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Definition. Consider a function �: � → ℝ, where � is an interval in ℝ. We say that � is a 

convex function if, for any two points � and � in � and any � ∈ [�, �], we have: 

�(�� + (� − �)�) ≤ ��(�) + (� − �)�(�). 

Definition. Consider a function �: � → ℝ, where � is an interval in ℝ. We say that � is a 

concave function if, for any two points � and � in � and any � ∈ [�, �], we have:  

�(�� + (� − �)�) ≥ ��(�) + (� − �)�(�). 

Theorem 1.  

(a) A twice-differentiable function �: � → ℝ is convex if and only if  ���(�) ≥ �, for all 

� ∈ �. 

(b) A twice-differentiable function �: � → ℝ is concave if and only if ���(�) ≤ �, for all 

� ∈ �. 

Example.  

(a) Let �: (0, ∞) → ℝ, �(�) = ��. Then, it’s obvious that � is a twice-differentiable 

function and ���(�) = 42�� ≥ 0, for all � ∈ (0, ∞). Therefore, � is a convex 

function.  

(b) Let �: (0, ∞) → ℝ, �(�) = √�. Then, it’s obvious that � is a twice-differentiable 

function and ���(�) = −
�

��
�
�

≤ 0, for all � ∈ (0, ∞). Therefore, � is a concave 

function.  

Jensen’s inequality.  

(a) If ��, ��, … , �� are positive reals such that �� + �� + ⋯ + �� = � and � is a real 

continuous function that is convex on � ⊂ ℝ, then: �(���� + ���� + ⋯ +

����) ≤ ���(��) + ���(��) + ⋯ + + ���(��), for every ��, ��, … , �� ∈ �. 
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(b) If ��, ��, … , �� are positive reals such that �� + �� + ⋯ + �� = � and � is a real 

continuous function that is concave on � ⊂ ℝ, then:  

(c) �(���� + ���� + ⋯ + ����) ≥ ���(��) + ���(��) + + ⋯ + ���(��), for every 

��, ��, … , �� ∈ �. 

Jensen’s inequality ���� �� = ⋯ = �� =
�

�
�.  

(a) If � is a real continuous function that is convex on � ⊂ ℝ, then 

� �
������⋯���

�
� ≤

�(��)�⋯�(��)

�
, for every ��, ��, … , �� ∈ �. 

(b) If � is a real continuous function that is concave on � ⊂ ℝ, then 

� �
������⋯���

�
� ≥

�(��)�⋯�(��)

�
, for every ��, ��, … , �� ∈ �. 

Observation. If � is strictly convex or strictly concave, the equality in Jensen’s Inequality holds 

⟺ �� = ⋯ = ��. 

Problem 1. If �, � ��� � are 3 angles of a triangle such that �, �, � ∈ ��,
�

�
�, prove that: 

(a) ��� � + ��� � + ��� � ≤
�√�

�
; 

(b) ��� � + ��� � + ��� � ≤
�

�
; 

Solution. Let �: �0,
�

�
� → ℝ, �(�) = sin � and �: �0,

�

�
� → ℝ, �(�) = cos �. It’s obvious that � 

and � are 2 continuous functions and � and � are strictly concave functions on �0,
�

�
�. From 

Jensen’s Inequality for �� = �� == �� =
�

�
 ⟹ �

��� ����� ����� �

�
≤ sin �

�����

�
� = sin �

�

�
� =

�√�

�
;

��� ����� ����� �

�
≤ cos �

�����

�
� = cos �

�

�
� =

�

�
;
   

In both cases, the equality holds ⟺ � = � = � =
�

�
. 

Problem 2. If ��, ��, … , ��Є(�, ∞), prove that: 

�� + �� + ⋯ + ��

�
≥ ����� … ��

� , ��� ����� � ≥ �. 
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Solution. Let �: (0, ∞) → ℝ, �(�) = ln �. Then, we know that � is a continuous function and � 

is strictly  concave on (0, ∞). From Jensen’s Inequality for �� = �� = ⋯ = �� =
�

�
 ⟹ 

�� ���⋯��� ��

�
≤ ln �

���⋯���

�
� ⟺ ln� ��� … ��

� �  ≤  ln �
���⋯���

�
� ⟺ ��� … ��

�  ≤
���⋯���

�
. 

