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100 OLD AND NEW INEQUALITIES AND IDENTITIES IN TRIANGLE

By Bogdan Fustei-Romania

In memory of TRAN HONG-Vietnam

We consider the triangle ABC with well-known results:

5 A 14 cosA
cos? — = ———— (and analogs);
2 2
A rp+r
22 ¢ 1 .
cos® > AR (and analogs);

S
= E(and analogs);

a=2Rsin A (and analogs);

. A r r ra—r
sin=—= |— [%= [2—(and analogs);
2 2R 4/ h, 4R

r=§;2p=a+b+c;

1+Co0SA rp+r rp+rc—2R ra+rp+rc—2R-r
————=-bTc 3y cosA=-"2"F =37 bTc a
2 4R 2R 2R

ra+rp,+r.=4R+r;

2R+r-ry

We obtain the next identity : cos A= (and analogs);

n B+cos C +
ra r9 cosBtcosC _ 1y r(and analogs) (1)

cosB + cosC =
9 + 2R sinA a

S (2p—a) __, b+c Ta+r _

b+c
+r= — = =—(and | 2
r,+r - I, . . (and analogs ) (2)

Ia
.= ah, _  ah,
a- 2(p—a) " b+c-a

2S=ah, = bhy, =ch.=2pr;

I _ a

b = prea (and analogs ) (3)
We will obtain

% =1+ lr'—a (and analogs) (4)

From (2) and (4) we obtain
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l'a+l' I'a+ a

= (and analogs) (5)

a
From (1) and (5) we obtain

cosB+cosC r,+h,
= D (and analogs)(6)

sin A

We know that : %2 nah_+ha (and analogs)( [1]) ;
a

R__a 1
r  2r sinA’

After simplification we obtain this new inequality :

1 > na+h
sinA

cos B+cos C na+h

(7) x( cosB+cosC) — (cos B +cos C) (8)

sinA

From (6) and (8) we obtain :

ra“l’l" > cos B +cos C (9) (and analogs)

Na+ha

Its easy to see that cosA + cosB+cosC = % and using (9) we will obtain a new inequality :

Z ra+h, 2(R+r)
na+ha

(10)

Now we use the inequality: §2hb ([2]) and —-= —r — (and analogs) x( cos B + 4+cos C)
. a rathy

and we obtain : PER— >( cos B +cos C)( h_c + E)

2S=ah, = bh}, =ch.=2pr ,we get the next relationship :

z ra;ha 2( cos B +cos C)( et —) so we will get another inequality:
a

l'al':ha 2( cos B +cos C)( ? + %)(11)(and analogs)
c b

a

We know that: sin? % =2~ = — 12 (and analog5)9 ;r (and analogs)

4R 2R h,

After sumation we obtain Y- = 2R L 21+ —)
ha ha r

From (11) we obtain this inequality:

R_1 mp | me
1+-22%(cosB+cos OG, T3 (12
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R . . .
Also —227¢ = = 3nd from (11) we obtain a new inequality:
hahphe — 2r

X >1[(cos B +cos C) (%ﬂf—b) —1](13)

R m . R a 1 . . . .
— > —2(and analogs)(Panaitopol); - = — —— ,after some simple manipulations we obtain a
2r h, r 2r sinA

new inequality :
r, + h, > 2m,(cos B +cos C)(and analogs) (14)

From (4) and (11) we obtain a new inequality :

b+c > 2m,
a Ia

(cos B +cos C)(and analogs)(15)

h . .
From (14) we have r‘;JrTa > cos B +cos C and after sumation and using

a

cosA+ +cosB+cosC = % ,we will obtain this next inequality :
Z ran‘::la 24’(]:'1‘) (16)

ra+h
From;‘ a

> cos B +cos Cand (9) we have :

ma
1
ny+

(r, + ha)(ﬁ +——) 22(cos B +cos C) (and analogs) (17)

2S=ah, = bh}, =ch =2pr=(a+b+c)r-> hTa =1+ % (and analogs) and using (15) we obtain a
new inequality:

hathp+he=3r %72 (cos B +cos C) (18)

2r
S (2p-a b+c r . . . .
Fromr, +r = E(ppf) =T, 'y andr, —r= ;’" a, we obtain this new relationship
ry+r b+c
- — = —(and analogs) (19)
Ip—r a

and using (15) we obtain the next inequality:

