
 
www.ssmrmh.ro 

1 |RMM-N E W  T R I A N G L E  I N E Q U A L I T I E S  W I T H  B R O C A R D ’ S  A N G L E  
 

NEW TRIANGLE INEQUALITIES WITH BROCARD’S ANGLE 

By Bogdan Fuștei-Romania, Mohamed Amine Ben Ajiba-Morocco 

ABSTRACT : In this paper are created new inequalities in triangle using Brocard’s angle. 

𝐏𝐚𝐧𝐚𝐢𝐭𝐨𝐩𝐨𝐥′𝐬 𝐈𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 ∶ 

𝐈𝐧 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒂

𝒉𝒂
≤

𝑹

𝟐𝒓
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬),                                                            (𝟏) 

𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

𝐏𝐫𝐨𝐨𝐟 ∶ 

Considering the origin of the complex plane at the circumcenter of triangle ABC and  

let z1, z2, z3 be the coordinates of points A, B, C, respectively. 

Using the formulas ℎ𝑎 =
2𝑆

𝑎
 and  

 𝑆 = 𝑝𝑟, the desired inequality (1) can be rewritten as follows, 

𝑎𝑚𝑎 ≤ 𝑅𝑝.  We have : 

2𝑎𝑚𝑎 = 2|𝑧2 − 𝑧3|. |𝑧1 −
𝑧2 + 𝑧3

2
| = |(𝑧2 − 𝑧3)(2𝑧1 − 𝑧2 − 𝑧3)| 

= |𝑧1(𝑧2 − 𝑧3) + 𝑧3(𝑧3 − 𝑧1) + 𝑧2(𝑧1 − 𝑧2)|
≤ |𝑧1|. |𝑧2 − 𝑧3| + |𝑧3|. |𝑧3 − 𝑧1| + |𝑧2|. |𝑧1 − 𝑧2| 

= 𝑅𝑎 + 𝑅𝑏 + 𝑅𝑐 = 2𝑅𝑝, 

This completes the proof of (1).  Equality holds if and only if the triangle 𝐴𝐵𝐶 is equilateral. 

𝐍𝐨𝐰, 𝐢𝐧 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬 (𝐬𝐞𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 𝐅𝐮ş𝐭𝐞𝐢
− 𝑨𝒃𝒐𝒖𝒕 𝑵𝒂𝒈𝒆𝒍′𝒔 𝒂𝒏𝒅 𝑮𝒆𝒓𝒈𝒐𝒏𝒏𝒆𝒔′𝒔 𝒄𝒆𝒗𝒊𝒂𝒏 − 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨), 

2𝑟𝑏𝑟𝑐 = ℎ𝑎(𝑟𝑏 + 𝑟𝑐)   (and analogs), 

4𝑚𝑎
2 = 4𝑟𝑏𝑟𝑐 + (𝑏 − 𝑐)2 = 2ℎ𝑎(𝑟𝑏 + 𝑟𝑐) + (𝑏 − 𝑐)2   (and analogs) 
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On the other hand, using the formulas ℎ𝑎 =
2𝑆

𝑎
 and 𝑟𝑎 =

𝑆

𝑝 − 𝑎
 (and analogs), we have 

𝑟𝑏 + 𝑟𝑐 =
𝑆

𝑝 − 𝑏
+

𝑆

𝑝 − 𝑐
=

𝑆(2𝑝 − 𝑏 − 𝑐)

(𝑝 − 𝑏)(𝑝 − 𝑐)
=

4𝑆. 𝑎

(𝑎 − 𝑏 + 𝑐)(𝑎 + 𝑏 − 𝑐)
=

4𝑆. 𝑎

𝑎2 − (𝑏 − 𝑐)2
 , 

𝑟𝑏 + 𝑟𝑐 − 2ℎ𝑎 =
4𝑆. 𝑎

𝑎2 − (𝑏 − 𝑐)2
− 2ℎ𝑎 =

2ℎ𝑎 . 𝑎2

𝑎2 − (𝑏 − 𝑐)2
− 2ℎ𝑎 =

2ℎ𝑎(𝑏 − 𝑐)2

𝑎2 − (𝑏 − 𝑐)2
. 

Using these relations and identities, we have 

(𝑟𝑏 + 𝑟𝑐)2 − 4𝑚𝑎
2 = (𝑟𝑏 + 𝑟𝑐)(𝑟𝑏 + 𝑟𝑐 − 2ℎ𝑎) − (𝑏 − 𝑐)2

=
2ℎ𝑎(𝑟𝑏 + 𝑟𝑐)(𝑏 − 𝑐)2

𝑎2 − (𝑏 − 𝑐)2
− (𝑏 − 𝑐)2. 

and since we have, 2ℎ𝑎(𝑟𝑏 + 𝑟𝑐) = 4𝑟𝑏𝑟𝑐 = 4𝑝(𝑝 − 𝑎) = (𝑏 + 𝑐)2 − 𝑎2, and, 

cos 𝐴 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐
,    𝑟𝑟𝑎 = (𝑝 − 𝑏)(𝑝 − 𝑐),   then 

(𝑟𝑏 + 𝑟𝑐)2 − 4𝑚𝑎
2 = (

(𝑏 + 𝑐)2 − 𝑎2

𝑎2 − (𝑏 − 𝑐)2
− 1) (𝑏 − 𝑐)2 =

2(𝑏2 + 𝑐2 − 𝑎2)(𝑏 − 𝑐)2

4(𝑝 − 𝑏)(𝑝 − 𝑐)
 

=
2.2𝑏𝑐 cos 𝐴 (𝑏 − 𝑐)2

4𝑟𝑟𝑎
=

𝑏𝑐 cos 𝐴 (𝑏 − 𝑐)2

𝑟𝑟𝑎
. 

