅𝒙
𝒚

𝟎

+∫ √− 𝐥𝐨𝐠(𝟏 − 𝒙)𝒅𝒙
𝟏

𝒚

)𝒅𝒚
𝟏

𝟎

= 

= ∫ (𝟏 − 𝒙)√− 𝐥𝐨𝐠 𝒙𝒅𝒙
𝟏

𝟎

+∫ 𝒙√−𝐥𝐨𝐠(𝟏 − 𝒙)𝒅𝒙
𝟏

𝟎

= 

= ∫ (𝟏 − 𝒙)√− 𝐥𝐨𝐠𝒙 𝒅𝒙
𝟏

𝟎

+∫ (𝟏 − 𝒙)√− 𝐥𝐨𝐠 𝒙𝒅𝒙
𝟏

𝟎

= 

= 𝟐∫ (𝟏 − 𝒙)√− 𝐥𝐨𝐠𝒙𝒅𝒙
𝟏

𝟎

= 𝟐∫ (𝟏 − 𝒆−𝒙)√𝒙(−𝒆−𝒙)
𝟎

∞

𝒅𝒙 = 

= 𝟐∫ √𝒙𝒆−𝒙
∞

𝟎

𝒅𝒙 − 𝟐∫ √𝒙𝒆−𝟐𝒙
∞

𝟎

𝒅𝒙 = 𝟐∫ √𝒙𝒆−𝒙
∞

𝟎

𝒅𝒙 −
𝟐

𝟐√𝟐
∫ √𝒙𝒆−𝒙
∞

𝟎

𝒅𝒙 = 
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= (𝟐 −
𝟏

√𝟐
)∫ 𝒙

𝟑
𝟐
−𝟏𝒆−𝒙

∞

𝟎

𝒅𝒙 = (𝟐 −
𝟏

√𝟐
)𝚪(

𝟑

𝟐
) =

√𝝅

𝟐
(𝟏 −

𝟏

𝟐√𝟐
)  

2077. For |𝒂| < 1 prove that: 

∫ 𝐜𝐨𝐬 𝒙𝐚𝐫𝐜𝐭𝐚𝐧𝟐 (
𝒂 𝐬𝐢𝐧 𝒙

𝟏 + 𝒂 𝐜𝐨𝐬 𝒙
)𝒅𝒙

𝝅

𝟎

=
𝝅

𝟐
(𝒂 −

𝟏

𝒂
) 𝐥𝐨𝐠(𝟏 − 𝒂𝟐) −

𝝅

𝟐
𝒂 

Proposed by Asmat Qatea-Afghanistan 
Solution by Rana Ranino-Setif-Algerie 

 

𝐚𝐫𝐜𝐭𝐚𝐧 (
𝒂 𝐬𝐢𝐧𝒙

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
) = −∑

(−𝒂)𝒏 𝐬𝐢𝐧(𝒏𝒙)

𝒏

∞

𝒏=𝟏

 

𝛀 = ∫ 𝐜𝐨𝐬𝒙𝐚𝐫𝐜𝐭𝐚𝐧𝟐 (
𝒂 𝐬𝐢𝐧𝒙

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
)𝒅𝒙

𝝅

𝟎

= 

= ∑
(−𝒂)𝒏

𝒏

∞

𝒏=𝟏

∑
(−𝒂)𝒌

𝒌

∞

𝒌=𝟏

∫ 𝐜𝐨𝐬𝒙 𝐬𝐢𝐧(𝒏𝒙) 𝐬𝐢𝐧(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 = 

=
𝟏

𝟐
∑
(−𝒂)𝒏

𝒏

∞

𝒏=𝟏

∑
(−𝒂)𝒌

𝒌

𝒏

𝒌=𝟏

∫ 𝐬𝐢𝐧((𝒏 + 𝟏)𝒙) 𝐬𝐢𝐧(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 + 

+
𝟏

𝟐
∑
(−𝒂)𝒏

𝒏

∞

𝒏=𝟏

∑
(−𝒂)𝒌

𝒌

𝒏

𝒌=𝟏

∫ 𝐬𝐢𝐧((𝒏 − 𝟏)𝒙) 𝐬𝐢𝐧(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 

𝐬𝐢𝐧((𝒏 + 𝟏)𝒙) 𝐬𝐢𝐧(𝒌𝒙) = {

𝝅

𝟐
 𝒊𝒇 𝒌 = 𝒏 + 𝟏

𝟎 𝒊𝒇 𝒌 ≠ 𝒏 + 𝟏
; 

𝐬𝐢𝐧((𝒏 − 𝟏)𝒙) 𝐬𝐢𝐧(𝒌𝒙) = {

𝝅

𝟐
 𝒊𝒇 𝒌 = 𝒏 + 𝟏

𝟎 𝒊𝒇 𝒌 ≠ 𝒏 + 𝟏
 

𝛀 =
𝝅

𝟒
∑
(−𝒂)𝒏(−𝒂)𝒏+𝟏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

+
𝝅

𝟒
∑
(−𝒂)𝒌(−𝒂)𝒌+𝟏

𝒌(𝒌 + 𝟏)

∞

𝒌=𝟏

= −
𝒂𝝅

𝟐
∑

𝒂𝟐𝒏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

= 

=
𝒂𝝅

𝟐
∑

𝒂𝟐𝒏

𝒏 + 𝟏

∞

𝒏=𝟏

−
𝒂𝝅

𝟐
∑
𝒂𝟐𝒏

𝒏

∞

𝒏=𝟏

=
𝒂𝝅

𝟐
(−𝟏 −

𝐥𝐨𝐠(𝟏 − 𝒂𝟐)

𝒂𝟐
) +

𝒂𝝅

𝟐
𝐥𝐨𝐠(𝟏 − 𝒂𝟐) = 

=
𝝅

𝟐
𝒂 +

𝝅

𝟐
(𝒂 𝐥𝐨𝐠(𝟏 − 𝒂𝟐) −

𝐥𝐨𝐠(𝟏 − 𝒂𝟐)

𝒂
) 
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𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,    

∫ 𝐜𝐨𝐬 𝒙𝐚𝐫𝐜𝐭𝐚𝐧𝟐 (
𝒂 𝐬𝐢𝐧 𝒙

𝟏 + 𝒂𝐜𝐨𝐬 𝒙
)𝒅𝒙

𝝅

𝟎

=
𝝅

𝟐
(𝒂 −

𝟏

𝒂
) 𝐥𝐨𝐠(𝟏 − 𝒂𝟐) −

𝝅

𝟐
𝒂 

2078. Find: 

𝜴 = ∫ 𝒍𝒐𝒈(𝒙)
𝟏

𝟎

(∏(𝟏 + (
𝟐𝒙

𝟑 + √𝟓
)
𝟐𝒏

)

∞

𝒏=𝟎

)𝒅𝒙 

Proposed by Bui Hong Suc-Vietnam 
Solution by Pham Duc Nam-Vietnam 

∗ 𝑳𝒆𝒕: 𝑷 = 𝒍𝒊𝒎
𝑵→∞

∏(𝟏+ (
𝟐𝒙

𝟑 + √𝟓
)
𝟐𝒏

)

𝑵

𝒏=𝟎

, 𝒙 ∈ (𝟎, 𝟏) ⇒
𝟐𝒙

𝟑 + √𝟓
< 1, 𝑙𝑒𝑡: 𝑘 =

𝟐𝒙

𝟑 + √𝟓
 

⇒ 𝑷 = 𝒍𝒊𝒎
𝑵→∞

∏(𝟏+ 𝒌𝟐
𝒏
)

𝑵

𝒏=𝟎

= 𝒍𝒊𝒎
𝑵→∞

(𝟏 + 𝒌)(𝟏 + 𝒌𝟐)(𝟏 + 𝒌𝟒). . . (𝟏 + 𝒌𝟐
𝑵
) 

⇒ (𝟏 − 𝒌)𝑷 = 𝒍𝒊𝒎
𝑵→∞

(𝟏 − 𝒌)(𝟏 + 𝒌)(𝟏 + 𝒌𝟐)(𝟏+ 𝒌𝟒). . . (𝟏 + 𝒌𝟐
𝑵
)

= 𝒍𝒊𝒎
𝑵→∞

(𝟏 − 𝒌𝟐)(𝟏+ 𝒌𝟐)(𝟏 + 𝒌𝟒). . . (𝟏 + 𝒌𝟐
𝑵
) 

= 𝒍𝒊𝒎
𝑵→∞

(𝟏 − 𝒌𝟒)(𝟏+ 𝒌𝟒). . . (𝟏 + 𝒌𝟐
𝑵
) =. . . = 𝒍𝒊𝒎

𝑵→∞
(𝟏 − 𝒌𝟐

𝑵+𝟏
) ⇒ 𝑷 = 𝒍𝒊𝒎

𝑵→∞

𝟏 − 𝒌𝟐
𝑵+𝟏

𝟏 − 𝒌

=
𝟏

𝟏 − 𝒌
(𝒌 < 1 ⇒ 𝒍𝒊𝒎

𝑵→∞
(𝟏 − 𝒌𝟐

𝑵+𝟏
) = 𝟏) 

∗⇒ 𝜴 = ∫ 𝒍𝒐𝒈(𝒙)
𝟏

𝟎

.
𝟏

𝟏 −
𝟐𝒙

𝟑 + √𝟓

𝒅𝒙 = ∫ 𝒍𝒐𝒈(𝒙)
𝟏

𝟎

∑(
𝟐

𝟑+ √𝟓
)
𝒌

𝒙𝒌𝒅𝒙

∞

𝒌=𝟎

= ∑(
𝟐

𝟑+ √𝟓
)
𝒌

∫ 𝒙𝒌 𝒍𝒐𝒈(𝒙)
𝟏

𝟎

∞

𝒌=𝟎

𝒅𝒙 = −∑(
𝟐

𝟑 + √𝟓
)
𝒌

.
𝟏

(𝒌 + 𝟏)𝟐

∞

𝒌=𝟎

 

= −
𝟑 + √𝟓

𝟐
∑ (

𝟐

𝟑+ √𝟓
)
𝒌+𝟏

.
𝟏

(𝒌 + 𝟏)𝟐

∞

𝒌=𝟎

= −
𝟑 + √𝟓

𝟐
𝑳𝒊𝟐 (

𝟐

𝟑 + √𝟓
) 

∗
𝟐

𝟑 + √𝟓
.

𝟐

𝟑 − √𝟓
= 𝟏 ⇒ 𝑳𝒊𝟐 (

𝟐

𝟑 + √𝟓
) = 𝑳𝒊𝟐 (

𝟑 − √𝟓

𝟐
) =

𝝅𝟐

𝟏𝟓
− 𝒍𝒐𝒈𝟐

𝟏 + √𝟓

𝟐
(𝑺𝒑𝒆𝒄𝒊𝒂𝒍 𝒗𝒂𝒍𝒖𝒆) 

⇒ 𝛀 = −
𝟑 + √𝟓

𝟐
(
𝝅𝟐

𝟏𝟓
− 𝒍𝒐𝒈𝟐

𝟏 + √𝟓

𝟐
) 
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2079. Prove that: 

∫
√−𝒙𝟔 + 𝒙𝟒√𝒙𝟒 +𝝓 −√𝝓𝒙𝟐 +𝝓√𝒙𝟒 +𝝓

𝒙𝟒 +𝝓
𝒅𝒙

𝟏

𝟎

= √𝟐 [𝐚𝐫𝐜𝐭𝐚𝐧 (
√𝝓− 𝟏

√𝟐+ 𝝓
)−

𝝅

𝟒
] 

Proposed by Asmat Qatea-Afghanistan 
Solution by Bui Hong Suc-Vietnam 

𝛀 = ∫
√−𝒙𝟔 + 𝒙𝟒√𝒙𝟒 + 𝝓−√𝝓𝒙𝟐 + 𝝓√𝒙𝟒 + 𝝓

𝒙𝟒 + 𝝓
𝒅𝒙

𝟏

𝟎

= 

= ∫
𝒙𝟐√−𝒙𝟐 +√𝒙𝟒 + 𝝓− √𝝓𝒙𝟐 +𝝓√𝒙𝟒 +𝝓

𝒙𝟒 +𝝓
𝒅𝒙

𝟏

𝟎

=
𝒙𝟐=√𝝓 𝐭𝐚𝐧 𝒕

 

= ∫
√𝝓𝐭𝐚𝐧 𝒕√−√𝝓𝐭𝐚𝐧 𝒕 + √𝝓𝐭𝐚𝐧𝟐 𝒕 + 𝝓 −√𝝓√𝝓𝐭𝐚𝐧 𝒕 + 𝝓√𝝓𝐭𝐚𝐧𝟐 𝒕 + 𝝓

√𝐭𝐚𝐧 𝒕

√𝝓
𝟒 (𝟏 + 𝐭𝐚𝐧𝟐 𝒕)𝒅𝒕

𝟐√𝐭𝐚𝐧 𝒕

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

 

=
√𝝓
𝟒

𝟐𝝓
∫

√𝝓𝟑
𝟒

𝐭𝐚𝐧 𝒕√−
𝐬𝐢𝐧 𝒕
𝐜𝐨𝐬 𝒕 +

𝟏
𝐜𝐨𝐬 𝒕 − √𝝓

𝟑𝟒 √𝐬𝐢𝐧 𝒕
𝐜𝐨𝐬 𝒕 +

𝟏
𝐜𝐨𝐬 𝒕

√𝐭𝐚𝐧 𝒕
𝒅𝒕

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

= 

=
𝟏

𝟐
∫

𝐭𝐚𝐧 𝒕√−
𝐬𝐢𝐧 𝒕
𝐜𝐨𝐬 𝒕 +

𝟏
𝐜𝐨𝐬 𝒕 −

√𝐬𝐢𝐧 𝒕
𝐜𝐨𝐬 𝒕 +

𝟏
𝐜𝐨𝐬 𝒕

√𝐭𝐚𝐧 𝒕
𝒅𝒕

𝐚𝐫𝐜𝐭𝐚𝐧
𝟏

√𝝓

𝟎

= 

=
𝟏

𝟐
∫

(

 
 
 
 
 

√
𝟐 𝐭𝐚𝐧

𝒕
𝟐

𝟏 − 𝐭𝐚𝐧𝟐
𝒕
𝟐

√
𝐜𝐨𝐬

𝒕
𝟐 − 𝐬𝐢𝐧

𝒕
𝟐

𝐜𝐨𝐬
𝒕
𝟐 + 𝐬𝐢𝐧

𝒕
𝟐

−

√
𝐜𝐨𝐬

𝒕
𝟐 + 𝐬𝐢𝐧

𝒕
𝟐

𝐜𝐨𝐬
𝒕
𝟐 − 𝐬𝐢𝐧

𝒕
𝟐

√
𝟐 𝐭𝐚𝐧

𝒕
𝟐

𝟏 − 𝐭𝐚𝐧𝟐
𝒕
𝟐 )

 
 
 
 
 

𝒅𝒕
𝐚𝐫𝐜𝐭𝐚𝐧

𝟏

√𝝓

𝟎

= 

=
𝟏

𝟐
∫

(

 
√𝟐 𝐭𝐚𝐧

𝒕
𝟐

𝟏 + 𝐭𝐚𝐧
𝒕
𝟐

+
𝟏 + 𝐭𝐚𝐧

𝒕
𝟐

√𝟐𝐭𝐚𝐧
𝒕
𝟐)

 
𝐚𝐫𝐜𝐭𝐚𝐧

𝟏

√𝝓

𝟎

𝒅𝒕 = 

=
𝟏

𝟐
∫

(

 
𝟐 𝐭𝐚𝐧

𝒕
𝟐 + (𝟏 − 𝐭𝐚𝐧

𝒕
𝟐)

𝟐

(𝟏 + 𝐭𝐚𝐧
𝒕
𝟐)
√𝟐 𝐭𝐚𝐧

𝒕
𝟐 )

 
𝐚𝐫𝐜𝐭𝐚𝐧

𝟏

√𝝓

𝟎

𝒅𝒕 = 
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= −
𝟏

𝟐√𝟐
∫

𝟏 + 𝐭𝐚𝐧𝟐
𝒕
𝟐

(𝟏 + 𝐭𝐚𝐧
𝒕
𝟐)
√𝐭𝐚𝐧

𝒕
𝟐

𝒅𝒕
𝐚𝐫𝐜𝐭𝐚𝐧

𝟏

√𝝓

𝟎

=
𝒖𝟐=𝐭𝐚𝐧

𝒕
𝟐
 

= −
𝟏

𝟐√𝟐
∫

𝟒𝒖

(𝟏 + 𝒖)𝟐
𝒅𝒖

𝒖

√𝝓−√𝝓

𝟎

= −√𝟐∫
𝒅𝒖

𝟏 + 𝒖𝟐

√𝝓−√𝝓

𝟎

= −√𝟐𝐚𝐫𝐜𝐭𝐚𝐧 𝒕|
𝟎

√𝝓−√𝝓
= 

= −√𝟐𝐚𝐫𝐜𝐭𝐚𝐧 (√𝝓− √𝝓)   

