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NEW TRIANGLE INEQUALITIES WITH BROCARD’S ANGLE
By Bogdan Fustei-Romania, Mohamed Amine Ben Ajiba-Morocco
ABSTRACT : In this paper are created new inequalities in triangle using Brocard’s angle.

Panaitopol’s Inequality :

In any triangle ABC, we have

m, R
_ < —_
h, = 2r (and analogs), (D

with equality if and only if the triangle ABC is equilateral.
Proof :
Considering the origin of the complex plane at the circumcenter of triangle ABC and

let z4, z,, z3 be the coordinates of points A, B, C, respectively.
. 25
Using the formulas h, = ~ and

S = pr,the desired inequality (1) can be rewritten as follows,

am, < Rp. We have :

Zy + 23
2

2amy = 2|z, — z3]. |2, — = |(zy — 23) (221 — 2, — 23)|

= |21(z; — 23) + 23(23 — z1) + 2,(2, — 2,)|
< |zl lzy = z3| + | 23] |23 — 21| + |23]. |2, — 25|

= Ra + Rb + Rc = 2Rp,
This completes the proof of (1). Equality holds if and only if the triangle ABC is equilateral.

Now, in triangle ABC, we have the following relations (see, Bogdan Fustei
— About Nagel's and Gergonnes's cevian — www. ssmrmh. ro),

211, = hy(r, +7.) (and analogs),

4ma2 = 41"ch + (b - C)Z = 2h'a(rb + rc) + (b - C)Z (and analogs)
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On the other hand, using the formulas h, = = andr, = (and analogs), we have

p—a
S S  S@p-b-c) 4S.a 4S.a
T+ 1, = + = = = :
p—b p—c (@-b)p—-c) (a@a—b+c)la+b—-c) a?>—(b—c)?
48, 2h,.a? 2h,(b — c¢)?
b 1= 2hy =t pp, = Nal alb = ¢)

~Z-0- Mg T a—gpoor

Using these relations and identities, we have

(rb + TC)Z - 4ma2 = (Tb + rc)(rb + e — Zha) - (b - C)Z
_ 2hg(ry + 1) (b —c)? b o)
B a?—(b—c)? —(b—o)*

and since we have, 2ho(ry + 1) =4ryr, = 4p(p — a) = (b + ¢)? — d?, and,

b%? + c? — a?

CcosA = —%pe Ma= (p—b)(p—rc), then
(b +c¢)? —a? 2(b?2 + c?—a?®)(b —c)?
2 __ 2 — - —c)2 =
(o 47" — 4 (w—w—dzl'“ R D)
_ 22bccosA(b—c)*> bccosA(b—c)?
B 4rr, B T, '

bc cos A (b — ¢)?
= (r, +1.)% —4m,? = ( )

(and analogs).

T,
A —b —-C T,
Using the relation sin? 5= 5 zip ) = b—ca,we get
cosA (b —c)?
(rp+r)?—4m,? = ( Y ) (and analogs) (2)
sin? 5

A A A
Using this identity and the formulas a = 4R sin 5 C0s> and r, + 1, = 4R cos? 5 we get

4m,®>  cosA(b—c)*  4RcosA(b—c)?
rb+rc_r +r A . LA a? ’
b T fc 4R c0527.51n27

then we have the following new identity
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4m,* b —c\*
ry,+71.— = =4RcosA (T) (and analogs) 3)

Now, by the arithmetic — geometric mean inequality, we have

4m,? 41m >
r,+7r.+ —>2 [(rp+ 1) *— =4m, (4)
r,+r. r,+r,

From the results (3) and (4), we have

b—c\?
2(rb+rc)24ma+4RcosA( " ) :

Which gives us the following inequality, in any triangle ABC, we have

_ 2

r,+ 71, c
>m, + RcosA (T) (and analogs).

