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Definition. Let � be a � × � matrix. The characteristic polynomial of the matrix � is the function 

��(�), given by: ��(�) = ���(��� − �). 

Definition. Let � be a � × � matrix. The equation ��(�) = � is the characteristic equation of the 

matrix �. 

Theorem 1. Let � be a � × � matrix and let ��(�) = ���(��� − �) be its characteristic 

polynomial. Then, a number �� is an eigenvalue of � if and only if �(��) = �. 

Theorem 2. Let � be a � × � matrix and let ��(�) = ���(��� − �) be its characteristic 

polynomial. Then, ��(�) is a polynomial of degree � with complex coefficients. Moreover, ��(�) 

has the form: ��(�) = �� − ������ +  ������ − ������ + ⋯ + (−�)���. 

Observation 1. Let ��, ��, … , �� be the eigenvalues of �. Then: �

�� = ��(�) = �� + �� + ⋯ + ��

�� = ��(�∗) = ∑ �����������

�� = ���(�) = ���� ⋅ … ⋅ ��

. 

Observation 2. Let � be a � × � matrix and let ��, ��, … , �� be its eigenvalues.  

1) If � ∈ ℕ∗, the only eigenvalues of �� are ��
�, ����� � = �, ������. 

2) If ��� is the inverse matrix of �, the only eigenvalues of ��� are 
�

��
, where � = �, ������. 

3) If � ∈ ℂ[�], the only eigenvalues of �(�) are �(��), � = �, ������. 

Theorem 4. (Cayley-Hamilton) Every square matrix satisfies its own characteristic equation. 

Observation 3. The Cayley-Hamilton’s theorem states that if � is a � × � matrix, then ��(�) = ��.  

Problem 1.  

 Let � ∈ ��(ℂ) such that �� = ��. Prove that ��(�) = � if and only if ������ = �. 

Solution. Let ��, �� and �� be the eigenvalues of the matrix �. Then, ��
�, ��

� and ��
� are the 

eigenvalues of the matrix �� and ��
�, ��

� and ��
� are the eigenvalues of the matrix ��. 

 If Tr(�) = 0, then �� + �� + �� = 0. Because �� = �� ⟹ Tr(��) = Tr(��) ⟺ ��
� + ��

� + ��
� = 3. 

From ��
� + ��

� + ��
� − 3������ = (�� + �� + ��)(��

� + ��
� + ��

� − ���� − ���� − ����) ⟹ 

������ = 1, but because det(�) = ������ ⟹ det(�) = 1. From Cayley-Hamilton’s theorem: 
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�� − Tr(�)�� + + Tr(�∗)� − det(�)�� = �� ⟺ �� + Tr(�∗)� − �� = �� ⟺ Tr(�∗)� = ��. From 

det(�) = 1, it is obvious that � ≠ �� ⟹ Tr(�∗) = 0 ⟺ ���� + ���� + ���� = 0. Now, because 

��
� + ��

� + ��
� = = (�� + �� + ��)� − 2(���� + ���� + ����) = 0 ⟹ Tr(��) = 0, q.e.d.  

If Tr(��) = 0, then ��
� + ��

� + ��
� = 0. Because �� = �� ⟹ the eigenvalues of �� are the same 

eigenvalues of ��, but the eigenvalues of �� are 1, 1 and 1 ⟹ ��
� = ��

� = ��
� = 1. From ��

� + ��
� +

��
� = 0 and ��

� = ��
� = ��

� = 1 ⟹ the only possibility is: {��, ��, ��} = {1, ℇ, ℇ�}, where ℇ� = 1, ℇ ∉

ℝ. Then, it is obvious that ��
� + ��

� + ��
� = 0 ⟺ Tr(��) = 0, q.e.d. 

Problem 2.  

Let � ∈ ��(ℝ) such that ��(�) = ������ = �. Show that ������ + ��� = ������� + �. 

