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100 OLD AND NEW INEQUALITIES AND IDENTITIES IN TRIANGLE 

       By Bogdan Fuștei-Romania  

In memory of TRAN HONG-Vietnam 

We consider the triangle ABC with well-known results: 

cos2
A

2
=

1 + cos A

2
(and analogs); 

cos2
A

2
=

rb + rc

4R
(and analogs); 

     ra= 
S

p−a
(and analogs); 

a=2Rsin A (and analogs);  

sin
A

2
= √

r

2R
√

ra

ha
 =√

ra−r

4R
 (and analogs); 

r = 
S

p
 ; 2p = a + b + c; 

1+cos A

2
 = 

rb+rc

 4R
 → cos A =

rb+rc−2R

2R
=

ra+rb+rc−2R−ra

2R
 

ra + rb + rc = 4R + r ; 

We obtain the next identity :  cos A= 
2R+r−ra

2R
  (and analogs); 

→𝐜𝐨𝐬 𝐁 + 𝐜𝐨𝐬 𝐂 =
𝐫𝐚+𝐫

𝟐𝐑
 → 

 𝐜𝐨𝐬 𝐁+𝐜𝐨𝐬 𝐂

𝐬𝐢𝐧 𝐀
=

𝐫𝐚+𝐫

𝐚
 (and analogs) (1) 

𝐫𝐚 + 𝐫 =
𝐒

𝐩−𝐚
 
(𝟐𝐩−𝐚)

𝐩
 =𝐫𝐚

𝐛+𝐜

𝐩
 → 

𝐫𝐚+𝐫

𝐫𝐚
 = 

𝐛+𝐜

𝐩
 (and analogs ) (2) 

2S=aha = bhb =chc=2pr ;  ra= 
aha

2(p−a)
=

aha

b+c−a
 → 

𝐫𝐚

𝐡𝐚
 = 

𝐚

𝐛+𝐜−𝐚
 (and analogs ) (3) 

We will obtain 

𝐛+𝐜

𝐚
 =1+ 

𝐡𝐚

𝐫𝐚
 (and analogs) (4) 

From (2) and (4) we obtain 
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𝐫𝐚+𝐫

𝐚
=

𝐫𝐚+𝐡𝐚

𝐩
 (and analogs) (5) 

From (1) and (5) we obtain 

𝐜𝐨𝐬 𝐁 + 𝐜𝐨𝐬 𝐂

𝐬𝐢𝐧 𝐀
=

𝐫𝐚 + 𝐡𝐚

𝐩
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟔) 

We know that : 
R

r
 ≥ 

na+ha

ha
 (and analogs)( [1]) ; 

R

r
=

a

2r
 

1

sin A
 . 

After simplification we obtain this new inequality : 

 
𝟏

𝐬𝐢𝐧 𝐀
≥

𝐧𝐚+𝐡𝐚

𝐩
  (7) ×( cos B +cos C)  →  

 𝐜𝐨𝐬 𝐁+𝐜𝐨𝐬 𝐂

𝐬𝐢𝐧 𝐀
  ≥

𝐧𝐚+𝐡𝐚

𝐩
 (𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂 ) (8) 

From (6) and (8) we obtain : 

𝐫𝐚+𝐡𝐚

𝐧𝐚+𝐡𝐚
 ≥ 𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂 (𝟗) (and analogs) 

Its easy to see that cos A + cos B +cos C =  
R+r

R
 and using (9) we will obtain a new inequality : 

∑
𝐫𝐚+𝐡𝐚

𝐧𝐚+𝐡𝐚
≥

𝟐(𝐑+𝐫)

𝐑
 (10) 

Now we use the inequality: 
R

r
 ≥

mb

hc
+

mc

hb
 ([2]) and 

R

r
=

a

2r
 

1

sin A
 (and analogs) ×( cos B + +cos C) 

and we obtain : 
a

2r
 
ra+ha

p
 ≥( cos B +cos C)( 

mb

hc
+

mc

hb
) 

2S=aha = bhb =chc=2pr ,we get the next relationship  : 

 
a

a
 
ra+ha

ha
 ≥( cos B +cos C)( 

mb

hc
+

mc

hb
), so we will get another inequality: 

𝐫𝐚+𝐡𝐚

𝐡𝐚
 ≥( 𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)( 

𝐦𝐛

𝐡𝐜
+

𝐦𝐜

𝐡𝐛
)(11)(and analogs) 

