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1101.

~ A ABC, I —incenter, r — inradius, R — circumradius
» 2b=a+e¢, LABC = 4LDEF

» find:

[ 19-09—22  A.B.T.

* figure is not to scale

R
2b = a + ¢, and <DEF = <ABC = - =7?

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Soumava Chakraborty-Kolkata-India

. AF b AF+BF b+a
Angle — bisector theorem = — =—= =

BF a BF a
i ca ] AE ¢
= BF = and also, angle — bisector theorem = CE = a
AE+CE c+a (i) ab
= = = CE =
CE a B ct+ta c
Now, cosine law = (BF2 + wZ — 2BF.wy, cos E) + (CE2 + w2 — 2CE.w,. cos E)
SFE? via (i),Gi)  a?b? N 4ca (s—b)—2 ca 2ca s(s—b)
= = .s(s—b) —2. . )
(c+a)? (c+a)ZSS at+bc+a ca
N c?a? N 4ab ( )2 ab 2ab s(s—o¢) R
(a+b)? (a+b)2'ss ¢ ‘c+aa+b ab
- 2FE? — a’b? N c2a? N 4ca ( b)( 1 1 )
" (c+a)? (a+b)? cta ™ c+a a+b
N 4ab ( )( 1 1 )
a+b'S S—¢ a+b c+a
B a’b? N c2a? N 4as(b —¢) c(s—b) b(s—c)
" (c+a)? (a+b)? (c+a)a+b)'\ c+a a+b
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a’b? cZa?
T LARCEIDE
.(c(s—b)(s+s—c) —b(s—c)(s+s—b))
a’b? cZa?
T LARCEIDE
.(cs(s —b)—bs(s—c)+c(s—b)(s—c)—c(s—Db)(s— c))

4as(b — ¢)
(c+a)?(a + b)?2

4as(b — )
(c+ a)?(a + b)?2

a’b? c?a? 4as(b — c)?
T e et (& T PE0)
a’b? cZa? 4as(b — c)?
" T @in? erap@ipy S TS Ts@s-a)+b)
a’b? cZa? 4as(b — c)?
.(as + bc)

“Gra? (@1b? (c+a)?(a+tb)y?
3 a’b? + c?2a? —a*(b—-c)?*(a+b+c)? —2abc(a+ b + c)(b — c)?
(c+ a)?(a + b)?
_ 2a®bc(a+b +c) + 2a’b?c? — 2abe(a+ b + c)(b — ¢)?
- (c+ a)?(a + b)?
2abc(a+b + ¢)(a? — (b — ©)?) + 2a?b?c?
- (c + a)%(a + b)?
, abc(a+b +¢) (az(b +¢)? - (b% - cz)z) + a?b?c?(b + ¢)?
“ FEZ = C+ (@t b2®+ 02

0]
= FE? + DE? — DF? !

abc(a+b +c) (az(b +¢)? + c?(a+b)? — b%(c + a)? — (b% — cz)2 —(a? - bz)2 +(c% - az)z)
(c+ a)?(a+b)2(b + c)?
a?b?c?((b + ¢)? + (a + b)? — (c + a)?)
(c+a)?(a+b)2(b + c)?
Now, P = a?(b + ¢)? + c*(a + b)? — b%(c + a)? — (b? — cz)2 —(a? - bz)2
+(c% - a?)” = 2b2c? + 2a?b? — 2b* + 2abc(a + c — b)
2(c+ a)? (cz +a? - (c -I;}a)z) cta
= 2 +ca(c+a)(c+a— > )
_ (c+ a)? (c+a)? L © (c + a)?(3c? + 3a? + 2ca)
2 8

Again,Q = (b+c)?+ (a+b)?>—(c+a)*=2b(a+b+c) —2ca
cta () 3c% + 3a? + 2ca
=(c+a)<c+a+T)—2ca=>Q = >
= (%), (), (+¢) = FE? + DE? — DF?
ct+a c+a\(c+a)?(3c?+3a’+2ca) | , , (c+a)? 3c%+3a’+2ca
ca( > )(c+a+ > ) 3 +cta? >
(a+b)2(b + c)?(c + a)?

and analogs

.<c2+a2+ca—
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_ca(c+ a)?(3c? + 3a? + 2ca) (3(c + a)? N
~ "8(a+b)2(b + 0)%(c+a)? 4 ca
ca(c+ a)?(3c%? + 3a? + 2ca)(3c+ a)(c+ 3a
_ |FE2 4 pE2 _ ppz @ 2+ )X X )
32(a+b)2(b + c)2(c + a)?

N [DEF]+[BDF]—[BEF]+[BED]=>1 FE.DE.sinB+~.—— % GinB
ow, = 5 FE.DE.sin 2'b+c'a+b'sm
B B
1 ca an.cosi B 1 ca 2ca.c0s7 B
=—. . .sin—+ —. . .sin—
2 a+b ct+a 2 2b+c c+a 2
FE. DE. sin B + c%a®.sinB c%a?.sinB N c%a?.sinB
= FE.DE. =
ST b ro@+b) (@+b)cta) (b+olcta)
2 2 _p2
LpEpE=C A bretatbc-a) o o osB= 2ca
T T @b+ okt a) RSB T )b+ Oc + )
2
ca(c+a)(c2+a2—@)
~ 7 (@+b)bt+tolct+a)
(um) ca(c + a)(3c? + 3a? — 2ca)
= |2FE.DE. XDEF) = B = XDEF
cos(<DEF) 2@ rocta | cosB = cos(«DEF)

ca(c + a)?(3c? + 3a? + 2ca)(3c + a)(c + 3a)
32(a+ b)2(b + ¢)%(c + a)?
_calc+a)(3c* +3a*—2ca) (3c?+3a?+2ca)3c+a)(c+ 3a)

4a+b)brocta) 8(a+ %) (84 0)

(3¢ +3a? + 2ca)(3c+ a)(c + 3a)
2(3c+a)(c+ 3a)
=3c2+3a’+2ca=6c2+6a’>—4ca=3c?+3a’—-6ca=0=3(c—a)> =0
=>c=aand2b=c+a--2b=2c=2a=>a=b=c

Now,(m),(mm) >

=3c?+3a%—-2ca=> =3c%2+3a%? - 2ca

R
= A ABCis equilateral = T 2 (ans)

1102. In any acute A ABC holds:
6max{h,, hy, h.} > 3min{r,, ry, r.} + 2 n,

cycC
Proposed by Bo;dan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India
3.min{r,, r, r.} + Z n, < 3.min{r,, r,, r.} + 3. max{n,, ny,, n}
cyc
é 6.max{h,, h,,h.} © max{n, n,, n.} + min{r,, r,, r.} é 2.max{h, hy, h}
()

(e2)
WLOG we may assume a < b < cand then, (*) © n, +r, < 2h,
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b+c>R_abcs_ 2abc
“r 4F2 (b+c—a)(c+a—-b)la+b—-0)
o Mb+c)la+b-c).(b+c—a)(c+a—Db)>2a’bc
& (ab + b%? —bc + ca + bec — ¢?)(bc + ab — b? + ¢? + ca — bc — ca — a? + ab)
> 2a’bc © 2a?b? + 2a’bce + 2ab(b? — c?)
—(a? + b? — c?)(ab + ac + b? — ¢?) > 2a’bc
& 2a’b? — (a? + b?% — c%)(ab + ac) + 2ab(b? — ¢2?) — 2ab(b? — c?).cosC >0
C
& 2a’b? — a?(ab + ac) — (b? — c?)(ab + ac) + 2ab(b? — ¢?).2 sin? 2 >0
& a?(2b? — ab — ac) — (b?2 — c?)(ab + ac) + (b> —c?)(c? - (a—b)?) >0
< a?(2b? —ab —ac) + (b?2 — c?)(c? —a? —b? +2ab—ab —ac) >0
= ((a2 —b% +c?) + (b? - cz)) (2b? —ab — ac)
+(M% -c?)(c?—a?—-b% +ab—ac) >0
& (c2 + a? — b?)(2b% — ab — ac) + (b?> — c?)(b%? + c?2 —a? —2ac) >0
& (b%2 — ¢?)(b? + ¢ — 2ac) — (b? — ¢2)(2b? — ab — ac) + a?(2b? —ab — ac)
—a?(b%2-c?) >0
& (b% - c?) ((c2 —ca) — (b? — ab)) + a? ((c2 —ca) + (b? — ab)) >0
e (c2—-ca)(b?-c?2+a?)+ (b?—ab)(@®*+c?2—-b?*) >0
scc—a)a?>+b?>-c?®)+bb-a)(c®?+a?—-b?*)>0

- true - A ABC being acute = (a? + b? — ¢?),(c?* +a? —b?*) >0anda<b <c

Now,

b+c R
=>(c—a),(b—a)=>0 . > —
a r
A B—-C
4RcosfcosT R B-C A B-C
> =2 (cos —sin —) cos =1
AR A_. A AR si A. B_. C 2
cos > sin siny sin5 siny
2B—C B-C A ©O)
= 2 cos — 2 cos smi—lzo

Now, Stewart’s theorem = b?(s —c¢) + c?(s—b) = an? + a(s — b)(s — ¢)
= s(b? + ¢%) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? > an?
4sbc(s—b)(s—c)(s—a)
bc(s — a)

2 24 A 2 2 2
=as“—2a (7> (s — a) = as“ — 2ah,r, -~ n; =s“ —2r,h,

= as? + s(2bccosA — 2bc) = as? — 4sbcsin? 5= as? —

4N?
s—a

= as? —

? ? A
=>n2+r?=s%-2rh, +r? < 2h% < 2h% + 2r,h, > s? + s tan? =

2

8s2.16R%sin? Asin? Bsin2¢ 4. 4RrsinAsinBsinSs.stan? ? A
o 2SI sy 2SNz sing 2 gecz?
. o A A A A - 2

2¢in2 B coez 2 2A, A

16R“sin 5 €0S* 5 4Rcos ztan2

asin? Bainz € 4 2 cin®sinBainC 2 1

& — — —sin—=sin=
sin® > sin” 5 sin sin sin > >
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2( B-C A)2+2 _ A( B-C A);l
@ —_ J— J— —_— J—
cos — sin 7 sin > { cos— sinz ) =
(”2 . B C B—-C B+C B—-C . A)
s 2sinz sin> = cos— €os —— = cos—; sin >
2( ,B-C A A B—C>+2_ A B-C A
e —— —. —. - ——
cos® — sin? 2 sin . cos— sin . cos — sin” 2
’ B-C B-C A 2 _
> 0 © 2 cos? — 2 cos sin - — 1> 0 - truevia (x) . n2 + r? < 2h?

CBS
>n,4r1, < 202 +1r2) </4hZ = n, + 1, < 2h, = (e¢) = (o) is true
-~ in any acute A ABC, 6. max{h,, hy, h.} > 3. min{r,, r,, r.} + Z n,,

cyc
" =""iff A ABC is equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since n, + n, + n, < 3.max{n,, n,, n.} then it suffices to prove,
2max{h, hy, h.} = min{r, r,,r.} + max{n, n,, n.}

We have :
2 —n.2 — 2 b — c)?
b_"a=<s_,,+u>_<s_a+l>
s b a
a(c—a)? —b(b—c)?
=a—-b+
ab
(a—b)(a®? +ab + b? —2ca—2bc+c*) (a—b)(a+b-c)?
=a—b+ = )
ab ab
soifa < b then n, > n,.
2F

WLOG, we assume thata < b < c. Since h, = Py T,

“—a (and analogs) then we have,

max{hg hy, h;} = hy, min{r,,r,,r.} =71, and max{n,n,n;}=n,.
Now, we have :

s(b—c)* 2 sla®? — (b—c)?] _ _ 4s(s — b)(s —¢)

2 _ 2
n2=s(s—a)+ s
2 =s(s—a) - 2
4s.sr? 2 _op q . A
= —g2_ r,, and r, = stan—.
a(s —a) a a a 2

Using these results, we have :

7 RMM-GEOMETRY MARATHON 1101-1200
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A
(g +ng)? < 2(r 2 + ny,?) = 252 (tan2 >+ 1) —4h,r, = 4~ 4hatq
cos? 5
_ 2sbc  8s’r?
“s—a a(s—a)
2s(abc — 4sr?) 8s?r(R—r1) 4 2r(s — a) R+r 2sr
= = < (2h)? ® R—-r< s <
a(s—a) a(s—a) (2h,) T a R Ra
1
= Z CosA < EZ acosd 0
cyc cyc
b—a c—a Lo
< .coSB + .cos C, which is true.
Then, 2h, >r, +n, or 2max{hy hy, h.} = min{r,r,,r.} + max{n, n, n.}.
Therefore,
6.max{h, hy, h.,} = 3. min{r,, ry,r.} + n, + n, + n,..
1103.

A

» BEDF parallelogram

» S=[ABC] (area)
c b

Fl di N\ D
K
'dy [23 — 09 —22 ABJT.

B E c

a

» | tanf = % (-{‘d:',———’_ —Cd'-) = b—'
: T aday(—a? + b2 + c?) — ed(a? + b* — e2)

Proposed by Thanasis Gakopoulos-Farsala-Greece

8 RMM-GEOMETRY MARATHON 1101-1200
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Solution by Soumava Chakraborty-Kolkata-India

4(ad; +cdq) * S 4S.2R(d; sinA + d; sin C)

ad,(—a? + b? + ¢2) — cdy(a? + b2 — ¢2) - ad,.2bc.cos A — cd;.2ab.cos C
_ 4S.2R(d; sinA + d; sin C)

~ 8RS(d; cosA — d; cosC)

- 4(ad; + cdy) *S () dzsinA +d; sinC
ad,(—a? + b2 + c2) —cd;(a? + b2 —c2)  d,cosA—d;cosC
a— d1

(%)
Now, via sine rule on A DEC,— =——>=d;sinA+d;sinC = asinC
sinA sinC

Again, via cot rule on A ABC with BD as cevian,b cot® = xcotA — (b — x) cotC

B (cosA_l_ cosC) R sin(A + C) beotC = x. 2R _ b cotC
~*\sinA " sinC cott =X SinA sinc O T Xac PO
4R?
‘o 2Rx — ac.cotC tan 6 ac
= = = =
co ac an 2Rx — ac.cotC
First cosine rule on A DEC a.2RsinC
2R(d; cosA + (a — dy) cosC) — ac.cotC
via (++) 2R(d; sin A + d; sin C)
2R(d; cosA + (a —d;) cosC) — a.2RsinC. (S:(l)l‘f((::
_ d; sinA + d; sinC _ d;sinA +d;sinC
"~ dycosA+acosC—d;cosC—acosC dycosA—d;cosC

via (+) 4(ad; +cdq) * S
"~ ady(—a? +b? + ¢2) — cd,(a? + b2 — c2)
4-(ad2 + Cdl) * S

~tanB = ED
an ad,(—a? + b? + c2) — cd;(a? + b2 — ¢2) (QED)

9 RMM-GEOMETRY MARATHON 1101-1200
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1104. In any acute A ABC,

2. max{hZ, hi, h?} > max{nZ ng, n?} + min{rZ, r?,r?}

and 2. max{h,, hy, h.} = max{n, ny,n.} + min{ry, ry, r.}

Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India,
WLOG we may assume a < b < c and then : max{h, hZ,h?} = hZ;
max{nZ, n?, n?} = nZ; and min{r?, 1 r?} = r?

Q)
« 2.max{hZ h{, h?} > max{nZ, nf, n?} + min{rZ r, r?} © 2hZ > n? +r?
and moreover, 2. max{h,, hy, h.} > max{n,, ny, n.} + min{r,, ry,, r.}
< 2h, (2) ng +r,
b+c>E:abcs: 2abc
“r 4F%2 (b+c—a)c+a—-b)a+b-0c)
e Mb+c(a+b-0c).(b+c—a)c+a—b)=>2a’bc
& (ab +b? —bc+ ca + bc — ¢2)(bc + ab — b% + ¢ + ca — bc — ca — a? + ab)
> 2a’bc & 2a?b? + 2a’be + 2ab(b? — ¢?)
—(a? + b% — ¢2)(ab + ac + b% — ¢?) > 2a’bc
& 2a?b? — (a? + b% — c2)(ab + ac) + 2ab(b? — ¢?) — 2ab(b? — ¢?).cosC > 0
& 2a*b? — a?(ab + ac) — (b? — c?)(ab + ac) + 2ab(b? — c?).2 sinzg >0
& a?(2b? — ab — ac) — (b?2 — c¢%)(ab + ac) + (b* — c?)(c? — (a—b)?) = 0
& a?(2b? —ab — ac) + (b? — c?)(c* —a* —b% + 2ab—ab —ac) = 0
& ((a2 —b%+c2)+ (b% - cz)) (2b? — ab — ac)
+(b? —c?)(c?—a?-b*+ab—ac) =0
& (c? + a? — b?)(2b% — ab — ac) + (b? — ¢?)(b? + c? — a%? — 2ac) = 0
& (b% — c?)(b% + ¢ — 2ac) — (b? — ¢?)(2b% — ab — ac) + a*(2b? — ab — ac)
—a?(b*-c?) =0
& (b? - c?) ((c2 —ca) — (b% - ab)) + a? ((c2 —ca) + (b? — ab)) >0
& (¢ —ca)(b? — c? + a?) + (b* —ab)(a? + c* —b%) = 0
s clc—a)(a®+b%—c2)+b—a)(c2+a*—-b%) =0
- true = A ABC being acute = (a? + b*> — ¢?),(c? +a* —b?) >0anda<b <c

Now,

b+c R
>(c—a),(b—a)=>0. >—
a r
A B—-C
4RcosicosT R B-C A B-C
> =2 (cos — sin —) cos =1
4Rcosasin®  4RsinasinSsinS 2
cos 5 sinz sinz sin5 sin
2B—C B-C A ()
= 2 cos —2cos smE—lzo

Now, Stewart's theorem = b?(s — ¢) + ¢c?(s —b) = an? + a(s— b)(s — ¢)
= s(b? + ¢?) — be(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢2) — 2sbc

10 | RMM-GEOMETRY MARATHON 1101-1200
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= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as? = an?
4sbc(s —b)(s—c)(s — a)

A
= as? + s(2bccosA — 2bc) = as? — 4sbcsin? 5= as?

be(s — a)
472 20\ / A
:asz_s_a=a52_2a<7)(s_a)=asz_2ahara...nézsz_Zl:ha
? ?
= n2 +r2 =s? — 2r;h, + 12 < 2hZ & 2h2 + 2r,h, > s% + 52 tanZE
8s2.16R?sin? 2sin? Bsin2$ 4. 4Rsin2AsinBsinSs. stand ? A
o 2 2 2+ 2 2 2 23 .2 2
.. 2A LA LA, A =Ssecy
16R*sin 7 C0s° 5 4Rcos ztanz
@8_2B_2C+4_A_B_C;1
sin® > sin® > sinZ sin— sinz >
2( B-C _A)2+2_A( B-C _A);l
@ J— pa— p— —_— —_—
cos— sin sin | cos— sinz | =
(--2 . B C_ B-C B+C B-C . A)
:2sinzsins = cos— €os—— = cos— sin
2( ,B=C LA L A B—C)+2 LA B-C A
s —— —. —. - ——
cos sin® > sinZ. cos— sin- . cos— sin® >
? B—-C B—-C

> 0 © 2 cos?

?
sini —1 >0 - truevia (x) -~ n2 +r? < 2h%

CBS ?
= (o) is true and also,n, + r, < /Z(n,zl +12) < 2h, © n? + 12 < 2h?
- true via (+) = n, + r, < 2h, = (e¢) is true .. in any acute A ABC,
2.max{h2,h{ h?} > max{nZ nf, n?} + min{rZ, r,r?} and
2. max{hal hb: hc} = max{na; ny, nc} + min{ra) Iy, rc};
" =""iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly, we have :

nbz_naz:<s—b+(c_a)2>—(s—a+(b;c)2>: a—b+a(c_a)2_b(b_c)2

s b ab
(a—b)(a® +ab+b*—2ca—2bc+c*) (a—b)(a+b—c)?
=a-b+ = )
ab ab
so if a < b then n, > n,. WLOG,we assume thata < b < c.

. 2F
Since h, = P r, =

- (and analogs) then we have,

max{h,, hy, h.} = h,, max{n,n,,n.}=n, and min{r,r,,r.} =r,.
Now, we have :
s(b — c)? B

_ s[a? — (b — ¢)?] o 4s(s- b)(s —¢)

nl=s(s—a)+ s2 s2
a a
_ 4ssr? oh 4 — st A
= Ta_a " ° aTw and T, = stan.
Using these results, we have :
2L, 2_g2 (1 + tan? A) 2k s? ok sbc  4s?r?  s(abc — 4sr?)
n ri=s an?=)—2h,r, = —2hor. = _ _
a a 2 ala COSZ% ata = a(s—a) as—a)

11 | RMM-GEOMETRY MARATHON 1101-1200
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_4szr(R—r) é R R_r<2r(s—a) o R+r<Zsr <
T as-a) 7 - a R ~ Ra
aZcosASZacosA
cyc cyc
< 0<(b—a)cosB + (c — a) cosC, which is true.

CBS

Then, 2h,% >n,2+71,2 and 2h, >2(n2 +1.2) > ng +ra.
2max{h,? hy? h*} > max{n2 ny% n 2} + min{r,2, ry?,r.2}
2max{hg,, hy, h.} > max{n,, n,,n.} +min{r,ryr.}.

1105.

Prove that :

dy a(—a? + b? + ¢?)

— = = A BDC is right
d, c(a?+b?%-c?) &

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Soumava Chakraborty-Kolkata-India

4(ad; + cdy) * S 4S.2R(d; sinA + d; sinC)

ad,(—a? + b? + ¢%) — cd;(a? + b2 — ¢2) - ad,.2bc.cos A — cd;.2ab.cos C
_ 4S.2R(d; sinA + d; sin C)

~ 8RS(d, cosA — d; cosC)

. 4(ad; + cdy) * S () dzsinA +d; sinC
ad,(—a? + b2 + c2) —cd;(a? + b2 —c2)  d,cosA—d;cosC
a— d]_ dz

(++)
Now, via sine rule on A DEC, — = — = dysinA+d;sinC = asinC
sinA sin C
Again, via cot rule on A ABC with BD as cevian,b cot® = xcotA — (b — x) cotC

12 RMM-GEOMETRY MARATHON 1101-1200
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b
B (cosA cosC) b cot C — sin(A + C) b cot C = 2R b cot C
=~ *\SinA " sinC COtL = X-SinA sinC cotL=%"ac co
4R2
‘0 2Rx — ac.cotC tan 6 ac
= = = =
€0 ac an 2Rx — ac.cotC
First cosine rule on A DEC a.2RsinC
- 2R(d; cos A + (a — dy) cos C) — ac. cot C
via (++) 2R(d; sin A + d; sin C)
2R(d; cosA + (a —d;) cosC) — a.2RsinC. g(l)rf((lz
_ d, sinA + d; sinC _ dzsinA +d;sinC
"~ dycosA+acosC—d;cosC—acosC d,cosA—d; cosC
Via_(*) 4-(ad2 + Cdl) * S
"~ ad,(—a? +b? + ¢2) — cd,(a? + b2 — c2)
4(ad, + cdy) * S d; a(—a?+b?%+c?
S tan @ = ( 2 1) and - 1 ( )

ad;(—a? + b?% + c2) — cd{(a? + b2 — c?)
~ady(—a?+b? +c?)—cdy(a®? +b*—c?) =0 = tan =
= 0 = 90° = A BDCisright (QED)

d, c(a?+b?2—c?)
4(ad2 + Cdl) * S
0

1106. In AABC holds :
m(2A4) <90 © n 2 > r,(r, — 2h,).
m(2A) =90 © n % <1, (r, — 2h,).

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have,
s(b — ¢)? sla? — (b — ¢)? 4s(s—b)(s—c
n.? = s(s—a) + ( ) _ 2 | ( )]:SZ_ ( )( )
a a
4s.s12 r, 2
=s? - =—2 __2r,h,=1, = 2h,
a(s —a) tan? 5 tan? 5

A 2 T,
Then m(ZA) <90 tan—-<1on,°=r, 4~ 2ha | 2 ro(rqa—2h,),
2 tan2 5
2
A 2 T,
m(zA4) > 90 & tanE >1en, =r, yim 2h, | <1.(ry—2h,).

22
tan 2
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1107. In any acute A ABC with a = min{a, b, c}, the following relationship holds :

“—1|>R+hy,+h,

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

b+c A m, b+c A b+c (b+c)Z
cos—,then, — > CcoSs — .
2 W, 2 4bc

Since, m, >

2° A
2bccos 2

By Tereshin and CBS inequalities, we have,

mym, (c? + a?)(a® + b%) (2R)? _ (ca+t ab)? (b +c)?
hyh, — (4R)? ‘ca.ab™ 4a’bc = 4bc

Using these results, we obtain,

mamym, (b +c)?
w,hyh, —  4bc

(and analogs)

Then,

r Z mymym, . (b;l)—c)z_4 :r<(a+b+c)(ab+bc+ca)_1>

W, hb T abc

?

—r=h,+hy+h.—1r>R+hy+h, © hy >R+

_1.25.2R(hgs + hy + h,)
B 4Rsr

2F R+r
R R

o ZacosA Za.ZcosA o (b—-—a)cosB+(c—a)cosC >0,

cyc cyc
which is true because AABC is acute and a = min(a, b, ¢).

So the proof is completed. Equality holds iff AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

m,mpm, Lascu + Tereshin
———<—-1|-R-hy,—h, >
wahbhc

cyc

14 RMM-GEOMETRY MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(b+c)? A (c2+a?)(a*+ bz)\

4r <Z 2 %7 16R?

A ca.ab /_4F_R_hb_h°

cyc 2bc COSi.W

c§s4z (b +¢)? a%(b + ¢)?2 4r—R—h —h
= T 4bc ' 4a?bc r b= e

cyc

_ 41'2 a(b? + % + 2bc)

—4r—R—-—hy, — h
4abc r b Te
cyc
Y welab(2s —c¢)) + 6abc ab +bc + ca ca+ ab
_ Zeel ) —4r-R—hy,-h,=———— -r—R-
4Rs 2R 2R
4Rrs a+b+c
= —-r—-R=r.——-r—R
a.2R
m,mym, ) b+c
- 4r z —2 2 € _1|-R-hy—-h.>r —R
Wahbhc a

b+c>R_abcs 2abc

“r 4F2 (b+c—-a)(c+a—b)a+b—0¢)
e Mb+c)a+b-0c).(b+c—a)(c+a—-b)>2a’bc
& (ab +b? —bc+ ca + bc — ¢2)(bc + ab — b% + ¢ + ca — bc — ca — a? + ab)
> 2a’bc & 2a?b? + 2a’be + 2ab(b? — ¢?)
—(a? + b% — ¢2)(ab + ac + b% — ¢?) > 2a’bc
& 2a?b? — (a? + b? — c?)(ab + ac) + 2ab(b? — c¢?) — 2ab(b? — ¢?).cosC = 0

& 2a?b? — a?(ab + ac) — (b? — c?)(ab + ac) + 2ab(b? — c?).2 sin? ‘ >0
& a?(2b? — ab — ac) — (b?2 — c?)(ab + ac) + (b* — c?)(c? — (a—b)?) = 0
& a?(2b? —ab — ac) + (b? — c?)(c* —a* —b? + 2ab—ab —ac) = 0
& ((az —b%+c2)+ (b% - cz)) (2b? — ab — ac)
+(b% —c?)(c? —a*—b*+ab—ac) =0
& (% + a? — b?)(2b? — ab — ac) + (b? — ¢?)(b? + c? — a*? — 2ac) = 0
& (b% — c?)(b% + ¢? — 2ac) — (b? — ¢?)(2b% — ab — ac) + a*(2b? — ab — ac)
—a?(b*-c?) =0
& (b? - c?) ((c2 —ca) — (b% - ab)) + a? ((c2 —ca) + (b? — ab)) >0
& (c2—ca)(b? —c? + a?) + (b? —ab)(a® + c2 —b%) >0
s clc—a)(a®+b%—c2)+bb-a)(c?+a’*—-b%) =0

- true ~ A ABC being acute = (a? + b? — ¢2),(c? + a®> —b?) > 0 and

a =min{a,b,c}2a<b,c=>(c—a),(b—-a)>0=>(c—a),(b—a)=>0
b+c R b+c
>—>Tr.

r

a
m,mpm,
o (0)(o0) > 4 Z 2> ¢ 1|-R=h,—-h,>0
($)(o0) = 4r Wohoh, b — he

cyc

= in any acute A ABC with a = min{a, b, c},
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mambmc 17 . . -
4r Z —1]|=R+h,+h/” =" iff AABCis equilateral (QED)
wahbhc

cyc

1108. In any acute A ABC, the following relationship holds :

3r m, r
7= e =2 (1)
cyc

Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have,

z Tereshln z /bz + CZ CBS z b+c Mitriéwvic 3\/§T_ 3r\/g
L ’—b2+c2 -4 4VZR V2R - 2R 2R

Now, since AABC is acute, then we have,

Y 3y
T b2 + 2 b? + ¢2

cyc

B 32 1+b2+c2—a2 AMéGM BZ 1_I_b2+c2—a2
T4 bZ + ¢ - 4 2bc

cyc cyc

:\/%Z(1+COSA)=\/@=\/3(1—+4LR).

cyc

So the proof is completed. Equality holds iff AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

m? ébz + ¢2 o (b-c)?+4s(s—a)— 4s(s—a) ? (b —¢)?
s(s—a) ~— 2bc 4s(s — a) = 2bc
1 1 ? 4s(s —a) — 2bc) ?
b — 2.( - ) >0o (b- )2 >0
= ( ©) 2bc 4s(s—a) = b-of < 8sbc(s — a) )
PR i P U e ... S A>0
— —_— _— -
¢ 8sbc(s—a) — ‘4s(s—a) — rue - cos
m2 b2 + ¢? m, s(s - )

in acute triangles =

<
s(s—a)” 2b /b2+c2
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1 A
< —cos—and analogs = Z cos—
\/b2 + c2 oe \/b2 + c2 \/_ oe

f ’ZZCOSZ f /Z(l+cosA)-f \/3+1+—= (1+ﬁ)
cyc cyc
:Zm / 1+ VacuteAABC

m,mpme
+ a?)(a? + b?2)

cyc

Again,z—a ; 3.°
Si\b? + 2 V(b2 + c2)(c?