2080. Prove that  

∫
𝒙 + 𝟏

√𝒙(𝒙𝟐 + 𝟏)
𝒅𝒙

∞

𝟎

= 𝝅√𝟐, ∫ ∫
𝐬𝐢𝐧 𝒚

𝐬𝐢𝐧 𝒙
√
𝐬𝐢𝐧(𝟐𝒙)

𝐬𝐢𝐧(𝟐𝒚)

𝟑
𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

𝒅𝒚𝒅𝒙 = 𝝅√𝟑 

Proposed by Srinivasa Raghava-AIRMC-India 
Solution 1 by Ravi Prakash-New Delhi-India 

𝑰𝟏 = ∫
𝒙 + 𝟏

√𝒙

𝟏

𝟏 + 𝒙𝟐
𝒅𝒙

∞

𝟎

=
𝒙=𝐭𝐚𝐧 𝜽;𝜽∈(𝟎,

𝝅
𝟐
)

∫
𝐭𝐚𝐧𝜽 + 𝟏

√𝐭𝐚𝐧𝜽

𝐬𝐞𝐜𝟐 𝜽

𝐬𝐞𝐜𝟐 𝜽
𝒅𝜽

𝝅
𝟐

𝟎

= 

= ∫
𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬𝜽

√𝐬𝐢𝐧𝜽 𝐜𝐨𝐬𝜽
𝒅𝜽

𝝅
𝟐

𝟎

=
𝐬𝐢𝐧 𝜽−𝐜𝐨𝐬 𝜽=𝒕

∫
√𝟐𝒅𝒕

√𝟏 − 𝒕𝟐

𝟏

−𝟏

= 𝟐√𝟐∫
𝒅𝒕

√𝟏 − 𝒕𝟐

𝟏

𝟎

= 

= 𝟐√𝟐𝐚𝐫𝐜𝐬𝐢𝐧 𝒕|
𝟎

𝟏
= 𝟐√𝟐 ⋅

𝝅

𝟐
= 𝝅√𝟐 

𝑰𝟐 = ∫ ∫
𝐬𝐢𝐧𝒚

𝐬𝐢𝐧 𝒙
√
𝐬𝐢𝐧(𝟐𝒙)

𝐬𝐢𝐧(𝟐𝒚)

𝟑
𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

𝒅𝒚𝒅𝒙 = ∫ ∫ (
𝐬𝐢𝐧𝒙 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧𝟑 𝒙
)

𝟏
𝟑
(

𝐬𝐢𝐧𝟑 𝒚

𝐬𝐢𝐧𝒚 𝐜𝐨𝐬 𝒚
)

𝟏
𝟑

𝝅
𝟐

𝟎

𝝅
𝟐

𝟎

𝒅𝒚𝒅𝒙 = 

= ∫ (𝐬𝐢𝐧 𝒙)−
𝟐
𝟑(𝐜𝐨𝐬 𝒙)

𝟏
𝟑

𝝅
𝟐

𝟎

𝒅𝒙 ⋅ ∫ (𝐬𝐢𝐧𝒚)
𝟐
𝟑(𝐜𝐨𝐬 𝒚)−

𝟏
𝟑

𝝅
𝟐

𝟎

𝒅𝒚 = 

=
𝟏

𝟐
𝜷(
−
𝟐
𝟑 + 𝟏

𝟐
,

𝟏
𝟑 + 𝟏

𝟐
)
𝟏

𝟐
𝜷(

𝟐
𝟑 + 𝟏

𝟐
,
−
𝟏
𝟑 + 𝟏

𝟐
) = 

=
𝟏

𝟒
𝜷 (
𝟏

𝟔
,
𝟐

𝟑
)𝜷(

𝟓

𝟔
,
𝟏

𝟑
) =

𝟏

𝟒
⋅
√𝟏
𝟔
√𝟐
𝟑

√𝟓
𝟔

⋅
√𝟓
𝟔
√𝟏
𝟑

√𝟕
𝟔

=
𝟑

𝟐
√
𝟐

𝟑
√
𝟏

𝟑
=
𝟑

𝟐

𝝅

𝐬𝐢𝐧 (
𝝅
𝟑)
= 𝝅√𝟑   
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Solution 2 by Pham Duc Nam-Vietnam 

 

𝑰 = ∫
𝒙 + 𝟏

√𝒙(𝒙𝟐 + 𝟏)
𝒅𝒙

∞

𝟎

= 𝟐∫
𝒙 + 𝟏

𝒙𝟐 + 𝟏
𝒅(√𝒙)

∞

𝟎

= ∫
𝒕𝟐 + 𝟏

𝒕𝟒 + 𝟏
𝒅𝒕

∞

−∞

=
𝒕=√𝒙

 

(𝒇(𝒕) =
𝒕𝟐 + 𝟏

𝒕𝟒 + 𝟏
 𝒊𝒔 𝒆𝒗𝒆𝒏 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏) 

𝑼𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒂𝒃𝒐𝒗𝒆 𝒄𝒐𝒏𝒕𝒐𝒖𝒓:𝑪 = 𝑪𝜸𝐯𝑪𝑹, 𝒄𝒐𝒖𝒏𝒕𝒆𝒓 − 𝒄𝒍𝒐𝒄𝒌𝒘𝒊𝒔𝒆 𝒅𝒊𝒓𝒆𝒄𝒕𝒊𝒐𝒏,𝑹 > 1 → ∞ 

𝒇(𝒛) =
𝒛𝟐 + 𝟏

𝒛𝟒 + 𝟏
 𝒉𝒂𝒔 𝒕𝒘𝒐 𝒑𝒐𝒍𝒆𝒔 (𝒐𝒓𝒅𝒆𝒓 𝟏): 𝒛𝟏 =

𝟏 + 𝒊

√𝟐
 𝒂𝒏𝒅 𝒛𝟐 = −

𝟏 − 𝒊

√𝟐
 

∫
𝒛𝟐 + 𝟏

𝒛𝟒 + 𝟏
𝒅𝒛

𝑪

= 𝟐𝝅𝒊∑𝑹𝒆𝒔(𝒇(𝒛), 𝒛𝟏,𝟐) = 

= 𝟐𝝅𝒊( 𝐥𝐢𝐦
𝒛→
𝟏+𝒊

√𝟐

(𝒛 −
𝟏 + 𝒊

√𝟐
)
𝒛𝟐 + 𝟏

𝒛𝟒 + 𝟏
+ 𝐥𝐢𝐦
𝒛→−

𝟏−𝒊

√𝟐

(𝒛 +
𝟏 − 𝒊

√𝟐
)
𝒛𝟐 + 𝟏

𝒛𝟒 + 𝟏
) = 

= 𝟐𝝅𝒊 (
−𝒊

𝟐√𝟐
+
−𝒊

𝟐√𝟐
) = 𝝅√𝟐 

∫
𝒛𝟐 + 𝟏

𝒛𝟒 + 𝟏
𝒅𝒛

𝑪

= ∫
𝒙𝟐 + 𝟏

𝒙𝟒 + 𝟏𝑪𝑹

𝒅𝒙 +∫
𝒛𝟐 + 𝟏

𝒛𝟒 + 𝟏
𝒅𝒛

𝑪𝜸

,  

𝑩𝒚 𝑴𝑳 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 𝐥𝐢𝐦
𝑹→∞

∫
𝒛𝟐 + 𝟏

𝒛𝟒 + 𝟏
𝒅𝒛

𝑪𝜸

= 𝟎 

𝐥𝐢𝐦
𝑹→∞

∫
𝒙𝟐 + 𝟏

𝒙𝟒 + 𝟏
𝒅𝒙

𝑪𝑹

= 𝐥𝐢𝐦
𝑹→∞

∫
𝒙𝟐 + 𝟏

𝒙𝟒 + 𝟏
𝒅𝒙

𝑹

−𝑹

= ∫
𝒛𝟐 + 𝟏

𝒛𝟒 + 𝟏
𝒅𝒛

𝑪

= 𝝅√𝟐 ⇒ 𝑰 = 𝝅√𝟐   
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Solution 3 by Yen Tung Chung-Taichung-Taiwan 

∫
𝒙 + 𝟏

√𝒙(𝒙𝟐 + 𝟏)
𝒅𝒙

∞

𝟎

=
𝒚=√𝒙

∫
𝒚𝟐 + 𝟏

𝒚(𝒚𝟒 + 𝟏)
⋅ 𝟐𝒚 𝒅𝒚

∞

𝟎

= 𝟐∫
𝒚𝟐 + 𝟏

𝒚𝟒 + 𝟏
𝒅𝒚

∞

𝟎

= 

= 𝟐∫
𝟏

𝒚𝟐 +
𝟏
𝒚𝟐

(𝟏 +
𝟏

𝒚𝟐
)𝒅𝒚

∞

𝟎

= 𝟐∫
𝟏

(𝒚 −
𝟏
𝒚)

𝟐

+ 𝟐

𝒅(𝒚 −
𝟏

𝒚
)

∞

𝟎

= 

=
𝟐

√𝟐
𝐭𝐚𝐧−𝟏

𝟏

√𝟐
(𝒚 −

𝟏

𝒚
)|
𝟎

∞

=
𝟐

√𝟐
(
𝝅

𝟐
+
𝝅

𝟐
) = 𝝅√𝟐   

2081. Find: 

𝛀 = ∫ 𝒆−𝒂𝒙 𝐥𝐨𝐠𝟔(𝒃𝒙) 𝒅𝒙
∞

𝟎

, 𝒂, 𝒃 > 0 

Proposed by Bui Hong Suc-Vietnam 
Solution by Fao Ler-Iraq 
 

𝛀 = ∫ 𝒆−𝒂𝒙 𝐥𝐨𝐠𝟔(𝒃𝒙)𝒅𝒙
∞

𝟎

=
𝒅𝟔

𝒅𝒚𝟔
∫ 𝒆−𝒂𝒙(𝒃𝒙)𝒚
∞

𝟎

𝒅𝒚; (𝒚 = 𝟎) 

=
𝒅𝟔

𝒅𝒚𝟔
𝒃𝒚∫ 𝒆−𝒙 (

𝒙

𝒂
)
𝒚

𝒅 (
𝒙

𝒂
)

∞

𝟎

=
𝒅𝟔

𝒅𝒚𝟔
𝒃𝒚

𝒂𝒚+𝟏
∫ 𝒙𝒚𝒆−𝒙
∞

𝟎

𝒅𝒙 = 

=
𝟏

𝒂

𝒅𝟔

𝒅𝒚𝟔
(
𝒃

𝒂
)
𝒚

𝚪(𝒚 + 𝟏) =
𝟏

𝒂
∑(

𝟔

𝒌
)(
𝒅𝒌

𝒅𝒚𝒌
𝚪(𝒚 + 𝟏)) (

𝒅𝟔−𝒌

𝒅𝒚𝟔−𝒌
(
𝒃

𝒂
)
𝒚

)

𝟔

𝒌=𝟎

= 

=
𝟏

𝒂
∑(

𝟔

𝒌
)𝚪(𝒌)(𝒚 + 𝟏) (

𝒃

𝒂
)
𝒚

(𝐥𝐧
𝒃

𝒂
)
𝟔−𝒌𝟔

𝒌=𝟎

=
𝟏

𝒂
∑(

𝟔

𝒌
)𝚪(𝒌)(𝟏) (𝐥𝐧

𝒃

𝒂
)
𝟔−𝒌𝟔

𝒌=𝟎

   

2082. Find: 

𝜴 = ∫
(𝒙 + 𝟏)𝟒

𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙
𝒅𝒙 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Ravi Prakash-New Delhi-India 

𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 = 

= (𝒙𝟒 + 𝟒𝒙𝟑 + 𝟔𝒙𝟐 + 𝟒𝒙 + 𝟏) + 𝟒(𝒙𝟑 + 𝟑𝒙𝟐 + 𝟑𝒙+ 𝟏) + 𝟏𝟐(𝒙𝟐 + 𝟐𝒙 + 𝟏) + 𝟐𝟒(𝒙 + 𝟏)

+ 𝟐𝟒 = 

= (𝒙 + 𝟏)𝟒 + 𝟒(𝒙 + 𝟏)𝟑 + 𝟏𝟐(𝒙 + 𝟏)𝟐 + 𝟐𝟒(𝒙 + 𝟏) + 𝟐𝟒 
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𝛀 = ∫
𝒙𝟒 + 𝟒𝒙𝟑 + 𝟔𝒙𝟐 + 𝟒𝒙 + 𝟏

𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙
𝒅𝒙 =  

= ∫
(𝒙 + 𝟏)𝟒𝒅𝒙

(𝒙 + 𝟏)𝟒 + 𝟒(𝒙 + 𝟏)𝟑 + 𝟏𝟐(𝒙 + 𝟏)𝟐 + 𝟐𝟒(𝒙 + 𝟏) + 𝟐𝟒+ 𝟑𝒆𝒙
= 

= ∫[𝟏 −
𝟒(𝒙 + 𝟏)𝟑 + 𝟏𝟐(𝒙 + 𝟏)𝟐 + 𝟐𝟒(𝒙 + 𝟏) + 𝟑𝒆𝒙

(𝒙 + 𝟏)𝟒 + 𝟒(𝒙 + 𝟏)𝟑 + 𝟏𝟐(𝒙 + 𝟏)𝟐 + 𝟐𝟒 + 𝟑𝒆𝒙
] 𝒅𝒙 = 

= 𝒙 − 𝒍𝒐𝒈 [(𝒙 + 𝟏)𝟒 + 𝟒(𝒙 + 𝟏)𝟑 + 𝟏𝟐(𝒙 + 𝟏)𝟐 + 𝟐𝟒+ 𝟑𝒆𝒙] + 𝑪  

Solution 2 by Pham Duc Nam-Vietnam 

𝜴 = ∫
𝒙𝟒 + 𝟒𝒙𝟑 + 𝟔𝒙𝟐 + 𝟒𝒙 + 𝟏

𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙
𝒅𝒙 

= ∫
𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙 − (𝟒𝒙𝟑 + 𝟐𝟒𝒙𝟐 + 𝟔𝟎𝒙 + 𝟔𝟒+ 𝟑𝒆𝒙)

𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓+ 𝟑𝒆𝒙
𝒅𝒙 

= ∫
𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙

𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙
𝒅𝒙

−∫
𝟒𝒙𝟑 + 𝟐𝟒𝒙𝟐 + 𝟔𝟎𝒙 + 𝟔𝟒 + 𝟑𝒆𝒙

𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙
𝒅𝒙 

= ∫𝒅𝒙 −∫
𝒅(𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙)

𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙

= 𝒙 − 𝒍𝒐𝒈(𝒙𝟒 + 𝟖𝒙𝟑 + 𝟑𝟎𝒙𝟐 + 𝟔𝟒𝒙 + 𝟔𝟓 + 𝟑𝒆𝒙) + 𝑪 

 

2083. Prove that: 

∫
𝟏

𝒙
𝐥𝐨𝐠𝟐 (𝒙 + √𝟏 + 𝒙𝟐) 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

𝟏

𝟎

𝒅𝒙 =
𝟑𝝅

𝟑𝟐
𝜻(𝟑) 

Proposed by Ose Favour-Nigeria 
Solution by Le Thu-Vietnam 

𝐚𝐫𝐜𝐬𝐢𝐧 𝒉(𝒛) ≔ 𝐥𝐨𝐠 (𝒛 + √𝟏 + 𝒛𝟐) 

𝐚𝐫𝐜𝐬𝐢𝐧𝒉(𝒛) =
𝟏

𝒊
𝐚𝐫𝐜𝐬𝐢𝐧(𝒊𝒛) 

𝑴𝒂𝒄𝒍𝒂𝒖𝒓𝒊𝒏 𝒔𝒆𝒓𝒊𝒆𝒔: 𝐚𝐫𝐜𝐬𝐢𝐧𝟐 𝒛 =
𝟏

𝟐
∑
𝟒𝒏(𝒏!)𝟐𝒛𝟐𝒏

𝒏𝟐(𝟐𝒏)!

∞

𝒏=𝟏

 

𝐚𝐫𝐜𝐬𝐢𝐧 𝒉𝟐(𝒛) = −𝐚𝐫𝐜𝐬𝐢𝐧𝟐(𝒊𝒛) = −
𝟏

𝟐
∑
(−𝟏)𝒏𝟒𝒏(𝒏!)𝟐𝒛𝟐𝒏

𝒏𝟐(𝟐𝒏)!

