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Definition. Consider a function f:I — R, where I is an interval in R. We say that f is a
convex function if, for any two points x and yin I and any t € [0, 1], we have:

fix+ A -t)y) <tf(x) + A - O)f ().

Definition. Consider a function f:I — R, where I is an interval in R. We say that f is a
concave function if, for any two points x and yin I and any t € [0, 1], we have:

fx+ @A -y) =ztf(x)+ (1 - Of ().
Theorem 1.

(a) A twice-differentiable function f:I — R is convex if and only if f"(x) > 0, for all
x €l
(b) A twice-differentiable function f:I — R is concave if and only if f'(x) < 0, for all

x €l
Example.

(a) Let f:(0,0) » R, f(x) =x’. Then, it's obvious that f is a twice-differentiable
function and f''(x) = 42x> > 0,for all x € (0,). Therefore, f is a convex

function.
(b) Let f:(0,0) = R, f(x) =+/x. Then, it’s obvious that f is a twice-differentiable
function and f"'(x) = —25<0, for all x€ (0,0). Therefore, f is a concave
4x2
function.

Jensen’s inequality.

(a) If p1, P2, ..., Pn are positive reals such that p; + p, + -+ p, =1 and f is a real
continuous function that is convex on I c R, then: f(pixq+ p2xy + -+

PnXn) < P1f(x1) + p2f(x2) + -« + + puf(xy), for every x4, x5, ..., x,, € I.
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(b) If p1, D2, .., Pn are positive reals such that p; + p, + -+ p, =1 and f is a real

continuous function that is concave on I c R, then:
(€) fF(P1x1 + P2xz + -+ PuXxy) 2 P1f (1) + P2f (x2) + + - + Puf(xy), for every
X1, X2, ..., Xp € L.

Jensen’s inequality (for PL="=pPp= l).

n
(a) If f is a real continuous function that is convexon I c R, then

f (x1+x2+~-~+xn
n

) < f(xl):"ﬂx"), for every x4, X5, ..., X,, € I.

(b) If f is a real continuous function that is concave on I C R, then

f (x1+x2+~-~+xn
n

) > f(xl):'ﬂx“), for every x4, X5, ..., X,, € I.

Observation. If f is strictly convex or strictly concave, the equality in Jensen’s Inequality holds
S x1 == Xp.

Problem 1. If A, B and C are 3 angles of a triangle such that A,B,C € (0, g), prove that:
(a) sinA+sin B +sin € < %2,

(b) cosA+cosB+cosCS%;

Solution. Let f: ( ) - R, f(x) =sinx and g: (0 ) - R, g(x) = cos x. It's obvious that f

i
and g are 2 continuous functions and f and g are strictly concave functions on (0 5) From
sin A+sin B+sinC . A+B+C T
szm( )—sm 5)

Jensen’s Inequality for p; = p, ==p3 = §:>

cos A+cosB+cosC A+B+C T
TN (;)=-

)

In both cases, the equality holds & A =B =(C = g

Problem 2. If x4, x5, ..., x,€(0, ©), prove that:

> 1/x1X5 ... x,, for everyn > 2.

x1+x2+"-+xn
n
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Solution. Let f: (0,) —» R, f(x) = Inx. Then, we know that f is a continuous function and f

. . , . 1
is strictly concave on (0,00). From Jensen’s Inequality for py =p, = =p, =— =
Inxq+--+Ilnxy, (x1+---+xn) n (x1+---+xn) n X1+ +Xp
— < In(—2) = In(%/x4 ... < = e Xy S/
— <In — ln( Xq xn) < In — m <=
The equality holds & x; = x, = =+ = x,.

Problem 3. Let x and y be 2 positive reals. Prove that:

1 1 - 2
z* 2T x+y+2
(1+vx)" (1+.y)

1

. . — ! — 1 " —
Solution. Let f:(0,00) - R, f(x) —(1+\/§)2' Then, f'(x) —(\/E+1)3\/§ and f"(x)

3
:95;954 > 0 for every x € € (0,). Therefore, f is a continuous convex function. From
2xz(Vx+1)

) : 1 )+ () + 1 1 2
Jensen’s Inequality for p; = p, = = % >=>f (xz—y) = (1rv2)° + 11992 = ( o\
1+ x—)

2
2 > 2 1 > 1

z= x+y+2 < 2= x+y+2
<1+ —x;y) <1+ x—2y>

2
<1+ /"Zﬂ> S x+y+22 142+ V2 x ¥y o x+y+22220x+y), which is

true from AM — GM inequality for the numbers (x + y) and 2.

We must show that

Sx+y+22

4 1,2
(1+vx) (1+V¥)? — x+y+2
if we have equality in all inequalities, x =y = 1.