We know that: sin2 A

2
 =

ra−r

4R
=

r

2R

ra

ha
 (and analogs)→ 

ra

ha
=

ra−r

2r
 (and analogs) 

After sumation we obtain ∑
ra

ha
=

2R−r

r
 →3+∑

ra

ha
= 2(1 +

R

r
) 

From (11) we obtain this inequality: 

𝟏 +
𝐑

𝐫
 ≥ 

𝟏

𝟐
∑( 𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)( 

𝐦𝐛

𝐡𝐜
+

𝐦𝐜

𝐡𝐛
) (12) 
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Also 
rarbrc

hahbhc
 = 

R

2r
 and from (11) we obtain a new inequality: 

𝐑

𝟐𝐫
 ≥ ∏[ ( 𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) ( 

𝐦𝐛

𝐡𝐜
+

𝐦𝐜

𝐡𝐛
) − 𝟏](13) 

R

2r
 ≥

ma

ha
 (and analogs)(Panaitopol); 

R

r
=

a

2r
 

1

sin A
 ,after some simple manipulations we obtain a 

new inequality : 

𝐫𝐚 + 𝐡𝐚 ≥ 𝟐𝐦𝐚(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)(and analogs) (14) 

From (4) and (11) we obtain a new inequality : 

𝐛+𝐜

𝐚
≥

𝟐𝐦𝐚

𝐫𝐚
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(15) 

From (14) we have 
ra+ha

2ma
 ≥ cos B +cos C and after sumation and using 

 cos A + +cos B +cos C =  
R+r

R
 ,we will obtain this next inequality : 

∑
𝐫𝐚+𝐡𝐚

𝐦𝐚
 ≥

𝟒(𝐑+𝐫)

𝐑
 (16) 

From 
ra+ha

2ma
 ≥ cos B +cos C and (9) we have :  

(𝐫𝐚 + 𝐡𝐚)(
𝟏

𝟐𝐦𝐚
 +

𝟏

𝐧𝐚+𝐡𝐚
) ≥2(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) (and analogs) (17) 

2S=aha = bhb =chc=2pr=(a+b+c)r→ 
ha

r
= 1 +

b+c

a
  (and analogs) and using (15) we obtain a 

new inequality: 

𝐡𝐚+𝐡𝐛+𝐡𝐜−𝟑𝐫

𝟐𝐫
 ≥ ∑

𝐦𝐚

𝐫𝐚
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) (18) 

From ra + r =
S

p−a
 
(2p−a)

p
 =ra

b+c

p
 and ra − r = 

ra

p
 a , we obtain this new relationship 

𝐫𝐚+𝐫

𝐫𝐚−𝐫
=

𝐛+𝐜

𝐚
 (and analogs) (19) 

and using (15) we obtain the next inequality: 

𝐫𝐚 + 𝐫

𝐫𝐚 − 𝐫
≥

𝟐𝐦𝐚

𝐫𝐚

(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)(𝟐𝟎) 

ha

r
= 1 +

b+c

a
(and analogs) and using (15) we obatin another inequality: 
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𝐡𝐚 − 𝐫

𝐫
≥

𝟐𝐦𝐚

𝐫𝐚

(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)(𝟐𝟏) 

→
𝐫𝐚

𝟐𝐫
≥

𝐦𝐚

𝐡𝐚−𝐫
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) (22) 

and after sumation we will get a fresh inequality: 

𝟒𝐑+𝐫

𝟐𝐫
≥ ∑

𝐦𝐚

𝐡𝐚−𝐫
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)(23) 

We know that this next relation is true :
1

ra
+

1

rb
+

1

rc
=

1

r
, cos B + cos C =

ra+r

2R
 → 

cos B+cos C

ra
 =

1

2R
 

b+c

p
 (and analogs) and after sumation we obtain this  new identity: 

∑
𝐜𝐨𝐬 𝐁+𝐜𝐨𝐬 𝐂

𝐫𝐚
 =

𝟐

𝐑
 (24) 

 from 
ha−r

mar
 ≥ 

2(cos B+cos C)

ra
 (and analogs) and after sumation we will obtain a new relationship : 

∑
𝐡𝐚−𝐫

𝐦𝐚
≥

𝟒𝐫

𝐑
 (25) 

Now we will use Tereshin inequality: ma≥
b2+c2

4R
 (and analogs) and the identity 

bc=2Rha(and analogs) and we will obtain a new inequality: 

ma

ha
≥

1

2
(

b

c
+

b

c
) (and analogs) ,after sumation we obtain the inequality: 