∞

𝒏=𝟏

 

𝑶𝒏 𝒕𝒉𝒆 𝒐𝒕𝒉𝒆𝒓 𝒉𝒂𝒏𝒅,  
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𝛀 = ∫
𝐚𝐫𝐜𝐬𝐢𝐧𝒉𝟐(𝒙) 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

𝒙
𝒅𝒙

𝟏

𝟎

= −
𝟏

𝟐
∑
(−𝟏)𝒏𝟒𝒏𝚪𝟐(𝒏 + 𝟏)

𝒏𝟐𝚪(𝟐𝒏 + 𝟏)
∫ 𝒙𝟐𝒏−𝟏 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙
𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟏

 

𝑹𝒆𝒄𝒂𝒍𝒍, ∫ 𝒙𝒂 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙𝒅𝒙
𝟏

𝟎

=
√𝝅𝚪(

𝒂
𝟐 + 𝟏)

(𝒂 + 𝟏)𝟐𝚪 (
𝒂 + 𝟏
𝟐 )

, 𝒇𝒐𝒓 𝕽(𝒂) > −1 

𝑻𝒉𝒊𝒔 𝒄𝒂𝒏 𝒃𝒆 𝒑𝒓𝒐𝒗𝒆𝒅 𝒆𝒂𝒔𝒊𝒍𝒚 𝒃𝒚 𝒊𝒏𝒕𝒆𝒈𝒓𝒂𝒕𝒊𝒐𝒏 𝒃𝒚 𝒑𝒂𝒓𝒕𝒔 𝒂𝒏𝒅 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝑩𝒆𝒕𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏: 

∫ 𝒙𝟐𝒏−𝟏 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙
𝟏

𝟎

𝒅𝒙 =
√𝝅𝚪(𝒏 +

𝟏
𝟐
)

𝟒𝒏𝟐𝚪(𝒏)
, 𝒇𝒐𝒓 𝒏 ∈ ℕ 

𝑩𝒚 𝑳𝒆𝒈𝒆𝒏𝒅𝒓𝒆 𝒅𝒖𝒑𝒍𝒊𝒄𝒂𝒕𝒊𝒐𝒏 𝒇𝒐𝒓𝒎𝒖𝒍𝒂, 𝚪 (𝒏 +
𝟏

𝟐
) =

√𝝅𝚪(𝟐𝒏)

𝟐𝟐𝒏—𝟏𝚪(𝒏)
 

∫ 𝒙𝟐𝒏−𝟏 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙
𝟏

𝟎

𝒅𝒙 =
√𝝅

√𝝅𝚪(𝟐𝒏)
𝟐𝟐𝒏−𝟏𝚪(𝒏)

𝟒𝒏𝟐𝚪(𝒏)
=

𝝅𝚪(𝟐𝒏)

𝟒𝒏𝟐𝒏𝟐𝚪𝟐(𝒏)
 

𝑯𝒆𝒏𝒄𝒆,𝛀 = −
𝟏

𝟐
∑
(−𝟏)𝒏𝟒𝒏𝚪𝟐(𝒏 + 𝟏)

𝒏𝟐𝚪(𝟐𝒏 + 𝟏)
⋅
𝝅𝚪(𝟐𝒏)

𝟒𝒏𝟐𝒏𝟐𝚪𝟐(𝒏)

∞

𝒏=𝟏

= 

= −
𝝅

𝟖
∑
(−𝟏)𝒏

𝒏𝟑

∞

𝒏=𝟏

=
𝝅

𝟖
𝜼(𝟑) =

𝝅

𝟖
(𝟏 − 𝟐𝟏−𝟑)𝜻(𝟑) =

𝟑𝝅

𝟑𝟐
𝜻(𝟑)   

2084. Prove that: 

𝜴 = ∫ ∫
𝒂𝒓𝒄𝒔𝒊𝒏(𝒙𝒚)

𝒙𝒚

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 =
𝝅𝟑

𝟒𝟖
+
𝝅

𝟒
𝒍𝒐𝒈𝟐(𝟐) 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Pham Duc Nam-Vietnam 

∗ ∫ 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 = ∫ 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 = −
𝝅

𝟐
𝒍𝒐𝒈(𝟐) 

∗ ∫ 𝒍𝒐𝒈𝟐(𝒔𝒊𝒏(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 = ∫ 𝒍𝒐𝒈𝟐(𝒄𝒐𝒔(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 = ∫ 𝒍𝒐𝒈𝟐(𝒔𝒊𝒏(𝟐𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 

∗ 𝒂𝒓𝒄𝒔𝒊𝒏(𝒙) = ∑
𝑪𝟐𝒌
𝒌 𝒙𝟐𝒌+𝟏

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

 and 
𝟐

(𝟐𝒌+ 𝟏)𝟑
= ∫ 𝒙𝟐𝒌 𝒍𝒐𝒈𝟐(𝒙)

𝟏

𝟎

𝒅𝒙 

𝑫𝒆𝒏𝒐𝒕𝒆:  𝑰 = ∫ 𝒍𝒐𝒈𝟐(𝒔𝒊𝒏(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕, 𝑱 = ∫ 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕)) 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 
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∗ 𝜴 = ∫ ∫
𝒂𝒓𝒄𝒔𝒊𝒏(𝒙𝒚)

𝒙𝒚

𝟏

𝟎

𝟏

𝟎

𝒅𝒙𝒅𝒚 = ∫ ∫
𝟏

𝒙𝒚

𝟏

𝟎

𝟏

𝟎

∑
𝑪𝟐𝒌
𝒌 (𝒙𝒚)𝟐𝒌+𝟏

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

𝒅𝒙𝒅𝒚

= ∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)

∞

𝒌=𝟎

∫ ∫ (𝒙𝒚)𝟐𝒌𝒅𝒙𝒅𝒚
𝟏

𝟎

𝟏

𝟎

= ∑
𝑪𝟐𝒌
𝒌

𝟒𝒌(𝟐𝒌 + 𝟏)𝟑

∞

𝒌=𝟎

=
𝟏

𝟐
∑
𝑪𝟐𝒌
𝒌

𝟒𝒌

∞

𝒌=𝟎

∫ 𝒙𝟐𝒌 𝒍𝒐𝒈𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 

=
𝟏

𝟐
∑𝑪𝟐𝒌

𝒌 (
𝒙

𝟐
)
𝟐𝒌

∞

𝒌=𝟎

∫ 𝒍𝒐𝒈𝟐(𝒙)
𝟏

𝟎

𝒅𝒙 =
𝟏

𝟐
∫
𝒍𝒐𝒈𝟐(𝒙)

√𝟏 − 𝒙𝟐

𝟏

𝟎

𝒅𝒙, 𝒍𝒆𝒕: 𝒙 = 𝒔𝒊𝒏(𝒕) ⇒
𝟏

𝟐
∫ 𝒍𝒐𝒈𝟐(𝒔𝒊𝒏(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕

=
𝟏

𝟐
𝑰 

∗ 𝑰 = ∫ 𝒍𝒐𝒈𝟐(𝒔𝒊𝒏(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 = ∫ 𝒍𝒐𝒈𝟐(𝒔𝒊𝒏(𝟐𝒕))

𝝅
𝟐

𝟎

𝒅𝒕

= ∫ (𝒍𝒐𝒈(𝟐) + 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕)) + 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕)))𝟐
𝝅
𝟐

𝟎

𝒅𝒕

= ∫ (𝒍𝒐𝒈𝟐(𝟐) + 𝒍𝒐𝒈𝟐(𝒔𝒊𝒏(𝒕)) + 𝒍𝒐𝒈𝟐(𝒄𝒐𝒔(𝒕))

𝝅
𝟐

𝟎

+ 𝟐(𝒍𝒐𝒈(𝟐) 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕)) + 𝒍𝒐𝒈(𝟐) 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕)) + 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕)) 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕)))) 𝒅𝒕 

=
𝝅

𝟐
𝒍𝒐𝒈𝟐(𝟐) + 𝟐𝑰 + 𝟒 𝒍𝒐𝒈(𝟐) (−

𝝅

𝟐
𝒍𝒐𝒈(𝟐)) + 𝟐𝑱 ⇔ 𝑰 + 𝟐𝑱 =

𝟑𝝅

𝟐
𝒍𝒐𝒈𝟐(𝟐) 

∗ 𝟐𝑰 − 𝟐𝑱 = ∫ 𝒍𝒐𝒈𝟐(𝒔𝒊𝒏(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 +∫ 𝒍𝒐𝒈𝟐(𝒄𝒐𝒔(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕 − 𝟐∫ 𝒍𝒐𝒈(𝒔𝒊𝒏(𝒕)) 𝒍𝒐𝒈(𝒄𝒐𝒔(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕

= ∫ 𝒍𝒐𝒈𝟐(𝒕𝒂𝒏(𝒕))

𝝅
𝟐

𝟎

𝒅𝒕, 𝒍𝒆𝒕: 𝒕𝒂𝒏(𝒕) = 𝒆𝒖 ⇒ 𝟐𝑰− 𝟐𝑱

= ∫
𝒖𝟐𝒆𝒖

𝒆𝟐𝒖 + 𝟏
𝒅𝒖 = 𝟐

∞

−∞

∫
𝒖𝟐𝒆𝒖

𝒆𝟐𝒖 + 𝟏
𝒅𝒖 = 𝟐∫

𝒖𝟐𝒆−𝒖

𝒆−𝟐𝒖 + 𝟏
𝒅𝒖

∞

𝟎

∞

𝟎

 

= 𝟐∫ 𝒖𝟐∑(−𝟏)𝒌𝒆−(𝟐𝒌+𝟏)𝒖
∞

𝒌=𝟎

𝒅𝒖 = 𝟐
∞

𝟎

∑(−𝟏)𝒌∫ 𝒖𝟐
∞

𝟎

𝒆−(𝟐𝒌+𝟏)𝒖𝒅𝒖 = 𝟒

∞

𝒌=𝟎

∑
(−𝟏)𝒌

(𝟐𝒌 + 𝟏)𝟑
= 𝟒.

𝝅𝟑

𝟑𝟐

∞

𝒌=𝟎

=
𝝅𝟑

𝟖
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∗ {
𝐼 + 2𝑱 =

𝟑𝝅

𝟐
𝒍𝒐𝒈𝟐(𝟐)

2𝑰 − 𝟐𝑱 =
𝝅𝟑

𝟖

⇒

{
 

 𝐼 =
𝝅𝟑

𝟐𝟒
+
𝝅

𝟐
𝒍𝒐𝒈𝟐(𝟐)

𝐽 = −
𝝅𝟑

𝟒𝟖
+
𝝅

𝟐
𝒍𝒐𝒈𝟐(𝟐)

⇒
𝟏

𝟐
𝑰 =

𝟏

𝟐
(
𝝅𝟑

𝟐𝟒
+
𝝅

𝟐
𝒍𝒐𝒈𝟐(𝟐))

=
𝝅𝟑

𝟒𝟖
+
𝝅

𝟒
𝒍𝒐𝒈𝟐(𝟐)  

Solution 2 by Rana Ranino-Setif-Algerie 

𝛀 = ∫ ∫
𝐚𝐫𝐜𝐬𝐢𝐧(𝒙𝒚)

𝒙𝒚
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

=
𝒕=𝒙𝒚

∫
𝟏

𝒙
∫
𝐚𝐫𝐜𝐬𝐢𝐧 𝒕

𝒕
𝒅𝒕

𝟏

𝟎

𝟏

𝟎

=
𝑰𝑩𝑷

 

= [𝐥𝐨𝐠𝒙∫
𝐚𝐫𝐜𝐬𝐢𝐧 𝒕

𝒕

𝒙

𝟎

𝒅𝒕]
𝟎

𝟏

−∫
𝐚𝐫𝐜𝐬𝐢𝐧 𝒙 𝐥𝐨𝐠𝒙

𝒙
𝒅𝒙

𝟏

𝟎

= 

= −∫
𝐚𝐫𝐜𝐬𝐢𝐧 𝒙 𝐥𝐨𝐠𝒙

𝒙
𝒅𝒙

𝟏

𝟎

=
𝑰𝑩𝑷
− [
𝟏

𝟐
𝐥𝐨𝐠𝟐 𝒙𝐚𝐫𝐜𝐬𝐢𝐧 𝒙]

𝟎

𝟏

+
𝟏

𝟐
∫

𝐥𝐨𝐠𝟐 𝒙

√𝟏 − 𝒙𝟐
𝒅𝒙

𝟏

𝟎

=
𝒙=𝐬𝐢𝐧𝜽

 

=
𝟏

𝟐
∫ 𝐥𝐨𝐠𝟐(𝐬𝐢𝐧𝜽) 𝒅𝜽

𝝅
𝟐

𝟎

=
𝟏

𝟖
𝐥𝐢𝐦
𝒔→
𝟏
𝟐

𝒅𝟐

𝒅𝒔𝟐
∫ 𝐬𝐢𝐧𝟐𝒔−

𝟏
𝟐 𝜽

𝝅
𝟐

𝟎

𝒅𝜽 =
𝟏

𝟏𝟔
𝐥𝐢𝐦
𝒔→
𝟏
𝟐

𝒅𝟐

𝒅𝒔𝟐
𝑩(𝒔,

𝟏

𝟐
) = 

=
𝟏

𝟏𝟔
𝐥𝐢𝐦
𝒔→
𝟏
𝟐

{(𝝍(𝒔) − 𝝍 (𝒔 +
𝟏

𝟐
))

𝟐

+𝝍′(𝒔) − 𝝍′ (𝒔 +
𝟏

𝟐
)}𝑩(𝒔,

𝟏

𝟐
) = 

=
𝝅

𝟏𝟔
{(𝝍(

𝟏

𝟐
) − 𝝍(𝟏))

𝟐

+ 𝝍′ (
𝟏

𝟐
) − 𝝍′(𝟏)} =

𝝅

𝟏𝟔
{(−𝟐 𝐥𝐨𝐠 𝟐)𝟐 + 𝟑𝜻(𝟐) − 𝜻(𝟐)}  

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 𝛀 = ∫ ∫
𝐚𝐫𝐜𝐬𝐢𝐧(𝒙𝒚)

𝒙𝒚
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

=
𝝅

𝟒
𝐥𝐨𝐠𝟐 𝟐 +

𝝅𝟑

𝟒𝟖
   

2085. For 𝒙 > 0, prove: 

∫
𝐬𝐢𝐧(𝟐𝒚) (𝟏 + 𝐜𝐨𝐬 (

𝒚
𝟐
))

𝟏 + 𝒙𝐜𝐨𝐬 (
𝒚
𝟐
)

𝒅𝒚
𝝅

𝟎

<
𝟖

𝟏𝟓
 

Proposed by Srinivasa Raghava-AIRMC-India 
Solution by Adrian Popa-Romania 

𝒚 ∈ [𝟎,𝝅] ⇒
𝒚

𝟐
∈ [𝟎,

𝝅

𝟐
] ⇒ 𝐜𝐨𝐬

𝒚

𝟐
∈ [𝟎, 𝟏] ⇒ 𝒙 𝐜𝐨𝐬

𝒚

𝟐
> 0 

∫
𝐬𝐢𝐧(𝟐𝒚) (𝟏 + 𝐜𝐨𝐬 (

𝒚
𝟐))

𝟏 + 𝒙𝐜𝐨𝐬 (
𝒚
𝟐)

𝒅𝒚
𝝅

𝟎

< ∫ 𝐬𝐢𝐧 𝟐𝒚 (𝟏 + 𝐜𝐨𝐬
𝒚

𝟐
)𝒅𝒚

𝝅

𝟎

= 

= ∫ 𝟐𝐬𝐢𝐧𝒚 𝐜𝐨𝐬 𝒚 (𝟏 + 𝐜𝐨𝐬
𝒚

𝟐
)𝒅𝒚

𝝅

𝟎

= ∫ 𝟒𝐬𝐢𝐧
𝒚

𝟐
𝐜𝐨𝐬

𝒚

𝟐
(𝟐𝐜𝐨𝐬𝟐

𝒚

𝟐
− 𝟏) (𝟏 + 𝐜𝐨𝐬

𝒚

𝟐
)𝒅𝒚

𝝅

𝟎

= 
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=
𝐜𝐨𝐬
𝒚
𝟐
=𝒕

𝟖∫ 𝒕(𝟐𝒕𝟐 − 𝟏)(𝟏 + 𝒕)
𝟏

𝟎

𝒅𝒕 = 𝟖∫ (𝟐𝒕𝟑 − 𝒕)(𝟏 + 𝒕)𝒅𝒕
𝟏

𝟎

= 

= 𝟖∫ (𝟐𝒕𝟒 + 𝟐𝒕𝟑 − 𝒕 − 𝒕𝟐)
𝟏

𝟎

𝒅𝒕 = 𝟖(
𝟐

𝟓
+
𝟏

𝟐
−
𝟏

𝟐
−
𝟏

𝟑
) =

𝟖

𝟏𝟓
   

2086. Prove that: 

∑
𝐜𝐨𝐬(𝒙𝒌)

(𝒏𝒌)!