Lascu + A-G
and
Bandila _ ,|\/s(s — a).\/s(s — b).,/s(s — ¢)
= 3. = V6
R R R
JF.bc. T-ca F.ab
2 3 2.4
rs 7T rls ? r ?
> .6\/E<:>R3 264R6.216<:>Rs2 > 54r3 - true
—.16R2r2s2

(= = 8R3
R ’R
F . F .4Rrs r
Euler Mitrinovic
R > 2r ands 2 27r? = Rs? > 5413

z °r \/— 6 vV A ABC (QED)
e bz + c2
1109. In any A ABC, the following relationship holds :

Or COS A 9R
< <
b+ c  16rs

4rs =
cyc

Proposed by Marin Chirciu-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have,

— (a? + b? + %) — 4b(|

b cosA_za(b2+cz—az)_za[z(b+c)2
WL bre 2(b+¢) B 2(b+c¢)
cyc
(a+ b+ c)(a®+ b* + c?) +4abc_|_a2+b2 +c2>
2

=Z<a(b+c)_ 2(b + )

cyc

(a+b+c)(a?+ b% +c?) + 4abc 1 3
Y Yty
2 b+c 2

cyc cyc

cyc
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25.2(s2 —1* —4Rr) + 16Rsr  5s® + 12 + 4Rr

=2(s*+1r*+4Rr) - _
(s +7% + 4Rr) 2 2s(s2 + 2 + 2Rr)

+3(s? —1r% — 4Rr)

412 (3R2 + 5Rr + 21'2)

= 2Rr + 8r% —
rer s2+r2+2Rr

Now, by Gerretsen'’s inequality, we have,

s , 4r? (3R? + 5Rr + 21%)
abcz >
b+c (16Rr — 5r%2) + 12 + 2Rr
cyc
r(R — 2r)(12R + r) Fuder
— g2 S 2
9r- + 9R — 271 > 9r-4,
th cos A - 9r¢ 9Or
n, > = )
¢ b+c abc A4Rs
cyc
d ab z < 2Rr+8 41%(3R* + 5Rr + 21?)
and, anpc T+ 8rf (4R% + 4Rr + 312) + 2 + 2Rr

cyc
9R* (R- 2r)(18R3 +47R?r + 48Rr? + 241%) P OR?
4 9R — 2r < >

cos A - 9R? _ 9R
b+c~ 4abc 16rs

cyc

then,

which completes the proof. Equality holds iff AABC is equilateral.
Solution 2 by Soumava Chakraborty-Kolkata-India
c2+a*-b? a%?+b%-c?

+
2ca 2ab
_bc2+a2b—b3+ca2+b2c—c3

cosB + cosC =

2abc
_bc(b+c)—(b+c)(b2—bc+c2)+a2(b+c) ZCOSA
B 2abc b+c

cyc

— 2 _ 2 2
= Z“’SA Zbic _ZbC(b+c) (b + ©)(b2 —bc + ¢2) + a%(b + ¢)

2abc(b + ©)
cyc cyc cyc
_R+r (Zchcab+chcaz)+chcab_ 1 ZZab—Zaz
R 2s(s2 4+ 2Rr + r2) 8Rrs
cyc cyc
R+r 4s?+s2+4Rr+r1%  2(s?+4Rr +r?) — 2(s* — 4Rr — r?)
" R 2s(s?+2Rr+r?) 8Rrs
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cosA () (R+ 4r)s? — Rr(4R +r) Z cosA
b+c  2Rs(s?+ 2Rr +r2) b+c 16rs

via () (R + 4r)s? — Rr(4R + r)
(=4 =
2Rs(s2 + 2Rr +r2) 16rs

cyc

& (9R? — 8Rr — 32r?)s? + Rr(18R? + 41Rr + 8r?) (2) 0
9R? — 8Rr — 32r% > 0 and then : LHS of (+) > Rr(18R? + 41Rr + 8r?)
> 0 = (x) is true (strict inequality)
[Case 2| 9R? — 8Rr — 32r? < 0 and then : LHS of (+)

— (—(9R2 8Rr — 321-2)) s + Rl‘(lBRZ + 41Rr + 81‘2) Gerretsen
— (~(9R? - 8Rr - 32r2)) (4R? + 4Rr + 3r?) + Rr(18R* + 41Rr + 8r2) 0

? R
o 18t + 113 — 4612 —72t— 48>0 ( :F)

Euler

& (t—2)(18t3 + 47t% + 48t + 24) S0otruert > 25 (+) is true
cosA < 9R

b+c 16rs

. combining cases 1 and 2, () is true V A ABC .. in any A ABC, Z
cyc

cosA - 9r via(s) (R + 4r)s?> —Rr(4R +r) -
— @ —
b+c ~ 4rs 2Rs(s2 + 2Rr+r%2) ~ 4rs

Again,
cyc
(%)
& (2R—r1)s? > r(8R% + 20Rr + 9r?)
Gerretsen
Now,(2R—r1)s? > (2R-r)(16Rr — 5r?) > r(8R2 + 20Rr + 9r?)

Euler

& 12R? — 23Rr — 2r? > 0 (12R+1r)(R-2r) > 0->true~R > 2r

( ) - = : COSA > 9r -
= ( ®xx I v A AB‘ o A AB‘ _— zs AB‘
cyc

,equalities iff A ABC is equilateral (QED)

Or cos A 9R
—< <
4rs b+ ¢ 16rs

cyc

1110. In any A ABC, the following relationship holds :

A
2412 3 Z sec’ 5 3(7R2 +4r?)
F sinA o 4F

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2 A 2 B 2 C
WLOG we may assume a > b > c and then, sec 2 > sec 2 > sec 2
1 1 sec? 24 Chebyshev 1 ) A 1
and < = E sec” — E
smA sinB — smC smA 3 2 sinA
cyc cyc
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_ s+ (4R+1)? 2R(s% +4Rr +r?) 2 3(7R* + 4r%) 3(7R? +4r?)
3s? ' 4Rrs - 4F , 4rs
© 2s* — (31R? — 24Rr + 32r?)s” + 2r(4R + r)* < 0

O]
Gerretsen

Now,LHSof (x) < (8R?+8Rr+ 6r?)s? — (31R? — 24Rr + 32r?)s?
?

E :
+2r(4R+1)? < 0 & (23R* — 32Rr + 261r%)s? > 2r(4R +1)?

(+%)
Gerretsen

?
Now,LHS of (+) >  (23R% — 32Rr + 26r%)(16Rr — 5r%) > 2r(4R +r)?
? R
& 240t3 — 723t% + 552t — 132> 0 (t = ;)

Euler

?
& (t—2)(122t(t—2) +118t2 +t+66) =0 > true ~ t > 2
A
sec’ 5 _3(7R? +4r?)

= (xx) > (%) is true . z

sinA — 4F
cyc
x sec’z—ctan2 JZ—C + sec3 %
Now, f(x) = seci Vv x € (0,1) is convex = f''(x) = 2 >0
A A\? )2
z sec2 7 Berg;trom (chcsec 7) ]exgen R (3sec E) _ 12R Elger 24r _ 241-2
sin A - S . s s s F
cyc R
A A

. z sec27 N 24r2 . _ A ABC 2412 - z sec27 3 3(7R? + 4r?)
"L sina = ananenceinany ""F = /. sinA © 4F

cyc cyc

" =""iff A ABC is equilateral (QED)
1111. In AABC the following relationship holds,

(e
- b a
cyc

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Tereshin and CBS inequalities, we have,

) memy, ) (b2 + c%)(c? + a?%) (2R)? - (bc + ca)? B Jﬁ+ b
hohy, ~— (4R)? "bc.ca” abc2 \b Ja
Similarly, we have,
mym, b \/? m.m, \/? \/E
2 ’ > =+ |-, 2 / > =+ |-
hyh, —LJF b’ hh, —Na ¢
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Adding these inequalities yields the desired result.

Equality holds if and only if AABC is equilateral.

1112. In AABC the following relationship holds :

ra
6rz +2na233
s+n,

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine-Ben Ajiba-Tanger-Morocco
We have :

s(b — ¢)? B

s[a? — (b - ¢)?] _, 4s(s—-b)(s-o)
B a -5 a

nl2=s(s—a)+ s?

4s. sr? 2 _op T4 s—n
=——————=852-2h,r, = =
a(s —a) aa s+n, 2h,

2 (and analogs)

Also,we have,

nbz—naz:<S_b+(c—a)2>_<s_a+(b;c)2>: a—b+a(c_a)2_b(b_c)2

s b ab

+(a—b)(a2+ab+b2—2ca—2bc+c2)_(a—b)(a+b—c)2

=a-b ab ab ’

soifa>b then n, <n, or s—n, =>s—n,.

2F
WLOG, we assume thata = b > c. Since h, = Py (and analogs) then we have,

> > d 1>1>1
S—Mg=2S—Mp=S—M;,and . —=2-—=-——.
a b (4 ha hb hc

Using Chebyshev’s inequality, we have,

T, s—n, 1
N ) ) D YR
T st T h. T h. (s —ngy) s n,
cyc cyc

cyc cyc cyc

Therefore,

ra
6rz + Z n, = 3s.
s+n,
cyc

cyc

1113. In AABC the following relationship holds:
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a b c 4

+ + < -
9R%Z —a? 9R?2—-b%? O9R2—-¢%? s
Proposed by Zaza Mzhavanadze-Georgia

Solution by George Florin Serban-Romania
Show that za - < i OR? —a® =9R* —4R?sin®* A= R*(3—2sin A)(3+2sin A) > 0,
9R“-a® bR
2Rsin A 2
R?(9—4sin* A) 5R
(sin A—1)(4sin A+9) <0, true,because Sin A<1, sin A—1<0 and 4sin A+9>-4+9=5>0.

6 4 OR
Equality is if 2(A) =—. Then Z — < —, $<——, Mitrinovic inequality,
o 9R2 -a’ 5R S 3

., 5sin A<9—4sin’ A, 4sin® A+5sin A—9<0,

3J'R 10R

,then 9\/_< 20, 243 <400, true,then ZR—
cyc a

4
X
1114. ABCD —convex quadrilateral, M € Int(ABCD), F —area,
s —semiperimeter,
a, b, c,d —sides. Prove that:
mMA* MB* Mc* MD* 2F?
+ + + > —.
b c d a s

Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania

MA? + MB? > 2MA-MB > 2MA-MB - sin M = 4Fy 5
Analogously, MB? + MC? > 4F ygc, MC? + MD? > 4F ypc and
MD? + MA? > 4F . By adding, we get:
2(MA? + MB? + MC? + MD?) > 4(Fyp + Fupc + Fupc + Fuap) ©
MA? + MB? + MC? + MD? > 2F 45¢p
MA* MB* Mc* MD* (MA?)? 4 (MB?)? 4 (M(C?)? N (MD?)? -

b + c + d T a b c d a
Bery;trom (MA? + MB? + MC? + MD?)? - 4Fpcp _ 2F?
= a+b+c+d -~ 25 s’

Solution 2 by George Florin Serban-Romania
F = [AMB] + [MBC] + [MCD] + [MAD] =
AM - MB -sin(AMB) MC-MB :sin(CMB) MC-MD -sin(CMD)
- 2 * 2 * 2
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MA-MD -sin(AMD) AM-MB MB-MC MC-MD MD- -MA
+ < + + + <
2 2 2 2 2
MA? + MB?> MC? + MB* MC? + MD?> MD? + MA?
< + + + =
X 4 4 4 4
=3 (MA% + MB? + MC? + MD?),because 2xy < x* + y* © (x —y)? > 0,
(Mx,yER
Then,MA? + MB? + MC? + MD? > 2F and hence,
MA* MB* Mc* MD* B (MA?)? N (MB?)? N (MC?)? N (MD?)? -

——+ 2
b c d a b c d a
Berg;trom (MA2 + MB? + MC? + IWDZ)2 S 4‘FEIBCD 2F?
= a+b+c+d - 25 s

Equality holds if and only if ABCD is a square.
1115.

_(a4p) @
[{owq- o cnge ||

{02—10-22

Prove that :
2
jonrg) - @D 8 (1) _(azby
= - an—. J—
8 4 tang a+b

4

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Soumava Chakraborty-Kolkata-India

0
Via cosine law, R? + R? — 2R? cos 0 = a? + b? — 2abcos (1800 - E)
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0 0
= 4R? sin? 2= a’ + b% + 2ab cos > - [0ABC] = [AOC] + [ABC]

1 1 a? + b?% + 2ab cosg ab.sing
=E.Rz.sine+E.ab.sin<180°—z): o .sin9+T
BSinZE

(a? +b?)sin® sin@cos; sing
= ) + ab. o + >
in2 — 029
8 sin 2 4 sin 2

. 0 0 . 30
_ (a% +b?)sin0 b s1n7c0s2 5+ sin3 2

0
. 2 Y
2 sin 2

. 0 0 .
_ (a® +b?) sin @ N ab.siny (cos2 5+ sin? 7) - [0ABC] 0 (a? + b?)sin@ N ab

0
i 2 Y
8 sin 2

0 0 0 0
- 2_ - 2_ - 2_ - et
8 sin > 2 sin 2 . 8sin 2 Zsm2

N (a +b)? . 0 1 (a - b)2
ow,———— .tan—. —
8 4 tang a+b

_ (a +b)? (a +b)? — (a—Db)2. tanzg

8

¢ 0
.tan—.
4 tan? g (a +b)?
sinzg
cos? 7 2ab (1 + tan? Z)

= +

0 0
8tanz 8tanz

B (a® + bz).cosg ab

_ (a? +b2).cosg ab

- 8tang.coszg 4tang.coszz
3 (a2+b2).(2 Cosg-sing)+ ab - (a + b)? . 0 1 _ (a—b)2
- tang a+b

0 . 0 .
8cosZ.st 4COSZZ'SmZ

.tan—.
.0 . 0 . 8 4
SSlni.smi Zsmi

(+) (a2+b2)sin9+ ab

: 5 (), () =
8 sin? 5 2 sin

2
2
2 _ 2
(a+b) 0 1 > _(a b) (QED)

0ABC] = — " tan~.
[0ABC] R B a+b
)
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1116.

ARBCEQ — complete quadrilateral, AD, ES — cevians, AD N ES = {P}
AP AR AQ AS
PD RB_QC  SB

Proposed by Thanasis Gakopoulos-Farsala-Greece
Solution by Adrian Popa-Romania

.Prove that B, P, Q — are collinear.

QA BC PD
We must show:— - ——-— =

QA EC RB QA EB RA

In AABC: R o . 1 1
n Q= C0C EB Ra oc Ecrg @

SA EB PD SA ED PA
InAABD:S - P - E: ﬁlﬁ'PA 1= SB EB PD
QA SA EB RA ED PA AR AP
QC+SB EC RB+EB PD RB+PD
AR (EB AP ED
ﬁ(ﬁ‘1)=ﬁ(1‘ﬁ)
AR BC AP BD PD EB RB EC
RB EC PD EB PA BD AR BC
PD EB RB BD PD BC RB EC
PAEC AR BC " PA BD AR EB
QA BC PD _QA RB EC WEB RA RB EC _

QC BD PA_ QC RA EB _ EC RB RA EB
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From Menelaus reverse theorem = B, P,Q — collinear.

1117.In AABC,AB = AC,M € (AB),N € (BC),AN = 4NB,BM = 2M(C
{P} = MN n AC.Prove that:

15BC? + 32F
28AB

17
< BPcosB + APsinB < - max(AB, BC)

Proposed by Radu Diaconu-Romania

Solution by George Florin Serban-Romania
AN BM CP b 8b

AABC, T.Menelaos, — ——=1, AB=AC=b,BC=a, AP=8PC, PC=—,AP=—.
BN CM AP 7 7

ga’h _ b’ 8b°
49
564’ + 650°

49
AB+BC

AABP, T.Stewart, BC*AP = AB°PC +BP?AC — AC-PC - AP, +BP?.b-

56a® + b?
49
C.B.S. inequality, max(AB, BC) > AB, max(AB, BC) > BC, then max(AB, BC) >

2 2
Show that | /56& 4+96Sb LT ABHBC - [56a? + 650 <17(a+h),

7 2
224a* +260b° < 289a* + 289b” +578ab, 65a° + 29b” +578ab > 0, true,then

2 2
BPCosB + APsinB <, | 208 +6%0° 17 AB+BC 177 ax(AB, BC), true,then

49 7 2

BP? = , BPcos B+ APsinB < \/(BPZ + AP?)(cos® B +sin®*B) =

2 2 2 2
BP cos B+ APsin B < -/ max(AB, BC). cosB=27C =% _ & _ 8 4 then a<2b.
7 2ac 2ac  2b

2 2 2
Show that BPcosB>1;8E;§3, a Siz;b 15a 25622 +b° >15a,

15BC”®

224a% + 4b® > 225a%, 4b* > a?, a < 2b, true,then BP cosB > 8B .Show that

8.absinB
APsinB>£, @sinB>8F 8bsmB 2 :4a3|nB
28AB

7 b 7 70

2 2
1SBCB .Then BPcosB+ APsinB > M,trueﬁhen

28AB

,then4a <8h,a < 2b,

true,then BPcosB >

15BC* +32F

<BPcosB+ APsinB < Emax(AB, BC).
28AB 7
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1118. In AABC, x?sinA —4x + 5 — sinA > 0,vx > 0and F >

min(mZ, mj, m?)
Prove that AABC is right isoscele.

Proposed by Radu Diaconu-Romania
Solution by George Florin Serban-Romania

sin A>0,A =16—4(sin A)(5—sin A) = 4sin®> A—20sin A+16 = 4(sin® A—5sin A+4) = 4(sin A-1)(sin A—4) <0
and A =4(sin A-1)(sin A—4) >0, because sin A<1<4 then A=0. If

sin A—4=0,sin A=4, false.lf sin A-1=0,sin A=1, u(A) :%.If b<c<aor c<b<a then

m, >m, >m, or m,>m, >m, then m >m? >m’orm? >m: >m: then
2 2 2
. a~ b°+c bc
min{mZ?,m?,m’}=m =—= <S=—then b”>+c* <2bc, 0<(b—c)* <0, then
4 4 2

b-c=0, b=c, u(B)=u(C)= % u(A) = % AABC right isoscele triangle.

1119. In any A ABC, the following relationship holds :

ab(a+c) bcb+a) ca(c+b) 6R3
+ + <
b+c ct+a a+b r

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

ab(a+c) be(b+a) cal(c+b) ab(2s —b)
e yabtey
b+c ct+a a+b b+c

cyc

5 a(b+c—c) a’b? Bergstrom 5 26 4R 1
= — — < : —2s.4Rrs. Y ———
sz b+c ab+ac SZ“ S rsz:b2+bc

cyc cyc cyc cyc
2
(Xcycab)” Bergstrom 9 s +4Rr + r?

<  4s? — 8Rrs?2. -
2 chc ab Ecyc aZ + chc ab 2

s2 + 4Rr + r? Leibnitz 4s? — 8Rrs?
. — < s — rs-.
23y a2 2 18R2

s? + 4Rr + r? , 4rs? s?+4Rr+r? 7 6R?
— e =14s% - — <
2 R 2 r
6R® s?+4Rr+r? 4rs?? . 12R*+Rr(s? +4Rr+r?)+8r%s? »
o - + 2 + R > 45 © ORr > 4s

< 4s? — 8Rrs?
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& (7Rr — 8r?)s? é 12R* + 4R%*r? + Rr?

O]
Gerretsen

?
Now,LHSof (x) <  (7Rr-—8r?)(4R?+ 4Rr + 3r%) < 12R* + 4R?*r? + Rr3
? R
o3ttt -7 +2t2+3t+6>0 ( =;)

Euler

& (t—2) ((t—2)(3t> + 5t + 10) + 23) + 12 S0 true~t > 2= (x)istrue
ab(a+c¢) be(b+a) cal(c+b) - 6R3

~ in any A ABC, + +
y b+c ct+a a+b

(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have,
ab(c+ a) ca(c+ a)
- Yt 1) Tems)- TG0
b+ Za(c+a)( (ca+a) b+ C
cyc cyc cyc cyc
AM GM Leigniz Cosnita;‘Turtoiu
< zz —3%(abc)? 2 2.9R% - 33/(4Rsr)? < 18R? — 33/8R2r2.27Rr

cyc

) 9R*> 9R(R-2r)*> 9R* 6R’ _
= 18R* — 18Rr = — < < ,as desired.
2r 2r 2r r

1120. In any A ABC, the following relationship holds :

L b L 43
b2+c¢2 c24+a? a?+b? w,+w,+m

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India
443 Lessel—>Pelling 443

——— ~ in order to prove :

w, + wp, + m, - V3s
? + b + ¢ < V3 it suffi t
,it suffices to prove :
b2+c2 c2+a? a’?+b?  w,+w,+m P

a N b N C (24
b2+c2 c2+a?2 a%?2+b2

1
N Z Z Z 212 4 gt
O LT T (D) (Beye a?b7) — a7 ( “vre

cyc cyc cyc

Yeye @ + (Zeye @) Zeyca?b?) ®) Z a
(chca )(chc azbz) — a2b?c? b2 + ¢2

cyc
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Now, Za Za“ :Za5+z ab Z:a3—c3

cyc cyc cyc cyc cyc
= Za 22a2b2—16rzs2 :za5+ Zas Zab — abc Zaz
cyc cyc cyc cyc cyc cyc
(o) (T
cyc cyc cyc
= Za 32a2b2—16r2s2 - Zas Zab + abc Zaz
cyc cyc cyc cyc cyc

=2s (3(52 + 4Rr + rZ)2 — 48Rrs? — 16r2s2) —2s(s? + 4Rr + r?)(s? — 6Rr — 3r?)
Yeye a® + (chc a) (chc a’b?)
(Zeyea?)(Zeyca?b?) — ab?c?
2s (3(52 +4Rr + rz)Z — 48Rrs? — 16rzsz) — 2s(s? + 4Rr + r?)(s? — 6Rr — 3r?)
2(s2 — 4Rr — r2)((s? + 4Rr + r2)Z — 16Rrs?) — 16R?r2s2
N 8Rrs(s? — 4Rr — r?) () Z a
2(s2 — 4Rr — r2)((s? + 4Rr + r2)2 — 16Rrs?) — 16R?r2s? T bZ + c2
(), ()= () e
2s (3(52 + 4Rr + rz)2 — 48Rrs? — 16rzsz) — 2s(s? + 4Rr + r?)(s? — 6Rr — 3r?)
2(s2 — 4Rr — r2)((s? + 4Rr + r2)Z — 16Rrs?) — 16R?r2s2
8Rrs(s* — 4Rr — r?) 4

+ 2(s2 — 4Rr — r2)((s? + 4Rr + r2)2 — 16Rrs2) — 16R?r2s2 < S

& s% — (15Rr — 6r?)s* + r2s%(52R? — 3Rr — 5r?) — 2r3(4R + r)3 (;) 0
Now, LHS of (+¢) cengeen (Rr +r?)s* + r?s?(52R? — 3Rr — 5r%) — 2r3(4R +r)3
> 0o (R+1)st + r(52R% — 3Rr — 5r%)s? — 2r?(4R + )3 é 0

(se0)
Gerretsen

Again,LHS of (+++) >  ((R+1)(16Rr — 5r%) + r(52R? — 3Rr — 5r2) ) s

+8Rrs(s? —4Rr —r?) =

?
—2r?(4R +1)* & (34R? + 4Rr — 5r?)s? > r(4R +1)?

(sese)
Gerretsen ?
Once again, LHS of (ees¢) >  (34R% + 4Rr — 5r%)(16Rr — 5r%) > r(4R + r)3
? R
& 240t3 —77t2 - 56t +12 >0 (t = ;)

Euler

?
& (t—2)(240t% + 403t + 750) + 1512 >0 > true ~ t > 2
= (eeee) = (e0e) > (e0) = (o) is true -~ in any A ABC,
a b c 43
(QED)

+ + <
b2+c¢Z2 c2+a? a’?+b? w,+w,+mg
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Lessel — Pelling’s inequality, we have,

Wo +wp, + m, < sV3,

so it suffices to prove that,

a N b 4 c < 8
b2+c¢2 c¢2+a*? a?+b? a+b+c
We have,
@+b+0o a a? +a(b+c) cBS 3a? N 2a
a ). = <
b%2+c¢* b%Z+c%2  b?%+c? 2(bZ+c2)+ (b%2+c%) b+c
Cﬂgs 3a? 4a Preza 3a? 4a

(b+c)2+b2+c2+2(b+c) < a2+b2+c2+a+b+c

Then,

(a+b+ )( = 4 b b )<z 3a” + da =3+4<8
. “\bZrez 2 ra? aZ+ b2 ot a?+b2+c2 a+b+c) '

which completes the proof.

1121. In AABC the following relationship holds:
32s°> —a®>— b5 —¢° - 1202
> r
8s3 —a3 — b3 -3

Proposed by Daniel Sitaru-Romania
Solution 1 by George Florin Serban-Romania

We use the formulas:

(a+b+c)°=5(@+hb)(b+c)(c+a) za2+2ab

cyc cyc
(a+b+c)—-a®-b2-c2=3(a+b)(b+c)(c+a)
32s°-a®*-b*-c® (a+b+c)®-a’—-b°>—c>
8s3—ad—-b3 -3 (a+b+c)}—ad—b3—c3

_5(a+b)(b+c)(c+a)(Teyca® + Xeycab)
B 3(a+b)(b+c)(c+a) B
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53 a?+Yab) 5(48Rr —2r? —8Rr + s* +r? + 4Rr)
= 3 = 3 =
5(3s2 —4Rr —1?)
- 3
By Gerretsen's and Euler's inequalities,we have:
32s° —a®—b°—c® 53s*—4Rr—1*) 5(48Rr —15r° — 4Rr —1?)
8s3—a3—-b3-c3 3 - 3
_ 5(44Rr —161r%) 220Rr — 801 - 440r> —80r> 360712
3 3 - 3 2
32s° —a® - b° - ¢°
8s3—a3—-b3-¢3

Solution 2 by Tapas Das-India

= 12012,

Therefore, > 12072 Equality holds fora=b = c.

Letx=a+b+cy=ab+bc+ca z=abc.
Zas = x5 — 5x3y + 5xy? + 5x*z — 5yz
cyc
(@a+b+¢c)®—a®—b°—c®=x%—(x°—5x3y + 5xy% + 5x%z — 5yz) =
=503y —xy? — x*z + yz)
(a+b+c)¥-a?-b3—c32=x3—(x3-3xy+32z)=3(xy—12)

32s°~a*—b>—c> 5 x’y—xy?-x*z+yz
83—a3—-b3—-c3 3 Xy —z B

5 (xy—-2)(x*~y) 5 5 B
=3 Xy —z —§(x2—y)—5[(a+b+c)2—(ab+bc+ca)]—

M-GM 5 2 21 5 2
> §[S(abc)3 + 3(abc)3] =—-6(abc)3 =

5 A
=§(a2+b2+cz+ab+bc+ca) =3

2
— 10(4Rrs)3 = 10(4-2r - 3\/§1‘)§ =10 (8r3 : 3%)§ = 12012
1122. Tom said : "In A ABC,if a + b > 3¢, then : R < 4r"
and Fred said : "In A ABC,if a + b < 3¢,then : R > 4r"’.
Who is true and who is false and why ?