⇒  (𝑟𝑏 + 𝑟𝑐)2 − 4𝑚𝑎
2 =

𝑏𝑐 cos 𝐴 (𝑏 − 𝑐)2

𝑟𝑟𝑎
  (and analogs). 

Using the relation sin2
𝐴

2
=

(𝑝 − 𝑏)(𝑝 − 𝑐)

𝑏𝑐
=

𝑟𝑟𝑎

𝑏𝑐
, we get 

(𝒓𝒃 + 𝒓𝒄)𝟐 − 𝟒𝒎𝒂
𝟐 =

𝐜𝐨𝐬 𝑨 (𝒃 − 𝒄)𝟐

𝐬𝐢𝐧𝟐 𝑨
𝟐

  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                   (𝟐) 

Using this identity and the formulas 𝑎 = 4𝑅 𝑠𝑖𝑛
𝐴

2
𝑐𝑜𝑠

𝐴

2
 and 𝑟𝑏 + 𝑟𝑐 = 4𝑅 cos2

𝐴

2
, we get 

𝑟𝑏 + 𝑟𝑐 −
4𝑚𝑎

2

𝑟𝑏 + 𝑟𝑐
=

cos 𝐴 (𝑏 − 𝑐)2

4𝑅 cos2 𝐴
2 . sin2 𝐴

2

=
4𝑅 cos 𝐴 (𝑏 − 𝑐)2

𝑎2
, 

then we have the following new identity 
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𝒓𝒃 + 𝒓𝒄 −
𝟒𝒎𝒂

𝟐

𝒓𝒃 + 𝒓𝒄
= 𝟒𝑹 𝐜𝐨𝐬 𝑨 (

𝒃 − 𝒄

𝒂
)

𝟐

  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                 (𝟑) 

Now, by the arithmetic − geometric mean inequality, we have 

𝒓𝒃 + 𝒓𝒄 +
𝟒𝒎𝒂

𝟐

𝒓𝒃 + 𝒓𝒄
≥ 𝟐√(𝒓𝒃 + 𝒓𝒄).

𝟒𝒎𝒂
𝟐

𝒓𝒃 + 𝒓𝒄
= 𝟒𝒎𝒂                                     (𝟒) 

From the results (3) and (4), we have 

𝟐(𝒓𝒃 + 𝒓𝒄) ≥ 𝟒𝒎𝒂 + 𝟒𝑹 𝐜𝐨𝐬 𝑨 (
𝒃 − 𝒄

𝒂
)

𝟐

. 

Which gives us the following inequality, in any triangle ABC, we have 

𝒓𝒃 + 𝒓𝒄

𝟐
≥ 𝒎𝒂 + 𝑹 𝐜𝐨𝐬 𝑨 (

𝒃 − 𝒄

𝒂
)

𝟐

  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬). 

Again, from the results (2) and (3), we have 

𝟒𝑹 𝐜𝐨𝐬 𝑨 (
𝒃 − 𝒄

𝒂
)

𝟐

+
𝟖𝒎𝒂

𝟐

𝒓𝒃 + 𝒓𝒄
≥ 𝟒𝒎𝒂 , 

or, 

𝑹 𝐜𝐨𝐬 𝑨 (
𝒃 − 𝒄

𝒂
)

𝟐

+
𝟐𝒎𝒂

𝟐

𝒓𝒃 + 𝒓𝒄
≥ 𝒎𝒂                                                      (𝟓) 

On the other hand, using the relations cos 𝐴 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐
 and  

cos2
𝐴

2
=

1 + cos 𝐴

2
, we have 

4𝑚𝑎
2 = 2(𝑏2 + 𝑐2) − 𝑎2 = (𝑏 − 𝑐)2 + 2𝑏𝑐 + (𝑏2 + 𝑐2 − 𝑎2)

= (𝑏 − 𝑐)2 + 2𝑏𝑐 + 2𝑏𝑐 cos 𝐴 

= (𝑏 − 𝑐)2 + 2𝑏𝑐(1 + cos 𝐴) = (𝑏 − 𝑐)2 + 4𝑏𝑐 cos2
𝐴

2
. 

and by the formulas 𝑟𝑏 + 𝑟𝑐 = 4𝑅 cos2
𝐴

2
 and ℎ𝑎 =

𝑏𝑐

2𝑅
, we obtain 
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2𝑚𝑎
2

𝑟𝑏 + 𝑟𝑐
=

4𝑏𝑐 cos2 𝐴
2 + (𝑏 − 𝑐)2

2.4𝑅 cos2 𝐴
2

= ℎ𝑎 +
(𝑏 − 𝑐)2

8𝑅 cos2 𝐴
2

. 

Note that 𝑎 = 4𝑅 𝑠𝑖𝑛
𝐴

2
𝑐𝑜𝑠

𝐴

2
, we obtain the following identity 

𝟐𝒎𝒂
𝟐

𝒓𝒃 + 𝒓𝒄
= 𝒉𝒂 + 𝟐𝑹 𝐬𝐢𝐧𝟐

𝑨

𝟐
(

𝒃 − 𝒄

𝒂
)

𝟐

  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

Replacing this identity in (5), we get 

𝒉𝒂 + 𝑹 (𝐜𝐨𝐬 𝑨 + 𝟐 𝐬𝐢𝐧𝟐
𝑨

𝟐
) (

𝒃 − 𝒄

𝒂
)

𝟐

≥ 𝒎𝒂 . 