∑
ma

ha
≥

1

2
∑

b+c

a
 and from (15) we get: 

𝟏

𝟐
∑

𝐛+𝐜

𝐚
≥ ∑

𝐦𝐚

𝐫𝐚
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) (26) 

From these last two inequalitys we  obtain another inequality: 

∑
𝐦𝐚

𝐡𝐚
≥ ∑

𝐦𝐚

𝐫𝐚
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) (27) 

We know that cos
B−C

2
=

ha

la
 (and analogs) and cos

B−C

2
=

b+c

a
sin

A

2
 (and analogs) we obtain 

ha

la
=

b+c

a
sin

A

2
 and from sin

A

2
= √

r

2R
√

ra

ha
 (and analogs) we obtain an identity: 

𝐛 + 𝐜

𝐚
= √

𝟐𝐑

𝐫

𝐡𝐚

𝐥𝐚

√
𝐡𝐚

𝐫𝐚
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐𝟖) 
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and from (19) we obtain the next identity : 

𝐫𝐚 + 𝐫

𝐫𝐚 − 𝐫
= √

𝟐𝐑

𝐫

𝐡𝐚

𝐥𝐚

√
𝐡𝐚

𝐫𝐚

(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐𝟗) 

→ 
𝐫𝐚+𝐫

𝐡𝐚
 =√

𝟐𝐑

𝐫

(𝐫𝐚−𝐫)

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (30) 

We will use the well known identity: :
1

ha
+

1

hb
+

1

hc
=

1

r
, ∑

ra

ha
=

2R−r

r
 

and we will obtain a new result: 

∑
𝐫𝐚+𝐫

𝐡𝐚
 =

𝟐𝐑−𝐫

𝐫
+ 𝟏 =

𝟐𝐑

𝐫
 (31) 

From (30) and (31) we get : 

∑
(𝐫𝐚−𝐫)

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 =√

𝟐𝐑

𝐫
 (32) 

From (4) and (28) we have :
ra+ha

ra
= √

2R

r

ha

la
√

ha

ra
 and after some simple manipulation we obtain a 

new result : 

1+
𝐫𝐚

𝐡𝐚
= √

𝟐𝐑

𝐫

√𝐫𝐚𝐡𝐚

𝐥𝐚
 (33) (and analogs) 

From (14) we get 1+
ra

ha
 ≥

2ma

ha
(cos B +cos C) and from (33) we obtain: 

√
𝐑

𝟐𝐫

√𝐫𝐚𝐡𝐚

𝐥𝐚
≥

𝐦𝐚

𝐡𝐚
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) (34) . 

From (11) and (33) we obtain a new result: 

√
𝟐𝐑

𝐫

√𝐫𝐚𝐡𝐚

𝐥𝐚
≥ ( 𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)( 

𝐦𝐛

𝐡𝐜
+

𝐦𝐜

𝐡𝐛
) (35)(and analogs). 

From 1+
ra

ha
 ≥ 

2ma

ha
(cos B +cos C)(and analogs) after sumation we obtain: 

3+∑
ra

ha
= 2(1 +

R

r
) ≥2∑

ma

ha
(cos B +cos C) and after simplification we get: 

𝟏 +
𝐑

𝐫
≥ ∑

𝐦𝐚

𝐡𝐚
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) (36) . 
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From (33) we have : 

3+∑
ra

ha
= 2(1 +

R

r
)= √

2R

r
∑ √raha

la
 and after simplification we obtain the identity: 

 ∑
√𝐫𝐚𝐡𝐚

𝐥𝐚
= (𝟏 +

𝐑

𝐫
) √

𝟐𝐫

𝐑
 =√𝟐(√

𝐑

𝐫
+ √

𝐫

𝐑
) (37) 

From (37) and ha ≤ la (and analogs) sin
A

2
= √

r

2R
√

ra

ha
  (and analogs), we obtain the well known 

inequality: 

∑ 𝐬𝐢𝐧
𝐀

𝟐
 ≥ 𝐜𝐨𝐬 𝐀 + 𝐜𝐨𝐬 𝐁 + 𝐜𝐨𝐬 𝐂 = 𝟏 +

𝐫

𝐑
 

From (4) and (15) we obtain the inequality: 

3+∑
𝐡𝐚

𝐫𝐚
 ≥𝟐 ∑

𝐦𝐚

𝐫𝐚
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂) (38) 

(Van-Aubel) If AD, BE and CF are three cevianes concurent in a point 

 P inside to triangle ABC, then: 
𝐀𝐏

𝐏𝐃
=

𝐀𝐅

𝐅𝐁
+

𝐀𝐄

𝐄𝐂
. 