Again, from the results (2) and (3), we have

b—-c\* 8m,?
4R cos A ( ) + = 4m,,
a Ty, +r,

or,

>
T, +7r. Ma (5)

_ _ b? + ¢? —a?
On the other hand, using the relations cos A = T ohe and

A 14 cosd

cos?— = ———— we have

2 2

4m,% =2(b?*+c?) —a? = (b —c)? + 2bc + (b? + c? — a?)
= (b —c)?+ 2bc + 2bccos A

A
= (b —-c)?+2bc(1+ cosA) = (b—c)?+ 4bc cos? >

A c
and by the formulas 1, + 1. = 4R cos? ) and h, = SR’ we obtain
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2m,?  4bccos? é + (b — ¢)? (b —¢)?
= = a —_— .
T+ 7e 2.4R cos? % 8R coszé

A A
Note that a = 4R sin 5 Cos >, we obtain the following identity

2m, > b—c

1 2
= h, + 2R sin? E( ) (and analogs)

Ty + r.
Replacing this identity in (5), we get

b—c\*
)Zma.

A
h, +R(cosA+Zsin2—)(
2 a

Using the relation

A
2 sin? 5= 1 — cos A, we obtain the following inequality, in any triangle ABC

2
m, <h,+R (Tc> (and analogs) (6)

By the results (3) and (4), the equality in (6) holds if

4m,*? b —c\? _ T
T, + 1, = o cosA(—) =0,iie.b=cord=—.
T, + 1 a 2

From this result, we have

ma_ha<|b_cl
R - a ’

Then we have, in any triangle ABC, the follwing inequality

m, —h
a ’% < |b —c| (and analogs) (7)

Adding this inequality with similar ones and using the identity

la—bl+|b—c|+]|c—al = Z(max(a, b,c) —min(a,b, c)),
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we obtain the following inequality, in any triangle ABC

1 m, — h, my — hy, m,— h, .
7| @ ’ +b ’ +c max(a,b,c) —min(a,b,c)

From the inequality (6), we have

R _ 2
Ma_ RO=c)
hg a’h,

a
and by the formulas R = s and ah, = 2S5, we obtain

m, bc(b — c)?
1 < —_—
n, =17 g2

(and analogs)
Since m,, m;,, m. can be the sides of triangle with area

3  __ 3a _
S = T median m, = e (and analogs) altitude

— _25m _ 35

“ m, 2m,
we obtain

m 2mym.(m, — m,)?
h—: <1+-—2 CE)S;’ ) (and analogs)

Now, in any triangle ABC, we have the following relation
A4mg,? =ng% + g,% + 2,1, (and analogs)
Using this relation and the identity (2), we have
12+ 1.2 = (Amy? = 2ryr) + [(, + 1.)% —4m2] = n% + g2 +
sin? >
Then we obtain the following identity

, , cosA(b—c)?

2+t =n2+ 9.2+ (and analogs)

in2
sin“ =
2
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Which gives us the following inequality, in any non- obtuse triangle ABC, we have

2 +r.2 = n,2 + g,% (and analogs)
T
with equality if b = cor A = >

In this part, we will prove the following inequality, in any triangle ABC, we have

m, m, R
M e =2 1
h, + h, =T (and analogs)
) abc 28
Using the result (6) and the formulas R = s’ hg = - (and analogs), we have
R(c — a)? R(a — b)?
My Me _ (hy  Rle=a)y (he Rla—Db)*
hC hb hc hcbz hb th2

_(c N c?a(c — a)? N b N b%?a(a — b)?
~\b 8bS2 c 8cS2 '

Then we have,

my M _ 852(b? + c?) + c®alc — a)? + b3a(a — b)

he  hy 8bcS?

So to prove (12) it suffices to prove that

R
85%2(b% + c?) + clalc —a)? +ab3(a—b) < 8bc52.7

and by the formulas 4RS = abc, S = pr and the following identity
1652 = 2(a?b? + b%c? + c%a?) — (a* + b* + ¢*),

the last inequality is equivalent to

(11)

(12)

[2(a?b? + b?c? + c?a?) — (a* + b* + cH)](b? + ¢?) + 2c3a(c — a)? + 2ab3(a — b)

< 2ab?c?*(a + b +¢).

which, after expanding and simplifying, equivalent to

(b? +c?a* - 23 +c®a® + 2(b* — b?c? +c*)a? — 2(b + c)(b?> + bc + c?)(b — ¢)?a

+(b% +c?)(b®?—-c?)?=>0
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or,

(b2 + c?) <a2 P+ c3)a> (b2 + bc + c?)? ( P+ DB +0)

2
— )2 >
b? + c? b? + c? b? + bc + ¢? >(b =20,
which is true and the proof of (12) is complete. Equality holds if b = c.
Now, we will prove the following inequality, in any triangle ABC, we have

m, m, m,
2—<—+— (and analog 13
ha hc hb ( S) ( )

Let B’, C' be the midpoints of AC, AB, and let G be the centroid of triangle ABC.