Using the relation 

 2 sin2
𝐴

2
= 1 − cos 𝐴 , we obtain the following inequality, in any triangle ABC 

𝒎𝒂 ≤ 𝒉𝒂 + 𝑹 (
𝒃 − 𝒄

𝒂
)

𝟐

 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                                    (𝟔) 

By the results (3) and (4), the equality in (6) holds if  

𝑟𝑏 + 𝑟𝑐 =
4𝑚𝑎

2

𝑟𝑏 + 𝑟𝑐
 ⇔  cos 𝐴 (

𝑏 − 𝑐

𝑎
)

2

= 0, i. e.  𝑏 = 𝑐 or 𝐴 =
𝜋

2
. 

From this result, we have 

√
𝒎𝒂 − 𝒉𝒂

𝑹
≤

|𝒃 − 𝒄|

𝒂
, 

Then we have, in any triangle 𝐴𝐵𝐶, the follwing inequality 

𝒂√
𝒎𝒂 − 𝒉𝒂

𝑹
≤ |𝒃 − 𝒄|   (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                                 (𝟕) 

Adding this inequality with similar ones and using the identity 

|𝑎 − 𝑏| + |𝑏 − 𝑐| + |𝑐 − 𝑎| = 2(𝑚𝑎𝑥(𝑎, 𝑏, 𝑐) − 𝑚𝑖𝑛(𝑎, 𝑏, 𝑐)), 
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we obtain the following inequality, in any triangle ABC 

𝟏

𝟐
(𝒂√

𝒎𝒂 − 𝒉𝒂

𝑹
+ 𝒃√

𝒎𝒃 − 𝒉𝒃

𝑹
+ 𝒄√

𝒎𝒄 − 𝒉𝒄

𝑹
) ≤ 𝒎𝒂𝒙(𝒂, 𝒃, 𝒄) − 𝒎𝒊𝒏(𝒂, 𝒃, 𝒄).          (𝟖) 

From the inequality (6), we have 

𝑚𝑎

ℎ𝑎
≤ 1 +

𝑅(𝑏 − 𝑐)2

𝑎2ℎ𝑎
, 

and by the formulas 𝑅 =
𝑎𝑏𝑐

4𝑆
 and 𝑎ℎ𝑎 = 2𝑆, we obtain 

𝒎𝒂

𝒉𝒂
≤ 𝟏 +

𝒃𝒄(𝒃 − 𝒄)𝟐

𝟖𝑺𝟐
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                              (𝟗) 

Since 𝑚𝑎 , 𝑚𝑏, 𝑚𝑐  can be the sides of triangle with area 

  𝑆𝑚 =
3𝑆

4
, median 𝑚𝑎 =

3𝑎

4
 (and analogs) altitude 

 ℎ𝑎 =
2𝑆𝑚

𝑚𝑎
=

3𝑆

2𝑚𝑎
  (and analogs), then by using the inequality (9) in ∆𝑚𝑎𝑚𝑏𝑚𝑐 , 

we obtain 

𝒎𝒂

𝒉𝒂
≤ 𝟏 +

𝟐𝒎𝒃𝒎𝒄(𝒎𝒃 − 𝒎𝒄)𝟐

𝟗𝑺𝟐
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                         (𝟏𝟎) 

Now, in any triangle 𝐴𝐵𝐶, we have the following relation 

4𝑚𝑎
2 = 𝑛𝑎

2 + 𝑔𝑎
2 + 2𝑟𝑏𝑟𝑐    (and analogs) 

Using this relation and the identity (2), we have 

𝑟𝑏
2 + 𝑟𝑐

2 = (4𝑚𝑎
2 − 2𝑟𝑏𝑟𝑐) + [(𝑟𝑏 + 𝑟𝑐)2 − 4𝑚𝑎

2] = 𝑛𝑎
2 + 𝑔𝑎

2 +
cos 𝐴 (𝑏 − 𝑐)2

sin2 𝐴
2

. 

Then we obtain the following identity 

𝑟𝑏
2 + 𝑟𝑐

2 = 𝑛𝑎
2 + 𝑔𝑎

2 +
cos 𝐴 (𝑏 − 𝑐)2

sin2 𝐴
2

  (and analogs) 
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Which gives us the following inequality, in any non‒ obtuse triangle ABC, we have 

𝒓𝒃
𝟐 + 𝒓𝒄

𝟐 ≥ 𝒏𝒂
𝟐 + 𝒈𝒂

𝟐  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                              (𝟏𝟏) 

with equality if 𝑏 = 𝑐 or 𝐴 =
𝜋

2
. 

In this part, we will prove the following inequality, in any triangle ABC, we have 

𝒎𝒃

𝒉𝒄
+

𝒎𝒄

𝒉𝒃
≤

𝑹

𝒓
    (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                                       (𝟏𝟐) 

Using the result (6) and the formulas  R =
abc

4S
, ℎ𝑎 =

2𝑆

𝑎
 (and analogs), we have 

𝑚𝑏

ℎ𝑐
+

𝑚𝑐

ℎ𝑏
≤ (

ℎ𝑏

ℎ𝑐
+

𝑅(𝑐 − 𝑎)2

ℎ𝑐𝑏2
) + (

ℎ𝑐

ℎ𝑏
+

𝑅(𝑎 − 𝑏)2

ℎ𝑏𝑐2
)

= (
𝑐

𝑏
+

𝑐2𝑎(𝑐 − 𝑎)2

8𝑏𝑆2
) + (

𝑏

𝑐
+

𝑏2𝑎(𝑎 − 𝑏)2

8𝑐𝑆2
). 