∞

𝒌=𝟎

=
𝟏

𝒏
∑𝒆

𝐜𝐨𝐬(
𝒙+𝟐𝒌𝝅
𝒏

)
𝐜𝐨𝐬 [𝒔𝒊𝒏 (

𝒙 + 𝟐𝒌𝝅

𝒏
)]

𝒏

𝒌=𝟏

 

Proposed by Asmat Qatea-Afghanistan 
Solution by Bui Hong Suc-Vietnam 

𝟏

𝒏
∑𝒆𝐜𝐨𝐬(

𝒙+𝟐𝒌𝝅
𝒏

) 𝐜𝐨𝐬 [𝒔𝒊𝒏(
𝒙 + 𝟐𝒌𝝅

𝒏
)]

𝒏

𝒌=𝟏

=
𝟏

𝟐𝒏
∑𝒆𝐜𝐨𝐬(

𝒙+𝟐𝒌𝝅
𝒏

) (𝒆𝒊𝐬𝐢𝐧(
𝒙+𝟐𝒌𝝅
𝒏

) + 𝒆−𝒊𝐬𝐢𝐧(
𝒙+𝟐𝒌𝝅
𝒏

))

𝒏

𝒌=𝟏

= 

=
𝟏

𝟐𝒏
(∑𝒆𝐜𝐨𝐬(

𝒙+𝟐𝒌𝝅
𝒏

)+𝒊 𝐬𝐢𝐧(
𝒙+𝟐𝒌𝝅
𝒏

)

𝒏

𝒌=𝟏

+∑𝒆𝐜𝐨𝐬(
𝒙+𝟐𝒌𝝅
𝒏

)+𝒊 𝐬𝐢𝐧(
𝒙+𝟐𝒌𝝅
𝒏

)

𝒏

𝒌=𝟏

) = 

=
𝟏

𝟐𝒏
(∑𝒆𝒆

𝒊(
𝒙+𝟐𝒌𝝅
𝒏

)
𝒏

𝒌=𝟏

+∑𝒆𝒆
−𝒊(

𝒙+𝟐𝒌𝝅
𝒏

)
𝒏

𝒌=𝟏

) =
𝟏

𝟐𝒏
∑
𝟏

𝒋!
(∑𝒆𝒊(

𝒙+𝟐𝒌𝝅
𝒏

)𝒋

∞

𝒌=𝟏

+∑𝒆−𝒊(
𝒙+𝟐𝒌𝝅
𝒏

)𝒋

𝒏

𝒌=𝟏

)

∞

𝒋=𝟎

= 

=
𝟏

𝟐𝒏
∑
𝟏

𝒋!
(𝒆𝒊𝒋

𝒙
𝒏∑𝒆𝒊

𝟐𝒌𝝅
𝒏
𝒋

𝒏

𝒌=𝟏

+ 𝒆−𝒊𝒋
𝒙
𝒏∑𝒆−𝒊

𝟐𝒌𝝅
𝒏
𝒋

𝒏

𝒌=𝟏

)

∞

𝒋=𝟎

=
𝒋=𝒌𝒏

 

=
𝟏

𝟐𝒏
∑

𝟏

(𝒌𝒏)!
(𝒆𝒊𝒌𝒏

𝒙
𝒏 + 𝒆−𝒊𝒌𝒏

𝒙
𝒏)

∞

𝒌=𝟎

=
𝟏

𝟐
∑

𝟏

(𝒌𝒏)!
(𝒆𝒊𝒌 + 𝒆−𝒊𝒌)

∞

𝒌=𝟎

=∑
𝐜𝐨𝐬(𝒙𝒌)

(𝒏𝒌)!

∞

𝒌=𝟎

 

2087. Let (𝒙𝒏)𝒏≥𝟏 be sequence of real numbers such that 

 𝒙𝒏 = ∑ 𝐬𝐢𝐧
𝝅

𝒌

𝒏
𝒌=𝟏 − 𝝅 𝐥𝐨𝐠𝒏. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏 ⋅ ∑
𝟏

𝒏 + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒌=𝟏

 

Proposed by Florică Anastase-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

𝒙𝒏 =∑𝐬𝐢𝐧
𝝅

𝒌

𝒏

𝒌=𝟏

− 𝝅 𝐥𝐨𝐠𝒏 , 𝒙 ∈ (𝟎,
𝝅

𝟐
)  𝒂𝒏𝒅 𝒙 −

𝒙𝟑

𝟑
≤ 𝐬𝐢𝐧𝒙 ≤ 𝒙 
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𝟏 +∑(
𝝅

𝒌
−
𝝅𝟑

𝟑𝒌𝟑
)

𝒏

𝒌=𝟑

≤∑𝐬𝐢𝐧
𝝅

𝒌

𝒏

𝒌=𝟏

= 𝟏 +∑𝐬𝐢𝐧
𝝅

𝒌

𝒏

𝒌=𝟑

≤ 𝟏 + 𝝅∑
𝟏

𝒌

𝒏

𝒌=𝟑

≤ 

≤ 𝟏 + 𝝅(𝐥𝐨𝐠𝒏 −
𝟏

𝟐
) , 𝒃𝒆𝒄𝒂𝒖𝒔𝒆 ∑

𝟏

𝒌

𝒏

𝒌=𝟑

≤ 𝟏 + 𝐥𝐨𝐠 𝒏 

𝟏 + 𝝅(𝐥𝐨𝐠𝒏 −
𝟑

𝟐
) −

𝝅𝟑

𝟑
𝜻(𝟑) ≤ ∑𝐬𝐢𝐧

𝝅

𝒌

𝒏

𝒌=𝟏

≤ 𝟏 + 𝝅(𝐥𝐨𝐠 𝒏 −
𝟏

𝟐
) 

𝟏 −
𝟑𝝅

𝟐
−
𝝅𝟑

𝟑
𝜻(𝟑) ≤ ∑𝐬𝐢𝐧

𝝅

𝒌

𝒏

𝒌=𝟏

≤ 𝟏 −
𝝅

𝟐
;𝒏 ≥ 𝟐 ⇒ (𝒙𝒏)𝒏≥𝟏 − 𝒃𝒐𝒖𝒏𝒅𝒆𝒅. 

∑
𝟏

𝒏 + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒌=𝟏

=∑𝝅{𝒌 ≤ 𝒏}
𝟏

𝒏 + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒌=𝟏

≤∑
𝟏

𝒌𝟐

∞

𝒌=𝟏

< ∞ 

 𝐥𝐢𝐦
𝒏→∞

∑
𝟏

𝒏 + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒌=𝟏

= ∑𝝅{𝒌 ≤ 𝒏} ⋅
𝟏

𝒏 + √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒌=𝟏

 

(𝒙𝒏)𝒏≥𝟏 − 𝒃𝒐𝒖𝒅𝒆𝒅, 𝒕𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝒙𝒏 ⋅ ∑
𝟏

𝒏+ √(𝒌 + 𝟏)𝟐(𝒌𝟐 + 𝟏)𝟐
𝟑

𝒏

𝒌=𝟏

= 𝟎 

2088. For 𝒎 ≥ 𝟎, find: 

𝛀(𝐦) = 𝐥𝐢𝐦
𝒏→∞

(( √(𝟐𝒏 + 𝟏)‼
𝒏+𝟏

)
𝒎+𝟏

− (√(𝟐𝒏 − 𝟏)‼
𝒏

)
𝒎+𝟏

) ⋅ 𝐬𝐢𝐧𝒎
𝝅

𝒏
 

Proposed by D.M. Bătineţu-Giurgiu, Mihaly Bencze-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

𝒛‼ = 𝟐
𝟏
𝟒
(𝟏+𝟐𝒛−𝐜𝐨𝐬 𝝅𝒛)𝝅

𝟏
𝟒
(𝐜𝐨𝐬(𝝅𝒛)−𝟏)𝚪 (𝟏 +

𝟏

𝟐
𝒛) 

(𝟐𝒏 + 𝟏)‼ = 𝟐𝒏+𝟏𝝅−
𝟏
𝟐𝚪 (𝒏 +

𝟑

𝟐
)  𝒂𝒏𝒅 (𝟐𝒏 − 𝟏)‼ = 𝟐𝒏𝝅−

𝟏
𝟐𝚪 (𝒏 +

𝟏

𝟐
) 

𝚪(𝒙) = √𝟐𝝅𝒆
𝒙 𝐥𝐨𝐠 𝒙−𝒙−

𝟏
𝟐
−𝐥𝐨𝐠 𝒙+𝑶(

𝟏

𝒙𝟐
)
(𝟏 + 𝑶(

𝟏

𝒙
))  𝒂𝒏𝒅𝐬𝐢𝐧𝒎

𝝅

𝒏
=
𝝅𝒎

𝒏𝒎
+ 𝑶(

𝟏

𝒏𝒎+𝟐
) 

𝛀(𝒎) = 𝐥𝐢𝐦
𝒏→∞

𝟐𝒎+𝟏𝝅−
𝒎+𝟏
𝟐𝒏 𝚪

𝒎+𝟏
𝒏 (𝒏 +

𝟏

𝟐
)(
𝟐𝒎+𝟏𝝅

−
𝒎+𝟏
𝟐(𝒏+𝟏)𝚪

𝒎+𝟏
𝒏+𝟏 (𝒏 +

𝟑
𝟐)

𝟐𝒎+𝟏𝝅−
𝒎+𝟏
𝟐𝒏 𝚪(𝒏 +

𝟏
𝟐)

) ⋅
𝝅𝒎

𝒏𝒎
= 
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= 𝟐𝒎+𝟏𝝅𝒎 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝒎
𝒆
(𝒎+𝟏)(𝟏+

𝟏
𝟐𝒏
) 𝐥𝐨𝐠(𝒏+

𝟏
𝟐
)−(𝟏+

𝟏
𝟐𝒏
)−
𝟏
𝟐𝒏
𝐥𝐨𝐠(𝟏+

𝟏
𝟐
)

(

 −𝟏

+
𝒆
(𝒎+𝟏)((𝟏+

𝟏
𝟐(𝒏+𝟏)

) 𝐥𝐨𝐠(𝒏+
𝟑
𝟐
)−(𝟏+

𝟏
𝟐(𝒏+𝟏)

)−
𝟏

𝟐(𝒏+𝟏)
𝐥𝐨𝐠(𝒏+

𝟑
𝟐
))

𝒆
(𝒎+𝟏)((𝟏+

𝟏
𝟐𝒏
) 𝐥𝐨𝐠(𝒏+

𝟏
𝟐
)−(𝟏+

𝟏
𝟐𝒏
)−
𝟏
𝟐𝒏
𝐥𝐨𝐠(𝒏+

𝟏
𝟐
))

)

  

= 𝟐𝒎+𝟏𝝅𝒎 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝒎
𝒆
(𝒎+𝟏)((𝟏+

𝟏
𝟐𝒏
) 𝐥𝐨𝐠(𝒏+

𝟏
𝟐
)−(𝟏+

𝟏
𝟐𝒏
)−
𝟏
𝟐𝒏
𝐥𝐨𝐠(𝒏+

𝟏
𝟐
))
(−𝟏 + 𝒆

(𝒎+𝟏)(𝐥𝐨𝐠(𝒏+
𝟑
𝟐
)−𝐥𝐨𝐠(𝒏+

𝟏
𝟐
))) = 

= 𝟐𝒎+𝟏𝝅𝒎(𝒎 + 𝟏) 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝒎+𝟏
𝒆−(𝒎+𝟏)𝒆(𝒎+𝟏) 𝐥𝐨𝐠 𝒏 = 

= (𝒎+ 𝟏)𝟐𝒎+𝟏𝝅𝒎𝒆−(𝒎+𝟏)  

2089. Find 𝒂, 𝒃 ∈ ℝ such that: 

𝒂𝒓𝒄𝒕𝒂𝒏(𝟏 + 𝟐𝒊) = 𝒂 + 𝒃𝒊 

Proposed by Asmat Qatea-Afghanistan 
Solution by Daniel Sitaru-Romania 
 

𝒂𝒓𝒄𝒕𝒂𝒏(𝟏 + 𝟐𝒊) =
𝒊

𝟐
𝒍𝒐𝒈(

𝟏 − 𝒊(𝟏 + 𝟐𝒊)

𝟏 + 𝒊(𝟏 + 𝟐𝒊)
) =

𝒊

𝟐
𝒍𝒐𝒈(

𝟑 − 𝒊

−𝟏 + 𝒊
) = 

=
𝒊

𝟐
(𝒍𝒐𝒈(𝟑 − 𝒊) − 𝒍𝒐𝒈(−𝟏+ 𝒊)) = 

=
𝒊

𝟐
(𝒍𝒐𝒈|𝟑 − 𝒊| + 𝒊𝒂𝒓𝒈(𝟑 − 𝒊) − 𝒍𝒐𝒈|−𝟏+ 𝒊| − 𝒊𝒂𝒓𝒈(−𝟏+ 𝒊)) = 

=
𝒊

𝟐
(𝒍𝒐𝒈√𝟏𝟎 − 𝒍𝒐𝒈√𝟐+ 𝒊(𝒂𝒓𝒄𝒕𝒂𝒏 (−

𝟏

𝟑
) + 𝟐𝝅 −

𝟑𝝅

𝟒
)) = 

=
𝒊

𝟐
(𝒍𝒐𝒈√𝟓+ 𝒊 (

𝟓𝝅

𝟒
− 𝒂𝒓𝒄𝒕𝒂𝒏

𝟏

𝟑
)) = −

𝟏

𝟐
(
𝟓𝝅

𝟒
− 𝒂𝒓𝒄𝒕𝒂𝒏

𝟏

𝟑
) +

𝒊

𝟐
𝒍𝒐𝒈√𝟓 = 𝒂 + 𝒃𝒊 

𝒂 = −
𝟏

𝟐
(
𝟓𝝅

𝟒
− 𝒂𝒓𝒄𝒕𝒂𝒏

𝟏

𝟑
) , 𝒃 =

𝟏

𝟐
𝒍𝒐𝒈√𝟓 

2090. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
⋅ ( ∑ 𝒊𝒋𝒌𝒍

𝒊+𝒋+𝒌+𝒍=𝒏

) ⋅ ( ∑ 𝒊𝒋𝒌

𝒊+𝒋+𝒌=𝒏

)

−𝟏

 

Proposed by Daniel Sitaru-Romania 
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Solution by Hikmat Mammadov-Azerbaijan 

𝑺𝟐
(𝒏) = ∑ 𝒊𝒋

𝒊+𝒋=𝒏

= ∑𝒊(𝒏− 𝒊)

𝒏−𝟏

𝒊=𝟏

=
𝒏𝟐

𝟐
(𝒏 − 𝟏) −

𝒏

𝟔
(𝒏 − 𝟏)𝟐𝒏 − 𝟏) = 

=
(𝒏 − 𝟏)𝒏(𝒏 + 𝟏)

𝟔
=
𝒏

𝟔
(𝒏𝟐 − 𝟏);𝒏 ≥ 𝟐 

𝑺𝟑
(𝒏) = ∑ 𝒊𝒋𝒌

𝒊+𝒋+𝒌=𝒏

= ∑ ∑ 𝒌(𝒎− 𝒌)(𝒏 −𝒎)

𝒎−𝟏

𝒌=𝟏

𝒏−𝟏

𝒎=𝟏

= ∑
(𝒎− 𝟏)𝒎(𝒎+ 𝟏)

𝟔
(𝒏 −𝒎)

𝒏−𝟏

𝒎=𝟏

= 

=
𝒏

𝟔
∑(𝒎𝟑 −𝒎)

𝒏−𝟏

𝒎=𝟏

−
𝟏

𝟔
∑(𝒎𝟒 −𝒎𝟐)

𝒏−𝟏

𝒎=𝟏

=
𝒏

𝟏𝟐𝟎
(𝒏𝟐 − 𝟏)(𝒏𝟐 − 𝟒);𝒏 ≥ 𝟑 

𝑺𝟒
(𝒏) = ∑ 𝒊𝒋𝒌𝒍

𝒊+𝒋+𝒌+𝒍=𝒏

= ∑
𝟏

𝟏𝟐𝟎
𝒎(𝒎𝟐 − 𝟏)(𝒎𝟐 − 𝟒)(𝒏 −𝒎)

𝒏−𝟏

𝒎=𝟏

= ⋯ = 

=
𝒏

𝟓𝟎𝟒𝟎
(𝒏𝟐 − 𝟏)(𝒏𝟐 − 𝟒)(𝒏𝟐 − 𝟗);𝒏 ≥ 𝟒 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
⋅
𝟏𝟐𝟎

𝟓𝟎𝟒𝟎
⋅
𝒏(𝒏𝟐 − 𝟏)(𝒏𝟐 − 𝟒)(𝒏𝟐 − 𝟗)

𝒏(𝒏𝟐 − 𝟏)(𝒏𝟐 − 𝟒)
=
𝟏

𝟒𝟐
   

2091. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

𝒏𝟑
∑ ((−𝟏)𝒊+𝒋 ⋅ 𝒊 ⋅ 𝒋)

𝟏≤𝒊<𝑗≤𝑛

) 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 
  

∑∑(−𝟏)𝒊+𝒋𝒊𝒋

𝒏

𝒋=𝟏

𝒏

𝒊=𝟏

=∑𝒊𝟐
𝒏

𝒊=𝟏

+ 𝟐∑ ∑ (−𝟏)𝒊+𝒋𝒊𝒋

𝒏

𝒋=𝒊+𝟏

𝒏−𝟏

𝒊=𝟏

= 

=
𝟏

𝟐
∑∑(−𝟏)𝒊+𝒋𝒊𝒋

𝒏

𝒋=𝟏

𝒏

𝒊=𝟏

−
𝟏

𝟏𝟐
𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏) = 
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= (∑(−𝟏)𝒊𝒊

𝒏

𝒊=𝟏

)

𝟐

= (∑𝒊

𝒏

𝒊=𝟏

+ 𝟐∑𝟐𝒊

[
𝒏
𝟐
]

𝒊=𝟏

 )

𝟐

= (−
𝟏

𝟐
𝒏(𝒏 + 𝟏) + 𝟐 [

𝒏

𝟐
] ([
𝒏

𝟐
] + 𝟏))

𝟐

= 

=

{
 
 

 
 (−

𝟏

𝟐
𝒏(𝒏 + 𝟏) +

𝟏

𝟐
𝒏(𝒏 + 𝟏))

𝟐

, 𝒏 − 𝒆𝒗𝒆𝒏

(−
𝟏

𝟐
𝒏(𝒏 + 𝟏) +

𝟏

𝟐
(𝒏 − 𝟏)(𝒏 + 𝟏))

𝟐

, 𝒏 − 𝒐𝒅𝒅

= 

= {

𝟏

𝟒
𝒏𝟐, 𝒏 − 𝒆𝒗𝒆𝒏

𝟏

𝟒
(𝒏 + 𝟏)𝟐, 𝒏 − 𝒐𝒅𝒅

 

∑ ((−𝟏)𝒊+𝒋 ⋅ 𝒊 ⋅ 𝒋)

𝟏≤𝒊<𝑗≤𝑛

= −
𝟏

𝟏𝟐
𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏) +

𝟏

𝟖
(𝒏 +∏{𝒏 − 𝒐𝒅𝒅})𝟐 

𝛀 = −
𝟏

𝟔
  

2092. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

((
𝒏

𝟑
) ⋅ 𝐥𝐢𝐦

𝒎→∞
(
𝟏

𝒎
∑(

(𝒎
𝒌
)

(𝒎+𝒏
𝒌+𝟑
)
)

𝒎

𝒌=𝟎

)) 

Proposed by Daniel Sitaru-Romania 
Solution by Hikmat Mammadov-Azerbaijan 

 

𝜷(𝒂, 𝒃) = ∫ 𝒕𝒂−𝟏(𝟏 − 𝒕)𝒃−𝟏𝒅𝒕
𝟏

𝟎

=
𝚪(𝒂)𝚪(𝒃)

𝚪(𝒂 + 𝒃)
=
(𝒂 − 𝟏)! (𝒃 − 𝟏)!

