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AN AMAZING CHAIN OF INTEGRALS

By Pham Duc Nam-Vietnam

PROBLEM (1)_PROVE:
B J‘l log?’(1 + x) log(1 + x?) 4
A 1+x *

5 L (1) 35 @)1 (1) 7m? log?(2) + 41 log"(2) 2097
=zll\z) T 168310g\3) ~gg 09 96 %Y 7680
(Proposed by Narendra Bhandari)

| j‘l log?>(1+ x)log(1 + x?) J
3 =
0 1+x o

1
= f log*(1 +x)log(1
0

u=1log(1+ x?)
+x*) d(log(1 + x)), {dv = log?(1+ x)d(log(1 + x))

2x

du=——
u 1+ x2

=

1
v= §log3(1 + x)

3

1 2
— 2103 2 —_loa*(2) -2
=>I—Blog (1+x)log(1+x)0 1722 dx 3log (2) 3]

1 2j1xlog3(1+x) 1
0
flxlog3(1+x)d let 1 s
ES = ' - —_—
J 0 1+ x2 YR T % J
[t (x=1Dlog?(x)
S hox(2x2-2x+1)
2

(P x-Dleg*x) (! 2x—1 1
iy x((l—x)2+x2)dx_f% l"gg(")<(1—x)2+x2_§)dx
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Use: 2x—1 _ !R( 1+ ):>
a0zt g+’

= ]11093(x) (—!R (ﬁ) - 1) dx

1 1-(1+ix/ x

1+
I Ml

1+i
mdx

1 1
= Zlog"(z) — !Rfl log3(x)
2

1 1
= 11094(2) — !R] log3(x)
0

1

2 1+4i
+ R [“log3()————d

fo ANk e s i

1+i *=3
1-—A+x >

1
1 1
= Zzog‘*(Z) + 6RLi,(1+i)+R fz log3(x)
0
1
= Zlog‘*(Z) + 6RLiy(1+ i)

11
+ ER.[O E(log(x)

1+i
—log(2))3 77— dx .Expand out and integrate yields:
1

2

1, , _ A+ A+
]=Zlog (2)+62RL14(1+1)—62RL14< > )—6log(2)2RL13( > )

+iy 1

_ 4
2) zlog (2)
1+i

> )) —6log(2)RLi, <1 ; i)

1
—3log*(2) RLi, (

= 6% <Li4(1 + i) — Li, (

1+i\ 1
—310g2(2)2RLi2( 5 )—Zlog"(z)

o (1+1iy 35 5m? 1 3 1+
*Use:!RLl3< 2 )za((S)—mlog(2)+Elog (Z),ERLL2< > )
5™ 2@ R (Lin i) — Li (”i)
~“ 96 g9 e T UM

5 /1\ 209n* 7nm?
“g)

3
- 2 = 4
glis\3) * 30720 T 256109 (D) ~13gleg" ()
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5 (1\ 209m* 7n? 3
>J=6[(—-=Li, <—) + +—10g?*(2) — ——=1log*(2)

g 4\2) T 30720 T 256 128
6109(2) (222(3) i 2) + —10g?(2)
09(2)| 53¢ 192 %9 28 %9

2

5w 1 1
—31log?(2) <g -3 logz(2)> — Zlog"(z)

_ 15 1\ 2097 21 9 . 105
——TL14<E>+ o+ o 1097(2) — log*(2) — 52 log(2) §(3)
_ 1 4 2

:>I—§log (2)—§]
_ 1 4
=3log (2)

2( 15 1\ 209m* 21m* 9
_5(_7““ <E>+ 5120 T 128 (09 (2) ~ggleg"(2)
-5 log(2) ((3))
2 4

- ;m (%) + g log(2)¢(3) — 7614 log2(2) + % log*(2) — 2706981:)

5 1 1\ 7m? 2 4

=21Li (—)—ﬁ 3)1 (—) 10g%(2) + X l0g*(2) - 22T (0.E.D)
=gll(z) ~ 1S3 log(35) — g5 log 96 °9 7680 (& E

PROBLEM (3)_PROVE:
[ J‘lxlogz(x) log(1—x) p 5 (1) 13n* 5 5m?
0

2

__ 2. _ > 004 >, 2
1+ 2 *=—7Li(3)+ 3820 9609 @) + 55 log” (@)

(Proposed by Narendra Bhandari)
[ J‘lx log?(x) log(1 — x)
A 1+ x?