Solution. Let ��, �� and �� be the eigenvalues of �. Then, the eigenvalues of �� are ��
�, ��

�, ��
� and the 

eigenvalues of �� + �� are ��
� + 1, ��

� + 1, ��
� + 1. From Tr(�) = Tr(��) = 0 ⟹ �� + �� + �� = 0 

and ��
� + ��

� + ��
� = 0 ⟹ ���� + ���� + ���� =

(��������)�����
����

����
��

�
= 0.  

det(�� + ��) = det(��) + 1 ⟺ (��
� + 1)(��

� + 1)(��
� + 1) = ��

���
���

� + 1 ⟺ ��
���

� + ��
���

� + ��
���

� =

0. From ���� + ���� + ���� = 0 ⟹ (���� + ���� + ����)� = 0 ⟹ ��
���

� + ��
���

� + ��
���

� = 0. 

Therefore, det(�� + ��) = det(��) + 1, q.e.d. 

Problem 3.  

Let � be a positive real number and � ∈ ��(ℝ) such that ������ + ���� = �. Show that 

������ + � + ���� = �. 

Solution. Let ��(�) = det(��� − �) = (−1)� det(� − ���) = det(� − ���) = �� − Tr(�)� +

det(�). 

det(�� + ���) = det�� + �√���� ⋅ det�� − �√���� = ���−�√������√�� = �����√���
�

= 0. Then, 

we have: �−� + det(�) − �Tr(�)√�� = 0 ⟺ (det(�) − �)� + �Tr(�)� = 0
���
��� �

det(�) = �
Tr(�) = 0

 and 

from Cayley-Hamilton’s theorem, we know that: �� + ��� = �� ⟹ det(�� + � + ���) =

det(�) = �, q.e.d. 

Problem 4.  

Let � ∈ ��(ℝ) such that ���(�) = �. Show that ������ − � + ��� = � if and only if:  

�
���(� + ��) = �

���(� − ��) = �
. 
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Solution. Let ��, �� and �� be the eigenvalues of the matrix �. Then, we know that ������ = 1 from 

det(�) = 1, the eigenvalues of the matrix �� − � + �� are ��
� − �� + 1, ��

� − �� + 1 and ��
� − �� +

1, the eigenvalues of the matrix � + �� are �� + 1, �� + 1 and �� + 1 and the eigenvalues of the 

matrix � − �� are �� − 1, �� − 1 and �� − 1. 

If det(� + ��) = 6 and det(� − ��) = 0 ⟹ �
(�� + 1)(�� + 1)(�� + 1) = 6
(�� − 1)(�� − 1)(�� − 1) = 0

.  

From (�� − 1)(�� −  1)(�� − 1) = 0
����
���� �� = 1. From ������ = 1 ⟹ �� =

�

��
 and from 

(�� + + 1)(�� + 1)(�� + 1) = 6 ⟹ ��
� − �� + 1 = 0 ⟹ (��

� − �� + 1)(��
� − �� + 1)(��

� − �� +

1) = 0 and so det(�� − � + ��) = 0. 

If det(�� − � + ��) = 0 ⟹ (��
� − �� + 1)(��

� − �� + 1)(��
� − �� + 1) = 0. WLOG, let’s suppose 

that ��
� − �� + 1 = 0. Then, ���,� =

�±�√�

�
.  

Let ��(�) = det(��� − �) = �� − Tr(�)�� + Tr(�∗)� − det(�). Because the characteristic 

equation of the matrix � has one of its three solutions �� and ��(�) ∈ ℝ[�] from � ∈ ��(ℝ), then 

the second solution of the characteristic equation of the matrix � is ��
���.  WLOG, let’s suppose that 

�
�� =

���√�

�

�� =
���√�

�

 and from ������ = 1 ⟹ �� = 1. Therefore, we know that: 

{��, ��, ��} = �
���√�

�
,

���√�

�
, 1�. Now, it is easy to see that (�� + 1)(�� + 1)(�� + 1) = 6 and 

(�� − 1)(�� −  1)(�� − 1) = 0 ⟺ det(� + ��) = 6 and det(� − ��) = 0. 