Then we have, 

𝑚𝑏

ℎ𝑐
+

𝑚𝑐

ℎ𝑏
≤

8𝑆2(𝑏2 + 𝑐2) + 𝑐3𝑎(𝑐 − 𝑎)2 + 𝑏3𝑎(𝑎 − 𝑏)

8𝑏𝑐𝑆2
 

So to prove (12) it suffices to prove that 

8𝑆2(𝑏2 + 𝑐2) + 𝑐3𝑎(𝑐 − 𝑎)2 + 𝑎𝑏3(𝑎 − 𝑏) ≤ 8𝑏𝑐𝑆2.
𝑅

𝑟
 

and by the formulas 4𝑅𝑆 = 𝑎𝑏𝑐, 𝑆 = 𝑝𝑟 and the following identity 

16𝑆2 = 2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − (𝑎4 + 𝑏4 + 𝑐4), 

the last inequality is equivalent to 

[2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − (𝑎4 + 𝑏4 + 𝑐4)](𝑏2 + 𝑐2) + 2𝑐3𝑎(𝑐 − 𝑎)2 + 2𝑎𝑏3(𝑎 − 𝑏) 

≤ 2𝑎𝑏2𝑐2(𝑎 + 𝑏 + 𝑐). 

which, after expanding and simplifying, equivalent to 

(𝑏2 + 𝑐2)𝑎4 − 2(𝑏3 + 𝑐3)𝑎3 + 2(𝑏4 − 𝑏2𝑐2 + 𝑐4)𝑎2 − 2(𝑏 + 𝑐)(𝑏2 + 𝑏𝑐 + 𝑐2)(𝑏 − 𝑐)2𝑎 

+(𝑏2 + 𝑐2)(𝑏2 − 𝑐2)2 ≥ 0 
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or, 

(𝑏2 + 𝑐2) (𝑎2 −
(𝑏3 + 𝑐3)𝑎

𝑏2 + 𝑐2
)

2

+
(𝑏2 + 𝑏𝑐 + 𝑐2)2

𝑏2 + 𝑐2
. (𝑎 −

(𝑏2 + 𝑐2)(𝑏 + 𝑐)

𝑏2 + 𝑏𝑐 + 𝑐2
)

2

(𝑏 − 𝑐)2 ≥ 0, 

which is true and the proof of (12) is complete.  Equality holds if b = c. 

Now, we will prove the following inequality, in any triangle ABC, we have 

𝟐
𝒎𝒂

𝒉𝒂
≤

𝒎𝒃

𝒉𝒄
+

𝒎𝒄

𝒉𝒃
    (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                                       (𝟏𝟑) 

Let 𝐵′, 𝐶′ be the midpoints of 𝐴𝐶, 𝐴𝐵, and let 𝐺 be the centroid of triangle 𝐴𝐵𝐶. 

 

By Ptolemy′s inequality in the quadrilateral 𝐴𝐵′𝐺𝐶′, we have 

𝐵′𝐶′. 𝐺𝐴 ≤ 𝐴𝐶′. 𝐺𝐵′ + 𝐴𝐵′. 𝐺𝐶′, 

or more explicitly, 

𝑎

2
.
2𝑚𝑎

3
≤

𝑐

2
.
𝑚𝑏

3
+

𝑏

2
.
𝑚𝑐

3
 

which is equialent to 

2
𝑚𝑎

ℎ𝑎
≤

𝑚𝑏

ℎ𝑐
+

𝑚𝑐

ℎ𝑏
. 

From the results (12) and (13), we obtain the following refinement  

of Panaitopol′s inequality ∶ 

𝟐
𝒎𝒂

𝒉𝒂
≤

𝒎𝒃

𝒉𝒄
+

𝒎𝒄

𝒉𝒃
≤

𝑹

𝒓
    (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                             (𝟏𝟒) 

Now, using the formula  
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ℎ𝑎 =
𝑏𝑐

2𝑅
  (and analogs), we obtain the equivalent expression of (9) ∶ 

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
≤

𝒂

𝟐𝒓
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                                      (𝟏𝟓) 

We have, in any triangle 𝐴𝐵𝐶 the following relation 

𝑝2 = 𝑛𝑎
2 + 2𝑟𝑎ℎ𝑎   (and analogs) 

This relation can be rewritten as follows 

𝑝 + 𝑛𝑎

ℎ𝑎
=

2𝑟𝑎

𝑝 − 𝑛𝑎
  (and analogs) 

By this relation and the formulas ℎ𝑎 =
2𝑆

𝑎
, 𝑆 = 𝑝𝑟, we have 

𝑎

2𝑟
=

𝑝

ℎ𝑎
=

𝑝 + 𝑛𝑎

ℎ𝑎
−

𝑛𝑎

ℎ𝑎
=

2𝑟𝑎

𝑝 − 𝑛𝑎
−

𝑛𝑎

ℎ𝑎
  (and analogs) 

From the result (15), we obtain 

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
+

𝒏𝒂

𝒉𝒂
≤

𝟐𝒓𝒂

𝒑 − 𝒏𝒂
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                             (𝟏𝟔) 