(𝒂 + 𝒃 − 𝟏)!
=

𝟏

(𝒂 + 𝒃 − 𝟏)(𝒂+𝒃−𝟐
𝒂−𝟏

)
 

𝒂, 𝒃 ∈ ℤ≥𝟏   

𝚿𝒎,𝒏 =∑(
𝒎

𝒌
)∫ 𝒕𝒌+𝟑(𝟏 − 𝒕)𝒎+𝒏−𝒌−𝟑

𝟏

𝟎

𝒅𝒕

𝒎

𝒌=𝟎

= 

= (𝒎+ 𝒏+ 𝟏)∫ 𝒕𝟑(𝟏 − 𝒕)𝒎+𝒏+𝟑∑(
𝒎

𝒌
)(

𝒕

𝟏 − 𝒕
)
𝒌𝒎

𝒌=𝟎

𝒅𝒕
𝟏

𝟎

= 

= (𝒎+ 𝒏+ 𝟏)∫ 𝒕𝟑(𝟏 − 𝒕)𝒎+𝒏−𝟑 (𝟏 +
𝒕

𝟏 − 𝒕
)
𝒎

𝒅𝒕
𝟏

𝟎

= 
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= (𝒎+ 𝒏+ 𝟏)∫ 𝒕𝟑(𝟏 − 𝒕)𝒏−𝟑𝒅𝒕
𝟏

𝟎

= (𝒎 + 𝒏 + 𝟏)
𝟏

(𝒏 + 𝟏)(𝒏
𝟑
)

 

𝐥𝐢𝐦
𝒎→∞

𝚿𝒎,𝒏
𝒎

=
𝟏

(𝒏 + 𝟏)(𝒏
𝟑
)
;𝛀 = 𝐥𝐢𝐦

𝒏→∞

𝟏

𝒏 + 𝟏
= 𝟎    

2093. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(√𝟐
𝒏
− 𝟏)((𝒏 + 𝟏)!)

−𝟏
(𝒏 + 𝟏 −

𝟐

𝒏
)
−𝟏

∑𝒌𝟐(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Ravi Prakash-New Delhi-India 

𝒌𝟐(𝒌 + 𝟏)! = [(𝒌 + 𝟑)(𝒌 + 𝟐) − 𝟓(𝒌 + 𝟐) + 𝟒](𝒌 + 𝟏)! = 

= (𝒌 + 𝟑)! − 𝟓(𝒌 + 𝟐)! + 𝟒(𝒌 + 𝟏)! = (𝒌 + 𝟑)! − (𝒌 + 𝟐)! − 𝟒[(𝒌 + 𝟐)! − (𝒌 + 𝟏)!] 

∑𝒌𝟐(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= (𝒏 + 𝟑)! − 𝟑! − 𝟒[(𝒏+ 𝟐)! − 𝟐!] = (𝒏 + 𝟐)! (𝒏 − 𝟏) + 𝟐 

𝑨𝒍𝒔𝒐, ((𝒏 + 𝟏)!)
−𝟏
(𝒏 + 𝟏 −

𝟐

𝒏
)
−𝟏

=
𝟏

(𝒏 + 𝟏)!
⋅

𝒏

𝒏𝟐 + 𝒏 − 𝟐
= 

=
𝟏

(𝒏 + 𝟏)!
⋅

𝒏

(𝒏 − 𝟏)(𝒏 + 𝟐)
=

𝒏

(𝒏 + 𝟐)! (𝒏 − 𝟏)
 

𝑻𝒉𝒖𝒔, ((𝒏 + 𝟏)!)
−𝟏
(𝒏 + 𝟏 −

𝟐

𝒏
)
−𝟏

⋅∑𝒌𝟐(𝒌 + 𝟏)

𝒏

𝒌=𝟏

=
[(𝒏+ 𝟐)! (𝒏 − 𝟏) + 𝟐]𝒏

(𝒏 + 𝟐)! (𝒏 − 𝟏)
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟐
𝟏
𝒏 − 𝟏

𝟏
𝒏

⋅ 𝐥𝐢𝐦
𝒏→∞

[𝟏 +
𝟐

(𝒏 + 𝟐)! (𝒏 − 𝟏)
] = 𝐥𝐨𝐠𝟐   

Solution 2 by Hikmat Mammadov-Azerbaijan 

∑𝒌𝟐(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= ∑(𝒌𝟐 + 𝒌+ 𝟏)(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

−∑(𝒌 + 𝟏)(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

 

∑(𝒌+ 𝟐 − 𝟏)((𝒌 + 𝟏)!)

𝒏

𝒌=𝟏

=∑[(𝒌 + 𝟐)! − (𝒌 + 𝟏)!]

𝒏

𝒌=𝟏

= (𝒏 + 𝟐)! − 𝟐 = 

= 𝟐 − (𝒏 + 𝟐)! +∑(𝒌𝟐 + 𝒌+ 𝟏)(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= 
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= 𝟐 − (𝒏 + 𝟐)! +∑[(𝒌 + (𝒌 + 𝟐)!) − (𝒌 − 𝟏)(𝒌 + 𝟏)!]

𝒏

𝒌=𝟏

= 

= 𝟐 − (𝒏 + 𝟐)! + 𝒏(𝒏 + 𝟐)! 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟐
𝟏
𝒏 − 𝟏

(𝒏 + 𝟏)!
⋅

𝟏

𝒏 + 𝟏 −
𝟐
𝒏

[𝒏(𝒏 + 𝟐)! − (𝒏 + 𝟐)! + 𝟐] = 

= 𝐥𝐢𝐦
𝒏→∞

(𝟐
𝟏
𝒏 − 𝟏) ⋅

𝟏

𝒏
(𝒏 − 𝟏)(𝒏 + 𝟐) = 𝐥𝐢𝐦

𝒏→∞

𝟐
𝟏
𝒏 − 𝟏

𝟏
𝒏

= 𝐥𝐨𝐠 𝟐   

Solution 3 by Adrian Popa-Romania 

∑𝒌𝟐(𝒌 + 𝟏)

𝒏

𝒌=𝟏

=∑𝒌(𝒌 + 𝟏)! 𝒌

𝒏

𝒌=𝟏

=∑𝒌(𝒌 + 𝟏) ⋅ 𝒌 ⋅ 𝒌!

𝒏

𝒌=𝟏

=∑𝒌(𝒌 + 𝟏)[(𝒌+ 𝟏)! − 𝒌!]

𝒏

𝒌=𝟏

= 

=∑𝒌(𝒌 + 𝟏)(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

−∑𝒌(𝒌 + 𝟏)𝒌!

𝒏

𝒌=𝟏

= 

=∑𝒌(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

−∑𝒌(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

−∑(𝒌+ 𝟏)(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

+∑(𝒌+ 𝟏)!

𝒏

𝒌=𝟏

= 

=∑(𝒌+ 𝟐)(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

− 𝟐∑(𝒌 + 𝟐)!

𝒏

𝒌=𝟏

−∑(𝒌+ 𝟏)(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

+∑(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

− ((𝒏 + 𝟐)! − 𝟐) +∑(𝒌 + 𝟏)!

𝒏

𝒌=𝟏

= 

= ∑[(𝒌 + 𝟐)! − (𝒌 + 𝟏)!]

𝒏

𝒌=𝟏

− 𝟐 [∑((𝒌 + 𝟐)! − (𝒌 + 𝟏)!)

𝒏

𝒌=𝟏

] = 

= (𝒏 + 𝟑)! − 𝟑(𝒏 + 𝟐)! 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐
𝟏
𝒏 − 𝟏)𝒏

(𝒏 − 𝟏)! (𝒏𝟐 + 𝒏 − 𝟐)
⋅
(𝒏 − 𝟏)! (𝒏𝟐 + 𝟓𝒏 + 𝟔 − 𝟑𝒏 − 𝟔)

𝟏
= 

= 𝐥𝐢𝐦
𝒏→∞

𝟐
𝟏
𝒏 − 𝟏

𝟏
𝒏

⋅
𝒏𝟐 + 𝟐𝒏

𝒏𝟐 + 𝒏− 𝟐
= 𝐥𝐧𝟐   

2094. Find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
(∫

𝒙𝒌

𝟑𝒙 + 𝟐

𝟏

𝟎

𝒅𝒙)

−𝟏

(∫
𝒙𝒌

𝟐𝒙 + 𝟑
𝒅𝒙

𝟏

𝟎

)

−𝟏

 

Proposed by Daniel Sitaru-Romania 
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Solution by proposer 

𝟎 ≤ 𝒙 ≤ 𝟏 → 𝒙𝒌+𝟏 ≤ 𝒙𝒌, 𝟑𝒙 + 𝟐 > 0 →
𝒙𝒌+𝟏

𝟑𝒙 + 𝟐
≤

𝒙𝒌

𝟑𝒙 + 𝟐
→ ∫

𝒙𝒌+𝟏

𝟑𝒙 + 𝟐
𝒅𝒙 ≤

𝟏

𝟎

∫
𝒙𝒌

𝟑𝒙 + 𝟐

𝟏

𝟎

𝒅𝒙 

𝟎 ≤ 𝒙 ≤ 𝟏 → 𝒙𝒌+𝟏 ≤ 𝒙𝒌, 𝟐𝒙 + 𝟑 > 0 →
𝒙𝒌+𝟏

𝟐𝒙 + 𝟑
≤

𝒙𝒌

𝟐𝒙 + 𝟑
→ ∫

𝒙𝒌+𝟏

𝟐𝒙 + 𝟑
𝒅𝒙 ≤

𝟏

𝟎

∫
𝒙𝒌

𝟐𝒙 + 𝟑

𝟏

𝟎

𝒅𝒙 

𝑰𝒌 = ∫
𝒙𝒌

𝟑𝒙 + 𝟐

𝟏

𝟎

𝒅𝒙 → 𝑰𝒌+𝟏 ≤ 𝑰𝒌, 𝟑𝑰𝒌+𝟏 + 𝟐𝑰𝒌 = ∫
𝟑𝒙𝒌+𝟏 + 𝟐𝒙𝒌

𝟑𝒙 + 𝟐
𝒅𝒙 = ∫𝒙𝒌𝒅𝒙 =

𝟏

𝒌 + 𝟏

𝟏

𝟎

𝟏

𝟎

 

𝑱𝒌 = ∫
𝒙𝒌

𝟐𝒙 + 𝟑

𝟏

𝟎

𝒅𝒙 → 𝑱𝒌+𝟏 ≤ 𝑱𝒌, 𝟐𝑱𝒌+𝟏 + 𝟑𝑱𝒌 = ∫
𝟐𝒙𝒌+𝟏 + 𝟑𝒙𝒌

𝟐𝒙 + 𝟑
𝒅𝒙 = ∫𝒙𝒌𝒅𝒙 =

𝟏

𝒌 + 𝟏

𝟏

𝟎

𝟏

𝟎

 

𝑰𝒌+𝟏 ≤ 𝑰𝒌, 𝟑𝑰𝒌+𝟏 + 𝟐𝑰𝒌 =
𝟏

𝒌 + 𝟏
 

𝑰𝒌+𝟏 =
𝟏

𝟑(𝒌 + 𝟏)
−
𝟐

𝟑
𝑰𝒌 →

𝟏

𝟑(𝒌 + 𝟏)
−
𝟐

𝟑
𝑰𝒌 ≤ 𝑰𝒌 →

𝟏

𝟑(𝒌 + 𝟏)
≤
𝟓

𝟑
𝑰𝒌 → 𝑰𝒌 ≥

𝟏

𝟓(𝒌 + 𝟏)
 

𝑰𝒌 =
𝟏

𝟐(𝒌 + 𝟏)
−
𝟑

𝟐
𝑰𝒌+𝟏 → 𝑰𝒌+𝟏 ≤

𝟏

𝟐(𝒌 + 𝟏)
−
𝟑

𝟐
𝑰𝒌+𝟏 →

𝟓

𝟐
𝑰𝒌+𝟏 ≤

𝟏

𝟐(𝒌 + 𝟏)
 

𝑰𝒌+𝟏 ≤
𝟏

𝟓(𝒌 + 𝟏)
→ 𝑰𝒌 ≤

𝟏

𝟓𝒌
→

𝟏

𝟓(𝒌 + 𝟏)
≤ 𝑰𝒌 ≤

𝟏

𝟓𝒌
,

𝟏

𝟓(𝒌 + 𝟏)
≤ 𝑱𝒌 ≤

𝟏

𝟓𝒌
 

𝟐𝟓𝒌𝟐 ≤ 𝑰𝒌
−𝟏𝑱𝒌

−𝟏 ≤ 𝟐𝟓(𝒌 + 𝟏)𝟐 

𝟐𝟓 ∙
𝒏(𝒏 + 𝟏)(𝟐𝒏 + 𝟏)

𝟔
≤ ∑𝑰𝒌

−𝟏𝑱𝒌
−𝟏

𝒏

𝒌=𝟏

≤ 𝟐𝟓 ∙ (
(𝒏 + 𝟏)(𝒏 + 𝟐)(𝟐𝒏+ 𝟑)

𝟔
− 𝟏) 

𝟐𝟓 ∙
𝒏(𝒏 + 𝟏)(𝟐𝒏+ 𝟏)

𝟔𝒏𝟑
≤
𝟏

𝒏𝟑
∑𝑰𝒌

−𝟏𝑱𝒌
−𝟏

𝒏

𝒌=𝟏

≤ 𝟐𝟓 ∙ (
(𝒏 + 𝟏)(𝒏 + 𝟐)(𝟐𝒏 + 𝟑)

𝟔𝒏𝟑
−
𝟏

𝒏𝟑
) 

𝟐𝟓

𝟑
≤ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟑
∑𝑰𝒌

−𝟏𝑱𝒌
−𝟏

𝒏

𝒌=𝟏

≤
𝟐𝟓

𝟑
 

𝛀 =
𝟐𝟓

𝟑
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2095. Prove that: 

∑𝐜𝐨𝐬 (
𝒏𝝅

𝟏𝟎
)(𝝍(

𝟏𝟏 − 𝒏

𝟐𝟎
) − 𝝍(

𝟐𝟏 − 𝒏

𝟐𝟎
))

𝟏𝟎

𝒏=𝟏

= 

=
𝟗(𝝓 − 𝟏)𝝅

𝟐
− 𝟓√𝝓 + 𝟐 𝐥𝐨𝐠(𝟐 − √𝝓 + 𝟐) 

𝝓 −golden ratio. 