1',.J,+r22m,3l
r,—r r,

(cosB+cos C)(20)

h—r"" =1+ % (and analogs) and using (15) we obatin another inequality:
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h,—-r 2m
2 > 2 (cos B +cos C)(21)

r I,

_>r_a

m,
= —ha_r(cos B +cos C) (22)
and after sumation we will get a fresh inequality:

4R+r
2r

> & (cos B +cos C)(23)

ra+r N cosB+cosC _1

We know that this next relation is true :i + L + 1= 1, cosB + cosC =
r 2R ra 2R

Ta T'p I'c
b . L . .
% (and analogs) and after sumation we obtain this new identity:
Zcos B+cosC — §(24)

a

ha—-r _ 2(cosB+cosC . . . . .
LN ) (and analogs) and after sumation we will obtain a new relationship :

from
myr Iy

hy—-r 4r
SRt > T (25)
bZ+c?
4R
bc=2Rh,(and analogs) and we will obtain a new inequality:

Now we will use Tereshin inequality: m,> (and analogs) and the identity

b, b . . . .
? > % (Z + Z) (and analogs) ,after sumation we obtain the inequality:
a

> ? > %Z% and from (15) we get:

%Z? > Z%(cos B +cos C) (26)
From these last two inequalitys we obtain another inequality:
Yo > Z? (cos B +cos C) (27)

h,

B-C _h B-C _b+c . A . h
We know that cos—— = l—a (and analogs) and cos— = sin (and analogs) we obtain 1_a =
a

a a

b+c . A . A , f . . .
< sin~ and from sin~ = ﬁ ;—a (and analogs) we obtain an identity:
a

a
b+c [2Rh, |h, d 1 28
a T L% (and analogs)(28)
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and from (19) we obtain the next identity :

r,+r 2Rh, |h
atl_ /——a /—a (and analogs) (29)
r,—r r l, [r,

ra+r _ [2R(rp—r) [hy
> h, '\/ r I, \/:3(30)

We will use the well known |dent|ty — + + — == 2 2 7

and we will obtain a new result:

Zra+r 2R-r

by +1——(31)

From (30) and (31) we get :

R f \F (32)

From (4) and (28) we have : a+ha / 2Rh \/h: and after some simple manipulation we obtain a

new result :
1 ;"‘ = \/Z;R—“rl"‘h‘" (33) (and analogs)

From (14) we get 1+;—a ZZh& (cos B +cos C) and from (33) we obtain:

\/7 (faha % (cosB +cosC) (34).

From (11) and (33) we obtain a new result:

\/7@ > (cos B+cos c)( — + —) (35)(and analogs).

Ia 2ma

From 1+-=2 (cos B +cos C)(and analogs) after sumation we obtain:

a

3+Z 2 = 2(1+ ) >22 (cos B +cos C) and after simplification we get:

1 +;2 Z?(cosB+cosC) (36) .

pag. 5 RMM-100 OLD AND NEW INEQUALITIES AND IDENTITIES IN TRIANGLE




R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
From (33) we have :

3+Z;—2 =2(1+ §)= \@Z—“tha and after simplification we obtain the identity:
vTaha R 2 R
TS = (14 ;r=x/2(\/;+ \/%) (37)

From (37) and h, < 1, (and analogs) sin% = \ELR\/;:? (and analogs), we obtain the well known
inequality:
Zsingz cosA+cosB+cosC=1 +%
From (4) and (15) we obtain the inequality:
3+) l:—: 22 T—: (cos B +cos C) (38)

(Van-Aubel) If AD, BE and CF are three cevianes concurent in a point

AP AF = AE

P inside to triangle ABC, then —=—4—,
FB  EC

If N, is the Nagel point in triangle ABC ,applying Van-Aubel theorem,we have:

_ANa _p-c  p-b__ a na—ANa _p-a _Pp
na-AN, p-a | p-a  p-a Eamrev AN, 3 9ANa — (and analogs)
AN, = (a“d analogs)->1+ E = Zn" * (and analogs) (39)

h—: =1+ % (and analogs)and useing (39) we obtain:

n;,l AN;,l
hy

p? = n2 + 2r,h,(and analogs)([l]), 2S=ah, = bhy, =ch.=2pr

(and analogs)(40)

ra—r

a_r a Ta Ta _
2r b (and analogs) > = iy 2 (and analogs) =

4r2 h2

But (r, —)r=(p—b)(p—c¢) — r?