𝐨𝐫, 

(
𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
+

𝒏𝒂

𝒉𝒂
)

−𝟏

≥
𝒑 − 𝒏𝒂

𝟐𝒓𝒂
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

Adding this inequality with similar ones and using the identity 

 
1

𝑟𝑎
+

1

𝑟𝑏
+

1

𝑟𝑐
=

1

𝑟
, we obtain the  following inequality 

∑ (
𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
+

𝒏𝒂

𝒉𝒂
)

−𝟏

𝒄𝒚𝒄

≥
𝒑

𝟐𝒓
−

𝟏

𝟐
(

𝒏𝒂

𝒓𝒂
+

𝒏𝒃

𝒓𝒃
+

𝒏𝒄

𝒓𝒄
)                                 (𝟏𝟕) 

From the inequality (16), we have 

𝟏

𝟐
(𝒑 − 𝒏𝒂) (

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
+

𝒏𝒂

𝒉𝒂
) ≤ 𝒓𝒂  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

Adding this inequality with similar ones and using the identity  
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𝑟𝑎 + 𝑟𝑏 + 𝑟𝑐 = 4𝑅 + 𝑟, we obtain the following inequality 

𝟏

𝟐
∑(𝒑 − 𝒏𝒂) (

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
+

𝒏𝒂

𝒉𝒂
)

𝒄𝒚𝒄

≤ 𝟒𝑹 + 𝒓                                        (𝟏𝟖) 

We have the following identity 

𝑔𝑎
2

ℎ𝑎
+

𝑔𝑏
2

ℎ𝑏
+

𝑔𝑐
2

ℎ𝑐
= 2𝑅 + 5𝑟. 

Then we obtain the following inequality 

𝟏

𝟐
∑(𝒑 − 𝒏𝒂) (

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
+

𝒏𝒂

𝒉𝒂
)

𝒄𝒚𝒄

≤ ∑
𝒈𝒂

𝟐

𝒉𝒂
𝒄𝒚𝒄

+ 𝟐(𝑹 − 𝟐𝒓)                            (𝟏𝟗) 

Again, by the relation 𝑝2 = 𝑛𝑎
2 + 2𝑟𝑎ℎ𝑎   (and analogs), we have 

𝑝 − 𝑛𝑎

ℎ𝑎
=

2𝑟𝑎

𝑝 + 𝑛𝑎
  (and analogs) 

By this relation and the formulas ℎ𝑎 =
2𝑆

𝑎
, 𝑆 = 𝑝𝑟, we have 

𝒂

𝟐𝒓
=

𝒑

𝒉𝒂
=

𝒑 − 𝒏𝒂

𝒉𝒂
+

𝒏𝒂

𝒉𝒂
=

𝟐𝒓𝒂

𝒑 + 𝒏𝒂
+

𝒏𝒂

𝒉𝒂
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

From the result (15), we obtain 

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
−

𝒏𝒂

𝒉𝒂
≤

𝟐𝒓𝒂

𝒑 + 𝒏𝒂
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                             (𝟐𝟎) 

𝒐𝒓, 

𝟏

𝟐
(𝒑 + 𝒏𝒂) (

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
−

𝒏𝒂

𝒉𝒂
) ≤ 𝒓𝒂  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

Adding this inequality with similar ones and using the identity 

 𝑟𝑎 + 𝑟𝑏 + 𝑟𝑐 = 4𝑅 + 𝑟, we obtain the following inequality 

𝟏

𝟐
∑(𝒑 + 𝒏𝒂) (

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
−

𝒏𝒂

𝒉𝒂
)

𝒄𝒚𝒄

≤ 𝟒𝑹 + 𝒓                                        (𝟐𝟏) 
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Using the following identity 

𝑔𝑎
2

ℎ𝑎
+

𝑔𝑏
2

ℎ𝑏
+

𝑔𝑐
2

ℎ𝑐
= 2𝑅 + 5𝑟. 

we obtain the following inequality 

𝟏

𝟐
∑(𝒑 + 𝒏𝒂) (

𝒎𝒃

𝒃
+

𝒎𝒄

𝒄
−

𝒏𝒂

𝒉𝒂
)

𝒄𝒚𝒄

≤ ∑
𝒈𝒂

𝟐

𝒉𝒂
𝒄𝒚𝒄

+ 𝟐(𝑹 − 𝟐𝒓)                              (𝟐𝟐) 

In this part, we will prove the following inequality, in any non‒ obtuse triangle ABC,  

we have 

𝟐𝒎𝒂
𝟐

𝒓𝒃 + 𝒓𝒄
≤

𝒃𝟐 + 𝒄𝟐

𝟒𝑹
    (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                                 (𝟐𝟑) 

By the formulas cos 𝐴 =
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐
 and cos2

𝐴

2

=
1 + cos 𝐴

2
, we have the two relations 

4𝑚𝑎
2 = 2(𝑏2 + 𝑐2) − 𝑎2 = 𝑏2 + 𝑐2 + (𝑏2 + 𝑐2 − 𝑎2) = 𝑏2 + 𝑐2 + 2𝑏𝑐 cos 𝐴 

𝑟𝑏 + 𝑟𝑐 = 4𝑅 cos2
𝐴

2
= 2𝑅(1 + cos 𝐴). 

