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SPECIAL TRIANGLES 

By Bogdan Fuștei-Romania 

We consider triangle ABC  and X a  point in  the plane of  triangle. 

AX,BX,CX intersect BC,AC și CX in points 𝑿𝒂,𝑿𝒃, 𝑿𝒄. 

A𝑿𝒂,𝑩𝑿𝒃,C𝑿𝒄 are cevians of point X. 

A𝑿𝒂𝟖, 𝑩𝑿𝒃𝟖, 𝑪𝑿𝒄𝟖 ↔ 𝒏𝒂 , 𝒏𝒃, 𝒏𝒄 are cevians of Nagel in triangle ABC. 

Then we have the next theorem: 𝐧𝐚 , 𝐧𝐛, 𝐧𝐜 𝐚𝐫𝐞 𝐜𝐞𝐯𝐢𝐚𝐧𝐬 𝐨𝐟 𝐍𝐚𝐠𝐞𝐥 𝐢𝐧 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂 , 

𝐜𝐚𝐧 𝐛𝐞 𝐥𝐞𝐧𝐠𝐭𝐡𝐬 𝐨𝐟 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐚 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞(Cevians as Sides of Triangles-Zvonko Cerin).   

We show that: 𝐩𝟐 = 𝐧𝐚
𝟐 + 𝟐𝐫𝐚𝐡𝐚 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬);   

𝐫𝐚𝐡𝐚 =
𝟐𝐫𝐚𝐫𝐛𝐫𝐜

𝐫𝐛+𝐫𝐜
  (and analogs) ; 

 𝐡𝐚 =
𝟐𝐫𝐛𝐫𝐜

𝐫𝐛+𝐫𝐜
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬); 

𝐩𝟐 − 𝐧𝐚
𝟐=2𝐫𝐚𝐡𝐚 → (𝐩 + 𝐧𝐚)(𝐩 − 𝐧𝐚)= 2𝐫𝐚𝐡𝐚 →  𝐩 − 𝐧𝐚 =

𝟐𝐫𝐚𝐡𝐚

𝐩+𝐧𝐚
 → 𝒑 = 𝒏𝒂 +

𝟒𝒓𝒂𝒓𝒃𝒓𝒄

(𝒏𝒂+𝒑)(𝒓𝒃+𝒓𝒄)
 

p+p>p-true, cevians of Nagel can be lenghts of sides of a triangle then we have: 

𝐧𝐚 + 𝐧𝐛 > 𝐧𝐜(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬).From all what we present  we have the next conclusion: 

𝟏

(𝐧𝐚+𝐩)(𝐫𝐛+𝐫𝐜)
+

𝟏

(𝐧𝐛+𝐩)(𝐫𝐚+𝐫𝐜)
>

𝟏

(𝐧𝐜+𝐩)(𝐫𝐚+𝐫𝐛)
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬),so  

𝟏)
𝟏

(𝐧𝐚+𝐩)(𝐫𝐛+𝐫𝐜)
,

𝟏

(𝐧𝐛+𝐩)(𝐫𝐚+𝐫𝐜)
,

𝟏

(𝐧𝐜+𝐩)(𝐫𝐚+𝐫𝐛)
 can be lenghts of sides of a triangle. 

LEMA:If x,y,z are lengths sides of a triangle, then 

              √𝒙, √𝒚, √𝒛 𝐚𝐫𝐞 𝐥𝐞𝐧𝐠𝐭𝐡𝐬 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞. 

Now we will use the next relation relația 𝐫𝐛 + 𝐫𝐜 = 𝟒𝐑𝐜𝐨𝐬𝟐 𝐀

𝟐
 (and analogs), and we 

obtain next results: 

2)
𝟏

√𝐧𝐚+𝐩 𝐜𝐨𝐬
𝑨

𝟐

,
𝟏

√𝐧𝐛+𝐩 𝐜𝐨𝐬
𝑩

𝟐

,
𝟏

√𝐧𝐜+𝐩 𝐜𝐨𝐬
𝑪

𝟐

 can be lenghts of sides of acute triangle. 
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𝟐𝐫𝐚𝐡𝐚

𝐩+𝐧𝐚
= 𝐩 − 𝐧𝐚 (and analogs) →

𝟐𝐫𝐚𝐡𝐚

𝐩−𝐧𝐚
= 𝐩 + 𝐧𝐚 (and analogs). 

𝐧𝐚 , 𝐧𝐛, 𝐧𝐜 𝐚𝐫𝐞 𝐜𝐞𝐯𝐢𝐚𝐧𝐬 𝐨𝐟 𝐍𝐚𝐠𝐞𝐥 𝐢𝐧 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐀𝐁𝐂 , 𝐜𝐚𝐧 𝐛𝐞 𝐥𝐞𝐧𝐠𝐭𝐡𝐬 𝐨𝐟 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐚 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞, 

𝐭𝐡𝐞𝐧 𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧: 

3) 
𝐫𝐚𝐡𝐚

𝐩−𝐧𝐚
, 

𝒓𝒃𝒉𝒃

𝒑−𝒏𝒃
,

𝒓𝒄𝒉𝒄

𝒑−𝒏𝒄
 can be lenghts of sides of a triangle. 

