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By Albert lulian Romaniuc — 11" grade

National College “Roman-Voda” Roman-Romania

Definition. Let A be a n X n matrix. The characteristic polynomial of the matrix A4 is the function
fa(X), given by: f 4(X) = det(XI,, — A).

Definition. Let A be a n X n matrix. The equation f,4(X) = 0 is the characteristic equation of the
matrix A.

Theorem 1. Let A be a nxn matrix and let f,(X) = det(XI,, — A) be its characteristic
polynomial. Then, a number A, is an eigenvalue of 4 if and only if f(4y) = 0.

Theorem 2. Let A be a nxXn matrix and let f,(X) = det(XI,, — A) be its characteristic
polynomial. Then, f4(X) is a polynomial of degree n with complex coefficients. Moreover, f4(X)
has the form: f4(X) = X" — ¢, X" 1 + ;X" 2 — 3 X" 3 + - + (—=1)"c,,.

C1 = Tr(A) = Al +AZ + +An
Observation 1. Let A4, 4,, ..., 4, be the eigenvalues of A. Then: { ¢z = Tr(4") = Y1<icj<ndid;
Ch = det(A) = 1112 L An

Observation 2. Let A be an X n matrix and let 44, 4,, ..., 4,, be its eigenvalues.

1) If k € N*, the only eigenvalues of A* are A¥, where i = 1,n.

. . . . _ 1 ,
2) If A 1is the inverse matrix of 4, the only eigenvalues of A~1 are = wherei = 1,n.

3) If p € C[X], the only eigenvalues of p(4) are p(4;), i = 1,n.
Theorem 4. (Cayley-Hamilton) Every square matrix satisfies its own characteristic equation.

Observation 3. The Cayley-Hamilton’s theorem states that if A is a n X n matrix, then f4(4) = 0,,.
Problem 1.
Let A € M3(C) such that A3 = I3. Prove that Tr(4) = 0 if and only if Tr(4%) = 0.

Solution. Let A;,4, and A3 be the eigenvalues of the matrix A. Then, 13,13 and A3 are the
eigenvalues of the matrix A2 and A3, 13 and A3 are the eigenvalues of the matrix A3.

If Tr(A) =0, then A; + A, + A3 = 0. Because A3 =13 = Tr(4%) =Tr(l;) © A3 + 13 + 13 = 3.
From BHB+23 3004 =0A; + A, +23)(A2 + 23+ 23 — 112, — 1145 — A43) =
Ad,453 =1, but because det(A) = 444,43 = det(4) = 1. From Cayley-Hamilton’s theorem:
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A3 —Tr(A)A? + + Tr(A")A — det(4A)I; = 0; & A3 + Tr(A)A — I; = 0; & Tr(A*)A = 05. From
det(4) =1, it is obvious that A # 0; = Tr(4") = 0 & 114, + 2,45 + A34; = 0. Now, because
AB+B3+2 ==+, +13)? =201 A, + 1145 + A,43) = 0 = Tr(42%) = 0, g.e.d.

If Tr(A%) =0, then A2 + 12 + 1% = 0. Because A = I; = the eigenvalues of A% are the same
eigenvalues of I3, but the eigenvalues of I are 1, 1 and 1 = A3 = 13 = 13 = 1. From A% + 1% +
A3 =0and 23 = 23 = 23 = 1 = the only possibility is: {1;,1,,13} = {1,E, €2}, where €3 = 1,€ ¢
R. Then, it is obvious that A7 + 13 + 1% = 0 & Tr(42%) = 0, g.e.d.

Problem 2.
Let A € M3(R) such that Tr(4) = Tr(A?) = 0. Show that det(4% + I3) = det(4?) + 1.

Solution. Let 1,1, and 15 be the eigenvalues of A. Then, the eigenvalues of A2 are 1%, 1%, 13 and the
eigenvalues of A2 + I3 are 23 + 1,43+ 1,45+ 1. From Tr(4) = Tr(42) =0 = A, + A, + 13 =0

2_(72592432
and A2 + 234+ 23=0= 1A, + L5 + 1,45 = (A +22+43) - (3+23+43) _ 0.

det(A2+13) =det(AH)+1 S A+ DA+ 1DA5+1) = B35+ 1 o MB35+ 1205+ 2305 =
0. From /1112 + 1113 + 12/13 = 0 = (/1112 + 12/13 + /1311)2 = 0 = A%A% + A%/l% + /’{%Ag = 0.

Therefore, det(4? + I3) = det(4?) + 1, g.e.d.
Problem 3.

Let X be a positive real number and A € M;(R) such that det(A% + XI;) = 0. Show that
det(A* + A+ XI) = X.