Using these relations, the inequality (23) is succesively equivalent to 

4𝑚𝑎
2 ≤

𝑟𝑏 + 𝑟𝑐

2𝑅
(𝑏2 + 𝑐2)  ⇔  𝑏2 + 𝑐2 + 2𝑏𝑐 cos 𝐴 ≤ (1 + cos 𝐴)(𝑏2 + 𝑐2)  ⇔ 0

≤ (𝑏 − 𝑐)2 cos 𝐴, 

which is true because cos 𝐴 ≥ 0.  Equality in (23) holds if 𝑏 = 𝑐 or 𝐴 =
𝜋

2
. 

Using the identity (3), we obtain the following inequality, in any non‒ obtuse triangle ABC, 

we have 

𝒓𝒃 + 𝒓𝒄 ≤
𝒃𝟐 + 𝒄𝟐

𝟐𝑹
+ 𝟒𝑹 𝐜𝐨𝐬 𝑨 (

𝒃 − 𝒄

𝒂
)

𝟐

   (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                              (𝟐𝟒) 

By the inequality (23) and the formulas  ℎ𝑎 =
𝑏𝑐

2𝑅
, 𝑠𝑎 =

2𝑏𝑐𝑚𝑎

𝑏2 + 𝑐2
, we obtain the following 
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inequality, in any non‒ obtuse triangle ABC holds 

𝒓𝒃 + 𝒓𝒄

𝟐
≥

𝒎𝒂𝒔𝒂

𝒉𝒂
≥ 𝒎𝒂  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                           (𝟐𝟓) 

In this part, we will prove the following inequality chains, in any triangle ABC,  

if 𝜔 − Brocard′s angle, we have 

𝑹

𝒓
≥

𝒎𝒃

𝒉𝒄
+

𝒎𝒄

𝒉𝒃
≥

𝟏

𝐬𝐢𝐧 𝝎
≥ 𝒎𝒂𝒙 {𝟐

𝒎𝒃 + 𝒎𝒄

𝒉𝒃 + 𝒉𝒄
,
𝒎𝒃

𝒉𝒃
+

𝒎𝒄

𝒉𝒄

}     (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                  (𝟐𝟔) 

𝑹

𝒓
≥

𝒎𝒃

𝒉𝒄
+

𝒎𝒄

𝒉𝒃
≥ 𝒎𝒂𝒙 {

𝟏

𝐬𝐢𝐧 𝝎
, 𝟐

𝒎𝒂

𝒉𝒂
} ≥

𝒃

𝒄
+

𝒄

𝒃
≥

𝒄 + 𝒂

𝒂 + 𝒃
+

𝒂 + 𝒃

𝒄 + 𝒂
    (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)         (𝟐𝟕) 

𝑹

𝒓
≥

𝒎𝒃

𝒉𝒄

+
𝒎𝒄

𝒉𝒃

≥ 𝒎𝒂𝒙 {
𝟏

𝐬𝐢𝐧 𝝎
, 𝟐

𝒎𝒂

𝒉𝒂

} ≥
𝒎𝒃

𝒎𝒄

+
𝒎𝒄

𝒎𝒃

≥
𝒎𝒂 + 𝒎𝒃

𝒎𝒃 + 𝒎𝒄

+
𝒎𝒃 + 𝒎𝒄

𝒎𝒂 + 𝒎𝒃

    (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)       (𝟐𝟖) 

𝐋𝐞𝐦𝐦𝐚 𝟏.  𝐈𝐧 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝝎 − 𝐁𝐫𝐨𝐜𝐚𝐫𝐝′𝐬 𝐚𝐧𝐠𝐥𝐞, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒃

𝒉𝒄
+

𝒎𝒄

𝒉𝒃
≥

𝟏

𝐬𝐢𝐧 𝝎
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                             (𝟐𝟗) 

𝐏𝐫𝐨𝐨𝐟.  Using the known median formulae we have 

4𝑐𝑚𝑏 = √4𝑐2(2𝑐2 + 2𝑎2 − 𝑏2) 

= √(3𝑐2 + 𝑎2 − 𝑏2)2 + 2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − (𝑎4 + 𝑏4 + 𝑐4), 

by the identity 16𝑆2 = 2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − (𝑎4 + 𝑏4 + 𝑐4), we get 

𝑚𝑏

ℎ𝑐
=

𝑐𝑚𝑏

2𝑆
=

√(3𝑐2 + 𝑎2 − 𝑏2)2 + (4𝑆)2

8𝑆
. 

Similarly, we get 

𝑚𝑐

ℎ𝑏
=

√(3𝑏2 + 𝑎2 − 𝑐2)2 + (4𝑆)2

8𝑆
. 

By the triangle inequality, we have 

√𝑥2 + 𝑦2 + √𝑧2 + 𝑡2 ≥ √(𝑥 + 𝑧)2 + (𝑦 + 𝑡)2, 

for all real numbers 𝑥, 𝑦, 𝑧, 𝑡, with equality if 𝑥𝑡 = 𝑦𝑧. 
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Using this inequality, the formula sin 𝜔 =
2𝑆

√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2
 and the identity 

16𝑆2 = 2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − (𝑎4 + 𝑏4 + 𝑐4), we obtain 

 

𝑚𝑏

ℎ𝑐
+

𝑚𝑐

ℎ𝑏
=

√(3𝑐2 + 𝑎2 − 𝑏2)2 + (4𝑆)2 + √(3𝑏2 + 𝑎2 − 𝑐2)2 + (4𝑆)2

8𝑆
 

≥
√(2𝑎2 + 2𝑏2 + 2𝑐2)2 + (8𝑆)2

8𝑆
=

√16(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2)

8𝑆
=

1

sin 𝜔
, 

which completes the proof of (29). 