If Na is the Nagel point in triangle ABC ,applying Van-Aubel theorem,we have: 

ANa

na−ANa
 = 

p−c

p−a
+

p−b

p−a
=

a

p−a
 →

na−ANa

ANa
=

p−a

a
 →

𝐧𝐚

𝐀𝐍𝐚
 = 

 𝐩

𝐚
 (and analogs) 

𝐀𝐍𝐚 =
𝐚𝐧𝐚

𝐩
 (and analogs)→1+ 

𝐛+𝐜

𝐚
=

𝟐𝐧𝐚

𝐀𝐍𝐚
 (and analogs) (39) 

ha

r
= 1 +

b+c

a
(and analogs)and useing (39) we obtain: 

𝐧𝐚

𝐡𝐚
 = 

𝐀𝐍𝐚

𝟐𝐫
 (and analogs)(40) 

p2 = na
2 + 2raha(and analogs)([𝟏]), 2S=aha = bhb =chc=2pr 

a

2r
 = 

p

ha
 (and analogs) → 

a2

4r2 =
na

2

ha
2 + 2

ra

ha
 (and analogs), 

ra

ha
=

ra−r

2r
 

But (ra − r)r = (p − b)(p − c) −  r2 

4p(p-a)=
 4(a+b+c)(b+c−a)

4
=(a+b+c)(b+c-a)=(b + c)2 − a2 

a2 = (b + c)2 −4p(p-a) (and analogs). 
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a2

4r2 =
na

2

ha
2 + 2

ra

ha
  becomes 

(b+c)2−4p(p−a)

4r2  = 
na

2

ha
2 +

4(p−b)(p−c)− 4r2

4r2  

na
2

ha
2 − 1 =

(b+c)2−4p(p−a)−4(p−b)(p−c) 

4r2 (and analogs) 

4(p-b)(p-c)=(a+c-b)(a+b-c)= a2 + 2bc − b2 − c2, 

4p(p − a) + 4(p − b)(p − c) = (b + c)2−a2 + a2 + 2bc − b2 − c2 = 4bc  

na
2

ha
2 − 1 =

(b+c)2−4bc 

4r2  = 
(b−c)2

4r2  → 

 
𝐧𝐚

𝟐

𝐡𝐚
𝟐

= 𝟏 +
(𝐛 − 𝐜)𝟐

𝟒𝐫𝟐
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟒𝟏) 

From (40) and (41) we obtain : 

𝐀𝐍𝐚 = √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐 (and analogs) (42) 

From (39) and (42) we obtain : 

1+
𝐛+𝐜

𝐚
=

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogs) (43) 

From (40) and (42) we obtain : 

𝐧𝐚

𝐡𝐚
 = 

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝟐𝐫
 =√𝟏 +

(𝐛−𝐜)𝟐

𝟒𝐫𝟐  (and analogs) (44) 

From (43) after sumation we obtain the identity:  

3+∑
𝐛+𝐜

𝐚
 =∑

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (45) 

From (4) and (45) after sumation we obtain :  

6 +∑
𝐡𝐚

𝐫𝐚
 =∑

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (46) 

From (4) and (43) we obtain : 

𝐡𝐚

𝐫𝐚
=

𝐛+𝐜−𝐚

𝐚
 = 2(

𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 −1)(and analogs) (47) 

From (47) we obtain : 

√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐 =
𝟐𝐧𝐚𝐫𝐚

𝟐𝐫𝐚+𝐡𝐚
(and analogs) (48) 
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From (48) after sumation we obtain: 

∑
√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐫𝐚
 =∑

𝟐𝐧𝐚

𝟐𝐫𝐚+𝐡𝐚
 (49) 

We start from well known inequality :2ma ≥ (b + c) cos
A

2
 and after some manipulation we 

obtain :1+ 
2ma

a cos
A

2

 ≥1 +
b+c

a
 = 

2na

√4r2+(b−c)2
 ,and we obtain: 

𝟏

𝟐
 ≥ 

𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 −

𝐦𝐚

𝐚 𝐜𝐨𝐬
𝐀

𝟐

 (and analogs) (50) and we obtain: 