4p(p_a) 4(a+b+i‘)(b+c a)

=(a+b+c)(b+c-a)=(b + ¢)? — a2

a? = (b + ¢)? —4p(p-a) (and analogs).
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a’> nj Ta (b+c)®—4p(p-a) _ni |, 4(p—b)(p—0)— 4r?
—_— =4 2 —_ m —_—
4r2 h3 ha becomes 4r2? h2 + 4r2

N3 _ 1 = 0t ~4p(p-a)—4(p=b)(p=0)
h2 4r2

4(p-b)(p-c)=(a+c-b)(a+b-c)= a® + 2bc — b? — ¢?,
4p(p—a) +4(p —b)(p —c) = (b + c)?—a? +a® + 2bc — b? — c? = 4bc

ni 1= (b+c)2-4bc - (b—c)? N

h2 4r2 4r2

(and analogs)

n_§ =1+ M (and analogs)(41)
h2 4r?

From (40) and (41) we obtain :

AN, = \/4r2 + (b — ¢)? (and analogs) (42)
From (39) and (42) we obtain :

b+c 2n,
a J4r2+(b—c)?2

1+ (and analogs) (43)

From (40) and (42) we obtain :

[4y2 —_c\2 —_c\2
% = M;—?’Q = ’ 1+ % (and analogs) (44)

From (43) after sumation we obtain the identity:

b+c 2n,
3+, Ta =L JarZ+(b—c)2 (45)

From (4) and (45) after sumation we obtain :

h, _ 2n,4
6+2 Ta =L Jar2+(b—c)? (46)
From (4) and (43) we obtain :

h, _ b+c-a _

Na
Iy a 2(\/4r2+(b—c)2

—1)(and analogs) (47)

From (47) we obtain :

JarZ+ (b—0)? = 22n_ara(and analogs) (48)

ra+h,
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From (48) after sumation we obtain:

[ax2 —2
2 4r -:(b c) =Z 2n, (49)

2ra+h,

We start from well known inequality :2m, = (b + ¢) cos 2 and after some manipulation we
b+c _ 2n,

acos% a  Jar?+(b-0)2’

obtain :1+ and we obtain:

1 n m
=-> a _ a .
2% JarZs(b-0)? 7 (and analogs) (50) and we obtain:

aCOS2

1 n
=-> a
8~ l—[(\/4r2+(b—c)2 acosA) (51)

From (19) we have :1+ % = % and from (43) we obtain :
.

Na _ J4r? +(b )2

Ia Ia—

(and analogs) (52)

and after sumation we obtain:

Zna Z J4ar2 +(b c)? (53)
butr, — r = 4Rsin? ? (and analogs) and we obtain:

A2 (h_ 2
4R(I:—:+l:—:+l:—:) =y 4r+—(bc)(54)

. 2A
sin 2

2
r,—r= ra‘/m (and analogs); r, + 1, + 1. = 4R+

We obtain a new relationship :

2R—r = 1 Zra\/zlr +(b—c)?2 (55)

b+c Zma

1+—=21+— (cos B +cos C), and using (43) we obtain:

2n,

Jar2+(b-c)z —

Zma

>1+

(cos B +cos C)(and analogs) (56)

> I:a == Z— and useing (43) we obtain a new inequality :
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3 m n
Y2 >y ——“2
2l 2l e )
ma 1,b b ) '
From — > - (- + -) (and analogs) after sumation we obtain:
a
Mmp My btc, a a a_he -
Z(hb +hc) 2=t and ¢ h, (and analogs) we obtain:

mp  me >b+c hp+hc

Z(hb +hc) ==t h, and using (43) we obtain :
my me n, hb+hc_ha
N >
Z(hb * h, \/m) = h, (and analogs) (58)

(a+b+c)(§ + % + %) =3+ Z% and using (43) we obtain:

1011 2n,
(atb+o)(C+1+ ) = > N (59)

+cC

From h—: =1+ % (and analogs), 1:ba =

1 1 1
(and analogs), . + e + +h—C =_ we

_ 2n,
© JarZ+(b-c)2

obtain a new identity:

1 1 1 2n,
(h, + hy, + h.)( ottt h—c)= ¥ —rib_c)z (60)

From p? = nZ + 2r,h,(and analogs) >p? — n2 = (p + n,)(p — n,) = 2ryh,

a p a n, 2r, ny +/4r¢+(b—c)? . Ta

—=—(and analogs) >— = — 4+ —— and — =+—— (and analogs) we obtain

2r h, ( & ) 921‘ h, + na+p h, 2r ( & ) na+p
_ a—/4r?+(b-c)?