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
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4+23 _(V3+1)

V3
2c0s?215°— 1 =— = cos?15° =

8 8
V3+1 V3+1 4-vJ6 -2
= cos15° = =1-2sin?7.5°= =2sin?7.5°= ————
22 22 4
»1 [4-V6—-2 V3 4-23
=>sin7.5°= -, [———  and 1 — 2sin?® 15° = — = sin® 15°= ———
2 2 2 8
2
(V3-1)" | V3 -1
=" =s8in15° = —
8 22
A B C cC.C
Now,a+b>36<:>25>4c4:)4Rcos—cos—cosi>8RcosEsm—
A+B A-B . C A-B C
S cos + cos > >4sm§-'-a+b>3c<:>cos >3smE—>(1)
Also R < 4r o R < 168 sin X sin P sinC o 1 < sin S A-B A+B
so o, R<4r o R< sm251n2s1n2<:)8<sm2(cos > — cos > )
R<4reo in2C _ sin & A_B+1<0 (2)
== —. — -
r < sin s1n2 cos > 3
A-B 1 |[4-V6-+2
Let A = B and C = 15° and then, cos =1>3*§' —

via (x) C via (1)

1
= 3*sin7.5°—35ini > a+b>3candinordertoprovet2—t+—>0,

1 1
— f 4= 1-—=
1 1 4'8_ 72

it suffices to prove : t <

= ~ in order to prove :
2 2 p )
1 1-7
sin? 7.5° — sin7.5° + 3 > (, it suffices to prove : sin7.5° < —

1
a1 (4-vV6—-vZ 177 4-V6-vZ 3-2V2
S —, < = <
2 2 2 2 2

©1+V2<V693+2V2<692V2<38<9 - true

. 5 . 1 ., C . C A-B 1 via (2)
~ sin 7.5°—sm7.5°+§>0:>sm ——smi.cos 2 +§>0 = R>4r
~inAABC,if a+b > 3c,then for A= B and C = 15°

(for such values,a + b > 3c is preserved), we have R > 4r
|in A ABC,if a+ b > 3c,then : R < 4r isn't always true|

~ Tom's assertion isn't always true
Again,let A = Band C = 105° and then,1 — 2 sin? 52.5° = cos 105° = — cos 75°

1+—‘/§_1
ia() V3 —1 4+V6—-+2
= —sin15° = - = sin?52.5° = V2 _
242 2 8

_ 1 [4+V6-+2 A-B 1 [4+V6-+2
=>sm52.5°=5. > . COS > =1<3*E' —
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C via (1) 1
=3*sin52.5°=35inz = a+b<3candsin?52.5°—sin52.5°+ - =

8
4+V6-v2Z 1 |4+ 1
#_E' # +5~—0.0389438 < 0

_ZC . C A-B 1 Ovia(Z)R 4
=>sm2—sm2.cos 2 +8< = < 4r

~inAABCifa+ b < 3c,then for A =Band C = 105°
(for such values,a + b < 3cis preserved), we have R < 4r

|in A ABC,if a+ b < 3c,then : R > 4r isn't always true|
~ Fred's assertion isn't always true

|Tom’s as well as Fred's respective assertions aren’t always true| (ans)

1123. In A ABC, prove or disprove that :

(a®? + b? + C2)4 R3
>r +Z

(ab + bc + ca)3 b3c3

cyc

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

R
We shall prove that for right triangles with — 2 3,holds :

(a® +b? + ¢2)" _<r2+z

(ab + bc + ca)3

b3¢c3
cyc
2

Now, Yt = et | Y )Y a | E g 2 o
oW /b33 T 128R3r3st | L. ) = 128R3r3s% | L9

cyc cyc cyc cyc
2 2
1 1 Z ;) | 16s*(s?—6Rr—3r2)" (s?—6Rr—3r2)"
~ 128R3r3s4| 3 a N 9 x 128R3r3s4 N 72R3r3

cyc

? (a? +b% + cz)4 R3 — 8r3

>
(ab + bc + ca)3 8r
(2R +1)? — 6Rr — 3r2)"* 2 16((2R + 1) — 4Rr — r2)* R -
o
72R3r3 (2R +71)2 + 4Rr +r2)3 8r
o s? — (2R +1)?
~ AABCisright = cosAcosBcosC =0 :T =0=>s=2R+r
 (@R+1)?—6Rr - 3r2)*
72R3r3
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» 128r((2R + )% — 4Rr — r2)" + (R? — 8r3)((2R + 1)? + 4Rr + r2)°
> 8r((2R + r)? + 4Rr + r2)3
& 16384t1* + 65536112 + 15808t1%2 — 519552t11 — 219744110 + 223872t°
+383696t% + 51104t — 157000t° — 67712t5 + 33664t* + 36928t% + 12800t>

? R
+2048t+ 128> 0 (t = ;)

(t —3)(16384t'3 + 114688t'% + 359872t!! + 560064t'° + 1460448t°)
+(t—3)(4605216t°14199344t” + 42649136t° + 1277904085 + 383303512t*)
+(t—3)(1149944200t> + 3449869528t> + 10349621384t + 31048866200)

R R
+93146598728 - true ~ t = T > 3 - for right triangles with T = 3,holds :

4 4
ad (a?+b%?+c?)" R®-8r3 (a®+b*+c?) R3 5 a8
> <r+
z b3¢3 Z
cyc

(ab + bc + ca)3 8r = (ab + bc + ca)? + 8r b3c¢3

cyc

1
(a* +b% + ) +R3> 2+z @ 't true V A ABC
= —>r isn’t true
(ab +bc+ ca)3  8r b3¢3

cyc

1124. In AABC the following relationship holds:

1 1 4

1 R
1008 + sin4é + sin4§ + . C <1056 <—>
> > Sin®5
Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

LA . B . C r 1
Letx:smi, y=smi, z:smi andt:xyz:ﬁsa The problem becomes,
1 1 1 33
1008+F+F+Z—4SW.

Since x* + y% + z? + 2xyz = 1 then we have,

(x?y? + y?22 + szZ)Z —2x2y?2%(x* + y? + 2%)
t4

2
<(x2 + yz + ZZ)Z) _ th(l _ Zt)

1 1 1
1008 + 5+ 5+ 7= 1008 +

3 4 2
1-2¢)*—18t“(1 — 2t
=1008+( ) ( )

tt ot

<1008 +

33 (1-8t)(169 + 2376t + 18240t* + 145408¢°) __33
 128t* 9t = 128t

1
because t < 3 So the proof is completed. Equality holds iff AABC is equilateral.
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1125. In AABC the following relationship holds:

b2 ¢ a* 36r?
—t—+—=

Va Vb Ve V3R

Proposed by Daniel Sitaru-Romania

Solution 1 by Tapas Das-India

1
b2 ¢ a? aM-Gm 313
—_—t—t— > 3[abc7] = 3Vabc
atvm e = e

3612
We need to show:3vVabc > &
V3R?

1 1
3VARF-VR-37 > 3612 © 2R\rs 31 > 12r2 &

1 3 1
2:2r r3V3r-31>12rt o 4r2-31-31> 12r
121% > 1272 (true))
Solution 2 by George Florin Serban-Romania

Let be f: (0,) > R, f(x) = Vx — concave function, then by Jensen's inequality:

a+b+c

3:\/5

Vva++Vvb++Jc<3

By Bergstrom's inequality:

b2 2 (Za)2 452 452\/_5 2sV6s 36712

—+— +—>

Va' Vb Vel Tva S Ves 6 3 " \BR

svV6s  18r2 st-36r2 1848 s® 1838
= = = S —2=
3 3R 81 3RZ 27> 2R?

By Mitrinovic's inequality:

6
s¢ _(3V3r) - 1838  3%¢° - 36478

> Z > 492 > _
72 5o 2 5m = 3 2 g2 < R*“>4r“ < R = 2r (Euler)
Equality holds fora=b = c.
b? ? a2 3612
Therefore, +—=

Va Vb Ve \BRE
1126. In AABC the following relationship holds,
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A
cos> 3\2r
Z A AR
cyc SIn ) + cos %

Proposed by George Apostolopoulos-Messolonghi-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
B+C

A A :
Ccos 2 COS & 2 _ sin

7 B+C
B+ C \/_sm )

We have =
’ A A~ A
sing +cosy V2cos (4 4) V2cos—5—

X
Since f(x) = sini is concave on (0, ), then by Popoviciu's inequality, we have,

TS VICLIID yPIMIC L) B el

cyc cyc cyc cyc

M 331—[ 4,3\ _3(y7 1 E'gerS(r+r) 3r
= 2 sing+a1=3\Jart2) 2 2R’YR TR
cyc

Which completes the proof. Equality holds iff AABC is equilateral.

1127. In AABC the following relationship holds:
1 r r? Z A 2r  3r?

int—<1-—+—
Sty R ' 4R?

2 2R 4R%:™

cyc

Proposed by Marin Chirciu-Romania

Solution by George Florin Serban-Romania
By Gerretsen inequality:

4R? + 4Rt + 3r% > s > 16Rr — 512
—16Rr + 5r% > —s? > —4R? — 4Rr — 3r?
8R? + r? — 16Rr + 57> > 8R? + r* — s > 8R? + r* — 4R? — 4Rr — 371?
4R? — 4Rr — 2r* < 8R? + r?> — s* < 8R? — 16Rr + 67%
4R? — 4Rr — 2r? - 8R? 4+ 1% — 52 - 8R? — 16Rr + 6712

8R? - 8R?2 - 8R?2
1 r r? <8R2+r2—sz<1 Zr+3r
2 2R 4R?2 ™ 8R?2 - R  4R?
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1 r r? Z A<1 2r_|_3r2
TR T TR R sy

cyc

Equality fora = b = c.

1128. If in AABC, Vsin2?A + sinA + 6 + 4sin’A + 4sinA = 10 and
m(<xB) = 2m(&C) then:

or* 2-+3 dr+R>3
02 4+v3 R T

Proposed by Radu Diaconu-Romania
Solution by George Florin Serban-Romania

sin® A+sin A= X, ¥x+6 =10-4x, (10—4x)® = x+6, 1000 —1200x + 480x* —64x° = X + 6,

64x% —480x* +1201x —994 =0, 64x® —128x* —352%° + 704X + 497x —994 =0,

64X (X —2) —352x(x — 2) + 497(x —2) =0, (X — 2)(64x2 —352x + 497) = 0. If

64x? —352x+497 =0, A =123904 —127232 = -3328 < 0, false.lIf x—2=0,x =2,

sin? A+sin A—2=0, (sin A=1)(sin A+2) =0.If sin A+2=0,sin A= -2, false.If

sin A—1=0,sin A=1,m(J A)=90°, m(J B)+m(J C)=90° =3m(J C),

m(] C) =30°, m(1 B) =60°, BC =a, T.30° = AB :c:%,COSBOO £:9 ,AC=b-= f
ar¥3.2

p=2R+r, — 2 2 _4., a+a—;/§+%:2a+2r, 3a+a3=4a+4r, r= a\/i—a,

r,R_aWs-n 2a _V3-1 2 31 3J§+1
R'r 22 aWB-1) 2 a-1 2 F3 L=

343 >5= 27> 25, true, then%+5>3. Ol =R?-2Rr, OI? =R?+2R-r,, Euler,
r

a’y3
S bc 4 a’3 2 aV3 _ a3(\3+1) _a(3++3)
I’a: = = = = ,
p-a -a+b+c §+a\/§ 4 af3-a 2(3-1) 4 4
2
a a3-a
01> R(R-2r) R-2r 3 2  a-+3) 2-43 0|2 2-3
> = = = = true, then = :
OIf R(R+2r) R+2r, a aB+\3) a(4+3) 4+3’ 2 4\
2 2

1129. If H —orthocenter in AABC,AH = a’',BH = b’,CH = ¢’ then:
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1
[ABC] = 2 (aa’ + bb' + cc’)

Proposed by Alpaslan Ceran-Turkiye

Solution by Daniel Sitaru-Romania
Let be AA', BB’ —altitudes.

!

<B'BA = - —xC (——<IC)— BA' = BHsinC

— = ) =

2 ) cos 2 BH sin
AH B’A

ABHA' ~ AAHB' = — =
BH A'B

_BH- B'A __BH-ccosA 2RsinC - cosA

= = = = 2RcosA
A'B BH - sinC sinC

aa’ + bb' + cc' =a-2RcosA+ b-2RcosB + ¢ - 2RcosC =
= 2R?(2sinAcosA + 2sinBcosB + 2sinCcosC) =
= 2R?(sin2A + sin2B + sin2C) =

a b
= 2R? - 4sinAsinBsinC = 2R?* -4-—-—-sinC = 2 - absinC = 4F

1
[ABC] = Z (aa’ + bb' + cc')

1130. In AABC, G —centroid, the following relationship holds:

2F Z _ (qBGC)<27R2
= sin ="8F
cyc

Proposed by Nguyen Van Canh-BenTre-Vietnam

Solution by Daniel Sitaru-Romania

Lemma 1
In AABC the following relationship holds:
2a? + bc
mym, < 1 (1)
Proof:

2a’ + bc
mym, S ———— 16mim? < (2a® + bc)?

(2a? + 2¢%? — b%?)(2a? + 2b? — ¢?) < (2a? + bc)?
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a’b? + a?c? + 2b%c* — c* — b* —2a’bc <0

a?(b—c)>—-b-0c)*b+c)?<0
(b—c)*(a+b+c)(b+c—a) =0 (True)
Equality holds for b = c.

Lemma 2
In AABC the following relationship holds:

27R?
Zmbmcs 2 (2)

cyc

Proof:
(€Y)

2a’+bc 1
ZmbmcSZT - 22a2+2bc =

cyc cyc cyc cyc
1 1 GERRETSEN
= Z(Z -2(s2 =12 —4Rr)+ s* + 1>+ 4Rr) = Z(Ss2 — 31?2 —12Rr) <
1 EULER
< Z(S(4RZ + 47?2+ 3Rr) — 3r2 —12Rr) = 5R?> + 2Rr + 3r? <
<5R*+ +2R": R+3 RE_27R
2 4 4
Equality holds for a = b = c.
Back to the problem:
F 1 2 2 3F
[BGC] = 355 3M gMe sin(¥BGC) = sin(xBGC) = Zmm.
Z n(£BEC) = 3F 3F¢ 1
s - Li2mym, 2 Lamym,”
C}’C cyc cyc
59 SONGELE
o Js(s—b)- s(s - c) 2 F\/_ £
3 3vV3 27R?
<—JA+1+D(s—a+s—-b+s—c)=—— < g &

NG
& 12+/3F < 27R?

EULER MITRINOVIC
L] R p 3RV3
12V3F = 4/3rs < 12\/3-E-s < 6\/§-R-T=27R2
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3F 3F 1  BERGSTROM
D sin(4BGC) = == S
2mym, 2 m,m,
cyc cyc cyc
3F 2 ()
_3F (1+1+1) ~3F 9 _2F
~ 2 mgamy,+mym.+mem, 2 27R*> R?
4

Equality holds fora = b = c.
1131. In any A ABC, the following relationship holds :

Z\/ma(rb+rc—ha) >lzb+c
h, 2 a

cyc cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

B . C . (B+C\ A ,A
siny  sing ssin (T) C0S5  SCOS“ 5 ,A
I, +tr.=s + cl= A B C~ (s —4RcosE
Cos5 Cosy 0S5 COS 5 COS 5 R
,A ? b? + ¢ ,A 2 b%+c?+2bc
~Tp+ 1. =4Rcos“— 1, + 1. —hy > < 4Rcos* -2 ——
A 2 A B—-C 2 B—-C R
? — — ?
& 16R?%cos? > >(b+c)? = 16R2coszi. cos? & cos? <1 - true

2 2 -
bZ + c2 bZ + ¢2 bZ + ¢2
 YMa(y + 1 —hy)  yMaTZR Tereshin {TR 4R

h, h, B be
2R
Jmg(p+r.—hy) _1/b ¢
> (4=
=> h, 23 (c + b) and analogs
_ Z‘/m“(rb+rc_h“) - 1Z(b+ C) B lzb+c
N h, —2 c b/ 2 a
cyc cyc cyc
] Jmg(r, + re —hg) lzb+c
>
in any A ABC,Z h, =5 a

cyc cyc

" =""iff A ABC is equilateral (QED)
1132. In any A ABC, the following relationship holds :

Lr, r r,
L
Z a’? — 2R W,

cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India
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Tole s(s—a)b®c? r 5 b+c
Z az 2R T 21_[ “16R2r2s2 ~ZR T 2T 1_[ A
cyc cyc cyc 2bc COSE
((chc ab) — 2.4Rrs. Zs) — 5. 4Rrs. Y oy ab r Zs(sz + 2Rr + rZ)
> — + 2rs?.
16R?r2s? Z2R 8. 16R2rzsz.45—R
(s + 4Rr + r?)(s? + 4Rr + r? — 4Rr) — 16Rrs? 4r2 + s2 + 2Rr +r?
16R2r2 - o 8Rr
o st — (14Rr —2r?%)s? - rz(ll-R2 +6Rr—r?) >0
erretsen ?
Now, LHS of (x) (2Rr — 3r2)s? — r?(4R? + 6Rr —r2) > 0

?
& (2R-3r)s’ —r(4R* + 6Rr —r?) = 0

(+%)
Gerretsen
Again,LHSof (x) > (2R-3r)(16Rr — 5r?) — r(4R? + 6Rr — r?)

Euler
= 4(7R Zr)(R 2r) > 0= (xx) = (»)is true
> 2R + 2 1_[ 2" =" iff A ABC is equilateral (QED)

cyc cyc

1133. In any acute A ABC with a = min{a, b, ¢}, the following relationship holds :

b+c
b+c—a

<2

Proposed by Bogdan Fustei-Romania

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have,

wg | b+c  2bcs(s—a) 2R b+tc 8R%s 2Ra ?\/_
hyb+c—a b+c "bc |2(s—a) . bc(b+c) r(b+c)_

R b+c R+r 2s R+r 2F
s —< = <— ©&©a. S—@aZcosASZacosA
r a r a R R

cyc cyc
© 0<(b—a)cosB + (c—a)cosC,

which is true. So the proof is completed.

Solution 2 by Soumava Chakraborty-Kolkata-India
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b+c 2abccos b +c

btc-—a 2rs(b+c) b+c—a
_ 4Rrs s(s— b+c i\/f@ 16R?> sa b+cé2
“rs(b+c¢)’ 2(s—a) ~ (b+c¢)2 4Rrs’ 2 ~

a ’r b+c?R_abcs 2abc

®b+cSE® a = r 4F2 =(b+c—a)(c+a—b)(a+b—c)
<:>(b+c)(a+b—c).(b+c—a)(c+a—b)éZaZbc
<:>(ab+b2—bc+ca+bc—c2)(bc+ab—b2+c2+ca—bc—ca—a2+ab)£2azbc
& 2a’b? + 2a’be + 2ab(b? — ¢2) — (a® + b? — ¢?)(ab + ac + b? — c?) > 2a?be
& 2a?b? — (a®? + b? — c2)(ab + ac) + 2ab(b? — ¢?) — 2ab(b? — ¢?).cos C >0
& 2a?b? — a?(ab + ac) — (b? — c%)(ab + ac) + 2ab(b? — ¢2).2 sinzg >0

& a?(2b%? — ab — ac) — (b%? — c?)(ab + ac) + (b? — c?)(c? — (a— b)?) >0
& a?(2b? — ab — ac) + (b%? — ¢?)(c? — a* — b? + 2ab — ab — ac) >0
& ((a2 —b%+c2) + (b% - cz)) (2b? — ab — ac)
+(b? — c?)(c? — a*? — b? + ab — ac) >0
& (c? + a? — b?)(2b% — ab — ac) + (b? — c?)(b? + ¢? — a? — 2ac) >0
& (b% = c?)(b? + ¢? — 2ac) — (b* — ¢?)(2b% — ab — ac)
+a?(2b% — ab — ac) — a?(b* — ¢?) >0
& (b? - ¢?) ((c2 —ca) — (b% - ab)) + a? ((c2 —ca) + (b? — ab)) >0
o (2 - ca)(b? — ¢ + a?) + (b2 — ab)(a® + ¢ — b2) > 0
& c(c—a)(a? +b% — c?) + b(b — a)(c? + a* — b?) ; 0

- true ~ A ABC being acute = (a? + b? — ¢2),(c? + a®> —b?) > 0 and
a = min{a,b,c}>a<b,c> (c—a),(b—a) =0 .. in any acute A ABC

b+c

b Fe—asS P <+2,” =" iff A ABC is equilateral (QED)

with a = min{a, b, c}

1134. In any A ABC, the following relationship holds :

Zb+c
2

cyc

Proposed by Bogdan Fustei-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco
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si >b+c Ath ma>b+c A b+c _(b+(:)2
ince, m, > ——cos, then, w22 CosZ.Zbccosé_ ibe
2

Also, by Tereshin and CBS inequalities, we have,

mym, (c? + a?)(a® + b?) (2R)? _ (ca+t ab)? (b +c)?
hyh, — (4R)? ‘ca.ab™ 4a’bc = 4bc

Using these results, we obtain,

mamym, (b +c)?
wohyh, —  4bc

(and analogs)

1 b ¢
Now, let us prove that,in any AABC, —=>—+- (1)
sinw ¢ b

(1) & 2bcya?b? + b2¢? + c2a? > (b* + cz)\/Z(azb2 + b%c? + c2a?) — (a* + b* + ¢%)
squaring
S 4b?c*(a’b? + b%c? + cta?)
> (2b%c? + b* + ¢*)[2(a?b? + b%c? + c?a?) — (a* + b* + ¢*)]
& 0> —a*(b? +c2)” +2(b* + c*)(a?b? + c2a?) — (b* + c*)°
= —[a?(b? + ) — (b* + c*)]*,

which is true.

Then,
2 ’mambmc (b C) (b + c)? (b C)Z
— > — 4 — — = =3 =
sin w 2 w,hph, 1]=2 c + b 2bc 1 c + b (and analogs)
Therefore,

2 mymym, b c b+c
PE=E: —1)2 ) (2+7) =)
sinw w,hyh, c b a

cyc cyc cyc

Solution 2 by Soumava Chakraborty-Kolkata-India

mg, m,m,m, Lascu + Tereshin
—\2 |1 =
ha Wahbhc

43 RMM-GEOMETRY MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

b2 + 2 b+o? A (c+a?)(a®+b?)
4R /2 2 oS3 16R2 1 cgs bZ + c2 5 (b + ¢)2.(ca + ab)? 1
bc 2b A ca.ab B - 2bc 16a2b?c? B
>R €CCOS 5. 7o

3 b2 + c¢2\ /(b + ¢)? 1) = b2 + ¢2\ (b% + ¢2
B 2bc 2bc B 2bc 2bc
m, m,m,m, b? + ¢
—1 2 ’— -1]=
h, ( wohyh. > Z She and analogs
ﬁz m, mmym, 212(9+£):12b+c
wahbh 2 c b 2 a
cyc cyc cyc
. m, fmambmc Z b+c
~in anyAABC,z h, (2 —Wahb > =
cyc cyc

" =""iff A ABC is equilateral (QED)
1135. In AABC the following relationship holds:

TpTe T 2T, TpT,
5 = +
a 2R  w,wpyw,

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

b+c c+a a+b
Letx = pant y = b zZ= p . Wehave, xyz=x+y+z+ 2, and,
Zrbrc zs(s—a)_z(b+c)2—a2_x2+y2+zz—3
= = 2 :
cyc cyc cyc

2r_(b+c—a)(c+a—b)(a+b—c)

= - =(x-Dy-D(E-1
=xyz—ny+Zx—1
cyc cyc
=22x+1—2xy.
cyc cyc

44 RMM-GEOMETRY MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

wwwssmrmh ro
 TalbTe _ sS’r.[leyeb+¢) l—lb+c Xyz _x+y+z+2
8.4Rsr. 8

WaWpWe 8(abc)2.l_[cyccos';1 4R cye

So it suffices to prove that,

1
ZxZ—SZ 22x+1—2xy + Zx+2 (:)EZ(x+y)223Zx+6,

cyc cyc cyc cyc cyc cyc

AM—- GM

b+c
2 6. We have,

Letp=x+y+z=z

cyc

2

CBS 2
T %.(Zm("”)) _2p

2p
= = — — 1] >
3 3 3p+6+(p 6)(3+ )_3p+6,

cyc
which completes the proof. Equality holds iff AABC is equilateral.
1136. In any A ABC, the following relationship holds :
a’ b? c? 144v/3(R? — 2Rr?)
a4+b4-I_b4+c4+(:4+a4< st
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

al N b3 N c3 Chebishev 2 ((a3 +b3) - b3)
a*+b* b*+c* ct+a*t T (a+b)(a3+b3)

(b+c)(c+a)
‘22a+b Z(a+b)(a3+b3) 2Z(a+b)(b+c)(c+a)

cyc
_ Deycab + (Teyca® + 2 chc ab) s?+4Rr+ r2 +4s? 2 144/3(R3 — 2Rr?)
B s(s? + 2Rr + r2) ~ s(s2+2Rr+r?) st

& s.5%(5s% + 4Rr + r?) i 144+/3(R3® — 2Rr?)(s? + 2Rr + r?)
@

Mitrinovic + Gerretsen 3\/_R
Now, LHS of (*) < —— (4R? + 4Rr + 3r?)(5s% + 4Rr + r?)

