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Abstract. This paper presents some geometric and algebraic inequalities starting from a
certain triangle.
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Introduction

It is well-known that if u,v, w are the sides of a triangle, then \/;, \/;,\/; are the sides of a
triangle. If we take u = a(b+c),v=>b(c+a),w=c(a+b), where a,b,c are the sides of a

triangle, then we obtain that \/a(b +c), \/b(c +a), \/c(a +b) are the sides of a triangle.

If we denote a' =./a(b+c¢),b' = \/b(c+ a),c' = \/c(a +b), x=ab+bc+ca and we compute
area S’', of triangle with sides a',b’,c’, we obtain

165" =2) (a'b")* = a'* =2ab(c® + x)+ be(a’ +x) + ca(b® + x)]—a* (b +c* +2bc) —
—b*(c* +a’ +2ac)—c*(a® +b* +2ab) = 2abc* + 2a’bc + 2ab’c + 2x(ab + bc + ca) — 2a*b* —
—2b*c* —2c*a’® —2ab’c—2a’bc —2abc® = 2[(ab+bc +ca)’ —a’b’ —b’c’ —c’a’]=

:4abc(a+b+c):16Rrp-2p:S':W:S'zp\/ﬁ.

Also we obtain that

o1 .S 2pV2VRr
== D Jalb+o);r'=—=oF——;
pi=g2atbreyir=2 S Jalb+e)
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R - a'b'e’ _ \/abcH(a+b) _ \/4RrpH(a+b) _ \/pH(a+b) _ [T@+b) '
45’ 4p\2Rr 4p\2Rr 212p Vo osp

, b+ —ad”? bla+c)+ca+b)—ab+c) bc
cosd' = — = = ;
2b'c 24/be(a+b)(a+c) (a+b)a+c)
sind = |1— bc _ a(a+b+c) _ 2ap )
(a+b)a+c) (a+b)a+c) (a+b)a+c)’
, 2ap \/2]9 2p a
tgd' = |— =a- =a- = ;
& \/ bc ¢ abc ¢ \/4Rrp V2Rr

" _\/2(b'2+c'2)—a'2 _\/2[b(a+c)+c(a+b)]—a(b+c) _\/ab+ac+4bc B
‘o 4 - 4 - 4 -

28" 2\2pJRr _ 2J2pJRr
a' a' Jab+o)

’

In the next we obtain some results related to triangle with sides a',b’,c’.

=%\Iab+ac+4bc; h! =

Main Results

Proposition 1. A refinement of lonescu-Weitzenbéck inequality.

In any triangle ABC is true the inequality:

ab+bc+ca24\/§1/2£S.
r

Proof. By lonescu-Weitzenbdck inequality we have successively that
a?+b? +c"? 2438 <

Euler
s alb+ce)+b(c+a)+cla+b) > 4\/§px/2Rr & ab+be+ca> 4438 2£ > 4435, g.e.d.

r
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Proposition 2. In any triangle 4BC is true the inequality:

z\/ab(a +c)b+c) = 2\/3\/Rrp +p>+r>+4Rr
Proof. By Hadwiger-Finsler inequality we obtain successively

a? +b? +c? 2 435"+ > (@' - b)) &

& > a'b' 22438 +%Za'2 & > \Jabla+c)(b+c) 2 2J6/Rrp +%Za(b+c) =

= 2\/6\/Rrp+ Zab = 2x/g\/Rrp +p’> +r’ +4Rr, q.e.d.
Proposition 3. In any triangle ABC is true the inequality:

> Jab(a+c)(b+c) 2 4J6/Rrp

Proof. This inequality results from Gordon inequality a'b’ +b'c' +c'a’ > 435" <

& Z\/ab(a +c)b+c) > 4\/6\/Ep, g.e.d.

Proposition 4. In any triangle 4BC is true the inequality:

Z\/ab(a+c)(b+c) < %mp +§Zab

Proof. By reverse Hadwiger-Finsler inequality we deduce successively

> a? <4385 +3> (a'-b) &

= 6Za’b' < 4\/§S'+52a’2 & Za’b’ < %S’ +%Za’2

& Z\/ab(a +c)b+c) < %p«ﬂRr +§Zab, g.e.d.

Proposition 5. In any triangle ABC is true the inequality:
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Jab+c) +:/b(c+a) +.Jc(a+b) >3/864Rrp*

Proof. From Mitrinovi¢ inequality, i.e. p' > 3\/51"' we obtain

%Z,/a(bw) > 3&-% & (Y fab+0)’ = 12pJ6\Rr &
a C

& Jab+c) 24/864Rmp* , g.e.d.