4) 
𝐫𝐚𝐡𝐚

𝐩+𝐧𝐚 
, 

𝒓𝒃𝒉𝒃

𝒑+𝒏𝒃
,

𝒓𝒄𝒉𝒄

𝒑+𝒏𝒄
 can be lenghts of sides of a triangle. 

We use 𝐫𝐚𝐡𝐚 =
𝟐𝐫𝐚𝐫𝐛𝐫𝐜

𝐫𝐛+𝐫𝐜
  (and analogs) ,and we obtain: 

5) 
𝟏

(𝐩−𝐧𝐚)(𝐫𝐛+𝐫𝐜)
,

𝟏

(𝐩−𝐧𝐛)(𝐫𝐚+𝐫𝐜)
,

𝟏

(𝐩−𝐧𝐜)(𝐫𝐚+𝐫𝐛)
 can be lenghts of sides of a triangle. 

𝐫𝐛 + 𝐫𝐜 = 𝟒𝐑𝐜𝐨𝐬𝟐
𝐀

𝟐
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠) 𝐚𝐧𝐝 𝐰𝐞 𝐮𝐬𝐞 𝐋𝐞𝐦𝐚 𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 𝐧𝐞𝐱𝐭 𝐫𝐞𝐬𝐮𝐥𝐭𝐬: 

6) 
𝟏

√𝒑−𝐧𝐚 𝐜𝐨𝐬
𝑨

𝟐

 ,
𝟏

√𝐩−𝐧𝐛 𝐜𝐨𝐬
𝑩

𝟐

  ,
𝟏

√𝐩−𝐧𝐜 𝐜𝐨𝐬
𝑪

𝟐

 𝐜𝐚𝐧 𝐛𝐞 𝐥𝐞𝐧𝐠𝐡𝐭𝐬 𝐨𝐟 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 . 

We shown that  
𝒏𝒂

𝒉𝒂
=

√(𝒃−𝒄)𝟐+𝟒𝒓𝟐

𝟐𝒓
  (and analogs), but also we shown that 

𝒏𝒂

𝒉𝒂
,

𝒏𝒃

𝒉𝒃
,

𝒏𝒄

𝒉𝒄
 can 

be lenghts of sides of a triangle, so we will have the next results : 

7) √(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐,√(𝐚 − 𝐛)𝟐 + 𝟒𝐫𝟐, √(𝐜 − 𝐚)𝟐 + 𝟒𝐫𝟐 can be lenghts of sides of a 

triangle. 

But A𝐍𝐚=√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐( and analogs), 𝐍𝐚-point of Nagel ,so we obtain:  

8) A𝐍𝐚, B𝐍𝐚, C𝐍𝐚 can be lenghts of sides of a triangle. 

We know that 𝐀𝐍𝐚=
𝐚𝐧𝐚

𝐩
 (and analogs)(RMM 33) and A𝐆𝐞=

𝐠𝐚(𝐫𝐛+𝐫𝐜)

𝟒𝐑+𝐫
 (and analogs)(RMM 32) also 

we will use the next theorem: 

(Murray Klamkin’s Duality Principle for Triangle Inequalities):If  P a point in Int(∆ABC), let 

PA=x,PB=y,PC=z,AB=c,AC=b,BC=a.Then ax,by,cz can be the lenghts of the sides of a triangle. 

 Useing this theorem we obtain the next results : 

 9)𝐚𝟐𝐧𝐚,𝐛𝟐𝐧𝐛, 𝐜𝟐𝐧𝐜 can be lenghts of sides of a triangle. 
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 10)𝐚√𝐧𝐚 , b√𝐧𝐛 ,𝐜√𝐧𝐜 𝐜𝐚𝐧 𝐛𝐞 𝐥𝐞𝐧𝐠𝐡𝐭𝐬 𝐨𝐟 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞. 

 11)a𝐠𝐚(𝐫𝐛 + 𝐫𝐜), b𝐠𝐛(𝐫𝐚 + 𝐫𝐜), c𝐠𝐜(𝐫𝐚 + 𝐫𝐛) can be lenghts of sides of a triangle. 

 12)√𝐚𝐠𝐚 𝐜𝐨𝐬
𝑨

𝟐
 ,√𝐛𝐠𝐛 𝐜𝐨𝐬

𝑩

𝟐
 ,√𝐜𝐠𝐜 𝐜𝐨𝐬

𝑪

𝟐
 𝐜𝐚𝐧 𝐛𝐞 𝐥𝐞𝐧𝐠𝐡𝐭𝐬 𝐨𝐟 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞. 

(we used relation 𝐫𝐛 + 𝐫𝐜 = 𝟒𝐑𝐜𝐨𝐬𝟐 𝐀

𝟐
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)). 
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