Proposed by Asmat Qatea-Afghanistan 
Solution by Izumi Ainsworth-Tokyo-Japan 

𝑺 = 𝛀(𝒑) = ∑𝐜𝐨𝐬 (
𝒏𝝅

𝒑
)(𝝍 (

𝒑 + 𝟏 − 𝒏

𝟐𝒑
) − 𝝍(

𝟐𝒑 + 𝟏 − 𝒏

𝟐𝒑
))

𝒑

𝒏=𝟏

= 

= ∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)(𝝍 (

𝒏

𝟐𝒑
+
𝟏

𝟐
) −𝝍 (

𝒏

𝟐𝒑
))

𝒑

𝒏=𝟏

; (𝒊) 

𝑵𝒐𝒘,∑ 𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
)

𝒑

𝒏=𝟏

= 

= ∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
)

∞

𝒏=𝟏

− ∑ 𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
)

∞

𝒏=𝒑+𝟏

= 

= ∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
)

∞

𝒏=𝟏

−∑𝐜𝐨𝐬 (
𝒏 + 𝒑 − 𝟏

𝒑
𝝅)𝝍(

𝒏 + 𝒑

𝟐𝒑
)

∞

𝒏=𝟏

= 

= ∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
)

∞

𝒏=𝟏

+∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
+
𝟏

𝟐
)

∞

𝒏=𝟏

= 

= ∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
)

∞

𝒏=𝟏

+∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
+
𝟏

𝟐
)

𝒑

𝒏=𝟏

+ ∑ 𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍(

𝒏

𝟐𝒑
+
𝟏

𝟐
)

∞

𝒏=𝒑+𝟏

(𝒊)
⇒ 

𝛀(𝒑) = −∑𝐜𝐨𝐬 (
𝒏 + 𝒑 − 𝟏

𝒑
𝝅)𝝍(

𝒏 + 𝒑

𝟐𝒑
+
𝟏

𝟐
)

∞

𝒏=𝟏

−∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅)𝝍 (

𝒏

𝟐𝒑
)

∞

𝒏=𝟏

= 
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= ∑𝐜𝐨𝐬 (
𝒏 − 𝟏

𝒑
𝝅) (𝝍(

𝒏

𝟐𝒑
+ 𝟏) − 𝝍(

𝒏

𝟐𝒑
))

∞

𝒏=𝟏

= 

= 𝟐𝒑∑
𝐜𝐨𝐬 (

𝒏 − 𝟏
𝒑 𝝅)

𝒏

∞

𝒏=𝟏

= 𝟐𝒑∑
𝐜𝐨𝐬 (

𝒏𝝅
𝒑 −

𝝅
𝒑)

𝒏

∞

𝒏=𝟏

= 

= 𝟐𝒑∑
𝐬𝐢𝐧 (

𝒏𝝅
𝒑 )𝐬𝐢𝐧 (

𝝅
𝒑) + 𝐜𝐨𝐬 (

𝒏𝝅
𝒑 )𝐜𝐨𝐬 (

𝝅
𝒑)

𝒏

∞

𝒏=𝟏

= 

= 𝟐𝒑(𝐬𝐢𝐧 (
𝝅

𝒑
)∑

𝐬𝐢𝐧 (
𝒏𝝅
𝒑 )

𝒏

∞

𝒏=𝟏

+ 𝐜𝐨𝐬 (
𝝅

𝒑
)∑

𝐜𝐨𝐬 (
𝒏𝝅
𝒑 )

𝒏

∞

𝒏=𝟏

) = 

= 𝟐𝒑 [𝐬𝐢𝐧 (
𝝅

𝒑
)(
𝝅 −

𝝅
𝒑

𝟐
) + 𝐜𝐨𝐬 (

𝝅

𝒑
) (− 𝐥𝐧 (𝟐 𝒔𝒊𝒏 (

𝝅

𝟐𝒑
)))] = 

= 𝝅(𝒑 − 𝟏) 𝐬𝐢𝐧 (
𝝅

𝒑
) − 𝟐𝒑𝐜𝐨𝐬 (

𝝅

𝒑
) 𝐥𝐨𝐠 (𝟐 𝒔𝒊𝒏 (

𝝅

𝟐𝒑
)) 

𝑭𝒐𝒓 𝒑 = 𝟏𝟎 ⇒ 𝛀(𝟏𝟎) = 𝑺 ⇒ 𝑺 = 𝟗𝝅𝐬𝐢𝐧 𝟏𝟖° − 𝟐𝟎𝐜𝐨𝐬 𝟏𝟖° 𝐥𝐨𝐠(𝟐 𝒔𝒊𝒏𝟗°) = 

= 𝟗𝝅(
𝝓 − 𝟏

𝟐
) − 𝟐𝟎(

√𝝓 + 𝟐

𝟐
) 𝐥𝐨𝐠(𝟒 𝐬𝐢𝐧𝟐 𝟗°)

𝟏
𝟐 = 

= 𝟗𝝅(
𝝓 − 𝟏

𝟐
) − 𝟐𝟎(

√𝝓+ 𝟐

𝟐
)
𝟏

𝟐
𝐥𝐨𝐠(𝟐 − 𝟐𝒄𝒐𝒔 𝟏𝟖°) = 

=
𝟗(𝝅 − 𝟏)𝝅

𝟐
− 𝟓√𝝓 + 𝟐 𝐥𝐨𝐠(𝟐 − √𝝓+ 𝟐) 

∵ 𝝍(𝒙 + 𝟏) − 𝝍(𝒙) =
𝟏

𝒙
;  𝝍(𝒛) − 𝑫𝒊𝒈𝒂𝒎𝒎𝒂 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏. 

∑
𝐬𝐢𝐧(𝒏𝒙)

𝒏

∞

𝒏=𝟏

=
𝝅− 𝒙

𝟐
; ∑

𝐜𝐨𝐬(𝒏𝒙)

𝒏

∞

𝒏=𝟏

= − 𝐥𝐨𝐠 |𝟐 𝐬𝐢𝐧
𝒙

𝟐
| 

𝐜𝐨𝐬(𝑨 − 𝑩) = 𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩 + 𝐜𝐨𝐬 𝑨𝐜𝐨𝐬 𝑩 

𝐬𝐢𝐧𝟏𝟖° =
𝝓 − 𝟏

𝟐
; 𝐜𝐨𝐬 𝟏𝟖° =

√𝝓+ 𝟐

𝟐
,𝝓 − 𝑮𝒐𝒍𝒅𝒆𝒏 𝒓𝒂𝒕𝒊𝒐.  
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2096. Prove that: 

∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

√𝟏 + 𝒂𝒙𝟐
𝒅𝒙

𝟏

𝟎

=
𝟒𝑳𝒊𝟐(√−𝒂) − 𝑳𝒊𝟐(−𝒂)

𝟒√−𝒂
, 𝒂 ≥ −𝟏 

where 𝑳𝒊𝟐(𝒛) is the dilogarithm function. 

Proposed by Le Thu-Vietnam 
Solution 1 by Bui Hong Suc-Vietnam 
 

𝛀 = ∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

√𝟏 + 𝒂𝒙𝟐
𝒅𝒙

𝟏

𝟎

= ∫ 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙 (𝟏 − (−𝒂𝒙𝟐))
−
𝟏
𝟐

𝟏

𝟎

𝒅𝒙 = 

= ∫ 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙∑
𝚪(
𝟏
𝟐+ 𝒏)

𝚪 (
𝟏
𝟐)𝚪

(𝒏 + 𝟏)
(−𝒂𝒙𝟐)𝒏

∞

𝒏=𝟎

𝟏

𝟎

𝒅𝒙 = 

= ∑
𝚪(
𝟏
𝟐+ 𝒏)

𝚪 (
𝟏
𝟐)𝚪

(𝒏 + 𝟏)
(−𝒂)𝒏∫ 𝒙𝟐𝒏 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

𝟏

𝟎

𝒅𝒙

∞

𝒏=𝟎

= 

= ∑
𝚪(
𝟏
𝟐 + 𝒏)

𝚪 (
𝟏
𝟐)𝚪

(𝒏 + 𝟏)
(−𝒂)𝒏 ⋅

𝟏

𝟐𝒏 + 𝟏
∫ 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙
𝟏

𝟎

𝒅(𝒙𝟐𝒏+𝟏)

∞

𝒏=𝟎

= 

= ∑
𝚪(
𝟏
𝟐 + 𝒏)

𝚪 (
𝟏
𝟐)𝚪

(𝒏 + 𝟏)
(−𝒂)𝒏

𝟏

𝟐𝒏 + 𝟏
([𝒙𝟐𝒏+𝟏 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙]𝟎

𝟏 −∫ 𝒙𝟐𝒏+𝟏 ⋅
−𝟏

√𝟏 − 𝒙𝟐
𝒅𝒙

𝟏

𝟎

)

∞

𝒏=𝟎

= 

= ∑
𝚪(
𝟏
𝟐+ 𝒏)

𝚪 (
𝟏
𝟐)𝚪

(𝒏 + 𝟏)
(−𝒂) ⋅

𝟏

𝟐(𝟐𝒏 + 𝟏)
∫ (𝒙𝟐)𝒏+𝟏−𝟏(𝟏 − 𝒙𝟐)

𝟏
𝟐
−𝟏𝒅(𝒙𝟐)

𝟏

𝟎

∞

𝒏=𝟎

= 

= ∑
𝚪(
𝟏
𝟐 + 𝒏)

𝚪 (
𝟏
𝟐)𝚪

(𝒏 + 𝟏)
(−𝒂)𝒏 ⋅

𝟏

𝟐(𝟐𝒏 + 𝟏)
⋅
𝚪 (
𝟏
𝟐)𝚪

(𝒏 + 𝟏)

𝚪 (
𝟏
𝟐 + 𝒏 + 𝟏)

∞

𝒏=𝟎

= 

= ∑
𝟏

𝟐(𝟐𝒏 + 𝟏) (𝒏 +
𝟏
𝟐
)
(−𝒂)𝒏

∞

𝒏=𝟎

=
𝟏

√−𝒂
∑
(√−𝒂)

𝟐𝒏+𝟏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 

=
𝟏

𝟐√−𝒂
(𝑳𝒊𝟐(√−𝒂) − 𝑳𝒊𝟐(—𝒂) 
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𝑾𝒆 𝒖𝒔𝒆 𝒅𝒊𝒍𝒐𝒈𝒂𝒓𝒊𝒕𝒉𝒎 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚: 

𝑳𝒊𝟐(𝒛) + 𝑳𝒊𝟐(−𝒛) =
𝑳𝒊𝟐(𝒛

𝟐)

𝟐
⇔ 𝑳𝒊𝟐(−𝒛) =

𝑳𝒊𝟐(𝒛
𝟐)

𝟐
− 𝑳𝒊𝟐(𝒛) 

𝑳𝒊𝟐(—𝒂 =
𝑳𝒊𝟐(−𝒂)

𝟐
− 𝑳𝒊𝟐(√−𝒂) 

𝛀 =
𝟏

𝟐√−𝒂
(𝑳𝒊𝟐(√−𝒂) − 𝑳𝒊𝟐(—𝒂) =

𝟏

𝟐√−𝒂
(𝑳𝒊𝟐(√−𝒂) − (

𝑳𝒊𝟐(−𝒂)

𝟐
− 𝑳𝒊𝟐(√−𝒂))) = 

=
𝟏

𝟒√−𝒂
(𝟒𝑳𝒊𝟐(√−𝒂) − 𝑳𝒊𝟐(−𝒂))   

Solution 2 by Amin Hajiyev-Azerbaijan 

𝛀 = ∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

√𝟏 + 𝒂𝒙𝟐
𝒅𝒙

𝟏

𝟎

= ∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

√(𝟏 − √−𝒂𝒙)
𝟐
𝒅𝒙

𝟏

𝟎

= 

∵
𝟏

(𝟏 − 𝒂𝒙)𝒌+𝟏
= ∑𝒂𝒏

(𝒏 + 𝒌)!

𝒌!𝒏!
𝒙𝒏

∞

𝒏=𝟎

 

= ∫ 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙∑
(−𝒂)𝒏 (𝒏 −

𝟏
𝟐) !

(−
𝟏
𝟐) !𝒏!

𝒅𝒙

∞

𝒏=𝟎

𝟏

𝟎

= 

= ∑
(−𝒂)𝒏𝚪(𝒏 +

𝟏
𝟐)

𝚪 (
𝟏
𝟐) 𝚪

(𝒏 + 𝟏)
∫ 𝒙𝟐𝒏 𝐚𝐫𝐜𝐜𝐨𝐬 𝒙𝒅𝒙
𝟏

𝟎

∞

𝒏=𝟎

=
𝑰𝑩𝑷

∑
(−𝟏)𝒏𝚪(𝒏 +

𝟏
𝟐)

(𝟐𝒏 + 𝟏)√𝝅𝚪(𝒏 + 𝟏)
∫

𝒙𝟐𝒏+𝟏

√𝟏− 𝒙𝟐
𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

=
𝒙𝟐=𝒕

 

=
𝟏

𝟐
∑

(−𝒂)𝒏𝚪(𝒏 +
𝟏
𝟐)

(𝟐𝒏 + 𝟏)√𝝅𝚪(𝒏 + 𝟏)
∫ 𝒕𝒏+𝟏−𝟏(𝟏 − 𝒕)

𝟏
𝟐
−𝟏𝒅𝒕

𝟏

𝟎

∞

𝒏=𝟎

= 

=
𝟏

𝟐
∑

(−𝒂)𝒏𝚪(𝒏 +
𝟏
𝟐)

(𝟐𝒏 + 𝟏)√𝝅𝚪(𝒏 + 𝟏)

𝚪(𝒏 + 𝟏)𝚪 (
𝟏
𝟐)

𝚪 (𝒏 +
𝟑
𝟐)

∞

𝒏=𝟎

= 

=
𝟏

𝟐
∑

(−𝒂)𝒏 (𝒏 −
𝟏
𝟐) !

(𝒏 +
𝟏
𝟐) !

(𝟐𝒏 + 𝟏)

∞

𝒏=𝟎

=
𝟏

𝟐
∑

(−𝒂)𝒏

(𝒏 +
𝟏
𝟐)
(𝟐𝒏 + 𝟏)

∞

𝒏=𝟎

= 
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= ∑
(−𝒂)𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= ∑
(√−𝒂)

𝟐𝒏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

=
𝟏

√−𝒂
∑
(√−𝒂)

𝟐𝒏+𝟏

(𝟐𝒏 + 𝟏)𝟐

∞

𝒏=𝟎

= 

(∵ ∑
𝒙𝟐𝒏+𝟏

(𝟐𝒏 + 𝟏)𝒔

∞

𝒏=𝟎

=
𝒙𝚽(𝒙𝟐; 𝒔;

𝟏
𝟐)

𝟐𝒔
= 𝛘𝐬(𝒙) =

𝟏

𝟐
(𝑳𝒊𝒔(𝒙) − 𝑳𝒊𝒔(−𝒙))) 

=
𝟏

𝟐√−𝒂
(𝑳𝒊𝟐(√−𝒂) − 𝑳𝒊𝟐(−√−𝒂)) = 𝑳𝒊𝟐(𝒙) + 𝑳𝒊𝟐(−𝒙) =

𝑳𝒊𝟐(𝒙
𝟐)

𝟐
 

=
𝟏

𝟐√−𝒂
(𝑳𝒊𝟐(√−𝒂) − (

𝑳𝒊𝟐(−𝒂)

𝟐
− 𝑳𝒊𝟐(√−𝒂))) = 

=
𝟒𝑳𝒊𝟐(√−𝒂) − 𝑳𝒊𝟐(−𝒂)

𝟒√−𝒂
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

√𝟏 + 𝒂𝒙𝟐
𝒅𝒙

𝟏

𝟎

=
𝟒𝑳𝒊𝟐(√−𝒂) − 𝑳𝒊𝟐(−𝒂)

𝟒√−𝒂
, 𝒂 ≥ −𝟏 

2097. Prove that 

∫𝐥𝐨𝐠𝐧 (
𝟏 + √𝐱

𝟏 − √𝐱
)(
𝟏 − √𝐱

𝟏 + √𝐱
)

𝐦+𝟏
𝐝𝐱

√𝐱

𝟏

𝟎

= 

𝟒(−𝟏)𝟐𝐧+𝐦𝐧! [(𝐦 + 𝟏)𝛈(𝐧 + 𝟏) − 𝛈(𝐧) + (𝐦 + 𝟏)∑
(−𝟏)𝒌

𝐤𝐧+𝟏

𝐦

𝐤=𝟏

−∑
(−𝟏)𝐤

𝐤𝐧

𝐦

𝐤=𝟏

] 

where 𝛈(𝐧) is Drichlet eta function,  n,m ∈ N 

Proposed by Syed Shahabudeen-Kerala-India 
Solution 1 by Rana Ranino-Setif-Algerie 
 

𝛀 = ∫ 𝐥𝐨𝐠𝒏 (
𝟏 + √𝒙

𝟏 − √𝒙
)(
𝟏 − √𝒙

𝟏 + √𝒙
)