?
< 144V3(R3 - 2Rr2)(s + 2Rr + r?)
?
& (76R? — 20Rr — 207r%)s? + r(176R® + 76R?r — 400Rr? — 195r%) > 0
(%)
Euler
» 76R? — 20Rr — 207r? = (R - 2r)(76R + 132r) + 57r* > 57r>>0

Gerretsen

~LHSof (+x) > (76R*—20Rr — 207r?)(16Rr — 5r?)
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? ?
+r(176R3 + 76R?*r — 400Rr? — 195r%) > 0 & 116t3 52t> —301t+ 70> 0
R Euler
(t = —) & (t—2)(116t% + 180t + 59) + 188 S0otruet > 2

= (xx) = (x) is true .. in any A ABC,
a’ N b3 . c3 144+3(R3 — 2Rr?)
a*+b* b*+c* ct*+at s

(QED)

1137. In A ABC,I - incenter, 1y, rg, rc — inradii of A BIC, A CIA, A AIB respectively.

I'n +I'r + I,
Prove that : % >3(2V3-3)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Let Ry, R, R¢ be circumradii of A BIC, A CIA, A AIB respectively. Then :

. B+C A A A . A
2R,. sin (180° ——) =a = 2Ry cos- =4Rcos—sin— = Ry = 2Rsin-
2 2 2 2 2

4 + 2R si .B . C . m+A 1,
>y =4+ —* —.sin-. =
7\ sm2 sm4 sm4 sin 4

r
. A . B . C . m+A . + A
4*2Rsm7*smz.smz.smT sm )

= = —=————— and analogs
. A . B B . C C C
4R smi * (Zsmzcos Z) * (Zsmzcos Z)

2cos Zcos 2

m+ A

T4 )23 n(4v3—6)
cos?y |

2 X 2 X + T
sec Z cosec

8 16

Vv x € (0,m) and then : f""(x) =

X\ _ cos2X x x x x x
cos 2 2 X i X X 2X
4) 4 sin“gZ + cos 4+ Zsm4.cos4 cos“ 7

2X 2 XTT 2X s 2 X+ T
16 cos 4>t<sm 1 16 cos 4=t<sm )

X
sm 1 + smz
X

~ TR>0= f(x) is convex on (0, Tr)
16 cos? 1 sin? 7

™
m+
sin# Jensen sin Z 3 2.? \/§
In > 3.ln . =3.ln—“=3.ln 73
e coszI cos® 15 1+ cos¢g 1 +T
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2v3(2 - V3)
=3.In(4V3 -6 ist
n(Z—\/§)(2+\/§) n( ) = () is true
Iy +1g + I . . .
» —————=>3(2v3-3),” =" iff A ABCis equilateral (QED)

1138. Prove that in any acute triangle ABC the following relationships holds :

9F%(s? + 1% + 4Rr)" " 9 i

( 4n-1 ) < my""hph, + mp*"hchy + m P "hohy < 22"_3.R2"+3-;-z cos*® 2’
cyc

where n € N*,

Proposed by Radu Diaconu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Holder's inequality, we have,

Zm My, b = (2F) zmaZn - 4F? (mg2 +my? + m2)" _ 4F> (E)n (a? + b% + c2)"
a T ' bc — "3 2(bc+ca+ab) 3"2'\4/) " ab+bc+ca
cyc cyc
9F% (ab + bc + ca)" 9F?(s? + 12 + 4Rr)
~ 471" gb+bc+ca 4n-1

A
Now, since AABC is acute then we have, m, < 2R cos? 2 (and analogs)
Also,if a = b = c then we have, m, < my < m, and
hyh, = h.h, = h,h;, so by Chebyshev's
inequality, we have,
~\ 2n

1 A
Zm "hyh, <= Zhb Zma <3 Z(ZRCOSZE>

cyc cyc cyc cyc

vic & Euler

2 4 Mitrino
— p2n-3 p2n+3 2 9 (25_27;) _Zcosmg 2 22"‘3.R2"+3.2.Zcos4"
3Vv3R r S

N[ )

which complete the proof. Equality holds iff AABC is equilateral.
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1139. In any A ABC, the following relationship holds :
2

a
s16+ Y 1
z aZ b2 3 +b3
cyc cyc
Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution 1 by Soumava Chakraborty-KoIkata -India

Yo tery ey o s
a2+b2 a3 +b3 a2+b2 =

cyc cyc cyc
16+ z a® + b3 — b3 z a? z b3 —19r4 (* 0

— @ —
+ b3 aZ+ b2 Liad+bd | -
cyc cyc cyc
3 3

Now, ) sy =Y oy
ow, 2+b2 a3 +b3 a3 + ab? a3 + b3

cyc cyc cyc cyc
Holder 8s3 A-G 16s3

= =
S(chca + chc ab?) B(chc a3 + Yeye a3) S(chc a3 + Yeye a3)
8s3 LHS of (+) > 4s? N R* —19r* 2 0
= oo k
3.2s(s%2 — 6Rr — 3r2) ° ~ 3(s2 — 6Rr — 3r2) rt -
?
& (3R* - 53r*)s? > 3(6Rr + 3r2)(R* — 19r*)
?
& (3R* - 48r*)s? — 5r*s? > 3(6Rr + 3r?)(R* — 19r*)

(%)

Gerretsen
Now,LHSof (+x) >  (3R*—48r*)(16Rr — 5r?) — 5r*(4R? + 4Rr + 3r?)
? ? R
> 3(6Rr + 3r?)(R* — 19r*) & 15t5 — 12t* — 10t? — 223t + 198 > 0 ( = F)

Euler

& (t—2)(15t* + 18t3 + 36t% + 62t(t — 2) + 25) S0otrue~t > 25 D)

= (%) i 1s true - in A ABC,
2 R4—

a
Z T bz 2 >16 + Z b3 " =""iff A ABC is equilateral (QED)

cyc cyc
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality can be rewritten as follows :

P L T @
a? + b2 ad+b3 1t~
cyc cyc

By Holder and Gerretsen inequalities, we have,

(a+ b+ c)? N (a+b+c)3 R4
2(a%? +b%+c?)  Ycyla+b).Yey(a? —ab+ bz)

LHSy) >

s? N 252 N R* _ 16Rr — 512 N 2(16Rr — 512) N
" s2—12_—4Rr 35 —50%+4+4Rr) r*~ 4R?+2r? 12R?—-8Rr+4r? r*
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€8BS 8;;“1” 4(16Rr — 517) L 2(16Rr — 512) L
= (4R? + 2r2) + (6R2 —4Rr+212) r S5R2—2Rr+2r?2 r

(R — 2r)(40R? — 31Rr + 241?) E‘L>’f"
(5R% — 2Rr + 2r%)r -

=19 + 19 = RHS (),

which complete the proof. Equality holds iff AABC is equilateral.
1140. In any A ABC, the following relationship holds :

1
ZABC>1

oyc 4tan27— tanz tanz + 2

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

. B . C . (B+ A ,A
sinz siny ) ssin (T) cosz scos’ A
Inhb + T =S Bt cl= A B = (s) =4Rc052E
cos3 cosy €0S7 COS 5 COS iR
0 LA 1
“ T + I = 4Rcos® - and 21

cye 4tan2%—tan%tan§+ 2

s2 ()
S z =1
4r? — rpr, + 252

cyc

Now, 1_[(4r3 — 1T + 252) = 63r21¢PrZ — 162 r2rd + 32s? Z rr?

cyc cyc cyc
+4r,rpr, z r3 — 8s? z I I z r2—r? | |- 4st z rpr; + 2rst Z I,
cyc cyc cyc cyc cyc

3

+16s4z r? + 8s® = 63r?s* — 16 Z:rbrC -3 n(rarb + 1pre)

cyc cyc cyc

2

3
+32s? ( Z pr. | —2rs?(4R + r)) + 4rs? Z r, | —3 n(rb + 1)

cyc cyc cyc
/ 2

—8s? Z rpre || Z rpre | —2rs?(4R+r) | + 8s2.rs? Z r, | —4s°

cyc cyc cyc
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2

+2rs*(4R +r) + 16s*| Z . | —2rs?(4R+r) | + 8s°

cyc
2

"16R?

via (i) and analogs

= 63ris* — 16 <s6 — 3rs2.64R3

SZ

4(ct_ o2
'16R2> + 8s (s 2rs“(4R + r))
+8r(4R + r)s* + 2rs*(4R +r) + 2s®
O]
= 1_[(4-r§ — 1pr. + 252) = s%(4s* + (128R% — 8Rr + 17r?)s? + 4r(4R +1)3)

cyc

) + 3252 (54 —2rs?(4R + r))

+4rs? <(4R +1r)3 - 3.64R3

Again,Z(Ler — 1t + 252) (412 — 1,1y, + 252)

cyc

=16Zr§r§—4z TpTc Zr,f—r,f +16SZZr§

cyc cyc cyc cyc

+rs?(4R +r) — 4s? z rpre | + 12s*

cyc
/ 2
=16]| z rpre | —2rs?(4R+r1) | —4s%((4R +1)? — 25%) + 4rs?(4R + 1)
cyc

+16s?((4R + )% — 2s2) + rs?(4R + 1) — 4s* + 12s*
(-
= E (41 — rery + 252) (412 — 1,1y + 25%) = s?(192R% — 12Rr — 15r?)

cyc

2. Yeyc(41¢ — rexy + 25%) (412 — 1,1y, + 252)
Meyc(4r2 — rpr, + 2s2)
via () s*(192R? — 12Rr — 15r?) 2
s2(4s* + (128R% — 8Rr + 17r2)s2 + 4r(4R +r)3) —
& s* —s?(16R? — Rr — 8r2) + r(4R + )3 é 0

(+%)
Gerretsen

Now,LHSof () <  s?(4R?+4Rr + 3r%) —s?(16R? — Rr — 8r?)
? ?
+r(4R +1)* < 0 & (12R? - 5Rr — 11r%)s* > r(4R +1)?

(k%)
Gerretsen

?
Again,LHSof (x) > (12R%? —5Rr — 11r?)(16Rr — 5r%) > r(4R + r)3
? R
& 128t3 — 188t — 163t+ 54 >0 (t = ;)

Now, (x) &

Euler

?
& (t—2)(128t2 + 14(t—2) + 54t+ 1) > 0 > true v t > 2= (xxx) = (x%)
= (*) is true = in any A ABC,
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1
Z R 5——— = 1 =" iff A ABCis equilateral (QED)
oyc 4 tan? 7 —tanztanz + 2

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letx =t Bt ¢ =t Ct A =t At B Weh +y+z=1 d
etx = anz anz,y-— anz anz,z-— anz anz. eénave, x+y+Z = 1anq,
Z 1 z -
A 4 zZ ) 2
CBS 2 ?
> (x+y+2) >1 © 1>12xyz— (23 +y3 +23) + 2(x% + y? + 2?)

Yeyc(4xyz — x3 + 2x%)
e x+y+zld>12xyz— (3 +y3+28) + 2(x + y + 2)(x% + y? + 22)
o x*y+xy? +y?’z+yz? + 2%x + zx*> — 6xyz > 0
sxiy-2?*+yz—x)?+z(x—y)2 >0,

which is true. The proof is completed. Equality holdsiff x =y =2z
< AABC is equilateral.

1141. In A ABC,AA4, BB, CC; — angle bisectors. Prove that :

(BC )2+( CA )2+(AB )2>12
B1C4 C1A4 A{By/

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
For own convenience,A; =D,B; =E C; =F

Anele — bisector th AF b AF+ BF b+a BF i ca
—_ = — = = =
ngie 1sector theorem BF a BF a a+b
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. AE ¢ AE+CE c+a (i) ab
and also, angle — bisector theorem = —=—= = = CE =

(]:SE a CE a C ct+a
Cosine law = (BFZ + wi — 2BF. wy,. cos E) + ((:E2 + w2 — 2CE. w,. cos E) = 2FE?
via (),Gi) a?b? N 4ca (s—b)—2 ca 2ca s(s—b)+ c2a?
(c+a)? (c+a)2'SS ‘a+b'c+a  ca (a + b)?
+L‘bs(s—c)—2 ab 2ab s(s—c)_ZFEZ
(a +b)%’ ‘c+a’'a+b ab
—; a’b? N c2a? +4ca ( b)( 1 1 )
= = . —_ —_
(c+a)?  (a+b)? c+ass c+a a+b
4ab 1 1
a
+a+b's(s_c)(a+b_c+a)

B a’b? c2a? 4as(b — c) c(s—b) b(s—c)
- (c+a)2-|_(a+b)2 +(c+a)(a+b)'< c+ta a+b )
a’b? cZa?
T LARCEIE
2.(c(s—b)(s+s—c) —b(s—c)(s+s—b))
a’b? c?a?
T LARCEIDE

.(cs(s —b)—bs(s—c)+c(s—b)(s—c)—c(s—b)(s— c))

4as(b —c)
(c+a)2(a+b)

4as(b—¢)
(c+a)?(a+b)?2

a’b® c?a? 4as(b — c¢)?
“c+a? @rb? (cra(a+ b)z'(S2 +(s=b)s-0)
a’b? ca? 4as(b — c)?
= (c+ a)? +(a+b)2 - (c+a)2(a+b)2'(52 + s2 —s(2s—a)+bc)

_ a*b? N cZa? 4as(b — ¢)?
" (c+a)? (a+b)? (c+a)2(a+b)?
_ a’b? + c?a® —a?(b—c)*(a+b +c)? — 2abc(a+b + c)(b — ¢)?

B (c+ a)2(a+b)?
_ 2a®bc(a+b +c) + 2a’b?c? — 2abe(a+ b + c)(b — ¢)?

(c+ a)?(a +b)?
_ 2abc(a+b+ o)(a? — (b — ©)?) + 2a*b?c?

(c+ a)?(a +b)?
abc(a+b +c) (az(b +¢)? - (b% - cz)z) + a?b?c?(b + ¢)?

.(as + bc)

. FEZ =
(c+ a)?(a+b)2(b + ¢)?
(b + ¢)?(8Rrs?.4rr, + 16R?*r?s?) ( BC )2 (Bc)2
= = = | —
(c+ a)?(a+b)2(b + ¢)? B;C, FE
a? a?
ct+a)(a+ +c b+c Cesaro 64. res b+c
( )2(a+b)?%(b + ¢)? Z sa 64.16R?r?s? 2
- 16r2s2 "2Rr,+RZ T 16r2s2 " 2Rr, + R2
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aZ

BC \2 ® + )2 ? ([ AB\?
= > 64R%.— < and analogs - ( ) ( ) ( )
(B1C1> 2Rr, + Rz ondanatoss = (g ) *{ca,) "\aB;

a \2 9
Bergstrom CAR2 (chc b_-I-C) Nesbitt 64R? 1 144R?
> . = . =
2 2R(Soyery) + 3RZ 2R(4R+1) + 3R2 _ 11R? + 2Rr
P LR (B (AL (AR
~ 11R% +R? " \B,(, C1A, ABy/ 77

" =""iff A ABC is equilateral (QED)

1142.

Jasin4 +cosA ++/sind — cos4 = 3
3sind +sind — cos 4 = 4
2 2 .2
S R
Show that: —2+ — > 7+ 22
h

a

Let ABC be the triangle in which {

R

Proposed by Daniel Vacaru, Radu Diaconu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
From the given condition, we have,

Jsind —cosA=4—3sin4d and 4sin4+ cos4 =3sind -1,

then,

2 2
5sind =+/sind—cosA ++4sin4d+cosd = (4- 35in71)2 +(3sind - 1)2
© 18sin?4 —35sind +17 =0 & (1 -sin4)(17 — 18sind) = 0 &

17

sind = 1or sind = —,
18

- 17
If sind = 18’ then we have,

— 35
cosA =+ 18’ but this pair does not satisfy the given condition.

Then, sin4 =1, so the triangle ABC is right on A. In this case we have, a = 2R and,

r A B C 1 B-C B+¢C\ 2 V2 1
cos < 1- =

E_SIHZSIHESIHE_SIHZ E 2 — COS 2 T 7 —m.

Then,
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R S a R
—>vV2+1>2and —=—=—.
r h, 2r r
Therefore,
SZ RZ rZ ZRZ rZ RZ 3 RZ RZ rZ AM;GM
vy = 4 4 _— >
ha2+r2+R2 r? +R2 r2+4 r2+(4r2+R2> .
2 3
>(V2+1) +3.27+1=7+2V2,
as desired.

1143. In any A ABC, the following relationship holds :

Z:\/E(Ja +|b—c/—+a—|b- cl) > 2(max{a, b, c} — min{a,b, c})

cyc

Proposed by Hasan Mammadov-Azerbaijan
Solution 1 by Soumava Chakraborty-Kolkata-India,

\/E(\/a+|b—c|—\/a—|b—c|)£|b—c|
<=\/a2+a.|b—c|—\/a2—a.|b—c|élb—cl
<:>az+a.|b—c|+a2—a.|b—c|—2\/a4—az(b—c)2é(b—c)2
cat+at—(b-0?—2a /@ -(b-? >0 (a=yaZ—B-07) 20

- true -'.\/E(\/a+|b—c|—\/a—|b—c|) > |b — c| and analogs
()
:z\/a(\/a+|b—c|—\/a—|b—c|) > b—cl+|c—al+|a—bl

cyc

1 1
aZch-'-E(Ib—cl+|c—a|+|a—b|):E(b—c+a—c+a—b)

=a — ¢ = max{a,b,c} — min{a,b, c}

1 1
aZch-'-E(Ib—cl+|c—a|+|a—b|):E(c—b+a—c+a—b)

= a—b = max{a,b,c} — min{a,b, c}
1
chZa.'.E(Ib—cl+|c—a|+|a—b|)
1
=E(b—c+c—a+b—a) =b — a = max{a,b,c} — min{a, b, c}
1
bZaZc-'.i(lb—c|+|c—a|+|a—b|)

1
=E(b—c+a—c+b—a) =b — ¢ = max{a,b, c} — min{a,b, c}

1
cZaZb---E(Ib—cl+|c—a|+|a—b|)
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1
=E(c—b+c—a+a—b) = ¢ — b = max{a,b,c} — min{a,b, c}

1
|Case (******)|c >b>a- E(Ib—cl +|c—al+ |a—Db|)

1
=E(c—b+c—a+b—a) = ¢ — a = max{a,b,c} — min{a,b, c}

. combining all 6 cases, we conclude : %(Ib —cl+|c—al+|a—-Db])
= max{a,b,c} — min{a,b, c}
=>|b—c|+|c—al|+|a—Db]| (;) 2(max{a,b, c} — min{a,b, c})
s (0)(e0) = z \/E(\/a +lb—c|—+a—|b- cI) > 2(max{a,b,c} — min{a,b, c}),

cyc

" =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have,

S Va(Jarbod-Ja-od)= Y —2ab—c

& ccha+|b—c|+Ja—|b—c|

S —
z 2+alb — c| =Z|b—c|.
V2[(@a+|b—c)+(a—1|b—c])]

cyc cyc

V3 ®

WLOG, we may assume thata > b > ¢. We have,
la—b|+|b—cl+|lc—al=(@—-b)+(b—c)+(a—c)=2(a——c)

= Z(max(a, b,c) —min(a,b, c)).

z\/a(\/a+ lb—c|—+ya—|b— cl) > 2(max(a,b,c) —min(a,b,c)).

cyc

Equality holds iff AABC is equilateral.
1144. In any A ABC, the following relationship holds :
oo o 36r*

m3 m} md  R3—4r3

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

1
mZm{m?2 = o1 (2b? + 2¢? — a?)(2¢? + 2a® — b?)(2a® + 2b% — c?)
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1)1
v a{—tlz a®+6 (Z a*b? + Z a2b4> + 3a2b2c2}

cyc cyc cyc

Now,z ab = (Z a2> — 3(a?+b?)(b? + c?)(c? + a?)

cyc cyc

(5] fosver 5w {50

cyc cyc cyc

3
= Zaz + 3a?b?c% -3 z:azb2 Zaz
cyc cyc cyc

w25 ssovs( v (50)

cyc cyc cyc cyc

St Y awt -3 [ (z )

cyc cyc cyc cyc

3
@ z a’ b? z a’ | — 3a*b?c?
cyc cyc

~ (1),(2),(3) = mZmZm?

3
1
=gzl 4 Zaz —12a’b%*c? + 12 z:azb2 Zaz +6 z:azb2 Zaz
cyc cyc cyc cyc cyc

— 18a?b?c? + 3a%b?c?

3 2
1
=1 —4 (Z a2> +18 (Z ab) — 16Rrs? (Z a2> — 27a%b?c?

cyc cyc cyc
1
= a{—32(52 —4Rr —12)’ + 36(s? — 4Rr — r?)(s? + 4Rr + r2)’

— 576Rrs?(s? — 4Rr — r%) — 432R?r?s?}

1
E{s6 — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr® + 33r*) — r3(4R + r)3}
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RZS4-
<

& s —s*(4R? + 12Rr — 33r?) — s%(60R?*r? + 120Rr> + 33r*)

)
-r*(4R+1r)2 <0
Gerretsen
Now,LHSof (+) < —s*(8Rr— 36r?)—s?(60R?*r?+ 120Rr? + 33r*)
?
-r*4R+r)3 <o

?
& s*(8R - 16r1) + s?(60R*r + 120Rr? +33r%) + r*(4R + r)* > 20rs*
o)

Gerretsen

Now,LHSof (s¢) > s?(16Rr — 5r%)(8R — 16r)

(m)
+s2(60R?*r + 120Rr? + 33r3) + r2(4R + r) and
Geretsen

RHS of (¢+) < 20rs?(4R? + 4Rr + 3r?)

(mm)
(m),(mm) = in order to prove (), it suffices to prove :

s?(16Rr — 5r%)(8R — 16r) + s?(60R?r + 120Rr? + 33r%) + r2(4R + )3
> 20rs?(4R? + 4Rr + 3r2)
& s2(108R? — 256Rr + 53r?) + r(4R +1)3 > 0

& s%(108R% — 256Rr + 80r?) + r(4R + )3 > 27r2s?
Gerretse

Now, LHS of (se*) (108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)3

(I mm)
Geretsen

and RHS of (se¢) <  27r%(4R? + 4Rr + 3r?)

(mmmm)
(mmm),(mmmm) = in order to prove (ee¢),it suffices to prove :

(108R? — 256Rr + 80r2)(16Rr — 5r%) + r(4R + r)® > 27r%(4R? + 4Rr + 3r?)
R
& 22413 — 587t + 308t — 60 > 0 <where t= ;)

o (t—2){(t—2)(224t+309) + 648} > 0 > true - t Eger 2=>006)=20GB)=>4@)

st4 Rs?2 1} rt r*ac , r}
a b [ a

S m,mym, < — :>—3+ 3 +— 3 > 3. —-
2 m; my m m;,

cyc
3 1'458 3 81‘458 ?
=3 [Gmamymes > > Wt > s © (R =) >216R”
a C

Gerretsen

Now,LHSof (+) >  (16Rr—5r2)(R? — 4r3) > 216R3r8
? R
& 16t10 — 5t — 192t7 + 60t° + 768t* — 456t — 1024t + 320> 0 (t = ;)

is true = m2mZm? <

e (t-2) ((t —2)(16t® + 59t7 + 172t6 +260t° + 412t* + 608t3 + 1552t% + 3320t

Euler

+7072) +13984) > S0otrue~t > 2= (x)is true
rd oo rc4 36r*

= in any A ABC, o3 + m—b +— W,” =" iff A ABC is equilateral (QED)
a
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
.t N rpt et R (r 4 (4R+7)* (4R+1)(R® - 4r3)
m3 myld m3 T (mg+my+my)d T (4R+1)3 R3 — 413

)4 Leuenbeger
e

E’£>£°’T 4.2r+nr)(@2r)3-4r®)  36rt
- R3 — 473 "~ R3—4r¥

as desired. Equality holds if and only AABC is equilateral.
1145.If x,y,z€ R x+y+ z = 0,xy = 0, then in acute A ABC,

the following relationship holds :
xy yZ ZX
+ +
sec2A sec’B sec?C
Proposed by George Apostolopoulos-Greece
Solution by Soumava Chakraborty-Kolkata-India

=Xy +yz+zx

y . yz o m@
sec2A  sec’B  sec?C
© xy.cos? A +yz.cos? B + zx.cos? C > xy + yz + zx
© xy.sin? A + yz.sin? B + zx.sin? C < 0
& xy.sinfA+ (—x—y) (y(l — cos?B) +z(1 — cos? C)) <0
o xy.sinA— (x+y)? +x(x+y)cos’C+y(x+y)cos?B <0
& xy — (x + y)? + x? cos? C + y? cos? B + xy(cos? B + cos? C — cos*A) < 0 &

xy+yz+zx

xy — (x +y)? + x? + y? — x* sin? C — y%sin’ B + xy ZcosZA—ZcoszA <0

cyc

1
& —xy — x*sin? C — y? sin? B + xy EZ(I + cos2A) —2cos?A | <0

cyc

2 in2 2 in2 1 2
& —xy — x“sin“ C — y“sin“ B + xy 2 3—1—41_[cosA —2cos“A <0

cyc

& —x?sin? C — y%sin?B + xy —1+1—21_[cosA—2coszA <0

cyc

& |—x?sin? C — y?sin? B + xy —chosA—ZcoszA <0|-true -~ xy=>0

cyc
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and A ABC beingacute = 1_[ CosA > 0= -2 1_[ cosA—2cos’A<0

al A L N cyc+ +zxV cyecR +y+z=0,xy>0
> x Z+ZXVX,Vy,Z X z=0xy>
sec2A sec2B sec2C yTy y y y
and V acute AABC,"” =" iff x =y =z = 0 (QED)

1146. In AABC the following relationship holds:
2a 2b 2c
e btc+ e cta+ e a+b > 1

Proposed by Pavlos Trifon-Greece
Solution 1 by Christos Tsifakis-Greece

Letbe £:[0,1) > R, f(x) = 1+ x + xe** —e** = f"(x) = 4xe** > 0
f' —increasingon [0,1), f'(x) =1 —e** + 2xe** = f'(x) = f'(0) =0

—increasingon [0,1) = f(x) > f(0)=0= 1+x+xe** —e** >0
f

e2x<m‘v’xe[01)=e"<2ﬂVxE[02)=>e‘x< ad (D
“1—-x’ ’ —2-x’ ’ T 2+4+x
2a
a D 2 2-p7= b+c-a
a<b+c>D>—<]1=>——<2=>e btc < =
b+c b+c 24 2a a+b+c
b+c

Z _bZ_a<zb+c—a 1 Z(b_l_ ) a+b+c 1
+c = — ==
€ - at+b+c a+b+c c-a a+b+c

cyc cyc cyc

Solution 2 by Michael Sterghiou-Greece
2x
Letbe f:(0,0) > R, f(x) =e »x,a+ b+ c=p.

2x

" 4_pxe_pTx P .
f'(x) = - > 0 = f —convex. By Jensen’s inequality:
_2p
p.
_2a _Za 2r 3
Ze b+C:Ze p-a>3eP" 3 =—>1
e
cyc cyc

1147. Find all values of k > 0 such that:
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a b c b ¢ a
e+ D (3 +o+-) 2 k(Z+5+7)+3, vadBC
b ¢ a a b c

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given inequality is equivalent to,

a b c
—+—+——32—k<—+—+ ——————— )=
c a b

i (a—b)(b—-c)(c—a)
b c a a b c e

abc

& ab? + bc? + ca? — 3abec = —k(a—b)(b—c)(c — a)
By Ravi's substitution, there are x,y,z > Osuchthat, a=y+z, b=z+x, c=x+1y.
The last inequality becomes,

B+y3+28 —xy?—yz —zx’ > k(x - y)(y — 2)(z — x) (1)

Let z — 0, the inequality becomes, x® + y3 — xy? > kxy(y — x).

x
This one is true if x > y. Assume now thatx < yand lett = ; € (0,1).

t?—-t+1

m :f(t), te (0, 1)

The last inequality becomes, k <

_ 4 3 _ 42 _ 42 2 B
Wehave, f/(t) = —F 20—t +2t-1_ e - (1+V2)e+ ][ + (V2 -1)c +1]

t2(1—t)? B t2(1—t)2
—|ze- (1+vZ-Vavz-1)|(2t - 1-vZ-V2vZ - 1) [ + (V2 - 1)t + 1]
- 4t2(1 —t)2 '

1+vZ-V2v2-1
> .

So f is decreasing on (0, ty] and increasing on [ty, 1), where t, =
< i = = ~
Thus, k < 01<ntn<11{f(t)} f(ty) = ko =~ 2,48.

So it suffices to prove the inequality (1) for k = k,.

WLOG, we may assume that z = min{x,y, z}. By AM — GM inequality, we have,
LHS 1y = 0,

and if x > y then we have, RHS(;) < 0 < LHSy).

Assumenowthaty > x >zandlety=u+2z x=v+2 whereu=>v=>0.
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The inequality (1) is successively equivalent to,

wW+22+Ww+23+22-WwW+2)(u+2?% - (u+2)z*-zWwW+ 2)? > kguv(u —v)
e 2(u? —uwv +v?*)z+ud + v3 —u?v > kouv(u — v).

This one is true for u = 0,v = 0 and for u = v, and it is equivalent, in the other cases, to

2(u? —uv + v?)z + uv(u —v) (f (E) - ko) >0,

v
which is true because, u?> —uv +v>,u—v>0andf (;) > min 1{f(t)} = k.

Therefore, 0 < k < ky = 2,48.

1148. In AABC the following relationship holds :

mp* + 4my2(my, + m,)(m, + my) + m,* 81R?
2 1, A < T2
b* + ¢ s
cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z \/mb4 + 4my2(my + m.)(m, + m,) + m 4 < 81R?

b* + c* s2 1)
cyc
We have,
Jensen 4 4 5>qa
b+c (s+(s—a) 2%s*
bt+ct S 2 ( ) = > —.
T 2 8 8

Then,

8(my* +4my2(my, + m.)(m, + m,) + m_ 4
LHS(1)<Z\/( b b( b c)( c a) c)

S4
cyc

CBS
2
< s—z\/62[mb4 + 4my2(my + m,)(m, + my) + m*]

cyc

2

= S—Z\/6Z(2ma4 + 4my2m.2 + 4my2(m m, + mym, + mem,))

cyc
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4><3 12 3 Leibniz g
2 2__2°2 2 = 2
sz [(Em >+2<Ema><gmbm>‘ Ema =72 a < Sz.9R

cyc cyc cyc cyc cyc

_ 81R®

2 as desired.

1149. In AABC the following relationship holds :

m,* my* mA V3s*
3T 3T .32
wgd o wpd o w253 — 814313
Proposed by Zaza Mzhavanadze-Georgia

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By CBS inequality, we have,

2

* myt mt (m+my? +m?)
sto5+t-—5= 3 3 3

w3 w3 ow, wg3 +wpd +w,

mg,

)

and since w, < /s(s — a) < m, (and analogs), then we have,

eml2+my?+m2>s(s—a)+s(s—b)+s(s—c)=s>

cwl +wd+wl < (s(s— a)3 +/s(s — b)3 +/s(s — c)3

AM—-GM _ _ 2 _ _ 2 _ _ 2
= s<s(s a)+3(s—a) +s(s b) +3(s—b) +s(s c)+3(s c))

N 23 23 2v3
1252 — 7s(a+ b + c) + 3(a® + b? + ¢?) 12s% — 7s.2s+ 3.2(s? — 2 — 4Rr)
=s. =s.
23 2v3
_28% —3sr(4R +1) MTSE T 253 — 3.3VBrr(4.2r +1) _ 25° —81V3r°
TG = V3 Tl
Therefore,
myt myt m* V3st
3t —3+t—>5=2 .
wa®  wp® w253 — 814313

Equality holds if and only if AABC is equilateral.
1150. In AABC the foIIowing relationship holds:
h hb c = (h + hb) (hb + hc) (h + ha) < m,mpym,

Proposed by Daniel Sitaru-Romania
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Solution 1 by Tapas Das-India

1 3 1 1 F3
5 (o + 1)y + (e + 1) = P | [(5+3) = s | [(@+ B =
cyc cyc
3

F
=m((a+b+c)(ab+bc+ca)—abc) =
rs-2s

2s(s? 2 L 4Rr) — 4R =
(2s(s* +1r*+ 4R7) rs) 16R?

(s> +r? + 2R1)

~ 16R?

— _8F® 8F 2F* 2r2s?
a®b™c " abc 4RF~ R R

rs-2s 21r2s?
1eR? (s?+ 1%+ 2Rr) >

s24+1r24+2Rr>16Rr = s2+1r* —14Rr >0

GERRETSEN
s2 +1r%2 —14Rr > 16Rr — 5r%2 + r? — 14Rr =

2Rr— 41> >0 < 2R(R-21r)>0

Lemma:
my, = \/rpT,
Proof:
F F 2b%2+2c*—a* s(s—a)(s—b)(s—o)
>/ = mé > . >
Ma =yTpTe = Ma = 750 4 - (s—b)(s—o¢)
2b2+202—az> ( ) 2b2+2c2—a2>b+c+a b+c—a
) =SS a) ) =72 2
2b2 +2c¢2-a?=(b+c)*—a%?, (b—0)?%=0
By Lemma:
” rs-2s 2 2 2
mambmczn TTe=ST, < (s*+ 1%+ 2Rr) < s°r

cyc

s2 + 12 + 2Rr < 8R?