𝟏

𝟖
 ≥ ∏(

𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 −

𝐦𝐚

𝐚 𝐜𝐨𝐬
𝐀

𝟐

) (51) 

From (19) we have :1+ 
b+c

a
 = 

2ra

ra−r
 and from (43) we obtain : 

𝐧𝐚

𝐫𝐚
 = 

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐫𝐚−𝐫
 (and analogs) (52) 

 and after sumation we obtain: 

∑
𝐧𝐚

𝐫𝐚
= ∑  

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐫𝐚−𝐫
 (53) 

 but ra − r = 4Rsin2 A

2
 (and analogs) and we obtain: 

4R(
𝐧𝐚

𝐫𝐚
+

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
) = ∑  

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐬𝐢𝐧𝟐𝐀

𝟐

 (54) 

 ra − r =  
ra√4r2+(b−c)2

na
 (and analogs); ra + rb + rc = 4R + r 

We obtain a new relationship : 

2R−𝐫 =
𝟏

𝟐
∑

𝐫𝐚√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐧𝐚
 (55) 

1 +
b+c

a
≥ 1 +

2ma

ra
(cos B +cos C), and using (43) we obtain: 

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥ 𝟏 +

𝟐𝐦𝐚

𝐫𝐚
(𝐜𝐨𝐬 𝐁 +𝐜𝐨𝐬 𝐂)(and analogs) (56) 

∑
ma

ha
≥

1

2
∑

b+c

a
, and useing (43) we obtain a new inequality : 
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𝟑

𝟐
 + ∑

𝐦𝐚

𝐡𝐚
 ≥ ∑

𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (57) 

From 
ma

ha
≥

1

2
(

b

c
+

b

c
) (and analogs) after sumation we obtain: 

2(
mb

hb
 +

mc

hc
) ≥ 

b+c

a
+

a

c
 +

a

b
 and 

a

c
=

hc

ha
 (and analogs) we obtain: 

2(
mb

hb
 +

mc

hc
) ≥

b+c

a
+

hb+hc

ha
 and using (43) we obtain : 

2(
𝐦𝐛

𝐡𝐛
 + 

𝐦𝐜

𝐡𝐜
−

𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
) ≥  

𝐡𝐛+𝐡𝐜−𝐡𝐚

𝐡𝐚
 (and analogs) (58) 

(a+b+c)(
1

a
+

1

b
+

1

c
) = 3 + ∑

b+c

a
 and using (43) we obtain: 

(a+b+c)(
𝟏

𝐚
+

𝟏

𝐛
+

𝟏

𝐜
) =  ∑

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (𝟓𝟗) 

From 
ha

r
= 1 +

b+c

a
  (and analogs), 1+

b+c

a
=

2na

√4r2+(b−c)2
 (and analogs), 

1

ha
+

1

hb
+ +

1

hc
=

1

r
  we 

obtain a new identity: 

(𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜)( 
𝟏

𝐡𝐚
+

𝟏

𝐡𝐛
+ +

𝟏

𝐡𝐜
)= ∑

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (60) 

From p2 = na
2 + 2raha(and analogs) →p2 − na

2 = (p + na)(p − na) = 2raha 

a

2r
 = 

p

ha
 (and analogs) →

a

2r
=

na

ha
+

2ra

na+p
 and 

na

ha
 = 

√4r2+(b−c)2

2r
 (and analogs) we obtain 

𝐫𝐚

𝐧𝐚+𝐩
 

= 
𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝟒𝐫
 (and analogs) (61) 

and after sumation we obtain: 

𝐩

𝟐𝐫
= ∑

𝐫𝐚

𝐧𝐚+𝐩
+ ∑ √𝟏 +

(𝐛−𝐜)𝟐

𝟒𝐫𝟐  (62) 

from (61) we have : 

𝐧𝐚+𝐩

𝟒𝐫
=

𝐫𝐚

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogs) and after sumation we obtain a new result : 

𝐧𝐚+𝐧𝐛+𝐧𝐜+𝟑𝐩

𝟒𝐫
= ∑

𝐫𝐚

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (63) 

We use the well know inequality 
1

ra
+

1

rb
+

1

rc
=

1

r
 and 

𝐧𝐚+𝐩

𝐫𝐚
 = 

𝟒𝒓

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogs) we 

obtain a new result: 
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𝐧𝐚

𝐫𝐚
 + 

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
+

𝐩

𝐫
 = 4∑

𝐫

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (64) 

(𝐧𝐚+𝐩)(𝐧𝐛+𝐩)(𝐧𝐜+𝐩)