Solution. Let f,(X) = det(XI, — A) = (—1)?det(4 — XI,) = det(4A — XI,) =X? — Tr(A)X +
det(4).

det(A2 + XI,) = det(A + iVX1,) - det(A — iVXL,) = f4(~iVE)fa(iVX) = |fa(iVE)[" = 0. Then,
det(4) =X
Tr(4) =0
from Cayley-Hamilton’s theorem, we know that: A%+ XI, = 0, = det(4% + A + XI,) =
det(4) = X, g.e.d.

X>0
we have: |—X + det(4) — iTr(AVX| = 0 & (det(4) — X)? + XTr(4)? =0 =>{ and

Problem 4.
Let A € M3(R) such that det(4) = 1. Show that det(4% — A + I3) = 0 if and only if:

{det(A +13)=6
det(A—13) =0
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Solution. Let 44,1, and 43 be the eigenvalues of the matrix A. Then, we know that A;4,4; = 1 from
det(4) = 1, the eigenvalues of the matrix A> — A+ Iz are A2 =2, + 1,13 — 1, + 1 and A3 — 15 +
1, the eigenvalues of the matrix A + I3 are 1; + 1, 4, + 1 and A3 + 1 and the eigenvalues of the
matrix A —Izaredl; — 1,1, —land A3 — 1.

L+ +1D)A3+1) =6

If det(A + I3) =6anddet(A—13) = 0= {(31 DAy =DM —1) =0

WLOG
From (4 — DA, — DA3—-1D)=0=—21;=1. From L3 =1=21, = /,li and from

3
1) =0andsodet(4> —A+13) = 0.

If det(A2—A+13)=0= -, +1)(A% -2, +1)(A3— 13+ 1) =0. WLOG, let's suppose

14iv3

2 — —
that A1 — 4; +1 = 0. Then, /111_2 ==

Let f4(X) = det(XI3 —A) = X3 — Tr(4)X? + Tr(A*)X — det(4). Because the characteristic
equation of the matrix A has one of its three solutions 1; and f;(X) € R[X] from A € M5(R), then
the second solution of the characteristic equation of the matrix 4 is /'Tl WLOG, let’s suppose that

1 = 1+iV/3
L=
z and from A3 =1 = A3 = 1. Therefore, we know that:
1-iv/3
/12 = >
1+iV/3 1-iV3 -
{/11,/12,/13}={ T ,1}. Now, it is easy to see that (4; + 1)(A, +1)(A3+1) =6 and

Problem 5.
Let A € M, (R) such that Tr(A4) > 2. Prove that A™ # I,, for everyn € N*.

Solution. Let’s suppose that there is a number n € N* such that A™ =I,. Then, det(4") =
(det(A)™ == 1. Let f4(X) = det(XI, — A) = X? — Tr(A)X + det(4) and let A; and 1, be the
eigenvalues of the matrix A. From 4,1, = det(4) = 1 = A4} = 1.

Because A} and A% are the eigenvalues of the matrix A", A" = I, and the eigenvalues of the matrix I,
are 1and 1, we get that A7 = A% = 1. Then |A}| = |2%| = 1 = |4;]| = |1,| = 1.

Therefore: 2 = [AT| + |AY] = |1A1|™ + | 421" = 44| + | 25| = |41 + A2] = [Tr(4)| > 2, which is false
and so our assumption is false.

In conclusion: A™ # I,, for everyn € N*.
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Problem 6.

Let A € M, (R) such that det(A% + 24 + I, ) = 0. Prove that det(4) + Tr(4) = —1.

Solution. Let A; and A, be the eigenvalues of the matrix A. Then, the eigenvalues of the matrix
A2 +2A+ 1, are A2 + 21, + 1 and A3 + 21, + 1 and so det(4%2 + 2A + 1) = (A2 + 21, + (A5 +
+ 21, +1). WLOG, let A2 + 24, +1=0 (L, +1)2 =0 14, = —1.

Therefore, det(A) + Tr(A) = 1A, + (L1 +4,) =—4, -1+ 1, = —1.
Problem 7.

LetA € M,(C),A = (aij)ij=1_ with its eigenvalues 11, 45, ..., 4,,. Prove that:

n
— 2
sz:1 a;jaj; = Yi=1A%-

Solution. If A4, 1,, ..., 4, are the eigenvalues of the matrix 4, then the eigenvalues of the matrix A?
are 13,1%,..., A2 and Tr(4%) = A2 + 23 + - + 22.

If B =A% B € M, (C),B = (bij)ilj —, then by = ¥p_1 agpapk, k = 1L,n.