GERRETSEN
2 2 2 2 2 2 2
s“+r“+ 2Rr < 4R*“ + 4Rr + 3r“+r“+ 2Rr < 8R* &

4R?> —6Rr —41* >0 = 2(R—-2r)(2R+1) >0
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Equality holds fora = b = c.
Solution 2 by Ertan Yildirim-Turkiye
1 CE.S{'_éRO
§ (ha + hb) (hb + hc) (hc + ha) = g -8h,hyhe = hohyh,

TERESHIN —__ p2 | .2 (b + ¢)? b+c a(b+c)
AR 8R 4a 2R
cye cyc cyc cyc
_nb+c (ab+aC)_1—[b+c (ab_l_a(:)_
- 4a \2R 2R}~ 4a \2R 2R/
cyc cyc
b+c AM-GM 2vVbe
— . > . —
1_[ 4a Th) =z 1_[ 4a the)
cyc cyc
8abc

64- b (h +hb)(hb+hc)(h +ha)—_(h +hb)(hb+hc)(h +ha)

Equality holds fora = b = c.

Solution 3 by Hikmat Mammadov-Azerbaijan
CESARO

1 pri
§ (ha + hb) (hb + hc)(hc + ha) = g *8hohpyh, = hhyh,

m, = ./s(s—a) = l_lma > H,/s(s—a) = sF

cyc cyc

We will prove that:
1
3 (hg + hy)(hy, + h)(h. + h,) < sF

l_[(h Thy) =5 (a b) a2b2 2 H(a +b)=

cyc cyc cyc
_ - _ .qp3 ; ; _
16R2F2 l_[(ZRsmA + 2RsinB) = 16R? 8R l_l(smA + sinB)
cyc cyc
_FRT T At B A—B<4RF1—[ _A+B _
== sin——cos——< sin—— =
cyc cyc
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-C s(s -C)
= abc 1_[ sin = abc 1_[ cos— = abc 1_[ =sF

abc
cyc cyc cyc

Equality holds fora = b = c.
1151.If M € Int(AABC) X = MA Yy = MB z = MC then:

_a+—_ b+—_ c>2-Y27VF
Proposed by D.M.Batme,tu Giurgiu, Florica Anastase-Romania
Solution by Tapas Das-India
AM-GM
>

x y z
\/y_za+\/z_x +\/x_yc

CARLITZ

\j\/_ \/_ \/_6—3\/_C—3 (abc)2 S

6 3
> 3- /(%) =3%=3%-2-ﬁ=2-‘§/ﬁ-ﬁ

Equality holdsforx =y =2z, a=b =c.
1152. In AABC,AM, BN, CP —medians, I —incenter. Prove that:

abc
a-IM?>+b-IN? + c- 1P2>T

Proposed by Daniel Sitaru-Romania
Solution by George Florin Serban-Romania

ABIC, T.median,

2
M|2—B|2+C|2 a’ _sm sin 2 a’_ r’ac rab a

S 2 4‘2(p 2)(p-— c)+2(p a)(p-b) 4

Za-IMzsza2 a’ _a_bc a——Za =py.a —2abc——Za >abc

cyc cyc cyc cyc cyc cyc cyc

4p> a’-Babc-3) a’ 2abc,4p(2p2—2r —8Rr)—9-4Rpr —6p(p*—3r’>—6Rr) >0,

cyc cyc

2

p(8p* —8r? —32Rr —36Rr —6p* +18r° +36Rr) >0, p(2p*—32Rr +10r?) >0,
p(2p® —32Rr +10r?) >0, p(p® —16Rr +5r?) >0, true,because p >0 and Gerretsen
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inequality, p> >16Rr —5r> = p® —16Rr +5r> >0, then a-IM*+b-IN? +c- IP? ZaTbc.

Equality for a=b=c.
1153. In any A ABC, the following relationship holds :

z m2 _R Z m2
ber, — 2rZ.bch,

cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

m? am?(s — a)

ber, 4Rrs.TSs
cyc cyc

B 16R1r252 (Sz (a(4s(s —a)+(b- C)z)) - z (a2(4S(S —a)+(b— c)z))>

cyc cyc
_45?Teyeals —a) + 5Ty a(b? + % — 2bc) — 4s Yoy a%(s — a) — Yy a?(b? + ¢ — 2bc)
B 16Rr?s?
4s? (s(Zs) —2(s? —4Rr - rz)) + s(2s(s? + 4Rr + r?) — 3.4Rrs — 6.4Rrs)
B 16Rr?2s? )
—4s (Zs(s2 — 4Rr —r?) — 2s(s? — 6Rr — 3r2)) -2 ((s2 +4Rr+1?)" — 16Rrsz) + 2.4Rrs(2s)
* 16Rr?s?
_ (10R-5r)s? —r(4R+1)*> ~" mi () (10R - 5r)s®> —r(4R +r)?
- 8Rrs? " Liber, 8Rrs?
cyc
R m2 R a’m? 1
Again, — =— - z ?(4s(s - b—o)?
T bch, 2r o 4Rrs.2rs  64r3s? (a (4ss-a)+(b-0) ))
y

cyc

4s(2s(s? — 4Rr — 1?) — 25(s? — 6Rr — 3r%)) + 2 ((s? + 4Rr + r2)” — 16Rrs?) — 2.4Rrs(2s)

cyc

B 64r3s?
_ s* —(8Rr — 10r?)s® + r2(4R + r)?
B 64r3s?
R~ m? Gbs*— (8Rr —10r?)s® + r’(4R + r)?
" 2riibch, 641352

cyc

mg

2
o m; _R
= <
(@), (i) Z ber, ~ 2r Zubch,
cyc cyc
s* — (8Rr — 10r?)s? + r?(4R + r)? _ (10R - 5r)s? — r(4R + r)?
64r3s? - 8Rrs? -
& Rs* —rs?(8R% + 30Rr — 20r?) + r?(16R® + 72R?*r + 33Rr? + 4r3) > 0
Gerretsen
Now,LHSof () >  Rs?(16Rr — 5r?) — rs?(8R? + 30Rr — 20r?)
?
+r?(16R3 + 72R?*r + 33Rr? + 4r3) > 0
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& (8R? — 35Rr + 20r?)s? + r(16R% + 72R?*r + 33Rr? + 4r?) > 0
(**)
8R? — 35Rr + 20r? > 0 and then : LHS of (xx)
> r(16R3 + 72R?r + 33Rr? + 4r%) > 0 = (+) is true (strict inequality)
8R? — 35Rr + 20r? < 0 and then : LHS of (x*)

— (~(8R? — 35Rr + 20r?)) s2 + r(16R® + 72R?r + 33Rr? + 4r°)

Gerretsen

> —(—(8R? - 35Rr +20r?)) (4R? + 4Rr + 3r%)

? ? R
+r(16R3 + 72R?*r + 33Rr? + 4r%) > 0 © 8t* —23t3 + 9t + 2t + 16 > 0 ( = ;)

e (t-2) ((t— 2)(8t% + 9t+ 13) + 18) S0otruest = 25 (+) = ()

2
< E Ma ,”
bcr, 7 2r e bch,

is true - in any A ABC, z =""iff A ABC is equilateral (QED)

cyc
1154. If w — Brocard's angle in AABC then,
m, my mc} 1

h, h, h,

max{ = -
2sinw

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we may assume that, a > b > c. We have

(ma>2 <mb)2 B a?(2b* + 2¢* — a?) — b%(2c? + 2a* — b?) B
h, h,) 16F2 B

(a —b?)(2¢-a —bz)
16F?

Similarly, we have

(ﬂ)z B (ﬁ)z _ (b? — c?)(2a® — b* — ¢?) > 0.

hy, h, 16F2

b 1
— = :
h,  2sinw

m, mb mc} mb

hen, max (T
en, max h hb hc hb

,and it suffices to prove that,

my, ,; 1 b\2c? + 2a2 — b? - Vazb? + b%c? + c2a?
— &
h, — 2sinw 4F - 4F

squaring

S a’b?+b*ct - c*a’?-b* 20 o (a? - b?) (b2 - %) =0,
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which is true and the proof is completes. Equality holds iff AABC is equilateral.

1155. In any A ABC, the following relationship holds :

3 W3 + 2w, wy (W, + W) + W L Wi + 2w we (W, + W) + Wi
a3 + b3 b3 + ¢3

3lw3 + 2ww,(w, +w,) + w2 93/3R
+ 3 3 <
cc+a s
Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

3Iw3 + 2wowp (W + wp) + W 3w+ 2wpwe(wy, + W) + wd
a3 + b3 * b3 + ¢3

3 w3 + 2w w, (W, + w,) + w3
+ c3 + a3

N8 (wp + W) (WE — wpwe + W) + 2w, we (W, + W)
B b3 +¢3

cyc

3 z i/(wb + wo) (W + wyw, + w2) - z 3| (Wy + wo) (W + wyw, + w2)

b3 +¢3 (b+¢)3
cyc cyc 1

EY sj(wb WOy + WO? g Wy W
cyc

(b+c¢)3 £ b+c
y
Vs—b ++/s —c cBs Vs—b+s—c
B N R i RN S R
o b+c o b+c
y y

:w.ﬁ.ﬁ.czw(\/fc.jg)c? VAVIAS. /gbjc /;bic

s Yoclalc+a)(a+b)) [Tee((c+a)a+b))
B \/Z \/E \/g\/ Hcyc(b +c) \/ Hcyc(b +c)
V4.42.s
= 25?1 ZRr 7 15)" (Za)(Zab) +Za3. (Zaz +22ab>+2ab
cyc cyc cyc cyc cyc cyc
V4.42./s

= .v25(s% + 4Rr +r2) + 2s(s2 — 6Rr — 3r2).+/5s2 + 4Rr + r2
2s(s? + 2Rr +r2) \/ s(s r+r?) s(s )\/
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Va2 » 933R
:m.\/sz —RI‘—I‘Z.\/SSZ +4Rr +r2 <

s VsZ—Rr—r2.y/5s2 +4Rr+r2 2 933
R’ s? 4+ 2Rr + r? é)i/z\/f
. in order to prove (*), it suffices to prove :
s VsZ —Rr — r2.4/5s2 + 4Rr +r2 23
R’ sZ + 2Rr + r2 < 4
& 16s%(s* —Rr — r?)(5s% + 4Rr + r?) < 529R?(s% + 2Rr + rz)Z
& 80s° — (529R? + 16Rr + 64r?)s* — rs?(2116R% + 1122R?r + 80Rr? + 1617)

~ 5.7820423

(%)
—R?r?(2116R? + 2116Rr + 529r%) < 0
Gerretsen

Now,LHSof (++) <  (8B0(4R®+ 4Rr + 3r%) — (529R? + 16Rr + 6412) ) s*
—rs?(2116R3 + 1122R?r + 80Rr? + 16r3)
—R?r?(2116R? + 2116Rr + 529r?) <0
& (209R? — 304Rr — 176r%)s* + rs?(2116R® + 1122R%r + 80Rr? + 16r3)
+R?r?(2116R? + 2116Rr + 529r?) >0
& ((R —2r)(209R + 114r) + 52r2) s* + rs?(2116R% + 1122R?r + 80Rr? + 16r?)

Euler

?
+R?r?(2116R? + 2116Rr + 529r?) >0 > true ~R—2r > 0
= (xx) = (x) is true .. in any A ABC,

i/wg + 2w, W, (W, + W) + W N i/wg + 2w w.(wp, + W) + w3

a3 +b3 b3 + ¢3

c3+ad (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Holder's inequality, we have

_|_3\/wc3 + 2w w, (W, + w,) + wi - 93/3R
s

LHS <32[w3+2ww(w +W)+W3]Z 1 Z 1
) = b bWc\Wh c c 1 b+c b2 — bc + ¢?’
cyc cyc cyc

Also,we have

Z[W”3 +2ww (wy +wo) + w i = ZZ wy3 + ZZ wyw.(wp +w,) = ZZwa .Zwaz

cyc cyc cyc cyc cyc

3
Mitrinovic

2|3 Zs(s—a) =2V3s3 <

cyc
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<243 <3v_ R) 243R3’

4

s>a
andsince b+c=s+(s—a) S s, thenwe have

AM- GM 12

eSOy ) e Z Z
b+c s an b2 — bc+c2 - (b+c)2 sz sZ

cyc cyc cyc

Therefore,

z 3\/wb3 + 2wpw (wy, + wo) + w3 < J243R3 3 12 9%3R

b3 +¢3 4 's's? s

cyc
1156. AD, BE,CF — internal bisectors in AABC,

R4, Rp, R — circumradii of AAEF,ABFD,ACDE.Prove that

BC CA AB - 12 \/_ r
Ry RB R~
Proposed by George Apostolopoqus-MessoIonghi-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Leta =BC,b=CA,c = AB
be the side lengths of the triangle ABC. From the angle bisector
theorem in triangle ABC, it follows that

bc bc
AE = and AF =—.
ct+a a+b

By the law of cosines in triangle AEF we have

EF? = AE? + AF? — 2AE.AF.cos A
2

bc \? bc bc bc \ b?*+ c? — a?
:(c+a> +(a+b> _2(a+c><a+b>' 2bc
bc[bc(a + b)? + bc(c + a)? — (b? + ¢? — a?)(c + a)(a + b)]
(c+ a)?(a + b)?

bc [az (c + a)(a + b) + bc(b? + ¢?) + 2abc(a+ b +c¢) — (b?> + ¢?)[bc + ala+ b + c)]]
N (c + a)2(a + b)?

bcla’?(c+a)(a+ b) —al(a+ b+ c)(b—c)?] - a’bc -
(c+ a)?(a + b)? “(c+a)(a+b) ™
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a’bc a’bc

< = ,
2+/ca.2+ab 4
where we have used
the AM — GM inequality in the last step. Thus,in AAEF,we have,

EF \/azb R4\/a2b R4 bc
> (and analogs)
2 sin EAF 4 sin A

bc R4 ca R4
Then, R4RgR, < 7

Euler & Mitrinovic

g 3
Also,we have,  abc = 4Rsr > 4.2r.3V3r.r = (2V3r) .
Therefore, by the AM — GM inequality, we have,
BC CA AB _ 3| abc 2V3r T
—+—+—2>3 > 3. =12v3.-,
R R TR R, DR 1R

as desired. Equality holds if and only if the trangle ABC is equilateral.

1157.In any A ABC, the following relationship holds :
ab(a? + b%?) bc(b? +c?) ca(c? +a?) 54R?
+ + <
a+b b+c ct+a S

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

ab(a? + b?) N bc(b? + ¢2) N ca(c? + a?) G;H Z (‘/%_b (a2 + b2)>

a+b b+c ct+a

cyc

= %Z (\/ab(a2 +b2).\/a? + bz) cis %\/Z ab(a? + bz).\/z:(a2 +b2)

cyc cyc cyc

1
=5 Z ab z:az—c2 ) Zz:a2
cyc cyc cyc

L (Zb><z>bz S e

cyc cyc cyc
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1
<s. 2
2 (Z a

Leibnitz 1 27R3.s
Zaz . Zzaz < =.42.729R® =
cyc z \/ES

cyc cyc

Mitrinovic 27R3.3/3R R* 54R*
< —

< ~49.602 +x— < ~ in any A ABC,
2V/2s S
ab(a? +b?%) be(b?+c?) ca(c?+a?) 54R*
< (QED)
a+b b+c ct+a

1158. If w — Brocard's angle in AABC, M € Int(AABC) then :

MA MB MC 1

+—F+— ==
h,, h, h, sinw

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma : (G.Bennett's inequality)SIf P,M € Int(AABC), then :
a.PA.MA + b.PB.MB + c.PC.MC = abc [1]
For P = Q, where Q is the first Brocard's point, we have

a.NAMA+b.2B.MB + c.2C.MC = abc,

ith. 0A=b sin w b sinw
with, =b.— = bc.
sin A h,,

(and analogs). Then,

MA MB MC> 1
‘hy h, h, " sinw

References : [1] 584 G.Bennett — Multiple Triangle Inequalities.

(see also,Bogdan Fustei — About Nagel's and Gergonnes's cevian (IX)
— www. ssmrmh. ro)

1159. In AABC the following relationship holds :
(a2+b2+c2)3+R3> 8 +3(1 . 1 . 1)
192R3F3 ré —

b3

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

72 RMM-GEOMETRY MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Leuenberger, Steinig and AM — GM inequalities, we have,

1 1 1 1 1 1,1 1 1y 1,1 1\ 1,1 1\ 1,1 1
E+F+c_3=(E+E+Z><?+ﬁ+?)__5_(b_2+c_2)_E(c_2+?)_Z<?+ﬁ>
<\/'§ 1 6 _ \/g 3 Mltr:élovlc\/g 3 _ \/'?j \/’g
~2r'4r2 abc 8r3 2sRr 8r3 33R.Rr 8r3 3R2r

By Ionescu- Weitzenbock inequality, we have, a? + b% + ¢ > 4+/3F.
So it suffices to prove that,

R3 16 — 13

& (R —271)[8R3(R? + 2Rr + 41%) — V3r3(3R? + 6Rr + 41?)]| > 0,

v3 R® 8 V3 V3 R3—8r3 +/3(3R3—8Rr?-8r3)
— 4+ —>—+3 — = =
8r3 3R2r ré 8R313

which is true by Euler inequality, R > 27, and,

8R3(R? + 2Rr + 41?%) > 64r3(R? + 2Rr + 412) > V3r3(3R? + 6Rr + 412).

So the proof is completed. Equality holds iff AABC is equilateral.
1160. In AABC holds:

27R Z m,> 27R°
— < <
4p ar, ~ 64prt
cyc
Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have,
mg 2/p(p-a) 2 L .
Zmaz ;‘ p(p _ a)z C’SS (chc(p _ a)) _ E Cosmta;Turtmu 27R
ar, - aF - ra+b+c) 2r - 4p
cyc cyc
m,? (p — a)[2(a? + b? + ¢?) — 3a?]
Also, Z = Z
ar, 4Fa
cyc cyc
_a’?+b*+c? Zp—a 3 ( )
=7 2F L a arL*MPT°
cyc cyc
_p?—1?—4Rr p* +1r*>—8Rr

3
T ARr ~1F 2r(4R+ 1)
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Gerretsen 9 (2 R2 4 12).4(R? — Rr + %) 3r(4R +71)
= AFRr - 2F
8R* — 8R3r — 7R3 + 4r* ., 27RS
2pRr? = 64prt
& 27R® — 256R*r? + 256R3r3 + 224Rr5 — 1281 > 0
& (R-2r)[(R—2r)(27R* + 108R3r + 68R?*r? + 96RT3 + 1121r*) + 2881r*] > 0,
which is true by Euler’s inequality, R > 2r.

The proof is completed. Equality holds iff AABC is equilateral.

1161.
Prove that in any triangle ABC are true the following inequalities:

a 3 a?
RHCNE
b+c 2 b

cyc cyc cyc

R EERDIE ot

c)(b +c)
cyc cyc cyc cyc

Proposed by Neculai Stanciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have,
a? B a? A (a — b)?
25 a=) (Fzarh)= b
cyc cyc cyc cyc
Z a 3_2( a 1)_2( a—>b c—a)
b+c 2 b+c 2/ 2(b+c) 2(b+c0)
cyc cyc cyc
_z( a—>b a—>b )_ (a — b)?
B 2(b+c¢) 2(c+a)) Li2(a+c)b+c)
cyc cyc
Then,

2 EEAY)
Zz(a 2 Z Zz(a(—?c)?lz—i-c)

_\'Blato+c)—bla+t cherc)](a b)2 e
_; 2b(a+c)(b+c)
_ " [3¢*+ab+bc+3ca+bla—b+c)l(a—b)?
_Z 2b(a+c)(b +c)

=0,

cyc
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th 3Za2>z Za is true i triangle ABC
us, 2 b = a. b-l-C, 1S true lnany rlange .

cyc cyc cyc
Using the last relation, we have,

a? ZZ Z a _22:[302+ab+bc+30a+b(a—b+(:)](a—b)2
b 3L%Lb+c 3 2b(a+c)(b+c¢)
cyc cyc cyc cyc

— B)2 AY
> (ab + bc + ca)(a — b) =Zab-ng( (a—Db)
cyc cyc

& 3b(a+c)(b+c) a+c)b+c)
thus,
YRy e et Y aby
b — 3 a b+c av- 3b(a+c)(b+c)
cyc cyc cyc cyc cyc

is true in any triangle ABC.

1162. If w- Brocard’'s angle in AABC then

1
1_[< —ZcosA)Zl
sin w

cyc

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly, we will prove that,

1 b? + ¢
- > )
sinw bc

VAABC (D

2F
Since sinw = and
va?b? + b2c? + c2a?

4F = \/Z(aZb2 + b%c? + c2a?) — (a* + b* + c*), then,

1) e Zb(:\/azb2 + b%c? + c%2a?
> (b? + c*)y/2(a?b? + b2c® + c2a?) — (a* + b* + c*)

squaring
~

S 4b%*c%*(a?b? + b%c? + c%a?)
> (2b%c? + b* + c)[2(a?b? + b%c? + c?a?) — (a* + b* + ¢*)]

e 0> —a*(b? + c?)? + 2(b* + c*)(a?b? + c?a?) — (b* + ¢*)?
= —[a*(b? + c*) - (b* + 1],

which is true. Using this result we have,

5 A>b2+c2 b2+c2—a2_a2( d analogs)
sinw - %7 = The bc = pc ‘Andanaloss
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1 a?
[Tl ~2eos8) = [ 2
sinw bc

cyc cyc

Therefore,

Equality holds iff AABC is equilateral.

1163.

In any A ABC with w — Brocard’s angle, the following relationship holds :
2 - h, + hy, + h,

sin w r

5+

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

2hW2
2 ha+hb+hc \]chcab >sz+4Rr+r2 5

5+ >
sin oo r rs 2Rr
(s + 4Rr + r2)” — 16Rrs? (s — 6Rr +r2)°
r2s?2 4R2r2

sé — (4R2 + 12Rr — 2r?)s* + rsz(32R3 + 28R%*r — 12Rr? +r?)

()
—4R?’r?(4R+1)?2 <0
Now, Rouche = s> — (m —n) > 0 and s> — (m + n) < 0, where
m = 2R? + 10Rr —r? and n = 2(R — 2r).+/R% — 2Rr
(s2 —(m+ n)) (s2 —(m— n)) <0
= s*—s?2(2m) + m? —n? <0 = s* —s?(4R? + 20Rr— 2r?) + r4R+1)3 <0
= 5% — (4R? + 20Rr — 2r?)s* + rs?(4R+1)3 < 0
= in order to prove (*), it suffices to show :
LHS of (») < s® — (4R% + 20Rr — 2r?)s* + rs?(4R + r)3

(%)
& 2s* — s2(8R? + 5Rr + 6r?) —Rr(4R+1)? < 0
Gerretsen

Now,LHS of (xx) <  s%(8R?+ 8Rr + 6r?) — s?(8R? + 5Rr + 6r?)
? ?
—Rr(4R +1r)? <0 © 3s% < 16R? + 8Rr + r?
?
& 35?2 — (12R* + 12Rr + 9r?) —4(R—2r)(R+1) < 0

Gerretsen Euler
> true = 3s% — (12R? + 12Rr + 9r?) 0and —4(R-2r)(R+r) < 0

2 _hathy+h

= (**) = () istrue ~ 5+ )
mu)

="" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly we will prove that,
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a
b sinw’
WLOG, we may assume that c = min{a,b,c}. If a > b > c. We have

c a a b c (a—b)(b—c) a b c c a
(1+—+—)—(—+—+—>= >0 = —+-+-<1+—+—
a c c a a c

b c
+-+-<1+
c a

b ¢ a bc - b
o . a b c b c
Similarly,if b > a > cthenwe have, —4+—-—4+—-<1+4+—+4—.
b ¢ a c b
a b c a bb cc a
Thus, —+—+—S1+max{—+—,—+—,—+—}.
b ¢ a b ac ba c b
c 1
So it suffices to prove that,in any AABC,we have, —+ — < — (D
¢ b sinw
2F
Since sinw = and 4F

Va?b? + b%c? + c2a?
= \/Z(azbz + b%c? + c?a?) — (a* + b* + ¢*), then,
1) & 2bc\/a2b2 + b2%c? + c?a?
> (b? + c)y/2(a?b? + b2c? + c2a?) — (a* + b* + ¢*)
squaring
S 4ab%c(a?b? + b%c? + c%a?)
> (2b%c? + b* + cY)[2(a?b? + b%c? + c?a?) — (a* + b* + ¢*)]
e 0> —a*(b? + c?)? + 2(b* + ¢*)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b? + c?) — (b* + )7,
which is true, and the proof is complete.
Using this result we have
2 1 a b c b ¢ a
5+—= 3+2(1+.—> >3+ (—+—+—)+(—+—+—)
sin w smlw L1 bh ?I—ha+h a c
= (a+b+c)(—+—+—> =20 <
a b c r
as desired. Equality holds iff AABC is equilateral.

1164.

In any A ABC with w — Brocard'’s angle, the following relationship holds :

1 (a - C)Z n (ma - mc)z
sin ® ab + bc + ca’ m,my + mym, + m.m,

> max <2 +

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

2
Y eyc a?b? 2 (c? + a?) o Yeycat + 16F2 2 ct +a* +2c%a?

4F2 —  c2q? 8F2 - cZa?
Ygcat 2 ct+at Ycat 2 8F2
8F2 — c2a2 ct +a? ~ c2a?
Yeycat — (c* + a*) 7 2a?b? + 2b%c? - (chc a*)
& >
ct+at 2c2a?
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b* b*  c*+a*? b%(c? +a?)
Tt at * 2c2q? * 2c2a? —  c?a?

b*(c2 +a?)’ ct+a* 2 b2(c? +a?)
2c2a2(ct*+a*) 2c?a? — cZa?

o b*(c? + az)2 +(c*+ a4)2 > 2b%(c? + a?)(c* + a*) - true via AM — GM

2hH2
. chc a’b” > (CZ + az)z \’ZCyca b

c+a 1 >c2+aZ
—t -
4F2 —  c2q2 2F “a ¢ sinw  ca
2ca+c?+a%?-2ca (a—c)? (a —c)?
= =2+——22+—
ca ca ab + bc + ca
2h2
1O, @0 JZerca®d , . (a=o?
> = >2 4 —
sin w ab + bc + ca * 2F ab + bc+ ca
2m, 2my 2m,

implementing which on a triangle with sides 3 3 '3

whose area as a consequence of basic computation = 3’

16
ﬁ- chc mtzlmﬁ % (ma — mc)z
we arrive at : >2+
2F 4
3 9 (mamb + mpme + mcma)
16 9
157 75 2oca%b" gy (mg—mo?
2F - m,m; + mym, + m.m,
3
1 (**) m, —m 2
S P . k. O N
sinw m,m;, + mym, + m.m,
1 a—c)? m, — m_.)?
—— >max|(2+ @-o ) (mg —m.) (QED)
sin ab + bc + ca m,my + mym, + mcm,

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly we will prove that, in any AABC, we have

1 c a
- > —+— (1)
sinw  a c
. . 2F
Since sinw = and 4F

va?b? + b2c? + c2a?
= \/Z(azb2 + b%c% + c2a?) — (a* + b* + c*), then,
1) anx/azb2 + b%2c? + c2a?
> (c? + a?)y/2(a?b? + b%c? + c2a?) — (a* + b* + ¢*)
squaring
S 4c?a?(a?b? + b%c? + cta?)

> (2c?a? + ¢* + a*)[2(a?b? + b%c? + c?a?) — (a* + b* + ¢b)]
& 0> -b*(c? + a?)? + 2(c* + a*)(a?b? + b*c?) — (c* + a*)?

= —[b?*(c? + a?) — (c¢* + a®)]?,
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which is true, and the proof of (1) is complete.
Using this result, we have

1 c a c—a)? c—a)?
. 2_+_=2+—( ) 22+—( ) (2)
sinw a ¢ ca ab + bc + ca 3F
Now, since m,, m;, m. can be the sides of triangle with, area F,, = R and,
9
m,2m,? + mp®>m2? + m2my?% = 1—6(a2b2 + b?%c? + c%*a?), then,
_ 2F,, 2F _
sinw,, = = = sin w.
\/mazmbz + my2m2? + m2m,>? Vazb? + b%2¢c2 + c2a?
Using (2) in Am,m,m_., we get,
1 1 m, —m,)>
—— = — >2+ (m, = my) .
Ssihw SInw,, mym, +mym,+m.mg,
Therefore,
1 ¢ — a)? m, —m,)>
1 omaxlzs (c—a) , (m, —m,)
sin w ab + bc + ca m,my, + mym.+m.m,
1165.
In any A ABC with w — Brocard'’s angle, the following relationship holds :
1 a+b c+b 1 m, +my m.+ m
> > +

- = + an - =
sinw c¢c+b a+b sinw ™ m.,+m, m,+ m,
Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

2
Y eyc a?b? 2 (c? + a?) o Yeycat + 16F% 2 ¢t + a* + 2c2a?

4F2 —  c2q? 8F?2 - cZa?
Yeyeat 2 ¢t +at o Yeyca* 2 8F?
8F2 ~— c2q2 ct 4+ a*  c2a?
o Yeyeat — (c* +at) ; 2a%b? + 2b%c? — (T ycat)
ct +at - 2c2a?
b* N b* N c* +a* ? b%(c? + a?)
o >
ct +at 2c22a2 2c2q? cZa?
b*(c? + a?) c* +a* ? b%(c? + a?)
2c2a?(c*+a*) 2c%a? — c2a?

e b*(c? + az)z +(c* + a“)z > 2b%(c? + a?)(c* + a*) - true via AM — GM

2 2hH2
chca2b2>(c2+a2) ‘\’Ecycab c+a 1 (*>)c+a
—4+—-> —4—
4F2 —  c2q? 2F “a ¢ sinwm a c

c a’a+b c+b 1 1 1 1 ? 1 1
s ) R e ) KL ey
c b+c b+c a+b

Now,— +— > +
a ¢ c¢c+b a+b
c a 71 1 1 c—a 1 c—a?