𝟔𝟒𝐫𝟑 = ∏
𝐫𝐚

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (65) 

but √rbrc ≥la (and analogs)→rarbrc ≥ lalblc and we obtain: 

(𝐧𝐚+𝐩)(𝐧𝐛+𝐩)(𝐧𝐜+𝐩)

𝟔𝟒𝐫𝟑 ≥ ∏
𝐥𝐚

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (66) 

p≥3√3r (Mitrinovic inequality) and with (64) we obtain a new inequality: 

3√𝟑 +
𝐧𝐚

𝐫𝐚
 + 

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
≤4∑

𝐫

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (67) 

𝐩

𝐫
≥√𝟑(

𝐚

𝐛
+

𝐛

𝐜
+

𝐜

𝐚
)( Ion Cristian Miu-rafinament of Mitrinovic inequality) 

and from (64) we obtain a new inequality: 

𝐧𝐚

𝐫𝐚
 + 

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
+ √𝟑(

𝐚

𝐛
+

𝐛

𝐜
+

𝐜

𝐚
)  ≤4∑

𝐫

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (68) 

Now we use :  

mala ≥ rbrc = p(p − a)(and analogs)(Panaitopol)→√mambmclalblc ≥rarbrc and with (65) 

we obtain a new inequality : 

(𝐧𝐚+𝐩)(𝐧𝐛+𝐩)(𝐧𝐜+𝐩)

𝟔𝟒𝐫𝟑 ≤ ∏
√𝐦𝐚𝐥𝐚

𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (69) 

(nb+p)(nc+p)

16r2  = 
rbrb

[b−√(a−c)2+4r2][c−√(a−b)2+4r2
 (and analogs) and using mala ≥ rbrc we obtain :  

(𝐧𝐛+𝐩)(𝐧𝐜+𝐩)

𝟏𝟔𝐫𝟐 ≤
𝐦𝐚

[𝐛−√(𝐚−𝐜)𝟐+𝟒𝐫𝟐]

𝐥𝐚

[𝐜−√(𝐚−𝐛)𝟐+𝟒𝐫𝟐]
  (70) 

Is easy to proof that :(b − c)2= 4(ma
2 − rbrc) (and analogs ) 

ANa = √4r2 + (b − c)2 (and analogs)→ ANa = √4r2 + 4(ma
2 − rbrc) 

𝐀𝐍𝐚 = 𝟐√𝐦𝐚
𝟐 + 𝐫𝟐 − 𝐫𝐛𝐫𝐜(and analogs)(71) 

1+
b+c

a
=

2na

√4r2+(b−c)2
 →1+

 𝐛+𝐜

𝐚
=

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

 (and analogs) (72) 

na

ha
 = 

√4r2+(b−c)2

2r
 →

𝐧𝐚

𝐡𝐚
 = 

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

𝐫
 (and analogs) (73) 
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3+∑
b+c

a
 =∑

2na

√4r2+(b−c)2
 →3+∑

𝐛+𝐜

𝐚
= ∑

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

 (and analogs) (74) 

6 +∑
ha

ra
 =∑

2na

√4r2+(b−c)2
 →6 +∑

𝐡𝐚

𝐫𝐚
= ∑

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

 (and analogs) (75) 

 
ha

ra
=

b+c−a

a
 = 2(

na

√4r2+(b−c)2
 −1) 

𝐡𝐚

𝐫𝐚
=

𝐛 + 𝐜 − 𝐚

𝐚
=

𝐧𝐚

√𝐦𝐚
𝟐 + 𝐫𝟐 − 𝐫𝐛𝐫𝐜

− 𝟐 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟕𝟔) 

√4r2 + (b − c)2 =
2nara

2ra+ha
→ √𝐦𝐚

𝟐 + 𝐫𝟐 − 𝐫𝐛𝐫𝐜 =
𝐧𝐚𝐫𝐚

𝟐𝐫𝐚+𝐡𝐚
(and analogs) (77) 

∑
√4r2+(b−c)2

ra
 =∑

2na

2ra+ha
 →∑

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

𝐫𝐚
 =∑

𝐧𝐚

𝟐𝐫𝐚+𝐡𝐚
 (and analogs) (78) 

If triangle ABC is acuteangled then we have ERDOS Inequality : 

R+r ≤ max (𝐡𝐚, 𝐡𝐛, 𝐡𝐜) (RMM-Famous Inequalitys Marathon 1-100,inequality 31)[3]  