B .
® OC ‘A

G.
.Br

Cce®

By Ptolemy’s inequality in the quadrilateral AB'GC’, we have
B'C'.GA < AC'.GB' + AB'.G(',

or more explicitly,

a2mg _cmy, bm
2 3 2 3 2 3
which is equialent to
m, m, m
g4 b, "¢

From the results (12) and (13), we obtain the following refinement

of Panaitopol’s inequality :
2—<—+-—<— (and analogs) (14)

Now, using the formula
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bc
hg = T (and analogs), we obtain the equivalent expression of (9) :
m, m. a
24 e
b + Pt (and analogs)

We have, in any triangle ABC the following relation
p? = ny,% + 2r,h, (and analogs)
This relation can be rewritten as follows

ptng 27,
ha p—Ng

(and analogs)

S
By this relation and the formulas h, = = S = pr,we have

a

p _ptng ng 21 na( d logs)
7 h - h h, p—n, h. and analogs

From the result (15), we obtain

m, m, na< 2r,

b ¢ h, p-m,

(and analogs)

or,

m, m, ng\ 1 -n
( b4 a) >p 2 (and analogs)

b ¢ h, - 2r,

Adding this inequality with similar ones and using the identity

EINRE R l,we obtain the following inequality
Tq Tp Tc r

m, m, na>‘1 p 1(na n, nc>

A T . > (£ 4 4 ¢
Z(b+ c+ha T 2r 2 ra+rb+rc
cyc

From the inequality (16), we have

1 m, m, n,
—(p— —+—+— <
;@ na)( PR ha> < r, (and analogs)

Adding this inequality with similar ones and using the identity
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7y + 1, + 7. = 4R + r, we obtain the following inequality

ZZ(p na)< +—+ )<4R+r (18)

cyc

We have the following identity

gb gc

—+4+—=2R+5
+ n, + n, + 5r.
Then we obtain the following inequality

2Z(p na)< 4 M "Z)s %+2(R 2r) (19)

cyc cyc
Again, by the relation p? = n,? + 2r,h, (and analogs), we have

b—Ng 21,
h, p+n,

(and analogs)

By this relation and the formulas h, = = S = pr,we have

a p p—n, n, 2r, n,
2= h. - k. +ha_p+na+ha (and analogs)

From the result (15), we obtain

m, m. n 2r,
bca<

5 T~ h_a —— (and analogs) (20)
or,
m, n,
- (p +ng,) ( +—— —) < r, (and analogs)
c h,

Adding this inequality with similar ones and using the identity

T, + 1, + 7. = 4R + r, we obtain the following inequality

Z(p+na)( +———><4R+r (21)

cyc
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Using the following identity

gb gc
h‘b hC Sr
we obtain the following inequality

ZZ(p+na)< +—C——) Z‘qi+2(R 2r) (22)

cyc cyc

In this part, we will prove the following inequality, in any non- obtuse triangle ABC,

we have
2m,%2  b? + c?
™ +arc < iR (and analogs) (23)
By the formul 4=t 4 cos?
y the formulas cosA = he and cos®

_ 1+ cosA

> , we have the two relations

Amy? =2(%*+c?)—a?=b*+c?+ (b?>+c?—a?)=b*+c?+ 2bccosA
A
1, + 1. = 4R cos? 5= 2R(1 + cos A).
Using these relations, the inequality (23) is succesively equivalent to

T, + T,
4m,? < %(b2 +c?) © b2+ c?+2bccosA< (1+cosA)(b?>+c?) &0

< (b —c)?cosA,
s
which is true because cos A = 0. Equality in (23) holdsif b = cor A = >