S > S . . =0
a(a+b)+c(b+c)_b+c+a+b a+b a b+c ¢ —

C +
a a+b
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(c—a)((c—a)(c+a) +b(c—a)) 2 0

1 1 ?
_ — >
e a)<a(a+b) c(b+c))_0@ ac(a+b)(b+c) -
(c—a)z(a+b+c)7 c atJa+b c+b
> 0 - true - —+—_
c+b a+b

ac(a+b)(b+c)

f 2h2
1 a+b c+b chcab a+b c+b
> . > +

= + o =
sinow c¢c+b a+b 2F c+b a+b
2m, 2my 2m,

implementing which on a triangle with sides 3 3 '3

,we arrive at :

o (%), (+5) =

)
. . F
whose area as a consequence of basic computation = 3

16 2

81 chc n‘12n‘1b §(ma + mb) 3 (mc + mb)

2F -2
? 3 (mc + mb) 3 (ma + mb)
16 9 ’
\[81 162'33"361b >ma+mb+mc+mb chcab >ma+mb+mc+mb
= =

2F m,+m, m,+my 2F “me+my, mg+my

3

1 - m,+mp m¢+my,
sinw ™ m.+m, m,+my,
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a+b+b+c"M<AMa+b (1+1>+b+6(1+1>_1 2+z<a+b)
b+c a+b ~ 4 ‘\b ¢ 4 ‘\a b) 4 b a

DAY
- 413 b a b a

(QED)

=

cyc

cyc cyc
CBS
be(b +¢) 2 sz 2 Z b+ c)?
3bz clb+c) = 12RF\/ c.p (b+o)
cyc cyc cyc
1 Lelbnlz 1 1
2 < — .\ 4. 2 = .
6Rsmw j Z“ +zzbc ~  6Rsinw 4-9R sin w
cyc cyc

Now, since m,, m;,, m_. can be the sides of triangle with, area F,, = i and,

9
m,*m,? + mp®>m? + m>2my? = R(azb2 + b%c? + c¢*a?), then,
2F, 2F .

= sin w.
\/m 2m,2 + my?m2 + m2m,? " VaZb? + b2 + a?
Using the first result in Am,m,m_, we have

1 1 m,+m, m,+m,
>

sin (/)7

sinw sinw,, m,+m, m,+my,
So the proof is complete.
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1166. If in AABC,AM, BN, CP — medians, I — incenter, then:
aIM b.IN c.IP abc

. . C_ 2r
sin  sinz sm2

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Firstly, we will prove that, for any arbitrary point Q in the plane of AABC,we have

A B Cc
QA. cos—+QB cos—+QC COSEZS (1)
Lemma : (Bottema's lnequallty, see [1,pp. 118, Theorem 12.56])
Let a’, b’, ¢’ denote the sides of AA'B’'C’'and F' denote its area. Then

1
(@.QA+b'.QB +c.QC)% > EZ a'’(b? + c® — a?) + 8FF'.

cyc

A B C
Leta = cosE,b’ = cosE,c’ = cosi.
. 1+cosA 1+cosB A B cosA + cosB
Since, (a’' +b')? = + +2cos=.cos—>1+
2 2 2 2 2
. C A-B )
=1+smi.cos< )21>c’ => a' + b’ > ¢’ (and analogs)

then a’, b’, ¢'can be the sides of a triangle with area F’ such that:

16F'> —ZZCOS —cos ——Zcos —

cyc cyc
A B A B C\?
_ 22 22 22 22 2”
4 ) cos > cos > (cos > + cos > + cos 2)
cyc
s2+ (4R+1)%> (AR +1\> % s
16R? 2R 4R? 8R

Also, we have

A
Z a*(b? + ¢ — a?) = ZCOSZE.ZI)CCOSA = ZSZ(S —a)cos A

cyc cyc cyc
2sr r

= ZSZZCOSA —Zsz acosA = 2s? (1+;) 2s. == 2s? (1_E)'

Th A.cosh + QB.cos2 + QC C>122(1 )+8 °
en, Q.cos2 Q.cos2 Q.co2 Z.S R sr8R—s.

Using now this inequality in AMNP with Q = I, we have
M £LPMN <.NPM MN + NP + PM
.COS

LMNP
+ IN. cos + IP.cos 2 = > ,
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a
with, <PMN = Aand NP = o) (and analogs), then

A B C a+b+c s
IM.cos—+ IN.cos—+ IP.cos—> ——— = —

2 2 2 4 2’
a
and since cos— = — (and analogs), then
4R sinf
alIM b.IN c.IP abc
= 2Rs = —.

. A . . C~— 2r
siny sins  sing

Equality holds iff AABC is equilateral.
Reference :

[1] 0.BOTTEMA,R.Z.DJORDEVIC, R.R.JANIC, D.S. MITRINOVIC AND P. M. VASIC,
Geometric Inequalities,
Wolters — Noordhoff Publishing, Groningen, The Netherlands, (1969).

1167.
In any A ABC with w — Brocard'’s angle, the following relationship holds :

1 2(ny, + my, — gy, — sp,)?
LSNP (ny b= 9b — Sp)
sin w 9R(h, + h, + h,)

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

2
Y eyc a?b? 2 (c? + a?) o Yeycat + 16F2 2 ct +a* +2c%a?

4F2 —  c2q? 8F2 - cZa?
Zc ca4 ? ¢t +at Zc ca4 ? 8F?
o= > o= S
8F2 cZa? ct 4+ a*  c2a?
o Yeyeat — (c* +at) ; 2a%b? + 2b%c? — (T ycat)
ct+at - 2c2a?
b* N b* N c* +a* ? b%(c? + a?)
o >
ct+a? 2c2a?  2c2a? cZa?
2
b*(c? + a?) c* +a* ? b%(c? + a?)
2c2a?(c*+a*) 2c%a? — c2a?

e b*(c? + az)z +(c* + a“)z > 2b%(c? + a?)(c* + a*) - true via AM — GM

21,2 2 22 /2 a?b?
a“b c“+a cye c a 1
.-.chc >( ) = —4—->

= = . > —
4F2 cZa? 2F a ¢ sinw a c

2]
I
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c2+a?—-2ca+2ca (c — a)? (c—a)?
= =2+ =2+
ca ca Ycycab
1 (c—a)?
=

sinw =2+ 2R(h, + hy + h)
Now, 4m2. (b — ¢)? ; (b% + cz)2
o 4((b-0%+b+0%—a).(b-0? < ((b-0%+ (b+0?)
& 4(b — o)* + 4(b? - cz)2 —4a%(b - ¢)? ; (b-0*+ b+c)*+2(b%- cz)Z

?
& 3(b -0 +2(b - 2’ < (b+0)* + 4a?(b - ¢)?
O]
+a* > (b—c)? - inorder to prove (x), it suffices to prove :
(b+c)* +4(b—)* >3(b—c)* +2(b? — c2)
esb+o)*+b-0*-2(b+c)?b-0c)?2>0

()
e (b+c)?—(b- c)z)2 > 0 - true = () is true ~ 4m2. (b — ¢)? < (b? + cz)2

2bc B (b — ¢)? ; b —c|
b2+C2'ma_b2+C2'ma_ 2

Now,m, —s, =m, —

(b—o)*

? ? 2
=N m.l&mﬁ <(b-0?e4mi.(b-c)? < (b?+c?) (v (b-c)?=0)

lc—al
2

- true via (¢) > my — s, < - (1)

o ® Incenter
Gergonne .Sp el

Nagel
o g

Let Ge = Gergonne point, Na = Nagel point, AGe n BC = {D;},ANa n BC = {D,}
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and assumeb > c; Now,BD; =s—b,BD, =s—¢,CD; =s—c¢,CD, =s—b

~ D4D; = BD, — BD; = CD; — CD; = b — c and assuming ¢ > b,we get :
D;D, = c— b .. combining both cases, we obtain : D;D, = |b — |

and via triangle inequality, AD; + D;D, > AD, = g, +|b—c| > n,

3lc—al
>n,—gp<lc—al->(2)-1),2)=>n,+my,—g,—sp < >
(9 4(ny, + my, — gy, — Sp)? 1
olemay s MMy TSy
9 sin o

4(nb + myp — gp — Sb)2
9 1 2(ny + my, — gy — sp)?

=> >
2R(h, + hy + h) sinw * 9R(h, + hy, + h,)

=2+

(QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

3
Firstly, we will prove that, n, + my, — g, — s < 2 lc—al (1)
— a)? _B)c— a)?
oD and gy = 55— b) -2 e
b b
2 (c — a)?
(npgp)? = (s(s — b)) + s(s — b) <1 =

b2
>s(s—b)
= (ny — gp)? = (Mp% + gp?) — 209, < (2s(s — b) + (c — @)?) — 2s(s — b) = (c — a)?,
then, n, — g, < |c — al|. Also,we have

We have, n,% =s(s—b) +

b>|c—al

) (c—a)? S (s(s — b))z = NpYp

3 (1 2ca ) _(c—a)? J(c+a)? — (b2 - (c — a)?) b>|é_a| (c—a)*(c+a)
Mp = Sp = cZ+a2) P 2+a?’ 2 - 2(c% + a?)
|c2 —a?|lc—al 1 1
= 2+ ab) _Elc—al = mb—sbszlc—al.
1

Thus, n,+my—gp,—sp, =My —gp) +(my, —sp) < |c—a|+E|c—a|=E|c—a|.

. 1 c a
Now, we will prove that, —>—+—-(2)

sinw —a ¢

Since sinw = and 4F

Jazb? + b2¢? + c2a?

= /2(a%b? + b%c? + c2a?) — (a* + b* + c¢*), then,
(2) © 2caya?b? + b2c? + c2a? > (% + a?)y/2(a%b? + b2c? + c2a?) — (a* + b* + c*)

squaring
S 4c’a*(a’b? + b%c? + cta?)
> (2c%a? + c* + a*)[2(a?b? + b*c? + c*a?) — (a* + b* + c*)]
& 0> -b*(c*+ az)z +2(c* + a*)(a?b? + b*c?) — (c* + a4)2
= —[b%(c? + a?) - (c* + a*)]",

which is true, and the proof of (2) is complete.
From (1) and (2), we get
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1 >c+a_2+(c—a)2> 4(n, +my — g, —sp)° 2y +my, — gp — s5p)?
sinw " a ¢ ca 9(ab + bc+ca) 9R(h, + hy + h,)

1168. If w — Brocard's angle in AABC then,

1 3 m, m,
) ks
T sin w h, smw h,

cyc cyc cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly, we will prove that,in AABC

3
bm, + cmy, + am, > E\/azbz + b%c? + c?a?.

We have,
4bm, = /4b2(2b? + 2¢2 — a?)
=/ (3b% + c2 — a2)? + 2(a?b? + b%c? + c2a?) — (a* + b* + %),
3b% + c% — a?)? + 16F2
then, bm, = v ) (and analogs).

4
By Minkowski's inequality, we have

2

1 1
mea = ZZ V(3b? + 2 —a?)? + 16F2 2 4 Z(Bbz +c2—a?)| +9.16F?

cyc cyc cyc

3 3
= Z\/(az + b% 4+ ¢2)? + 16F? = E\/azbz + b%c? + c%a?.

3
Similarly, we have, Z cm, > E\/ a?b? + b%c? + c%a?,

cyc

then, Z(b +cm, > 3\/azb2 + b%2¢? + c2a? =
cyc

Now, if a < b < c then we have, m, > m;, > m, and

1 1

1
— > — = —,so by Chebyshev's inequality,
re T, T

6F
sinw’

we have
Bzma>zl Z _12 _a+b+cz _1Z(b+ ) +zma
. S lar, LT T L™ T T gF m“_ZF ¢ h,
cyc cyc cyc cyc cyc cyc cyc
1 6F N
ZF sin w h smw h

cyc cyc

which completes the proof. Equality holds iff AABC is equilateral.
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1169. If w — Brocard's angle in AABC then,

1 a m, 2 b+ c my, + m,
+ — = max 2—2— , 2+ — > max Z Z
sin w c m, sin w a m,

cyc cyc cyc cyc

1

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Firstly, we will prove that,
+b+ <1+max{s +b b, =+3 @
b= T "ba
WLOG, we may assume that ¢ = min{a, b, c}. If a>b > c. Wehave

c a a b c (a—b)(b—c)
R =0,
a ¢ a b ab
then
a b a bb cc a
—+ + S1+ + <1+max{—+—,—+—,—+—}
b b ac ba c
Similarly, if b > a > c then we have
+b+ <1+b+ <1+ {a+bb+cc+a}
b~ b~ maxb a'c b'a c
which completes the proof of (1).
Now, we will prove that,in any AABC,we have
b+c< @)
¢ b sinw
2F
Since sinw = and

va?b? + b2c? + c2a?
4F = \/Z(azb2 + b%c? + c2a?) — (a* + b* + ¢*), then,
(2) & 2bcya?b? + b2c? + c2a?
> (b? + c*)y/2(a2b? + b2c® + c2a?) — (a* + b* + c*)
squaring
S 4b%c2(a?b? + b%c? + c*a?)
> (2b%c? + b* + ¢*)[2(a?b? + b?%c? + c?a?) — (a* + b* + ¢*)]
& 0> —a*(b? + ¢?)? + 2(b* + ¢*)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b? + ¢?) — (b* + cY)]?,
which is true, and the proof of (2) is complete.
From (1) and (2), we get

a+b+c<1+ {a_l_bb cc+a} 3)
b~ max b b'a sin w 3F
Now, since m,, m;,, m_. can be the sides of triangle with, area F,, = i and,

9
my*m,? + mp’>m? + m>2my? = E(azb2 + b%c? + c*a?), then,
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_ 2F,, 2F _
sinw,, = = = sin w.
Jmz2m? + mp?m 2 + m2m,2  Va?b? + b2c? + c2a?

Using (3) in Am,m,m., we get,

m, m, m, 1
—+—+—<1+— =1+—-——.
m. m, mg sin w,, sin w
Therefore,
a b cm, m, m, 1
max{—+—+—,— —+—}Sl —.
c a bm, m, c sin w
Similarly, we have,
c a b 1 m.,. m, m,
—+—+-<1+—— and —+—+—<1+——.
a b c sin w m, m, m, sin w
Then,
b+c c+a a+b 1
+ + S2(1+ - ) and
a b c sin L
m,+m, m.+m, m,+m
b c+ c a+ a bSZ(l-I— : )
m, my m, sin w
Therefore,
b+c c+a a+b my+m, m.+m, m,+m, 2
max{ , + + }SZ+_ .
b c m, my m, sin w

1170. If w — Brocard's angle in AABC then,

m, m, mg
h, h,  h,

2R+5r25r+4r.max{ }25r+ > hg,+ hp + h,

sin w

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

m,

R
< —
h, S 7r (and analogs) =

By Panaitopol’s inequality, we have,

me my ) Ry
h, h,’ h,

(e 7o 7 1

1
mamy Moy, L)
h, h, h, 2sinw
WLOG, we may assume that, a > b > c. We have

Now, we will prove that, max {

(ma>2 (mb>2 _ a?(2b? + 2¢* — a®) — b*(2¢? + 2a* - b?)
h, h,) 16F2
(a? — b?»)(2¢? — a? — b?)
= <
16F? -

0.
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(mb)z _ (mc)z _ (b?% — c?)(2a? — b%? — ¢?)

Similarly, have, —_— —_— > 0.
imilarly, we have ™ h. T6F?
Th {m“ e mc} ™Mb and it suffices t that, ™25 _1
en, max}—,—,—{ = —,and it suffices to prove that, — > ———,
h, h, h.)  h, P h, = 2sinw
my ,; 1 o bV2c? + 2a2 — b? - Vazb? + b2c? + c2a?
h, — 2sinw 4F - 4F

squaring
S ab?+b 2 -cta?—b* >0 o (a®-b?)(b%—c?) >0,
which is true and the proof of (2) is complete.
a b c 1
—t—t+—<1+— (3)
b ¢ a sin w
WLOG, we may assume that c = min{a,b,c}. If a > b > c. We have

In this part, we will prove that,

c a ma b c (a—b)(b—c) a b c c a
1+—+——(— — —>= >0 = —+—+—<1+—+—
a c¢ b ¢ a bc b ¢ a a c¢
L . a b c b ¢
Similarly,if b > a > cthenwe have, —4+—-—4+—-<1+4+—+4+—.
b ¢ a c b
a b c a bb cc a
Then, —+—+—S1+max{—+—,—+—,— —}.
b ¢ a b ac ba cb
c 1
So it suffices to prove that,in any AABC,we have, —+ — < — (i)
oF ¢ b sinw
Since sinw = and 4F

va?b? + b2c? + c2a?
= {2(a%b? + b2c? + c2a?) — (a* + b* + c*), then,

(i) 2bc\/a2b2 + b%c? + c2a?
> (b? + c)y/2(a?b? + b2c® + c2a?) — (a* + b* + c*)

squaring
~

S 4b%*c*(a?b? + b%c? + c%a?)
> (2b?%c? + b* + ¢*)[2(a?b? + b%c? + c?a?) — (a* + b* + ¢*)]
e 0= —a*(b? + c?)? + 2(b* + ¢*)(a?b? + c?a?) — (b* + c*)?
= —[a*(b? + c*) - (b* + M),
which is true, and the proof of (3) is complete.

From (1), (2) and (3), we have
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(€Y 2)

2R+5r=5r+4r— S 5r+4 {m“mbmﬁg
r =57 +4r.— > 5r + 4r.max . h, R,

sin w

1
=3r+r2<1+ )

sin w
L N i F
=T b " a a b )¢ D\aTpTe) T T T e

So the proof is done. Equality holds iff AABC is equilateral.

1171.If A > 0 then in AABC the following relationship holds:

a b c . 12 r?
b+c/1+c+a/1+a+b/1_1+/1 R?

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

L b Lt a? N b? N c? -
b+cA c+aldl a+bA ab+acA bc+bal ca+ cbi
BERG;_S;TROM (@a+b+c)? _ 452
- (1+2A2)(ab+bc+ca) (1+2)(s?+1%+4Rr)
4s? - 12 ﬁ(:)
1+A)(s2+r2+4Rr) 1+ 1 R?
s? 3r?

2p2 202 4 42
(:)s2+r2+4Rr2 72 & s“R* > 3r%(s*+r*+4Rr) &

& s%(R? — 3r%) > 3r* + 12Rr3 —to prove

MITRINOVIC
s2(R? - 3r?%) > 27r*(R?> - 31r?) > 3r* + 12Rr} &

& Ir?(R2-3r2) >r*+4Rr’* < 9(R? -3r2) >r’ + 4Rr &
& 9R? - 281 —4Rr >0 = (R—2r)(9R+141r) >0
Equality holds fora = b = c.
1172. In any A ABC the following relationship holds :

b? + c? c? + a? a’ + b? ry2
T.COSA+T.COSB+C—2.COSCZ24(§) -3

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Soumava Chakraborty-Kolkata-India
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b2 + c? c + a? a? + b?
P .COSA + b2 .cosB + s .cosC
2bccosA + a? 2bc.cos? A
=Z —————.cosA =Z—Z+ZCOSA
a a
cyc cyc cyc
_ZZbc.(l—sinzA)+R+r_22bc 2bc.a2+R+r
- a? R a? 4RZ g2 R
cyc cyc cyc
A;G63 bc+R+r s2+4Rr+r2;24(r)2 3
- a? R 2R2 - R
cyc
10R+r ? s> +4Rr+49r> 7 5
= M > 2R oS é 20R“ — 2Rr — 49r

&)
Gerretsen ?
Now,LHSof (*) <  4R? +4Rr + 3r? < 20R? — 2Rr — 49r?
? ? Euler
©8R2—3Rr-26r2>0< (R-2r)(8R+13r) >0 >true~R > 2r
b2 + c2 c2 + a? a? + b?

.COSA + .cosB +

.cosC
a? b2 c2

= () is true = in any A ABC,

2

r
> 24 (ﬁ) —3,"="" iff A ABC is equilateral (QED)

1173. In AABC the following relationship holds:
al b3 c3 3612
+ + =
Ab+puc Ac+pa Ada+ub  A+pu

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania
al b3 c3

Ab+uc+lc+ua+la+ub:

at p* ¢t HOLDER
~ lab + uac + Abc + puba + Aca + pch
(a+b+c)* 16s* 3612

> = >
“9A+mabtbctca) 9A+ w2+ +4RD) A+ p

& 16s* > 3612-9(s? +r?2 + 4Rr) &

& 4s* — 81s%r? > 81r%(r? + 4Rr)
MITRINOVIC
4s* — 815212 = s2(4s* — 81r2) >

> 27r%(4s* — 81r%) > 81r%(r? + 4Rr) &
45?2 — 811r% > 3(r2 + 4Rr) & 4s* > 841r% + 12Rr

90 RMM-GEOMETRY MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
GERRETSEN

4s2 S 4(16Rr —5r2) > 8412 + 12Rr =

EULER
64Rr — 12Rr > 8412 + 2012 = 52Rr > 104r2 =R S 2r

1174. In AABC the following relationship holds:

2 2 2
m) .\ m3 . m - 39 .18
my + m, m,+m, m,+m,/ 4

Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania

2
m; mg’ mg’
5 () - S St
my, + m, (my +m,) 4 2(mj +m 2) "~
cyc cyc
(m2)5 HOLDER
a

Z 1 (ma+mb+mc) _
T2 mi+m2 ~ 2 27-2(mZ+mi+mZ)

cyc

1 34
=m-(ma+mb+mc) _m F (a +b2+C2)4>

IONESCU-WEITZENBOCK

= o (43F) =2 (V3rs)' 22 (VA 33r)' =

Equality holds for:a = b = c.

1175.If A, u > 0 then in AABC the following relationship holds:

Aa3+ub3+lb3+uc3+lc3+ua 18(\/—+\/—)
Aa + ub Ab + uc Ac+pua A+u

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

HOLDER

Aad +[,¢b3 Z z &
Aa+pb datpb " Mlarmp °

cyc
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(a+b+c) (a+b+c)3

2 st w@+bro P3G+ matbto

MITRINOVIC

A u 2 e
— . = _—. 452 >
(3(A+u)+3(z+u)> (@+b+c)=3-4s" =
>4 27r?
_3 T

Remains to prove:

3_271,2 > 18(\2__:-”\/_) (‘/_"' \/_) = (Vi- \/—) >0

Equality holdsfor A = panda = b = c.
1176. In AABC the following relationship holds :

ral() rbIO rclo 3(31.)7
+ =
r3+ryd rd+rd rl+r3 2
Proposed by Zaza Mzhavanadze-Georgia
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z a0 Z r 4 AN Z ro't & +ry +1.7)?
ry3 + 13 Ty + 1,3 4r,” +3r,7 — 2(ry7 + 1,7 +1.7)
7

cyc cyc cyc Ta7 +

o+ 1] AM>GM 3\/(rarbrc) i/(szr)7 Mitrinovic 33 (271‘2 r)? 3(3r)7
B 2 - 2 2
Equality holds iff AABC is equllateral

1177. In any A ABC, the following relationship holds :

b? + ¢? R\>
3 SZ—Z.COSAS 3(—)
a 2r

cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

b2 + c2 2bccosA + a?
Z 5 .cosA=Z 5 .COSA
a a

cyc cyc

2bc.cos? A 2bc.(1-sin?A) R+r
= E —+ E COsA = E +
a? a? R
cyc cyc cyc
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_ZZbC 2bc. a? +R+rA;GZb2 + ¢ + a%? - a? SZ+4Rr+rZ+R+r
- a? 4R2. a? R a? 2R? R
cyc cyc cyc
B Z 5 21 3 s2+4Rr+r2+R+r
L a2 2R? R
cyc cyc
(s — 4Rr —r?) ((s2 + 4Rr + rz)2 - 16Rrsz) 2R? — 2Rr — r? — 52
= -3
8R2r2§2 + 2R2
(s2 — 4Rr —r?) ((s2 +4Rr +r1%)" — 16Rrsz) — 24R?r%s? + 4r?s?(2R? — 2Rr — r? — sz)
B 8R2r2s?2
? R\°
<3 (5) & 4r3s% — r*s*(48R + 12r) — s2(3R7 — 128R?r® + 20r7)

?
—4r%(4R +1)3 <0

()
Gerretsen
Now,LHS of (¥) <  4r3s* (4R2 +4Rr + 3r2 —r(12R + 3r))
?
—sZ(3R7 — 128R%*r° + 20r7) — 4r°(4R+ 1) < 0

?
& 4r3s*(4R? - 8Rr) — s?(3R” — 128R%r® + 20r”) — 4r°(4R+1)® < 0
(%)
Gerretsen

Again, LHS of (xx) <
(4r3(4R? — 8Rr)(4R? + 4Rr + 3r2) — (3R7 — 128R?r" + 20r7) ) s?

?
—4r°(4R+1r)3 <0

?
& (3R7 - 64R*r? + 64R>r* — 48R’r® + 96Rr® + 201r7)s? + 4r®(4R+1)* > 0
(%)
3R7 — 64R*r3 + 64R3r* — 48R?r® + 96Rr® + 20r” > 0 and then :
LHS of (x+#) > 4r°(4R + )3 > 0 = (%) is true (strict inequality)
3R7 — 64R*r3 + 64R3r* — 48R?r® + 96Rr’® + 20r” < 0 and then :

LHS of (++) = — (—(3R7 — 64R*r3 + 64R%r* — 48R?rS + 96Rr® + 20r7)) 2
Gerretsen

+4r®(4R+1)? >
— (—(3R7 - 64R*r® + 64R3r* — 48R?r® + 96Rr* + 20r”) ) (4R? + 4Rr + 3r2)
?
+4r°(4R+1)3 >0
? R
o 12t2 + 12t + 9t7 — 256t° — 128t* + 640t3 + 512t* + 416t + 64 >0 (t = ;)

e (t—2) ((t —2)(12t7 + 60t°® + 201t5 + 308t* + 428t> + 352t% + 336t + 448)

+864) 20

Euler
— true vt > 2 = (*x*x)is true and combining cases 1 and 2, (x*x) = (%)

b2 + ¢? R\>
=>(*)=>Z > .cosAS3(—) is true v A ABC
a 2r
cyc
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ZZbC 2bc.a? R+r

Also, —
S0 aR%aZ T R
cyc cyc cyc
A;G63 bc+R+r s2+4-Rr+r2;3
- a? R 2R2 .

cyc

6R?2+2R(R+r1) —s?2—4Rr—r? ? 5 5
S >0 s? <8R —2Rr—r

2R?
& s2 — (4R? + 4Rr + 3r2) — 2(2R + r)(R — 2r) <05 true
Gerretsen Euler
'S —(4R2+4Rr+3r2) Oand —2(2R+r)(R-2r) < 0

z P .cosA >3V AABC - inany A ABC,

cyc
5

b2 + ¢ R 1 o= = =
3< z P .CoOSA<3 (E) ;" =""iff A ABCis equilateral (QED)

cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

b? + ¢ . b2+c%/b c a’ AM;M b%? 2 1 a?
2 az S —Z @z \2¢72p 2bc) = ZW? ~2bc

cyc cyc cyc

AM GM

=Z<b2 %_5_21) Z[( +__2>( b 2)+1] 2123'

cyc cyc cyc
Now, we have

Z c0sA Yy be(b® +c? —a®) (Zeyebe)(Zeyca?) —2abc Y,y a

a? 2a?b?c? B 2(abc)?
cyc
B (s2+1%+4Rr).2(s* —r?> — 4Rr) — 2.4Rsr.2s B s* —1r2(4R + r)? — 8s*Rr
B 2(4Rsr)? B 16s2R2r2
1 1‘2 (4-R + 1‘)2 Gerretsen & Doucet
_ 2 2 2 2
_16R2 2( —8RT—S—2> < m(‘l-R —4Rr + 3r
R-—r1
—37r2) =
™) = 4R o
Zb2+c A= Z zcosA z A"e'g"zng R—7r (1+r)
= . — —
€os cosa = 4R1? R
cyc cyc cyc cyc
21' 9 1
2 Ox2 - —x—1-——
Xt - ox 2x
( — ) Euler

x—1 -
=3x° — —a [(x—1)(6x* + 12x3 + 18x% + 6x + 3) + 2] < 3x5.
So the proof is complete. Equality holds iff AABC is equilateral.
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1178. In any A ABC, the following relationships holds :

1 Z Z + >22°+11 4a4+b4 o>+ b

min — max , —_—
b4+c4 b3 + ¢3
cyc cyc

cyc cyc

R* 2(a+b+
and i/(a+b)(b+c)(c+a)+FZI6r+¥

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

RZO R4 R16 RlZ R8 R4-
—-—220 = (——24><—+24 — + 28 —+212 +215)

r20 rt
20 4
= R_ _ 220 _ <R_ 24)

20 I‘
R* R16 R1? RS R* Euler
= <r—4—24><r—+24 2ttt g2t 1) >0
R4- () RZO
4 20
=$';Z-—-2 ;:f_'_ 2

Now,2(a? — ab + bz) —(a*+b*)=(a—b)*=0
a* + bt - 4\/4(a2 —ab + b?%)?