" (and analogs) (61)

and after sumation we obtain:

P _ Ia ’ (b—c)2

2r Zn;,,+p +2 1+ 4r2 (62)
Na+p Ia

= 2 (and analogs) and after sumation we obtain a new result :

4r a—/4r2+(b—c

from (61) we have :

na+np+nc+3p Iy
= 63
4r Z a—/4r2+(b—c)2 ( )
. . 1 1 1 1 n,+ 4r
We use the well know inequality —+ —+ — = -and -2 P (and analogs) we
ra I, Trc T Ia a—/4r2+(b-c)?

obtain a new result:
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D Dy N P_,yv T
* Iy + re + r ax a—/4r2+(b—c)2 (64)

Ta
(na+p)(mp+p)(nc+p)

Ta
64r3 - l_[a—w/tl-r2+(b—c)2 (65)

but ,/rpr. 21, (and analogs)>r,rpre = 1,1yl and we obtain:

(na+p)(mp+p)(nc+p) >

la
64r3 — T a—+/4r2+(b-c)?2 (66)
p>3+/3r (Mitrinovic inequality) and with (64) we obtain a new inequality:

n, np , ng r
Ra, M4 Dcepy T
3\/5 + I, + Ip + Tc _42 a—/4r2+(b—c)?2 (67)

%2\/5 (% + % + z)( lon Cristian Miu-rafinament of Mitrinovic inequality)

and from (64) we obtain a new inequality:

Oa Db D a,bLc
ra+rb+rc+\/§(b+c+a) S42

r
a—/4r2+(b—c)?2 (68)

Now we use :

m,l, = rpre. = p(p — a)(and analogs) (Panaitopol)%\/mambmclalblc >r,I'pI'c and with (65)
we obtain a new inequality :

(na+p)(np+p)(nc+p) < H v/ Mala (69)

64r3 a—y/4r2+(b—c)?2
(np+p)(nc+p) I'bl'p . .
= > .
Tor? Y s e O s rre (and analogs) and using m,l, = ryr. we obtain :
(np+p)(nc+p) < ma la ( )
16r2 ~ [b—y/(a—c)2+4rZ] [c—/(a=b)2+4r?]

Is easy to proof that :(b — ¢)?=4(m2 — ryr.) (and analogs )

AN, = /4r% + (b — ¢)? (and analogs)-> AN, = \/4r? + 4(m2 — rpr,)

AN, = 2,/m2 + r2 — ryr.(and analogs)(71)

b+c 2ng, b+c n,

1+— = ->1+ = ——=———(and analogs) (72)

a J4r?+(b—c)? a ,m§+r2—rbrc

A2 — N2 ,m§+r2—rbrc
Da (YA #(b-O7 Mo _ . (and analogs) (73)

h, 2r h,
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b+c 2n b+c
34y - = i >3+ =y —n
ARG s L= L ,72”2_%

i o (and analogs) (74)

n
——==——(and analogs) (75
/4 2+(b )2 m§+r2_rbrc ( g ) ( )
E __ b+c-— a _
ra  a 2 4r2+(b—c)? 1)
h b+c—a n
a_ - a — 2 (and analogs)(76)
I, a Jm2 +r2 —ryr,

JaZ+ (b—0)? =222, /mZ 412 —npr =

Ny
2rotha 5 +ha(and analogs) (77)

7 7 /ma+r2—rbrc
21/4-r +(b c) Z 2n,4 92 _Z

2ra+hy a+h

(and analogs) (78)

If triangle ABC is acuteangled then we have ERDOS Inequality :
R+r < max (h,, hy, h.) (RMM-Famous Inequalitys Marathon 1-100,inequality 31)[3]

b+c _ R+r b+c 2n, .
If h, = max (hg, hy, h.) 9 =1 t 2 and 1+ = mwe obtain a new
inequality :
2, Rer
JarZ+(b-c)2 = (79)
and using (72) we obtain an equivalent form :
2 (80)