If ha = max (ha, hb, hc) →
ha

r
= 1 +

b+c

a
 ≥ 

R+r

r
  and 1+

b+c

a
=

2na

√4r2+(b−c)2
 we obtain a new 

inequality : 

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 ≥ 

𝐑+𝐫

𝐫
 (79) 

and using (72) we obtain an equivalent form : 

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

≥ 
𝐑+𝐫

𝐫
 (80) 

Now we will use this inequality,true for every triangle ABC: 

ma + mb + mc ≤ 2(R − 2r) + ha + hb + hc (Jian Liu [4]) 

ha

r
= 1 +

b+c

a
  (and analogs) → 

ma+mb+mc

r
 ≤ 2(

R

r
− 2) + 3 +∑

b+c

a
 

1+
b+c

a
=

2na

√4r2+(b−c)2
 (analogs)→ 

ma+mb+mc

r
≤2(

R

r
− 2) +2∑

na

√4r2+(b−c)2
 and we obtain a new 

inequality : 

𝐦𝐚 + 𝐦𝐛 + 𝐦𝐜

𝟐𝐫
≤

𝐑

𝐫
− 𝟐 + ∑

𝐧𝐚

√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
 (𝟖𝟏) 



 
www.ssmrmh.ro 

 pag. 12        RMM-100 OLD AND NEW INEQUALITIES AND IDENTITIES IN TRIANGLE 

Now we start from the next inequality:na + ga ≥ 2ma (and analogs)[5] 

And we obtain: 2na ≥ 2(2ma − ga)  

→1+
𝐛+𝐜

𝐚
≥

𝟐(𝟐𝐦𝐚−𝐠𝐚) 

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogs) (82) 

1+
 b+c

a
=

na

√ma
2+r2−rbrc

 →1+
 𝐛+𝐜

𝐚
 ≥

𝟐𝐦𝐚−𝐠𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

 (and analogs) (83) 

We know that :la =
2√bcp(p−a)

b+c
 ,rbrc = p(p − a) →la =

2√bc

b+c
√rbrc (and analogs)  

and we obtain :
rarbrc

lalblb
 = 

(a+b)(b+c)(a+c)

8abc
 , 

b+c

a
=

2na

√4r2+(b−c)2
 − 1(and analogs) so we  

obtain : 
(a+b)(b+c)(a+c)

abc
= ∏(

2na

√4r2+(b−c)2
 − 1) 

From what we prove ,we obtain a new identity: 

𝟖𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐛
 =∏ (

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 − 𝟏) (𝟖𝟒) 

1+
 b+c

a
=

na

√ma
2+r2−rbrc

 (and analogs) →
𝟖𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐛
 =∏(

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

− 𝟏) (85) 

From mala ≥ rbrc (and analogs)→mambmclalblc ≥ (rarbrc)2 

√
mambmc

lalblc
≥

rarbrc

lalblc
 ,and useing (84) and (85) we obtain: 

√
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 ≥

𝟏

𝟖
∏ (

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 − 𝟏)(86) 

√
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 ≥

𝟏

𝟖
∏(

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

− 𝟏)(87) 

 If ABC is acuteangled triangle with a=min(a,b,c) →ra= min(ra, rb, rc) 

ra+r

ra−r
=

b+c

a
 ≥ 

R

r
 (from ERDOS INEQUALITY)→ ra + r ≥

R

r
(ra − r) → 

R + r ≥ (
R

r
− 1) ra→ 

R+r

R−r
  ≥

ra

r
 , in the end we have the next result: 

If ABC is acuteangled triangle then: 
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𝐑+𝐫

𝐑−𝐫
  ≥

𝐦𝐢𝐧(𝐫𝐚,𝐫𝐛,𝐫𝐜)

𝐫
 (88) 

R + r ≥ (
R

r
− 1) ra , but 

R

r
− 1= 

na
2+ra

2

2raha
 (and analogs)([1]) R + r ≥

na
2+ra

2

2raha
 ra → 𝟐𝐡𝐚(𝐑 + 𝐫) ≥

𝐧𝐚
𝟐 + 𝐫𝐚

𝟐 (89) 

na
2 + ra

2 ≥ 2nara and useing (89)→√𝐡𝐚(𝐑 + 𝐫) ≥
𝐧𝐚+𝐫𝐚

𝟐
 (90) 

We know that : 
b+c

a
=

cos
B−C

2

sin
A

2

 (and analogs) (Mollweide's formula) 