1! IBP
dx = E_[ log?*(x)log(1 — x)d(log(x* +1)) ——
0

1

1
= Elog(x2 + 1) log?(x)log(1 — x)

0

=0
llog(x)log(1 — x) log(x* + 1) 1 (Ylog?(x)log(x* +1)
- f dx f dx
0 0

X E 1—x

_1 K
_z]

* Use : Cornel loan Valean's generalized alternating harmonic series:
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_(~pm log™1(x)log (1+2x2)
~ (m-1)! fo 1-—x
=m{(m+1)—-2""1 -2 1og(2) I(m)

m-1

- ) B+ DM —K)

I(m)

dx

3=
N ©

— » 27m (1 —27k)(1 — 27mtkH D) (k + 1){(m — k)
=1

E

2

1 (1log?(x)log (=)

Put:m=3:>l(3)=—i.[ T dx
o _

3
= 33(4) — 55 10g(2) $(3) — BDE(3) — BRIF2) — B(RIB(D)
1
- @32

3 1log?(x) log (1+sz)

3 1
= 30(4) ~ 55 10g(2)3(3) ~ 5 52— 6 = 2 P@) = | 1—x @
0

=—-6{(4 31 2)¢(3 m 2G? 122
——(()+Rog(){()+§+ +§(()

Llog?(x)log(x?* + 1) llog?(x)log(2)
o .[0 1-x dx — J; 1—x dx
3 * 1
=—-6{(4) + Rlog(z) (3) + 32T 2G% + E(2(2)

jl log?(x)log(x* + 1)
N
0

dx—21log(2)7(3)

1—x
=—-6{(4 31 2)¢(3 m 2G? 122
——(()+Rog(){()+3—%+ +§(()=>]
3 T 1
=—-6{(4) + Elog(Z) (3) + 2 +2G? + ﬁzZ(Z) +210g(2)Z(3)
—”4 31 2)¢(3 n4262 m 21log(2)C(3
__E+R°g()<(i+ﬁ+ +1152+ 0g9(2){(3)
1997 , 35
1 =~ Z7¢0 + 2G +21—6log(2)((3)
LK =.[ log(x)log(1 —x)log(x*+ 1) D
0 X

hnd (_1)k—1 1
= Z . f x**1log(x) log(1 — x) dx
k=1 0
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Hk Derivativew.r.tk

1 1
From : j x*1log(1—x)dx = — m f x*1log(x)log(1 — x) dx
0 0

_Hy HP 32
B k k

k2
N (_1)k_1(H2k Hy® {(2)>
=>K = + —
2

4k? 2k 2k

2 k?

1 i (~1*Hy 1 i (D 1H,, @ 7(2) = (~1)k1
4 k3 2 k2
k=1 k=1

Use :

(-DF1 n? z (=1 'Hy,
k? 12° k3
k=1

k=1

_19 (4)+El 22 (2)—§l (2) (3)—11 @)
=3z (W logt(2)¢(2) = 5rleg(2)¢(3) = 57 log

1y CDRTH, P
- SLi, (E) <*>'Z K2
k=1
353
64
+5Li (1)( )
—_ *k %k
l4 2
1/195

5 35 5 1
SK=7 (5 $(@) +310g%(2)§(2) - 5 10g(2)¢(3) — 57 log*(2) - 5Lis (§)>

S5 35 S5
=26" - -¢(4) — 1 10g*(2){(2) + 5-l0g(2){(3) + 5, Log"(2)

. %(262 2 @)~ 2 10g )22 + 2 10g(2)E(3) + 5a log"(2)

8 24
M) _i@ =
+ 5k (z)) 212

= 6~ 2 10g?(2){(2) + o 10g(D) E(3) — 2 ¢(4) + - logh(2) + > Liy (>
= 62— - 10g* (D) §(2) + 55 10g(2)(3) - {4 + 5= logh@) + 5 Lis (3)

2
512 5 5 1\ 119x*
_ 2 _ 2 _ 4 . N
= G~ 5 109" (2) + 5o log™(2) + 7 Liy (z) 5760
35
+ 2 10g()4(3)
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I ! K
*= = —J —
z]

1 ( 19974

2\ 5760

35
5 + 2G* +—log(2) ((3))

57 5 5 1\ 1197*
2 2t 2 2 4
(G 96 log (2) + 96 log*(2) +— Ll4 (2) =760

35
+35 1092 «3))
5 . /1\ 13=*
=gl (E) *3840 96 °
NOTE: (%), (x
*) From the book: (Almost) Impossible Integrals, Sums, and Series by Cornel Ioan Valean

512
0g9*(2) + —

96 log?(2) (Q.E.D)

PROBLEM(4) PROVE:

xlog(x)log*(1 — x) 15  /(1\ 167n* 5 A .
I—J;) dx <2) m—alog (2)+—log (2)

1+ x2 ~ gl

(Proposed by Narendra Bhandarl)
Z( 1) 1x27-1 3nd: f "1log?(1—x)dx =
= Devirative with respect to n
= flx”‘l log(x)log*(1—x)dx =
0

2H,HY 2HY
n n

= 1
=1 = Z(_l)n—lf x2n-1 log(x) lOgZ(l _ x) dx
n=1 0

H2 +HY

+x Power series of:

23)  264@H, _H H;
n nz n?