𝒎+𝟏𝟏

𝟎

𝒅𝒙

√𝒙
=
𝒙→𝒙𝟐

𝟐(−𝟏)𝒏∫ 𝐥𝐨𝐠𝒏 (
𝟏 − 𝒙

𝟏 + 𝒙
) (
𝟏 − 𝒙

𝟏 + 𝒙
)
𝒎+𝟏𝟏

𝟎

𝒅𝒙 = 

=
𝒙→
𝟏−𝒙
𝟏+𝒙

𝟒(−𝟏)𝒏∫
𝒙𝒎+𝟏

(𝟏 + 𝒙)𝟐
𝐥𝐨𝐠𝒏 𝒙𝒅𝒙

𝟏

𝟎
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𝑼𝒔𝒊𝒏𝒈:  
𝟏

(𝟏 + 𝒙)𝟐
= −∑(−𝟏)𝒌𝒌𝒙𝒌−𝟏

∞

𝒌=𝟎

 

𝛀 = −𝟒(−𝟏)𝒏∑(−𝟏)𝒌𝒌∫ 𝒙𝒎+𝒌 𝐥𝐨𝐠𝒏 𝒙𝒅𝒙
𝟏

𝟎

∞

𝒌=𝟎

= −𝟒(𝒏!)∑
(−𝟏)𝒌𝒌

(𝒎+ 𝒌+ 𝟏)𝒏+𝟏

∞

𝒌=𝟎

= 

= 𝟒(𝒏!)(𝒎+ 𝟏)∑
(−𝟏)𝒌

(𝒎 + 𝒌 + 𝟏)𝒏+𝟏

∞

𝒌=𝟎

− 𝟒(𝒏!)∑
(−𝟏)𝒌

(𝒎 + 𝒌 + 𝟏)𝒏

∞

𝒌=𝟎

= 

= 𝟒(𝒏!) (∑
(−𝟏)𝒌

(𝒎 + 𝒌)𝒏

∞

𝒌=𝟎

− (𝒎+ 𝟏)∑
(−𝟏)𝒌

(𝒎 + 𝒌)𝒏+𝟏

∞

𝒌=𝟎

) 

∑
(−𝟏)𝒌

(𝒎 + 𝒌)𝒏

∞

𝒌=𝟏

=
𝒌+𝒎→𝒌

(−𝟏)𝒎 ∑
(−𝟏)𝒌

𝒌𝒏

∞

𝒌=𝒎+𝟏

= (−𝟏)𝒎∑
(−𝟏)𝒌

𝒌𝒏

∞

𝒌=𝟏

− (−𝟏)𝒎∑
(−𝟏)𝒌

𝒌𝒏

𝒎

𝒌=𝟏

= 

= −(−𝟏)𝒎 (𝜼(𝒏) +∑
(−𝟏)𝒌

𝒌𝒏

𝒎

𝒌=𝟏

) 

∑
(−𝟏)𝒌

(𝒎 + 𝒌)𝒎+𝟏

∞

𝒌=𝟏

= −(−𝟏)𝒎 (𝜼(𝒏 + 𝟏) +∑
(−𝟏)𝒌

𝒌𝒏+𝟏

𝒎

𝒌=𝟏

−∑
(−𝟏)𝒌

𝒌𝒏

𝒎

𝒌=𝟏

) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

𝛀 = ∫ 𝐥𝐨𝐠𝒏 (
𝟏 + √𝒙

𝟏 − √𝒙
)(
𝟏 − √𝒙

𝟏 + √𝒙
)

𝒎+𝟏𝟏

𝟎

𝒅𝒙

√𝒙
= 

= 𝟒(−𝟏)𝟐𝒏+𝒎𝒏! ((𝒎+ 𝟏)𝜼(𝒏 + 𝟏) − 𝜼(𝒏) + (𝒎+ 𝟏)∑
(−𝟏)𝒌

𝒌𝒏+𝟏

𝒎

𝒌=𝟏

−∑
(−𝟏)𝒌

𝒌𝒏

𝒎

𝒌=𝟏

)   

Solution 2 by Togrul Ehmedov-Azerbaijan 

𝐋𝐞𝐭 
𝟏 − √𝐱

𝟏 + √𝐱
= 𝐲 

𝐈 = 𝟒∫
𝐲𝐦+𝟏

(𝟏 + 𝐲)𝟐
𝐥𝐨𝐠𝐧 (

𝟏

𝐲
)

𝟏

𝟎

𝐝𝐲 = 𝟒(−𝟏)𝐧∫
𝐲𝐦+𝟏

(𝟏 + 𝐲)𝟐
𝐥𝐨𝐠𝐧(𝐲)

𝟏

𝟎

𝐝𝐲 

= 𝟒(−𝟏)𝐧∫𝐲𝐦+𝟏 𝐥𝐨𝐠𝐧(𝐲)

𝟏

𝟎

∑(−𝟏)𝐤+𝟏𝐤𝐲𝐤−𝟏
∞

𝐤=𝟎

𝐝𝐲 = 𝟒(−𝟏)𝐧∑(−𝟏)𝐤+𝟏𝐤

∞

𝐤=𝟎

∫𝐲𝐦+𝐤 𝐥𝐨𝐠𝐧(𝐲)

𝟏

𝟎

𝐝𝐲 

= 𝟒(−𝟏)𝐧∑(−𝟏)𝐤+𝟏𝐤

∞

𝐤=𝟎

{(−𝟏)𝐧
𝐧!

(𝐦 + 𝐤 + 𝟏)𝐧+𝟏
} = 𝟒(−𝟏)𝟐𝐧𝐧!∑(−𝟏)𝐤+𝟏

𝐤

(𝐦 + 𝐤 + 𝟏)𝐧+𝟏

∞

𝐤=𝟎

 

= 𝟒(−𝟏)𝟐𝐧𝐧! [∑
(−𝟏)𝐤+𝟏

(𝐦 + 𝐤 + 𝟏)𝐧

∞

𝐤=𝟎

− (𝐦 + 𝟏)∑
(−𝟏)𝐤+𝟏

(𝐦+ 𝐤 + 𝟏)𝐧+𝟏

∞

𝐤=𝟎

] = 
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= 𝟒(−𝟏)𝟐𝐧𝐧! [∑
(−𝟏)𝐤

(𝐦+ 𝐤)𝐧

∞

𝐤=𝟏

− (𝐦+ 𝟏)∑
(−𝟏)𝐤

(𝐦 + 𝐤)𝐧+𝟏

∞

𝐤=𝟏

] 

= 𝟒(−𝟏)𝟐𝐧+𝐦𝐧! [[−∑
(−𝟏)𝐤+𝟏

𝐤𝐧

∞

𝐤=𝟏

+∑
(−𝟏)𝐤+𝟏

𝐤𝐧

𝐦

𝐤=𝟏

] − (𝐦 + 𝟏) [−∑
(−𝟏)𝐤+𝟏

𝐤𝐧+𝟏

∞

𝐤=𝟏

+∑
(−𝟏)𝐤+𝟏

𝐤𝐧+𝟏

𝐦

𝐤=𝟏

]] 

= 𝟒(−𝟏)𝟐𝐧+𝐦𝐧! [[−𝛈(𝐧) +∑
(−𝟏)𝐤+𝟏

𝐤𝐧

𝐦

𝐤=𝟏

] − (𝐦 + 𝟏) [−𝛈(𝐧 + 𝟏) +∑
(−𝟏)𝐤+𝟏

𝐤𝐧+𝟏

𝐦

𝐤=𝟏

]] 

= 𝟒(−𝟏)𝟐𝐧+𝐦𝐧! [(𝐦 + 𝟏)𝛈(𝐧 + 𝟏) − 𝛈(𝐧) +∑
(−𝟏)𝐤+𝟏

𝐤𝐧

𝐦

𝐤=𝟏

− (𝐦+ 𝟏)∑
(−𝟏)𝐤+𝟏

𝐤𝐧+𝟏

𝐦

𝐤=𝟏

] 

= 𝟒(−𝟏)𝟐𝐧+𝐦𝐧! [(𝐦 + 𝟏)𝛈(𝐧 + 𝟏) − 𝛈(𝐧) + (𝐦 + 𝟏)∑
(−𝟏)𝒌

𝐤𝐧+𝟏

𝐦

𝐤=𝟏

−∑
(−𝟏)𝐤

𝐤𝐧

𝐦

𝐤=𝟏

] 

2098. Find: 

𝛀 = ∫ ∫
𝐬𝐢𝐧−𝟏(𝒙𝒚) 𝐜𝐨𝐬−𝟏(𝒙𝒚)

𝒙𝒚
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

 

  Proposed by Togrul Ehmedov-Azerbaijan 
Solution by Rana Ranino-Setif-Algerie 

 

𝛀 = ∫ ∫
𝐬𝐢𝐧−𝟏(𝒙𝒚) 𝐜𝐨𝐬−𝟏(𝒙𝒚)

𝒙𝒚
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

=
𝒙𝒚=𝒕

∫
𝟏

𝒙
∫
𝐬𝐢𝐧−𝟏 𝒕 𝐜𝐨𝐬−𝟏 𝒕

𝒕

𝒙

𝟎

𝒅𝒕
𝟏

𝟎

𝒅𝒙 =
𝑰𝑩𝑷

 

= [𝐥𝐨𝐠𝒙∫
𝐬𝐢𝐧−𝟏 𝒕 𝐜𝐨𝐬−𝟏 𝒕

𝒕

𝒙

𝟎

𝒅𝒕]
𝒙=𝟎

𝒙=𝟏

−∫
𝐥𝐨𝐠𝒙 𝐬𝐢𝐧−𝟏 𝒙 𝐜𝐨𝐬−𝟏 𝒙

𝒙
𝒅𝒙

𝟏

𝟎

= 

= −∫
𝐥𝐨𝐠𝒙 𝐬𝐢𝐧−𝟏 𝒙 𝐜𝐨𝐬−𝟏 𝒙

𝒙
𝒅𝒙

𝟏

𝟎

=
𝒙=𝐬𝐢𝐧𝒙

−∫ 𝒙(
𝝅

𝟐
− 𝒙)𝐜𝐨𝐭 𝒙 𝐥𝐨𝐠(𝒔𝒊𝒏𝒙)

𝝅
𝟐

𝟎

𝒅𝒙 =
𝑰𝑩𝑷

 

= − [
𝟏

𝟐
𝒙 (
𝝅

𝟐
− 𝒙) 𝐥𝐨𝐠𝟐(𝐬𝐢𝐧 𝒙)]

𝟎

𝝅
𝟐
+∫ (

𝝅

𝟒
− 𝒙) 𝐥𝐨𝐠𝟐(𝐬𝐢𝐧 𝒙)𝒅𝒙

𝝅
𝟐

𝟎

= 

=
𝝅

𝟒
∫ 𝐥𝐨𝐠𝟐(𝐬𝐢𝐧 𝒙)𝒅𝒙

𝝅
𝟐

𝟎

−∫ 𝒙 𝐥𝐨𝐠𝟐(𝐬𝐢𝐧 𝒙)𝒅𝒙

𝝅
𝟐

𝟎

  

𝝅

𝟒
∫ 𝐥𝐨𝐠𝟐(𝐬𝐢𝐧 𝒙)𝒅𝒙

𝝅
𝟐

𝟎

=
𝝅𝟐

𝟖
𝐥𝐨𝐠𝟐 𝟐 +

𝝅𝟒

𝟗𝟔
=
𝟑

𝟒
𝜻(𝟐) 𝐥𝐨𝐠𝟐 𝟐 +

𝟏𝟓

𝟏𝟔
𝜻(𝟒) 
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𝝅

𝟒
∫ 𝒙 𝐥𝐨𝐠𝟐(𝐬𝐢𝐧 𝒙)

𝝅
𝟐

𝟎

𝒅𝒙 = 𝑳𝒊𝟒 (
𝟏

𝟐
) +

𝟏

𝟐
𝜻(𝟐) 𝐥𝐨𝐠𝟐 𝟐 +

𝟏

𝟐𝟒
𝐥𝐨𝐠𝟒 𝟐 −

𝟏𝟗

𝟑𝟐
𝜻(𝟒)  

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆,  

𝛀 = ∫ ∫
𝐬𝐢𝐧−𝟏(𝒙𝒚) 𝐜𝐨𝐬−𝟏(𝒙𝒚)

𝒙𝒚
𝒅𝒙𝒅𝒚

𝟏

𝟎

𝟏

𝟎

=
𝟏

𝟒
𝜻(𝟐) 𝐥𝐨𝐠𝟐 𝟐 − 𝑳𝒊𝟒 (

𝟏

𝟐
) −

𝟏

𝟐𝟒
𝐥𝐨𝐠𝟒 𝟐 +

𝟒𝟗

𝟑𝟐
𝜻(𝟒) 

2099. For 𝒂, 𝒃 ∈ (−𝟏, 𝟏) prove that: 

∫ 𝐜𝐨𝐬 𝒙 𝐥𝐨𝐠(𝟏 + 𝟐𝒂 𝐜𝐨𝐬 𝒙 + 𝒂𝟐) 𝐥𝐨𝐠(𝟏 + 𝟐𝒃 𝐜𝐨𝐬 𝒙 + 𝒃𝟐)𝒅𝒙
𝝅

𝟎

= 

=
𝝅(𝒂 + 𝒃)

𝒂𝒃
((𝒂𝒃 − 𝟏) 𝐥𝐨𝐠(𝟏 − 𝒂𝒃) − 𝒂𝒃) 

Proposed by Asmat Qatea-Afghanistan 
Solution 1 by Rana Ranino-Setif-Algerie 

𝛀 = ∫ 𝐜𝐨𝐬 𝒙 𝐥𝐨𝐠(𝟏 + 𝟐𝒂𝒄𝒐𝒔 𝒙 + 𝒂𝟐) 𝐥𝐨𝐠(𝟏 + 𝟐𝒃 𝐜𝐨𝐬 𝒙 + 𝒃𝟐) 𝒅𝒙
𝝅

𝟎

, 𝒂, 𝒃 ∈ (−𝟏, 𝟏) 

𝐥𝐨𝐠(𝟏 + 𝟐𝒓 𝒄𝒐𝒔𝒙 + 𝒓𝟐) = −𝟐∑
(−𝒓)𝒏 𝐜𝐨𝐬(𝒏𝒙)

𝒏

∞

𝒏=𝟏

 

𝛀 = 𝟒∑
(−𝒂)𝒏

𝒏
∑
(−𝒃)𝒌

𝒌

∞

𝒌=𝟏

∫ 𝐜𝐨𝐬𝒙 𝐜𝐨𝐬(𝒏𝒙) 𝐜𝐨𝐬(𝒌𝒙)𝒅𝒙
𝝅

𝟎

∞

𝒏=𝟏

= 

= 𝟐∑
(−𝒂)𝒏

𝒏

∞

𝒏=𝟏

∑
(−𝒃)𝒌

𝒌

𝒏

𝒌=𝟏

∫ 𝐜𝐨𝐬((𝒏 + 𝟏)𝒙) 𝐜𝐨𝐬(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 + 

+𝟐∑
(−𝒂)𝒏

𝒏

∞

𝒏=𝟏

∑
(−𝒃)𝒌

𝒌

𝒏

𝒌=𝟏

∫ 𝐜𝐨𝐬((𝒏 − 𝟏)𝒙) 𝐜𝐨𝐬(𝒌𝒙)
𝝅

𝟎

𝒅𝒙 

𝐜𝐨𝐬((𝒏 + 𝟏)𝒙) 𝐜𝐨𝐬(𝒌𝒙) = {

𝝅

𝟐
 𝒊𝒇 𝒌 = 𝒏 + 𝟏

𝟎 𝒊𝒇 𝒌 ≠ 𝒏 + 𝟏
; 𝐜𝐨𝐬((𝒏 − 𝟏)𝒙) 𝐜𝐨𝐬(𝒌𝒙) = {

𝝅

𝟐
 𝒊𝒇 𝒌 = 𝒏 + 𝟏

𝟎 𝒊𝒇 𝒌 ≠ 𝒏 + 𝟏
 

𝛀 = 𝝅∑
(−𝒂)𝒏

𝒏
⋅
(−𝒃)𝒏+𝟏

𝒏 + 𝟏

∞

𝒏=𝟏

+𝝅∑
(−𝒃)𝒌

𝒌
⋅
(−𝒂)𝒌+𝟏

𝒌 + 𝟏

∞

𝒌=𝟏

= 

= −𝝅𝒃∑
(𝒂𝒃)𝒏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

− 𝝅𝒂∑
(𝒂𝒃)𝒏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

= −𝝅(𝒂 + 𝒃)∑
(𝒂𝒃)𝒏

𝒏(𝒏 + 𝟏)

∞

𝒏=𝟏

= 
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= −𝝅(𝒂 + 𝒃)∑(
(𝒂𝒃)𝒏

𝒏
−
(𝒂𝒃)𝒏

𝒏 + 𝟏
)

∞

𝒏=𝟏

= 𝝅(𝒂 + 𝒃) (𝐥𝐨𝐠(𝟏 − 𝒂𝒃) −
𝒂𝒃 + 𝐥𝐨𝐠(𝟏 − 𝒂𝒃)