Therefore, for every x and y positive reals. The equality holds

Problem 4. Let x4, x5, ..., X, > 0. Prove that:

X

FRPE X1t +xy
(u) < x1x5% . x", for every n > 2.

n

. X1+ +x x1+"'+xn
Solution. (#)

< Xflxécz ...x;fn =3 (xl + .4 xn) In (%) <x 1nx1 4o g
Xn Inx,. Now, let f: (0,0) = R, f(x) = xInx. It's obvious that f is a continuous function and
f'(x) =Inx+1and f"(x) = i Therefore, f is a twice-differentiable function on (0, %) and

1 . . .
because f”(x)=;20 = f is a convex function. From Jensen’s Inequality =
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+ +...+ + +...+ +...+ +...+
f (xl X2 xn) < flxp)+f(xz) f(xn) PN X1 Xn In (xl xn)
n n n n
x1+--~+xn)
n

x1Inx{+-+xyInx
< 1 1 n n =
n
x1+x2+---+xn

X1t+Xxo++Xx
(x1+-~-+xn)ln( ) "

X1 ,,.%X2 Xn
X7 X" Xy

<x;lnx; +--+x,Inx, (:)( -

Problem 5. Let x,y,z > 0. Prove that:

x y z

+ + > 1.
Jx2+8yz \Jy*+8xz .z%+8xy

(IMO 2001)

Solution. Letx + y+z =S andleta = g, b %,c = g Then, a + b + ¢ = 1 and the inequality

. . b c 1 -,
is equivalent to: ettt 2 1. Let f:(0,00) - R, f(x) = FoX It's
obvious that f is a continuous function and f'(x) = —% and f"'(x) = > 0. Then, fis a

2x2 4x2
convex function on (0,00). From Jensen’s Inequality for p, =a,p, =b and p3=c =

f(a(a? + 8bc) + b(b? + 8ac) + c(c? + 8ab)) < af (a® + 8bc) + bf (b? + +8ac) +

2 a b c 1
cf(c*+8ab) & >
f( ) va2+8bc = Vb2+8ac vc2+8ab Va3+b3+c3+24abc
1

7= >1 e a*+b3+c3+24abc <1< a®+ b3+ 3+ 24abc <
a3+b3+c3+24abc

(a+b+c)P o a+b3++c3+24abc<a®>+b3+c2+3(@+b)b+c)(c+a) e
8abc < (a+ b)(b + ¢c)(c + a).

. Now, we must show that:

a+b>2Vab
Now, from AM — GM inequality =< b + ¢ > 24/bc = (a+ b)(b + ¢)(c + a) = 8abc.

c+a=2Vca

b + c x y z
"Va2+8bc = Vb2+8ac = Vc2+8ab

> 1.

Therefore =
Jx2+8yz = JyZ+8xz  \[z2+8xy

Problem 6. Let a, b, ¢ be positive real numbers such that abc = 1. Prove that:

1 4 1 4 1
a3(b+c) b3a+c) c3(a+b)

3
=
2

(IMO 1995)
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2

Solution. Let — = a,l =b, l=¢ =abc=—=1. The inequality is equivalent to: =+
x y z xXyz y+z
2 2
R Now, let’s consider the function f:(0,) - R, f(x) = 3, which is obvious a
x+z  x+y 2 x
continuous convex function on (0,). From Jensen’s Inequality for p; = %y_l_z,pz =
; ety = () () 42 ()
= _— e = >
x+y+z’p3 x+y+z = y+z + x+z + x+y xf +yf ++zf (e + y+
(x+y)+(y+2)+(z+x) x+y+z
Z)f( x+ )= '
y+z 2
x+y+z 3 . . . .
Now, we must show that —— > p which is true from AM — GM inequality because
x+y+z > 3Vxyz — 3
2 2
1 1 1 3
> -
Therefore, a3(b+c) + b3(a+c) + c3(a+b) — 2°

Problem 7. Let x,y,z > —1 such that x + y + z = 1. Prove that:

1 1 1 3v3
+ + = .
Vi+x J14+y VJi+z 2
Solution. Let f: ( 1,0) > R, f(x) = ﬁ Then, it’s obvious that f is a continuous function
and f'(x) = — sand f"(x) = z. Therefore, f is a convex function on(—1, ). From

2(x+1)2 4(x+1)2

Jensen’s Inequality, we have: \/_+ +J_+ \/_ =f)+fy)+f(2) = 3f(

x+y+z) _

3\/_ 1 1 3v3
3f( ) In conclu5|on \/F > -
Problem 8. Let 0 < x; < %, = 1, n. Prove that:
n l n
(ITi=q xn i=1Xi

I, —xpyn 2= %)

and

Solution. Let f: (0,%) - R, f(x)= ln( ) Then, f is continuous and f'(x) =

(x—1)x
2x

124 — -1 124 . l
f'(x) = P Therefore, f''(x) < 0 and so f is concave on (0,2).
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From Jensen’s Inequality =

Fx)+f(x)++f (xn) <f (x1+x2+--~+xn) N lln( X1%p X ) - ]n< Xq+Xg++xn ) o
< ~ < 1—

n
n n (1-x1)(1—-x3)...(1—x) _M

1
1 X1Xp. Xy Xq+Xo++Xy (x1Xz .. xp)0
- < = <
n In ((1—x1)(1—x2)...(1—xn)) <In (n—(x1+x2+--~+xn)) In <((1—x1)(1—x2)...(1—xn))%> -

1 1
ln( X1+Xy++Xpy ) PN (x1%X5 .. X)) < X1 +Xp++xp (M, x;)m D
1= 1 = n .
n—(xq+x,+-+x = n—(xi+x++x = 1 (1—x;
B (T TC o I CBe ) o AN |1 AN BP0 R e
(H?=1xi)% fe1 Xi
Therefore, T <

?:1(1_951').

(H?:1(1_xi))ﬁ
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