1+ 
b+c

a
=

2na

√4r2+(b−c)2
=

na

√ma
2+r2−rbrc

(and analogs) ,se obtain a new result: 

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
=

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

= 𝟏 +
𝐜𝐨𝐬

𝐁−𝐂

𝟐

𝐬𝐢𝐧
𝐀

𝟐

 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(91) 

Also cos
B−C

2
 = 

ha

la
 (and analogs) and AI = 

r

sin
A

2

 (and analogs) → 

AI

r
 = 

b+c

a
 

la

ha
 (and analogs) , 1+ 

b+c

a
=

2na

√4r2+(b−c)2
=

na

√ma
2+r2−rbrc

(and analogs) 

We obtain a new identity: 

𝐀𝐈

𝐫
 =(

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
− 𝟏)

𝐥𝐚

𝐡𝐚
= (

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

− 𝟏)
𝐥𝐚

𝐡𝐚
 (and analogs) (92) 

AI

r
≥

b+c

a
 ( and analogs)→ 

𝐀𝐈

𝐫
≥

𝟐𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
− 𝟏 =

𝐧𝐚

√𝐦𝐚
𝟐+𝐫𝟐−𝐫𝐛𝐫𝐜

− 𝟏 (93) 

Also  from AI = 
r

sin
A

2

 (and analogs) , sin
A

2
= √

r

2R
√

ra

ha
  and  

 
ha

ra
=

b+c−a

a
 = 2(

na

√4r2+(b−c)2
 −1) we obtain a new relationship : 

𝐀𝐈

𝟐𝐫
 =√

𝐑

𝐫 √
𝐧𝐚

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 − 𝟏 (and analogs) (94) 

From 
R

r
− 1= 

na
2+ra

2

2raha
 (and analogs) →2

ha

na
(

R

r
− 1)= 

 na

ra
+

ra

na
 (and analogs) 
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na

ha
 = 

√4r2+(b−c)2

2r
 (and analogs)→ 

 𝐧𝐚

𝐫𝐚
+

𝐫𝐚

𝐧𝐚
=

𝟒(𝐑−𝐫)

√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogs) (95) 

From R ≥ 2r (Euler) → 

√𝐑𝟐+(𝐛−𝐜)𝟐

𝟐𝐫
 ≥

𝐧𝐚

𝐡𝐚
 (and analogs) (96) 

From Euler inequality R ≥ 2r and (95) we obtain a new inequality: 

 𝐧𝐚

𝐫𝐚
+

𝐫𝐚

𝐧𝐚
≥

𝟒(𝐑−𝐫)

√𝐑𝟐+(𝐛−𝐜)𝟐
 (and analogs) (97) 

na

ra
 = 

√4r2+(b−c)2

ra−r
 (and analogs) and R≥ 2r → 

√𝐑𝟐+(𝐛−𝐜)𝟐

𝐫𝐚−𝐫
 ≥

𝐧𝐚

𝐫𝐚
 (and analogs) (98) 

From 
(a+b)(b+c)(a+c)

abc
= ∏ (

2na

√4r2+(b−c)2
 − 1) and R≥ 2r we obtain a new result: 

(𝐚+𝐛)(𝐛+𝐜)(𝐚+𝐜)

𝐚𝐛𝐜
≥ ∏(

𝟐𝐧𝐚

√𝐑𝟐+(𝐛−𝐜)𝟐
 − 𝟏) (99) 

and 
𝟖𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐛
≥ ∏(

𝟐𝐧𝐚

√𝐑𝟐+(𝐛−𝐜)𝟐
 − 𝟏)(100) 

REFERENCES: 

[1] . Bogdan Fuștei-About Nagel and Gergonne’s Cevians (II)- http://www.ssmrmh.ro 

[2] . Jian Liu-A geometric inequality in triangles and its applications-INTERNATIONAL JOURNAL 
OF GEOMETRY Vol. 11 (2022), No. 3, 134-152 

[3] . RMM-Famous Inequalities Marathon 1-100- http://www.ssmrmh.ro 

[4] . Jian Liu- ON AN INEQUALITY FOR THE MEDIANS OF A TRIANGLE- Journal of Science and Arts 
Year 12, No. 2(19), pp. 127-136, 2012 

[5] . Bogdan Fuștei- ABOUT NAGEL AND GERGONNE CEVIANS (III)- http://www.ssmrmh.ro 

 

 

 

http://www.ssmrmh.ro/