4
4 pt<o(a? 2)?
= a*+b* <2(a’ - ab+b?) :>\/b4+c4_ (b2 + ¢2)2

2(a? —ab + b?%) A-c az—ab+b2 4a4+b4 —ab+b2
= <
b2 + c? bF it
d . 2Z4a4+b4 az—ab+b2
and analogs I
cyc cyc
CBS ’ 1 3s2 — 20Rr — 5r2
< 2 2), Z_:
- \/Z(a ab +b*) bc \/ 2Rr
cyc cyc

Gerretsen \/6R2 4Rr + 2r2

Rr

112 4+b4 6RZ — 4Rr+2r27R4 16+ 33
= . s _——
br et Rr

cyc

(R* +17r%) 2 121(6R? — 4Rr + 2r?)
o >
r8 Rr
? R
ot 4+ 34t5 — 72612 +773t—242>0 (t = ;)
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& (t—2)(t8 + 2t7 + 4t° + 8t5 + 50t* + 100t + 37t% + 163t(t— 2) + 121) = 0

Euler via A—G and ()
->true~t = 2=>11 b4 113+——16 <

cyc
11. Z— 112 +——22°
b’

cyc cyc

4la* + b* . a b| R®
=>11.Z WS11.mm ZE'Za +m—2

cyc cyc

cyc

+|a* + b4
11.min z z +TOZZZO+11.Z b4—+c4—>()

cyc

cyc cyc
a+b b+c c+a?’a b c
+ + S—+—+-
b+c c+a 1a+b c a b
?
(a+b)(b + c)?

1
S 2hH >
‘:’abc'za bz T b rocra)
cyc cyc

?
PN z a*b? + z a3b3 > 3a?b?c? + abc z a’b
cyc cyc ® cyc

A-G
Indeed z x3 > z xyZ and choosing x = ab,y = bc,z = ca,we arrive at

cyc cyc

A-G
Z a®b3 > abc z a’b | and also,z a*b? > 3a?b?c? = (i) is true

cyc cyc cyc
a+b b+c c+a(“)a b ¢

:b+c c+a a+b a b

Acdi 23 ad+b3 3a+b az—ab+b21
gain, b3 +c3 b+ c b%—bc+c?
cyc cyc

A-G1 a+b a’? — ab + b? via A-Gand (+)
< (Y —+) F5——+3 <
3 b+c bZ — bc + ¢2

cyc cyc

E:cyc‘l

Z:a_l_zzaz—ab+bz_l_3 3 Z 3
bc - 4Rrs

cyc

cyc cyc
Czsl sz—6Rr—3r2+ Z 5 Zl+3
=3 2Rr Lz

cyc cyc

Leibnitz and Goldstone 1 [ s2 — 6Rr — 312
= 3 2Rr VIR |4z t3
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a3 + b3 11(5 + 3R2 3r2) Gerretsen 11(7R + 4r)
= 11.2
b+
cyc

<——16+33<:>6t4 77t+58>0

Euler

<:>(t—2)(6t3+12t2+15(t—2)+9t+1)>0—>true t > 2

a3 + b3 via A—G and (+)
:112 _113+——16 <
b3
cyc

11. Z— 112 ——220
o +

cyc cyc

3la% + b3
= 11.min z z +70222°+11.z il @@=

cyc cyc cyc

20 4a4+b4 3|a3 + b3
11.min z z +W22 +11.max b4+c4' TP
cyc cyc cyc cyc

Also,}/(a+b)(b+c)(c+a) > = 3(@a+b)(b+c)(c+a)

Yeycla+b)(b+c)
_ 6s(s? +2Rr+r2) 2 Lo R4+2(a+b+c)
5s2 +4Rr +r? r3

3
R* — 16r* ? 2s(s? — 10Rr — 7r?)
=4

r3 (?) 3(5s2 + 4Rr +r2)

2s(s? — 10Rr — 7r?) Mitrinovic 3v3R(s? — 10Rr — 7r?) 33< 26R(s? — 10Rr — 7r?)
y 3(5s2 + 4Rr + r2) - 3(5s2 + 4Rr +r2) = 15(5s% + 4Rr + r?)
R* — 161* - 26R(s? — 10Rr — 7r?)
r3 ~ 15(5s% + 4Rr +r?)
& 315t° — 90t* — 26t3 + 39t2 — 5014t + 1440 > 0
e (t-2) (315t4 + 540t3 + 1054t + 1787t + 360(t — 2)) >0 - true - t Eger 2

R* 2(a+b+
= (x) is true - i/(a+b)(b+C)(c+a)+r—32 16r+(afc),

equalities iff A ABC is equilateral (QED)

. in order to prove (*), it suffices to prove :

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

+|qt + p* MM 1 <a4 + b* 2ab AM_GM 4 a’? b?
E < E - —+2><—+1> < —E <—+—>
e L 4 2h2 2 2
T b* + ¢ Cyc4 2a*b [2(b* + ¢*) 8Cyc b a

ab +3
2bc 4

cyc
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z z (l 3 Leibniz,Steigg & Bandila 1 9R2 1 +1 3R
~8 8 - 8 “4rz 2 2r
cyc cyc cyc
+_
8
Euler 9R2 18 19 3

2" . . .

= Zl a+b+a2—ab+b2+ 2abc \ MM Z( )
b3+c¢3 3\ 2c ab b3 + ¢3 -

cyc cyc cyc
2abc
3bc(b + c)
cyc
HM—AM 4 1 1
2 G o)t
cyc cyc

2 a b Bandlla
=3, (z+a) Z“

cyc cyc
2R AM;GMR Rz Euler R 18

R\ R? (R R\*
==-1 2 2 22 (5) 25 =3(3) -
r 2r) Tar\zr 2r

RZO AM GM RZO RZO
= 11.max E E } 2 33+W:220_(220_33)+W
r r

cyc cyc

Euler 20 20 20
oy R R R

> 220 (220 -33) (—) T 22°+11.3<—)
2r

20 +|a* + b* 3la3 + b3
> 2 +11.maxz b4+c4’z Brel

cyc cyc
4 Cesaro 4

vy R R*
-i/(a+b)(b+c)(c+a)+ﬁ > 3\/8abc+ﬁ—2\/4Rsr+r—3
Euler & Mitrinovic 3
o 3 21)3.2s 4(4V/3-3)s 4s
= 2 4.2r.3\/§r.r+L=4\/§r+¥+—
3v/373 9

3
Euler

S aEr 4(4v3 93) 3V3r 43s 16r+2(a+3b+c).
1179.In AABC,R € (AB),P € (B(C),Q € (CA),AR = 3,RB = 1,BP = 6,

PC =2,CQ =5,QA = 4. Prove that:

21
PQ+QR+RP>—

Proposed by Daniel Sitaru — Romania
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Solution 1 by Adrian Popa-Romania

AC? = AB? + BC? — 2AB - BC - cos B

1
81=16+64-—2-4-8-cosB:»cosB=—6—4
ARBP:RP? = RB?> + BP?2 —2RB - BP - cosB =

1 3
=1 -21-6-{——)=37+—>=RP
+ 36 6 ( 64) 3 +16=> > 6
BC? = AB? + AC?> — 2AB - AC - cos A
64=16+81-2-4-9 A A 33 _11
COS COS 72 24
AARQ:RQ? = AR? + AQ?* — 2AB - AQ - cos A =

11
=9+16—2-3-4-ﬁ=25—11=14=>RQ>3

AB? = AC? + CB?* — 2AC - BC - cos C
129 43

16=81+64—2-9-8-cosC=>cosC=m—R

APQC: PQ? = QC% + PC? —2QB - PC - cos C =
=25+4—2-5-2-£= 10,3..=>PQ >3
So,RP+RQ+PQ>6+3+3=12>§
Solution 2 by Khaled Abd Imouti-Damascus-Syria
16+81—-64 33 11
2:-4-9 8-9 24

cos A =

11 1A

_16+64—81 1

B = -
cos 2-4-8 64
1 3 595 595
2: pp— - = -
(RP)?=1+36+2(1)(6) o7 =37+--=—=, RP=—

8+84—-16 129 43
2-9.-8 2-9.8 48

cosC =
43
PQ)?=29+4-2-10-—
(PQ)* =29 + e
215 133 v133

V12

2 _ _ " =
(PQ?=29-""=—, PQ

2
\/14+%+ /%>22—1istrue.
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1180. In AABC the following relationship holds:

r,+ry,+r, 2@+c)—b 2(a+b) —c 2R

<
h, + hy + h, 2(a+b)—c+ 2(a+c)—b | | r

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Lemma : In AABC,we have

c b~ 2F
Proof : Since 16F? = 2(a?b? + b%*c? + c?a?) — (a* + b* + ¢*), then we have

b ¢ +Va?b? + b%c? + c2a?
< (*)

(*) & (b2 + ¢?)\/2(a?b? + b%c? + ca?) — (a* + b* + c*)
< 2bc\/a2b2 + b%2¢? + c?a?

squaring
~

©  (2b%c? + b* + cY)[2(a?b? + b%c? + c?a?) — (a* + b* + ¢)]
< 4b%c?(a?b? + b?*c? + c*a?)

o —a*(b? + ¢?)? + 2(b* + c*)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b* + c?) — (b* + cH]? < 0,

which is true and the proof of the lemma is complete.

Now, since a, \/B, v can be the sides of triangle with area F’,

Var(4R+71) r(re+rp+71,)
4 B 2 ’
3F'

then m gz, m g, m ; can be the sides of triangle with,area F,, = e

1
F' =Z.\/2(ab+bc+ca) —(a%2+ b2 +¢?) =

3
= §\/r(ra +1p+ 1),

Jv2(b+c)—a J2(a+c)—»b JV2(a+b)—c

m; = > , mgp = > , M= > , and,

9 9R
m*mg® + mgim 2+ mm Gt = Te (ab + bc + ca) = 5 (hy + hy + h,).

Using the lemma in Am zm gm g, we obtain
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2
my My \[mf mpp +mptmet +metm gt jZR(ha+hb+hc)

m; m\/— 2F,, r(ro+ry+ry)

Tg+r,+r, 2(a+c)—b+ 2(a+b)—c - 2R
h,+hy+h.\ [2(a+b)—c 2(a+c)—b |~ |1’

1181. In AABC the following relationship holds:

Therefore,

Aa + ur Ab + ur Ac + ur
I“la_l_ ”b+ U

> 2V31+3
hy hy B, = 234+ 3u

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

Aa+ura+lb+urb+lc+urc _
ha hb hc a

A =2
= Zh—;ﬂz ZZF

cyc cyc cyc cyc

A
=—(a +B%+c2) +E z

cyc

S —
u Z(ZR r)IONESCU WEITZENBOCK

A
=—(a +b2+c2)+2 — =

2 R EUr{;ER
2 on 4\/_F+u(2 ——1) > 5-4\/§+u(2-2—1)=2\/§l+3u

Equality holds for:a = b = c.

1182. If A > 0 then in AABC the following relationship holds:
a+bAd b+cA c+air o6r(1+21)
+ + =
R
Proposed by Mehmet Sahin-Ankara-Turkiye

c a b
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Solution by Daniel Sitaru-Romania

a+bAd b+cA c+a/1
+ +

a b ZBERGSTROM
SR
c c ac bc
cyc cyc cyc cyc
>(a+b+c)Z (a+b+c)2_
~ab+ bc + ca ab + bc+ca
(a+ b+ c)? 3 4s2(1+ 2) >6r(1+/1)
ab+bc+ca s®2+71r2+4Rr"~ R
2s° >3r 2s’R > 3r(s® +r?> + 4Rr)
P — =
sZ+r2+4Rr - R o oI AT r
< s?(3R—-1) > 3r3 +4Rr3
MITRINOVIC
s2(3R—1) > 27r*(BR—1) > 3r: +4Rr*

9(2R —3r) >r+ 4R © 14R > 28r < R > 2r (Euler)

=1+2)-

Equality holds fora = b = c.
1183. In AABC the following relationship holds:

(s +13)° O¢+r) @e+r@2

3

3 >4-3%-17

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

(r+75)" (547D (rE+ry) M
+ + >
re r3 T

5 5  ApSy5AM_GM

4'rz51rb 4'1'[571'(: cla o 3 (rarbrc)lo 3 7
3 3 3 = 12 [ =12y (rerpr)’ =
T3 r3 3 (rarpre)

MITRINOVIC

=123/ (rs?)7 S 123/ (r-27r2)7 =
:4.33/321.1-21 =4-3-37-r7=4-38.47

102 RMM-GEOMETRY MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Equality holds fora = b = c.
1184. In AABC the following relationship holds:

36V2 12 < ayb? + c% + b\ c% + a? + ¢/ a? + b2 < 9V2 - R?

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

CBS
a\/b2 + 2 +b\/cZ + a? +c\/a2 +b2 2

sJZaZ-Z(b2+c2)=\[Z-ZaZ-Zazzxfi-Zazs

cyc cyc cyc cyc cyc

LEIBNIZ
< +V2-9R*=9V2 R®

AM—GM

a/b?+c2+bJct+a?+cja?+b2 =
AM_GM
ZZa\/Zbc= \/E-Z\/azbc= \/f'\/abc-zx/a >
cyc cyc cyc
3
>+/2-Vabc-3 /\/abc =3v2 - (abc)* = 3V2 -3/ (abc)? =
EULER MITRINOVIC

=3vV2-3(4Rrs)2 S 3v2-3(4-2r-rs)? S
=3VZ- 3\/(4-2r-r-3\/§r)2 =3VZ- [(2:V3r)* = 3VZ- (2 V3r) = 36VZ 12
1185. In AABC the following relationship holds:

2

Am, + um Amy, + um Am,.+ um r
a umy b ume c H a23\/§(l+ﬂ)'ﬁ

a+b b+ c c+a

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

Amg +pum, Am, +pm.  Am;+pum,

a+b b+c c+a
b? + ¢ cz + a?
TERESHIN
m myp & 4R 4R
= AZ -+ Z = A) —//—+ Z ——=
a+b r a+b a+b K a+b
cyc cyc cyc cyc
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A Z b? N b? z
" 4R a+b a+b a+b a+b

cyc cyc cyc cyc

BERGIIROM 22 (a+b+0)? 2pu (a+b+c)?

> - @
- 4R 2(a+b+c)+4R 2(a+b+c)

G+ @atb+ )_(A+u) @A+ 1 E",g"(uu) r M'TR';LVOV'C
ek " “=7aR S_RZS_RRS_
A+
_( R”) —-33r —3\/_(A+u)

Equality holds fora = b = c.
1186. If A, u > 0 then in AABC the following relationship holds:

a b c 2vV3
+ + =
Ahy, +ph, Ah.+ph, Ah,+puh, A1+ pu

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

@ _,_b c =
Ah, +uh,  Ah,+ ph, Ah,+ ph,

_ Z a 1 abc abc 1 -
B 2F 2F ~ 2F - =
Ged- S rp ZFCycAc+ub 2F cyclc+ub
BERG%TROM ARF (1+1+1)2 . 9 )
- 2F (A+wpw(a+b+c) A+p)-2s
QR  MITRINoVIC 9R 2v3

T (A+w-s T 33 T a+u
A+ A+ 3\/’ 7

Equality holds for:a = b = c.

1187. If a = min{a, b, c}, then in acute A ABC, the following relationship holds :

LY ais fo(R o). [Honth, Reerh

cyc

Proposed by Bogdan Fustei-Romania
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Solution 1 by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — be(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢2) — 2shc
= an? + a(as — s?) > s(b% + c? — a® — 2bc) = an? — as?

= an? = as? + s(2bccosA — 2bc) = as? — 4sbcsin? >

4sbc(s—b)(s—c)(s—a) 42 2A A
B be(s — a) =as2—s_a=asz—2a(7)(s_a>

?
= as? — 2ah,r, . n% = s? — 2r,h, - a*n? < 4(R - r)?s?

? A A A
& a?(s? — 2h,r,) < 4(R—1)?s? & (4R%sin?A)s? — 4rs (4RsinEcos E) (stanE)

= as?

? A ?
< 4(R? - 2Rr + r?)s? & R*(1 — sin?A) — 2Rr (1 — 2sin? E) +r2>0

? ?
& R%cos?A — 2RrcosA + r? > 0 © (RcosA —r)? > 0 > true - an, < 2Rs — 2rs

na< 2Rs 2rs na<R 1 and ! )
The S o[ (@) Th,Sr Lomdenelos
a a

bZ 2
L (&0(&&) _ (5_1) a(b? + %)
h. hy r h. hy r 4Rrs
Tereshin /R a.4Rm, ? 2m, (b+c—a)m, R ?’b+c—a
< ( 1) < = S——-1<——
r 4Rrs I, rs r a
b+c? R abcs 2abc

a 1 ar “b+tc—a)cta—b)a+b-c)
<:>(b+c)(a+b—c).(b+c—a)(c+a—b)éZaZbc
<:>(b+c)(a+b—c).(b+c—a)(c+a—b)éZaZbc

<:>(ab+b2—bc+ca+bc—c2)(bc+ab—b2+c2+ca—bc—ca—a2+ab)é

2a’bc & 2a?b? + 2a’bc + 2ab(b? — ¢2) — (a? + b% — ¢2)(ab + ac + b? — ¢?)
> 2a%be
& 2a?b? — (a? + b? — c2)(ab + ac) + 2ab(b? — c¢?) — 2ab(b? — c?).cos C >0
& 2a*b? — a?(ab + ac) — (b? — c?)(ab + ac) + 2ab(b? — c?).2 sinzg >0

=4

& a?(2b? — ab — ac) — (b? — c¢?)(ab + ac) + (b? — ¢?)(c? — (a — b)?) >0
?
& a?(2b? —ab — ac) + (b? — c?)(c* —a* —b% + 2ab—ab —ac) = 0
e ((a2 —b%+c2) + (b% - cz)) (2b? — ab — ac)
+(b% — c?)(c? — a®? —b% + ab — ac) >0

& (% + a? — b?)(2b? — ab — ac) + (b? — ¢2)(b? + ¢ — a? — 2ac) >0
& (b% - c?)(b? + ¢% — 2ac) — (b* — ¢?)(2b% — ab — ac)
+a?(2b? — ab — ac) — a?(b? — c?) = 0
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& (b —c?) ((c2 —ca) — (b? - ab)) + a? ((c2 —ca) + (b? - ab)) >0
& (c? - ca)(b? — c? + a?) + (b? — ab)(a® + ¢ — b?) >0

?
e clc—a)(a® +b%—c2)+bd—a)(c®? +a*-b%) >0
- true ~ A ABC being acute = (a? + b? — ¢2),(c2 + a® —b%) >0
and a = min{a,b,c} > (c—a),(b—a) >0

ny, 4m,, Panaitopol 192R h, 2R 2rs
- 2<h—+—)s < e "
I Tq I 4Rscos? EtanZ 5

nc b ) 2(np, + hy) 2(n +h,)
=> 2 < — 4 —
hb - (h +hb +\/ Iy + Ic
via (1) 2R hb 2Rh, 1
1 R BRR 1, O
sini r o r L sini st sm cye

1 z AL > ( ;::)+ \[Z(nbr: hy,) N \/Z(ncr:r h.)

cyc

in acute A ABC with a = min{a, b, c} (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

s(b — c)? sla? — (b — ¢)?
Wehave, nazzs(s_a)_l_ ( " ) :SZ_ [ El )]
, 4s(s—b)(s—oc)
:S J—
a
5 4s.sr? ) A
=S ——a(s_a):S —Zhara, and razstanz_
Then,
AMéGM naz _|_ra2 _SZ (1+tan2%)—2hara_ssec2% .
A 2 2rq _Ztan— “
2
= (B )
sin A4 a a

Using this result, we have

2(n, + h,) 2Rh, 4RF 1 BI\* 2(n.+h,) (CI\*
<27 =(_) and—<( ).

Tp T rstan g .2RsinB sin? g Te r

Now, we have
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— )2 )2
(b C)>_<S_b+(c ba)>

bb—C —ac—a

=b-a ab
(b—a)(b? +ab+a* —2ca—2bc+c*) (b-—a)a+b—rc)?
=b—-a+ = =0,
ab ab
then n, > n,. Similarly, we have, n, > n., then
2("b+"c><2(1 N 1) _b+te (R 1)h é(AI)Z(:)
h, " h,) =“\n, )" ="F \¥ as 7
2(R—1r)(b+c) bc
<
ra (s=b)(s—c)
r.4Rsr.(s—a
< (R—-1m2s—a) < 23152 )= 2R(s—a) © a(R+71) <2sr
@aZcosASZacosA © 0<(b—a)cosB+ (c—a)cosC,
cyc cyc
which is true. Therefore,
n n 2(ny + h 2(n.+h Al BI CI 1
2(—”+—c>+ (mp + ) 20 C)s—+—+—=—ZAI.
h, h, T T, r r r r
cyc

1188.
If a = min{a, b, c}, then in acute A ABC, the following relationship holds :
Zmy My Me
I'q hc hb
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b% + ¢? — a® — 2bc) = an? — as?
as? + s(2bccosA — 2bc) = as? — 4sbcsin? —

2

4A? ) 2A\/ A

em e
s—a

= an; =
) 4sbc(s—b)(s—c)(s—a) )
= qas“ — = as
be(s — a) s—a
?
= as? — 2ah,r, - n2 = s? — 2r,h, - a’?n? < 4(R —r)?s?
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? A A A
& a?(s? — 2h,1,) < 4(R — 1)?s? © (4R%sin?A)s? — 4rs (4Rsin5cos E) (stan5>

? A ?
< 4(R% - 2Rr + r?)s? & R%(1 — sin?A) — 2Rr (1 — 2sin? E) +r2>0

? ?
& R%cos?A — 2RrcosA + r? > 0 © (RcosA —r)? > 0 > true - an, < 2Rs — 2rs
n, < 2Rs 2rs n, <
:h_a‘a(m)_a(ﬁ):h_a‘ r

a a

R h, h R b? + c?
By Re (Rog)(Bey Ry By a(b? +¢?)
h, hy, r h. hy r 4Rrs

Tereshin (R 1) a4Rm, ? 2m, (b+c—a)m, R ’b+c—a

— — 1 and analogs -

?
< < &——1<
r 4Rrs Iy rs r a

b+c? R_abcs 2abc

a ~r 4F2 (+c—a)cta-b)a+b-c
<:>(b+c)(a+b—c).(b+c—a)(c+a—b)éZaZbc
<:>(b+c)(a+b—c).(b+c—a)(c+a—b)éZaZbc

<=>(ab+b2—bc+ca+bc—c2)(bc+ab—b2+c2+ca—bc—ca—a2+ab)é

2a’bc < 2a?b? + 2a’be + 2ab(b? — ¢2) — (a? + b% — ¢?)(ab + ac + b? — c?)
> 2abe
& 2a?b? — (a? + b? — c2)(ab + ac) + 2ab(b? — ¢?) — 2ab(b? — ¢?).cos C >0
& 2a*b? — a?(ab + ac) — (b? — c?)(ab + ac) + 2ab(b? — ¢?).2 sinzg >0

=14

& a?(2b%? — ab — ac) — (b? — c¢?)(ab + ac) + (b? — c?)(c? — (a — b)?) >0
& a?(2b? — ab — ac) + (b? — ¢?)(c? — a* — b? + 2ab — ab — ac) >0
& ((az —b% +c?) + (b% - cz)) (2b? — ab — ac)
+(b% - c%)(c2 — a®? = b% + ab — ac) >0
& (% + a? — b?)(2b? — ab — ac) + (b? — ¢2)(b? + ¢ — a? — 2ac) >0
& (b% = c?)(b? + ¢? — 2ac) — (b* — ¢?)(2b% — ab — ac)
+a?(2b% — ab — ac) — a?(b* — ¢?) >0
& (b? - c?) ((c2 —ca) — (b% - ab)) + a? ((c2 —ca) + (b? — ab)) >0
& (¢ - ca)(b? — ¢ + a?) + (b — ab)(a? + ¢ —b?) > 0
& c(c—a)(a? +b% — c?) + b(b — a)(c? + a? — b?) ; 0
> true ~ A ABC being acute = (a? + b? — ¢2),(c? + a®? —b%?) > 0

and a = min{a,b,c} > (c—a),(b—a) >0

2rna ny ng | . -
- > L + — in acute A ABC with a = min{a, b, c} (QED)
a c b
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1189.

In any A ABC with I — incenter, the following relationship holds :
(a? + b?% + ¢?)?
27

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

2
=bc—4Rr & | —=<sin—=sin—
C r (r)Sl S1
4R

16Rz_B_C B C16R2'A'B'C . B _C
= —_ —_— —_ —_—— —_ —_ — —_ —_
sin- sin; cos - cos 7 sinz sinZ sinz < sinz sing
B C _A B+C A 5
=cosicosz—smi<:>cos :smi—>true ~ AI“ = bc — 4Rr and analogs

~IA* +IB* +1C* = Z(bc —4Rr)? = z a’b? + 48R%r? — 8er ab
cyc cyc cyc
= (s + 4Rr + rz)2 — 16Rrs? + 48R%*r? — 8Rr(s? + 4Rr + r?)
(a® + b2 + ¢2)”
27
27 ((s2 +4Rr +12)” — 16Rrs? + 48R%r? — 8Rr(s? + 4Rr + r2)>

IA* + IB* + 1C* >

~IA* +IB* + 1C* >

> 4(s? — 4Rr — r?)”
Q)
& 23s* — (400Rr — 62r?)s? + r?(800R? — 32Rr + 23r%) > 0 and

Gerretsen

« 23(s? — 16Rr + 5r2) 0 - in order to prove (+), it suffices to prove :
23s* — (400Rr — 62r?)s? + r2(800R2 — 32Rr + 23r2) > 23(s? — 16Rr + 5r2)°

()
& (42R - 21r)s? > r(636R? — 456Rr+69r2)
Gerretsen

Now, LHS of (x+) > (42R 21r)(16Rr — 5r2) > r(636R2 456Rr + 69r?)