 The equality holds ⟺ �� = �� = ⋯ = ��. 

Problem 3. Let � and � be 2 positive reals. Prove that: 

�

�� + √��
�

+
�

�� + ���
� ≥

�

� + � + �
. 

Solution. Let �: (0, ∞) → ℝ, �(�) =
�

���√��
�. Then, ��(�) = −

�

�√����
�

√�
 and ���(�) =

��
�
���

��
�
��√����

�
≥ 0 for every x ∈ ∈ (0, ∞). Therefore, � is a continuous convex function. From 

Jensen’s Inequality for �� = �� =
�

�
 ⟹ 

�(�)��(�)

�
≥ ≥ � �

���

�
� ⟺ 

�

���√��
� +

�

(��√�)�
≥

�

����
���

�
�

�. 

We must show that 
�

����
���

�
�

� ≥
�

����� 
 ⟺ 

�

����
���

�
�

� ≥
�

�����
 ⟺ ⟺ � + � + 2 ≥

�1 + �
���

�
�

�

⟺ � + � + 2 ≥ 1 +
���

�
+ √2�� + � ⟺ � + � + 2 ≥ 2�2(� + �), which is 

true from �� − �� inequality for the numbers (� + �) and 2. 

 Therefore, 
�

���√��
� +

�

(��√�)� ≥
�

�����
 for every x and y positive reals. The equality holds 

if we have equality in all inequalities, � = � = 1.  

Problem 4. Let ��, ��, … , �� > �. Prove that: 

�
���⋯���

�
�

���⋯���

≤ ��
����

�� … ��
��, for every � ≥ �. 

Solution. �
���⋯���

�
�

���⋯���

≤ ��
����

�� … ��
�� ⟺ (�� + ⋯ + ��) ln �

���⋯���

�
� ≤ �� ln �� + ⋯ +

�� ln ��. Now, let �: (0, ∞) → ℝ, �(�) = � ln �. It’s obvious that � is a continuous function and 

��(�) = ln � + 1 and ���(�) =
�

�
. Therefore, � is a twice-differentiable function on (0, ∞) and 

because ���(�) =
�

�
≥ 0 ⟹ � is a convex function. From Jensen’s Inequality ⟹ 
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� �
������⋯���

�
� ≤

�(��)��(��)�⋯��(��)

�
⟺

���⋯���

�
ln �

���⋯���

�
� ≤

�� �� ���⋯��� �� ��

�
 ⟺ 

(�� + ⋯ + ��) ln �
���⋯���

�
� ≤ �� ln �� + ⋯ + �� ln �� ⟺�

������⋯���

�
�

������⋯���

≤

��
����

�� … ��
��. 

Problem 5. Let �, �, � > �. Prove that: 

�

��� + ��� 
+

�

��� + ���
+

�

��� + ���
≥ �. 

(IMO 2001) 

Solution. Let � + � + � = � and let � =
�

�
, � =

�

�
, � =

�

�
. Then, � + � + � = 1 and the inequality 

is equivalent to: 
�

√������
+

�

√������ 
+

�

√������ 
≥ 1. Let �: (0, ∞) → ℝ, �(�) =

�

√�
= ��

�

�. It’s 

obvious that � is a continuous function and ��(�) = −
�

��
�
�

 and ���(�) =
�

��
�
�

≥ 0. Then, � is a 

convex function on (0, ∞). From Jensen’s Inequality for �� = �, �� = � and �� = � ⟹ 

���(�� + 8��) + �(�� + 8��) + �(�� + 8��)� ≤ ��(�� + 8��) + ��(�� + +8��) +

��(�� + 8��) ⟺ 
�

√������
+

�

√������ 
+

�

√������ 
≥

�

√��������������
. Now, we must show that: 

�

√��������������
≥ 1 ⟺ �� + �� + �� + 24��� ≤ 1 ⟺ �� + �� + �� + 24��� ≤

(� + � + �)� ⟺ �� + �� + +�� + 24��� ≤ �� + �� + �� + 3(� + �)(� + �)(� + �) ⟺

8��� ≤ (� + �)(� + �)(� + �). 