Using the identity (3), we obtain the following inequality, in any non- obtuse triangle ABC,

we have
b? + c? b—c\?
rp+71r.< + 4R cos A (—) (and analogs) (24)
2R a
) _ bc 2bcm, ] )
By the inequality (23) and the formulas h, = —, s we obtain the following

2R’7% T b2 4 2’
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inequality, in any non- obtuse triangle ABC holds

Ty +TC > m,s,
2 ~ h,

> m, (and analogs) (25)

In this part, we will prove the following inequality chains, in any triangle ABC,

if w — Brocard's angle, we have

R m, m, m,+m, m, mg
—=2—+-— = > max{Z—,—+—} and analogs 26
r=h,  h, ~sinw nyth, hy h) ¢ gs) (26)
R>mb+mc> {1 2ma}>b_}_c>c+a+a+b (and logs) 27)
—>—+—2>max)— 22—t —+—-2= and analogs
r h, hy sinw h, c b a+b c+a &
R m, m 1 m m, m m,+m, my+m
—2—b+—chax{_ ,2—“}2—”+—‘2 4 by 2 ° (and analogs) (28)
r  h, b sinw’  h, m,. m, my,+m, mg,+m,

Lemma 1. In triangle ABC, w — Brocard's angle, we have

m, m,

h, h, sinw

(and analogs) (29)

Proof. Using the known median formulae we have

4emy, = (/4c2(2¢? + 2a2 — b2)

= \/(362 + a? — b2)2 + 2(a?b? + b?c? + c2a?) — (a* + b* + c*),

by the identity 1652 = 2(a?b? + b%c? + c?a?) — (a* + b* + ¢*), we get

m, cmy \/(3c2 + a? — b?%)2 + (45)?
h, 2§ 8S '

Similarly, we get

me \/(3b2 + a? —c?)2 + (45)2
h, 8S '

By the triangle inequality, we have

Va2 +y2+z2 + 62 = J(x +2)2 + (y + t)?,

for all real numbers x, y, z, t, with equality if xt = yz.
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25
Using this inequality, the formula sinw = and the identit
& quality va2b? + b2c? + c2a? Y

165% = 2(a®b? + bc? + c2a?) — (a* + b* + c*), we obtain

my, me /(3c%+ a? — b2)? + (45)? + /(3b? + a? — ¢?)? + (45)?
—_ +_ —
he  hyp 8s

- \/(Zaz + 2b2 + 2¢2)?% 4+ (85)2 B \/16(a2b2 + b%2¢c? 4 c%a?) 1
- 8S B 8S "~ sinw’

which completes the proof of (29).
The equality in (29) holds if (3c? + a? — b?).4S = (3b? + a? — ¢?).4S, i.e. b =c.
Lemma 2. In triangle ABC, we have

4m,m, < 2a® + bc (30)
Proof. Using the known median formulae we have

(4m,m.)? = (2¢? + 2a? — b?)(2b% + 2a® — c?)
= 4a* + 2a%(b? + c?) — (2b* — 5b%c? + 2¢%)

= (2a? + bc)? + 2a%(b? + c? — 2bc) — 2(b* — 2b%c? + ¢*)
= (2a? + bc)? = 2[(b + ¢)? — a?](b — ¢)? < (2a? + bc)?,
the last inequality is true by b + ¢ > a. Equality holds if b = c.

Lemma 3. In triangle ABC, w — Brocard's angle, we have

1 - my, +m,
sinw ~ h,+h,

(and analogs) (31)

28 28
Proof. By the formulas h, = — (and analogs) and sin w = ,the
a Va2b? + b%c? + c?a?

inequality (31) can be rewritten as follows

2bc(my, +m,)

Ja?b? + b2c? + c2a? >
b+c
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(2bc(m,, + mc))2 = (bc)?(4my? + 4m,? + 2.4mum,)
< (bc)?[(2¢? + 2a? — b?) + (2b% + 2a? — c?) + 2(2a? + bc)] = (bc)?[8a? + (b + ¢)?]
By the AM — GM ineuality, we have
8(bc)? = 4bc.2bc < (b + ¢)?(b? + c?),

Then

= a’b? + b%c? + c?a?,

2bc(my, + m)\’ _ b+ ?®* + cMa? + (be)*(b +¢)?
( b+c ) (b +c)?

which completes the proof of (31). Equality holds ifb = c.