Proposition 6. In any triangle ABC is true the inequality:

Z«/a(bJrc) > i/g-ﬂRrpH(aij) >26.3.3 Rrp

27
Proof. From p'* > 7R’r' we have successively:

1 , 27 [[Ta+b) 2J24Rrp
_ b >
4(2\/0( +c))" 2 5 55 S abro &

@%(qua(bjw:)f Z%,/RrpH(anb) = (Z‘n/a(bjtc))3 > 54,/RrpH(a+b) ,

where by Césaro inequality, i.e. H(a +b) > 8abc = 32Rrp we obtain the desired inequality.

Proposition 7. In any triangle 4BC is true the inequality:

7
Z«/a(b +c) 2 ﬁ-é\/RrpH(a +b) > 1/864Rrp2 >26.3-3/Rrp
Proof. The first two inequalities from the above yields immediately from

! 27 1! 1 . .
> 7R r' >27r", and the last is equivalent to
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7 12
(4/864Rrp* )" 2(26 3.3 Rer © 2530 p2 22" .3 jr s p? 2 2R

, true.

Proposition 8. In any triangle 4BC is true the inequality:

$p(> Jab+o) | <27[[(a+b)
343,

1
Proof. From p’'< TR we obtain EZa(b +c)<

33 [[J(a+b) -

2 8p

= (Zq/a(b +c))2 < %@, g.e.d.

Proposition 9. In any triangle 4BC is true the inequality:

If x,y,z>0, suchthat x+ y+z =1, then

> V1-x? z{/ﬂ-g/@ > 4216 J(1-x) 2 2% -3@/@.

xXyz
Proof. Using Ravi substitutions a = y+z,b=x+z,c=x+y,p=x+y+z,r= y

x+y+z’

. [TG+»
4\xyz(x+y+z)
H(x+y)H(2x+y+z) .

ZJ(Y+Z)(2x+y+z)zi/5_4.i/ :

>4216(x+y+2)[ [(x+y) 220 -3@/@,

andby x+y+z=1, g.e.d.

, from 7. we obtain
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Proposition 10. In any triangle ABC is true the inequality:

2
If x,y,z>0,suchthat x+y+z=1, then S(Z\/l—xz) <27[J(+x).

Proof. By Ravi substitutions and 8. yields Sp(qua(b +c) )2 < 27H(a +b) &

o 8x+y+2( @+ y+o)) <27[[Qx+y+2) , qed.

Proposition 11. In any triangle ABC is true the inequality:

( ab+ac+2bc j2<2H(a+b)
Jab+ac+4bc) 2 p

12 r2

Proof. From Tereshin,inequality i.e. z <12R’ yields that

Zb(a+c)+c(a+b) <1 H(a+b) Z ab+ac+2bc 3\/5 H(a+b)
1 - ab+ac+ 4bc
~\ab+ac+4bc
2
Proposition 12. In any triangle ABC is true the inequality:

16pY ab<9] [(a+b)

Proof. We have successively

> / L9 /H(a+b)
ZasmA @Z«/a(b+c (a+b)(a+c) E

Z\/% <9\/m<:>8p2a(b+c)£9n(a+b)<:>

<16pY ab<9[[(a+b), q.e.d.
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Proposition 13. In any triangle ABC is true the inequality:
1 1

Z«/ab+bc+4bc VH(a+b)
Proof. From —+—+—2

2

p p p —wehavez

m m, m R «/ab+bc+4bc \/H(a+b)
8p

, g.e.d.

Proposition 14. In any triangle ABC is true the inequality:

Z\/ab+ac+4bc <9 M

8p
9 a+b
Proof. From m, +m, +m), SER" we deduce zx/ab+ac+4bc <9 % , q.e.d.
p

Proposition 15. In any triangle ABC is true the inequality:

bc b
Z(a+b)(a+c)g6']‘[(b+c)

Proof. Yields immediately from cos® 4’ + cos® B’ +cos® C' > 6¢cos A’ cos B’ cosC’ .

Proposition 16. In any triangle ABC is true the inequality:

S Ja(b+¢) =126 Rip*

Proof. From (sin 4’ +sin B’ +sinC")* > 6+/3sinA'sin B'sinC'  we obtain successively

P 2>6@. 8abcp’ 2P(Zva<b+0) L 6V3py8-4Rp®
(a+b)b+c)) [(a+b) [T(a+b) y [(a+b) a
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