= Z(—1)n-1 2(3) , 20)Hon _Hyy Hyy  2HyHy)  2Hz)
2n 4n2  4n2 n on

n n 4n? 4n2 n n

_i(_l)n_1<z(3) L ”ZnH%?_H§')>

n=1

N 3
S e i) 10g @)
n=1
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oo

{(2)H3, ( 5 1 )
_qyn-12\2/"2n _ D2 T yoa?
: Z( )t = g (2) (on? - £ log?(2)
n=
hind (3)
* Z (-1 % ,use: Cornel loan Valean's generalized alternating harmonic series:

n=1

i (m)
S (-t o
n=1 n

_ (=pm (tlog™i(x) log ()
(m - 1)!1; 1—x
=m{(m+1)—-2""1 -2 1og(2) (M)

m-1

- ) B+ DM —K)
k=0

dx

m-1
— Z 27m-1(1 — 27k) (1 — 27k g(k + 1)¢(m — k)
k=1

o 3) 4
H 1997* 3

Letm=3> E (- 12n = ——1og(2)Z(3) — G>

n=1

n 11520 32

* From : generating function of: Z n_;l x"
n=1

= —%1093(1 —x)log(x) —log*(1 — x) Li,(1 — x) + %Li%(x)
+2log(1—x)Liz(1 —x)+ Liy(x) — 2Lis(1 — x) + 2J(4), then:

oo

Hin 1)1 = 262 51 4(2) + log?(2) (2 351 2){(3 231 4
ZF(_) = —Eog()+og()(()—ﬁog()((Hﬁ(()

n=1
Gl 2 2SS | Li 1+i 5L' 1
mGlog(2) - 273 ‘3( 2 ) 2 ‘4(2)

2)
HHY 1. 1,
- X —6log (1-x)log(x) 2 log*(1 — x)

* From : generating function of: Z
n=1

1
+ Elogz(l —x)Li,(1 —x) —log(1 —x) Liz(1 — x) + Li,(1 — x)

— Li, (x ad 1) — {(4), then:
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" Hantls D1 = 10g"(2) - > 10g?(2) 4(2) + oo 10g(2)4(3) — —or (4
;T<—) = 52 109%(2) ~ 510g%(2)4(2) + 5 0g(2) §(3) — 555

128
+Lrclog@+ 21ty (L) 14, (3
471' og ZJ i3 2 1 ly 2

* Z% (11 =262 - 22 2(4) 2 1og?(2)2(2) + 2 10g(2)I(3) + oy logh(2)
+5Li, (%) )
* Combine these results:
1=¢(3)log(@) + o {(2)m?
- 3{@log*(
- }(262 -2 @)~ 210 @)22) + 2 10B(2)(3) + s log*(2)
+ 5L, (;))
1

262 - 2 10g%2) + 10g2(2) 2(2) — 22 10g(2) 2(3) + X 7 (4)
4 48 %9 9 16 29 32

-naton - 23 (1 (1Y) 3102

5 3 35 137
- (—1094(2) —glog* @) ¢(2) + 7 10g(2){(3) - 55¢(4)

9% 3 128
+ L r6l0g2) + E3( Li (”i) £ 250 (1)

471' Og 2\5 l3 2 2 l4_ 2

1997 3 223) - 62

11520 32'09(2)¢

15 1\ 167n* 5 s
_ . - _ 4 2
--2 L¢4(2)+23040 = 10g*(2) + 3-10g*(2) (Q.E.D)

(*): https://math. stackexchange.com/questions/3803424/how — to — find
—sum—n—1-infty — frac— 1nh—-2nn3 —and —sum—-—n—-1
—infty — f/3803762#3803762
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PROBLEM(2)_PROVE:

Ixlog(x)log(1—x) x
I:J; 152 log( )dx

—5L' (1) 8o + 51 4(2)+ l 2(2)
~8""\2) " 23040 " 192 %9 48 %9

(Proposed by Narendra Bhandari)
From : problem(3) problem(4) :

s 2-[0 xlogZ(:):(;g(l Dax - _;Li“ (2) ;ZZO 956 log*(2) + 5122 log*(2)
o [t i ) e T
I=Ps=FPs= i““ (2) * 31’2::0 956 @+ 596 log*(2)

B <_1?5Li4 (2) ;:;ZO 654 log*(2) +£l°92(2)>

ey (1) 8o’ S 4(z)+ 1 2(2) (Q.E.D)
=gL(3) ~ 23020 T 102199 °9 Q.
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