𝒂𝒃
) 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, 

   ∫ 𝐜𝐨𝐬 𝒙 𝐥𝐨𝐠(𝟏 + 𝟐𝒂𝒄𝒐𝒔𝒙 + 𝒂𝟐) 𝐥𝐨𝐠(𝟏 + 𝟐𝒃𝐜𝐨𝐬 𝒙 + 𝒃𝟐) 𝒅𝒙
𝝅

𝟎

= 

=
𝝅(𝒂 + 𝒃)

𝒂𝒃
((𝒂𝒃 − 𝟏) 𝐥𝐨𝐠(𝟏 − 𝒂𝒃) − 𝒂𝒃) 

Solution 2 by Bui Hong Suc-Vietnam 

𝛀 = ∫ 𝐜𝐨𝐬 𝒙 𝐥𝐨𝐠(𝟏 + 𝟐𝒂𝒄𝒐𝒔𝒙 + 𝒂𝟐) 𝐥𝐨𝐠(𝟏 + 𝟐𝒃𝐜𝐨𝐬 𝒙 + 𝒃𝟐) 𝒅𝒙
𝝅

𝟎

 

𝑾𝒆 𝒉𝒂𝒗𝒆:  

𝐥𝐨𝐠(𝟏 + 𝟐𝒂 𝐜𝐨𝐬 𝒙 + 𝒂𝟐) = −𝟐∑
(−𝒂)𝒌 𝐜𝐨𝐬 𝒌𝒙

𝒌

∞

𝒌=𝟏

 

𝐥𝐨𝐠(𝟏 + 𝟐𝒃 𝒄𝒐𝒔𝒙 + 𝒃𝟐) = −𝟐∑
(−𝒃)𝒏 𝐜𝐨𝐬𝒏𝒙

𝒏

∞

𝒏=𝟏

 

𝐥𝐨𝐠(𝟏 + 𝟐𝒂 𝒄𝒐𝒔𝒙 + 𝒂𝟐) ⋅ 𝐥𝐨𝐠(𝟏 + 𝟐𝒃 𝒄𝒐𝒔 𝒙 + 𝒃𝟐) = 𝟒∑
(−𝒂)𝒌 𝐜𝐨𝐬𝒌𝒙

𝒌

∞

𝒌=𝟏

∑
(−𝒃)𝒏 𝐜𝐨𝐬 𝒏𝒙

𝒏

∞

𝒏=𝟏

= 𝟒∑∑
(−𝒃)𝒏

𝒏
⋅
(−𝒂)𝒌

𝒌
𝐜𝐨𝐬𝒏𝒙 𝐜𝐨𝐬𝒌𝒙

∞

𝒏=𝟏

∞

𝒌=𝟏

 

𝛀 = ∫ 𝐜𝐨𝐬𝒙 𝐥𝐨𝐠(𝟏 + 𝟐𝒂𝒄𝒐𝒔 𝒙 + 𝒂𝟐) 𝐥𝐨𝐠(𝟏 + 𝟐𝒃 𝐜𝐨𝐬 𝒙 + 𝒃𝟐) 𝒅𝒙
𝝅

𝟎

= 

= 𝟒∑∑
(−𝒃)𝒏

𝒏
⋅
(−𝒂)𝒌

𝒌
∫ 𝐜𝐨𝐬 𝒙 𝐜𝐨𝐬 𝒏𝒙 𝐜𝐨𝐬 𝒌𝒙
𝝅

𝟎

𝒅𝒙

∞

𝒏=𝟏

∞

𝒌=𝟏

= 

= 𝟒∑∑
(−𝒃)𝒏

𝒏
⋅
(−𝒂)𝒌

𝒌
⋅ 𝑱

∞

𝒏=𝟏

∞

𝒌=𝟏

, 𝒘𝒉𝒆𝒓𝒆  

𝑱 = ∫ 𝐜𝐨𝐬 𝒙 𝐜𝐨𝐬𝒏𝒙 𝐜𝐨𝐬𝒌𝒙
𝝅

𝟎

𝒅𝒙 = 

=
𝟏

𝟒
∫ {𝐜𝐨𝐬(𝒏 + 𝟏 + 𝒌)𝒙 + 𝐜𝐨𝐬(𝒏 + 𝟏 − 𝒌)𝒙 + 𝐜𝐨𝐬(𝒏 − 𝟏 − 𝒌)𝒙}
𝝅

𝟎

𝒅𝒙 = 
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=
𝟏

𝟒
(𝑱𝟏 + 𝑱𝟐 + 𝑱𝟑 + 𝑱𝟒) 

𝑱𝟏 = ∫ 𝐜𝐨𝐬(𝒏 + 𝒌 + 𝟏)𝒙
𝝅

𝟎

𝒅𝒙 = 𝟎; 𝑱𝟐 = ∫ 𝐜𝐨𝐬(𝒏 − 𝒌 + 𝟏)𝒙𝒅𝒙
𝝅

𝟎

= {
𝟎 𝒊𝒇 𝒏 ≠ 𝒌 − 𝟏
𝝅 𝒊𝒇 𝒏 = 𝒌 − 𝟏

 

𝑱𝟑 = ∫ 𝐜𝐨𝐬(𝒏 + 𝒌 − 𝟏)𝒙𝒅𝒙
𝝅

𝟎

= 𝟎; 𝑱𝟒 = ∫ 𝐜𝐨𝐬(𝒏 − 𝒌 − 𝟏)𝒙𝒅𝒙
𝝅

𝟎

= {
𝟎 𝒊𝒇 𝒏 ≠ 𝒌 + 𝟏
𝝅 𝒊𝒇 𝒏 = 𝒌 + 𝟏

 

𝑱 =
𝟏

𝟒
(𝑱𝟐 + 𝑱𝟒) 

𝛀 = 𝟒∑∑
(−𝒃)𝒏

𝒏
⋅
(−𝒂)𝒌

𝒌

∞

𝒏=𝟏

⋅ 𝑱

∞

𝒌=𝟏

=∑∑
(−𝒃)𝒏

𝒏
⋅
(−𝒂)𝒌

𝒌

∞

𝒏=𝟏

(𝑱𝟐 + 𝑱𝟒)

∞

𝒌=𝟏

= 

= ∑∑
(−𝒃)𝒏

𝒏
⋅
(−𝒂)𝒌

𝒌

∞

𝒏=𝟏

∞

𝒌=𝟏

⋅ 𝑱𝟐 +∑∑
(−𝒃)𝒏

𝒏
⋅
(−𝒂)𝒌

𝒌

∞

𝒏=𝟏

∞

𝒌=𝟏

⋅ 𝑱𝟒 = 

= 𝝅[∑
(−𝒃)𝒏

𝒏
⋅
(−𝒂)𝒏+𝟏

𝒏 + 𝟏

∞

𝒏=𝟏

+∑
(−𝒃)𝒌+𝟏

𝒌 + 𝟏
⋅
(−𝒂)𝒌

𝒌

∞

𝒌=𝟏

] = 

= 𝝅[−𝒂∑(
(𝒂𝒃)𝒏

𝒏
−
(𝒂𝒃)𝒏

𝒏 + 𝟐
)

∞

𝒏=𝟏

− 𝒃∑(
(𝒂𝒃)𝒌

𝒌
−
(𝒂𝒃)𝒌

𝒌 + 𝟏
)

∞

𝒌=𝟏

] = 

= −𝝅(𝒂 + 𝒃)∑(
(𝒂𝒃)𝒏

𝒏
−
(𝒂𝒃)𝒏

𝒏 + 𝟏
)

∞

𝒏=𝟏

= −𝝅(𝒂 + 𝒃) [∑
(𝒂𝒃)𝒏

𝒏

∞

𝒏=𝟏

−
𝟏

𝒂𝒃
∑
(𝒂𝒃)𝒏+𝟏

𝒏 + 𝟏

∞

𝒏=𝟏

] = 

= 𝝅(𝒂+ 𝒃) [𝐥𝐨𝐠(𝟏 − 𝒂𝒃) −
𝟏

𝒂𝒃
(𝒂𝒃 + 𝐥𝐨𝐠(𝟏 − 𝒂𝒃))] = 

=
𝝅(𝒂 + 𝒃)

𝒂𝒃
[(𝒂𝒃 − 𝟏) 𝐥𝐨𝐠(𝟏 − 𝒂𝒃) − 𝒂𝒃] 

𝑯𝒆𝒏𝒄𝒆, 𝛀 =
𝝅(𝒂 + 𝒃)

𝒂𝒃
[(𝒂𝒃 − 𝟏) 𝐥𝐨𝐠(𝟏 − 𝒂𝒃) − 𝒂𝒃]    

 

2100. Prove the integral: 

∫ ∫ √
𝟏+ 𝐜𝐨𝐬

𝜽
𝟑

𝟏 + 𝒙 𝐜𝐨𝐬
𝜽
𝟑

𝒅𝒙
𝟏

−𝟏

𝒅𝜽
𝝅

𝟎

= 𝟐(𝝅 + 𝟑 𝐥𝐨𝐠 (
𝟏

𝟐
(𝟐 + √𝟑))) 

Proposed by Srinivasa Raghava-AIRMC-India 
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Solution 1 by Tapas Das-India 

∫ ∫ √
𝟏 + 𝐜𝐨𝐬

𝜽
𝟑

𝟏 + 𝒙𝐜𝐨𝐬
𝜽
𝟑

𝒅𝒙
𝟏

−𝟏

𝒅𝜽
𝝅

𝟎

= ∫
√𝟏+ 𝐜𝐨𝐬

𝜽
𝟑

𝐜𝐨𝐬
𝜽
𝟑

𝝅

𝟎

∫
𝐜𝐨𝐬

𝜽
𝟑

√𝟏+ 𝒙𝐜𝐨𝐬
𝜽
𝟑

𝒅𝒙
𝟏

−𝟏

𝒅𝜽 = 

= ∫
√𝟏+ 𝐜𝐨𝐬

𝜽
𝟑

𝐜𝐨𝐬
𝜽
𝟑

∙ 𝟐 [√𝟏 + 𝒙𝐜𝐨𝐬
𝜽

𝟑
]

−𝟏

𝟏

𝒅𝜽
𝝅

𝟎

= ∫
𝟐√𝟏+ 𝐜𝐨𝐬

𝜽
𝟑

𝐜𝐨𝐬
𝜽
𝟑

[√𝟏 + 𝐜𝐨𝐬
𝜽

𝟑
− √𝟏 − 𝐜𝐨𝐬

𝜽

𝟑
] 𝒅𝜽

𝝅

𝟎

= 

= 𝟐∫
𝟏

𝐜𝐨𝐬
𝜽
𝟑

[𝟏 + 𝐜𝐨𝐬
𝜽

𝟑
− 𝐬𝐢𝐧

𝜽

𝟑
]𝒅𝜽

𝝅

𝟎

= 𝟐∫ (𝐬𝐞𝐜
𝜽

𝟑
+ 𝟏 − 𝐭𝐚𝐧

𝜽

𝟑
)𝒅𝜽

𝝅

𝟎

= 

= 𝟐 |𝟑 𝐥𝐨𝐠 |𝐬𝐞𝐜
𝜽

𝟑
+ 𝐭𝐚𝐧

𝜽

𝟑
| + 𝜽 − 𝟑 𝐥𝐨𝐠 |𝒔𝐞𝐜

𝜽

𝟑
|| = 𝟐 [𝝅 + 𝟑 𝐥𝐨𝐠 (

𝟏

𝟐
(𝟐 + √𝟑))]   

Solution 2 by Le Thu-Vietnam 

𝐒𝐢𝐧𝐜𝐞 𝐜𝐨𝐬
𝜽

𝟑
> 0; ∀𝜃 ∈ [𝟎, 𝛑] 

𝛀 = ∫ ∫ √
𝟏 + 𝐜𝐨𝐬

𝜽
𝟑

𝟏 + 𝒙𝐜𝐨𝐬
𝜽
𝟑

𝒅𝒙
𝟏

−𝟏

𝒅𝜽
𝝅

𝟎

= ∫ √𝟏 + 𝐜𝐨𝐬
𝜽

𝟑
∫

𝒅𝒙

√𝟏+ 𝒙𝐜𝐨𝐬
𝜽
𝟑

𝟏

−𝟏

𝒅𝜽
𝝅

𝟎

= 

= ∫ √𝟏 + 𝐜𝐨𝐬
𝜽

𝟑

√𝒙𝐜𝐨𝐬
𝜽
𝟑 + 𝟏

𝐜𝐨𝐬
𝜽
𝟑

||

−𝟏

𝟏

𝝅

𝟎

𝒅𝜽 = 𝟐∫
√𝟏 + 𝐜𝐨𝐬

𝜽
𝟑

𝐜𝐨𝐬
𝜽
𝟑

[√𝟏 + 𝐜𝐨𝐬
𝜽

𝟑
−√𝟏 − 𝐜𝐨𝐬

𝜽

𝟑
]𝒅𝜽

𝝅

𝟎

= 𝟐∫ [𝟏 +
𝟏 − |𝐬𝐢𝐧

𝜽
𝟑
|

𝐜𝐨𝐬
𝜽
𝟑

]𝒅𝜽
𝝅

𝟎

= 𝟐∫ 𝒅𝜽
𝝅

𝟎

+ 𝟐∫
𝟏 − 𝐬𝐢𝐧

𝜽
𝟑

𝐜𝐨𝐬
𝜽
𝟑

𝒅𝜽
𝝅

𝟎

= 

= [𝟐𝜽 + 𝟔𝐚𝐫𝐜𝐭𝐚𝐧𝐡 (𝐬𝐢𝐧
𝜽

𝟑
) + 𝐥𝐨𝐠 (𝒔𝒊𝒏

𝜽

𝟑
)]
𝟎

𝝅

= 𝟐𝝅 + 𝟐 [𝟑 𝐚𝐫𝐜𝐭𝐚𝐧𝐡 (
√𝟑

𝟐
) − 𝟑 𝐥𝐨𝐠 𝟐] 
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𝑼𝒔𝒊𝒏𝒈: 𝐚𝐫𝐜𝐭𝐚𝐧𝐡(𝒛) =
𝟏

𝟐
𝐥𝐨𝐠 (

𝟏 + 𝒛

𝟏 − 𝒛
) ⇒ 𝐚𝐫𝐜𝐭𝐚𝐧𝐡 (

√𝟑

𝟐
) = 𝐥𝐨𝐠(𝟐 + √𝟑) 

𝑯𝒆𝒏𝒄𝒆, 𝛀 = 𝟐 [𝝅 + 𝟑 𝐥𝐨𝐠 (
𝟏

𝟐
(𝟐 + √𝟑))]   

Solution 3 by Sakthi Vel-India 

𝛀 = ∫ ∫ √
𝟏 + 𝐜𝐨𝐬

𝜽
𝟑

𝟏 + 𝒙𝐜𝐨𝐬
𝜽
𝟑

𝒅𝒙
𝟏

−𝟏

𝒅𝜽
𝝅

𝟎

=
𝟏+𝒙 𝐜𝐨𝐬

𝜽
𝟑
=𝒚

∫ ∫
√𝟏+ 𝐜𝐨𝐬

𝜽
𝟑

𝐜𝐨𝐬
𝜽
𝟑

∙
𝟏

√𝒚
𝒅𝒚

𝟏

−𝟏

𝝅

𝟎

= 

= ∫
√𝟏 + 𝐜𝐨𝐬

𝜽
𝟑

𝐜𝐨𝐬
𝜽
𝟑

𝟐√𝒚|
𝟏−𝐜𝐨𝐬

𝜽
𝟑

𝟏+𝐜𝐨𝐬
𝜽
𝟑

𝝅

𝟎

𝒅𝜽 = ∫ 𝟐√𝟏 + 𝐜𝐨𝐬
𝜽

𝟑
(√𝟏 + 𝐜𝐨𝐬

𝜽

𝟑
−√𝟏 − 𝐜𝐨𝐬

𝜽

𝟑
)𝒅𝜽

𝝅

𝟎

= 

= 𝟐∫
𝟏 + 𝐜𝐨𝐬

𝜽
𝟑 −

√𝟏 − 𝐜𝐨𝐬𝟐
𝜽
𝟑

𝐜𝐨𝐬
𝜽
𝟑

𝒅𝜽
𝝅

𝟎

= 𝟐∫ [𝐬𝐞𝐜
𝜽

𝟑
+ 𝟏 − 𝐭𝐚𝐧

𝜽

𝟑
] 𝒅𝜽

𝝅

𝟎

= 

== 𝟐 |𝟑 𝐥𝐨𝐠 |𝐬𝐞𝐜
𝜽

𝟑
+ 𝐭𝐚𝐧

𝜽

𝟑
| + 𝜽 − 𝟑 𝐥𝐨𝐠 |𝒔𝐞𝐜

𝜽

𝟑
|| = 𝟐 [𝝅 + 𝟑 𝐥𝐨𝐠 (

𝟏

𝟐
(𝟐 + √𝟑))] 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