Euler

& 18r(2R? — 5Rr + 2r?) S0 18r(2R—r)(R — 2r) S0-true=R > 2r
= (%) = (%) is true .. in any A ABC,
(a? +b? + cz)2

IA* + IB* +1C* >
27

/' =""iff A ABC is equilateral (QED)

1190. If A, u > 0 the in AABC the following relationship holds:

a+ma+b+mb c+m, >12+6\/§ (r)z
Ab+puc Ac+pua Aa+ ub A+u R

Proposed by Mehmet Sahin-Ankara-Turkiye
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Solution by Daniel Sitaru-Romania

a+ma+b+mb c+m, a 4 m, -
Ab + uc Ac+ua Aa+ub Ab+uc Ab+uc_

2
TERESHIN b +C BERGSTROM

Zlab+uac Zlb+uc -

cyc cyc

BERGSTROM

S (a+ b + c)? Z z &
(A+ w)(ab + bc + ca) 4R Ab + uc Ab + uc -

cyc
4s? 1 (@a+b+c)? FULR

> +oe
A+w)(s2+1r2+4Rr) 2R (A+wuw(a+b+c)
452 9 MITRINOVIC

(/1+u)(s2+’fl +4R- ’;) T2RG+ )

>

4(3v3r) L, 233 _
(271{2 R2 R) 2RA+p)

(/1+ ) + 4R -

4 2

4-27r? 6v3r 175" 12 (r)z 63 _(r)z _12+6V3 (r)z
T9RZ(A+ p) R(A+u) 2  2+p \R +A+u R~ 2+u R
Equality holds for:a = b = c.
1191. In any A ABC, the following relationship holds Vk € N :
Z rk \? 3 /9R?
Z —_ —
Iy + I'c 4\ 4

cyc

k-1

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

sing  sinS\ ssin (M) cos  scoszd A
rb+rc=s< 2+ 2): 2 2: 2:4.Rc052E

B ¢ AcosDcoss  (z1)
cos 2 Ccos 2 CoS 2 CoS 2 Cos 2 4R

® A
R (R = 4RcosZE
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k-1
9R? 1 1 via ()
w3 () <3 .
Case 0~ <rb+rc> < 4 ) L tr)? 3R
cyc

3 RGBS
— o — —> = —
TR sec* 5z 3R2 sect > = rue - f(x) = sec’ 2
cyc cyc
x x x
V x € (0, ) is convex since f "'(x) = llsec“ztan2 2 + sec® 2 >0
Z A len>sen 3 JT _3.16 16
= —_ —_——
sec z 3sec’ 5 3

[Case2]k =1 E >3 oR” k_14:> E ( fa )2>3 t

= - — — >

ase I + I. 4 4 n+r./ 4 rue
cyc

I, 2 1 I, Nesbitt 1 9 3
Y () s z pic1 93
Iy + I 3 I, + I 34 4

cyc

rk 2 9R?
:z - — 1struefork=1
Iy + I 4
cyc
9R2
4

Case3]k e N - (0,1} - Z(
- sec? 3 9R2
‘:’Z ra'16R2 ZT _>

Y
cyc

3 3 (1 2tant 4 amt ) = (2)
@_. —_— J— —
16 an’s +tan®s ) ) > |

cyc

3 2 1 ) [9R2\"
2k 2k+2 2k+4
C)E E I'q +S—2. E rg*t +S—4. E gt = (T)

cyc cyc cyc
2k 2k+2 2k+4
Now, ) 1" + - Z Iy +— Z Iy
cyc cyc cyc
Chebyshev 2 1
> Zr“‘+—.Zr2.2r2k+—.2r4.2r2k
a 352 a a 354 a a
cyc cyc cyc cyc cyc
2
2 1
> Z 2|l 1+-— Z Yoy +— Z r?
a 352 alb 94’ a
cyc cyc cyc
k 2
Repeated Chebyshev 1 2 1
- 2 -
= e Zra 1+3+94 Zrarb
cyc cyc

111 RMM-GEOMETRY MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

k k
=<3+2+1) ZLCI“% =E_ ZLCI“%
3 3 3 3

k

k k
YeyerZ\ 2 (9R? 4Ycyers\ 2
LHS of (+) > > > 1
= LHSo (*)—< 3 ) “\a) T\ z7rr ) 2

Gerretsen
Again,4z r? —27R> =4(4R +r1)? —27R?> - 852 >
cyc
Euler

4(4R +1)%? — 27R? — 8(4R? + 4Rr + 3r2) = 5(R? - 4r2) > 0

2 2\ K
4chc Iy > <4 chc ra) >1(+keN-={0,1}) = (%) = (») is true

27R? 27R?
rk 0\ _3 (9%’ 1 .
:;(rb_l_rc) _Z<T> istruevkeN—-{0,1}
o rk \? 3 /9rz\""
~ combining all cases,z <1'b n rc) = 1 (T) v k € N (QED)

cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder's inequality, we have
2

Z( rak ) B (raZ)k+1 - (ra2+rb2+rC2)k+1

r, + 1, s (rorp +rrg)? — 382 [2(r ry + 11 + 1.17,)]?

cyc
(rg? +rp2 +r2)k1

- 4, 3k-2
So it suffices to prove that

2
r+r2+rl2> 274R :
By Gerretsen and Euler inequalities, we have
r2+ry2+r.2=@AR+1r)?—2s*> (4R +1)? — 2(4R?* + 4R1 + 31?%)
B 27R? R? 2) = 27R?
= 4 + <T— r > = .
So the proof is complete. Equality holds iff AABC is equilateral.

1192. In any A ABC, the following relationship holds :

2 2022 3

a R a
z 2 7+ 2022 = 22022"‘2 3 3
b% + ¢ r b? + ¢

cyc cyc

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

a? R47 .
Zz st =2 +Zs 3
b4+ ¢ r b° +c¢

cyc cyc

z a? N R* — 16r* 2 z Yeyead — (b3 +¢3)
&
b2 + c2 rt - b3 +¢3

cyc cyc

a? R4—16r4; 3 1
®3+Zb2+c2+ r4 :Z“ Zb3+c3

cyc ) cyc cyc

N z z A<G 2s(s? — 6Rr — 3r?) z
ow CEE=N 2 bevbe

cyc cyc

CBS
< S(S —6Rr—3r2) \[ZW\[ZE

cyc cyc

s(s? — 6Rr — 3r?) 2s
= . |2(s? — 4Rr — r2).
4Rrs \/ s rer )4Rrs

cerr<etsen 4R? + 4Rr + 3r% — 6Rr — 3r? \/4R2 + 4Rr + 3r2 — 4Rr — r2

4Rr Rr
() 2R—r [4RZ + 2r2 ] ] 9 R*-16r*
= RHS of () < and via Nesbitt, LHSof () > =+ ————
2r Rr 2 rt
(=) 2R* — 23r*

= LHS of (x) > . (9),(e¢) > in order to prove (*),

2r4
2R* — 23r* - 2R—r [4R2 + 2r2
2r4 - 2r Rr
(2R* — 23r4)* 4R2 +2r2 2R-r)?
[—4 .
rs ) Rr r2
& R(2R* —23r%)" > (r5)(4R2 +2r?)(2R - r)?
R
o 4t — 92t° — 16t* + 16t3 — 12t2+537t—2>0 (t = ;)

it suffices to prove :

e (t-2) ((t —2)(4t7 + 16t° + 48t° + 128t* + 228t> + 384t% + 640t + 1012) + 2025)

>0
Euler 2 ( ) R —16rt @ a az
- true~t > = (x)istrue> —— > Z——Z—
4 3 3 2 2
r cycb +c cycb +c
R" — (2r)" » R* — 16r*
Again,V n € Nwithn > 5, - = "

(R —2r)(R™1 TR 2.(2r) + -+ R3@2n)™* +R2(2r)n 3+ R0+ (2n)™ 1)
> (R —2r)(r"*)(R® + R?(2r) + R(2r)? + (2r)3)

113 | RMM-GEOMETRY MARATHON 1101-1200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
o (R—2r) <R“‘1 +R"2,(2r) + -~
+(20 - 1) (RA(r™*) + 2R2 (") + 4R (") + 8(r 1)) ) 2 0

Euler Rn - (2" R* — 161‘4
>truevn=>5and  R—-—2r > 0- >

l‘l

v1a(l)
Z + z + z + z2" Z +
b3 + ¢3 b2 +¢2’ b2 c2 ™ b3 + ¢3

cyc cyc cyc
vV n € Nwithn > 5 and choosmg n = 2022,in any A ABC,
a R2022 a3
2022 "o__ 1= . .
Z b2 + ¢2 + 12022 =2 + Z b3t iff AABC is equilateral (QED)
cyc cyc

1193. In any A ABC with r > % the following relationship holds :

2 2
(rf — 2r,m, + 1) . (rp —2rr. +12)°  (r® — 2rer, + r5) 144r4(27r3 —1)2
3+ g+ rd g +rd ~  9R3 - 64r3

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India
B . C . (B+C A , A
smi smi ssm( 3 )COSi SCOoSs f 2 A
I, t+tr.=s B+ cl= A B C - S =4RcosE
Cos 7 CcOoS i COS 7 COoS 7 cos Z (ﬁ)

® A
STy + T = 4Rcoszi

(rs — 2r,m, + rlf)2 N (rg — 2rpr, + rc5)2 (r8 — 2rer, + rg)2
rd+rd g +rd rd+rd
_ Z v — 21,1, + rlf|2 Berg;tmm (Beyelrd — 2rem, + rgl)z

3 3
Iy +Ip chc(ra + rb)
5 5. .5 5. 1.5 2
- |ra — 2ray + 1y 1y — 2rpre + 18+ 18 — 2rer, + ra|

B 2 chc l‘g’

cyc

(Z cyc ra Z cycla rb)

(- |x|+|y|+|z|>|x+y+z|)=>LHS>

chcra
3
5 Chebyshev 1 3 ) Holder 1 )
o =Y "2 (V) ) L 3] (3
cyc cyc cyc cyc cyc cyc
3
1 (Beyera)” — 27
yc la 2
>— Zr . er =>Zr5—2rr > .S
27 a a'b a a'b 27

cyc cyc cyc cyc
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. ((4R —3)(4R 24+9+3(4R
zZrE—Zrarb(Z)(( o )(( :7r)+ + 3 +r))

.S

cyc cyc
uler

E 1
Again,(4R+r1r) -3 > 9r—3=9(r—§)20

(4R+1)—3)((4R+1)2 +9 +3(4R+1))
= 27

.S

@Br—1)((@R+1)2+9 +3(4R+1))
> .
= 9 S
via (o0) @r—1) (@R +1)? + 9+ 3(4R+1)) via ()
= ng—Zrarbz 5 .s2>0 = LHS
cyc cyc
2 2
25*(3r— 1)2 (4R +1)2 + 9+ 3(4R+1)) puter 25*(3r — 1)? ((9r)? + 9 + 3(91) )
> >
81 chc rg 81zcyc l'g
C2s*3r-12(9r2+1+3r)"  2s%(27r - 1)° 2 144r*(27r% - 1)
B 81 Y ¢y 13 C Deperd =~ 9R3 — 6413

3
?
& s*(9R3 - 64r3) > 72r* z r,| —3 H(rb + 1)

cyc cyc
via (i)

2
S
= 72r*( (4R 3 _ 3.64R3.
r <( +r) 16R2>

?
& s*(9R® — 64r®) + 72r*. 12Rs* 2 72r*(4R + 1)

()
Gerretsen

Euler
Now,2s? > 27Rr+5r(R—2r) > 27Rr

27Rr
= LHS of (x) > <(9R3 - 64r3).T +72. 12Rr4> s?

Gerretsen

27Rr ’
> <(9R3 — 64r3).T +72. 12Rr4> (16Rr — 5r%) > 72r*(4R + r)?

? R
& 432t5 — 135t — 102413 — 768t2 — 192t — 16 > 0 (t = ;)
Euler

?
& (t—2)(432t* + 729t + 4342 + 100t +8) >0 > true = t > 2

1
= (*) is true = in any A ABC withr > 3’

5 5)2 4 3 2
Iy — 2r,0, + 14 144r*(27r° -1
Z (r2 alh + 1) > ( )" =" iff A ABC is equilateral (QED)

rd+rd ~  O9R3-64r3 '’

cyc

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z (rbS - zrbrc + rCS)Z CFES (chc(rbs - 2rbrc + rCS))Z _ Z(chc ra5 - chc rbrc)z

cyc rb3 + rc3 B chc(rb3 + rc3) chc ra3
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AM—-GM
and, 1 l3+r3+1r3 L (rg+ry+710)3 — 241, = (4R +1)% — 24s%r
Euler &Ir\/{_‘ltrmovlc 9R 3 81(9R3 _ 641‘3)
< (T) —24.271‘2.1‘: 8 .

and,
AM—-GM

Z > — Z rpre > 33 (rarpro)s — s% = 33/(s?r)5 — 5% = 52 (33 strs — 1)

cyc cyc
Mitrinovic Mitrinovic

S 2273 -1) = 272273 -1) = 0.
Using these results we have
Z (rp° — 2rpr, + rCS)2 - 16[27r2(27r% — 1)]* _ 144r*(27r® — 1)?
3+ 13 ~— B81(9R3-64r3)  9R3 — 6413

cyc

Equality holds iff AABC is equilateral.

1194. In AABC the following relationship holds :

zazmb Zazmc > Zmamb Z:azb2

cyc cyc cyc cyc

Proposed by Daniel Sitaru-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality is successively equivalent to

Z a‘mym, + Z b%c’my? > Z a?(b? + c*)mym,
cyc cyc cyc
o z:(a2 - b®)(a? — cH)mym, + Z b%c*m,?% — Z b%c’*m,m, > 0.

cyc cyc cyc

The inequality is symmetrical, WLOG we may assume that
a>b=>c. Wehavem, <m, <m,,
a’—c? > b? - c? and, (c?-a?®)(c?-b*)m,m, >0, then

2:(a2 — b?)(a? — c®H)mym, > (a? — b*)(b? — c*)mym, + (b* — a?)(b? — c*)m m,
cyc
= (a? — b*)(b? — c®)(m, — m,)m, > 0.

Since b?c? < c?a? < a’*b?, mym, > m.om, > m,m,
then by Chebyshev's inequality, we have
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1 1
Z b%*c*mym, < §Z b?c? Z mym, < §Z b?c? Z my? < z b%c*m,>.

cyc cyc cyc cyc cyc cyc
Adding these two results yields the desired inequality.
Equality holds iff AABC is equilateral.

1195. In any A ABC, the following relationship holds :

8(2Rr — r?)? r#
( = )SZAIZ.haS8<R3—R2r+E>

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2
b 4R T in in
— — &S| —m— — —
¢ r (_) St 2 St 2
4R

_16R2_B_C B C16R2_A_B_C
= Sll’IZSll’IZCOSZCOS2 SlIIZSlIIZSlIl2
o cinBain € B C . A__B+C__ A .
_— —_——= —_— —_—— _— = —_—>
sin 2 sin 2 Ccos 2 Ccos 2 sin 2 cos sin 2 rue

1
AI? = bc — 4Rr and analogs - z AI?. h, = ﬁ.Z(bc — 4Rr).bc
cyc cyc

_ (Zeye ab)2 - 4Rchyc ab — 16Rrs? (s2 + 4Rr + r?)(s% + r?) — 16Rrs?

2R
z AL ( )s* — (12Rr — 2r?)s? + r*(4R + 1)
2R

4
r
ZAIZ.ha < 8<R3 —R%’r + E)

cyc

o s* — (12Rr— 2r?)s? + r3(4R + 1) - 8(R*— R3r +1%)

cyc

2R o R
& s* — (12Rr — 2r?)s* + r3(4R + 1) < 16(R* — R3r +1*)
Gerretsen
Now, LHS of (*) (4R? — 8Rr + 5r%)s? + r3(4R + 1)

Gerretsen
(4R? — 8Rr + 5r2)(4R2 + 4Rr + 3r?) + r3(4R + 1) = 16(R* — R®r + r*)
r4
= (%) is true - Z AI?.h, <8 <R3 — R%’r + E)

cyc

_ 8(2Rr—r 2
Again,———— ZAI
cyc
- 4 2)e2 4 13 2)2
via(+) s* — (12Rr - 2r )s +r3(4R+1) >8(2Rr—r )
(=14
2R - R
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()
& s* — (12Rr - 2r?)s? + r®(4R + 1)

> 16(2Rr — r2)”
Gerretsen
Now,LHSof () > (4Rr—3r?)s? +r3(4R +r)
Gerretsen
(4Rr — 3r2)(16Rr — 5r2) + r3(4R +1) = 16(2Rr — r2)”
8(2Rr —r?
= (*x) is true - Z AI% h, (QED)

cyc
1196. In any A ABC, the following relationship holds
h? hi h? O9R3
—t -+t <o

r, Ty = 8r?

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

h,21+h|2,+h§ " b%cE(s—a)
r, I, TI. 4R2rs
cyc
(s + 4Rr + r2)” — 16Rrs? — 4Rr(s? + 4Rr + r?)
= 2

4R“r

_ (s* +4Rr +r?)(s? + r?) — 16Rrs?

- 4R%r ~ 8r2
& 2rs* —ris

O]
Z(24R—4r) —9R®> +8Rr*+2r* < 0
Gerretsen
Now,LHS of (x) <

2r(4R? + 4Rr + 3r%) — r?(24R - 4r)) s —9R® + 8Rr
+2r® = r(8R? — 16Rr + 10r?)s? — 9R5 + 8Rr* + 2r°
?
16Rr + 10r?)(4R? + 4Rr + 3r?) — 9R® + 8Rr* + 2r° < 0

? R
©9t® —32t* +32t3-32>0 (t:—)

9R3
<

Gerretsen

r(8R? —

?
e t-2)(7t3(t-2)+2t*+4t2 + 8t +16) >0

Euler

- true - t > 2 = (x) is true = in any A ABC,
h2 h h? 9
—+—+—<—=,"=" iff A ABCis equilateral (QED)
r, Ip ~ 8r2
1197. In any A ABC, the following relationship holds :
2 2 2
Wi +wp . wp + wo . wo +w, >4.39.r1°
Wy + W W, +w, w,+w,/ =~ R?

Proposed by Zaza Mzhavanadze-Georgia
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Solution 1 by Soumava Chakraborty-Kolkata-India

B . C . (B+C\ A ,A
smi Slni SSsin (T) cos 2 SCOoS 2 2 A
I, + T =S Bt cl= A B C - (i) =4RcosE
CcoSs 7 CcOoS E COoSs 7 COoSs 7 COoS i 4R

® A
. Ty + 1. = 4Rcos? >

A via (i) 1 1
Now, (b + ¢)? > 32Rrcos? — e 8r(r, +r.) = 8rzs( + )
2 s—b s-—c

=8(s—a)(s—b)(s—c)+:4a(b+c—a)
(s—=b)(s—o¢)
o (Mb+c)?+4a?—4ab+c)=>0< (b+c—2a)?>0 - true

A
b+ > VIR A Wa< Zabccosi. 4R
c> r.cos—=—< =

2 h, 32Rr.cos%.2rs V32Rr

R , R , R 4r?s?(b +c)?
=>w, < E.haandanalogs:(wb+wc) SE.(hb+hc) = o T I

w3+wg>\]w§+w§

5
and power — mean inequality = \/ 2 2

(w2 +w2)®

Q| =

= (w§ + w,,s)2 >

2
we +wp 1, , ,52r  16R%r’s?
>\ 2—(wa+wb e s 5
wp + W 8 R "4r?s?a?(b + c)

5 5\ 2 5 5\ 2 5 5
wy +w, wp +w, w2 +w,
. < a b> + < b c) + < c a)
Wy, + W W, + W, W, + Wy
5 5 4
(w2 + w?) Ragon 32Rr(Xcycw32) cBs 32Rr(eyc w2)(Zeych2)

FAETO)  (oefa®T)" (( [gea)([Eoctr0))

Yeychg 2 9r
1 4
- 3ZRI'(chc Wg) (§ (chc ha)z) CES 32R1’(chcW¢%). 312 r8 ; 4.3 r10

and analogs

2

> Rr.

2 2 = 2 2 = 2
(chca) .(chc(b+c)) 4s4.16s R
?
& 27R3 wg | = 8rs*
cyc ()
2
Now, AI2 = bc — 4Rr & | i B ginS
ow, = bc — 4Rr ——sin—sin—-
(L) 272
4R
—16R2'B'C B C16R2'A'B'C
= sin > sin > cos > cos > sin > sin > sm2
. B _C B C A B+C A ¢
=3 —sin— = — —— - = — -
sin > sm2 cos > cos2 sin > cos sin > rue
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= AI* = bc — 4Rr and analogs - (1)

. A
2bc. cos% 2 T (smi + 1) a bc ? A
> = (sinE + 1)

A i '] = g 2
A A ZRb+c” "
sin
4Rrs ; ( A+1) a+b+c; . A+1
& — — & —— —
2R+ 0 = " \°"2 b+tc -2
A . A
4Rcosism7 ? A B—-C B-C
= B w— > 4RcosE4Rcos — true * 0 < cos <1
sini

2 2 2 Vie(D) 2
> w; = Al“ + 2r.Al+r* = bc—4Rr + 2r.Al + r” and analogs

1
:ZW§ZSZ+4Rr+r2—12Rr+Zr2. A+3r2
cyc cyc Sin 7
Jensen Mitrinovic

> s2—8Rr+16r2and27R? > 4s?

? ?
= 27R3 ZW,% > 4Rs%(s? — 8Rr + 16r?) > 8rs* & (R — 2r)s? > 8Rr(R — 2r)

cyc

?
& (R—2r)(s? — 16Rr + 5r + 8r(R— 2r) + 11r?) > 0
- true via Gerretsen and Euler = (x) is true

2 2 2
w3 +wp N wp +we N wS +w J 4 39.r10
Wy, + W W, + W, Wet+w,/ R '

~ in any A ABC, <

" =""iff A ABC is equilateral (QED)

Solution 2 by Soumava Chakraborty-Kolkata-India

a (a—25)+25_2 Yeye(c + a)?(a +b)? 1
;(b+c)2_ b+0% 0 lyeb+0)? _Zb+c

cyc
(chc(c +a)(a+ b))2 —2.2s(s? + 2Rr + r?)(4s) Yyl +a)(a+b)
- 2s(s% + 2Rr + r2)2 ~ 2s(s2 + 2Rr + r2) -
((chc a’+2Ycycab) + Yoy ab)2 —16s?(s% + 2Rr + r?) — (s? + 2Rr + r?)(5s% + 4Rr + r?)
2s(s% + 2Rr + r2)2
a () (5% +4Rr +12)” — 16s%(s? + 2Rr + 12) — (% + 2Rr + r2)(5s? + 4Rr + r2)
z;(b+c)2 - 2s(s? + 2Rr +r?)2

i E ssin (u) cos é 2 é
sin 2 _ 2 2 _ SCOSs

inB
smz 2

BT 0sC)  cosPeosBeosS (o)
COS2 COS2 COSZCOSZCOS2 4R

® A
R (R = 4Rcos? >

A
Also,ry, + 1, =s = 4Rcos? >
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A via (i) 1 1
Now, (b + ¢)? > 32Rrcos? — ey 8r(r, +r.) = 8rzs( + )
2 a s—b s-—c
= — —_ —_ _— =4 —
8(s—a)(s—b)(s—c¢) G_b)G_0 alb+c—a)

o (Mb+c)?+4a’—4ab+c)>0< (b+c—2a)?> >0 - true

A
A w, Zabccosi. 4R
~b+c=V32Rr.cos—=>—< =

h, \/32Rr.cos%.2rs V32ZRr

R , R , R 4r?s?(b +c)?
=>w, < E.haandanalogs:(wb+wc) SE.(hb+hc) = o T I

] ] 5|lwg + wp w2 + w?
and power — mean inequality = > = >

(w2 +w2)*

Q| =

= (w5 + wbs)2 >

2
ws +wp 5 2r  16R*r%s?
=>|——— and analogs

> 1(w,% +wi) . =—.
Wy, + W 8 R "4r2s2a2(b + c)?
2 2 2
s w3 +wp N wp +we N wS +w
Wy, + W W, + W, W, + Wy
5 5 4
(W + w?) Radon 32Rr(YcycW32) cBs 32Rr(Ycyc W2)(Zeych2)

cyc (\/ a(b + C))4 B (chc va( + C))4 B (\/§ 2 Y cye ab)4

Yeychg 29r
1 4
g 32Rr(2cycw§)(§(2cycha)z) Leiélitz 32Rr(Ycycw2).312.r8 2 4.39. 110

4 9.4.81R* = R?
(\E. 2 e az)

, 2 a’bc \ ?
=3 ZZW" =>27Rr & Zz<bc—m> > 27Rr
cyc cyc

via (¢)
& 2(s?+4Rr+r?)
(s + 2Rr + r2)(5s? + 4Rr + r2) + 16s2(s + 2Rr + r2) — (552 + 4Rr +12)” 7
Rr. > 27Rr
(s2 + 2Rr +r2)2
& 25% — (27Rr — 6r%)s* — r?s%(44R? — 26Rr — 61?)
?
—r3(108R® + 76R*r + 11Rr? — 2r%) > 0
®
Gerretsen
Now,LHSof (+) >  (5Rr— 4r?)s* — r?s?(44R? — 26Rr — 61r?)
—r3(108R3 + 76R*r + 11Rr? — 2r?)
Gerretsen

> ((5Rr—4r?)(16Rr — 5r%) — r2(44R? — 26Rr — 617)) 2
—r3(108R3 + 76R*r + 11Rr? — 2r?)
=r?(36R? — 63Rr + 261?)s? — r3(108R3 + 76R’r + 11Rr? — 2r3)

> Rr.

+4
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Gerretsen

> r?(36R? — 63Rr + 26r%)(16Rr — 5r?)
?
—r3(108R3 + 76R?*r + 11Rr? — 2r%) > 0
’ R
© 1173 — 316t2 + 180t — 32 > 0 (t = ;)

Euler

s (t— 2)(76t2 +41t(t—-2) + 16) >0->true~t > 2= (x)istrue
wS + wlf)z <w€ + wc5>2 (wc5 + wé)2 4.3°%.r10
+ + > ,

Wy + W W, + W, W, + Wy R?

" =""iff A ABC is equilateral (QED)
1198. In AABC the following relationship holds:
i/(a +b)(b+c)(c+ a) = 4V3r

Proposed by Daniel Sitaru-Romania

~ in any A ABC, <

Solution 1 by Adrian Popa-Romania

HOLDER ;
i/(a +b)(b+c)(c+a) = \[(SVabc + 3\/abc) = 2%/abc

2¥abc = 4V3r & Y4Rrs > 2V3r & 4Rrs > 243r

& Rs > 6V/37r2
EULER MITRINOVIC
~

Rs S 2rs > 6312
Equality holds fora = b = c.

Solution 2 by Tapas Das-India

AM-GM

(@a+b)(b+c)(c+a) = 8(abc)?
CARLITZ

V@@+b)(b+c)(c+a) = {8(abc)? = 2Y(abe)? =

S (4F>3% B 23 2y3  MITRINOVIC

=—-rs =
V3

3 3 -
2V3
ZT'T'S\/§T=6\/§T2

Equality holds fora = b = c.
Solution 3 by Hikmat Mammadov-Azerbaijan

xXyz

a=x+yb=y+zc=z+xxy,z>0r= |——
y y y xX+y+z

We must prove that:
(x+y+2)3Qx+y+2)>2%(x+2y+2)>*(x+y+22z)? >4%-33: (xyz)3

AM-GM \
(x+y+2)>? 2 (3%xyz) =27xyz
AM-GM )
2x+y+2)? = (44 xzyz)
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AM-GM

. 2
(x+2y+2)?* = (44\/xyzz)
AM—GM )
(x+y+22z)2 > (4-4 xyzz)
By multypling:
(x+y+23Q2x+y+2)>2*(x+2y+2)?*(x+y+22)>*>
4 2 4 2 4 2
> 27xyz- (4- xzyz) - (4- xyzz) - (4 xyzz) =46.33. (xyz)3
Equality holds fora = b = c.
Solution 4 by George Florin Serban-Romania

Y(@+b)(b+c)(c+a)=4V3r
(a+b)(b+c)(c+a)=>64-3V3r3

25(s2 + 12 + 2Rr)) = 64 - 3V/3r3 (to prove)
GERRETSEN

2s(s* + r? + 2R1)) S 2s(16Rr — 5% +r? + 2Rr) >
MITRINOVIC

S 2-3V3r(18Rr-41)) > 64-3V3r’ =
& 18Rr — 41* > 32r? & 18Rr > 361> = R > 2r (EULER)
Equality holds fora = b = c.
1199. In acute AABC the following relationship holds:

1 1 1 21247

+—=+—=
m3 mj; m2  81R'?

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

Lemma:
In acute AABC the following relationship holds:
9R
m,+my+m;=< >
Proof:

O —circumcenter, AM = m, —median. In AAOM:
AM < A0 + OM
A 2Rs(s—a)

A
m, <R+ RcosA=R (1 + Zcoszi — 1) = 2Rcos? 2= ”

2Rs(s—a) 2Rs
ma+mb+mcsz = za(s—a)z

bc " abc
cyc cyc
2R ear+r) =BT apir) 2 ap+ROR
~abc T ") = 4Rrs s 2 2
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Back to the problem:
1 1 1 1% 16 16 RA,?;"” (1+1+1)8

—+t—t—m=—t s+t = =
mg m;S, m? mtsl mb m? (ma +my + mc)s

36 LEMMA 36 36 .25 25

= > = = =
(m, +my, +m,)> — (9R)5 310-R5 81RS
2

212 1 7 EUAER 212 r7 212,.7
[ R— > o[ — _
81R5 (2) ~ 81R>5 R) 81R12

Equality holds for:a = b = c.
1200. In any A ABC, the following relationship holds :

4 tA+b tB+C tC<3‘§/§R
b. CcO 2 C. co 2 a. co < .Zr

Proposed by George Apostolopoulos-Messolonghi-Greece
Solution 1 by Soumava Chakraborty-Kolkata-India

tA+ t + t tA (1)
co co co cot- |4
cyc
’Zc ca?b?
< . — 2(q — coe ™ —
- \/Z r, \/Z a? \/rs Za (s—a). 16R2r2s?
cyc cyc cyc

Golditone \/Zs(sz — 4Rr — r?) — 2s(s? — 6Rr — 3r?) \/ 4R2%s? \/ZS(ZR + 2r)

= r 16R%r2s2 4r2

‘{/_—"_" iff a = b = ¢ (QED)

Mitrinovic + Euler 3\/—R(2R + R)
<
- 412

Solution 2 by George Florin Serban-Romania

sin A f1+cosA_ J(sin A)(L+cos A)
CZyC: czyc:smB sin A _Czycl sinB \/(CZVC: s

(C.B.S mequallty)
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\/(Zsm Atz Zsm 2A)-4R sz _\/(p Phy.ar2. 12 :Jp(Rrjr) < (Mitrinovic

2
cyc cyc cyc R R 4r

3V3R(R+T) R 27R?(R+T) R*
inequalit S4/—3343-—,then—_243 JORZ > AR+
inequality) 2r? & 2r 4r* 16r* ( )y

3R>2R+2r, R>2r,true,Euler inequality,then Z% Cotg < 3(‘/52E
r

cyc

Equality isif a=b=c.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru

126 RMM-GEOMETRY MARATHON 1101-1200