Lemma 4. In triangle ABC, w — Brocard's angle, we have

1 m, m,
- >—+—-—
sinw  h, h,

(and analogs) (32)

28 28
Proof. By the formulas h, = — (and analogs) and sinw = ,the
a Va2?b? + b%c? + c2a?

inequality (32) can be rewritten as follows

Ja2b? + b2c? + c2a? = bmy, + cm..

By the following inequality (x + y)?
< 2(x?% + y?), for all real numbers x, y, and using the known

median formulae, we have

b%(2c? + 2a? — b?) + c?(2b? + 2a? — ¢?)
(bmy + cm,)? < 2(b*>mp? + ¢?m/?) = 5

2732 2.2 2.2 (b* —c?)? ) 2.2 2,2
= (a*b* + b%c +ca)—T£ab + b%c* + c%a*,

which completes the proof of (32). Equality holds ifb = c.

From the inequalities (12), (29), (31) and (32) yields the desired inequality chain (26).
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Lemma 5. In triangle ABC, w — Brocard's angle, we have

1 _b
——>—+
sSinw C

(33)

S A

Proof. By the formula sin w
28

~ VaZb? + bZc? + c2a?

, the inequality (33) can be rewritten as

bey azb? + b2c? + c2a? > 25(b? + c?).

Using the identity 16S? = 2(a?b? + b%c? + c?a?) — (a* + b* + ¢*), we have
4(25(b2 + cz))2 = [2(a?b? + b?c? + c?a?) — (a* + b* + ¢Y)](2b%c? + b* + ¢*)

= 4b%c?(a?b? + b%c? + c?a?) — a*(b? + c?)? + 2(b* + ¢*)(a?b? + c?a?) — (b* + ¢*)?
= 4b%c?(a’b? + b?c? + c?a?) — [a?(b? + c?) — (b* + cH)]?
< 4b%c?(a’b? + b?c? + c?a?),
which completes the proof of (33).
By Tereshin’s inequality, we have

b? + c?
4R

my = (and analogs)

bc
and by the formula h, = SR’ we obtain

zma>b2+cz_b+c( d analogs) 34)
nZ be —cth and analogs

Lemma 6. If a, b, c be positive real numbers, then we have

c+a a+b
+ .
a+b c+a

b
- (35)

+ ¢ =
b=
Proof. The desired inequality is successively equivalent to

b a+b c+a c a(b—c)>a(b—c) a(b—c)[b(a+b) —c(c+ a)]

>_
c c+a a+b b(:)c(c+a)_b(a+b)® bc(c +a)(a+ b) -
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ala+b+c)(b—c)?

bc(c + a)(a + b) =0,

which is true and the proof of (35) is complete. Equality holds if b = c.

From the inequalities (12), (13),(29), (33), (34) and (35) yields the desired inequality chain (27).

35
Since m,, my,, m, can be the sides of triangle with area S, = T
__ 3a
median m, = e (and analogs) altitude
25, 3S _ 25
hg = = (and analogs), and by the formula sin w = :
mg  2mg Va2b? + b2c? + c2a?

9
and the identity m,?m;,? + m,?m.? + m.?m,? = 16 (a?b? + b%c? + c2a?),then we have

28, ~ 28

ma .
=— and sinw,, = =
hq Jme2mp? + mp?m.2 + m?m,?2  Va?b? + b%c? + c2a?

= sin w.

9}”95'

Applying the inequalities (33), (34) and (35) in Am,m;,m. and using the previous results, we

obtain the following inequalities

1 m, m,
>— 4 — d 1 36
sinw = m. + - (and analogs) (36)

m, m, m,
> _
2 h, Zm. + . (and analogs) (37)

m, m, mg+m, my+m
b e Ta b b ° (and analogs) (38)
m, m, my+m, mg,+m,

From the inequalities (9), (10), (26), (33), (34) and (35)
yields the desired inequality chain (28).
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