=1n
Then, ¥7'io; ai;aj; = Xiey (Xfoq aija) = Xiey by = Tr(A - A) = Tr(4%) = Y3, 4.
Lemma 1. If € M,(C), then det(A) = %[(Tr(A))2 — Tr(AZ)].

Proof. From Theorem 4 we get that Tr(4% — Tr(4)A + det(4) I,) = Tr(0,) © Tr(4?) —
(Tr(4))” + +2 det(4) = 0 < det(4) = 3[(Tr(4))" - Tr(4%)]

Lemma 2. If A,B € M,(C) and x € C, then det(4 + xB) = det(4) + (Tr(4)Tr(B) — Tr(4B)) -
x + + det(B) - x2.

Proof. From Lemma 1 we get that det(A+ xB) = %[(Tr(A + xB))2 —Tr((4 + xB)Z)] =
“L(Tr(A) + +Tr(B) - x)? — Tr(A? + xAB + xBA + B2x?)] = 2[(Tr(A4))° + 2Tr(A)Tr(B) - x +
(Tr(B))*x2 — — Tr(A%) — 2Tr(AB) - x — Tr(B?) - x?| = %[(Tr(A))Z — Tr(A2)| + (Tr(4)Tr(B) —
Tr(AB)) - x + + %[(Tr(B))2 - Tr(BZ)] x2 = det(A) + (Tr(A)Tr(B) — Tr(4B)) - x + det(B) - x2.

Lemma 3. If A, B € M,(C), then det(4 + B) + det(4 — B) = 2(det(4) + det(B)).

Proof. From Lemma 2 we have:
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x = 1= det(A + B) = det(4) + (Tr(A)Tr(B) — Tr(4B)) + det(B) (+) L ;
{x = —1 = det(4 — B) = det(4) — (Tr(A)Tr(B) — Tr(4B)) + det(B) = emma s

Problem 8.
Let A, B € M, (R) such that AB = BA. Prove that det(4% + B?) > 0.

Solution. From AB = BA, it is obvious to see that A2 + B2 = (A + iB)(A — iB), where i? = —1.
Then, det(4? + B?) = det(4 + iB) - det(4A — iB).

Let f(x) = det(A + xB). From Lemma 2, we get that:

{x =i = det(4 + iB) = det(4) + (Tr(A)Tr(B) — Tr(4B)) - i — det(B) (1)
x = —i = det(4 — iB) = det(4) — (Tr(A)Tr(B) — Tr(AB) - i — det(B) (2)

(1)-(2) > det(A+iB) - det(A — iB) =
[det(4) — det(B)]? + [Tr(A)Tr(B) — Tr(4B)]? > 0.
ABEM,(R)

In conclusion, det(4% + B?) > 0.
Problem 9.
Let A, B € M, (R) such that det(AB + BA) < 0. Prove that det(4% + B%) > 0.

X+Y =A%+ B?+ AB + BA = (A + B)?
X—-Y=A2+B?—AB—BA=(A-B)?*
From Lemma 3 we get that det(X +Y) + det(X — Y) = 2(det(X) + det(Y)) < (det(4 + B))? +
+ (det(4 — B))? = 2(det(A? + B?) + det(AB + BA)).

Solution. Let X = A° 4+ B? and Y = AB + BA. Then {

If det(A? + B?) < 0 = 2(det(A? + B?) + det(AB + BA)) < 0, which is impossible because
(det(A4 + B))? + (det(4 — B))? > 0.

In conclusion, det(4% + B?) > 0.

Problem 10.

LetA,B,C € M,,(R) such that AB = BA,BC = CB,CA = AC. Prove that:
det(A?> + B2+ C>* - AB - BC —CA) > 0.

Solution 1.
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A2+ B2 4+ (C2—AB—BC —CA = (lAZ +1p2 +CZ)+(1AB—BC—CA)+(3A2 +3p2 _
4 4 2 4 4

2ap) == (ta+ip—c) + [Zu-n].
let X = %A +§B —Cand Y =§(A — B). From AB = BA,BC = CB,CA = AC = XY = YX and
from Problem 8 we know that det(X? + Y?2) > 0 < det(4% + B2 + C? — AB — BC — CA) > 0.
Observation. It is obvious that X, Y € M,,(R).
Solution 2. Let € ¢ R, €3 = 1. Because 4, B, C € M,,(R), it is easy to see that:
A2 +B?+C*—AB-BC—CA=(A+EB+E2C) (A+E€B+€2C) (1).
From (1) = det(4? + B% + C2 — AB — BC — CA) = |det(A + €B + £2C)|2 > 0.
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