Problem 5.  

Let � ∈ ��(ℝ) such that ��(�) > �. Prove that �� ≠ ��, for every � ∈ ℕ∗. 

Solution. Let’s suppose that there is a number � ∈ ℕ∗ such that �� = ��. Then, det(��) =

(det(�))� == 1. Let ��(�) = det(��� − �) = �� − Tr(�)� + det(�) and let �� and �� be the 

eigenvalues of the matrix �. From ���� = det(�) = 1 ⟹ ��
���

� = 1. 

Because ��
� and ��

� are the eigenvalues of the matrix ��, �� = �� and the eigenvalues of the matrix �� 

are 1 and 1, we get that ��
� = ��

� = 1. Then |��
�| = |��| = 1 ⟹ |��| = |��| = 1. 

Therefore: 2 = |��
�| + |��

�| = |��|� + |��|� = |��| + |��| ≥ |�� + ��| = |Tr(�)| > 2, which is false 

and so our assumption is false. 

In conclusion: �� ≠ ��, for every � ∈ ℕ∗.  
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Problem 6.  

Let � ∈ ��(ℝ) such that ������ + �� + ��� = �. Prove that ���(�) + ��(�) = −�. 

Solution. Let �� and �� be the eigenvalues of the matrix �. Then, the eigenvalues of the matrix 

�� + 2� + �� are ��
� + 2�� + 1 and ��

� + 2�� + 1 and so det(�� + 2� + ��) = (��
� + 2�� + 1)(��

� +

+ 2�� + 1). WLOG, let ��
� + 2�� + 1 = 0 ⟺ (�� + 1)� = 0 ⟺ �� = −1. 

Therefore, det(�) + Tr(�) = ���� + (�� + ��) = −�� − 1 + �� = −1.  

Problem 7.  

Let � ∈ ��(ℂ), � = �����
�,���,������ with its eigenvalues ��, ��, … , ��. Prove that: 

∑ ������
�
�,��� = ∑ ��

��
��� . 

Solution. If ��, ��, … , �� are the eigenvalues of the matrix �, then the eigenvalues of the matrix �� 

are ��
�, ��

�, … , ��
�  and Tr(��) = ��

� + ��
� + ⋯ + ��

� . 

If � = ��, � ∈ ��(ℂ), � = �����
�,���,������

, then ��� = ∑ ������
�
��� , � = 1, ������.  

Then, ∑ ������
�
�,��� = ∑ �∑ ������

�
��� ��

��� = ∑ ���
�
��� = Tr(� ⋅ �) = Tr(��) = ∑ ��

��
��� . 

Lemma 1. If ∈ ��(ℂ), ���� ���(�) =
�

�
����(�)�

�
− �������.  

Proof. From Theorem 4 we get that Tr(�� − Tr(�)� + det(�) ��) = Tr(��) ⟺ Tr(��) −

�Tr(�)�
�

+ +2 det(�) = 0 ⟺ det(�) =
�

�
��Tr(�)�

�
− Tr(��)�. 

Lemma 2. If �, � ∈ ��(ℂ) and � ∈ ℂ, then ���(� + ��) = ���(�) + ���(�)��(�) − ��(��)� ⋅

� + + ���(�) ⋅ ��.  

Proof. From Lemma 1 we get that det(� + ��) =
�

�
��Tr(� + ��)�

�
− Tr((� + ��)�)� =

�

�
[(Tr(�) + +Tr(�) ⋅ �)� − Tr(�� + ��� + ��� + ����)] =

�

�
��Tr(�)�

�
+ 2Tr(�)Tr(�) ⋅ � +

�Tr(�)�
�

�� − − Tr(��) − 2Tr(��) ⋅ � − Tr(��) ⋅ ��� =
�

�
��Tr(�)�

�
− Tr(��)� + �Tr(�)Tr(�) −

Tr(��)� ⋅ � + + 
�

�
��Tr(�)�

�
− Tr(��)� �� = det(�) + �Tr(�)Tr(�) − Tr(��)� ⋅ � + det(�) ⋅ ��. 