, +r2—rbrc

Now we will use this inequality,true for every triangle ABC:

m, + mp + m, < 2(R — 2r) + h, + hy, + h (Jian Liu [4])

h—ra =1 +% (and analogs) em < 2(— —2)+3 +Z btc
b+c 2ng, a+mb+mc )
+ = _— < _—— —_—
inequality :
m, + my + m n
a b C <—_2+ Z a (81)
2r r J4arZz + (b —¢)?
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Now we start from the next inequality:n, + g, = 2m, (and analogs)[5]

And we obtain: 2n, > 2(2m, — g,)

b+c Z(Zma ga)

91+— T i(or (and analogs) (82)

e _ Na 91+j > __2Ma"8a
/m22,+r2—rbrC a m2+r2—rpr,

We know that :1, M Jpre =p(p—a) >, = Zr,/rbr (and analogs)

(and analogs) (83)

b+
Jalble _ (atb)(b+c)(atc) b+c _ 2n, _
and we obtain : Lok Py, ' T oot 1(and analogs) so we
obtain (a+b)(b+c)(a+c) H( 2n, _ )

abc 4r2+(b—c)?

From what we prove ,we obtain a new identity:

8rarpre _ 2n, _
Llplp (\/4r2+(b—c)2 1) (84)
1+ = 2 (and analogs) >—=——= Brarbre =[(

a Lalplp
,mg\+r2—rbrC , +r2—rbrc

From m,l, = ryr. (and analogs)->m mymcl,lyl. = (rarpre)?

,mambmc > fable 4nd useing (84) and (85) we obtain:
lalple lalplc

mympmg > %l—[( 2n, _ 1)(86)

—1)(85)

lalplc VarZ+(b-c)?
mympmg 1 n, _
e 2 [l=———-1)(87)

,m§+r2—rbrc

If ABC is acuteangled triangle with a=min(a,b,c) >r,= min(r,, ry, rc)

ra+r _ b+c
ra—r

(from ERDOS INEQUALITY)> r, + 1 > - (ra1 —-r) >

R .
R+r=> (— - Dr,>» i > 2 inthe end we have the next result:

If ABC is acuteangled triangle then:
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E > mln(r;:l I'p,Ic) (88)
R-r
R+r> (— - 1) ra,but = — =223 “a+ a * (and analogs)([1]) R +r > 702 r - 2h,(R+1)>
nZ + r2 (89)
nZ +r2 > 2n,r, and useing (89)>./h,(R+r) > naT+ra (90)
B-C
b+c  COS—— Ly
We know that : — = ——4— (and analogs) (Mollweide's formula)
Sin—
2
14 2%€ = 20a = ~a (and analogs) ,se obtain a new result:
a Jar2+(b—c)2 Jm§+r2_rbrc 85) '
B-C
2na = =a =1+2>2% (and analogs)(91)
Jar2+(b—c)? Jm§+r2_rbrc sin%

Also cos% = % (and analogs) and Al = % (and analogs) >
a sm;

Al b+c +c 2n n
—= L] (and analogs), 14 2*¢ 2 = 2
r a a \/4r2+(b—c)2

(and analogs)
ng +r2-rpT

We obtain a new identity:

~ 1) = (—=—~ 1);* (and analogs) (92)

mZ+r2-rpr,

Al =(—
r Jar2+(b—c)?

2n

> — ( and analogs)é —1=—"2

r . A r |r
Also from Al =— (and analogs) ,sin- = |— [-* and
sin; 2 2R 4| hy

h, _ b+c-— a_

2=
ra a J4rZ+(b—c)?2

—1(93)

—1) we obtain a new relationship :

Al fR n, _
P ;\/m 1 (and analogs) (94)
na+ a

R
From-—1=—=
r 2ry

(and analogs) 92—3 (— - 1)— —= ;—a (and analogs)
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2 ‘/m (and analogs)—>
a

ny T _ \/%(and analogs) (95)
From R 2 2r (Euler) >

- Ja (and analogs) (96)

From Euler inequality R > 2r and (95) we obtain a new inequality:

n, + Ty > 4(R-r)

S te 2 e (and analogs) (97)
2 —c)2
Na _ y4r7+(b—c)” (and analogs) and R> 2r -

ra Fa—
2 —c\2
% > ? (and analogs) (98)

(a+b)(b+c)(a+c) 2n, .
TG ____“%a > .
From - 11 (m 1) and R= 2r we obtain a new result:
(a+b)(b+c)(a+c) 2n, _
abc - H(W/R2+(b—c)2 1D (99)
8rarbrc
o = GG — oo
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