The equality in (29) holds if (3𝑐2 + 𝑎2 − 𝑏2). 4𝑆 = (3𝑏2 + 𝑎2 − 𝑐2). 4𝑆,   i. e.  𝑏 = 𝑐. 

𝐋𝐞𝐦𝐦𝐚 𝟐.  𝐈𝐧 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟒𝒎𝒃𝒎𝒄 ≤ 𝟐𝒂𝟐 + 𝒃𝒄                                                                 (𝟑𝟎) 

𝐏𝐫𝐨𝐨𝐟.  Using the known median formulae we have 

(4𝑚𝑏𝑚𝑐)2 = (2𝑐2 + 2𝑎2 − 𝑏2)(2𝑏2 + 2𝑎2 − 𝑐2)
= 4𝑎4 + 2𝑎2(𝑏2 + 𝑐2) − (2𝑏4 − 5𝑏2𝑐2 + 2𝑐4) 

= (2𝑎2 + 𝑏𝑐)2 + 2𝑎2(𝑏2 + 𝑐2 − 2𝑏𝑐) − 2(𝑏4 − 2𝑏2𝑐2 + 𝑐4) 

= (2𝑎2 + 𝑏𝑐)2 − 2[(𝑏 + 𝑐)2 − 𝑎2](𝑏 − 𝑐)2 ≤ (2𝑎2 + 𝑏𝑐)2, 

the last inequality is true by 𝑏 + 𝑐 > 𝑎.  Equality holds if b = c. 

𝐋𝐞𝐦𝐦𝐚 𝟑.  𝐈𝐧 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝝎 − 𝐁𝐫𝐨𝐜𝐚𝐫𝐝′𝐬 𝐚𝐧𝐠𝐥𝐞, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

𝐬𝐢𝐧 𝝎
≥ 𝟐

𝒎𝒃 + 𝒎𝒄

𝒉𝒃 + 𝒉𝒄
   (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                          (𝟑𝟏) 

𝐏𝐫𝐨𝐨𝐟.  By the formulas  ℎ𝑎 =
2𝑆

𝑎
  (and analogs) and sin 𝜔 =

2𝑆

√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2
, the 

inequality (31) can be rewritten as follows 

√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 ≥
2𝑏𝑐(𝑚𝑏 + 𝑚𝑐)

𝑏 + 𝑐
. 
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Using the known median formulae and the inequality (30), we have 

(2𝑏𝑐(𝑚𝑏 + 𝑚𝑐))
2

= (𝑏𝑐)2(4𝑚𝑏
2 + 4𝑚𝑐

2 + 2.4𝑚𝑏𝑚𝑐) 

≤ (𝑏𝑐)2[(2𝑐2 + 2𝑎2 − 𝑏2) + (2𝑏2 + 2𝑎2 − 𝑐2) + 2(2𝑎2 + 𝑏𝑐)] = (𝑏𝑐)2[8𝑎2 + (𝑏 + 𝑐)2] 

By the AM − GM ineuality, we have 

8(𝑏𝑐)2 = 4𝑏𝑐. 2𝑏𝑐 ≤ (𝑏 + 𝑐)2(𝑏2 + 𝑐2), 

Then 

(
2𝑏𝑐(𝑚𝑏 + 𝑚𝑐)

𝑏 + 𝑐
)

2

≤
(𝑏 + 𝑐)2(𝑏2 + 𝑐2)𝑎2 + (𝑏𝑐)2(𝑏 + 𝑐)2

(𝑏 + 𝑐)2
= 𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2, 

which completes the proof of (31).  Equality holds if b = c. 

𝐋𝐞𝐦𝐦𝐚 𝟒.  𝐈𝐧 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝝎 − 𝐁𝐫𝐨𝐜𝐚𝐫𝐝′𝐬 𝐚𝐧𝐠𝐥𝐞, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

𝐬𝐢𝐧 𝝎
≥

𝒎𝒃

𝒉𝒃
+

𝒎𝒄

𝒉𝒄
   (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                              (𝟑𝟐) 

𝐏𝐫𝐨𝐨𝐟.  By the formulas  ℎ𝑎 =
2𝑆

𝑎
  (and analogs) and sin 𝜔 =

2𝑆

√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2
, the 

inequality (32) can be rewritten as follows 

√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 ≥ 𝑏𝑚𝑏 + 𝑐𝑚𝑐 . 

By the following inequality (𝑥 + 𝑦)2

≤ 2(𝑥2 + 𝑦2), for all real numbers 𝑥, 𝑦, and using the known 

median formulae, we have 

(𝑏𝑚𝑏 + 𝑐𝑚𝑐)2 ≤ 2(𝑏2𝑚𝑏
2 + 𝑐2𝑚𝑐

2) =
𝑏2(2𝑐2 + 2𝑎2 − 𝑏2) + 𝑐2(2𝑏2 + 2𝑎2 − 𝑐2)

2
 

= (𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) −
(𝑏2 − 𝑐2)2

2
≤ 𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2, 

which completes the proof of (32).  Equality holds if b = c. 