Lemma 3. If �, � ∈ ��(ℂ), then ���(� + �) + ���(� − �) = �����(�) + ���(�)�. 

Proof. From Lemma 2 we have:  
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�
� = 1 ⟹ det(� + �) = det(�) + �Tr(�)Tr(�) − Tr(��)� + det(�)

� = −1 ⟹ det(� − �) = det(�) − �Tr(�)Tr(�) − Tr(��)� + det(�)

(�)
�� Lemma 3.  

Problem 8. 

 Let �, � ∈ ��(ℝ) such that �� = ��. Prove that ������ + ��� ≥ �. 

Solution. From �� = ��, it is obvious to see that �� + �� = (� + ��)(� − ��), where �� = −1.  

Then, det(�� + ��) = det(� + ��) ⋅ det(� − ��). 

Let �(�) = det(� + ��). From Lemma 2, we get that: 

�
� = � ⟹ det(� + ��) = det(�) + �Tr(�)Tr(�) − Tr(��)� ⋅ � − det(�) (1)

� = −� ⟹ det(� − ��) = det(�) − (Tr(�)Tr(�) − Tr(��) ⋅ � − det(�) (2)
 . 

(1) ⋅ (2) ⟹ det(� + ��) ⋅ det(� − ��) =

[det(�) − det(�)]� + [Tr(�)Tr(�) − Tr(��)]� ≥⏟
�,�∈��(ℝ)

0.   

In conclusion, det(�� + ��) ≥ 0.  

Problem 9.  

Let �, � ∈ ��(ℝ) such that ���(�� + ��) ≤ �. Prove that ������ + ��� ≥ �. 

Solution. Let � = �� + �� and � = �� + ��. Then �
� + � = �� + �� + �� + �� = (� + �)�

� − � = �� + �� − �� − �� = (� − �)�. 

From Lemma 3 we get that det(� + �) + det(� − �) = 2(det(�) + det(�)) ⟺ (det(� + �))� +

+ (det(� −  �))� = 2(det(�� + ��) + det(�� + ��)). 

If det(�� + ��) < 0 ⟹ 2(det(�� + ��) + det(�� + ��)) < 0, which is impossible because 

(det(� + �))� +  (det(� −  �))� ≥ 0. 

In conclusion, det(�� + ��) ≥ 0. 

Problem 10.  

Let �, �, � ∈ ��(ℝ) such that �� = ��, �� = ��, �� = ��. Prove that: 

������ + �� + �� − �� − �� − ��� ≥ �. 

Solution 1. 
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 �� + �� + �� − �� − �� − �� = �
�

�
�� +

�

�
�� + ��� + �

�

�
�� − �� − ��� + �

�

�
�� +

�

�
�� −

�

�
��� = = �

�

�
� +

�

�
� − ��

�
+ �

√�

�
(� − �)�

�

. 

Let � =
�

�
� +

�

�
� − � and � =

√�

�
(� − �). From �� = ��, �� = ��, �� = �� ⟹ �� = �� and 

from Problem 8 we know that det(�� + ��) ≥ 0 ⟺ det(�� + �� + �� − �� − �� − ��) ≥ 0. 

Observation. It is obvious that �, � ∈ ��(ℝ). 

Solution 2. Let ℇ ∉ ℝ, ℇ� = 1. Because �, �, � ∈ ��(ℝ), it is easy to see that: 

�� + �� + �� − �� − �� − �� = (� + ℇ� + ℇ��) ⋅ �� + ℇ� + ℇ��������������������� (1). 

From (1) ⟹ det(�� + �� + �� − �� − �� − ��) = |det(� + ℇ� + ℇ��)|� ≥ 0.  
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