 Now, from �� − �� inequality ⟹ �
� + � ≥ 2√��

� + � ≥ 2√��

� + � ≥ 2√��

⟹ (� + �)(� + �)(� + �) ≥ 8���. 

 Therefore, 
�

√������
+

�

√������ 
+

�

√������ 
≥ 1 ⟹ 

�

������� 
+

�

�������
+

�

�������
≥ 1. 

Problem 6. Let �, �, � be positive real numbers such that ��� = �. Prove that: 

�

��(� + �)
+

�

��(� + �)
+

�

��(� + �)
≥

�

�
. 

 (IMO 1995) 
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Solution. Let 
�

�
= �,

�

�
= �,

�

�
= � ⟹ ��� =

�

���
= 1. The inequality is equivalent to: 

��

���
+

��

���
+

��

���
≥

�

�
. Now, let’s consider the function �: (0, ∞) → ℝ, �(�) =

�

�
, which is obvious a 

continuous convex function on (0, ∞). From Jensen’s Inequality for �� =
�

�����
, �� =

�

�����
, �� =

�

�����
 ⟹ 

��

���
+

��

���
+

��

���
= �� �

���

�
� + �� �

���

�
� + + �� �

���

�
� ≥ (� + � +

�)� �
(���)�(���)�(���)

�����
� =

�����

�
. 

 Now, we must show that 
�����

�
≥

�

�
, which is true from �� − �� inequality because 

�����

�
≥

� √����

�
=

�

�
. 

 Therefore, 
�

��(���)
+

�

��(���)
+

�

��(���)
≥

�

�
. 

Problem 7. Let �, �, � > −� such that � + � + � = �. Prove that:  

�

√� + �
+

�

�� + �
+

�

√� + �
≥

�√�

�
. 

Solution. Let �: (−1, ∞) → ℝ, �(�) =
�

√���
. Then, it’s obvious that � is a continuous function 

and ��(�) = −
�

�(���)
�
�

 and ���(�) =
�

�(���)
�
�

. Therefore, � is a convex function on(−1, ∞). From 

Jensen’s Inequality, we have: 
�

√���
+ +

�

����
+

�

√���
= �(�) + �(�) + �(�) ≥ 3� �

�����

�
� =

3� �
�

�
� =

�√�

�
.  In conclusion, 

�

√���
+

�

����
+

�

√���
≥

�√�

�
. 

Problem 8. Let � < �� <
�

�
, � = �, �. Prove that: 

(∏ ��
�
��� )

�
�

(∏ (� − ��)�
��� )

�
�

≤
∑ ��

�
���

∑ (� − ��)
�
���

. 

Solution. Let �: �0,
�

�
� → ℝ, �(�) = ln �

�

���
�. Then, � is continuous and ��(�) = −

�

(���)�
 and 

���(�) =
����

(���)���. Therefore, ���(�) ≤ 0 and so � is concave on �0,
�

�
�. 
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 From Jensen’s Inequality ⟹ 

�(��)��(��)�⋯��(��)

�
≤ � �

������⋯���

�
� ⟺

�

�
ln �

����…��

(����)(����)…(����)
� ≤ ln �

������⋯���
�

��
������⋯���

�

� ⟺

�

�
ln �

����…��

(����)(����)…(����)
� ≤ ln �

������⋯���

��(������⋯���)
� ⟺ ln �

(����…��)
�
�

�(����)(����)…(����)�
�
�

� ≤

ln �
������⋯���

��(������⋯���)
� ⟺ 

(����…��)
�
�

�(����)(����)…(����)�
�
�

 ≤ 
������⋯���

��(������⋯���)
 ⟺ 

�∏ ��
�
��� �

�
�

�∏ (����)�
��� �

�
�

≤
∑ ��

�
���

∑ (����)�
���

.  

 Therefore, 
�∏ ��

�
��� �

�
�

�∏ (����)�
��� �

�
�

≤
∑ ��

�
���

∑ (����)�
���

. 
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