From the inequalities (12), (29), (31) and (32) yields the desired inequality chain (26). 
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𝐋𝐞𝐦𝐦𝐚 𝟓.  𝐈𝐧 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝝎 − 𝐁𝐫𝐨𝐜𝐚𝐫𝐝′𝐬 𝐚𝐧𝐠𝐥𝐞, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

𝐬𝐢𝐧 𝝎
≥

𝒃

𝒄
+

𝒄

𝒃
                                                                   (𝟑𝟑) 

𝐏𝐫𝐨𝐨𝐟.  By the formula sin 𝜔

=
2𝑆

√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2
, the inequality (33) can be rewritten as 

𝑏𝑐√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 ≥ 2𝑆(𝑏2 + 𝑐2). 

Using the identity 16𝑆2 = 2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − (𝑎4 + 𝑏4 + 𝑐4), we have 

4(2𝑆(𝑏2 + 𝑐2))
2

= [2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − (𝑎4 + 𝑏4 + 𝑐4)](2𝑏2𝑐2 + 𝑏4 + 𝑐4) 

= 4𝑏2𝑐2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − 𝑎4(𝑏2 + 𝑐2)2 + 2(𝑏4 + 𝑐4)(𝑎2𝑏2 + 𝑐2𝑎2) − (𝑏4 + 𝑐4)2 

= 4𝑏2𝑐2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) − [𝑎2(𝑏2 + 𝑐2) − (𝑏4 + 𝑐4)]2 

≤ 4𝑏2𝑐2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2), 

which completes the proof of (33). 

By Tereshin′s inequality, we have 

𝑚𝑎 ≥
𝑏2 + 𝑐2

4𝑅
  (and analogs) 

and by the formula ℎ𝑎 =
𝑏𝑐

2𝑅
, we obtain 

𝟐
𝒎𝒂

𝒉𝒂
≥

𝒃𝟐 + 𝒄𝟐

𝒃𝒄
=

𝒃

𝒄
+

𝒄

𝒃
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                          (𝟑𝟒) 

𝐋𝐞𝐦𝐦𝐚 𝟔.  𝐈𝐟 𝒂, 𝒃, 𝒄 𝐛𝐞 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞 𝐫𝐞𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫𝐬, 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒃

𝒄
+

𝒄

𝒃
≥

𝒄 + 𝒂

𝒂 + 𝒃
+

𝒂 + 𝒃

𝒄 + 𝒂
.                                                            (𝟑𝟓) 

𝐏𝐫𝐨𝐨𝐟.  The desired inequality is successively equivalent to 

𝑏

𝑐
−

𝑎 + 𝑏

𝑐 + 𝑎
≥

𝑐 + 𝑎

𝑎 + 𝑏
−

𝑐

𝑏
 ⇔  

𝑎(𝑏 − 𝑐)

𝑐(𝑐 + 𝑎)
≥

𝑎(𝑏 − 𝑐)

𝑏(𝑎 + 𝑏)
 ⇔  

𝑎(𝑏 − 𝑐)[𝑏(𝑎 + 𝑏) − 𝑐(𝑐 + 𝑎)]

𝑏𝑐(𝑐 + 𝑎)(𝑎 + 𝑏)
≥ 0 
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⇔  
𝑎(𝑎 + 𝑏 + 𝑐)(𝑏 − 𝑐)2

𝑏𝑐(𝑐 + 𝑎)(𝑎 + 𝑏)
≥ 0, 

which is true and the proof of (35) is complete.  Equality holds if b = c. 

From the inequalities (12), (13), (29), (33), (34) and (35) yields the desired inequality chain (27). 

Since 𝑚𝑎 , 𝑚𝑏, 𝑚𝑐  can be the sides of triangle with area  𝑆𝑚 =
3𝑆

4
,  

median 𝑚𝑎 =
3𝑎

4
 (and analogs) altitude 

 ℎ𝑎 =
2𝑆𝑚

𝑚𝑎
=

3𝑆

2𝑚𝑎
  (and analogs), and by the formula sin 𝜔 =

2𝑆

√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2
, 

and the identity 𝑚𝑎
2𝑚𝑏

2 + 𝑚𝑏
2𝑚𝑐

2 + 𝑚𝑐
2𝑚𝑎

2 =
9

16
(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2), then we have 

𝑚𝑎

ℎ𝑎

=
𝑚𝑎

ℎ𝑎
  and  sin 𝜔𝑚 =

2𝑆𝑚

√𝑚𝑎
2𝑚𝑏

2 + 𝑚𝑏
2𝑚𝑐

2 + 𝑚𝑐
2𝑚𝑎

2
=

2𝑆

√𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2

= sin 𝜔. 

Applying the inequalities (33), (34) and (35) in ∆𝑚𝑎𝑚𝑏𝑚𝑐  and using the previous results, we 

obtain the following inequalities 

𝟏

𝐬𝐢𝐧 𝝎
≥

𝒎𝒃

𝒎𝒄
+

𝒎𝒄

𝒎𝒃
   (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                                  (𝟑𝟔) 

𝟐
𝒎𝒂

𝒉𝒂
≥

𝒎𝒃

𝒎𝒄
+

𝒎𝒄

𝒎𝒃
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                                   (𝟑𝟕) 

𝒎𝒃

𝒎𝒄
+

𝒎𝒄

𝒎𝒃
≥

𝒎𝒂 + 𝒎𝒃

𝒎𝒃 + 𝒎𝒄
+

𝒎𝒃 + 𝒎𝒄

𝒎𝒂 + 𝒎𝒃
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)                                   (𝟑𝟖) 

From the inequalities (9), (10), (26), (33), (34) and (35) 

 yields the desired inequality chain (28). 
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